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Ob6o3HaveHnss 1 COKpaIleHUs

R, C — MHOKeCTBa BENECTBEHHBIX M KOMILJIEKCHBIX JHCEN, COOTBETCTBEHHO;
R™ — MHO>KECTBO BEKTOPOB Pa3MEPHOCTHU 7l C BEIECTBEHHLIMI KOMIIOHEHTAMI;
R™*™ — MHO»KECTBO MaTPHUIL PA3MEPHOCTH 1 X M C BEHIECTBEHHLIMI KOMIIO-
HEHTAMYL;

Re s — BelecTBeHHasT 4aCTh KOMILJIEKCHOIO YHCIA S;

i — MHUMAsI eIMHUIA;

- — KOMILJICKCHOE COIIPSIZKEeHUE;

E — enquanunag marpuna;

E, — equanmynas MaTpuIla pasMepHOCTH N X 1;

0 — HyJieBasi MaTPHIlA UK BEKTOD;

0,,xn — HyJeBas MATPHUIlA PA3MEPHOCTH M X N

AT — maTpuna, mosydaeMas TPaHCIOHHPOBAHIEM MaTPHIL A

A* — marpuna, mojsydaemMasi SpMUTOBBIM COlpszKeHneM Marpunbl A, A* = AT,
A=l — marpuma, obparnas K Marpure A;

det A — onpesenuresnb MaTpuInl A;

M ® N — npomssenenne Kponekepa marpui M u N;

M & N — cymma Kponekepa marpuiy M n N

vect X — BekTopusalust MaTpuibl X ;

sp{v1, ..., v} — JuHEliHAS 000JI0IKA BEKTOPOB V1, . . . , Uk;

Amin(W) — MEUHIMAJIBHOE COOCTBEHHOE UMCJIO CHMMETpHYIecKoil MaTpuibt W
||z|| — eBkJMIOBA HOpMa BEKTODA;

||A|| — omeparopHast HOpMa MATPHIIET;

|l¢ll, — paBHOMepHAas HOpMa orpanndentoit dyHkun, 3aanH0il Ha [—h, 0];
Vf — Bapunamnusa GyHKINNT;

ress, f(s) — BbrueT KoMIuIeKcHO3HAYHOM DyHKIWN f(S) B TOUKE S¢;

f'(4+0), f/(—0) — npasast u JieBasi pousBojHast GyHkiwu f B Touke t = 0,
COOTBETCTBEHHO;

fHE)(t) — k-rast mpoussoanas GyHKIUE f;

C(X,Y) — npoctpaHcTBO HempepbIBHBIX dyHKIHT 13 X B Y

PC([a,b],Y) — npocTpaHCTBO KyCOUHO-HEIPEPBIBHBIX (QYHKIIHI, 0TOOpazKao-

X OTPE30K |a, b] B MHOXKeCTBO Y,



BV (|a,b],Y) — npocrpanctBo (hyHKIUiT OrpaHUYeHHON Bapualii, 0TO0parKa-
FOIIUX OTPE30K [a, b] B MHO)KECTBO Y;

NBV ([a,b],Y) — npocTpancTBO HOpMAIN30BaHHBIX (DYHKIIN{T OrpaHNIeHHOIT
BapUAIN, OTOOPasKAIOIINX OTPE30K [a, b] B MHOXKeCTBO Y;

Ly CXOAUMOCTD 110 METpHKE p;

2 — coabag-* exoquMOCTb:

& (t) — mpou3BO/HAs DEIeHNsT CUCTEMbI & B MOMEHT t;

x(t, ) — pellleHre CUCTEMbI, COOTBETCTBYIONIEe HaYaIbHON (DYHKIMN (©;

Ty — COCTOsTHUE CHCTEMbI B MOMEHT &, =y : 0 +— x(t + 0), 0 € [—h,0].



BBenenne

MaremaTudyeckoe MOJICIN CHCTEM CaMOil pazHOOOPa3HOI TPUPOILI, HAIIPpUMeEp,
IIPOIIECCOB U sIBJICHUI, BO3HUKAIOIINX B MeXaHUKe, OMOJIONUN, XUMUU, SKOHOMUKE
U JIpyrux JUCIUIIMHAX, 3a9aCTyIO0 OMUCHIBAIOTCH 3aBUCUMOCTSIMEI CKOPOCTEH 13-
MEHEeHUI OJIHUX BeJMYUH OT JAPYyIUX BeJUdnH. MareMaTuiecKuM HHCTPYMEHTOM,
OIMCBHIBAIOIINM CKOPOCTb N3MEHEHUS KaKOW-TN00 BEJTMINHBI, sIBJIACTCS ITPON3BOJIHA,
a 3HAYUT TaKKe 3aBUCHMOCTU €CTECTBEHHBIM 00pa30M BBIPAXKAIOTCS MJIM OOBIKHO-
BeHHbIMI JuddepeHnnajbHbIMI YPaBHEHUSIME, WK »Ke YPpaBHEHUSIMU B YaCTHBIX
IIPOM3BOJIHBIX.

