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Introduction

Relevance of the research topic.

As a result of advances in the development of modern spectroscopy techniques
in recent decades, the accuracy of experiments on atomic-molecular systems has been
greatly improved. As a result, the requirements to the theoretical interpretation of
such experiments have also increased, and there is a need for quantum-mechanical
calculations at a new level of accuracy. One of the experiments where such calculations
are required for the interpretation of measurement results are experiments aimed
at determining nuclear magnetic dipole moments. Magnetic moments of nuclei are
interesting for different fields of physics from several points of view. First, by compar-
ing experimental values with the results of nuclear structure calculations, one can
test the nuclear models. Furthermore, the value of the magnetic moment is necessary
to calculate the hyperfine splitting in the spectra of ions, atoms, and molecules.
Comparison of theoretical and experimental hyperfine structure constants is a reliable
way to check the accuracy of the calculation of the electronic wave function near
the nucleus for atoms [1-5] and molecules [6-14]. It is necessary for estimation of
the calculation uncertainty of other quantities necessary for modern physics but
inaccessible for direct measurement. Among such quantities are the enhancement
factor of the electric dipole moment (EDM) of the electron, the scalar-pseudoscalar
interaction constant, the parameters of the axionlike particle (ALP)-induced T,
P-violating electron-nuclear interaction, and other characteristics describing possible
sources of T, P-parity violation in atomic-molecular systems [1,5,15-23]. It is equally
important to know the magnitude of the magnetic moment of the nucleus for testing
quantum electrodynamics (QED) using experiments with highly charged ions [24].
For example, the inaccurate value of the magnetic moment of the Bi nucleus given
in standard tables of nuclear data with an underestimated uncertainty led to the

so-called “hyperfine puzzle” [25]. The specific difference, i.e. the combination of the



hyperfine structure (HFS) constants of the hydrogen-like and helium-like ions chosen
to exclude the effects of finite nucleus size, measured in the experiment, turned out
to be different from that predicted by QED theory for bound states. It has been
suggested that there may even be “New Physics” behind it. However, the point turned
out to be that in determining the magnetic moment of the 2*Bi nucleus, the shielding
constant calculated in a rather rough approximation was used, which was not taken
into account in the final uncertainty. In the paper [26] it was proposed to carry
out an experiment on another system for which a reliable theoretical calculation
was possible. As a result, with the refined magnetic moment, the theoretical and
experimental specific differences coincided within the uncertainty limits. The puzzle
was solved successfully.

One of the main methods for measuring the magnetic moment of stable nuclei is
nuclear magnetic resonance (NMR) spectroscopy with atomic-molecular systems [27].
Since the nucleus in such a system is surrounded by electrons, it is partially shielded
from the external magnetic field. Thus, in order to determine the magnetic moment
from the experimental data, it is necessary to know the shielding constant. To
calculate it from first principles, a precise quantum-chemical calculation [26, 28, 29
is necessary.

In the case of short-lived nuclei, it is difficult to perform NMR experiments.
However, the magnetic moment of the short-lived isotope can be determined if
the magnetic moment of the stable isotope is known, as well as theoretical and
experimental data on the hyperfine splitting in the spectra of the considered atoms
[30-37]. Furthermore, to achieve high accuracy, it is necessary to know with high
precision the magnetic moment of the stable isotope, as well as to take into account
the hyperfine magnetic anomaly, a special combination of the hyperfine constants
and g-factors of the isotopes under consideration. The theoretical calculation of
this quantity is a rather complicated problem and the result strongly depends on

the choice of the nuclear model and its parameters. However, this problem can be



solved by measuring the hyperfine constants for the two electronic states of the
isotopes under consideration and calculating the anomaly ratio for these states.
The latter quantity turns out to be quite stable in theoretical calculations with
different nuclear models. However, it is necessary to take into account the effects of
interelectron correlation by performing a precise quantum-chemical calculation.

No less interesting property of the atomic nucleus is its rms charge radius.
This quantity is widely used in various calculations, including quantum-chemical
ones. Comparison of the experimental value and the result of theoretical calculations
is a good test for methods of atomic nuclei structure modeling [38-41]. Moreover,
the selected modeling method should not only reproduce absolute values with an
acceptable uncertainty, but also make it possible to obtain the dependence of the
radius on the number of neutrons observed in experiments for a chain of isotopes
of one element. Based on the type of this dependence in a chain of isotopes of one
element, it is possible to conclude about the changes in the shape and structure of the
nucleus when the number of neutrons changes. The chain of mercury isotopes [42—46]
is a notable example. For even number of neutrons (N = 102,104, 106) the shape of
the nucleus is close to spherical, and for odd number of neutrons (N = 101, 103, 105)
it is strongly deformed (quadrupole deformation parameter 5 & 0.3). As a result, the
dependence of the charge radius on the number of neutrons is “sawtooth”. Observing
a similar dependence for any other nucleus, it will be possible to conclude that there
also exists “shape staggering”. Moreover, it is possible to set constraints on the
properties of nuclear matter [47] if the radii of the isotopes of some elements are
known with high precision.

For stable nuclei, there are several methods for experimental determination of
charge radii [48]. However, applying them to measure the radii of short-lived nuclei
is currently difficult. In this case, the main method of determining charge radii is
based on experiments that measure isotope shifts in the optical spectra of neutral

atoms. To determine the radii from the obtained data, a precise quantum-chemical



calculation of the field and mass shift constants is required.

Another interesting property of the nucleus for physics is its sensitivity to
axions and axionlike particles. These hypothetical particles can be a solution to many
unsolved problems. For example, they appear in the Peccei—Quinn solution to the
strong CP problem [49-51] and various compactifications of string theory [52,53].
In addition, these particles are popular dark matter candidates [54-56], and may
also be the source of T, P-parity violation in atomic-molecular systems. Therefore,
a lot of theoretical and experimental studies have been devoted to their search. A
summary of constraints on the properties of axions and axionlike particles obtained
in laboratory and astrophysical experiments can be found in Ref. [57]. One of the
experiments in which it is possible to set a constraint on the coupling constant of
the nucleus-ALP interaction are experiments searching for the electron EDM [58].
More precisely, from the experimental data one can set a constraint on the product
of the coupling constants of the ALP-nucleus interaction and the ALP-electron
interaction. For this, however, it is necessary to calculate the molecular parameters
of this interaction, determined by the electronic structure of the molecule used in
the experiment, using the methods of quantum chemistry.

Elaboration of the topic.

The contribution of the finite charge distribution of the nucleus to the hyperfine
structure constant was first considered in Ref. [59]. Then, in the paper of Bohr and
Weisskopf [60], the contribution arising from a finite distribution of magnetization
over the nucleus was theoretically investigated. Due to these corrections, the direct
proportionality between the hyperfine structure constants and the nuclear g-factors
is violated. This effect is widely known as the hyperfine magnetic anomaly. In many
cases, when the measurement accuracy of hyperfine structure constants is not high
enough, this effect is neglected. However, nowadays, for a number of systems such
an approximation is not always accurate enough. As mentioned above, a direct

theoretical calculation of the anomaly is rather complicated [61]. Therefore, in



Refs. [30,62], a method for determining the magnetic moment of a short-lived isotope
using the magnetic moment of a stable isotope, which does not require calculation
of the anomaly itself, was proposed. However, this method requires the calculation
of the anomaly ratio for the two electronic states, as well as the measurement of
the hyperfine structure constants of the two isotopes in the electronic states under
consideration. For thallium isotopes, such an approach was applied, for example, in
Ref. [33]|. Another task in this study was to take into account the contribution of
the finite nucleus magnetization distribution effect to the nuclear magnetic moment
shielding constant in the NMR experiment. To our knowledge, this effect has not
been previously considered anywhere in the framework of precision calculation using
the coupled cluster method.

Advances in spectroscopy have greatly improved the accuracy of measuring
isotope shifts in the optical spectra of neutral atoms. Modern experimental methods
make it possible to measure them with a relative uncertainty ranging from 0.05% to
2% depending on the element under consideration (see, for example, Refs. [38-40,
63,64]). However, field and mass shift constants are required to determine charge
radii from experimental data. As a result, the calculation accuracy requirements
for these constants have increased, and it became necessary to perform quantum-
mechanical calculations with a detailed analysis of the uncertainty. Nevertheless,
for numerous elements, values with no specified uncertainty at all are used in the
interpretation of the experiment. The empirical uncertainty estimate for the field
shift constant, namely “of 10% to 30%” proposed by Otten [65], far exceeds the
experimental uncertainty achieved. The mass shift in many cases is only qualitatively
estimated [48], and its uncertainty can exceed 100%. Although such an accuracy
of constants calculation does not qualitatively change the physical picture when
considering isotopic chains, the accuracy turns out to be important in other cases,
for example, when considering isotonic chains. As a result, it became necessary to

develop methods for calculating isotope shift constants with an accuracy correspon-



ding to that of modern experiments and a rigorous analysis of the theoretical
uncertainty.

Another goal of this dissertation was to reinterpret experiments searching for a
T, P-parity violating electron EDM in atoms and molecules in terms of constraints
on the products of the interaction coupling constants of the ALP with the nucleus
and with the electron. The experiment searching for the electron EDM with neutral
atoms was first proposed by Salpeter in Ref. [66]. Then in the papers [67, 68| it
was discovered that the observed effect can be enhanced in heavy atoms. So far
many experiments have been carried out with various atoms and molecules [1].
A nonzero EDM was not detected, but the EDM constraint became increasingly
stringent as they were performed. The most accurate electron EDM limitation
to date was established in the experiment [69] with the molecular cation HfF*:
|de| = 4.1 x 1073 e-cm. As mentioned above, electron-nuclear and electron-electron
interactions induced by axions and axionlike particles can be another source of T,
P-symmetries violation in atoms and molecules. The first direct calculations of this
effect for atoms and atom-based estimates for molecules were carried out in Ref. [58].
First-principles calculations for the Fr atom and the YbOH molecule were performed
in Refs. [70-72]. This allowed one to establish constraints on the products of the
interaction coupling constants of the nucleus with the ALP and the electron with
the ALP for different masses of the ALPs. Note that in the paper |71] devoted to
the study of the YbOH molecule, calculations were performed only for ALP masses
close to 1 MeV. For some ALP models, this is quite sufficient [73-75]. Nevertheless,
all ALP masses are of interest from the physics point of view [76,77|. Generalization
of direct calculation methods of the effect for molecules in the case of ALPs heavier
than 1 MeV has not been carried out up to the present thesis. The molecular cation
HIF" is of particular interest for the theoretical study of the effect. For this system,
direct molecular calculations of the 7, P-parity violating interaction induced by the

ALPs have not been performed before.
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Goals and objectives of the paper. The main goal of the research is to develop

methods for the theoretical study of atomic-molecular systems to analyze the properties

of nuclei. The paper solved the following objectives:

1. Development of methods for calculating the correction for the finite distribution
of the nucleus magnetization to the hyperfine splitting of atoms, which is
necessary for the interpretation of experiments to determine the magnetic

dipole moment of short-lived nuclei from spectroscopic experiments.

2. Development of methods for calculation of isotope shift constants for neutral

atoms necessary for determination of charge radii of short-lived isotopes.

3. Simulation of T, P-violating axionlike-particle-mediated interactions in molecules.
Determination of constraints on the product of the interaction coupling constants

of axionlike particles with atomic nuclei and electrons.

Scientific novelty. In this work, we propose methods to calculate the Bohr—

Weisskopf correction using various models of the magnetization of the nucleus with
simultaneous consideration of interelectron correlation effects at the level of the
relativistic coupled cluster method for neutral atoms. This allowed one, in particular,
to demonstrate the correctness of the hypothesis about the sufficient independence
of the ratio of hyperfine magnetic anomalies on the choice of the nuclear model
based on the example of the thallium atom. This fact was used in the determination
of magnetic moments of short-lived thallium isotopes. For the first time, within the
framework of the relativistic coupled cluster method, the effect of finite magnetization
distribution over the nucleus was taken into account in the calculation of the shielding
constant of the nuclear magnetic moment in a molecule for the problems of interpre-
tation of nuclear magnetic resonance experiments.

The methods used in the calculation of isotope shifts in highly charged ions

have been adapted for application to neutral atoms using high-precision coupled
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cluster methods up to accounting for quadruple amplitudes. This allowed one to
perform relativistic calculations with simultaneous consideration of the interelectron
correlation and detailed analysis of the theoretical uncertainty.

For the first time for the molecular cation HfFT, the molecular parameters
of the T, P-violating axionlike-particle-mediated interaction have been calculated
from first principles using the relativistic coupled cluster method. The calculations
were carried out for a wide range of axionlike particle masses. They allowed one to
set more accurate constraints on the product of the interaction coupling constants
of axionlike particles with nuclei and electrons.

Theoretical and practical significance. In the dissertation work we have devel-

oped methods of calculation of the hyperfine structure constant taking into account
the finite distribution of the nucleus magnetization and interelectron correlation by
the coupled cluster method for neutral atoms. They can be used to interpret future
spectroscopic experiments aimed at determining the magnetic moments of short-
lived nuclei. The theoretical approach used to calculate the finite magnetization
distribution correction to the shielding constant of the magnetic moment of a nucleus
in a molecular NMR experiment can be used to more accurately determine the
magnetic moments of stable nuclei. In addition, the approaches developed for calculat-
ing isotope shift parameters can be applied to determine the charge radii of short-
lived isotopes from spectroscopic experimental data. The programs written for model-
ing the electron-nucleus axionlike-particle-mediated 7T, P-violating interaction can
be used to interpret new experiments searching for electron EDM in terms of con-
straints on the coupling constants of this interaction.

The reliability of the obtained results is confirmed by comparison with other

theoretical works and experimental data, as well as by rigorous testing and verification
of the programs developed to perform the calculations. The results of the research
have been published in leading peer-reviewed journals and discussed at several

national and international conferences.
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Approbation of the research. The findings of the research were reported and

discussed at the following conferences:

10.

11.

. International Youth Conference PhysicA.SPb/2017, October 24 — 26, 2017,

Saint Petersburg, Russia.

. IV All-Russian Youth Scientific Forum “Open Science 2017”7, November

15 — 17, 2017, Gatchina, Leningrad Region, Russia.

15th Russian Symposium “Foundations of Atomistic Multiscale Modeling and
Simulation”, August 15 — 26, 2018, New Athos, Abkhazia.

Workshop «Searching for New Physics with Cold and Controlled Molecules»,
November 26 — 30, 2018, Mainz, Germany.

53-rd Winter School Petersburg Nuclear Physics Institute NRC “Kurchatov
Institute”, March 02 — 07, 2019, Roshchino, Leningrad Region, Russia.
XXVT International scientific conference of students and young scientists

“Lomonosov-2019”, 8 — 12 April 2019, Moscow, Russia.

International Conference on Precision Physics and Fundamental Physical

Constants (FFK — 2019), June 9 — 14, 2019, Tihany, Hungary.

LXIX International Conference «Nucleus — 2019» on Nuclear Spectroscopy
and Nuclear Structure «Fundamental Problems of Nuclear Physics, Nuclei at
Borders of Nucleon Stability, High Technologies», July 1 — 5, 2019, Dubna,

Moscow Region, Russia.

16th Russian Symposium “Foundations of Atomistic Multiscale Modeling and
Simulation”, August 15 — 26, 2019, New Athos, Abkhazia.

VI All-Russian Youth Scientific Forum «Open Science 2019», November

13 — 15, 2019, Gatchina, Leningrad Region, Russia.

54-th Winter School Petersburg Nuclear Physics Institute NRC “Kurchatov
Institute”, 10 — 15 March 2020, Roschino, Leningrad Region, Russia.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

13

VII All-Russian Scientific Forum for Young Scientists “Open Science 20207,
18 — 20 November 2020, Gatchina, Leningrad Region, Russia.

International Symposium on Molecular Spectroscopy, June 21 — June 25, 2021,
(online)

The 3rd International Conference on HYPERFINE Interactions and their
Applications (HYPERFINE 2021), 05 — 10 September 2021, poster (online)

VIII All-Russian Scientific Forum for Young Scientists “Open Science 2021”,
17 — 19 November 2021, Gatchina, Leningrad Region, Russia.

School-conference “Modern problems of Chemical Physics and Theoretical

Chemistry”, 25 — 29 July 2022, Bolshye Koty, Irkutsk Region, Russia.

IV All-Russian Scientific Forum for Young Scientists with International Par-
ticipation “Open Science 2022”7, 16 — 18 November 2021, Gatchina, Leningrad
Region, Russia.

All-Russian Scientific and Practical School-Conference with International Par-
ticipation “Modern problems of Chemical physics, Theoretical Chemistry and
experimental methods of materials research of modern power engineering”,

03 — 07 July 2023, Saint Petersburg, Russia.
XXXV Symposium “Modern Chemical Physics”, 18 — 28 September 2023,

Tuapse, Krasnodar Krai, Russia.

