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Introduction

Field emission is a fundamental method for generating electron beams in vacuum and
plays a crucial role in various practical and research applications, including electron
vacuum devices, light sources, and electron microscopy [48, 49]. With the growing
demand for electron sources in applications such as flat-panel displays, compact
microwave amplifiers, nanolithography, electron beam microscopy, and portable X-
ray tubes, global research efforts have focused on alternative electron sources that
are smaller in size and highly efficient. Cold cathodes utilizing field emission are
promising candidates for such electron sources.

Field emission electron sources, renowned for their outstanding characteristics
such as a wide temperature range, low radiation, and high spatial resolution, find
applications in vacuum electronic devices such as pressure sensors, electron guns, and
microwave amplifiers [73, 81]. Electron emission materials are the key to developing
field emission emitters. Extensive studies have been conducted on various cathode
materials, including metal oxides, metals, silicon and its carbide, carbon-based materials,
and various composites [34, 66, 110].

In the past two decades, researchers have shown significant interest in studying
the field emission properties of different materials used for field emission cathodes.
For an effective field emitter, the material should exhibit sufficient emission current
with high stability, long lifetime, high brightness, low work function, chemical inertness,
high melting temperature, and mechanical strength [20, 109].

Among numerous nanomaterials, carbon allotropes (carbon nanostructures) such
as carbon nanotubes, diamond-like carbon films, graphene, etc., possess similar
structures and exhibit excellent thermal conductivity, electrical conductivity, and
mechanical properties. They also exhibit higher and more stable current densities
at minimal electric fields [29, 60, 62, 72, 92|. Recently investigated two-dimensional
layered materials are expected to find wide applications in the development of new
nanoscale devices [23]. The high aspect ratio of carbon nanotubes and the sharp
edges of graphene make them ideal for achieving high-performance field emission.
The field emission characteristics of such emitters, including volt-ampere characteristics,
current stability, and emission center distribution, have been investigated both

experimentally and theoretically. Carbon nanotubes are unique due to their exceptional



physicochemical properties and potential applications in various fields, including
biomedical applications, energy conversion, supercapacitors, gas sensing, and field
emission |21, 48, 75, 96, 111].

In addition to carbon-based nanostructures, various compounds, particularly
semiconductors, are actively being explored as efficient field emitters [51]. Also
numerous experiments are being conducted to create effective field emitters based
on metals and various composites |52, 76, 82, 84, 107|.

A field emitter can consist of either a single tip or an array of tips. Single-tip
field emitters, acting as point electron sources, are the main components of electron
beam control and measurement instruments and microfabrication equipment, such as
scanning electron microscopy, transmission electron microscopy, and electron beam
lithography [24, 67]. As an alternative to the traditional single-emitter structure,
arrays with multiple emitters, such as vertically aligned carbon nanotubes, are widely

used to achieve improved electron cathode configurations, high efficiency, and long-
term stability [59, 63, 74].

Relevance of the investigation topic

Field emitters have attracted researchers’ attention due to their unique emission
properties and potential technological applications. The main characteristics of devices
utilizing field emission cathodes are their small geometric dimensions and low power
consumption for efficient operation. All of these factors make such devices highly
promising for the development of various compact devices [48, 49].

However, the design of field emitters involves complex processes in field electron
emission. While simple pointed structures with a high aspect ratio provide the best
field enhancement, they are less mechanically stable than structures with lower
aspect ratios, which offer a compromise between electrostatic field enhancement
and other practical considerations such as mechanical stability. Additionally, some
emitter formation processes naturally create structures with complex shapes [81]-
[111].

Moreover, single emitters systems typically yield low emission current values.
Depending on the device’s purpose, there are several methods to achieve the desired
total current in a field emission system. Firstly, multi-tip systems allow for increased
current. Numerous experimental studies have been conducted with arrays of field

cathodes of various shapes. However, due to the mutual influence of multiple emitters



on each other, known as the shielding effect, it is necessary to investigate such
influence and determine the optimal set of geometric parameters for the system,
such as packing density, where packing density refers to the ratio of the distance
between adjacent emitters to the length of the emitter itself.

Therefore, the second method involves increasing the emission area of the field
cathode itself. Blade-shaped field cathodes have a significantly larger emission area
compared to single-pointed emitters, allowing for an increased overall current in the
emission system. The edges of two-dimensional semiconductor nano-material layers,
such as graphene, also exhibit high emission efficiency and can be considered as field

emitters.

The goal of the work — is to perform mathematical modeling of axially
symmetric and planar symmetric diode emission systems based on field emission

electron cathodes

Tasks set to achieve the goal:

1) To construct a mathematical model of an axially symmetric diode system
with a single field emission cathode of a specific shape in a cylindrical coordinate

system.

2) To develop mathematical models for planar symmetric diode systems with
single blade-shaped field emission cathodes and multi-emitter systems in a

Cartesian coordinate system.

3) To construct a mathematical model of a blade-shaped field emitter with a

dielectric coating at the apex in a polar coordinate system.

4) To determine the distribution of electrostatic potential throughout the system
domain for each of the presented field cathode models, taking into account the

influence of dielectrics.

5) To develop a suite of computational programs that implement the proposed

mathematical models for emission systems with field emission cathodes.

Compliance with the passport of the specialty 1.2.2. The objectives of

the dissertation research align with the following research directions of specialization

1.2.2 "Mathematical modeling, numerical methods, and software packages ":



Development of new mathematical methods for modeling objects and phenomena
correspond to the tasks 1) - 3);

Qualitative or analytical methods for studying mathematical models corresponds
to the task 4);

Implementation of efficient numerical methods and algorithms in the form complexes

of problem-oriented programs for computational experiment corresponds to the task
5).

Scientific novelty of the work.

In order to assess the effectiveness of a particular modeling method, it is necessary
to calculate the distribution of the electrostatic potential throughout the system.
The zero equipotential contour obtained from the potential calculation visualizes
the shape of the cathode. This allows for control over the cathode surface shape
by varying the parameters of the considered problem, thus determining whether the
corresponding method is suitable for modeling within the required range of geometric
parameter measurements.

For the first time, analytical formulas are presented for calculating the distribution
of the electrostatic potential:

— in axially symmetric diode systems based on a single hollow-shaped field
emitter in cylindrical coordinates, taking into account the dielectric layer;

— in plane symmetric diode systems, both with single blade-shaped field cathodes
and multi-emitter systems in Cartesian and polar coordinate systems, considering

dielectric layers.

Research methods.
The main research methods employed in this study include mathematical physics

methods, differential equations, mathematical modeling, and applied programming.

Practicle significance.

The advantage of mathematical modeling of field emission systems lies in facilitating
the study of key parameters of the system itself, such as emitter height, apex
radius, and array geometry, while assuming conceptual simplicity. These models
allow for the calculation of potential distribution and electric field, both for single
emitters and arrays, by providing simple analytical expressions instead of solving

three-dimensional problems with complex boundary conditions.



The results, presented for the defence:

— physical and mathematical models of field emission systems with single cathodes
in cylindrical, polar, and Cartesian coordinate systems, considering both with and
without dielectric layers,

— physical and mathematical models of field emission systems with multiple
emitters in a Cartesian coordinate system, considering both with and without dielectric
layers,

— methods for calculating the electrostatic potential throughout the domain of
each of the presented emission systems,

— analytical formulas for the distribution of the electrostatic potential,

— a software complex for calculating the distribution of the electrostatic potential,
implementing the proposed mathematical models of emission systems with field

cathodes.

Reliability of the obtained results.

All the results of modeling field emission systems presented in the dissertation
were obtained through properly formulated problem statements, rigorous mathematical
methods in analytical derivations, and validated through numerical experiments. All
these results have been reported at several international conferences and published

in three Russian peer-reviewed journals listed in the Higher Attestation Commission
(VAK) and indexed in the SCOPUS database.

Approbation of work.

The results of the dissertation work were presented at scientific seminars of the
Department of Modeling of Electromechanical and Computer Systems at the Faculty
of Applied Mathematics and Control Processes of Saint Petersburg State University,

as well as at the following international conferences:

° Young Researchers in Vacuum Micro/Nano Electronics, VMNE-YR 2016, St.

Petersburg, Russia;

° 14th International Baltic Conference on Atomic Layer Deposition, BALD
2016, St. Petersburg, Russia;

° Young Researchers in Vacuum Micro/Nano Electronics, VMNE-YR 2017, St.

Petersburg, Russia;



o XLIX International Conference "Control Processes and Stability" (CPS’18),
April 2-5, 2018, St. Petersburg, Russia.

) L International Conference "Control Processes and Stability"(CPS’19), April
8-11, 2019, St. Petersburg, Russia.

) LI International Conference "Control Processes and Stability" (CPS’20), April
20-24, 2020, St. Petersburg, Russia.

° IV International Conference "Stability and Control Processes"dedicated to

the 90th anniversary of Professor V.I. Zubov, corresponding member of the
Russian Academy of Sciences (SCP), October 5-9, 2020, St. Petersburg, Russia.

o 7th ITG International Vacuum Electronics Workshop (IVEW) 2020 and 13th
International Vacuum Electron Sources Conference (IVeSC) 2020, Bad Honnef,

Germany.

o LII International Conference "Control Processes and Stability"(CPS’21), April
5-9, 2021, St. Petersburg, Russia.

Personal contribution.

The dissertation represents a completed independent work that possesses all the
characteristics of relevance, scientific novelty, and practical significance. The problem
formulation was provided by Vinogradova E.M. Consultations on the methodology
for solving the formulated problems were conducted by Vinogradova E.M. and
Egorov N.V.

The author’s personal contribution consists of direct and active participation
in all stages of the research, including problem formulation and development of
modeling methods.

The author of the dissertation implemented the methods for solving the formulated
problems and wrote computer programs in accordance with the analytical solutions
obtained by them.

All the results presented in the dissertation were personally obtained by the

author.

Publications.
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The main results on the topic of the dissertation are presented in 12 scientific
publications [5, 6, 11, 12, 13, 14, 32, 33, 35, 43, 97, 99|, three of which are published
in journals listed in the VAK list [5, 6, 43|, six in publications indexed in SCOPUS
and Web of Science [5, 6, 32, 97, 99, 43|, and in the author’s final graduate work
[15].

The structure of the dissertation.

The structure of the dissertation consists of an introduction, four chapters, and
a conclusion. The complete volume of the dissertation is ... pages and ... figures. The
list of references contains ... entries.

The introduction provides justification for the relevance of the study’s topic,
its scientific and practical significance. It formulates the aim and objectives of the
research, describes the research methods, and presents the main propositions to be
defended.

Chapter I is devoted to the modeling of diode and triode electron-optical
systems based on a field emitter with a sharp edge in cylindrical coordinate system.
Since any equipotential surface can be considered as the cathode surface, the influence
of the cathode on the field distribution is replaced by a system of circular charged
wires to calculate the electrostatic potential.

As a result of modeling an axially symmetric diode system based on a field
emitter with a sharp edge, with two different dielectrics filling its internal region,
the distribution of electrostatic potential is obtained explicitly.

When modeling an electron gun with a hollow cathode in the form of a triode
system with a modulator and two dielectric layers, the solution of the initial problem
is reduced to solving a system of linear algebraic equations for the coefficients of
series that appear in the potential expansion using eigenfunctions.

Chapter II presents a method for modeling planar symmetric diode emission
systems with single field emitters of blade shape placed on a flat substrate. The
anode is a plane parallel to the substrate. Models of diode field systems without and
with dielectric layers on the emitter substrate and lateral surfaces are presented.

To calculate the distribution of electrostatic potential in the entire system domain,
the method of separation of variables in Cartesian coordinates is used, and the
influence of the emitter is replaced by the influence of charged wires and planes. The

distribution of electrostatic potential for each of the studied models is analytically
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obtained in series form using eigenfunctions, and the coefficients of the series are
computed explicitly.

Chapter III presents a method for modeling planar symmetric periodic systems
of blade-shaped field emitters on a flat substrate using an arbitrary number of
charged planes in Cartesian coordinates. The anode is a plane parallel to the substrate.
The distribution of electrostatic potential is analytically obtained for periodic emitter
systems with and without dielectric layers in the system region and represented
in series form using eigenfunctions, with the coefficients of the series computed
explicitly.

Chapter IV is dedicated to the modeling of a diode system based on a field
emitter with a blade-shaped apex and a given radius of curvature at the tip, considering
the presence of a dielectric coating. The solution of the boundary problem in polar
coordinate system is reduced to solving a system of linear algebraic equations for
the coefficients in the potential expansion using eigenfunctions.

In the Conclusion, the general results of the work are formulated.
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I Modeling of axisymmetric field emission systems
with a single emitter of special shape in a

cylindrical coordinate system

In writing Chapter I, the following sources were used: [1, 11, 32, 33, 35, 99].

This chapter is devoted to modeling the field cathode in a cylindrical coordinate
system. Field emitters of axisymmetric shape are widely used in electron-vacuum
devices [25, 28|. Mathematical modeling of such systems is challenging due to the fact
that the geometric parameters of the system can vary by several orders of magnitude
|47, 68, 78|. To calculate the potential, we replace the influence of the cathode on
the field distribution with a system of circular charged wires, assuming that any
equipotential surface can be taken as the cathode surface [3, 4, 8, 16, 36, 37, 38, 39,
40, 41, 47, 93, 94, 95, 100, 101, 102, 103, 104, 105|. The electrostatic potential is
determined using the method of separation of variables in the cylindrical coordinate
system (7, z, @).

I.1 Modeling of the field cathode with a circular charged
wire

Physical formulation of the potential calculation created by a circular

charged wire

Let’s consider a diode emission system with a field cathode of a hollow shape on
a planar substrate, where the cathode is modeled as a circular charged wire. The
considered system is axisymmetric, so the problem can be reduced from the three-
dimensional case to the two-dimensional case. Fiig. 1 shows a schematic representation
of the diode system on the plane, where € is the surface of the field cathode.

System parameters:

2z = z1 - cathode substrate;

2z = z9 - anode surface;

r = r1 - boundary surface of the system in the variable r.
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Fig. 1: Schematic representation of the electron-optical system on the plane.

Mathematical model of the cathode with a circular charged wire in a

bounded area

To find the distribution of the electrostatic potential U(r, z) throughout the diode

system, it is necessary to solve the Laplace equation:

12( 8_U)_|_82_U—0
ror r@r 022 11
U(r, 2)]o = 0, (L.1)

() — apex surface.

with the first-type boundary conditions:

U(ri,z) = fi(2), 21 < 2 < 2
U(r,z1) = fa(r), 0 <r <ry;
U(r,z2) = f3(r), 0<r <.

To determine the distribution of the electrostatic potential throughout the system,
the influence of the cathode is replaced by the influence of a charged filament with
linear charge density 7, where the coordinates of the charged filament are (r,, z,) as
shown in Figure 2.

Let’s represent the solution of Equation I.1 as:

U(r,z) = Ui(r,z) + Us(r, 2),
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’
7y f---
Ty +0
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g =0 :
Zg—EizgtE
0 21 Zq 29 Z

Fig. 2: Schematic representation of the charge position in the system on the plane.

where Uy (r, z) is the potential distribution created by the charged filament under

homogeneous boundary conditions, and Us(r, z) is the potential distribution specified

by the boundary conditions in Equation I.1.