[Tpu Gostee jeTasbHOM MCCAEOBAHUN TEX WJIM WHBIX IIPOIECCOB, OJIHAKO, OKa-
3bIBACTCSI, IYTO HEJIOCTATOUYHO OI'PAHUINTHLCS PACCMOTPEHNEM Mojie/ieil, rjie Oy/ryiiee
COCTOsIHME CUCTEMBbI 3aBUCUT TOJILKO OT TEKYIIEro, I He 3aBUCUT OT ee IPOIILIOro. bo-
Jiee TOro, B HEKOTOPBIX CHCTeMaX MUCKJIIOUUTh 3aBUCHUMOCTD OT IPOIIJIOI0 OKA3bIBACTCs
HMPUHIAITIAILHO HEBO3MOXKHBIM. Hallpumep B yIpaBJIsieMbIX CUCTEMax ¢ 00paTHOI
CBSI3BbIO MEK/Iy MOMEHTOM U3MEpPEHUsI PeryJupyeMoil BeJIMUYNHbI JI0 MOMEHTa, OIIpejie-
JIEHUsI CUTHAJIa YIIPaBJIeHUs IIPOXOJAUT HEKOTOpoe BpeMs. BosHukaer 3amas/ibiBaHue,
HTHOpUpOBaHue KoToporo, kak ormedaer N. Minorsky [58], MoxeT mpuBecTn K HezxKe-
JIATeJIbHBIM KoJIeOaHusIM B cucteMe. B sIuaeMuoIornaeckux MoJIe/n, PaccMOTPEHHOI
K. L. Cooke [21], posib 3ana3/piBaHusi UrpaeT HHKYOAIIMOHHBII [IEPHOJ] — OTPE30K
BPEMEHH OT MOMEHTA 3aparKeHHusl JI0 IPOsBJIEHUs] CUMIITOMOB OoJjie3Hn. B rorryisi-
IIMOHHBIX MOJICJISIX UJIeN, CBsi3aHHbBIE C 3alla3/IbIBAaHNEM, BOCXOIAT elle K padoTam
V. Volterra o cucremax Tuiia «XuIHUK — ykeprBay [68], a B crarbe M. S. Bartlett [19)
3alra3/ibIBaHe UCIOJb3YeTCsl JIjIsi MOJICIMPOBaHNsT BO3PACTHON CTPYKTYPhI IOITY-
JIAIUU. Y paBHEHUE C 3alla3/ibIBaHeM, OIIChIBAIOIIee MOJIE/b sSIJIEPHOIO PeakTopa,
sBiistercst pegmerom crathi J. A.Nohel [61], a N. MacDonald [56] uccienyer pob
3al1a3/[bIBAHUST TP MOJEJINPOBAHIUI POCTA OJHOK/JIETOUHBIX OPIraHU3MOB B XEMOCTATE.

Brlimrenpuse/ieHHbIE IPUMEPBI — 9TO JINITb HEMHOTHE 13 MHOIMOYNCICHHBIX CTa-
Teil, MOCBSIIIEHHBIX MOJIEJISIM IIPOILIECCOB, B KOTOPBIX IIPUCYTCTBYET 3amna3/bBanne. [1o
Mepe BOBHUKHOBEHHS BCE OOJIBIIEr0 U OOJIBINEro YUca padoT, NCCAEYIOMNX CUCTEMBbI
1 YpaBHEHUs ¢ 3ala3/bIBAHIEeM, CTaJjia 0UeBUIHON HEOOXOIUMOCTh IIOCTPOEHUSsT 00IIelt
TEOpUN Takux cucteM. [1oJ00HBIM HCCIeIOBAaHUSIM MTOCBAIIEHBl MHOIME KHUTH: OT

nepBbix pabor A. JI. Mbmmkuca [7], JI. 9. Duabcronsia, C. b. Hopkuna 9], B. 1. 3y-



oosa [4], R. Bellman, K. L. Cooke [20]|, ucro/ib3ytomux 60jiee HENocpeicTBeH bl
TI0JTXO0JT K MCCJICJIOBAHUIO CUCTEM C 3ama3jblBanueM, Jo Oojiee O3 HIX MOHOIpadmii
J. K Hale, S. M. Verduyn Lunel [39] u O. Diekman, S. A. van Gils, S. M. Verduyn
Lunel, H. O. Walther [23], uznaratomunx Teoputo cucreMm ¢ 3amasjbBaHieM B 00-
Jlee COBpEMEHHOM, abCTPAKTHOM BHUJIE C IIPUBJIEIEHUEM METOI0B (DYHKIIMOHAIHLHOTO
aHaJn3a.

