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Introduction

Relevance of the research topic.

Living in the era of RHIC (Relativistic Heavy Ion Collider) and LHC (Large
Hadron Collider), one has access to the unprecedentedly huge amount of data on
particle production in relativistic collisions of hadrons and ions recorded by the
state-of-the-art experimental facilities. It is a profound collaboration between theo-
reticians and experimentalists in high energy physics that moves us towards solving
the mysteries of the Universe.

In recent decades, a significant effort has been made in the study of a unique
state of matter called quark-gluon plasma (QGP) [1]. It was suggested that QGP
could be produced in central ion-ion (𝐴+𝐴) collisions if the critical energy density,
𝜀crit ∼ 1 GeV/fm3, and the critical temperature, 𝑇crit ∼ 150 – 160 MeV (that is
equivalent to more than 1012 K), are exceeded. It was initially thought that the QGP
formed under such conditions is in the weak coupling regime, that is, it represents
a gas of asymptotically free quarks and gluons [2, 3]. However, further studies have
shown that the emerging QGP is better described in the strong coupling regime
and represents a nearly perfect fluid [4]. In this paradigm, the locally equilibrated
QGP expands and cools down (hydrodynamic phase), evolving into a gas state of
individual particles through a freeze-out mechanism [5]. This results in the formation
of the plethora of hadrons that fly into detectors.

On the one hand, from the first principles of the theory of strong interaction,
the description of such a multi-particle production is complicated by the fact that
the majority of the particles are produced in soft processes that are characterised by
the small momentum transferred. It leads to the transverse momenta of produced
particles, 𝑝𝑇 , generally not exceeding ∼ 1 GeV. Therefore, the perturbative calcu-
lations in quantum chromodynamics (QCD) are inapplicable in this regime. This
forces us to work in phenomenological approaches that can effectively describe the
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transition, for instance, from a few colliding hadrons to hundreds and thousands of
particles produced.

On the other hand, the first experimental evidence of QGP formation has been al-
ready claimed by CERN (Conseil Européen pour la Recherche Nucléaire) in 2000 [6]
after analysing lead-lead and lead-gold collision events at SPS (Super Proton Syn-
chrotron). In 2005, this statement was quantitatively confirmed by RHIC exper-
iments [7, 8, 9, 10], whose studies raised questions about the properties of QGP
produced in gold-gold collisions. Among many predicted QGP signals [11], e.g.
strangeness enhancement [12], jet quenching [13, 14] etc., they focused on the obser-
vation [8] of the azimuthal anisotropy of produced particles [15, 16] which by that
time had already been studied for a long time in nucleus-nucleus collisions [17, 18].
It has been proposed to express the magnitude of the effect in terms of Fourier coeffi-
cients, 𝑣𝑛, corresponding to the harmonics [19] of transverse flow of different orders,
𝑛 : directed flow (𝑣1), elliptic flow (𝑣2), triangular flow (𝑣3) etc. Surprisingly, at
RHIC, the values of elliptic flow harmonic appeared to be comparable to the calcu-
lations [20] assuming the presence of a relativistic viscous fluid in the early times of
the ion collisions. This led to the hypothesis that it is the collective motion of ther-
mally equilibrated partonic degrees of freedom that converts the spatial anisotropies
of peripheral ion-ion collisions into momentum asymmetries of produced particles
under the pressure gradients of the compressed medium.

It is worth noting that many results for 𝐴 + 𝐴 collisions are traditionally pre-
sented with respect to proton-proton (𝑝+ 𝑝) data. In particular, it is believed that
most similar and/or trivial effects or dependencies will cancel each other in the ratio
of quantities measured in 𝐴 + 𝐴 and 𝑝 + 𝑝 reactions, and, thus, the collective be-
haviour of the produced particles, expected due to the formation of QGP in 𝐴+𝐴

collisions, will manifest itself clearly. In this sense, inelastic proton-proton inter-
actions are often assumed to be a baseline measurement in comparison to ion-ion
collisions.

However, recently the QGP-like behaviour was observed also in small colliding
systems. Namely, the relative yields of strange baryons measured by ALICE [21] in
high-multiplicity 𝑝+𝑝 interactions reach the values obtained for 𝑝+𝑃𝑏 and 𝑃𝑏+𝑃𝑏

collisions. Thus, the observed strangeness enhancement speaks in favour [22] of the
existence of a common mechanism, for example, the QGP formation, in both 𝑝+ 𝑝
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and 𝐴 + 𝐴 collisions. In addition, analysis of two-particle angular correlations in
high-multiplicity 𝑝+ 𝑝 interactions at LHC energies revealed [23, 24] the enhanced
yields of particle pairs with the small difference in the azimuthal angles and arbi-
trarily large difference in pseudorapidities (the so-called near-side ridge structure).
The associated transverse flow harmonics [25] unexpectedly appeared to be of the
same order as the ones seen in peripheral heavy ion collisions [8].

On the one hand, there are successful attempts [26] to describe the collimated
production of particles over the large rapidity range (the so-called long-range corre-
lations) observed in 𝑝+𝑝 reactions [23, 24] in the same manner as in 𝐴+𝐴 collisions.
On the other hand, there is a hot discussion [27] whether the hydro-description is
justified for the matter produced in such a small droplet since it should not be able
to reach local thermodynamic equilibrium prior to hadronisation [28].

From an alternative perspective, this phenomenon can be elucidated in the fol-
lowing manner. The long-range pseudorapidity correlations that form the measured
near-side ridge [25] can arise only at the early times of the collision [29]. Thus, the
problem of the origin of the ridge structure in 𝑝+𝑝 collisions can be addressed in the
complex frameworks based on the longitudinally extended objects of the colour field,
so-called colour strings or colour flux tubes, formed at initial stages of collisions (e.g.
Dual Parton Model [30], String percolation model [31], Colour-Glass Condensate +
Glasma model [32]). In general, particle production in these approaches is carried
out through the fragmentation of the colour field tubes, which gives a uniform dis-
tribution of particles in rapidity [33, 34] and can provide the long-range correlations
that are intrinsic to this picture. Plenty of widely used Monte-Carlo event generators
are based on certain ideas of these approaches, such as EPOS [35], PYTHIA [36],
HIJING [37], AMPT [38] etc.

In turn, this thesis is also devoted to the development of the Monte-Carlo model
of multi-particle production based on the colour string formation scenario and aimed
to study the collective effects in small systems. What in principle differentiates our
approach from the aforementioned event generators and from the original string
model is the set of applied mechanisms that are responsible for string-string in-
teractions and the resulting correlated particle yields. The obvious advantage of
a specifically designed model is that it has only a few parameters, as opposed to
hundreds of them in the full-chain event generators that include many physical pro-
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cesses. Thus, we anticipate that our preliminary estimates will demonstrate whether
the nature of collective effects observed in 𝑝+ 𝑝 collisions can be revealed using new
simplified model.

Elaboration of the topic.

The aforementioned class of colour string models traces its origin back to the
pre-QCD Regge-Gribov effective field theory [39]. In this approach, the scattering
amplitude is expanded in the series of poles in the complex angular momentum
related to the exchange of particles belonging to a certain Regge trajectory [40].
In the high energy limit, the existence of the leading pole, called pomeron [41, 42],
contribution to the scattering amplitude was suggested. Thus, a high-energy proton-
proton inelastic interaction can be viewed via the multiple exchanges of pomerons.

With the advent of QCD, it has been shown [43, 44, 45] that the contributions to
the 1/𝑁𝑐 and 1/𝑁𝑓 expansion of the amplitude in the limit of simultaneously large
number of colours, 𝑁𝑐, and large number of flavours, 𝑁𝑓 , (such that 𝑁𝑐/𝑁𝑓 = const)
can be classified by the topologies of the corresponding diagrams. Thus, they can
be grouped to obtain the leading order contribution to the 𝑆-matrix and to find
the infrared spectrum of the theory. It turned out that the dominant contribution
is given by the cylindrical diagrams. Moreover, the correspondence between such
topological expansion and the Pomeron exchange in the non-perturbative Regge-
Gribov approach was found.

An important step forward was the space-time localisation of the pomeron in
papers [30, 46, 47, 48, 49]. Namely, it was stated that the unitarity cut of the cylin-
drical pomeron exchange diagram is to form two strings fragmenting into observed
soft hadrons. This is how the transition was made from the hypothetical concept of
pomeron exchange to the idea of the formation of colour strings due to the colour
reconnection between partons of colliding hadrons. The colour field that confines
them at distance 𝑟 is described by the Cornell potential [50]

𝑉 (𝑟) = −4

3
· 𝛼𝑠

𝑟
+ 𝜎𝑇 · 𝑟, (0.0.1)

where 𝛼𝑠 is the QCD running coupling and the large-distance term is proportional to
the string tension, 𝜎𝑇 , that also defines the linear Regge trajectories. Thus, a colour
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field, gathered in the limited area of a flux tube [51] due to gluon self-interaction,
has the constant amount of energy per unit length of a string, 𝜎𝑇 . However, there
are assumptions [52] that 𝜎𝑇 might fluctuate, which would lead to the modification
of the particle production characteristics of a string.

It is suggested that the colour strings are not static objects: the longitudinal
dynamics of a massless one-dimensional string is described by the yo-yo mode so-
lution [51], with string ends approaching and departing at the speed of light. The
picture is more complicated if one considers massive partons at string’s ends. In
this case, the string’s length oscillates with the periodic transition of the potential
energy of the colour field to the kinetic energy of a massive quark and antiquark at
the ends of a string. And what is more important is that the trajectories of their
motion will be hyperbolic [53] instead of straight lines in 𝑧(𝑡) plane. Moreover, the
motion of the string’s ends becomes asymmetric if their masses are different. This
is the case that is considered in this thesis.

In the collision of two partons, the string stretched between moving apart quark
and antiquark subsequently fragments. This can be accounted by the probabilistic
break-up of the colour field via the Schwinger mechanism of quark-antiquark cre-
ation [54] in analogy with pair production in an external electric field in QED. It
results in the decay of a string into colourless hadrons [49] uniformly distributed
over rapidity, 𝑦,

𝑦 =
1

2
ln

𝑝0 + 𝑝𝑧
𝑝0 − 𝑝𝑧

, (0.0.2)

where 𝑝0 =
√︀
𝑚2 + 𝑝2𝑇 + 𝑝2𝑧, 𝑚 is a particle’s mass, 𝑝𝑧 is a longitudinal component

of particle’s momentum, 𝑝𝑇 =
√︁

𝑝2𝑥 + 𝑝2𝑦 is the transverse momentum of the particle,
𝑝𝑥 and 𝑝𝑦 are its components. Produced hadrons, on average, are ordered in rapidity
with respect to the part of a string they were produced by. Therefore, there is a cor-
respondence between rapidities of emitted particles and string’s rapidity coordinates
(see one of the conventional string fragmentation scenario in Ref. [55]).

In the string model, simultaneously with the rapidity for the particle one finds
its transverse momentum, 𝑝𝑇 , mass, 𝑚, and azimuthal angle, 𝜑 = tan−1(𝑝𝑦/𝑝𝑥),
under which the particle propagates in the transverse plane. Thus, instead of the
Cartesian coordinate system (𝑝𝑥, 𝑝𝑦, 𝑝𝑧), the (𝑦, 𝜑, 𝑝𝑇 ) system is often used in high
energy physics. Along with the rapidity, another kinematic variable is used - the
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pseudorapidity, 𝜂, defined as

𝜂 =
1

2
ln
|�⃗�|+ 𝑝𝑧
|�⃗�| − 𝑝𝑧

, (0.0.3)

where |�⃗�| =
√︀
𝑝2𝑇 + 𝑝2𝑧. The pseudorapidity is often used in the analysis of ex-

perimental data, since it does not require the mass of the particle to be known to
measure it. Eq. (0.0.3) is equivalent to:

𝜂 = −ln

[︂
tan

(︂
𝜃

2

)︂]︂
, (0.0.4)

where 𝜃 is the polar angle between the particle momentum vector and the beam axis,
i.e. 𝜂 determines the direction of motion of the particle in the forward or backward
hemispheres. Thus, in the string model it is also convenient to use the coordinate
system (𝜂, 𝜑, 𝑝𝑇 ).

It is interesting to note that, in the models, strings that are infinite in rapidity
are usually considered [56]. In this approximation, one neglects the effects of the
oscillation of massive or massless string ends and studies particles that are produced
at mid-rapidity. It considerably simplifies the calculations since the model is boost
invariant. Although most experimental results are also usually limited by the cen-
tral rapidity acceptance of the detectors, the impact of this rough approximation
on various correlation measures has not been adequately estimated. The thesis is
devoted to these important studies since the colour strings formed between sea par-
tons are, on average, shorter in rapidity and their contribution increases for 𝐴+ 𝐴

and high-energy 𝑝+ 𝑝 collisions.
It is also important to note that the mean number of pomeron exchanges grows

with the collision energy [57], which results in the remarkable string density even
for 𝑝 + 𝑝 interactions at high energies. In the meantime, lattice QCD calculations
show [58] that the presence of a colour string modifies the QCD vacuum and leads
to the partial restoration of the chiral symmetry. This fact can be interpreted as
the existence of the scalar field of 𝜎-mesons with Yukawa potential surrounding a
string [59]. This 𝜎-cloud defines string-string attractive potential, with the smallness
of string-string coupling being compensated by the high string density [60]. Thus,
the string system tends to collapse, which results in the formation of string clusters
and large string density fluctuations that determine initial configurations of 𝑝 + 𝑝

events. This consideration fits well within the scope of this dissertation.
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With or without the abovementioned mechanism of string clustering due to their
attraction, strings may overlap having the finite transverse size due to colour con-
finement [61]. There are very different estimates of string thickness: from about 1

fm in the bag model [62] to 0.3 - 0.5 fm in lattice calculations [63, 64]. Moreover,
there is the analogy between a QCD string and the vortex lines in superconduc-
tors [65, 66, 64]. There is also speculation about fluctuating string width [67], but
consideration of this effect is beyond the scope of this thesis.

The string percolation model [31] suggests that string fusion rearranges the colour
fields [68]. In addition, in lattice QCD calculations, the possible modification of the
colour charges at the ends of the string changes its tension [69]. Thus, string fusion
leads to the formation of string clusters whose particle production characteristics
vary with the degree of string overlap: mean particle multiplicity produced by ra-
pidity unit of the cluster of 𝑘 strings decreases [68] in comparison to the superpo-
sition of 𝑘 free strings, while the mean transverse momentum of produced particles
increases [70]. Moreover, string fusion increases the probability to produce heavier
particles.

In addition, string fusion can be viewed in the colour space, where the colour field
inside each flux tube is directed from quark to antiquark. It is postulated [71] that
the partially overlapped strings with co-directed colour fluxes attract each other in
the transverse plane, while ones with the oppositely directed colour fields repeal each
other. Thus, the fusion of 𝑘 overlapped strings with randomly directed colour fields
is treated, on average, as the random walk in the SU(3) colour space, which results in
the factor

√
𝑘 for the newly shaped colour field of the cluster of 𝑘 fused strings [68].

Therefore, if one considers the fusion of 𝑘 co-directed colour flux tubes the colour
field and tension will be increased for the string cluster, 𝜎𝑇

√
𝑘, in comparison to a

free string, 𝜎𝑇 . Fusion of oppositely directed colour flux tubes will, on the contrary,
decrease the field and the tension [71].

In such a picture of fusion, strings’ overlap causes a redistribution of their po-
tential and kinetic energy, which ensures the conservation of the total energy of the
system of strings in an event. Therefore, the partial overlap of 𝑘 strings leads to
a decrease in the potential energy of each of them in this region, which causes an
opposite change in their kinetic energies, pulling them towards each other [71]. In
this thesis, it is assumed that this momenta is transmitted to the particles produced
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in the string rest frame, which boosts them to the laboratory frame in analogy
with [72, 73].

It is important to note that, in general, the colour string formation approach
simplifies the event picture: the universal timeline in an event is neglected. In other
words, there is no information on which strings fragment into particles sooner or
later. Thus, one considers an event as a superposition of particle producing strings
and string clusters and, in the same time, propagating particles that have already
been produced. Another interaction effect, proposed in Refs. [74, 75, 76], can be
on average taken into account based on the assumption mentioned above. One can
consider that hadrons emit gluons while passing through the colour strings. It is an
analogy to the QED process that describes charged particles moving in the external
electromagnetic field and radiating photons. To be precise, the proposed QCD
interaction should be accounted for more accurately at the level of quarks emitting
gluons. Eventually, it results in the quenching of particle’s transverse momentum in
the string medium and creates the azimuthal anisotropy in their production. The
impact of this particle-string interaction is to be estimated in the model, developed
in this thesis, especially because, in the proposed machinery, an event looks like a
strongly heterogeneous string environment with the varying density of the colour
field along the path of a produced particle.

Applying the aforementioned mechanisms, one may contribute to the under-
standing of the origin of collective effects observed in inelastic 𝑝 + 𝑝 interactions
by estimating the influence of the complex structure of fluctuating event’s initial
conditions on the correlations between various measured observables.

For example, to probe the peculiar dependence of the number of charged particles
produced in some rapidity region of the backward hemisphere, 𝑁𝐵, on the number
of particles produced in some rapidity region of the forward hemisphere, 𝑁𝐹 , one
can study the slope of the 𝑁𝐹 −𝑁𝐵 correlation function [77]

𝑏𝐵−𝐹 =
𝑑⟨𝑁𝐵(𝑁𝐹 )⟩

𝑑𝑁𝐹

⃒⃒
⃒⃒
𝑁𝐹=⟨𝑁𝐹 ⟩

, (0.0.5)

where ⟨..⟩ denotes averaging over events.
For the case of the linear correlation function, ⟨𝑁𝐵(𝑁𝐹 )⟩, 𝑏𝐵−𝐹 can be trans-
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formed [78] into 𝑏corr[𝑁𝐹 , 𝑁𝐵] - the correlation coefficient

𝑏corr[𝑁𝐹 , 𝑁𝐵] =
⟨𝑁𝐹𝑁𝐵⟩ − ⟨𝑁𝐹 ⟩⟨𝑁𝐵⟩

⟨𝑁 2
𝐵⟩ − ⟨𝑁𝐵⟩2

. (0.0.6)

There are more sophisticated correlation measures, such as strongly intensive
quantities [79] that are constructed in a way to be independent of both system
volume and its fluctuations event-by-event in the models of independent particle
production. Let us clarify that in the colour string models, the volume of the
system is defined by the number of strings in an event. For example, studying
the strongly intensive variable Σ[𝑁𝐹 , 𝑁𝐵] [80] will remove the influence of trivial
(volume) fluctuations to which the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] is subject.
Σ[𝑁𝐹 , 𝑁𝐵] is defined for the joint distribution 𝑁𝐹 −𝑁𝐵 as

Σ[𝑁𝐹 , 𝑁𝐵] =
⟨𝑁𝐹 ⟩𝜔[𝑁𝐵] + ⟨𝑁𝐵⟩𝜔[𝑁𝐹 ]− 2(⟨𝑁𝐹𝑁𝐵⟩ − ⟨𝑁𝐹 ⟩⟨𝑁𝐵⟩)

⟨𝑁𝐹 ⟩+ ⟨𝑁𝐵⟩
, (0.0.7)

where 𝜔[𝐴] =
(︀
⟨𝐴2⟩ − ⟨𝐴⟩2

)︀
/⟨𝐴⟩ is a scaled variance of an extensive event variable

𝐴 distribution.
One can also study the correlations and fluctuations of multiplicity and trans-

verse momentum in the common rapidity acceptance. It is, first of all, the ⟨𝑝𝑇 ⟩−𝑁

correlation function that shows the dependence of the event mean transverse mo-
mentum on the event charged particle multiplicity.

More profound are strongly intensive measures defined [79] for the joint distri-
bution of the event transverse momentum, 𝑃𝑇 , found as a scalar sum of particles’
𝑝𝑇 , and event multiplicity, 𝑁 , as

Σ[𝑃𝑇 , 𝑁 ] =
1

⟨𝑁⟩𝜔⟨⟨𝑝𝑇 ⟩⟩
·
[︂
⟨𝑁⟩𝜔[𝑃𝑇 ]+⟨𝑃𝑇 ⟩𝜔[𝑁 ]−2 (⟨𝑃𝑇𝑁⟩ − ⟨𝑃𝑇 ⟩⟨𝑁⟩)

]︂
, (0.0.8)

Δ[𝑃𝑇 , 𝑁 ] =
1

⟨𝑁⟩𝜔⟨⟨𝑝𝑇 ⟩⟩
·
[︂
⟨𝑁⟩𝜔[𝑃𝑇 ]− ⟨𝑃𝑇 ⟩𝜔[𝑁 ]

]︂
, (0.0.9)

where ⟨⟨..⟩⟩ denotes the averaging over all particles in all events. Σ[𝑃𝑇 , 𝑁 ] and
Δ[𝑃𝑇 , 𝑁 ] are expected to be sensitive to the hypothetical QCD critical point [81],
while in general the studies of 𝑝𝑇 distribution could shed some light on the form
of the equation of state of the produced medium in the QGP framework [82]. In
the colour string model approach, string clusterization causes 𝑝𝑇 fluctuations [83],
thus, addressing them is a promising approach in the study of the properties of the
particle producing sources.
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The study of correlations can be extended by considering not only the rapid-
ity, but also the azimuthal angle of particles. The two-particle angular correlation
function [84] can be defined as

𝐶(Δ𝜂,Δ𝜑) =
𝑆(Δ𝜂,Δ𝜑)

𝐵(Δ𝜂,Δ𝜑)
, (0.0.10)

where 𝑆 and 𝐵 represent the Δ𝜂 − Δ𝜑 distributions calculated for particle pairs
from the same simulated events and from the mixed events, respectively. The exper-
imental analysis of this observable revealed the impressive near-side ridge structure
in both peripheral 𝐴 + 𝐴 collisions [85, 86] and high-multiplicity 𝑝 + 𝑝 interac-
tions [23, 24].

To measure the strength of azimuthal correlations, another method [87] is to
compute the two-particle cumulant, 𝑐2{2}, defined as

𝑐2{2} = ⟨⟨𝑒2𝑖(𝜑1−𝜑2)⟩⟩, (0.0.11)

where 𝜑1 and 𝜑2 are the azimuthal angles of the two particles, ⟨⟨...⟩⟩ is the average
over all pairs of particles in the event that is then averaged over all events. Moreover,
the estimate, 𝑣2{2}, of the elliptic flow harmonic, 𝑣2, can be found as

𝑣2{2} =
√︀

𝑐2{2} (0.0.12)

under the assumption of independent particle production (when particle transverse
flow is the only source of correlations, providing that all non-flow effects are sup-
pressed), which implies that 𝑐2{2} should be positive. There are also techniques [88]
to suppress the remaining contributions from non-flow (coming from resonance de-
cays, jets, and momentum conservation laws) by calculating cumulants in subevents
separated in rapidity.

Thus, the study of rapidity and azimuthal correlations belongs to the actively
developing realm of high energy physics. The role of this thesis is to establish the
possibility of describing collective behaviour in small colliding systems only by taking
into account the interaction and fusion of quark-gluon strings and without using the
hydro-dynamical phase that is still questionable in application to 𝑝+ 𝑝 data.
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Goal and objectives of the work.

The main goal of this thesis is to develop the model of interacting colour strings
finite in rapidity that describes multi-particle production and collective phenomena
observed in inelastic 𝑝+ 𝑝 interactions.

To achieve this goal the following objectives were accomplished:

1. To consider longitudinal dynamics of strings finite in rapidity and find its
influence on multiplicity correlations in separated rapidity regions.

2. To derive the analytic relations between strongly intensive quantity Σ[𝑁𝐹 , 𝑁𝐵]

and widely used (factorial) cumulants and asymmetry coefficient of 𝑁𝐹 −𝑁𝐵

distribution.

3. To consider the impact of transverse dynamics of strings and their fusion on
⟨𝑝𝑇 ⟩ −𝑁 correlation function.

4. To search for possible collectivity signatures in the behaviour of strongly inten-
sive variables in the model with string clusters finite in rapidity, and compare
the results with experimental data.

5. To estimate the interplay of the two proposed mechanisms of azimuthal
anisotropy of particles in the model: particle boosts by overlapped fused
strings and particle’s momentum quenching in the inhomogeneous string en-
vironment.

Scientific novelty.

This thesis is inspired by a set of breakthrough ideas within the colour string
formation and fragmentation approach to describe strong interaction. The concept
that motivated the author to conduct this study is primarily to consider strings
that are finite in rapidity. In addition, the thesis for the first time proposes to
simultaneously consider also the attraction potential between colour strings and
their fusion, leading to particle boosts and quenching of their momentum in the
string medium. Thus, the scientific novelty of the study consists in a multistage
consideration of the interaction of some number of colour strings formed in 𝑝 + 𝑝
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event, taking into account their transverse and longitudinal dynamics, as well as
their fusion into clusters.

The obtained results show that these refinements of the colour string model
induce the appearance of the non-trivial long-range contributions to the correlation
and fluctuation measures as well as particular azimuthal anisotropies consistent with
the experimental observations.

Theoretical and practical significance.

This work addresses the unresolved issue of describing multi-particle production
in the processes of strong interaction. This problem is of particular importance
in the modern high energy physics since there is no established mechanism of the
transition from the quarks and gluons appearing in the QCD Lagrangian to the
observed colourless hadrons.

The dissertation proposes a phenomenological solution to the identified problem
faced in inelastic proton-proton interactions. It uses the Monte-Carlo method based
on the model of interacting colour strings that are finite in rapidity and whose fusion
causes boosts of produced particles. The results are in qualitative agreement with
the experimental data at LHC energies.

On the one hand, it is important to find the influence of the discussed processes
on the correlation and fluctuation measures that are widely used in the experimental
studies and, therefore, predict the possible bias in the interpretation of the results.
On the other hand, by comparison of the model results in different regimes with the
experimental data one could extract the information about possible characteristics
of the particle emitting sources and types of their interactions.

The developed framework can be extended to be more sensitive to the details of
particle production, however, its main advantage in the current implementation is
the relative simplicity and the elegantly small number of parameters to be extracted
from the comparison with experimental data. In future, the model can be used to
perform calculations in the energy domain of NICA (Nuclotron-based Ion Collider
fAcility) collider, which makes it useful for the prediction of the experimental results.
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The reliability of the results obtained.

The majority of calculations in this thesis are performed within the developed
Monte-Carlo model realised in C++ language. In the limiting case of non-interacting
(free) strings, the results for correlation and fluctuation measures were calculated
analytically. The comparison of the Monte-Carlo method with the direct analytical
calculations shows the reliability of the application of numerical calculations.

In addition, model results were compared to published experimental data, which
allows one to examine the general behaviour of the studied quantities. The pos-
sibility of such a comparison is an indisputable advantage of work in this area of
theoretical physics that is constantly fed by experimental results.

Thesis structure.

The thesis consists of Introduction, three Chapters, Conclusion, two Appendices
and Bibliography. The thesis contains 138 pages, 26 figures. The list of references
includes 162 items.

• In Introduction, the relevance of the topic, its elaboration, the purpose
and main objectives of the research, its novelty, significance and methods
are described. The main scientific results and statements to be defended are
formulated and the approbation of the research is presented.

• In Chapter 1 the simplified toy-model of multi-particle production is pre-
sented that takes into account fusion of strings finite in rapidity. The pre-
liminary results for correlation coefficient and strongly intensive quantity are
presented and qualitatively compared with the experimental data. The ben-
efits of considering this refinement of the original colour string model are
discussed. The obtained intermediate conclusions support the continuation of
the research in this direction.

• In Chapter 2 the substantially developed version of the model is presented.
It contains the detailed longitudinal dynamics of the oscillating colour strings,
the attractive transverse evolution of string density in each event and string
fusion in the dynamically defined string configuration. The inference of
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model parameters is accomplished based on data. Model results are quan-
titatively compared with ALICE data for inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 900 GeV. The conclusions about the influence of the fluctuations of

the three-dimensional colour string density on correlation measures are for-
mulated.

• In Chapter 3 the model formalism is additionally extended by the mecha-
nisms crucial for considering azimuthal particles’ flows in our approach. It is
the implementation of particle boosts caused by string fusion and the quench-
ing of particle momentum in the dense string medium that allows one to study
the azimuthal asymmetry of their production in the model formalism. The
inference of model parameters is accomplished from comparison with the data.
The observed near-side ridge and the obtained values of the elliptic flow har-
monics are in qualitative agreement with ATLAS data for high-multiplicity
𝑝+ 𝑝 interactions at

√
𝑠 = 13 TeV.

• Conclusion presents the main results of this work.

• Two Appendices contain technical information that complements some pro-
cedures presented in the core of this thesis, while at the same time not ob-
structing reading of the main text.

Personal contribution of the author.

All of the main findings submitted for defence were obtained personally by the
applicant.
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The main scientific results.

1. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, the growth of
the strongly intensive variable Σ[𝑁𝐹 , 𝑁𝐵] with the distance between rapidity
intervals F and B, where multiplicities 𝑁𝐹 and 𝑁𝐵 were calculated, was ob-
tained (see paper №1 from the list of publications of the applicant, p. 325).
This result was obtained by the applicant personally.

2. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, the decrease
of the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] with the distance between rapidity
intervals F and B, where multiplicities 𝑁𝐹 and 𝑁𝐵 were calculated, was ob-
tained (see paper №2 from the list of publications of the applicant, p. 1264).
This result was obtained by the applicant personally.

3. The analytical relationship of the strongly intensive variable Σ[𝑁𝐹 , 𝑁𝐵] with
cumulants, factorial cumulants, and the asymmetry coefficient of 𝑁𝐹−𝑁𝐵 dis-
tribution is proved (see paper №4 from the list of publications of the applicant,
pp. 647-650). This result was obtained by the applicant personally.
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4. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, that form
string clusters due to fusion, the following experimental distributions are de-
scribed: the pseudorapidity distributions for inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 53, 900, 13000 GeV (see papers from the list of publications of the ap-

plicant: №3, p. 1065, №4, p. 643 and №8, p. 278), the 𝑝𝑇 -spectrum for
inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 13000 GeV (see paper №8 from the list

of publications of the applicant, p. 278), and the multiplicity distributions for
inelastic 𝑝+ 𝑝 interactions at

√
𝑠 = 900, 13000 GeV (see papers from the list

of publications of the applicant: №4, p. 643 and №8, p. 278). These results
were obtained by the applicant personally.

5. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, that form string
clusters due to attraction and fusion, the experimental slope of the ⟨𝑝𝑇 ⟩ −𝑁

correlation function for inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 900, 13000 GeV

is described (see papers from the list of publications of the applicant: №4, p.
644 and №8, p. 278). This result was obtained by the applicant personally.

6. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, that form string
clusters due to fusion, there is a weakening of 𝑁𝐹−𝑁𝐵 correlations, manifested
as a decrease of the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] in comparison with the results of
the model with independent sources (see papers from the list of publications
of the applicant: №4, pp. 645-646, №6, p. 1273 and №7, p. 1497). This result
was obtained by the applicant personally.

7. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, that form string
clusters due to fusion, there is a weakening of 𝑁𝐹−𝑁𝐵 correlations manifested
as a decrease of the values of the strongly intensive variable Σ[𝑁𝐹 , 𝑁𝐵] in
comparison with the results of the model with independent sources (see papers
from the list of publications of the applicant: №5, pp. 415-416 and №6, p.
1273). This result was obtained by the applicant personally.



23

8. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, that form string
clusters due to fusion, there is an increase of 𝑃𝑇 −𝑁 correlations manifested
as an increase in the values of the strongly intensive variables Σ[𝑃𝑇 , 𝑁 ] and
Δ[𝑃𝑇 , 𝑁 ] in comparison with the results of the model with independent sources
(see papers from the list of publications of the applicant: №5, p. 415 and №6,
p. 1274). This result was obtained by the applicant personally.

9. In the developed theoretical approach, based on the formation of the colour
strings finite in rapidity in hadronic collisions at high energies, that form string
clusters due to attraction and fusion, and taking into account the particle
boosts caused by string fusion, as well as the losses of particle momentum in the
string medium, the signal of azimuthal correlations in the form of the so-called
“near-side ridge” and two-particle cumulants was obtained, that qualitatively
describes the results of the ATLAS experiment for high-multiplicity 𝑝 + 𝑝

interactions at
√
𝑠 = 13000 GeV (see paper №8 from the list of publications

of the applicant, pp. 280-283). This result was obtained by the applicant
personally.

The statements and results put forward for defence.

1. We show that the longitudinal dynamics of colour strings finite in rapidity,
formed in 𝑝 + 𝑝 collisions at high energies, changes the string density con-
figuration and creates a rapidity-dependent background contribution to the
multiplicity correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] and to the strongly intensive
variable Σ[𝑁𝐹 , 𝑁𝐵] measured in separated rapidity intervals F and B.

2. It has been shown that strongly intensive quantity Σ[𝑁𝐹 , 𝑁𝐵], cumulants,
factorial cumulants and asymmetry coefficient of 𝑁𝐹 −𝑁𝐵 distribution form
a family of measures that are robust to trivial fluctuations and allows one to
study either of them, while 𝑏corr[𝑁𝐹 , 𝑁𝐵] provides complementary information
on correlated particle production.

3. It has been shown that the attractive transverse dynamics of strings and for-
mation of string clusters due to their fusion give the origin to the mechanism



24

that describes the behaviour of ⟨𝑝𝑇 ⟩−𝑁 correlation function observed in 𝑝+𝑝

interactions at high energies.

4. It is shown that in contrast to free colour strings, the consideration of the
clustering of strings finite in rapidity and their fusion significantly changes the
values of the correlation measures: it decreases the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] and
Σ[𝑁𝐹 , 𝑁𝐵] and increases the values of Σ[𝑃𝑇 , 𝑁 ] and Δ[𝑃𝑇 , 𝑁 ]. The results
obtained in this new approach for 𝑝+ 𝑝 collisions at high energies are in qual-
itative agreement with experimental results, making it a confident alternative
to the Colour Reconnection mechanism used in the PYTHIA event generator.

5. It is shown that the so-called near-side ridge – collimated in azimuthal angle
and extended in pseudorapidity particle yield, observed in the two-particle
correlation function in 𝑝+𝑝 events with high multiplicity at high energies, can
be described using the mechanism of string fusion as a source of particle boost
and quenching of their momenta due to interaction with the string medium.
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CHAPTER 1

Toy-model of interacting strings finite in rapidity

The study begins with the consideration of the simplified toy-model of multi-
particle production that is based on the concept of formation, fusion and fragmen-
tation of colour strings finite in rapidity. This Chapter presents methods and results,
published in Refs. [89, 90].

1.1 Toy-model description

The developed model follows one of the conventional frameworks [49, 51] for the
phenomenological representation of strong interaction between hadrons colliding at
high energies. This approach is originally viewed in two stages: at the first stage, the
longitudinally extended objects of the colour field are produced and, at the second
stage, they fragment into observed hadrons. In this thesis, we introduce additional
step as in Ref. [31] at which the fusion of initially stretched strings is considered.

To simplify the Monte-Carlo workflow, we ignore the step of simulating the
collision itself. In our approach, an event starts with some number of strings already
being formed. Thus, in this first implementation, we do not enforce the conservation
of energy and momentum for the partons of colliding objects. It is because we neglect
the possible presence of beam remnants (spectator partons) not participating in the
collision. Moreover, we do not even focus on whether it is a high-multiplicity proton-
proton or a peripheral nucleus-nucleus collision, but rather rely on the total number
of strings formed, 𝑛str. We sample it from the Poisson distribution with the given
mean, ⟨𝑛str⟩, regardless the collision energy.

To set up the first stage of the interaction, one has to define the positions of
particle-producing sources in the rapidity dimension and in the transverse coordinate
space. The rapidities of strings’ ends are sampled from the uniform distribution from
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−𝑌 to 𝑌 in a way that one string end has positive rapidity and another one has
negative rapidity. Thus, strings always cross the 𝑦 = 0 region. It is assumed that
the found rapidity coordinates of a string correspond to its length and position just
before the hadronisation.

The intermediate stage of the collision corresponds to the string interaction in
the form of fusion [68]. It occurs because strings have finite size in the transverse
dimension and, therefore, can overlap.

To simplify the calculations, we follow the cellular string fusion approach [91]
that is more CPU-efficient. In this method, only those strings are to fuse whose
centres lie in the same cell of the grid applied to a transverse plane (Fig. 1.1, upper
left corner). This simplification replaces the explicit calculation of the areas of
strings’ overlaps that have complex shapes especially for multiple intersections. In
this implementation, we assume the correspondence between the collision transverse
area and the transverse cell size. Thus, only the serial number of the cell in which
the centre of the string falls is generated, thus, one obtains a uniform distribution
of 𝑛str strings in the transverse plane.

However, it is clearly seen that this procedure may introduce some bias in the
fusion picture. Namely, the pair of overlapped strings that are shown in the middle
of the schematic transverse picture of an event (Fig. 1.1, upper left corner), are
overlapped to approximately the same degree as the pair in the upper right corner
of the transverse grid (centres are highlighted in red). But since the centres of the
first pair of strings belong to the different cells of the grid their fusion will not
be considered in contrast to the second pair. The possible cure is to re-run the
simulations with the slightly displaced grid in the transverse plane, which will result
in other sets of strings to be fused. By calculating the quantities of interest for a
few grid positions, one can average the results obtained in different configurations,
which will compensate for the bias of string fusion introduced by cell boundaries.

The novelty of our approach is that finite strings’ length in rapidity implies the
consideration of the 3D (three-dimensional) picture of string fusion. Namely, after
finding strings whose centres belong to the same cell in the transverse grid, following
the well-established procedure [91], one has to additionally search for their overlaps
in the rapidity dimension (see the schematic representation in Fig. 1.1, upper right
corner). In the projection on the rapidity axis, one has to find the degree of overlap,
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𝑘, for each intersection of strings (Fig. 1.1, bottom).
In this work, taking into account 3D string fusion, firstly, changes the number of

particle sources, and secondly, both the parts of the original strings that remain free
and the resulting string clusters become “shorter” in rapidity compared to indepen-
dent sources (without fusion). It is schematically shown in Fig. 1.1 for some local
fluctuation of increased string density, which leads to the fusion of these overlapped
strings: 𝑛′

str = 3 becomes �̃�′
str = 5 and some of them, being now string clusters,

have higher tension. Thus, taking into account string fusion creates a sophisticated
interplay between shortening of strings in rapidity and increasing their tension.

Transverse plane dimension Rapidity - transverse plane 
dimension

— free strings

— strings that will fuse 

rapidity

X

0

k = 1 

k = 2 

k = 3 

0 rapidity

k = 1 

k = 2 

X

Figure 1.1: Schematic picture of the developed approach of three-dimensional fusion of strings
and accounting for the degrees of their overlaps, 𝑘.

In our approach, the effective string hadronisation is applied: each string is split
in rapidity in equal parts of length 𝜀 that produce particles independently. Particles
produced from some string segment 𝜀 are assigned with rapidity 𝑦 that is found
from the Gaussian distribution with the mean that is the mean value of this 𝜀 unit
in the absolute rapidity coordinates and the variance that is also equal to 𝜀. This
is how we ensure the correspondence between the rapidity coordinates of the string
unit and the rapidities of particles that are produced by it.

From the assumption that a quark-gluon string has the constant energy of the
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colour field, 𝜎𝑇 , per length unit it follows that a free string, on average, produces
𝜇0 charged particles per rapidity unit. The picture becomes more complex once one
takes into account the string fusion that affects particle production: string cluster
of length 𝜀 in rapidity, consisting of 𝑘 overlapped strings, produces on average 𝜇𝑘

particles defined [68] as
𝜇𝑘 = 𝜇0𝜀

√
𝑘, (1.1.1)

where the case with 𝑘 = 1 gives the mean multiplicity for 𝜀 rapidity interval of a
free string.

In this thesis, following [92], we assume that the number of particles from a single
string follows the Poisson distribution. The fact is that the Poisson distribution well
describes the multiplicity distribution in 𝑒+𝑒− annihilation without hard processes,
where a single string is supposed to be formed [93]. Remarkably, using the Poisson
distribution of the number of particles from every 𝜀 piece of a string will provide
us with the final multiplicity distribution from a single string also according to this
law [94]. We note, that if in each 𝑝+𝑝 interaction (also without hard processes) the
same number of free (without fusion) strings is formed, each of which giving a Poisson
contribution to the event multiplicity, then the event multiplicity distribution will
coincide with the Poisson distribution. In our approach, we account for string fusion
but do not change the type of distribution: the number of particles from a cluster
of 𝑘 strings will also follow a Poisson distribution, but with the different mean (see
Eq. (1.1.1) for the 𝜀 interval). However, the fact that the number of strings fluctuates
event-by-event, and the fact that we take into account the finiteness of strings in
rapidity and their 3D fusion, leads to fluctuations in the number of string clusters
and their degrees of overlap with rapidity. Thus, convolution of these distributions
with the Poisson distribution from each particle source modifies the final multiplicity
distribution in the model.

Taking into account the aforementioned, we sample the number of particles, 𝑁𝜀,
produced by 𝜀 unit of a string from the Poisson distribution with the mean 𝜇𝑘 from
Eq. (1.1.1). The number of particles, 𝑁𝑖, produced by 𝑖-th string, is the sum of the
number of particles produced by its 𝜀 units

𝑁𝑖 =
∑︁

𝜀

𝑁𝜀. (1.1.2)

The total event multiplicity, 𝑁ch, is obtained from the contributions of all particle
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sources in the event, �̃�str, including free strings and string clusters

𝑁ch =

�̃�str∑︁

𝑖=1

𝑁𝑖. (1.1.3)

In our approach, no short-range correlations are introduced: particles produced
from a string are uncorrelated in rapidity in contrast to how it was done, for example,
in Ref. [95]. Here, our goal, on the contrary, is to separately estimate the impact
of the formation of finite in rapidity strings on the correlation measures. Also, to
clearly see the effect of string fusion, the calculation results are presented for two
options: free strings (string overlaps are ignored) and with string fusion.

1.2 Toy-model results

To test the predictions of the proposed toy-model with strings finite in rapidity
and string fusion, we calculate correlation and fluctuation quantities defined for
multiplicities, measured in rapidity intervals in forward and backward hemispheres.
Calculations were performed for one million generated events.

1.2.1 𝑁𝐹 -𝑁𝐵 correlation coefficient

In the presented approach, we calculate the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵],
Eq. (0.0.6), as a function of the distance Δ𝑦, between forward and backward rapidity
intervals (F-B) of width 𝛿𝑦 = 0.7, where 𝑁𝐹 and 𝑁𝐵 multiplicities are calculated.

Fig. 1.2, left, shows model results for different considered configurations: (i)
infinite free (fragmenting independently) strings (dashed brown line), (ii) free strings
limited in rapidity (full symbols) and (iii) strings limited in rapidity with their fusion
taken into account (solid lines). Colours and symbols depict the results calculated
with different string density: for each event a number of strings is sampled from
the Poisson distribution with the mean, ⟨𝑛str⟩, mentioned on the legend, to be
distributed over the transverse area of the same size. Fig. 1.2, right, presents the
notations for the plots in Fig. 1.2, left: Δ𝑦 is a rapidity gap between F-B windows of
width 𝛿𝑦, where multiplicities 𝑁𝐹 and 𝑁𝐵 are calculated; Δ𝑦 can be varied, which
allows one to analyse the distribution of charged particle multiplicity over rapidity,
𝑑𝑁/𝑑𝑦, as a function of 𝑦.
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Figure 1.2: Left: model results for the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] defined for multi-
plicities 𝑁𝐹 and 𝑁𝐵 measured in forward and backward rapidity acceptances of width 𝛿𝑦 = 0.7

separated by the varying rapidity gap, Δ𝑦. Brown dashed line shows the reference result for the
model with strings infinite in rapidity. Symbols (lines) denote the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] calculated
for free (fused) strings with the mean number of strings per event equal to 8 (green, diamonds), 15
(blue, triangles) and 30 (cyan, stars). Right: schematic picture of the forward-backward windows
definition over the hand drawn rapidity distribution, 𝑑𝑁/𝑑𝑦: multiplicities 𝑁𝐹 and 𝑁𝐵 are mea-
sured in forward (dark red area) and backward (dark green area) rapidity acceptances of width
𝛿𝑦 symmetrically spaced around 𝑦 = 0 by the distance Δ𝑦.

For infinite free strings (Fig. 1.2, left, dashed brown line) the value of
𝑏corr[𝑁𝐹 , 𝑁𝐵] ≈ 0.4 is constant with Δ𝑦. It is because, in the model, there are
no mechanisms responsible for the formation of short-range correlations whose con-
tribution would depend on the rapidity gap between measured 𝑁𝐹 and 𝑁𝐵. In
turn, the long-range contribution to 𝑏corr[𝑁𝐹 , 𝑁𝐵] is defined solely by the fluctua-
tions in the number of strings, 𝑛str, that produce particles in forward and backward
acceptances. For infinite strings, it does not depend on the 𝑦-gap.

Our results for finite free strings (symbols) start at the same level for all ⟨𝑛str⟩:
around 𝑏corr[𝑁𝐹 , 𝑁𝐵] ≈ 0.4 at Δ𝑦 = 0. It is because all strings cross 𝑦 = 0 region
and produce particles in both forward and backward windows at Δ𝑦 = 0. The
small deviation (of about 0.02) from the infinite strings level arises due to boundary
effects caused by the finite binning of strings in rapidity dimension (𝜀). Another
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special area on this plot starts at Δ𝑦 ∼ 8, which corresponds to the maximum 𝑦-
gap between F-B windows after which the rapidity distribution, 𝑑𝑁/𝑑𝑦 (for which
the width 8 was arbitrarily chosen), ends. Here, the correlation is zero for any mean
number of strings. In between the two limiting cases (Δ𝑦 = 0 and Δ𝑦 ≈ 8), one
observes the monotonic decrease of 𝑏corr[𝑁𝐹 , 𝑁𝐵] since the number of strings that
produce particles simultaneously in F-B windows reduces with the increase of the
rapidity distance between them. Thus, for free strings the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵]

are almost independent of the ⟨𝑛str⟩ and coincide (diamonds, triangles, stars).
The situation is opposite if one considers string fusion. The values of

𝑏corr[𝑁𝐹 , 𝑁𝐵] split already at Δ𝑦 = 0: the higher the string density, the more
often the fusion occurs, the smaller the correlation. This is in agreement with the
results obtained in Ref. [96] where the model with infinite strings and short-range
rapidity correlations, introduced for particles from one string, is considered. There,
the similar decrease of 𝑏corr[𝑁𝐹 , 𝑁𝐵] is explained as the shortening of the correlation
length with the increase of string tension that occurs due to string fusion. In the ap-
proach presented here, the similar behaviour of 𝑏corr[𝑁𝐹 , 𝑁𝐵] is caused by completely
different reasons of the decrease of the contribution of long-range correlations. The
effect of fusion is the highest at mid-rapidity where the string density is the largest
for any ⟨𝑛str⟩ and it disappears when the sliding F-B windows reach the boundaries
of the rapidity 𝑑𝑁/𝑑𝑦 distribution.

1.2.2 Strongly intensive quantity and 𝑁𝐹 -𝑁𝐵 fluctuations

Another measure of 𝑁𝐹−𝑁𝐵 multiplicity correlations and fluctuations is strongly
intensive quantity Σ[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.7). Fig. 1.3 shows the dependence of
Σ[𝑁𝐹 , 𝑁𝐵] on the distance between F-B windows (same definition as in Fig. 1.2,
right) of width 𝛿𝑦 = 0.5 (left) and 𝛿𝑦 = 1.0 (right). The values of Σ[𝑁𝐹 , 𝑁𝐵] grow
with the size of rapidity acceptance 𝛿𝑦 (Fig. 1.3).

In the developed simplified approach, the values of Σ[𝑁𝐹 , 𝑁𝐵] for free strings co-
incide for different string density (different ⟨𝑛str⟩). It confirms its property of strong
intensity for independent particle-producing sources: Σ[𝑁𝐹 , 𝑁𝐵] is independent of
both system volume (mean number of strings) and it’s event-by-event fluctuations
(actual number of strings is found for each event from the Poisson distribution with
the given mean, thus, it fluctuates).
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Figure 1.3: Model results for the strongly intensive quantity Σ[𝑁𝐹 , 𝑁𝐵] defined for multiplicities
𝑁𝐹 and 𝑁𝐵 measured in forward and backward rapidity acceptances of width 𝛿𝑦 separated by the
varying rapidity gap, Δ𝑦. Empty symbols (lines) denote the values of Σ[𝑁𝐹 , 𝑁𝐵] calculated for
free (fused) strings with the mean number of strings per event equal to 8 (light grey, circles), 30
(grey, crosses) and 50 (dark grey, diamonds). Left: 𝛿𝑦 = 0.5, Right: 𝛿𝑦 = 1.0 (see the schematic
picture of the forward-backward windows definition over the 𝑑𝑁/𝑑𝑦 distribution in Fig. 1.2, right).

For both model regimes (of free strings and with string fusion), the Σ[𝑁𝐹 , 𝑁𝐵]

starts at unity at Δ𝑦 = 0 and grows with Δ𝑦 (see next subsection). At large Δ𝑦

the sharp decrease of the Σ[𝑁𝐹 , 𝑁𝐵] plots corresponds to the boundaries of the
𝑑𝑁/𝑑𝑦 rapidity distribution reached by the acceptance windows. Thus, at large Δ𝑦

less and less particles enter the F-B acceptance windows, which corresponds to a
Poisson distributions of 𝑁𝐹 and 𝑁𝐵 multiplicities for which Σ[𝑁𝐹 , 𝑁𝐵] by definition
is equal to unity [97].

With string fusion, the values of Σ[𝑁𝐹 , 𝑁𝐵] split: the higher the string density
is, the more often the string fusion occurs, the smaller the values of Σ[𝑁𝐹 , 𝑁𝐵] are
obtained (Fig. 1.3, solid lines of different brightness). Thus, string fusion violates
the property of strong intensity of Σ[𝑁𝐹 , 𝑁𝐵], which was also obtained earlier in the
model with infinite strings and the correlation between particles from a string [96].

This result shows an advantage of studying Σ[𝑁𝐹 , 𝑁𝐵], since, one the one hand,
it, by construction, excludes the contributions from trivial fluctuations (in this model
it is the fluctuations in the number of strings). On the other hand, Σ[𝑁𝐹 , 𝑁𝐵]



33

turns out to be sensitive to the types of particle sources (various degrees of strings’
overlaps and string clusters formation due to fusion). Therefore, by studying the
behaviour of Σ[𝑁𝐹 , 𝑁𝐵], one can obtain more reliable results in the study of mul-
tiplicity fluctuations and, in the same time, to extract the valuable information on
particle-producing sources.

In general, the obtained dependence of Σ[𝑁𝐹 , 𝑁𝐵] on Δ𝑦 is consistent with
its behaviour in the model with infinite strings and short-range correlations [98].
However, our approach shows that the source of the Σ[𝑁𝐹 , 𝑁𝐵] rise with Δ𝑦, as
it was mentioned for the decrease of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with Δ𝑦, might equally be the
long-range correlations that appear from the fluctuations in the number of finite in
rapidity strings producing particles in forward and backward windows. This suggests
that these two approaches should be considered as complementary.

1.3 Discussion

In the developed toy-model of interacting strings, finite in rapidity, the obtained
behaviour of forward-backward multiplicity correlations and fluctuations with Δ𝑦

qualitatively resembles the published ALICE data at LHC, namely:

1. the gradual decrease of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with the gap between forward and back-
ward rapidity acceptances Δ𝑦 [99],

2. the gradual increase of Σ[𝑁𝐹 , 𝑁𝐵] with the gap between forward and backward
rapidity acceptances Δ𝑦 [100].

This result is of particular interest since in the models with infinite strings in
rapidity this behaviour of 𝑏corr[𝑁𝐹 , 𝑁𝐵] and Σ[𝑁𝐹 , 𝑁𝐵] with Δ𝑦 can only be obtained
by introducing short-range correlations to the model [96]. Their impact fades with
Δ𝑦, while the long-range contribution is fully defined by the number of strings
producing particles in both forward and backward acceptance windows [56], thus, is
constant with Δ𝑦 in that models.

In the developed approach, on the contrary, this particular behaviour was ob-
tained in the simplest scenario without short-range correlation introduced but with
fluctuating number of strings that produce particles in the F-B rapidity acceptances.
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Thus, one can conclude that it is important to take into account both the short-
range correlations that were modelled, for instance, in Ref. [95] and the initial
conditions that are considered in this model, e.g. strings of short length and/or
shifted with respect to midrapidity, as these two mechanisms give similar impacts
on 𝑏corr[𝑁𝐹 , 𝑁𝐵] and Σ[𝑁𝐹 , 𝑁𝐵] that cannot be easily disentangled.

The comparison of the result for Σ[𝑁𝐹 , 𝑁𝐵] with string fusion in our model
with finite strings [89, 90] and in models with infinite in rapidity strings and short-
range correlations [95, 96] makes it even more preferable to consider strings of finite
length in rapidity for further studies. The point is that when string fusion is taken
into account in models with infinite in rapidity strings and short-range correla-
tions [95], Σ[𝑁𝐹 , 𝑁𝐵] loses its property of strong intensity and begins to depend
on the string density and string cluster formation [96]. Moreover, the values of
Σ[𝑁𝐹 , 𝑁𝐵] with string fusion in these models [95, 96] increase compared to the re-
sults for free strings. This observation is supported by the ALICE result for inelastic
𝑝+ 𝑝 interactions [101]: Σ[𝑁𝐹 , 𝑁𝐵] grows with “centrality” (particle multiplicity).

On the other hand, in the model we developed, the result is the opposite:
Σ[𝑁𝐹 , 𝑁𝐵] decreases with string fusion (see Fig. 1.3). This statement can be sup-
ported by the observed decrease of Σ[𝑁𝐹 , 𝑁𝐵] with increasing centrality, also mea-
sured by ALICE but in 𝐴+𝐴 collisions [100]. Thus, we can assume that accounting
for the formation of “short” strings in nucleus-nucleus collisions will compensate for
the increase in Σ[𝑁𝐹 , 𝑁𝐵] due to string fusion and short-range correlations. As
a result, it is believed that the total effect on Σ[𝑁𝐹 , 𝑁𝐵] in 𝐴 + 𝐴 collisions will
give a behaviour of Σ[𝑁𝐹 , 𝑁𝐵] that coincides with its experimental dependence on
centrality: a decrease of Σ[𝑁𝐹 , 𝑁𝐵] for more central 𝐴 + 𝐴 events. This is a plau-
sible scenario, since in 𝐴+𝐴 collisions the formation of strings between sea quarks
(that are shorter than the ones formed between valence partons) is enhanced in
comparison to 𝑝+ 𝑝 collisions.

Thus, the first evaluative part of the thesis has shown the promise of using the
model of interacting strings, finite in rapidity, to describe correlation data in hadron
collisions at high energies. For the detailed study of string formation mechanisms,
it is necessary to first evaluate the applicability of such a model to the description
of proton-proton interactions and only then move on to nucleus-nucleus collisions.
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CHAPTER 2

Elaborated model of interacting strings finite in

rapidity with transverse and longitudinal dynamics

An initial assessment showed (see Chapter 1) that the phenomenological model of
multi-particle production by colour strings of finite length in rapidity dimension gives
results that are qualitatively consistent with the experimental data. In addition,
the model turned out to be a promising tool to be applied to the description of
𝐴+𝐴 collisions. However, we decided to continue the development of our approach,
concentrating explicitly on the description of 𝑝+𝑝 collisions at high energies in order
to consider in more details the machinery of the formation of colour strings. This
Chapter presents results published in Refs. [102, 103] that were obtained within
the extended model whose mechanisms of string dynamics and interactions were
consistently developed and tested in our investigations [104, 105, 106].

2.1 Description of 𝑝+ 𝑝 interactions via multi-pomeron exchange

In this Chapter, we consider inelastic 𝑝 + 𝑝 interactions in the framework of
the pomeron exchange approach. Each pomeron is represented by the cylindrical
Feynman diagram [43, 44, 45]. The uncut diagrams contribute to the elastic cross-
section, while the unitarity cut of each cylinder creates two colour strings [30], that
fragment into observed particles. Moreover, at high energies the diagrams of the
multiple parallel exchanges of pomerons predominate.

Thus, in this approach, we replace an arbitrary number of stings in an event
(as it was implemented in the toy-model presented in Chapter 1) by the number of
strings, 𝑛str, arising from the number of exchanged pomerons, 𝑛pom, defined as

𝑛str = 2𝑛pom. (2.1.1)
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With the natural assumption of the Gaussian distribution of the transverse posi-
tions of partons inside the proton, one can calculate a probability of parton-parton
interaction that can be interpreted as the probability of string formation [107]. The
resulting distribution on the number of pomeron exchanges coincides with the Regge-
theory parametrization [57] that neglects the three-pomeron vertices

𝑃 (𝑛pom) = 𝐴 (𝑧)
1

𝑧𝑛pom

(︃
1− exp (−𝑧)

𝑛pom−1∑︁

𝑙=0

𝑧𝑙

𝑙!

)︃
, (2.1.2)

where 𝑧 = 2𝐶𝛾𝑠Δ

𝑅2+𝛼′ ln 𝑠 , 𝐶 = 1.5 is the quasi-eikonal parameter related to the small-
mass diffraction dissociation of incoming hadrons, Δ = 𝛼(0) − 1 = 0.2 is the
residue of the pomeron trajectory, 𝛼(0) is the intercept of the pomeron trajec-
tory, 𝛾 = 1.035 GeV−2 and 𝑅2 = 3.3 GeV−2 characterise the coupling of the
pomeron trajectory with the initial hadrons, the slope of the pomeron trajectory
𝛼

′
= 0.05 GeV−2, 𝑠 is the square of the collision centre-of-mass energy, and 𝐴(𝑧)

is a normalising coefficient. Fig. 2.1 presents the example event distribution in the
number of strings, 𝑛str, obtained with these parameters for

√
𝑠 = 13 TeV. One

can see that the number of colour strings formed in 𝑝 + 𝑝 collisions can reach the
impressive values.
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Figure 2.1: Model event distribution in the number of strings, 𝑃 (𝑛str), for inelastic 𝑝+ 𝑝 inter-
actions at

√
𝑠 = 13 TeV.
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In this thesis, the values of parameters listed above and substituted into
Eq. (2.1.2) were taken from Ref. [108]. In that investigation, they were found by
fitting the data on multiplicity distributions and cross sections under assumption
that strings that were initially formed in an event can overlap to various degrees
and fuse, forming the string clusters with the modified fragmentation characteristics,
which changes the model multiplicity.

This is in contrast to another approach used in Ref. [109], where the string fusion
is effectively taken into account already at the moment of string formation. There-
fore, there are a number of free strings in Ref. [108] and a number of string clusters
in Ref. [109]. The values of parameters that are to be substituted in Eq. (2.1.2)
for these two methods will differ, but they should both describe the same charged
particle multiplicity distribution, 𝑃 (𝑁ch), corresponding to the data. We follow the
first approach that allows us to track the 3D evolution of string density before string
fusion and, thus, to consider additional string dynamics.

Therefore, in our approach, a proton no longer consists only of a single pair of a
quark and a diquark. Moreover, it is not only two strings that are formed in inelastic
𝑝 + 𝑝 interaction, as we move away from the constituent picture. Instead, we take
into account the multi-parton configurations of protons given by sea quarks whose
independent and simultaneous interactions result in the exchange of some number
of pomerons in an event.

This complication obliges us to monitor the fulfilment of the law of conservation
of energy and momentum for partons forming a proton.

2.1.1 Parton composition of protons and string formation

In this Chapter, we consider only strings stretched between valence and sea
quarks (anti-quarks) of colliding protons and no diquarks are considered. Moreover,
we do not take into account spectator-partons, whose fragmentation would occur
without the formation of longitudinal strings. Therefore, it is supposed that the
number of partons in each of the colliding protons, 𝑛part, is equal to the initial
number of strings, 𝑛str, that should be formed in an event according to Eq. (2.1.1).

