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O0o03HaUeHU A

B nanpreiimem C, R, Z, Z,, N — MHO)KecTBa KOMILTEKCHBIX, BEIIIECTBEHHBIX, MEJIBIX, HEOTPUIIA-
TEJILHBIX IEJIBIX H HATYPAJBHBIX YHCET COOTBETCTBEHNHO; [a @ b] = [a, b] N Z. Ecim u3 koHTEeKCTa He
cJiejlyeT IIPOTUBHOE, BCE PACCMATPUBAEMble HPOCTPAHCTBA (DYHKIUNA MOI'YT OblITh KaK BellleCTBeH-
HBIMHU, TaK 1 KOMIIJICKCHBIMH.

Ecam p € [1,+00), T0 L, — TPOCTPAHCTBO M3MEPHMBIX 27-TlepHoAnIecKnx dbyHkunit f, s

T 1/p
Hﬂb—([ﬂﬂO < ooy

Lo, — 1UpoCTPaHCTBO 2T-NEPUOJAMYECKUX CYIIECTBEHHO OIPAHUYEHHBIX (MYHKIUHA € HOPMOI

KOTOPBIX

I flle. = es[s su]p | f|- Amasmornuno onpenessiorcs npocrpanctsa Lyla, b] u L,(R).
0,27

Hasee, npu p € [1, +00] o6o3nadum uepes Wp(T) npocTpancTBo GyHKnuit f u3 L,, y KOTOPBIX
f0=1 nokamprO abcomoTHO HempephiBHa, a f) € L,. AHanorn4ao onpenensioTcst IPOCTPAHCTBA
Wi [a,b] u WD (R).

Ilpu p € [1, +00) Takzke 06o3HAMHM depes {,(Z) IPOCTPAHCTBO JIBYCTOPOHHHUX MOCTIEI0BATE b

Hocreit a = {ay }rez, VI8 KOTOPHIX

1/p

lalle,z) = Z |ax|? < +o00.
kez

CumBoIOM C'((]OO) (R) obozragmM MpOCTPAHCTBO MIAAKNX (BDUHUTHBIX Ha R DyHKIWIL.

CuMBOJIOM (-, -)3 0003HAYALTCST CKAJSIPHOE MPOM3BE/IEHHe B MMIHOEPTOBOM MPOCTPAHCTBe H

E(f, M), = inf [|f =T,

— Haugy4inee npubiauzKkenune ynkuuu f B npocrpancrse L, MuoxkecrsoM N C L,. Hangyumee
npubIIKeHne B npoctpanctsax Lyla,b] u L,(R) onpenensercs aHAJIOIHYHO U 0003HATAETCS TaK
Ke.

Koadbdpunuentor Pypobe 20-meproguaeckoii GyHKIU f, CcyMMUDPYeMOit Ha TEPUOJIE, W TUCKPET-

Hoe npeobpazoBanue Pypnre Habopa {ck}ii_ol OTIPEIEISTIOTCS PaBEHCTBAMU



Banucwh f(x) ~ > cpe*s® osmauaer, uro psij B upasoit wactu ecrb psj Oypbe Gynkuum f.
keZ
Cséprka dyuknuit f u g u3 L, onpeiengercd paBeHCTBOM

(o)) =5 [ 7o = Do)

npu takoit Hopmuposke cx(f * g) = cx(f)cx(g).

[Tpeobpazosanne @Pypoe byuxuuu f € Li(R) oupegessiercsa dhopmyioit

1

flo) = 57 [ faye e

R

Hns dyuknuii u3 Lo (R) onpesenenue npeodpasosanus Oypbe cTaHAAPTHBIM 00PA30M T€PEHOCHT-
cd cC Ll(R) N LQ(R)

Caéprka GyHKIHUI HA OCH OLPEIEIIeTCs] PABEHCTBOM

1
FxGx)=— [ F(t)G(z —t) dt;
27
R
npu Takoit HopmupoBkre F x G = F - G.
IIpu n € N, p € Z, 4epe3 S,,,, obo3HadaeTcd 2n-MepHOe IPOCTPAHCTBO 27-IePHOINIECKHX
km
ciiaifHoB nopsaka i aedekra 1 no paBaomepomy pasouenuto —, k € Z, uepes To,—1 — (2n—1)-
n
MEPHOE MPOCTPAHCTBO TPUTOHOMETPUYECKHX MHOTOUYJIEHOB cTenenu He Bobime n — 1. [Ipu o > 0,
i € 7, uepes \S(W 0003HAYAETCA MPOCTPAHCTBO CILIAfTHOB MOPSAIKA (4 MEHHEMAJILHOIO JedpeKTa C
JT .
y3jamu —, j € Z.
o
Cumponamu f€u f° 0003HAYAIOTCS COOTBETCTBEHHO YETHAS U HeUETHAS YacTH (pyHKINN f, T.€.
f+f(=) f=f(=)

=i i

Hamomunm, aro n-nonepeunurom no Koamozoposy MuOKecTBa A B HODMIPOBAHHOM ITPOCTPAH-

crBe X Ha3bIBaCTCd BeJAUYNHA

d,(A; X) =inf sup inf ||z —ylx,

Xn gcA YEXn

rjie nepBbiilt nHpUMyM 6epéTcd 1Mo BCeM MoAnpocTpaHcTBaM X, IpocTpaHcTBa X pa3MepHOCTH HE

BBIIIIE N.



BBenenue

Jluccepranus NMOCBAIIEHA YCTAHOBJIEHUIO DA TOYHBIX HEPABEHCTB /I CPEJIHEKBAIPATHIHOTO
npubIUKEHAS PA3IAYHBIX KJIACCOB (DYHKIUI TPOCTPAHCTBAMME CIBHUIOB.

Juccepranust cocrout u3 TpEX riaB, pasjaesaéHubix Ha naparpadbl. Hymepanus yrsepzkienuii
OTJe/IbHAd JJIA KayKJO0r0 THUIA YTBEPKICHHHA B KaykI0# Taase. [IpyW cChLIKax Ha yTBEP:KICHUE
JIPYTOH TJIaBBI MEPBBIM YKa3bIBACTCS HOMED TJaBbl, Hanmpumep: Teopema 1.2. Teopewmsl, He npu-
HaJIezKalllie aBTopy, UMelT OYKBeHHYI0 HyMepanuio. Hymepamus (hopMy/a B TiaBax IBOUHAS U
yKa3bIBaeT HA HOMED IVIaBbl U HOMED HbOPMYJIbI B IyiaBe, HanpuMep: dopmyaa (2.3).

ITepBasi r1aBa nOCBSANEHA TOYHLIM OINEHKAM CPEIHEKBAAPATUIHBIX MPUOINKEHUHA KJIACCOB
MePHOJMYECKUX CBEPTOK MPOCTPAHCTBAME C¢ABUTOB. Fé pesyibrarel omybankoBansl B [8] u [18].

st ipubinKeHns: TPUTOHOMETPHYECKMMHI MHOTOWIEHAMH 0OIIeN3BECTHO (CM., Hampumep, [13,

Teopema 4.2.2]) meyayumaemoe na kaacce Wi HepasencTso

B/, Tons)o < 11 (1

Hepagencro (1) TOYHO Jarke B CMBIC/IE TEOPUH HOIEPEYHUKOB, TO €CTh KOHCTAHTA n—lr HE MO-

JKeT OBITh YMEHbIIeHa 33 CYET mepexoja K HpHOIHZKAIOIIeMy MOIPOCTPAHCTBY Pa3MEepHOCTH He
Boiiiie 2n (cM., HampuMmep, [13, Teopema 8.1.3|). Ero moka3aresbCcTBO, OCHOBAHHOE HA PABEHCTBE

IlapceBans, o4eHb IPOCTO:

1 T
e Rl

e (FN on ,
B0 Tle =20 Y ) - 2n 3 L < B 57 o <

kEZ kEZ kEZ
|k|=n |k|=n |k|=n

AHanornvHbIe HEPABEHCTBA 171 NPUOJIHKeHUIH CITailHaMu ObLIH moJIyIeHsbl B [17] ¢ momombio
COOTHOIIIEHNH TBONCTBEHHOCTH.

EcrecTtBennbiv 0000IIEHIEM ITOTO Pe3y/ibTaTa sBASeTCHd PACCMOTPEHHE BMECTO CODOJIEBCKHX
KJIAcCOB (CBEPTOK € siipaMyl BepHYyJLIN) KJIACCOB CBEPTOK C APYTUMHU CyMMUDYEMBIMH siipamu. B
HACTOATIIEH [JIaBe JaHO MOJHOE OMUCAHWE MPOCTPAHCTB CABUIOB, PEATU3YOIINX TOYHYIO (B CMBIC/IE
IOTIEPEYHUKOB) KOHCTAHTY B HepaBeHcTBe THNA (1) 1jist npubiiuzKeHus KJIACCOB MePHOIHIECKUX
cBépToK. II3BecTHBIE HEpABEHCTBA JIJIsI ITPUOJINZKEeHIsT COOOJIEBCKUX KJIACCOB TPUTIOHOMETPUYECKHU-
MH MHOTOYJEHAMHU M CIJIafiHAMM SIBASIOTCA YaCTHBIMU CJIydadMu JaHHOI'O pe3yJibTaTa.

OTMmeTuM, YTO MPOCTPAHCTBA, MOPOYKIEHHBIE PABHOOTCTOSAIIUME CABHTAMH ONHON (DYHKINH,

UIPAIOT BAyKHYIO POJIb B TEOPHH AIMIPOKCHUMAINH, TEOPHH BCILIECKOB M IPUJIOXKEHHSX. ATl-



HPOKCUMATUBHBIE CBOWCTBA TAKMX [POCTPAHCTB M3YYAJUCh MHOI'MMH aBTOPAMH; CM., HAIPH-
mep, [22,31,39].

Kpome Toro, npocTpancTBa CABATOB U, B 4aCTHOCTH, IIPOCTPAHCTBA TPUTOHOMETPUIECKUX MHO-
IOYJIEHOB U CIIAMHOB 329aCTYIO OKA3bIBAIOTCH IKCTPEMAJbHBIMU B TE€X WJIM MHBIX 3aJa9aX allllpPOK-
cuMaruu. 113 MHOTOUHCIEHHBIX PE3YJIbTATOB, OTHOCAIINXCA K MPHOJUKEHHIO B IEPHOITICCKAX
npocrpancreax C' u Ly, ormernm caeqyionme. B 1937 rogy ®Pasap [23], a makxke Axuesep u
Kpeitu [1] mocrpomnn suueiinsiit Mmeton npubsmkenust X, , O 3HAYCHUSAMA B MPOCTPAHCTBE TPU-
IOHOMETPHYECKUX MHOTOUYIEHOB MOPLAIKA He BhIIE 1 — 1, Takoil 4To aid Joboi f € Wp(oo) opu

p = OO ClIpaBeJJIUBO HEPABEHCTBO

K,
1f = Xor (Olp < FHf(’”)Ilpy (2)

npuaém rpu Jirobom n € N KoHcTanta

= 7‘+1
™ 2l —I— 1)

T
na kmacce W< me Moxker GHITS YMEHBIIIeHA, JarKe €CJIM 3aMEHUTH JIEBYIO 4acTh Ha HAMIydIlee
npubsmzkenne. Hukosbekuii [15] pacmpocrpanui cootHouienus: (2) u yrBep:kjeHue o6 UX TOU-
HOCTH Ha ciaydail p = 1. [l npubauzkeHus: cobOTEBCKUX KJIACCOB CILUIAHAMHI H3BECTHBI (CM.,

nanpumep, [12,13]) rounsie npu p = 1,00 HEpaBeHCTBA

(f SQnu) _Hf Hpa

reN peZy, p=>r—1.

B pa6ote [6] Bunorpa1oBbiM ObLIH HOTYYeHBI TOTHBIE HEPABEHCTBA TUIIA (2) [T IPUOIHZKEHAS
KJIACCOB TIEPHOJIMIECKUX CBEPTOK € SJPAMHU, He YBEJUIUBAIOIIUME OCIUILISAIMIO, TIPOCTPAHCTBAME
cABUIOB HeuéTHON pasmepuoctu B Merpukax C' u Ly. JIpyrue pesysbrarbl, KACAIOIMEcs TOUHbIX

OIEHOK NMPHOJINZKEHHS TPOCTPAHCTBAME CABUIOB, MOKHO HaWTH, HanmpuMmep, B MOHOrpaduu [34].

[Ipexe yem chopMyanpoBaTh OCHOBHBIE TEOPEMBI IJIaBbI, BBEJAEM HEOOXOUMbIE [ ITOTO
0003HAYEHUSI.
ITycte n € N, B € L;. Obo3na4quM 4epe3 Sp, IpocTpaHCTBO (DYHKIUi S, 3a1aHHbIX Ha R u

1peAacraBUMbIX B BUIE
2n—1

=SB (a-T). Q
=0

a gepes Bn — IPOCTPAHCTBO (QYHKIHUA U3 Sp,, HPEJCTABUMBIX B Buje (3) ¢ JOMOIHUTEIHHBIM

yciaoBuemM
2n—1

> (=1y8; =0.

=0

X I
Herpyano noxasars (cm. §1.1), aro mpoctpanctsa Sp, 1 Sj,, COBIAIAIOT € JTHHEHRBIMI 060-



aoukamu zHabopos {Pp,},_, u {(13371}7:_117“, rae

2n—1 .
1 un T % nv)x
Pp () = Ppni(r) = m e B (SC - %) ~ E Crony(B)e (+2nv)e
3=0 veZ

X

o m—1
Bon,m THHEIHYI0 060704KY HAabopa {®p 1" ", a 9epe3 Sp nm

IIpu m € [1 : n] obo3uaunM qepe3 S
— Jmeitnyio 06o1ouky nabopa {®p )", ..

Hasn,m € N, m < n, Q C [1—m:m|u nabopa neasix ancen K = {s4},cg obo3naunm gepes
Trm.q.1c TMHEIHYI0 060J04KY HaGopa {z s el(Hna)zy, o

B riase ycTaHABIMBAIOTCA AHAJIOTH HepaBeHCTBA (1) 1719 MpubIMKeHNS TPOCTPAHCTBAMH C/IBH-

rOB K/1acCOB (DyHKIHH f, MPeICcTaBUMBIX B BUJIE

f:G*§0+g7 QOGLQageTn,m,Q,Ka

rtneGe Ly, G LT, ok
U3 34, Teopemsr 1V.2.5 u IV.3.1] cremyer, uto mis paccMaTpuBaeMoro Kjaacca (pyHKIUHA TpH

q = dim Tn,m,Q,K <n

d,({Gxp+g: ol <1, g €T} L) =|chy_ (G,

rae | (G)], k € N, — k-it B nopsiike ueBoszpactanus saement nociaegoBaresbuoct {|c(G)|}iez.
DKCTPEeMATBHBIM MOAIPOCTPAHCTBOM B JTAHHOM CJIydae siBJIgeTcs cymma 1 u JuHeHHON 06010uKH

n—q

nabopa {x — " }771 e nomepa ki, . .., kn_q taxossr, uro | (G)| =[5 (G)], j=1,...,n—q.

B mannoii riraBe ykazbiBaeTcs IMIHPOKHUH KJIACC APYTUX IKCTPEMAJIbHBIX MOAIPOCTPAHCTB, & TaK-
JK€ OIHUCBHIBAIOTCA BCE MPOCTPAHCTBA CJABUIOB, JAs NPHOJUXKEHUA KOTOPBHIME YKA3aHHOT'O KJ1acca
GbYHKIMI crrpaBe/IiBa OIeHKa, BHJIA (1) C TOYHON KOHCTAHTOM.

OcHOBHBIM Pe3yJibTaTOM IJVIaBbl ABJIACTCA CJIEAYIOIasd TeopeMa.

Teopema 1.1. Ilyemvn,m € N, m<n, Q C[l—m:m—1|, ¢ =cardQ, K = {5}1cq C Z,
BeLy, GeLi, GLT,nqxr. Toeda caedyrouue ymeepoicoenus pasHocuibbl.

1. Jlas awboti pynkuyuu f, npedcmasumot 6 sude

f:G*SO_I_ga QDGL%geTn?m?Q,Ka

GUINONAHAECTICA HEPAGEHCTNBO
E(f.SEnm)s < 16m—q( @l

2. Koapduuyuernmu Pypve pynxuut B u G ydosaemeoparom ciedyouum Ycao8UAM.

2.1. Jlaa ao0b6ozo | € Q umeem Cripon, (B) # 0 u ciponk(B) = 0 npu scex k € Z \ {s}.

2.2. Jaa awoboti napw (1,k) € ([1 —n: —m]UQU [m : n]) X Z eunoansemca nepasencmeo
’Cl+2nk<G)’ < |C§qu(G)|



2.3. Jlan xaoicdozo | € [1 —m : m — 1]\ Q cywecmsyem ne boaee odnozo nomepa k; € 7,
0aa k0mopo2o |cryonk, (G)| > |5 (G)]. Hpuném ecau maxod nomep ky cywecmeyem, mo

GBINOAHEHDL medymugue YCN08UA.

2.5.1. Cl+2nk’l(B) 7é 0.

2.3.2. s mobozo k € Z uz mozo, wmo |ciionk(G)| = |c5,_(G)], caedyem, wmo
Cl+2nk(B) = 0

2.3.5. )
3 |Ciponk(B)] S0
120k (G)|#|€3,,— o (G)]

Caenyiomas TeopeMa JaéT JIETKO IpOBepsieMoe YCJI0BHUE, JTIOCTATOYHOE JIJIsi BHIOJTHEHUS IIYHK-
Ta 2.3.3 Teopembr 1.1.

Teopema 1.3. Ilycmbn,m € N, m <n, Q C[l—-m:m—1], ¢ =cardQ, K = {50}eq C Z,

B,G € Ly, G LT, 0K uxospduyuenmo. Pypve dpynrwyui B u G ydossemsoparom caedyrousum
YCNOBUAM.

1. JIasa m06020 1 € Q Cryonsg(B) # 0 u cpyonk(B) = 0 npu scex k € Z\ {»4}.

2. Jaa moboti napw (k) € (1 —n : —m]UQ U [m : n]) X Z ewnoanaemcs nepasencmso
|Cl+2nk(G)| < |C;m—q<G)’

3. Jlas kascdozo 1 € [1 —m : m— 1]\ Q cywecmesyem ne 6oaee 00noz0 nomepa ky € Z, das komo-

p020 |Cryionk, (G)] > |e5,,_,(G)|. IIpuném ecau maxod nomep ki cyuecmeyem, mo 6vnoarer
CACOYIOULUE YCAOBUA.

3.1. Cryonk,(B) #0, u das scex k € Z

|Clionk, (B)]
crrank(B)| < === lenan(G))
|ty onk(B)] ‘Cl+2nkl<G>|’ 12nk(G)]
8.2. Jlaa mobozo k € Z uz mozo, wmo |ciyonk(G)| = |c5,,_,(G)|, caedyem, wmo ciioni(B) = 0.
3.35.
§ : 1 -
= 1 _ [ @F 7
[SY/A5 - 5
ety 2nk (G)IFlcs,, (G lerr2nk (G)]

Toz0a dan a0b600 pynrxyuu [, npedcmasumoti 6 eude

f:G*(P‘f’g, QOEL%QETn,m,Q,K’

BHTLONHAEINCA HEPAGEHCINEO
E(f7 Sg,n,m)z < ’C;qu(G)‘”gD’b

VrBepxjienud, anajgorndnbie TeopeMaM 1.1 u 1.3 cnpaBeiyIuBbI U I TPUOIUZKEHUS TTPOCTPAH-
CTBAMU SB -



Ormerum gacTHbIN ciaydail Teopembl 1.3 s npuOIMKEHUsI KJIACCOB CBEPTOK ¢ CHMMETPUY-
HO yOBIBAIOIIEH MOCIeI0BATE/ILHOCTBIO MOy el Ko3dduimenTo Pypbe 6€3 BHEHHTEIPAJILHOTO

qJIeHa.

CaenctBue 1.6. [lyemvn,m € N, m < n, B,G € Ly, npuuém xoadpuyuernmo. Pypve dynruul

B u G ydosaemsoparom caedyrowsum Ycaosuam.

1.

|ck(G)| = |c—k(G)|  npu scex k € N,

(@) = - 2 |ema(G)] > |em(G)] > |ema (G)] 2 |ema(G) = ...

2. Jlas ecexl € [1 —m:m—1] q(B) #0,

q(B
|c12nk(B)] < ;CZEGgl |ciionk (G)]  npu ecex k € Z,
!
1
> -
_ C’"L(G)
kez 1 ey

Toz2da dasa awboti pynruyuu f, npedcmasumoti 6 sude
[f=Gxp, pe L,

GBUBLNONHAIOTICA HEPABGEHCIN B

E(f’ SE,n,m)Q < |Cm(G)|H90H21
E(f,SBmnm)y < lem(G)|llo]2-

ITomumo 9TOr'0, B IVIaB€ YKa3aHa HIHPOKad COBOKYIHOCTL dA€ep, YAOBJIETBOPAIOIINX YCJIOBHAM

TeopeMbl 1.3, a TakzKe IIPUBEJICHBI IPUMEPHI IKCTPEMAJIbHBIX TPUOINZKAIONINX TOAIPOCTPAHCTB.

Bropas riaBa nocBsiieHa S5KCTPEMaJIbHBIM MPUOJINKAIONIUM OIIPOCTPAHCTBAM B 33/a4aX
CDETHEKBAIPATHYHON ANMPOKCHMANNH PA3JUIHBIX KAaccoB muddepernnpyembix GyHKImii, 3a-
JIAHHBIX HA OTPe3Ke U YIOBJIETBOPSIIONIMX HEKOTOPBIM IPAHUIHBIM yeI0BHsIM. E€ pesyabrarst omy6-
JUKOBAHbI B [7].

B [24] @uoarep n Cange paccmarpuBain 339y CPeIHEKBAIPATHIHON AlIPOKCUMAIMH TPEX
kaaccos dynkmmii w3 Wi7[0,1], onpesenseMbix HEKOTOPHIMH TPaHWHHBIME yeoBusivu. TIpn
HECKOJIbKO M3MEHEHHOH HOPMHPOBKe (KOTODOIl Mbl jasiee OyjeM HpPUIeP:KUBATHCH) 9TH KJIACCHI

CyTh

H = {uec W0, x):
H = {uec W0,x]:

0 <r, k 4érHO},
0
Hj = {u € WQ(T) 0, Z] cu®(0) = ulV <g) =0, < k/l<r, kuaéruo, | HeqéTHo}.

0<k
, 0<k<r Fkwueuéruo},
0, O
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Paccmorpum muoxkecrna

A: = {U € le ||U(T)HL2[O,7r} < 1}7 1= 07 ]-7
Ag = {U, € Hg ||U(T)||L2[O,g] < 1} )

A" = {u e W3V10,1): [u|| oo < 1}

B mepBoii pabore, mocesménnoil nonepedrnkam [30] (em. Takzke mepeson [10, c. 186-189]), Kos-
MOTOPOB HAIIEJN TIOTEPETHUKH KaaccoB A” u A M yKasas 9KCTpeMasbHble MPHOIMKAIOIIIE TOJI-

npocrpancTBa. s A 91o nuHefiHag 060J0UKA CHCTEMBI KOCHHYCOB
{1, 2+ V2cosmz, ..., x+— V2cosm(n — 1)z}

Menkman u Mukesnnu [33] mokazasu, uaro st Kiacca A” CyMmecTBYIOT JBa SKCTPEMATbHBIX O/
HPOCTPAHCTBA CILIAMHOB cTerern 7 — 1 u 2r — 1. 9TuM u APYTrUM BOIPOCAM TEOPUH TOMEPEITHUKOB
nocesieHa Mororpadbust [34].

®uoatep n Canjle BBIMUCIUIN TOTIEPEYHUKY KJIaccoB Al M yKa3ajau IKCTpeMaJibHble HOJIIPO-
CTPAHCTBA, COCTOSAIINE N3 TPUTOHOMeTpHYecKuX GyHKIwit: nag Aj, A}, A OHH CYyTh COOTBETCTBEH-
HO

span {z — sinkx}y_;, span{x s coskx}}Z5, span{z > sin(2k — 1)z}}_,.

Kpome Toro, aBropsl jokazasu, 4To jyid KiaaccoB Al cyliecTBYIOT SKCTpeMaJlbHble CIIAiHOBBIE
IPOCTPAHCTBA, KOTOPBIE OMPEIEISIIOTCS CJIEIYIONIIM 00pa30M.

[lycte Py = P, = m, Py = w/2, T — BeKTOp y37108B, pacnoiokeHubix Ha (0, P;) U pa3sinvHbIX.
O6o3nadum depes Sy ,; IPOCTPAHCTBA CILIAHOB crenenu d aedexta 1 Ha [0, P| 1 paccMoTpuM ux

Nn-MepHbIE MOJAIPOCTPAHCTBA

Sa0=1{5€ Sano: s®0)=s®(7)=0, 0<k<d, kubruol,
Sq1=1{5€ Syn1:sM0)=sW(r)=0, 0<k<d, kmneaérno},
Sao = {s € Sirat s(k)(O) = s (g) =0, 0<kI<d kuérno,l He‘{éTHO} ,

re BeKTOpHI y3710B 7; npu ¢ = 0, 1, 2 3agaorca hopmyaamu

kr ™

PR SR d He4yéTHO,
T0 = f n
s T .
{n+1 + 2(n+1)} N d 1érHO,
k=0
km a1 .
S { e e § T d neuéruno,
| =
Ex 71 .
{ pll SR d 9éTHO,
{ k n—1
s m .
gl T —} d 4éTHO
Ty = Intl D 20040 Jg? ’
kr ™ .
{2n+1 P d HEIETHO.
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B |24] 6bu10 mokazano, 4T0 jst Beex d > 1 — 1 IPOCTPAHCTBA CIUIATHOB Sy ; SBJISIOTCH OITHMAJIb-
HBIMU IPHOJINZKAIOIUME IIpocTpancTBaMu s kiaaccoB Al ¢ = 0,1,2. YacTb 3TUX pe3yabraros
qig npocrpancTts Ay 6bta oy dena @roarepom n Camje pamee B [25].

Kax MBI BuauM, y3JIbl B KayKJIOM U3 IIPOCTPAHCTB Sy, PABHOOTCTOMAIINE, OJHAKO KOHKDETHBIN
BUJI BEKTOPA Y3JI0B OIpeeageTcsa Y6THOCTIO d. B TaHHOi I71aBe MBI TOKa3bIBaeM, YTO K1acchl Al
MMeIOT 3KCTPeMaJIbHbIE CILIAHOBBIE TTPUOINZKAOIIIE TPOCTPAHCTBA ¢ 0OOMMHI THIIAMHI Y3JI0B, YKa-
3aHHBIMU B oTipeesieHnn 7;. Pa3ymeercst, B ciydae y3JI0B T; IPU TPOTHBOIOJIOKHBIX YETHOCTSX d
HEOOXOIMMO JI00ABUTH HJIH, HA0OOPOT, OCJTA0UTH I'PAHUYHBIE YCJIOBUs, YTOOBI Pa3MEPHOCTD IIOJIY-
YEeHHOT'O IIPOCTPAHCTBA PaBHsLIACH . KpoMe Toro, MBI YKa3bIBaeM IIHPOKY IO COBOKYITHOCTE IPYTUX
SKCTPeMaJIbHbIX MO/IIPOCTPAHCTB B pacCMaTpuBaeMoil 3a/iade.

Harmra Texauka 3ak/io9aeTcsd B CBeJIeHNN 33,1291 K [TePUOJIMIECKOI M IPUMEHEHUN Pe3yIbTaTOR
rJ1aBbL 1.

PacemoTpum cienyiomue Kaacchl (DyHKITHN:

H! = {u e W.": u neudrnal,
H = {ue W u aérnal},

f{rg = {u € WQ(T): U HEYETHA, U ( + g) ‘{éTHa} :

ITonaras
Ar={uec H': |[u], <1}, i=0,1,2

MBI ITIOJIY49aeM, 4TO

d(A5; Ly) = dn(A}: Lo[0, 7)), dn(A}; Ly) = di(A}; Lo[0, 7)),

d,(AL: Ly) = d, ( r Lo [o, g]) .

Takum 06pa30M, VIIOMAHYTBIE€ BbIIIE 3aJa91 AJid HEIICPUOJIUIECKUX KJIaCcCOB MOI'yT OBITD CBeJeHbl

K aHaJIOTUYHBIM [JI4 HepI/IO,ZLI/I‘IeCKOIL/'I CUTyalluu, B KOTOpOfI IIpUMEHUMBI PE3YJIbTAaThl I'JIaBbl 1.

X

PaccmoTpum m-MepHbIe OIIPOCTPAHCTBA Sp

S = span{®% 10y mpnm+1<n,
gfg,n,m = span{Ppo} @ span { Py 7t upu m < n,

S —span {®B 0112 upu 2m + 1 < n.

;1T

. )
C.He,ZLyIOHIaH TeopeMa JaeT YCJIOBHA IKCTPEMAJBbHOCTH IIOAIPOCTPAHCTBaA SB,n,m AJId KJlacC-

~’f‘
ca Hyj.

Teopema 2.2. Ilycmo r,n,m € N, m + 1 < n, a xoopduyuenmo, Pypve dynkuyuu B € Lo

YA08AEMBOPAIOM, CACIYOULUM YCAOBUAM.

1. Jas mobozo | € [1 : m] cywecmsyem v € C\ {0} makoe, wmo dan ecex k € Z eepro
C_i—onk(B) = YiCiyonk(B).
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2. Jan scex v € N 6epno o, (B) = ¢_9,,(B).

3. Jlas ecex | € [1:m] 6ydem ¢;(B) # 0 u

|Cl+2nk:(B)|2 0
1 1 = M-

kez (1+2nk)%" — (m+1)%"

Tozda das a0boti pynkyuu v € Hi svinosnaemcs Hepasencmeo

1

(r)
U .
(m + 1)”“ I

a0
E(u,Sppm)y <
AHanorn4HbIe TEOPEMBI CIIPABEIIUBBI I KJIACCOB H{ u H; .
Kpome Toro, B riiaBe mpupejienbl npuMepbl GYHKIHI B, /i KOTOPbIX CIIPaBEJIMBA TEope-
Ma 2.2 W aHaJOTWIHBIE eil TeopeMbl JJId KJACCOB H{ Hu Hg , & TAKZK€ ONHUCAHBI CILJIATHOBBIE IKC-

TpeMaJbHbIE MOJAMPOCTPAHCTBA, 0000MIAIINe PE3YIbTATH [24].

Tperbs riIaBa MOCBSIIEeHA TOYHBIM HEPABEHCTBAM ISl ONEHKH HAWIYUIIEro CpeIHeKBaIpa-
THIHOIO MPUOINKEHNS KJIACCOB CBEPTOK IMPOCTPAHCTBAMHU CABUIOB Ha OCH. Pe3yabraThl 9Toi riia-
BBl omyOsmkoBansl B [37] u [19].

B nacrosimeii riaBe, Kak W B NepBOii, yCTaHABIMBAIOTCS aHaJIOrH HepaseHcTBa (1), HO s
npubsinzKenus B mpocrpancrse Lo(R).

Cpean paboT, MOCBSAIMEHHBIX TOYHBIM 3HAYEHUSIM TPUOTHKEHUI KJIacCOB (PYHKIUH B TPOCTPAH-
crBe Lo(R), ormernm caenytormue. Onenka (1) mast npubianzkenust nebiMu GyHKIMSIMA KCIIOHEH-
IHATHHOTO THIIA W €€ TOYHOCTH OYeBUHBI W 00men3BecTHbl. B [17] mosyuen awasor HepaBen-
crBa (1) auist npubJIMzKe N CrTafiHaMK Ha TPSAMOii 0 OTMeYeHO 6e3 T0Ka3aTebCTBa, 9T0 OHO TOU-
HO B CMBLJIe CPEJTHUX TOTMEePEIHUKOB (onpeienenne Oyier qaHo noszke). [TlonepeaHuku coboJeBCKUX
kyaccoB Hafinenbr B [14]. Tam ke MOKHO HafiTn pe3yabTarbl 06 SKCTPEMAILHOCTH IIPOCTPAHCTB
HebiX (PyHKIUN 9KCIOHEHINAILHOTO TUNA U criaiftaoB. JIag npubamKeHust K1accoB CBEPTOK C
CYMMHUPYEMBIM SIPOM TOYHBIE 3HAYEHHUSI CPEeTHUX IIONEePEIHNKOB H SKCTPEMAIbHBIE ITOIIPOCTPAH-
CTBa, COCTOsIIMe U3 (PYHKIHN ¢ HOocHTeaeM IpeodbpasoBanus Pypbe B 33JaHHOM OTpaHHIEHHOM
MHOZKECTBe, HailjieHsl B |32].

B npocrparcrsax C' u L; Ha ocW TOYHBIE HEPABEHCTBA I MPUOJIMKEHUs TPOCTPAHCTBAMHI
CJIBUTOB ObLIU MOJTYYeHbl JHHEHHBIME MeTogaMu BuHorpagosbiM [4, 5.

Yr06b1 chopMyTHPOBATH OCHOBHBIE PE3YJILTATHI TJIABBI, BBEIEM HEOOXOIUMbIE 0003HAUCHUSI.

[Iycrs 0 > 0, B € Ly(R). O6o3naunm

1 G\ i
(I)ng(iﬂ,y) = %ZB (.CU— ?> e'a?.

OboznayuM uepe3 Sp, NPOCTPaHCTBO (DYHKIUI s, 33JaHHBIX Ha BeIIeCTBEHHON OCH M IIpeji-
CTaBHMBbIX B BHJIC
s
s@y=) BiB(z—"), BeEL®) (4)

jET
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Ilpu 0 < p < 0 obo3nauuMm 4epes S, , HIPOCTPAHCTBO byHKIH s U3 Sp ,, uMeomux Buz (4)

U YAOBJIETBOPSAIONIUX JIOTOJHUTEIBHOMY YCJIOBUIO

i
g Bje "o =0 masanoutu Bcex p < |y <o
jez
(cxomumocTh psa monumaercs B Lo[ —o, 0]). Ilpu p = 0 mox Sp 4, OymeM monumars Sg .
g 3amannoii mourn Beiony Ha R koMiiekcHo3Ha4uHOM DbyHKIUE ¥ 0603HaUUM depes T, MHO-
xkecrBo byukuuii p € La(R), ayist Koropbix npoussepenue yp rakzxe upunajyiexkur Ly(R). Tauee,

Jepes §, 0003HaYMM mpocTpancTso dyuknmit f, mpeobpasosanne Pypbe KOTOPBIX HMEET BHJ

f=78, ¢eT,. (5)

ITo ompenenennio §, — moxupocrpancTso Lo(R).

OTmeruM /1Ba 4aCTHBIX CJIydas IPOCTPAHCTB §-.

1. Ecim v ecrb mpeobpaszosanne Qypbe nexoropoit dyukuuun G € Li(R), To §, ecrs Kiacc
cBéprok ¢ aapom G. B stom ciyuae T, ects Bcé mpocTpanctso Lo(R).

2. Eciu y(y) = ﬁ, r =1, To §, ects npocrpancrso CoGonesa WiY(R). TIpocrpancrso T, s
9TOM CJIy4ae COCTOUT U3 r-X HPOU3BOIHBIX (DyHKIMH U3 WQ(T) (R).

BaMeTnM, 9To 3/1eCh W Jajee, eCJIN He OTOBOPEHO WHOE, T HeoOA3aTeJbHO IeJ10e.

IIycts A — mommuokecTBO R KOHeuHO# Mepsl Jlebera. Ero cumMerpusanueii Ha3bIBaeTCs WH-

(-5, 25),

Jlns 3aganaoi Ha R yHKImuM [ ¢ BemecTBeHHBIMU HJIH KOMILIEKCHBIMHU 3HAYEHHSIMHU, TAKOIi

TepBan A* =

aro f(z) — 0 mpu  — 00, gepe3 f* 0603HAYNM CHMMETPUIHO YOBIBAIOIIYIO TTePECTAHOBKY (DYHK-

uuu |f|, To ecth
/ X{zer: |(@)> (t) dt-
0

Crienytoras TeopeMa, TaéT OMUCAHNE BCEX TPOCTPAHCTB CABUTOB, 15 MPUOTHIKEHUST KOTOPBIMH

KJIacca §, CIpaBeiuBa TOIHAS OleHKa THia (1).

Teopema 3.1. ITycmo 0 < p < 0, B € Ly(R), mroorcecmso Q@ C R nycmo uau koneuno, a Gymx-
YUY {B ( )}jGZ obpasytom cucmemy Pucca 6 Ly(R). IIpednonosicum makotce, wmo dynryua

v: R\ Q@ — C ydosaemsopsaem caedyrousum Yeao8umm:
o v nenpepusna Ha R\ Q, ~(y) = 0 npuy — oo;
o das scex q € Q |y(y)| — oo npuy — q.

Tozda caedyrousue YmeepHcoeHus PaGHOCUNDHDL.

1. Jas aobotl gynryuu f € §, 6uda (5) evnosnaemea Hepasencmeo

E(f,Sp0p)y <7 (0)¢llLaw (6)
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2. Dynuryuy Bu v 4006AEMBOPAIOM CACOYIOULUM YCAOBUAM.

2.1. Jas nowmu scex y € (—o,0) \ (—p, p) u scex k € Z 6unosnAemcAs HEPABEHCTNEO
V(Y + 2ka)| < 77 (p)-

2.2. Jaa nowmu ecex y € (—p, p) cywecmeyem ne boaee 001020 nomepa ky € Z, das komopo-
20 |Y(y + 2ky0)| > 7v*(p). Hpusém ecau makod womep k, cyuecmeyem, mo 6vlnoAHEHbL
CACOYIOULUE YCAOBUA.

2.2.1. B(y + 2k,0) # 0.
2.2.2. [aa mobozo k € 7 uz mozo, wmo |y(y + 2ko)| = v*(p), caedyem, wmo

~

B(y +2ko) = 0.

n 2
5 |B(y + 2ko)| o

2oy teko)P - (r ()2~
|y (y+2ko)|#v* (p)

Konemanma v*(p) e npasoti wacmu nepasencmea (6) mouna.

Kak u B mepBoii riaBe, JOKa3aHO JIETKO MPOBEpsIeMOe YCJIOBHE, TOCTATOYHOE /I BBITTOJTHE-
uust HepaBercTBa (6). ChopMmynmupyeM 9acTHBIA cydail 9TOr0 yeJIOBUsl JJIs KJIACCOB CBEPTOK C

CUMMETPUYHO yOBIBAIOIIMM MOjysieM 1peoOpasoBanus Pypbe.

Caencreue 3.5. IIycmv 0 < p < 0, B € Ly(R), G € Li(R) N Ly(R), dynwyuu {B (- — %)}jez

obpasyrom cucmemy Pucca 6 La(R) u npeobpasosanus Pypve pynxuyui B u G ydosaemesoparom
CAECOYOULUM YCAOBUAM.

1. Qynrxyua |G| cummempuurno yousaem U HENOCMOAHKE 6 OKPECIHOCINU MOYEK —p U p.

2. Jas noumu ecex y € (—p, p) 6ydem B\(y) # 0,

N B N
|B(y + 2ko)| < ‘A(y)‘ |G(y + 2ko)| npu ecex k € Z,
G (y)l
1
> g >
N AVC)
kez 1~ i3 sk

Tozda daa aw0boti pynrxyuy f, npedecmasumoti 6 eude

f=Gxp, ¢eLyR),
BB ONHAETICA HepaeeHcmeo

E(f,SBop), < IGO)¢] o).

[TomMuMoO 3TOTO, B I/IaBe YKa3aHbl IPUMEPHI TPUOIUKAEMbBIX KJIACCOB (DYHKIIHI U TPUOIUKALO-

MIAX ITOJAIPOCTPAHCTB, VAOBJAECTBOPSIOIINX YCJOBUAM OCHOBHOI TEOpPEMBI.
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[Tocaeanuii maparpad riaBbl MOCBAIIEH CPEJHUM HOIepeYHuKaM. Biiepsbie BOlpoc 00 usyue-
HUU yCPEJHEHHBIX XapaKTePUCTHK KJIacCoB (BOOOINE TOBODS, CIydaiiHbX) (DyHKIHA OBLT MOCTAB-
nen ennonom [21] u Koamoroposbim u TuxomuposbiM [11]. Anamorudnas XxapakTepucTuka —
CPeIHSST PA3MEPHOCTh — JIJIsi TIOAMPOCTPAHCTB (DYHKIWH Ha MPsMOil, OCHOBaHHAs Ha IIOIeped-
Huke 1o Koamoroposy, 6bu1a npeioxkena TuxomuposbiM [16]. B nanbreiinem Bompocs! cpemeii
Pa3MepHOCTH U CPeJHHUX HonepevHnKoB u3ydanuch Marapun-Tiabsespim 14, Tuup Syrrom 9] u
JIPYTAMMU.

Yr1o6bl ¢hOpMYTHPOBATH OCHOBHBIE PE3Y/IbTATH Maparpada, HAIIOMHAM ONpeeeHne CcpeIHei
Pa3MepPHOCTH U CPEJIHEro MOTEPEeTHIKA Mo KoIMOropoBy, ciaeays obo3HadeHusM u3 [14].

IIycts D, — 3amMKmyThIil equnuansiii map npocrpancrsa Ly(R). daa A > 0 n 3agannoii na R
dyukun f obozHATUM

f@), [t < A,
0, t| > A.

Paf(t) =
IIycts H — nogupocrpancrso L,(R), p € [1, +oo]. [Ipu €, A > 0 nosoxkum
K(e,A,H)=K(e,A H,L,(R)) =min{n € Z,: d,,(Pa(H N D,), L,(R)) < €}.

Beanuuna

Jim H = &im (H, L,(R)) = lim lim K(e, A, H, L(R))
e—=0+ A—+o0 2A

Ha3bIBaeTcs cpednetls pasmeprocmovto H B Ly(R).
[Iycrs p € [1,4+00]. Cpeduum v-nonepeunurom no Koamozoposy muoxectsa X B IPOCTpaH-

cree L,(R) HaseiBaercs Besmanna

dAXJdRDZingﬁgwx—mumw

rae mepsoiit undumyMm Gepércs mo BceM moampocrpamctsam X, npocrpancrsa L,(R) cpenueit
Pa3MepHOCTH He BHIIIE V.

CumBoJioM S% 0003HaYUM MHOXKecTBO BbyHKIUi f € §,, ¥ KOTOPBIX B IIpe/icTaBIeHIN

f:7$7 SOGTW

dbyuknus ¢ yaosaersopsier yeaosuio |[¢lls < 1.

B caegyromeil TeopemMe BBIUHCIEH CPEJIHAI HOMEPEYHNK KIACCca S%

Teopema 3.3. Ilycmv p > 0, muoorcecmso () C R nycmo uau xonewno, a KOMNAEKCHOZHAYHAA

Pynruua v ydosaiemsopaem cAedyoUUM YCAOBUAM:

o v nenpepuena na R\ Q, v(y) = 0 npu y — oo;

e das ecex q € Q |Y(y)| = oo npuy — q.
Toz0a

2 (3, La(R)) = 7" (p).
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Dra TeopeMa BMeCTe ¢ pe3ysbraToM |38] o cpeneii pa3MepHOCTH POCTPAHCTB CIBUTOB IPUBO-

JAT K CJIE/IYIONEMY YTBEPKICHUIO O TOTHOCTH HepaBeHCTBa (6) B CMBIC/IE CPETHIX TONEPEeTHIKOB.

CaenctBue 3.9. FEcau 6 yeaosusax meopemv, 3.1 p = o u pad

g

jJET

CTOOUMCA PABHOMEPHO OMHOCUMENLHO T HaA A1000M ompeske, mo Hepasencmso (6) mouno 6 cmwvic-
A€ CPEJHUT NONEPEUHUKO8, MO eCMb KOHCMAHMA 8 NPABoTl 4acmu He MoNHcem bbmb YMEHLULEH

3G cuém nepexoda K IpY20MYy NPUOAUNCAIOULEMY NOONPOCTIPAHCNGY CPEOHET PASMEPHOCTIU HE Gbl-

we <.
s
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I'1aBa 1.

IIpubamxenne KjaaccoB NepuoandecKnx

CBEPTOK NPOCTPAHCTBAMU CABUIOB

1.1. BBenenue

Jlnst npubnzKeHns TPUTOHOMETPUYECKIMI MHOTOYJIeHaMH 00Ien3BecTHo (cM., Hanpumep, [13,

Teopema 4.2.2]) meyayumaemoe na kaacce Wi mepasencrso

1
E(f, Tan-1)2 < EHf(T)Hz (1.1)

Hepagencreo (1.1) To4HO Jarke B CMBICJIe TEOPUH TOMEPEYHUKOB, TO €CTh KOHCTAHTA n% He MO-

2KeT ObITh YMEHbIIEHA 33 CYET 1epexo/a K HpUub/IMKAOIEMY [TOIPOCTPAHCTBY Pa3MEePHOCTH HE
BeiTe 2n (cM., Hampumep, [13, Teopema 8.1.3]).