Bo MHOTHEX TPUIOKEHUSIX BaXKHYIO POJIb UTPAIOT MpeJIeTbHbIE CBOIICTBA pellle-
auit. Jloarocpodnoe mporHo3upoBaHne MOBeIEHNsT TTPOIECCOB 1 sABJIEHUIT TMeeT CMBICT
JIMIIb TOTJIA, KOIJla MaJible OTKJIOHEHHUsI M1 MOTPEITHOCTH B HAYAJIbHBIX JAHHBIX HE
HPUBOJIAT K CYIIECTBEHHBIM N3MEHEHUSIM B (DYHKIIMOHUpoBanuu cucreM. 11o1o0Hble
BOIIPOCHI, SIBJISIONINECS MTPEIMETOM TEOPUN YCTOIMBOCTH, TJITYOOKO MCCIETOBAHDI JIJIsT
crcTeM OOBIKHOBEHHBIX JindpepeHnnaibibix ypaBHennii. Oann 13 Hanbdosee BbIIAI0-
IIIXCs PE3YJILTATOB B 9TOM Halpapyiennn npuaaiekut A. M. JIsamyHoBy, KOTOPBIii
B cBOeit 3HaMenuTol quccepranuu «O0mast 3a1aua 00 yeTONINBOCTH JBIZKeHUsT> |6]
TPEJIOZKI METO/T, TIO3BOJISIIONINI OTEHUTD MOBEIEHNE PENICHII CHCTEMBI ¢ TTIOMOTIIBIO
HEKOTOPOIT BCIIOMOTATEIbHON (DYHKIINN, ITOIydnBIIeil HasBaHue GyHKImn JIgmyHosa.

OJ1HaKO MoCcTpoeHne aHAJOTUIHON TeOPUN JjIsi CUCTEM C 3alla3/bIBAHIEM OKa-
3bIBACTCS BeChbMa He TPUBHAJLHbIM. Hanbosiee CyIecTBEHHBIM OTJIMIHEM MEXKLY
CUCTeMaMU C 3ama3/IbIBAHUSAME U cUCTeMaMi 6e3 3ala3/IbIBAHII OKa3bIBACTCS MPO-
CTPAHCTBO COCTOSTHUI. /151 OOBIKHOBEHHBIX T depeHInaabHbIX YPaBHEHU COCTOsA-
HUEM sIBJISIETCA KOHETYHOMEPHBIN BEKTOD, & JIJIsi CHCTEM C 3ala3/bIBaHueM — QyHKITHs,
IpeJICTaB/IAIoNas coboil 9JIEMEHT HEKOTOPOro 6€CKOHETHOMEPHOTO MPOCTPAHCTBA.
O600mmenne Teopun JIgmynoBa Ha CHCTEMBI ¢ 3alTa3/bIBAHIEM MTOJTYUNI0 PA3BUTHE B
JIBYX OCHOBHBIX Hampasjenusix. Ouun nojxos npunajyiexkur H. H. Kpacosekomy [5],
KOTOPBIN TPEJIJIOZKUT BMECTO CKAJIAPHBIX (PyHKIW JIAmyHoBa npuMeHsTh QPyHKIHO-
HAJIbI, UCTIOJIB3Ysl TEeM CaMbIM UCTUHHOE COCTOSIHUE CUCTEMBI — IIeJIbI CEIMEHT ee
TpaekTopun. [louTn oHOBpEeMEHHO TOABUICA U JAPYTO TOJIXO/T, TTPUHA KA
B. C. Pazymuxuny [8|, corsiacHo KOTOPOMY MOYKHO COXPAHUTH CKaJisipHbIe (DYyHKIIUH
JIAmyHOBa, nccyielys UX 3HaYeHUs Ha HEKOTOPOM ITOJMHOXKECTBE, YI0BJIETBOPSIO-
eM cIienraJbHOMY OrpaHUYIeHUIO, TTOTYINBIIeMYy Ha3BaHUe yCIoBUsS Pazymuxuna.
M3/102KeHIIO0 COBPEMEHHOTO COCTOSTHUS TEOPUHN YCTONUNBOCTHU JIJISI CICTEM C 3alas3-

nbiBarneM mocssiienbl Monorpadun V. B. Kolmanovskii, V. R. Nosov [54] u K. Gu,
V. L. Kharitonov, J. Chen [37].



s TMHEHBIX CTallMOHapHBIX CUCTEM OOBIKHOBEHHBIX JuddepeHInaabHbIX
ypaBHEHUT M3BECTEH CJIEYIONNN KIacCmiecKnit Kpurepuit ycroitanBoctn JIsiry-
HOBA: CHCTEMa YCTOMYINBa TOTa U TOJBKO TOT/Ia, KOTIa HAMAETCs MOJTOKUTETHHO-
orpejeseHHas KBaJpaTudHas (popMa, MPOn3BoHas KOTOPOIl BIOJL PEIeHnii Cu-
CTeMBbI €CTh OTpUIATE/ILHO-OIIPeIe/IeHHast KBagpaTudnas ¢popma. O000IIEeHe 9TOro
KPUTEPUs Ha, JIMHETHbIe cTaIlMOHapHbIE CUCTEMBI C 3ala3/ibIBaHIeM ObLIO ITPEIMETOM
AKTUBHBIX UCCTCTOBAHUN, OCYIIECTBICHHBIX B TIOCaeIHne JgecaTuieTns. V1 BoT ecim
nosxoy B. C. Pasymuxuna 371ech oka3aJics MPUHIUITNAIBHO He MPUMEHUM (OH JIaeT
JIAIITH JIOCTATOYHBIE YCJIOBHsT YCTONYIMBOCTH ), TO METO, (DYyHKINOHAJIOB JIstmyHoBa—
KpacoBckoro xoporo 3apeKoMeH 10Baj cedsl.