The function Us(r,z), as a solution of the Laplace equation with first-type

boundary conditions, is presented in work [42].

The problem of determining the field distribution in the system with a single

charged filament and homogeneous boundary conditions is reduced to solving the

Poisson equation [6]:

1.0 U, 0°U; p(r, z)

AUy = —(=— = —
! T(aTT or )+ 022 g
with boundary conditions:
Ul(Tl, Z) = O,
Ul(?", Zl) = 07
Ui(r, z5) = 0.

The linear charge density 7 is determined by the formulas:

_ q
27r,’

T

then the volume charge density is determined by the equation:

7= lim 4edp,

e—,0—0

(1.2)

(L.3)
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where
q = 2pem((ry +0)* — (ry — 6)?) = 8pemr,0.

The charge ¢ is located in a small volume |r —ry| <9, [z — 2, < e.

Calculation of the potential distribution in the system with a circular

charged filament in a bounded area

The potential distribution in the system with a single circular charged filament is
determined using the method of variable separation in the form of Fourier-Bessel
series expansions. The function p(r, z) in the right-hand side of Equation 1.2 has the

form:

p, |r—ry <5&|z—2z] <,

plr,2) = (14)

0, [r—ry >0V |z—2]>c¢.

The solution of the boundary problem for the Poisson equation 1.2-1.4 is represented

as a series:

U(r,2) = 3 va(2) o), (15)

where 7, denotes the roots of the equation:

Jo(’}/n) = 0

To express v,(z) in terms of Uj(r,z), multiply both sides of this equation by

"
rJo(y,—) and integrate over r from 0 to ;. Using the orthogonality property of
1

Bessel functions, we obtain a differential equation for the function v, [66]:

(rq+90)
2R, 2 2 b, |-zl <e
IO ) - T = 3y ' 16)
1
0, |2 — 24| > €.

Let’s calculate the integral appearing in the right-hand side of Equation 1.6:

g0 o

I = / Jo(7 r )dr = " tJo(t)dt
- r n—)ar = — )
6 0 " 2 5 0
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where t = v,,—
r1
Using the limits, we obtain (reference [8]):

Ty + 0
Tn
r1
. Tn Tn 7 Tq
| tJo(t)dt = 26——r,J, " —25” J
i [ R0 = 2622 () = 202, 7 )
Tg— 0
’Y'I’L
1
Then:
I'q
I =26ryJo(yn—). (L.7)

r1
The differential equation for the functions v, () with respect to equation 1.7 can

be written as:

VI(z) — l() — 4(2), (18)

where the right part of the equation 1.8:

Ty
45J0(7n_)
P Tq 1Y 1
- 2712/ \ 2 25J —_— ) - < 9
Cb(z) = €0 riJi(Yn) 0( Tl) £0 7’1J2( ) ’Z ZCI| €
0, |2 — 24| > €.

The solution of equation I.8:
vn(z) = OSh( (z — 21)) + L /qb sh “(z2 —n))dn,
1

where C' is the integration constant, Whlch can be found using the equation:

vn(22) = 0.
Since:

Zqte

Csh(2(zy = )+ 2 / o) (22 (23 )y =,

2q—€
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evaluating the integral as ¢ — 0, we obtain:

_ ne _1r — —
vn(22) = CSh(m (20— 21)) o 804&]0( 7“1)7“1J2(%)28 sh(r1 (22 — 24)) = 0.

Thus,

2Jo(yn72) sh(2(z2 — 2g))rq
T .
e0YnJ7 (V) sh(32 (22 — 21))r1

Then functions v,(z):

2‘]0(%7" ) sh( (22 — z)) sh(2(2 — 21))rq
S T ) S (2 — 21}

vp(2) =T

+2 / o) sh(22 (2, ),

2Jo(%r )Sh(%(@ — %)) Sh(%( - Zl))Tqu
22 Sh(2 (2 — 21))1

2qte

il / o) sh(22 (23 — )

vp(2) =171

Therefore, the solution of equation 1.8 can be represented as:

2Jo(vnzt) sh(F(22 = 29)) sh(32(z — 21))ry

vn(z) =7 e vnd? () sh(2 (22 — 21))r (1.9)
2J0(’ynr1) T,y :
TR " G

for z, < z < 2.
Hence, the solution of equation (Poisson’s equation) with respect to equations
[.5 and L.9:

2rgJo(ym7t) sh(2 (22 — 2)) sh(2(z — 21)) r

T ) = T R @y ) (O
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for 2 < z < 2,

27“q<]0(7n77:_(j) Sh(Z—’;(ZQ — Z)) Sh(z_?(zq - Zl)) JO(,Y L) (I 11)

U p—
2 = T o raeh(E (e — o) n

for z, < 2z < 2.
The distribution of the electrostatic potential Uy (r, z) in the entire diode system

can be calculated using equations I.10 and I.11.
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Numerical calculation results of potential with a circular charged wire

Based on the obtained results from equations 1.10 to I.11, graphs of the potential
Z— 21

distribution in the entire system were constructed for Us(r, 2) = Uy .
2 — &1
The values of all parameters are given in dimensionless units.

The potential values at the boundaries of the system are:

Z—Z

fi(z) = Up

Based on the provided graphs, the shape of the simulated cathode can be determined,

11,f2<r) =0, f5(r) = Us.

29 — X2

which plays a crucial role in understanding the adequacy of the model. The shape
of the emitter is defined by the zero equipotential. The values of all parameters are

presented in dimensionless units.

a)ry =5,r,=2.5 b) r1 = 20,7, =10
Fig. 3: 21 = 0,29 = 5, 2, = 2.5, Uy = 100, 7 = —20.

Fig. 3 demonstrates the change in the shape of the emitter when varying the

values of 7 = ry, the outer boundary in the variable r, and 7.
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a) 29 =5,2,=2.5 b) 2o =10,2, =5
Fig. 4: 2, = 0,71 = 10,7, = 5, Uy = 100, 7 = —20.

Fig. 4 represents the change in the shape of the emitter when varying the values

of 27, the outer boundary in the variable z, and z,.
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I.2 Modeling of an axially symmetric field emission system
with dielectrics
In this paragraph, an axially symmetric diode system based on a field emitter

with a sharp edge is modeled, with the entire inner region filled with two different

dielectrics.

Physical formulation of the problem for calculating the potential in a

field emission system with dielectrics

Fig. 5: Schematic image of the system.

The field emitter with a sharp edge is located on a flat substrate. The anode is
a plane parallel to the substrate [99].
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On Fig. 6, a schematic representation of the diode system on the (7, z) plane is
shown.

fo(2)

() g1

filr)m =51 /3(r)

p

21 Zq Zy  Z

Fig. 6: A schematic representation of an electron-optical system with a sharp edge

emitter on a plane.

Problem parameters:

z = z1: surface of the cathode substrate,

z = zy: surface of the anode,

r = ry: plane separating the dielectrics,

r = ro: outer boundary of the system in the variable r,
U(r,z1) = fi(r): boundary condition on the substrate,
U(r, z2)

U(ry, 2) = fa(z): boundary condition on the lateral surface of the system.

f3(2): boundary condition on the anode,
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The mathematical model of a field emission system with dielectrics

To determine the potential distribution U(r, z) in the system, the Laplace equation

I.1 is solved with the following boundary conditions:
filr) =0, 0<r <y
Z—z
fa(2) = Up :
29 — 21

f3(r) - U07 0 S r S 9.

21 < z < 29

The influence of the sharp edge on the potential distribution is replaced by
the influence of a circular charged wire with coordinates (ry, 2,) and linear charge

density 7. This leads to the solution of the Poisson equation 1.2 with the boundary

conditions:
U|z:z1 - 07
U|z:,22 - U07 (Il)
Z— Xz
U|7":7“2 — UO . )
29 — 21

where the right-hand side of the Poisson equation is determined by the formula I.4.

The solution to the problem of finding the potential distribution in the
system with the influence of two dielectrics and one charged wire

Define:
Un(r,z), r<r & z < zg;

Ur,z) = S Up(r,2), r<r & z > Zq;
Us(r, 2), 7> 1.

Then the solution to the Poisson equation with boundary conditions I.1 in

accordance with formulas I.10, I.11 will have the following form:

for z < z,
_ < S IO(/MTW)
Ui (r, z) = Uoiz% — 21) Z mfo(,umﬁ) sin pu (2 — 21)+
sT'q
yor, o ol >sh<;1<zQ ~ ) sh(2 (e — ) (12

VsT
EoT 2 s Sl r )
071 s=1 Vs J7(Vs) sh(r—(22 — 21)) !

1
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for z > z,:
z—2 (,umr)
U = U m m -
12(r 2) ng% — zl) mzl [o(Mmﬁ) S0 i = 1)+
ooy & MBI 0
0 )
W )5z — 2)) "
U, 2) = 35 gt B o (2, ()
m=1 Wo(,um, T1,732) Z2 — 21
where
JTIES o ,7s - the zeros of the Bessel function. Jy(vs) = 0, a function W)
29 — 21

The function is a linear combination of modified Bessel functions of the first and
second kinds [66]:

Wottm, 7, 72) = Lo(ptmt™) Ko(ttmra) — Ko (o) To(ttm72)-

Calculating of the coefficients determined by the boundary continuity

conditions at the interface of the two dielectrics.

Using the continuity condition of the potential and the electric displacement vector
at the interface of two dielectrics, the coefficients of the potential expansion can be
determined. r = ry:

for z1 <z < 2z

8U11| _ i%|
or " e or Y

for z, <z < 2

6)U12| _ ﬂ%|
or """ ey or T

Let’s calculate the coefficient g,,.

s Il(,umrl) .
Un(r,z))._,. = oy —————= SNy (2 — 21)—
(Una(r, 2))5 =y, E_)lg T G S (2 —21)

5)
1 27-qu0( )Jl( )Sh(L(z2 — 24) V)
_5_052_:1 Tln]l('ys) T h(%) (ZQ—Zl) Sh( ™ (2_21)7
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> I (pmr1) .
Ua(r, 2))_,. = e —————=SIn (2 — 21)—
(Ura(7,2))7=y, mZ:?lg f Io(p)tmrl) fim(z — 21)
Vs Vs
— 5 sh(—=(zy — 2),
€0 s=1 1 Jl (75) LA Sh(’}/s)

T—l(zz — 21)
€1 / €1 = VIA//l(,um,Tl,Tz) .
—(Ua(1,2)) ey, = — G o = sin(pm (2 — 21)),
€2 €2 m=1 WO(,LLma 1, TZ)

where Wi (ptos 71, 72) = Iy (pont1) Ko (ptam72) 4 To(ptont2) K1 (b1
Thus:

2 — %1

I (1 ey Wi o T15 T2
Tgmﬂm(g - ( >)

IO(Nmrl) €2 MA;O(/Lmv 1, TQ)
- 2¢rqjo(%rq)<f1(%) Z—

=—> 2 é v : sin(fm (24 — 21))-
€0 a1 riJi(7s) ()2 + 42,

1

=

As a result, we obtain:

AN

m (L5)

gm:B_ma

where:

Vs Vs
oo Jo(=rg) Ji(ys)  —
1

1 27r r
Am - q E 1
eo i = S (D2
a1

sin(pn (24— 1))

B, =

™m [1(um7“1) B iI//f//l(,um,Tl,Tg))
2 IO(lumrrl) €2 WO (Mma 71, TQ)
The formulas I.1-1.5 enable us to compute the distribution of the electrostatic

potential throughout the entire space of the investigated diode system.
The results of the numerical calculation of the potential in the field
emission system with dielectrics

Based on the obtained formulas for the potential distribution, graphs were constructed.

Fig. 7 illustrate the differences in the behavior of the zero equipotential contour,
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outlining the shape of the cathode edge, depending on the dielectric values at the
interface of the regions. It can be observed that when the ratio £l decreases by a
factor of 10, the zero equipotential becomes relatively flat, and €t2he shape of the
cathode is not clearly pronounced.

All parameter values are given in dimensionless units.

€1

€1

a) =1

Fig. 7: 11 =10, 7, =5, 75 = 20, 2, = 10, 2z, = 5,7 = —100, Uy = 100.

=10 b)
£9 €2

If the value of the dielectric permittivity ratio is kept constant but not equal to
unity, and the charge density 7 is increased as shown in Fig. 8, the shape of the
cathode changes less significantly compared to the problem discussed in the first

paragraph, Fig. 3-4.

= -—100 7= —500

Fig. 8: r1 = 10,7, = 5,7 = 20, 2 = 10, 2, = 5,?—1 = 5,U, = 100.
2
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I.3 Modeling of an axially symmetric triode field emission

system with a modulator

Physical formulation of the problem for calculating the potential in a

field emission system with a modulator

This section considers the modeling of an electron gun with a hollow cathode in
the form of a triode system with a modulator, taking into account the influence of

dielectrics on the potential distribution.

.
f1(2)
"2 €2 €2
Us Uy
L gy g fa(r)
Us
251 29 V4

Fig. 9: Schematic representation of the electron-optical system on a plane.

The considered system is axially symmetric, which allows us to reduce the
problem from three-dimensional to two-dimensional. To find the distribution of the
electrostatic potential, we replace the influence of the cathode with the effect of a
circular charged wire with a linear charge density 7. The schematic representation
of the system on a plane is shown in the figure. The coordinates of the charged wire
are (14, z;). The modulator has the form of a diaphragm. The internal region of the
system is filled with two dielectrics with dielectric permittivities 1 npu r < r1 and
g9 for r > ry.

System parameters:

r = 0 - surface of the cathode substrate, 0 < z < 2o;

2z = zo - surface of the anode, 0 < r < ry;
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z = z1 - surface of the modulator, for ry <r < ro;
r = ro - outer boundary of the region, 0 < z < 29;
r = r1 - boundary between the two dielectrics, 0 < z < 2s.

Mathematical model

The distribution of the electrostatic potential U(r, z) in the cylindrical coordinate
system satisfies the Laplace’s equation:

1. 0 oV 0*V
AV =G T e =0
V(r,z)|la =0,
()—surface of the cathode.

(L.1)

with boundary conditions:

0 <2z < 29 (1.2)
Vi(r,z1) = f3(r), r <1 <y '
V(r,z9) = fo(r), 0<r <rs.

Due to the replacement of the cathode’s influence with the effect of the charged

wire, the original boundary problem 1.1, 1.2 is reduced to solving the Poisson’s

equation:
_p(r,2)
AV (r,z) = — , (L.3)
€0
boundary conditions:
V(rs,z) = fi(z),
Vi(r,z1) = f3(r), (1.4)
V(Ta Z?) = fQ(T)y
where p(r, 2):
, —r, <6 & |z— 2z <eq;
o(r,2) = ps | =1y |2 — 24 1 (L5)
0, [r—ry >V |z—2 > e,
(L.6)

7= lim 46109p.