AHanornYHbIe HEPABEHCTBA 7151 NPUOJIMKeHNTT crtaitHaMu ObLI mostydensl B [17] ¢ momortpio
COOTHOIIEHNH JTBOMCTBEHHOCTH.

EctecTBeHHBIM 00600ITIEHIEM TAHHOTO PE3YIbTATA IBISIETCS PACCMOTPEHNE BMECTO COOOJIEBCKHUX
KJIACCOB (CBEPTOK € siipamMu BepHy/In) KIaccoB CBEPTOK ¢ APYTUME CYMMHUDYEMbBIMHA sIIDAMH.

B nacrosieii ryiaBe JaéTcd MOJTHOE ONMUCAHUE BCEX TMPOCTPAHCTRB, MOPOXKIEHHBIX PABHOOTCTOSI-
MIAMHE CJBATAMHI OTHON (DYHKITMH U PEATU3YIONHUX TOUHYIO (B CMBICJIE HOTIEPEYHUKOB) KOHCTAHTY B
nepasenctse Tumna (1.1). HeobxoaumMoe u J0CTATOTHOE YCIOBHE IKCTPEMATHLHOCTH (hOPMYIUPYETCs
B TepmuHax ko3 dunuentoB Oypoe saapa ceéprku G u GpyHrnun B, MOPOXKIAOIEH TPOCTPAH-
CTBO CJIBUTOB. [[OMUMO 3TOT0, JJAHBI JIETKO POBEPIEMbIE JIOCTATOYHBIE YCJIOBUS SKCTPEMAJTHLHOCTH
U [PUBEJIEHBl TPUMepPbl MPUOINKAeMbIX KJIacCOB (DYHKINNA W TPUOIAZKAIONINAX MTOIMPOCTPAHCTB,
YIOBJIETBOPSIONINX ITUM YCJIOBUAM. VI3BecTHBIE HEpaBeHCTBA /sl MPUOJIUKEHUT TPUTOHOMETPH-
YEeCKUMM MHOT'OYJIEHAMU U CILJIAHAMY SIBJISIOTCH YACTHBIME CJIy4asdMU OMUCAHHBIX PE3YJIbTAaTOB.

Pesyabrarsl raaser onybankobansl B B (8| u [18].
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IIpocTpancTrBa cIBUTOB

ITycts n € N, B € L;. Obo3naunM depe3 Sp, MPOCTPAHCTBO (PYHKIUI S, 3a7aHHBIX Ha R u

Hpe;LCTaBI/IMbIX B BUIe
2n—1 .
jW
9= 4 («= 7). (12)
J:

a "epe3 Sj, — MPOCTPAHCTBO DYHKIW U3 Sp ,,, IpeacTaBUMbBIX B BH/e (1.2) ¢ JOMOJHATEIHHBIM

yciaoBuem
2n—1

> (-1 =0. (1.3)

=0

[Moacrasisia B (1.2) pasnoxkenne dynkuuun B B pag Pypbe, nosydaem

2n—1 ) 2n—1
x) ~ Z B; ZCI(B)e”(x_]?) — ZCZ(B)ﬁle”‘” ~ Z Bi®p(z), (1.4)
j=0  I€Z leZ 1=0
rie
2n—1 i
(I)B,l(x) = (I)B,n,l(x) = % ' en B (l’ _ _) ch+2m/ z(l+2n1/)x.
J=0 veEL
fcno, aro Pp; = Ppi0,, a yerosue (1.3) paBHOCHIBHO 5’; = 0. Takum obOpa3oM, MpocTpaHCTBA

Sp, u S5, cOBHAJAIOT ¢ JnHEHHBIME 000I0YKaMH HAOOPOB {@Bl}?lal (mitn, 91O TO Ke camoe,

{®p}r ) u {®p}-" .- Tlpu m € [1 : n] obosnauum depes S5 jmHeiHy10 060109Ky HabO-

B,n,m
pa {‘I)B,z}ﬁﬁm, a 1epe3 Sg ., — JuHeinyio 06osouky nabopa {®p ..

Oyukiun g, oproronansusl: (P, ®pi)r, =0upul#j, a

1
%HCI)B,IH% - DB,l = DB,n,l - Z |Cl+2nV(B

VEZ

Jluneiinas HesaBuCUMOCTh HaGopos { B ( — %) 2” 'u {B ( ) " 11 ,, DABHOCUTIbHA TOMY, 9TO
dbyukuun @p; nemynessie npu l € [l —n:njul € [1 —n :n— 1] coorBercrBenno. B srom cayuae
cucrempr {®p 1, u {®p;})-", obpasyior oproroHambHBe 6a3zMCHl B NPOCTPAHCTBAX Sp, I
S% .. OpToHOpMHpPOBAHHEIE 6A3UCH 06PA3YIOT PYHKIHT ———x=Pp ;.
B, OPTOHOPMHID pasyoT ymHKI Jonbny OB
Koadpdunmentor Pypre (p,(f) byukmun f € L, no cucreme {Pp,} BoIparkaoTcs gepes Ko-

sdpdunuentol Pypbe f 10 TPUTOHOMETPHIECKON cucTeMe (hOpMYI0i

CBa(f)

nv B —i( )t = nu nv .
QWDBl/f uezCl+2 Ciran(B)e ch+2 )eriann(f)

Eciu dbyukuus ®p; Hynaesas, gorosopumcs cautathb (p;(f) = 0. Berpasum nammyuiee npubiu-
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kenne pyukuuu f € Ly npocrpancrsom Si yepe3 Koapdunuenror Dypoe:

B,n,m

m—1 2 m— 2
E*(f,Shmm)s = IIf = D Ca(N®sal| =115 - Z () ®pi|| =
I=1-m 2 =1- 2
m—1 2
=27 Z |Cl(f)‘2 - Z Z Cy2nu (B)Crian (f) : (1.5)
€7, I=1-m Bl ez

Ananormunas dbopmysna cupasesausa u 119 E(f,Sgm)e-

Eciaun B ects saapo dupuxiie

0SB, =S5, = Tan-1, SBnm =S ,m = Tom-1, Prn=0,aPp, upn |l| < n cyrs 0OBITHBIE IKC-
nonentsl. Ecimm xxe B = D,,, 10 Sp ,, ectb cyMMa Ta,—1 1 JiHEeRHOH 000/104K1 DYHKIUT L — COS NI

B cayuae, korna B ectb B-cruiaitn

ei%k— 1 ptl .
EOEDS (—Z.Ek ) e pe,

kEZ

(3mecw u ganee npu k = 0 1pobb cumTaercs paBHOil 1), Moay9IaeM, 9T0 Sp, — 9TO HPOCTPAHCTBO

ciIaitHos S, ,. Pynknun

i < (I + 2np )t

iZl ptl i(l+2nv)x
ent —1 e
bt (215
ve

obpa3yoline B HEM OPTOTOHAJBHBIN 0a3MC, HA3BIBAIOTCS IKCNOHEHUUGALHOMU CRAGTHaMY (TTO

npuaaTomy cortamennio Pp,  o(z) = 1). Jluneiinyto obonouky cucremst {®p, 317!, obosHa-

1—-n
4uM vepe3 S . DKCHOHeHIUAIbHbIE CIUIAHHBI, BOOOIIE rOBODs, HEIIEPHOIMIECKHE, BBEJICHBI B DAC-
cMorpenne [TTéH6eproM, OCHOBBI TEOPUU W UCTOPUUECKHE KOMMeHTapuu cojep:karcsa B [35]. Op-
TOTOHAJIBHOCTD MEePUOANYECKHUX IKCIIOHEHIHAJIbHbBIX CIJIAiHOB OTMeYaJach MHOTMMU aBTOpaMU;
X X
MO-BHINMOMY, CaMble paHHWe paboThl Ha 3Ty Temy — [26,28|. IIpocTpancTsa S, . Sg,, paccmar-

puBauch Bunorpaiosbim |2, 6).

1.3. OcHoBHBIE PE3yJabTATHI

Hast n,m € Nym < n, Q@ C [l —m : m] u nabopa neasix ances K = {3},co obo3natnm gepes
Trm.Q.1c TMHEIHHYIO0 060J04KY HaGopa {x s el(H2na)zy, o
Jajiee HaM TOHAJOGUTCS YCIOBHE, IPH KOTOPOM T}, 1, 0 x ABJISIETCS TOAIPOCTPAHCTBOM TIPO-

CTpaHCTBa CABUI'OB.

Jlemma 1. IIyemo n,m € N, m<n, Q C[1l—m:m—1], K = {50} C Z, B € Ly. Tozda

CAEOYOULUE YMBEPHCIEHUA PABHOCUNDHDL.
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X

1. Thmq.x — nodnpocmpancmso Sg ..

2. Haa m06020 1 € Q Cyong(B) #0 u cpyone(B) = 0 npu scex k € 7\ {54}.
Ananozunnoe ymeepoicdenue 6epro 0aa Sp pm npu Q C [1 —m :m).

Jokaszamenvemeo. V1eepkaenne 2 = 1 cpasy ke ciaemyeT u3 onpenenennd oynxmuit Pp;. Ho-
KazKkeM IMIHKanmio 1 = 2. Hycrs /420 e §% - nna seex | € Q. Toraa mo dopuyne (1.4)

JUIst HeKoToporo Habopa {3;} umeem
ei(l+2n;{l)x ~ Z ﬂjCj(B)eijI.
JEL
CiteroBaTe/ibHO,
1, J =1+ 2nsq,
O, j % [+ 2%%[.

Bjc;(B) =

Orciona ¢iion(B) # 0, BHng # 0. Beuny 2n-nepuognanocTn B upu Beex k € Z \ {4} Gyzaer
@an # 0, a Toraa ¢onk(B) = 0, TO €cTh BEPHO yTBepKIeHUE 2.

[oKa3aTesbcTBO 11 SB p m AHATIOTUTHO. O

.. ><
Curenrytoriast obIast TeopeMa JaéT KPUTEPUH IKCTPEMATLHOCTH TIOAIMPOCTPAHCTRA S B.nm B T€D-

MuHaX KodddunuentoB Pypre byukiuit B u G.

Teopema 1. I[Tyemo n,m € N, m < n, Q C[1—m:m—1], ¢ =cardQ, K = {s0}1cq C Z,
BeLy, GeLi, GLT,nqr. Toeda cacdyrouue ymeepsicoenus pasHocusbHbl.

1. Jlaa awboti pynkuyuy f, npedcmasumoti 6 eude

f =G p+g, $E L27 g€ Tn,m,QJ(a (].6)

BHINOAHALTNCA HEPABEHCMEO
E(f.SEnm)y < 1Gm—o(@l¢ll2- (1.7)

2. Kosgppuuyuenmovr Pypve dynkuutd B u G ydosaemesopatom caedyroujum ycaio6uiMm.

2.1. Jaa mobozo | € QQ umeem Crpon., (B) # 0 u ciponk(B) = 0 npu scex k € Z \ {s4}.
2.2. Jan moboti napw (I, k) € ([1 —n:—m]UQU[m : n]) x Z eunoanaemca nepasencmeo

’Cl+2nk<G) ’ < ’C;m_q(G) ‘ :

2.3. JTaa xaocdoeo | € [1 —m : m — 1] \ Q cywecmsyem ne boaee odnozo womepa k; € 7,
daa komopo2o |cryonk, (G)| > |5, (G)]. Hpuném ecau maxod nomep ky cywecmeyem, mo

GBINOAHEHDL Cﬂedy}omue YCNOBUA.

2.5.1. Cl+2nkl(B) 7é 0.
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2.3.2. JIasn moboeo k€ Z uz mozo, umo |cionk(G)| = |c5,_(G)], caedyem, wmo
Cl+2nk(B) = 0.

Z 120k (B)? S0
kcZ: ’cl+2nk(G>’2 - ‘CZm—q(G)P
et 20k (G 2|, (G

Hoxaszamenvemeo. 113 mepBoro yTBep:KIeHWA TeOpeMbl ciaeayer, 910 1), ., gk COAEPKHUTCA B

SX

Bn,m>
KIeHud TEeOpEMEBI II0 JIeMMe 1 Toxke ciaeanyer, 9To Tn,m,Q,K — HOAIIPOCTPaHCTBO Sgnm HOSTOMy

a Torja 1o JemMe 1 BepHno yrepxkienue 2.1. C apyroit cTOpoHBI, U3 BTOPOTO VTBEp-

B HepasercTse (1.7) jocTaTodHo paccMarpuBarh QYHKIUE f, y KOTOPHIX B npeacrasiennn (1.6)

g = 0. Torna, yuntsiBas (1.5), HepaBercTBO (1.7) MOXKHO HepeICaTh B BHJIE

2
1

Z |Cl(G)|2’Cl<<p)|2 - Z D_ Z Cl+2nl/(B)Cl+2nV(G)CH—QTW(QO) <
l€Z\{j+2nxj}jeq le[l-m:m—1\Q Bi | ez
<o G D_Jelo)”
leZ

Orcrioga BuaHO, uro ecanm aus Hexoropoil mapsl (Lv) € (L —m : m — 1]\ Q) x Z

BepHO |Ciy0n, (G)| > |5, ,(G)], TO and BBITOIHEHHS 3TOTO HepaBeHCTBAa HEOOGXOMUMO, UTOOBI

Claony(B) # 0. JleficrBureibHO, €Ciu Cpro,,(B) = 0, T0 HepaBeHCTBO Hapyliaercs Jijist (DyHK-
man p(r) = 2T (5 gommrexkcHoM mpocrpamcTse Lp). B BemecTseHHOM ciydae uMeeMm
lcii2ny (G)] = |c_1—2n(G)| 1 3 TOTO, 9TO €140y (B) =0, cremyer, 910 €_;_9,,(B) = 0, Tak 910

HepaBeHCTBO Oy/er HapymarThes 1id o(x) = cos((l + 2nv)x + a). Ilosromy nasee cumraeM, 9To
s moGoit napst (1,v) € ([L—m :m—1]\ Q) X Z u3 1oro, 410 |¢1490,(G)| > |5, _,(G)], caenyer,

910 Cpyony(B) # 0.
[IpencraBuB CyMMBbI B BUJIE IIOBTOPHBIX, IEPEIUIIEM HEPABEHCTBO B BHIE

2

n 1 -
Z [t201(G) Pl (9)* = Z Dns ZCz+2nu(B)Cl+2nu(G)Cl+2nu(S0) S
l=1-n kEZ: le[l-m:m—1\Q Bl VEZ
k+#q npu l€Q
<o AP D) a0,
l=1-n kEZ

[Tockosibky B [-M cjaraeMoM y4acTBYIOT KO3(MDMUIHEHTHI TOJIHKO ¢ HOMepaMu | + 2nv, rnocjejinee

HEPaBEHCTBO PaBHOCUJILHO CUCTEME

1 -
Z |Cl+2nk(G)|2|Cl+2nk:(90) 2 . — Z Cl+2m/(B)Cl+2m/(G)cl+2m/(90) <

kEZ " VEZ

<o (G D lerram(@)[*s 1€ [l —m:m—1]\Q,

kEZ

Z [tz (G) P |cirant ()P < ’C;m—q(G)‘z Z lcrranr (@))%, 1€ Q,

kEZ\{>} kEZ
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Z [tk (G) [ cryank () * < |c;m—q(G)|2 Z |cirank ()],

keZ keZ

le[l—n:—m|U[m:n].

HepasencrBa mag | € [l —n : —m] U [m : n] u | € () BBIIOAHAIOTCS TOTJA U TOJBKO TOIJIA,
KOTJIa BBIIIOJIHEHO yeaoue 2.2 (3amernM, 9to 1ist | € Q) ¢40n,,(G) = 0 B CHIY OPTOTOHAJIBLHOCTH
dbyukmun G npoctpancTBy T, .0k ) 1lockoabKY Hepasenctso mast [ € [1 —m:m — 1]\ Q oue-
BIJTHO B Cyiydae, ecan |cponk(G)| < ¢35, (G)] ana Beex k € Z, nanee paccMaTpuBaeM TOJIBKO Te
le[l—m:m—1]\ Q, ars KoTOpwIX |¢1onk(G)| > |c5,,_,(G)| X015 GBI A5t OtHOTO HOMeEpa k. B

9TOM CJIydae MepBOe HEPABEHCTBO CUCTEMbI O3HAYAET, YTO KBaJIpaTHdHas popMa

2

<Alu7 u>52 = Z (‘Cl+2nk(G)‘2 - |C;m—q( )‘ ) ’ukP - Z Cl+2n1/ cl+2nu(G)uV

keZ Bil VEZL

HEIOJIOKUTEbHA. 371eCh U € (o, a omeparop A;: o — {5 oupenenén GopMyaoi

C C
(Al = (et O — |y (G)P) g — Ee2tB 5 t4anlG Zcmm )er2n (G,
Bl VEZL

HemonoxkurenbHOCTh KBaapaTudHOl (POpMBI omepaTopa A; paBHOCHIbHA HEMOJO0KUTEJIbHOCTH

BCEX €0 COOCTBEHHBIX YHCEN, TO €CTh TOMY, YTO CHCTEMa YpaBHEHH

(’Cl+2nk(G)’2 - |c§qu(G)’2 - )\) Up—

B Cronk(B)crronk(G)
Dp,

(1.8)
Z Cl+2ny(B)Cl+2nu(G)uV - 07 keZ

VEZ

HE nMeeT HeTPHUBUAJIbHBIX peH_[eHI/Iﬁ {Uk} AJ1d ITOJIOZKHUTEJIbHBIX )\, TO €CTh HE UMeeT IIOJIOXKUTECJIb-
Herx Kopueit A mpu u # O.
3aMeTHM, UTO €CJIM CYNIeCTBYIOT JIBa PAa3IHYIHBIX HOMepa k, k' € 7, njas KOTOPBIX BBIIOJIHE-
HO [Ci2nk(G)] = |ciponi (G)] > |e5,,_,(G)], To cucTema (1.8), 0IeBHIHO, IMELT TMONTOKHUTETLHBI
Koperb A = |cpponk(G)|* = |¢5,_ o (G
Ecan Z:ZCZ+27LV<B)C[+2”V(G)UU =0, To
ve

(|Cl+2nk(G)|2 - ‘Csm—q(G)P - )\) Uk = 0

npu Bcex k € Z. Ilpu KazxKja0M TOJOXKUTETbHOM A BbIparkKeHHE B CKOOKaX MOXKET OODHYJIUThCS

pasBe 4To g ogHoro Homepa k' € Z, orkyna u, = 0 npu Beex k # k', [losromy uy # 0, a Torma
_ >k

Clyonk (B) = 0, 4ero, Kak Mbl IIOKa3am, He MOKeT ObITh MPH [ciianp (G)| > |c5,,_,(G)].

CaenoBaresbto, Y . Ciony(B)ciion, (G)u, # 0, a Torga un
VEZL

|Cl+2nk(G)|2 - ‘c;m—q(G)F —A 7& 07
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HU JUIs KAKUX K € Z, TOCKOIbKY yeiaoBue |crionk(G)| > |3, (G)| Breuér ¢k (B) # 0. Hens

pasenctBo (1.8) Ha |ciponk(G)|* — [635,,_o(G)[* — A, ymuOxKas Ha Cponk(B)cisank(G) 1 cymmmpys
110 BCeM TeJbIM K, IOJIy4aeM
Z Cir2nk(B)crank(G)up—
keZ
|cl+2nk (B)?|cir2nk (G)? ——
- Clg2nv (B) Cigons (G)uy :07
E:mﬁw e a@F % \ 2 e Blaasan(©)

4TO PpaBHOCHUJIBHO
|2

|Cl+2nk )\2 |Cl+2nk(G)
C nv
Dl (B =3 (e e

veZ keZ ‘CH'Q”’“

[Tepenecs 4jeHbl B OJHY YacTh W NPHUBEId K 0OIIEMY 3HAMEHATE 0, Ipeodpa3yeM ypaBHEHUE K
BUJY

= |Cl+2"’“(B)|2 — 0. (1.9)

ez ’Cl-l—an |C2m—q<G)|2 —A

Ob6osnaanm IT = {k € Z: [c100k(G)| > |c5,,_(G)]}. Hockompky G € Ly, B cuiy TeopeMbr
Pumana—J/lebera muoxkectsBo I komneuno. [Ipeanonoxkum, uto II comep:KuT Xors ObI 1Ba 371eMEHTA.
3ameTnM, 9TO BCe TOJOKATEIbHbIe Hyn 3HaMenaresteii u3 (1.9) pasaunansl, Tak Kak s k, k' € 11,
k # K, |cironk(G)| # |cironk (G)|. Tlyerb Ay m Ay — 1Ba HOCTE0BATENBHBIX MOJOKHTETHHBIX HYJIS
suamenareseii u3 (1.9). fcuo, uro Ha (A1, A2) dbyHKImMs W, HENpepBIBHA U CTPOTO BO3PACTAET OT
—00 K 00, moaromy V;(A*) = 0 gas mekoroporo \* € (A1, A2). Hdamee cauraem, 410 HEPABEHCTBO
|Clyonk, (G)] > |e5,,_,(G)| BoImOMHACTCH A/151 euHCTBeHHOTO HOMepa Ky € Z.

Ecan ycnosme 2.3.2 He BBITIOIHEHO, TO €CTh |Cponw (G)] = ¢35, ,(G)| ams mexoToporo mome-
pa k' € Z, 10 Cryonw (B) # 0, 10, mockonbky na uarepsate (0, |cpionr, (G)* = |3 _o(G)?) bynx-
nust U; HempepbIiBHA H CTPOIO BO3PACTAET OT —00 K +00, ypaBHerue (1.9) uMeeT mMOJ0KATETbHbI

kopenb. Ecain ke ycsoBue 2.3.2 Boinosineno, To ypasaenue (1.9) MOXKHO nepenucarsh B BHIe

Z |c1yonk(B)[? -0
Z 2k (G = [ _o(G)F = A

|Cl+2nk(G)|¢|C§m—q(G)l

Mpu A > [raonk (G)* — [635,,_,(G)|? BCe 3HAMeHATENM B JI€BOIH YACTH MOCTEIHErO PABEHCTBA OT-
punaresbubl, a Ha (0, |20k (G)]* = |c3,,_o(G)|?) ona crporo Bospactaer mo A k +oo. Iosromy
OTCYTCTBHE Y Heé MOJOKUTEILHBIX KOPHEH PaBHOCHJIBHO €8 HeOTpHIATEeILHOCTH npu A = 0, TO

ecTb ycjaosuio 2.3.3. (]

Bameuanue 1. Hepasencrso (1.7) obpammaercst B pasencTso Ha yHkimax suga G * e rie
L €{k € Z: |er(GQ)] = |e5,,_,(G)]}, n ux munefinbx KoMOuHAIHAX. Kak oTMedanoch Bo BBeIeHUN,

OHO TOYHO AK€ B CMBICJE TEOPUA MOIEPEIHUKOB.
CrangapTHBIM TPHEMOM HepaBeHCTBO (1.7) MOKHO yCHIIUTH.

CuenctBue 1. Ecau 6 ycaosuax nynkma 2 meopemv, 1 pyrruyus B umeem eud B = G+ D + h
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das nwexomopwx D € Lo, h € T, 0.k, mo das amobol dynkyuu f euda (1.6) ewnoansemca

HEPABGEHCIN GO
E<f7 Sg,n,m)Q < ‘C;qu(G”E(gO, Sg,n,m)g‘

m—1

ﬂonasameﬂbcmeo. HyCTI) S = Z CD,l(QO)CI)D,l — J3JIEMCEHT HaHWJIy4IIero HpI/I6JH/DKeHI/IH (byHK—
l=1-m

X

IHHA  TPOCTPAHCTBOM Sp, .

[Monoxum § = G * s. 3amernM, uto, nockoiaekKy G L T, ., 0 K,

u3 ycaosus 2.1 teopemst 1 ciaemyer, 4ro Jjist BeeX | € () BBIIOJHACTCH YCAOBHE Ciion,, (h) # 0.
[Tosromy
X . X X _ X

SB,n,m - SG>i<D,n,m D Sh,n,m - SG>1<D,n,m S5 Tn,m,Q,K‘

[TockonbKy omnepanum cJIBUTA W CBEPTKH KOMMYTHPYIOT, § € Sé*D’mm, ", CJeJI0BATeIbHO,

5 € Sp,,m- Ilpumenss teopemy 1 x dynxmun f — 5= G * (¢ — s) + g, moAyUaem

E(f7 Sg,n,m)z = E(f - 57 Sg,n,m)g < ‘C;qu(G)H‘(p - 8H2 = ’Cmeq(G)‘E(907 Slx),n,m)z'

JList mpubIMzKeHns TPOCTPAHCTBOM Sp ., CHPABEINB CIEAYIONINI aHATIOT TeopeMbl 1.

Teopema 2. [Tyemon,m e N, m<n, Q C[l—m:m], ¢=cardQ, K = {50} eq CZ, B € Lo,

Ge L, GLT, mor- Tozda caedyrousue ymeepacoenua pasrHoCULbHYL.

1. Jlas awbot pynruyuu |, npedecmasumoti 6 eude

f:G*SO—i_g? QDGL%geTn,m,Q,Ky

GUNONHAEITCA HEPAGEHCITNBO
E(fv SB,n,m)Q < |C§m+1—q(G)|HS0H2'

2. Koapduyuernmo Pypve pynxuyut B u G ydosaemeopaiom ciedyouwjum ycro8UaM.

2.1. Jaa mobozo | € Q umeem Crion,(B) # 0 u cponk(B) = 0 npu scex k € Z \ {>}.
2.2. Jan amo60t napee (1, k) € ([1—n: —m]UQU[m+1: n]) X Z evwnoansemca nepasencmeo

[Crrank ()] < 1o (G-

2.8. Jas xaocdozo | € [1 —m : m]\ Q cywecmeyem ne boaee odnozo womepa ky € Z, oara
K0mopo2o |Cryonk, (G)| > |63, 11 ,(G)]. IIpuném ecau maxotd nomep ki cyuecmeyem, mo

BHLINOAHEHDL CAEIYOULUE YCAOBUA.

2.5.1. Cl+2nkl(B) % 0.

2.3.2. JIan mobozo k € Z us moz0, wmo |crionk(G)| = [Gpi1_o(G)], caedyem, wmo
Cl+2nk(B) = 0.



25

Cionk (B 2
3 | (B)

etz G)P — [Ghr 4 (O
|lci2nk (G)#|c5, 11— (G)]

= 0.

Zokasameavcmeo. Kak u B J10Ka3aTeJbCTBE TEOPEMBI 1, OJIydaeM, 9To TpebyeMoe HepaBEeHCTBO

PaBHOCHJILHO CHCTeMe

2

1 -
Z ‘cl+2nk(G)‘2|Cl+2nk((p)‘2 - D_Bl Z Cl+2nu(B)Cl+2nu(G)Cl+2nu(@) <

kEZ

< mi1—g (@Y leszan()l®, 1€ [L—m:m]\Q,

kEZ

Z |Clionk (G Crrzni () < |41 (G)]? Z lcipank(@)?, 1€ Q,

kEZ\ {5} keZ

Y lerrane (G Plersanr ()P < esm—o (G Y lerran (D),

keZ keZ
le[l=n:—m]U[m+1:n].
Jlaspreiiniee paccy K IeHne aHAJOTHTHO W3JI0KEHHOMY B JIOKA3aTeJabCTBE TEOPEMBI 1. O

Cdopmymupyem dacTHBle caydan Teopemsl 1, koraa T, ., 0 x ectsb {0} 1 mpocTpaHCTBO KOH-

CTaHT.

CnenctBue 2. I[lyemv nym € N, m < n, B € Ly, G € Ly. Tozda caediypousue ymeepotcdenus
PABHOCUALHDL.

1. Jlaa awbot pynrxuyuu |, npedecmasumoti 6 sude

f:G*§07 906[127

BbLNOAHACITNCA HEPABGEHCIMNBO

E(f,SEnm)sy < 165m(G)llll2-

2. Koapduuyuernmu Pypve pynxuut B u G ydosaemeoparom caedyouum Ycaro8UAM.

2.1. Jan moboti napw (k) € (1 —n : —m] U [m : n]) X Z ewnoansemca nepasencmeo
[Crank(G)] <[5, (G)]

2.2. Jlas wascdozo | € [1—m : m—1| cywecmeyem ne 6oaee 00nozo nomepa k; € 7, daa xomo-
P020 |Cionk, (G)| > |3, (G)|. IIpuném ecau makot nomep k; cywecmeyem, mo ebinoamerol
caedyrouue Ycaosu.

2.2.1. Cl+2nkl(B) 7£ 0.

2.2.2. Haa mobozo k € Z uz mozo, wmo |ciionk(G)| = |¢5,,(G)|, caedyem, wmo
Cironk(B) = 0.
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Z ‘CH—an(B)‘z > 0.
lcit2nk(G)|#lc5,, (G)]

CaenctBue 3. Ilycmv n,m € N, m < n, B € Ly, G € Ly, npuuém dynxyus G opmozonasvha

koncmarmam. Tozda caedyrousue ymeepHcoenus PaBHOCUALHDL.

1. Jaa awbot pynrxuyuy f, npedecmasumoti 6 sude
f=Gxp+c, €Ly ceC uruR,

BbINOAHACTNCA HEPAGEHCINEO
E(f,SEnm)s < |Gm (Gl

2. Koapuuyuernmo QPypve pynuxuyut B u G ydosaemeopsaom cAeOyOUUM YCAOBUAM.

2.1. co(B) # 0, u conx(B) = 0 npu scex k € 7\ {0}.

2.2. Jan moboti napw (1, k) € ([1 —n: —m]U{0} U[m : n]) x Z swnoanaemes nepasencmeso
’Cl+2nk<G)| < ycgmfl(Gﬂ
2.3. JTaa xaocdozo | € [1 —m : m — 1]\ {0} cywecmsyem wne Goree odnozo nomepa k) € 7,

oaa Komopozo |cryonk, (G)| > 165,,—1(G)|. IIpuném ecau maxoti nomep k; cyuecmsyem, mo

BUUNOAHENDL CACOYIOULUE YCAOBUA.

2.5.1. Cl+2nkl(B) 7é 0.

2.3.2. Jaa awbozo k € 7 uz moeo, umo |cponk(G)| = |¢,,_1(G)], caedyem, wmo
Cl+2nk(B) = 0.

2.8.5. ,
|Cl+2nk(B) |

> 0.
’Cl+2nk(G)’2 - |C§m71(G)‘2

keZ:
lei+2nk (G)#lC5,,—1 (G

3ameuanue 2. [lo Teopeme 2 yTBepK/IeHHSA, AHAJTOTUYHbIE CJICJACTBUSAM 2 U 3, CHPABEIJIMBLI U

JUIST TIPUOTHZKEHUST TTIPOCTPAHCTBOM SpB 5 .-

Ecmm mociemoBarenbHocTh Moayiei KoaddunnentoB Pypbe dyHKInH G CHMMETPHIHO YOBI-

BaeT, TO YTBEPXKJCHN CJECJACTBUI 2 U 3 yIPOIAaloTCH.

CaenctBue 4. Ilycmo n,m € N, m < n, B € Ly, G € Ly, npuuém woapduyuenmo. Pypve

Pynrxuuu G ydosaemeoparom YcaosuaM

lck(G)| = |e—k(G)|  npu scex k € N,
(@) = = |ena(G)] > [en(G)] > lemia(G)] 2 [emia(G) = -

Tozda caedyrousue Ymeepscoerus PasHOCUNDHDL.
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1. Jlas awbot pynrkuyuy f, npedecmasumot 6 sude
f=Gxp, @€ Ly,
BONOAHACTNCA HEPABEHCTNEO
E(f,SEnm)s < len(@)lle]l2- (1.10)

2. Jns ecexl €[l —m:m—1] ¢(B) #0 u

|Cronk(B)[? 0
’Cl+2nk(G)’2 - |Cm(G)’2 -

kEZ

CaenctBue 5. Ilycmov n,m € N, m < n, B € Ly, G € Ly, npuuém woapduyuenmo. Pypve

Pynxuuy G ydosaemeoparom YcaosuAM

co(G) =0, |ee(G)| = [c—x(G)| npu scex k € N,
(@) = = ena(G)] > [en(G)] > lemia(G)] 2 [emia(G) = -

Tozda caedyrousue ymeepscoerus PasHOCUNDHDL.

1. Jlas arwbot pynrxuyuy f, npedecmasumoti 6 sude
f=Gxp+c, €Ly ceC uuRR,

GUNONAHAETICA HEPAGEHCMBO
E(f.SEnm)y < lem(@)]ll]l2. (1.11)

2. Kosgppuuyuenmovr Pypve dynkuutd B u G ydosaemesopsatom caedyroujum ycaio6uim.
2.1. Jaa scexl € [l —m:m—1] ¢(B) # 0.
2.2. conr(B) =0 npu scex k € Z \ {0}.
2.3. Jas scexl €[l —m:m— 1]\ {0}

|Cl+2nk<B)’2 0
~ lcironk (G)]2 — lem(G))2 7

3ameuanue 3. [lockoJIbKY B YCJIOBUSIX CAEJICTBUSA 4 U CJAEJCTBHUS D
| (G)] = |1 (G)] = lem(G)] 1 5 (G)] = [ 651 (G)] = |em(G))]

COOTBETCTBEHHO, 110 TeopeMe 2 jeBble dacTu HepasencTs (1.10) u (1.11) MOXKHO 3aMeHHTH Ha

E(f7 SBynvm)z'
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1.4. JlocTtaTo4uHbIE€ YCJIOBULA

JaanmM ycstoBHUS, TOCTATOYHBIE 718 BBITIOJTHEHUA MMYHKTOB 2.3.3 TeopeM 1 m 2.

Teopema 3. Ilyemv n,m € N, m <n, Q C[l—m:m—1], ¢ =card@, K = {50}cq C Z,
B,G € Ly, G LT, 1m0k u Kosppuyuenmo, Pypve dynkyui B u G ydossemsoparom caedyrousum
YCAOBUAM.

1. Jas m06020 1 € Q Criong(B) # 0 u cpyonk(B) = 0 npu scex k € Z\ {»4}.

2. Jaa moboti napw (Lk) € (1 —n : —m]U QU [m : n]) X Z swnoanaemcs nepasencmso
|Cl+2nk(G>| < |C§qu<G)’

3. Jlaa kascdozo | € [1 —m : m— 1]\ Q cywecmsyem ne boree 00no20 nomepa ky € Z, daz Komo-

p020 |Cryonk, (G)] > |3, _o(G)|. Ipuném ecau marod nomep ki cywecmeyem, mo evinosmensl

caedyrousue Yeaosua.

3.1. Cryonk,(B) #0, u das scex k € Z

|Ci2ni (B)]
Croome( B)| < 1820k 200 (@) 1.12
ek (B)] < 20 0, (6) (112)
8.2. Jaa mobozo k € Z uz mozo, umo |cpyonk(G)| = |c5,,_,(G)|, caedyem, wmo c¢ion(B) = 0.
3.3. .
> g OF 0.
kez

% ™ Toran@P
lei+2nk (G)|#|cs,,— 4 (G)] [c142nk(G)]

Tozda dasn aw0boti pynruyuu f, npedcmasumoti 6 sude

f:G*QO_*—ga SOEL%geTn,m,Q,K)

GHTNONHAETMCA HEPAGEHCINBO
E(f’ SE,?’L,TTL)Q < |C;m—q(G)|”<p||2

Zloxazameavcmeo. JlocTtaTodHo TpOBEpPUTH yeaoBue 2.3.3 TeopeMbl 1, ocTajibHBIE YCJA0BHS BTOPOTO
IYyHKTa TeopeMbl 1 COBIAIAIOT C YCJOBHSIMH J0Ka3biBaeMoil TeopeMbl. Ilockonbky mpu k # k; Bce

3HaAMeHaTesu B 2.3.3 OTpUIaTeNbHbl, TOAb3YsACh HepaBencTBamu (1.12) u yeiaosuem 3.3, uMeem

Z |C1r20k (B) |2 S

* =
20k (G = [ (G2
lei+2nk (G)|#|€3,,— o (G)]

> M Z *1
|Cryonk, (G)]? o - %
|c142nk (G)F|c5,, o (G lci4onk(G)]

ar =V
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Anajsioruunoe yTBepzKIeHUE CIIPABEIJIUBO U JJIsl HPUOJINZKEHUS TPOCTPAHCTBOM SR p -

Teopema 4. llyemvn,m € N,m <n, Q C[l-m:m|, ¢ =cardQ, K = {>4}1eq0 CZ, B,G € Lo,

G LT, mor v koappuyuernmo Qypve dynrkyui B u G ydos.aemeopaom cAedyoujum Yycao8UuaM.

1. JIas 06020 1 € Q Crionsg(B) # 0 u cpponk(B) = 0 npu scex k € Z\ {»4}.

2. Jaa aobot napw (ILk) € (1 —n:—m]UQU [m+1:n]) X Z ewnoanaemca nepasencmeso
|Cl+2nk(G>| < |C;m+1—q(G>|'

3. Jlas waotcdozo | € [1 —m :m]\ Q cywecmeyem we Goaee 00noz0 nomepa k€L, das Komopo-

20 |cryonk, (G)] > |Chmy1_o(G)|. Hpuném ecau marot nomep ky cyuwecmeyem, mo 6vimonmenvl
CACOYNOULUE YCAOBUA.

3.1. Cryonk,(B) #0, u das ecex k € Z

’Cl+2nkl (B)|
Cronk(B)| < = ctonk (G|
| +2 ( )l = ‘Cl+2nkl<G)|| +2 k?( )|
8.2. Jaa mobozo k € Z us mozo, wmo |cponk(G)| = |c5,, 11, (G)], caedyem, umo cyonk(B) = 0.
3.3. |
; B, OF 7 0.
[SYA c 2
et 20k (C) A ch g1y (C)] [e+2n4(G)]

Tozda daa aw0bot pynrxyuy f, npedecmasumoti 6 cude

f=Gxp+g, ©€LlsygeTl,mox,

GUBNONHAEMCA HEPAGEHCTNBO

E(f.SBnm)y < |hmi1—q(G)lll¢]2-

OTMeTHM YacTHBIE CAy4Yad TeopeM 3 U 4, OrpaHUYUBIIUCDH JIJIA KPATKOCTH YTBEP:KICHUSIMU

JIIS 41ep ¢ CAMMETPUYHO YOBIBaIoOIIeil moc/Ie10BaTe IbHOCTBIO Moayaeil Koadduinentor Oypre.

CaenctBue 6. llycmo n,m € N, m < n, B,G € Lq, npuuém xospduyuernmu. Pypoe dynxuud
B u G ydosaemsoparom caedyrowsum yYcaosuam.

1.

|ce(G)| = |c—k(G)| npu scex k € N,
(@) = ... Z [ema(G) > [em(G)| > [emia(G)] 2= [emi2(G)] = . .

2. Mas ecexl € [1 —m:m—1] ¢(B) #0,

(B

B)| <
|Cl+2nk( )| ’Cl(G)|

|Ci1ionk (G)]  npu scex k € Z,
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1 >0
C'm(G) 2= .
Cl4+2nk (G)

kez 1 —

Tozda dasa a0b60t pynrxyuy [, npedecmasumoti 6 eude
f =G * ¥, ¥ € L27

GUBNONHAIONCA HEPABEHCINEGA

E(-f’ Sg,n,m)z < |cm(G)|||90||2a
E(f,SBam), < lem(@]lloll2-

CaencrBue 7. [lycmo n,m € N, m < n, B,G € Ly, npuuém xoapduyuenmo. Pypve pyrruyui

B u G ydosaemsoparom caedyrowsum yYcaosuam.

1.

(@) =0, |e(G)| = [er(G)] npu ecex k €N,
(@) = - 2 [ema(G)] > |en(G)] > [emia (G)] = |empa(G)] = ...
2. Janecexl €[l —m:m—1] ¢(B) #0.
3. Conk(B) =0 npu ecex k € Z\ {0}.

4. Jas ecexl € [1—m:m—1]\ {0}

(B
|c1aonk(B)| < ||CZEG§l lciionk (G)]  npu ecex k € Z,
!
1
> 5> 0. (1.13)
N cm (G)
bz 1 — | (@

Tozda dan a0600 pynrxyuy [, npedecmasumoti 6 sude
f=Gxp+c, €Ly ceC uruR,

GUUTLONHANOTCA HEPAGEHCINEA
E(f,SE nm)s < lem(@)4l2,
E(f7 SB,n,m)2 < ’Cm(G)ngoHQ

3ameuanue 4. /[1g TteopeM 2 — 4 u caeAcTBuit 2 — 7 cupaBeaJIMBLI AHAJOTH 3aMedyaHus 1 u

caejcTBus 1, (POPMYIUPOBKH KOTOPBHIX MBI JIJII KPATKOCTH OIIYCKAEM.

Jlaee OymeM mpeanosaraTh, 4to (hbyHKIusa B ymoBaeTBopseT ycaoBusM 1 n 3.1 TeopeMbl 3

(MM COOTBETCTBYIOIUM UM YCJIOBHAM TeopeMbl 4 uin ciaeacrTsuii 6 — 7).
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Jajum ycjioBus, IpU KOTOPBHIX CBEPTKA (DYHKIIMI, yJIOBJIETBOPLIONIUX YCJAOBUIM TEOPEMBI 3,
TaKzKe yAO0BJETBOPAET 3TUM YyCJIOBUAM.
Crenyrotee yTBepK/eHue siBasiercs caencrsuem 20, Hepasencrso 2.11.2|; ogHAKO 7151 TIOJTHO-

Thl KapTHHbI MbI HpI/IBe,ILéM €ro HesaBUCHMOE JOKa3aTeJILCTBO.

JIemma 2. ITyemov {zp 152, {yk}ie, — dee nocaedosamervrocmu noroscumenvuos wucen. Toeda

cnpaeed/meo HEPABGEHCIMEO

k=1

Jloxazameavemeo. JloctaTodHo nokasarh, 4TO sl 100010 1 € N BBIOJIHSIETCS HEPABEHCTBO

n

1 1
2T S COEEDE (114

VTBepKIeHre JeMMbI IOy 9aeTCsl OTCI0/Ia TIPeIeIbHBIM ITePexoa0M P 1 — 00.
Hepagenctso (1.14) nokazkem WHIYKIUeR mo n.
IIpu n = 1 oHO obpalnaeTcs B PaBEHCTBO, & IPH N = 2 HeIloCpeJICTBeHHbIe BLIUNCICHUS HOKa-

3bIBAl0OT, YTO OHO PaBHOCUJIbHO HEPABCHCTBY

(z1y2 — 2oy1)? = 0.

[Tycrs wepasencrso (1.14) BepHo jjist HoMepa n 2> 3; JOKAzKeM, YTO OHO BEPHO W ISl HOMEDa

n + 1. [To uHAYKIIMOHHOMY TIPE/IITOIOZKEHUTO

n+1 n
1 1 1 1
_ 1
ZL+L_ZL+L+1+1<n T e Tt T T
k=1 Tk Yk k=1 Tk Yk Tn+1 Yn+1 (k§1xk) +<k2::1yk) Tn+41 Yn+1

n n
[Mpumenss k Habopam <Z T, xnﬂ) u (Z Y, ynH) HEPABEHCTBO JJIsA N = 2, NoJydaemM Tpedy-
k=1 k=1

eMoe. 0

Jlemma 3. Ilycmo dpynxuyuu G, Gy € Ly ydosaemeoparom ycaosuro

3.3" JIaa waocdozo l € [1 —m :m — 1]\ Q ui = 1,2 cywecmeyem ne boaee 001020 Home-

pa ki(Gi) €Z, 0an KOMOPO20 GHINOAHAEMCA HEPAGERCMEO |Clyonk, ;) (Gi)| > |c5,,_,(Gi)|F#0.

ITpuném ecau maxoti nomep ki(G;) cywecmeyem, mo

1
> | =
kzz: | _ Bng(GIE = 0, ¢=1,2.
SV c (G)?
letpank (GO EIG_ (G r2nr(Gal]

Tozda ecau cnpasedﬂueu COOTMHOWEHUA

{k e Z: ex(Go)| > |eg—o (G} = {k € Z: |er(Ga)| > [y (G2},

(1.15)
{k € Z: |an(G1)| = |hm—o (G} = {k € Z: [cr(G2)| = |5 (G2) [},
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mo pynkuyus G = Gy *x Gy maxotce ydosaemesopsem ycaosuro 3.3 .

Hoxasamenvemeo. Obosnauum L = {k € Z: |cx(G)| # |c5,,_,(G)|}. Bamerum, uto u3 cooTroMIe-

auit (1.15) caemyer, uro |c5,,  (G)| = [c5,,_ (G5 (G2)],
L=A{k € Z: [cx(G1)| # [n_o(GD)|} = {k € Z: [cx(G2)| # |y (G2) |}

u ki (G1) = ki(Ge) = ki(G) mig Beex [ € [L —m :m — 1]\ Q.

ITostozxkum . ) . )
|02m7q(G1)‘ |C2qu(G2>’

Vp = ——————5-
|Crionk(G1) P [Crionk(Ga)[?