It is the essential problem: to form two colliding protons with a given number of
partons, on the one hand, respecting the energy and momentum conservation laws
and, on the other hand, keeping the parton distribution functions (PDFs) uncor-
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rupted. To meet these requirements in the Monte-Carlo simulation, the algorithm
of partons’ permutations was developed and used (see Appendix A).

Once an extensive set of protons with correctly selected partons is created, we
proceed to the formation of the given number of strings in an event, Eq. (2.1.1).
A string should be stretched between two randomly selected partons belonging to
two randomly selected protons (but with the given number of partons equal to the
number of strings in an event). However, the found string is accepted only if its
energy is sufficient to decay at least into two pions at rest [110]

√
𝑠𝑥1𝑥2 ≥ 2𝑚𝜋, (2.1.3)

with 𝑥1 and 𝑥2 being the fractions of the protons’ momenta that are carried by
partons forming a string, 𝑚𝜋 denoting the pion mass. An additional condition is
that all partons from the two colliding protons should form such strings. Otherwise,
another random proton pair to be sought.

Thus, at this step of the model, an event is represented by the number of parallel
strings that are stretched between parton pairs of colliding protons.

2.2 Partial chiral symmetry restoration in the presence of a colour
string

In general, the colour confinement in QCD, a non-abelian gauge theory, is viewed
as the appearance of the colour field between two colour charges enclosed in the flux
tube of finite transverse size [111]. However, some lattice QCD results demonstrate
that the presence of a colour string modifies the QCD vacuum. For example, the cor-
relator between the quark-antiquark chiral condensate, ⟨𝑞�̄�⟩, and the Wilson loop,
𝑊 , is appeared to be not a constant as a function of the transverse distance from a
string [112]. Indeed, only at large distances ⟨𝑞�̄�⟩ and 𝑊 become uncorrelated, mean-
ing that there is no string influence. In the meantime, the values of the correlation
function decrease in the vicinity of the string, which indicates a partial restoration
of chiral symmetry in this region of the space.

In this dissertation, we follow the approach developed in Refs. [59, 60], where the
authors interpret these lattice results, Eq. (2.2.1), left, as the influence of a scalar
field created by a cloud of 𝜎-mesons, Eq. (2.2.1), right, that surrounds a string in
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the transverse plane and creates the Yukawa potential

⟨𝑞�̄� (𝑟⊥)𝑊 ⟩
⟨𝑞�̄�⟩⟨𝑊 ⟩ = 1−𝐾0 (𝑚𝜎̃︁𝑟⊥) , (2.2.1)

where ̃︁𝑟⊥ =
√︀

𝑟2⊥ + 𝑠2str is the regularised distance in the transverse plane, 𝑟⊥ is a
2D distance between a pair of strings, 𝑠str = 0.176 fm [59] is a genuine string width,
which differs from the effective string width resulting from quantum fluctuations,
𝐾0 is zero-th modified second-kind Bessel function corresponding to a massive scalar
propagator in two dimensions and 𝑚𝜎 = 0.6 GeV [59] is the mass of the 𝜎-meson
that is proposed to be a mediator of the force between strings.

In this paradigm, the string-string interaction appears in the created Yukawa
potential, which results in the non-relativistic attraction between them similar to
nuclear forces [60]. The problem is two-dimensional since the strings are viewed
infinite in rapidity and the interaction between them manifests itself in the transverse
dimension only.

The authors argue [59] that this attractive effect is most pronounced at high
string densities and may lead to their collapse into a many-string hot spot. Moreover,
some sufficient string density inside this region would lead to the ultimate restoration
of the chiral symmetry and, thus, to the formation of the QGP fireball.

In this dissertation, we are interested in exploring whether it is possible to con-
sider such string attraction as an effective determination of the initial event condi-
tions: the formation of complex transverse distribution of the string density prior
to hadronisation.

2.3 Transverse evolution of string density due to string attraction

In this thesis, it is assumed that the attractive interaction between strings occurs
right after they are formed. Thus, the transverse dynamics of strings in an event,
determined by their attraction, is first realized, and only after that the fusion of
some of them is taken into account.

The non-relativistic equations of motion, Eq. (2.3.1), for all strings in an event
are defined by the 2D Yukawa interaction [59] and are viewed as the motion of 2D
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gas of particles

�̈⃗�𝑖 =
∑︁

𝑗 ̸=𝑖

�⃗� 𝑖𝑗 = 2𝑚𝜎(𝑔𝑁𝜎𝑇 )
∑︁

𝑗 ̸=𝑖

�⃗�𝑖𝑗
�̃�𝑖𝑗

𝐾1(𝑚𝜎�̃�𝑖𝑗), (2.3.1)

where �⃗�𝑖𝑗 and �̃�𝑖𝑗 correspond to 𝑟⊥ and ̃︁𝑟⊥ from Eq. (2.2.1). The 𝑖 and 𝑗 sub-
scripts indicate that the quantities are constructed for the 𝑖-th and 𝑗-th strings.
The 𝑔𝑁𝜎𝑇 = 0.2 is the string self-interaction coupling in units of string tension [60],
𝐾1 is the first modified second-kind Bessel function. Strings are considered to be
moving as a whole according to Eq. (2.3.1). This simplification assumes that there
are no kinks that, for example, are taken into account in PYTHIA [36] event gen-
erator and affect the string characteristics (e.g. by changing the 𝑝𝑇 spectrum of
emitted particles).

To solve Eq. (2.3.1), one has to provide initial conditions and limit the time of
system evolution to transfer it to the final state.

The 2D Gaussian distribution of width 0.5 (model parameter respecting the
cross-section area of a proton) is used to sample the initial 2D transverse coordinates
of string centres in an event (Fig. 2.2, left). This simplification is to decrease the
program’s running time: instead of applying the Glauber approach at the partonic
level and finding which partons are to collide and form strings, we assume that some
configuration of strings has already been created in an event and straightaway set
their coordinates. It is the consequent motion of strings according to the system of
Eqs. (2.3.1) that will complicate this picture.

Under the influence of Yukawa attraction according to Eq. (2.3.1), the strings
come closer, fly through each other (since at this stage we neglect the surface tension
of the string [113]), slow down, stop and begin to move in the opposite directions
(Fig. 2.2, left, depicts the initial positions of string centres (squares) and their tra-
jectories (lines)). Therefore, strings oscillate like a pendulum in the transverse plane
and the proper time, 𝜏 , after which the system evolution, governed by Eq. (2.3.1),
will be stopped crucially affects the final string density. In this part of the disserta-
tion, we test two scenarios.

In the first scenario, the system of strings is frozen at the conventional time
(same for all events) before the start of string fragmentation at 𝜏 = 1.5 fm [59]
(Fig. 2.2, right).

In the second case, the topology of the system is fixed at 𝜏deepest time that varies
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Figure 2.2: Two-dimensional histogram of the string density in the transverse 𝑋−𝑌 plane for an
event with 16 strings: Left: initial positions of string centres (purple squares) and the trajectories
of their motion according to Eq. 2.3.1 (grey lines); Middle: the configuration of strings after the
time 𝜏deepest that corresponds to the minimal potential energy of the string system; Right: the
configuration of strings after 𝜏 = 1.5 fm that is the conventional time for the string hadronisation.

event-by-event (Fig. 2.2, middle). This is the time it takes for a string transverse
configuration to attain the global minimum of the potential energy, evolving accord-
ing to Eq. (2.3.1). Thus, 𝜏deepest depends not only on the initial string transverse
positions, but also on the number of strings. It is also worth emphasising that, for
𝜏 = 1.5 fm, one obtains a more dilute system, while for 𝜏deepest, the string density
is highest.

It is important to note that for some configurations of strings the minimum of
the potential energy of the system can only be reached at 𝜏 > 1.5 fm. In this case,
we use 𝜏 = 1.5 fm for the transverse evolution of string system to ensure that 𝜏deepest
does not exceed the typical time for string hadronisation [59].

2.4 Longitudinal dynamics of finite in rapidity strings

This realisation of the model accounts for the longitudinal dynamics of finite in
rapidity strings, in contrast to the static particle sources considered in Chapter 1.

The problem of finding the momentum of partons, 𝑝part, (see Sec. 2.1.1) was
addressed to find the values of initial positions of string ends in rapidity, 𝑦partinit , as

𝑦partinit = sinh−1

(︂
𝑝part
𝑚part

)︂
, (2.4.1)

where 𝑝part = 𝑥𝑖𝑝beam, 𝑝beam =
√︀

𝑠/4−𝑚p
2 is a proton beam momentum, 𝑥𝑖 is the
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fraction of proton’s momentum carried by 𝑖-th parton (see Appendix A), 𝑚p = 0.938

GeV, 𝑚part is the parton mass at the end of the string. For 𝑚part we substitute the
mass of the gluon cloud, 𝑚𝑔cloud, (see Appendix A) or the current quark masses:
𝑚𝑢 = 0.0022 GeV, 𝑚𝑑 = 0.00479 GeV, 𝑚𝑠 = 0.095 GeV, and 𝑚𝑐 = 1.275 GeV for
quarks 𝑢, 𝑑, 𝑠, and 𝑐, respectively.

However, the string tension, 𝜎𝑇 , slows down the massive partons flying outwards
with momentum 𝑝part according to

𝑑𝑝part/𝑑𝑡 = −𝜎𝑇 , (2.4.2)

where the Coulombic term of the potential in Eq. (0.0.1) is neglected. As a result,
the initial rapidity of the string end, 𝑦partinit , should be decreased [114] by the value

𝑦partloss = cosh−1

(︂
𝜏 2𝜎2

𝑇

2𝑚2
part

+ 1

)︂
, (2.4.3)

where 𝜏 is the time during which the longitudinal evolution of a string takes place.
Let us make an important statement: the value of the evolution time, 𝜏 , inserted

in Eq. (2.4.3), changes not only the length of the strings, but also strings’ positions
with respect to midrapidity. This is because 𝑦partloss applies to both ends of the string
independently and depends on the parton’s mass. Therefore, after taking into ac-
count the modification of a string length, or, in other words, having subtracted 𝑦partloss

from 𝑦partinit , some strings may appear lying entirely in one (forward or backward)
hemisphere. In this case, it is no longer true that all strings cross 𝑦 = 0 as it
was assumed in Chapter 1. Therefore, some results on the rapidity dependence of
correlation quantities may change.

At this step in our approach there is some arbitrariness in the choice of 𝜏 .
The idea is to synchronise the longitudinal string dynamics with the transverse
ones. Thus, to substitute 𝜏deepest or 𝜏 = 1.5 fm to Eq. (2.4.3). Note, that in the
model, the longitudinal and transverse dynamics are implemented sequentially only
to simplify the calculations. It is clear that they must occur simultaneously, since
the longitudinal dynamics of a string is determined by the initial momenta of the
partons at its’ ends and the tension of the gluon field, and is, therefore, inevitable
from the very beginning of the formation of a string.

Thus, by considering the evolution of the string system up to some time, we
obtain different string configurations that specify the energy density distributions
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in 𝑝+ 𝑝 collisions.

2.5 String fusion

Changes in strings’ lengths and positions relative to mid-rapidity make the string
system inhomogeneous in rapidity. Furthermore, due to the attractive motion of
strings in the transverse plane (Sec. 2.3), they form clusters of fully or partially
overlapped strings (taking into account that they have a finite transverse size caused
by the colour confinement). Since the overlaps change with rapidity, one obtains a
non-trivial three-dimensional distribution of string density.

To systematically study the fusion of strings, this work considers two modes of
the model (similar to investigations in the framework of toy-model, see Chapter 1).

As a reference scenario, we consider the case of free particle sources. In means
that the possibility of string fusion is ignored, even when they overlap. Thus, all
particle sources are identical and produce particles in the same manner.

The main interest is to consider string–string interaction effects in a form of
fusion. It leads to the formation of the new types of particle producing sources
(string clusters) with the different degrees of intersections. Therefore, string clusters
have various tensions that are higher than the one for a free string.

There have been several proposals made on how to account for string fusion [91].
In Chapter 1, we only briefly described one of the simplified methods (the cellular
approach). Let us provide a more detailed description here, especially since the
way of accounting for string fusion will be revised and improved in the next model
version (see next Chapter).

First, one may assume that the colour field changes only in the region where
some number of strings overlaps and stays unmodified in the rest transverse areas
of these strings. Another possibility is that, if some number of strings overlap even
on an arbitrarily small area, they form a cluster that has the uniformly modified
colour field over the entire area of the union of all these strings. However, so far,
the attempts were in vain to find the observables sensitive to the type of colour field
modification [115].

Therefore, we again follow a cellular approach in the transverse plane developed
in Ref. [91]. This means that we only look after strings’ centres positions on the
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transverse grid with the constant cell size of width 𝑑 = 0.3 fm, which corresponds to
the string radius. Thereby, the only strings to interact are the strings whose centres
lie in the same transverse cell. This simplification is beneficial from the point of
view of computing resources.

As in Chapter 1, the fusion problem is three-dimensional since in the rapidity
space there are the fluctuations of both the lengths of strings and the strings’ po-
sitions with respect to midrapidity. Therefore, for strings whose centres are in the
same cell in the transverse plane, one has to search for their overlaps in the rapidity
space to perform fusion in these intersections (see Fig. 1.1).

In this model, we also follow the idea [68] of string fusion that changes the string’s
production characteristics: mean particle multiplicity for a cluster of 𝑘 fused strings,
𝜇𝑘, is found according to Eq. (1.1.1). It is smaller than the one for a superposition
of 𝑘 free strings (each characterised by 𝜇0) that gives in total 𝜇𝑘 = 𝑘𝜇0. One can
qualitatively explain the relation from Eq. (1.1.1) between 𝜇0 and 𝜇𝑘 as follows.
Given the case of the overlap of a few strings, their colour field vectors could be
randomly oriented with respect to each other. To find the resulting colour field
inside the cluster of 𝑘 overlapped strings, one can consider this problem as a random
walk in the vector colour space, thus, obtaining not the factor of 𝑘, but the factor√
𝑘 for 𝑘 overlapping strings compared to a single free string. The first consideration

of this behaviour was proposed in Ref. [116] by the analogy with the formation of
the colour “rope”, while a rigorous comparison of the string percolation approach to
the colour–glass condensate model can be found in Ref. [117].

To study the correlations between multiplicity and transverse momentum of
particles, the mechanism of 𝑝𝑇 generation is introduced in this realisation of the
model. In Ref. [70] the mean transverse momentum of particles produced by a
cluster of 𝑘 strings, ⟨𝑝𝑇 ⟩𝑘, is related to the average transverse momentum of particles
produced by a free colour string, 𝑝0, similarly to Eq. (1.1.1) as

⟨𝑝𝑇 ⟩𝑘 = 𝑝0
4
√
𝑘. (2.5.1)

Thus, the fusion of strings increases the average momentum of the particles. In the
developments of this model, published in Refs. [104, 105, 106], it was this formula,
Eq. (2.5.1), that was used to determine the average momentum of particles from the
string cluster.
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However, in our more complete works, see Refs. [102, 103], we propose an analogy
with the 𝛽 parameter defined in Refs. [109, 118, 119, 120, 121]. In these works, also
based on the multi-pomeron exchange scenario, the increase in ⟨𝑝𝑇 ⟩ is achieved due
to the collectivity of the total number of strings, 𝑀 , in the event. This interplay is
taken into account as a power of 𝑀𝛽, where the expression for 𝛽 is found [121] from
the fit to the experimental data as

𝛽 = 1.16[1− (ln
√
𝑠− 2.52)−0.19]. (2.5.2)

Remarkably, the parameter 𝛽 is approximately 0.25 at
√
𝑠 = 900 GeV and it

changes sign at lower collision energies according to the fit in Ref. [121], which makes
its usage of special interest in our future studies of 𝑝+𝑝 interactions in, for example,
NICA collider energy domain. In this case, the average transverse momentum will
be suppressed by the string fusion according to Eq. (2.5.3). It give us the idea
to combine these two approaches and to introduce the factor 𝑘𝛽 instead of 4

√
𝑘 (the

two approximately coinciding at the LHC energies) to change the average transverse
momentum of particles from a string cluster as

⟨𝑝𝑇 ⟩𝑘 = 𝑝0𝑘
𝛽. (2.5.3)

However, let us stress that 𝑘 here is a number of strings overlapped in some
rapidity interval for a string cluster defined in some transverse cell, while 𝑀

from Refs. [109, 121] is the overall number of particle sources in an event. It is
likely that a new data fit will be required to refine the definition of 𝛽 in our new
interpretation of string fusion.

In the current implementation of the model, at this stage of the simulation, the
string system is already frozen, and no transverse position is assigned to the clusters
of strings, as soon as there is no need of it in the further calculations. However,
the understanding where a fused string will be located in the transverse plane (at
the centre of gravity, at the arithmetic mean of the centres of the fused strings,
or somewhere else) is a serious issue, which also intersects with the problem of
determining the thickness of a string cluster. We will return to these issues in the
next Chapter as we will move on to the advanced version of the model.

At this step, we determined the effect of string cluster formation on the mean
transverse momentum of the particles.
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2.6 Effective string hadronisation

We perform the effective string hadronisation in the same manner as in Chapter 1
by dividing a string in the rapidity dimension into units of length 𝜀. To describe the
decay of a string, we use the Schwinger fragmentation mechanism [33, 34, 54]: in
order to achieve a uniform distribution of produced particles in rapidity, we generate
their rapidities according to the Gaussian distribution for each interval of length 𝜀.
We do it in the way that the mean for Gauss corresponds to the centre of the
interval, and the variance corresponds to its width. We find the charged particle
event multiplicity, 𝑁ch, according to Eqs. (1.1.1), (1.1.2) and (1.1.3). It is important
to mention that this 𝜀-division is only a technical solution to approximate the string
fragmentation mechanism. Therefore, the procedure is the same for free strings and
string clusters.

The transverse momentum of particles, produced by free string or by cluster of 𝑘
strings, is sampled from the following distribution, corresponding to the Schwinger
particle production [33, 34, 54],

𝑓(𝑝𝑇 ) =
𝜋𝑝𝑇

2⟨𝑝𝑇 ⟩2𝑘
exp

(︂
− 𝜋𝑝2𝑇
4⟨𝑝𝑇 ⟩2𝑘

)︂
, (2.6.1)

with ⟨𝑝𝑇 ⟩𝑘 defined in Eq. (2.5.3).
Simultaneously the appearance of particles of a certain type is determined ac-

cording to Schwinger-like probabilities

∼ exp
(︀
−𝜋𝑚2

𝑖/𝜎eff𝑘
2𝛽
)︀
, (2.6.2)

with 𝜎eff = 4𝑝20 being the modified effective string tension. Traditionally, in the mod-
els that rely on the Schwinger mechanism of particle production [118], 𝜎eff slightly
differs from the conventional string tension, 𝜎𝑇 , appearing in Eq. (2.4.3). It is to
effectively take into account the re-scatterings of particles. Our model includes 𝜋,
𝐾, 𝑝 and 𝜌-resonance, with the latter decaying into two charged pions. Their masses
from Particle Data Group (PDG) are substituted in Eq. (2.6.2) instead of 𝑚𝑖.

Knowing the particle’s mass, transverse momentum, and rapidity, one can find
the longitudinal component of its momentum from Eq. (0.0.2), and hence the pseu-
dorapidity, Eq. (0.0.3). Thus, in the approach described in this Chapter, one can
calculate particle correlations in pseudorapidity rather than in rapidity (the simpli-
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fication used in Chapter 1), which will be in direct correspondence with how it is
done in the analysis of experimental data.

2.7 Model formalism

The developed elaborated Model, presented in details in Sec. 2.1 - 2.6, proposes a
phenomenological solution to the problem of describing the multi-particle production
in proton-proton collisions using the Monte-Carlo approach to the formation and
fragmentation of colour strings. At the same time, it seems possible to construct an
analytical description of the specific problem of studying forward-backward rapidity
correlations in the colour string formation scenario. A comparison of numerical and
analytical calculations would serve as a verification of the numerical results obtained
in the model.

In this dissertation, this is done [102] by the extension of the analytical descrip-
tion of the model with fragmentation of strings of two types, see Ref. [80], to the
model formalism with strings of three types. In the current model, three types of
strings appear in the study of the particle production in two separated rapidity
intervals due to finiteness of strings in rapidity.

Therefore, two rapidity windows of width 𝛿𝑦 at some distance Δ𝑦, symmet-
rically placed with respect to midrapidity, define the following classes of strings:
(i) fragmenting simultaneously into both forward and backward windows and (ii)
fragmenting only into the forward one or (iii) only into the backward one. The
probability to have simultaneously 𝑛long strings of the first type, 𝑛for strings of the
second type, and 𝑛back of the third type, 𝑞 (𝑛long, 𝑛for, 𝑛back), is such that

∑︁

𝑛long,𝑛for,𝑛back

𝑞 (𝑛long, 𝑛for, 𝑛back) = 1. (2.7.1)

Let us introduce the following notations for the first, second and cross-moments of
this distribution ∑︁

𝑛long,𝑛for,𝑛back

𝑞 (𝑛long, 𝑛for, 𝑛back)𝑛𝑖 = 𝑛𝑖, (2.7.2)

∑︁

𝑛long,𝑛for,𝑛back

𝑞 (𝑛long, 𝑛for, 𝑛back)𝑛
2
𝑖 = 𝑛2

𝑖 , (2.7.3)

∑︁

𝑛long,𝑛for,𝑛back

𝑞 (𝑛long, 𝑛for, 𝑛back)𝑛𝑖 · 𝑛𝑗 = 𝑛𝑖 · 𝑛𝑗, (2.7.4)
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𝐷𝑛𝑖
= 𝑛2

𝑖 − 𝑛𝑖
2, (2.7.5)

cov (𝑛𝑖, 𝑛𝑗) = 𝑛𝑖 · 𝑛𝑗 − 𝑛𝑖 · 𝑛𝑗, (2.7.6)

where indices 𝑖 and 𝑗 lie within “long”, “for” and “back” string types.
To calculate the multiplicities, 𝑁𝐹 and 𝑁𝐵, in two rapidity windows it is neces-

sary to sum the contributions from strings of different types to these forward and
backward acceptances

𝑁𝐹 =

𝑛long∑︁

𝑘=1

𝑁
(𝑘)
𝐹 +

𝑛for∑︁

𝑠=1

𝑁
(𝑠)
𝐹 , (2.7.7)

𝑁𝐵 =

𝑛long∑︁

𝑘=1

𝑁
(𝑘)
𝐵 +

𝑛back∑︁

𝑡=1

𝑁
(𝑡)
𝐵 . (2.7.8)

Thus, for the case of free sources, the joint multiplicity distribution 𝑃 (𝑁𝐹 , 𝑁𝐵) is
given as a convolution of the probability distribution, 𝑞 (𝐶), to have some string
configuration 𝐶, and the forward-backward multiplicity distribution for this fixed
configuration, 𝑃𝐶 (𝑁𝐹 , 𝑁𝐵), as

𝑃 (𝑁𝐹 , 𝑁𝐵) =
∑︁

𝐶

𝑞 (𝐶)𝑃𝐶 (𝑁𝐹 , 𝑁𝐵) . (2.7.9)

The specific form of 𝑃𝐶 (𝑁𝐹 , 𝑁𝐵) can be found as convolutions of the corresponding
probabilities from single strings of “long”, “for” and “back” types

𝑃 (𝑁𝐹 , 𝑁𝐵) =
∑︁

(𝑁
(𝑘)
𝐹 ,𝑁

(𝑠)
𝐹 )

𝛿
𝑁𝐹 ,

∑︀𝑛long
𝑘=1 𝑁

(𝑘)
𝐹 +

∑︀𝑛for
𝑠=1 𝑁

(𝑠)
𝐹

·

∑︁

(𝑁
(𝑘)
𝐵 ,𝑁

(𝑡)
𝐵 )

𝛿
𝑁𝐵 ,

∑︀𝑛long
𝑘=1 𝑁

(𝑘)
𝐵 +

∑︀𝑛back
𝑡=1 𝑁

(𝑡)
𝐵

·

·
𝑛long∏︁

𝑘=1

𝑃
(︁
𝑁

(𝑘)
𝐹 , 𝑁

(𝑘)
𝐵

)︁ 𝑛for∏︁

𝑠=1

𝑃
(︁
𝑁

(𝑠)
𝐹

)︁ 𝑛back∏︁

𝑡=1

𝑃
(︁
𝑁

(𝑡)
𝐵

)︁
. (2.7.10)

We introduce the following notations for the first moments of distributions of
single strings

∑︁

𝑁
(𝑘)
𝐹 ,𝑁

(𝑘)
𝐵

𝑃
(︁
𝑁

(𝑘)
𝐹 , 𝑁

(𝑘)
𝐵

)︁
𝑁

(𝑘)
𝐹 =

∑︁

𝑁
(𝑠)
𝐹

𝑃
(︁
𝑁

(𝑠)
𝐹

)︁
𝑁

(𝑠)
𝐹 = 𝜇𝐹 , (2.7.11)

∑︁

𝑁
(𝑘)
𝐹 ,𝑁

(𝑘)
𝐵

𝑃
(︁
𝑁

(𝑘)
𝐹 , 𝑁

(𝑘)
𝐵

)︁
𝑁

(𝑘)
𝐵 =

∑︁

𝑁
(𝑡)
𝐵

𝑃
(︁
𝑁

(𝑡)
𝐵

)︁
𝑁

(𝑡)
𝐵 = 𝜇𝐵, (2.7.12)
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and by analogy for higher moments. In these formulas, as in Eqs. (2.7.7), (2.7.8)
and (2.7.10), subscript 𝑘 runs over the number of strings in both rapidity windows,
𝑛long, subscript 𝑠 runs over the number of strings appearing only in forward rapidity
window, 𝑛for, and subscript 𝑡 runs over the number of strings appearing only in
backward rapidity window, 𝑛back.

In the case of rapidity windows symmetrically located with respect to midrapid-
ity, the following relation is satisfied

𝜇𝐹 = 𝜇𝐵 ≡ 𝜇. (2.7.13)

Using all the aforementioned notations, we find expressions for the components
of the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.6), and the strongly intensive
quantity Σ[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.7), as

⟨𝑁𝐹 ⟩ = 𝜇 · (𝑛long + 𝑛for) , (2.7.14)

⟨𝑁𝐵⟩ = 𝜇 · (𝑛long + 𝑛back) , (2.7.15)

𝐷𝑁𝐹
= 𝜇2 ·

(︀
𝐷𝑛long

+ 2 · cov (𝑛long, 𝑛for) +𝐷𝑛for

)︀
+𝐷𝜇 · (𝑛long + 𝑛for) , (2.7.16)

𝐷𝑁𝐵
= 𝜇2 ·

(︀
𝐷𝑛long

+ 2 · cov (𝑛long, 𝑛back) +𝐷𝑛back

)︀
+𝐷𝜇 · (𝑛long + 𝑛back) , (2.7.17)

cov (𝑁𝐹 , 𝑁𝐵) = 𝜇2 ·
(︀
𝐷𝑛long

+ 2 · cov (𝑛long, 𝑛for) + cov (𝑛for, 𝑛back)
)︀
. (2.7.18)

What slightly simplifies the expressions is that, in the model, the number of particles
from one string is generated according to the Poisson distribution, which results in
𝐷𝜇 = 𝜇.

Finally, combining the obtained expressions for the moments of 𝑁𝐹 −𝑁𝐵 distri-
bution, one gets the analytical formulas for the correlation coefficient and strongly
intensive measure

𝑏corr[𝑁𝐹 , 𝑁𝐵] =
𝜇 ·
(︀
𝐷𝑛long

+ 2 · cov (𝑛long, 𝑛for) + cov (𝑛for, 𝑛back)
)︀

𝜇 ·
(︀
𝐷𝑛long

+ 2 · cov (𝑛long, 𝑛for) +𝐷𝑛for

)︀
+ 𝑛long + 𝑛for

, (2.7.19)

Σ[𝑁𝐹 , 𝑁𝐵] = 1 + 𝜇 · 𝐷𝑛back
− cov (𝑛for, 𝑛back)

𝑛long + 𝑛for
. (2.7.20)

On the one hand, it is useful to note that in the limit of the absence of 𝑛for and
𝑛back strings in the model, these formulas reduce to the following expressions

𝑏0corr[𝑁𝐹 , 𝑁𝐵] =
𝜇 ·𝐷𝑛long

𝜇 ·𝐷𝑛long
+ 𝑛long

, (2.7.21)



50

Σ0[𝑁𝐹 , 𝑁𝐵] = 1, (2.7.22)

that are identical to the findings in the model with strings infinite in rapidity that
produce particles uncorrelated (see Refs. [122] and [80], respectively).

On the other hand, it is clear that, in our model, 𝑏corr[𝑁𝐹 , 𝑁𝐵] → 𝑏0corr[𝑁𝐹 , 𝑁𝐵]

and Σ[𝑁𝐹 , 𝑁𝐵] → Σ0[𝑁𝐹 , 𝑁𝐵] at Δ𝑦 = 0 position of the rapidity windows, i.e.
when the number of strings that produce particles only in the forward or only in
the backward window, 𝑛for or 𝑛back, is small and the fluctuations of 𝑛for and 𝑛back

are Poissonian. Moreover, the numerator of the second term in Eq. (2.7.20), written
down explicitly,

𝐷𝑛back
− cov (𝑛for, 𝑛back) = ⟨𝑛2

back⟩ − ⟨𝑛for𝑛back⟩, (2.7.23)

demonstrates that if 𝑛for were identically equal to 𝑛back in each event, then
Eq. (2.7.20) would again reduce to Eq. (2.7.22). However, our calculations show
(Fig. 2.4, right) that there are non-zero ⟨𝑛for𝑛back⟩ correlations that determine the
growth of Σ[𝑁𝐹 , 𝑁𝐵] with Δ𝑦. In the case of 𝑏corr[𝑁𝐹 , 𝑁𝐵], Eq. (2.7.19), the pic-
ture is even more complex since one has to additionally consider the cross-terms of
⟨𝑛long𝑛for⟩ and ⟨𝑛long𝑛back⟩ that result in the decrease of 𝑁𝐹 −𝑁𝐵 correlation with
Δ𝑦 (Fig. 2.4, left).

Thus, the obtained formulas enrich our understanding of the impact of non-trivial
fluctuations in the number of strings in forward-backward windows on correlation
and fluctuation measures.