The XXVII International Scientific Conference of Young Scientists and Special-
ists (AYSS-2023), 30 October — 03 November 2023, Dubna, Moscow Region,
Russia.

X All-Russian Scientific Forum for Young Scientists with International Par-
ticipation “Open Science 2023”7, 15 — 17 November 2023, Gatchina, Leningrad
Region, Russia.

56-th Winter School Petersburg Nuclear Physics Institute NRC «Kurchatov
Institute», March 17 — 22, 2024, Luga, Leningrad Region, Russia.
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In addition, the intermediate results of the study were presented at scientific
seminars of the Division of Quantum Mechanics, Department of Physics, Saint
Petersburg State University and the Quantum Physics and Chemistry Department
of the Advanced Development Division, NRC “Kurchatov Institute” — PNPL.

On the topic of the dissertation work, 4 computer programs are registered:

1. Computer program No. 2019613002 “Program for calculation of matrix elements
of the Bohr—Weisskopf correction of the hyperfine splitting in atoms in the
model of a uniformly magnetized nucleus”. Date of registration: 05.03.2019.

Right holder: NRC “Kurchatov Institute” — PNPI.
Author: Prosnyak Sergey Dmitrievich.

2. Computer program No. 2020666971 “Program for calculation of matrix elements
of the magnetization distribution correction to the hyperfine structure of heavy
atoms in the one-particle nucleus model with Woods—Saxon potential”. Date

of registration: 18.12.2020. Right holder: NRC “Kurchatov Institute” — PNPI.
Author: Prosnyak Sergey Dmitrievich.

3. Computer program No. 2024610108 “Program for calculation of matrix elements
of normal mass shift operator”. Date of registration: 09.01.2024.

Right holder: NRC “Kurchatov Institute” — PNPI.
Author: Prosnyak Sergey Dmitrievich.

4. Computer program No. 2024612074 “Program for calculating the specific mass
shift correction to the nuclear recoil operator”. Date of registration: 29.01.2024.

Right holder: NRC “Kurchatov Institute” — PNPI.
Author: Prosnyak Sergey Dmitrievich.
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The results obtained within this research were presented in 8 articles in the peer-
reviewed scientific journals recommended by the Higher Attestation Commission of
the Russian Federation and/or included in the RSCI, Web of Science and Scopus

databases:

1. Prosnyak S. D., Maison D. E., Skripnikov L. V. Hyperfine structure in thallium

atom: Study of nuclear magnetization distribution effects // J. Chem. Phys. —
2020. — V. 152, no. 4. — P. 044301.

2. Prosnyak S. D., Skripnikov L. V. Effect of nuclear magnetization distribution
within the Woods-Sazon model: Hyperfine splitting in neutral Tl // Phys. Rev.
C. —2021. — Mar. — V. 103. — P. 034314.

3. Prosnyak S. D., Maison D. E., Skripnikov L. V. Updated Constraints on
T, P-Violating Axionlike-Particle-Mediated Electron-Electron and

FElectron-Nucleus Interactions from HfF™ Experiment // Symmetry. — 2023. —
V. 15, no. 5 — P. 1043.

4. Prosnyak S. D., Skripnikov L. V. Azion-mediated electron-nucleus and electron-

electron interactions in the barium monofluoride molecule // Phys. Rev. A. —

2024. — V. 109, no. 4 — P. 042821.

5. Skripnikov L. V., Prosnyak S. D. Refined nuclear magnetic dipole moment
of rhenium: ¥ Re and ¥"Re. // Phys. Rev. C. — 2022. — Nov. — V. 106.,
no. 5. — P. 054303.

6. Penyazkov G., Prosnyak S. D., Barzakh A. E. et al. Refined theoretical values of
field and mass isotope shifts in thallium to extract charge radii of Tl isotopes |/
J. Chem. Phys. — 2023. — V. 158, no. 11. — P. 114110.

7. Cubiss J. G., Andreyev A. N., Barzakh A. E., Van Duppen P., Hilaire S.,
Péru S., Goriely S., Al Monthery M., Althubiti N. A., Andel B., Antalic S.,
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Atanasov D., Blaum K., Cocolios T. E., Day Goodacre T., de Roubin A.,
Faroog-Smith G. J., Fedorov D. V., Fedosseev V. N., Fink D. A., Gaffney L. P.,
Ghys L., Harding R. D., Huyse M., Imai N., Joss D. T., Kreim S., Lunney D.,
Lynch K. M., Manea V., Marsh B. A., Martinez Palenzuela Y., Molkanov P. L.,
Neidherr D., O’Neill G. G., Page R. D., Prosnyak S. D., Rosenbusch M.,
Rossel R. E., Rothe S., Schweikhard L., Seliverstov M. D., Sels S., Skripnikov
L. V., Stott A., Van Beveren C., Verstraelen E., Welker A., Wienholtz F., Wolf
R. N., Zuber K. Deformation versus Sphericity in the Ground States of the
Lightest Gold Isotopes // Phys. Rev. Lett. — 2023 — V. 131 — P. 202501.

8. Yue Z., Andreyev A. N., Barzakh A. E., Borzov I. N., Cubiss J. G., Algora
A., Au M., Balogh M., Bara S., Bark R. A., Bernerd C., Borge M. J. G.,
Brugnara D., Chrysalidis K., Cocolios T. E., De Witte H., Favier Z., Fraile
L. M., Fynbo H. O. U., Gottardo A., Grzywacz R., Heinke R., Illana A.,
Jones P. M., Judson D. S., Korgul A., Koster U., Labiche M., Le L., Lica
R., Madurga M., Marginean N., Marsh B., Mihai C., Nacher E., Neacsu C.,
Nita C., Olaizola B., Orce J. N., Page C. A. A., Page R. D., Pakarinen J.,
Papadakis P., Penyazkov G., Perea A., Piersa-Sitkowska M., Podolydk Zs.,
Prosnyak S. D., Reis E., Rothe S., Sedlak M., Skripnikov L. V., Sotty C.,
Stegemann S., Tengblad O., Tolokonnikov S. V., Udfas J. M., Van Duppen P.,
Warr N., Wojtaczka W. Magnetic moments of thallium isotopes in the vicinity
of magic N = 126 // Phys. Lett. B. — 2024 — V. 849 — P. 138452.

Personal contribution of the author. The research was carried out on the basis

of Saint Petersburg State University and NRC “Kurchatov Institute” — PNPI. All of
the main findings submitted for defense were obtained personally by the applicant.
If the used data were obtained during the joint work, to avoid ambiguity the author

of the corresponding result is explicitly mentioned.
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Structure of the thesis.

The thesis consists of Introduction, 4 Chapters, Conclusion, Acknowledgments,
List of abbreviations and designations, Bibliography. The thesis contains 113 pages,
2 figures, 24 tables. The bibliography includes 214 items.

e The introduction describes the relevance of the research topic, the degree of
its development, the goals and objectives of the dissertation work, its scientific
significance and novelty, the applied research methods, as well as discusses the
approbation of the work. In addition, the section concludes with the main

scientific results and formulates the statements to be defended.

e In Chapter 1 the methods used in this work for modeling the electronic
structure of atoms and molecules are described, namely, the Dirac—Hartree —
Fock method and the coupled cluster method. In addition, a description of
the finite-field method used to calculate the properties of the systems under

consideration is given.

e In Chapter 2 we consider the calculation of the finite magnetization distribu-
tion correction to the hyperfine splitting in the optical spectra of neutral
atoms. Various models of the nuclear magnetization distribution are used
for the calculations. The obtained calculation results are used to refine the
magnetic moments of short-lived thallium isotopes. In addition, the influence
of the nuclear magnetization distribution on the shielding constant of the
magnetic moment of the nucleus by electrons in the NMR experiment with

the molecular anion ReOj is estimated.

e In Chapter 3 the calculation of constants characterizing isotope shifts in the
optical spectra of neutral atoms is considered. The detailed description of the
calculations for the gold atom is provided and the results for the thallium atom
are briefly presented. The use of the results obtained for the interpretation of

experiments on the refinement of charge radii is discussed.
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e In Chapter 4 the calculation of molecular parameters of the electron-nuclear
and electron-electron 7, P-violating axionlike-particle-mediated interactions
is considered. Using the results of calculations and the data of experiments
searching for the electron electric dipole moment on the molecular cation HfF T,
we improve the constraints on the product of the interaction coupling constants

of axionlike particles with electrons and nuclei.

e The conclusion summarizes the main results and findings obtained in this

dissertation work.

Principal scientific results.

1. The hyperfine structure constants were calculated taking into account the
effect of a finite distribution of the magnetization of the nucleus within the
framework of the model of a uniformly magnetized ball (Ref. [34], pp. 4 — 5;
program [78|) and the single-particle model of the nucleus with the Woods—
Saxon potential (Ref. [37], pp. 4 — 5; program [79]) with simultaneous considera-
tion for the effects of electron correlation within the framework of the relativistic
coupled cluster method for the 6p? P, and 6p* Py, states of the neutral atom
2051, All calculations, except for the Gaunt interaction contribution, were
performed by the author of this thesis. The correction for the Gaunt interaction
was calculated by D. E. Maison. Using the example of the 6]72]33/2 state, it is
shown that due to the effects of interelectron correlation, the Bohr — Weisskopf
effect can make a significant contribution (more than 10%) to the hyperfine

structure constant.

2. Using several models of the nuclear magnetization distribution, the ratio of
hyperfine magnetic anomalies for the 73251/2 and 6]92191/2 states of several
isotopes of the thallium atom has been calculated (paper [37], p. 5). Using the

value obtained in the framework of the one-particle model with the Woods—
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Saxon potential, the values of magnetic moments of short-lived thallium isotopes
were determined (Ref. [37], p. 6; work [80], pp. 3 — 4 of main text and p. 2 of

supplemental material).

. In the framework of the one-particle model of the nucleus with the Woods—
Saxon potential, a correction for the magnetization distribution over the nucleus
to the magnetic moment shielding constant in the NMR experiment with
the molecular anion ReO; (Ref. [81], p. 4) has been calculated. The matrix
elements of the interaction operator corresponding to this correction were
calculated by the author of this thesis. Calculations of the electronic structure
were carried out by L. V. Skripnikov. It is shown that this correction can be
comparable or even exceed the contribution to the shielding constant from the

solvent effect.

. A scheme of high-precision calculations of isotope shift constants in neutral
atoms and a detailed analysis of the theoretical uncertainty, as well as computer
programs necessary for this purpose, have been developed (Ref. [82], pp.
2 — 6; programs [83,84]). Using these programs, calculations of isotope shift
parameters for the 65251/2 — 6]72]31/2 transition of gold atom and transitions
6]921D3/2 — 73251/2, 6p2P1/2 — 6d2D3/2, 6}92P1/2 — 73251/2 of the thallium atom
have been performed. The theoretical scheme and program code were designed
by the author of the thesis. Numerical calculations of the isotope shift for the

thallium atom were performed by G. Penyazkov.

. The field and mass isotope shift constants for the gold atom 63251/2 — 6p* P, f
transition were calculated, as well as the theoretical uncertainty of the obtained
results was estimated (paper [85], p. 3 of main text and pp. 2 — 3 of supplemental

material).

. The molecular parameters of the 7T, P-violating axionlike-particle-mediated

interactions in HfF ™ molecular cation have been calculated (paper [86], pp. 8 - 9;
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paper [87], p. 3 of main text and p. 1 of supplemental material). Using these
results, constraints on the product of the interaction coupling constants of
axionlike particles with electrons and nuclei are established (paper [86], pp.
8 — 10; paper [87], p. 4 of main text and p. 1 of supplemental material).
The calculation of the matrix elements of the operator of the 7T, P-violating
axionlike-particle-mediated electron-nucleus interaction in the point nucleus
approximation was carried out by D. E. Maison. A much more complicated
calculation of the matrix elements of the 7T, P-violating electron-electron
interaction operator, as well as the correction for the finite nucleus size of
the electron-nuclear interaction operator was performed by the author of this

dissertation. Correlation calculations were also performed by D. E. Maison.

In all the mentioned above articles, one of the co-authors is L. V. Skripnikov.
He supervised the calculations, read and edited the texts of the articles before their
publication.

Thesis statements to be defended.

1. Tt is demonstrated that the correction for the nucleus magnetization distribution
to the hyperfine splitting in atoms and molecules can be calculated using a
finite Gaussian basis set with sufficient accuracy for applications. This makes
it possible to use modern quantum-chemical software packages using this type
of basis sets to calculate the Bohr — Weisskopf correction. The first calculations
were performed in which the Woods — Saxon model of magnetization distribution
and the effects of electron correlation in the framework of the relativistic

coupled cluster method were simultaneously considered.

2. The sufficient stability of the results of the calculation of the hyperfine magnetic
anomalies ratio for the electronic states 73251/2 and 6]92]31/2 of the Tl atom
with respect to the choice of the model of magnetization distribution over

the nucleus using the relativistic coupled cluster method has been numerically
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demonstrated. Using the calculated ratio of hyperfine anomalies, the magnetic

moments of short-lived isotopes of T1 have been refined.

. For the first time for a molecule at the level of the relativistic coupled cluster
method, the contribution of the effect of the finite distribution of the magnetiza-
tion of the nucleus to the shielding constant of the magnetic moment of the
nucleus by the electrons of the molecule in the NMR experiment has been
calculated. Based on the example of the molecular anion ReOy, it was found
that this effect can give a significant contribution to the shielding constant (at

the level of two percent).

. Using the method developed in this study for calculating isotope shift constants
and analyzing theoretical uncertainties, the values of atomic isotope shift
parameters were obtained for the 63251/2 — 6]92]31/2 of the Au atom and
transitions ()’pQP:»,/2 — 75251/2, 6;02]31/2 — 6d2D3/2, 6;02]31/2 — 75251/2 of the

T1 atom with an accuracy that exceeds that of all previous theoretical studies.

. Using the isotope shift constants calculated in this work for the 65231/2 —
6p> P »» transition of the Au atom, the charge radii of a number of short-lived
Au isotopes have been determined, and the uncertainty due to the uncertainty

of theoretical calculations has been estimated.

. The experiment on the search for electron EDM on the molecular cation HfF*
has been interpreted in terms of constraints on the product of the interaction
coupling constants of axionlike particles with nuclei and electrons. A scheme
for calculating the matrix elements of the 7, P-violating electron-electron
interaction operator has been developed, which also allows one to calculate the
effect of T, P-violating electron-nucleus interaction induced by the exchange
of an axionlike particle, taking into account the effect of the finite size of the

nucleus.
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Chapter 1.

Electronic structure modeling

Chapter 1 presents a brief review of the main methods used in this work to
perform quantum chemical calculations. First, the Dirac — Hartree — Fock method [8§]
with the use of a Gaussian finite basis set is discussed, which provides an initial
approximation for the electronic wave function as well as a set of virtual orbitals.
Then, a brief introduction is given to the relativistic coupled cluster method [89,90],
which can be used to model interelectron correlation effects with high accuracy.
Next, the finite field method [91] is discussed, which allows one to calculate various
properties of atoms and molecules. A detailed review of these methods can be found

in the books [92-94].

1.1. Dirac— Hartree — Fock method

The most of considered in this dissertation atoms and molecules contain nuclei
of heavy elements. In order to achieve the accuracy corresponding to modern experi-
ments, it is necessary to take into account relativistic effects when modeling the
electronic structure of such systems. In this regard, the Dirac — Hartree - Fock (DHF)
method instead of the Hartree—Fock (HF) method, which is widely used for light
elements, was applied to obtain the electronic wave function in the first approximation.
One important difference between these two methods should be noted: when solving
the Dirac equation using the DHF method, it is required to avoid “variational
collapse” caused by the presence of a negative spectrum. For this purpose, when
transforming the system of equations into a matrix problem, it is necessary to project

the solutions onto a subspace with a positive spectrum.
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The Hamiltonian of the electronic problem can be written in the following form:
L N

where,

~

e 1 — one-electron Dirac Hamiltonian, taking into account the kinetic energy of

electrons and their interaction with the nucleus;

e V(r; —r;) — interelectron interaction potential (can be chosen either in the

Coulomb, Gaunt or Breit approximation);
e A, — projector on positive spectrum states.

As in the case of the nonrelativistic problem, it is necessary to solve a system

of integro-differential equations to obtain an approximate electron wave function:

~DHF

h (r)Un(r) = enthn(r), (1.2)
BV () = hir) + T(r) - K(r), (1.3)

where 1), is a one-particle four-component spinor and the Coulomb and exchange

terms are given by the following expressions:

OLGESS / drpf, (1 )V (1 — 1) () (), (1.4)

K fr) =3 / drgl, (' V (1 — ) F (7 Yo (). (L5)

~DHF
The first N eigenfunctions of the Fock operator h with the lowest energy

correspond to occupied electron orbitals, while the remaining ones correspond to
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vacant ones. The unoccupied orbitals in the DHF approximation do not contribute
to the ground state wave function, but they are used in the further accounting of
interelectron correlation effects.