514)0,524)0
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To find the solution to the Poisson’s equation 1.3, 1.4 for the entire system, we

divide the internal region of the system into four subdomains:

U(r,2), 0<r<r & 0<z<z;
Usy(r,z), m <r<ro & 0<z<z;

U(r,z) =« 2(1,2), 71 ? ! (L.7)
Us(r,z), 0<r <r &z <z<z;

Ug(r,z), m<r<ry &z <z< 2.

The distribution of the potential is obtained as series expansions in terms of
eigenfunctions for each of the mentioned regions. The coefficients of the series are

determined from the following conditions:

8U1 £9 6U2
Ul‘?“zrl = U2|7"=7"1; er:rl = EW‘TZTI;
oUy oUs
Ul|z=z1 = U3’z=215 W|Z=Z1 = E‘zml; (1.8)
% . €92 8U4

U3‘7’:7’1 - U4|r:7"1; or |r:r1 — ;W‘T:ﬁ.

The solution of the Poisson’s equation
The distribution of the potential F'(r, z), given by a charged wire according to the

formulas in Section I.1, will have the following form:

Sh(ﬂm(zl - Zq)) Sh(ﬂmz)
sh(pm21)

21 277, Jo (o,
F(r,z)=) — g 0(2u 7A‘J)JO(,umr)
€0 ’Ymrl‘]l (me)

9

m=1

sh(pm(z — 20) sh(in(z1 — )
sh(ftm21)

<1 2714 Jo(pmrq)
€0 7m7ﬂ1<]12(7m)

F(r,z) = Jo(fmr)

Y

m=1

for z, < z < z1, where p,, = ln, Ym - the zeros of Bessel’s function Jy(7,,) = 0.
r

1
Depending on the region 1.7, the value of the electrostatic potential can be

expressed as follows:
for 0 <z<z)u(0<r<r):
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sin + F(r,z), (1.9)

00 sh A,z
UQ(T, Z) = Z dqWO(A(p r, TZ) 4
g=1 sh )\qzl (I 10)
S W, ns T, Wi ns 'l . '
+3 <an~0<a nry) g, 2ol@n i) ) sin(cu, (2 — 21)),
n—1 Wo(am, r1,7r2) Wolom, r1,72)

where Wy n va() are linear combinations of Bessel functions:
WO()\(p T, 7d2) - JO(AQT)%()\QTQ) - JO()\QT2)}/E)()‘QT)7

Wo(By,7,72) = To(Byr) Ko(Byra) — To(Byra) Ko(Byr)-
The distribution of the potential (21 < z < z3) u (0 < r < rqp) takes the form

of:
X sh iy, (20 — 2) sh g (z — 21) ) YT
Ustr ) = mz—Jl (bmShMm<fQ(5 Z)l) " thhMm(Zz — 21) ol "1 " (1.11)
e olBxT) . '
+k§00k10(6k7n1) Sln(ﬁk(’z - Zl)))

for (z1 <z < z) u (ry <r <ry):

S sh A;(z2 — 2) sh A\, (2 — 21)
d, + 54
1 sh )\q(ZQ — Zl) sh )\q(ZQ — 21)

) WO(Aqv r, 7“2)—*—

RS —~ [.12)
S W 9 ) W Y Y . (
s <CkNo(5k T, 7o) i hkNo(ﬁk 1, T) ) sin(B(z — 21)).
k=0 WO(ﬁka ry, T?) WO(B’% 1, T2)
where 7, - solution of the equation Jo(v,) = 0, fy = M, ap = @, B =
1 <1
wk ,
- eigenvalues.
29 — 21

Aq - zeros of the linear combination of the Bessel functions of the first and second
kind:
Wo(Ags7m1,72) =0,
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Finding coefficients in the series 1.9-1.12

Tro

(T it Pomommmomontmononoonoes fQ(T)

0 21 29 2

Fig. 10: Notation of coefficients in the expansions of boundary functions.

To determine the potential distribution in the entire region of the modeled
system, it is necessary to find the coefficients in the expansions of the potential
in terms of eigenfunctions (see Fig. 10).

These coefficients represent the expansion coefficients of the functions on the
boundaries of the subdomains of the system.

Based on the continuity conditions of the displacement vector at the interfaces
between the regions 1.8, we can establish equations that allow us to compute these
coefficients. It is necessary to compute the partial derivatives of the potential distribution

with respect to the variables z and r for each of the regions according to I.8.

Oy Uy
1 or r=r; — <2 or r=r1
L Li(ayry) | e sh(pmz) oF
A Oy ——— SIN(Qp2) — bm m—J m) + —=— r=ry —
ngl Ip(a,r) (am2) mzzl a sh(pmz1) 1(Ym) or |

g9 X sh A\jz
= —= >, Ad Wi (A
1 qzzjl qYq 1( Q7T17T2)Sh>\q21

4+ Z (anyl(Aq,TbTQ) . gnY1(>\Q7T17T1)> Sin(oznz),
Wo(Ags71,72) Wo(Ags71,72)
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where
OF 1 & 277, sh(pm (21 — 24)) sh(pmz)
. lr=r1 — T mJ1 (T ,
or | €0 n; ’Ym7“1J1(’Ym)u p Q) sh(ptmz1)
for 0 < 2z < 2z,
OF 1 277, sh(pmzg) sh(pm(z1 — 2))
o = T T ————— tmJo(fim? .
or | €0 mz_:l 7m7“1=]1(7m)u olHmry) sh(ptmz1)

for z, <z < 2.
Let’s multiply the previous equation by sin(«,2) and integrate with respect to
the variable z:

] n W ny ) = i h m 1
Zl( 1(Oé 7"1) _ 2W1(CY 1 T2)) . Z bm,umn]l('Ym)fMSln(O‘nz) —

Uy Oy — —
2 \Mo(anrt) et Woy(am, r1,m2)7  m=1 o sh(pmz1)
g0 Wilap,r1,m1) 21 €3 & “sh(A\z) .
= ——On= ap— + = > dAW1( N 11,72) | ——= sin(a,2)dz+
€1 WO(Odn, r, TQ) 2 €1 g=1 o ! Of Sh(AqZI)

Zq

o J1 (Ym) {fSh(,umz) sin(anz)szh(”m(zl — %))

+l % 2774 Jo(fmTq)

0 m=1 Ym"1J7 (Ym) 0 Sh(ﬂgz(zl) )
A ) sh( fim2q
+ish(um(zl —2)) sm(an(z))dzm]

After calculation we have:

21 (Il(oznﬁ) € W1(ozn,7"1,rz)) > an,
Anlp—\ 77—~ — —= + bm,umjl ’Vm)—(_l "=
2 IO(Oéﬂrl) N‘Sl Wo(()dn, 1, 7“2) mzzjl ( M%l + &721 )
€9 2 Wilay,r1,m1) €2 & o,
= —— 00y, —=— - — d)\Wl)\,Tl,TQ——ln+
€1 2 Wo(au, r1,72) 51(12(1 ' ; e )>‘621+O‘721( )
I & 277, Jo(pmTy m, )
+— md1(Ym) —=—= sin(a, 2, )-
€0 m=1 ’erljlz(me) s ( ):u%n + O‘% ( Q)(I )
13

At the boundary between the regions with potentials U; and Us, the following

equation holds true:
ov, _ o,

az |Z:,21 - 82 ‘22217
for 0 < r < rq, therefore:
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5° auan(- 1)”%+ S B €th 20 )~

1 27rg 20 Jo(pmrg) - sh(pmz,)

m J, mT ) =
N €0 1 m=1 ijf(%n)'u Sh(,umzl) O(M )
— _bm m th m - tm m J m
5 [~ bt eth(n (22 = 2)) + bt ] o]u(aﬂm;
S ol Bkr
+ kﬁk
Z Io(Brr1)’
by multiplying the last equation by TJO(,umr) and integrating with respect to r, we
obtain:
= 1 fm
nn _1 n—J m
T;aa( )M%n_i_agl 1(7 )+
r
bt [cth(pm21) + cth(pm, (22 — Zl))]éJf (Ym)—
1 277y Jo(pmry)  sh(pmzy)r (1.14)
z kﬁk 2 Bk 1( ) o T ’YmJE("Ym)lu Sh(,umzl) 2 1(7 )

PR T
sh(pim (20 — 21)) 2 1\m)-

+lmfbm

Next, we equate the derivatives at » = r1 on the boundary between the regions
with the potential distributions given by the functions Us(r, z) and Uy(r, 2):

e = 250
= 2 [pnien sﬁ(i: <(:—_ j))) bt Sf{ﬁ: ((52__2))))} I+
T -
2B gt
’ qi (¢ :f}ll((jqq((;z—_ 51)))) i qusl?((;\ ((52 - zl)))))A Wildg, i m2) |
where:

Wo (B 71, 7) lrery = Bel—Io(Ber1) K1 (Brr1) — L (Brr1) Ko(Bir1)] = ——.

T
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We multiply the last equation by sin(f8x(z — z1)) and integrate it with respect
to z:

i o (ZZ@%;)) J (22 = ) sin(Gu(= — =1))dz+

)

20—z (Li(Br) @V[Nfl(ﬁk,ﬁ, ra)
< ).

)

+c .
KDk 2 Lo(Ber1) €1 Wy(B, 1,

nil o (Z:(Jf_m)zl)) ngh(”m(z - Zl)) sin(B(z — 21))dz—

1 _
—hp— 22— 2

"1 WO(/BICJT17T2) 2
= Wl()\qarhrZ) “

N Z das “sh(N\g(22 — zl)) Jsh(Ag(z2 = 2)) sin(By(z — 21))de+

> Wi(A E
z—: Sh(1>\( (‘;2717 Z f sh(Ag(z — 21)) sin(Bx(z — 21))dz,

now we have:

_ il bmﬂmjl(’Ym)M B kﬁkzz — 21 (]1(»310“1) _ 2‘//‘7/1(5[;,7’1,7“2))

7271+5k . Lo(Bery)  ex Wo(By, 1, 72)
= Br(—1)k 1 1 29 — 21 €9
== ) tmptm 1 (ym — hy——= —+
mz=1 (ﬁ i+ o +5k " Wo(Br,r1,m2) 2 €
€9 X k k
+—=> d AW (A, 71, 10)————5 — S AW (A, 1,7 —1)".
Elqgqu 1(q12)Ag+ﬁ,§ Elqzlq 1(q12)§+ﬁ,§( )
(I.15)
For convenience, let’s represent equations 1.13 - 1.15 in the following form:
IR
1 87“ r=r; — <2 87“ r=ry
I n W n ) S m 2(—1)"
(aans) e MLy | [5 g gy)tn| HED
IO<0471701/)v €1 Wo(Oén,Tl,Tg) m=1 Mo, —I—Oén 21
Wi (o, 71, n 12(=1)"
:_anNﬂoz T1,72) __[Zd)\ W1()\q,7“1,7“2) o 2} (1) +  (1.16)
Wo(an,r1,7m2) €1 ANtagd -2

1 - 4TTQJ0(/“LmTCI) Hm

4= sin AnZq),
€0 me1 (1) 21 (V) 2, + 02 ()
where 1 2 Jo(Agr2)

1(an, 71, 72) oy 1(Ag 71,72) A1 Jo(Agr1)

Wy
a Z=zZ1 — 2 az 2=z *
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9 00
7’1J1(’Ym) ; an(=1) a? + w2, + bm[cth(pmzr) + cth(pm (22 — 21))] =
_ Z o By iZTTq Jo(,umrq) sh(mz,) o 1
7’1J1(’Ym) = B2 eo 1 YmdE(ym) sh(pmz) " sh(pm (22 — 21))
(L.17)
8US 8U4

€1

W‘r:rl — 52?‘7#:7'1 :

1(6}#“1) B @val(ﬁkafFMTQ)) —
L(Bkr1) & Wo(ﬁk,ﬁﬂ“z)

Z[d ( ) ] Wl()‘qﬂnlvTQ) (1'18)

8122—Z1q ﬁk

1 1
m J1(Vm) — —h
22 — 21 mzl Bk ( ) 1(m) kﬁkrl Wo(Br, 1, 7"2)

Zm

ZQ—Zlm 1 ﬁk
52

J ('Ym) + Ck<

where

2 J()()\qTQ)
7T)\q7“1 J0(>\q7”1) .

In equations .16 - 1.18, let’s calculate the values of the known coefficients for which

Wi(Ag,r1,72) = —

the values of the electrostatic potential are specified on the boundaries of the system.

Let’s calculate the coefficient d,:

Us(r, z1) = f3(r) = quWO(Aqﬂn? ra).

q=1

Let’s multiply the expression by rWy(A,, 7, 72) and integrate it with respect to r:

2 Jg()\qu) ‘]0 )\ 7“2
TN JE(A\gr1)

d /f3 TW() )\q,T Tg)d

let’s assume that f3(r) = const = f3, then:

J ()\ 7“1)

dg =mls7 ToOgr1) + Jo(Agr2)”

then let’s find the coefficient g,,:

5(19, 2 Z gnsin(a,z) = fi(2),
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Multiply both sides by sin(«z) and integrate with respect to z:

21

2
gn = — [ fi(2)sin(ay,2)dz.
<1
0
Let’s fi(z) = const = fi:

2 (=1)"

O

f_

(1) 1) = i (1= (1)),

the following equality holds true for t,,:

U3(7‘ 22 Zt J() ,umr

Multiply by 7Jo(umr) and integrate with respect to 7:

0
R Jo(p,r)dr.
t o O/fg(r)r o(fmr)dr

Let’s fo(r) = const = fo, then:

2f2 7“% 2
t = i) = fo—o
T%J2<7m) TYm 1( ) 2’Vm<]1(’7m)
Let’s find s,:
Uy (T ZQ) fQ( ) Z SqWO()‘qv Ty 7“2),
m=1

Multiply by rWy(A,, 7, 72) and integrate with respect to 7

72)‘3 J§(Agr1)
2 Jg(/\qff’l) J )\7”2

/f2 TWO()\q,T 7’2)d

Let’s fo(r) = const = fs, then:

J ()\ 7“1)

= fom JoAgr1) + Jo(Agra)
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Let’s find hy:
Us(rs, 2) = fi(z) = EOO: hisin(Bi(z — 21)),
k=1
multiply by the eigenfunctions and integrate with respect to z:

2
Z9 — X1

hy = /fl(z) sin(Br(z — 21))dz.

If fi(z) = const = fi, then:

2
h, = fi—(1 — (=1)%).
wk
We can construct the matrix of the system 1.16 - 1.18 that will allow us to

compute the unknown coefficients. It will be composed of the coefficients corresponding

to the unknown coefficients:

A By Oy
M=|Ay By (s
As Bz Cs,

on the right-hand side of the system [.16 - 1.18, there is a vector determined by

coefficients whose values are known to us:
D= 1D, (I.19)

To compute the matrix M, we need to evaluate each of the blocks A;, B;, C;(i =
1,2,3):

(a}, ... 0 0 0) (bh b b%m\
Do 0 oo ce.

a=lo a0 | Bi=fvh bk, | ai= (o),

0 0 0 ., BB
\ \ .
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where:
1(ar) ﬂYl(Oéj,T’lﬂé) Ci—j=lem:
Oéjlrl €2 W()(Oéj, 1, r?)
0, i £ g, 4,7 =1+mn;
2(=1)"  u; .
bl = J 5 =1=+n,7=1=+-m
ij 2 ,u]+oz 1(7]) J

c}jzo, 1,] =1+n.