2.7.1 Analytical and numerical calculations in the model with free
strings for inelastic 𝑝+ 𝑝 interactions at

√
𝑠 = 200 GeV

To use the analytical expressions from Eqs. (2.7.19) and (2.7.20), one has to sub-
stitute into them the moments of the distribution of string configurations Eq. (2.7.2)-
(2.7.6). They can be determined from the numerical calculations for free particle
sources.

In this section, the results are presented for the case when correlations between
multiplicities in two rapidity windows of width 𝛿𝑦 = 0.2 were studied. Calculations
were performed for one million generated events.

Fig. 2.3 shows a good agreement between the full model calculation (empty
triangles) and the formula from Eq. (2.7.14) (dashed line) for the mean charged
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particle multiplicity, ⟨𝑁𝐹 ⟩, in the forward rapidity window, when the distance, Δ𝑦,
between it and the backward rapidity acceptance (same definitions as in Fig. 1.2,
right) is increased.
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Figure 2.3: Dependence of the mean multiplicity in the forward rapidity window, ⟨𝑁𝐹 ⟩, on the
distance between the rapidity intervals, Δ𝑦, for the case of independent (free) sources. The results
are presented for analytical (lines) and numerical (triangles) calculations.

It should be noted, that if some 𝑝𝑇 cut is applied to the numerical calculations
(triangles), one should re-scale the analytical curve by finding the proper value of 𝜇.
In general, the value of ⟨𝑁𝐹 ⟩ decreases with the increase of Δ𝑦, which is explained
by the decrease of the number of strings of 𝑛long type and, therefore, the reduction
of their contribution with Δ𝑦.

Fig. 2.4 shows a comparison of full model calculations (empty triangles) with the
analytical expressions from Eqs. (2.7.19) and (2.7.20) (dashed lines) for 𝑏corr[𝑁𝐹 , 𝑁𝐵]

and Σ[𝑁𝐹 , 𝑁𝐵]. In Refs. [80, 96, 98], the weakening of 𝑏corr[𝑁𝐹 , 𝑁𝐵] and the growth
of Σ[𝑁𝐹 , 𝑁𝐵] with increasing distance between windows, Δ𝑦, is a consequence of a
decrease of correlations between particles produced by one source. As it was already
mentioned, in this dissertation, correlations from a single source are neglected and
the entire effect is reproduced due to fluctuations of the initial states - the choice of
string configurations.

One can see (Fig. 2.4) a good agreement between the plots shown with empty
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Figure 2.4: Dependence of the quantities 𝑏𝑐𝑜𝑟𝑟[𝑁𝐹 , 𝑁𝐵] (left) and Σ[𝑁𝐹 , 𝑁𝐵] (right) on the
distance between the rapidity intervals, Δ𝑦, for the case of independent (free) sources. The
results are presented for analytical (lines) and numerical (triangles) calculations.

triangles and dashed lines. Thus, the comparison of the Monte-Carlo method with
the direct analytical calculations proves the reliability of the application of numeri-
cal calculations, which allows us to proceed to the consideration of the results taking
into account string fusion. Note that the presented formalism for free strings can be
generalised to the case with fusion by introducing new classes of strings (addition-
ally to “long”, “for”, “back”) corresponding to different degrees of strings’ overlaps.
However, in this work, we restrict ourselves to numerical calculations in the model
with string fusion.

2.7.2 Numerical calculations in the model with 3D dynamics of strings
and consequent string fusion for 𝑝+𝑝 interactions at

√
𝑠 = 200 GeV

This subsection presents the part of the results [102] obtained in the developed
model with string fusion. The full numerical simulation includes: string formation
due to colour reconnection between partons, participating in the interaction; strings’
transverse attractive dynamics; longitudinal dynamics of strings; cellular fusion of
string segments overlapped in rapidity dimension; effective string hadronisation to
the final particles. Calculations were performed for one million generated events.

Fig. 2.5 shows results of our calculations for correlation and fluctuation quanti-
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ties, Eqs. (2.7.19) and (2.7.20), constructed for charged hadron multiplicities in two
rapidity windows. The calculations were carried out both for string clusters (full
circles and triangles) and for free (independent) strings (empty circles and trian-
gles). Note, that the plot shown with empty triangles is repeated for consistency
from Fig. (2.4). String evolution is considered either up to proper time 𝜏 = 1.5 fm
(circles), or until the minimum potential energy of the string system at the moment
𝜏deepest is reached (triangles).
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Figure 2.5: Model dependence of the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] (left) and strongly in-
tensive quantity Σ[𝑁𝐹 , 𝑁𝐵] (right) on the distance between the rapidity intervals Δ𝑦, where for-
ward and backward multiplicities were calculated, for inelastic 𝑝+𝑝 interactions at

√
𝑠 = 200 GeV.

To compare the results of the developed model (Fig. 2.5) with the available
Monte-Carlo event generators, we chose PYTHIA8.3 [123, 124] with the standard
set of settings (Monash tune [125]). PYTHIA predictions are presented (Fig. 2.5)
with two options considered: without (empty squares) and with (full squares) colour
reconnection (CR) mechanism [126]. It can be shortly formulated as a re-grouping
of colour strings between partons in a way that the total length of the colour strings
formed is as short as possible. This mechanism in PYTHIA is also responsible for
the increase in the average transverse momentum with increasing multiplicity, i.e.
for an effect similar to the one resulting from the fusion of strings.

One can see that the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] monotonically decrease (Fig. 2.5,
left) with Δ𝑦, while Σ[𝑁𝐹 , 𝑁𝐵] values monotonically increase (Fig. 2.5, right). These
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dependencies repeat the rough estimates of 𝑏corr[𝑁𝐹 , 𝑁𝐵] and Σ[𝑁𝐹 , 𝑁𝐵] behaviour
with the spacing of F-B windows obtained in the toy-model (see Chapter 1).

The model behaviour of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with string fusion is qualitatively consis-
tent with the data on 𝑝+ 𝑝 collisions [127]. By comparing full and empty symbols,
one observes that the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] and Σ[𝑁𝐹 , 𝑁𝐵] decrease with string
fusion considered in the model. Similar change in the magnitudes of 𝑏corr[𝑁𝐹 , 𝑁𝐵]

and Σ[𝑁𝐹 , 𝑁𝐵] is seen for PYTHIA results with CR. The key conclusion here is that
string fusion significantly modifies the values of both quantities. At the same time,
at the moment of reaching the minimum of the potential energy by string system,
the degree of string overlaps is the maximum and, as a consequence, this leads to
the maximum deviation of the results from the free strings case.

A similar conclusion about the role of string fusion can be made for the joint
fluctuations of the multiplicity and the total transverse momentum measured in
one rapidity acceptance in terms of strongly intensive quantities, Eq. (0.0.8) and
(0.0.9), shown in Fig. 2.6 (same notations as in Fig. 2.5). In addition, both values
of Δ[𝑃𝑇 , 𝑁 ] and Σ[𝑃𝑇 , 𝑁 ] are greater than unity (Fig. 2.6), which is consistent with
the previous conclusions for this collision energy [120]. Earlier it was shown that as
the energy decreases, the values of Δ[𝑃𝑇 , 𝑁 ] become less than unity. The monotonic
growth with increasing window width 𝛿𝑦 also qualitatively agrees with [120], where
the motion of strings in the transverse plane was not taken into account.

Moreover, the values of Δ[𝑃𝑇 , 𝑁 ] and Σ[𝑃𝑇 , 𝑁 ] without string fusion (Fig. 2.6,
empty circles and triangles) are consistent with unity for any 𝛿𝑦, which corresponds
to the definition of these quantities in the case of independent particle produc-
tion. This is in contrast to PYTHIA event generator results without CR mechanism
(empty squares), meaning that PYTHIA has some residual 𝑃𝑇 −𝑁 fluctuations.

In turn, string fusion makes the model values of Δ[𝑃𝑇 , 𝑁 ] and Σ[𝑃𝑇 , 𝑁 ] depen-
dent on 𝛿𝑦 and, in addition, on the string density (compare results for 𝜏deepest (full
triangles) and 𝜏 = 1.5 fm (full circles)). Thus, they lose the property of strong
intensity and start to depend on the formation of string clusters. In the meantime,
CR mechanism in PYTHIA (full squares) also enhances the rise of Δ[𝑃𝑇 , 𝑁 ] and
Σ[𝑃𝑇 , 𝑁 ] with 𝛿𝑦, but in such a way that our model graphs do not reach their level.
Therefore, in the next section of this Chapter, the inference of model parameters
will be presented to obtain the best possible description of the experimental data.
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Figure 2.6: Model dependence of the quantities Δ[𝑃𝑇 , 𝑁 ] (left) and Σ[𝑃𝑇 , 𝑁 ] (right) on the
width of the rapidity interval 𝛿𝑦, where 𝑃𝑇 and 𝑁 were calculated, for inelastic 𝑝+ 𝑝 interactions
at

√
𝑠 = 200 GeV.

In particular, this is necessary to select the proper time, 𝜏 , until which to consider
the evolution of the system of strings in the transverse plane (and in the longitudinal
dimension).

2.8 Model results for inelastic 𝑝+ 𝑝 interactions at
√
𝑠 = 900 GeV

This section presents results published in Ref. [103] that are also obtained in
the model described in this Chapter. Calculations were performed for one million
generated events. We selected ALICE data [128, 129] on inelastic 𝑝+ 𝑝 interactions
at

√
𝑠 = 900 GeV to tune our model on a few distributions of global observables by

fixing the values of two free parameters (𝜇0 and 𝑝0, see the next subsection). Once
it is done, we compare model results with the data on correlations to see whether
one can draw a conclusion about the preference of one or another model regime.
Moreover, the very possibility of detecting traces of string dynamics or fusion in
experimental data is very attractive.
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2.8.1 Inference of model parameters

To tune our model, we simultaneously approximate ALICE data on 𝑝+𝑝 inelastic
interactions at

√
𝑠 = 900 GeV on the charged particle multiplicity distribution [128],

𝜂-spectrum [128], and ⟨𝑝𝑇 ⟩–𝑁 correlation function [129]. Global model parameters
are: parameter of the effective string hadronisation, 𝜀 = 0.1, and the transverse grid
cell size of 0.3 fm. They were fixed from the beginning of simulation, however, in
principle, they can be changed, which may require reconfiguring free parameters.
The values of the parameters for multi-pomeron distribution and for the transverse
dynamics of strings are fixed to those from Sec. 2.1–2.3.

The best correspondence between model results and ALICE data [128, 129] is
obtained for the following values of the free model parameters 𝜇0 = 0.87 and 𝑝0 =

0.38 GeV (see next subsection).

2.8.2 Global observables

We decided to tune our model with the fusion of particle-producing sources,
evolving in transverse and longitudinal dimensions until proper time 𝜏deepest. First of
all, it is because this concept of time for system evolution that depends on particular
string configuration and is dynamically defined in each event seems to be more
physical than the rough estimate of the time before the onset of hadronisation (𝜏 =

1.5 fm [59]). Moreover, the form of the dependence of mean particle transverse
momentum, ⟨𝑝𝑇 ⟩, on charged particle multiplicity, 𝑁ch, also makes this choice more
legitimate (see next subsection).

The choice of values of the model parameters is made from the comparison of
model predictions and experimental results for some of the so-called global observ-
ables characterising an event: the multiplicity of charged particles and the pseudo-
rapidity distribution of particles.

Fig. 2.7, right, shows model approximation of ALICE data on 𝜂-spectrum at
midrapidity [128]. We stress that starting from quite a complicated string struc-
ture in the rapidity space, a symmetrical inclusive 𝜂-distribution is obtained in
the whole available 𝜂-range. Thus, the experimentally observed plateau of particle
production at midrapidity is seen without the assumption of the boost invariance
of particle-producing system [130]. To adjust the model value of 𝑑𝑁ch/𝑑𝜂|𝜂=0 the
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model parameter 𝜇0 (mean particle multiplicity per rapidity unit from a free string)
was changed.

Having set 𝜇0 = 0.87, we plot the charged particle multiplicity distribution
(Fig. 2.7, left). In the experimental data on inelastic scattering, there are events
with low total multiplicity. They are biased by the diffraction processes, which is
due to the technical difficulty in recognising such events. Therefore, to describe
ALICE data [128], we removed events with 𝑁ch = 0 since diffraction processes are
not considered in the model. Thus, the corrected multiplicity distribution, 𝑃 (𝑁ch),
is plotted in Fig. 2.7, left, found as

𝑃 (𝑁ch) =
𝑃full(𝑁ch)

1− 𝑃full(0)
, (2.8.1)

where 𝑁ch denotes the charged particle multiplicity and 𝑃full is the 𝑁ch distribution
that includes events without registered particles (𝑁ch = 0).

One can see a fairly good agreement between the model result with string fusion
and the measured 𝜂-spectrum (Fig. 2.7, right, red line and black dots), however,
the model slightly deviates in describing the details of the experimental multiplicity
distribution (Fig. 2.7, left). One of the possible sources of this discrepancy is the
use of parameters for the distribution in the number of pomerons, Eq. (2.1.2), taken
from Ref. [108]. What may play a role is the fact that the authors consider a
fusion of strings infinite in rapidity and scattered in the transverse plane according
to the Gaussian distribution. In this thesis, we additionally take into account the
attractive dynamics of strings that significantly modifies the probabilities of string
fusion. Moreover, in this work, we consider strings finite in rapidity, thus, our picture
of string fusion is different from the one assumed in Ref. [108]. This circumstance
shows possibility for further improvement of the fit quality by defining the new set
of Regge parameters (see the list after Eq. (2.1.2)).

For comparison, in both Fig. 2.7 left and right, the results for free strings are
calculated with the parameters obtained earlier from the data fit by the model in the
regime with string fusion. One can see from the multiplicity distribution (Fig. 2.7,
left) and pseudorapidity spectrum (Fig. 2.7, right) that the inclusion of the string
fusion effect results in the decrease of the average multiplicity.

One should keep in mind that, in the case of the ALICE 𝜂-spectrum description
(Fig. 2.7, right), the model can be easily re-tuned so that the no-interaction sce-



58

chN
0 10 20 30 40 50

)
c
h

P
(N

0

0.02

0.04

0.06

0.08

0.1

ALICE data pp@900 GeV

this model, independent strings

this model, with string fusion

ALICE data pp@900 GeV

this model, independent strings

this model, with string fusion

h
1- 0.8- 0.6- 0.4- 0.2- 0 0.2 0.4 0.6 0.8 1

h
/d

ch
d

N

0

1

2

3

4

5

6

7

8

9

10

ALICE data pp@900 GeV

this model, independent strings

this model, with string fusion

ALICE data pp@900 GeV

this model, independent strings

this model, with string fusion

Figure 2.7: Comparison of model results for independent (free) particle-producing sources (blue
lines) and for interacting strings (red lines) with the ALICE data [128] (black squares) for inelastic
𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV. Left: charged particle multiplicity distribution, 𝑃 (𝑁ch),

Eq. (2.8.1), defined in the pseudorapidity acceptance |𝜂| < 1 for the full 𝑝𝑇 range of particles;
Right: 𝜂-distribution for the full 𝑝𝑇 range.

nario would describe the data. However, already the comparison of the multiplicity
distribution (Fig. 2.7, left) shows that the very shape of 𝑃 (𝑁ch) is different for the
model without string fusion (although, we repeat, the mean value can be fixed). The
importance of taking string fusion into account is even more evident not at the level
of global observables, but at the level of correlations, as described in the following
subsections.

2.8.3 ⟨𝑝𝑇 ⟩–𝑁 correlation function

We study ⟨𝑝𝑇 ⟩–𝑁 correlations in ALICE acceptance [129] of |𝜂| < 0.8, 0.15 <

𝑝𝑇 < 4 GeV. Again the model results with interacting particle-producing sources,
evolving till 𝜏deepest, were tuned to describe ALICE data [129]. Mean transverse
momentum of particles produced by a free string, 𝑝0, is selected as 𝑝0 = 0.38 GeV
to describe ⟨𝑝𝑇 ⟩ = 0.489 ± 0.001 GeV measured by ALICE [129] at low 𝑁ch (see
Fig. 2.8). Results obtained with other model options (but with substitution of
parameters determined from the approximation of the data in the model regime
with string fusion and 𝜏deepest) are also presented for comparison. Model findings
are compared to the PYTHIA event generator predictions.
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Figure 2.8: ⟨𝑝𝑇 ⟩–𝑁 correlation function calculated in |𝜂| < 0.8 pseudorapidity acceptance with
0.15 < 𝑝𝑇 < 4 GeV for inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV. Model results for string

system evolving till 𝜏deepest, represented by full red triangles, are tuned to follow ALICE data [129]
(the black line: data points are connected to guide the eye). See text for details.

From Fig. 2.8 one can see that the model results for independent (free) strings
(empty markers, except the squares) almost coincide for different regimes of trans-
verse strings’ dynamics: empty crosses - no transverse dynamics; empty triangles -
transverse dynamics until the unified time 𝜏 = 1.5 fm; empty circles - transverse
dynamics until 𝜏deepest defined for each event. Moreover, in this model regime (free
strings) there is no mechanism that provides the increase of ⟨𝑝𝑇 ⟩ with 𝑁 , which is
clearly demonstrated by the mentioned empty markers in Fig. 2.8.

As regards the interacting particle-producing sources, one can see more signif-
icant ⟨𝑝𝑇 ⟩–𝑁 correlations in Fig. 2.8 for the cases with the larger strings’ density
reached in the event. One could also see that the colour reconnection (CR) mech-
anism in PYTHIA (full green squares) plays formally a similar role as our string
fusion mechanism, increasing the ⟨𝑝𝑇 ⟩−𝑁 correlation. However, PYTHIA without
CR included (empty green squares) still has some background correlations (as for
Δ[𝑃𝑇 , 𝑁 ] and Σ[𝑃𝑇 , 𝑁 ], see section 2.7.2).

The important understanding, coming from the current section, is that the ex-



60

perimentally observed behaviour (Fig. 2.8, black line) that clearly demonstrates
remarkable ⟨𝑝𝑇 ⟩ −𝑁 correlation, can be described in the developed model only by
taking into account the fusion of strings into clusters. Moreover, only the simulation
with string fusion and their transverse evolution till 𝜏deepest, i.e. till the maximum
string density in an event is reached, gives the desired slope of the correlation func-
tion ⟨𝑝𝑇 ⟩ − 𝑁 . In other modes of the model with string fusion, it is possible to
choose the value of the model parameter 𝑝0 to adjust ⟨𝑝𝑇 ⟩ at low 𝑁ch, but the slope
of ⟨𝑝𝑇 ⟩ −𝑁 is not steep enough.

In brief, even though one may try to tune global observables without taking into
account the collective effects of some sort, it is not possible to explain the growth of
⟨𝑝𝑇 ⟩ with 𝑁 . Thus, in the following we focus on the consideration of the developed
model with the evolution of the string density up to time 𝜏deepest, which corresponds
to the maximum possible string overlaps, and their subsequent fusion, while other
options obtained with the parameters for the mode of interest will be shown just for
comparison.

2.8.4 Multiplicity correlations

In this section, the multiplicity correlations in pseudorapidity in terms of the
correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.6), are presented. We again study this
quantity since we hope that in the more complex model we will be able to access
the information about particle sources and their distribution. The obtained result
slightly differs from the ones presented in Chapter 1 (toy-model, Fig. 1.2) and the
ones shown in the previous section (this model, 𝑝+ 𝑝 at

√
𝑠 = 200 GeV, no tuning

on data, Fig. 2.5), therefore, we will spend some time presenting it.
Fig. 2.9 shows our model calculations of 𝑏corr[𝑁𝐹 , 𝑁𝐵] as a function of the

distance Δ𝜂 between forward and backward pseudorapidity acceptances of width
𝛿𝜂 = 0.2.

We stress that in a model with boost invariance in rapidity, i.e. when the string
longitudinal dynamics is ignored and infinite strings are considered, the fluctuations
in the number of strings would provide the constant input to the long-range correla-
tions at all positions of forward and backward rapidity windows. However, this is not
the case in our model, as with the loss of translational invariance, one obtains differ-
ent “volume” fluctuations (fluctuating number of strings acting as particle-emitting
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Figure 2.9: Model results for 𝑏corr[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.6), as a function of the distance, Δ𝜂, between
forward and backward pseudorapidity acceptance intervals, where the forward, 𝑁𝐹 , and backward,
𝑁𝐵, multiplicities, are calculated for inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV (see text for

details). Particles are selected with 0.3 GeV < 𝑝𝑇 < 1.5 GeV. The black line is drawn to guide
the eye trough the ALICE data [129].

sources) at different Δ𝜂.
Remarkably, the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] split and Fig. 2.9 shows two groups of

results. The first group is a set of plots for 𝑏corr[𝑁𝐹 , 𝑁𝐵] that exhibit almost no
dependence on Δ𝜂 both with (full red triangles) and without (empty red triangles)
string fusion for system of strings evolving till 𝜏deepest. It happens this way because
𝜏deepest is appeared to be not large: for the used model parameters, the average
𝜏deepest at

√
𝑠 = 900 GeV is about 0.73 fm. Therefore, the colour strings stay long

enough to produce particles into both forward and backward 𝜂-windows. This is
why one sees a strong correlation which does not weaken with Δ𝜂 (empty and full
red triangles). The values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] differ for model regimes: the results for
𝜏deepest with string fusion (red triangles) are the closest to the experimental values
(black line), since this model mode was used to fix the parameters based on data
(see two previous subsections).

The second group of plots represents 𝑏corr[𝑁𝐹 , 𝑁𝐵] decreasing with Δ𝜂, which
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resembles the results in Chapter 1 (toy-model, Fig. 1.2) and the ones shown in the
previous section (this model, 𝑝+ 𝑝 at

√
𝑠 = 200 GeV, no tuning on data, Fig. 2.5).

The values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] fall down with the increase of Δ𝜂 since the colour strings
are significantly shrunk by the value of 𝑦partloss , Eq. (2.4.3), with 𝜏 = 1.5 fm evolution
time. Therefore, the number of strings that produce particles in both forward and
backward pseudorapidity windows strongly decreases with the separation of these
windows, which leads to the weakening of the correlation. As a cross-check, one can
notice that the results for 𝜏 = 1.5 fm and for the case without transverse string
dynamics almost coincide for independent strings (open circles and crosses). This is
because, in these both cases, we used 𝜏 = 1.5 fm for the longitudinal dynamics.

In general, the results for interacting strings lie below the corresponding plots
for independent strings because of the lower multiplicity caused by string fusion in
the former case. The same prediction on the suppression of 𝑏corr[𝑁𝐹 , 𝑁𝐵] values was
obtained earlier for strings that are infinite in rapidity [56].

In Fig. 2.9, the reduction of 𝑏corr[𝑁𝐹 , 𝑁𝐵] for the model with string fusion (full
triangles or full circles) compared to the results in the model with free strings (empty
triangles or empty circles, respectively) has the same magnitude at all considered
Δ𝜂. This means that string fusion occurs with approximately the same frequency
at these Δ𝜂. It is not the case for 𝑏corr[𝑁𝐹 , 𝑁𝐵] presented in Chapter 1 (toy-model,
Fig. 1.2) and for the one shown in the previous section (this model, 𝑝+𝑝 at

√
𝑠 = 200

GeV, no tuning on data, Fig. 2.5). The new result seems to be more reliable since
this model is more developed than the toy-model from Chapter 1. Moreover, the
selection of its parameters is data-driven, contrary to the results for

√
𝑠 = 200 GeV.

Moreover, a comparable behaviour is observed for PYTHIA simulations: colour
reconnection gives an effect similar to that for the string fusion mechanism - an
overall decrease of multiplicity and that of 𝑏corr[𝑁𝐹 , 𝑁𝐵], constant with Δ𝜂. Note,
that PYTHIA with colour reconnection (full green squares) almost perfectly follows
the experimental 𝑏corr[𝑁𝐹 , 𝑁𝐵] (black line).

Concerning the comparison of ALICE data [99] and model results (Fig. 2.5): the
simultaneous fit to the experimental 𝑑𝑁ch/𝑑𝜂 and 𝑃 (𝑁ch) distributions allows us
to reproduce the experimental value of 𝑏corr[𝑁𝐹 , 𝑁𝐵] only at midrapidity (Δ𝜂 = 0,
interacting strings evolving till 𝜏deepest, full red triangles). However, for the moment,
the model does not follow the steady decrease of the 𝑏corr[𝑁𝐹 , 𝑁𝐵] values in data
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(the full red triangles versus the black line).
Thus, since we have chosen (and tuned) the model with the fusion of strings that

have evolved until 𝜏deepest, from comparing the results for 𝑏corr[𝑁𝐹 , 𝑁𝐵] with ALICE
data [99], we can say:

1. The resulting background of multiplicity correlations, arising from fluctua-
tions in the number of strings producing particles in forward and backward
pseudorapidity windows, cannot describe the experimental data that contains
the contribution of short-range correlations. However, it provides a non-trivial
“reference” level that varies depending on the evolution time 𝜏 of the string
density.

2. There are no short-range correlations introduced to the model (no correlations
between the produced particles from a string). We assume that taking them
into account, for example, in analogy with Ref. [95], together with the long-
range ones (this model) can give the correct behaviour of 𝑏corr[𝑁𝐹 , 𝑁𝐵].

To conclude here, we note that the evolution time and the relevant string density
are found playing the major role in defining how large the correlation coefficient
is and how it behaves with the distance, Δ𝜂, separating forward and backward
pseudorapidity acceptance intervals.

2.8.5 Multiplicity fluctuations with strongly intensive observable

To avoid the dependence of the results on the system “volume” (number of strings
and string clusters), it is reasonable to study joint multiplicity fluctuations in forward
and backward pseudorapidity intervals in terms of the aforementioned fluctuation
measure, Σ[𝑁𝐹 , 𝑁𝐵], [80], Eq. (0.0.7).

Let us remind the reader that the strongly intensive quantities [79] by construc-
tion do not depend nor on the system volume, nor on its event-by-event fluctuations
in the simple models. They are normalised to be equal to zero in the absence of
fluctuations and to be equal to unity in the case of the models with independent
particle production [97].

Fig. 2.10 demonstrates an increase from the unity of Σ[𝑁𝐹 , 𝑁𝐵] values with
the distance between forward and backward 𝜂-acceptances. One can argue that
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the results for free and interacting strings split, which makes Σ[𝑁𝐹 , 𝑁𝐵] dependent
on the types of particle-producing sources. This result is in agreement with the
conclusions made in Ref. [96]: string fusion makes Σ[𝑁𝐹 , 𝑁𝐵] being equal to the
weighted average of Σ values for strings of different types, thus, depending on the
characteristics of particle-producing sources.

η∆
0.2− 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

]
B

,N
F

[NΣ

1

1.02

1.04

1.06

1.08
 < 1.5 GeV/c

T
pp@900 GeV, 0.3 < p

 = 1.5 fm/cτindependent strings, 
 = 1.5 fm/cτwith string fusion, 

deepestτindependent strings, 

deepestτwith string fusion, 
PYTHIA 8.3 no CR inelastic
PYTHIA 8.3 default inelastic

 

Figure 2.10: Model results for Σ[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.7), as a function of the distance, Δ𝜂, between
forward and backward pseudorapidity acceptance intervals, where 𝑁𝐹 and 𝑁𝐵 multiplicities are
calculated for inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV (see text for details). Particles are

selected with: 0.3 GeV < 𝑝𝑇 < 1.5 GeV.

The values of Σ[𝑁𝐹 , 𝑁𝐵] for 𝜏 = 1.5 fm (blue circles) at the largest Δ𝜂 are
smaller for the case of the formation of string clusters (full blue circles) than for
free strings (empty blue circles). This difference resembles also the splitting for the
PYTHIA plots with (full green squares) and without (empty green squares) colour
reconnection. Model results for 𝜏deepest lie even lower (red triangles), although it is
complicated to distinguish the two model regimes here.

The Δ𝜂 behaviour of Σ[𝑁𝐹 , 𝑁𝐵] (Fig. 2.10) is similar to the one obtained in
the presented simplified calculation (see Chapter 1) and for this model without the
fixation of parameters (at

√
𝑠 = 200 GeV, see section 2.7.2). However, in Fig. 2.10,

there is no rapid decline of Σ[𝑁𝐹 , 𝑁𝐵] to the level of unity at large Δ𝜂 since this
study is performed in ALICE acceptance and such large Δ𝜂 as in Fig. 1.3, are not



65

available for analysis. A considerable difference with the PYTHIA predictions can
be explained by the absence of short-range effects in our model that was currently
aimed at the study of long-range correlation effects.

One has to mention that the same qualitative behaviour of Σ[𝑁𝐹 , 𝑁𝐵] with Δ𝜂

was obtained in Ref. [95], where the authors considered only strings infinite in
rapidity, but included the effects of short-range correlations. Thus, one may argue
that both the absence of short-range correlations and the presence of “short” strings
in our model give the same results for Σ[𝑁𝐹 , 𝑁𝐵], which indicates the importance
of the coherent application of the two approaches.

Thus, the intermediate conclusion for Σ[𝑁𝐹 , 𝑁𝐵] behaviour broadly repeats the
one made in Chapter 1, however, it is now based on the results in the advanced
model [103] that has been tuned to the experimental data. This correspondence
confirms the correctness of the model and makes the conclusions drawn more signif-
icant.

2.8.6 Forward multiplicity studies

In the analysis of the experimental data, along with the choice of some stable
variables, such as Σ[𝑁𝐹 , 𝑁𝐵], another possibility to control an event’s initial condi-
tions is to select for analysis some sort of similar events. This is crucial in the study
of fluctuations since the influence of trivial fluctuations may spoil the studied signal
and, thus, should be eliminated.

In the context of the present study, it is necessary to make an important remark.
We follow the picture of multi-pomeron exchange, with each cut pomeron resulting
in the formation of two colour strings. In this model, the events differ by the number
of created colour strings that form the event-by-event fluctuating effective “volume”
of the system that produces particles. In this sense, one can group the 𝑝+ 𝑝 events
in some classes with more or less similar number of strings created, which can be
related with the centrality determination in 𝐴 + 𝐴 collisions. In this study [103],
we repeat the procedure used in the ALICE experiment to define multiplicity-based
classes of events in proton–proton collisions following Ref. [101].