As a computational implementation of the DHF method, a relativistic analogue
of the Rutan method was used. This method consists of expanding one-electron
orbitals into a finite set of basis functions. The introduction of a finite basis set
allows us to proceed from the solution of the system of integro-differential equations
to the matrix spectral problem. Since the problem is relativistic and the solution
is sought in the form of a bispinor, all its components are decomposed by basis
functions. For the calculations in this thesis, Gaussian basis sets are used, which
allows us to compute the two-electron integrals quite simply. In most cases, these
sets were obtained by adding diffuse functions to the Dyall basis sets [95-100]. The
method of constructing compact Gaussian basis sets (primarily for harmonics with
L = 4,5,6) is described in detail in [14,101]. We note separately that we used the
Kramers-restricted version of the DHF method [88,102,103].

1.2. Coupled cluster method

In most cases in this thesis, the single-reference coupled cluster method is used
to account for interelectron correlation effects. This method allows us to perform
precision calculations for electronic states that can be described well enough by a
single Slater determinant in the zero-order approximation. The method is based on

the exponential ansatz:

@) = exp(T)| W), (1.6)
where:
e |U) — reference determinant;

A

e 1" — total excitation operator;
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e |®) — wave function with electron correlation effects taken into account.

The excitation operator T can be written in the following form:
T:T1+T2+T3+..., <17)

where the terms T, T',... denote the excitation operators of different orders:

- A 1 byb
T, = Z t?aZai; Ty = a1 Z tifi;azlalﬂizail-

1€0cC 11<tg€occ
bevirt b1 <bs€virt

The scalar coefficients ¢ are called cluster amplitudes. They can be obtained by
solving the cluster amplitude equations [89,90]. az and a; denote the creation and
annihilation operators of the one-electron states b and ¢. The indices 41, 75... refer
to occupied states, i.e., those included in the reference determinant |¥), and the
indices by, by, ... refer to vacant (virtual) orbitals.

To obtain an explicit form of the wave function, the exponent must be decom-

posed into a series:
- . 1, .2 .2 A
|<I>>:(1—|—T1-|—T2-|—---+§(T1-|—T2—|—2T1T2-|—...)—|—...)|\IJ). (1.8)

For convenience, the terms of the series corresponding to excitations of the

same order are usually grouped together:

N 1.2 N
|<I>>:(1+T1+§T1+T2+...)\\P>. (1.9)

This series contains a huge but still finite number of terms, since it is impossible
to excite more than N electrons in a system with N electrons. In practice, due to
the computational complexity of the problem, it is usually limited to a small number

of excitation orders to be considered. The most commonly used approximations are
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denoted as follows:

e CCSD — Coupled cluster method with single and double excitations (T ~
Ty + TQ);

e CCSD(T) — Coupled cluster method with single and double excitations, as
well as taking into account corrections to energy from triply excited states

according to perturbation theory:.

One of the main advantages of the coupled cluster method over other methods
of accounting for electron correlation is its size consistency. It means that no matter
how many terms of the series T, are taken into account, the energy of a system
consisting of several independent subsystems is equal to the sum of the energies of
these subsystems.

In the case where the single-reference coupled cluster method is not applicable
because the electronic state under consideration is described by a combination of
determinants, we used the relativistic Fock space coupled cluster method (FS-CC).
A detailed review of this method is presented in papers [104-107].

In practice, we used locally modified versions of the programs DIRAC15 [103,
108], MRCC [109-111], Exp-T [112,113] and HFD [114-116], which allow the calculation

of various one-electron and two-electron properties using the finite field method.
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1.3. Calculation of properties using the finite-field method

In this thesis, a finite-field method [91] is used to compute the expectation
values of various operators. This method is based on the Hellmann — Feynman theorem,
which can be formulated as follows. Consider a one-parameter set of Hamiltonians
H()). Suppose that each Hamiltonian has a normalized to unity wave function and

ground state energy:

A

HMNWy\(z) = E(AN)¥y(z). (1.10)
Then the energy derivative of A can be calculated as follows:

OE(N)| . OH())
Tm_@' 1Y) = (1.11)

We can use this theorem to calculate the properties as follows. Let us add to
the Hamiltonian of the system under consideration Hy a property operator A with
an arbitrary factor \: H(\) = Hy+ MA. Then the expectation value of the operator

can be calculated using the following formula:
A="TT71 (1.12)

It should be noted that for nonvariational approximate wave functions the
formula (1.12) is not absolutely accurate. The advantage of this method in comparison
with the calculation using a one-electron density matrix is the simplicity of implemen-
tation. In the calculation by the finite-field method it is necessary to calculate only
energy values at different values of the parameter A\, while in the calculation by
means of the density matrix it is necessary to calculate it beforehand, which is a

difficult task in the relativistic case.



28

Chapter 2.
Correction for the finite distribution of
magnetization over the nucleus to the hyperfine

structure

In Chapter 2 the influence of the effect of the finite distribution of the nucleus
magnetization on the hyperfine splitting in atomic spectra is considered. First, tests
for various hydrogen-like ions are provided. They showed good agreement with earlier
studies [117,118]. We then performed the calculation for the neutral T1 atom. The
obtained hyperfine structure constants for the 6p? P . and 6]92]33/2 states agree well
with the experimental data from the papers [119,120]. We then investigated the
hyperfine magnetic anomaly. Using a direct calculation, we showed that the anomaly
ratio for the electronic states 7525, 5, and 6p> P, 5 18 quite stable with respect to the
choice of the nuclear magnetization distribution model. The calculated value of
the anomaly ratio was used to determine the magnetic moments of short-lived T1
isotopes. These results, obtained using the programs |78,79], were first published in
Refs. [34,37,80].

Then the contribution of the finite distribution of the nucleus magnetization
to the shielding constant in the NMR experiment was investigated. On the example
of the molecular anion ReOj it was shown that the contribution of this effect is
significant, it is larger than the solvent effect, which is often taken into account
in theoretical studies. At the same time, the considered effect due to the finite
magnetization distribution for molecules was not taken into account earlier in the
framework of the precision calculation by the relativistic coupled cluster method.
With the help of the shielding constant, taking into account the correction for the

finite magnetization distribution, the magnetic moment of **Re and '®"Re nuclei
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was refined. The results of the study were first published in the paper [81].

2.1. General theoretical information

2.1.1. Hyperfine splitting in the spectrum of hydrogen-like ions

Before proceeding to the consideration of the hyperfine structure in the spectra
of neutral atoms, let us consider the hyperfine splitting in the spectrum of hydrogen-
like ions. For this system, the hyperfine splitting energy of the ground electronic

state can be written as follows [118]:

4 21 +1
AE = a(azp L2 il

pnm, 21 mc?(G(aZ)(1 —0)(1 — &) + Traa)  (2.1)

where « is the fine structure constant, Z — nuclear charge, u — nuclear magnetic
moment, gy — nuclear magneton, m — electron mass, m, — proton mass, I —
spin of the nucleus, ¢ — speed of light, G(aZ) — relativistic factor [121,122] and
Trqq — correction due to QED effects. In addition, the equation (2.1) includes the
Breit — Rosenthal (BR) correction 6 due to the finite charge distribution over the
nucleus and the Bohr — Weisskopf (BW) correction e due to the finite magnetization
distribution. In the model of a uniformly charged nucleus, the following analytical

expression |121,123] was obtained for the BR correction:

§=by Ry =K~ (aZ)2 (2.2)

where by is a parameter independent of the structure of the nucleus, k is the
relativistic quantum number, R. is the charge radius of the ball, related to the
mean-square radius r. by the relation R, = \/g -1.. Note that the dependence (2.2)
can be applied to test the used numerical methods. The calculation of the BW

correction is a more challenging problem, let’s consider it in more detail.
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To calculate the BW correction, it is necessary to choose a model of the
magnetization distribution over the nucleus. In the single-particle approximation,
the magnetization distribution is determined by a single valence nucleon. In the
one-particle Woods—Saxon (WS) model, the wave function of a valence nucleon is

defined as a solution of the Schrodinger equation with the WS potential [124, 125]:

U(r)=V(r)+ Vo(r) + Vso(r), (2.3)
where
v
V(T) - _1 n e(TO—RO)/a’ (24)
Volr) = @-nr T2k 25)
(Z—l)(3—T2/R%)/QRC r < Re
Veo(r) = M—ptd W (2.6)

2m,,c rdr1+ elr—Rso)/a
Here Rc = +/5/3(r%)/? is the charge radius of the nucleus, and (r2)1/2 is the rms
charge radius. Table 2.1 presents the WS potential parameters Ry, Rso, a, Vj, and
A used in this work. The Coulomb term Vi must be excluded if the valence nucleon

is a neutron. For further consideration, let us denote the orbital momentum of the

valence nucleon by the letter L.

Table 2.1. The WS potential parameters [125] used in the calculations. The radii were given by
the relations Ry = r9AY? and Rgo = rso A3, where A is the mass number.

ro (fm) rgo (fm) a (fm) Vo (MeV) A
Proton 1.275 0.932 0.70 8.7 17.8
Neutron 1.347 1.280 0.70 40.6 31.5

In the single-particle WS model, the BW correction can be calculated using
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the following relations [60, 126, 127|:

gs| 1 (21 — 1)

° T g_j [ﬁ“@ ST+ 1) Bs — )

gr [ (21 = 1) (21 +1) m, o\ ]
+E[T< L)+ I +1) 12 (¢sor KL>_ (2.7)

in the case I = L +1/2 and
T [ S T e
gr [ (21 + 3) (21 +1) m, 9

ar [m(KL> DL (psor KL>_ (2.8)

in the case I = L — 1/2. In these equations, ¢go denotes the radial part of the
spin-orbit interaction Vsop = ¢go 0 - I, and gy is the g-factor of the nucleus. The
value g;, = 1 was used for the valence proton, and the value g;, = 0 was used for

the valence neutron. The following relations were applied to determine gg:

i 1 I 2I+1m, 9
N [—-yp o T 2.9
oy 29T [ SRR (Gs0r7) |9 (2.9)
in the case I = L+ 1/2 and
0 I I(2I+3) 2I+1 m, 5
LA — 2.10
v 20+ 0% [ 2+ 1) AT+ 1) R 0o |9 (2.10)

in the case [ = L—1/2. The values of (Kg) and (K ) were obtained by averaging the

electronic functions Kg(r) and K (r) with the valence nucleon distribution density
2
u(r) §
(K1) = / K, (r) [u(r))*r? dr. (2.11)
0

Since hydrogen-like ions are spherically symmetric, the functions Kg(r) and
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Kp(r) can be calculated as follows:

/ fgdre
/ fgdrel

/07" (1— 7"21/7“3)f9 dre

/ f g d’rel
0

where g and f are the radial components of the Dirac electron wave function. For

(2.12)

KL(’I“) =

(2.13)

the ground state of the 1s hydrogen-like ion, the following approximate expressions

can be used [60,121]:
() =0 () + 2 () + 2 ()] 214

ar / T \2 ay/ r\* azy/ r \O
Ki(r) =30 () + 52 (=) + 5 (5) |- 2.15
() [10 Re) T 28\Re) THa\Re (2:15)
The expansion coefficients b and a;—1 2 3 are given in the paper [121].
In addition to the WS model, the model of uniform distribution (UD) of the

valence nucleon can be applied in the single-particle approximation. In this model,

the nucleon distribution can be written as follows:

u(r)|* = 75 S 0(Re 1), (2.16)
where 0(Rc — ) — Heaviside function:
1, ifr < Rg;
Q(RC - T’) = (2.17)
0, if r > Re.

The equations (2.7) and (2.8) are also used to calculate the BW correction in this
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model, but in this case the spin-orbit interaction terms must be excluded.

2.1.2. Hyperfine structure in the spectrum of neutral atoms

In consideration of the hyperfine splitting in the spectrum of neutral atoms
it is convenient to use the hyperfine structure constant A. Using this quantity, the
energy of the hyperfine sublevel E(F') with total momentum F can be written as

follows:

E(F) = %(F(FJr 1) —I(I+1)—J(J+1))A4, (2.18)

where [ is the spin of the nucleus and J is the total momentum of all electrons of the
atom. The transition energy between two neighboring sublevels AFE can be written

in the following form:
AEF=FF)—-EF—-1)=F-A. (2.19)
The hyperfine structure constant can be calculated by averaging the hyperfine

interaction operator Hypg with the electronic wave function W:

1

A=
I-M,

(W|Hurs| V), (2.20)

where M is the projection of the total electronic momentum J on the quantization
axis.

In the theoretical study of the hyperfine constant A, a parameterization similar
to that used in the consideration of the splitting energy of hydrogen-like ions can be

used:

A= A6(1 — 6)(1 — 5) + AAQED, (221)

where Aj is the HFS constant for the point nucleus, € is the Bohr—Weisskopf

correction, 9 is the Breit - Rosenthal correction, and AAggp is the correction due
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to QED effects.

When performing relativistic calculations in neutral atoms, it is more convenient
to use a model of the nucleus with a finite charge distribution from the beginning.
Therefore, in the present work the HEF'S constants in all cases have been calculated
for a finite charge distribution of the nucleus. Thus, the calculations were performed
without separation into the HFS constant in the point nucleus model A, and the

factor (1 — §), i.e., the following parameterization was used:
A= Ay(l—e). (2.22)

The AAggp term is not included in this expression, since we neglected this contribu-
tion in the calculations of neutral atoms.
In addition, the approach proposed in Ref. [128] can be used to parameterize

the HFS constant:

A= Ag(1 — (by + bardpue) B2, (2.23)
5(R07 dnuc) = bMdnuchv_lu (224)

where by is the electronic parameter independent of the model of the magnetization
distribution over the nucleus, and d,,,. is the nuclear factor depending only on the
properties of the considered nucleus.

In the point magnetic dipole (PMD) approximation, the hyperfine interaction
of the electron with the magnetic moment of the nucleus p is given by the following
operator:

1 (rxa)

HHFS = Ep, . ) (2.25)

r3
where 7 is the electron radius-vector, a are the Dirac matrices.

The following substitution [118,129,130] can be used to account for the finite
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nuclear magnetization distribution:

p— p(r) = pF(r). (2.26)

As can be noticed, in the PMD approximation F(r) = 1. In the case of a finite
magnetization distribution over the nucleus, the function F(r) inside the nucleus
itself can be significantly different from 1. In the works [129-133] explicit expressions
for various models of the magnetization distribution are given. The simplest model of
a uniformly magnetized ball [34,134-137] is most commonly used in the calculation
of the BW correction in neutral atoms. In this model, inside a ball with radius
rn = \/b/3 1. (r. — the root-mean-square charge radius) the function F' is defined
by the formula F(r) = (r/r,)?, and the outside remains equal to 1, as for the point
dipole [131].

In the present dissertation, the single-particle model of the nucleus with the WS
potential, discussed in detail above for hydrogen-like ions, has been used to perform

calculations in neutral atoms. In this model the function F'(r) has the following

form [129]:

(2.27)
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in the case I = L + 1/2 and
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(2.28)

in the case I = L — 1/2. Also, as for hydrogen-like ions, the calculation of the BW
correction requires solving the Schrodinger equation for the valence nucleon with the
WS potential (see details in subsection 2.1.1). As before, we assume g = 1 for the
valence proton and gy = 0 for the valence neutron. The parameter g, is determined
by the equations (2.9) — (2.10).

In addition to the one-particle model with the WS potential, we have considered
a one-particle model with a uniform distribution of valence nucleon for neutral

? is a constant inside the

atoms. In this model, the valence nucleon density |u(r)
nucleus (see equations (2.16) — (2.17)), and when performing calculations using the
equations (2.9) — (2.10) and (2.27) — (2.28) it is necessary to exclude the terms with
spin-orbit interaction [121].

It should be noted that the BW contribution to the hyperfine structure constant
of an atom or molecule has one interesting property. According to Ref. [14], the BW
contribution to the HFS constant induced by a heavy nucleus can be factorized
with very high accuracy (see equation (29) in Ref. [14]) into an electronic factor, F,
and a factor depending on the nuclear magnetization distribution, N. As shown in
Ref. [14], this factorization is valid for almost any electronic state, regardless of the

methods used to account for electron correlation effects. In this case, the electronic

factor depends only on the electronic state under consideration. At the same time,



37

the factor depending on the nuclear magnetization distribution does not depend
on the electronic state. For example, in Ref. [14], the matrix element of the BW
contribution operator over the 1s-function of the corresponding hydrogen-like ion
B, was used as the nuclear factor. From the existence of factorization, it follows that
at a given level of electronic structure theory the ratio of the two BW contributions
calculated using two different models of the nuclear magnetization distribution is
equal to the ratio of the nuclear parts and should not depend on the method of
calculation of the electronic structure. Moreover, this ratio should not depend on
the real electronic and charge states of the open-shell system under consideration (we
do not consider here the situation when the HFS constant is determined exclusively

by the electron in the electronic state with j > 3/2 ).