Similarly, let’s express the following blocks of the matrix M:

2 2 2 2
(an a1, am\ (511 0 0
2 2 2
: . 0 O
2 2 2
\aml Ui amn) \ 0 0 0
2 2 2
(011 C1j Clk\
_ 2 2 2
2 2 2
\le ij ka/
where
2 Sy .
a? — 5, t=1+m,j=1+mn;

”::711K70(_ a? + i}
o )eth(uiz1) + cth(ui(ze — 21)),
— N

> _ 2 b

Yo () B+

1=7=1+m
JFL L, j=1+m

1=1+m,7=1+n.

Third line takes a form:

(1.20)

(1.21)
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(bh b ) (¢, ... 0 0 0)
A= (2) Ba= |8 o | =0 8 o
T o 0 ... .

\b, b B \0 0 0 ..¢,)

where:

b;:— Ji(Vm), 1=1+k,j=1-+
1] ZN]+62 1(’7) J m

(517“1) €1 Wi(Bi,r1,72)
Cg' = IO(ﬁi/rl) €2 WO(BZ? 1, TZ)
0, iAo =1k

Let’s represent the right-hand side of the system I.16 - I.18 according to how the

(1.22)

1=1=7j+k;

rows of matrix M were presented.

Then the first components D of vector D will have the following form:

nyT1, 2(—1)" X A
dqlz _ __29 (Oé 1 7“2) & ( ) quz—q2W1(Aq,T1,T2),+
(an,m,rz) I s R (1.23)
_|__ Arg S5 Jolmry) _pm sin(ay, z,)
co irn a2y ) 2 +ad
The second components Dy of vector D will have the following form:
1 2r, Jo(pm h( 1
d?n - 7 Tq O(ILL TQ) S (M ZQ) + tm : (124)

€o T1 WmJ%(Vm) sh(pmz1) sh(fm (22 — 21))

For the third component D3 of vector D, the following expression holds true:

2 by
B =2 S (d, — sy(—1)%) S (Ag, 71, 79) —
k q q )‘2+Bk q

€122 — 21 ¢g=1
2 o Lhm (- 1 1

m J TYm __h
29 — 21 m=1 M%ﬂr@k ) 1(m) kﬁleWO(ﬁk,Tl,m)

(L.25)
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Formulas 1.9 - 1.12, 1.16 - .25 define the potential distribution throughout the
entire region of the studied triode system.

The main results of this chapter have been published in the papers [11, 32, 33,
35, 99.
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I Modeling planar-symmetric two-dimensional
diode systems with blade-shaped field cathodes

in the Cartesian coordinate system.

The following sources were used in writing Chapter II: [5, 12, 13, 14, 15].

This chapter presents methods for modeling planar-symmetric diode emission
systems with blade-shaped field emitters located on a flat substrate |7, 44|. The
anode is a plane parallel to the substrate. The method of separation of variables in
Cartesian coordinates is used to calculate the distribution of electrostatic potential
throughout the system. Additionally, diode systems with two different dielectric
materials filling their inner region are investigated [98].

II.1 Modeling a diode field emission system with a charged

wire.

Formulation of the physical problem of calculating the potential of a

system with a charged wire

Let’s consider the problem of modeling a diode system using a charged wire in
Cartesian coordinates (z,y, z). Neglecting edge effects, we assume that the shape
of the blade-shaped cathode does not vary along the z variable. Thus, the potential
distribution V' (z,y) depends on two coordinates (z,y). The cathode is located on a
flat substrate, and the anode is a plane parallel to the cathode substrate.

System parameters:

y = 0 - cathode substrate;

y = y1 - anode surface;

x = 0,x = x1 - outer boundaries of the system along the x variable.

Boundary conditions:

V(z,0) =0, 0<z<u,
Viz,y1) =Up, 0 <z <,

U
V(0,y) = yioy 0 <y <o, (IL.1)
V(xlvy)Ly7 0 S () S Yo.

Yo
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Y
Y1
Yo y0+5 nT
Yo — 0
Tog—E T+ E
0 Z 1 x

Fig. 11: A schematic representation of a system with a charged wire on a plane

Let’s represent the potential distribution throughout the entire system as follows:

V(z,y) = U2+ Ulz,y), 0<z <2,0 < y < 1. (I1.2)
Y1

The influence of the field-emitting cathode on the field distribution is replaced by the
influence of a charged wire with a charge density of 7, positioned in the zOy plane
at coordinates x = xg, y = yo. Fig. 11 illustrates the schematic representation of
the system with a charged wire in the two-dimensional domain (z,y). It is assumed
that the surface of the actual cathode coincides with the zero equipotential. The
potential of the emitter substrate is zero, and the potential of the anode is Uy. The

lateral boundaries of the system along the x variable are defined by a linear function.

The mathematical model of a system with a charged wire in a bounded

domain

Assuming a uniform distribution of charge density p, the charge is evenly spread

within a small volume of a rectangle. [12, 17]:
To—e<xr<x9te Y—0<y<yy+o,

then 7 = lim._,o, 5,0 4€dp, the problem reduces to solving the Poisson’s equation:

’U  0%U _ plzy)

A = — _— =

(IL.3)
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where
o, lw—ao <uly—yol <6,
p(r,y) = (11.4)
0, |z—xo|>ewmml|y—yol >0,
with the following boundary conditions:
U(an) - 07 U('T7 0) - 07 U(xlu y) - 07 U(‘T?yl) = 0. (II5)

Calculating the potential distribution of a system with a charged wire

The eigenfunctions are found with respect to the variable y. The differential equation

for the eigenfunctions takes the following form:
Y+ Y =0,

the integral:
Yoo (y) = Cysin(vVAy) + Co cos(VAny),

The eigenfunctions have to satisfy following conditions:
Y,(0) =Y, (y1) = 0.

From the first equation, we can conclude that Cy = 0. Using the second equation,

we find:

2,2
nem
)\n = T 9
Y1
then system of functions defines the eigenfunctions we need to find:
. nT
Y, (y) = sin —y
Y1

The solution is sought in the form of a series:
Uz,y) = Z vp(2) sin ﬂy. (I1.6)
Y1
n=1

Multiplying both sides of the equation by sin (Z—?y) and integrating with respect
to y from 0 to y;, we obtain:
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Multiplying equation II.6 by sin <%y) and integrating with respect to y from 0
to y; in order to find v, (z) :

7ot . ™ 1ot . ™ .
e sin —ydy 6 sin —ydy = —— [ p(z,y)sin —ydy

Considering conditions I1.4, we have:

5 Yo+o
" nm. o
% —(—) () = ——d(x sin —ydy,
@) = C5a(e) = ~—Zo(o) [ sin"ydy
Yo—0

where:

P, |le - .’,U()| <¢,

o(x) = (1L.7)

07 |ZL'—£E0| > &,

from which we can derive the final form of the equation:

44 . nTY
V”x—n—WQan:—— x) sin .
@) = (P (0) = =) sin ™

The solution can be represented in the following form:

vp(x) = Cy(x) ch Z—Tm + Cs(x) sh Z—Tx

Taking into account the homogeneous boundary conditions, we find that C; = 0.

Then, for (5, the following expression holds [17]:

8ped sin  yp sin Mz — xo) 27 sin {7 yp sin —(1’1 — xp)
CQ = lim Y1 =

e—0, 6—0 NmTEQ Sin le NTEQ Sin Exl

Thus, we obtain the solution to the boundary problem II.1-I1.4:

for z < xg
27 = Sh(Z¢ (21 — 20)) ™ ™ ™
Uz,y) = = sh(—ux) sin(—uyyg) sin(— II.8
w) = o ey s, (0

for x > x
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0
2T —330 ™ ™ ™

= — r1 — x))sin(—7yo) sin(—vy). I1.9
= e iy e - D) s ). (1L
Therefore, equations I1.1, I1.8, I1.9 provide the potential distribution V' (x, y) throughout

the entire space of the studied system.

The results of the numerical calculation of the potential distribution in

the system with a charged wire are as follows:

Based on the obtained solution, a C+-+ program has been written. The program
generates plots illustrating the potential distribution throughout the entire system.

All parameter values are given in dimensionless units.

a) .261:30,560:15 b) .751:50,330:25
Fig. 12: y; = 10,y9 = 5,7 = —10, Uy = 100.

It is worth noting that in Fig. 12 (a) and (b), the shape of the cathode remains
almost same, as well as the length of the cathode base. This fact reflects the adequacy
of the constructed model. The simulation results show the necessary shape and
dimensions of the cathode, while variations in the system size contribute to changes
in the potential distribution within the diode system region but have a minimal

impact on the cathode shape.
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a) T=—10
Fig. 13: y; = 10,49 = 5,21 = 50, 2y = 25, Uy = 100.

Considering Fig. 13, panels (a) and (b) exhibit different values of the charge
density 7. The plots demonstrate that a doubling of the value of 7 leads to a change

in the shape of the cathode, specifically an increase in the length of its base.
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I1.2 Modeling of a system with an arbitrary number of

charged wires.

The physical setup of the problem of calculating the potential

distribution in a system with charged wires.

The problem under investigation is the modeling of a diode system with an arbitrary

number of charged wires in Cartesian coordinates (z,y, 2).

Yy
Y1
N TN
L oT]
0 Z 1 x

Fig. 14: A schematic representation of a two-dimensional system with N charged

wires.

Neglecting edge effects, we assume that the shape of the blade cathode does not
vary with respect to the variable z. Thus, the potential distribution V' (x, y) depends
on two coordinates (z,y), where 0 < x < x1 and 0 < y < y;. The cathode substrate
is represented by the plane y = 0, the anode surface is defined by y = y;, and
the external boundaries of the system along the z variable are given by x = 0 and
x = .

To account for the influence of the field cathode on the field distribution, we
replace it with the influence of N charged wires with charge densities 7; (i = 1...N)
located in the xOy plane at coordinates x = z¢ and y = y,. Fig. 14 illustrates a
schematic representation of the system with /N charged wires in the two-dimensional
(x,y) domain. We assume that the actual cathode surface coincides with the zero
equipotential. The potential of the emitter substrate is zero, and the potential of

the anode is Uy. The lateral boundaries of the system with respect to the z variable,
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specifically at x = 0 and = = x1, are described by the linear function:

V(0,y) =V(z,y) = Uo%-

As in the previous paragraph, we assume that:

Vz,y) = Uog + U(x,y). (IT.1)

U1

Mathematical model of a system with an arbitrary number of charged
wires.

Let’s assume that charges with densities p; are uniformly distributed inside rectangles

of small volume
ro—e<x<x0+¢€ Yo, —0<y<yo +0,7=1.N.

then 7; = lim._,o, 5,0 4€dp;,and the problem reduces to solving the Poisson equation:

(92U (92U p(x,y)

AU — I1.2
(@) = Gz + g7 = 22, (112)
where

pi,  |r— x| <eand |y — yo,

p(z,y) = (I1.3)
0, fv—aol>corly—u,
with homogeneous boundary conditions:

U(0,y) =0, U(z,0) =0, U(z1,y) =0, U(z,y) = 0. (IL.4)

Computing the potential distribution of a system with an arbitrary
number of charged wires

According to the formulas presented in the previous paragraph, we will seek the

solution of the boundary problem II.2-I1.4 in the form of a series:

(0.9)
g vn(x sm—y

n=1
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The function v(z) is a solution of a the differential equation:

N
nmw 40 nTYo.
V(x) — (—)vp(z) = ——— ) ¢y(x)sin L
(x) (yl) (%) 80%; (@) m
where
pi, | — x| <e;
¢(z) =

0, J|z—x9 >, i=1+N.

The solution of the equation:

vp(x) = Ci(x) ch LIPS Cy(z) sh M.
Y1 Y1
Taking into account the boundary condition I1.4, we find that C; = 0. Therefore,

for (Y, the following expression holds:

N
2 z=21 7; sin PEyo, sin 3% (21 — o)

Cy =

nmweg sin Z—Txl
Thus, the solution of the I1.2-11.4:

for < xg

sh —;U ZTZ sin —yg Sm(@y), (IL.5)

1 o Sh(g—?xz) i1 Y1
for x > x

= 2 sh(J'zo) ™m
U = h ; — in(—y). (IL.6
(w0 =3 o Sy e Zmn ) sin(*y). (1L6)

Thus, formulas I1.1, I1.5, and 11.6 provide the distribution of the potential V (x, y)
throughout the entire region of the studied system.

The results of the numerical calculation of the potential for the system
with an arbitrary number of charged wires are as follows:

Based on the constructed solution, a program has been written, and based on
its results, graphs of the potential distribution throughout the system have been
generated.
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All parameter values are given in dimensionless units.

a) xr1 = 10,29 =5 b) x1 = 20,29 = 10
Fig. 15: 91 = 10,50, = 5(i = 1 = N), 7 = —10, Uy = 100, N = 10.

It is worth noting that in figures 15 (a) and (b), when varying the boundaries of
the system along the x variable, the shape of the cathode remains almost unchanged,
as well as the length of its base. This fact reflects the adequacy of the constructed
model. The simulation results yield the desired shape and size of the cathode, while
changes in the system’s dimensions primarily affect the potential distribution in the

diode system but have a minor impact on the cathode’s shape.

a) 7 =—10i=1+N b)ri=-20i=1+N
Fig. 16: y; = 10, yo; = 5(2 =1 %N),%l = 50,29 = 25, N = 10.

Let’s consider figures 16. Fig. (a) and (b) differ in the value of charge density 7.
The graphs show that when the value of 7 is doubled, the length of the cathode’s
base increases.
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II.3 Modeling a diode system with an arbitrary number of
charged wires, considering the influence of the

dielectric layer on the substrate.

The physical problem formulation involves calculating the potential of a

system consisting of charged wires and a dielectric layer on a substrate.

The two-dimensional problem of calculating an emission system is solved in the
Cartesian coordinate system (z,y). The anode is a plane parallel to the substrate.
The internal region of the system is filled with two different dielectrics [73|. The
influence of the field apex is replaced by the influence of a system of N charged
wires with linear charge densities 7;, where the wire coordinates are (xg,yq;) for
t = 1...N. The boundary between the dielectrics with permittivities €1 and &5 is
represented by the plane y = y;. The field cathode is located on the flat substrate
at y = 0. The outer boundaries of the considered system are defined by = = 0,
x = x1, and y = yo with first-type boundary conditions specified. The potential of
the substrate at y = 0 is zero. The cathode surface coincides with the surface of

zero equipotential.

Yy
Vi
Y2 =
yON ------------------------- TN f2<y)
U1 3
fi(z)
yol """"""""""""" i7_1
0 Z( T T

Fig. 17: Schematic image of the system on a plane
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Mathematical model

The distribution of the electrostatic potential U(z,y) in the Cartesian coordinate

system satisfies the Laplace’s equation:
ouU? U
—+ — =0.
ox?  0y? (IL.1)
Uz, y)lo =0,

where €2 - a cathode surface.