Torpa qnstl € [1—m :m—1]\Q umeem 0 < uy, < 1,0 < vy, < 1,ampuk € Z\{k}up > 1, v, > 1.

U =

Tpedyemoe HepaBeHCTBO I (pyHKIHE G PABHOCHIBHO HEPABEHCTBY

1 1
1—ukvk 2 Z Ukl)k—17
P keL\{ki}

a ycaopue 3.3" misg GG u (G9 MOXKHO TEpenncarh B BHJIE

-1 -1

ug 21— Z kl_l R Z kl_l

U v
keL\{k} keL\{k;}

Orciona caeayer, 9TO

1 1
>

1 —upop, ~ > o\ > 1\
+
kelN(k} Uk — 1 kelN{k} Uk — 1

C apyroit CTOpOHBI,

Z < Z k+Uk—2

ke\ik} RUE T keL\{k;}

Ilpumensas gemmy 2 K j = ﬁ, Yk = k € L\ {k}, morygaem Tpebyemoe. O

v —17
3ameuanue 5. 13 gemmbr 3 caexayer, uro dyukius G = Gy x G, vae Gp u G5 yI0BAETBOPSIOT
YCIOBUSIM TeopeMbl 3 u cooTHotmeHusM (1.15), Takxke yaoBieTBOpsierT ycaoBusiv Teopembl 3. T1o
HHJIYKIUKA 9TO YTBeprKJeHHe BEPHO g CBEPTKH KOHeuHoro uncia ynknuit G, a ¢ HOMOIIbIO

npeeabHOro Iepexosia OHO HodyvaeTcd U Jid cdérnoro nabopa aiep Gj.

Bameuanue 6. Ecan o6e dbyuximun G u Gy yIOBIETBOPSIOT yCJOBUSIM cieacTBus 6 (cies-
cTBUs T), TO, TOCKOJBKY JJisl HUX BBINOJHAOTCA cooTHomenns (1.15), no jemme 3 dyHKIms
G = G * G TakkKe yIOBJIETBOPSET YCJIOBUAM cyreficTBus 6 (caencrsus 7). Ecin ke dyuknus Gy
VJIOBJETBOPSIET YCJAOBUAM CaeacTBUd 6, a pyHKIuUsS Gy — YCIOBUIM CICJICTBUHL 7, TO, TOCKOJIBKY
Gl*nga*Gg, riue

c(Gr), k#0,

0, k=0,

(Gy) =
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u (7, yJI0BJIETBOPSAET YCJAOBHUSAM CJiecTBus 7, 110 jjemmMe 3 pyuknus G = G * Gy TakKe ya0BIeTBO-
psIeT yCJIOBHSM CJEACTBUAS 7. AHAJIOTHYHO TIPEIBIIYINEMY 3aMeUaHUI0 MOy IAI0TCS YTBEPIK ICHNS

JIJ1s1 CBEPTOK KOHEYHOI'0 U CIETHOrO HabOpa sijiep.

1.5. Ilpumepsl

[Tpuseném npumepst saep G, yAOBIETBOPSIONINX YCJIOBUSIM CJIeACTBuit 6 w 7 mis Bcex m < n.

TpyAHOCTH TIPH 9TOM MOKET COCTOATH JIMIIb B MpoBepKe HepaBercTBa (1.13).

IMTpumep 1. Paccmorpum dyukimio G ¢ koaddunuenramu Oypoe Bujia

1
|a7

1k
ek (G)] =
0, k

RN

0,
a > 1.
0,

Ilycts [ € [1 —m :m—1]\ {0}. Ilposepum, uro s G Beimonnsercs aepasencTso (1.13), koropoe

B JaHHOM CJly4da€ uMeeT BU

1 1
ZW:Z

1 n 2c
ez Za o R P e

Obo3HAIIM % =y, ~ = b; Torga |y| < 1, b > 1. Ilokaxem, 9T0

1
\ij’b<6k) - Z 2c 2 0
£ 1 — [y + 2kb)

Ouesnnno Bospacranue U, (o) no b. [losromy JocTaTouHO T0KA3aTh HEPABEHCTBO

1

v =v = —_ >0
y(@) y1(@) kezz 1— |y + 2k

ITockonpky U, (cr) 9éTHA 110 Y, MOXKHO OIPAHUIUThHCS 3HadeHusaAMH y € [0,1). fcno, uro

1 1 1 1
v(1) él—(erQk)? Q%Zl(y+2k+1 y+2k—1>

npu Beex y. [lokaxem, aro s Beex y € [0,1) U, cTporo Bo3pacraer Ha (%, —I—oo). ['pynmupys

4jieHbl ¢ HOMepamu k u —k — 1, Haxoum

o) =5 (r=empe * Ty

k=0

[TockosibKy B HOCJeaHEH CyMMe CTpOroe BO3pacTaHHe IO (¢ BCeX cjlaraeMblX ¢ Homepamu k > 1

1
—(2-y)*
HeyObIBatoras. Tak Kak Bo3pactanme @g(a) = 1+ﬁ OYEBUIHO, MOYKHO cUUTATh, 9T0 Yy € (0, 1).

OYEeBUJIHO, JOCTATOYHO IIPOBEPHTH, ITO it Beex y € [0,1) dbyukmus ¢, (o) = lfzga + 7
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Obosnauum y = 1 — ¢, ¢t € (0,1). Torpa nepaBencrso

2y**Iny | 2(2—y)* In(2 —y)

2 5 =0
(1 —y*) (I=(2-y)*)

oy a) =
PaBHOCHJIbHO HEPABEHCTBY
1=t =) (1= 1+ + 1+ >l +1) (1—(1—1)>)">0.
NnmeeMm

(1—6)2 (1 —1) (1= 1+ + 1+ (1 +1) (1— (1 —)*)° =
=1 =) (W1 -t A+ =2+ 1 +)*)+In(l+) (1 -1 =2+ (1—1)*)) =

= (1 —¢*)™ (111 (1—1) (Z (CF e+ CE ) tF — 2) +

k=0

+ In(1 +1¢) (i (C’fh 4 (]éfa) (—t)k _ 2)) —

k=0

1_t2 (hll_t Z 20¢+C§a tk—|—h’11—|—t Z Ck2a+C§a (_ )k> =
k=2 k=2

(1= 2723 (Chay + ) (In(1 = 1)+ (—DF 1+ ) = (1= 22 S (1)

k=2

rIe

(1) = (C%, + C30) (n(1 = ) + In(1 4 ) %+
+ (C?5H + O35t (In(1 — ¢) — In(1 +¢)) 2+

[Toxazkem, uto npu Bcex k € N v > 0. Ilockosnbky miasg x > 0 u HeabIx n > 2 BbIpaxKeHnue

C" .+ C7 moJIOKATENbHO IPU Y6THBIX 1 U OTPUINATE]BHO IIPU HEYETHBIX N, HIMeeM

2k 2k = t2l+2k 2k+1 2k+1 - 2l+2k

Ui(t) = = (C%a + C30) Y 2 (Ot 4 C2E+) Z

=1 -

— (O, + C2t 4 CBFL 4 O2kH) = tQH% (O, o > {242k 0

> ( 2a T Coa T Z 2041 2a+l)z ] > 0.
=1

=1

Sameuanne 7. Tak xkak ¥, cTporo Bospacraer Ha (%, +oo), a B eJMHUIlE PaBHA HYJIIO JIJIs BCEX
Yy, IpA o € (%, 1) oyner ¥,(a) < 0 u ycmosme (1.13) maa dyuxknum G ¢ TAKUME 3HAYCHHSIMA

ImapaMeTpa & HE BbBIIIOJHACTCA AJIA 11 = N.

UsBectHo (eMm., nanpumep, [13, §1.5.1]), uto Beskyio dyuknuo f € WQ(T) MOKHO TPEICTABATD
B Buge [ =d, * f) 4+ co(f), rae
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— nepuogudeckoe syipo Bepuysmn. O6paruo, jajis Beskoit pynknuu f € Lo, npeacraBumMoii B Bujie
f=d.*xp+c naa nexkoropbix ¢ € Ly, ¢ L 1, u ¢ € Cwu R, 6yzer ¢ = ¢o(f) u nouru Bcroay Ha

R Bepro () = . [TosToMy 13 mpuMepa 1 10 cjieicTBHIO 7 HOIyUYaeTCs CAeLyIoee YTBep:K ICHIe.

CaenctBue 8. Ilycmov n,m € N, m < n, a pynxkyua B € Ly maxosa, wmo

a(B)#0 npuscex L €[l—m:m—1],
conk(B) =0 npu scex k €7\ {0},

T

[
lei(B)| npuscexr €[l —m:m—1]\ {0}, k € Z.

[+ 2nk

‘Cl+2nk(3)‘ < ‘

Tozda das a0b0t pynruyuu f € WQ(T) BHINOAHAIOMCA HEPABEHCMEA,

1
E(f,SEpm)y < %Hf(r)ﬂm

1
E(fvgB,n,m)2 < THf(T)HQ

m

Sameuanue 8. OTMeruM, 4TO B CJIEJCTBUN 8 3HAUEHHE T HeobA3aTeILHO 1ejtoe. B ¢Bsa3u ¢ 3TuMm
HAITOMHUM, 9TO JApPOo0Hasi npou3BoaHad 1o Beitawo dyukmun f € Lo onpenesnsiercs depe3 Koahdu-

nuentol Oypne:
ee(f0) = (ik) eulf), k€L
CdhopmynupyeM Tak:Ke W3BECTHbIE PE3YJIbTATHI I HPUOJUKEHUN TPUTOHOMETPUIECKIMU

MHOIo4JieHaMH 1 CHﬂaﬁHaMH, VIIOMAHYTBI€ BO BBEJACHHUHU U IIOJIyYdalOIIHECd KaK YaCTHbIE CJay4dau

caeJcTBUs 8 u 3aMedanus 4; Mpu 3TOM OrpaHUYUMC (POPMYJIMPOBKAMU JIJI 11 = N.

CaenctBue 9. ITycmo r,n € N. Tozda das aw0boti pynrxyuu f € WQ(T) BHINONHACTNCA HEPABEHCMBO
Lo
E(f, Tan-1)2 < FE(JC , Tan—1)2.

Caencrue 10. Ilycmo p € Zy, r,n € N, p+ 1 = r. Tozda daa mobot dynkyuu f € WQ(T)

GBLNONHAIOMCA HEPABEHCINEA

1 T

E(f’ SVXL,u)Q < FE(f( )7 S;,#*T)Q’
1

E(f’ S"’#)z S _E(f(r)v Sn,ufr)?

nT

(Lpu p+1 =1 seavnuno, E(f", S, ), u E(f"),8, ), credyem mpaxmosamn xax || f]]s.)

n,u—r
ITpumep 2. ITpoepum BeinostHerue yeaosus (1.13) anst dbyukiun G ¢ koadbdunuentamu Pypoe

suga | (G)| = rne a € Nmmm a+ 35 €N, a e R\ {0}.

(1 + a?k?)’
[Iycrs I € [1 —m : m — 1]. Ilo 3ameqdannio 6 j10CTATOYHO PACCMOTDETH Ciaydail o = %, TO €CThb

A0Ka3aThb HEPABEHCTBO

1
= 0.
Z 1+a?(l+2nk)? = 0

el 1+ a?m?
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[Tockosibky

Z 1 _1+a2m22 1

2 2 2,72 20

keZl_1+a(Z+2nk) a*m keZl_(l—l—an)
1+ a?m? m2

TpebyemMoe HePABEHCTBO CJIEJIYeT U3 HPEebIAYIIero npuMepa aid o = 1.

ITpumep 3. ITposepum Boimosaenue yeaosus (1.13) ans dyuxiun G ¢ kosbdunuentamu Pyppe
puma |cp(G)| = e ¥ rne v > 2, 8 > 0. Ilyers [ € [1 —m : m — 1]. [omb3ysach HepaBeHCTBOM
u3 mpumepa 1 g o = % u cooTHomeHusiMu 1 —e™* < x, e — 1 > x, cupaBeJIJTUBBIMU JIJIs BCEX

x > 0, momy4daeM

1 1 1
Z e—26m” - Z 1 — e2B(ll+2nk|Y—m7) - Z 26m7<‘#+2%k 7_1) -

k€Z 1 — —  keZ kez 1 —e
e—2B|1+2nk|¥

1 1
— >
=28 (1-[ 5 [") 2 26m7 (| o420k -1) _q

1- kez\{o0} €

1 1 1 1
_ = >0
> S 0TI 2, T (L 2zAT 1) B 2 T [L 22T

Bameganue 9. Pacemorpum cayuait m = n upu v € (0,1). Obo3navas y = %, HOJIy 9aeM

1 1
Z e 2P Z 1 _ 2B (y+2k 1)
kez 1 — kez

e—2B|l+2nk|Y

B 1 1 1
P o R R (PR )3 1 — e2Bn (y+2h—1)°
keZ\{—1,0}

[Tocsiegusisi cyMMa HelrpepbIBHA 110 ¥, & BCE €€ YJIeHbl OTPUuiareibHbl. /lj1s1 BbI/IEJI€HHBIX C/laraeMbIX

npu y — 1 nMmeem

1 1 -l
[ — e 1) T @@ D T 98
9TO MEHbINe HyJId 1as 5 < 21;177 OTciofa caexyer, 4To Jjid TAKUX 3HAUeHHi mapamerpa (3 ycio-

sue (1.13) He BBINOJIHACTCH HPU JOCTATOYHO OOJIBIINX 7.

BriBenem ogHO BakHOe 0000IIeHe TpUMEpPOB 1 — 3.

Kaace Jlazeppa—Ilotia £ cocTouT u3 Beex (hyHKIU ) BUIA

W(z) = Ce @ 07,7 H(l —ajz)e” 4%,
e N (1.16)
CeR\{0}, a=>0, da R, reZ,, Za§<oo.
j=1
Knace &4 cocrout u3 tex dynkmumit u3 &, y KoTopbix B npeacrapiennn (1.16) r = 0 u

o0
a+ Yy a; >0, axnace £ oy — 3 Tex, y korophix r € N.
Jj=1
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[Mycrb ve(p) — 49MCI0 CYyNIECTBEHHBIX II€PEMEH 3HAKA LEePUOJAUYECKON BEleCTBeHHO3HAYHOI

GpyHKIINN ¢ Ha TEPUOJE, TO eCTh

V() =sup S~ [p(t1), @(t2), . . ., o(tn)],

rae S”[xry, xg, ..., X,] — YHCIO MEpeMeH 3Haka HabOpa BEMeCTBEHHBIX duces (1, Tg,. .., T,) (Hy-
JIeBbIe WJICHBI BBIIEPKUBAIOTCSA), a cympeMyM Oepéres 1mo BceM n € N 1 BCEBO3MOYKHBIM YHODS-
JoUeHHBIM HabopaM by < ty < ... < t,, t; € [0,27] (em. [29, § 1.3]). Ilycrs Takke J = & win
J = {0}, Tz = {0}, Jr0y — muoxkecTBo noctoguunx. Knace CV Dj cocTonT 13 BelecTBeHHO3HAY-

ubix dyuknuit K € Ly takux, 9ro ajig jaobbix dyuknuit a € J; u ¢ L J; 6yaer
ve(a+ o+ K) < v(p).

O dyukmuax uz C'V Dj roBopaT, 9TO OHA HE YBEAUNUBAIOM, OCUUMAAUUIN.

Ussectno [34, teopema I11.4.8|, uro ecnun ¢ € & 5, To QynKIHs

ikt L =g,
Git)y= Y —~+cy =0 (1.17)
KeZ\{0} W(ik) 0, J = {0},

npunagnexxutr C'V D .

[Mockosbky mist st dbyukiun G, onpeienénunoii dhopmysioit (1.17),

[e.9]

1 > 1 1
G)| = —-e ——, k€ Z\ {0},
a(G)] = 17 |leIl e \ {0}
o =9
eo(@)] =1
0, J={0},

n3 npuMepoB 1 — 3 u 3aMevanus 6 morydaeM CAeayIoniee YTBepKIeHTe.

Caexncrsue 11. ITycmo n,m € N, m < n, dynrxyus G onpedenena dopmyaot (1.17), a pynxyus

B € Ly ydosaemeopaem caedyroujum ycao6usm.

1. Jlas scexl € [L —m:m —1] ¢(B) # 0.

2. Ecau J = {0}, mo conr(B) =0 npu scex k € Z\ {0}.
3. faaecexl €[l —m:m—1]\J

|ci(B))]
(@)

|Cl+2nk(B> |

N

|c14onk(G)|  npu scex k € Z.

Tozda daa aw0boti pynrxyuy [, npedecmasumoti 6 eude

f:G*QO‘i‘C, ()OEL27CE\.7J7
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GUUTLONHANOTCA HEPAGEHCINBA

E(f,SE nm)s < lem(@)4ll2,
E(f7 SB,n,m)2 < ’Cm(G)ngoHQ

Crenyromnuii mpuMep ToKasbiBaet, 9To s aapa [Tyaccona yenosue (1.13) BeinosHeHo, BooOIe

rOBOpPS, HE BCeT/Ia.

ITpumep 4. Pacemorpum dyuknuio G, koabdunmnents: Pypbe koropoit numeor Bun |cx(G)| =
ekl o > 0, u maiigém 3HaYenns mapamerpa q, JUis KOTOPHIX 1pH Beex | € [1 —m : m — 1]

BBITIOIHsIeTCs yeaoue (1.13):

1
Z e—2am 2 0.

k€Z ] — —

e—2a|l+2nk]|

OdeBuaHo yOBIBAHHE JIEBOU YACTHU IOCJEIHEr0 HEPABEHCTBA IO M, IIO9TOMY JIOCTATOYHO PACCMOT-
o _ o _ .

peTh crydait m = n. Obosmaunm ~ = y, B = 2an; Torga |y| < 1, f > 0, a A1g BRIIOTHEHHS

TpedyeMoro HepaBeHCTBA HEOOXOMMO U JOCTATOYHO, YTOObBI

1
Vs(y) = Z 1 — eAUy+2k-1) > 0.

kEZ

[Tockoabky Ws uéTHa, MOXKHO OrpannduThes 3nadenusmu y € [0,1). Ilokaxkem, yro WUg crporo
sospacraer Ha |0, 1). Torma seinonuenne yenosus (1.13) mast Beex | € [1 —n : n— 1] paBHOCHIBHO
uepasencrsy Wg(0) > 0, To ects yenosuio (1.13) maa [ = 0. [pymnupys wrensl ¢ HoMepamu k u

—k — 1, nonyuaem
Us(y) =1+ > 0ely),
k=1

rae
1 1

or(y) = 1 — eB2k+y—1) + 1 — eB@k+1—y)"

Jocrarouno joka3arh i Bcex k € N HepaBeHCTBO

6€B(2k+y—1) ﬁ€6(2k+1_y)
(1 — eBhry=D)2 (1 — eBCh+1-p))?

©L(y) = >0,

KOTOPO€e PaBHOCUIBHO

P (1 _ (BRI _ B+ (] _ oBRH-1Y 5
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Nmeem
eB(2k+y—1) (1 _ 65(2’”1*3/))2 — Pk+1—y) (1 _ eﬁ(2k+y*1))2

— 4Bk ((6—5(2k+1—y) _ €§(2k+1_y)>2 _ <e_§(2k+y—1) _ €§(2k+y—1)>2) _

= 4e*PF (sh2 (§<2k +1- y)) —sh? (g(% +y-— 1))) =

= 2" (ch(B(2k + 1 — y)) — ch(B(2k +y — 1)) = 4" sh(26k) sh(B(1 — y)) > 0.

Tax kak dynknus

1
_1+Z( B(2k—1) +1_€,B(2k+1))

HempepbiBHa U cTporo Bospacraer mo [ na (0, +00) o1 —oo 10 1, mepasenctBo Vs(0) > 0 BBIIOJI-

HsIeTCsl TOTJIa U TOJIBKO TOrJa, Korjaa 3 > [*, rae f* — KopeHb ypaBHEHUA

1
1+ Z ( e T eﬂ(2k+1)) =0

Takum obpazom, st dyuaknuu G yeaosue (1.13) BIIONHSIETCST TSI BCEX (v > g—;, NPUYIEM TIPU

m = n 3Ta IPAHUIA TOYHAS.

Teneps ommieM cemeiicTBO (DYHKIUH B, yIOBIETBOPSIONINX YCJIOBUSM CJIeJICTBUHNA 6 U 7 pu
dukcuposannom sijpe G.

[Tpumepamu dyuKImit B, yI0BICTBOPAIONINX YCJIOBUAM CJIeACTBUA 6 Jad BCeX m < N, MO-
ryT cay:xuth byskmun ¢ Kosbdunumentamu Pypoe Buga cx(B) = cx(G)yk, tae v # 0 mpu
le[l—m:m—1]u |ygonk] < |vi| ans seex (I, k) € [L—m : m— 1] X Z takux, 910 ¢142,(G) # 0.
Ecmu v, cyms koabdunuentsr Pypre dbyukmuu K € Ly, 1o Takag ¢yukmus B ectb G x K. B
YaCTHOCTHU, B KadecTBe K MOXKHO B34Tb JiIOOYI0 (DyHKIUIO U3 L1, YAOBAETBOPSIONYIO YCJIOBUIO 1
caeacTBuga 6.

[Ipumepamu GyHKIUN B, yA0OBAETBOPAIONIUX YCIOBUAM CJEICTBUS 7 178 BCEX M < N, MOTYT

CAYXKUTH PYHKIUU ¢ Koddpduumentamu Pypbe BUIA

(G, ke Z\ {0},
7 k=0,

Ck(B) =

riey # 0, #0nupul € [1 —m : m— 1]\ {0}, y20e = 0 ans Beex k € Z \ {0} rakux,
910 Conk(G) # 0, ¥ |yigonk| < |y mnag seex (Lk) € ([1—m:m—1]\ {0}) x Z rakux, uro
Claonk(G) # 0. Ecau vy, cytb koadbdurumentsr Pypre byukinnu K € Ly, To Takas yakmus B
ectb G * K + . B gwactaoctu, B kadectBe K MOXKHO B3saTh cpegree CrekyioBa 000 GhyHKINNA
K, € Ly, ynoaersopsitoneii ycaoBuio 1 ciregcTBust 6 Wi caeacTBust 7, TO ecTh PYHKINAIO K1 * B
WwE Zy.

[N



40

I'1aBa 2.

IIpubanmxenune Kjaaccosn

anddepeHiupyeMbix (PyHKIIIA HA OTPe3Ke

2.1. BBenenune

B [24] ®uoarep n Canze paccMaTpuBasn 3aady CPeJIHEKBAIPATHIHON ANNPOKCHMAIMN TPEX
KJaccoB (DYHKIUNA U3 WQ(T)[O, 1], ompemessieMbiX HEKOTOPBIMH TDAHUYIHBIMU YCJIOBUSAME. 1lpu
HECKOJIBKO U3MEHEHHOH HOPMHUPOBKe (KOTOPOH MbI Jajiee OyjaeM MpPUIePKUBATHCS) ITH KJIACCHI

CYTh

H) = {uc WQ(T)[O,W]i u®(0) =u® (1) =0, 0<k<r, kuérnol,
H ={u e WQ(T) [0, 7] u(k)(O) — ) (1) =0, 0<k<r, kneuérno},
Hy = {U € Wz(r) [07 g] - u®(0) = u® (g) =0, 0<k/ll<r kuérno,l HeqéTHo}.

qDJ’IO&Tep n CaH,ZLe BBIYHUCJ/JINJIN MMOIIEPEYHUKHT MHOXKECTB

A ={ue H: [[u| 0 <1}, i=0,1,

Ay = {ue Hy: lu) 102 <1}

U IIPUBEJIN MPUMEPHI SKCTPEMAJBHBIX HOAIPOCTPAHCTB. A UMEHHO, OHU IOKA3aJIM, ITO

1 1 1
do(Ay) = ———, dy(A]) = —, d,(A}) = ——,
( O) (TL-}-].)T ( 1) nr ( 2) (2n+1)r
a MPOCTPAHCTBA
span {z > sinkz}7_,, span{z > coskr}}Z;, span{z — sin(2k — 1)a}}_, (2.1)

aBjsiorcs sKcrpeMasnbubivu s A, A7 u AL coorsercrBenno. OTMeTHM, 4TO JijIs HPOCTPAHCTBA
Al coorsercrytonuit pesysabrar Geul nosyden Kosmoropoebiv [30]. Kpome Toro, aBTops Ji0-

Ka3aJid, 4To I KJaccoB Al CyIIecTBYIOT 3KCTpeMaJibHble CIUIAHOBBIE IIPOCTPAHCTBA, KOTOPHIE
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OIIPEIEISIIOTCS CJIELYIOITUM O0Pa30M.
[lycts Py = P, = m, Py = w/2, T — BeKTOp y370B, pacnoiokeHubix Ha (0, P;) U pa3invHbIX.
Ob6o3naunm depe3 S, - ; TPOCTPAHCTBA CILIafinos crenenn d aedexta 1 ma [0, Pj] 1 paceMoTpum ux

n-MepHbIe MOJIITPOCTPAHCTBA

Sao=1{5€ Syrno: s¥0)=s®(r)=0, 0<k<d, kuéruo},
Sq1=1{5€ Syrp1:s%0)=s¥(r)=0, 0<k<d, knueuérno},
Sdo = {5 € Siro: 58 (0) = sV (g) =0, 0<kI<d, kwuérno,l HeqéTHo} ,

r71e BEKTOPHI y3J10B 7; pu ¢ = 0, 1, 2 3amaiorcs popMyaaMu

kmr (™ .
TS pe d He4éTHO,
T0 — K n
s s 2
{n_Jrl + M}kzo s d YeTHO,
ki yn—1 .
o {7 + 90 freo d HEYETHO,
=
kryn—1 .
{ peall SRR d qérho,
{ k n—1
s s pas
o —} d 9€THO
T = 2n+1 T 202n41) [, )
kr ™ .
{2n+1 1) d HEYIETHO.

B [24] 6bu10 m0Ka3aHO, 9TO T BeeX d > 1 — 1 IPOCTPAHCTBA CIIARHOB Sg; ABJISIOTCA ONTHMAJIb-
HBIME IPUOJIMZKAIONIMHE IIPOCTpaHcTBaMu st Kiaaccos Al ¢ = 0,1, 2.

Kak MBI BUIUM, Y3716l B KaKJIOM U3 IIPOCTPAHCTB Sg; PABHOOTCTOMAIINE, OTHAKO KOHKDETHBII
BHJT BEKTOPa Y3JI0B OlpejieseTcd Y€THOCTHIO d. B JaHHO# raBe MbI MOKA3bIBA€M, YTO KJIACCHI
Al MMeIOT IKCTpeMasibHble CITaifHOBBIEe IPUOJINZKATIONINE TPOCTPAHCTBA ¢ OOOUMU THUIIAMU Y3JIOB,
VKa3aHHBIMH B ONpeJeIeHuH 7;. Pa3yMeercs, B ciaydae Y3J0B T; MPU TPOTUBOMOIOXKHBIX YETHO-
cTax d HeOOXOUMO JT00aBUTH WM, HA0OOPOT, 0C/JIabUTh I'PAHUYHBIE YCJOBUS, YTOOBI PA3MEPHOCTH
MOJTYI€HHOTO MPOCTPAHCTBA PABHSLIACH 7.

B manHOIT rmaBe MBI CBOIUM 3aJiady I8 (DYHKIUI Ha OTpe3Ke K aHAJOTUYHON JJIs TTepPUO/IH-
JecKnX (DYHKIMIA U, UCTIOIB3YS Pe3YAbTAThl TJIABHI 1, MOTyYaeM CepHIo SKCTPEMATbHBIX MOIPO-
CTPAHCTB /Il HEIEPUOANIECKON CUTYAIMN, B TOM YUCJIe TOJYydeHHBIX B [24].

Pesyabrarsl riase omy6ankoBaHb! B [7).

2.2. BcnomorareJjbHblE Pe3yJabTaThl

Crienytoras jeMma JaeT ONuCaHue CBOMCTB CUMMETPUU TTPOCTPAHCTB CIBUTOB B TEPMHUHAX KOI(]-
durmento Pypoe.
Jlemma 1. ITycmov n,m € N, m < n, B € L. Tozda caedyroujue ymeepicoenus pasHoCUAbHDL.

X
B,n,m

X

1. U3 exarouenus s € S Bonm-

caedyem s(—-) € S
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2. Jlas xaoicdozo | € [0 : m — 1] cywecmeyem v, € C\ {0} maroe, wmo v € {—1,1} u

C_1—onk(B) = Mciionk(B)  das ecex k € Z. (2.2)

Jlokasameavcmeso. TlepBoe yTBepKIeHHe O3HAYAET, UTO JJist BeeX | € [1 —m : m — 1] BoimostHsiercst

X

Bonme JaMeHss JyIsd ya00cTBa | Ha —l[, uepenuiiem BKJIIOYEHHE B BUJE

Briouenne Pp (—) € S
paBeHcTBa
m—1
Op_i(—z)= Y Pp;(x)
j=1-m

At HeKOoTopbIX ;. [Tockosbky ®p ; oproronansua $p_j(—-) npu j # [, umeem

(I)B’_l(—l’) = VZ(I)B,l(x)‘

[Ipupasuubas koddduimentsr Pypbe HyHKIUNE B 00€UX YACTAX HOCIETHEIO PABEHCTBA, IPUXOIIM
K (2.2). Menss [ va —[ u k Ha —k, moydaeM cOOTHOIIEHNUE Cpyonk(B) = V_1c_j_onk(B). Ecim v, = 0
JUJIsT HEKOTOPOTO [, TO Cpyonk(B) = ¢_j_9nx(B) = 0 u paBeHCTBa BBIMOJHEHbI JIJIs JJisl JTEOGOTO 7.
Cure1oBaTeILHO, MOYKHO CUUTATH, 4TO Y 7 0.

C Japyroit CTOPOHBI, €CJid PABEHCTBO (2.2) BBIIOJHEHO IPU HEKOTOPOM [, jyist KoToporo v, # 0,
TO OHO TaK ke BEPHO TpH —[ st % [Tosromy mocTaTodHO paccmaTpuBarh jauiib [ € [0:m — 1].

[onarag [ = 0, moaydaeM, 910 C_onk(B) = Yoconk(B) mns Bcex k. 3amena k Ha —k na-
61 Conk(B) = YoC_onk(B). Eciu conp(B) = 0 st Beex k, MOXKHO TOJOKUTE Yo = 1. Ecau ke

Conk(B) # 0 jyist HekoTOpOro k, 1o Takxke c_oni(B) # 0 u, ciaejoBaresibuo, g = *1. O

Bamernm, 9T0 Bee 4éTHBIE (DYHKIUE (B YACTHOCTH, A1p0 IUpuxJie) yI0BIETBOPAIOT BTOPOMY

YCJOBHIO JIeMMBI 1 ¢ v = 1 1714 Beex [.

—iTl(

Jug B-ciuiaitna umeem 7y, = e P a uia caBrHYTOrO B-clutaiina B, = Bn,u(' — ) u3

D _ikm _ilmp
pasencrsa (B, ) = e~ 2n ¢ (B,,,) caeayer, 9to vy =€ n .

Hamomanm, uro cumBosamu € u f° 0603HAYAIOTCS COOTBETCTBEHHO Y6THAS U HEUIETHAST IaCTH

dbyuxiun f.

Bamewanmne 1. [Ipu [ € [1 : m — 1] nmeem Oy | = 3,04, ¢% ;= —7P%,. Orcoma caeayer, 4to

IPOCTPAHCTBO Sj ,, . MPEJICTABAMO B BHJIE

Sgn’m = span {®p o} @ span {@eB’l ?Zl @ span {@%J }7;1. (2.3)
Bameganme 2. Ecm s € S;, |, 10 (- + ) € Sg 1, TOCKOTBKY

q)BJ(fE + 7T> = (-1)I(I)B7l(.%'),
CIIpaBeJJINBbI paBEHCTBa

ba(m —x) = (1)@ (2), Pp,(m —2) = (=1)"P%,(2).
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Cuterytonnas Teopema siBJIseTCs YaCTHBIM ciiydaem ciejacrsus 1.5 s npocrpancrsa Cobosiesa,

To ectb ;i G = d,.

Teopema 1. ITycmo r,n,m € N, m < n, B € Ly. Tozda caedyrousue ymeeparcdenus pasHocusbHbl.

1. Jlaa moboti pyrryuu f € WQ(r) BVINOAHACNCA HEPABEHCINEO

1
E(f7 Sg,n,m)2 < %Hf(T)HQ (24)

2. Koappuyuenmuv, Qypove pynruuu B ydosiemsopsarom ycrosuim

a(B)#0 npuscex |l] € [0:m— 1],
Conw(B) =0 npu ecex v €7\ {0},
|Cl+2nk(B)|2

npu ecex || € [1:m —1]. (2.5)

WV

1 1
kez (I+2nk)2r m2r

B nasbueitieM Ham nmoHasobUTCS IPOCTOE CAEACTBHE TeopeMbl 1 i (DYyHKIHHE ¢ HYyJIeBbIM

CpeJHUM.

CaencrtBue 1. ITycmv r,n,m € N, m < n, B € Ly. Toeda caedyrousue ymeepcoenus pasHo-

CUNADBHDL.

(r)

1. Jlas moboti pynryuu f € Wy’ marot, wmo co(f) = 0, ewnoanaemea nepasencmeo

1 T
e
m

E(f’ Sé,n,m)2 <

2. Jaa scex |l] € [1:m — 1] 6ydem ¢;(B) # 0 u

I et

kez TF2nk)T — m¥

Joxazamenvcmeo. st g € Ly monoxknm go(x) = D con,(g9)e?™*. fcno, uro nepasencTso (2.4)
VEZL

na BeéM xmacce W
5/ DABHOCHJIBHO CHCTeMe
E(fo,S% < o
(fo’ Bo,n,m)g A mr”f[] ”2’

E(f = fo.Sh-pomam) < —I(F = £o) 2.

1

m?"

(1) = (2). Pacemorpum dbyaxnmo B € Ly, s Kotopoit co(B) = 1, o, (B) = 0 ama Beex
veZ\ {0} u cp(B) = cp(B) upn k # 2nv. s seskoit f € Wi mueen
Lo

B(fo.85, ), < o= ol Pl < =1l (2.6)

1
B(f =185 gom), < ol (F = f0)Oll (2.7)
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Hepagencrso (2.6) 04eBH/HO, HOCKOJIBKY HPOCTPAHCTBO 827 1 COZICPACHT KOHCTAHTDI, & (2.7)
BBITIOJTHEHO 110 yestoBuio. CireioBaresibHo, BepHO (2.4), a koaddunnentsr Pyphe GyHKINH B yI0-
BJIETBOPAIOT BTOPOMY VCIOBHIO Teopemsl 1. I1o onpesesennio B To 3Ke caMoe BepHO H Ul cx(B)
upu k # 2nuv.

(2) = (1). Ilycrs f € WZ(T), co(f) =0, a B oupesesena Kak soiie. [1o Teopeme 1 Hepaset-

cTBO (2.4) BRImOMHERO A5t B, a w3 (2.6) u (2.7) ceayer, 9T0 OHO TAKZKe BepHO s B. O

2.3. OcHOBHBbIE PE3YyJIbTATHI

Pacemorpum ciiesytomniue Kjacchl (DyHKIMINA:

H ={ue WQ(T): u HeYETHA},
H; = {u e W": u aérnal,

H} = {u e Wi u neuérna, u ( - g) qéTHa} :

OueBnano, kaxkgag dynknusa u3 H] npunamnexkur H]. O6paTHO, B CHIy I'PpaHHYHBIX YCJIO-
BUil B olpejiesieHnu KJjaccos M 2m-mepnogusanus He9é THOTO NpoAo/zKeHna byHKIn v € Hj Ha
orpe3ok [—m, 0] npunamaexkur Hj. AHagornauo 27-neproausaiysi Y6THOrO MPOJOJIZKeHNsT (DY HK-
mun v € H wa orpesok [—m, 0] ects dyuxmus w3z Hi. LlocaenoBarensno npogoskas u € Hj
1o 1érHoi (orHocuTenbHo 7/2) dbyukuuu Ha [0, 7] W g0 HeuérHOi yHKIME Ha [—T, 7], MOCITE
2m-nepuoan3anuu moaydaeM (pyHkmuo us Hj.

[Tosromy, nonaras

NT NT. T -
Az:{UEH'L|lu()”2<1}J 22071727

MBI IIOJIY9a€M, 9TO

~7‘ T ]'
dn(Ap; L2) = dn(Ag; L2[0, 7)) = CEG
dn(~§;L2) == dn( 1147[/2[0777]) = Fa

~ s 1
dn( §§L2):dn< Q;Lz [0,—]> :m-

Takum obpaszom, yrmoMsaHyThie BO BBEIEHUHU 33/1a49i I HENEePUOAMIECKAX KJIACCOB MOTYT OBITh
CBeJIeHbl K aHAJOTMIHBIM JJId MTePUOINIecKoil CUTyaluu, B KOTOPOo# nmpuMeHnMa TeopeMma 1. Mubr
OyeM bOPMYJIHPOBATE HAIIMK PE3YJIbTATH JJTsl HEPUOJUIECKUX KJIACCOB (0003HAYAEMBIX € BOJHA-

Bameuanmne 3. Ilycts S — 3aMKHYTOE IOAIIPOCTPAHCTBO Lo, KOTOPOE BMECTE ¢ KaxKI0# dpyHKIIHEH

s comepxut $(—-). Torga snemenT Hamtydnrero npubsmzkenus 060l dbyukmun u € Hf B Loy
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npocrpancrBoM S neuéren. JeiicrBuresnbho, nycrs |[u — s||o = %ng | f —T||2, rorma
€

u—s —u(—)+s(—)

u—s u+s(—) N
2 2

s—s(—)
2 + 2

<
2

2

[l = slla < Jlu—

2

(lw = sll2 + flu(=) = s(=)ll2) = [lu = sl

2

<

N | —

DTo 03HAYAET, YTO BCEe HEPABEHCTBA B IENOYKe OOPAINAIOTCS B PABEHCTBA. B 9aCTHOCTH, NMeeM
|lu = s|l2 = ||lu— s°||2- ITo equHCTBEHHOCTH SJIeMEHTA HAWJIYYIIero MPUOIUKeHUsT B Lo OTydaeM,
YTO S HEYETHA.

AHa0ru9IHO, 3JIEMEHT HAWIYYIIero npudanzKeHns J1000it hyHknum u € H 1 npocrpancrsom S
uéren. Ecin, Kpome TOro, mMpocTpaHCTBO S MHBAPUAHTHO OTHOCHTENLHO CJBHTA HA 7, TO JEMEHT
HALTY9IIero npuo/zKenns u € HY TpoCTPAHCTEOM S yI0BIETBOPSET TEM 2KE YCJIOBHSIM CHMMET-

PHUH, YTO U caMa (DYHKIIHUS U.

PaccmoTpuM m-MepHbIe TOAIPOCTPAHCTBA S g

Sy = span {95, % npu m + 1 g n

,n,m
SB,n’m = span {®Pp o} @ span{d)Bl i~ upu m < n,
gl%,n,m = span {q)OB,Zlfl}ﬁl pun 2m + 1 < n

Cﬂe,ﬂyIOH_H/Ie Tpu TeopeMbl Aal0T JOCTATOYHbIC YCJ/JIOBUA IKCTPEMaJIbHOCTH 9TUX IIPOCTPAHCTB.

Teopema 2. llycmov r,n,m € N, m + 1 < n, a koapduuuenmn Pypve pynryuu B € Ly ydosae-

meopAm cAeIYIOULUM YCAOBUAM.

1. Jns mobozo | € [1 : m] cywecmsyem v € C\ {0} makoe, wmo dan ecex k € 7 eepro
c—i—2nk(B) = Ncrr2nk(B).

2. Jan ecex v € N sepro cony(B) = c_onu(B).

3. Jan ecex | € [1: m] 6ydem ¢;(B) # 0 u

Z |Cl+2nk(B)|2 > 0.

1 1
kez (I4+2nk)?  (m41)%r

Tozda das a0botl pynkyuu v € Hf svinosnaemcs nepasencmeo

1

rEavE .

Q0
E(u: Spnm)y <
Hoxasamesvemeo. IlockonbKy Begkas GyHkmusa n3 [ nMeer HynaeBoe cpeiHee, a B yIoBJIeTBO-
pseT yCJIOBUSIM BTOPOTO MYHKTA CJAEJACTBUS 1, ”MeeM HepaBeHCTRO

1

(u SBan) < (—T

QI 2.9
1) (R | (2.9)
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X . o . .
[To stemme 1 mpocTpancTso S B.nm-+1 BMECTE € Kazk 101 dyHKIHEH COAECPKUT €€ YETHYIO U HEIETHYIO

X

vactu. ITosTomy sjiemenT Hamsty4niero npubanmxenusa gynxknuu u € Hy npocrpancTsom Sgp, 1y

neuéren. Orciozia ciejyer, 4To IPOCTPAHCTBO Sg . . 11 B JeBoil yacTu (2.9) MOXKHO 3aMEHHTH HA
€ro MOIPOCTPAHCTBO, COCTOAIIEE TOIBKO 13 HeUCTHBIX hyHKIHIL. [lockorbKy 10 yeaoBuio 2 hyHK-
nunst Pp o wétHa, W3 pasnoxkenus (2.3) caeayer, YTO HCKOMOE MPHOINKAIONIEE MOTIPOCTPAHCTBO

copnajaer ¢ 8% . O

Teopema 3. Ilycmo r,n,m € N, m < n, a koappuyuenmu Pypve pyrnxyuu B € Ly ydosaemeo-

PAOM CALOYIOULUM YCAOBUAM.

1. Jlas moboeo I € [1 : m — 1] cywecmeyem v, € C\ {0} maxroe, wmo das scex k € 7 sepro
Cflank(B) = ’YlCl+2nk(B)-

2. Jas ecex 1 €]0:m—1] ¢(B) #0.
3. Han ecex v € Z\ {0} con(B) = 0.
4. Jas ecexl € [1:m —1]

|Cl+2nk (B) ‘2

1 1
kez FenR)T — m¥

= 0.

Tozda das a0bol pynkyuu u € H] svinosnaemcs nHepasencmeo

1

B (, S m)y < — o, (2.10)

2

Hoxaszamenvcmeo. llpumensasa TeopeMy 1 Kk uw € HY, moaydaeM HepaBeHCTBO

1
B(:85 .)€ sl

B,n,m

X
B,n,m

BEHCTBA MOYKeT ObITh 3aMEHEHO Ha MOJITPOCTPAHCTBO ero YETHBIX (PYHKINI, TO €CTh Ha S}B nome

AHATOTHYIHO TOKA3aTEeBCTBY TEOPEMBI 2 TPOCTPAHCTBO S B JIEBOIl YacTHU MOCJIeTHEro Hepa-

Teopema 4. Ilycmos r,n,m € N, 2m + 1 < n, a xoapduyuernmu DPypve dynxyuu B € Lo

YAOBAEMBOPAIOM, CACOYOULUM YCAOBUAM.

1. Jlaa nwobozo 1 € [1 : 2m] cyweemeyem v, € C\ {0} makoe, wmo daa ecex k € Z sepno
Cflank(B) = ’YlCl+2nk(B)-

2. Jas ecex v € N ¢g,,(B) = c_9p(B).

3. Aan scex | € [1:2m] 6ydem c¢;(B) # 0 u

|Cl+2nk(B)|2 0
1 1 = M

kez, (I+2nk)%" — (2m+1)%"
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Toz0a das a10600 Ppynkyuu u € HY svinoansemcs nepasencmeo

1

Q2
E(U7SB,n,m)2 < (2m+ 1)7,

™ 2. (2.11)

Hoxazameavemeo. Tax xkak Hj — moxnpocrpancTso H[, mo Teopeme 2 nMeem

.

E(u, SB,7L,2m)2 < 2m + 1)

_ <0
[MockombKy /71 U BBITIOIHAETCS PABEHCTBO U = u(7 — -), IPUOIMIKAIONIEe TPOCTPAHCTBO Sp o,
MOZKET OBITH 3aMEHEHO Ha HOAIPOCTPAHCTBO (DYHKIWIL, YIOBACTBOPAIONIMX TOMY yCa0BHIO. 110

3aMEYAHHIO 2 OHO COBHAJACT ¢ 83, .. O

e m
Bameuanue 4. Jlerko nmokasaTb, UTO B YCJIOBHAX Teopembl 4 mpocTpamcTBO span{®% ., 17,
IKCTPEMAJIBHO JTsl Kiiacca (yHKuii, moaydaemoro u3z Hl mepemenoii poseit k u | (uau coorser-

crByfomIeil 3aMeHoi ycsioBuil cummerpun B onpejesennn HY ).
3ameuanne 5. OTMeTHM, YTO YCIOBUS TeopeM 2-4 WHBaAPUAHTHBI OTHOCUTEIBHO C/IBUTA 1B Ha 5

Bameuanue 6. Hepasencra (2.8), (2.10) u (2.11) obpamaiorcs B paBencrBa Ha (DYHKIHAX

x +— sin(m + 1)z, x — cosmx u x +— sin(2m + 1)z coorBeTCTBEHHO.