2.1.3. Hyperfine magnetic anomaly

In the point nucleus approximation, the ratio of the hyperfine structure constants
of two different isotopes (denoted by numbers 1 and 2) in the same electronic state
is proportional to the ratio of the nuclear g-factors of the isotopes. However, beyond
this approximation, i.e., taking into account the finite size of the nucleus, this is not
the case because of the BW and BR effects. The corresponding correction 'A? is

called the hyperfine magnetic anomaly:

_ A _

1A2 —
Asg

1, (2.29)

where A; and A, are the HFS constants [see equation (2.20)] for the considered
electronic state, g; and g9 are the nuclear g-factors of isotopes 1 and 2.

Let us consider how the hyperfine magnetic anomaly can be taken into account
when determining the magnetic moments of short-lived isotopes [31-33,35|. Let us
denote the stable isotope by number 1 and the short-lived isotope — by number 2. If

the magnetic moment of the stable isotope 17 and the hyperfine magnetic anomaly
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LA2[b] for some electronic state b are known, then the magnetic moment s of the
short-lived isotope can be determined using the measured HF'S constants A; and A,

for this electronic state b:

P j—{ﬁj P, (2.30)

The calculation of the anomaly *A?[b] directly is rather challenging, since the result
obtained strongly depends on the nuclear model used and its parameters. Nevertheless,

as we will see in the following, the result of calculating the anomaly ratio
Yk?[a, b] = *A?[a] /P A%[D] (2.31)

for the two electronic states a and b turns out to be quite stable. Due to this fact, it is
possible to determine the magnetic moment of a short-lived isotope. For this purpose,
besides the theoretically calculated anomaly ratio 'k?[a, b], one needs experimental
values of the hyperfine constants A;sla] and A; o[b] for the electronic states a and
b of the considered nuclei, as well as the magnetic moment of the stable isotope ;.
For convenience, we introduce a quantity called the differential hyperfine magnetic
anomaly 16%[a, 0] [30,33]:

Aqla] Aglal 1+ 'A%d]

192[a, b] = Aol AL 1= TTIAT 1. (2.32)

Note that 62[a,b] does not depend on the spins and magnetic moments of the
considered nuclei. As follows from the first equality in the equations (2.32), only
experimental values of the hyperfine constants are required to determine '62[a, b].

Using simple algebraic transformations, the following relation [31-33] can be obtained
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from the equation (2.32):

'0°a, ]
2[a,b] — 10%a,b] — 1

LA?[b] = (2.33)
The required magnetic moment of the short-lived isotope po can be determined by
substituting the obtained value 'A?[b] into equation (2.30).

Using the theory formulated in the paper [14], one can qualitatively describe
the dependence of the anomaly ratio and differential anomaly on the choice of
the nuclear magnetization distribution model. For convenience, let us rewrite the
equation (2.22), emphasizing the correction for the finite charge distribution over

the nucleus ¢:

A=Ay(1—¢e)=A1-95)(1—¢e), (2.34)

where A{ is the HFS constant in the point nucleus approximation. In this case,
in the main order, the magnetic anomaly is determined by two terms arising from

differences in the distribution of magnetization and charge over the nucleus:
1A2 ~ 1A72n + 1Az —=¢&9— &1+ 52 — 51. (235)

For isotopes with different valence nucleon states, the magnetic term (g9 — 1)
gives the main contribution to the anomaly, while the charge term (dy — d1) can
be neglected in this case, i.e., 'A? ~ ey — £;. Using factorization of the BW
corrections [14| for heavy elements by the electronic factor £ and the nuclear N,

the following relation can be obtained:
'A?[a] ~ eg[a] — €1[a] = Ela](Na — Ny). (2.36)

As can be seen, the ratio of anomalies for the two electronic states depends on
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the ratio of electronic factors:

[, b] = 122[[2]] ~ i (2.37)

In practice, small deviations from this equality can be observed, since it is obtained
by neglecting the BR effect, which can be valuable if the BW corrections for the
two considered isotopes are similar. Nevertheless, it can be assumed that the main
contribution to the uncertainty in the calculation of the anomaly ratio comes from
the uncertainty in the modeling of the electronic structure. Note also that the

differential anomaly depends on both electronic and nuclear factors:
102[a, b] ~ 'A%[a] — 'A?[b] = (Ela] — E[B])(Ny — Ny). (2.38)

2.1.4. Contribution of the Bohr — Weisskopf effect to the nuclear

magnetic moment shielding constant

Using molecular NMR experiment, the magnetic moment of the nucleus can be
determined with high accuracy. However, due to shielding of the external magnetic
field by the electrons of the molecule, the result of the measurements is the so-called

uncorr.

uncorrected magnetic moment p . It is related to the magnetic moment of the

nucleus p by the following expression:
,u — quncorr./(l . 0_)’ (239)

where o is the shielding constant. This constant is the isotropic part of the shielding
tensor: 0 = 1/3) 044. The following expression can be used to determine the

shielding tensor corresponding to the nucleus j in the considered molecule:

' O*E
aib

- 7= , (2.40)
’ 8MJ7G'8Bb [.LJZO,B:O
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where I is the energy of the system, p;, is the a component of the magnetic moment
vector p; of the j-th nucleus, By is the b component of the homogeneous external
magnetic field vector B.

In practical calculations, the interaction of electrons with the external magnetic
field B and the hyperfine interaction with the magnetic moments of nuclei must be
included in the Hamiltonian of the system. The interaction of electrons in a molecule
with an external homogeneous magnetic field B can be described by the following

operator included in the Dirac—Coulomb Hamiltonian:
c
Hp=B- §(rG X ), (2.41)

where a are the Dirac matrices, and rq = r — R, Rq is the coordinate system
origin (93] from which the electron radius-vector in this equation originates. The
hyperfine interaction between the electron and the magnetic moment p; of the j-th

nucleus in the PMD approximation can be written as follows:

1 T X
Hyupg = My % (2.42)

Ty

where r; = r — R;, R; is the coordinate of the j-th nucleus. Note that the
interaction (2.25) does not account for the effect of the finite distribution of nuclear

magnetization. However, using the same substitution [118,129,130| as for neutral

atoms, the BW effect can be accounted for: g — p(r) = pF(r).
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2.2. Calculation of the finite magnetization distribution

correction for the thallium atom

2.2.1. Calculation details

We used the charge radii for stable nuclei from the data tables [48]. For short-
lived thallium isotopes, we used the radius values given in Ref. [138]|. The magnetic
moments of stable nuclei were found in the data tables [27], and those of short-lived
thallium isotopes in Ref. [34]. For convenience, the values of all the above parameters

are summarized in Table 2.2.

Table 2.2. The nuclear parameters used in the calculations are: valence nucleon state, magnetic
dipole moment [26-28,34,81,139], and rms charge radius [48,138]. The values of magnetic moments
used in previous works are presented in square brackets; they have been revised in recent works |26,
28,81,139|.

Nucleus State pr/ N (r2)1/2 (fm)
Re  2d;p 3.1567(3)(12) [3.1871(3)]  5.3596
WITI™  1hg) 3.79(2) 5.4310
BSTI™  1hg)s 3.84(3) 5.4382
25T 35y 1.62225787(12) 5.4666
2051 3512 1.63821461(12) 5.4759
“9Bi  1hgy  4.092(2) [4.1106(2)] 5.5211

To obtain the wave function of the valence nucleon in the one-particle model
of the nucleus with the WS potential, we numerically solved the radial Schrédinger
equation on a grid. The program necessary for this was developed by the author of
this thesis. The probability densities of the valence nucleon distribution for different
nuclei obtained as a result of the solution are shown in Fig. 2.1. To obtain the
electronic wave functions of hydrogen-like ions, we numerically solved the Dirac
equation using a finite basis set of Gaussian functions. This set included 50 s-type
functions with exponential parameters forming a geometric progression. The common
ratio of this progression is 1.8, and the largest element — 5 - 108,

In the calculations of the HFS of a neutral thallium atom, the QED effects
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Figure 2.1. Radial probability densities of the valence nucleon distribution calculated for different
nuclei. The densities of the isotopes 23Tl and 2%T1 are labeled with one line because they are
almost identical in the scale of the figure.

were not taken into account. The atomic orbitals necessary for the correlation
calculations were obtained within the framework of the DHF method, where the
Fock operator was determined by averaging over the 6]9}:1 /9 and 6]9}:3 /9 electron
shell configurations for the 6p* P 5 and 6p> P 5» electronic states. The main correlation
all-electron calculations were performed within the CCSD(T) [89,90] method with
the Dirac—Coulomb Hamiltonian. In these calculations we used the uncontracted
basis set Dyall AAE4Z [98] augmented with one h and one i function. In total, this
set consisted of 35s, 32p, 22d, 16f, 10g, bh, and 2¢ functions. We will denote it by
LBas later in this chapter. The energy of the virtual orbitals in these calculations
was limited to 10000 Ej. Such a high energy constraint is important for a correct

description of the behavior of the electron wave function near the atomic nucleus,
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which was demonstrated in Refs. [10,18]. After the main calculation, we calculated
corrections for the incompleteness of the basis set and the effects of interelectron
correlation beyond the CCSD(T) method. The correction for the finite basis set size
was calculated within the CCSD(T) method using an extended basis set consisting
of 44s, 40p, 31d, 24f, 15g, 9h, and 8: functions. In these calculations, the 1s —
3d-electrons were excluded from the solution of the correlation problem, and the
virtual orbitals were constrained from above to energies of 150 Ej. To evaluate
the contribution of correlation effects to the HFS constant beyond the CCSD(T)
method, we performed calculations using the CCSDT(Q) [110, 111, 140] method.
In these calculations, we used the SBas basis set, which includes 30s, 26p, 15d,
and 9f functions. This set is an extended version of the CVDZ [95,97] basis set,
augmented with several diffuse functions. As in the calculation of the finite-size basis
set correction, 1s — 3d-electrons were excluded from the solution of the electron
problem. The contribution of the Gaunt interaction to the hyperfine splitting was
calculated by D. E. Maison with the CCSD(T) method using the SBas basis set
in Ref. [34]. The code developed by L. V. Skripnikov in Ref. [141] was used to
calculate the matrix elements of the hyperfine interaction operator in the PMD
approximation. The code for performing calculations of HFS with finite nucleus

magnetization distribution was developed by the author of this dissertation.

2.2.2. Hydrogen-like thallium ion

To verify the developed methods for calculating the BW correction in the
single-particle model of the nucleus with the WS potential, calculations were carried
out for a number of hydrogen-like ions. Table 2.3 summarizes the obtained values
and compares them with the results obtained in previous works [117,118]. As can
be seen, the difference between the current and previous results is rather small. The

difference can be explained by the use of different models of the charge distribution of
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Table 2.3. Calculated values of the BW correction ¢ (in %) using the single-particle WS model for
various hydrogen-like ions in the 1s ground electronic state. Without or with SO denotes whether
or not the spin-orbit interaction is taken into account in the solution of the nuclear problem.

185Re74+ 203T180+ 205T180+ 209Bi82+

Ref. [117] 1.18 1.74 1.74 1.31
Ref. [118], eqs. (2.14), (2.15), without SO 1.20 1.77 1.77 1.33
Ref. [118], eqs. (2.14), (2.15), with SO 1.22 1.79 1.79 1.18
This work, eqs. (2.14), (2.15), without SO 1.20 1.78 1.78 1.29
This work, egs. (2.14), (2.15), with SO 1.22 1.80 1.79 1.17
This work, eqs. (2.12), (2.13), without SO 1.30 1.87 1.87 1.43
This work, eqs. (2.12), (2.13), with SO 1.32 1.89 1.89 1.30
Experiment 1.34 2.21 2.23 1.02

the nucleus. In this research, the Gaussian charge distribution model was used [142],
while in the previous ones the Fermi distribution model was used. The reason for
using the Gaussian model in this work is that it allows one to perform calculations
of HFS not only for neutral atoms, but also for molecules.

In addition to the theoretical results, Table 2.3 also presents the BW correction
values obtained from the experimental data [143,144] using the following expression:

(Aexp _ AAQED)

[raxal,
a5 W)

. (2.43)

gexpzl_

I-M;j J

To calculate the denominator in this expression, we used the data from [118], as well
as the latest values of nuclear magnetic moments. The contribution of QED effects
was found in Refs. [118,145,146]. It should be noted that for the single-particle model
there is a small dependence of the BW correction calculation result on the magnetic
moment, since the parameter gg depends on its value [see equations (2.7) — (2.10)].
Therefore, in order to compare the results, we used the same values of magnetic
moments as used in previous works to calculate the BW correction for hydrogen-
like ions. However, to determine the experimental value of the BW correction,

we used the present-day values of the nuclear magnetic moments [26, 28, 139] (see
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Table 2.2). In addition, we note that Table 2.3 shows that the approximate equations
(2.14) and (2.15) provide a reasonably good approximation to the more accurate

equations (2.12) and (2.13).

2.2.3. Hyperfine structure in a neutral thallium atom

Tables 2.4 and 2.5 present the results of the calculation of the HF'S constants
for the neutral 2*>T1 atom in the 6p? P, 1, ground electronic state and the GpQPg/2 first
excited state. The second column presents the results in the PMD approximation.
The third column presents the results in the uniformly magnetized ball model [34].
The last column presents the results obtained within the single-particle model with
the WS potential. These values were obtained using the equation (2.27) for one-
electron matrix elements. From Tables 2.4 and 2.5, a good agreement between the
results obtained in the uniformly magnetized ball model and the single-particle WS
model can be found for ?TI. In addition to the full value of the HFS constants, the
BW contribution, —ABW is given separately in Tables 2.4 and 2.5 (see numbers in
parentheses). As noted above, due to the factorization of the BW contribution by
the electronic and nuclear factors, the ratio of the BW contributions calculated
in different models of the magnetization distribution should not depend on the
electronic state under consideration and the method of electronic structure modeling.
According to our results, for the 6102]31/2 and 6102]33/2 states of neutral T1 and 1529, f2
states of hydrogen-like T1, this hypothesis is indeed confirmed (with an uncertainty
less than 1%).

The main source of the uncertainty in the calculation of the HFS constant for
the 6p>P: 5, state is the neglect of QED effects. For the ground state of hydrogen-like
Tl [118,143], as well as for the already studied heavy neutral systems [3], the QED
contribution to the HFS constant is less than 1%. Based on this, one can expect

that the contribution of QED effects to the HFS constant for the 6]92P1/2 state is
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Table 2.4. Calculated values of the hyperfine structure constant (in MHz) of a neutral thallium
atom 2%°T1 in the 6p*Pyj, electronic state using various nuclear models and electronic theory
methods. The contribution of the BW effect —ABW is given in parentheses.

Method PMD Ball WS
DHF 18805 18681 18696

(—124) (—109)
CCSD 21965 21807 21826

(—158) (—139)
CCSD(T) 21524 21372 21390

(—152) (—134)
+Basis corr. —21 - -
+CCSDT — CCSD(T) +73 - -
+CCSDT(Q) — CCSDT -5 — -
+Gaunt —83 - -
Total® 21488 21337 21354

“Instead of missing corrections, the values of contributions obtained in the point
dipole model were used (given in the first column).

of the same order of magnitude. The uncertainty in accounting for interelectron
correlation effects can be estimated as the contribution of perturbative quadruple
cluster amplitudes. The contribution to the uncertainty due to the incompleteness
of the basis set can be estimated as the value of the basis set correction. Taking into
account all the contributions discussed above, the final theoretical uncertainty for
the 6pQP1/2 state is no more than 1% of the full value of the HFS constant. Thus,
the results of calculations using the uniformly magnetized ball model and the single-
particle WS model agree well with the experimental value of 21310.835(5) MHz [119]
within the estimated uncertainty.

From Table 2.5 follows that in the case of the 6102]33/2 state, the relative contribu-
tion of correlation effects to the hyperfine structure constant is quite large, in
contrast to the 6p> P 5 state. Nevertheless, the convergence in the level of accounting
for the interelectron correlation effects was achieved in the calculations. Previous

studies have also noted a strong relative contribution of correlation effects [135,147].
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As can be seen from Table 2.5, the contribution of the perturbative quadruple cluster
amplitudes to the HF'S constant cannot be neglected. In addition, the significant
correlation contribution explains the worse agreement between different theoretical
values of the hyperfine structure constant (see Table 2.6). In the case of the 6p*P.,
state, the relative interelectron correlation contribution is much smaller (see Tables
2.4 and 2.5). Qualitatively, such a significant contribution of correlation effects to the
HFS constant for the 6p> P /» state can be explained by a small correlation admixture
of configurations having much larger matrix elements of the hyperfine interaction
operator compared to the leading configuration corresponding to the singly occupied
Gps o orbital. The latter matrix element is rather small, since the amplitude of the
Gps o orbital in the vicinity of the Tl nucleus is small. Note also that for the 6]92]33/2
state the absolute value of the correlation effects contribution to the HF'S constant
is 1167 MHz. This is less than the absolute value of the contribution of correlation
effects to the HFS constant of state 6p2P1/2: 2651 MHz. However, in the case of
the 6p* P, 5 state, the contribution of correlation effects is not dominating, since the
matrix element of the leading configuration corresponding to the singly occupied
6p; 2 orbital is much larger.