U0,y) =Ul(z1,y) = f(y),

U(z,y2) = Wi, (I1.2)
U(z,0) =0,
( €
fily) =W = , 0<y <y,
yae1 + 1 (g2 — €1)
fy) = 5 _ (I1.3)
ye1 + y1(e2 —e1)
fly) =W ;Y1 <Y< Y
\ Y21+ U1 (52 — 51)

Due to the fact that the influence of the cathode is replaced by the influence of
the charged wires, the original boundary problem II.1-I1.3 is reduced to solving the

Poisson’s equation with the corresponding boundary condition:

!

O*U  0°U

rjie
pis |x—mo| <emly—yo,| <,

=1+ N, T, = hIIlg_>()7 50 45(sz

p(x,y) =40, |z —x0| >ecmm|y— 1y,

The computation of the potential distribution in a system with charged
wires and dielectrics

To solve the problem I1.4-11.5, the entire internal region of the system is divided

into two subdomains along the boundary between the dielectrics y = ;.

=
B
<
~—
()

(IL.6)

<wyoi <y, 1 <1<y,
Ux,y) = _
< v,

yOZ\y27]+1§Z§N

&
8
<
—
=
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The potential distribution I1.6 can be expressed according to the formulas in
§11.2 as follows [20]:

sh o,y 272
U(z,y )+ Z A, s r— sin oy, T + Z 7T50
(o0
sh 5, (x1 — xo) sh B,z . ,
nz:; nsh anl s ﬁny(h S ﬁnya
0 <z < xp; (IL.7)
X 4
— sh B,(z1 — x)sh B,z0 | .
nz:; nsh anl s ﬁny()l S ﬁnya
Ty < T < Ty
\
Us(x, +ZA s (y2 = sma x+z ZTZ
2(,y) "sh oy, (y2 — " S 7T€()
( 00
shyg(x; — xo) Sh VT B . B
Z sin (v, — y1) siny(y — v1),
— k sh vy
0 <z < o; (11.8)
X 4

o
shyg(x; — x) shygxg . .
Z sin v (Yo, — v1) siny(y — v1),
— k sh yixq

To ST K Ty,

where
m ™ k
Oy = —, ﬁn = Ve = .
L1 Y1 Y2 —
Thus, the expansions I1.7-11.8 ensure the continuity of the potential U(z,y) at
the boundary between the dielectrics y = y; and satisfy the boundary conditions

I1.2-11.3.

The condition for continuity of the normal component of the electric displacement

vector at the boundary between the dielectrics is given by:

oU,
Yy

_ o,

Y=y ay Y=
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leads to the computation of the unknown coefficients A,, in the series I11.7 and I1.8

in an explicit form:

4

Am = gomm(e1 cth(amyr) + 2 cth(an(ya — y1))) .
L& "o Bn .
: (%(21 2 T s 5 sin(anan) ) + (1L.9)

b2 (3 5w, — 1)) ey sin(aa)
N ) 0, — Y1)) 5 o 0 .
i=j+1 k=1 ' Vi + a? "

(Y2 — 1) m

Therefore, formulas I1.6-11.9 provide the distribution of the potential U (x, ) throughout

the entire region of the investigated system.
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The results of the numerical calculation of the potential in the system
with charged wires and dielectrics

It should be noted that the obtained images from the simulation correspond to the
expected results. As the ratio of the dielectric permittivities i—; increases, the shape
of the cathode changes, as shown in Fig. 18.

All parameter values are given in dimensionless units.

€1
a) —

€9 €9
Fig. 18: 43 =5, yo = 10, yo, = [0,5], N =50, 1 =10, 2y =5, 7 = —100, Vj =
100

When increasing the value of 7, it can be observed that in Fig. 19, the apex

becomes larger relative to the dimensions of the system.

a) T = —100 b) 7 = —300

Fig. 19: y1 = 5, 4o = 10, yo. = [0,5], N = 50,21 = 10,2 = 5, L = 5, V; = 100
€2
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II.4 Modeling a diode emission system with dielectric

layers on the lateral surfaces

Physical problem formulation for potential calculation

qe

Y 4
Vi

L
Yo

I
|
|
|
|
|
|
[
|
|
|
|
|
|
|
|
|
|
|
e e e e e e e
|

|
I
I
I
I
! |
|
|
I
I
I

[
L

0 X1 X2 Xo X3 X4 X

Fig. 20: Schematic picture of the diode system.

We replace the influence of the field cathode on the potential distribution with
the influence of a charged plane with charge density 7 [14, 16]. Fig. 20 presents a
schematic representation of the diode emission system.

Problem parameters:

Domain of the diode system— (7 < x < x4, 0 <y < 1y1);

Boundary between dielectrics with permittivities €9 and e;—x = 29, 0 < y < yy;
Boundary between dielectrics with permittivities e; and eo—x = 23,0 < y < yy;
Charged plane surface— . = xy = (22 + 23)/2, 0 < y < yp;

Substrate surface— y = 0; Anode surface— y = yy;

Substrate potential— U(z,0) = 0, 1 < z < x4; Anode potential— U(z,y;) =
Up, 11 < v < y;
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Potential distribution on the lateral boundaries of the domain—

U(z1,y) = U(zg,y) = Upt, 0 <y < s

Mathematical model of the diode system with a charged plane and
dielectric layers

The distribution of the electrostatic potential U (x, y) satisfies the Poisson’s equation:

0*U  0*U p(x,y)
JAN — =
U('CU y) axg + ayg €0 )

(IL.1)
and boundary conditions:

Yy
U(x1,y) = Ul(xy,y) = Uy—,
(#1,y) = Ulaay) = Vo (I1.2)
U(z,y1) = Uy, U(x,0)=0,

p, |r—1z9] <eand 0 <y <y,

p(r,y) = - (IL3)
0, [z — x| > € 0ryo <y <y,
7= lim 2eypp. (II.4)
e —0

Computation of the potential distribution

We represent the function U(z,y) as the sum of the solution U;(x,y) and a linear
term on—%. To solve the boundary problem II.1-11.4, we divide the entire domain of
the modeled system (z1 < x < x4, 0 < y < y;) into three parts.
Uz, y) = Uoy/y1 + Ui (z,y),
U{(I,y), X1 SISQ}'Q,
Ul(xay) - UII(x y)7 Z2 S X S T3,
Ul (z,y), 23 <2 < a4

Then, the functions U (z,y), Ul (x,y), U (x,y) can be represented as expansions
using eigenfunctions:

S — 1))
U ny AnY, <z < @ .
() E a N sin \py, o1 < <9 (IL.5)
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. B o0 sh(A,(z3 — x))
Ui (z,y) = nz:; (ansh(/\n(ﬂf?) — 372))+

I1.6
sh(A,(z — x2)) (IL6)

by, in A,y + Ur(z,y), <z < @
+ SH0n (2 @))) sin \py + Ur(z,y), 2 <z <m9
HI - x)) .
by, sin Ay, x3 <z < 14, I1.7
Zl (70— 13)) Y 3 4 (IL.7)
where A\, = ﬂ.
Y1

The function U, (x,y) [13]:

,

T Z 2sin ap (To — x2) [1 B sh(am(y1 —y))

Yo £ Qyy, TME sh(anyr)
 sh(a,) o~ w) ||
Sh<04my1)
U-(x,y) = < X sin a,(x — x2), 0 <y < yo; (IL.8)

T Z 2sin am Ty — a?g) Sh(OZm(?Jl y)) %

Oy, TME sh(any1)

X(ch(ozmyo) — 1) sinan(z —x2), yo <y <y,

™m

where o, = , T - constant charge density on a plane z = xy, 0 < y < yp.

T3 — 51]2
The potential d1str1but10n U(z,y) is a continuous function on the boundaries of

the domain separation x = x5 and z = z3 for 0 < y < yy according to formulas
I1.5-1L.8.

Determination of the expansion coefficients from the interface
boundary conditions

The coefficients a,,, b, in the expansions I1.5—I1.7 can be found from the continuity

conditions of the electric displacement vector at © = x9 and x = x3.
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ey Ul
2 ox —c or ’

U@y U (w,y)
! ox 2 ox

Ir=I3

IT=I3

The interface boundary conditions and the orthogonality of the eigenfunction system

in the expansions I1.5-11.8 lead to explicit expressions for the coefficients a,, and b,,:

571 n n n
a, = Aﬂi) b, = AHM7 (11.9)
ﬁnén - 77% 571571 - %%
where N
A = 74(1 — €08 A\pYo) Z sinay,(vg — 22) a2, |
€0 Yo U1 )\% me135 ™m CK?n-F)\%

8, = ?cth(An(:@ — 1)) + cthOh (23 — 29)),
1
1

LG W re——"
5 = 2 cth(M(2a — 23)) + cth(An (23 — 22)).

€1
The linear charge density 7 is computed based on the condition:

U(IE(), L) = O,

in order for the zero equipotential to pass through the vertex of the cathode (x =
xg, y = L), the formulas I1.5-11.9 define the potential distribution in the entire

space of the system under consideration.
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Numerical calculation results of the potential in the diode system with

dielectric layers

Fig. 21 and 22 show the plots of the potential distribution and equipotential lines
for different values of the ratio of dielectric permittivities i—f, considering the given
geometric parameters of the system and calculated values of 7, with the condition
that the zero equipotential passes through the vertex of the cathode (zg, L) [21].

All parameter values are given in dimensionless units.

T =—492.7033, 2 =20 7 = —494.6468, 2 = 50

Fig. 21: yo =5, 21 =0, xo =1, 2z3=9, x4 = 10, y; = 10, U; = 100,
L = 5,00005, Uy = 100.

It should be noted that as the ratio of i—j increases, the value of the charge density
T also increases. The influence of the dielectric layers on the obtained distribution

of the electrostatic potential is shown in Fig. 21.



61

Fig. 22 demonstrates the effect of changing the boundaries of the dielectric layers
in the system. The boundaries of the dielectric layers are defined by the parameters
x9 and x3. Thus, it is possible to change the shape of the cathode to the desired
form not only by adjusting the ratio of dielectric permittivities but also by changing

the arrangement of the dielectric layers within the considered system.

T = —2654.7514, £ =20 7 = —3965.2016, 2 = 30

1 €1

Fig. 22: Parameters: yo =5, 1 =0, x4 = 10, o =4, x3 =6, y; = 10,
U, =100, L = 5,00005, Uy = 100.
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II1.5 Calculation of the electric field intensity

The electric field intensity is a crucial characteristic of a field emission system as it
allows for the calculation of current density, total current, and so on [21].

In this section, the field intensity is calculated not in the entire system region, as
the focus is on the values of intensity at the cathode apex and in its small vicinity
0:

L =yy+0.

The values of field intensity for an axisymmetric system with a single field emitter

are presented in Fig. 23:

1% 107 4 1=10°

200000

800000

800000

GO0000
TFOOO0D -

w w

GO0000
400000

S00000

L 400000 -

04 300000

200000

= 6 T B 3 10 5.00 5.01 5.02 5.03 5.04 5.05

Fig. 23: Parameters: r = 10, 2; = 10, r, =5, 2, =5, Uy = U; = 100,
T = —100, L = 0.0005
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The values of the field intensity for the case of a periodic system of emitters
modeled by a charged plane in Cartesian coordinates are presented in Fig. 77. It
should be noted that the maximum value of the field intensity for a flat system
modeled by a charged plane is lower by a factor of 10% compared to the values for

an axisymmetric system in cylindrical coordinates.

1000 4 1000

00 4

800 4

800 4
600
T00 A

600

500 4

L -

= 6 T B 3 10 5.00 5.01 5.02 5.03 504 5.05

200

Fig. 24: Parameters: 1 = 10, y; = 10, g =5, yo =5, Vy = V4 = 100,
T =—100, L = 0.0005

In Fig. 24, a periodic system of emitters containing dielectric layers is presented.
From these graphs, it can be observed that the maximum field intensity near the
emitter tip is relatively small, reaching only 12 x 103. However, this value is higher
than that for the non-periodic system. It is important to note that these field
intensity values are expected to decrease when creating a real device due to the

mutual shielding effect of the emitters on each other [72].
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The system with charged wires, depicted in the figure, exhibits much higher
values of electric field intensity near the cathode apex (up to 4 x 10%)than periodic
system due to the lack of the mutual shielding effect (fig.25).

40000 40000 4
30000 - 30000 -

20000 20000 4

h h L

8 6 7 8 9 10 5.00 5.02 5.04 5.06 508 .10

Fig. 25: Parameters: 1 = 10, y; = 10, g =5, yo = 5, Vy = V4 = 100,
T = —100, L = 0.0005

The main results of this chapter have been published in the papers [5, 12, 13, 14].
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IIT Modeling of planar symmetric periodic

blade-shaped field emitter systems

The following sources were used in writing Chapter I1I: [6], [97].

Periodic blade-shaped field emitter systems are widely used in electron vacuum
devices for various purposes |26, 45, 64, 71, 77, 83, 87, 88, 106, 108, 112]. It should
be noted that there are significantly fewer works dedicated to the modeling of such
emission systems compared to experimental studies on this topic [2, 42, 53].

In this chapter, a method for modeling planar symmetric periodic blade-shaped
field emitter systems on a flat substrate using charged planes in Cartesian coordinates
is developed. The anode is a plane parallel to the substrate. The distribution of
the electrostatic potential is analytically determined for periodic emitter systems
with and without dielectric layers in the system region. It is represented as series

expansions in eigenfunctions, and the coefficients of the series are explicitly calculated.

III.1 Modeling of a periodic system of field emitters using

charged planes

Physical formulation of the potential calculation problem for a periodic

system of charged planes

In this section, a periodic system of blade-shaped field emitters on a flat substrate is
modeled. The anode is a plane parallel to the substrate in the Cartesian coordinate
system (x, y). Due to the periodicity of the system, it is sufficient to consider one
elementary cell with boundaries 0 < x < x; (see Fig. 26). The influence of each field
emitter on the potential distribution U(x, y) in the elementary cell is replaced by
the influence of a charged plane with charge density 7 and coordinates x = z7/2,
0 <y <uypl62, 72, 92|.
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Fig. 26: Schematic image of the system on a plane.

Parameters:

y = 0 - Cathode substrate plane, ¥y = y; - Anode plane, z = 0,z = x -

Boundaries of one cell of the system in the x-direction, L - Height of the field
emitter, U(z,0) = 0 - Potential of the substrate, U(z,y;) = Uy - Potential of the

anode.

Mathematical model of the periodic system of charged planes

To compute the potential distribution U(x,y) in the entire domain of one cell (0 <

r < x, 0 <y < y), it is necessary to solve the boundary value problem for the

Poisson equation:

\

PU(x,y) , O°U(x,y) 1

8332 ayQ :_?Op(xay)a
U(z,0) =0, 0<z<u,
Ulz,p1) =Up, 0<az<uay,
oU(z,y) _
Tx:()—()’ 0<y <y,
U (z,y) _
Tx:x1—07 0<y<wu.