Knowing pseudorapidity value, 𝜂, for each particle, we plot the multiplicity of
particles that would fly into the V0-detector of ALICE [131], whose acceptance cov-
ers 2.8 < 𝜂 < 5.1 and −3.7 < 𝜂 < −1.7 regions. This is to avoid auto-correlations
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with the TPC (Time-Projection Chamber) data. We divide the distribution into five
classes, each of which containing 20% of the events. For the analysis, the 0–20%, 20–
40%, and 40–60% classes are taken and the strongly intensive quantity Σ[𝑁𝐹 , 𝑁𝐵],
Eq. (0.0.7), is calculated for events from each class.

It is important to mention that the acceptance of the ALICE V0-detector covers
the region where quasi-diffractive processes play a role. Furthermore, in this region,
it is crucial to properly model the string fragmentation close to the string endpoints,
e.g. to take into account the possibility to have a diquark as an endpoint, which
can produce additional baryon yields, etc. Finally, these detectors have non-ideal
resolution, and hence, this factor has to be included in the simulations as well. All
these effects are not taken into account in this version of the model. Because of this,
we do not perform any direct comparison with the available experimental data [101]
obtained in very narrow multiplicity-based event classes. Instead, we study whether
Σ[𝑁𝐹 , 𝑁𝐵] depends on an event “type” and whether the property of strong intensity
is violated for Σ[𝑁𝐹 , 𝑁𝐵] under the assumption of string fusion.

In Fig. 2.11, one can see that, for all multiplicity-based event classes, Σ[𝑁𝐹 , 𝑁𝐵],
Eq. (0.0.7), exhibits the same behaviour: an increase with Δ𝜂. The main result is
that in the model, for more “central” events, the obtained value of Σ[𝑁𝐹 , 𝑁𝐵] is
systematically larger than the one for more “peripheral” events, although with the
limited statistical accuracy this deviation does not exceed 1−2 standard deviations.
The same behaviour was observed by ALICE in 𝑝+ 𝑝 data [101].

This is another manifestation of the string fusion effect because, for more “cen-
tral” events, i.e. events with the higher forward multiplicity, one has a larger number
of strings. This means that one has a higher probability of strings interaction and
that one could possibly produce string clusters of higher string tension. A similar
analysis with the same conclusion was performed recently in Ref. [95] for interacting
strings that are infinite in rapidity. Again, let us emphasise the importance of taking
into account both the short-range correlations that were modelled in Ref. [95] and
the initial conditions that are considered in this model, e.g. strings of short length
in rapidity and/or their shifts with respect to midrapidity, as these two effects give
similar results and cannot be easily disentangled by analysing Σ[𝑁𝐹 , 𝑁𝐵] only.

At first sight, this result is the exact opposite of the one obtained in the toy-model
(see Chapter 1). In Fig. 1.3, the values of Σ[𝑁𝐹 , 𝑁𝐵] exhibit a strong decrease with
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Figure 2.11: Model “centrality” dependence of Σ[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.7), for 0–20%, 20–40%, and
40–60% multiplicity-based event classes as a function of the distance Δ𝜂 between forward and
backward pseudorapidity acceptance intervals, where 𝑁𝐹 and 𝑁𝐵 multiplicities are calculated for
inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV in the model configuration for interacting strings

without transverse dynamics. Particles are selected with 0.3 GeV < 𝑝𝑇 < 1.5 GeV.

the density of strings for model regime with string fusion. The string density can
be indirectly compared with the “centrality” of events: this measure corresponds
to the number of pomerons formed and, in our model, can be related with the
number of parton interactions. In turn, in the current section, the “centrality” of
𝑝 + 𝑝 collisions is determined in the same way as in the experimental analysis:
by percentiles of the multiplicity distribution in the acceptance of the ALICE V0
detector. Thus, the two proxies of the geometrical centrality definition may well
give two different results. Another remark is that, to obtain the results presented
in Fig. 1.3, we used significantly different average values for the number of strings
in an event (⟨𝑛str⟩ = 8, 30, 50). In turn, the analysis, presented in this Chapter, is
carried in the broad centrality classes of 20% due to the low available statistics as
the simulation procedure is too CPU-demanding at the moment. Thus, the effect
in Fig. 2.11 of Σ[𝑁𝐹 , 𝑁𝐵] dependence on string density, i.e. “centrality” of events,
is not so striking and, to some extent, it is even difficult to judge its direction. But
the main conclusion is still valid: string fusion decreases the values of Σ[𝑁𝐹 , 𝑁𝐵] in
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the way similar to the simplified calculation in Chapter 1.

2.8.7 Connection of Σ[𝑁𝐹 , 𝑁𝐵] with cumulants and factorial cumulants

To illustrate the beauty of the mathematics standing behind the observable
Σ[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.7), let us briefly discuss its connection with the other often
used objects, namely the cumulants and factorial cumulants.

Following the notations from [132] we note that the moments 𝜇𝜈1,...,𝜈𝑁 of the
distribution of random variables 𝑋1, ..., 𝑋𝑁 can be found from 𝑀(𝜉1, ..., 𝜉𝑁) - the
moment generating function,

𝑀(𝜉1, ..., 𝜉𝑁) ≡
⟨
e
∑︀𝑁

𝑖=1 𝜉𝑖𝑋𝑖

⟩
, (2.8.2)

by taking the corresponding derivatives

𝜇𝜈1,...,𝜈𝑁 =
𝜕𝜈1

𝜕𝜉𝜈11
...

𝜕𝜈𝑁

𝜕𝜉𝜈𝑁𝑁
𝑀(𝜉1, ..., 𝜉𝑁)

⃒⃒
⃒⃒
𝜉1=...=𝜉𝑁=0

. (2.8.3)

Then the cumulants 𝜅𝜈1,...,𝜈𝑁 of the distribution of random variables 𝑋1, ..., 𝑋𝑁 can
be found from the cumulant generating function, i.e. the logarithm of the moment
generating function,

𝐾(𝜉1, ..., 𝜉𝑁) ≡ ln𝑀(𝜉1, ..., 𝜉𝑁) = ln
⟨
e
∑︀𝑁

𝑖=1 𝜉𝑖𝑋𝑖

⟩
, (2.8.4)

also by taking the corresponding derivatives

𝜅𝜈1,...,𝜈𝑁 =
𝜕𝜈1

𝜕𝜉𝜈11
...

𝜕𝜈𝑁

𝜕𝜉𝜈𝑁𝑁
𝐾(𝜉1...𝜉𝑁)

⃒⃒
⃒⃒
𝜉1=...=𝜉𝑁=0

. (2.8.5)

In other words, the cumulants 𝜅𝜈1,...,𝜈𝑁 are the coefficients of the Taylor series ex-
pansion around zero of the cumulant generating function:

𝐾(𝜉1, ..., 𝜉𝑁) =
∑︁ ′

𝜈1,...,𝜈𝑁

(︃∏︁

𝑗

𝜉
𝜈𝑗
𝑗

𝜈𝑗!

)︃
𝜅𝜈1,...,𝜈𝑁 , (2.8.6)

where
∑︀ ′ does not contain the term with 𝜈1 = ... = 𝜈𝑁 = 0.

The meaning of the definition of cumulants can be presented as follows [133]:
any 𝑘-particle distribution,

𝑑𝑁

𝑑p1...𝑑p𝑘

≡ 𝑓(p1, ...,p𝑘), (2.8.7)
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can be divided into the sum of its correlated, 𝑓𝑐, and uncorrelated, 𝑓 , contributions.
For 𝑘 = 2, it becomes

𝑓(p1,p2) = 𝑓(p1)𝑓(p2) + 𝑓𝑐(p1,p2), (2.8.8)

where the second term represents the genuine contribution of two-particle correla-
tions to the measured two-particle distribution. For 𝑘 = 3, the expression becomes
more complex, since in addition to the genuine three-particle correlation, one has to
take into account all combinations of two-particle correlations:

𝑓(p1,p2,p3) = 𝑓(p1)𝑓(p2)𝑓(p3)

+ 𝑓𝑐(p1,p2)𝑓(p3) + 𝑓(p1)𝑓𝑐(p2,p3) + 𝑓(p2)𝑓𝑐(p1,p3)

+ 𝑓𝑐(p1,p2,p3).

(2.8.9)

In this case, 𝑓𝑐(p1,p2,p3) is a three-particle cumulant,

𝑓𝑐(p1,p2,p3) = 𝑓(p1,p2,p3)− 𝑓(p1)𝑓(p2)𝑓(p3)

− 𝑓𝑐(p1,p2)𝑓(p3) + 𝑓(p1)𝑓𝑐(p2,p3) + 𝑓(p2)𝑓𝑐(p1,p3),
(2.8.10)

and this procedure can be generalised for cumulants of higher orders. Thus, the
𝑘-particle cumulant is obtained from the 𝑘-particle distribution after subtracting
𝑙-particle correlations of lower orders (𝑙 < 𝑘).

Here, for completeness, we provide the relations [132] between the first few cu-
mulants, Eq. (2.8.5), and the moments, Eq. (2.8.3):

𝜅1 = 𝜇1, (2.8.11)

𝜅2 = 𝜇2 − 𝜇2
1, (2.8.12)

𝜅1,1 = 𝜇1,1 − 𝜇0,1𝜇1,0, (2.8.13)

𝜅2,1 = 2𝜇0,1𝜇
2
1,0 − 2𝜇1,1𝜇1,0 − 𝜇0,1𝜇2,0 + 𝜇2,1, (2.8.14)

𝜅1,2 = 2𝜇1,0𝜇
2
0,1 − 2𝜇1,1𝜇0,1 − 𝜇0,2𝜇1,0 + 𝜇1,2, (2.8.15)

𝜅1,1,1 = 2𝜇0,0,1𝜇0,1,0𝜇1,0,0 − 𝜇0,1,1𝜇1,0,0

−𝜇0,1,0𝜇1,0,1 − 𝜇0,0,1𝜇1,1,0 + 𝜇1,1,1. (2.8.16)

Another characteristic of the distribution is the factorial moments, 𝜇𝑓
𝜈1,...,𝜈𝑁

, that
can be found from 𝐹 (𝜉1, ..., 𝜉𝑁) - the factorial moment generating function,

𝐹 (𝜉1, ..., 𝜉𝑁) ≡
⟨

𝑁∏︁

𝑖=1

(1 + 𝜉𝑖)
𝑋𝑖

⟩
, (2.8.17)
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by taking the corresponding derivatives

𝜇𝑓
𝜈1,...,𝜈𝑁

=
𝜕𝜈1

𝜕𝜉𝜈11
...

𝜕𝜈𝑁

𝜕𝜉𝜈𝑁𝑁
𝐹 (𝜉1, ..., 𝜉𝑁)

⃒⃒
⃒⃒
𝜉1=...=𝜉𝑁=0

. (2.8.18)

Then the factorial cumulants, 𝜅𝑓
𝜈1,...,𝜈𝑁

, can be found from the factorial cumulant
generating function, i.e. the logarithm of the factorial moment generating function,

𝐾𝑓(𝜉1, ..., 𝜉𝑁) ≡ ln𝐹 (𝜉1, ..., 𝜉𝑁) = ln

⟨
𝑁∏︁

𝑖=1

(1 + 𝜉𝑖)
𝑋𝑖

⟩
, (2.8.19)

also by taking the corresponding derivatives

𝜅𝑓
𝜈1,...,𝜈𝑁

=
𝜕𝜈1

𝜕𝜉𝜈11
...

𝜕𝜈𝑁

𝜕𝜉𝜈𝑁𝑁
𝐾𝑓(𝜉1, ..., 𝜉𝑁)

⃒⃒
⃒⃒
𝜉1=...=𝜉𝑁=0

. (2.8.20)

Let us provide the relations between several first cumulants and factorial cumu-
lants:

𝜅1 = 𝜅𝑓
1 , (2.8.21)

𝜅2 = 𝜅𝑓
1 + 𝜅𝑓

2 , (2.8.22)

𝜅3 = 𝜅𝑓
1 + 3𝜅𝑓

2 + 𝜅𝑓
3 , (2.8.23)

𝜅4 = 𝜅𝑓
1 + 7𝜅𝑓

2 + 6𝜅𝑓
3 + 𝜅𝑓

4 , (2.8.24)

𝜅5 = 𝜅𝑓
1 + 15𝜅𝑓

2 + 25𝜅𝑓
3 + 10𝜅𝑓

4 + 𝜅𝑓
5 , (2.8.25)

𝜅6 = 𝜅𝑓
1 + 31𝜅𝑓

2 + 90𝜅𝑓
3 + 65𝜅𝑓

4 + 15𝜅𝑓
5 + 𝜅𝑓

6 . (2.8.26)

These formulas show that the 𝑛-order cumulant is determined by factorial cu-
mulants of 𝑛′ ≤ 𝑛 orders. It also follows that if the factorial cumulant of 𝑛 order is
zero (i.e. there are no 𝑛-particle correlations in the model), then there is no point in
studying cumulants of higher order than 𝑛, since they will not carry any additional
information compared to the cumulants of lower orders [134].

Now we consider the joint distribution 𝑃 (𝑁𝐹 , 𝑁𝐵) of probabilities of multiplici-
ties of charged particles, 𝑁𝐹 and 𝑁𝐵, in pseudorapidity windows in the forward and
backward hemispheres. One can introduce cumulants and factorial cumulants for
any linear combination of 𝑁𝐹 and 𝑁𝐵. Following the notations from Ref. [135], let
us define a selected linear combination as a 𝑞-vector

𝑞(𝑥) = 𝑥1 ·𝑁𝐹 + 𝑥2 ·𝑁𝐵. (2.8.27)
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Let us consider these two specific 𝑞-vectors

𝑞(𝑎) = 𝑁𝐹 +𝑁𝐵, (2.8.28)

𝑞(𝑏) = 𝑁𝐹 −𝑁𝐵, (2.8.29)

where 𝑎 = (1, 1) and 𝑏 = (1,−1). The auxiliary 𝑞-vectors that one needs in order
to calculate cumulants and factorial cumulants are

𝑞(𝑎2) = 𝑞(𝑎), (2.8.30)

𝑞(𝑏2) = 𝑞(𝑎), (2.8.31)

𝑞(𝑎𝑏) = 𝑞(𝑏). (2.8.32)

Then, following Ref. [135], one can immediately express the first-order and
second-order cumulants for the joint probability distribution, 𝑃 (𝑁𝐹 , 𝑁𝐵), in terms
of the moments of the same distribution:

⟨𝑞(𝑎)⟩c = ⟨𝑁𝐹 ⟩+ ⟨𝑁𝐵⟩, (2.8.33)

⟨𝑞(𝑏)⟩c = ⟨𝑁𝐹 ⟩ − ⟨𝑁𝐵⟩, (2.8.34)

⟨𝑞2(𝑎)⟩c = ⟨𝑁 2
𝐹 ⟩ − ⟨𝑁𝐹 ⟩2 + ⟨𝑁 2

𝐵⟩ − ⟨𝑁𝐵⟩2 + 2 · cov(𝑁𝐹 , 𝑁𝐵), (2.8.35)

⟨𝑞2(𝑏)⟩c = ⟨𝑁 2
𝐹 ⟩ − ⟨𝑁𝐹 ⟩2 + ⟨𝑁 2

𝐵⟩ − ⟨𝑁𝐵⟩2 − 2 · cov(𝑁𝐹 , 𝑁𝐵), (2.8.36)

⟨𝑞(𝑎) · 𝑞(𝑏)⟩c = ⟨𝑁 2
𝐹 ⟩ − ⟨𝑁𝐹 ⟩2 − ⟨𝑁 2

𝐵⟩+ ⟨𝑁𝐵⟩2, (2.8.37)

where cov(𝑁𝐹 , 𝑁𝐵) = ⟨𝑁𝐹𝑁𝐵⟩ − ⟨𝑁𝐹 ⟩⟨𝑁𝐵⟩. In turn, the factorial cumulants can
be straightforwardly expressed in terms of the cumulants:

⟨𝑞(𝑎)⟩fc = ⟨𝑞(𝑎)⟩c , (2.8.38)

⟨𝑞(𝑏)⟩fc = ⟨𝑞(𝑏)⟩c , (2.8.39)

⟨𝑞2(𝑎)⟩fc = ⟨𝑞2(𝑎)⟩c − ⟨𝑞(𝑎2)⟩c = ⟨𝑞2(𝑎)⟩c − ⟨𝑞(𝑎)⟩c , (2.8.40)

⟨𝑞2(𝑏)⟩fc = ⟨𝑞2(𝑏)⟩c − ⟨𝑞(𝑏2)⟩c = ⟨𝑞2(𝑏)⟩c − ⟨𝑞(𝑎)⟩c , (2.8.41)

⟨𝑞(𝑎) · 𝑞(𝑏)⟩fc = ⟨𝑞(𝑎) · 𝑞(𝑏)⟩c − ⟨𝑞(𝑎𝑏)⟩c = ⟨𝑞(𝑎) · 𝑞(𝑏)⟩c − ⟨𝑞(𝑏)⟩c . (2.8.42)

One could immediately notice the connection of the presented cumulants and
factorial cumulants with the strongly intensive quantity in the case of symmetrical
pseudorapidity intervals, i.e. when ⟨𝑁𝐹 ⟩ = ⟨𝑁𝐵⟩:

Σ[𝑁𝐹 , 𝑁𝐵] =
⟨𝑞2(𝑏)⟩c
⟨𝑞(𝑎)⟩c

= 1 +
⟨𝑞2(𝑏)⟩fc
⟨𝑞(𝑎)⟩fc

. (2.8.43)
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This connection is not surprising as soon as the goal of the construction of these
special observables (or ratios of observables) is to suppress trivial statistical fluc-
tuations. Therefore, we have derived [103] the connection between Σ[𝑁𝐹 , 𝑁𝐵] and
(factorial) cumulants, which is another way to see the property of strong intensity
of Σ[𝑁𝐹 , 𝑁𝐵].

2.8.8 Connection of Σ[𝑁𝐹 , 𝑁𝐵] with the asymmetry coefficient

The main difference between the model results shown in Fig. 2.10 for 𝜏 = 1.5 fm
and 𝜏deepest comes from the geometry of the system of strings in an event (considering
the transverse dynamics and longitudinal compression of strings, as well as the
formation of string clusters via fusion). Indeed, as it was already mentioned in
section 2.8.4, the average 𝜏deepest is less than 𝜏 = 1.5 fm. It results in the event-by-
event formation of different sets of strings and/or string clusters that asymmetrically
produce particles in the forward and backward 𝜂-acceptances. Thus, another way to
look at event-by-event multiplicity fluctuations is to construct an event observable,

𝐶 =
𝑁𝐹 −𝑁𝐵√
𝑁𝐹 +𝑁𝐵

, (2.8.44)

that measures an event asymmetry in pseudorapidity [136] and to study the variance,
𝜎2
𝐶 , of its distribution over a set of events.

Let us consider the analytical form of 𝜎2
𝐶 :

𝜎2
𝐶 = 𝐷𝐶 ≡ Var(𝐶) =

⟨
(𝑁𝐹 −𝑁𝐵)

2

𝑁𝐹 +𝑁𝐵

⟩
−
⟨

𝑁𝐹 −𝑁𝐵√
𝑁𝐹 +𝑁𝐵

⟩2

, (2.8.45)

where, for convenience, we have redefined the notation of the variance 𝐷𝐴 of the
distribution of some quantity 𝐴 as Var(𝐴).

The observable 𝜎2
𝐶 has been extensively studied in different models [137, 138,

139], e.g. in the cluster model of particle production, this observable helped to ex-
tract the average cluster size or, in other words, effective cluster multiplicity. More-
over, the extracted value both from 𝑝 + 𝑝 and 𝐴𝑢 + 𝐴𝑢 reactions was larger than
the one predicted for the hadron-resonance gas model, indicating that correlations
cannot be explained purely by the hadronic degrees of freedom considered in some
statistical ensembles. In most of these studies, the two-stage scenario was adopted
in one way or the other: some of the models take into account string interaction,
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while others provide a non-trivial and non-uniform in rapidity fragmentation func-
tion of particle-emitting sources. However, none of them consider simultaneously
longitudinal dynamics and collectivity as we do in our approach [103].

Let us show that 𝜎2
𝐶 is closely related to the strongly intensive quantity,

Σ[𝑁𝐹 , 𝑁𝐵]. Using the assumptions,
⟨
(𝑁𝐹 −𝑁𝐵)

2

𝑁𝐹 +𝑁𝐵

⟩
=

⟨︀
(𝑁𝐹 −𝑁𝐵)

2
⟩︀

⟨𝑁𝐹 +𝑁𝐵⟩
, (2.8.46)

⟨
𝑁𝐹 −𝑁𝐵√
𝑁𝐹 +𝑁𝐵

⟩2

=

⟨︀
(𝑁𝐹 −𝑁𝐵)

2
⟩︀

⟨𝑁𝐹 +𝑁𝐵⟩
, (2.8.47)

for the first and the second term of 𝜎2
𝐶 in Eq. (2.8.45), respectively, one arrives at

𝜎2
𝐶 =

Var(𝑁𝐹 −𝑁𝐵)

⟨𝑁𝐹 +𝑁𝐵⟩

=
⟨𝑁 2

𝐹 ⟩ − 2⟨𝑁𝐹𝑁𝐵⟩+ ⟨𝑁 2
𝐵⟩ − ⟨𝑁𝐹 ⟩2 + 2⟨𝑁𝐹 ⟩⟨𝑁𝐵⟩ − ⟨𝑁𝐵⟩2
⟨𝑁𝐹 +𝑁𝐵⟩

=
Var(𝑁𝐹 ) + Var(𝑁𝐵)− 2cov(𝑁𝐹 , 𝑁𝐵)

⟨𝑁𝐹 +𝑁𝐵⟩

=
⟨𝑁𝐹 ⟩𝜔[𝑁𝐵] + ⟨𝑁𝐵⟩𝜔[𝑁𝐹 ]− 2cov(𝑁𝐹 , 𝑁𝐵)

⟨𝑁𝐹 ⟩+ ⟨𝑁𝐵⟩
,

(2.8.48)

where the last equality holds under the assumption of ⟨𝑁𝐹 ⟩ = ⟨𝑁𝐵⟩. Thus,

𝜎2
𝐶 ≈ Σ[𝑁𝐹 , 𝑁𝐵]. (2.8.49)

The assumptions made, Eqs. (2.8.46) and (2.8.47), are in accordance with the
approximate calculations of Ref. [139], where deviations of 𝑁𝐹 and 𝑁𝐵 from ⟨𝑁𝐹 ⟩
and ⟨𝑁𝐵⟩ are considered to be small enough.

An important remark concerning 𝜎2
𝐶 needs to be made. Despite the demon-

strated connection with Σ[𝑁𝐹 , 𝑁𝐵], strictly speaking, 𝜎2
𝐶 is not a strongly intensive

observable and may receive additional contributions coming from the “volume” fluc-
tuations, as the latter are, in general, not cancelled out without the assumptions in
Eqs. (2.8.46) and (2.8.47). Nevertheless, 𝜎2

𝐶 is considered as an important quantity
since it shows the magnitude of the fluctuations in terms of event asymmetry in the
longitudinal dimension, i.e. 𝜎2

𝐶 indirectly provides us with some information about
the initial state.
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Fig. 2.12, left, shows that 𝜎2
𝐶 , calculated from the model distribution of the asym-

metry coefficient 𝐶, Eq. (2.8.44), indeed exhibits a behaviour similar to Σ[𝑁𝐹 , 𝑁𝐵]

(see Fig. 2.10). Although both quantities gradually rise with Δ𝜂, 𝜎2
𝐶 is not reaching

the unity for the close 𝜂-acceptances (Δ𝜂 = 0). As seen, in this region, there are the
largest fluctuations of 𝑁𝐹,𝐵, and respectively, the assumption of small deviations of
event-by-event multiplicities from their average values does not hold.
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Figure 2.12: Left: 𝜎2
𝐶 of the asymmetry coefficient, 𝐶, Eq. (2.8.44), distribution; Right: the

Var(𝑁𝐹 − 𝑁𝐵) versus its Skellam baseline, as functions of the distance, Δ𝜂, between forward
and backward pseudorapidity acceptance intervals, where 𝑁𝐹 and 𝑁𝐵 multiplicities are calculated
event-by-event for inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV (see text for details). Particles

are selected with 0.3 GeV < 𝑝𝑇 < 1.5 GeV.

Fig. 2.12, right, explains why the values of 𝜎2
𝐶 are slightly above unity in a

more detailed way. The point is that the difference of two quantities, that follow the
Poissonian distribution, would follow the Skellam distribution (typically, the Skellam
function is considered as a baseline in the studies of net-charge fluctuations). In our
case, the numerator of 𝜎2

𝐶 can be treated as a net-hadronic charge in rapidity. Thus,
the values of the model results of Var(𝑁𝐹 − 𝑁𝐵), in Fig. 2.12, right (symbols of
different colours), lie slightly above the corresponding Skellam baselines calculated
as ⟨𝑁𝐹 ⟩ + ⟨𝑁𝐵⟩ (dashed lines of the corresponding colours). Therefore, the ratios
of those model values over the lines are equal to 𝜎2

𝐶 that is slightly above the unity
(Fig. 2.12, left).

Following Ref. [136], we suggest that at Δ𝜂 = 0 it is the contribution of
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strings and/or string clusters, producing particles in both forward and backward
𝜂-acceptances, that suppresses the value of Σ[𝑁𝐹 , 𝑁𝐵] and 𝜎2

𝐶 . With the increase
of Δ𝜂, one expects more and more rare impact of such sources. Instead, the “short”
quark–gluon strings appear that produce particles only in the forward or in the
backward 𝜂-intervals.

To summarise the last two subsections, it should be emphasised that the obtained
relations demonstrate the strict correspondence of Σ[𝑁𝐹 , 𝑁𝐵] and (factorial) cumu-
lants, and the conditional similarity of Σ[𝑁𝐹 , 𝑁𝐵] and the asymmetry coefficient of
𝑁𝐹 −𝑁𝐵 distribution. This allows one to combine these quantities into a family of
measures robust against the trivial multiplicity fluctuations and to choose the most
convenient one for study. However, as it is also shown in Eq. (2.7.19), the correlation
coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] provides some additional information on correlated particle
production, thus, its study should accompany the use of strongly intensive variables.

2.9 Discussion

This Chapter presents the elaborated model of multi-particle production that
is based on the ideas that were for the first time proposed and tested in the toy-
model (see Chapter 1). The full chain of an event simulation in the developed more
complex model includes:

1. determination of the parton composition of protons with the given number of
partons,

2. formation of the number of colour strings in an event that corresponds to the
double number of exchanged pomerons,

3. the transverse dynamics of the string system in an event, which is determined
by the attractive potential between strings and leads to their clustering,

4. longitudinal dynamics of massive strings’ ends that results in the loss of boost
invariance in the model,

5. fusion of the fragments of strings whose centres lie in the same transverse cell
and that overlap in the rapidity dimension,

6. effective string hadronisation.
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In this Monte-Carlo model, we have obtained results on multiplicity and trans-
verse momentum correlations and fluctuations for inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 200 GeV [102] and

√
𝑠 = 900 GeV [103]. In the current Chapter of the

dissertation, long-range correlations are naturally introduced to the model due to
the formation of strings finite in rapidity and appear from the fluctuations in the
number of strings that produce particles in the pseudorapidity windows in forward
and backward hemispheres.

The obtained results are in trend with the conclusions of the toy-model (see
Chapter 1), however, they provide more information on particle producing sources
and their interactions, thanks to the development of the model and its adjustment
to experimental data.

The main conclusions of this Chapter, derived from the comparison of model
results with world experimental data and studies in other string-based models, are:

1. The good correspondence between the analytical and numerical calculations
in the model without string fusion, but with the longitudinal dynamics was
shown for 𝑏corr[𝑁𝐹 , 𝑁𝐵] and Σ[𝑁𝐹 , 𝑁𝐵] quantities. This fact confirms the
numerical correctness of the model and allows us to move on to more complex
calculations: consider the fusion of strings in the Monte-Carlo regime.

2. The obtained model results for 𝑏corr[𝑁𝐹 , 𝑁𝐵] in inelastic 𝑝 + 𝑝 interactions
at

√
𝑠 = 200 GeV (without specific model tuning) in general repeat the first

evaluation results in the toy-model (Chapter 1) and qualitatively resemble the
experimental results: the decrease of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with Δ𝑦. The difference
between 𝑏corr[𝑁𝐹 , 𝑁𝐵] values with and without string fusion grows with the
average string density: the splitting for system evolution till 𝜏deepest is approx-
imately two times larger than the one for string dynamics till 𝜏 = 1.5 fm (to
remind the reader: at 𝜏deepest the string system is in the minimum of potential
energy, thus, it is the most dense state). For both cases string fusion decreases
the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵]. It is in agreement with the results of the toy-model
in Chapter 1. The behaviour of this difference is the same for two models: the
largest gap of the values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with string fusion vs its values for
free strings is at low Δ𝑦 and it gradually decreases with increasing Δ𝑦. It is
because the majority of strings lie closer to mid-rapidity and, therefore, the
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string fusion occurs more often in this region. The same behaviour is seen for
PYTHIA event generator data: decrease of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with Δ𝑦; splitting
of results with and without colour reconnection option; the decrease of this
splitting from the largest values at Δ𝑦 = 0 with the increase of Δ𝑦.

3. In the developed model, the obtained grows of Σ[𝑁𝐹 , 𝑁𝐵] with Δ𝑦 above unity
corresponds to the previous findings (Chapter 1) and experimental results.
The splitting of Σ[𝑁𝐹 , 𝑁𝐵] with and without string fusion is approximately
the same for 𝜏deepest and 𝜏 = 1.5 fm and matches the one for PYTHIA with
and without colour reconnection option. Plots for all model regimes coincide
at Δ𝑦 = 0 since the covariance in the definition of Σ[𝑁𝐹 , 𝑁𝐵], Eq. (0.0.7),
is the largest for close rapidity windows. At larger Δ𝑦 one obtains different
values of Σ[𝑁𝐹 , 𝑁𝐵] for 𝜏 = 1.5 fm and 𝜏deepest even for free strings due to
very different 𝜂 configurations of string density in an event.