The calculated value of the BW correction for the 2°>TI atom in the 6192]33/2
state is —14% in the uniformly magnetized ball model and —12% in the WS model.
Nevertheless, for both models the obtained value has the opposite sign with respect
to the BW correction to the 6p? P, 5, state hyperfine structure constant (see Table 2.7).
Qualitatively, the following considerations can be used to explain such a significant
magnitude of the BW correction and its sign. In the framework of the Kramers-
restricted DHF method used in the present study as a starting approximation,
the BW correction is negligibly small for the 6])2]33/2 state, since the 6pz/» orbital
(the only one in the considered approximation capable of contributing to the HF'S
constant) has a negligible amplitude inside the nucleus. At the same time, in the

framework of this approximation, the HFS constant is rather large: 1415 MHz (see
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Table 2.5. Calculated values of the hyperfine structure constant (in MHz) of the neutral thallium
atom **T1in the 6p* Ps), electronic state using various nuclear models and electron theory methods.
The contribution of the BW effect —ABW is given in parentheses.

Method PMD  Ball WS
DHF 1415 1415 1415
CCSD 6 40 36

(+34) (+30)
CCSD(T) 244 273 269

(+29) (+25)
+Basis corr +4 — —
+CCSDT — CCSD(T) —49 - —
+CCSDT(Q) — CCSDT +14 - —
+Gaunt +1 - —
Total® 214 243 239

“Instead of missing corrections, the values of contributions obtained in the point
dipole model were used (given in the first column).

Table 2.5). However, when correlation effects, including spin polarization of 1s..6s
electrons, are taken into account, the picture changes. At this point, s;/,— and
p1/2— functions can contribute to the BW correction and the HFS constant. As can
be seen from the Table 2.5, the contribution of correlation effects, defined as the
difference between the hyperfine structure constants obtained using the CCSD(T)
and DHF methods, reduces the value at the DHF level by a factor of about 6. Also
from Table 2.5 follows, that the absolute value of the correlation contribution to
the HFS constant AA,,,, decreases as one moves from the PMD model to models
with finite magnetization distribution: AA,-[PMD] = —1171 MHz, A A_,..[ball] =
—1142 MHz, and AA.,-]WS|] = —1146 MHz. Note that the BW contribution is
29 MHz in the uniformly magnetized ball model and 25 MHz in the WS model, i.e.,
it reduces the absolute value of A A, in both models. This is similar to the pattern
most often observed, where the BW correction decreases the absolute value of the
HF'S constant. However, to calculate the BW correction e, the total value of the

hyperfine structure constant is needed, i.e., the sum of the contribution at the DHF
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level and the contribution of correlation effects, as is done everywhere in the present
study. As noted above, for the 6p2P3/2 state these contributions have opposite signs
and largely compensate each other, which leads to a small value of the hyperfine
structure constant and a huge value of the BW correction €. According to the
definition, the BW correction ¢ is inversely proportional to the HF'S constant. Thus,
in the limiting case of absolutely exact cancellation of the 6p3/5 orbital contribution
and the correlation contribution, the BW correction would formally turn out to be
infinite.

The results of calculations using the uniformly magnetized ball model and
the WS model agree with the experimental value of 265.0383(1) MHz obtained
in Ref. [120]. The uncertainty due to the choice of the magnetization distribution
model can be estimated as the difference between the results in these models. It
amounts to only a few MHz. Based on previous studies for heavy neutral systems [3],
we expect the contribution of QED effects to be no more than a few percent.
However, a theoretical study of the QED contribution to the HFS constant for
the GpQP:),/2 state of the TI atom is of considerable interest. Taking into account the
contribution of perturbative quadruple cluster amplitudes, as well as the correction
for the incompleteness of the basis set, the total theoretical uncertainty can be
estimated at the level of 10% of the final value. However, we also note that the total
theoretical uncertainty is approximately 2% of the total contribution of correlation
effects.

Table 2.6. Final values of the hyperfine structure constants in the PMD approximation for 2°5TIl
(in MHz) in comparison with previous studies.

6p2P1 o 6p2P3/2
Ref. [148] 21053 -
Ref. [149] 21390 353
Ref. [147] 21430 317

This work 21488 214
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Table 2.7. The calculated values of the BW correction € (in %) to the HFS constants of the 6p* P/,
and 6p® Py, states in 2°°T1

Nuclear model Ball WS
6p° P h 0.7 0.6
6> P, —14  —12

Let us now proceed to the consideration of the hyperfine magnetic anomaly.
The dependence of this quantity on the parameters of the nuclear model can be
demonstrated most easily on the example of the model of a uniformly magnetized
ball. For this purpose, we have performed a series of calculations of the magnetic
anomaly A% for the electronic states 6p*Pij, and 7s2Si,, varying the model
root-mean-square magnetic radii r,, of the isotopes under consideration. In the
calculations carried out for 2%*T1 and 2°°TI, the experimental charge radii were
used. The anomalies were calculated within the CCSD(T) method using the LBas
basis set. The QED effects were not taken into account. Based on the results for
hydrogen-like thallium, it can be assumed that the difference between the unknown
QED corrections x4 (see equation (2.1)) to the hyperfine constants is negligible
for the isotopes considered. Therefore, the QED contribution to the anomaly can be

205 A203 on the difference of the squares of

neglected. The obtained dependencies of
the model magnetic radii 2%r2 — 20372 "are shown in the graphs 2.2(a) and 2.2(b).
It should be noted that in this case r, is only a parameter of the model. In
addition to the theoretical dependence, the plots also show the experimental values
of the hyperfine anomaly. They were obtained using the measured in Refs. [119,150]
HFS constants of the electronic states 6p? P » and 73251/2, as well as the magnetic
moment ratio from the Ref. [27]. The uncertainty of the magnetic anomaly 2% A2%3
experimental value is of the order of 0.3% for the 6pQP1/2 state and 24% for the
7s%Sy, state. In the graphs 2.2(a) and 2.2(b), the solid horizontal line indicates

the experimental value and the dashed horizontal line indicates its uncertainty. By

considering the intersection of the calculated dependence approximated by linear
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functions with the horizontal dashed lines, one can extract the difference of the

205,.2 203,.2
T — T

- and its uncertainty. As noted

squares of the model magnetic radii
above, the experimental value of the anomaly for the 73251/2 state is known with a
significant uncertainty (see Fig. 2.2(b)). However, the value of the difference of the

205p2 2032 © determined above from the data for

squared model magnetic radii oo

the 6p> P, \» state, allows one to predict the value of the anomaly 2057203752, hl =
—3.54(14) - 10~* with a smaller uncertainty. This value can be verified after a more
precise experiment is conducted. The main conclusion that can be drawn from the
consideration of Figs. 2.2(a) and 2.2(b) is that the magnetic anomaly indeed strongly
depends on the parameters of the nuclear model used. Let us now proceed to the
consideration of the anomaly ratio for the two states and the differential anomaly.

Table 2.8 presents the results of the calculation of the hyperfine magnetic
anomalies ratios °k*[7s%S1,, 6p*Pis], where z is *T1, T, or ¥'TI™. These
values were obtained using different methods of electronic structure calculation
and three models of magnetization distribution over the nucleus: the uniformly
magnetized ball model [34] and the single-particle UD and WS models. In the
uniformly magnetized ball model, its radius was chosen to be equal to the charge
radius. The values obtained in the different models are in fairly good agreement with
each other. This fact confirms the considerations given above in subsection 2.1.3.
Thus, the theoretically calculated ratio of hyperfine magnetic anomalies for a pair
of electronic states can be used to determine the magnetic moments of short-lived
isotopes. We also note that for stable thallium isotopes the effects of charge and
magnetization distributions give comparable contributions to the anomalies, and
therefore to their ratio. Nevertheless, for isotopes with different nuclear structure,
e.g., with different valence nucleon states, the main contribution to the anomaly is
contributed by the BW effect.

Table 2.9 presents the obtained values of the differential magnetic anomalies

200775251, 6p* Py [see Eq. (2.32)], where z is 2%T1, ¥3T1™ or ¥'TI™. For the
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Figure 2.2. Calculated dependence of hyperfine magnetic anomalies 2> A% of (a) 6p®Pij, and (b)
75251, states on the difference of the squared model magnetic radii 2*°r2, —29372 . Solid and dashed
horizontal lines indicate the experimental value with its uncertainty [119, 150]; calculated values
are indicated by dots and vertical lines show the fixed values of the difference of the squared model
magnetic radii with the uncertainty.
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Table 2.8. The ratio of the hyperfine magnetic anomalies *°k*[7s?S,, 6p* P.,], where x is 2**T1,
193 or 191T1™ . For the Ball and UD models the rms magnetic radius was chosen to be equal
to the experimental rms charge radius.

Nucleus Method Ball UD WS
DHF  3.77 3.77 3.5

203 CCSD 3.38 338 3.44
CCSD(T) 3.47 3.47 3.54

DHF 3.73 355 3.54

193pym CCSD 336 3.23 3.22
CCSD(T) 3.45 3.32 3.31

DHF  3.74 355 3.54

191pm CCSD  3.36 3.23 3.22
CCSD(T) 3.46 3.32 3.31

calculations, as in the previous case, three models of the magnetization distribution
over the nucleus were used: the model of a uniformly magnetized ball and the single-
particle UD and WS models. The calculated values of the differential anomaly for
the short-lived isotopes '3T1" and ''TI™ are slightly smaller than the estimate
2059eI=9/2)[752S,,,6p*Pijy]) = —1.2 - 1072 obtained in Ref. [33]. This difference
can be explained by the use of the effective value of the orbital g-factor of the
valence nucleon gy = 1.16 from Ref. [151] in Ref. [33]. At the same time, in the
present work we used the value g; = 1.0. To test this assumption, calculations were
performed at the DHF level using the effective value of g; from the article [151]
and the corresponding value of gg obtained using the Egs. (2.9) and (2.10). The
following results were obtained: 25¢*U=9/2[7425,, 6p?P.)] = —1.13 - 102 and
2059 (1=9/2) (75251, 6p° Pjy) = —0.95-1072 for the single-particle UD and WS models,
respectively. Thus, the calculation results confirm the assumption.

As follows from Table 2.9, the accuracy of the differential magnetic anomaly
calculation depends on the level of accounting for interelectron correlation effects
less than for the ratio of magnetic anomalies. For stable thallium isotopes, i.e., for
the differential magnetic anomaly 2059203 [75251/2, 6p2P1/2], the experimental values

and the calculation results give the same order of magnitude. However, for the
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Table 2.9. Differential hyperfine magnetic anomalies **°0%(7s2S\,, 6p* P1 ], where x is 23 T1, 193T1™
or ¥ITI™ 10~%. For the Ball and UD models, the rms magnetic radius was chosen to be equal to
the experimental rms charge radius. The last column shows the experimental values [33,119,150].

Nucleus Method  Ball UD WS Experiment
DHF —1.09 —1.09 —0.86
2037 CCSD —1.06 —1.06 —0.83 —1.9(8)
CCSD(T) —1.06 —1.06 —0.84
DHF —5.14 =93  —69
193 ym CCSD —4.92 —-90 —66 —129(62)
CCSD(T) —4.98 —-91  —67
DHF —6.06 —96  —72
191pym CCSD —580 —-92  —69 —154(60)
CCSD(T) —587 —-93 =70

short-lived isotopes "T1™ and '!TI™, the single-particle models of the nucleus
allow one to obtain results much more accurately than the model of a uniformly
magnetized ball. This fact can be explained as follows. The stable isotopes 2*>T1 and
203T] have a similar nuclear structure with the valence nucleon in the s /2 state with
zero orbital momentum (see Table 2.2). In this case, the single-particle UD model
reduces to the model of a uniformly magnetized ball. This is not the case with the
short-lived isotopes " T1™ and ' T1™ with the valence nucleon state having nonzero
orbital momentum. As a result, from Table 2.9 follows that it is necessary to use
more complex models than the uniformly magnetized ball model to consider pairs
of nuclei with different structure.

Table 2.10 presents the magnetic moments values obtained using the Egs. (2.30) —
(2.33) with the ratio of anomalies calculated in this work (see Table 2.8) and the
experimental values of HFS constants from the paper [33]. For isotopes 1%3T1"
and 'T1™ the anomaly ratios coincide within a given uncertainty. The remaining
isotopes in Table 2.10 have a similar nuclear structure since they also have one
valence proton in the 1hg/y state. Therefore, the same anomaly ratio value, 3.31(10),

was used for other isotopes. Following the work [33], we used the mean weighted value

of experimental differential anomaly 2°¢7=9/2)[7425, , 6P; o] = —1.53(37) - 1072
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in determination of the magnetic moments of the considered isotopes. The values
obtained using this approach are presented in the third column of Table 2.10.
Comparing these values with the results of the work [33] one can notice a good
agreement between them. However, due to the difference in the used value of the
anomaly ratio, the values are still different. In the present study, we used the one-
particle model with the WS potential to determine the magnetic moments, and in
the paper [33] the one-particle model with a uniform valence nucleon distribution
from the paper [117] was used. Alternatively, one can use an approach in which the
differential anomaly is determined for each isotope separately using the Eq. (2.32).
For this purpose, we used the experimental values of the HFS constants Agg;[7s%S1] =
12296.1(7) from Ref. [150], A205[6p2P1/2] = 21310.835(5) from Ref. [119], and the
hyperfine constants for short-lived thallium isotopes from Ref. [33]. The last column
of Table 2.10 presents the results obtained with this approach. The obtained values
of the magnetic moments agree well with the values pu(*TI™) = 3.84(3)uy and
p(PITI™) = 3.79(2)un determined by the author of the dissertation in Ref. [34]
using the same approach and the value of the anomaly ratio calculated in the
model of a uniformly magnetized ball. Note that the main source of the uncertainty
in the determination of magnetic moments is the experimental uncertainty in the
measurement of the HF'S constants of short-lived isotopes. Thus, using the theoretical
data obtained in the present work, the values of magnetic moments can be refined
after more accurate experiments.

In addition to the neutron-deficient T1 isotopes discussed above, measurements
of the hyperfine constants for the isotopes 2°’T19 and 2%TI were carried out in
work [80]. Since they have a similar nuclear structure to ?*3T1 with a valence proton
in the 3sy 5 state, the value of the anomaly ratio *®k**[7s2S.,, 6p® P 5] = 3.54(14)
calculated in this study (see Table 2.8) was used to interpret the experimental data.
Using it, the magnetic moment values pu(**'T1Y) = 1.868(6)uy and u(*“TI) =
1.735(28) uy were determined in Ref. [80].
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Table 2.10. Magnetic moments u(uy) for short-lived thallium isotopes with I = 9/2 obtained
using the theoretically calculated anomaly ratio in the WS model. In the last two columns, the
first uncertainty corresponds to the experiment, and the second uncertainty corresponds to the
accuracy of the theoretical calculation of the magnetic anomalies ratio.

Nucleus Ref. [33]  This work® This work”

|
BT 3.707(22)  3.710(22)(2)  3.687(38)(2)
8T 3.756(22) 3.758(22)(2)  3.764(42)(2)
WITpm 3.781(22) 3.783(22)(2)  3.785(24)(2)
13TIm 3.824(22) 3.827(22)(2)  3.841(25)(2)

“Values are obtained using the averaged differential anomaly value.
Values are obtained using individual experimental values of differential anomalies.

2.3. Contribution of the finite magnetization distribution to

the NMR shielding constant for the molecular anion

ReO,

In the present thesis, the influence of the finite magnetization distribution over
the nucleus on the shielding constant for the molecular anion ReO; was investigated.
For this purpose, the substitution given by the Eq. (2.26) in the hyperfine interaction
operator (2.25) in the framework of the single-particle WS model discussed in
subsection 2.1.1 was used. This involved the use of methods and computer code
developed by the author of this thesis. Modeling of the electronic structure and
calculation of other contributions to the shielding constant were performed by L.
V. Skripnikov. The obtained results are given in Table 2.11. For both considered
isotopes ' Re and ®"Re, the contribution of the nuclear magnetization distribution
was found to be almost the same and it does not differ in Table 2.11. As can be
seen, the effect of the finite nuclear magnetization distribution (-73 ppm or 1.8% of
the final value of ¢) is more important than the solvent effect for the system under
consideration. To the best of our knowledge, no previous attempts have been made

to account the effect of the finite nuclear magnetization distribution on the shielding
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Table 2.11. Calculated values of various contributions to the rhenium nucleus shielding constant o
for ReOy in ppm.

Contribution Value
Diamagnetic:

QZQZ—-LAO/PBE0O 7633
Paramagnetic:

TZTZ/108e - CCSD —3741

TZTZ/108e—CCSD(T) — 108e—CCSD 350

DZDZ/24e—CCSDT — 24e—CCSD(T) —81

Basis corr. —10
Gaunt 15
Solvent effect, from Ref. [28§] —25
Finite magn. distribution (WS) —73
Total 4069

constants in many-electron molecules using the relativistic coupled cluster method.
However, studies with precision calculations have been carried out for hydrogen-like
ions [152,153].