Onenku u3 TeopeM 2—4 MOZKHO YCHUJIUTh CTAHJAPTHBIM CIIOCOOOM, 3aMEHHB IIPABYI0 YaCcTh HEpa-

BEHCTB Ha HAUJIYYIINe TPUOJIHKEHUS.
CaencrBue 2. [Tycmov 6 ycaosusxr meopemv, 2 B € WQ(T).

1. Ecau r wémno, mo das amobol w € Hf evnoanaemca HEPABEHCME0

1

= E(y™ .80
(m_l_l)r (U ’ B

E (U, g%,n,m) 2 < (T>7n7m) 2"

2. Ecau v newémmuo, mo daa mobot u € Hf ewnoansemcs nepasencmeso

1

=0 R
E(U7SB,n,m)2 < (m+ 1)7,

E(u("), span {CID‘;(T)J}}?;) .

Zokxasameavcmeo. 1lpu gérnom r 0603HAYUM Yepe3 § JIEMEHT HAUJIYUIIero npuduzkeHus hyHk-

(r) S0
nuu v\ TpOCTPAHCTBOM SB(T>7n7m

Ky ¢o(s) = 0, anst byHKINE $ onpeiesiena 2m-eproindecKast - mepBoobpasHast, 0003HAUNM €€ S;..

, a upy neuéruom r — upocrpancrsom span { @5, 1. ITockoib-
st kaxzgoro | € [1 1 m| nveem

o ..
B 7 9€THO,

r HEYIETHO,
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oTKyJa cjeayer, uto s, € 8% . Ipumenss Teopemy 2 K QYHKIUU U — Sy, HOJLy4aeM

1

B8 ) = B = 508 )y < gy 0 = sl =
_ (mil),.E(u(T), S%(r),mm)ga r 96THO,
(m}rl)TE(u(r)» span {é%m,l}zr;)z» 7 HE4ETHO.

Caenytorue nBa yTBEP:KICHUSA JTOKA3BIBAIOTCSA AHAJOTUIHO IIPEIbIAYIIEMY.
CaencrBue 3. [Tycmv 6 ycrosusxr meopemov, 3 B € WQ(T).

1. Ecau r wémno, mo dasa awboti w € H] evnoanaemca Hepasencmeo

~ 1
E(u7 Sé,n,m)Q S WE(U(T)’ Span {q)eB(T),l}lTizl) 2°

2. Ecau r weuémmo, mo daa a1060G u € H] evinoanaemcs Hepaeencmeso

~ 1 o~
E(u7 S%?,n,m)Q S WE@L(T)’ S%(T),n,m—l)Q'

CaenctBue 4. llycmo 6 ycaosuaxr meopemu, 4 B € WQ(T).

1. Ecau r wémno, mo das mobot u € HY evnoanaemesn HEPGBEHCME0

~ 1

Bt 8hnm)a < iy 2047 S50 )

2. FEcau r neuémmo, mo das a1060G u € HY svinoanaemcs nepasencmeso

1 r e m
- E(U( )7 span {CI)B(T)QZ—I}l:l)Q’

Q2
B Sbam)s < ()

2.4. Tlpumepsbl

B mpegsiaymeii riase (ciaeacrsue 1.8) MBI NPHBETH JIETKO MPOBEPSIEMOE YCJIOBUE, JOCTATOUHOE
JJIsT BBITIOJTHEHUST HepaBeHeTBa (2.5) (1, creoBaTesbHO, COOTBETCTBYIONINX YCI0BHiT TeopeMm 2-4).

A umenno, HepaBeHCTBO (2.5) cnpaBeMBO it Beex (GYHKIW B, y0BIETBOPSIIOIINX YCIOBUIO
[T+ 2nk|"|ciionk (B)| < [1]"|e)(B)|  anst Beex |I] € [1:m — 1], k € Z.

B gacraocTu, dynknun ¢ koddpdunuentamu Buia

ez%k_l ptl
Ck(B):<T> My HEZLy,p+12m,
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viae |[Monk|] < |m| wom # 0 upu |l| < n, yaoBaerBopsor TOMY YCJIOBUIO DU BCEX M < N.
Ilnsg m, = 1 ara dpopmyna onpenenser B-cinaitn. Eciau 7, cyrb koadpduimentsr Pypbe pyHKIun

K € Ly, To B ectb cpeanee CrekoBa nopgajika p + 1 or K. Hanpumep, B KadecrBe K MOXKHO

B3aTh a1po Ilyaccona (v, = e ** o > 0), aapo TemwronposomnocTn (v, = e o> 0), siapa
HEKOTOPHIX M dDEPEeHIIaIbabIX OMepaTopos (1, = %, P — MHOTOWIeH, Bce HYJIH KOTOPOTO
BeTeCTBeH bl ), obobmIenHoe A1po Bepuynm (v, = |k|~*e~#%8k 5 > 0, B € R); B nocaeannx

JBYX TpUMepax moJjaraem vy = 1.

beps B Teopemax 2-4 B kadecTBe B gaapo /upuxiie cOOTBETCTBYIONMETO MOPSIKA, MBI Oy 9aeM
9KCTPEMAJIbHbIE MOANPOCTPAHCTBA TPUTOHOMETPUUYECKUX MHOTOUIeHOB (2.1).

Tenepnb onuieM crutaiiHOBBIE TPOCTPAHCTBA, BOZHUKAIONINE B TeopeMax 2—4, u moKayKeM, 4To
pe3yabTarhl [24] ciegyror U3 3TUX TEOpeM.

Hamomuum, 9to i paccMaTpHBAaeMbIX HPOCTPAHCTB HEPUOTUICCKUX (PYHKITH f]{ Ux orpa-
unvenns Ha [0, 7| (mpu i = 1,2) win [0, 7/2] (npu i = 2) obo3navalorcs depe3 H).

1. 3amenum B Teopeme 2 n Ha n + 1 u mosoxkum m = n, B = B, 4. Torga npocrpan-

X

Boni1- Paccmorpum npo-

CTBO ‘S%,n 41, €CTB N-MEpPHOE MOAIPOCTPAHCTBO HEYETHBIX CIUIANHOB U3 S

km

CTPAHCTBO (Y41 CIUIAfHOB S C y371aMu {n_+1 ppr VO

OBJIETBOPAIONIMX TPAHUYHBIM YCJIOBUIM
s®0)=s®(r)=0, 0<k<d, Fkubrno.

Ero pasmepnocTh paBHa n it HedETHBIX d U N+ 1 g 9€THBIX d. CJle/IoBaTe/IbHO, IPU HEIETHOM
0 _ _ 4 0
d mveem Sp ., = Qa1 = Sgo. A wérHoro d npocTpancTBO Sp 4y, €CTH N-MEPHOE MOIIPO-
CTPAHCTBO (g 1.
2. 3amenum B Teopeme 2 n Ha n + 1 u moaoxkum m = n, B = Bn+17d(- — m) Torma npo-

CTPaHCTBO S%’n 41, €CTH N-MEPHOE MOIIPOCTPAHCTBO HEYETHBIX CIIAHHOB U3 S]é,n 41 Pacemorpum
n

IIPOCTPAHCTBO (g 2 CILIAHOB S C y3J1aMH {nk—g + 2(#1)} , YJIOBJIETBOPSIIOIIIX I'PAHUIHBIM YCJI0-
k=0
BUAM
s®0)=s®(r)=0, 0<k<d, kudérno.

Ero pazMeprHocTh paBHa n Jjid 9ETHBIX d U n + 1 Jutd HeYETHBIX d. 3ameTuM, 9T0 Touku 0 U 7 He
ABJsgIoTCd y3aamu. CrenoBaTeibHO, TP Y6THOM d UMeeM S%m 110 = Qa2 = Sapo. laa vewérnoro
d IPOCTPAHCTBO S%,n 41, €CTh N=MEPHOE HOJIPOCTPAHCTBO (g 2.

3. Iomoxum B Teopeme 3 m = n, B = B,, 4. Torga npocrpancTso g}gnn eCcTh N-MepHOe MOJI-
MPOCTPAHCTBO YETHBIX CILTAWHOB 13 Sp . PaceMoTpuM mpocTpanCTBO (g3 CITAfiHOB S ¢ y3mamu

{%”}Z;i, VJIOBJIETBOPSIIOIIMX TPAHUIHBIM YCIIOBHSIM
s®0)=s®(m) =0, 0<k<d, Fknegérno.

Ero pazmepnocTs paBua n s 9€THbIX d 1 n+ 1 a1 nedétaeix d. CiaegoBaTebHO, TPU 96THOM d

1

B.nn €CTH N-MEPHOE LOJALPOCTPAH-

HMeeM Sén,n = Qa3 = Sq1. dna veuérnoro d upocrpancrso S

CTBO (g 3.

4. Tlonoxnm B Teopeme 3 m = n, B = B, 4(- — &). Torga npocrpancreo Sp,,,, €cTh n-

)
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MEPHOE HOIPOCTPAHCTBO YETHBIX CIUaiiHoB u3 Sy, . Pacemorpum mpocrpanctBo Qg4 CIIARHOB

sc kro g omn—l
y3J1aMHI { =+ %} j—g> YAOBJIETBOPAIOIINX TPAHIIHBIM YCTOBHSAM
s®0)=s®(r)=0, 0<k<d, kneuérHo.

Ero paszmeprocTh paBHa n aas HEYETHBIX d 1 n + 1 mysa 9érHbIX d. 3amernM, 9To Toukn 0 u 7 He
apngiorca y3aamu. Ciegosareabno, npu neddétaoM d uveeMm Sg, . = Qg4 = Sg1. g wérnoro d
IPOCTPAHCTBO S} ., €CTh N-MEPHOE MOJIPOCTPAHCTBO Qg 4.

5. Bamenum B TeopeMe 4 n Ha 2n + 1 # noyokuM m = n, B = By, 4. PaccmoTpuM mpoctpan-

km
1

CTBO (g5 CILIAHOB S C y3/JaMu { ST

n
p_12 YAOBIETBOPSIONMEX MPAHITHBIM YCIOBHAM

s®(0) = sV (g) =0, 0<k<d 0<1<d, kuéruo,l neuérno.

Ero pasmepnocrs paBaa n i HedéTHbIX d 1 n + 1 pag wérabix d. CienoBaTeibHo, IPH HedET-
nom d mveeM 83,1, = Qas = Sa2. Hns aérnoro d npocrpancTBo S3,,. 1, €CTh N-MepPHOE
HOJAIIPOCTPAHCTBO (g 5.

6. 3amenum B TeopeMe 4 n Ha 2n+ 1 1 noJoKUM m = n, B = Bgn+17d(- - X

™
ST ) . Pacemorpum

n—1
. km s
IPOCTPAHCTBO (Qg¢ CIUIAMHOB S C y3/aMu {2n+1 + Q(Q”H)}k:o’ YJ/IOBJIETBOPSIONIUX I'PDAHUYHbBIM

YCJAOBHAM

s®(0) = sV <g> =0, 0<k<d, 0<l<d, Fkuéruo, | He4éTHO.

Ero pasmepnoctb pasua n g 9éTHbIX d 1 n + 1 g veuérubix d. CiemoBareabHO, IPH 96T-
HoM d umeeM Sg o, 1, = Qae = Sa2. s HedérrOro d npocTpancTBo Sp o, 4, €CTh N-MepHOE
HOJIPOCTPAHCTBO (g 6.

Bepst B Teopemax 2-4 apyrue 3nadenust m u n u B-cuiaiin (CABHHYTBIH MM HET) B POJIH
dbyuKIME B, MOXKHO MOJAYYUTH U APYTHE IKCTPEMabHbIe MOAIPOCTPAHCTBA, CILIARHOB ¢ PABHOOT-

CTOAIIUMU Y3JIaMH.



ol

I'1aBa 3.

IIpubanmkenue KjaaccoB CBEPTOK

IIPOCTPAHCTBaMM CJABUI'OB Ha OCHU

3.1. BBeaenmne

B nacrosimeit riraBe qoka3aH psiJi TOYHBIX HEPABEHCTB J/Is OIEHKH HAWIYYITero CpeIHeKBaIpaTr -
HOTO IPUOJIUKEHUS PA3JTHIHBIX KJIACCOB (DYHKIMI ITPOCTPAHCTBAMHU CABHUIOB Ha ocu. B qacTHOCTH,

II0JIYy4Y€HBI YCJIOBUAI, H€O6XO,ILI/IMBI€ 1 JOCTAaTOYHbIC JIJId CIIpaBeJIJIMBOCTH HepaBEHCTBa

E(f,S84), < G (0)]¢]l o),

TOYHOTO Ha KJacce byHKuiA f, mpeacraBuMbix B Buge G * ¢, p € Ly(R), naa G € Li(R). 3mecn
G — CUMMETPUYHO yOBIBAIOINIAs IEPECTAHOBKA (DYHKITUU |@| Kpowme Toro, mnojiyuenbl Kpurepuu
IKCTPEMaJIbHOCTHU ITPOCTPAaHCTB CABUT'OB B CMBICJIE CPEJHUX MOIIEPEeYHUKOB, 9TO O3Ha1aeT, 4TO KOH-
CTaHTa B HEPABEHCTBE JIJIs ONCHKH HAMJIYYIIero IpUOINKeHIs He MOZKeT ObITh YMEHbIIEHA 32 CYET
Hepexoa K ApyromMy IprOIrzKaIeMy HOIIPOCTPAHCTBY TOM Ke cpeaHeil pasmepHocTd. B gact-
HOCTH, /)i pACCMATPUBAEMOI0 B paboTe Kjacca (pyHKIMl BbIYUC/IEH cpe/iHuil nonepeynuk. Takum
00pa3oM, MbI HE TOJbKO YKa3bIBAEM MIUPOKYID COBOKYITHOCTD 3KCTPEMAJIbHBIX MPHOIAZKAIONINX
HOJIIPOCTPAHCTB, HO TaKzKe JIaéM IHOJHOE OIHCAHHE SKCTPEMAIbHBIX HPOCTPAHCTB, HOPOKIAEHHBIX
PABHOOTCTOANIUME CABATAMH OJHONH (DYHKIHH.

Metos JoKa3aTeIbCTBA, OCHOBBIBAETCS HA TOJYUEHUN KOHTHHYAJTHLHOTO AHAJIOTA PA3JIOKEHUST
10 6331/1(3&1\/1 B IIPOCTPpaHCTBaX CABUI'OB U HaXOXKIACHHA C €I'0 IIOMOIIBIO ABHOI'O BbIpazKeHUA I
HAWIYYIIero MPUOJIMKEHS, YTO TTO3BOJIAET MPUMEHUTH TEXHUKY, UCTIOJIH30BAHHYIO B MEPBOIi TJ1a-
BE.

PesynbraTsl rnassl onyoankosaubt B [37] u [19].
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3.2. Anamm3 @ypbe B IpOCTPAaHCTBAX CIABUTOB

Ilycts 0 > 0, B € Ly(R). O603na1mM

1 T\ im
palry) =50 B (”" B j?) et (3.1)

Dpo(y) =) )E (y + 2vo)

VEZ

(3.2)

Omnpenenenne ®p, KOPpeKTHO, HOCKOABKY IpH HOYTH Bcex © € R pax B mpasoit dactn (3.1)
cxonutes B Lo| —o, 0].
Boraeaum #eckoabko cBoificTB dyHkiuin O B,o BaMmeTuM, 9YTO OHH BO MHOI'OM CXOXKH CO CBOIi-

cTBaMu mpeobpasoBanus 3aka (cM., Hanpumep, [27, §8.2]).

P1. Pp, € Ly ([0,Z] x [—0,0]) u

c O 1
2
//@B,a(w,y)! dydr = 5| B||L,)-
0 —0o

Joxazameavemeo. TlockosbKy i modtu Becex x € R BBIIOJAHSETCS  BKJIIOUEHHE

{B(z— ) }jGZ € Uly(Z), nonyuaaem, aro Pp,(v,-) € Lo[—0,0] upu mourn Bcex z. Kpome

B(m—j—ﬂ>
o

TOTO, TI0 paBeHCTBY [lapceBang nmeem

2

f 1
Op (2, y)|  dy = —
/| Bolmy) dy= -

JEZ
Orciona caeayer, 9TO

s
o

o O 1
[ [1#sotepPayar= 5[5
0 o 0 JEL

. 2
Jm _ 1 2

®2. Cnpasedrusvl coommoueHus
T -
Ppo(r,y+20)=Pp,(z,y), Ppe (55 + ;;?/) = e YOp,(x,y),
®B,0'(xa y) = (I)B,U(x7 _y)

annoe csoiictBo o4esunno. Kpome toro, m3 mero ciaeayer, uro ¢pynarnng Pp, HOTHOCTHIO

us

OIIpeie/iseTCsl CBOMMU 3HAUYEHUSIMU HA MPSIMOYTOJIbHUKE [O, ;} X [—0,0].
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®3. B L, ([0, g] X [—o, a]) CNPABEIAUBO PABEHCTNEO

Op,(z,y) = Z By + 2vo)elvt2vole. (3.3)

VEZL

Zokaszameavcmeo. OTMETHM clepBa, UTO AHAJOTHYIHO JT0KA3aTEJILCTBY cBoiicTBa P1 momyuaercs

PaBEHCTBO
// S Bly + 200)e TP dy = —HB||L2 (3.4)
VEZ
JleficTBUTEIBHO, HOCKOJIBKY {B\(y+21/a)} € l5(Z) st nouru Beex y € R, 110 paBeHcrBy
vEZL

[Tapcesasst npu nmouru Becex y € R mmeem

™ ™

o 2 o 2
~ , . , . 2
/ Z B(y + 2vo)e! o) dy — / Z B(y + 2vo)e*™o® _I Z ‘B(y + QVO’)‘ )
0 VEZ 0 VEZ o VEZ
CrietoBaTeIbHO,
2 2
// By + 2v0)e 2o dy dy = /Z ‘B v+ 21/0)‘ dy =
—c 0

= DBy = 5 1Bl ey
[lycts B, € C’éoo)(R), B, — B B Ly(R). g mouru Beex z,y € R mosoxum
gn(t) = V' B, (x —t), teR.
Torna g, € CS(R),

Gn(&) =V TB (y —¢), ¢ER,

u 110 dpopmysie cymmuposanus [lyaccona nmeem

Piolr,9) = 5300 (iT) = X0 0u(2i0) = 37 Buly + 2jo)e 077"

JEZ JEZ JEZ
ITo ceoiictBy ®1 u pasencTBy (3.4), mepexo/s K Ipeiesy Ipu n — 00, moJaydaeM tpedyemoe. [

Hanomuum, uro nado i ricz, QJIEMEHTOB rmIL0epTOBa IPOCTPAHCTBA 7‘[ Ha3bIBaETCAd cucme-
) VENIS

moti Pucca 8 H ¢ nocrogaubiMu Ay, Ay > 0, ecoin mia moboro [ € lo(Z) pan Y, B f; cxonurea B

H u

Al H/BHgg(Z ~N

Zﬁgf]

JEL

< Aol z)- (3-5)

Ecan Ke BBIIIOJIHEHO TOJBKO MPaBOe HEPABEHCTBO B (3.5), TO TOBOPAT, UTO { f;}jez ABISETCA CU-
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cmemotli Becceas.

3ameuanne 1 ( [36, Teopema 1.1.6]). Ilycts B € Ly(R). Cucrema dynxnuii {B (- — j?ﬂ)}jez
obpasyer cucremy Pucca B Ly(R) ¢ mocrosaubiME A1, Ay TOT/IA ¥ TOJIBKO TOTIA, KOTIA JJIsT HOUTH

BCeX Yy € (—0,0) BBIIOJHSAETCS] HEPABEHCTBO

~ 2
A<y ’B(y + 2yo—)( < A,

VEZL

T0 ecTb pyHKIUN D, U npuHaiexkar Ly | —o, o).

B,o

®4. Ilycmob cucmema dynkuud {B ( — %T) }]EZ beccenesa 6 Ly(R). Tozda cnpasedauso pasencmeo

/ B()Bp4(6,9) dt = 27D (1), (3.6)

2de cxodumocmv unmezpasa 6 Ae6oli wacmu nonumaemca 6 Ly —o, o].
Jlokasameavcmso. Heiicturensro, npu n € N no dopmyaam (3.3), (3.2) mveem

2

/ /B(t)q)B,U(t7 y) dt — 27TDB,U<y> dy =
g n ) ) 2
= ~ 2
= / /B(t)z B(y + 2vo)eilv+2volt 4t — 2 Z ‘B(y + 21/0)‘ dy =
—o |=-n VEL VvEL
[ n 2

= 1 ) ~

= 47° / > Bly+2vo) o / B(t)e "Wt gt — B(y + 2vo) || dy.

T
g VEZL i

[TowsieHHOE CKAASPHOE YMHOKEHHE BO BTOPOM DABEHCTBe 3aKOHHO, MOCKOJIBKY psif (3.3) cxomurcs

B Lo[—n, n] orHocuTensro x. Orciona mo HepapercTBy Komm—ByHIKOBCKOTO 0Ty daem

2

(2 n

| [ BoFaaw bt~ 2w d <
g n 2
~ 1 ) ~
< 4n? / <Z |B(y + 21/0)|2) Z Py / B(t)e Wt gt — B(y 4 2v0) dy <
7r
g VEZ VEZ “n

2

[oa 1 n - R
< AT Dol ral o0l / 2|5 / B(t)e "Wt dt — B(y + 2vo)| dy =
Sy VEL

—n

n 2

1 . ~
47| Dol oo / L / Blt)e ™ dt — B(y)| dy —— 0.

2T n— 00
R —-n
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Koneunocrs sesmuunsl ||Dp ol 1| —0,0] CI€AYyeT U3 3aMeuanus 1. O

Obo3raunM uepe3 Sp, MPOCTPAHCTBO (DYHKNUIT s, 33JaHHBIX HA BEIIeCTBEHHON OCH W IIpeJi-

CTaBHUMBIX B BHIC

s(2) =3 8B (g; _ j-”)  Be ). (3.7)

: o
JEZ
Sameuanue 2. Ecin byukiun {B ( — 77”) }]EZ obpasyior cucremy Pucca B Ly(R), To a5t Begxoi

s2) =3 BB <x - Jg)

=

dpyHKIMN S5 BUIA

BrJToYeHus s € Lo(R) u § € (5(Z) pasuocusibubl. B rakom caydae Sp , — noanpoctpancrso Lo(R).

Ilpu 0 < p < 0 obo3HaunM Uepe3 S, , IPOocTpaHcTBO byHKIWMIT s U3 Sp ,, nMeIHUxX BU (3.7)

1 YIOBJIETBOPAIOIMKUX JOIIOJHUTEJILHOMY YCJIOBHIO

Jjm
Zﬁjeﬂ o¥ =0 s nourn Bcex p<ly| <o
JET

(cxomumocTs pana monumaercs B Lo[ —o,0]). Ilpu p = 0 mox Sg ,, Oynem nmonumars Sg .

Sameuanne 3. Eciau GyHkinn {B ( — %r) }jEZ obpasyior cucremy Pucca B Ly(R), To miaga Beex

0 < p < 0 upocTpancTBa Sp s, 3aMKHYTH B Lo(R) (cM., Hampumep, [36, reopema 1.1.2]).

Ilycts dbyukius s € Sp,,, umeer Buz (3.7). [omoxum

Coalsp) = Fre v,

JET

fcuno, aro (p,(s) € Ly| —o, o). Kpome Toro, upu nourn Beex p < |y| < o umeem (g (s,y) = 0.
Orciona o pasencrsy [lapcesass st TpousBeeHus ABYX (DYHKIHI MOMyIaeM CIeIyIONee mpeT-

crapiaenne pyHKIUA S:
p
S(ZL‘) = /CBp(Svy)(I)B,U(xv y) dy (38)
—p
Ob6patno, ecyin PYHKIHUA s onpeiessdercs popMyJIoit
p
@)= [ C0)Pnalrp)dy
—p
JUIst HeKOTOpoit ¢ € Lao[—p, p], TO § € Sp ., u 151 Heé B npeacTaBaennu (3.7)

P
1 ir |
5= 55 [ ST, ez

—p
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B cayuae, korja dyukius B ecrb B-ciuiaiin

- eiZy 1\ *! .
Ba,u(x>:/(w> e dy,
R (o

IIPOCTPAHCTBO Sp, COBIAJAET € IPOCTPAHCTBOM CILTaiHOB S, ,. CoorBeTcTBYyIONHE eMy QYHKINH
®p , HABBIBAIOTCS IKCTOHEHUUAALHBMY cnaatnamu (M. [35]).

B o6imem ciaygae opmysia (3.8) ecrb KOHTHHYAJBHBIT AHAJIOD PA3JIOZKEHUS O 6a3ucy, 06061~
OTIEMY 9KCIIOHEHIIHAJIbHBIE CILTAHHBI, B KOHETHOMEDHBIX TPOCTPAHCTBAX CABUTOB MEPUOITICCKUX

dbyukuii (cm. raasy 1).

Bameuanne 4. I3secrno (cm. [36, mpemmoxenue 1.1.9]), ato s € Sp, TOrma U TOIBLKO TO-
ria, korga mnpeobpasopanne Pypbe dbyHKIHU § uMeer BUI S(y) = E(y)CBJ(S,y) JJTsl HEKOTO-
poit (p,(s) € Ls[—o,0]. llo onpenenennto mpocrpancrsa Sp,, BKIOUeHHE S € Sp,, PaB-
HOCIIIHHO TOMY, 9TO mpeobpasoBanune Pypbe DyHKIUU § UMeeT BUI S(y) = E(y)(’B,U(s,y), rie

(B0 (S) € Lo[—0,0], (Bo(s,y) = 0 mpu mouru Beex p < |y| < o

Jlaee OymeM mpeanoiaraTb, 9To (PyHKIINH {B ( — %) }jez obpasyiot cucremy Pucca B La(R).

O6o3naunm wepes Sk | npocrpanctso Gyrkuuii s € Sg, ,, y KOTOPBIX B npeacrasiennn (3.7)

B,o,p

B € l1(Z). dcno, uro Sk

B.op TWIOTHO B Sp 5 p.

JlemMva 1. Fcau s € S}

B,o,pr MO

-(s s(t)Pp,(t,y)dt, 3.9

o5 = 5 [ 5(0F500) (3.9
R

ede cxodumocmo uHmMeELPAAG 8 NPasol wacmu nowumaemcs 6 Lo —o, o).

Jokaszameasvcmeo. 3amerum cuepsa, 9To s JiI0ObIX a,b € R, a < b, BbIIOIHSIETCST HEPABEHCTBO

1/2
o b 2 /

/ / 856 y) dt — 22D ,(n)| dy | < V2RIDs Y 1Bl

elicTBUTETHHO, aHAJOTHYIHO J0KA3aTeTbCTBY cBoiicTBa P4 mMeeM OIEHKY

" b 2 1/2
/ / B(t)®p,(t,y)dt — 21 Dp,(y)| dy <
b 2 1/2
1/2 1 —iyt D
< 27THDB,UHLOO[—U,U] % B(t)e dt — B(y) dy )
R a

oTkyaa 1o teopeme [Lnanmiepesns cieyer TpedyeMoe HEPABEHCTRO.
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Hnst n € N no dopmysam (3.7), (3.6), ceoiicrBy $2 u nepasenctBy MUHKOBCKOrO nmeem

ol n ) 1/2

/ /S(t)q)Bp(tv y) dt — 27TDB,O’(y)CB,U(S7 y) dy =

2 1/2
ZB] ( ) q)BU t y dt - 27TDBO’( )CB,U(Say) dy -
Jjez -
2 1/2
Zﬁy B0)ss (t+Zy) dt - 20050 0)mnloun)| dy | -
JEZ "
n 2 1/2
/ Z Bje_i%ﬂy / B(t)®p,(t,y)dt —2nDp ,(y) dy <
Yy |iez i
jm 2 1/2
< Z |6j| / / B(t)q)B,cT(t? y) dt — 27TDB,G<y) dy m 0.
JEL o in

[Tounennslit mepexo/i K MpeJey 3aKOHeH, TOCKOJIBKY JJI8 KaxKI0ro j € Z 1o cBoiicTBy P4 BwIpa-
JKeHHe B CKOOKAX CTPEMHUTCH K HYJII0, & B CUIY CYMMHPYEMOCTH (3 U 3aMedaHusd B HadaJje JI0Ka3a-

TeJbCTBa CIIpaBeJJ/INBa OII€HKa

i 2 1/2
S5 / / Bt)®pa(ty) dt — 21Dsa(y)| dy| <
JEZ e
1/2
<V2Dpoll? o1 Bllam > 18] < oo

JEZ

ITounennoe HHTEIpPUPOBaHHE II0 KOHEYHOMY IIPOMEKYTKY 3aKOHHO, IIOCKOJIBKY IJId KaxKA0I'0

<t——)‘]<1>30ty|dt Z\ﬁj|/n'3(t——)’|®30ty)\ dt <

JEZ

n € N umeem

/Zw]

Zn JEZ

1/2

) /2 /o,
< Z‘ﬁ] /‘ (t_ _>' dt /|®B,a<t7y)|2dt <
1

JEZ

/2
< 1Bllace) /|@ng>| it| Y15 < oo

JEZ
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JL1st 3/1eMEeHTOB IIPOCTPAHCTB CJABUI'OB CIIPABE/JIMB CJieiyoniuil anajor reopeMbt [Laniepesis.

Jlemma 2. Ecau S,s € Sp 4,5, MO

[ 1s@ds =25 [ cnats. ) Dol 3.10)
/S(x)@dx = QW/CB,U(S, Y)CB,0(5,y)Dpo(y) dy. (3.11)

Jokasamenavcmeo. Jloxkaxem dopmyiy (3.10). Toctarouno jpokasaTh paBeHCTBO i sE€ Sk p
110 HEIPEPBIBHOCTH OHO OyIeT BEPHO U I S € Sp 4 .

[osp3ysics (3.8) u (3.9), umeem

[1stae = [ st 5@ / oo (5:9) oo, 9) dy i =

—p

p n
= lim [ (po(s,y) / s(2)®p,(7,y) dvdy =
2 7

n

p p
= lim [ Cpo(s,y) / s(2)®Ppy(z,y) drdy =2 / ¢80 (5,9)” Dp.o(y) dy.

n—oo
—p -n —p

[TpeesibHbBIH TEPEXO/T 101, 3HAKOM WHTerpaJia 3aKOHeH 10 jeMme 1.

Cmena mnopsijika HHTeIPUPOBAHUS 3aKOHHA, IIOTOMY 49TO i Jiloboro n € N pyHKIIsS

(337 y) = %CB,U(& y)(bB,U(x7 y)

cymmmupyema Ha [ —n,n| X [ —o, o|. HeiicTBurenbHo,

1@ [ IGaa(s i)l @50 dydo <
) ) 1/2

g 1/2n (o2
< / Coo(s,9) 2y / 1s(2)| / By (e )Py | dr <

1/2 1/2

n o

o /2, 4
< / G (s, )2y / s(a)2de / / By, y) Py de | <o,

Pagenctso (3.11) crangaprabiM 06pasoM BeiBoguTCst 13 (3.10). O

[Tpeo6pazosanune Pypre u vactuuanblii narerpan Pyppe byukuun f € Ly(R) orHOCHTEMHHO
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cucremol Pp , onpeneauM paBeHCTBAMUI

o) = g [ TOFn D) a1 (3.12)

p

Tnoplfs ) = / Coolf.y)Ppo(zy) dy, 0 <p<o

-p

[Tokazkem, 4To WHTerpas B npasoil wactu (3.12) cxomurcss B Lo[ —o, o). g 9Toro noctatoqso

A0Ka3aThb, 4TO IIOCJIe10BaTEJIbHOCTD

Y / FOTna () dt (3.13)

neN

dbyugamentanbia B Lo —0o, o). Bosbmém € > 0. IlockoabKy mocie0BaTeIbHOCTb

yl—>/nf(t)eiyt dt

neN

cxonurest B Lo(R), cymecrByer takoit Homep N € N, uro agast Beex n,k € Nyn > k > N,
BBITIOJTHSAIETCS HEPABEHCTBO
2

. 9
f)e ™™ dt| dy < .
/ / D50l Lol ~0,0]

R | [—n,n]\[—k,k]

Torna jyig Takux n U k ©MeeM OICHKY

2 2
g

o n k
/ / (OB ma ) dt — / f(O)Fmaty)dt| dy = / / f(O)Fpa(ty)dt| dy =
—o n —k -0 [‘”7"]\["“71“]

2
o

— [ Burzo) [ swe e mrar dy<
—o |VEE [~nn]\[ kK]

2
o

g ||DB,O'HLOO[*O',O’] / Z / f(t)e—i(y+2ua)t dt dy =

—o \ "% | [ —nn]\[—k,k]
2

— Dol (o / / F()e dt| dy < c.

R |[[—n,n]\[—k,k]

D710 U 03HAYAET, YTO HOCTe 0BaTebHOCTD (3.13) dyHnamentanpaa B Lo| —0, ol.
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Iockonbky 1/Dp, € Lo —0,0], nomyuaem, uro (g (f) € Lo[ —0,0|, orkysa ciaeayer, 4ro
IBop(f) € Speop n, B gacrHocTH, Jp 4 ,(f) € Lao(R).
Kpowme Toro, nis f € Lo(R) u s € Sp,,, mo dopmynam (3.8) u (3.12) momygaem

n

[ rs@a =t [ o= tim / 1) / G (5. 0) 81, (1, y) dy dt =

n—oo
—n

~ lim gBasy/f o5 y)dtdy—%/cmsy><Ba<fy>DBa<)dy,

n—o0o
—p

a 1o pasencrsy (3.11)

p
[ Ineat 5@ =25 [ Goalo.giGn el 0) Do) dy
—pP

R

Orciona caenyert, 910 f — Jp,,(f) L Spo,p. TO €ctb Jp,,(f) — oproronanphas mpoexknus f

Ha Sg, ,. Kpome Toro,

o / Coo(f0)? Do () dy = / Tpplf ) de < / (@) de. (3.14)

Buipazum nosoe npeobpazoanne Pypbe n HauIydIee npub/IMzKenne mTpoCTPAHCTBOM CJABUTOB

yepe3 TpUTrOHOMeTpHIecKoe mpeodbpasosanue Oypoe.

JIemma 3. Ecau f € Ly(R), mo
1 —_——— ~
B(-+2ko)f(- +2ko) 6 Ly|—0,0], (3.15)
keZ

Ez(f7SB,a,p)2:27T /‘f( @ /DBa
R

Jlokasameavcmso. Tlo dopmynam (3.12), (3.3) u HepaserctBy Kormu—ByHIKOBCKOTO

CB,J(f) =

B,o
2

dy | . (3.16)

ZB y + 2ko) fly + 2ko)

2

~

> " B(y + 2ko) f(y + 2ko)
kEZ

CB,U(f7 y) - dy =

1
DB,a<y>
2
= lim ZB + 2ko) /f JeHZka)t gy f( + 2ko)]| dy <

keZ
2

—z (y+2ko)t _
nlglgo/z /f dt — f(y+2k0) dy =
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2

~

= lim %/f(t)e_iytdt— f(y)| dy=0.

n—00
R

IIo cBoiicTBaM OpTOrOHAJBLHOM MPOEKIINT

Ez(f» SBJ,/?)Q = ”f - JB,mpf”%g(R) = Hf”%Q(R) - ||JB,0,pf||2L2(]R)'

Orcroma mo reopeme [Lnammepess u dopmynam (3.14) u (3.15)

EX(f,Snap)s =27 [ |[F)| dy - 2n / 6. (£:9) Dialy) dy =
R —p

=21 /‘f(y)

2

dy

> By + 2ko) f(y + 2ko)
keZ

2 f 1
Ty
DB,U(y)
—p
]

OrmeruM, a0 anaan3 Pypbe B MPOCTPAHCTBAX CIUTARHOB OBLT MOCTPOeH BuHOrpaaoBbim B [3],

rae UCIOJIb30BaJICd AJId IMOJIYYECHHA TOIHOI'O HEPpaBEHCTBA Z[)KGKCOH&.

3.3. OcHOBHBIE Pe3yJabTAThI

st 3amannoil movTH BCoay Ha R KOMIIEKCHO3HAUHOH dyHKIuE v 0603HaIHM depe3 T, MHOKe-
crBo dyuknuit ¢ € Ly(R), n1s KOTOpBIX mpom3Beienue Yy Takke npuuaiexkut Lo(R). Hdamee,

gepes §, 0003Ha4MM npocrpancTso dyuknumit f, npeobpasosanne Pypbe KOTOPBIX HMEET BUJ

J?: vp, €T, (3.17)

ITo onpenenennio §., — nognpocrpancrso Ly(R).

OTmMeTHM J1Ba 9aCTHBIX CIydas HIPOCTPAHCTB § .

1. Ecim 7 ecrs npeobpasosanune Pypoe mexoropoit ¢dyukuun G € Li(R), To §, ecrs Kiacc
cBéprok ¢ aapom G. B stoMm cityuae T, ects Bcé mpocrpanctso Lo(R).

2. Eciu v(y) r > 1, To §, ecrs upocrpancrso Cobosesa WQ(T) (R). Ipocrpancrso T, B

- 1
(iy)"?
TOM CJIy4ae COCTOUT U3 T-X HPOU3BOAHBIX (DyHKIMHA U3 WQ(T) (R).
SameruM, 9T0 371eCh U Jaj1ee, eCJIH He OTOBOPEHO WHOE, " HeoOs13aTe/IbHO 1e10e. B CBsI3u ¢ 3TuM
HAIIOMHHUM, 9ITO JpobHas npou3BoaHasa dyHKmun f 1mo Beitaio onpemensercsa depe3 mpeobpa3oBa-

Hue Oypoe:

—_

FO(y) = (i) f(y).

IIycts A — mogmuokecTBO R KoHeuHO# Mepsl Jlebera. Ero cumMerpusanueii Ha3bIBaeTCs WH-

_mesA M)

tepag A* = ( SRR



62

Jnst 3agannoi Ha R GyHKImuM [ ¢ BeeCTBEHHBIMU WJIM KOMILIEKCHBIMHU 3HAYEHHSIMHU, TAKOI

aro f(z) — 0 mpu  — 00, depe3 f* 0603HAYNM CHMMETPHIHO YOBIBAIOIIYIO TePECTAHOBKY (DY HK-

nuu |f|, To ecth
oo

fHz) = /X{:}cER: f(2)|>t+ () dt.

0

OTrMeTuM, 9TO W3 HEMPEPBIBHOCTH [ CJeayeT HempPephIBHOCTH f*.

Teopema 1. Ilyems 0 < p < 0, B € Ly(R), muoorcecmso Q C R nycmo uau xonewno, a dymk-

YUY {B ( — ’7”) }jGZ obpasyrom cucmemy Pucca 6 La(R). IIpednososrcum maroce, wmo dyrkyus

v: R\ @ — C ydosaemsopsaem ciredyrousum yeao8umm:
o v nenpepuwena na R\ Q, ~v(y) = 0 npu y — oo;
o dan scex q € Q |y(y)| — oo npuy — q.

Tozda caedyrousue ymeepicoerus PasHOCUNDHDL.

1. JTaa a0bot dpynryuu f € §, euda (3.17) swnoanaemes nepasercmeso
E(f7 SB707p)2 < ’7*(p)||90||L2(R) (318)

2. Oynryuy Bu v 40084€MBOPAIOM CAECOYOULUM YCAOBUAM.

2.1. Jas nowmu scex y € (—o,0) \ (—p, p) u scex k € Z 6unosnaemca HepaseHcmeo
V(y + 2ko)| < 7*(p).

2.2. [as noumu ecex y € (—p, p) cywecmsyem ne boaee 00mozo nomepa k, € Z, daa komopo-
20 |v(y + 2ky0)| > v*(p). Ipuwém ecau marots nomep k, cywecmsyem, mo 6unoNHEHbL
CAEOYIOULUE YCAOBUA.

2.2.1. By + 2k,0) #0.
2.2.2. Jlaa moboeo k € Z uz moezo, wmo |y(y + 2ko)| = v*(p), caedyem, wmo

~

B(y +2ko) = 0.

n 2
5 |B(y + 2ko)| o

=y +2ka)]? = (v (p)?
|y (y+2ka)|#7* (p)

Konemanma v*(p) 6 npasoti wacmu nepasercmea (3.18) mounas.

Jloxasameavcmeo. YuurbiBast (3.16) u (3.17), HepaBencTBo (3.18) MOXKHO TepenucaTh B BUJIE

/ ()13 () Py — / D;(y)

< (' () / () Pdy.

2

Z E(y + 2vo)y(y + 2vo)p(y + 2vo)| dy <
VvEL
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OTCIO,ZLa BUAHO, YTO JJid BBIIOJIHEHUA 39TOI'0 HEPpaBE€HCTBA HY2KHO, LITO6bI JJid  1I0YTH BCEX
y € (—p,p) u3 toro, uro |y(y + 2vy0)| > +*(p) mna HeKoTOpOrOo HOMepa v, € Z, CIe0Ba-
10 B(y + 2v,0) # 0. [eiictBuTesnpHO, LyCTh CyIiecTByeT Takoe MHOkKectBo A C  (—p,p),
mes A > 0, 94T0 Uil KAXKIOTO €ro JEMEHTA Y IPH HEKOTOPOM Vy € Z BBINOJIHSCTCS HEPABEHCTBO

|v(y + 2vy0)| > v*(p), HO By + 2vy0) = 0. dsa € > 0 oboznadnMm

2, Q=2,
Q= Ula-a+e). Q7@

Torna mist Hekoroporo € > 0 mHOKecTBO A\ Q. yI0BI€TBOPsieT TeM ke ycaoBusaM, uto u A. Kpome
TOTO, eCII P = X4\Q., T0 ¢ € T, a moTomMy TpebyeMoe HepaBeHCTBO HAPYIIAeTCA AId O = X A\Q. -
[IpeacraBuB waTerpas mo R B BUAE CyMMBI HHTETPAJIOB 1I0 MTPOMEXKYTKAM JIJINHBI 20, MEPeIu-

HnieM HepaBEHCTBO B BUJ/C

/ S 2y + 260 @y + 2ko) Pdy—

2 kel

P
/ 1
DB,U (y) v
-P

2

Z B(y + 2vo)y(y + 2v0)3(y + 2vo)| dy <
€z

< () / S 30y + 2k0) Pdy.

kel

HOCJIG,ZLHee HepaBEHCTBO PaBHOCUJIBHO CHCTEME

> vy + 2k0) P13y + 2ko) P < (77 (0)* D |B(y + 2ko)?,

keZ keZ

muis moutu Beex y € (—o,0) \ (—p, p),

2
1

Z V(y + 2ko) P|@(y + 2ko)]? — ——— Z é(y +2v0)y(y + 2vo)p(y + 2vo)| <
keZ Dp,o(y) vez
* 2 -~ 2
< (7 (0)* D@y + 2ko)* s nourn veex y € (—p, p).

keZ

JlelicTBUTEIBHO, U3 CHCTEMbI, OUEBHIHO, cIejyeT HepaBeHCTBO (3.18). O6GpaTHO, TPegnoIoKuM,
4TO HEPABEHCTBO (3.18) BBIIIOJIHEHO, HO XOTsI Obl OJIHO W3 HEPABEHCTB CHCTEMbI HAPYIIAETCH, TO
ecthb cymectByer A C (—o,0), mes A > 0, Takoe 4T0 1Jist BceX y € A KaKoe-TO M3 HEPABEHCTB
CHCTeMbI He BBITIOJNHeHO. KaK U BbIllle, MOIy9aeM, 9TO TO 7Ke caMoe BepHO jijis MHOKecTBa A\ Q.
IpH HEKOTOPOM € > 0 u 11 p = XA\Q. BMeeM @ € T, a TOrma HepaBeHCTBO (3.18) mapymraercst
s = XA\Q: -

C moMOIIbI0 AHAJIOTHIHBIX PACCYXKIAEHUIT TMOTy9IaeM, ITO MepBOe HEPABEHCTBO CHUCTEMBI BbI-
MOJTHAETCS TOTJIa U TOJIBKO TOTJIA, KOT/Ia BBITIOJIHEHO ycaoBue 2.1. BTropoe HEpaBeHCTBO CHCTEMBI

OUEBHIHO [T TeX Y € (—p, p), miag Koropwix |y(y + 2ko)| < v*(p) npu Beex k € Z. Ilosromy
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Jlajiee pacecMaTpuBaeM JIIb Te y € (—p, p), mis Koropeix |y(y + 2ko)| > v*(p) xora Ob1 Jiisi
onHoro Homepa k. Kpome Toro, MoxKHO cautarh, 4ro y + 2ko ¢ ) uu miasa kakoro k € Z. Torna
{P(y + 2k0o) }rez MOKeT GBITD JIIOOBIM 3JeMEHTOM IpocTpaHcTBa fo(Z). B aToM ciaydae Tpebyemoe

HEPABEHCTBO PABHOCUJIBHO TOMY, UTO KBaJIpaTHdyHad dhopma

(Ayu, u)eyzy = > (I + 2ko) P = (v*(0)?) |ux|*~

kEZ

1

- §(y +2vo)y(y + 2vo)u,
Dp s (y) VGZZ

2

HEIOJIOKUTENNbHA. 31ech u € (5(Z), a oneparop A, : l5(Z) — (5(Z) onpenenén dbopmyioit

(Ayw)r = (Iv(y + 2ko)[* = (v*(p))?) wx—
By + 2ko)y(y + 2ko)
DB,U(?J)

Z B(y + 2vo)v(y + 2vo)u,.