(I1L.1)

We assume that a charged wire with a linear charge density 7(y) creates a spatial



67

distribution of charge p(z,y) within a small volume rectangle (|z — xo| < 6, 0 <

p(y)a |$_:U0| < 0 and Ogygy(b
p(z,y) = (HI.2)
0, |z —xo| > or yo <y <y,
SO
T(y) = lim 26y p(y). (ITL.3)
0—0

Compution the potential distribution in a periodic system of charged

planes

Let us express the solution to the boundary problem III.1-II1.2 in the form of an

expansion:

Ulx,y) = Usy/yr + Ui, y). (111.4)

To determine the function U;(z,y) from the equation I11.4, we need to solve the
Poisson’s equation with homogeneous boundary conditions of the first kind with
respect to the variable y and homogeneous boundary conditions of the second kind
with respect to the variable x:

( 0*Uy(x, 0°U; (z,
dpu) 0L - Ly,

Ui(z,0) =0, 0<z<uay,

U €, :0, 0 S T S L1,
< 1(z, y1) 1 (I11.5)

aUl(xay) _

szo—oy 0<y<uy,

U, (z,y)

— 1 =0, 0<y <.
\ ox v = 2

By solving equation IIL.5, we can obtain U;(x,y) in the form of a series:

00
™

Ui(z,y) = Zvn(y) cos(apT), ap = P (IIL.6)
n=0
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where the function v, (y) satisfies the diffirential equation:

Vi 1,n=20
vn(y) = cava(y) = —=bu(y), T =
! 2,n>0
1 1
vn(y) = ——/p(x,y) cos a,xdr.
€0

0

Yo
wly) =~ LY / outn) i+ - / (n— y)oo(m) dn, 0<y < yo.
)

T1Y
" (I11.7)
Y1 — Y
vo(y) = — ;1 m /mbo(n) dn, Yo <y <y,
0
Ifn>0
2
n e n h n h n dn —
Un(Y) WnShany1[/¢ sh a,,m sh o, (Y1 — ) dn
—/cbn(n) sh oy, (1 — y1) shogy dn | 0<y<w, (IIL8)
2
v (y) = —— /% )shapnsha,(n —y)dn,  yo <y <.
Wnshoznyl

Thus, equations III.5, II1.6, II1.7, and III.8 determine the distribution of the
potential U(x,y) at any point in the studied system.

In this section, based on the obtained analytical formulas for the potential
distribution IIT.4-TI1.8, we present graphs and equipotential line patterns for the
elementary cell of the periodic multi-emitter system.

All parameter values are given in dimensionless units.
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—— i

a) r1 = 20, xy = 10. b) 1 = 50, zy = 25.
Fig. 27: y; =10, yo =57 = —20, Uy = 100.

a) T = —20. b) 7 = —50.
Fig. 28: ¢y =10, yo =5, x1 = 10, ¢ = 5, Uy = 100

The figures 27-28 depict the field plots for various values of geometric parameters

(Fig.27) and specified charge density values 7 (Fig.28), where 7(y) = 7(£),7 =

Yo
const.
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71 = 10, 7 = —49.285; 21 = 30, T = —54.756;

x1 =00, 7 = —55.374; x1 = 100, 7 = —56.955.
Fig. 29: ITapametpnl cucremsr: y; = 10, Uy = 100, [ = 0.00005, Uy = 100.

The figures 29 present the field plots for various values of geometric parameters
and computed values of 7. The values of 7 were determined by satisfying the
condition that the zero equipotential, coinciding with the cathode surface, passes
at a specified distance [ from the cathode vertex U(xg, yo + 1) = 0, where the vertex

of each emitter is L = yo + (.
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II1.2 Periodic system of field emitters with dielectric layers

on a substrate

Physical problem formulation

y -~
2
i L )
[ £ - 5 D N S SR S ety . T S K e
i S Yo £ ': /! B
. \
i / \ Qf \ / \\
| / \ / \ ! \
i / \ y] 1 \ ) \
l———l’ %——————lf l——————" ——
| |
€2 | | | |
II [ | T(}’ | ||
. E ! ] I ! !
0 Xo X1 X

Fig. 30: Schematic image of the system.

In this section, we consider the problem of calculating the potential distribution
in the Cartesian coordinates (z,y) for a periodic system of field emitters with a
dielectric layer on the substrate (see Fig. 30). The parameters of the system are as
follows:

x = 0,z = x1 — boundaries of an individual cell,

y = 0 — substrate of the cathode;

y = yo — surface of the anode;

() — emitter surface;

L — emitter length;

y = 11 — plane separating the dielectrics;

g9 — dielectric permittivity for 0 <y < yy;

g1 — dielectric permittivity for y; <y < yo;

x = xg — coordinate of the charged plane along the x axis;

yo — length of the charged plane along the y axis;

7(y),0 <y < yp — linear charge density;

U(z,0) = 0 — boundary conditions on the substrate;

U(z,y2) = Uy — boundary conditions on the anode.



72

The influence of the field emitter in the cell is replaced by the influence of a

charged plane with a charge density 7(y).
Mathematical Model

The potential distribution satisfies the Poisson equation:

0*U (x,y) N 0*U(z,y) 1

with boundary conditions:

( U(z,0) =0, 0<z<u,
Uz,y2) = Uy, 0<ax<a,
X 8Uéx,y) _0. 0<y<um (I11.2)
<9U(§y)%:0
— s =0 0<y<
\ or ‘x:xl ) Y=Yy

Assuming that a charged filament with charge density 7(y) creates a spatial

charge distribution p(x,y) in a small rectangular region (|x — zo| < 0, 0 <y < yo):

p(y), |z —x0] <dand 0<y <y,
o(z,y) = (1113
0, |z — x| >0 0or yo <y <y,
then:
7(y) = lim 26 yo p(y). (II1.4)
6—0

Solution of the problem III.2-II1.4 can be written as:

Yel
yag2 + y1(e1 — €2)
yer+yi(e1 — e2)
yae2 + y1(e1 — €2)

Uo

+ Ui(z,y), 0<y<wy,

Ulx,y) = (II1.5)

Uo

+Us(z,y), i <y<uy.

The functions U;(x,y) (i = 1,2) determine the potential distribution created by
the charged filament for 0 < y < y; and y; < y < g9, respectively, according to the
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boundary conditions:

oU:(x,y) oU:(x,y)
Up(x,0) =0, —‘ =—” — 0,
1(,0) ox x=0 ox T =T
L OUs(z,y) _ OUs(z,y) _
Ual@, 42) =0, ox ’x:O - Oz ‘x:xl =0
The function U;(x,y) can be represented as:
Ui(z,y) = Y vin(y)cos(anz), (ITL.6)
n=0
where
™n
o 1117
an =" (1L.7)

By substituting equations II1.3 to III.7 into the Poisson equation III.1, we obtain

the function vy ,,(y) that satisfies the ordinary differential equation:

W y) — a2oia(y) = eialy),  0<y <y,

1 o |
= —— lim x,y)dr = — T(y),

©1.0(y) oz 5% 5p( Y) P (y) 1L8)

, 2 cos(aato)

, cos(a, T
() = ——1 | px) dp = — =20 Ly £ 0.
©1.0(Y) o lim p(x,y) cos(apx) dx v— 7(y), n #
1‘0—5

The solution of the equations IIL.8 for vy ,(0) = 0:

Y

1
= — —n)dn+C
v1,0(y) — / T(n)(y —n) dn + Ci oy,
E ) (I11.9)
Vin(Y) = 2 cos(anTo) /T )sh(an(y —n)) dn+ Ci,sh(ony), n#0,
’ €021 Yo Oy, ’

0
where C'j ,, — integration constants, n > 0.
The distribution of potential Us(x,y) for y; < y < yo can be obtained in a

similar manner as Uy (z,y) and can be expressed as:

Z Vo (y) cos(apx), (IIL.10)
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and the functions vy, (y) satisfy the ordinary differential equation:

Ug,n(y) - &%Uln(y) = pan(y), y1 <y < yo,

;

To+0
1 1
o hm .’JZ’, d.ﬁE - T ) S S 9
Sﬁzvo(y) = < £0T1 0—0 } p( y) 071 Yo (y) Y1>Y =Y
ZTo—
0 Yo <y < Yo,
( 9 zo+0
e (1513(1) p(x,y) cos(ayx) dx =
— 370—5
P2aly) = 9 2 cos(a,xp)
=—— 7)), ¥ <y <1,
€021 Yo
L U Yo <y < 1o,

The solution of equation II1.11 for vy, (y2) = O:

( Yo
1
T — ) dn — C —).
v2,0(Y) = 4 50371y0,/ (m(y —n) dn 20(Y2 — )
y
[ —Cao(y2 — ¥),
( Yo
QCos(oznxO)/
—— [ 7(n)sh(a,(y —n)) dn+
ety | Tshlanly =m))dn
V2. (y) = 4 y

+Copsh(an (2 — y)),
| Consh(an(y2 —y)),

(s, — integration constants, n > 0.

yléygy()v

Yo <y < Yo,

y1§y§y07

Yo < Y < o,

Calculation of unknown coeffitients

(111.12)

To calculate the unknown coefficients Cf ,,, Cy,, in II1.9, TI1.12, it is necessary to
use the continuity conditions I11.5, TI1.6, II1.10 and the continuity condition of the
normal component of the electric displacement vector at y = y:

oU; (x,
Ur(2,1) = Us(a, 9),  ep00t829)

’ _ . (z,y)
oy ly=wu oy

‘y=y1'

(I11.13)

Conditions II1.13 set conditions for the functions v; ,(y) (i = 1,2, n > 0):

avl,n(y) ‘ — £
dy ly=uw dy

v1,n(y1) = UQ,n(yl); €9

_ . aU2,n (y)

‘y:yl.

(111.14)
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Formulas II1.9, II1.12, III.14 allow us to calculate the coefficients Ci,, Ca,
explicitly:

Cio= ! X
W eom Yo(ya — (1 —e1/e2)yn)

X

/7(77) (y2 — (1 —e1/e2)yn — e1/eam) dn + /7(77)(51/52)@2 —n) d??] :

0 Y1

2 cos(ay,zp) y

Cln =~ €01 Yo Oy
(2 sl bl = 1) + chlam) shican = )
< [ 7|2 (st = ) b = )~ -
—sh(an(y2 — 1)) ch(ay(n — yl)] dn,
1
Cr0 = cor1 yo(y2 — (L —e1/e2)y1) -
X [—/T(n)n dn + /T(n)((l —e1/ea)y1 — 1) dn] ,
0 U1
C, = 2 cos(a, 1)) y
" €021 Yo Op
(2 sl chlan (o = 1) + chla)shlantie = 1)) x
X [/T(n) sh(a,m) dn+/7(77) [? sh(any1) ch(an(n — 1))+
0 i ’ (IT1.16)

+sh(an(n — 1)) Ch(anw)] dn] :
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Thus, equations II1.5-II1.7, TI1.10, II1.15, and III.16 represent the solution to
the boundary problem III.2. The potential distribution U(z,y) has been obtained
analytically throughout the entire periodic system.

The main results of this chapter have been published in the papers [6], [97].
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IV~ Simulation of a blade-shaped cathode in polar

coordinate system

The following references were used in writing Chapter IV: [43, 99].

Field emitters are widely used as cathode elements in electron vacuum devices for
microscopy, lithography, microwave amplifiers, X-ray generators, and other applications.
To increase the lifespan of field cathodes, coatings on the apex of the emitter with

various materials, including dielectrics, are being investigated [22, 44, 45, 46].

IV.1 Simulation of a blade-shaped field emitter with a

dielectric coating in polar coordinate system

Physical formulation of the problem: calculation of field emitter with

dielectric coating on its apex

In this section, we present the simulation of a two-dimensional diode emission system
based on a blade-shaped field emitter in a polar coordinate system. The apex of the
emitter is a circular region covered with a dielectric material. The anode is a coaxial
circle to the emitter’s apex. On the cathode, boundary conditions of the first kind
are specified, while on the anode, boundary conditions of the first and second kinds
are specified. The calculation of the electrostatic potential is reduced to solving a
system of linear algebraic equations with constant coefficients.

Parameters:

r= Ry, (p€[—m, m]) — asurface of the emitter,

r=Rs, (p € [po, ™ — po]) — a surface of the anode ,

r=Rs, (¢ € [0, po]) — anode’s substrate,

r = Re, (p € [—m, 7]) — the boundary between the two dielectrics with
dielectric permittivities 1 u €9,

V) — the value of the potential at the emitter’s vertex,

Vo — the value of the potential at the anode,
oU(r,¢)

o = () — the value of the potential at the emitter substrate.
r T‘:Rg



o=n

Fig. 31: Schematic image of the system in polar coordinate system.

Mathematical model

The distribution of the electrostatic potential U(r, ¢) can be found as the solution

of the Laplace’s equation:

10 oU 1 0%U
R ¥ i V.1
ror <T8T>+r28g02 ( )
with boundary conditions:
( U(Rl,QO) :‘/17 906 [_ﬂ-) 7'('],
U(R37 90) — ‘/27 2 S [9007 2T — 900] )
¢ 9U(r, ) _ B (IV.2)
o N ¥ € [=o, ¢l
U (r, o) __OU(r,¢)
\ 61 87“ T:RQ—O - 82 67“ T':R2+O7 90 e [ Tr) ﬂ-] .

Solution of the boundary problem IV.1, IV.2

To solve the boundary problem I'V.1, IV.2, considering that the potential distribution
U(r,¢) for the entire region (r € [Ry, R3], ¢ € [—m,7]) is symmetric with respect
to the planes ¢ = 0 and ¢ = 7, the problem IV.1, IV.2 can be solved for (r €
[R1, Rs], ¢ € [0,7]).
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To find the solution of equation IV.1 with boundary conditions IV.2, the entire
inner region of the diode system (r € [Ry, R3], ¢ € [0,7]) can be divided into the
following subregions:

(1) — (r € [Ry, Ra], ¢ €0, ¢q
(2) — (r € [Re, R3], ¢ €10, ¢
] [
] [

(

(3) — (r € [R1, Ro], ¢ € [0, 7]);

(4) — (r € [Ra, R3], ¢ € [0, 7).

Let:
((Ui(r,¢), 7€ [, Ro], 9 €0, o],

Ulr o) — 4 Us(r, @), r € [Rs, R3], v €10, o], (1v3)
Us(r, ), € [R1, Ro], ¢ € [po, 7],

| Us(r,¢), 7€ Ry, R3], ¢ €[, 7]

Let’s consider the functions with respect to the variable r - Vi(r), Va(r), Vs(r),
Vy(r) for each of the regions IV.3 respectively:

Vi(r) = Q Ry 2 In(r/Ry) + V4,

Va(r) = Q Ry <ln (r/Ro) +i—j In (Rz/Rl)> +W,
) ( )ln (T’/Rl)
€1 i_iln (R2/R1) + In (R3/Ry)
Vi(r) = 5 Ve Y)n v/t)

= In(Re/R1) + In (Rs/ Ry)

Vi(r) = + W, (IV.4)

+ Va.