4. The obtained values for strongly intensive quantities Σ[𝑃𝑇 , 𝑁 ] and Δ[𝑃𝑇 , 𝑁 ]

as functions of the rapidity acceptance width (𝑃𝑇 and 𝑁 are measured in
the same rapidity window) are greater than unity, which is consistent with
the earlier conclusions [120] for such a collision energy, and grow with 𝛿𝑦.
Model results for free strings coincide, while with string fusion the 𝑃𝑇 − 𝑁

fluctuations grow with the average string density. The results of PYTHIA lie
even higher, moreover, PYTHIA without colour reconnection still exhibits the
level of 𝑃𝑇 −𝑁 fluctuations higher than the model result.

5. The further tests showed that the developed model can be tuned to experimen-
tal data by selecting just two parameters: the average multiplicity per rapidity
unit from a free string, 𝜇0, and the average transverse momentum of parti-
cles from a free string, 𝑝0. The obtained results of the model approximation
of ALICE data for inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 900 GeV adequately

describe not only the distributions of one-dimensional quantities, such as the
rapidity spectrum and charged particle multiplicity, but also the correlations
between average transverse momentum and multiplicity.

6. In the model with parameters determined from the approximation of the exper-
imental data (see previous point), the result for ⟨𝑝𝑇 ⟩−𝑁 correlation function
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restricts the model regime to be used in the following calculations: the proper
time of the evolution of string density in the transverse dimension should be
set to 𝜏deepest (and, consequently, the same for the longitudinal dynamics) and
string fusion should be taken into account. Other combinations of the model
options do not provide the correct slope of the ⟨𝑝𝑇 ⟩ −𝑁 correlation function
observed in the experiment.

7. The results for 𝑏corr[𝑁𝐹 , 𝑁𝐵] obtained in the tuned model show a lack of con-
tribution from short-range correlations (whose mechanisms are missing in the
model): the model (in the chosen configuration, see the previous list item)
values of 𝑏corr[𝑁𝐹 , 𝑁𝐵] are almost constant with Δ𝜂, whereas the data and
PYTHIA show a slow decrease. Thus, we can conclude that the results ob-
tained in the toy-model (Chapter 1) and in this model without parameter
fixation (section 2.7.2) overestimate the contribution of long-range correla-
tions (from string number fluctuations in the forward-backward windows) to
𝑏corr[𝑁𝐹 , 𝑁𝐵]. Hence, to describe the behaviour of 𝑏corr[𝑁𝐹 , 𝑁𝐵] with Δ𝜂 one
has to take into account the correlations of particles produced by a single
string. However, in the thesis, we show the importance of taking into account
the contribution from long-range correlations, which is defined in our model
by finite in rapidity strings.

8. The behaviour of Σ[𝑁𝐹 , 𝑁𝐵] in the elaborated tuned model is similar to that
obtained in the toy-model (Chapter 1) and in this model without parameter
fixation (section 2.7.2). The main conclusion is that accounting for string
fusion reduces the values of Σ[𝑁𝐹 , 𝑁𝐵], which makes it interesting to further
develop the model to describe ion-ion collisions. As mentioned above, the
idea is to use the developed model with strings finite in rapidity (in which
string fusion reduces Σ[𝑁𝐹 , 𝑁𝐵]), taking into account short-range correlations
(that increase Σ[𝑁𝐹 , 𝑁𝐵] with fusion) to describe the general reduction of
Σ[𝑁𝐹 , 𝑁𝐵] for more central 𝐴 + 𝐴 collisions (increasing string density leads
to an increase of string fusion).

9. The thesis shows the relation between Σ[𝑁𝐹 , 𝑁𝐵] and the widely used quantity,
the variance of the asymmetry coefficient, 𝜎2(𝐶), under the assumption of not
very large multiplicity fluctuations in forward-backward windows. We also
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demonstrate a strict correspondence between Σ[𝑁𝐹 , 𝑁𝐵] and the (factorial)
cumulants of the 𝑁𝐹 −𝑁𝐵 multiplicity distribution.

10. The obtained results of Σ[𝑁𝐹 , 𝑁𝐵] dependence on “centrality” are rather of an
evaluative nature. In the selected wide (due to the limitation of the available
statistics) classes of events, based on forward multiplicity, it was not possible
to see such a clear effect of the dependence of Σ[𝑁𝐹 , 𝑁𝐵] on the classes of
events as in the toy-model with the significantly increasing string density.

To summarise the results of this Chapter, it should be noted that, firstly, the
model has shown its power to describe forward-backward multiplicity correlations
and fluctuations, as well as those of multiplicity and transverse momentum in a
common rapidity acceptance. In this study, the time of 3D strings’ evolution and
the corresponding string densities are found to play a major role in defining the mag-
nitude of the long-range contribution to the correlation coefficient and in affecting
its slope with Δ𝜂.

Secondly, the obtained influence of string fusion on the strongly intensive quan-
tity Σ[𝑁𝐹 , 𝑁𝐵] confirms the possibility of using the model to describe nucleus-
nucleus collisions. In this thesis, we have also shown that the introduction of the
string fusion mechanism in the model results in the enhanced ⟨𝑝𝑇 ⟩–𝑁 correlation as
the fused strings, on average, decay to the smaller number of particles with higher
𝑝𝑇 . In general, model results are found in trend with PYTHIA8.3 event generator
simulations, where the Colour Reconnection option plays a formally similar role as
the string fusion implemented into our model, although the underlying physics of
PYTHIA 8.3 is different.

In the experimental studies of azimuthal particle flows, the main difficulty lies in
the procedure of getting rid of non-flow contributions due to all sorts of short-range
correlations. Since our model does not contain short-range correlations yet, we use
it to study the azimuthal anisotropies of the produced particles in our approach (see
next Chapter).
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CHAPTER 3

Advanced model of interacting strings and particle

boosts

This Chapter presents a substantial extension of the developed (see Chapter 2)
model of interacting colour strings, of finite length in rapidity. We propose to aban-
don the simplistic account of string fusion on a rough lattice and move to a fine
division of the transverse plane into sufficiently small pixels. In addition, we intro-
duce the collective behaviour of particles in the string model without hydro phase
by considering two interaction mechanisms: “string-string” and “particle-string”, fol-
lowing ideas from the papers [71] and [74]. The new procedure is applied to the
description of the azimuthal anisotropy observed in inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 13 TeV, since the interpretation of these experimental results [23, 24] pro-

vokes some tension in the flow-community. The methods and results presented in
this Chapter were published in Ref. [140].

3.1 Conceptual improvements of the first model stages

In this section, only those parts of the model are presented that have been im-
proved or newly developed compared to the previous model version (see Chapter 2).

3.1.1 Parton composition of protons

The new model is also based on the simplification that all partons of one colliding
proton form strings with all partons of another colliding proton. Therefore, in the
model, we call an event the creation of 𝑛str between two protons, each containing
𝑛part that is equal to the number of strings in an event, 𝑛part = 𝑛str.

To fulfil this requirement, we again prepare an extensive set of protons with all
the possible even numbers of partons, 𝑛part. However, in this version of the model,



81

we monitor the parton composition of the proton more precisely. Namely, we include
also valence diquark (see Appendix B.1). Thus, the parton composition of a proton
with 𝑛part is presented by one valence quark, one valence diquark, and (𝑛part − 2)

sea quarks (see Appendix B.2). The new algorithm to take into account the law
of energy-momentum conservation for partons is provided in Appendix B.3. It is
more time- and CPU-efficient than the permutations of partons between two selected
protons that were presented in Appendix A and used in the previous model version
(Chapter 2).

3.1.2 Event simulation

To remind the reader, the first step of the simulation of an event is to sample
the number of exchanged pomerons, 𝑛pom, from Eq. (2.1.2). Thus, the number of
strings that should be formed in an event, 𝑛str = 2𝑛pom. By creating the event, we
mean searching for two protons, with the same number of partons, 𝑛part = 𝑛str, so
that all their partons can form strings under certain conditions (see subsections 3.1.3
and 3.1.4).

First, we select two random protons from the prepared set (section 3.1.1) with the
certain 𝑛part. Second, we permute partons in one of the two protons by performing
𝑛part replacements and checking whether this leads to the formation of 𝑛part good
parton pairs (see the requirements in the next two subsections). If not, we select
another pair of protons.

3.1.3 String formation: electric charge

In this study, we take into account the electric charge of partons at the ends of
each string: their sum, that determines the electric charge of the string, must be
equal to one of the following integer numbers: −1, 0, +1, +2. Consequently, this
condition restricts our selection of parton pairs that are the candidates to form a
string.
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3.1.4 String formation: masses of decay products

We calculate the string energy, 𝐸str, by summing the energies of partons at the
ends of the string, 𝐸part1 and 𝐸part2, as

𝐸str =
√︁

𝑚2
part1 + 𝑝2part1 +

√︁
𝑚2

part2 + 𝑝2part2, (3.1.1)

where 𝑝part is the initial momentum of a parton and 𝑚part is a dynamically defined
parton mass (for details of their definitions, see Appendix B.3).

We accept a string candidate if its energy 𝐸str is enough to decay at least in
two hadrons at rest, with masses 𝑀daughter1 and 𝑀daughter2, i.e. 𝐸str ≥ 𝑀daughter1 +

𝑀daughter2.
In order to test this condition, it is necessary to identify the species of the

pair of daughter particles based on the flavours of the partons at string’s ends,
e.g. the quark-diquark string should decay at least to a baryon and a meson. For
completeness, we provide the list of minimum permitted combinations of daughter
products, based on the flavours of quarks that we consider in the model: 𝑚nucleon +

𝑚𝜋, 𝑚nucleon +𝑚𝐾 , 𝑚nucleon +𝑚𝐷, 2 ·𝑚𝜋, 2 ·𝑚𝐾 , 2 ·𝑚𝐷, 𝑚𝜋 +𝑚𝐾 , 𝑚𝜋 +𝑚𝐷 and
𝑚𝐾 +𝑚𝐷. We use 𝑚nucleon = 0.9396 GeV, 𝑚𝜋 = 0.1396 GeV, 𝑚𝐾 = 0.4977 GeV,
𝑚𝐷 = 1.8696 GeV.

3.2 3D grid in the configuration-momentum space

The approach described in Chapter 2 and in Ref. [103] would not work for the
description of particle flows in 𝐴 + 𝐴 collisions. This is due to the fact that after
transverse dynamics, caused by the attraction of strings, the centers of most of the
strings will be in the same transverse cell. This would lead to the replacement of all
the variety of the degrees of strings’ overlaps by a single string with the enhanced
tension. In this scenario, it would be impossible to create the anisotropy of produced
particles since the information about matter density fluctuations would be lost. This
is, however, not an issue in the models without attractive string dynamics in the
transverse plane since an event string density is more diluted.

In the new version of our model [140], presented in this Chapter, we propose to
introduce the fine 3D cells of the considered configuration-momentum space (much
smaller 2D pixels in the transverse plane and the division into slices of the same
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size in the rapidity dimension) to study the effects of fluctuating string density in
details.

Let us denote the area of the 2D pixel as 𝑆bin. In order to have a fine grid, one
has to select 𝑆bin in a way that it is much smaller than the string transverse area,
𝑆0. In the current implementation, we use a string diameter, 𝑑str, of 0.5 fm and a
pixel width, 𝑑bin, of 0.05 fm, which we believe is sufficient to fulfil this condition.

The resembling procedure is done for the rapidity space with a slice size of
𝜀rap = 0.1. In the previous studies (see Chapters 1 and 2), we placed a longitudinal
grid with 𝜀 = 0.1 on each string separately. In this approach, we use a uniform
splitting for the entire longitudinal dimension.

Finally, we can calculate the number of strings that occupy (cover) each 3D cell
in the mixed configuration-momentum space. Thus, in a sense, we move away from
the concept of particle-producing strings towards the concept of particle-producing
3D cells enclosing some fraction of the colour flux.

It is important to note that the running time of the program depends significantly
on the number of 3D cells, since the algorithm must iterate over all of them to
find the number of strings that cover each cell. Thus, it is necessary to restrict the
volume of the configuration-momentum space permitted for simulations. In fact, the
collision energy determines the longitudinal (in rapidity) size of the defined space, as
the beam rapidity rises with

√
𝑠. In its turn, the required transverse area depends

on the initial distribution of strings and their final positions after the transverse
dynamics. Since, in this investigation, we focus on the transverse evolution of the
system until it reaches the global minimum of the potential energy, after the motion
according to Eq. (2.3.1) the system becomes even more compact.

3.3 Time of the evolution of string density

In this section, we will spend some time commenting on the visual representation
of the 3D evolution of string density. This became possible in the new model, since
we split the transverse plane into small pixels and as to the longitudinal space of
rapidity it remains the same granularity 𝜀 that was used in Chapters 1 and 2. Thus,
it is now possible to explicitly depict the positions of strings in the configuration-
momentum space.
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3.3.1 Influence of the transverse evolution of string system

As it was discussed in the previous Chapter, the transverse evolution of the
system of strings in an event, governed by Eq. (2.3.1), can be terminated at some
proper time, 𝜏stop, which will affect the final string density and will determine the
string configuration before hadronisation.

In Chapter 2, it was shown that the largest number of overlaps between strings
occurs after the time that we called 𝜏deepest. This is the time it takes for a string
transverse configuration to attain, evolving according to Eq. (2.3.1), the global mini-
mum of the potential energy. There we considered other model regimes, including no
transverse evolution and transverse evolution until the conventional time 𝜏stop = 1.5

fm [60], that poorly described the data (especially the ⟨𝑝𝑇 ⟩−𝑁 correlation). Thus,
in the present study, we consider 𝜏stop = 𝜏deepest that varies event-by-event.

Fig. 3.1 shows how a few events (one event for each row) with different numbers
of strings (shown in different rows) look before and after the transverse evolution of
string density. One should note that Z axis, shown in colours, is not to scale between
the different plots. It is because the red areas on each histogram correspond to the
largest string density independently of other plots. Thus, on the top left plot,
presenting an event with just two strings, each string is shown with red. And the
same red colour corresponds to the overlap of around 60 strings on the bottom left
plot. It is possible to scale all histograms to the same Z axis, however, this will
degrade the visual perception of events with a small number of strings.

The first and second columns in Fig. 3.1 demonstrate the event projections to
the transverse plane, 𝑋 − 𝑌 , before and after the transverse dynamics of strings,
respectively. The third and fourth columns present the projections to the 𝑋-rapidity
plane before and after the transverse evolution, respectively. The time of the trans-
verse motion, 𝜏transv = 𝜏deepest, is indicated on each plot since it depends on the
initial number of strings in an event (and on their initial positions).

One can clearly see that after the considered transverse evolution the string
system is highly compressed and the 2D distribution (Fig. 3.1, second column) ap-
proaches a more round shape in comparison to the initial positions of the strings
(Fig. 3.1, first column). In the rapidity dimension, we obtain fairly uniform distri-
bution up to large rapidities (Fig. 3.1, fourth column).
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Figure 2. The simulated events (one event a row) with 2, 16, 38, and 74 strings (top to bottom) for an
event projection to the transverse plane, X–Y, before and after the transverse evolution and to the
X–rapidity plane before and after the transverse evolution (left to right) for the time of the transverse
evolution, ttransv, as indicated. The evolution runs till ttransv = tdeepest (second left and most right).
Z axis is not to scale. See text for more details.

2.5. String Longitudinal Dynamics

In the model considered here, special attention is given to the simulation of partonic
degrees of freedom for colliding protons (see Appendix A). It is because the initial rapidities
of the string’s ends, ypart

init , are determined by using the momenta of partons that form it as

ypart
init = sinh�1

✓
ppart

mpart

◆
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Figure 3.1: The simulated events with 2 strings (first row), 16 strings (second row), 38 strings
(third row) and 74 strings (fourth row). The figure shows the projections of 3D string density in
these events to the transverse plane, 𝑋 − 𝑌 , before (first column) and after (second column) the
transverse evolution; event projection to the 𝑋−rapidity plane before (third column) and after
(fourth column) the transverse evolution. The time of the transverse evolution, 𝜏transv, is indicated
on the plots. For the second and fourth columns 𝜏transv = 𝜏deepest. 𝑍 axis not to scale.

3.3.2 The time of movement for the ends of the strings

In this model version, we still hold the idea of the correspondence between the
time for transverse and longitudinal dynamics of the string system in an event.
Thus, we relate the proper time 𝜏 from Eq. (2.4.3) with the time for the transverse
evolution, 𝜏transv, to synchronise the dynamics of the string system in rapidity and
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𝑋 − 𝑌 dimensions.
However, one has to take into account that the compressions and stretchings of a

string are periodic (yo-yo solution [49]) and are followed one by another. Moreover,
the movement of end points with different masses, 𝑚part1 and 𝑚part2, in our case is
not symmetrical (we denote by 1 or 2 one of the string ends). Therefore, we define
the maximum proper time for each string end, 𝜏part1,2max , after which it will fully stop
to begin the deceleration (acceleration) after acceleration (deceleration) as

𝜏part1,2max =
𝑚part1,2

𝜎𝑇

√︂
2(cosh

(︁
𝑦part1,2init

)︁
− 1), (3.3.1)

where 𝑦part1,2init are the initial rapidities of the string ends converted to the string rest
frame, 𝑚part is dynamically defined parton masses (for details of their definitions,
see Appendix B.3).

To convert the rapidity of a string end from the laboratory frame, 𝑦partinit , to the
string rest frame, 𝑦partinit , one has to know the rapidity of the string in the laboratory
frame, 𝑦str. It is calculated as follows. First, we define strings’ momentum, 𝑝str =
𝑝part1− 𝑝part2, and energy, 𝐸str, from Eq. (3.1.1). Thus, the rapidity of a string, 𝑦str,
is

𝑦str =
1

2
ln

(︂
𝐸str + 𝑝str
𝐸str − 𝑝str

)︂
. (3.3.2)

Once it is known one can recalculate the rapidities of the string ends in its rest
frame as

𝑦part1,2init = 𝑦part1,2init − 𝑦str, (3.3.3)

and substitute them into Eq. (3.3.1).
It is necessary to account for the periodicity of string motion. Namely, after

the time 2 · 𝜏part1,2max from Eq. (3.3.1), the sign of 𝑑𝑝part1,2/𝑑𝑡 flips. Therefore, it is
crucial to correctly connect the 𝜏deepest, that is found from the transverse dynamics
for the whole event, with 𝜏part1,2max , that varies for two ends of the string and for each
individual string in the event. To summarise, the time of the movement of a string
end only during the last period should be used in Eq. (2.4.3). The rapidities of the
string ends after such loss, 𝑦part1,2fin , are found by subtraction of 𝑦part1,2loss from 𝑦part1,2init

with the correct signs.
Fig. 3.2 presents how the string density of the model events from Fig. 3.1 (already

after the transverse evolution) changes after we take into account the longitudinal
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losses of strings’ lengths. The first column in Fig. 3.2 is repeated from Fig. 3.1 (last
column) for clarity.

Physics 2024, 1 10
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Figure 3. The simulated events (one event a row) with 2, 16, 38, and 74 strings (top to bottom)
for an event projection to the X–rapidity plane before and after the longitudinal evolution and to
the Y–rapidity plane before and after the longitudinal evolution (left to right) for the time of the
longitudinal evolution, tlong, as indicated. The evolution runs till tlong = tdeepest (second left and
most right). Z is axis not to scale.

It can be seen that the string system in the final state (Figure 3, second left and most
right) has a significant compression in the longitudinal direction. The cloud of a high
density of strings is no longer infinitely extended as it is often assumed in the string
models [53]; thus, our model loses the translational invariance in rapidity. The transverse
evolution of the strings, as described in Section 2.2, also leads to varying string density,
which makes an event strongly heterogeneous.

2.6. String Fusion

As a result of the reductions and shifts of strings in the rapidity dimension (Section 2.5),
the system of strings is a spaghetti-like structure [39], although the lengths and positions
of strings vary with respect to mid-rapidity. Furthermore, due to the attractive motion of
strings in the transverse plane (Section 2.4), the clusters of fully or partially overlapped

1 1 1 1

2 2 2 2

2 2 2 2

2 2 2 2

Figure 3.2: The simulated events with 2 strings (first row), 16 strings (second row), 38 strings
(third row) and 74 strings (fourth row). The figure shows an event projection to the 𝑋−rapidity
plane before (first column) and after (second column) the longitudinal evolution; event projection
to the 𝑌−rapidity plane before (third column) and after (fourth column) the longitudinal evolu-
tion. The time of the longitudinal evolution, 𝜏long, is indicated on the plots. For the second and
fourth columns 𝜏long = 𝜏deepest. 𝑍 axis not to scale.

In Fig. 3.2, one can see the event projections on the 𝑋-rapidity plane before (first
column) and after (second column) the longitudinal dynamics. The third and fourth
column show the 𝑌 -rapidity plane projections also before and after the longitudinal
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dynamics, respectively. Again Z axis should not be scaled (see the explanation in
the previous subsection).

It can be seen that the string system in the final state (Fig. 3.2, second and
fourth columns) has a significant compression in the longitudinal direction. The
cloud of a high density of strings is no longer infinitely extended as it is often
assumed in the string models [56], thus, our model loses the translational invariance
in rapidity. This statement was made already in Chapters 1 and 2, but here this is
clearly shown in the graphs. The transverse evolution of the strings, as described in
the previous subsection, also leads to varying string density, which makes an event
strongly heterogeneous.

Thus, in the model, the obtained string configurations provide a characteristic
form of particle distribution in rapidity: a plateau at mid-rapidity and a decline of
the distribution at high rapidities.

3.4 Fusion and the kinetic energy of strings

In this section, we propose to consider additional effects [71] of string interactions
that arise from their fusion.

Since the total energy of the system of strings in an event should be conserved,
we assume that when strings overlap, a redistribution of their potential, 𝑈 , and
kinetic, 𝑇 , energy occurs. It is because the overlap of colour strings modifies the
strength of the colour field inside them, which affects the string tension. Therefore,
the partial overlap of a few strings leads to a decrease in the potential energy of
each of them in this region. This modification causes an opposite change in their
kinetic energies, pulling them towards each other as in Ref. [71]. The consequent
formation of a string cluster increases the string tension in comparison to a free
string. The alternative option that is also mentioned in Ref. [71] causes the decrease
in the effective string tension and, therefore, should lead to the string repulsion (see
an example of its implementation in Ref. [72]).

As a result, we need to parameterise the gain of kinetic energy, Δ𝑇𝑖,𝑗, that the
𝑖-th string in an event obtains from the overlap with the 𝑗-th one. Its functional
form should reflect the fact that the full overlap of two strings would mean that
their fusion is completed and they stop. On the other hand, Δ𝑇𝑖,𝑗 should fade with
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the distance between strings’ centres. Thus, the following dependence on 𝑑𝑖,𝑗, the
2D distance between the 𝑖-th and 𝑗-th strings, is proposed

Δ𝑇𝑖,𝑗 = 𝜒𝑑𝑖,𝑗 exp

(︃
−𝑑2𝑖,𝑗
4𝑟20

)︃
, (3.4.1)

where 𝑑𝑖,𝑗 ≤ 2𝑟0, 𝑟0 = 0.25 fm is the string radius, while 𝜒 is a dimensional constant
measured in GeV/fm that is a free model parameter.

To find Δ𝑇𝑖,𝑗 for 𝑖-th string we iterate over its neighbouring overlapping strings
in every rapidity slice, 𝜀rap. To find the gained momentum of a string, we neglect
the final momentum of strings after the transverse dynamics since the string motion
according to Eq. (2.3.1) is non-relativistic. Thus, the 𝑖-th string’s energy, 𝑚𝑖

str, will
be increased by the proposed gain Δ𝑇𝑖,𝑗 and the string will gain the transverse
momentum from the 𝑗-th string according to

Δ𝑝𝑖,𝑗𝑇 =
√︁

(Δ𝑇𝑖,𝑗 +𝑚𝑖
str)

2 − (𝑚𝑖
str)

2, (3.4.2)

where 𝑚𝑖
str is the mass of the 𝑖-th string.

To find the direction of the obtained momentum, Δ𝑝𝑖,𝑗𝑇 , one should take the az-
imuthal direction of the vector from the centre of the 𝑖-th string to the centre of the
𝑗-th string, 𝜑𝑖,𝑗. It is determined by the distances on 𝑋 and 𝑌 axes between their
centres, Δ𝑋𝑖,𝑗 and Δ𝑌𝑖,𝑗. The projections Δ𝑝𝑖𝑋 and Δ𝑝𝑖𝑌 of the transverse momen-
tum, Δ𝑝𝑖𝑇 , that the 𝑖-th string gains from the intersections with all its neighbours
are found by summing the projections of Δ𝑝𝑖,𝑗𝑇 between overlapping pairs as

Δ𝑝𝑖𝑋 =

𝑛str−1∑︁

𝑗 ̸=𝑖

Δ𝑝𝑖,𝑗𝑇 cos(𝜑𝑖,𝑗), Δ𝑝𝑖𝑌 =

𝑛str−1∑︁

𝑗 ̸=𝑖

Δ𝑝𝑖,𝑗𝑇 sin(𝜑𝑖,𝑗). (3.4.3)

Thus, the 2D vector of the string’s transverse momentum,
−→
Δ𝑝𝑖𝑇 , is determined by

its overlaps with other strings in each rapidity slice, 𝜀rap. It is this extra momentum
that boosts particles produced by the string (see subsection 3.5.1).

3.4.1 Particle production from 3D cells

In this study, we define string hadronisation in each 3D cell defined as 2D pixel in
the transverse plane and 𝜀rap slice in the rapidity dimension. The colour field inside a
3D cell determines the average number of charged particles produced, their average
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transverse momentum and type. Particles’ rapidities are found from the uniform
distribution in each rapidity slice. Thus, we assume that particles propagate in the
given 𝜀rap and do not leave it.

In this model, we move away from the rough cellular fusion of strings in order to
take into account more accurately the string overlaps. The introduced fine binning
of the configuration-momentum space (see Sec. 3.2) is exactly what it is needed for.

3.4.2 Mean multiplicity with string fusion

Let us consider a rapidity slice of a free single string. The colour field inside it,
ℰ0, can be represented as a sum of colour fields inside all transverse (2D) pixels that
tessellate the area of this string

ℰ0 =
∑︁

bins

ℰbin =
ℰ0
𝑆0

∑︁

bins

𝑆bin. (3.4.4)

Thus, the field inside a 2D pixel, ℰbin, is proportional to the ratio of its area,
𝑆bin, to the area of a string, 𝑆0.

Let us now consider a random 3D cell in the configuration-momentum space
that is populated with 𝑘 strings. The resulting colour field inside it, ℰtot, will be the
square root of the sum of squares of the fields from 𝑘 strings, ℰ𝑖, that cover this cell

ℰtot =

⎯⎸⎸⎷
𝑘∑︁

𝑖=1

ℰ2
𝑖 =

⎯⎸⎸⎷
𝑘∑︁

𝑖=1

(
𝑆bin

𝑆𝑖
0

ℰ 𝑖
0)

2. (3.4.5)

For simplicity, the present study considers all strings to have the same transverse
area, 𝑆𝑖

0, that is not varying along the rapidity direction, albeit the picture may be
more complex [67]. The colour field of a free string, ℰ 𝑖

0, is assumed to be constant and
is defined by the confinement properties [61]. Therefore, in our case, the Eq. (3.4.5)
can be simplified to

ℰtot =
√
𝑘
𝑆bin

𝑆0
ℰ0. (3.4.6)

The average multiplicity from a free string, 𝜈0, is proportional to the field of
a string, ℰ0. Thus, by transitivity, for the 𝑘 strings that overlap in a 3D cell one
obtains 𝜈tot ∝ ℰtot.

Typically, the average multiplicity of a unit of rapidity, 𝜀rap, of a free string is
denoted as 𝜇0. Therefore, one can define an average multiplicity from a 3D cell with
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length 𝜀rap and transverse area 𝑆bin as

𝜇bin = 𝜇0𝜀rap
√
𝑘
𝑆bin

𝑆0
, (3.4.7)

with 𝜇0 being a free model parameter and 𝑆0 = 𝜋𝑟20. For comparison, in the previous
Chapter, we calculated the mean multiplicity from the cluster of 𝑘 strings (without
division in the transverse plane), 𝜇clust, as 𝜇clust = 𝜇0𝜀rap

√
𝑘, following [68].

The actual charged particle multiplicity produced by the 3D cell, 𝑁bin, is sampled
from the Poisson distribution with a given mean 𝜇bin. The multiplicity of charged
particles in the event, 𝑁ch, is a sum over all 3D cells of the numbers of particles in
each cell. Thus, the procedure of effective hadronisation is now applied at the level
of particle-producing 3D cells instead of particle-producing strings. It allows us to
explicitly take into account density fluctuations of string medium.

3.4.3 Mean transverse momentum of particles with string fusion

The mean transverse momentum of the particles produced by a free string, 𝑝0,
does not depend on the string’s length in rapidity or its transverse area. Thus, we
assume that it will remain unchanged despite the division of the cross-sectional area
of strings into 2D pixels. Therefore, we keep the modification of 𝑝0 for the cluster
of 𝑘 fused strings, ⟨𝑝𝑇 ⟩𝑘, used in the previous Chapter (see Eq. (2.5.3)). However,
now we find the degree of overlap, 𝑘, in each 3D cell. Particles’ transverse momenta
and masses are sampled from the Schwinger distribution, Eqs. (2.6.1) and (2.6.2).