VEZL

IlockonbKy onepaTop A, KOMIAKTEeH, HEIOJIOKUTEIbHOCTD ero KBaIpaTHIHON! (DOPMBI paBHOCHIIL-

HA HEIOJIOZKHUTE/IbHOCTU BCEX €r0 COOCTBEHHBIX YUCEJI, TO €CTh TOMY, YTO CUCTEMa ypPaBHEHUI

(I(y + 2ka)* = (v (p))* = A) wp—
By + 2;2)7((;; + 2ko) Z—é@ Iyt o = 0. ke

(3.19)

He UMeeT MOJOKUTeNbHBIX KopHeil A mpu u # Q.

BameTuM, 4TO eCJAU CYLNIECTBYIOT JIBa PA3/JUUYHbIX HOMepa k, k' € Z, 1 KOTOPBIX

V(y + 2ko)| = |y(y + 2K'0)| > v (p),

To cucrema (3.19), 09E€BHIHO, HMEeT TOJOKUTEIbHBI KODEHb

A=y +2ko)|* = (v*(p))?
npu

1 1

—_~ Y uk?l = T = Y

B(y + 2ko)vy(y + 2ko) B(y + 2k'o)y(y + 2k'0)
w=0 mupuleZ\{kk}.

U =

[IycTsh ABYX TaKMX HOMEpOB He cyliecTByeT. Ecm

Z B(y + 2vo)y(y + 2vo)u, =0,

VEZL
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(I(y+2ka)” = (v*(p)* = A) up = 0

npu Bcex k € Z. Ilpu KazxKjaoM HOJOXKHUTETbHOM A BbIpaKeHHE B CKOOKaX MOXKET ODHYJIUTHCS
pasBe 4TO I OJHOrO HOMepa; obo3naunMm ero k'. Torma u, = 0 npu Becex k # k', m mostromy

up # 0. Orcriona crenyer, uro B(y + 2k'c) = 0, 4ero, kKak Mbl MOKa3aJH, He MOKET OBITH MPH

V(y + 2K'a)| > ~v*(p).

CrenoBaTesbHo, » B(y + 2vo)y(y + 2vo)u, # 0, a Torga u
VEZ

Wy +2K0)" = (v (p)* = A #0
nockobky B(y + 2k'0) # 0. Jdens pasencrso (3.19) ma
Yy + 2ko)* = (v (p))* = A,

YMHOKas Ha, E(y + 2ko)y(y + 2ko) u cyMMHUDYs IO BCEM TEJIBIM k, TIOJTyIaeM

ZW’Y(@J + 2ko)u—
1 1By + 2ko)|? - )
 Dp,(y) % Iv(y + 2ko)|2 — (v*(p))2 — A (; By +2vo)y(y + QVO')) =0,

9TO paBHOCUJIBHO

5 |B(y + 2ko) 2[y(y + 2vo) 2
By 42 ’ .
> |Bly -+ 20 Zwy+2ko 12— (7" (0))> — A

VEZL

[lepenecs 4jaeHbl B OJHY YacTh M NPHBEId K OOIIEMY 3HaMeHATesIo, Ipeodpa3yeM ypaBHEHHE K

BUIY

Z B(y + 2ko) —0. (3.20)
7 (y + 2ko)[> = (v*(p))? = A

O6ozmaunm I = {k € Z: |y(y + 2ko)| > v*(p)}. Tak kak y(y) — 0 mpu y — 00, MHOKECTBO
IT xoreuno. Ilpemanomoxum, aro 11 comepkuT x0T OB ABA dAEMEHTA. 3aMETUM, UTO BCE MOJIOKH-
TesbHBIE HYW 3HamMeHaTesell w3 (3.20) pasauansl, Tak Kak mias k, k' € 11, k # k', Beimosastercs
HepasencTBo |Y(y + 2ko)| # |y(y + 2k'0)|. Ilyets Ay m g — [ABa MOCTEIOBATEILHBIX MOTOKHI-
TeIBHBIX Hy/Id 3HaMenareseit u3 (3.20). fcuo, aro Ha (Ay, A2) dbyukmusa ¥V, HempepsIBHA I CTPOTO
BO3pacTaeT 0T —00 K +00, nosromy W, (A*) = 0 maa mexoroporo \* € (Ar, A2). Hamee cauraew,
aro |y(y + 2ko)| > v*(p) ans exuHCTBeHHOTO HOMEDA Ky € Z.

Ecin ycnosue 2.2.2 He BBIIOTHEHO, TO ecthb |Y(y + 2k'0)| = ~v*(p) m1a HEKOTOPOrO HOMe-
pa k' € Z, vo E(y + 2K'c) # 0, 1o, mockonbKy Ha unTepsane (0, [y(y + 2k,0)|*> — (v*(p))?) byuk-

uust U, HeIpPEepBIBHA U CTPOrO BO3PACTAET 0T —00 K 400, ypasuenue (3.20) HMeeT M0I0KHTeIbHbLT
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kopenb. Ecan ke ycsoBue 2.2.2 Boinosineno, to ypasaenue (3.20) MOXKHO Hepenucarsh B BHJIE

3 |B(y + 2ko)|? 0

= hly+2ko)P = (p)2 =\
[v(y+2ka)|#£7* (p)

Ipu A > |y(y + 2k,0)|> — (v*(p))? Bee 3HAMEHATESIM B JIEBOH YACTH MOC/TIETHETO DABEHCTBA OT-
purarenbasl, a Ha (0, |y(y + 2k,0)* — (v*(p))?) ona crporo Bospactaer mo A K +oo. [Tosromy
OTCYTCTBHE y HEE MOJIOKUTEJbHBIX KOPHEH PaBHOCUIBHO €€ HeoTpunarebHoctu npu A = 0, 1o
ecTh ycjaosuio 2.2.3.

[Tokazkem, 9To HepaBeHCTBO (3.18) Tounoe. IIpeanosoxum, ato (3.18) BepHO ¢ 3aMeHOIl KOH-
crantol 7*(p) ma #ekoropoe K < v*(p). C moMomipio TeX yKe paccyzKIeHuil, 9T0 U BBIIIe, MPH-
XO/JMM K TOMY, 4TO TAKOE HEPABEHCTBO PABHOCUJIBHO YCJIOBUsIM IYHKTA 2 ¢ 3ameHoil v*(p) na K.
[Tokazkem, 9TO TaKue yCJIOBHSA HE MOT'YT BBINOIHATHCH. JefCTBUTEIBHO, PACCMOTPUM MHOYKECTBO
Ax ={y: |7(y)| > K}. Tlockonbky K < ~v*(p), noayuaem, aro mes Ay > 2p. C apyroii ¢TopoHbI,

u3 MyHKTOB 2.1 u 2.2 ciejyer, 910
Ax C{y+2kyo:y € (—p,p), ky € Z enuucTBeH NI KAZKIOTO Y}.

CrenoBaTebHO, JTOJIZKHO BBIOJHATHCS yeaoBue mes Ax < 2p. Takum o6pazom, KoHCTAaHTY Y*(p)

B HepaBeHCTBe (3.18) YMEHBITHTD HEMb3sI. O

Bompoc ToynocTu HepaBeHCTBa (3.18) B CMbICIe CPEJHUX MOMEPETHUKOB PACCMATPUBAELTCS B
KOHIIE TJIABHI.

CrangapTHbIM CIIOCO00OM TeopeMmy 1 MOXKHO YCHJIUTD.

CaencrBue 1. Ecau 6 yeaosuax nynwkma 2 meopemw, 1 npeobpasosanue Qypve dynruyuu B ume-
em 6ud B = 77:/1\ das nexomopot ¥ € T, mo das mobol Pynkyuu f euda (3.17) ewnoansemcs

HEPABGEHCIMEO
E(f7 SB,U,p)z < ry* (p>E<S07 Sw,o,p)2-

Joxazameavemeo. 1lycTb s — 3eMeHT HAWIYUIIero npubmzKenus (PyHKIUH @ TPOCTPAHCTBOM

Sy.0.p- 1o 3aMedannio 4
V8 = y¢ = BC,
rie ( € Lo[—o,0], ((y) = 0 mng nouru Beex p < |y| < o. Orcroga moaydaem, 9To S €CTh

npeobpaszopanne Pypre HeKOTOPOH GYHKINN U3 Sp 4 ,; 0003HaumM eé 5. IIpmvenssa Teopemy 1

dbyukuun f — 5, nosydaem

E(f,SBop)y =E(f = 5.SBop)y <V (0)le = sllam =7 (0)E(2, Sp.op),-

CdopMmymupyeM gacTHBIH ciaydail TeopeMbl 1 i TpUOINZKEHNsT KJIACCOB CBEPTOK.
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CaeacrBue 2. IIyemv 0 < p < 0, B € Ly(R), G € L1(R) u ¢ynryuu {B ( — %) }jeZ obpasyrom

cucmemy Pucca 6 Ly(R). Tozda caedyroujue ymeepocdenus pasHOCUADHDL.

1. Jlas awboti pynkuyuu f, npedcmasumot 6 sude

f:G*907 SOELZGR))

BUNONAHAECTICA HEPAGEHCITNBO
E(f, SB,a7p>2 < G*(p)HSDHLQ(R)

2. Ilpeobpasosanus Pypve dynkuut B u G ydosiemsopatom caeoyouum yciro6uim.

2.1. Jlaa noumu ecex y € (—o,0) \ (—p, p) u 6cex k € Z evwnoanaemca nepasencmeo
Gy + 2ko)| < G*(p).

2.2. Jaa nouwmu ecexy € (—p, p) cywecmeyem we boaee 001ozo nomepa ky, € Z, 04 £0mopozo
|Gy + 2ky0)| > G*(p). Hpuuém ecau maxol nomep k, cywecmeyem, mo 6vnoaHeHs:
caedyouue YCA0BU.

2.2.1. By + 2k,0) # 0.
2.2.2. Jlaa mobozo k € 7 us moeo, wmo |G(y + 2ko)| = G*(p), caedyem, wmo

~

B(y + 2ko) = 0.

3 |B(y + 2ko)|?

_ = >0
ke |G+ 2ko)] = (G (p)?
Glur+2ka) [£G* (0)

Ecmu momynb npeodpazosanus Pypbe GyHKIun G CAMMETPUIHO YOBIBAET, TO (hOPMYIUPOBKA

CJIEJICTBUS 2 yIPOIIAETCH.

Caexncrsue 3. I[Tycmv 0 < p < 0, B € Ly(R), G € L1(R), dynryuu {B ( — jl)}jez obpasyrom

ag
cucmemy Pucca 6 Ly(R), a dynruua |G| cummempununo yoveaem u Henocmoanna 6 0kpecmHocmu

mouex —p u p. Toz2da caedyroujue ymeeporcdenus pasrocusbHbL.

1. Jlas awbot pynrxuyuy f, npedecmasumot 6 sude
f=Gxp, pe L(R),
BUNONHAECTNCHA HEPABEHCMBO

E(f:SB.0p)y < 1GO¢llLm-

2. Jlas noumu ecex y € (—p, p) 6ydem E(y) #0u

Z |B(y + 2ko)|?
e |Gy +2ka)|> — |G(p)|?
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oxazameavcmeo. Kak ormeudasioch B HadaJjie naparpada, jijig KJacCcoB CBEPTOK C CYMMUPYEMbIM
siipoM G uveeM y = @, a T, ectb Bcé mpocrpancTBo Lo(R). ockoabky ]@\ CHMMETPHIHO yObIBAET,
noayaaem, ato v*(p) = |G(p)|, mynKr 2.1 c1eACTBHA 2 BBIIOIHACTCSH ABTOMATHUCCKH, A HOMED k,
U3 IMyHKTa 2.2 paBeH HYyJIO JJis BCeX Y. YCIOBUE HENOCTOSHCTBA (DYHKIUU |CA¥| B OKPECTHOCTH

TOYEK p U —p BMECTE ¢ CHMMETPUIHBIM YOBIBAHEEM BJIEUET, UTO JJIsl BCeX y € (—p, p)
{k€Z: vy +2ko)| =~"(p)} ={k € Z: |G(y + 2ko)| = |G(p)|} = 2.

[TosToMy BTOpOE YTBep:KJIeHWE CJIe/ICTBUA 2 MPUHUMAET YKa3aHHBIN BU/I. 0

AHaJIOrmIHBIM 00pa30M U3 TeOpeMbl 1 MOJIyYaeTcs CJeayiollee yTBep:K/IeHne s MpUuOIIKe-

HHUs CODOJIEBCKUX KJIACCOB (PYHKITUIA.

Cneacteue 4. Iyemv r > 1, 0 < p < 0, B € Ly(R) u dymryuu {B (- — ]7”) }jGZ 0bpasyrom

cucmemy Pucca 6 Ly(R). Tozda caedyrowue ymeeporcdernua pasHocusbibt.

1. Jlas awboti pynrxuyuu f € Wz(r) (R) swnoansemes nepasercmeo

L
E(f7 SB,U,p)z < FHf( )HL2(R)'

2. Jas noumu ecex y € (—p, p) 6ydem B\(y) #0 u

|B(y + 2ko)|?
1 T
kez (y+2ko)2r — p2r

= 0.

3.4. JlocTaTo4yHble yCJIOBUS

Jaanm yestoBue, TOCTATOYHOE 1 BRIMOJTHEHUS MyHKTa 2.2.3 TeopeMbl 1.

Teopema 2. ITyems 0 < p < 0, B € Ly(R), muoocecmeo Q C R nyemo uau konewno, dgyrrkyus

{B ( — %r) }jGZ obpasyrom cucmemy Pucca 6 Ly(R), a dynruyua v: R\ Q — C maxrosa, wmo
o v nenpepusna Ha R\ Q, ~(y) = 0 npuy — oo;
o dan scex q € Q |y(y)| — oo npuy — q.

Hpednonooicum maroice, wmo dynxyuu B u y ydoeaemeopanm cAeoyouum Yeaosuim.

1. Jlas nouwmu ecex y € (—o,0) \ (—p, p) u 6cex k € Z 6binosnsemes Hepagercmao
V(Y + 2ka)| <7 (p).

2. Haa noumu ecex y € (—p,p) cywecmsyem He 6oaee 0drozo momepa k, € Z, das komopozo

|v(y 4 2ky0)| > v*(p). Hpuwém ecau maxot nomep k, cyuecmeyem, mo svinosrens, caedyro-

wue YeAoGUA.
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2.1. By + 2kyo) # 0 u das ecex k € Z

~

~ |B(y + 2k,0)|

B(y 4+ 2ko)| < Y(y + 2ko)|. 3.21
Bly+ 2h0)] < T by + 260) (321)

2.2. Jlasn mobozo k € 7 uz mozo, wmo |y(y + 2ko)| = v*(p), caedyem, wmo

~

2.3.
(Y (p)) = ’ ’

1 — )2
kEZ: 2ko)|2
W)t () TR

Toeda das n060tG Pynryuu f € F., euda (3.17) ewinoansemes nepasencmeo

E(f,SBoyp)y <V (P)elLom@)-

Jloxazameavemeo. JloctaTodHo IpoBepuTh ycaoBue 2.2.3 Teopembl 1, ocTajibHbIE YCJA0BUS BTOPOTO
IyHKTa TeopeMbl 1 COBIAIAIOT C yCIOBUAMNA JOKa3bIBaeMoit Teopemnl. [Tockonnky mpu k # k, Bce

3HAMEHATEJIH OTPHUIATENbHBI, OIb3YsICh HepaBeHcTBamu (3.21) u yciaosuem 2.3, nmeem

B(y + 2ko)|?
3 |B(y )|

2o Ty ko) - ()2
[v(y+2ka) |#7v* (p)

) 2
_ 1By +2k,0) 5 1

= 2 (r*(p))?
|7(y + Qkya)‘ 1 — m

> 0. O
keZ:
|v(y+2ko) A7 (p)

Bameuanue 5. P B eBoit yactu (3.22) cX0AUTCs TOTAA U TOJIBKO TOT/A, KOTJIA JJIsT HEKOTOPOTO
A > 0 BBIIOJIHSIETCS YCJOBHE YXR\(—4,4) € Lo(R). Ilockobky B sieBoit qactu (3.22) TOIBKO 01HO

MMOJIO2KHUTEJIbHOE CJaaracMoe, pacXOJUThCA 3TOT PAdJd MOXKET TOJBKO K —OQ.

OrMeTuM 9YacTHBIH caydail TeopeMbl 2 JJIs KJIACCOB CBEPTOK € CHMMETPHYHO yOBIBAIOIIIM

MojyIeM npeobpasoBanus Pypbe diapa.

CuneactBue 5. IIycmv 0 < p < 0, B € Ly(R), G € Li(R) N Lyo(R), dymryuu {B (- — j?ﬂ)}jez
obpasyrom cucmemy Pucca 6 Ly(R) u npeobpazosanus Oypve pynruut B u G ydosaemeopaiom

CACOYIOULUM YCAOBUAM.
1. Qynxyua |G| cummempuuno youeaem U HENOCMOAHHA 6 OKPECTHOCTU TMOYEK —p U p.

2. Jaa nouwmu ecex y € (—p, p) 6ydem B\(y) #0,

~ B .
|B(y + 2ko)| < ‘,\(y)‘ |G(y + 2ko)| npu ecex k € Z,
G (y)]
1
> —o 20 (3.23)
ez 1 — im0 =

|G(y+2ko) |2
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Tozda dan a10600 pynrxyuy [, npedecmasumoti 6 sude
f=Gxp, € L(R),

GUUTLONHAETCA HEPAGECHCINBO
E(f.SBop), <IGP)¢lram-

Hasee 6ynem npeanosarars, 9ro dyukius B yposiaersopsier yciaosuio 2.1 Teopempr 2 (miu
COOTBETCTBYIOIIEMY €My YCJIOBHIO CIEACTBHSA 5).

JlaguM ycioBHs, P KOTOPBHIX Mpou3BeaeHne (OYHKIMIA Y, YIOBIeTBOPIIONIUX YCJIOBHAM TeO-
peMBI 2, TaK:Ke YIOBIETBOPSIET dTUM YCIOBHUSIM.

Crenyiomas JeMMa T0KA3BIBACTCSI aHATOTHIHO JeMMe 1.3, HO /I MOJHOTHI U3J0XKEHUST MbI

MPUBEJIEM €€ JI0KA3ATe bCTBO.
JlemMma 4. Ilyecms dynxyuu v1 u Yo ydosiemsopaom caedyiouemy Ycao6uio.

2.3" Jaa nowmu ecexy € (—p,p) ui = 1,2 cywecmeyem wne 6oaee 0drozo nomepa ky(7;) € Z,
daa womopozo |;(y + 2ky ()| > | (p)|. Hpuwém ecau maxot nomep ky(7y;) cywecmeyem,

mo 1
> ——r 20 i=12 (3.24)

1 — )
kEZ: i 2ko)|?
Ivs (y+2ka) £ (p) ely+2ko))

Tozda ecau CTLpCLGGd,/lUGbL COOMHoOWEHUA

{z €R: m(2)] > (p)} ={z € Ri [n(2)] > ()},

(3.25)
{z e R: () =11} ={z €R: |(2)] =10},

mo PyrKyuA ¥ = Y172 makosce ydosaemeopaem ycaosuio 2.3 .

Jlokasameavcmso. g moutn Beex y € (—p, p) 0603HAUAM

Ly ={k € Z: |v(y + 2ko)| # v"(p)}-

BameTnM, 4To U3 coorHomenuit (3.25) ciemyer, 4To

() = 71 (p)s(p),

Ly ={k € Z: |m(y + 2ko)| # 1 (p)} = {k € Z: |7a(y + 2ko)| # 73(p) }

u ky(71) = ky(72) = ky(y) ang mourn Beex y € R.

s nourn Beex y € (—p, p) MOTOKUM

i = i (y) = (15 (p))

= L vr = v(y) = (3(p))

ey + 2k0) 2

Torpa s moutn Beex y € (—p,p) umeem 0 < up, < 1,0 < vy, < 1, a qus seex k € Z \ {ky,}
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ur = 1, vy = 1. Tpebyemoe wepasencrso (3.24) st GyHKIUE 7 PABHOCHJIBHO HEPABEHCTBY

1 1
ey (3.26)
1-— ukyvky keLy\{ky} UKV — 1

a ycsosue (3.24) Jyist y; ¥ 2 MOYKHO MEPEIncarb B BUJE

1 -1 1 -1
(2 Y s (x 1)

U — Vi — 1
keLy,\{ky} keLy\{ky}

Orciona caeayer, 9TO

1 1
>

T ) )
keLy\{ky} Uk — 1 keL\{ky} Uk — 1

C nmpyroit cTOPOHBHI,

1
Z S Z uk—l—vk—Z

upvp — 1
keLy\{ky} UkVk keLy\{ky}

IO9TOMY JIJIsI IOKA3aTeIbCTBA HepaBeHCTBa (3.26) M0CTATOYHO MOKA3aTh, YTO

1 1
2 < .

kelyiyy Uk T2 ( 5 1 )_1+( O )_1'
Yy Yy
keLy\{ky} Uk — 1 keLy\{ky} Uk — 1

[Tpumenss gemmy 1.2 K a3 = —Ukl_l, Y =

ke Ly, \ {k,}, moayaaem Tpebyemoe. O

v — 17

3ameuanue 6. [[o nagyKIMN yTBepKAHAE JeMMbBI 4 BEPHO /1T KOHETHOTO TPOU3BeIeHns (OyHK-

11t 75, & ¢ HOMOIIBIO IPeIeIbHOr0 Iepexoia yTBepzK/JIeHne MojlydaeTcsd u Jjid CYéTHOro Habopa ;.

3.5. IIpumepsnl

[IpuBeném npumepsbl GYHKIUI 7, YAOBIETBOPSIONIUX YCIOBUSIM TEOPEMBI 2 JJIT BCeX p < O
1
Livyl=—r, r>1
|yl
B YaCTHOCTH, OTCIOJa cjaeAyeT JOCTATOYHOE YCJIOBHUE IKCTPEMAJbHOCTU IIPOCTPAHCTB CABUIOB

J71sT cODOJIEBCKHUX KJIACCOB (DYHKIIMI Ha TTPSAMOIA.

CaeancrBue 6. [lyemvr > 1,0 < p < 0, B € Ly(R), dynruuu {B ( = %) }jGZ obpasyrom cucme-
my Pucca 6 Ly(R) u npeo6pa306aHue Dypve pynxyuu B ydosiemseopaem ciedyrowum Ycro6uaM.

Jlas noumu ecex y € (—p, p) ()#Ou

ly + 2ko|"|B(y + 2ko)| < |y|"|B(y)| npu ecez k € Z.
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Tozda dasa aw0bot pynryuy f € WQ(T) (R) swnoansemca nepasercmeo

1 T
E(f, SB,a,p)Q < pTHf( )HLz(R)'

1
2' ’7(y)| - (1+a2y2)a7

3. ()| = e P’ tne 6 > 2, B> 0.

CoorercrBytoimue HepaBeHCTBa (3.22) st Takux GyHKuii v O6bin hakTHuIecKn A0Ka3aHb!

rnea € Nwm a+1 €N, aeR\ {0}

B rrae 1 (mpumepst 1.1-1.3), mo3TOMY B HACTOSIIIEN TJIaBe MPUBOAATCS Ge3 JoKazaTeabcTsa. 13
npumMepa 1.4 Takzke caeyer, 9ro st ipeobpazosanust Dypbe sipa [lyaccona y(y) = el o >0,
yeaoBue (3.22) BBIMOJTHSIETCsI, BOOOIIE TOBOPSI, HE sl BCEX (.

BriBesem 01HO BakHOE CJIeJICTBHE MPUMEPOB 2 1 3.

Oynknus K, 3ajannas mouTu Besje Ha R, HA3BIBACTCH 6N0AHE NOAOHCUMENLHOU, €CTU T

ao6oro n € N u 04TH BecexX BeleCTBEHHBIX Ty U tj, TAKUX UTO
T < .. < Ty, < ... <ty

n
Olpeie/INTe b MATPUIIBI (K (v — tj)) Heorpunaresen. lanee, gepes v(p) 0603HAYAM TUCIIO

k,j=1
CYHIGCTBGHHI)IX nepeMen 3HaKa BeIlIeCTBeHHOSHa‘IHOIL/'I CbYHKHI/II/I (p7 TO eCTb

v(p) =sup S [p(t1), (ta), ..., o(ts)],

rie S”[xry, To, . .., X, — UHCTO MEpeMeH 3HaKa HAbOpa BEMIECTBEHHBIX Yucen (1, To,. .., T,) (Hy-
JIeBbI€ 9JIEHBI BBIYEPKUBAIOTCS), & cynpeMyM Oepércst o BceM n € N n BCEBO3MOXKHBIM YIOPSIIO-
YeHHBIM HabOpaM BEIeCTBEHHBIX Yuces i < to < ... < t, (cm. [29, § 1.3]). Tosopsit, uro dbynkns

K € Li(R) ne yseauuusaem ocyuarayuro, ecmu v(p x K) < v(p) ais awoboit p € Ly (R).

Teopema A (29, § 1.5]). ITyemv K € L1(R) — nenyaesan dynrxyusa. Tozda caedyrousue ymeep-

HCOEHUA PAEHOCUALHDL.
1. K enoane nososcumesvHa.

2. K noumu ee3de HEOMPUUGMEALHA U HE YEBEAUMUBAEM, OCUUAAAUUI.

~ 1
3. Ilpeobpasosanue Pypve dynrkyuu K umeem eud K(z) = m, 2de Y — dynryua xaacca
1z
Jlazeppa—Ilotia, mo ecmw
U(z) = Cem 0+ H(l — agz)e” "
k=1

C>0, a>0, daeR 0<a+) af<+oo.
k=1
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Takum 06pa30M, MOCKOJIbKY JJist BHOJIHE 1010KuTe/ibHOR dynkiuu K € Ly (R) mouyas npe-

obpa3oBanug Pypbe umeeT BUI,

o
= 2
K (2)] “1l——== ¢k
P 71+ a z
(c TemMu Ke YCJOBHSAME Ha TTapaMeTpbl, 9TO B TeopeMe A), u3 nmpuMepoB 2 u 3 1Mo 3aMedaHuio 6

HOJIyYaeTcd CJIeJIyIonee YTBepKIeHue.

CaencrBue 7. I[Tycmv 0 < p < 0, B € Ly(R), dynryuu {B( )} - obpasyrom cucmemy
Pucca 6 Ly(R) u ¢ynryus K € Li(R) snoane norosrcumenvna. Tozda dasn arobol dynryuu f,

npedcmasumoti 8 sude
f:K*QO7 ¢€L2<R)7

GBUTLONHAETNCA HEPAGEHCINEO

E(f.Sn0p)y < RO e

[Tpeanonoxum, aro dbyuknus G yaoBiaeTsopsier HepaseHcTBy (3.23), a |G| cummerpudHO yOBI-
BAaeT W HEMOCTOSHHA B OKPECTHOCTH TOUeK —p u p. Torma mpumepamvu (pyukiuit B, y1oBaeTBops-
IOIIUX YCIOBUSIM CJIEJICTBUS D JJI BCEX P < 0, MOTYT CJIYKUTh (DYHKIMH C TPEOoOPA30BAHUSIMA

Dypbe BHIA

r7ie GYHKIUS ¢ YAOBIETBOPSAET CIAETYIONINM YCIOBHIM:

e st HeKOTOpBIX A, B > 0 npu moutu BeexX y € (—o, ) BEPHO

< 3 Jily + 2ko)?

kEZ

e 1pu mouru Bcex y € (—p, p) Bepuo Y(y) # 0 u [Y(y + 2ko)| < | (y)| mas Beex k€Z\ {0}.

Eciu ¢ ecrb npeobpasosanue @ypoe dyuxinuun K € Li(R), To rakas dyukuus B ecrb G x K.

B wactHOCTH, B KadecTBe K MOXKHO B3aTh J00yI0 dyrknuio u3 L(R), Mmomysas mpeobpasoBanus

Oypbe KOTOPO# CUMMETPUIHO yOBIBACT U HEMOCTOSIHEH B OKPECTHOCTH TOUYEK —p U .
[Tpumepamu byHukImit B, yI0BIETBOPSIOMAX YCAOBHAM CIAeICTBUS 6 71 BCeX p < 0, MOTYT

CayKuTh pyHKIME ¢ npeodbpazoBanuem Pypbe Buja

~ eizy — 1\ "1
B(y) = (—ﬂy ) V(Yy), MEZLy, p+1=r
g
rjae (pyHKIH ¢ yI0BIETBOPLAET TeM ke ycaouam. eu ¢ ectb mpeodbpazosanne Oypbe pyHKITNN
K € Li(R), to rakas dbyuknust B ecth cpennee Creksoba nopsiaka 4+ 1 or K.
B gactnocTH, orcona ciaeiyeT HEpaBEHCTBO I TPUOIHKeHUsS DYHKIUN 13 W2(T) (R) crnaii-

Hamu. ChopMmyaupyeM TaHHOE YTBEPXKICHUE.
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Caenctsue 8. [lycmor > 1,0 >0, p € Zy, u+1 > r. Tozeda das moboti dynryuu f € Wy (]R)

GUBLNONHAECMCA HEPAGEHCINBO

E(f,Sou), < —Hf o)
Ecau orce r € N, mo dasa moboti pynxyuu | € WQT (R) enpasedauso nepasencmeo Hepagercmeo

1
o’

E(fa Sa,p>2 < E(f(T)7 So,u—r)2~

Yrepxaenue caepcrsus 8 st r € N nosydeno B [17], a st HENEJIbIX 7 sIBJISIETCS HOBBIM.

3.6. Cpeanne monepedyHuKN

HanomuanM onpeiesieHre cpe/iHeill pa3MepPHOCTH U CPeTHETO MoNepeTHrKa mo KoaMoropoy, cieays
obozuadenusM u3 [14].
[Iycts D, — 3amMKmyThIil equnuansiii map npocrpanctsa Ly(R). Jaa A > 0 n 3agannoii na R
dyukun f 0bo3HAINM
f@), i) < A,
0, it] > A.

Paf(t) =

Beanunna

d,(Y; X) = inf sup mf Hx—yHX,

Xn ey VY€
rjie nepBbiit nHpUMyM OepéTcd Mo BCeM MoAnpocTpaHcTBaM X, IpoCTpaHcTBa X pa3MepPHOCTH HE
BBIIIIE 1, HA3BIBAETCA N-nonepewruxom no Koamozoposy MHOXKecTBa Y B HOPMHPOBAHHOM IPO-
cTpaHcTBe X.

IIycrts H — noaupocrpancrso L,(R), p € [1, +oo]. [Ipu €, A > 0 nostokum
K(e,A,H)=K(e,A,H, L,(R)) = min{n € Z : d,(Pa(H N D,), L,(R)) < e}.

Besnuuna

dim H = dm (H, L,(R) = lim im0 L)
20+ 45100 2A

Ha3bIBaeTcs cpednetls pasmeprocmovio H B L,(R).
Nssecrno (cm. [14, gemma 2.1]), 410 cpenHsis pa3sMePHOCTH HPOCTPAHCTBA CILIANHOB S, ,
o g
MpocTpancTBa eabix Gynknumit crenenn ne puimme o B Ly(R), p € [1, +o0], papagerca 2. Kpome

Toro, u3 |38, reopema 1| ciemyer, 4To ecau psij

JET

CXOOUTCA PaBHOMEPHO OTHOCHUTEJILHO T Ha JI000M OTpe3Ke, TO

—_— g
dimSp, = —.
s
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[Iycrs p € [1,4+00]. Cpeduum v-nonepeunurom no Koamozoposy muoxecrsa X B IPOCTpaH-

cree L,(R) HaseiBaerca Besmanna

d,(X;L,(R)) = inf sup inf |z —

(X5 Ly(R)) %, xe)l() o, | yHLp(]R)a
rae mepsoiit undumym Gepércs mo Bcem moampocrpamcTsam X, npocrpancrsa L,(R) cpenueit
Pa3MepHOCTH He BHIIIE V.

U3 [32, Teopema 6| caeayer, uro mis kiacca dbyHKIMI
Wy (R) = {f € La(R): f = Gx o, ll¢llm < 1, G € Li(R)}

ClIpaBeJIJINBO

dz (W (R); Ly(R)) = G*(0).

Ormerum, uro B [32, Teopema 6] aBropsi Taxzke Tpedytor BbiosHenust yeiosus G € Ly(R), ojgnako
B JI0KA3aTeJIbCTBE OHO HE MCIOJIb3YeTCs.

st coboJIeBCKUX KJIACCOB (DYHKITMI HA MPSIMON TPU HATYPAJIBHBIX 7" CIIPABE/JINBO PABEHCTBO

(W (R); Ly(R)) = —

0—’!’

QL
Al

(eMm. [14, Teopema 4.2|).

[omydnm obobienne JaHHBIX Pe3y/IbTATOB Ha KaacC §~. Jlad aroro BBenéM HECKOJILKO 000-
3HAQYEHUU.

Hng A C R ugepes B 4(R) obosnavaercst npocrpanctBo yuknuii f € Ly(R), amst KOTOpbix
supp fC A.

CumBosioMm 8’; 00603HaUUM MHOZXKeCTBO (byHKIuil f € §,, y KOTOPBIX B IIPeACTaBICHIH

~

=%, ¢eT, (3.27)

dbyukus ¢ ynosiersopsier yeaosuio [|¢|ly < 1.

Hawm Takzke moHao0aTCs1 CJIe/yoIne BCIIOMOTATeTbHbIE YTBePKIeHHS.

Teopema B ( |9, Teopema 1|). I[Tyemv A C R — usmepumoe no 2Kopdany mmoscecmso Konewnod

mepol Jleoeza. Tozda

mes A

T (BA(R), Lo(R)) = 2o

Teopema C ( |32, reopema 5|). ITycmo A C R — usmepumoe no HKopdary mHoscecmeo korewnot
mes

mepuo Jlebeaa, npuwém > v > 0. Tozda

™

d, (Ba(R) N BLy(R), Ly(R)) = 1.

Teopema 3. lycmo p > 0, mmoocecmeo () C R nycmo uau xonewHo, a KOMNAEKCHOZHAYHAA

Pyrruus vy yo08AEMBOPAEM, CACOYIOUWUM YCAOBUAM.:
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o v nenpepwsna na R\ Q, v(y) — 0 npu y — oo;
e das ecex q € Q |Y(y)| = oo npuy — q.

Tozda
ds (§5, La(R)) = 7" (p).

okasameavcmeo. 1. Ouenka cepxy. Obo3HadInM

A, ={y e R: [v(y)| > 7" (p)}-

IlokazkeM, 4TO 714 MOYTH BeeX p MHOKecTBa A, m3mepumsl no zKopaany. leifcTBuTesapbHo, rpa-

HUIla MHOZKeCTBa Ap CONEPZKUTCA B MHOZKECTBE

B,={y eR: [y(y)l =" (p)},

KOTOpOEe MOXKeT MMeTh HEHYJEBYIO Mepy JIUIIL JId He 0oJiee YeM CUYETHOrO MHOYKECTBA 3HAYEHU
p- Kpome Toro, sicno, uro mes A, < 2p. Bosbmém € > 0 u pacemorpum usmepumoe 1o zKopaamy

muoxkectso A D A,, niag koroporo mes A < mes A, 4 2me. Torga o Teopeme C

T (BA(R), LyR)) = 254 2

2 T

Hna f € §) suga (3.27) obosmaumm uepes I'y taxyio dymkmmo u3z Ba(R), mma xoropoit
f} = ]/C\XA = vpxa. Hockombry || < v*(p) na R\ A, umeem

E(f,BaR)); < |If = T4l =2l f = Tyll3 = 27 / VP21 < (7 ()Nl
R\A

OTCIO,I[a B CUJIy IPDOU3BOJIBHOCTH £ CJIeAYyeT, 9TO
de (85, La(R)) < (p).

2. Onenka camuzy. s € > 0 obo3Haunm 4depe3 A, m3amepumoe 1o 2KopaaHy MOIMHOXKECTBO

MHOZKeCTBa

v e R: [y(y)| > (p) — ¢},

Mepa Kotoporo Godbiine 2p. [To Teopeme B cpeansist pasmeprocts B 4 (R) Gosbiie B, a 10 Teope-
T
me C

de (Ba.(R) N BLy(R), Ly(R)) = 1.

[Toxazkem, 9T0 S; COMlepzKUT Trap paauyca v*(p) —e npocrpanctsa B 4_(R), To ectr mis m1060it

f € Ba.(R), [Ifll2 < v*(p)—¢, cymecrnyer ¢ € T, rakas uro [[¢lls < 1n f = . Heiicrurennho,

ast f € B4 (R) nonokum @ = i Torna, ouesnnno, ¢ € T, n ]/”\: ~v@. Kpome Toro, mockojibky
v



7

|7 > 7v*(p) — € na A., umeem

2

<o / 7= i <

~

~ f
Il = 2el315 = 2 [ |

Ae

CitetoBaTesibHO,

]

Teopema 3 BMecTe ¢ yTBepKIEHUEM O CpeJiHEe#l pa3sMepHOCTU MPOCTPAHCTB CJIBUTOB BJICYET

cJieytolnee yTBepK/IeHue.

CaenctBue 9. Ecau 6 ycaosuar meopemvr 1, meopemuv, 2 usu caedemeut 2-5 p = o u pad
)T
le (%)
o

JEZ
CTOOUMCA PABHOMEPHO OMHOCUMENLHO T HA At060M ompeske, mo wepasencmeo (3.18) (uau ana-

A02UNHOE eMY HEPABEHCTMBO Meopemb, 2 uiu caedemeull 2-5) mouno 6 cmuicae cpednus nonepey-
HUKOB, MO ECMbH KOHCMAHMA 8 NPAGOT, YACMU HE MOHCEM DBIMb YMEHDULEHA 34 CHEM NEPET00G K

dpyzomy npubauicarouemy nodnpocmpancmey cpeduetl pasmeprocmu me eoluie <.

Hna p # o ycnosud, npu KoTopeix dimSp, , = e HEM3BECTHHI.
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SaKJII0YeH!e

OcHOBHBIE Pe3YIbTATHI TUCCEPTAIIMOHHON PAOOTHI 3AKIIOYAIOTCI B CJIEIYIOIEM.

1. B nepgoii r1aBe JaHO MOJHOE ONUCAHWE MPOCTPAHCTB CJIBUTOB, PEAJU3YIONIUX TOYHYIO (B
CMBICJI€ [IOIEPEYHUKOB) KOHCTAHTY B HEDABEHCTBE /sl OLCHKN HAUJLY YIIIer0 CPeIHEKBAIPATHIHOIO
npuOINZKeHNs KJAaCCOB NepuonYecKux ¢BEpTok. [lorydaenunie pe3yibrarhl 06001TAI0T U3BECTHLIE
KJIACCHYECKUEe HEPABEHCTBA JIJIS MPUOJIMKEHUs CODOJIEBCKUX KJIACCOB MEPUOINYIECKUX (DYHKITUI
TPUTOHOMETPUIECKIMHI MHOTOWJIEHAMU W CIJTaiiHAMU.

2. Bo BTOpOIi TyIaBe HaiieHa MUPOKAsT COBOKYITHOCTH SKCTPEMATBHBIX MPUOIUZKAIONINX TTO/I-
HPOCTPAHCTB IS KJAACCOB JudpepeHnupyeMbrx (pyHKIuil, 3aJaHHbIX HA OTPE3Ke U YIOBJIETBOPSI-
IOIUX HEKOTOPBIM I'PAHUYHBIM YCJIOBUAM. B yacTHOCTH, JIOKa3aHA SKCTPEMAJIBHOCTH MPOCTPAHCTR
CILTAfHOB ¢ PABHOOTCTOAINIAMH y3JIaMU PA3JIUIHOTO BUIA.

3. B Tperbeil Ti1aBe OKa3aHBI TOYHBIE HEPABEHCTBA JI MPUOIUKEHHS KJIACCOB CBEPTOK TPO-
CTpaHCTBAMU CJABUIOB Ha ocu. [lojiydeHo moJjiHoe onucanue MpOCTPAHCTB CABUIOB, JJIsi KOTOPBIX
BBITIOJIHAIOTCS 3TU HEPABEHCTBA, & TAKyK€ BBIYHMCJICHBI CPEJIHUE TONMEPEeIHUKU MTPUOINZKAEMBIX
KJaccoB (pYHKNNH. B 9acTHOCTH, yKa3aHBI YCJIOBUS, TPU KOTOPBIX HOJYUeHHbIE HEPABEHCTBA TOU-
HBbI B CMBICJIE CPETHUX TMOMEPETHUKOB.

[Tosyuennble pe3yabraTbl MOTYT ObITh IOJIE3HBI IIPU PEINIEHUH POJICTBEHHBIX 3a/1a4 TEOPUU

npuOINZKEHUS.
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Notation

In what follows, C, R, Z, Z,, N are the sets of complex, real, integer, nonnegative integer, and
natural numbers, respectively; [a : b] = [a,b] N Z. Unless otherwise follows from the context, all
the functional spaces under consideration can be real or complex.

If p € [1,400), then L, is the space of measurable, 2r-periodic functions f satisfying the

™ 1/p
Hﬂuz([wﬂﬁ < ooy

L, is the space of 2m-periodic essentially bounded functions with the norm || f||;.. = esssup]|f].
[0,27]

inequality

The spaces L,a,b] and L,(R) are defined similarly.

Further, for p € [1, +00] denote by W," the space of functions f in L,, such that £~ is locally
absolutely continuous and f € L,. The spaces Wi [a, b] and Wi (R) are defined similarly.

For p € [1,400) also denote by £,(Z) the space of two-sided sequences a = {ay }rez for which

1/p
lalle,z) = (Z Iak|p> < +00.

keZ

The space of compactly supported infinitely differentiable functions on R is denoted by
o (R).
The symbol (-, )% denotes the inner product in the Hilbert space H;

E(f, M), = inf [|f =T,

is best approximation of f in L, by the set 91 C L,. Best approximation in the spaces L,[a, b] and
L,(R) is defined similarly and denoted by the same symbol.
The Fourier coefficients of a 20-periodic function f, summable on a period, and the discrete

Fourier transform of the set {ck}igl are defined by the equalities

2n—1

]. f 1. T ~ _ilkm
%m=5/AWMMm G= e
g k=0

The notation f(z) ~ >, cke’™ means that the series on the right-hand side is the Fourier series
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of f. The convolution of functions f and ¢ in L; is defined as follows:
1 ™
(f*9)(z) = o | flz—t)g(t)dt.

With such a normalization, we have ¢ (f * g) = cx(f)cx(g).
The Fourier transform of the function f € L;(R) is defined by the formula

~ 1 )
fy) =5 [ f@)e ™ do.

The definition of the Fourier transform of f € Ly(R) is extended from L, (R) N Ly(R) standardly.

The convolution of two functions on the axis is defined by

FaGa) = - /F(t)G(:v—t)dt;

T o
R

-~

with such a normalization, we have F+xG=F-G.

For n € N and p € Z,, let S, , denote the 2n-dimensional space of 2m-periodic splines of
k

degree 1 and defect 1 with knots at the points —7T, k € Z; Tan_1 is the (2n — 1)-dimensional space
n

of trigonometric polynomials of degree at most n — 1. For o > 0, p € Z,, let S, , be the space of

splines of degree ;1 and minimal defect with knots at the points j—ﬂ, JjE .

a
Symbols f¢ and f° denote even and odd part of the function f, respectively, i.e.

c_FHF) . f- 1)
= I'=75

Recall that the Kolmogorov n-width of the set A in the normed space X is defined by

dp(A; X) = inf sup inf [lz —y|[x,

n gxeA yeXn

where the external lower bound is taken over all subspaces X,, of the space X, whose dimension

does not exceed n.
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Introduction

The dissertation is devoted to finding a number of sharp inequalities for mean square
approximation of several classes of functions by spaces of shifts.

The dissertation consists of three chapters subdivided into sections. Statement numbering is
individual for every type of statements in the chapter. In references to the assertion of another
chapter, the first symbol is a chapter number, for example: Theorem 1.2. Theorems that do not
belong to the author are marked by letters. Numbering of formulas in chapters is double and refers
to a chapter number and a number of the formula in the chapter, for example: formula (2.3).

The first chapter is devoted to sharp estimates of mean square approximations of periodic
convolution classes by spaces of shifts. Its main results are published in [8] and [18].