The functions Vi(r), Vao(r), V5(r), Vi(r) given by equation IV.4 satisfy the
Laplace equation with the boundary conditions IV.2 for each corresponding region
().

The potential distribution U;(r, ¢) (i,=,1, 2, 3, 4) in region (i) can be represented
using the method of separation of variables, as described in reference [43]:

oo

1 _2/\n<p
Ui, ) = Vi(r) + 3 age o9 LE

o 1 4 e=2An%0 (1v.5)
- 1 — (r/Ry) '

+ C (1) Ro)H™ cos(fmp),

mz_:o 1 — (Ry/Ry)™™

sin (A, In (r/Ry)) +
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(oo 1_|_ o2V
UQ( T + Z bre o) 1+e 1+ e—2v%0 sin (V/f In (T/RQ)) + (IV 6)
> o 14 (r/Rg)*m ‘
+ Y e (r/Ry) cos(fmep),
mz_:o (7/Rs) 5 (Ro/ Ry (1mp)
U3<T7 gp) = ‘/E%(T) +
= 2(—1)" T,— T,
+Z a, + (A)ﬂ - 2 1 _OR; "
— n €1 5_1n (RQ/Rl) +In (Rg/RQ) V7
1
() LTI VD
e~ o) sin (A, In (r/Ry)) +
= 1—(r/Ry) ™"
+ Y d,(r/Ry)™ cos(n,(m — ©)),
; p(r/Ro)"™ — T (mp(m — )
i e 1+ e 26 (m—¢) .
Us(r, ) = Vi(r) + th e~ S(p—wo) Ty sin (& 1n (r/Rs)) +
00 (IV.8)
_ 1— (T/Rg)znp
+ > dy(r/Ra)™" cos(mp(m — ¢)),
pz:; ' 1 — (Ry/R3)™™ !
where
™ Cm+1)w 2k+1)m
M=o, =, Vg = ,
111 (Rg/Rl) 2@0 21Il (Rg/RQ)
(IV.9)
_@p+ 1) ¢ = mt
o — o) T In(Ry/Ry)’

The computation of the unknown coefficients in the potential expansion
IV.5 - 1V.9

The functions U;(r, ) (i = 1,2,3,4) given by equations IV.5 to IV.9, representing
the potential distribution U(r, ¢) as series expansions in the eigenfunctions, satisfy
the boundary conditions IV.2 on the surfaces of the cathode and anode. These
formulas impose the following continuity conditions for the potential distribution on
the interface boundaries:
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Ur(Ry, @) = Us(Ry, ), ¢ € [0, ol;
Ui(r,¢0) = Us(r, o), 1€ [R1, Rol;

UB(R%SO) - U4(R2790)7 Y E [9007 ﬂ] :
To compute the unknown coefficients a,, by, ¢n, dp, g, additional continuity

conditions for the potential distribution and the normal component of the displacement

vector can be utilized on the remaining interface boundaries:

Ua(r, o) = Ua(r, ¥0), r € [Ry, R3l;
oU, (7", (P) - oU, (Ta gp) .
o i D _R7 v € 10, wol;
aUl (T, QO) — 8U3 (T7 90) rc [Rl RQ] .
dp | dp | T (IV.10)
P=%o $=%o
8U3(T7 ()0) _ aU4<T7 90) )
1o =G , ¢ € [po, T;
T:RQ T:RQ
aUQ (Tn 90) . aU4(T7 90)
8g0 = oy , (S [RQ, Rg] .
P=%0 $=%o

Using the continuity conditions IV.10 and the orthogonality of the eigenfunctions,
we can formulate a linear algebraic system with the corresponding unknown coefficients

a/n, bk7 Cm, dp, gt:

bk 111 (Rg/RQ kzgt
- Vik (i—jln (Ra/Ry) + Vik (—1)k> x (IV.11)

VsV,
X €9 & : _QR3>9
6_11n (RQ/Rl) + In (Rg/Rg)

o
T
o
+
7;
3

(IV.12)

k
w%( ol ) + + 2 coth mm(Rg/RQ))):o;
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an 5 In (Ro/Ry) (tanh(aipo) + tanh(A,(x = o)) + (~1) Zocm ez T
- (_1)p77p
(—1) p; Py - tnha(m = e0)) (IV.13)
2(—1)"¢ Vo — V)
X ()\ )" &2 % IR —QR3|;
n €1 E—ln(Rz/R1)+1n(R3/R2)
1
_1)p§:anﬂ+d T Yo coth (n (RQ/Rl))—l_@COth(T} (R3/Rs)) | —
et AQ"‘UI% P p €1 p
52 p -
g
Z Y2 +np ;/\ 2" (IV.14)

><82 Vo— Vi
€1 ?ln (RQ/R1) + In (R3/R2)
1

— Z Cm ,u+ + bk In (R3/Ry) tanh(vy o) +

m k
)Py Tp (=1) Vk )
+ d ; + IV.15
Zp " (ng+u,zsmh<np<ln<R3/R2>>> g+g) T )

kZ b t)tanh@t(w—%)) 0

So, the solution of the original boundary problem IV.1, IV.2 is reduced to solving
the system of linear algebraic equations IV.11 — IV.15 for the coefficients involved
in the potential expansion IV.5 — IV.9.

Results of numerical calculation of potential distribution in the diode

system for a field emitter with a dielectric coating

Based on the derived formulas for the potential distribution IV.3 —IV.9, this section
presents contour plots of equipotential lines throughout the entire diode system for
various parameter values.

All parameter values are presented in dimensionless units.
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a) Q = —0.001 b) Q = —0.01

a) egf/e1 =1 b) e9/e1 = 0.1
Fig. 33: R1=1, R2:2, R3:100, g00=7T/4, ‘/120,‘/22100, U(T,QOQ):O

The figures 32 show the plots of potential distribution for various values of () in
the boundary conditions IV.2 when there is no dielectric layer on the cathode tip
(€9 = €1).

The figures 33 depict the plots of potential distribution for different values of
the ratio of dielectric permittivities £5/¢; under homogeneous Dirichlet boundary
conditions on the surface pg = 7/4 (R; <r < Rj3).
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~q = -15, eps = 0.1

T — 2

75 1

50 4

25

~25 1

—50

=57

T T T T T T T
—100 =13 —50 —25 o 25 50 75

Fig. 34: e2/ey = 0.1 Ry = 1, Ry = 2, Ry = 100, ¢y = 7/4, Vi = 0, Vo = 100,
Q=15

The graph in Fig. 34 shows the potential distribution throughout the entire
region of the investigated diode system with a field cathode, where the tip is coated
with a dielectric layer, under the specified parameters.

Figures 36 show graphs of the potential distribution with respect to the variable r
near the dielectric interface. It is noticeable that with an increase in the permittivity
of the layer (dielectric coating of the tip) e; with respect to &9, the field strength
in the emission region Ry < r < Ry + 2R; increases. These calculation results

correspond to known experimental facts [22].
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Fig. 35: Ri =1, Ry =2, Ry = 100, 0 = 0 ¢y = 7/4, Vi = 0, Vs = 100

The main results of this chapter have been published in the papers [43].
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Conclusion

In this work, methods for modeling various two-dimensional emission systems based
on field emitters have been proposed. One of the main objectives of studying field
cathodes is to find the most convenient modeling approach that can help construct
cathodes of the required sizes and shapes for specific applications. Special attention
has been given to the investigation of changes in the distribution of electrostatic
potential within the system and the influence of geometric parameters and the
presence of dielectric layers on these changes.

The first chapter presents the following axisymmetric emission diode and triode
systems in cylindrical coordinate system:

— a single field cathode of a special shape, modeled using a charged circular wire,
— a single cathode with a dielectric layer on the lateral surface.

The second chapter discusses planar symmetric emission diode systems in the

Cartesian coordinate system:
— a single blade-shaped cathode, modeled using a thin charged wire. — a single
blade-shaped cathode, modeled using an arbitrary number of infinitely charged
wires, taking into account the influence of dielectric layers on the lateral surfaces of
the diode system.

The third chapter investigates planar symmetric field multi-emitter systems
in the Cartesian coordinate system: — a periodic emitter system, modeled using
charged planes. — a periodic emitter system with a dielectric layer on the emitter
substrate.

The fourth chapter presents the results of modeling a planar symmetric diode
system with a field emitter in the Cartesian coordinate system, where the tip of the
emitter is coated with a dielectric layer.

For each of the presented models, the distribution of the electrostatic potential
was computed throughout the entire region of the studied system in an analytical
form as a series expansion in eigenfunctions. The coefficients of the expansions were
found either explicitly or through solving a system of linear algebraic equations.

Based on the derived formulas, graphs of the potential distribution were provided
for various geometric parameters of the considered diode systems. Examples of
system influence were demonstrated by varying the initial parameter values.

For axisymmetric systems, changing the boundaries of the region in the variables



87

r and z alters the shape of the cathode (Fig. 3, 4). The effect of varying the ratio
of dielectric layers was also demonstrated in Fig. 7, 8.

For systems modeled in the Cartesian coordinate system, different methods were
used to construct the virtual cathode, whose shape is represented by the zero
equipotential: using charged filaments or charged planes. It should be noted that
defining the emitter shape using charged filaments is more preferable, considering
the flexibility of the model for a wide range of field cathodes of different shapes (Fig.
12-13, 15-16, 18-19, 21-22).

The solution to the problem of determining the distribution of the electrostatic
potential for a blade-shaped field emitter with a given radius of curvature at the
apex, represented in polar coordinates, allows for varying the shape of the field
cathode itself by changing the boundary conditions and also taking into account the
presence of a dielectric layer on its apex (Fig. 27-28).

The work presents graphs of the electric field strength near the apex for several
of the considered systems. The electric field strength is an important emission
characteristic of the model and allows for analyzing the feasibility of using a particular
modeling method in the design of real vacuum electronic devices. The field strength
values for circular filaments are quite high, indicating the convenience of using this
method for creating relatively large cathodes in the millimeter range (Fig. 23). On
the other hand, flat models have relatively weak field strength values, but their
advantage lies in the ability to use such systems in nanoelectronic devices (Fig.
24-25).

Thus, each of the presented models has a set of advantages and disadvantages
that should be taken into account when designing real devices. However, each of the
developed models of field emission systems can be used in real devices depending on

the specific technical task.
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Application

This appendix provides a listing of a program that implements the numerical calculation
of formulas and the construction of graphs for the problem from Chapter IV. The

program is written in Python.

Program listing

import numpy as np

import matplotlib.pyplot as plt

from matplotlib import colormaps as cm
import matplotlib.patches as mpatches

from matplotlib.ticker import LinearLocator

rl1 = 10#int (input("r1 = "))
r2 = 20#int (input("r2 = "))
r3 = 100

eps12 = 0.1#int (input("eps2/epsi="))

q=-5
T1 = 0
T2 = 100

phi_0 = np.pi/8

N1 = 500#int (input ("summa = "))
M = 500
N

500#int (input ("pazbienie = "))

#trl=1, r2 1.001, r3 = 10; q = -200; eps = 0.1
#rl1=1,r2=12, r3 =10; q = -200; eps = 0.1
#rl=1, r2 2, r3 = 10; q = -100; eps = 0.1

# HHHHHHHAHH AR R a A ## COEFFITIENTS



103

def 1mbd(i):

lamda_i = np.pi*(i+1)/(np.log(r2/r1))

return lamda_i

def mu(i):

mu_i = (2%i + 1)*np.pi/(2%phi_0)

return mu_1i

def nu(i):

nu_i = (2*%i + 1)*np.pi/(2*np.log(r3/r2))

return nu_1i

def etta(i):

etta_i = (2*%i + 1)*np.pi/(2x(np.pi - phi_0))

return etta_i

def ksi(i):

ksi_i = (np.pi*(i+1))/np.log(r3/r2)

return ksi_i

# HHHHHHHA AR R R EE SUMS

def glsum(i,j):
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Glsum = (np.power(-1, i)) * (np.power(-1, (j+1))) * ksi(j) /

(np.power(nu(i), 2) - np.power(ksi(j), 2))

return Glsum

def a2sum(i,j):

A2sum = (np.power((-1), i))*1lmbd(j)*(np.power((-1), (j+1)))/
((np.power ((Imbd(j)), 2))+(np.power ((mu(i)), 2)))

return A2sum
def b2sum(i,j):

Bisum = eps12*(np.power ((-1), i))*nu(j)/ ((np.power((nu(j)), 2))
+(np.power ((mu(i)), 2)))

return Blsum
def c3sum(i,j):

C3sum = (np.power ((-1), (i+1)))*(np.power((-1), j))*mu(j)/
((np.power ((lmbd(i)), 2))+(np.power((mu(j)), 2)))

return C3sum
def d3sum(i,j):

D3sum = (np.power((-1), (i+1)))*(np.power((-1), j))*etta(j)/
((np.power ((1lmbd(i)), 2))+(np.power((etta(j)), 2)))

return D3sum
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def adsum(i,j):

Adsum = (np.power((-1), i))*1lmbd(j)*(np.power((-1), (j+1))) /
((np.power ((Imbd(j)), 2))+(np.power((etta(i)), 2)))

return A4dsum
def g4sum(i,j):

G4sum = eps12*(np.power ((-1), i))*ksi(j) /
((np.power ((ksi(j)), 2))+(np.power((etta(i)), 2)))

return G4sum

def cbsum(i,j):

Cosum = mu(j)/ ((ap.power((mu(j)), 2))+(np.power((nu(i)), 2)))
return Cbsum

def dbsum(i,j):

ptl = (up.power((-1),j))*etta(j)/nu(i)

pt2 = etta(j)/(np.power((etta(j)),2) + np.power((nu(i)),2))
pt3 = (np.power((-1),i))/(np.sinh(etta(j)*np.log(r3/r2)))

pt4 = nu(i)/(np.power((etta(j)),2) + np.power((nu(i)),2))
D5sum = pti1x(pt2 * pt3 - ptd)

return D5sum

def gbsum(i,j):
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ptl = (np.power((-1),1))

pt2 = ksi(j)/nu(i)

pt3 = (np.power ((-1), (j+1)))*ksi(j)/(np.power((nu(i)),2)
- np.power ((ksi(j)),2))

pt4 = np.tanh(ksi(j)*(np.pi - phi_0))

Gbsum = ptl * pt2 * pt3 * pt4d

return G5sum

def d4sum(i):

ptd = 0

for j in range(0, M, 1):

pt3 = np.power((-1), i) / (np.power(1lmbd(j), 2)
+ np.power (etta(i), 2))

ptl = -np.power((-1), (j+1))

pt2 = (np.power(-1,j+1)*eps12x((T2-T1)/
(eps12x(np.log(r2/r1))+np.log(r3/r2)) - g*r3))

pt4d = ptl * pt2 * pt3

ptd += ptéd

return ptbd

¥ HHHHHHHH T MATRIX LEFT (1)
def an1():
Al = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M+1, 1):

for j in range(0, M+1, 1):