Cy1ecTByeT JiBa OCHOBHBIX CIIOCODa HCITOJIb30BaHUsI MeTo/ia (PYHKIMOHAJIOB
JIsimynoBa—Kpacosckoro. C o/iHOI CTOPOHBI, MOXKHO CHadaJ/1a BbIOpaTh (DYHKIIMOHAJ
HEKOTOPOI'o OOIIEro BUJA, 3aBEJIOMO SIBJIAIONIIICS OJ0KUTEIbHO-OIIPEICICHHBIM,
npojuddepeHnupoBaTh €ro B CUJIy PEIIeHUil CUCTEeMbl U BBIABUTH YCJIOBUS OT-
pUIaTeILHOM OMPeaeIeHHOCTH MTPONU3BOIHON. DTHUM CIIOCOOOM MOXKHO TIOJIYUUTD
MHOYKECTBO PA3JINIHBIX JIOCTATOUHBIX JIJIS YCTONINBOCTH YCIOBUI, NMEIONINX BT
JIMHEHBIX MaTPUIHBIX HepaBeHCTB. MHOTOUYNC/IEHHBIE TIPUMEPhI YCJIOBHIl TaKOro
BHJIa cojiepxkarcs, Hanpumep, B Monorpadguu S.-I. Niculescu [60]. C apyroii cto-
POHBI, MOXKHO CHavaJja BbIOpATh BUJI ITPOU3BO/IHON (PYyHKITMOHAA, a 3aTeM HailTh
G yHKIMOHAJI, TPOU3BOHASI KOTOPOT'O BJOJIb pelieHnit Oy1eT coBiajiarh ¢ 3aaHHOI.
3agacTyio pyHKIMOHAJIBI MIOJIyUYeHHbIE TAKUM 00pa30M OKA3bIBAIOTCsS 3HAUNTEIHLHO
boJtee CJIOZKHOI CTPYKTYPBI U CYIIECTBEHHYIO TPY/AHOCTD MPEICTAB/IIET MPOBEPKa UX
Ha TOJIOZKUTETHHYIO ONPEJIeIEHHOCTD.

OTMeTnM, 9TO MCIOJIb30BaHIE KJIACCHIeCKOro Kpurepus JIsimyHoBa mmeer Tpn
COCTaBHBIX YacTH. Bo-1epBbIX, 110 3a1aHHOIl TPOU3BOAHON B BHJE KBaJIPATHIHOMN
dopMBI HYyKHO HAWTH BOCCTAHOBUTL (pyHKINIO JIdmyHoBa. OKa3bIBaeTcs, 9TO U 3Ta,
dyukmua Jlanynosa Takxke mMeeT BUJ KBaJIpaTHdHON (opMbl. Bo-BTOPBHIX, OKa-
3bIBACTCSI, YTO MATPHUILbI ITUX JIBYX KBaJIPATUIHBIX (POPM CBSI3aHBI MEXK/Ly COOOI
MaTPUYHBIM ypaBHeHUeM JISIyHOBa, KOTOPOE MOXKHO CBECTH K CHCTEMe JIMHEHHbBIX
aJiredpanvecKnX ypaBHenunii. B-Tperbux, ocraeTcs MPOBEPUTH TOCTPOEHHYIO KBa/I-
paTnyaHyio popMy Ha TOJOKUTEJIHLHYIO ONPEIeJIEeHHOCTD, 9YTO BO3MOXKHO C/le/IaTh,
BOCIIO/Ib30BaBIINCh KpuTepruem Cusibectpa. JlaibHeiinee pa3BuTie TEOPUN JIJIsd

CUCTeEM C 3alla3ibIBaHUEM MOKHO IIPOCJIEJNTDL 110 CXO2KHUM TpEM OCHOBHBLIM HallpaBJie-



HUSIM.