For the approximation by trigonometric polynomials, it is known (see, for example, [13,

Theorem 4.2.2]) that the following inequality cannot be improved in the class W,":

B/, Tons)o < 11 (1

Inequality (1) is sharp even in a sense of widths; i.e., the constant L cannot be decreased by

nr

passing to an approximating subspace of dimension not higher than 2n (see, for example, [13,

Theorem 8.1.3|). This inequality can be proved very easily using Parseval’s identity:

E2 _ 2 ()] _ 2n M2 « L |1 #0))j2
(fs Tan—1)2 = 27 Z ek ()" =27 Z T S Z|Ck(f )" < 5.

n2r
Kom s Kom

Similar inequalities for spline approximations were obtained in [17] by means of duality
relations.

Natural generalization of this result consists of considering classes of convolutions with
other summable kernels instead of Sobolev classes (convolutions with Bernoulli kernel). In this
chapter, we give a complete description of all spaces, generated by equidistant shifts of a single
function and providing a sharp (in the sense of widths) constant in the inequality of type (1)
for approximation of periodic convolution classes. Well-known inequalities for approximation by
trigonometric polynomials and splines are particular cases of these results.

Note that spaces generated by shifts of a single function play a significant role in approximation
theory, wavelets theory, and applications. Approximative properties of such spaces are of wide

interest; see, for example [22,31,39].
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Moreover, spaces of shifts and, in particular, trigonometric polynomials and splines often
become optimal approximating subspaces in various problems of approximation theory. Among
numerous results related to approximation in periodic spaces C' and L;, let us mention the
following. In 1937, Favard [23| and Akhiezer and Krein [1| constructed a linear approximation
method X, , with values in the space of trigonometric polynomials of degree at most n — 1 such

that for every f € ngoo) for p = oo the following inequality holds:

K,
1f = X (Dllp < FHf(”IIp; (2)

and proved that for every n € N the constant

— r+1
T 2l —|— 1)

on the class ch) cannot be reduced, even if the left-hand side is replaced by best approximation.
Nikolsky [15] extended estimates (2) and the claim of their sharpness to the case p = 1. It is
well-known (see, for example, [12,13]), that for approximation of Sobolev classes by splines for

p = 1, 00 the following inequalities are sharp:

(f> S2nu) _Hf Hp?

reN peZ,, p=>r—1.

In [6], Vinogradov obtained sharp inequalities of type (2) for approximation of classes of
periodic convolutions with kernels that do not increase oscillation by spaces of shifts of odd
dimension in C' and L; metrics. Other results regarding sharp estimates of approximation by

spaces of shifts can be found, for example, in [34].

Before formulating main results of the chapter, we need to introduce necessary notation.
For n € Nand B € Ly, let Sg,, be the space of functions s defined on R and representable in

the form
2n—1

Zﬁj (w——) (3)

and Sg,, be the space of functions in Sp, that can be represented as (3) with the additional

condition
2n—1

> (-1 =0.

=0
It is easy to show (see §1.1) that the spaces Sg,, and Sj,, coincide with the linear spans of the

sets {®p }r, , and {®p,}]' | respectively, where

2n—1 .
1 ilym T ) N
(I)BJ( ) (I)Bnl( ) 2n E en B ({L‘ — ‘7_> ~ E Cl+2mj(B)ez(l+2n ) .

n
7=0 VEZ
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For m € [1 : n], denote by Sg,, ., the linear span of the set {®p;}"] 1. ; the linear span of the set
{®p,}",_,, is denoted by SBnm

For n,m € N, m <n, @ C [l —m:m] and a subset of integer numbers K = {34}, denote
by Th.mo.x the linear span of the set {x s e!F2n)z}, o

In this chapter, we establish the analogs of inequality (1) for approximation of classes of

functions f representable in the form
f:G*90+g7 QOGL%geTn,m,Q,Ka

where G € L1, G L T,, .0k, by spaces of shifts.
It follows from [34, Theorems IV.2.5 and IV.3.1] that for the class of functions under

consideration and ¢ = dim 7T < n, we have

da({Gxp+g: llolla <1, 9 € T} La) = |ch10(G)],

where |c;(G)|, k € N, is the k-th therm of the sequence {|¢;(G)|}iez arranged in non-increasing

order. In this case, the optimal subspace is the sum of 7" the linear span of the set {x — e x}j 1

where the numbers k, ..., k,_, satisfy the conditions |, (G)| = |cj(G)], j=1,...,n —q.

In this chapter, we obtain a wide set of another optimal subspaces and also give a complete
description of all spaces of shifts which provide estimate of form (1) with a sharp constant for the
class of functions under consideration.

The main result of the chapter is the following theorem.

Theorem 1.1. Letn,m e NNm<n, Q C[l-m:m—1},¢=cardQ, K = {54}1cq CZ, B € Lo,
Ge L, GLT, oK. Then the following statements are equivalent.

1. For every function f representable in the form

f:G*90+g7 ()OEL%geTn,m,Q,Ka

the following inequality holds:
E(f7 Sg,n,m)z < |C;qu<G)’H90H2

2. The Fourier coefficients of B u G satisfy the following conditions.

2.1. For every | € ), we have ¢j19n,,(B) # 0 and ciponk(B) =0 for all k € Z\ {»}.
2.2. For every pair (I,k) € ([1 =n: —=m]UQU [m: n]) x Z, we have
[Criank(G)] <[5 (G)].
2.3. For every l € [1 —m : m — 1]\ Q there exists not more than one number k; € Z for

which |cpyonk, (G)] > |3, (G)|. Moreover, whenever such a number k; exists, the following

conditions are satisfied.
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2.5.1. Cl+2nkl(B) 7é 0.
2.3.2. For every k€7, the equality |cponk(G)| =5, ,(G)| implies cjponi(B) = 0.

Z |Cronk(B)? >0
= |Cionk(G) > — | by (G)]?
lci+2nk (G)|#|C3,,— o (G)]

The following theorem gives an easily verifiable condition that is sufficient for the fulfillment

of claim 2.3.3 of Theorem 1.1.

Theorem 1.3. Let nnm € N, m < n, Q C [l —m : m —1], ¢ = cardQ,
K = {s}ieq C Z, B,G € Ly, G L T, ;0 and suppose that the Fourier coefficients of B
and G satisfy the following conditions.

1. For every |l € Q, we have ¢jion,,(B) # 0 and cpyon,(B) =0 for all k € Z\ {»4}.

2. For every pair (I,k) € (1 —n: —m]UQU [m:n]) x Z, we have
[Crrank (G)] < |5 (G)].

3. For every l € [L —m : m — 1]\ Q there exists not more than one number k; € Z for which
|Ctyonk, (G)| > |e5,,_,(G)|. Moreover, whenever such a number k; exists, the following conditions

are satisfied.

3.1. Crionk, (B) # 0 and for all k € Z, we have

|ty onk, (B)]

Claonk(B)| <
e B < 0o @)

|20k (G)].

8.2. For every k € Z, the equality |ciyonk(G)| = |c5,,_(G)| implies ciioni(B) = 0.
3.5.

S
1 5 _g(G) 7

kEZ: T e (O
etr20n (@) Rl _g(@) 12 (A
Then for every function f representable in the form
f:G*(P+g; ¢€L27g€Tn,m,Q,K7

the following inequality holds:

E(fa Sg,n,m)z < ’C;qu(G)‘”gD’b

Assertions similar to Theorems 1.1 and 1.3 hold true for approximation by the spaces Sg .
Let us formulate a particular case of Theorem 1.3 for approximation of convolution classes with
kernels that have symmetrically decreasing sequence of absolute values of the Fourier coefficients

and do not have a term outside the integral.
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Corollary 1.6. Let n,m € N, m < n, B,G € Ly and suppose that the Fourier coefficients of B
and G satisfy the following conditions.

1. e (G)| = |e—x(G)| for all k € N,
(@) = ... 2 [ena(G)] > [em(G)] > [emia (G)| Z |emia(G)] = .. ..

2. For every l € [1 —m : m — 1], we have ¢;(B) # 0,

q(B
eraani(B)] < :;E G; : ctyani(G)| for all k € Z,
1
DR B
cem (G
kez 1 — cmnk(c:)‘

Then for every function f representable in the form
f = G *Q, 2 € L2)

the following inequalities hold:

(f SBnm) < |Cm(G)|H90H21

E(f7 SB,n,m)2 < ’Cm(G)‘HgOH?

In addition, the chapter contains a wide set of kernels satisfying the conditions of Theorem 1.3,

as well as examples of optimal approximating subspaces.

The second chapter is devoted to optimal approximating subspaces in problems of mean
square approximation of several classes of differentiable functions defined on a segment and subject
to certain boundary conditions. Its main results are published in [7].

In [24] Floater and Sande studied the L, approximation of three classes of functions in
WQT)[O,H, defined by certain boundary conditions. With slightly different scaling (which we

hereafter adhere to) these classes are given by

Hy ={ue€ WQT) [0, 7]: ul (0) u(k)(ﬁ) =0, 0<k<r kiseven},
H = {ue W0, 7]: u®0)=u®(7) =0, 0<k<r, Fkisodd},
Hy = {u € WQT [O, ;T} u®(0) = ul (g) =0, 0<kl<r kiseven,lis odd} .
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Consider the sets

A7 ={ue Hl: |u||pyom <1}, =01,
ay={ue Hy: a0 <1}
A" = {u e W3V10,1): [u|| oo < 1}

In the first work on widths [30] (see also [10, p. 186-189]), Kolmogorov calculated the widths of
the classes A" u A} and indicated optimal approximating subspaces. For A}, it is a linear span of
the cosine system

{1, z—V2cosmx, ..., x—V2cosm(n —1)z}.

Melkman and Micchelli [33] showed that for A", there exist two optimal subspaces of splines of
degree r — 1 and 2r — 1. This and other problems of theory of widths are the focus of [34].
Floater and Sande calculated the values of widths of the sets A and described optimal

subspaces consisting of trigonometric polynomials: for Af, A7, A}, they are

n—1

span {x — sinkx}y_;, span{x — coskx};_,, span{z+— sin(2k—1)z};_,,

respectively. In addition, the authors proved that the spaces A admit optimal spline subspaces,
which are defined as follows.

Let 7 = (71,...,7m) be a knot vector such that 0 < 7 < ... <7, < P, where Py = P, =
and P, = 7/2. Denote by Sy, the space of splines of degree d and defect 1 on [0, ;] and consider

its n-dimensional subspaces defined by
Sd,o = {S € Sd,TO,of s(k)(o) — s(k)(n) _

Sa1 = {5€ Sys1:s8(0)=s¥ (1) =
Saz = {5 € Simo: s(k)(()) = s® (f) =0, 0

, ks even},

, ks odd},
k1<d, kiseven,lis odd} ,

where the knot vectors 7; for i« = 0, 1, 2 are given as

km n .
rn g O d is odd,
T0 = & n
U v :
{n_H + m}kzo, d is evell,
kT o yn—1 .
o {n+2n 0 d is odd,
| =
kryn—1 .
{ prall SRR d is even,
{ i n—1
™ s 3
o7 T —} d is even
To = 2n+1 22n+1) [ )
k‘ﬂ' n .
{2n+1 el ! d is odd.

It was proved in [24] that for any d > r — 1 the spline spaces S;; are optimal n-dimensional spaces

for the set A}, i = 0,1,2. Some of these results for the spaces A} were obtained by Floater and
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Sande earlier in [25].

As we can see, all the spaces S;; have equidistant knots, but the form of the knot vector is
determined by the degree d. In this chapter, we show that the classes A} admit optimal spline
subspaces with both types of knots indicated in the definition of 7; independently of the degree.
Of course, boundary conditions should be relaxed or some extra conditions should be added in
the remaining cases to ensure the dimension to equal n. Moreover, we indicate a wide set another
optimal subspaces in the problem under consideration.

Our technique consists in reducing the problem to periodic one and applying the results of
Chapter 1.

Consider the following functional classes:

HY = {ue WS uis odd},
H = {ue W uis even},
Hj = {u e Wi wis odd, u ( + g) is even} :
Putting
Al ={ue H: ||, <1}, i=0,1,2

we derive to

d (A La) = du(Ap; Lo[0, 7)), dn(A}; Ly) = d(A7; Ls[0, 7)),
Ar. _ T, m
d(AL: Ly) = d, (AZ,LQ [0, 2]) .

Therefore, the problems for nonperiodic classes, mentioned at the beginning, can be reduced to

similar for periodic situation, where the results of Chapter 1 are appliable.

X .

Consider the following m-dimensional subspaces of S, -

gf%vn,m = Span {CD?S,Z}?ll form +1<n,
gé,n,m = span {®p o} @ span {5, 10 for m < m,

gIQB,n,m = span {®% 5 1 11" for 2m +1 < n.

The following theorem gives the conditions for optimality of the subspace g%m,m for the

class Hj.

Theorem 2.2. Let r,n,m € N, m+1 < n, and suppose that the Fourier coefficients of a function
B € Ly satisfy the following conditions.

1. For anyl € [1 : m] there exists vy, € C\ {0} such that for all k € Z c_j_9n1(B) = Yi112nk(B).

2. For allv € N, co,,(B) = ¢_9n,(B).
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3. For alll € [1:m], we have ¢;(B) # 0 and

wk(B))?
Z ‘1CZ+2 k( )‘1 > 0.

kez, (I+2nk)%" — (m+1)%"

Then for any u € f]g,
1

(r)
— "2
(m 1)7‘” ||2

E(u,8%7n7m)2 <

Similar theorems are true for H 1 and Hg .
In addition, we give examples of functions B satisfying the conditions of Theorem 2.2
and similar statements for the classes f[{ and [f[g ; and also describe optimal spline subspaces

generalizing the results of [24].

The third chapter is devoted to sharp inequalities for best mean square approximation of
classes of convolutions by spaces of shifts on the axis. Its main results are published in B [37]
and |19].

In this chapter, similarly to the first one, we obtain analogs of inequality (1), but for
approximation in Lo(R).

Among works on sharp approximations of functional classes in Ly(R) we will note the following.
Estimate (1) for approximation by entire functions of exponential type and its sharpness are
obvious and well-known. In [17], the analog of (1) was obtained for approximation by splines; it
was also observed without proof that the inequality is sharp in the sense of average widths (the
definition will be given later). Average widths of Sobolev classes were calculated in [14]. Results on
optimality of spaces of entire functions of exponential type and splines can be found therein. For
approximation of classes of convolutions with summable kernel, the values of average widths and
optimal subspaces consisting of functions with their Fourier transform located in a given bounded
set, can be found in [32].

In the spaces C' and L; on the axis, sharp inequalities for approximation by spaces of shifts
were obtained by Vinogradov using linear methods [4,5].

To formulate the main results of the chapter, we introduce the following notation.

Let 0 > 0, B € Ly(R). Put

Denote by Sg, the space of functions s defined on R and representable in the form

=Y a8 (=) senw (@)

JEZ

For 0 < p < o, let Sp,,, be the space of functions s in Sg, that can be represented as (4) with
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the additional condition

g
Zﬁje_’ oV =0 foralmostall p<l|y <o
JEZ
(convergence of the series is interpreted in Ly[ —o,0]). When p = o, by Sp,, we mean Sg,.
Given a complex-valued function « defined almost everywhere on R, denote by T, the set of

functions ¢ € Ly(R) for which the product v& also belongs to Ly(R). Next, denote by §., the

space of functions f whose Fourier transform has the form

f=79, ¢peTl,. (5)

By definition, §, is a subspace of Ly(R).

Note the two particular cases of §,.

1. If v is the Fourier transform of some G € L{(R), then §, is the class of convolutions with
kernel G. In this case, T, is the whole Ly(RR).

2. If v(y) = @, r > 1, then §, is the Sobolev space Wi (R). In this case, T, consists of the
rth derivatives of functions in Wi" (R).

Observe that, in what follows, r need not be integer unless specified otherwise.

Let A be a subset in R of finite Lebesgue measure. The symmetrization of A is the interval
A° — (~mg4 ned)

Given a real- or complex-valued function f on R with f(z) — 0 as x — oo, denote by f* the

symmetrically decreasing rearrangement of |f], i.e.

o0

[H(@) = /X{:}cER: f(a)|>t}+ (t) dt.

0

The following theorem gives a description of all spaces of shifts that provide sharp estimate of

type (1) for approximation of the class §,.

Theorem 3.1. Suppose that 0 < p < 0, B € Ly(R), the set Q C R is empty or finite, and the
functions {B ( — j—”)}jez constitute a Riesz system for Lo(R). Suppose also that v: R\ Q — C

g

satisfies the conditions:

e 7 is continuous on R\ Q, v(y) — 0 as y — oo;

e [v(y)| = 00 asy —q for all g € Q.

Then the following statements are equivalent.

1. For every function f € §, of the form (3.17) the following inequality holds:
E(f,SBoyp)y <V (DelLom)- (6)

2. The functions B and v satisfy the following conditions.
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2.1. For almost every y € (—o,0) \ (—p,p) and all k € Z, the inequality |v(y + 2ko)| < v*(p)
holds.

2.2. For almost all y € (—p, p) there exists at most one number k, € Z for which we have
v(y + 2k,0)| > ~v*(p). Moreover, whenever such a number k, ezists, the following

conditions are satisfied.
2.2.1. By + 2k,0) # 0.
2.2.2. For every k € 7 the equality |y(y + 2ka)| = v*(p) implies B(y + 2ko) = 0.

2.2.5. R
2

2 iyt 2ko)P - (r(0)?
|y (y+2ko)|#v* (p)

The constant v*(p) on the right-hand side of inequality (6) is sharp.

As in the first chapter, we prove an easily verifiable condition that is sufficient for the fulfillment
of (6). Let us formulate a particular case of this condition for classes of convolutions whose kernel

has a symmetrically decreasing absolute value of the Fourier transform.

Corollary 3.5. Assume that 0 < p < 0, B € Ly(R), G € Li(R) N Ly(R), while the functions
{B ( — j?ﬂ)}jez form a Riesz system for Ly(R), and the Fourier transforms of B and G satisfy

the following conditions.
1. |CA}| decreases symmetrically and is nonconstant in some neighborhoods of —p and p.

2. For almost every y € (—p, p) we have B(y) £ 0,

. B(y)| ~
|B(y + 2ko)| < ‘A(y)‘ |G(y + 2ko)| npu ecex k € Z,
G (y)]
1
— = 0.
IG(p)?

1— —
kez |G (y+2ka) |2

Then every function f representable as
f:G*gO, SDGLQ(R)7

satisfies the inequality
E(f,SBop)y <IG(0)ellLam)-

In addition, we provide examples of approximated classes of functions and approximating
subspaces satisfying the conditions of the main Theorem.

The last section of the chapter is devoted to average widths. For the first time, the problem of
investigation of averaged characteristics of (in general, random) functional classes was opened up
by Shannon [21] and Kolmogorov and Tikhomirov [11]. Similar characteristics — average dimension

— for subspaces of functions on the axis is based on the Kolmogorov n-width and was introduced
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by Tikhomirov [16]. Further problems of average dimension and average widths were studied by
Magaril-I'yaev [14], Dinh Dung [9] and others.

To formulate the main results of the section, recall the definitions of average dimension and
average width in the sense of Kolmogorov using the notations of [14].

Let D, be the closed unit ball in L,(R). For A > 0 and a function f on R, we put

f@), Jt] < A,
0, it] > A.

Paf(t) =

Let H be a subspace in L,(R), p € [1,400]. For ¢, A > 0, we put
K(e,A H)=K(e,A H,L,(R)) = min{n € Z; : d,(Pa(H N D,), L,(R)) < e}.

The value

g K(e, A, H, Ly(R
Jim H = @ (H, L,(R)) = lim 1m0 LoR)
e=0+ 45400 2A

is called the average dimension of H in L,(R).
Let p € [1,400]. The average Kolmogorov v-width of the set X in L,(R) is defined by

d(X; Ly(R)) =inf sup inf |2 = yllz, ),

where the first infimum is taken over all subspaces X, in L,(R) of average dimension at most v.

Denote by S’}/ the set of f € §, such that ¢ in the representation

f = ’7(0\7 pe T'ya
satisfies the condition ||¢lls < 1.
In the following theorem, the value of the average widths of S}Y is calculated.

Theorem 3.3. Suppose that p > 0, a set () C R is empty or finite, and a complex—valued function

v satisfies the following conditions:

e 7 is continuous on R\ @, v(y) — 0 as y — oo;

e [v(y)| = 00 asy —q for all g € Q.
Then
dz (3, La(R)) = 7"(p).

This theorem with the result of [38] on average dimension of spaces of shifts leads to the

following statement about sharpness of equality (6) in the sense of average widths.

Corollary 3.9. If under the assumptions of Theorem 3.1, we have p = o and the series

)

JET
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converges uniformly with respect to x on every segment then inequality (6) is sharp in the sense
of the average widths; i.e., the constant on the right-hand side cannot be decreased by passing to

another approzimating subspace of average dimension at most <.
s
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Chapter 1.

Approximation of classes of periodic

convolutions by spaces of shifts

1.1. Introduction

For the approximation by trigonometric polynomials, it is known (see, for example, [13,

Theorem 4.2.2]) that the following inequality cannot be improved in the class W,":

1
E(f, Tan-1)2 < EHf(T)Hz (1.1)

Inequality (1.1) is sharp even in a sense of widths; i.e., the constant nl cannot be decreased by
passing to an approximating subspace of dimension not higher than 2n (see, for example, [13,
Theorem 8.1.3]).

Similar inequalities for spline approximations were obtained in [17] by means of duality
relations.

Natural generalization of this result consists of considering classes of convolutions with other
summable kernels instead of Sobolev classes (convolutions with Bernoulli kernel). In this chapter,
we give a complete description of all spaces, generated by equidistant shifts of a single function and
providing a sharp (in the sense of widths) constant in the inequality of type (1.1) for approximation
of periodic convolution classes. Necessary and sufficient conditions of optimality are formulated
in terms of the Fourier coefficients of the convolution kernel G and the function B generating
the shift space. In addition, we provide easily verifiable sufficient conditions and give examples of
approximated classes of functions and approximating subspaces satisfying these conditions. Well-
known inequalities for approximation by trigonometric polynomials and splines are particular cases
of these results.

Main results of the chapter are published in [8] and [18§].
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1.2. Spaces of shifts

For n € Nand B € Ly, let Sg,, be the space of functions s defined on R and representable in the

anlﬁg ( ) : (1.2)

and Sj, be the space of functions in Sp,, that can be represented as (1.2) with the additional

form

condition

> (=1p;=0. (1.3)

Substituting the Fourier series expansion of B into (1.2), we obtain

2n—1 2n—1

Z ;5 aB)e =) =3 a(B)fe™ ~ Y g (), (1.4)

YA leZ

where

1= iim Jm i(l+2nv)z
Cpi(2) = Ppnlz) = o 2 e~ B (m — ;) ~ %CH_Q,W(B)S (+2nv)e
Clearly, ®5; = ®p42,, and condition (1.3) is equivalent to B; = 0. Thus, the spaces Sp,, and SIX3 n
coincide with linear spans of the sets {®g;}7";" (or, equivalently, {@Bl}l ) and {®p,} .
For m € [1 : n], denote by S}, the linear span of the set {®p,};" " ; the linear span of the set
{®p,}",_,, is denoted by ng,m.
Note that the functions ®p; are orthogonal: (®p,;, Pp ), = 0 for [ # j and

1
%Hq)B,lH% = Dp1 = Dpn; = Z |Cl+2m/(B)\2-

VEZL

The linear independence of the sets {B(- — ) oot and {B(- — Ir) "~} _, is equivalent to the
fact that the functions ®p,; are nonzero for [ € [1 —n:nland !l € [1 —n :n — 1], respectively. In
this case, the systems {®p,}7,_, and {®5;}' form orthogonal bases in the spaces Sg,, and

S5 ,,- Orthonormal bases are constituted by the functions

1
\/QWDB’Z ®B’l
The Fourier coefficients (g (f) of the function f € L; with respect to the system {®p;} are

expressed in terms of the trigonometric Fourier coefficients of f as

CB,l(f)

71 (I4+2nv)t
27TDB l / f Z Cl+2n1/ dt DB l Z Cl+2nu Cl+2n1/<f)

VEZL

If the function ®p; is zero, it is assumed that (p;(f) = 0. Let us express the best approximation
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of f € Ly by the space S§ |, in terms of the Fourier coefficients:

2

m—1 m—1 2
EQ(f? Sg,n,m)Q = Hf - Z gB,l(f)q)B,l = HfH% - Z CB,Z(f)(I)B,l =
I=1-m l=1-m
1 m_12 1 1 ;
= 27T ZGZZ |Cl(f)‘2 - l:;m D_B,l VEZZ Cl+2nu(B)Cl+2m/(f) . (15)

A similar formula is true for E(f,Sgnm)a-
When B is the Dirichlet kernel

n—1
Dn—l(t): Z ez’kt7
k=1—n

% X
we have SB,TL = SBJ’L - 7571—17 SB,n,m = SBJ’L,?TL

= Tom—1, ®p, = 0, and for || < n, the functions
®p; are ordinary exponents. If B = D,,, then Sg,, is the sum of 73,_; and the linear span of the
function  — cosnzx.

If B is the B-spline

Buu(t) =) (W) M pely
= n

(henceforth, the fraction is assumed to equal 1 whenever k£ = 0), we find that Sp,, is the space of

splines S,, ,. The functions

iZl pt1 i(l+2nv)z
e'nt —1 e
i) = (S ) X g
n VEZL

which form an orthogonal basis in this space, are called ezponential splines (by convention, we
n—1
l=1-n

have ®p,  o(z) = 1). The linear span of the system {®p,  ;} is denoted by S) . In more
general nonperiodic situation exponential splines were introduced by Schoenberg; the basics of
the theory and historical remarks can be found in [35]. The orthogonality of periodic exponential
splines was noted by many authors; apparently, the earliest studies on this topic were [26,28]|. The

spaces S)¢  and Sj,, were considered by Vinogradov [2,6].

1.3. Main results

Forn,m € N, m <n, Q C [l —m : m] and a subset of integer numbers K = {s4},cq, denote by
Tr.m.q.ic the linear span of the set {z s e!+2a)e}, o

Further, we need a condition under which 7, ,, ¢ x is a subspace of the space of shifts.

Lemma 1. Letnm e NN m<n, QC[l—m:m—1], K = {s}eq9 C Z, B € Ly. Then the

following statements are equivalent.
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1. Tymo.x is a subspace of Sj

B,n,m-*

2. For every l€Q, we have ¢yon,,(B)#0 and cjyonx(B)=0 for all k€Z\ {54}.
A similar assertion is also valid for Sp pm, when Q C [1 —m :m].

Proof. The claim 2 = 1 follows directly from the definition of the functions ® ;. Let us prove the
assertion 1 = 2. Let e!*27)- € §%  for all [ € Q. Then by (1.4), for some set {f3;}, we have:

B,n,m

l+2n%l E BJ C] zja:'

JEZ

Therefore,

N 1, J =1+ 2nsq,
Bjci(B) = _
0, J# 1+ 2ns.

This yields ¢;19n,,(B) # 0, BHQWZ # 0. Since B is 2n-periodic, for all k € Z \ {#}, we have
@an # 0 and thus ¢ 9nx(B) = 0, i.e., statement 2 is true.

The proof for Sg, » goes exactly the same way. O]

The following general theorem provides criteria of optimality of the space Sg’n,m in terms of

the Fourier coefficients of the functions B and G.

Theorem 1. Letn.m e N, m<n, QC[l—m:m—1], ¢=cardQ, K = {s0}1eq C Z, B € Lo,
Ge L, GLT, mox- Then the following statements are equivalent.

1. For every function f representable in the form
f:G*SO—’_g? NS L27 geTn,m,Q,Ky (16)

the following inequality holds:

2. The Fourier coefficients of B u G satisfy the following conditions.

2.1. For every l € Q, we have ¢;19n,,(B) # 0 and ciponx(B) =0 for all k € Z\ {>4}.
2.2. For every pair (k) € (1 —n: —m]UQU [m:n]) x Z, we have
[Curank (G)] < |5 (G)].
2.3. For every l € [1 —m : m — 1]\ Q there exists not more than one number k; € Z for

which |cpyonk, (G)] > |3, _,(G)|. Moreover, whenever such a number ky exists, the following

conditions are satisfied.

2.5.1. Cl+2nkl(B) # 0.
2.3.2. For every k€Z, the equality |cronk(G)| =5, o (G)| implies ¢ oni(B) = 0.
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|cti2nk(B)?
2 P [ (G 7

R N (¢) | CR N (€.

lci2nk (G)|#|C5,, o (G)]
Proof. 1t follows from the first proposition of the theorem that SBnm contains T, ,, ¢, k; then, by
Lemma 1, condition 2.1 is true. On the other hand, by Lemma 1, the second statement of the
theorem also implies that T}, ., ¢ i is a subspace of S} n.m- Lherefore, in inequality (1.7), it suffices
to consider functions f with g = 0 in representation (1.6). Then, in view of (1.5), inequality (1.7)

can be rewritten as

2
1

Z |Cl(G)|2‘Cl<§D)|2 _ Z D_ ZCl+2nV(B)Cl+2nV(G)Cl+2ny((,0) <
1€Z\{j+2n;} jeq lefl—mm—1\Q P! |vez
<o @D _laly)
l€Z

It can be seen from here that, if for some pair (I,v) € ([L —m : m — 1]\ Q) x Z, we have
|ciyon (G)] > |c5,,_,(G)], then the fulfillment of this inequality requires cjj9,,(B) # 0. Indeed,
if ci40n,(B) = 0, the inequality is not satisfied for p(z) = ¢/*+?™)* (in the complex space Ls).
In the real case, |ci120(G)| = |coi—2n(G)| and ¢jy9,,(B) = 0 yields ¢_;_9,,(B) = 0; therefore,
the inequality is not satisfied for ¢(z) = cos(({ + 2nv)z + «). Thus, hereinafter we assume that
for every pair (I,v) € ([1 —m :m —1]\ Q) x Z, the inequality |, 12, (G)| > |¢3,,_,(G)| implies
Cl+2nu<B) 7& 0.

Representing the sums as iterated ones, we can rewrite the inequality as

2

Z Z |Cl+2nk(G)|2|Cl+2nk(S@>|2_ Z L ZCl+2nv(B)CZ-FQW(G)CH-??W(SO) <

I=1-n le[l—mm—1\Q Dei |7
k;é%l an leQ
n
<G oD D lersank(e)
I=1—n k€EZ

Since the [-th term contains coefficients only with subscripts [ + 2nv, this inequality is equivalent

to the system

2

1 -
> " Jereank(G)Pleran () = =— D cirans(B)rsanm (G (9)| <

D
keZ By VEZL

< Gmg (@Y lerran(@)Ps 1€ [L=m:m =1\ Q,

kEZ

Dl @)Pleran(@) < [ o(G)F ) lemam(@)l’, 1€ Q,

kEZ\{>a} keZ
Z [cts20k(G) P [crrant (9) [P < !CEm_q(G)\Q Z |crr2nk ()],
keZ keZ
le[l—=n:—m]U[m:n].
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The inequalities for [ € [1—n : —=m] U [m : n] and [ € Q) are satisfied if and only if condition 2.2
is fulfilled (for [ € @, we have ¢j19,,,(G) =0 due to orthogonality of the function G to the
space Ty, m.0.x). Since the inequality for [ € [1 —m : m — 1] \ @ is obvious when for all k € Z
|ctrank(G)] < |c5,,_,(G)], hereinafter we consider only those | € [1 —m :m — 1]\ @ for which we
have |c1y2n(G)| > |e5,,_,(G)| at least for one number k. In this case, the first inequality of the
system means that the quadratic form
| 2
<Alu’ U>g2 = Z (|Cl+2nk(G)|2 - |C;m—q(G)|2) |ul€|2 - D_ Z CH—QTW(B)CH-QnV(G)uV

keZ " VEZ

is nonpositive. Here u € /5, and the operator A;: {5 — {5 is defined by

Craonk(B)Civoni (G _
(A = (et G = Iy (@) e — L2020 S CE g (G

VEZ

The nonpositivity of the quadratic form of A; is equivalent to the nonpositivity of all its eigenvalues,

i.e., to the fact that the system of equations

(’Cl—l—an(G)P - |C;m—q<G)’2 - >\) Up—

_ Cl+2nk(B>Cl+Tk(G)
Dp,

(1.8)

Z Cl+2nu(B)Cl+2m/<G)u1/ - 07 kel

VEZL

has no positive solutions {u;} for positive A, or, equivalently, does not have positive roots X for
u # Q.
Note that if there exist two distinct numbers k, k' € Z for which |¢jy0.x(G)| = |cironw (G)] >
|Cm_q(G)], then system (1.8), clearly, has the positive root A = |¢ionk(G)[* — [€5,,_,(G)]%.
If > mcl+2ny<G)UV =0, we have
VEL

(|Cl+2nk(G)|2 - ‘C;m—q(G)F - )\) Uk = 0

for all k € Z. For each positive A, the expression in brackets can be zero at most for one number
k" € Z, which yields u, = 0 for all k& # k’. Hence, ugp # 0 and then ¢, 9,4(B) = 0, which, as we
have shown, cannot be fulfilled if [c; 9,1/ (G)| > |c5,,_,(G)].

Consequently, >, mc1+2ny(G)UV # 0 and thus

2k (G = |¢5p—o(G)[F = A #0

for any k € Z, because cponi(B) # 0 when [ci0n1(G)| > |e5,,,(G)|. Dividing equality (1.8) by
|tr2nk(G) 2 = |5y g (G)|? — A, multiplying by ¢ y2nk(B)cit2ne(G) and summing over all integer k,

we obtain:

Z Cl4onk (B)Cl+2nk<G)uk_

keZ
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1 |civ2nk (B)[? |Cl+2nk
_DB,l ; |2 — Z Cla2nw (B)Cryony (G)u, | =0,

7, |Cl+2nk( ) ‘C2m q Vel

which is equivalent to

| 2

Z’Cl ) Z \Cz+2nk \ |Cl+2nk( )
+ nu
|CQm q( )‘2 -

veZ keZ ‘CHQ”’“

Moving the terms to one side and reducing to a common denominator, we rearrange the equation

into the form

|Cl+2nk(B)|2
T,0\) =
: ) keZ ’Cl+2nk<G>’2 - |C§qu<G>|2 —A

Denote IT = {k € Z: [ci1onk(G)| > |c5,, o(G)|}. Since G € Ly, by the Riemann-Lebesgue

theorem, the set II is finite. Suppose II contains at least two elements. Note that all positive

= 0. (1.9)

zeros of denominators in (1.9) are distinct, because for k, k' € T, k # k', we have the relation
|C1i2nk (G)] # |ci2nk (G)]. Let A\p and A9 be two consecutive positive zeros of denominators in (1.9).
It is clear that the function W, is continuous and strictly increasing from —oo to 400 on the interval
(A1, A2). Therefore, U;(A*) = 0 for some \* € (A, \2). Hereafter, we assume that the inequality
|Cctiank, (G)] > |e3,,_,(G)] holds for exactly one number k; € Z.

If condition 2.3.2 is not satisfied, i.e., for some k&’ € Z, we have |cjy0u(G)| = |c5,,_,(G)| and
Crionk (B) # 0, then, since the function U, is continuous and strictly increasing from —oo to 400
2

on the interval (0, |¢iyonk, (G) > = [¢3,,_o(G)]?), equation (1.9) has a positive root. If condition 2.3.2

is fulfilled, equation (1.9) can be rewritten as

3 |cie2nr(B) | ~0
= |Crank (G)[? = 65 (G)]2 = A
lert2nk (G)[#|c5,, o (G)]

When A > |cionk, (G)]* = |¢5,,_,(G)[?, all the denominators on the left-hand side of the last
equation are negative, while on (0, |cironk, (G)]* — [¢3,,_,(G)|?) it strictly increases to 400 with
respect to A. Therefore, the absence of positive roots here is equivalent to its nonnegativity for

A =0, i.e., to inequality 2.3.3. O

Remark 1. Clearly, inequality (1.7) turns into equality for functions of the form G * e,
where [ € {k € Z: |cx(G)| = |¢3,,_(G)]}, and their linear combinations. As mentioned in the

Introduction, the inequality is sharp even in a sense of widths.
Inequality (1.7) can be strengthened in a standard way.

Corollary 1. If under the assumptions of the second proposition of Theorem 1 the function B
is of the form B = G x D + h for some D € Lo, h € T, n.0.x, then for every function f of the
form (1.6) the following inequality holds:

E<f7 Sg,n,m)Q < ‘Cmeq(G”E(QOJ Sg,n,m)g'
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Proof. Let s = Zﬁim Cpi(¢)Pp, be an element of the best approximation of the function ¢ by
the space Sf,’n,m. Denote 5 = G * s. Note that, since G L T, , ¢ k, condition 2.1 of Theorem 1
implies ¢qon,, (h) # 0 for all [ € Q. Therefore,

X _ QX X _ QX
SB,n,m - SG>«<D,n,m D Sh,n,m - SG’>«<D,n,m S Tn,m,Q,K-

X

. . . . - y .
Since convolution commutes with translation, we have § € Si,p,, ., and hence § € Sp .

Applying Theorem 1 to the function f — 5= G (¢ — s) + g, we obtain:

E(f7 Sg,n,m)z = E(f — 5, Sg,n,m)g < ‘C;m—q(G)’H(p - SHQ = ’CZm—q(G)‘E@O?SB,n,m)Q'

The following analog of Theorem 1 is valid for approximation by the space Sg ;. m.

Theorem 2. Let n,m € Ny m <n, Q C[l—m:m], ¢g=cardQ, K = {s0}eq C Z, B € Lo,
Ge L, GLT, mox- Then the following statements are equivalent.

1. For every function f representable in the form

f:G*QO—i_gv QOELngETn,m,Q,IQ

the following inequality holds:
E(f7 SB,n,m)Q < |C§m+lfq(G)|H90H2'

2. The Fourier coefficients of B u G satisfy the following conditions.

2.1. For every | € QQ, we have Cpyon,,(B) # 0 and ;100 (B) =0 for all k € Z\ {>4}.
2.2. For every pair (I,k) € ([l —n: —m]UQU[m+ 1:n]) x Z, we have
[Crrank (G)] < [Gmi1-q(G)]-
2.3. For every | € [1 —m : m|\ Q there exists not more than one number k;, € Z for which

Claonk, (G)| > |c5, 1 (G)|. Moreover, whenever such a number k; exists, the following
1 2m+1—q

conditions are satisfied.
2.5.1. Cl+2nkl(B) % 0.
2.3.2. For every k € Z, the equality |ci1onk(G)| = |y (G)| implies ¢ionk(B) = 0.

|C12nk (GG 41— (G)]

Proof. Using the same argument as in the proof of Theorem 1, we obtain that the desired inequality
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is equivalent to the system

2

1 -
Z ‘Cl+2nk(G)‘2|Cl+2nk(<P)‘2 - = Z Cl+2ny(B)Cl+2nu(G)Cl+2nu(‘P) <
Dp,
kEZ " lveZ
< |C;m+1_q<G)’2 Z |Cl+2nk(g0)|27 (lS []‘ —m: m] \Q7
kez
Y lerrann (@)l < Ic5mr—g( G Y leriamn(9)l®, 1€ Q,

kEZ\{5} keZ

> " lerr2nk (G Plerrant (9) P < 6541 o (G lerrank (@)%,

keZ kez

lel—n:—m|U[m+1:n].

The remaining part of the proof goes exactly the same way as in Theorem 1. O]

Let us state the following special cases of Theorem 1, when T, ,,, 0. x is {0} and the space of

constants.
Corollary 2. Letn,m € Nym < n, B € Ly, G € Ly. Then the following statements are equivalent.

1. For every function f representable in the form
f =G * 2 Y e L27

the following inequality holds:
E(f7 Sé,n,m)g < ‘C;m<G>‘ H90H2

2. The Fourier coefficients of B u G satisfy the following conditions.

2.1. For every pair (I, k) € ([1 —n: —m]U[m : n]) x Z, we have
|Cl2nk (G)] < |5, (G)]-
2.2. For every | € [l —m : m — 1] there exists not more than one number k, € Z for

which |cironk, (G)| > |5, (G)|. Moreover, whenever such a number k; ezists, the following

conditions are satisfied.

2.2.1. Cl+2nkl(B) 7é 0.
2.2.2. For every k€Z, the equality |cponk(G)|=|c5,,(G)| implies cyonk(B) = 0.

2.2.3. | (B)?
Cl4+-2nk
> 0.
2 (@)

2 @ G,
ler+2nk (G)#c3,, (G|

Corollary 3. Let n,m € N, m < n, B € Ly, G € Ly and suppose that G is orthogonal to

constants. Then the following statements are equivalent.
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1. For every function f representable in the form

f=Gxp+c, p&lLly ceCorkR,

the following inequality holds:

2. The Fourier coefficients of B u G satisfy the following conditions.

2.1. co(B) # 0 and con(B) =0 for all k € Z \ {0}.
2.2. For every pair (k) € (1 —n:—m]U{0} U[m: n]) x Z, we have
’Cl+2nk<G)’ < ’C§m71(0)|

2.3. For every | € [1 —m : m — 1]\ {0} there exists not more than one number k, € Z for

which |ciyonk, (G)| > |¢5,,—1(G)|. Moreover, whenever such a number k; exists, the following

conditions are satisfied.

2.5.1. Cl+2nkz(B) # 0.
2.3.2. For every k€ Z, the equality |cronk(G)|=|¢5,, 1 (G)| implies cyonk(B) = 0.

Z |Cl+2nk(B)|2
lci12nk (G)|#lcs,, 1 (G

= 0.
= [5m 1 (G)?

Remark 2. By Theorem 2, analogs of Corollaries 2 and 3 are also true for approximation by the

space Sg n.m-

If the sequence of absolute values of the Fourier coefficients of G is symmetrically decreasing,

the statements of Corollaries 2 and 3 can be simplified.

Corollary 4. Let n,m € N, m < n, B € Ly, G € Ly and suppose that the Fourier coefficients of
the function G satisfy the conditions

lck(G)| = |e—k(G)|  for all k € N,

|
0(G)] = ... 2 [em-1(G)] > |em(G)| > |emsr(G)] Z |emi2(G)[ = ...
Then the following statements are equivalent.

1. For every function f representable in the form
f =G * ®, NS L27

the following inequality holds:

E(f.SBnm)y < len(@)lel2. (1.10)
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2. For every l € [1 —m :m — 1], we have ¢;(B) # 0 and

Z ’Cl+2nk B)F . > 0.
120k (G)[? = |em(G)]

kEZ

Corollary 5. Let n,m € N, m < n, B € Ly, G € Ly and suppose that the Fourier coefficients of
the function G satisfy the conditions

lco(G)| =0,  |ek(G)| = |c_x(G)| for all k € N,
(@) = ... = [em-1(G)] > en(G)] > [emsa(G)] 2 [emsa(G) = ...
Then the following statements are equivalent.

1. For every function f representable in the form
f=Gxp+c, @e€LlyceCork,

E(f.SEnm)y < len(@lel2. (1.11)

2. The Fourier coefficients of B and G satisfy the following conditions.

2.1. For everyl € [1 —m :m — 1], we have ¢;(B) # 0.
2.2. con(B) =0 for all k € Z\ {0}.
2.3. For everyl € [1 —m:m — 1]\ {0}, we have

|C1t2nk (B) ’2
|Cl+2nk(G) |2 - |Cm

GE ="

kEZ

Remark 3. Since under the assumptions of Corollary 4 and Corollary 5

|2 (G = 1311 (G)] = |em(G)] and [, (G)] = |51 (G)] = |em(G)],

respectively, by Theorem 2, the left-hand sides of (1.10) and (1.11) can be substituted for
E(f’ SBv”:m)Q‘

1.4. Sufficient conditions
In this section, we give sufficient conditions for the fulfillment of claims 2.3.3 in Theorems 1 and 2.

Theorem 3. Let nnm € N, m < n, Q@ C [l —m : m—1], ¢ = cardQ,
K = {s}ieq C Z, B,G € Ly, G L T, ;o and suppose that the Fourier coefficients of B
and G satisfy the following conditions.

1. For every |l € Q, we have ¢yon,,(B) # 0 and cpyon,(B) =0 for all k € Z\ {»4}.
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2. For every pair (I,k) € (1 —n: —m]UQU [m :n]) x Z, we have
|Clyonk(G)] < |C§m—q<G)’-

3. For everyl € [1 —m : m — 1]\ Q there exists not more than one number k; € Z for which
|Ctyonk, (G)| > |e5,,_(G)|. Moreover, whenever such a number k; exists, the following conditions

are satisfied.