We should mention another variant of the particle production mechanism, the
thermal model [52, 141] that better describes the 𝑝𝑇 spectrum. The thermal model
is derived from the Schwinger approach assuming fluctuations in string tension from
event to event and from string to string in each event. The problem is that its
implementation in the Monte-Carlo algorithm is much more complicated than us-
ing Schwinger probabilities. This is because the joint 𝑝𝑇 − 𝑚 distribution used in
exp
(︁
−
√︀

𝑝2𝑇 +𝑚2/𝜎eff

)︁
for the thermal model must be obtained. In turn, for the

Schwinger mechanism, it is possible to factorize the 𝑝𝑇 −𝑚 distribution for indepen-
dent substitution into exp

(︀
−(𝑝2𝑇 +𝑚2)/𝜎eff

)︀
. Thus, in the current version of our

model, we again follow the Schwinger approach, Eqs. (2.6.1) and (2.6.2).
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3.5 The origin of azimuthal particle correlations in the model

In addition to a more accurate account of string fusion, the purpose of intro-
ducing a fine grid in the transverse plane is to consider azimuthal correlations of
particles in our model. It is worth noting that in the previous Chapters we did
not introduce such a particle characteristic as the azimuthal angle, 𝜑, at all, since
we restricted ourselves to the consideration of rapidity correlations. In a naive ap-
proach, one could uniformly assign angles 𝜑 ∈ [−𝜋, 𝜋] to the particles, which would
determine their independent propagation in the transverse plane. However, in this
Chapter we follow the ideas from Refs. [71, 74] on how to introduce the correlated
azimuthal behaviour of particles into the colour string model without hydrodynamic
phase. There are three main ingredients here.

First, in models of this type, the strings in the event must form some clusters [31]
distributed anisotropically. Note that our approach differs from hybrid models [142]
in which the formed colour strings are the initial condition for hydro. In them, the
spatial asymmetry of the strings would already lead to azimuthal particle flows. In
contrast, we study a very possibility: whether the azimuthal correlations observed in
𝑝+𝑝 data can be described without hydro phase. In such a case, only fluctuations of
the string density will not cause any azimuthal particle flows. However, in our model,
this initial state anisotropy is crucial for the two mechanisms described further as
it controls the strength of their effect.

Second, we consider the change in the strings’ kinetic energy that occurs when
they overlap in 3D space. As a result, the boost from a string is transferred to the
particles that it is fragmented to [71]. It creates correlations in 𝑝𝑇 and 𝜑 between
particles produced from strings that interact with each other. What is important
is that we consider string hadronisation at the moment of reaching the minimum of
the potential energy of the system of strings (at 𝜏deepest). This results in the high
similarity of the geometry of events with the close number of strings, which leads
to nearly identical picture of particle boosts. For instance, Fig. 3.1, second column,
second row shows a typical event with 16 strings. We argue that all events with this
𝑛str resemble each other up to the event rotation and some statistical fluctuations.
It means that these events have non-zero flow of comparable magnitude, therefore,
the signal survives after averaging over this group of events.
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Third, particles passing through single strings or string clusters lose some part of
their energy due to gluon radiation in the medium [74]. When a particle loses all its
momentum, it means that it failed to escape the string environment. Consequently,
there arise azimuthal directions at which particles with such momentum cannot
leave the system of strings for the given string geometry. Thus, particle distribution
in 𝜑 ceases to be uniform and there appears some correlations of particle motion in
the transverse plane. Moreover, the complex geometry of the string medium leads
to different path lengths in different azimuthal directions and to different losses of
transverse momentum.

The first mentioned mechanism was naturally introduced into our model already
in its previous version: considered transverse dynamics of strings results in the
formation of string clusters of different degrees of overlap. Longitudinal dynamics
makes the fluctuations of string density dependent on the rapidity coordinate.

The latter two are the new features implemented in the model, described in the
following subsections. Note that different degrees of string overlaps cause variations
in the magnitude of energy loss and particle boosts cell-by-cell in the transverse
plane-rapidity space. As a result, the particle production in a given event becomes
highly asymmetric in azimuthal angle and pseudorapidity.

3.5.1 Particles’ boosts in the transverse plane

The particle’s transverse momentum sampled from Eq. (2.6.1) gets a Lorenz
boost if it originates from the string piece that was boosted due to string fusion [71]
(see section 3.4).

To define the boost vector, we loop over all 3D cells and find the strings that
cover each of them. The 3D cell is assigned the momentum projections, Δ𝑝bin,𝑖𝑋 and
Δ𝑝bin,𝑖𝑌 , that are found as fractions of the momentum projections of the 𝑖-th string
that covers it, Δ𝑝i𝑋 and Δ𝑝i𝑌 , from Eq. (3.4.3) as

Δ𝑝bin,𝑖𝑋,𝑌 = Δ𝑝𝑖𝑋,𝑌

𝑑2bin
𝑆0

𝜀rap
𝛿𝑦𝑖

, (3.5.1)

where 𝑑bin = 0.05 fm is the 2D pixel size in 𝑋 and 𝑌 in the transverse plane,
𝛿𝑦𝑖 = |𝑦part1fin − 𝑦part2fin | is the length of 𝑖-th string in rapidity that highly fluctuates
and is calculated as the difference between the rapidities of the ends of the string,
𝑦part1fin and 𝑦part2fin .
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Similarly, we find 𝑚bin,𝑖 - the part of the mass of the 𝑖-th string, 𝑚𝑖
str, that

corresponds to this 3D cell

𝑚bin,𝑖 = 𝑚𝑖
str

𝑑2bin
𝑆0

𝜀rap
𝛿𝑦𝑖

. (3.5.2)

Using Eq. (3.5.1) and (3.5.2), we can find the energy of 𝑖-th string contained in
the 3D cell, Δ𝐸bin,𝑖, as

Δ𝐸bin,𝑖 =

√︁
(𝑚bin,𝑖)2 + (Δ𝑝bin,𝑖𝑋 )2 + (Δ𝑝bin,𝑖𝑌 )2. (3.5.3)

If this 3D cell is covered by 𝑘 strings in an event, their Δ𝑝bin,𝑖𝑋,𝑌 from Eq. (3.5.1)
and Δ𝐸bin,𝑖 from Eq. (3.5.3) should be included in its total momentum, 𝑝bin,total𝑋,𝑌 ,
and the total energy inside it, 𝐸bin,total, as

𝑝bin,total𝑋,𝑌 =
𝑘∑︁

𝑖=1

Δ𝑝bin,𝑖𝑋,𝑌 , (3.5.4)

𝐸bin,total =
𝑘∑︁

𝑖=1

Δ𝐸bin,𝑖. (3.5.5)

We perform particle production from each 3D cell in the cell’s rest frame as
described in Sec. 3.4.1. In this frame, particle’s azimuthal angle, 𝜑, is sampled from
the uniform distribution from −𝜋 to 𝜋. To get to the laboratory reference frame
one boosts the four-momenta of the produced particles using the boost vector with
𝑝bin,total𝑋 , 𝑝bin,total𝑌 and 𝐸bin,total.

Thus, we obtain the correlated transverse motion of particles produced by 3D
cells that strongly depends on the degrees of strings’ overlaps inside them.

3.5.2 Transverse momentum loss

In this model, we assume that once produced within some rapidity slice 𝜀rap, a
particle does not leave it flying away from the string in the transverse plane. When
the particle traverses a 2D pixel with a certain density of strings, it loses some part
of its initial momentum, 𝑝init, due to gluon radiation (Fig. 3.3), reaching the value,
𝑝fin. In an analogy with the QED process of photon radiation by charged particle
moving in the external electromagnetic field, it can be expressed in the following
way [74]

𝑝fin = (𝑝
1/3
init − κ𝜎2/3

eff 𝑙)3, (3.5.6)
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where κ is a quenching coefficient that is a free model parameter. It is necessary
to apply the Eq. (3.5.6) iteratively since 𝜎eff = 4𝑝20𝑘

2𝛽 varies pixel-by-pixel based
on the number of overlapped strings, 𝑘, inside it. Thus, the length of one 2D step,
𝑙, can be approximated by 𝑑bin

√
2 (the length of the 2D pixel’s diagonal). To find

the trajectory of a particle in the transverse plane, we apply the Bresenham’s line
algorithm [143, 144] separately in each rapidity slice. Since the density of strings
fluctuates with rapidity, 𝑙 and 𝜎eff differ not only at different azimuthal angles, 𝜑,
but also within different rapidity slices, 𝜀rap.
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Figure 3.3: Schematic picture of the gluon radiation (curly lines) that particles experience when
passing (straight lines) through the inhomogeneous string medium (colourful areas with the density
from the highest (red) to the lowest (cyan) in 𝑋-rapidity plane (see text for details).

Another important remark is that in general, the value of 𝑝fin can be equal to
zero after a number of iterations of Eq. (3.5.6). We interpret this as the inability
of the particle to escape in a given azimuthal direction, thus it is absorbed by the
string environment. In this case, the energy of the particle is spent on producing
another particle to try to replace it. For the new particle, we regenerate its transverse
momentum and azimuthal angle, thus, it has a chance to escape in a new direction.
Since we know the required number of particles to be emitted from each three-
dimensional cell (from the Poisson distribution with mean from Eq. (3.4.7)), we will
have to generate a particle until the combination of its transverse momentum and
azimuthal direction allows it, having been emitted by a given three-dimensional cell,
to leave the string medium.

We have to mention that the proper way to take into account the loss of momenta
due to gluon radiation would be to apply it at the quark level. Thus, the resulting
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momentum loss for a particle should be summed after the coalescence of quarks
into a colourless hadron is performed. However, this procedure would significantly
complicate the model. Thus, we assume that all this is included in the quenching
coefficient κ. However, it would be interesting to make the quenching coefficient
different for baryons and mesons, which would effectively take into account the
different number of quarks in them and, thus, the influence of a string medium.

In general, this mechanism of azimuthal correlations arising from the momentum
loss of particles in the string medium can be compared with studies of azimuthal
parton escape in transport models [145].

3.6 Inference of the model parameters

Having introduced the new mechanisms and also having improved the basics of
event generation, we have to re-tune the model. At the moment, the transverse flow
signal in proton-proton collisions has been measured only at high energies and high
multiplicities. Thus, we selected ATLAS data on inelastic proton-proton interactions
at

√
𝑠 = 13 TeV [146] to fix model parameters and to compare model results for

azimuthal correlations with it.
Fig. 3.4 represents the comparison of the model (lines) and experimental (dots)

distributions. Calculations were performed for ten million generated events. We
aim to describe not only the global observables such as charged particle multiplicity
distribution (Fig. 3.4, second row, left), transverse momentum (Fig. 3.4, first row,
right) and pseudorapidity spectra (Fig. 3.4, first row, left), but also the ⟨𝑝𝑇 ⟩ −𝑁ch

correlation function (Fig. 3.4, second row, right).
As it was stated above, in this Chapter, we consider only the model regime with

the transverse evolution of string density up to time 𝜏deepest, which corresponds to
the maximum frequency of string overlaps in the minimum of the potential energy
of the system, and, hence, to the maximum degree of their fusion. The choice of
such a model configuration was justified in the previous Chapter.

The value of 𝑑𝑁ch/𝑑𝜂|𝜂=0 (Fig. 3.4, first row, left) is adjusted by finding the
appropriate value of the mean particle multiplicity from a 3D cell of a free string,
𝜇0. In turn, the width of the 𝑑𝑁ch/𝑑𝜂 distribution is controlled by the value of the
string tension, 𝜎𝑇 , that defines the longitudinal dynamics of strings, Eq. (2.4.3).
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Figure 3.4: Model results (lines) compared with the ATLAS data [146] (squares) for inelastic
𝑝 + 𝑝 interactions at

√
𝑠 = 13 TeV. First row: 𝑑𝑁ch/𝑑𝜂 distribution (left) within limited to

experimental measurements 𝜂 range and charged particles’ 𝑝𝑇 spectrum (right). Second row:
Charged particle multiplicity distribution, 𝑃 (𝑁ch), (left) and ⟨𝑝𝑇 ⟩ − 𝑁ch correlation function
(right). Particles selection 𝑝𝑇 > 0.1 GeV and |𝜂| < 2.5, event selection: 𝑁ch ≥ 2. See text for
model parameters.

By tuning the mean transverse momentum of particles produced by a free string,
𝑝0, we settle the ⟨𝑝𝑇 ⟩ at low 𝑁ch (Fig. 3.4, second row, right). With the proper
selection of the quenching coefficient, κ, Eq. (3.5.6), we are able to modify the slope
of the ⟨𝑝𝑇 ⟩−𝑁ch correlation function at moderate and high 𝑁ch. At high 𝑁ch (when
string fusion is most significant) the ⟨𝑝𝑇 ⟩ is influenced by the value of 𝜒 constant,
Eq. (3.4.1).

In the charged particle multiplicity distribution (Fig. 3.4, second row, left) the
events with 𝑁ch < 2 are removed as in data, thus, we plot 𝑃 (𝑁ch) = 𝑃full(𝑁ch)/(1−
𝑃full(0) − 𝑃full(1)), where 𝑃full is the 𝑁ch distribution that includes events without
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registered particles (𝑁ch = 0). These events are highly influenced by diffractive
processes that are not considered in the model. Moreover, even with the 𝑁ch ≥ 2

selection the experimental results at low 𝑁ch and low 𝑝𝑇 are affected by diffraction.
Therefore, our predictions should not be directly compared in this region, but we
are mostly interested in high 𝑁ch events as they are more relevant in the studies of
collective behaviour. The resulting 𝑝𝑇 spectrum is presented in Fig. 3.4, first row,
right.

The following values of the free model parameters were simultaneously selected
to fit at once the mentioned ATLAS data [146]: 𝜇0 = 1.14, 𝜎𝑇 = 0.55 GeV/fm,
𝑝0 = 0.37 GeV, κ = 0.1, 𝜒 = 0.00001 GeV/fm. The found value of κ appeared to
be rather low in comparison with the one used in, for example, Refs. [147, 148], but
in our study, the ⟨𝑝𝑇 ⟩ −𝑁 correlation function acted as a strict condition for κ.

3.7 Study of azimuthal correlations in the model description of inelastic
𝑝+ 𝑝 interactions at

√
𝑠 = 13 TeV

In this Chapter, we study whether the interplay of the two newly introduced
mechanisms generating particle azimuthal anisotropy in the presented string model
could describe the transverse flow measured in 𝑝+ 𝑝 collisions.

3.7.1 Motivation for choosing quantities to study

To quantify the transverse flow signal, one can perform [19] in each event the
Fourier expansion of the single-particle distribution in the azimuthal angle, 𝜑. How-
ever, it is necessary to take into account the intrinsic symmetry of particle production
in every event, which is determined by its reaction plane, Ψ𝑅𝑃 . It is formed by the
direction of the beam and the impact parameter and creates a preferred azimuthal
orientation in an event. Thus, the relative particle azimuthal angles, 𝜑 − Ψ𝑅𝑃 ,
should be used in the calculations. Therefore, in a given part of phase-space, one
can expand the 𝜑−Ψ𝑅𝑃 distribution into Fourier series as

𝐸
𝑑3𝑁ch

𝑑3𝑝
=

1

2𝜋

𝑑2𝑁ch

𝑝𝑇𝑑𝑝𝑇𝑑𝑦

(︃
1 + 2

∞∑︁

𝑛=1

𝑣𝑛 cos(𝑛(𝜑−Ψ𝑅𝑃 ))

)︃
, (3.7.1)

with the set of Fourier coefficients, 𝑣𝑛, that describes the amplitudes of particle
distribution asymmetry in the transverse plane averaged over particles in one event.
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One should note that both 𝑣𝑛 and Ψ𝑅𝑃 fluctuate event-by-event and, typically, only
the moments of the corresponding distributions are measured experimentally.

The validity of the Fourier expansion in the real case of finite event multiplicity
(especially in 𝑝 + 𝑝 collisions) is questionable. Moreover, the reaction plane, Ψ𝑅𝑃 ,
cannot be directly measured, so one may substitute it by proxy [149] called the
event plane, Ψ𝐸𝑃 . However, there is no unique event plane in an event, instead, one
determines a set of event planes, Ψ𝑛, depending on the Fourier harmonic number 𝑛
as

Ψ𝑛 =
1

𝑛
tan−1

(︂∑︀
𝑖 sin(𝑛𝜑𝑖)∑︀
𝑖 cos(𝑛𝜑𝑖)

)︂
, (3.7.2)

where the numerator and denominator are calculated from the distributions of the
particles in 𝜑 in an event.

More recent studies have shown [150] that imprecise estimation of the event
plane significantly spoils the azimuthal flow signal in this approach. Therefore,
one has to use more sophisticated measures, such as two-particle correlations that,
under certain assumptions, naturally exclude the dependence on Ψ𝑅𝑃 in Δ𝜑 =

𝜑1−𝜑2. Using the multi-particle cumulants [87] of different orders, 𝑛, that correlate
𝑚 particles, 𝑐𝑛{𝑚} (see, for example, Eq. (0.0.11)), will be even better, especially
in sub-event method [88], since they are supposed to truly suppress the non-flow
effects. In the described reaction plane method, this confidence level of particle flow
results can only be achieved through the summation over the infinite number of
particles in an event.

3.7.2 Event classification

In the studies of 𝐴 + 𝐴 collisions, it was demonstrated that the emergent flow
signal strongly depends on the centrality of events selected for the analysis: the
largest azimuthal asymmetries of produced particles were observed for the semi-
peripheral reactions [151, 152]. The current understanding suggests that the initial
spacial event anisotropy is transferred by the thermalised viscous hydro-phase of
the collision into the momentum asymmetry of the final hadrons. The application
of this mechanism is questionable for 𝑝 + 𝑝 collisions [27], however, the intriguing
results on azimuthal correlations in proton-proton data were observed only for high-
multiplicity events [23, 24]. Therefore, also for 𝑝 + 𝑝-interactions it is necessary to
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make the event classification based on some quantity that will serve as an indirect
indicator of the energy density reached in the interaction region.

In this study, we repeat ATLAS procedure for event classification from Ref. [153]
based on charged-particle multiplicity in a certain acceptance. Thus, the 𝑁 sel

ch dis-
tributions were obtained for particles with |𝜂| < 2.5 and one of the following 𝑝𝑇

intervals: 0.3 < 𝑝𝑇 < 3.0 GeV, 𝑝𝑇 > 0.2 GeV, 𝑝𝑇 > 0.4 GeV or 𝑝𝑇 > 0.6 GeV.
These distributions were split up into percentiles to find to which event class based
on 𝑁 sel

ch a given event belongs. The purpose of this grouping of events is [153] to
study the dependence of the azimuthal flows on the centrality classes in events of
different “types”: with more or less soft particles. In this way, we can compare the
magnitude of the signal in “central” events with a different fraction of particles with
large 𝑝𝑇 .

To plot the results in a unified way for event classifications with different 𝑝𝑇

selections, we correlate 𝑁 sel
ch with the charged particle multiplicity 𝑁ch calculated

for particles with |𝜂| < 2.5 and 𝑝𝑇 > 0.4 GeV. We find the mean ⟨𝑁ch⟩ for every
event class based on 𝑁 sel

ch and plot it along the 𝑋-axis to represent the results for
cumulants. Thus, the results for each event class will be grouped in correspondence
with the class defined by some value of ⟨𝑁ch⟩. It means that, for example, 4 different
values of ⟨𝑁ch⟩ will correspond to 5% of the most central events defined by 4 different
methods of grouping events by 𝑝𝑇 .

3.7.3 Model results with momentum loss, but without particle boosts

In this subsection, we verify whether the introduced momentum loss of parti-
cles in the string medium (Sec. 3.5.2) will provide us with the sufficient effect of
azimuthal anisotropy of particles. Calculations were performed for one million gen-
erated events.

In Fig. 3.5, the model result for the two-particle angular correlation function,
𝐶(Δ𝜂,Δ𝜑), Eq. (0.0.10), calculated for particles with |𝜂| < 2.5 and 0.3 < 𝑝𝑇 < 3.0

GeV, is presented for the 0 − 10% event class based on the multiplicity 𝑁 sel
ch of

particles with |𝜂| < 2.5 and 𝑝𝑇 > 0.2 GeV. One can see the prominent peak at
Δ𝜑 ≈ 0, Δ𝜂 ≈ 0, and the extended structure along Δ𝜂 ≈ 0 that come from the
decays of the 𝜌-resonances [154]. However, there is no near-side ridge structure
visible in the presented 𝐶(Δ𝜂,Δ𝜑).
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Figure 3.5: Model results for the two-particle correlation function, 𝐶(Δ𝜂,Δ𝜑), calculated for
particles with |𝜂| < 2.5 and 0.3 < 𝑝𝑇 < 3.0 GeV and presented for event class with particle
selection 𝑝cent𝑇 > 0.2 GeV and ⟨𝑁ch⟩ ≈ 53 for inelastic 𝑝+ 𝑝 interactions at

√
𝑠 = 13 TeV.

Fig. 3.6, shows 𝑐2{2} (first row, left) and 𝑐2{2}(2subs) (second row, left), calculated
for the particles with |𝜂| < 2.5 and 0.3 < 𝑝𝑇 < 3.0 GeV, as functions of ⟨𝑁ch⟩ (see
the legend for the definition of 𝑁 sel

ch that was correlated with 𝑁ch).
We remind the reader that to find 𝑣2{2} from 𝑐2{2} the latter must be positive.

Thus, 𝑣2{2}, Eq. (0.0.12), is a proxy for the elliptic flow harmonic that will coincide
with the true 𝑣2 from Eq. (3.7.1) at 𝑛 = 2 in the absence of non-flow contributions.
That is why there are so few extracted values of 𝑣2{2} (Fig. 3.6, first row, right) and
that is why it is impossible to draw any meaningful conclusion even about 𝑣2{2}
dependence on ⟨𝑁ch⟩, except for the absolute values. Model results with negative
𝑐2{2} at low ⟨𝑁ch⟩ (Fig. 3.6, first row, left) coincide with the observed change in
sign from positive to negative for 𝑐2{4} in Ref. [153]. This behaviour, in general,
demonstrates that contributions from non-flow correlations remain in 𝑐2{2}. To
get rid of them, it was proposed [88] to study cumulants in subevents separated in
rapidity. Thus, by introducing a pseudorapidity gap, Δ𝜂, between particles with 𝜑1

and 𝜑2, one can eliminate the short-range correlations (coming, for instance, from
resonance decays, jets, and momentum conservation laws) and measure 𝑐2{2}(2subs)
and the corresponding 𝑣2{2}(2subs).
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Figure 3.6: Model results for 2-particle cumulants 𝑐2{2} (first row, left) and 𝑐2{2}(2subs)
(second row, left) and second flow harmonics 𝑣2{2} (first row, right) and 𝑣2{2}(2subs) (second
row, right) calculated for particles with 0.3 < 𝑝𝑇 < 3.0 GeV and presented as functions of ⟨𝑁ch⟩
estimated for different event selection based on particles’ 𝑝cent𝑇 for inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 13 TeV.

Model values of 𝑐2{2}(2subs) (Fig. 3.6, second row, left) are much closer to the
positive once, which can be interpreted as the partial suppression of the correlations
from 𝜌 decay [154]. Here, the two-subevent method shows its advantage although the
statistical uncertainties increase. However, the comparison of model plot in Fig. 3.6,
second row, left with the ATLAS result for 𝑐2{2} with 𝜂-gap (see Ref. [153], Fig.4,
upper right plot) reveals that the magnitude of the model transverse flow is too low.
Moreover, all plots in Fig. 3.6 show no dependence on 𝑝cent𝑇 within the statistical
errors in contrast to the experimental results [155] meaning that the model lacks the
𝑝𝑇 dependence of particles’ flows. In addition, the experimentally obtained values
of 𝑣2{2}(2subs) ≈ 0.05 shown in Ref. [155] are larger than the model results (Fig. 3.6,
second row, right). We note that the main point of the ATLAS paper [155] is that
𝑐2{4}(2,3subs) should be measured instead of 𝑐2{2}, however, in our current model
implementation the values of 𝑐2{4}(2,3subs) are consistent with zero.

The result obtained in the developed model at this stage suggests that although
accounting for momentum loss in the string medium is important in the study of
azimuthal anisotropies of produced particles, it is insufficient to describe the ob-
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served phenomena. This statement somewhat contradicts the results of the original
approach, Refs. [147, 148], and an interesting analogy with the azimuthal “escape”
of partons in transport models [145]. A natural candidate for increasing the signal
of azimuthal correlations is to introduce additional particle boosts from the motion
of overlapping strings that was described in Sec. 3.5.1. The next section presents
model results with these two mechanism simultaneously switched on.

3.7.4 Model results for 𝐶(Δ𝜂,Δ𝜑) with both momentum loss and parti-
cle boosts.

In this subsection, the results are presented for the full configuration of the most
recent model version: it includes particles’ boosts from the fused strings and the
loss of particle momentum in the string medium. Calculations were performed for
ten million generated events.

In Fig. 3.7, the result for the two-particle angular correlation function,
𝐶(Δ𝜂,Δ𝜑), Eq. (0.0.10), calculated for particles with |𝜂| < 2.5 and 0.3 < 𝑝𝑇 < 3.0

GeV, is presented for the 0 − 10% event class based on the multiplicity 𝑁 sel
ch of

particles with |𝜂| < 2.5 and 𝑝𝑇 > 0.6 GeV.
Remarkably, the shape of 𝐶(Δ𝜂,Δ𝜑) in Fig. 3.7, left contains a near-side ridge

at Δ𝜑 ≈ 0 extended over the entire presented Δ𝜂 range in contrast to the result
without particle boosts in Fig. 3.5. This structure indicates emission of particles in
narrowly collimated azimuthal directions in wide Δ𝜂 range. In the model framework,
this structure is created by particles produced from the boosted string cluster that
is of elongated shape in rapidity.

The right-hand side of the Fig. 3.7 contains the schematic explanations of the
correlation structures in 𝐶(Δ𝜂,Δ𝜑). The bottom picture (Fig. 3.7, right) corre-
sponds to the particle emission at Δ𝜂 ≈ 0, Δ𝜑 ≈ 0. The prominent peak at
Δ𝜑 ≈ 0, Δ𝜂 ≈ 0, and the extended structure along Δ𝜂 ≈ 0 (Fig. 3.7, left) are
similar to those obtained in the model without particle boosts (Fig. 3.5). These
structures again come from the decays of the 𝜌-resonances [154]. However, the rela-
tive height of Δ𝜑 ≈ 0, Δ𝜂 ≈ 0 peak is greater because of the possible higher boost
of 𝜌 in Fig. 3.7. In other words, if 𝜌-resonances were greatly boosted by the cluster
of strings, then the decay products (two charged pions) will give contribution to
Δ𝜑 ≈ 0, Δ𝜂 ≈ 0 resulting in the enhanced peak. Otherwise, if 𝜌 was “slow”, then
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Figure 3.7: Left: Model result for the two-particle correlation function, 𝐶(Δ𝜂,Δ𝜑), calculated
for particles with |𝜂| < 2.5 and 0.3 < 𝑝𝑇 < 3.0 GeV and presented for event class 0− 10% based
on charged particles multiplicity 𝑁 sel

ch within particle selection |𝜂| < 2.5 and 𝑝𝑇 > 0.6 GeV for
inelastic 𝑝 + 𝑝 interactions at

√
𝑠 = 13 TeV. Right: a schematic explanation of the observed

Δ𝜂 −Δ𝜑 correlations.

pions will fly apart at any larger azimuthal angles (all available Δ𝜑 is covered by
this structure, Δ𝜑 = 𝜋 as a limit for the decay products of 𝜌 at rest).

The middle picture on the right-hand side of the Fig. 3.7 explains the near-side
(Δ𝜑 = 0, Δ𝜂 > 2 ) ridge ( Fig. 3.7, left). The observation of this structure means
that there is a production of particles with close 𝜑 at very different 𝜂. This fits
well with the picture of the creation of particles by extended in rapidity segments
of colour strings that were boosted due to string fusion. Thus, the particles pro-
duced inside some rapidity interval fly in the transverse direction defined by the
2D momentum vector of this string segment. It means that the larger the string
overlap in some region is, the larger the boost that particles will obtain from it
is, the larger the contribution to the near-side ridge it will give. As it was stated
above, the transverse dynamics of strings considered till 𝜏deepest results in the cre-
ation of the compact “hot-spot” (Fig. 3.1, second column) in each event (regardless
the number of strings), different up to some statistical fluctuations, which enhances
the azimuthal correlations of particles.
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It must be added that in the data [23, 24, 156], there is another structure in the
two-particle angular correlation function, called the away-side ridge. It corresponds
to the enhanced back-to-back particle production (Δ𝜑 ≈ 𝜋) at all possible Δ𝜂 and
contains contributions from both particles’ flow and conservation laws. The upper
picture on the right-hand side of the Fig. 3.7 gives the graphical interpretation of
this structure. However, Fig. 3.7, left, shows that the away-side ridge is absent in
our current model result.

The obtained model topology of the two-particle angular correlation function
(Fig. 3.7, left) can be explained as follows. First, it is the formation of very dense
particle-producing string cluster that appears due to the active strings overlaps and
fusion (see the red hot-spot for all rows in the second column in Fig. 3.1). This
cluster of many fused strings produces particles in the single preferred direction
resulting in Δ𝜑 ≈ 0. In the meantime, the peripheral area of events (is shown in
green and surrounds the red hot-spot, second column in Fig. 3.1) seems to be to
scarce to produce enough particles in the multi-directions and to form the away-
side ridge. The obtained transverse distributions of the strings density in an event
(Fig. 3.1, second column) resemble the characteristic core-corona picture [157]. In
the model language, it is the time of the string system evolution in the transverse
plane that tightly controls a degree of core-corona separation.

3.7.5 Model results for cumulants with both momentum loss and par-
ticle boosts.

Fig. 3.8 shows the new model results for 𝑐2{2} (first row), Eq. (0.0.11), and 𝑣2{2}
(second row), Eq. (0.0.12), calculated for particles with |𝜂| < 2.5 and 0.3 < 𝑝𝑇 < 3.0

GeV, as functions of ⟨𝑁ch⟩. Calculations were performed for ten million generated
events. This gives us access to event classes of smaller width than in section 3.7.3,
thus, we can eliminate the admixture of events with other multiplicities and get
more “pure” results. In Fig. 3.8, the results are presented for event classes of a 0.5%

width of the 𝑁 sel
ch distribution calculated for different event classifications based on

𝑝𝑇 (the same procedure as in Figs. 3.6).
Since the fluctuations are too large for classes of 0.5% width at low ⟨𝑁ch⟩, we

limit ⟨𝑁ch⟩ to start from ∼ 40. Here, the values of 𝑐2{2} are positive and show an
increase towards high-multiplicity collisions. One can see that the values of 𝑐2{2}
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Figure 3.8: Model results for two-particle cumulant, 𝑐2{2}, (first row) and the corresponding
second flow harmonic, 𝑣2{2}, (second row) calculated for particles with 0.3 < 𝑝𝑇 < 3.0 GeV
and |𝜂| < 2.5 and presented as a function of ⟨𝑁ch⟩ estimated for different event selections of 0.5%
width of 𝑁 sel

ch distribution calculated for particles with different 𝑝𝑇 (indicated in the legend) and
|𝜂| < 2.5 for inelastic 𝑝+ 𝑝 interactions at

√
𝑠 = 13 TeV.

with particle boosts (Fig. 3.8, first row) are approximately four-times larger at high
⟨𝑁ch⟩ than the values of 𝑐2{2} obtained without particle boosts (Fig. 3.6, first row,
left). The associated second flow harmonic, 𝑣2{2}, (Figs. 3.8, second row) repeats
this behaviour. We interpret it as follows.