[TepBag TpyIHOCTH, KOTOPYIO MPUXOIUTCS MPEOIOIETH, COCTOUT B TTOCTPOEHUN
dyHKIMOHAIA 10 3a1aHHO# mpon3BoHOoil. OcHOBOIOIArAOIIIEl 3/1eCh sIBJISIETCS Pa-
oora FO. M. Peruna |64, rie jyist cucreM ¢ OfHIM 3armia3/ibIBAHIEM PACCMATPUBACTCS
KBa/IPATUIHbIN (PYHKIIMOHAJ JIOCTATOYHO ODIIEro BUjia, KOTOPHIM 3aTeM jnddepen-
UPYeTCT W ero NMPOU3BOIHAA MpUpaBHUBaeTcd K 3ajtannoii. [Tomyvdaerca cucrema
nnddepeHIma bHbIX YPaBHEHUN T MATPHIL, OMPEICSIONTITX NCKOMBINH (PYHKITHO-
HaJl. XOTsd YCJIOBUA CYIIECTBOBAHNS PEIIeHNs TOH CUCTeMbl He OBbLIN PACCMOTPEHBI,
MOXKHO CKa3aTbh, UYTO CTaTbd OIEPE/INjIa CBOEe BpeMs W BO MHOIOM IIpeJoIpe/ie-
JInta JlaJibHeiiee pazsutne Teopun. [loxoxkne pe3yabTarhl OBLIN MMOJTYyYEHbl U B
crarbe R. Datko [22], momormeiiero k nmpobiieme ¢ abecTpakTHON (DyHKIHOHAIBHO-
aHAJIMTUYECKOI CTOPOHBI.

Cuaenytonieii Bexoit B pa3BuTum Teopum craHoputTcs padora E. F. Infante,
W. B. Castelan [44]. B neit BrepBble B sIBHOM BHJIC OTMETACTCs, UTO JIJIA OCTPOCHNUS
dyHKIIMOHAIA TOCTATOUHO 3HAHUS OJHON (PYHKIIMOHATIHLHON MATPHUITHI, 1 OTMEIAIOTCS
OCHOBHBIE YCJIOBHSI, KOTOPBIMHI OHa OIllpejiesseTcd. B jajbHeliemM ta MaTpuiia
IOJIYIUT HAa3BaHUe MaTpHIlbl JISyHOBA, XOTsI YCIOBUS, [IPUBEJIeHHbIe B cTaThe [44] u
OTJINYIAIOTCS OT COBPEMEHHOTO ee ompeiesienns. MoXKHO TpoBecTn mapaJsijie/ib MeK-
Jly HaXOXKJIeHeM MaTpUIlbl JIAmyHoBa /i1 cucTeM ¢ 3alla3/ibIBAaHUEM U PelleHneM
MaTPUIHOrO ypaBHEeHUs JIdamyHoBa /151 cucTeM OOBIKHOBEHHBIX JidbdepeHInabHbIX
ypaBHeHuii. [ToaToMy, BOonpochl, cBI3aHHbIE C €€ HaXOXKIeHUeM U ¢ IpobJeMoil ee
CYIIECTBOBAHUS U €MHCTBEHHOCTH, 3aHIMAIOT KJIIOUEBYIO POJIb JIST BTOPOTI'O MYyHKTA
HaMeYeHHOil BBIIIEe TTPOrPAMMBI.

Bosbinm marom B passutuu Teopun craja cratbs W. Huang [41]. B weii
paccMaTpUBaIOTCI CUCTEMBI OOIIETO BUJIA, MTPABble YACTU KOTOPBIX ONUCHIBAIOTCS WH-
terpajoM CTUITheca C siIpOM B BUJIe MATPUITLI U3 (DYHKINN OrpaHUICHHON BapuaIlii.
YegoBus, onpejiessioniue MaTpuity JIgamyHoBa, BiiepBble 1al0TCs B COBDEMEHHOM BHUJIE,
U JIOKA3bIBAETCS, IYTO JOCTATOYHBIM YCJIOBUEM €€ CYIIeCTBOBAHUS SABJISAETCA OTCYT-
CTBUE Yy CHCTEMbI COOCTBEHHBIX YHCE/I, PACIIOJIOKEHHBIX CHMMETPHIHO OTHOCUTETHLHO
HYJIsT KOMILIEKCHOM T10ckocTr. Crie/lyeT OTMETUTh, 9TO TOYHO TaKoe Ke 1Mo (hopme
YCJIOBHE JIJIT CUCTEM JIMHEHHBIX OOBIKHOBEHHBIX I depeHna bubiX ypaBHeHN
SIBJIAETCA KPUTEPUEM eTMHCTBEHHOCTH pelleHns MAaTPpUIHOro ypasHeHus JIgamyHoBa.

B nasbHeiiem 910 yesioBre cTaHeT n3BecTHO Kak yciosue JlsmyHnosa. B pabore [41]
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TaK»Ke BIIEPBbIE B COBPEMEHHOI (pOopMe BBIIINCHIBACTCS B SIBHOM Bu/jie (DYHKIIMOHAI,
UMEIOIINI B KaUecTBE MPOU3BOJIHON BJIOJIb PEIIEHUI CUCTEMbl KBAJIPATHIHYIO (DOPMY.
JloKa3bIBaeTCs W MOJIOXKUTEIbHAS ONPEIEJIEHHOCTE 9TOro (DyHKIIMOHAIA B CJIydae
9KCIIOHEHIINAIbHOI YCTONUNBOCTH, XOTS, K COXKAJCHHUIO MTOJYUYeHHAsd aBTOPOM OIlEHKa
Ha PYHKIMOHAJ CHU3Y OKa3aJjach JIUIIb JOKAJbHON 1 KyOMIeCKOii.