3.1. Crionk, (B) # 0 and for all k € Z, we have

’Cl+2nkl (B) |

Clponk(B)| < ———————=
(Bl < 1200 @)

|Clr2nk(G)]- (1.12)

38.2. For every k € Z, the equality |c 201 (GQ)| = |c5,,_,(G)| implies ciy2nk(B) = 0.
3.3.

1
Z 1 |5 —q (G)I? >0

kEZ: T Tt (O
letsznr(G)Fles_ (@) |ar2k(G)]

Then for every function f representable in the form
f:G*(P+g, QOEL%QETn,m,Q,K»
the following inequality holds:

E(f.SEnm)y < |6m—q(Gllle]2-

Proof. Tt suffices to check condition 2.3.3 of Theorem 1; the remaining conditions of the second
proposition of Theorem 1 coincide with those of desired one. Since all the denominators are
negative for k # k;, we have by relations (1.12) and 3.3

3 |c1yonk(B)[? S
. =

keZ: |Cl+2nk’(G)|2 - |C2m—q(G)|2

|er2nk (G)|#lc5,, _4 (G)]

|Crs2nk, (B)? 1
Z leream (V2 —_— = >0.
g |Cl+2nk:l(G)|2 ]%Z: B M = 0
et 20k (G)F[63o (G)] |c14201 (G)]

Similar statement for approximation by the space Sg,, , is also true.

Theorem 4. Let nnm € N, m < n, Q@ C [l —m : m], ¢q = cardQ,
K = {s}ieq C Z, B,G € Ly, G L T, ;mox and suppose that the Fourier coefficients of B
and G satisfy the following conditions.

1. For every |l € Q, we have ¢jyon,,(B) # 0 and cpyon,(B) =0 for all k € Z\ {»4}.
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2. For every pair (I,k) € (1 —n:—m|UQU[m+1:n]) x Z, we have
’Cl+2nk(G>’ < |C§m+l—q(G)"
3. For every | € [1 —m : m|\ Q there exists not more than one number k; € Z for which

Clyonk, (G)| > [Gpir1_o(G)]. Moreover, whenever such a number k; exists, the following

conditions are satisfied.

3.1. Crionk, (B) # 0 and for all k € Z we have

’Cl+2nkl (B) |

Clponk(B)| < ———————=
(Bl < 1200 @)

|12k (G)).

8.2. For every k € Z, the equality |c1on1(Q)| = |¢5,,11_o(G)] implies ciionk(B) = 0.
3.3.

1
Z 1 . |C;7n+17q(G)|2 2 O

kEZ: Clronk (D2
(et 20k (G) i 11 (G)] o420k (G)]

Then for every function f representable in the form
f:G*(P+g, QOEL%QETn,m,Q,K»

the following inequality holds:

E(f7 SB,n,m)Q < |C;m+1—q(G>|||gp||2'

Let us state the following special cases of Theorems 3 and 4, restricting ourselves for brevity
to assertions for kernels with symmetrically decreasing sequence of absolute values of the Fourier

coeflicients.

Corollary 6. Letn,m € N, m < n, B,G € Ly and suppose that the Fourier coefficients of B and
G satisfy the following conditions.

1. |cx(G)| = |e_k(G)] for all k € N,

(@) = .- 2 |ena(G) > [em(G)| > [ema(G)] 2 [emia(G)] = ..

2. For every l € [1 —m :m — 1], we have ¢;(B) # 0,

c(B
|Clroni(B)] < ;CZE G?; \Clione(G)| for all k € Z,
1
1
S
cm (G
kez 1 — cl+2nk(c>‘
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Then for every function f representable in the form
f=Gxp, @€ Ly,
the following inequalities hold:
E(f,SEnm)s < len(@)o]2,

E(f,Spnm), < lem(@) 4|2

Corollary 7. Letn,m € N, m < n, B,G € Ly and suppose that the Fourier coefficients of B and
G satisfy the following conditions.

1. eo(G)] = 0, [ex(G)] = [e(G)] Jor all k € N,

(@) = 2 ema (G > |em(G)] > |ema (G)] = |ema(G) = ...

2. For every l € [1 —m :m — 1], we have ¢;(B) # 0.
3. con(B) =0 for all k € Z\ {0}.
4. For everyl €[l —m:m — 1]\ {0}, we have

(B
()]

|c12nk(B)] < |Ciionk (G)]  for all k € Z,
1

C’"L(G)
cryank(G)

> 0. (1.13)

2/
kez 1 —

Then for every function f representable in the form
f=Gxp+c, pelyceCorkR,
the following inequalities hold:
E(f.S5nm)s < lem(@]lle]l2.

E(fa SB,n,m)Q < |Cm(G)|H(,0H2

Remark 4. Theorems 2-4 and Corollaries 2-7 admit analogs of Remark 1 and Corollary 1, which

are omitted here for brevity.

In what follows, we assume that the function B satisfies conditions 1 and 3.1 of Theorem 3 (or
the corresponding conditions of Theorem 4 or Corollaries 6,7).
Now we formulate the conditions under which the convolution of two functions satisfying the

requirements of Theorem 3 also possesses these properties.
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The following statement is a corollary of [20, inequality 2.11.2|, but, for completeness, we
provide its independent proof.

Lemma 2. Let {zx}2, and {yx}32, be sequences of positive numbers. Then the following

equality holds:

k=1
Proof. 1t suffices to show that for every n € N, the inequality

n

1 1
Z o T yik s (i zk>71+<lélyk>il' (1.14)

k=1 Tk

is fulfilled. The claim of the lemma is derived from here by passing to the limit as n— oo.

The proof of inequality (1.14) is by induction on n.

For n = 1, it turns into equality, and for n = 2, direct calculations demonstrate that it is
equivalent to the inequality

(z1y2 — 22y1)? = 0.

Assume that inequality (1.14) holds for a number n > 3; let us prove that it is also valid for

n + 1. By the induction hypothesis, we have

n+1 n

1 1 1 _ . 1
ZA_FL_ZL_FL—’_; T S7a N ja Nt 1
k=1 %k Yk k=1 Tk Yk Tn+1 Yn+1 (k§1$k> +(k§19k‘) Tp41 Yn+1

Applying the inequality for n =2 to the sets (D ;_; Tk, Tpnt1) and (3 ,_, Yks Ynt1), We get the

desired one. O]
Lemma 3. Let the functions G, Gy € Lo satisfy the following conditions.

3.3 or everyl € [l —m :m — 1]\ Q and i = 1,2 there exists not more than one number
ki((Gi) € Z for which |ciyonkyc,)(Gi)| > |5 y(Gi)| # 0. Moreover, whenever such a number

%

ki(G;) exists, we have

1
> ) =
I; | Bm oGP Z 0, i=12
C L: c i 2
etpank (GOl EIG_ (G A2k (Gl

Then, if the conditions

{k e Z: ex(Go)| > |eg—o (GO} = {k € Z: |er(Ga)| > [y (G2},

(1.15)
{k € Z: |er(Gr)| = |hm—o (G} = {k € Z: |cr(G2)| = [ (G2)]},

are satisfied, the function G = G1 * Gy also possesses property 3.3'.
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Proof. Denote L = {k € Z: |c,(G)| # |c5,,_,(G)[}. Note that relations (1.15) imply
|C§qu(G)‘ = |C;qu(G1)||C;qu<G2)|7

L={k€Z:|ex(G1)| # chm_g(G1)I} = {k € Z: |ex(G2)| # |65 (G2},

and k;(Gy) = ki(Ge) = ki(G) forall l € [1 —m :m — 1]\ Q.

Put * 2 * 2
o |02m—q(G1)| o |62m—q(G2)|

= =5 V=7~
lerronr (GO Jerponi(Go)]?

Then forl € [I1—m :m—1]\Q, we have 0 < uy, <1, 0 < vy, <1, and for k € Z\ {k;}, conversely,

Uk

ug > 1, vp = 1. The desired inequality for G is equivalent to
1 1
>

_— > _
1— Uk, Vg, kU — 1

u
keL\{k:}

while property 3.3’ for G; and G5 can be rewritten as

1 -1 1 -1
e (X ) s (2 1)

e\ k} E T ke b1

This implies that

1 1
>

1—u - -1 -
S ) (R
kel\{k} Uk — 1 kelN{k} Uk — 1

1 1
) D D

ke {kt kEL\{ki}

On the other hand,

Applying Lemma 2 to zj, = ﬁ, yr = ——, k € L'\ {k;}, we derive to the claim of Lemma 3. [

'Uk—17

Remark 5. It follows from Lemma 3 that the function G = G *x G5, where GGy and G5 satisfy the
conditions of Theorem 3 and relations (1.15), also satisfies conditions of Theorem 3. By induction,
this statement holds for finite number of functions G, and by passing to the limit, it also remains

true for countable set of kernels G .

Remark 6. If both of the functions G; and G satisfy the conditions of Corollary 6 (Corollary 7),
then, since relations (1.15), hold for them, by Lemma 3, the function G = G; * G also satisfies the
conditions of Corollary 6 (Corollary 7). If the function G, satisfies the conditions of Corollary 6,

and the function G, satisfies the conditions of Corollary 7, then, since G *x G = E;’Vl x (G9, where

Ck(Gl), k 75 O,
0, k=0,

(Gy) =
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and él satisfies the conditions of Corollary 7, by Lemma 3, the function G =G1xG4 also satisfies
the conditions of Corollary 7. Similarly to the previous Remark, we obtain the statements for

convolutions of finite and countable sets of kernels.

1.5. Examples

In this section, we provide examples of kernels G satisfying the conditions of Corollaries 6 and 7

for all m < n. The only difficulty appears in verification of inequality (1.13).

Example 1. Consider the function G with the Fourier coefficients of the form

Forl € [1—m:m—1]\ {0}, let us check that G satisfies inequality (1.13), which on this occasion

is of the form . )

Denote L =y, 2 =b; then |y| < 1, b > 1. Now we show that

n —
m

1
\I[y’b(a) - Z 2c > 0
=~ 1— |y + 2k0|
Clearly, the function W, ;(«) increases with respect to b. So, it suffices to prove the inequality

1
V() = Uale) = D o >
k€EZ

Since ¥, () is even with respect to y, we can restrict ourselves to considering only y € [0, 1). It

is clear that

1
v(1) é1—( + 2k)? Z( +2k+1 +2k—1>

for all y. Let us show that for every y € [0,1), the function ¥, strictly increases on (%, —i—oo).

Combining terms with numbers £ and —k — 1, we find

i =3 (7 v Ty )

k=0

In the last sum, all terms with numbers k£ > 1 are, evidently, strictly increasing with respect to a;

so, it suffices to prove that the function ¢, (a) = ! s is nondecreasing for all y € [0, 1).

i 1/20 i
Since an increase of @g(a) = 1+ =53 is obvious, we can assume y € (0,1). Puty = 1—¢,¢ € (0, 1).
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Then the inequality
2y**Iny | 2(2—y)* In(2 —y)
(1-y?)" (1-(2-y>)

@, (o) = >0

is equivalent to
(1=t =) (1= 1+ + 1+ > (1 +1) (1 - (1—1)*)*>0.
We have

(I—t)**In(1—¢t) (1—(1+ t)za) +(1+t)**In(1+¢) (1—(1- t)h)2 =
=(1-)(In(l—t) (L4+0) > =2+ 1A +)*)+In(1+¢) (1 —t)>* =2+ (1 —t)*)) =

= (1—t*)* (m (1—1) (i (CFo + C5 ) 8 _2) +
+In(1+1) (i (Cy0 +CH,) (=) — 2)) =

k=0

lnl_tz 204+C§a tk_‘_lnl_'_tZCkQa—i_Cga (_>k):
k=2 k=2

}—l
|
~
[\’)
8 A

(1— ¢2)% Z Foa + C5) (In(1 —¢) + (—1)*In(1 +¢)) t* = (1 — ¢*)> Zwk(t)
k=1
where

Ui(t) = (C25 + C55) (In(1 — ) + In(1 + ) £+
+ (CZ5H + O35t 1) (In(1 — ¢) — In(1 +¢)) 2+

Let us show that ¢, > 0 for all £k € N. For x > 0 and integer n > 2, the expression C", + C?

is positive when n is even, and is negative when n is odd; therefore, we have

2k 2k = 2l+2k 2k+1 2k+1 = QH_Qk
t C’ C E C +C E
wk( ) 2 + 2 2

=1 =1

o0 t2l+2k: 00 2H—2k:
% % 2l 2k+1 2t 2k+1
> = (C 9o T Chy + C250 + Coy E C a+1 + C2a+1 E
=1 =1

Remark 7. Since U, strictly increases on (1, +00) and equals 1 at 0 for any y, we have ¥, (a) <0
for a € (1,1), and condition (1.13) for the function G with such values of the parameter « is not
fulfilled for m = n.

It is known (see, for example, [13, §1.5.1]) that any function f € WQ(T) can be represented as
f=d % fO + co(f), where

7
keZ\{0}

is the periodic Bernoulli kernel. Conversely, for any function f € Lo, representable in the form
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f=d. xp+cforsome ¢ € Ly, p L 1, and ¢ € C or R, we have ¢ = ¢o(f) and f") = ¢ almost
everywhere on R. Therefore, by Corollary 7, Example 1 yields the following statement.

Corollary 8. Let n,m € N, m < n and suppose that the function B € Ly possesses the following

properties:

a(B)#0 forall le[l—m:m—1],
conk(B) =0 for all k€ Z\ {0},

T

l lei(B)| forall l€[l—m:m—1]\{0}, k € Z.

[+ 2nk

croms(B)] < \

Then for every function [ € WZ(T), the following inequalities hold:

1
E(f.Shnm)y < %Hf(r)nm

1
E(f7 SB,n,m)z g %Hf(r)HZ

Remark 8. Note that in Corollary 8 r is not necessarily integer. In this regard, recall that the

Weyl fractional derivative is defined in terms of the Fourier coefficients:

ax(f7) = (k) er(f), k€2

Now we formulate well-known results for approximation by trigonometric polynomials and
splines, which were mentioned in the Introduction and can be derived as particular cases of

Corollary 8 and Remark 4; here, we restrict ourselves to the cases for m = n.

Corollary 9. Let r,n € N. Then for every function f € WQ(T), the following inequality holds:
Lo
E(f, Tan-1)2 < FE(JC , Tan—1)2.

Corollary 10. Let p € Z, r,n € N, i+ 1 > r. Then for every function f € Wi, the following

mequalities hold:

1
B 81, < B 85m)y

1
E(f7 S"#)Q < WE(f(r% Sn,,ufr)Q-

(For p+1=r, the values E(f", 8%, ), and E(f",S, ), should be interpreted as || f|2.)

n,u—r

Example 2. Let us check the fulfillment of condition (1.13) for the function G with the Fourier

1
coefficients of the form |c,(G)| = A+ a2kt where « € Nor o+ 3 € N, a € R\ {0}.
a (e

Let [ € [1 —m : m — 1]. By Remark 6, it suffices to consider the case o = %, i.e., to prove the
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inequality
1
> ; ;
el 1+ a*(l + 2nk)
1+ a?m?
Since
Z 1 . 1 + a2m2 1
2 2 2,2 2
keZl_l—i—a(H—an) a*m kezl_(l+2nk‘)
1+ a2m? m?2

the desired relation follows from the previous example for a = 1.

Example 3. Let us check the fulfillment of condition (1.13) for the function G with the Fourier

coefficients of the form |c,(G)| = e ¥ where v > 2, 8 > 0. Let [ € [1 —m : m — 1]. Using the

inequality from Example 1 for « = 7 and the relations 1 — e™ < z, €* —1 > z, which hold for

every x > (), we get:

1 1 1
Z 6—25m7 - Z 1 — e28(|l+2nk["—m7) - Z 625m7(|#+2%k’7—1) -

k€Z | — ——— kEZ keZ 1-
e—2B|l+2nk|

1 1
e 2m (15[ 2 o ([5e2mi 1) 1

1- kez\{0} € 1

1 1 1 1
" 5 (1= A1) 2 2 (L + 28 1)~ 2 2 1= L + 22T

keZ\{0} kEZ
Remark 9. Now consider the case m = n for v € (0,1). Putting y = =, we get:
1
> 2807 Z 626m(\y+2k|” n
k€Z | — ——
e—2B1+2nk[Y

B 1 1 1
= " P gm@ b 2 T ey
keZ\{—1,0}
The last sum in continuous with respect to y, and all its terms are negative. For selected terms
when y — 1, we have:
1 1 v—1

1 — 2877 (y7—1) + 1 — e28n7((2-y)"-1) - L 23yn7’

1—y
2ynY”

which is less than zero for 8 < This implies that for such values of the parameter S,

condition (1.13) is not fulfilled for sufficiently large n.

Now we derive one significant generalization of Examples 1-3.
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The Laguerre—Polya class £ consists of all functions v of the form

o0

W(z) = Ce @ 0% ,7 H(l —ajz)e” %,
= . (1.16)
CeR\{0}, a>0, da;€R, reZy Y d <o

J=1

The class £, 5 consists of the functions in & with 7 = 0 in (1.16) and a + >, a7 > 0, while the
class & foy consists of those with r € N.
Denote by v.(¢) the number of essential sign changes of a periodic real-valued function ¢ on
the period, i.e.
ve(p) = sup S~ [p(t1), p(t2), - - -, p(tn)];

where S”[x1, 29, ..., x,] is the number of sign changes of the set of real numbers (1,2, ..., x,)
(zero terms are omitted), and the upper bound is taken over all n € N and all ordered sets
b <ty <...<tp t; €[0,27] (see. [29, § 1.3]). Take J = @ or J = {0} and put J = {0}, while
Jqoy is a set of constants. The class C'V D consists of the real-valued functions K € L; such that

ve(a+ px K) < v.(p).

for all functions a € J; and ¢ 1 J;. The functions in CV D; are called cyclic variation
diminishing.
It is known |34, Theorem II1.4.8| that, if ¢» € &, ;, then the function

ikt 1 J=g,
G(t) = m + Cy, Cy = ¥(0) (1.17)
KeZ\{0} 0, J = {0},

belongs to C'V D.
Since for the function G defined by (1.17), we have

_ ak2 -
La J = g,
(@) =S 1
0, J ={0},

Examples 1-3 and Remark 6 imply the following statement.

Corollary 11. Let n,m € N, m < n, and let the function G be defined by (1.17). Suppose that
B € Ly satisfies the following conditions.

1. For every l € [1 —m : m — 1], we have ¢;(B) # 0.

2. If J ={0}, then conx(B) =0 for all k € 7\ {0}.
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3. For everyl e[l —m:m—1]\ J,

|ci(B))]
la(G)]

|Cr2nk(B)] < |CLionk(G)| - for all k € Z.

Then for every function [ representable in the form
f=Gxp+c, @pelyceJy,
the following inequalities hold:
E(f,Spnm)y < lem(@l¢ll2;

E(fu SB,n,m)Q < ’Cm(G)‘HgO’b

The next example shows that for the Poisson kernel, condition (1.13), generally speaking, is

not always satisfied.

Example 4. Consider the function G with the Fourier coefficients of the form |, (G)| = e~*I*

a > 0. Let us find all values of the parameter a such that for every [ € [1 —m : m — 1],

condition (1.13) is fulfilled, i.e., the following inequality holds:

1
Z e—QOzm 2 0.

keZ 1 —

e—2c|l+2nk]|

A decrease of the left-hand side of the last inequality with respect to m is obvious, so it suffices
to consider the case m = n. Put % =y, f = 2an; then |y| < 1, § > 0, and for the fulfillment of

the desired inequality, it is necessary and sufficient that

1
Us(y) = Z 1 — eBly+2k—1) > 0.

keZ
Since U is even, we can restrict ourselves to considering y € [0,1). Let us show that U is strictly
increasing on [0, 1). Then the fulfillment of condition (1.13) for all I € [1 —n : n — 1] is equivalent

to the inequality Wg(0) > 0, i.e., to condition (1.13) for I = 0. Combining terms with numbers k
and —k — 1, we get

Us(y) =1+ Y or(y),

where
1 1

er(y) = 1 — eBk+y—1) + 1 — Blk+1—y)"

Now it suffices to prove that for all £ € N,

ﬁeﬂ(2k+y—1) ﬁ€6(2k+1_y)

(1 — efCRty=1))? (1 — eB2k+1-y))?

©L(y) = >0,
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which is equivalent to
PR (1 - 65(2k+1fy))2 - ea@m—l))? > 0.

We have:
P (2kty—1) (1 . 65(2k+1—y))2 _ Rty (1 . eﬁ(2k+y—1))2 _

_ 4Bk ((6—5(2k+1—y) _ €§(2k+1_y)>2 B <e_§(2k+y—1) _ €§(2k+y—1)>2) _

= 4e*PF (sh2 (§<2k +1- y)) —sh? (g(% +y-— 1))) =

= 2" (ch(B(2k + 1 — y)) — ch(B(2k +y — 1)) = 4" sh(26k) sh(B(1 — y)) > 0.

Since the function

> 1 1
Us(0) =1+ Z (1 — eBE-1) + 1 6,8(2k+1)>
k=1

is continuous and strictly increasing from —oo to 1 with respect to § on (0, +00), the inequality
W3(0) > 0 is satisfied if and only if 5 > §*, where 8* is a root of the equation

- 1 1
a kz—; (1 — ef(2k—1) + 1— eﬁ(2k+1)) =0.

Therefore, the function G possesses property (1.13) for all o > %; moreover, for m = n, this

bound is sharp.

Now we describe the set of functions B satisfying the conditions of Corollaries 6 and 7 for a
fixed kernel G.

Among examples of functions B satisfying the conditions of Corollary 6 for all m < n are the
functions with coefficients of the form cx(B) = cx(G)yx, where v, # 0 for [ € [I —m : m — 1] and
|Visonk| < |y for all (I,k) € [1 —m : m — 1] X Z such that ¢ 9.x(G) # 0. If 4 are the Fourier
coefficients of the function K € Ly, then such function B is G * K. In particular, any function in
Ly satisfying condition 1 of Corollary 6 may be taken as K.

Examples of functions B satisfying the conditions of Corollary 7 for all m < n are the functions

with coeflicients of the form

Ck(G)rykJ kel \ {0}7
ot k=0,

Ck(B) =

where v # 0,y # 0 for l € [1—m : m—1]\ {0}, yonr = 0 for all k € Z\ {0} such that ¢, (G) # 0,
and |vionk| < || for all (I, k) € ([1 —m :m — 1]\ {0}) X Z such that ¢ 12, (G) # 0. If ~;, are the
Fourier coefficients of the function K € Ly, then such function B is G« K + . In particular, the
Steklov average of any function K; € L; satisfying condition 1 of Corollary 6 or Corollary 7 may
be taken as K, i.e., the function K = Ky x B,, ,,, 1 € Z,.
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Chapter 2.

Approximation of classes of differentiable

functions on a segment

2.1. Introduction

In [24] Floater and Sande studied the L, approximation of three classes of functions in WQ(T) [0, 1],
defined by certain boundary conditions. With slightly different scaling (which we hereafter adhere

to) these classes are given by

H ={uc WQ(T) [0, 7] : u(k)(()) ) (m)=0, 0<k< k is even},
H = {ueW0,7): u®0) =u®(x) =0, 0<k<r Fkisodd},
Hj = {u e Wi [O, g} u®(0) = ul (g) 0, 0<kl<r kiseven,lis odd} .

Floater and Sande calculated the values of widths of the sets

A: = {U c HZT ||U(T)HL2[O,71'} < 1}7 1= 07 17
Ay = {ue H: u) 00 <1}

and described optimal subspaces for A]. Specifically, they showed that

1 1 1
Ap) = AD) = —, d,(45) = ——
and the spaces
span {z — sinkz}7_,, span{x > coskx}}Z5, span{z > sin(2k — 1)z}}_, (2.1)

are optimal for A, A7, and A%, respectively. The result for Al was proved by Kolmogorov [30]. In
addition, the authors proved that the spaces A} admit optimal spline subspaces, which are defined
as follows.

Let 7 = (71,...,7n) be a knot vector such that 0 < 7 < ... <7, < P, where By = P, =7
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and P, = m/2. Denote by Sy, the space of splines of degree d and defect 1 on [0, ;] and consider

its n-dimensional subspaces defined by

Sa0={s € Sano0: s(k)(O) = S(k)(ﬂ') =
Sd,l — {S & Sd,‘rl,l: S(k)(O)

Sa2 = {s € Simao: s®(0) = sV (g) —0, 0

, ks even},
,  kis odd},
k1<d kiseven, [ is odd} ,

I

CD/\

=

—

3

N~—

|
(=R~
o o

where the knot vectors 7; for ¢ = 0, 1,2 are given as

kﬂ' n .
R_H e’ d 1S Odd7
7_0 — i n
T s :
{n+1 + 2D }k:o’ d is even,
Lk ryn—1 .
. {n + 30 freo ¢ d is odd,
kryn—1 .
{7 1t d is even,
{ i n—1
s s 3
= —} d is even
o 21 T 202040 f g ;
2 o n
- )
{ZTLJr1 Y d is odd.

It was proved in [24] that for any d > r — 1 the spline spaces Sy ; are optimal n-dimensional spaces
for the set A7, i =0,1, 2.

As we can see, all the spaces S;; have equidistant knots, but the form of the knot vector is
determined by the degree d. In this chapter, we show that the classes A} admit optimal spline
subspaces with both types of knots indicated in the definition of 7; independently of the degree.
Of course, boundary conditions should be relaxed or some extra conditions should be added in
the remaining cases to ensure the dimension to equal n.

In this chapter, we reduce the problem for the functions on a segment to the similar one
for periodic functions. Using the results of Chapter 1, we obtain a set of optimal subspaces in
nonperiodic situation, incuding the results of [24].

The results of the chapter are published in [7].

2.2. Preliminary results

The following LLemma describes symmetry properties of spaces of shifts in terms of Fourier

coeflicients.

Lemma 1. Let n,m € N, m < n, B € Li. Then the following statements are equivalent.

X
Bnm-*

1. The inclusion s € S§ implies s(—) € S

B,n,m

2. For every l € [0 : m — 1] there exists vy, € C\ {0} such that v € {—1,1} and

C,l,an(B) = ’chl+2nk<B) fO?" all k € 7. (22)
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Proof. The first statement means that ®p;(—) € S, for all [ € [1 —m : m — 1]. Replacing [

with —[ for convenience, rewrite the inclusion as

m—1
(I)B l 7]<I>

j=1-m

for some ;. Since ®p ; is orthogonal to @5 _;(—-) for j # [, we have

@B,,l(—l') = leq)B,l(l')-

Equating the Fourier coefficients, we get (2.2). Replacing [ with —[ and k with —k, we also have
Clionk(B) = v_ic_j—onk(B). If 7, = 0 for some [, then ¢; 9,1 (B) = c_j_ank(B) = 0 and the equalities
are trivially satisfied with an arbitrary ~;. So, we can take v, # 0.

On the other hand, if (2.2) is valid for a number [ with v, # 0, it is also valid for a number —{
with % So, it is sufficient to consider [ € [0 : m — 1].

Putting | = 0, we conclude that c_oni(B) = Yoconx(B) for all k. Replacing k by —k, we also
have conk(B) = Yoc—onk(B). If conr(B) = 0 for all k, we can take vy = 1. If ¢, (B) # 0 for some
k, then c¢_o,(B) # 0 for the same k, and so vy = +£1. O

Note that all even functions (and, in particular, the Dirichlet kernel) satisfy the second
condition of Lemma 1 with v, = 1 for all [.
For the B-spline, we have v, = e *=/**1 and for the shifted B-spline En,u = B, (- — £), the

drp

identity Ck(én,u) = e_%ck(anu) yields v, = e n .

Recall that the symbols f¢ and f° denote even and odd part of f, respectively.

Remark 1. For [ € [1 : m — 1], we have &}, = 7,04, and &} | = —,®% ;. Therefore, the space

S nm can be represented as
Shnm = span{®po} ® span {5, }/'1" @ span {D% 1" (2.3)

Remark 2. If s € S%

B,n,m>

then s(- +m) € Sj

B,n,m

and, since ®p, (v + 7) = (—1)'®p,(z), we have

q)eB,l(W — )= (_1)1@%,1@)7 @%,I(W — )= (_1)l+1@%,1($)'

The following theorem is a particular case of Corollary 1.5 for the Sobolev space, i.e., for
G =d,.

Theorem 1. Let r,n,m € N, m < n, and B € Ly. Then the following statements are equivalent.

1. For any function f € WQ(T), the following inequality holds:

E(f,SEunm)s < %Hf(”lla (2.4)
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2. The Fourier coefficients of B satisfy the conditions

a(B)#0  forall |l €[0:m—1],
Conw(B) =0 forall veZ\{0},
|Cl+2nk(B)|2

1 20 foral [l[€[l:m—1]. (2.5)
kez (I+2nk)2r m2r

Further, we need a simple corollary of Theorem 1 for functions with zero mean

Corollary 1. Let r,n,m € N, m < n, and B € Ly. Then the following statements are equivalent.
1. For any function f € WQ(T) such that co(f) = 0, the following inequality holds:

1
E(f.85n)y < 70

2. For oll |l] € [1 : m — 1] we have ¢;(B) # 0 and

wk(B))?
Z |Cl1i-2 k:( )\ > 0.

1
kez (+2nk)2" ~— m?27

Proof. For g € Lo, put go(z) = > conn(g)e®™®. Obviously, the inequality (2.4) on the whole class
VEZ

Wi is equivalent to the system
L e
E(fo,S5ymm)s < — 1151,

B(f = Jo.85gynn)a < I = Jo) Ol

(1) = (2). Let B € Ly be such a function that co(B) = 1, ca,(B) = 0 for all v € Z \ {0},
=c

and cx(B) = ¢x(B) for k # 2nv. For any f € Wér) we have
« Lo
B(f0.8%, ), < Ifo = colF)llz < — A"l (2:6)
1
o X _ (r)
B(f =185 _gnm), < =l = F0) Ol (27)

Inequality (2.6) is trivial because Sgoymmcontains constants, while (2.7) holds due to assumption.
So, (2.4) is valid. The Fourier coefficients of B satisfy the second condition of Theorem 1. By the
definition of B, so the same holds for ¢;(B) when k # 2nv.

(2) = (1). Let f € Wi", co(f) = 0, and suppose that B is defined as above. Be Theorem 1,
inequality (2.4) is fulfilled for B, so, by (2.6) and (2.7), this implies that it is also true for B. [



125

2.3. Main results

Consider the following functional classes:

H) = {ue W uis odd},
H = {u e W uis even},

Hj = {u e Wi wis odd, u ( + g) is even} :

Evidently, every function u € [:TZ?” belongs to H]. Conversely, according to the boundary
conditions in the definition of the classes H;, the 27-periodization of the odd extension of u € H
to the interval [—m, 0] belongs to ﬁg. Similarly, the 27m-periodization of the even extension of
u € HT to the interval [—,0] is in H7. Consecutively extending u € H to an even (with respect
to 7/2) function on [0,7] and to an odd function on [—m, 7], after 27-periodization we get a
function belonging to f]g.

Therefore, putting

A ={ueH: |[u|,<1}, i=012

we derive
ARy Lz) = du(Ap; Lo[0, 7)) = ﬁ
40855 L) = do (4] Lal0, ) = -
d(As: Lo) = d, (Ag;L2 [0, E]) - ﬁ

Thus, we can reduce problems for nonperiodic classes to those for periodic classes and apply

Theorem 1. We will formulate our results for periodic classes (denoted with tildes).

Remark 3. Let S be a closed subspace of Ly such that the condition s € S implies s(—-) € S.
Then an element of best approximation of any function u € ]:15 in Lo by the space S is odd.

Indeed, if ||u — s||s = %ng Ilf — T2, we can write
S

s—s(—)
2

u—3+u+s(—-)
2 2

lu = sll2 < ||lu—

2

(lw = sll2 + lu(=) = s(=)ll2) = [lu = sl

2

<

N | —

This means that all the inequalities in this chain turn into equalities. In particular, we have
|lu — s|l2 = ||lu — s°||2- By the uniqueness of an element of best approximation in Ly, we conclude
that s is odd.

For the same reason, an element of best approximation of any function u € H 1 by the space S is
even. If, in addition, the space S is invariant under the shift by 7, an element of best approximation

of u e }~I§ by the space S possesses the same symmetry properties as the function u itself.
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X .

Consider the following m-dimensional subspaces of Sz, .:

Shom = span {5 }12y  form+1<n,

S} = span {®p o} ® span {DG, }"7" for m < n,

B,n,m

gfgvn’m = span {@03721_1}}11 for 2m +1 < n.

In the following three theorems we give sufficient conditions of extremality of these spaces.

Theorem 2. Let r,n,m € N, m+ 1 < n, and suppose that the Fourier coefficients of a function

B € Ly satisfy the following conditions.
1. For anyl € [1 : m] there exists v € C\ {0} such that for all k € Z c_1_onx(B) = Yiciionk(B).
2. For allv € N, cop(B) = c_9n,(B).

3. For alll € [1:m], we have ¢;(B) # 0 and

|Cl+2nk(B)|2

1

— >0
kez, (I+2nk)%" — (m+1)%"

Then for any u € flg,
1

rEavAE )

E(u: Spnm)y <
Proof. Since every u € ﬁ[{]’ has zero mean and B satisfies the conditions of the second proposition
of Corollary 1, we can write

1
E(u,S% < — 5. 2.9
(U, B,n,m+1)2 (m + 1)7, H’LL H2 ( )

By Lemma 1, the space Sg’mmﬂ contains each function s with its odd and even parts. Thus,

an element of best approximation of u € ?Ig by the space S, ..., is odd. This impies that the
space Sj,, .1 on the left-hand side of (2.9) can be substituted for its subspace consisting of odd
functions. Since ®p( is even (by condition 2), it follows from decomposition (2.3) that the desired

approximating subspace coincides with g%m’m. O

Theorem 3. Let r,n,m € N, m < n, and suppose that the Fourier coefficients of a function

B € Ly satisfy the following conditions.

1. For any | € [1 : m — 1] there ezists v, € C\ {0} such that c_j_onx(B) = YiCip2nk(B) for
all k € 7.

2. Foralll € [0:m—1], ¢(B) #0.

3. For allv € Z\ {0}, con(B) = 0.
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4. For alll € [1:m — 1], we have

Z ‘Cl+2nk(B)‘2 > 0.

1 1
kez TFenk)T — m

Then for any u € f]f,
~ 1 .
E(t,8h )y < Wnu( 5. (2.10)

Proof. Applying Theorem 1 to u € f[{, we can write

1
E(“’SX )2 < %“U(”H%

B,n,m

Using the same argument as in the proof of Theorem 2, we conclude that the space ngm on the

left-hand side of the last inequality can be substituted for the subspace of even functions, i.e. for
Shm- O
Theorem 4. Let r,n,m € N, 2m + 1 < n, and suppose that the Fourier coefficients of a function
B € Ly satisfy the following conditions.
1. Foranyl € [1: 2m)| there exists v, € C\{0} such that for allk € Z c_;_9,x(B) = Viciionk(B).
2. For allv € N, con,(B) = c_on,(B).

3. For alll € [1:2m)], we have ¢;(B) # 0 and

‘Cl+2nk(B)‘2 0
1 1 = ¥

kez, (I+2nk)?" — (2m+1)%"

Then for any u € ﬁ];,
1

E— 2.11

E(u, 5%77%”1)2 <
Proof. Because f]; is a subspace of ﬁg, by Theorem 2, for every u € f]g, we have

~ 1
0 R (P (S|
E<u78B,n,2m)2 < (2m+ 1)THU H2
Since u satisfies the equality v = wu(m — ), we can restrict the space g%,n,2m to a subspace of

functions possessing this property. By Remark 2, we obtain that the desired subspace coincides
with 83, .. O

Remark 4. It follows easily that under the assumptions of Theorem 4 the space span {®% o},
is extremal for the set defined by interchanging the roles of k and [ in Hj (or, equivalently, the

symmetry conditions in H%).

Remark 5. Note that the conditions of Theorems 2-4 are invariant under the shift of B by 7-.
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Remark 6. Inequalities (2.8), (2.10), and (2.11) turn into equalities for the functions

x +— sin(m + 1)z, x — cosmx and z — sin(2m + 1)z, respectively.

The estimates from Theorems 2-4 can be strengthened in a standard way by replacing their

right-hand sides with best approximations.
Corollary 2. Let B € WQ(T) under the assumptions of Theorem 2.
1. If r 1s even, then for any u € ﬁg,

1 ~

Bt ko), < mE(u(Q S nm) 2

2. If r is odd, then for any u € ]:jg,

1

0 R
E(U’SBJMW)Q < (m+ ]_)7‘

E(u(”, span {@%(,,)J}ﬁl) .
Proof. If r is even, denote by s an element of best approximation of the function u(™ by the space
go

B nm
Since cy(s) = 0, the function s has 27-periodic rth primitive, which we denote by s,. For any
[ €l:m],

. For odd r, let s be an element of best approximation of (") by the space span {Cb%w-u}ﬁr

o N () (IJ%(T)J, r is even,
(25,)" = ,
D% s r is odd,

and hence s, € 5%7n7m. Applying Theorem 2 to the function v — s,, we obtain

= = 1
E(u,.ng);jmm)2 =E(u-— sr,8%7n7m)2 < muu(ﬂ —slls =

_ (mil)TE(u(T)a 3%(7«)’7%7”)2, r is even,
oy B (u) span { @5, 37y),,  ris odd.

]

The proof of the two following statements goes exactly the same way as in Corollary 2 and

therefore is omitted.
Corollary 3. Let B € WQ(T) under the assumptions of Theorem 3.

1. If r is even, then for any u € f[{,

1 . e ym-
%E(u( ), span {@B(r>,l}l:11)2'

E(u,g%g’nvm)Q <
2. If r is odd, then for any u € ]Tlf,

~ 1 5
E(“v Sé,n,m)Q S %E@L(T)’ S%(T),n,m—l)Q'
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Corollary 4. Let B € WQ(T) under the assumptions of Theorem 4.

1. If r is even, then for any u € ﬁ;,

1

= B(u™.S2
(2m + 1) (u,

E(u’ gé,nym)2 < B(T),n,m)z‘

2. If r is odd, then for any u € f[g,

1 T e m
TE(U( )7 sSpan {(I)B(r)72[71}l:1)2'

~ 1
E(U’SB,n,m)Q < (2m+ 1)

2.4. Examples

In the previous Chapter (Corollary 1.8) we gave an easily verifiable condition that is sufficient for
the fulfillment of inequality (2.5) (and, consequently, the corresponding conditions of Theorems 2—

4). Namely, inequality (2.5) holds for all functions B possessing the property
L+ 2nk|"|ciionk (B)| < |I]"|e)(B)|  amst Beex |I] € [1:m — 1], k € Z.

In particular, all the functions with the Fourier coefficients of the form

ek — 1\
Ck(B): (W) Mk, M€Z+7M+]—>T7
where |1 100k| < || and g # 0 for || < n, satisfy this condition for all m < n. For n, = 1 we
get the B-spline. If n; are the Fourier coefficients of the function K € Ly, the function B is the
Steklov average of order 1+ 1 of K. For example, K can be the Poisson kernel (1, = e~ o > 0),

the heat kernel (n;, = e=***, a > 0), the kernels of some differential operators (1, = where

P is a polynomial with only real roots), and the generalized Bernoulli kernel (n;, = |k| Se~#sienk
s >0, 8 € R); in the latter two examples, 7, is assumed to equal 1.

Taking the Dirichlet kernels of appropriate order as a function B in Theorems 2-4, we get the
optimal subspaces of trigonometric polynomials (2.1).

Now we describe spline spaces arising from Theorems 2—4 and show that the results of [24]
follow from these theorems.

Recall that for a given space of periodic functions with appropriate symmetry conditions, we
denote the space of their restrictions to [0, 7] or to [0, 7/2] by the same letter but without tilde.

1. Replace n with n + 1 in Theorem 2 and take m = n, B = B, ;1 4. Then our space g%nﬂ,n
is the n-dimensional space of odd splines from Sgnﬂ. Consider the space Qg1 of splines s which

ke

have knots {75 ::1 and satisfy the boundary conditions

s®0)=s®(r)=0, 0<k<d, Fkeven.

Its dimension equals n for d odd and equals n+ 1 for d even. So, for d odd, S%Mm = Qa1 = Sao-
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0 . . .
For d even, Sp,, .1, is an n-dimensional subspace of Q1.

- 2(7;:—1)

g%mH’n is the n-dimensional space of odd splines from Sj . ;. Consider the space Qg2 of splines

n
s which have knots {n’“—ﬁ + ﬁ}k:o and satisfy the boundary conditions

2. Replace n with n+1 in Theorem 2 and take m =n, B = Bnﬂ,d(- ) Then our space

s®0)=s®(7) =0, 0<k<d, Fkeven.

Its dimension equals n for d even and equals n + 1 for d odd. Note that 0 and 7 are not the knots.
So, for d even we have S}, ., = Q42 = Sqo. For d odd, 8}, , is an n-dimensional subspace
of Qg2

3. Take m = n, B = B,, 4 in Theorem 3. Then our space gé?,n,n is the n-dimensional space of
even splines from Sgn. Consider the space Qg3 of splines s which have knots {%’r}z;; and satisfy

the boundary conditions
s 0)=s®(r) =0, 0<k<d, kodd.

Its dimension equals n for d even and equals n + 1 for d odd. So, for d even, SIIB,n,n = Qa3 = Sa1-

For d odd, S, is an n-dimensional subspace of Qg3.
4. Take m = n, B = B, 4(- — &) in Theorem 3. Then our space gé,n,n is the n-dimensional
xyn—1

space of even splines from S} , . Consider the space ()44 of splines s which have knots {’%T + 39 S im0

and satisfy the boundary conditions
s00)=s®(r)=0, 0<k<d, kodd

Its dimension equals n for d odd and equals n + 1 for d even. Note that 0 and 7 are not the knots.
So, for d odd we have Sg,,,, = Qa4 = Sq.1. For d even, Sg, . is an n-dimensional subspace of Q4.

5. Replace n with 2n + 1 in Theorem 4 and take m = n, B = By, 11 4. Consider the space Q45

of splines s which have knots {2511 1 and satisfy the boundary conditions
s®(0) = O (g) —0, 0<k<d 0<I<d, keven,lodd.

Its dimension equals n for d odd and equals n+ 1 for d even. So, for d odd, 8123,2n+1,n = Qa5 = Saz.
For d even, 83,1, is an n-dimensional subspace of Qg.

6. Replace n with 2n 41 in Theorem 4 and take m =n, B = B2n+17d(' . Consider the

~ 550)
n—1

space Qg of splines s which have knots {% + M} and satisfy the boundary conditions
k=0

s®(0) = 5O <g> —0, 0<k<d 0<l<d, keven,lodd.

Its dimension equals n for d even and equals n+1 for d odd. So, for d even, 835,11, = Qa = Sa2-
For d odd, 835,41, is an n-dimensional subspace of Q.

Taking other values of m and n and taking the B-spline (shifted or not) as a function B in
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Theorems 2-4 we get new families of optimal spline subspaces with equidistant knots.
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Chapter 3.

Approximation of classes of convolutions

by spaces of shifts on the axis

3.1. Introduction

In this chapter, we prove a variety of sharp inequalities for mean square approximation of certain
functional classes by spaces of shifts on the axis. In particular, we obtain conditions that are

necessary and sufficient for the fulfillment of the inequality

E(f,S84), < G (0)]¢]l o),

that is sharp on the class of functions f representable in the form G % ¢, ¢ € Ls(R), where
G € L1(R). Here G* is a symmetrically decreasing rearrangement of |(A}' |. In addition, we obtain a
criteria of optimality of spaces of shifts in terms of average widths, which means that the constant
in the inequality for best approximation cannot be decreased by passing to another approximating
subspace of the same average dimension. In particular, we calculate the value of average width
for the class of functions under consideration. Thus we not only indicate a wide set of optimal
approximating subspaces, but also give a complete description of extremal subspaces that are
generated by equidistant shifts of a single function.

The method of proving is based on constructing a continual analog of decomposition over bases
in spaces of shifts and using it to find an explicit expression for best approximation, which allows
us to apply a technique used in Chapter 1.

The results of the chapter are published in [37] and [19].
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3.2. Fourier analysis in spaces of shifts

Let 0 > 0, B € Ly(R) and consider the functions

1 G\ im
(I)B,a(xay) = % ZB (ZL’ - ;) € y7 (31)

Dpo(y) =) )E (y + 2vo)

VEZ

(3.2)

The definition of ®p, is correct since for a.e. € R the series on the right-hand side of (3.1)
converges in L[ —0, o].
Let us mention some properties of the functions ®p,. Note that they are quite similar to the

properties of the Zak transform (see, for example, [27, §8.2]).

P1. Op, € Ly ([0,Z] x [—0,0]) and

\qm

/|<1>Ba v Pdyde = o[BI

Proof. Since {B (z — ) }jEZ € ly(Z) for a.e. x € R, we get ®p,(x,-) € Ly|—0,0] for ae. x.
Furthermore, by Parseval’s equality, we have
B (x — ‘7—7T>
o
z

r 1
/ |©B,O’(I7y)|2 dy = 2_

2

This yields

2 1
_ 2
(= 20| o= o3l e

/;/|<I>Bgscy! dydx——/z

JEL

®2. The following relations hold:

™ e
(I)B,U(xa ) + 20-) = @B,U<x7y)v (DB,O' <ZL‘ + 57y> = ez;quB,O'(xv y>7

CDB,J(ma 3/) = (I)B,0'<:U7 _y)

This property is clear. Moreover, it implies that the function ®p, is completely defined by its

values on [0, Z] x [—o,0].