Using the calculated value of the shielding constant with the finite magnetization
distribution correction, the magnetic moments of rhenium isotopes were determined
in Ref. [81]: u(*®Re) = 3.1567(3)(12)un, p(1¥"Re) = 3.1891(3)(12)ux, where the
first uncertainty is experimental and the second uncertainty is due to the theoretical

uncertainty in the calculation of the shielding constant.
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Chapter 3.

Isotope shift in atomic spectra

Chapter 3 is devoted to the study of isotope shifts in the optical spectra
of neutral atoms. The chapter begins with a brief theoretical overview. Next, we
proceed with testing of computer programs [83,84| developed to calculate isotope
shift parameters. To perform the tests, calculations were carried out for several
lithium-like ions. The obtained parameter values are in good agreement with the
results of the work [154]. In the following, we describe how all-electron calculations
of the isotope shift parameters were performed for the 63251/2 — 6p° P J» transition
of the neutral Au atom. The parameter values obtained in these calculations were
then used to determine the rms charge radii from experimental data on isotope shift
frequencies for a chain of short-lived isotopes of the Au atom. These results were
first published in Ref. [85].

This chapter concludes with a consideration of isotope shifts in the T1 atom.
Using the same approach as for the Au atom, the isotope shift parameters were
calculated for the transitions 6102]33/2 — 73231/2, 6p2Pl/2 — 6d2Dg/2 and 6])2]31/2 —
7525 1, of the Tl atom. These parameters were then used to interpret the experiment.

The details of the calculations and the results obtained were first published in

Ref. [82].
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3.1. General theoretical information

In this thesis, we used the following expression to parameterize the isotope shift

AA_ A A

of the transition energy Av vt — vt

1 1

T R I A C¥)

Av 4 = (ks + ksus)(
where kxus, ksvs denote the normal and specific mass shift constants, F' is the field
shift constant, M4 and M4 are the masses of isotopes with mass numbers A and
A6 <7"2>AI’A = <r2>A/ — <r2>A is the difference of the mean-squared charge radii
of the considered isotopes. It should be noted that such nuclear physical effects as
deformation and polarization of the nucleus [154-156] can lead to the appearance of
additional terms in the expression (3.1). Generally, the contribution of these terms
is rather small and therefore we do not consider them in this study.

To calculate the field shift constant F', it is necessary to calculate the derivative
F =0v/d <7“2>. The mass shift constants knxys and ksyg can be calculated using

the following relativistic operators [157-160]:

1 o/ ;- T;)T;
Hyns = Wi (p} — - {Oéi %] “Pi),; (3.2)
1 aZ (o - 7)7;
Hsns = 577 ) (Pi- i — —— | @i+ ———5—| - ), (3.3)
ik ! L

where Z is the charge of the nucleus, «; are the Dirac matrices acting on the i-th
electron, and r; is the position of the i-th electron. Note that Hgyg is a two-electron

operator. This fact complicates practical calculations.
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3.2. Testing of the developed calculation methods

In Ref. [154], different contributions to the mass shift constant for lithium-
like ions were calculated. The so-called nonrelativistic (NR) and relativistic (R)
parts were separated: knms = knrnms + Arnvs and ksys = knrsms + Ersais.
These constants can be calculated using the following operators included in the

expressions (3.2) and (3.3):

1
H = 2 4
NRNMS Wi zi:p“ (3 )
1 aZ (o - )7
Hrnvs = B (— " o+ 2 - Di), (3.5)
H LS i pe) (3.6
NRSMS 2N “ Di - Dk),
1#k
1 aZ oy - Ti)T;
Hgrsms = 207 (— - [ai + %] “ Dk, (3.7)
i£k ! i

To verify the programs developed in this study, we performed test calculations
separately with each operator (3.4) — (3.7) for different lithium-like ions and compared
the obtained values with the results of Ref. [154]. Table 3.1 presents the comparison
for the constant kxrnms, Table 3.2 for krnms, Table 3.3 for knrsms, and Table 3.4
for krgms. In parentheses below the values calculated in this paper, the deviations
with respect to the results of the work [154] in percent are given. As it can be seen,
the maximum deviation is less than 2% in standard calculations and less than 1%
with Gaunt interaction correction taking into account. This small difference can be
explained by the fact that in the work [154] the Breit interaction was fully taken
into account. Moreover, in calculations we used a finite Gaussian basis set based on
Dyall [98,100,161| basis sets (which was not specifically optimized for the calculation

of lithium-like ions) and a Gaussian nuclear charge distribution model [162|. At
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the same time, a basis set of B-splines [154] and the Fermi model of the charge
distribution over the nucleus were applied in Ref. [163]. Summarizing the above,
we can conclude that the program code developed for the calculation of mass shift

constants works correctly and can be used for calculations in neutral atoms.

Table 3.1. Calculated values of the kygnas constant (in THz-u) for various lithium-like ions.

281/2 _ 2]71/2 SillJr Ar15+ Zn27+ Nd57+ Hg77+ Th87+ U89+
This work -3.737  —5.867 —21.538 —336.87 —1533.37 —-3176.0 —3672.7
0.6%)  (0.9%)  (L5%)  (0.9%)  (04%) (—0.1%) (—0.2%)

This work, Gaunt ~ —3.771  —5.947 —21.960 —340.57 —1541.59 —3186.3 —3683.3
(—0.3%) (—0.4%) (—0.4%) (—=02%) (=0.1%) (—0.4%) (—0.5%)

Ref. [154] -3.759  —5.923 —21.862 —339.91 —1539.8 —-3173.8 —3664.8

Table 3.2. Calculated values of the kryas constant (in THz-u) for various lithium-like ions.

25179 — 2p1/2 Si't  Ar'™t 7Zn?™  Nd°™F  Hg™'f Th¥+ U+
This work 0.563 1.609 13.811 323.5 1572.7 33956.8 3906.7
02%) (0.0%) (0.1%) (0.1%) (0.0%) (—0.2%) (—0.3%)
This work, Gaunt 0.563 1.608 13.804 323.1 1570.1 3350.0 3898.6
02%) (0.0%) (0.1%) (0.2%) (0.2%)  (0.0%) (—0.1%)
Ref. [154] 0.564 1.609 13.819 323.79 1573.3 3349.5 3894.4

Table 3.3. Calculated values of the kygsys constant (in THz-u) for various lithium-like ions.

281/2 — 2]?1/2 Sill+ Ar15+ Zn27+ Nd57+ Hg77+ Th87+ U89+
This work —41.706 —-74.573 —236.159 —1229.95 —2830.61 —4274.4 —4651.4
0.0%)  (0.0%) (—0.1%) (=0.2%) (=0.3%) (—0.4%) (—0.4%)
This work, Gaunt —41.654 —74.453 —235.531 —1223.57 —2811.51 —4242.4 —4615.9
0.1%)  (0.1%)  (02%)  (0.3%)  (0.3%)  (0.4%)  (0.4%)
Ref. [154] —41.701 —74.544 —235.921 —1227.04 —2821.08 —4257.6 —4632.5
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Table 3.4. Calculated values of the krgyrs constant (in THz-u) for various lithium-like ions.

25172 — 2p1/2 Sitl+  Ar'st Zn>™ Nd°™* Hg™™* Th¥+ U+
This work 0.726 2.170 19.394 409.92 1689.00 3240.5 3687.8
(0.7%) (0.0%) (-0.1%) (—=0.3%) (—0.4%) (-0.5%) (—0.5%)
This work, Gaunt 0.725 2.167 19.347 40797 1678.51 3218.2 3661.9
0.8%) (0.1%)  (0.1%)  (02%)  (0.2%)  (0.2%)  (0.2%)
Ref. [154] 0.731 2.169 19.369 408.63 1681.66 3224.2 3668.6

3.3. Au atom

3.3.1. Calculation details

The first step of the study involved a full-electron calculation using the CCSD(T)
method [89,90] with the Dirac—Coulomb Hamiltonian and the Gaussian model
of the nuclear charge distribution. In this case, the LHbas basis set, an extended
version of Dyall AEAZ [95,97], was used to compute the constants F' and kyass.
Table 3.5 gives the total number of basis functions of different types included in
this set, as well as the composition of other sets used in the calculations. Due to its
greater computational difficulty, the Mbas basis set — an extended version of Dyall
AE3Z [95,97], but with fewer functions than LHbas, was used for the all-electron
calculation of the constant kgp;9. In all the calculations of the Au atom described
above, the energy of the virtual orbitals was limited to the value 10000 Ej,.

Further, corrections for higher order correlation effects were calculated using
the CCSDT(Q) [110,111,140] method with Mbas basis set. In this calculation, 19
valence electrons were included (1s — 4f electrons were frozen) and the constraint
on the energy of the virtual orbitals was set to 20 Ej. Since the main calculation
of kgyrs was performed in a smaller basis set than in the case of kyyg and F', the
corresponding correction to the obtained value must be estimated in order to achieve
a comparable level of accuracy. For this purpose, we computed the difference between
the values obtained in the full-electron calculations by the CCSD method with the

Lbas and Mbas basis sets. Similar to the LHbas basis set, Lbas is an extended version
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of Dyall AE4Z, but contains fewer high angular momentum functions (see Table 3.5).
The Gaunt interaction correction for all considered constants was calculated as a
difference of values obtained by the DHF method with the Dirac—Coulomb and
Dirac — Coulomb — Gaunt Hamiltonians. To estimate the uncertainties of the performed

calculations, we also carried out calculations using the Sbas basis set, which is an

extended version of the Dyall AE2Z [95,97].

Table 3.5. The composition of the basis sets used in calculations of the electronic structure of the
Au atom. The basis sets are given in the descending order of their quality.

Basis set Functions

LHbas 40s, 36p, 19d, 14f, 10g, 7h, 4i
Lbas 40s, 36p, 19d, 14f, 10g, 5h, 1i
Mbas 36s, 30p, 15d, 11f, 5g, 1h
Shas 30s, 25p, 12d, 9f, 1g

3.3.2. Results

The result of the calculation of the field shift constant F' and the estimation
of the obtained uncertainty for the considered transition 6s2S: o= 6p2P1/2 of Au
atom are presented in Table 3.6. As can be seen, the iterative consideration of triple
amplitudes within the CCSDT method gives a significant contribution (about 2.6%
of the total value) compared to the perturbative consideration by the CCSD(T)
method. Nevertheless, as follows from the results of the perturbative calculation
of the correction for quadruple amplitudes CCSDT(Q), which amounted to about
1.2%, convergence in the level of accounting for the interelectron correlation was
finally achieved. The contribution of the Gaunt interelectron interaction is less than
1% of the total value.

Table 3.7 presents the results of the calculation of the constants kxwms, ksms, and
kys = kavs + ksvs, as well as the estimate of the obtained uncertainties. As can be

easily seen, for both constants kxyis and ksus, corrections for the iterative accounting
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Table 3.6. Calculated value and uncertainty of the field shift constant F' (in GHz/fm?) for the
65251/, — 6p*Pij, transition in the Au atom.

Transition 6525 b= 6p° P, /2
Contributions:
79¢—-CCSD(T) —41.9
19¢—CCSDT — 19¢e—CCSD(T) +1.0
19e-CCSDT(Q) — 19¢-CCSDT +0.5
Basis set correction —
Gaunt +0.3
Uncertainties:
Correlation (valence electrons) 0.5
Correlation (core electrons) 0.1
Basis set 0.6
Basis and correlation interference 0.1
Gaunt 0.3
Charge distribution model 0.4
QED 0.4
Total —40.1(11)

of the triple cluster amplitudes relative to the peturbative one give a significant
contribution to the final values (see line “19¢e—CCSDT — 19e—CCSD(T)”). The
contribution of the quadruple cluster amplitudes to kgyig, calculated as the difference
between the values obtained using the CCSDT(Q) and CCSDT methods, is also not
negligible. At the same time, in the case of the constant knygs, this contribution
turns out to be quite small relative to the final theoretical value. The situation with
the contribution of the interelectron Gaunt interaction is similar. In the case of the
constant kxys the correction for this interaction is not large, but for the constant
kswms it gives a significant contribution to the final value.

The following contributions were considered in the determination of the final

calculation uncertainty of the constants F', knxus, ksvs, and kys = knvs + ksus.

1. The uncertainty due to the finite size of the basis set. In the case of constants

F and kyjrg, it was estimated as the difference of the results obtained using
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Table 3.7. Calculated values and uncertainties of knys and ksys (in GHz-u) and their sum kyg
for the 63251/2 — (3]92]31/2 transition in the Au atom.

Transition 6525 b= 6p° P, /2
Fxws Fsns ks
Contributions:

79¢ - CCSD(T) 723 221 044
19e - CCSDT — 19e—-CCSD(T) —124 —37 —161
19¢e—-CCSDT(Q) — 19e—CCSDT —4 —31 —35
Basis set correction — —28 —28
Gaunt +5 —22 —17

Uncertainties:

Correlation (valence electrons) 4 31

Correlation (core electrons) 32 7

Basis set 10 28

Basis and correlation interference 21 19

Gaunt 5 22

Total 600(40) 103(93) 703(101)

the CCSD(T) method with the LHBas and MBas basis sets. For the constant
ksas, this contribution was estimated as the difference of the values obtained
using the CCSD method with the LBas and MBas basis sets. In Tables 3.6
and 3.7, the contribution from this source of uncertainty is given in the row

“Basis set”.

2. The uncertainty in taking into account correlation effects using the CCSDT(Q)
method for 19 valence electrons. As an estimate of the magnitude of this
uncertainty, we used the difference between the values obtained using the
CCSDT(Q) and CCSDT methods in calculations with 19 electrons and using
the MBas basis set. In Tables 3.6 and 3.7, the row “Correlation (valence

electrons)” corresponds to this source of uncertainty.

3. The uncertainty of accounting for correlation effects for the 60 inner-core
1s...4f electrons of the Au atom. To estimate this value, the difference of

contributions of noniterative triple amplitudes (T) obtained in calculations
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with all 79 electrons and with 19 valence electrons was calculated. This difference
corresponds to the contribution of the triple amplitudes of the core electrons
to the considered constants. In Tables 3.6 and 3.7, the contribution from this

source of uncertainty is presented in the row “Correlation (core electrons)”.

4. The uncertainty due to the interference of the basis set size and accounting
for correlation effects. To estimate this quantity, we calculated the difference
of higher order correlation contributions in the MBas and SBas basis sets. In
Tables 3.6 and 3.7, the contribution of this effect is presented in the row “Basis

and correlation interference”.

5. The Gaunt interaction contribution given in Tables 3.6 and 3.7 was completely
included in the final uncertainty (i.e., we assumed that this contribution was

calculated with 100% uncertainty).

6. In the case of the constant F' the uncertainty due to the model of the charge
distribution over the nucleus used in the calculations was also taken into
account. For this purpose at the DHF level, the calculations with the Gaussian
and Fermi charge distributions were carried out. The uncertainty obtained as

the difference of these values is given in Table 3.6.

7. Finally, following Ref. [82] we included QED effects of ~1% in the uncertainty

of constant F'.

To obtain the final uncertainty, we calculated the square root of the sum of the
squares of all the uncertainties described above.

Using the constants given in Tables 3.6 and 3.7, the experimental data obtained
in Ref. [85] for the isotope chain of the Au atom were interpreted. Table 3.8 presents

the measured isotope shifts (IS) dv4.197 and the derived values of 6(r?) 4 197.
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Table 3.8. Values of IS (dv4197) and 0(r?) 4197 relative to TAu extracted from experimental
data assuming different I values. The [ values in parentheses represent cases where the value
is not certain or was not measured directly. Statistical experimental uncertainties are given in
parentheses, while systematic uncertainties stemming from the atomic calculations are given in
curly brackets.

A I (SVA,197, MHZ (5<T2>A,197, me
6Aus  (3)  43340(640) -1.091(16){31}
(4)  42860(660) —1.079(16){31}
(5)  42520(700) —1.071(16){31}
16 Auhs  (8)  42580(310)  —1.072(8){31}
(9)  43070(370)  —1.085(9){31}
TTAw9  1/2 39290(220)  —0.990(5){29}
TTAu™  (11/2)  37860(250)  —0.954(6){28}
I8Au9  (2)  24650(260)  —0.624(7){18}
(3)  23800(260)  —0.603(7){18}
A ™ (7) 9790(140)  —0.254(3){8}
(8)  10300(140)  —0.266(3){9}
179 Au 1/2  31570(200)  —0.796(5){23}

180Au (1) 10650(200)  —0.274(
BlAuw  (3/2)  7820(230)  —0.203(
182 Au (2) 7160(200 —0.186(5){6}
BAu  (5/2) 5620
BTAu™  (9/2) 5380
BIAuw™  (11/2) 7950
DA™ 11/2 4780
W Au™  11/2 1760

3
3

)

519}
6){7}
) 5

120)  —0.147(3){5}
160)  —0.139(4){4}"
180)  —0.201(4){6}
180)  —0.121(4){4}
220)  —0.045(5){1}

NN TN TN TN N

“Our value differs from §(r?) 4 197(***Au)= —0.130(9) |164], partly due to the
different atomic parameters of the IS used.

b5(r?) 4.107(*¥"Au™) was calculated using the new atomic parameters of the IS,
dv4.107(187Au™) was found in Ref. [165].
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3.4. Tl atom

Using the same computational scheme, program code, and method of theoretical
uncertainty estimation as for the gold atom, the isotope shift constants for the
thallium atom were calculated in Ref. [82]. The final results of these calculations are

summarized in Table 3.9 (numerical calculations were performed by G. Penyazkov).