Hekoropoe Bpewms cryerst A. I1. 2Kabko Oyjer moctpoen mpumep [51], aemon-
CTPUPYIOIIHIL, YTO 10J00HBIH (DYHKIMOHAJ B IIPUHIIKIIE HE JOIMYCKAeT KBaJIPaTUIHYIO
orenky cam3y. B crarbe B. JI. Xapuronosa n A. I1. 2Kabko [46| nperaraercst moiu-
durmpoBanHbIil GpyHKIMOHAI. B ero nmponsBo/iHyI0 BIOJIb PeIIeHuil 100aBIs0TCs
KBa/[paTUYHbIE C/IAraeMble HCIIO/IL3YIONINE MTOJTHOE COCTOSTHIE CUCTEMbI. BeencTue
9TOI'0 HOBbIE (PYHKIIMOHAJIBI IIpHoOpeTalT Ha3BaHue PYHKIMOHAJIOB IIOJTHOTO THIIA.
Onn J101mycKaoT KBaJIpaTUIHYIO OIEHKY KaK CBEpXYy, Tak, JJIs 9KCIIOHEHIINAJILHO
YCTOMYMBBIX CUCTEM, U CHU3Y. TeM caMbIM JIOKa3bIBaeTCsI, 4TO Teopema KpacoBcko-
ro [5|, matoras Jjist CUCTeM € 3ama3/bIBAHIEM JOCTATOYHOE YCJIOBHE IKCIIOHEHIIHA b
HOI YCTOMYIMBOCTH, JJIsT JINHEHHBIX CTAIIMOHAPHBIX CUCTEM SIBJISIETCS 1 HEOOXOIMMbIM
ycsioBueM. TakuM 0Opa3oM MOXKHO TOBOPHUTDH O MOJTHOIEHHOM 00O0DINEHNN KPUTEpPUst
JIsIyHOBa Ha CHCTEMBI C 3ala3]/IbIBAHUEM.

Pazobpasiuch ¢ nmocrpoenneM (byHKIMOHAJIOB, OCHOBHBIM HallPaBJIeHUEM Jlajlb-
HEeNINX UccjieJoBaHuil cTaHoBsTCsA Marpulibl JIsmyHnosa. Crarbs B. JI. XapuroHo-
Ba [50] momosasier pannioro pabory W. Huang [41], ycranasiusasi, 4To ycjioBue
JIdAmyHOBa sIBJISIETCsI HE TOJIBKO JOCTATOYHBIM, HO M HEOOXOJIMMBIM YCJIOBUEM CYIIE-
CTBOBaHUA U eJMHCTBeHHOCTH Marpull JIsiimyHoBa. MHorue padboTbl 1OCBAIIAIOTCS
HaXOXKJICHUIO MaTpull JISmyHoBa JijId pas3IMIHbIX KJIACCOB CUCTEM C 3alla3]/IbIBaHUEM.
OcHOBOIT Bcex maJibHEHINNX ucciegoBannii cranopurcsa padbora V. L. Kharitonov,
E. Plischke [49], B KoTOpOi{i BIIepBBIC B 3aKOHYCHHBIM BH/JIC M3JIAracTCs CIocod Ha-
XOKIeHns1 MaTpuil JIsmyHoBa JijIsi CUCTEM C OJIHUM 3alla3/IbIBAaHueM. DTOT METO/I
0000111aeTCst Ha CUCTEMBI C HECKOJIBKIMHU COM3MEPUMBIMU 3alla3/IbIBAHUSIMI B CTa-
tee H. Garcia-Lozano, V. L. Kharitonov [34] u na cmcrembl ¢ paciipe/ie/ieHHbIM
3aIa3/IbIBAHNEM I 9KCIIOHEHIINAIBHBIM AapoM B cratbe B. JI. Xapurtonosa [48]. O1-
METHM, 9TO MeTOJ U3 cTarbu 48] okasbiBaercs He mosion, B ctarbe M. Abu-Khalaf,
S. Gumussoy |14] paccmaTpuBaeTcst IprMep, B KOTOPOM 9TOT METOJL He MO3BOJIseT Haii-
i MaTpuity JIsmnyHosa, xors yciaosue JIsiyHoBa n BeirosHeHo. OJiHA U3 BOZMOXKHBIX