The transverse motion of strings, considered up to time 𝜏deepest, which corre-
sponds to the maximum degree of their overlaps and fusion, results in the formation
of special event geometry: for a fixed number of strings events look similar but may
be rotated. Therefore, the magnitudes of particle boosts are very close since they
are defined by the degree of strings’ overlaps. As the number of strings increases, the
average boost becomes stronger since the degree of overlap is higher in the “hot-spot”
of an event. Thus, the string fusion plays a more significant role with the increased
string density and both momentum quenching and boosting of particles lead to a
greater signal of azimuthal flow at large ⟨𝑁ch⟩. Finally, each event is characterised
by the finite 𝑣2 but, since their configurations are very similar, even after averaging
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over events 𝑣2 is not zero.
It is important to note that model results can be compared only with the ex-

perimental data in which the non-flow contributions (that are much richer than the
𝜌 resonance decay introduced to the model) were suppressed. It is, for example,
the measured 𝑐2{2} with 𝜂-gap (see Ref. [153], Fig.4, upper right plot). To sup-
press the possible remaining contributions from 𝜌 decays in the model (as the only
source of the non-flow correlations) we apply the aforementioned procedure [88] and
calculate 𝑐2{2}(2subs) and corresponding 𝑣2{2}(2subs) in two-subevents separated in
pseudorapidity (see Fig. 3.9).
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Figure 3.9: Model results for two-particle cumulant, 𝑐2{2}(2subs), (first row) and the corre-
sponding second flow harmonic, 𝑣2{2}(2subs), (second row) calculated by two-subevent method
for particles with 0.3 < 𝑝𝑇 < 3.0 GeV and −2.5 < 𝜂 < −0.83 or 0.83 < 𝜂 < 2.5 and presented
as functions of ⟨𝑁ch⟩ estimated for different event selections of 0.5% width of 𝑁 sel

ch distribution
calculated for particles with different 𝑝𝑇 (indicated in the legend) and |𝜂| < 2.5 for inelastic 𝑝+ 𝑝

interactions at
√
𝑠 = 13 TeV.

Fig. 3.9 presents 𝑐2{2}(2subs) (first row) and 𝑣2{2}(2subs) (second row) calculated
in the two-subevent method [88] for particles with 0.3 < 𝑝𝑇 < 3.0 GeV and −2.5 <

𝜂 < −0.8 or 0.8 < 𝜂 < 2.5. One can see that 𝑐2{2}(2subs) and 𝑣2{2}(2subs) repeat the
behaviour of 𝑐2{2} and 𝑣2{2} from Fig. 3.8 reaching the slightly higher values. Thus,
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we assume that the two-subevent method indeed eliminated some of the remaining
impact of the 𝜌-resonance decays, even though its usage requires larger statistics of
simulated events.

ATLAS results for 𝑐2{2} with 𝜂-gap (see Ref. [153], Fig.4, upper right plot) show
almost constant value of ≈ 0.003 for ⟨𝑁ch⟩ from 0 till 180. The largest model values
reaches 𝑐2{2}(2subs) ≈ 0.002 for events with the highest ⟨𝑁ch⟩ ≈ 75 in the considered
event classes of 0.5% width. The available statistics of our model (∼ 10 mln events)
stops us from analysing cumulants in narrower event classes (0.1% or 0.05%), which
does not allow us to perform one-to-one comparison with the ATLAS data [153].
However, if one extrapolates model result to the event classes with higher ⟨𝑁ch⟩ it
is very likely that ATLAS limit will be reached.

On the scale presented in Ref. [153], Fig.4, upper right plot, it is difficult to
estimate the growth of 𝑐2{2, |Δ𝜂| > 2} with ⟨𝑁ch⟩ measured by ATLAS. However, a
dependence similar to our model findings was presented by ALICE (see preliminary
results in Ref. [158]). It is the two-particle correlation, ϒ(Δ𝜑), integrated over
rapidity, that grows with the event multiplicity. The results of ALICE are also
presented for the near-side ridge, but they differ in particle selection, which also
does not allow a direct numerical comparison with our model results, but only a
qualitative comparison.

At large ⟨𝑁ch⟩ in Fig. 3.8 and Fig. 3.9, one can see a slight splitting of the results
with different 𝑁 sel

ch definitions. The primary goal of the analysis with the different
𝑝𝑇 selections is to test the sensitivity of the azimuthal flow to particles’ transverse
momenta. To see it more clearly, we plot (Fig. 3.10) the 𝑝𝑇 dependence of two-
particle cumulants, 𝑐2{2} and 𝑐2{2}(2subs), for 0−5% event class of 𝑁 sel

ch distribution
based on particles with 0.3 < 𝑝𝑇 < 3.0 GeV and |𝜂| < 2.5. To achieve a similar
number of particles for all model points, we perform the calculation of cumulants in
𝑝𝑇 intervals of the varying sizes.

Fig. 3.10 shows that 𝑐2{2} and 𝑐2{2}(2subs) values gradually increase as the func-
tions of the momentum of particles that are used in their calculations. This is in
qualitative agreement with the ATLAS results [153] showing a similar behaviour.
An important remark is that the model results without particle boosts showed no
dependence on 𝑝𝑇 (Fig. 3.6, no dependence on the 𝑝𝑇 selection for 𝑁 sel

ch ).
In the full model workflow, the 𝑝𝑇 -behaviour of 𝑐2{2} and 𝑐2{2}(2subs) (Fig. 3.10)
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Figure 3.10: Model results for two-particle cumulants, 𝑐2{2} and 𝑐2{2}(2subs), as functions of 𝑝𝑇
of particles used in their calculations presented for 0− 5% event class based on 𝑁 sel

ch distribution
calculated for particles with 0.3 < 𝑝𝑇 < 3.0 GeV, |𝜂| < 2.5 for inelastic 𝑝 + 𝑝 interactions at
√
𝑠 = 13 TeV.

can be explained as follows. First of all, the introduced mechanism of momentum
quenching of particles in the string medium produces larger anisotropy for particles
with higher 𝑝𝑇 . It is because it becomes increasingly more difficult for particle to
escape the string matter while saving sufficiently large transverse momentum. In
turn, string-string interaction and their consequent boosts in the transverse plane
increase the 𝑝𝑇 of correlated particles, leading to larger anisotropy from these boosts.

To summarise, the model results obtained for the second order two-particle cu-
mulants are in qualitative agreement with ALICE and ATLAS data for inelastic
𝑝+ 𝑝 interactions at

√
𝑠 = 13 TeV.

3.8 Discussion

In this Chapter, we extended the developed model of interacting colour strings fi-
nite in rapidity with the advanced mechanisms of “string-string” and “string-particle”
interactions to address the challenging question of the origin of the collective az-
imuthal particles’ flows observed in inelastic proton-proton interactions.

In the developed model, an event picture prior to hadronisation looks like a
highly inhomogeneous string medium (see Fig. 3.1, second column and Fig. 3.2,
second and fourth columns). Originating from the multi-pomeron exchange, the
system of particle-producing strings is disordered by the longitudinal and transverse
dynamics of the system. For clarity, we repeat below the transverse plane projection
of the rare event with 74 strings (Fig. 3.11).
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Figure 2. The simulated events (one event a row) with 2, 16, 38, and 74 strings (top to bottom) for an
event projection to the transverse plane, X–Y, before and after the transverse evolution and to the
X–rapidity plane before and after the transverse evolution (left to right) for the time of the transverse
evolution, ttransv, as indicated. The evolution runs till ttransv = tdeepest (second left and most right).
Z axis is not to scale. See text for more details.

2.5. String Longitudinal Dynamics

In the model considered here, special attention is given to the simulation of partonic
degrees of freedom for colliding protons (see Appendix A). It is because the initial rapidities
of the string’s ends, ypart

init , are determined by using the momenta of partons that form it as

ypart
init = sinh�1

✓
ppart

mpart

◆
. (6)
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Figure 3.11: A simulated event with 74 strings. The figure shows the projection of the 3D string
density to the transverse plane, 𝑋 − 𝑌 after the transverse evolution during 𝜏transv = 𝜏deepest,
indicated on the plot.

One observes (Fig. 3.11 as well as Fig. 3.1, second column and Fig. 3.2, second
and fourth columns) the peculiar grouping of strings in the mixed configuration-
momentum space. Some of them are isolated forming the debris of 𝑝+𝑝 interaction.
Others partially overlap, while the most “lucky” ones form a dense cluster of strings,
overlapping to the highest degree (red hot-spot). It is the presence of such a core
that determines the crucial collective features of the soft particle production in 𝑝+𝑝

collisions. In particular, in the model, the particle anisotropy appears due to this
complex configuration of strings and string clusters in an event, and additionally
due to the effect of particle momentum quenching.

Thus, we observe a recognisable core-corona picture of the string system [157]. It
is the interplay of these two characteristic event regions that defines the properties
of azimuthal correlations in the model. Namely, in the corona region it is only the
loss of particle’s momentum that plays a role. On the other hand, the impact of the
complex core structure is more difficult to deduce. Its low occupancy regions create
correlated multi-directional particle boosts, while the “hottest” region determines a
single dominant direction and, therefore, strongly boosts particles with Δ𝜑 ≈ 0.

The model result for the angular correlation function, 𝐶(Δ𝜂,Δ𝜑), reveals the
characteristic near-side ridge that is formed by the collimated emission of particles,
boosted by the clusters of strings.

On the other hand, the away-side ridge is missing from the model results. We
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interpret that as due to an excessive approach of strings at the 𝜏deepest moment,
which results in the formation of the over-condensed string region. In this case, the
production of particles with Δ𝜑 ≈ 𝜋 separation in the model framework with 𝑝𝑇

boost should come from the peripheral, low-occupancy parts of the core. It seems
that, in the current implementation, this area is too scarce to create the away-side
ridge. A similar observation was made in Ref. [159], where the absence of the away-
side ridge was caused by the difficulties in defining the cutoff between the core and
corona.

The model results for the second order two-particle cumulants are in qualitative
agreement with ALICE and ATLAS data for inelastic 𝑝+𝑝 interactions at

√
𝑠 = 13

TeV. In future studies, the higher statistics (about 1000 times more than it is now)
will be needed to calculate multi-particle cumulants and to access high-multiplicity
events. The azimuthal flow signal obtained in the model grows with the transverse
momentum of particles in high-multiplicity events. This reflects its origin from the
azimuthal correlations between particles produced by the interacting strings.
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Conclusion

This dissertation presents a step-by-step development of the Monte-Carlo model
of interacting colour strings of finite length in rapidity aimed to describe particle
correlations at the LHC energies.

The development and application of the non-perturbative approaches in high-
energy physics is dictated by the inability to use the QCD methods to describe the
multi-particle production in the soft part of the spectrum in hadron collisions. One
of the successful approaches is based on the concept of formation of colour strings
between colliding partons that fragment into observable hadrons. This approach
appeared to be effective both in phenomenological calculations and as the basis of
many Monte-Carlo event generators.

This thesis proposes to extend the colour string approach by taking into account
in detail the initial stages of collisions, that is, the formation of finite and inhomoge-
neous string density in configuration-momentum space. This enriches the structure
of the particle-emitting medium, but it ceases to be translationally invariant [130].
Nevertheless, the developed model reproduces the experimentally observed plateau
of the distribution of the number of particles at midrapidity, which emphasises the
importance of the study of correlations, differentially in rapidity, to reveal the in-
trinsic structure of the system of particle sources.

The additional novelty of the present work is in the simultaneous consideration of
the fusion of overlapping colour strings, which not only changes the characteristics
of particle production for string clusters, but also creates azimuthally correlated
particle yields. This study is motivated by the unexpected experimental evidence of
the collectivity observed in proton-proton collisions at the LHC, which challenges the
accepted paradigm of “triviality” of proton-proton interactions compared to nucleus-
nucleus ones.

It is interesting to draw parallels between the latest, most complete, version of
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our model and the event generators also based on colour string fragmentation such
as EPOS4 [35] and PYTHIA [36]. The core concept of our model is the description
of 𝑝 + 𝑝 inelastic interaction via the multi-pomeron exchange, which resembles the
parallel scatterings of partons that occur in EPOS4. The way we find momenta of
string end-points combines ideas of energy-momentum sharing and saturation im-
plemented in EPOS4. All this is strikingly different from the idea of hard scattering
that is a starting point of multi-parton interactions in PYTHIA. The concept that
has not been realized in any existing event generator is the transverse dynamics of
strings [59] caused by their attraction is introduced in our model. It changes the
three-dimensional string density in the event and leads to the clustering of particle
sources. Taking into account the fusion of overlapped strings forms a string hot-spot
in an event, which is analogous to the formation of core in EPOS4. Also the idea of
formation of the fused particle source with higher tension is realised in PYTHIA by
the rope-mechanism. Finally, in EPOS4 evolution of the core is considered in hydro-
regime, which results in azimuthal flow signal. In the presented model, the sources
of azimuthal anisotropy of the produced particles are particle boosts from partially
overlaped and fused strings (similar to the effect of the string shoving mechanism in
PYTHIA) and particle momentum losses in the string medium.

The main results that were obtained in the developed approach and presented
in this dissertation:

1. In the simplified model without short-range correlations introduced, taking
into account the finiteness of strings in rapidity leads to the decrease of the
correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] and increase of the strongly intensive quan-
tity Σ[𝑁𝐹 , 𝑁𝐵] with increasing rapidity distance, Δ𝑦, between rapidity accep-
tances, where multiplicities 𝑁𝐹 and 𝑁𝐵 are calculated. This behaviour com-
petes with the possible contribution from the short-range correlations, earlier
shown in other authors’ string models, that also decreases 𝑏corr[𝑁𝐹 , 𝑁𝐵] and
increases Σ[𝑁𝐹 , 𝑁𝐵] with Δ𝑦. As it is shown, by considering both mechanisms
separately, one can obtain a fair description of the experimental data, which
makes an arbitrary selection of one of these scenarios illegitimate. Thus, this
thesis proves that the rapidity dependent background of long-range correla-
tions, determined solely by fluctuations in the number of strings in forward
and backward rapidity acceptances, is an important ingredient of the proper
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representation of correlations to be performed in future studies.

2. In the simplified model without short-range correlations introduced, taking
into account both the finiteness of strings in rapidity and fusion of strings over-
lapped in 3D configuration-momentum space leads to the decrease of strongly
intensive quantity Σ[𝑁𝐹 , 𝑁𝐵] in comparison to its values calculated for free
strings. On the one hand, this contradicts the results earlier obtained in other
authors’ models with infinite strings and short-range correlations. On the
other hand, this is consistent with the experimental observations of the de-
crease of Σ[𝑁𝐹 , 𝑁𝐵] for more central nucleus-nucleus collisions, thus, for more
dense string states. Based on the comparison of results of this dissertation and
of the mentioned models, it can be assumed that simultaneously taking into
account both the finiteness of strings in rapidity and short-range correlations
will give a resulting decrease in Σ[𝑁𝐹 , 𝑁𝐵] with string fusion in 𝐴 + 𝐴 colli-
sions. Moreover, it is anticipated that in 𝑝 + 𝑝 data the leading contribution
will be still defined by the short-range correlations that provide the increase of
Σ[𝑁𝐹 , 𝑁𝐵] with string fusion for more “central” events, as in data. However,
taking into account the contribution from the finiteness of strings in rapidity
will modify it. Thus, this point supports the previous statement and speaks
in favour of the possibility to develop a model that simultaneously takes into
account these two mechanisms.

3. In the elaborated model with finite in rapidity strings, taking into account
the transverse dynamics of strings, caused by their attraction, and formation
of string clusters due to their fusion leads to the proper description of the
behaviour of ⟨𝑝𝑇 ⟩ − 𝑁 correlation function observed in 𝑝 + 𝑝 interactions at
high energies. The thesis shows that it is the regime with the highest degree
of strings’ overlap, reached at 𝜏deepest, that describes the slope of ⟨𝑝𝑇 ⟩ −𝑁 .

4. The analytical relation of strongly intensive quantity Σ[𝑁𝐹 , 𝑁𝐵] to cumu-
lants, factorial cumulants and asymmetry coefficient of 𝑁𝐹 −𝑁𝐵 distribution
is shown in this dissertation. This finding enriches the understanding of the
property of strong intensity by expanding the class of observables that are
robust to trivial volume fluctuations. The thesis demonstrates that to probe
the forward-backward correlations and fluctuations, it is sufficient to study
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only one of the indicated quantities. However, adding the correlation coeffi-
cient to the analysis is beneficial as it provides complementary information on
⟨𝑁𝐵(𝑁𝐹 )⟩.

5. In the elaborated model with limited in rapidity strings, taking into account
the 3D dynamics of string density, the effect of string fusion is shown to
modify the values of the correlation coefficient 𝑏corr[𝑁𝐹 , 𝑁𝐵] and strongly in-
tensive quantities Σ[𝑁𝐹 , 𝑁𝐵], Σ[𝑃𝑇 , 𝑁 ] and Δ[𝑃𝑇 , 𝑁 ] in the same manner as
the Colour Reconnection mechanism used in PYTHIA event generator. The
observed consistency of both approaches, that are based on different ideas
but either addresses the transition of a string system to an energetically more
favourable state, with experimental behaviour makes them strong alternatives.

6. In the advanced model with limited in rapidity strings, taking into account
the 3D dynamics of string density and string fusion that additionally boosts
produced particles in the transverse dimension and affects their losses of mo-
menta in the inhomogeneous string environment, the results on the azimuthal
anisotropies of particle production are obtained. The thesis findings of the
near-side ridge structure in the two-particle angular correlation function cor-
respond to the ATLAS observation of the striking signal of collectivity in
high-multiplicity 𝑝 + 𝑝 collisions. Calculated two-particle cumulants qualita-
tively describe the experimental increase of azimuthal correlations with event
multiplicity and transverse momentum of particles.

7. This thesis demonstrates that the proper time of the transverse evolution
of the system of strings in an event, dynamically defined from the initial
3D string configuration, appeared to be the major parameter that controls
the separation of core-corona regions of string density corresponding to the
significantly different regimes of particle production in the model.

Summarising the results of the dissertation, it is necessary to emphasise that
this study manifests the possibility to describe many collective effects seen in proton-
proton interactions at high energies in the framework of the phenomenological model
of interacting colour strings limited in rapidity. The obtained results on rapidity-
azimuthal correlations make the proposed mechanism of particle boosts arising from
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string fusion a competitor to the frequently used hydrodynamic description. It is
important to mention that the model can be refined in all directions outlined in
this dissertation. The modular structure of the Monte-Carlo workflow allows each
mechanism to be developed separately, which increases the flexibility of the proposed
approach. The possible comparison of the results obtained in the more sophisticated
model will allow us to draw more solid conclusions about the properties of particle
sources and the types of their interactions, thus, to improve our knowledge about
the physical processes that determine the strong interaction. In the future, the
developed model can be used to obtain predictions at the energies of the NICA
collider and to be generalised to the description of nucleus-nucleus collisions.
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List of abbreviations and designations

RHIC Relativistic Heavy Ion Collider
LHC Large Hadron Collider
QGP Quark-Gluon Plasma
QCD Quantum Chromodynamics
CERN Conseil Européen pour la Recherche Nucléaire
SPS Super Proton Synchrotron
ALICE A Large Ion Collider Experiment
EPOS Energy-conserving quantum mechanical multiple scattering approach,

based on Partons (parton ladders), Off-shell remnants,
and Splitting of parton ladders

HIJING Heavy Ion Jet INteraction Generator
AMPT A Multi-Phase Transport
QED Quantum Electrodynamics
NICA Nuclotron-based Ion Collider fAcility
ATLAS A Toroidal LHC ApparatuS
CPU Central Processing Unit
2D, 3D 2-, 3-dimensional
F-B Forward-Backward
PDF Parton Distribution Function
CTEQ Coordinate Theoretical-Experimental Project on QCD
CT10nnlo CTEQ version 10 next-to-next-to-leading order
LHAPDF Les Houches Accord Parton Density Functions
PDG Particle Data Group
TPC Time-Projection Chamber
CR Colour Reconnection
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APPENDIX A

Developed algorithm of partons’ permutations

This Appendix contains the short summary of the developed algorithm that
allows one to prepare a set of protons, each containing the given number of partons
with the certain fractions of the proton momentum and energy.

First step is to prepare extensive sets of protons for each possible number of
partons, 𝑛part. For each parton its momentum is sampled as proton momentum
fraction, 𝑥𝑖 (where 𝑖 denotes the 𝑖-th parton), according to the parton distribution
functions (PDFs). In this work, the parametrization was used from CT10nnlo, next-
to-next-to-leading order approximation [160] developed by the CTEQ (Coordinate
Theoretical-Experimental Project on QCD) group based on CT10 PDFs [161], set 1,
of LHAPDF (Les Houches Accord Parton Density Functions) [162] at the momentum
transferred, 𝑄2 = 1 GeV2. A parton is assigned with the current quark mass of a
certain flavour that is found from the probability distribution for a given 𝑥𝑖. At this
point, there is no restriction to the parton content in terms of 𝑥𝑖.

At the second stage, the generated partons are rearranged between protons to
limit the total partons’ momentum and energy from above for each proton:

∑︁

𝑖

𝑥𝑖 ≤ 1,
∑︁

𝑖

𝑒𝑖 ≤ 1, (A.1.1)

where 𝑒𝑖 is the proton energy fraction carried by the 𝑖-th parton and defined as

𝑒𝑖 =

√︃
𝑚2

𝑖

𝑚2
p cosh

2 𝑦beam
+ 𝑥2𝑖 tanh

2 𝑦beam, (A.1.2)

where 𝑚𝑖 is a mass of the 𝑖th parton, 𝑚p is the mass of the proton, and 𝑦beam is the
proton beam rapidity

𝑦beam = cosh−1

(︂ √
𝑠

2𝑚p

)︂
. (A.1.3)
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It is done to ensure that the total energy and momentum of the partons does not
exceed the proton’s energy and momentum. To perform this, two protons (necessar-
ily with the same number of partons) are selected and two randomly chosen partons,
one taken from each proton, are exchanged between them. The purpose of parton
permutation is to bring the sums of 𝑥𝑖 and 𝑒𝑖 closer to unity. Therefore, if the sums
are larger than 1, then the permutation will be accepted only if it decreases

∑︀
𝑖 𝑥𝑖

and
∑︀

𝑖 𝑒𝑖. If, on the contrary, the sums are smaller than 1, the permutation will
be accepted only if such a rearrangement increases

∑︀
𝑖 𝑥𝑖 and

∑︀
𝑖 𝑒𝑖. This condition

must be satisfied simultaneously for both considered protons.
The computation time of such an algorithm grows crucially with the number of

considered partons. Therefore, in reality, one cannot reach exactly the value of 1
for
∑︀

𝑖 𝑥𝑖 and
∑︀

𝑖 𝑒𝑖. Thus, the procedure of permutations stops at some reasonable
number of iterations (i.e. when the improvement caused by the exchange of the
pair of partons becomes negligible), which leads to the inevitable lack of

∑︀
𝑖 𝑥𝑖 and

∑︀
𝑖 𝑒𝑖 compared to 1. To compensate it, an object called a gluon cloud with the

momentum and energy fractions of those of a proton defined as

𝑥𝑔cloud = 1−
∑︁

𝑖

𝑥𝑖, (A.1.4)

𝑒𝑔cloud = 1−
∑︁

𝑖

𝑒𝑖. (A.1.5)

is introduced. It is assigned the mass,

𝑚𝑔cloud =
√︁

𝐸2
𝑔cloud − 𝑝2𝑔cloud, (A.1.6)

with 𝐸𝑔cloud the energy and 𝑝𝑔cloud the momentum of the gluon cloud. Gluon cloud
is from this moment considered a parton that later is also used to form strings.
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APPENDIX B

Improved algorithm for determining the parton

composition of protons

In the following subsections, we present the new procedure for simulating a
proton with 𝑛part ≥ 2.

B.1 Valence quarks and diquark

We start with the creation of valence 𝑢 and 𝑑 quarks by sampling their proton
momentum fractions, 𝑥val𝑢 and 𝑥val𝑑 , from their valence parton distribution functions
(PDFs), 𝑥 ·𝑓val

𝑢 (𝑥) and 𝑥 ·𝑓val
𝑑 (𝑥). We find 𝑓val

𝑢,𝑑(𝑥) as the difference between PDFs for
𝑢 (𝑑) quark and 𝑢 (𝑑) antiquark taken from CT10nnlo approximation [160] based
on CT10 PDFs [161], set 1 by LHAPDF [162] at the momentum transferred, 𝑄2 = 1

GeV2.
We consider three possible combinations of selecting 2 out of 3 valence quarks

in order to create a diquark (either 𝑢𝑢 or 𝑢𝑑). We define diquark momentum, 𝑥di,
as the sum of the proton momentum fractions of the two selected valence quarks,
𝑥val𝑢 + 𝑥val𝑢,𝑑. The three combinations are ordered by the largest 𝑥val𝑢,𝑑 of the valence
quark that is not included in the diquark.

We put the diquark mass, 𝑚di, equal to 0.1185 GeV. For quarks, both valence
and sea, we start with the current (not constituent) masses: 𝑚𝑢 = 0.0022 GeV,
𝑚𝑑 = 0.0048 GeV, 𝑚𝑠 = 0.0950 GeV, and 𝑚𝑐 = 1.2750 GeV that are dynamically
changed later, see Appendix B.3.

For each parton representing a quark or a diquark and enumerated by 1 ≤ 𝑖 ≤
𝑛part, we calculate its energy, 𝐸𝑖, and its fraction of proton energy, 𝑒𝑖, as

𝐸𝑖 =

√︁
𝑚2

𝑖 + (𝑥𝑖 · 𝑝beam)2, 𝑒𝑖 =
𝐸𝑖

𝐸proton
, (B.1.1)
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where 𝑝beam =
√︁
𝑠/4−𝑚2

proton, 𝑚proton = 0.938 GeV, 𝐸proton =
√
𝑠/2.

B.2 Sea quarks

In case of a number of pomeron exchanges greater than one, we take into account
the presence of sea quarks that participate in the interaction. We sample the proton
momentum fraction for each sea quark, 𝑥sea𝑖 , where 𝑖 runs over values from 1 to
(𝑛part − 2), using the sum of PDFs for all flavours,

∑︀
fl 𝑥 · 𝑓fl(𝑥). For a given sea

quark (sampled 𝑥sea𝑖 ) we define its flavour from the relative probability that is known
at any given 𝑥 (i.e. from the ratio between PDFs for different flavours, 𝑓fl(𝑥), at 𝑥).
Gluons are not considered at this stage because they are accounted for differently
(see Appendix B.3). For each sea quark we also calculate 𝑒𝑖 according to Eq. (B.1.1).

B.3 Energy-momentum conservation for a proton

At this point we take a step back and verify that the sums of partons’ 𝑥𝑖 and 𝑒𝑖

are less than one. Otherwise we regenerate a proton from scratch.
Once it is achieved, one has to respect the energy-momentum conservation law

within a proton. Namely, the sums for both 𝑥𝑖 and 𝑒𝑖 for all 𝑛part should be equal
to 1. However, at this step one cannot guarantee these conditions to be fulfilled.
Therefore, we find the deficiencies, 𝑥0 and 𝑒0, as

𝑥0 = 1−
𝑛part∑︁

𝑖=1

𝑥𝑖, 𝑒0 = 1−
𝑛part∑︁

𝑖=1

𝑒𝑖. (B.3.1)

In this study, we distribute 𝑥0 and 𝑒0 between all the created partons (both
valence and sea), which may be interpreted as a gluon contribution. For example, in
the event with 𝑛pom = 1 we split 𝑥0 and 𝑒0 in half between valence quark and diquark.
Thus, for the bare valence quark and diquark (in equations below the subscript 𝑖 is
replaced by the notation q/di) one gets the modified fractions of proton momentum,
𝑥dressed𝑞/di , and proton energy, 𝑒dressed𝑞/di , from

𝑥dressed𝑞/di = 𝑥bare𝑞/di + 0.5 · 𝑥0, (B.3.2)

𝑒dressed𝑞/di = 𝑒bare𝑞/di + 0.5 · 𝑒0. (B.3.3)
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Once we take into account the gluon contributions, we can define the initial
parton momentum as

𝑝part = 𝑥dressedpart · 𝑝beam (B.3.4)

and the initial parton energy as

𝐸part = 𝑒dressedpart · 𝐸proton. (B.3.5)

This modification changes their masses from “bare” (current) values, 𝑚di or
𝑚u/d/s/c, to the “dressed” ones, 𝑚dressed

𝑞/di , according to

𝑚dressed
𝑞/di =

√︁
𝐸2

part − 𝑝2part. (B.3.6)

This approach can be naturally extrapolated to any arbitrary number of sea
quarks. Namely, we assign 1/3 ·𝑥0 and 1/3 · 𝑒0 to each of the valence quark and the
diquark and split the remaining 1/3 between all the sea quarks in a proton. This
procedure increases the masses of quarks and diquark (for valence ones to a greater
extent), which makes the distributions of the string ends’ rapidities more realistic.

However, it is also possible that after this procedure, parton’s energy decreases
compared to parton’s momentum. Therefore, one cannot calculate it’s dressed mass,
𝑚dressed

𝑞/di . To solve this we check all the three possible combinations of valence quarks
combined into a diquark, preferring to have the largest 𝑥val𝑢,𝑑 for the valence quark that
is not included in a diquark. If the aforementioned difficulty makes it impossible,
we will opt for the next combination. If this cannot be arranged anyhow, we will
regenerate the proton from scratch.
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