®3. In Ly ([0,Z] x [—0,0]), we have

Opo(1,y) = Bly+2w0)e 2o (3.3)

VEZL
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Proof. First we point out that one can obtain the equality

/]

—o 0

Z B(y + 2vo)e Z(y”””)‘”

VEZ

drdy = o1 Bl) (3.4)

using the same argument as in the proof of ®1. Indeed, since {E(y—i— 27/0)} € ly(Z) for
VEZ
a.e. y € R, by Parseval’s equality, we have for a.e. y € R

™ ™

o 2 o 2
A . AN . AN 2
/ Z B(y + 2u0)e!WtoT) g = / Z B(y + 2vo)e* | dx = T Z ’B(y + 2VO')’
0 VEZ 0 VEZL g VEZ
Therefore,

x
a

g 2 ‘
// ZB(y+2ya)e’(y+2"")m dx dy = Z/Z‘B(?/+2VU)‘ dy =
Iy lvez Oia VEZ
1
= ;H HL2(R) = %|’BH%2(R)'

Let B, € C°(R), B, — B in Ly(R). For a.e. 7,y € R put
gn(t) = eY'B,(x —t), teR.
Then g, € C[(,OO) (R),
gu(€) =B (y—¢), EER,
and the Poisson summation formula yields

Pp, o (x,y) Zgn< —) 29" 2jo) = ZB (y + 2jo)e’ i(y+2jo)z

JEZ

Using property ®1 and identity (3.4), by passing to the limit as n — oo, we get the required

assertion. O

Recall that a set { f; };ez of elements of a Hilbert space H is called a Riesz system with constants

A, B > 0 if for any § € (5(Z) the series ) f5;f; converges in H and
jez

Al H/BHgg(Z ~N

Zﬁgf]

JEL

< Aol z)- (3-5)

If we assume that only the right-hand inequality in (3.5) holds, then {f;},cz is said to be a Bessel

system.

Remark 1 ( [36, Theorem 1.1.6]). Let B € Ly(R). The functions {B (- — j?ﬂ)}jez form a Riez
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system in Ls(R) with constants A;, A if and only if for almost every y € (—o, o) the inequality

2

A<y ’E(y +2wo)| < A,

vEZL

holds, i.e. the functions Dp, and belong to L[ —0,0].

B,o

P4, Let {B ( — %r) }]EZ be a Bessel system in Ly(R). Then the following equality holds

/ B()Bp4(6,9) dt = 27D (1), (3.6)

(convergence of the integral on the left-hand side of (1.4) is interpreted in Lo| —o,0]).

Proof. Indeed, for n € N, by formulas (3.3), (3.2), we have

(o} n 2

/ /B(t)q)B,a(tv y) dt - 27TDB,0<y) dy =
g n ) ) 2
= N 2
= / /B(t)z B(y 4 2vo)eilvt2volt 4t — 2 Z ‘B(y + 21/0)‘ dy =
o |=n VEL VvEL
g n 2
= 1 ) ~
— 4 / S Bly+2vo) | - / B(t)e 2 gt — By +2we) || dy.
T
g VEZL i

Termwise inner multiplication in the second equation is valid since series (3.3) converges in

Lo[—n,n] with respect to x. This implies by Cauchy—Schwarz inequality

2

/ /B(t)q)B,U(ta y) dt - QWDB,U(y) dy <
g n 2
~ 1 ) ~
< 47?2/ < g |B(y + 21/0)|2) E 2—/B(t)e_l(y+2”0)t dt — B(y + 2vo) dy <
T
VEZ VEZ

—0 —n

2

o 1 n ' R
< AT Dp || oc-o,01 / 2|5 / B(t)e W)l dt — B(y + 2vo)| dy =
g VEZ S

n 2

1 . ~
47| Dalinine [ |5 [ B dt~Bly)| dy 0.

2T n— 00
R -n

Finiteness of the value || Dp,||1..[—0,0] is ensured by Remark 1. O
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Denote by Sg, the space of functions s defined on R and representable in the form

=> BB (x - —> . BEbL(T) (3.7)

JEZ

Remark 2. If the functions { B (- — ) }jeZ form a Riez system in Ly(R), then for every function s

S

JEL

of the form

the inclusions s € Ly(R) and § € ¢5(Z) are equivalent. In this case Sg, is a subspace Ly(R).

For 0 < p < o, let Sg,, be the space of functions s in Sg, that can be represented as (3.7)

with the additional condition

Zﬁj Ty _ =0 foralmostall p<|yl <o

JEL
(convergence of the series is interpreted in Ls[ —o, 0]). When p = o by Sp,, we mean Sg,.

Remark 3. If the functions {B ( — %’r) }jeZ form a Riez system in Ly(R), then forevery 0 < p < o
the spaces Sg,, are closed in Ly(R) (see., for example, [36, Theorem 1.1.2]).

Let s € Sp,, be the function of the form (3.7). Put

CBO’Sy Zﬁj

JEZ

Clearly, (g,(s) € Ly| —o,0]. Furthermore, (g, (s,y) = 0 for a.e. p < |y| < o. This implies, by

Parseval’s equality for product of two functions, the following representation of s:
p
= /CB,U(SMU)(I)B,U(‘TJ?J) dy (38)
Conversely, if the function s is defined by

- / () ®p(z,y) dy

for some ¢ € Lo[—p, p|, then s € Sg,, and it admits representation (3.7) with coefficients

P
1 g
P = — Yol € 7.
B; 2U/C(y)e dy, je€
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If B is the B-spline

s m+1
Y — 1 .
BGWL('I) :/<e iZy > e dy,
4 o

we find that Sp, coincides with the space of splines S, ,. The corresponding functions ® 5, were
introduced by Schoenberg (see [35]) and are called ezponential splines.
In general situation under consideration formula (3.8) is a continual analog of decomposition

over orthogonal bases in finite dimensional spaces of shifts of periodic functions (see Chapter 1).

Remark 4. It is known (see. [36, Proposition 1.1.9]) that s € Sp, if and only if the Fourier
transform of s if of the form 5(y) = B\(y)(Bﬂ(s, y) for some (g ,(s) € Lo[ —0,0]. By the definition
of the space Sg , the inclusion s € Sg,, is equivalent to the fact that the Fourier transform of s
is of the form s(y) = E(y)CBJ(s,y), where (p,(s) € Lo[—0,0], (go(s,y) = 0 for almost every
p<lyf<o

Further we assume that the functions {B (- — &) }jeZ form the Riez system in Lo(R).

Let S} be the space of functions s € Sg,, for which in representation (3.7) we have

B,o,p
B € {,(Z). Obviously, Si, , is dense in Sp ;.
Lemma 1. If s € Si, ,, then
oS, (I) U t dt 3.9
(Bo(sy) = 27TDBU /8 Bo(t,y) (3.9)

R

where convergence of the integral on the right-hand side is interpreted in Ly —o, o).
Proof. First we note that for every a,b € R, a < b, the following inequality holds:

2 1/2

o b

/ / B()@p,(Ly)dt —27Dp,(y)| dy | < V2rIDuolY? 1Bl

—0 a

Indeed, similarly to the proof of the proposition ®4, we obtain the estimate

o b 2 1/2
/ /B(t)q)B,a(t’y) dt_Qﬂ—DB,a(y) dy <
1 y _
27THDBUHLOO[_M] / %/B(t)e v dt — B(y)| dy :
R a

which implies the required inequality by Parseval’s identity.
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For n € N, by formulas (3.7), (3.6), property ®2, and Minkowski inequality, we get

ol n ) 1/2

/ /S(t)q)Bp(tv y) dt — 27TDB,O’(y)CB,U(S7 y) dy =

2 1/2
ZB] ( ) q)BU t y dt - 27TDBO’( )CB,U(Say) dy -
Jo |I€Z -
2 1/2
ZBJ 000 (1420 ) i = 21D )Goalsc)| v | =
JEZ "
n 2 1/2
/ Z Bje_i%ﬂy / B(t)®p,(t,y)dt —2nDp ,(y) dy <
Yy ez i
jm 2 1/2
< Z |6j| / / B(t)q)B,cT(t? y) dt — 27TDB,G<y) dy m 0.
JEL o in

Termwise passing to the limit is valid, because for every j € Z the expression in brackets tends
to 0 by property ®4, while summability of S and the remark at the beginning of the proof provide

the estimate

) 2 1/2
Jjm
o| "5

S| [| | BoSsid-2eDuat)| dr| <

jez o
o

1/2
< V2| Dp ol oot 1Bllam D 18j] < 0.

jez

Term-by-term integration over a finite interval is valid since for every n € N we have

/Z\ﬂ]

JEZ

(t——)‘]q)ggty | dt = Zw/'B (t—%)’@m(t,y)\ dt <

JEZ

1/2

) /2 /o,
<15 / ()] / Oaty)fdt ] <
1/

JEZL

2
< 1Bllace) /|<1>BU to)fd| 15 < oo

JEZ
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The following theorem is an analog of the Plancherel theorem for elements of spaces of shifts.

Lemma 2. If S,s € S, then

[ 1s@ds =25 [ caats. ) Dol 3.10)

R —p

/S(a:)mdx = 27r/CB,U(S,y)(BJ(s,y)DB,a(y) dy. (3.11)

Proof. Let us prove (3.10). It suffices to check the equality for s € SIBQP; it will hold for s € Sp,,
by continuity.
Using (3.8) and (3.9), we derive to

[stae = [ st (5@ / oo (5:9) oo, 9) dy i =

p n

= nh—>nolo CB,U(SJ y) /@®B,U(x7 y) dz dy =

—p —n

n

p p
= lim [ Cpo(s,y) / s(2)®Ppy(z,y) drdy =2 / ¢80 (5,9)” Dp.o(y) dy.

n—oo
—p -n —p

Passage to the limit under the integral sign is valid by Lemma 1.

Interchanging the order of integration is justified since for any n € N the function

(337 y) = %CB,U(& y)(bB,U(x7 y)

is integrable on [—n,n] x [ —0, 0]. Indeed,

1@ [ IGaa(s i)l @50 dydo <
) ) 1/2

g 1/2n (o2
< / Coo(s,9) 2y / 1s(2)| / By (e )Py | dr <

> 12, , 12, 0 o 1/2
<\ [Kaatsfay) | [is@paz) | [ [1@natnfayar | <o
Formula (3.11) is derived from (3.10) in a standard way. O

The Fourier transform and the partial Fourier integral of the function f € Ly(R) with respect
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to the system ®p, are defined as follows:

o) = g [ TOFn D) a1 (3.12)

p
JB,U,p(fa l’) = /CB,J(fa y)q)B,U(m7y) dyv O < P < g.
—-p

Let us show that the integral on the right-hand side of (3.12) converges in Ly —0, o]. It suffices

to prove that the sequence

yr—>/f(t)<I>B7g(t,y)dt (3.13)

neN

is a Cauchy sequence in Ly[ —0, o]. Take £ > 0. Since the sequence

yl—>/f(t)e_iytdt

neN

is convergent in Ls(R), there exists such number N € N that for every n,k € N, n > k > N, the
following inequality holds:

2

. €
f)e ™ dt| dy < .
/ / 1Dl Lo ~0.0]

R | [—n,n]\[—k,k]

Therefore, for such n and k, we have the estimate

2
2 o

o n k
[ r0smma- [sevaiid a=[| [ oSt a-
o Fn K Zo | [—nal\[ k]

2
o

= / > By + 2vo) / f(#)e "Wt a) dy <

—o |VEZ [—n,n]\[ k]

2
o

Dsollnian [ | ][ sl |y

—o \"SZ | —nn]\[—k,k]
2

= HDB,UHLOO[—U,U]/ / fe ™ dt| dy <e.

R | [—n,n]\[—k,k]

This means that (3.13) is a Cauchy sequence in Ls[ —0, 0.
Since 1/Dp s € Loo[—0,0], we get (po(f) € Lo[ —0,0], which implies Jp, ,(f) € Sp,,, and,
in particular, Jg,,(f) € L2(R).
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Furthermore, for f € Ly(R) and s € Sg,,,, by formulas (3.8) and (3.12), we obtain

n

/ FO)st)dt = lim [ f(t)s(t)dt = lim / f(#) / Cbo(s,9) P (t,y) dydt =

—-n

- lim <B; o /f (OFnalt. y)dtdy—mr/cgg 50)Ca0(f9) Dioly) dy,

n—oo
—p —p

while the equality (3.11) yields

/JBap<f7 ) ( dt_Qﬂ-/(Bo S yCBcr(fa )DBU'( )d

R

This implies that f — Jp,,(f) L Spep, i-e., that Jp,,(f) is an orthogonal projection of f on

Sp,p- In addition,

p
21 [ [Coo(fs )" Do(y)dy = [ [Jpop(f,2)[ de < [ [f(2)] de.
/ / /

(3.14)

Now we provide an explicit expression of the new Fourier transform and best approximation

by spaces of shifts in terms of trigonometric Fourier transform.

Lemma 3. If f € Ly(R), then

CBU +2/€0’) (5 Lg[—()’,()’]7
7 kez
- 2
E*(f,Spgp)2 = 21 /(f dy — /D > " By +2ko) f(y + 2ko)| dy
Bo'
R keZ

Proof. By formulas (3.12), (3.3) and the Cauchy-Schwarz inequality, we have

o 2

/

—0

~

> " B(y + 2ko) f(y + 2ko)

keZ

ng(fa y) - dy =

1
DB,U(Q)

Z B(y + 2ko) / F)e Wkt g £y 4 2ka)|| dy <
)
2

i 1 . —~
< lim / > o / F()e W2kt gy _ fy + 2ko)| dy =
o kez | 7T 2

n—00
R

= lim %/f(t)e_iytdt — fly)| dy=o0.

(3.15)

(3.16)
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Using properties of orthogonal projection, we get

E*(f.8B.0p)2 = If = Jp.0pf L@ = 1£ 1@ = 1/Bonf I Lum)-

This implies, by the Plancherel theorem and formulas (3.14) and (3.15), the following equality:

EX(f,Sneps =2 [ |F) dy— 2 [ 1Coo () Dol dy =
R —p

— o R/f(y)rdy_ZDBi(y)

2

dy

Z E(y + Qka)f(y + 2ko)
keZ

]

Note that particular case of Fourier analysis in spline spaces was developed by Vinogradov

in [3] and was used to obtain sharp in Jackson’s inequality.

3.3. Main results

Given a complex-valued function v defined almost everywhere on R, denote by 7, the set of
functions ¢ € Lo(R)for which the product y@ also belongs to Ly(R). Next, denote by §., the space

of functions f whose Fourier transform has the form
=70, ¢eT, (3.17)

By definition, §, is a subspace of Ly(R).

Note the two particular cases of §,.

1. If 7 is the Fourier transform of some G € L;(R), then §, is the class of convolutions with
kernel G. In this case, T}, is the whole Ly(R).

2. It y(y) = @, r > 1, then §, is the Sobolev space Wi (R). In this case, T, consists of the
rth derivatives of functions in W\ (R).

Observe that, in what follows,  need not be integer unless specified otherwise. Recall in this

connection that the Weyl fractional derivative of f is defined in terms of the Fourier transform:

~

FO(y) = (i) Fly).

Let A be a subset in R of finite Lebesgue measure. The symmetrization of A is the interval

= (o )

Given a real- or complex-valued function f on R with f(z) — 0 as x — oo, denote by f* the
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symmetrically decreasing rearrangement of | f|, i.e.

o0

[ (x) = /X{xER: f(2)|>t= () dt.

0

Note that if f is continuous then so is f*.

Theorem 1. Suppose that 0 < p < 0, B € Ls(R), the set QQ C R is empty or finite, and the

functions {B ( )} g cOnstitute a Riesz system for Ly(R). Suppose also that v: R\ Q — C
satisfies the conditions:

e 7 is continuous on R\ @, v(y) — 0 as y — oo;
o |v(y)| = o0 asy — q for all ¢ € Q.
Then the following statements are equivalent.

1. For every function f € §, of the form (3.17) the following inequality holds:
E(f,Sp0s)y <7 (0)¢llLaw) (3.18)

2. The functions B and v satisfy the following conditions.

2.1. For almost every y € (—o,0) \ (—p,p) and all k € Z, the inequality |y(y + 2ko)| < v*(p)
holds.

2.2. For almost all y € (—p, p) there exists at most one number k, € Z for which we have
v(y + 2k,0)| > ~*(p). Moreover, whenever such a number k, ezists, the following
conditions are satisfied.

2.2.1. B(y + 2k,o) # 0.

2.2.2. For every k € 7 the equality |y(y + 2ko)| = v*(p) implies E(y + 2ko) = 0.

) 2
5 |B(y + 2ko)| -

kEZ: |7(y + 2]{50‘)|2 — (7*(p))2 =

[v(y+2ka) |#7v* (p)

The constant v*(p) on the right-hand side of inequality (3.18) is sharp.
Proof. In view of (3.16) and (3.17), we can rewrite inequality (3.18) as

2
/w REOIE /DBU

2
By + 2v0)y(y + 200)@(y + 2v0)| dy <

VEZ

(7 (0))? / () Pdy.

R

N\
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This shows that for the fulfillment of this inequality, it is necessary that, for almost all y € (—p, p)
the inequality |y(y+2v,0)| > 7*(p) holding for some v,, € Z implies that ]§(y—|—21/y0) # 0. Indeed,
suppose that there exists A C (—p, p) with mes A > 0 such that for every y there is v, € Z for
which |y(y + 2v,0)| > 7v*(p) but By + 2vy0) = 0. Given € > 0, we put

g, (Q =4d
(252: Lé(q—_€7q_kg)7 (Q:# <.

Then, for some ¢ > 0 the set A\ Q). satisfies the same conditions as A. Furthermore, if & = xa\q.,
then ¢ € T, and, hence, the desired inequality fails for @ = xa\q.-
Representing the integral over R as the sum of integrals over intervals of length 20, rewrite

the inequality as

g

/ S oy + 200 I3 (y + 2ko) Pdy—

keZ
o/nl)Bo' )

2
S Bly + 200)1(y + 200)3(y + 2v0)| dy <

veZ

/Z|g0 + 2ko) [2dy.

keZ

The last inequality is equivalent to the system

> Iy +2k0) P18y + 2ka) P < (v (0))* Y 18(y + 2ko) P,

keZ k€eZ

for a.e. y € (—o,0) \ (—p, p),
2

Z V(y + 2ka) |?|P(y + 2ko)|? Z B(y + 2vo)y(y + 2vo)p(y + 2vo)| <
kez DB"

< () Iply + 2/’<f0)|2 for a.e. y € (—p, p).
kEZ

Indeed, the system obviously implies (3.18). Conversely, suppose that (3.18) holds but at least
one of the inequalities of the system is violated; i.e., there exists A C (—o,0) with mes A > 0,
such that for all y € A some of the inequalities of the system fails. As above, we conclude that
the same holds for A\ Q. for some ¢ > 0 and for ¢ = x4\g. we have ¢ € T, and then (3.18) fails
for = xa\q.-

Using analogous considerations, we conclude that the first inequality in the system holds if and
only if condition 2.1 is fulfilled. The second inequality is obvious for those y € (—p, p) for which
|v(y + 2ko)| < v*(p) for all k € Z. Therefore, henceforth we will consider only those y € (—p, p)
for which |y(y + 2ko)| > v*(p) for at least one k. Moreover, we may assume that y + 2ko ¢ () for
no k € Z. Then {@(y + 2ko) }rez can be any element f5(Z). In this case, the desired inequality is
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equivalent to the fact that the quadratic form

(Ayu, )iy = Y (Ir(y +2k0)] = (7' (0)?) Jusl*~

k€EZ
2

]_ —~_  _
- B(y + 2vo)y(y + 2vo)u,
DB,U(y) %

is nonpositive. Here u € f5(Z) and the operator A,: lo(Z) — (5(Z) is defined by the formula

(Ayu)r = (I7(y + 2ka)|* = (v*(p))?) ur—
B 2ko + 2ko ="
— v+ DBZSJ) ) % B(y + 2vo)vy(y + 2vo)u,.

Since A, is compact, the nonpositivity of the quadratic form of A, is equivalent to the nonpositivity

of all eigenvalues of A,, i.e., to the fact that the system of equations

(I(y + 2ka)* = (v (p))* = A) wi—
By + 2;2)7(;3/) + 2ko) va(y +2vo)u, =0, keZ

(3.19)

has no positive roots A for u # O.
Observe that if there exist two distinct k, k' € Z for which

V(y 4 2ko)| = |y(y + 2K'0)| > v (p),

then (3.19) obviously has the positive root

A=y + 2ko)]> — (v*(p))?

for

1 1

= y Uy = T ——— )

B(y + 2ko)vy(y + 2ko) B(y + 2k'o)y(y + 2k'0)
w =0 forleZ\{kKk'}.

U =

Suppose that there are no two such numbers. If

Z B(y + 2vo)y(y + 2vo)u, =0,

VEZL

then
(In(y + 2ko) P = (*(p)* = A) wp = 0

for all k € Z. For each positive A, the expression in the brackets can vanish at most for one integer;
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denote it by k’. Then u; = 0 for all k # k'; therefore uy # 0. It follows that E(y +2Ko) =0
which, as we have demonstrated, is impossible for |y(y + 2k'a)| > v*(p).

Consequently, S B(y + 2v0)7y(y + 2vo)u, # 0, and then
VEZL

Yy + 2K 0)]> = (4" (p))* = A # 0
since B(y + 2k'c) # 0. Dividing (3.19) by
Yy + 2k0)[* = (v*(p))* = A,

multiplying it by E(y + 2ko)y(y + 2ko) and summing up over all integers k, we obtain

Z By + 2ko )y (y + 2ko)up—
keZ
\B (y + 2ko)|? =
By +2vo)y(y+2vo) | =0,
e 2 [l T 2R )P — (e (I \ 2 B+ 2oy 2v)

which is equivalent to

~ ]B y + 2ko)[2|y(y + 2vo) |2
By 12 ’ .
> |Bly+ 20 Zwywko 12— (v (p))2 — A

VEZL

Combining the terms on one side and reducing all to the common denominator, transform the

equation to the form

= Bly + 2ko)l* = 0. (3.20)
~ Iy +2ko)? = (v*(p))* — A

Put Il ={k € Z: |y(y+2ko)| > v*(p)}. Since y(y) — 0 as y — oo, the set Il is finite. Suppose
that II contains at least two elements. Note that all positive zeros of the denominators in (3.20)
are different since for k, k' € II, k # k', we have |y(y+ 2ko)| # |y(y + 2K 0)|. Let A\; and Ay be two
consecutive positive zeros of the denominators in (3.20). Clearly, on (A1, A2) the function ¥, is
continuous and strictly increasing from —oo to +oo. Therefore, U, (A*) = 0 for some \* € (A1, Ag).
Henceforth, we will assume that |y(y + 2ko)| > v*(p) for a unique k, € Z.

If condition 2.2.2 is not fulfilled, ie., |y(y + 2k'c)| = ~*(p) for some k' € Z but
B(y + 2k'c) # 0, then, since ¥, is continuous and increases strictly from —oo to +oo on
(0, |v(y + 2k,0) > — (v*(p))?), equation (3.20) has a positive root. If condition 2.2.2 is fulfilled

then (3.20) can be rewritten as

B + 2ko)|?
Z |B(y )|

= V(Y + 2k0) [ = (v*(p))* — A
|y (y+2ka)|#y* (p)

=0.

For A > |v(y + 2k,0)|* — (v*(p))?, all denominators on the left-hand side of the last equality are
negative and the term on the sides increases strictly in A to +o0o on (0, [v(y + 2k,0)]* — (v*(p))?).



147

Therefore, the absence of positive roots for the term is equivalent to its nonnegativity for A = 0,
i.e., to condition 2.2.3.

Show that inequality (3.18) is sharp. Suppose that (3.18) holds with the constant v*(p) replaced
by some K < ~*(p). Using the same arguments as above, we conclude that this inequality is
equivalent to the conditions of assertion 2 with v*(p) replaced by K. Show that such conditions
cannot be fulfilled. Indeed, consider Ax = {y: |v(y)| > K}. Since K < v*(p), we conclude that
mes Ag > 2p. On the other hand, assertions 2.1 and 2.2 imply that

A C{y+2kyo:y € (—p,p), ky € Z is unique for each y}.

Therefore, the condition mes Ax < 2p must be fulfilled. Thus, the constant v*(p) in (3.18) cannot
be decreased. O

We will address the question of the sharpness of (3.18) in terms of average widths at the end
of the chapter.

Theorem 1 can be strengthened in the standard manner.

Corollary 1. If, under the assumptions of assertion 2 of Theorem 1 the Fourier transform of
B has the form B = V@Z for some ¢ € T, then every function f of the form (3.17) satisfies the
nequality

E(f.8B.00)y <V (P)E(#,S0.00),

Proof. Let s be an element of best approximation of ¢ by Sy, ,. By Remark 4,
75 =1¢¢ = BC,

where ( € Ls[—0, 0], ((y) = 0 for almost every p < |y| < 0. Hence, 75 is the Fourier transform of

some function in Sg, ,; we will denote it by s. Applying Theorem 1 to f — s, we obtain

E(f,SBop)y =E(f —5.SBop)y <V (0)e = sllam =7 (0)E(@, Sp.op),-

[]

Let us formulate some particular case of Theorem 1 for the approximation of convolution

classes.

Corollary 2. Suppose that 0 < p < 0, B € Ly(R), G € L1(R), while the functions {B ( — %r) }jeZ
form a Riesz system for Ly(R). Then the following are equivalent.

1. For every function f representable as
f:G*Sov QOGLQ(R),

we have the inequality
E(f,SBap)y < G (0 #l Lo
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2. The Fourier transforms of B and G satisfy the following conditions.

2.1. For almost every y € (—=o,0) \ (—p, p) and all k € Z we have |G(y + 2ko)| < G*(p).

2.2. For almost every y € (—p, p) there exists at most one number k, € Z for which
Gy + 2k,o)| > @*(,0) Moreover, if such k, exists then the following conditions are
fulfilled.

2.2.1. B(y + 2k,0) # 0.

2.2.2. for every k € Z the inclusion |CA}(y +2ko)| = C/J\*(p) implies B\(y + 2ko) = 0.

2.2.5. R
Z |B(y + 2ko)|?

— — >0
ez |Gy +2k0)2 = (GH(p))?
|G (y+2ka)|£G* (p)

If the absolute value of the Fourier transform of G decreases symmetrically then Corollary 2

can be simplified.

Corollary 3. Suppose that0 < p < 0, B € Ly(R), G € Li(R), while the functions {B ( — %r) }jeZ
form a Riesz system for Ly(R), and |@| decreases symmetrically and is not constant in some

netghborhoods —p and p. Then the following statements are equivalent.

1. For every function f representable in the form
f=Gxp, e LR),

we have the inequality
E(f,SB.yp)y < 1G()ll¢]lLar)-

2. For almost all y € (—p, p), we have B(y) # 0 and

3 By + 2ko)|?
(e Gy +2ko)2 |G (o)~

Proof. As was observed at the beginning of the section, for the convolution classes with integrable
kernel G we have v = G, and T, is the whole Ly(RR). Since |G| decreases symmetrically, we have
v*(p) = |G(p)|, assertion 2.1 of Corollary 2 is fulfilled automatically, and k, of assertion 2.2 is
equal to zero for all y. The nonconstancy of |CA; | in some neighborhoods of p and —p together with

symmetric decrease imply that for all y € (—p, p)
{k € Z: In(y +2ko)| =" (p)} = {k € Z: |G(y + 2ko)| = [G(p)]} = .

Therefore, assertion 2 of Corollary 2 takes the above form. [

Similarly, Theorem 1 gives the following assertion for the approximation of Sobolev function

spaces.
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Corollary 4. Suppose that r > 1, 0 < p < 0, B € Ly(R) while the functions {B ( — %)}jez

form a Riesz system for Ly(R). Then the following statements are equivalent.

1. For every f € WQ(T) (R) we have the inequality

1 T
E(f7 SB,U,p)Q < EHf( )HLZ(R)'

2. For almost every y € (—p, p), we have B\(y) #0 and

B(y + 2ko)|?
Z| (?f‘F o)l >0,

1 =
kez (y+2ko)?  pPr

3.4. Sufficient conditions
Let us give some condition sufficient for the fulfillment of 2.2.3 of Theorem 1.

Theorem 2. Suppose that 0 < p < 0, B € Ly(R), the set Q C R is empty or finite, and the
functions {B ( — jl)}jez constitute a Riesz system for Lo(R). Let the function v: R\ Q — C

oz

satisfy the conditions:

e 7 is continuous on R\ Q, ~v(y) = 0 asy — oo;

e |v(y)| = o0 asy — q for all g € Q.
Suppose also that B and v satisfy the following conditions.
1. For almost every y € (—o,0) \ (—p, p) and all k € Z we have |y(y + 2ko)| < v*(p).

2. For almost every y € (—p, p) there exists at most one number k, € Z for which

|v(y + 2k,0)| > v*(p). Moreover, if such k, exists then the following conditions are fulfilled.

2.1. E(y+ 2kyo) # 0 an for all k € Z

~

~ |B(y + 2ky0)|

B(y +2ko)| < v(y + 2ko)|. 3.21
By + 280)| < Sy + 2k0) (321)

2.2. For every k € Z, the equality |y(y + 2ko)| = v*(p) implies B(y + 2ko) = 0.

2.5.
1

> 1 — 002 = 0. (3.22)

keZ: - +2ko)|2
e PR S A

Then for every function f € ., of the form (3.17) we have the inequality

E(f7 SB,U,p)Q < '7*(:0)”90HL2(R)‘
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Proof. Tt suffices to check condition 2.2.3 of Theorem 1; the remaining conditions in the second
assertion of Theorem 1 coincide with the assumption of Theorem 2. Since for £ # k, all the

denominators are negative, using (3.21) and condition 2.3, we get

B + 2ko)|?
3 | By )|

= hy+2ka))P = ()2~
|y (y+2ko)|#v* (p)
- |B(y + 2k,0)|? Z ;2>0 u
= 2 (v*(p)) -
7 (y + 2k,0)] PR Rl o T
|y (y+2ka) |#v* (p)

Remark 5. The series on the left-hand side of (3.22) converges if and only if for some A > 0 we
have yxgr\(-a,4) € L2(R). Since the left-hand side of (3.22) contains only one positive term, this

series can diverge only to —oo.

Note the particular cases of Theorem 2 for classes of convolutions with symmetrically decreasing

absolute value of the Fourier transform of the kernel.

Corollary 5. Assume that 0 < p < 0, B € Ly(R), G € Li(R) N Ly(R), while the functions
{B ( — jl)}jez form a Riesz system for Ly(R), and the Fourier transforms of B and G satisfy

oz

the following conditions.
1. |CA¥| decreases symmetrically and is nonconstant in some neighborhoods of —p and p.

2. For almost every y € (—p, p) we have E(y) #0,

~

|B(y + 2ko)| < | Gy + 2ko)| for all k € Z,

—_

—_———— >0. 2
Z _1Gp)? 0 (3:23)

1 _
kez |G (y+2ka) |2

Then every function f representable as
f:G*gO, ¢€L2(R>7

satisfies the inequality
E(f, SB,J,p)Q < |G(p)”|90||L2(R)'

Henceforth, we assume that B satisfies condition 2.1 of Theorem 2 (r the corresponding
condition of Corollary 5).

Let us give some conditions under which the product of functions ~, satisfying the hypotheses
of Theorem 2, also satisfies these conditions.

The following Lemma is be proved the same way as LLemma 1.3, but we give this proof for

completeness.
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Lemma 4. Suppose that functions v and o satisfy the following condition.

2.8’ For almost every y € (—p,p) ui = 1,2 there exists at most one number k,(~;) € Z for
which |vi(y + 2ky (7)) > |7 (p)|. Moreover, if such ky(~;) exists then

1 .

keZ: — vi(y+2ko)?
[vi (y+2ka) |#; (p)

If
{zeR: ()] >11(0)} = {z € R: [72(2)] > 12(p)},
{zeR: ) =71} = {z e R: [72(2)] = 12(p)},

then the function v = 17 also satisfies condition 2.5’.

(3.25)

Proof. For almost every y € (—p, p) put

Ly ={k € Z: |y(y + 2ko)| # 7" (p)}-

Note that conditions (3.25) imply
7 () = () (p);

Ly={k € Z: |m(y +2ko)| # i (p)} = {k € Z: |7(y + 2ko)| # 75 (p)},

and ky(v1) = ky(y2) = ky(7y) for almost every y € R.
For almost all y € (—p, p) put

e = ug(y) = (75 (p))

o — o () = 03P
Tty 2k )

ey + 2ko) 2

Then for almost every y € (—p, p) we have 0 < up, < 1,0 < v, <1, and u > 1, v, > 1 for all
k € Z\ {ky}. Desired inequality (3.24) for the function 7 is equivalent to

1 1
sy (3.20
1-— ukyvky keLy\{ky} ULV — 1
while condition (3.24) for v, and 7, can be rewritten as

1\ 1\
o (5w e ()

keLy,\{ky} keLy\{ky}

This implies
1 1
>

) )
keLy\{ky} u — 1 keLy\{ky} vp — 1

On the other hand,
1 1
- < - -
Z ’LLk’l)k—l\ Z uk—l—vk—Q

keLy\{ky} keLy\{ky}
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Therefore, for proving (3.26), it suffices to show that

1 1
P (= V(s 1)

keLy\{ky} u, — 1 keLy\{ky} v — 1
Applying Lemma 1.2 to z;, = ﬁ, Yp = ?171, k e L, \ {k,}, we obtain what was required. O

Remark 6. By induction, the claim of Lemma 4 holds for the finite product of v;; and passage

to the limit yields the assertion also for a countable collection of ;.

3.5. Examples

Let us give some examples of the functions 7 satisfying the hypotheses of Theorem 2 for all p < o.

1
L y(y) = o T2 b
This in particular implies some sufficient condition for the extremality of the shift spaces for

the Sobolev function classes on the axis.

Corollary 6. Suppose that r > 1, 0 < p < 0, B € Ly(R), while the functions {B ( — %)}jez
form a Riez system for Ly(R), and the Fourier transform of B satisfies the following conditions.

for almost every y € (—p, p), we have E(y) #0 and
ly + 2ka|"| By + 2ko)| < |y"|B(y)| for all k € Z.

Then for every function f € Wz(T) (R), we have the inequality

1 r
E(f7 SB,O’,p)Q < ;Hf( )HL2(R)'

2. [y(y)| = m

3. v(y)| = e‘ﬁ|y|5, roe 6 = 2, 3> 0.

The corresponding inequalities (3.22) for such functions 7 were proved in Chapter 1

,where o e Nora+ 1 eN,ae R\ {0}.

(Examples 1.1-1.3); therefore, in this chapter, we give them without proofs. Example 1.4 also
implies that for the Fourier transform of the Poisson kernel y(y) = e~ a > 0, condition (3.22)
is satisfied in general not for all a.

Let us deduce one important consequence of Examples 2 and 3.

A function K defined almost everywhere on R is called totally positive if for every n € N and

almost all real x;, and ¢; such that
T < .ooo < Ty, 11 <...<1y,

the determinant of the matrix (K (z) — tj))Zj:l is nonnegative. Henceforth, we will denote by
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v(p) the number of essential sign changes for a real-valued function ¢, i.e.,

v(p) =sup S [p(t1), (ta), ..., p(t,)],

where S~ [z, z9, ..., x,] is the number of sign changes for a set of reals (1,2, ..., 2,) (the zero
terms are eliminated) and the supremum is taken over all n € N and and all possible ordered sets
of real numbers t; <ty < ... <t, (see. [29, § 1.3]). It is said that a function K € L;(R) does not
increase oscillation if v(p x K) < v(p) for every ¢ € Li(R).

Theorem A (|29, § 1.5]). Let K € Li(R) be a nonzero function. Then the following statements

are equivalent.
1. K s totally positive.

2. K is almost everywhere nonnegative and does not increase oscillation.

~ 1
3. The Fourier transform of K is of the form K(z) = m, where Y belongs to Laguerre—Pdlya
iz
class, 1.e.,
P(z) = (g7 +0z H(l — agz)e
k=1

C>0, a=0, 6da,€R, 0<a+ZaZ<+oo.
k=1
Thus, since for a totally positive function K € L;(R),the absolute value of the Fourier transform

looks as
o0

H 1V 1 +ak22

(with the same conditions on the parameters as in Theorem A), by Remark 6, Examples 2 and 3

2

1K (2)] = =e @ z € R,

give the following assertion.

Corollary 7. Suppose that 0 < p < o, B € Ly(R), while the functions {B( )}]ez form a
Riez system for Ly(R), and K € Li(R) is totally positive. Then for every function f representable

as
f=Kxp, ¢eL(R),

the following inequality holds:

E(f.SB0p), < 1K ()lll¢llLo@)

Suppose that G satisfies (3.23), and |G| decreases symmetrically and is nonconstant in some
neighborhoods —p and p. Then the examples of functions B satisfying the hypotheses of Corollary 5

for all p < o are given by functions with the Fourier transforms of the form

~

B(y) = G(y)v(y),
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where v satisfies the following conditions:

e there exist A, B > 0 such that for almost every y € (—0o,0), we have

A< ey + 2k0)* < B;

kEZ

e for almost every y € (—p, p), we have ¥ (y) # 0 and | (y + 2ko)| < | (y)]| for all ke Z\ {0}.

If ¢ is the Fourier transform of a function K € L;(R) then such a function B is simply G * K.
In particular, we can take as K each function in L;(R) or which the absolute value of the Fourier
transform decreases symmetrically and is nonconstant in some neighborhoods of—p and p.

The examples of the functions B, satisfying the conditions of Corollary 6 for all p < o are

given by the functions with Fourier transform of the form
N eity — 1\ "t
B(y):(w) V(Y), HEZLy, p+1lzr,

where 1) satisfies the same conditions. If ¢ is the Fourier transform of a function K € L;(R) then
such a function B is the Steklov average of order pu + 1 of K.
In particular, this implies inequality for the approximation of functions from WQ(T) (R) by splines.

Let us formulate this assertion.

Corollary 8. Letr > 1,0 >0, p € Zy, u+ 1 > r. Then for every function f € WQ(T) (R) the
following inequality holds:

N 1 -
B(f80)y < 215 ey
If r € N then every f € WQ(T) (R) satisfies
N 1 ") &
E(f7 SO’,M)Q < ;E(f ) So‘,u—r)Q'

The claim of Corollary 8 was obtained in [17] for » € N, and is new for r noninteger.

3.6. Average widths

Recall the definitions of average dimension and average width in the sense of Kolmogorov using
the notations of [14].
Let D, be the closed unit ball in L,(R). For A > 0 and a function f on R, we put

f@), [t < A,
0, it| > A.

Paf(t) =

The value
d,(Y; X) =inf sup inf ||z —y|x,

Xn zey YEXn
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where the first infimum is taken over all subspaces X,, of X of dimension at most n, is called the
Kolmogorov n-width of the set Y in the normed space X.
Let H be a subspace in L,(R), p € [1,+0o0]. For e, A > 0, we put

K(e, A H) = K(e, A, H, L,(R)) = min{n € Z. : d,(P4(H N D,), L,(R)) < &}.

The value

—— = K(e, A H, L,(R
Tim H — @ (H, Ly(R)) — lim lim oA Lp(R))
e=20+ 45100 2A

is called the average dimension of H in L,(R).

It is known (see. [14, Lemma 2.1]) that the average dimension of the spline space S, and
the space of entire functions of type at most o in L,(R), p € [1,400], is equal to <. Moreover, it
follows from |38, Theorem 1] that if the series

2

jJET

converges uniformly in x on any segment then

dim Sng = —

Let p € [1,400]. The average Kolmogorov v-width of the set X in L,(R) is defined by

d,(X;L,(R)) = inf inf ||l — :

(X5 Ly(R)) = inf sup inf |z =y,

where the first infimum is taken over all subspaces X, in L,(R) of average dimension at most v.
It follows from [32, Theorem 6| that the function class

Wy (R) = {f € La(R): f =G x o, ¢l <1, G € Li(R)}

satisfies
dz (W§ (R); La(R)) = G*(0).

Note that in [32, Theorem 6] the authors also require the fulfillment of the condition G € Ly(R),
but the latter is not required in the proof.

The Sobolev function classes with natural r on the axis satisfy the equality

—_— 1
dz (W (R); Lo(R)) = —

(see [14, Theorem 4.2]).
We will extend these results to the class §,. To this end, we introduce some notation.

Given A C R, let B 4(R) be the space of functions f € Lo(R) with supp f C A.



156

Denote by %’}/ the set of f € §, such that ¢ in the representation

=%, ¢eT, (3.27)

satisfies the condition ||¢lls < 1.

We will also need the following auxiliary assertions.

Theorem B ( |9, Theorem 1|). Let A C R be a Jordan measurable set of finite Lebesgue measure.

Then
mes A

dim (Ba(R), La(R)) = 5

Theorem C ( [32, Theorem 5|). Let A C R be a Jordan measurable set of finite Lebesque measure
mes A

and >v>0. Then

" d, (Ba(R) N BLy(R), Ly(R)) = 1.

Theorem 3. Suppose that p > 0, a set Q C R is empty or finite, and a complex—valued function

v satisfies the following conditions:

e 7 is continuous on R\ @, ~v(y) — 0 as y — oo;

e |V(y)| = oo asy — q for all ¢ € Q.

Then
ds (85, La(R)) = 7" (p).

Proof. 1. The upper estimate. Put

A, ={y e R: v(y)| > 7" (p)}-

Show that the sets A, are Jordan measurable for almost all p Indeed, the boundary of A, lies in
the set

B,={y eR: [y(y)l =" (p)},

which can have nonzero measure only for at most countably many values p. Moreover, it is clear
that mes A, < 2p. Take ¢ > 0 and consider the Jordan measurable set A D A, for which
mes A < mes A, 4 2me. Then, by Theorem C,

- mesA _p

dim (B4(R), L2(R)) = <~ +e.

27 T

For f € 3; of the form (3.27), denote by I'; the function from B 4(R) for which f‘; = J/C\XA = YPxa.
Since |y| < v*(p) na R\ A, we have

E(f,BaR); < ||f = T4ll3 = 2n|[f = Ts|l3 = 27 / V212 < (7 ()2l
R\ A
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Owing to the arbitrariness of ¢, this implies that
de (8, Lo(R)) <~*(p).
2. The lower estimate. Given € > 0, denote by A. some Jordan measurable subset of
{y eR: y(w)l >"(p) — ¢}

whose measure is greater than 2p. By Theorem B, the average dimension of B4, (R) is greater
than B, and, by Theorem C,
T

de (B4, (R) N BLy(R), Ly(R)) = 1.

Show that § contains a ball of radius 7*(p) —¢ of the space B 4. (R), i.e., for every f € B . (R),
| fll2 < 7*(p) — €, there exists ¢ € T, such that |p[]; < 1 and F = ~@. Indeed, for f € B4 (R)

put p = i Then, obviously, ¢ € T, u f: v®. Moreover, since |y| > v*(p) — € on A., we have
Y

/ 7 = =l <

2

~

N f
loll2 = 2r]|33 = 2r / L

Ae

Consequently,

_g(gi,Lz( ) = de (%AS(R) (v*(p) — €)BL2(R), Lo(R)) =
= —£)de (Ba.(R) N BLy(R), Ly(R)) = v*(p) —e.

P
T

Since ¢ is arbitrary, we obtain
de (8}, La(R)) > 7" (p).
O

Theorem 3 and the assertion about the average dimension of the shift spaces implies the

following statement.

Corollary 9. If under the assumptions of Theorem 1, Theorem 2 or Corollaries 2-5, we have

Sh(e-2)

jJEL
converges uniformly with respect to x on every segment then inequality (3.18) (or the analogous

p = o and the series

inequality of Theorem 2 or Corollaries 2-5) is sharp in the sense of the average widths; i.e., the
constant on the right-hand side cannot be decreased by passing to another approximating subspace

of average dimension al most .

For p # o, the conditions under which dimSg, , = d are unknown.
7r
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Conclusion

Main results of the dissertation consist in the following.

1. In the first chapter, we give a complete description of spaces of shifts that provide a
sharp (in the sense of widths) constant in the inequality for best mean square approximation of
periodic convolution classes. The obtained results generalize well-known classical inequalities for
approximation of Sobolev classes of periodic functions by trigonometric polynomials and splines.

2. In the second chapter, we find a wide set of optimal approximating subspaces for classes
of differentiable functions defined on a segment and subject to certain boundary conditions. In
particular, we prove optimality of spaces of splines with equidistant knots of various types.

3. In the third chapter, we prove sharp inequalities for approximation of classes of convolutions
by spaces of shifts on the axis. We obtain a complete description of spaces of shifts for which these
inequalities hold, and also calculate the values of average widths for approximated classes of
functions. In particular, we indicate conditions under which the obtained inequalities are sharp in
the sense of average widths.

The obtained results can be used for solving related problems of approximation theory.
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