Mo uKaIil MeTo/[a ObLIa [peJIoYKeHa TeMI JKe aBTopaMu B pabote [38].
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Crour cKazaTh, YTO CUCTEMbI C PACIPEJIEJIEHHBIM 3alla3/IbIBAHIEM 1 IKCIIO-
HEHIUAJBHBIM $1JIPOM OKA3BIBAIOTCsI BaKHBI JIJIsl TEOPUH yIIpaBjieHust. Panee yxke
OTMEYAJIOCh, UTO 3alla3/blBAHIe B YIIPABICHUHU [JIsI CUCTEM C OOPATHOl CBSA3BIO
npakTudeckn wHemsbexkuo. B crarbe A. Z. Manitius, A. W. Olbrot [57| s iuneiinbix
CHCTEM C 3al1a3/(bIBAHIEeM B YIIPABJICHIH ObLJI TIPEJJIOKEH ClI0C00 CTaOUIN3AIMI TAKIX
cucrem 1o obpaTHOl cBs3u. PaccMaTpuBaemMoe TaM yrpaBjieHue TUIA ITPEIUKTOP»
COJIEPKUT WHTErPaJIbHBIN 9eH, B KOTOPOM IPHUCYTCTBYET MATPUYHAS SKCIIOHEHTA.
OnHaxko, Kak 6b110 yeranosyerno B crarbe K. Engelborghs, M. Dambrine, D. Roose [30],
peajin3aliis TAKOro yIPaBJIeHUsT OKA3bIBAETCs CJIOKHA HA [IPAKTUKE, O9TOMY B Da-
oore S. Mondié, W. Michiels [59] 6b11 11pe/ijioKeH THHAMUYIECKHIT 3aKOH YIIPABJICHNUS.
3aMbIKaHIe CHCTEMBI 9TUM JHHAMUYIECKIM DEryJIsiTOPOM MPUBOJUT K CHCTEME C
pacIpejie/IeHHbIM 3ala3/bIBAHUEM U SKCIIOHEHIINAbHBIM SIJIPOM.

Crarbst S. Gumussoy, M. Abu-Khalaf [38] unrepecna eire u ¢ Toit cTopoH®bI,
9TO TaM BBIHOCUTCS Ha OOCY2KJIEHUE BOMPOC HUCCIEIOBAHUS YCTONUNBOCTH CHCTEM
C paCIIpeJIeJIeHHBIM 3alla3/IbIBAHIEM U HAXOXKJICHUS UX MaTputl JIsamyHoBa myTem
CBeJleHUsl MX K CHCTeMaM C OJIHUM 3arasjbiBanueM. [1o1o0HbIe njien He HOBBI U
noiHuMaJnch panee B paborax E. 1. Verriest [67|, B. Ficak [31] u G. Ochoa, D. Melchor-
Aguilar, S.Mondié [63], xoTs n He MOBEPrajnCh CHCTEMATHICCKIM HCCJICIOBAHUSM.

Bee Boimenpuseientbie paboThl pACCMATPUBAIOT HAXOXK/ICHIE MaTpHIl JIsiy-
HOBa JIjIsl KOHKPETHBIX KJIACCOB CUCTeM. XOTsl BOIIPOC HAXOXKJIEHIS HOBBIX KJIACCOB
cuCTeM, JJIst KOTOPBIX 9T0 BO3MOYKHO, U TIPEJICTABJISET CYIeCTBEHHbI HCC/Ie0BATE b
CKHIT HHTEpeC, SICHO, ITO TaKIM 00pa30M HEBO3MOYKHO MPUHTH K HAXOXKICHUIO MATPHII
JlsmyHoBa Jyist InMHERHBIX cucteM obiero Buja. [Ipuxomurest obpamarbest K mpudJim-
xkenubiM MeTogam. Crarbst H. Garcia-Lozano, V. L. Kharitonov [35] paccmarpusaer
KyCOUYHO-JINHelHbIe pub/izkenne, a B paborax E. Huesca, S. Mondié, O. Santos [42)]
u E. Jarlebring, J. Vanbiervliet, W. Michiels [45] mpesnaraercs monmaoMuaibHast
armpokcumarust Matputy JIsmyHosa. CieyeT 0TMETUTD, YTO BbIICIICPEINCICHHbBIE
METO/[bl B HEKOTOPOM CMBICJIE 9BPUCTHYECKIE, JIJIsl HUX UMEOTCS JIUIIb KAueCTBeHHbIE
OIEHKH TIOJIyYaeMbIX TPUOJINKEHUH U He TapaHTUPYeTCs OJIM30CTh AIPOKCUMAIINIT
K MCKOMOiT MaTpurie JIsgmyHosa.

B coBcem apyrom kiode BoinosiHeHbl paboTsl A. V. Egorov, V.L. Kharitonov
[29] u V. L. Kharitonov [53|. B nepsoit u3 Hux ycraHaBjinBaeTcs, 4To jijisd SKCIOHEHI K-