Table 3.9. The final values of the mass shift constants kyys, ksus, their sum kyg (in GHz-u),
and the field shift constant F' (in GHz/fm?).

knvs — kswus kars F
602 Py, — 7525, (535 nm) —323(10) 188(35) —135(36)  16.15(32)
6p° Py, — 6d2Ds), (277 nm) —605(14)  30(69) —575(71)  9.50(44)
6p2P,, — Ts°Si, (378 nm)  —421(27) 145(46) —275(54)  15.22(30)

Using the constants given in Table 3.9, one can interpret the isotope shifts
measured earlier and recalculate the differences of the rms charge radii 6 (r?). However,
in the case of the 277 nm transition, instead of the theoretical value of the constant
F (9. 50(44) GHz/fm?|, one can use the calculated value for the 535 nm transition and
the ratio of constants F' for the two transitions Kexpt = F277 nm/F535 nm determined
from experimental data using the King plot [138]: Fh77 nm = F535 nmFexpt = 9.32(23)
GHz/fm?. Such approach allows one to achieve higher accuracy in this case and
therefore it was applied to determine §(r?). The obtained values are presented in
Table 3.10. The experimental uncertainty is denoted by parentheses. The uncertainty
due to the inaccuracy of the calculation of the field and mass shift constants is given
in curly brackets. In addition, Table 3.10 summarizes the results obtained with old
values of constants from Refs. [138,166].

As follows from Table 3.10, for the most exotic isotopes (A<186), the theoretical
uncertainty becomes comparable to the experimental one. Generally, the theoretical
uncertainty does not exceed 2.6%. Such a level of accuracy in the study of isotope
shifts in heavy atoms is at least as good as that achieved for radium [156] and

francium [177] atoms. The values of §(r?) obtained in this work differ from those
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Table 3.10. The §(r?) values for the Tl isotope chain determined from the experimental IS data
for the three transitions considered in the articles [138,166] and in this thesis. The uncertainty
given in parentheses is due to the experimental uncertainty of IS value measurement, and the
uncertainty given in curly brackets is theoretical. In the presence of different experimental data
for the same isotope, the data with the smallest uncertainty were selected.

A I §(r?), fm? [138,166] &(r?), fm? A I §(r?), fm? [138,166] &(r?), fm?

208g 5  0.183(13){13} 0.1919(130){38}* [192m 7  —0.6358(6){450} —0.6681(6){130}"
207g  1/2 0.1048(2){70} 0.1100(2){22}° 191g  1/2 —0.6544(7){460} —0.6878(7){140}"
205g 1/2 0 0 191m  9/2 —0.4899(6){340} —0.5158(6){100}*
204g 2 —0.0635(71){40} —0.0667(74){13}¢ |190g 2  —0.7063(4){490} —0.7424(4) {150}
203g 1/2 —0.10321(2){700}  —0.10840(3){220}¢ | 190m 7  —0.7223(5){510} —0.7591(5){150}"
202g 2 —0.1834(71){130}  —0.1926(74){38}° | 189m 9/2 —0.5543(41){390}  —0.5837(43){120}°
201g  1/2 —0.2077(9){150} —0.2182(9){43}¢ | 188m 7  —0.8134(5){570} —0.8549(5) {170}
200g 2 —0.2979(71){210}  —0.3129(74){62}¢ | 187m 9/2 —0.616(31){43} —0.650(32){17}"

199¢ 1/2 —0.3116(71){220}  —0.3275(74){65}° | 186m1l 7  —0.9324(15){650}  —0.9799(15){200}"
198g 2 —0.4035(71){290}  —0.4239(74){84}/ |186m2 10 —0.719(23){50} —0.758(24){20}"

198m 7 —0.3804(71){270}  —0.3998(74){80}7 |185g  1/2 —0.938(41){66} —0.987(43){25}"

197g  1/2 —0.4119(71){290}  —0.4330(74){86}/ |185m 9/2 —0.731(29){51} —0.770(30){20}"

197m 9/2 —0.272(26){19} —0.2871(270){75}" | 184m1 2  —0.979(32){69} —1.031(32) {27}

196g 2 —0.4795(5){340} —0.5036(5){100}" | 184m2 7  —0.976(24){68} —1.027(26){27}

196m 7 —0.4544(6){320} —0.4773(6){95}* | 184m3 10 —0.777(20){54} —0.820(23){21}

195g 1/2 —0.4820(71){340}  —0.5068(75){100}7 | 183g  1/2 —1.033(15){72} —1.086(17){28}

195m 9/2 —0.324(11){23} —0.3419(120){90}" | 183m  9/2 —0.775(15){54} —0.818(17){22}!

194g 2 —0.5551(39){50} —0.5831(5){120}* |182ml1 4  —1.120(18){78} —1.179(19){30}!

194m 7 —0.5481(5){380} —0.5759(5){110}* |182m2 7  —1.123(30){78} —1.182(33){30}!

193g  1/2 —0.5716(11){400}  —0.6007(12){120}¢ | 181 1/2 —1.174(16){82} —1.236(17){32}

193m 9/2 —0.4111(10){290}  —0.4329(11){87}¢ | 180 4  —1.254(22){88} —1.319(24) {34}

192g 2 —0.6296(4){440} —0.6616(4){130}* | 179 1/2 —1.274(29){89} —1.340(31){35}!

@IS experimental data from Ref. [167]
bIS experimental data from Ref. [168]
IS experimental data from Ref. [169]
IS experimental data from Ref. [170]
°IS experimental data from Ref. [171]
1S experimental data from Ref. [172]
91S experimental data from Ref. [173]
1S experimental data from Ref. [138]
‘IS experimental data from Ref. [174]
JIS experimental data from Ref. [175]
1S experimental data from Ref. [176]
'TS experimental data from Ref. [166]
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given in the literature by an order of magnitude of 5%. From the formal point of
view, this difference fits into the theoretical uncertainty §(r?) in Refs. [138,166].
However, the theoretical uncertainty (7%) reported in these papers [138,166] was
based on estimates from general considerations and did not have the same theoretical
justification as in this study. Moreover, a significant difference in the computational
results (up to 30%, see Table 3.9) may indicate a significant underestimation of the
theoretical uncertainty. It should also be noted that in Refs. [138,166] it was decided
to neglect the specific mass shift constant for the 6p2P3/2 — 75251/2 transition in
determination of §(r?). However, Table 3.9 shows that value of kg is significant for

this transition and should be taken into account to achieve a high level of accuracy.
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Chapter 4.
Search for 7, P-violating interactions induced by

axionlike particles in molecules

In Chapter 4 axionlike particle (ALP)-mediated 7, P-violating interactions
in molecules are considered. The molecular parameters of these interactions for the
HIF" cation were calculated in the course of this study. They were used to reinterpret
the results of an experiment searching for the electric dipole moment (EDM) of
the electron [69]. As a result, new constraints on the product of constants of the

considered interactions were established. The obtained results were first published

in Refs. [86,87].

4.1. General theoretical information

The interaction between the atomic nucleus nucleons and electrons induced by
the exchange of ALPs can be both preserving and violating the 7 ,P-parity. The
subject of study in this thesis is the 7 ,P-violating interaction. In the case of ALP
exchange with mass m,, the interaction potential between a nucleon and an electron
can be written as follows [58,178|:

—mg|r—R)|

gygte

Ven(r — R) = +1i yp

where the nucleon N can be a proton or a neutron, g3 is the scalar interaction
constant of the nucleon with the ALP, ¢ is the pseudoscalar interaction constant
of the electron with the ALP, R is the nucleon position, 7 is the electron position,
and Dirac v matrices act on the four-component electron wave function. In previous

works [58, 70-72], the point nucleus approximation in the ALP-induced electron-
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nucleus interaction operator was used for the calculations (the electron wave function

itself was calculated for the case of a finite nucleus):

mer

Pe”
VeN( ) +2g17‘19_

Y0Ys- (4.2)

In the present thesis, we managed to go beyond this approximation and perform
calculations directly with the operator (4.1), taking into account the effect of the
finite nucleus size. For this purpose, we modified the calculation methods originally
developed for the T ,P-violating electron-electron interaction induced by the ALP
exchange. The potential of this interaction can be written as follows |58, 178]:

g:gg e_mal'rl_rZ‘

Vvee ) - ) 4.3
(r1,12) = +15 - ——lE (4.3)

where g7 is the scalar constant of the electron-ALP interaction, r; and ro are the
positions of electrons, and the Dirac ~-matrices act on the wave function of the
second electron.

By summing the expression (4.1) over all particles, one can find the total
T P-violating ALP-mediated interaction between the selected nucleus and electrons
of the linear molecule under consideration. The total interaction can be characterized

by a single parameter completely determined by the electronic structure of the

molecule [70,179):

W(eN)(ma)

ax

dRp(R _R)|D), (4.4)

QgNg i=1 N

where p(R) is the normalized to unity nuclear density, ¥ is the electron wave
function of the linear molecule under consideration, €2 is the projection of the
total electron angular momentum on the axis of the molecule, N, is the number

of electrons, and the index ¢ runs over all electrons. In this study, it is assumed that
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the difference in the distribution of protons and neutrons can be neglected. Note
that g3 is the ALP-nucleon interaction coupling constant averaged over all nucleons
of the nucleus: gy = (Nug;, + Zg,)/A, where g; and g, are the scalar ALP-proton
and ALP-neutron interaction coupling constants, respectively, N, is the number of
neutrons, Z is the charge of the nucleus, and A = N,, + Z is the mass number.

In a similar way, the electron-electron interaction can be characterized by a

single molecular parameter:

N.
o 11 '
W ma) = =—5(U] > Vee(ri, 7)) | D). (4.5)
Qgig
eve =1

In this sum, only terms with ¢ # j should be taken into account, which is indicated
by the prime index above the sum sign.
Using the notations introduced above, the electron level energy shift caused by

the T, P-violating interaction (4.1) can be written in the following form:
SE = g gt QW (m,), (46)

and the energy shift induced by the 7 ,P-violating interaction (4.3) can be written
as:

OF = gigt QWi (my). (4.7)

Let us consider separately two limiting cases for the considered interactions.
This will be useful for the analysis of the obtained results.

Low mass limit. As can be easily seen, at m, = 0 the exponent in the interaction
potentials (4.1) and (4.3) can be replaced by unity. In the case of small but non-zero
masses such replacement, obviously, will be only approximate. The conditions under
which this approximation will be sufficiently accurate can be estimated as follows.

As the mass of the ALP decreases, the characteristic radius of the Yukawa-type
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interaction Ry, = 1/my(relativistic units) = hA/mgc will increase [58]. When it
becomes much larger than the size of the molecule itself, further increase in size will
make almost no difference to the interaction inside the molecule. In the localization
region of the electron wave function, the argument of the exponential function m,r ~
0, and hence exp(m,r) ~ 1. The characteristic molecular distance, which determines
the scale of the electronic problem, can be taken to be 1 Bohr. A Yukawa interaction
with such a characteristic radius corresponds to an ALP mass m, ~ 4 keV. Thus,
one can expect that at m, < 1 keV the values of the parameters Wa(f(N) and Wéﬁe)
are almost independent of m,.

High mass limit. At m, — 400, the dependence on r of the potential (4.1)

approaches the d-function [72] up to a constant factor:

> —8(r). (4.8)

To approach the limit, the characteristic radius of the Yukawa interaction should
be smaller than the nuclear scale of 1 Fm, which corresponds to m, =~ 0.2 GeV.
Therefore, one can expect the approximation to be valid at m, > 1 GeV. Since the
interaction at such large masses becomes almost point-like, it becomes possible to

use the following approximation in Eq. (4.4):

s P
/dRp(R)VeN(’ri — R) = —i—igglge P(T:)Y0Ys- (4.9)

a

In the Eq. (4.5), one can also passage to the limit (4.8). As a result, approximate
expressions for the parameters WéﬁN) and Wéﬁe) can be obtained (see also Refs. [58,
70): W™ (my) ~ WeNm=2 and WS (my,) ~ Wem_2, where the new parameters

WeN and We are independent of m,. The parameterization of the energy shift due
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to electron-nuclear interaction can be written in the following form [71]:

as.qP
SE ~ I qpyeN, (4.10)
ma
where
W = lim m2WN (my,). (4.11)
Mg—>+00

A similar parameterization can be written for the electron-electron interaction:

SF ~ gf’g;mv@e (4.12)
m?2
where
W = lim m2W . (my,). (4.13)
Mg—r—+00

In addition, it should be noted that at large ALP masses the WgﬁN) parameter
can be expressed using the parameter of the electron-nuclear scalar-pseudoscalar
interaction. This fact follows directly from the expression for the scalar-pseudoscalar

interaction potential [5] (see also Eq. (4.9)):

, G
VS_pS = ZZkS_pSTI;p(’I")’YO’}/5, (4.14)

where kg_pg is the dimensionless interaction coupling constant, Z is the charge of
the nucleus, G is the Fermi constant (2.2225 - 1074 in atomic units). The energy

shift corresponding to this interaction can be parameterized as follows:
08 = Qks_psWs_ps, (4.15)

where

WS,pS = 5 Z VS PS ’I"Z ‘\If (4.16)

k’s PS
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In summary, in the limiting case of high mass ALPs, the relation between the

molecular parameters can be expressed by a simple formula:

AV2 1
Z Gpm2

a

W N (m, — o0) =

ax

Ws_ps. (4.17)

4.2. Practical implementation of calculation methods

The methods developed in Ref. [86] for the calculation of Wé}ie)(ma) were
modified to account for the effect of finite nucleus size in the calculation of the
molecular parameter WéfﬁN)(ma). Indeed, both problems require the computation
of “primitive integrals” of the form (able™™"2 /ri5|cd), where a, b, ¢, d are Gaussian
functions of the form x”ymzke_BTQ. The parameter 5 > 0 determines the diffusivity
of this basis function, the numbers n,m, k are non-negative integers, and their
sum is equal to the total angular momentum of the function. In the calculation
of the parameter Wa()fe)(ma), all four functions a, b, ¢, d arise from the finite basis
decomposition of the molecular bispinors. In the case of computing Wéﬁm(ma),
only two Gaussians are associated with the electron wave function, and two others
are modeling the distribution of nucleons over the nucleus. This is the result because
we use a Gaussian model of the charge distribution over the nucleus p = ce™" [142)]
and assume that the neutron distribution coincides fairly well with the proton
distribution. Consequently, the “primitive integrals” appearing in the calculation of
W;ﬁN)(ma) can be written in the following form: (a~y|e™""1? /ris|cy), where v = | /p.
For more generality, however, let us consider in detail the implementation of the
calculation method for “primitive integrals” of the form (able™™"2/ris|cd). In the
case of a diatomic molecule, the basis functions a, b, ¢, d can be centered on different
nuclei, which complicates such a calculation (see in Ref. [72] a solution of the one-

center problem with Gaussian-type functions).