Al[nl[j]1 =0
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return Al

def bk1():
Bl = np.zeros(shape=(M+1, M+1), dtype=’float’)

for k in range(0, M+1, 1):
for t in range(0, M+1, 1):

if k == t:
B1[k] [t]
else:

B1[k] [t]

(1/2)*np.log(r3/r2)

I
O

return Bl

def cm1():

Cl = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for j in range(0, M + 1, 1):

Ci[n][j] =0

return C1

def dp1Q):
D1 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):
for j in range(0, M + 1, 1):
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D1i[n][j] =0
return D1
def gt1():
Gl = np.zeros(shape=(M+1, M+1), dtype=’float’)
for k in range(0, M + 1, 1):
for t in range(0, M + 1, 1):
G1[k] [t] = -glsum(k,t)
return G1

#HHHHHEEEE A MATRIX LEFT (2)

def an2():
A2 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for m in range(0, M + 1, 1):

A2[m] [n] = a2sum(m,n)

return A2

def bk2():

B2 = np.zeros(shape=(M+1, M+1), dtype=’float’)
for m in range(0, M + 1, 1):

for k in range(0, M + 1, 1):

B2[m] [k] = -b2sum(m,k)

return B2
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def cm2():
C2 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for j in range(0, M + 1, 1):

if j == n:

C2[n] [j] = (phi_0/2)*(np.tanh(mu(j)*np.log(r2/r1)
+eps12*np.tanh (mu(j)*np.log(r3/r2))))

else:

c2[nl[j] = 0

return C2

def dp20):
D2 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for j in range(0, M + 1, 1):

D2[n][j] =0

return D2

def gt2():

G2 = np.zeros(shape=(M+1, M+1), dtype=’float’)
for n in range(0, M + 1, 1):

for j in range(0, M + 1, 1):

¢2[n]l [§] = 0

return G2

# O HHHHHEEE AR A MATRIX LEFT (3)
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def an3():
A3 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for m in range(0, M + 1, 1):

if n == m:

A3[n] [m] = (1/2)*np.log(r2/r1)*(np.tanh(lmbd(n)*phi_0)
+np.tanh(lmbd (n)*(np.pi - phi_0)))

else:

A3[n][m] =0

return A3

def bk3():

B3 = np.zeros(shape=(M+1, M+1), dtype=’float’)
for k in range(0, M + 1, 1):

for m in range(0, M + 1, 1):

B3[k][m] = 0

return B3

def cm3(Q):
C3 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for m in range(0, M + 1, 1):

C3[n] [m] = c3sum(n,m)

return C3

def dp3():
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D3 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for p in range(0, M + 1, 1):

D3[n] [p] = d3sum(n,p)

return D3

def gt3(0):

G3 = np.zeros(shape=(M+1, M+1), dtype=’float’)
for n in range(0, M + 1, 1):

for j in range(0, M + 1, 1):

¢3[n][j] = 0

return G3

% HHHH I MATRIX LEFT (4)

def and():
A4 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for p in range(0, M + 1, 1):
for n in range(0, M + 1, 1):
A4[p] [n] = adsum(p,n)

return A4

def bk4():

B4= np.zeros(shape=(M+1, M+1), dtype=’float’)

for k in range(0, M + 1, 1):
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for m in range(0, M + 1, 1):
B4[k] [m] = 0

return B4

def cmd():
C4 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for m in range(0, M + 1, 1):

C4[n][m] =0

return C4

def dp4():
D4 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):

for p in range(0, M + 1, 1):

if n == p:

D4[n] [p] = ((np.pi - phi_0)/2)*(1/(np.tanh(etta(p)
*np.log(r2/rl))+epsi2+*1/np.tanh(etta(p)*np.log(r3/r2))))
else:

D4[n][p] =0

return D4

def gt4():

G4 = np.zeros(shape=(M+1, M+1), dtype=’float’)
for p in range(0, M + 1, 1):

for t in range(0, M + 1, 1):

G4[pl [t] = -g4sum(p,t)
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return G4
# HeHSHEHEHEHEHEHEH SRS RS RS REHEHEHEH MATRIX LEFT (5)

def an5():
A5 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for n in range(0, M + 1, 1):
for p in range(0, M + 1, 1):
A5[n][p] =0

return A5
def bk5():
B5 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for k in range(0, M + 1, 1):
for m in range(0, M + 1, 1):

if k == m:
B5 [k] [m]
else:

B5 [k] [m]

return B5

(1/2)*(np.log(r3/r2))*np.tanh (nu(k)*phi_0)

I
O

def cm5():
C5 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for k in range(0, M + 1, 1):

for m in range(0, M + 1, 1):

C5[k] [m] = -cb5sum(k,m)
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return C5

def dp50Q):
D5 = np.zeros(shape=(M+1, M+1), dtype=’float’)

for k in range(0, M + 1, 1):
for p in range(0, M + 1, 1):

D5[k] [p] = db5sum(k,p)

return Db

def gt5(0):

G5 = np.zeros(shape=(M+1, M+1), dtype=’float’)
for k in range(0, M + 1, 1):

for t in range(0, M + 1, 1):

G5[k] [t] = gbsum(k,t)

return G5

# #HHHHH RS TSRS e HH#H4 MATRIX RIGHT
def dr1():

D1 = np.zeros(shape=(M+1, 1), dtype=’float’)

for k in range(0, M + 1, 1):

ptl = (1 / nu(k)) * (epsl2 * np.log(r2 / rl)
+ (1 / nu(k)) * np.power((-1), (k)))

pt2 = (T2-T1)/(epsi2*np.log(r2/r1l)

+np.log(r3/r2)) - g*r3

D1[k] = ptl * pt2
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return D1

def dr2():
D2 = np.zeros(shape=(M+1, 1), dtype=’float’)

for k in range(0, M + 1, 1):
D2[k] =0

return D2

def dr3(Q):
D3 = np.zeros(shape=(M+1, 1), dtype=’float’)

for n in range(0, M + 1, 1):

ptl = - np.log(r2/r1)

pt2 = (np.power(-1, (n+1))*(1/1mbd(n))*epsi2*x((T2-T1)
/ (eps12*(np.log(r2/rl))+np.log(r3/r2)) - g*r3))

pt3 = np.tanh(lmbd(n)*(np.pi - phi_0))

D3[n] = ptl * pt2 * pt3

return D3

def dr4():
D4 = np.zeros(shape=(M+1, 1), dtype=’float’)

for n in range(0, M + 1, 1):

D4[n] = 2*d4sum(n)

return D4

def dr50):
D5 = np.zeros(shape=(M+1, 1), dtype=’float’)
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for n in range(0, M + 1, 1):

D5[n] = 0

return D5

al = np.array(an1())
a2 = np.array(an2())
a3 = np.array(an3())
a4 = np.array(an4())
a5 = np.array(an5())

bl = np.array(bk1())
b2 = np.array(bk2())
b3 = np.array(bk3())
b4 = np.array(bk4())
b5 = np.array(bk5())

cl = np.array(cm1())
c2 = np.array(cm2())
c3 = np.array(cm3())
c4 = np.array(cmd())
c5 = np.array(cm5())

dl = np.array(dp1())
d2 = np.array(dp2())
d3 = np.array(dp3())
d4 = np.array(dp4())
d5 = np.array(dp5Q))

gl = np.array(gt1())
g2 = np.array(gt2())
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g3 = np.array(gt3())

g4 = np.array(gtd())

g5 = np.array(gt50))

drir = np.array(dri())

dr2r = np.array(dr2())

dr3r = np.array(dr3())

drd4r = np.array(dr4())

drbr = np.array(dr5(0))

S1 = np.hstack((al,bl,cl,dl,gl))
S2 = np.hstack((a2,b2,c2,d2,g2))
S3 = np.hstack((a3,b3,c3,d3,g3))
S4 = np.hstack((a4d,bd,c4,d4,gd))
S5 = np.hstack((ab,b5,c5,d5,g5))
Al = np.vstack((S1,52,33,54,35))
D1 = np.vstack((drlr,dr2r,dr3r,drdr,drbr))
def sole():

a = Al

d = D1

x = np.linalg.solve(a, d)

return Xx

Q = sole(#np.array(sole())
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, 1), dtype=’float’)
, 1), dtype=’float’)

an = np.zeros(shape=(M + 1
1
1, 1), dtype=’float’)
1
1

bk = np.zeros(shape=(M
cm = np.zeros (shape=(M
, 1), dtype=’float’)
, 1), dtype=’float’)

dp = np.zeros(shape=(M

+ 4+ + + o+

gt = np.zeros(shape=(M
an = Q[0:M, O]

bk = QM + 1: 2«M + 1, 0]
cm = Q[2*M + 2: 3*M + 2, 0]

dp = Q[3*M + 3: 4xM + 3, 0]
gt = Q[4xM + 4: BkM + 4, 0]

# #H#HHHAHHA###E UNKNOWN

# HHHHHHAHHHEE MAIN

def ul(r, phi):

t11l = g*epsl2*r3#*np.log(r/r1) + T1
t.n =0
t_m =0

for n in range(0, N1, 1):

t_n += an[n]*(np.exp(-lmbd(n)*(phi_0 - (phi))))
*((1+np.exp(-2*1mbd (n)*(phi)))/
(1+np.exp(-2*1mbd (n) *phi_0)))*np.sin(lmbd (n)*np.log(r/r1))

for m in range(0, N1, 1):
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t_m += cm[m]*(np.power ((r/r2), mu(m)))*
((1-np.power ((r/r1), -2*mu(m)))/
(1-np.power ((r1/r2), 2*mu(m))))*np.cos(mu(m)*(phi))

full = t11 + t.n + t_m

return full

def u2(r, phi):

t22 = g*r3#*np.log(r/r2) + gxr3*np.log(r2/r1)*epsi2 + T1
t k=0
t.m =20

for k in range(0, N1, 1):

t_k += bk[k]*(np.exp(-nu(k)*(phi_0 - (phi))))
*((1+np.exp (-2*nu (k) *(phi)))/
(1+np.exp(-2*nu(k)*phi_0)))*np.sin(nu(k) *np.log(r/r2))

for m in range(0, N1, 1):

t_m += cm[m]*(np.power((r/r2), -mu(m)))

*((1 + np.power ((r/r3), 2*mu(m)))/

(1 + np.power((r2/r3), 2*mu(m))))*np.cos (mu(m)*(phi))

full = t22 + t_k + t_m

return full

def u3(r, phi):

t33 = T1 + eps12%((T2-T1)*np.log(r/r1))/(epsi2*np.log(r2/rl)
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+np.log(r3/r2))
t.n =0
t.p=20

for n in range(0, N1, 1):

t_n += (an[n] + (np.power(-1, (n+1))*(2/1mbd(n))*(epsi2)
*((T2-T1)/(epsi2*x(np.log(r2/r1))+np.log(r3/r2)) - g*r3)))x*
(np.exp(-1mbd (n)*((phi)-phi_0)))*
((1+np.exp(-2*1mbd (n) * (np.pi- (phi))))/(1+np.exp(-2*1mbd (n)
*(np.pi-phi_0))))*np.sin(lmbd(n)*np.log(r/r1))

for p in range(0, N1, 1):

t_p += dplpl*np.power((r/r2), etta(p))*
((1-np.power((r/r1), -2*etta(p)))/
(1-np.power ((r1/r2), 2*etta(p))))
*np.cos(etta(p)*(np.pi - (phi)))

full = t33 + t_.n + t_p

return full
def u4(r, phi):

t44 = T2 + ((T2-T1)*np.log(r/r3))/
(eps12#np.log(r2/r1)+np.log(r3/r2))
t.t=20
t.p=20

for t in range(O0, N1, 1):

t_t += gt[t]*(np.exp(-ksi(t)*((phi) - phi_0)))*
((1+np.exp(-2%ksi(t)*(np.pi - (phi))))/
(1+np.exp(-2xksi(t)*(np.pi - phi_0))))*
np.sin(ksi(t)*np.log(r/r2))
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for p in range(0, N1, 1):

t_p += dplpl*np.power((r/r2), (-etta(p)))*
((1-np.power ((r/r3), (2*xetta(p))))/
(1-np.power ((r2/r3), (2*etta(p)))))
*np.cos(etta(p)*(np.pi - (phi)))

full = t44 + t_t + t_p

return full

def potential(r, phi):

if r < rl:

U=20

if 0 <= (abs(phi)) <= phi_0 and rl <= r <= r2:

U = ul(r, abs(phi))

if 0 <= (abs(phi)) <= phi_0 and r2 < r <= r3:

U = u2(r, abs(phi))

if phi_0 <=(abs(phi)) < np.pi + 1 and rl <= r <= r2:
U = u3(r, abs(phi))

if phi_0 <= (abs(phi)) < np.pi + 1 and r2 < r <= r3:
U = ud(r, abs(phi))

return U

x_arr = np.zeros(shape=(N, N))

y_arr = np.zeros(shape=(N, N))
r_arr = np.zeros(shape=(N, N))

phi_arr = np.zeros(shape=(N, N))
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F_arr = np.zeros(shape=(N, N))

with open("polar.txt", "w") as file:

for k in range(0, N, 1):

for i in range(0, N, 1):

phi = -np.pi + 2 * np.pi x 1 / (N - 1)
r=rl + (2*%r2 - r)*x k / (N - 1)

x = (r*np.cos(phi))

y = (r*np.sin(phi))

F = float(potential(r, phi))
if F < O:

F=20

r_arr[k][i] =1
phi_arr([k] [i] = phi
x_arr[k] [i] =

y_arr (k] [i] =y

F_arr(k][i] = F

plt.contour(x, y, F, colors=’black’)

file.write(str(gt) + " ")
#file.write(str(x) + " ")
#file.write(str(y) + " ")
#file.write(str(F) + "\n")
file.write("\n")

file.close
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fig, ax = plt.subplots()

lev_line = [0, 5, 10, 15, 20, 25, 30, 35, 40, 45,
50, 55, 60, 65, 70, 75, 80, 85, 90, 95, 100]
lev_line = [0,1,2,3,4,5,6,7,8,9,10]
c = (°#990000°, ’#FF99FF’, ’*#CCO9FF’>, ’#9999FF’, ’#6699FF’,
"#3399FF’, #0099FF’, ’#0099CC’, ’#3399CC’, ’#6699CC’,
’#9999CC’, ’#CC99CC’ , #FFI99CC’, ’#FF9999’, ’#CC9999’,
’#999999° , ’#669999°,°#339999°, ’#009999°,
*#009966°, ’#339966°, ’#669966°,°#999966°, ’#CC9966°)
contours = ax.contour(x_arr, y_arr, F_arr,
levels= lev_line, colors = c)

ax.clabel (contours)

ax.legend(title = ’q = -5, eps = 0.1, # 3arojoBOK
title_fontsize = ’20’ # pasMep mpudTa 3aroyioBKa
)

#plt.plot(r_arr, F_arr)

plt.show()

fig, ax = plt.subplots(subplot_kw={"projection": "3d"})
surf = ax.plot_surface(x_arr, y_arr, F_arr,

cmap=’coolwarm’, linewidth=0, antialiased=False)

fig.colorbar(surf, shrink=0.5, aspect=0.5)

plt.show()