The computation of the Yukawa integrals (able™ ™2 /ri5|cd) is a generalization
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of the Coulomb integrals (ab|l/ris|cd) computation problem. The computational
algorithm used to solve the latter most often involves the calculation of the Boys

function [180, 181]:
1
F(T) = / dtt>me Tt (4.18)
0

To compute integrals (able™""2 /ri5|cd), it turns out to be sufficient to replace

the Boys function with a more complicated special function [182]:
1 2 1
G(T,U) = / dit?me TETU=3), (4.19)
0

This makes it possible to use many generalizations of the classical algorithms for the
calculation of two-electron Coulomb integrals: McMurchie — Davidson [183], Obara -
Saika |184], Pople — Hehre [185], Head — Gordon — Pople [186], PRISM of Gill et al. [187]
and others [188-191]. In the presented thesis, we used a computational algorithm
implemented in the LIBINT library [192] to compute the Yukawa integrals. The
approach used in the library is analogous to the quadrature method of Rys—Dupuis
et al. [193-195], later elaborated by Lindh et al. [196]. The advantage of this approach
in comparison with other numerical methods is the possibility to perform calculations
of integrals with orbitals having high angular momentum. Nevertheless, in order
to use it in practical calculations, a number of modifications had to be made in
the library code. Initially, the algorithm we need was implemented to perform
electronic structure calculations using explicitly correlated methods [182,197-201].
The variation range of variables T and U allowed in this case turned out to be too
small for our purposes [192]. In this thesis, the range has been significantly extended.
As mentioned above, the main method of integrals calculation in the original
version of the LIBINT library is a tailored Gaussian quadrature [198|. For this
purpose, precomputed data is used, allowing calculations to be carried out in the

range 0 < T < Tyap and Uppin, < U < 103, where Tap = 1024 and U, = 1077 In
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case T' > Tiae or U < Upyin, “Scheme 17 of the paper [197] is applied, which consists

of calculating

G = i z [eerrfc(k) + eAQerfc()\)} (4.20)
4 Vu ’ |

G_T s k2 /\2
Gy = T\/; {e erfe(k) —e erfc()\)} : (4.21)

where erfc is the complementary error function,

k=-—VT+VU, (4.22)

A= VT +VU, (4.23)

and sequentially applying upward recurrence relations to compute the remaining
values of G,,:

1
G = 55[(2m = 1) Gy + 2U G s — e 1. (4.24)

In the modification of the library, we added code that implements computations
using upward recurrence relations at 7' = 0 (see Ref. [197]). The first element is

calculated using the following formula:
Gy = 1 — e"VaUerte(VU). (4.25)

The remaining elements are determined using recurrence relations:

1
2m + 1

Gn(0,U) = [1—2UG,,-1(0,U)]. (4.26)

Furthermore, we found numerical instabilities at small 7" in “Scheme 17. They
are generated by the appearance of T' in the denominator in the Eq. (4.24). To solve
this problem, we have added code that implements “Scheme 37 (see paper [197]) for
T < 0.1 at U < Upin. According to this method, G,,(T,U) can be computed by



summing a series:

Gu(TU) =) (_le )kak(o, U). (4.27)
k=0 )

In practice, we restricted ourselves to considering terms up to and including k = 8§,
and the values of G,,(0,U) were determined using Eqgs. (4.25) and (4.26).

We used the identity (4.8) to verify the calculations in the limiting case of
extremely high ALP masses. In this case, as a numerical implementation of the
delta function, we used the procedure for computing the expectation value of the
operator c- 6_0”"2, where ¢ is the normalization factor and the parameter « should be
chosen much larger than any exponential parameter § of primitive Gaussian basis
functions. The application of such a method allowed us to use the implementation of
the algorithm for the calculation of the corresponding two-electron integrals already
existing in the LIBINT library.

Finally, after the calculation of primitive integrals (able ™"2 /ry5|cd), a 4-index
transformation [202]| from the basis of primitive Gaussian functions to the basis of
molecular orbitals, taking into account the structure of v matrices, was performed
to calculate Wéﬁe). The program code necessary for this was developed by D. E.
Maison [71]. In the case of the WM constant calculation, a similar transformation
from the basis of primitive Gaussian functions to the basis of molecular orbitals was

also performed.

4.3. Molecular cation HfF "

4.3.1. Calculation details

The molecular parameters WéiN) and Wa()fe) can be non-zero only if there are
unpaired electrons in the studied electronic state. In the presented thesis, we consider
the 3A; electronic state of the molecular cation HfFT on which the electron EDM

measurement experiment was performed. In this state there are only two unpaired
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electrons localized mainly on the Hf nucleus. Their states approximately correspond
to the 5d and 6s orbitals of the Hf ™" ion. It can be assumed that in the case of high
ALP mass, due to the small radius of interactions (4.1) and (4.3), the contributions
from the two-center integrals to the parameters ngng) and Wéﬁe) would be negligible.
This assumption turns out to be correct. It follows from our direct calculation for
mg = 10% eV that the contribution from the two-center integrals is negligibly small
in this case. This makes it possible to simplify a significant part of the calculations.
Therefore, for m, > 10° ¢V we used this method.

The electronic structure of the molecular cation HfF ™ was modeled using the
Dirac—Coulomb Hamiltonian. We used the experimental distance [203] between the
Hf and F nuclei in all calculations. As the model of the charge distribution over the
nucleus, we used a Gaussian model, which is well suited for molecular problems [142].

The calculation of the Wéf(N) parameter in the point nucleus approximation was
performed by D. E. Maison using the CCSD(T) method with various corrections (see
detailed description in Ref. [86]). Consideration of the finite nucleus size effect was
performed by the author of this thesis. The correlation calculation of the correction
for this effect was performed within the CCSD(T) method with the same basis set as
in the calculation in the point nucleus approximation. The program code developed
to calculate the matrix elements of the operator using the relation (4.4) was modified
to calculate the Wéf;e) constant.

The calculation of the Wéﬁe) parameter with account of interelectron correlation
effects turned out to be much more complicated than the calculation of WBEEN),
since the operator (4.3) is two-electron. Therefore, the required calculations were
performed using the CCSD(T) method and the SBas basis set consisting of the AE27Z
basis sets [96,99,100] on both atoms. In this case, the contribution of all electrons
was taken into account in the correlation calculation. Nevertheless, the application

of such an approach allowed us to obtain sufficiently accurate results in the case of

the YbOH molecule [71]. The matrix elements of the interaction operator (4.3) were
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calculated by the author of the present study. Correlation calculations of the Wéﬁe)
parameter were performed by D. E. Maison. Note also that the only attempt to
calculate the W5 constant at the consideration of the effect (4.7) in molecules was
undertaken in Ref. [71]. However, the problem was considered within the framework
of the approximation according to which the exponent in the Eq. (4.3) can be

approximated by the first two terms of the Taylor series expansion (i.e., in the

case of low mass of the ALP).

4.3.2. Results

Table 4.1 summarizes the results of the calculation of the molecular parameters
of ngiN) for different ALP masses. As can be seen, in the point nucleus approximation
the W) (m,) function changes sign between m, = 10* eV and m, = 10° €V, as
in the case of the YbOH molecule [71]|. Note also that the values of the parameter
W;iN)(ma) for the molecular cation HfF* considered in this work are approximately
twice smaller than the values of Wie") (my) for the YbOH molecule for all considered
ALP masses. This fact can be related to the different values of € in the Eq. (4.4):
Q2 = 1/2 for YbOH, while for HfF" ©Q = 1. Nevertheless, for both molecules the
energy shift (4.6) is comparable.

Table 4.1 also presents the calculated values of the finite nucleus size correction.
They were calculated with a Gaussian distribution of nucleons in Eq. (4.4) with the
rms radius equal to the rms charge radius of the nucleus. As can be easily seen, the
effect is negligible for light ALPs and becomes significant for heavy ALPs (m, > 107
eV). The largest effect, about 15%, was found for the ALP mass m, = 10 eV and
it remains unchanged for higher ALP masses. The obtained results can be explained
using considerations similar to those given for the limit cases in section 4.1. The
characteristic radius of the Yukawa interaction Ry, = 1/mg(relativistic units) =

h/mgc substantially exceeds the molecule size in the case of light ALPs [58]. For
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example, the characteristic atomic scale of 1 Bohr corresponds to m, ~ 4 keV.
The details of the nucleon distribution for such an interaction are insignificant. In
contrast, for heavier ALPs, the characteristic interaction range becomes comparable
to the size of the nucleus. For example, the nuclear scale of 1 Fm corresponds to
m, ~ 0.2 GeV. In this case it is necessary to take into account the effect of the finite

size of the atomic nucleus.

Table 4.1. Calculated values of molecular parameters Wie") (mg) for different ALP masses. The
second column presents the results with potential (4.2) obtained using the CCSD(T) method with
various corrections (see details in Ref. [86]). The “Correction” column contains the calculated
correction for the difference between the interaction (4.1) and (4.2) (see details in Ref. [87]). It

was used to calculate the values of WéﬁN)(ma) in the second to last column. The last column
contains the limits on the product of constants |g% ¢?| obtained using the experimental data from

the paper [69] and the values of Wi (m,) in the second to last column.

Mg, eV WéﬁN)(ma), mec/h WgﬁN)(ma), mec/h A

Interaction (4.2) Correction, % Interaction (4.1) Limit, hc
1 +1.67-107° 0 +1.67-107° 1.11-10°%
10 +1.67-107° 0 +1.67-107° 1.11-10720
102 +1.66-107° 0 +1.66-107° 1.11-1072
103 +1.54-107° 0 +1.54-107° 1.19-10~20
10 +3.30- 1076 0 +3.30- 1076 5.25-107%
10° —1.15-107° 0 —1.15-107° 1.66 - 10~20
106 —6.41-107 0 —6.41-1076 2.97-107%0
107 —2.85-1077 —1 —2.82-1077 6.74 - 10719
108 —5.30-107° -9 —4.81-107° 3.95-10°Y7
109 —5.85- 10711 —13 —5.09 - 101 3.73-1071°
100 —5.87-10713 —13 —5.10-10°13 3.73-10713

Table 4.2 presents the results of the calculation of the parameter Wzgie)(ma)

for different ALP masses. Correlation effects give the largest contribution for heavy
ALPs. In the case of light ALPs with masses less than m, = 10? ¢V, the values of
Wéﬁe)(ma) are almost identical. Furthermore, in this case, W is about a factor of
two smaller than W5 for the YbOH [71] molecule at the same ALP masses. This
may be related to different values of € of the considered states of YbOH and HfF*

molecules, as in the case of the parameter WéiN)(ma). As one moves from light to
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heavy ALPs, first the value of Wéﬁe)(ma) changes slightly at m, = 10% eV, then

decreases by a factor of almost 3 for m, = 10* ¢V, and finally changes sign.

Table 4.2. Calculated values of molecular parameters Wi (mg) for different ALP masses at
different levels of the electronic structure theory. The last column presents the constraints on
the product of constants |g5g?| obtained using the experimental data from the Ref. [69].

W Wi (m,), mec/h 19297

@ DHF CCSD CCSD(T) (Total)  Limit, Ac
1 +6.35-107% +883-10°° +8.63-10°F 2.16- 1020
10 +6.35-107% +8.83-10°6 +8.63-1076 2.16 - 10720

102 +6.34-107% 4+881-10°° +8.61-10° 2.16- 1020
103 +5.67-107% 4+7.81-10°° +7.64-10°6 2.44 -10720
10% +1.98-107% 4249.10°° +2.46 - 1076 7.57-107%0
10° +7.73-107%  4+1.64-1077 +1.59- 1077 1.17-10718

10° —4.01-107 —=5.77-107Y —5.67-107° 3.28 - 10717
107 —6.83-1071 —1.11-10710 —1.08 - 10710 1.72-1071°
108 —6.90-1071% —1.12-107'2 —1.09- 10712 1.70 - 10713
10° —6.94-1071 —1.12.107 —1.09-10~ 1.69-10~H
1010 —6.97-10717 —1.12.10716 —1.10- 10716 1.67-107?

The most accurate constraint on the EDM of the electron was obtained in
the experiment [69] with HfF* molecular cation: |d| = 4.1 x 107*%e-cm. Using the
relations (4.6) — (4.7) and the calculated in Refs. [12,16,204,205] value of the effective
field Fog = Wy|Q)| &= 23 GV /em, it is possible to set a constraint 6 E' ~ 23 pHz on the
energy of the 7, P-violating of the effects. By applying the relations (4.6) and (4.7),
this constraint can be interpreted in terms of constraints on the product of the ALP
interaction coupling constants. The obtained constraints for the corresponding ALP
masses are given in the last columns of Tables 4.1 and 4.2.

In Ref. [16] the value of the scalar-pseudoscalar interaction molecular parameter
|Ws_ps| = 20.1 kHz was calculated. According to the relation (4.17), this corresponds
to the parameter |W3(§N)(ma = 10%V)| = 4.93 - 10~ 3mec/h. This value is in a
good agreement with the final value of \Wgﬁm(ma = 10%V)| = 5.10 - 10~ B3mec/h

obtained in the present work.
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In the limiting cases of light and heavy ALPs, the same constraints can be used
simultaneously for a wide range of ALP masses. For convenience, the constraints for
these limiting cases are given separately in Table 4.3. For light ALPs, the constraints
on the products of the constants g3¢¢ and gi¢g? obtained by reinterpreting the
experimental data from Ref. [69] are an order of magnitude better than those
established in Ref. [58] based on the experiment with the ThO molecule [206]. For
heavy ALPs, the constraints on g%¢? established in this study are slightly better,
and on gig? are 3 times better compared to the constraints [58] from the ThO [206]
experiment.

Table 4.3. A brief summary of the obtained constraints on the product of coupling constants for
the limiting cases of light and heavy ALPs.

Limit Constraint
G5/ (he), me < 1 k¥ 1.1x 10D
192g2]/ (hc), mq < 1 keV 2.2 x 10~
3597 |/(fiem?), my > 1 GV 3.2 1071 GeV 2
19262|/(hem?), m, > 1 GeV 1.7- 1071 GeV ™2

Following the method applied in the paper [57| one can obtain very stringent
indirect estimates on the product g3 ¢? by combining independent constraints on
gy and ¢? from completely different sources. Such sources could be, for example,
laboratory experiments and astrophysical observations of stellar energy losses. In
particular, the constraint on g3 ¢? obtained from these sources for very light ALPs
mg < 1071 eV is about 17 orders of magnitude better than that determined by other
methods. Nevertheless, as noted in Ref. [57|, there may be mechanisms that can
spoil the astrophysical constraints, and hence laboratory experiments on Earth are
essential. In the macroscopic laboratory experiment QUAX-g,g, [207], which aimed
to measure the long-range forces induced by the ALPs, very strict constraints on the
product g3 g? were obtained. The best result g5,¢¢ < 4.3-1073Ah¢ [207] was obtained
for the range of ALP masses 7-107"=4-107% eV. This constraint is about ten orders

of magnitude better than that obtained in this work for light ALPs (see Table 4.3).
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In this case, the range of ALP masses corresponds to a macroscopic interaction range
of the order of 0.1 m. At the same time, for interaction ranges smaller than 1 mm
(mg > 1072 éV), the constraint obtained in this thesis is orders of magnitude better.
It should be noted that in the present study we consider the interaction between
particles (electrons and nuclei) at the atomic rather than at the macroscopic level. A
similar pattern is observed in comparison with other macroscopic experiments [208—
212|. For example, the torsion pendulum E&6t-Wash experiment provides a much
better constraint on g5 ¢ for light ALPs (m, < 1077 €V), but not for heavy ones.
The situation with laboratory constraints on the product gZg? is similar: there are
more stringent constraints for light ALPs from other sources. For example, from the
results of work [213| follows many orders of magnitude more stringent constraint
for interaction distances larger than 1 cm, which corresponds to light ALPs with
masses m, < 107% eV, but not for heavy ALPs. A similar situation is observed in
comparison with the spherical superconducting torsion balance experiment [214].
A compilation of various existing experimental constraints is shown in Fig. 2 of
Ref. [57] and Fig. 2 of Ref. [58|. As can be seen, the combination of experimental
data obtained using the HfF* cation [69] and the molecular parameters calculated
in the present study allows one to refine the laboratory constraints on the product

of the ALP interaction coupling constants for ALP masses m, > 1072 eV.
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Conclusion

In this research, new methods of quantum mechanical study of atomic-molecular
systems were implemented to analyze the properties of nuclei. In the problem of
the Bohr—Weisskopf correction to the hyperfine structure of neutral atoms and
molecules, it was shown that the calculations can be performed using a finite Gaussian
basis set, which allows the use of modern quantum-chemical software packages.
For this purpose, however, separate programs have been developed to calculate the
matrix elements of the finite magnetization distribution contribution to the hyperfine
structure constant. The results obtained using these programs were applied to refine
the magnetic moments of short-lived T1isotopes. In the future, the method developed
in this study can be applied to determine the magnetic moments of short-lived
isotopes of other nuclei.

In addition, the approach developed for the calculation of the Bohr — Weisskopf
correction was applied to evaluate the contribution of the finite magnetization
distribution to the shielding constant of the nuclear magnetic moment in the NMR
experiment with the molecular anion ReO,. To the best of our knowledge, for
molecular systems this effect has been evaluated for the first time simultaneously
with a precision calculation of the electronic structure using the coupled cluster
method. The approach developed in this study can be applied to the interpretation
of other NMR experiments on the measurement of nuclear magnetic moments.

One more part of the work was the solution of the problem of isotope shifts in
the optical spectra of neutral atoms. In the process of its solution, programs were
developed to calculate the parameters characterizing isotope shifts and required
to determine the rms charge radii of nuclei from experimental data. Using these
programs, experiments with Au and TI atoms were interpreted. At the moment,
similar experiments are planned for other atoms. The method of calculation and

uncertainty estimation developed in this work can be applied to the interpretation
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of these experiments.

In addition to the problems described above, we considered the interpretation of
molecular experiments to search for the electron EDM in terms of the ALP-mediated
T, P-violating interactions. New methods have been developed to calculate the
molecular parameters that describe these interactions. Using them, we interpreted
data from the experiment on the HfF™ molecular cation and refined constraints
on the products of interaction coupling constants for intermediate-mass ALPs and
heavy ALPs. The approach applied in this work can be used for the interpretation

of future experiments.
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