AJIbHO YCTOI?’I‘{I/IBI)IX CUCTEM C HECKOJIbKMMU 3alla3AblBaHUAMN NX MaTPUILbI HHHyHOBa
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MOI'YT OBITH CKOJIb YTOJIHO TOYHO IPHUOJIMKEHbI MaTpHIaMi JIsmyHoBa, JIJIsl CHCTEM C
HECKOJIBKIME COM3MEPUMBIMI 3ama3/blBannsiMu. Bo BTopoil pabore J0Ka3bIBAETCS,
9TO MaTPHUIG JIAMyHOBA J1JIsT SKCIOHEHINAIBHO YCTONINBBIX CHCTEM C pPacIpee/eH-
HBIM 3ala3/bIBAHIEM MOTYT ObITh CKOJIBKO YT'OJHO TOYHO HPHUOINKEHBI MATPUI[AMI
JIstyHOBA, /151 CHCTEM ¢ HECKOJbKUMU KPATHBIME 3aI1a3/IbIBAHUSIME, 0Ty IaeMbIMI
3aMeHOll NHTEeTrPaJIbHOTO djieHa KoHedHoilt cymMMoii. TpeboBanue 3KCIIOHEHITNATLHON
YCTOWYMBOCTHU, KPUTUIECKN BaykKHOE [IJIsT 9TUX JABYX CTATEl, SIBJISETCS X IJIABHBIM
HEJ0CTATKOM, CYIIECTBEHHO OPAHNYUBAIONINM 00JIaCTh X IPUMEHEHHS.

TperbuM U MOCIEIHNM U3 IIYHKTOB HAMEYEHHOI BBIIIE IIPOrpaMMbl ObLIO Ha-
XOYKJIeHIEe YCJOBUI TIOJIOYKUTEBHOIN OIpeie/IeHHOCTH (PYHKITMOHAIOB JIdmyHoBa—
KpacoBckoro, aHaJOrIIHBIX YCIOBUIO MMOJIOKUTEILHON OIPEIe/IEHHOCTI PEITeHIs
MaTpuIHOro ypasHenus JIsimyHnosa. V3 BbIlecKa3aHHOTO CJIEIYET, 9TO €CJIU TaKne
VCJIOBUSI 1 CYIIIECTBYET, TO OHU JIOJI?KHBI BhIpazKaThes depe3 Marpuily JIgmyrosa. JoJ-
roe BpeMs JaHHas IpobieMa ocTaBaIach OTKPBITHIM BOIIPOCOM, ITOKa B CEpUE paboT
A. V. Egorov, S. Mondié [24-26] n A. V. Egorov, C. Cuvas, S. Mondié [28] e 65110
IIOJIY9€HO HEOOXOIUMOE U JOCTATOYHOE YCJIOBUE SKCIIOHEHIUAIBLHON yCTONIMBOCTH,
BBIpayKaeMoe B BHUJIE IOJIOXKUTE/ILHON OIpeeIeHHOCTH OECKOHEUHOM I10C/Ie/10Ba~
TEJILHOCTH OJIOYHBIX MaTPHI], COCTAB/SIEMbIX U3 3HadYeHUit MaTpunnl JIsmyHnosa B
pas3/IndHbIe MOMEHTBI BpeMeHH. 10, 9TO JOCTATOTHO IIPOBEPKH Ha MOJIOKUTEIbHYIO
OIIPEJIeJIEHHOCTD JINITh HEKOTOPOI'0 KOHEUHOI'O YHCJIa YJIEHOB 9TOI MOC/Ie0BATeIHHO-
cru, 66110 yecTaHoBIeHO B ctathe A. B. Eroposa [27].

C patorsr B. JI. Xapuronosa n A. I1. 2Kabko [46] maunnaercst s dexrupHOe
npuMenenne ynkimonasos Jlgmynosa—KpacoBckoro u marpur JIsiimyHoBa B pa3Ho-
obpasHbixX npuioykennsx. Crarbs [46] ucnosbzyer hyHKIMOHABI [IOJHOTO THIIA, JIJIsT
anajm3a pobacraocru, B pabore V. L. Kharitonov, D. Hinrichsen [47] onu ucrosibzy-
IOTCST /TSI HAXOKIEHNsT SKCIIOHEHIINAIbHBIX OIEHOK Ha, pernennsi. OupeneneHnio Kpu-
TUYECKNX 3HAUEHUIT 3ala3/ibiBaHus nocpdineHa crarbs G. Ochoa, V. L. Kharitonov,
S. Mondié [62], a B8 pabore O. Santos, S. Mondié, V. L. Kharitonov [66] npeiaraercst
UTepaIoHHasl CXxeMa, HaXOXKJIEHHs T0CIe0BaTe/IbHOCTH CyOOITUMAIbHBIX YIIPaB-
JIEHNUI, TI0C/IeI0BATEILHO CHIZKAIOIINX Ha KayKJIOM Iare 3HadYeHns] KBaIPATHIHOTO
dbyukimonata kadecrsa. Crarbst E. Jarlebring, J. Vanbiervliet, W. Michiels [45]
HCIIOJIB3YeT MaTpuily JIgmyHoBa 11t BRIYUCIEHHS Ho HOPMBI IIepeIaTOqHOl MaT-

putsl cuctembl, a B. A. Cymadesa B padbote [10] nmpearaer cxemy, mo3BOJISIIOILY O
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IOCTPOUTDL yIIpaBJjeHne, YMeHbIatoliee Ho HOPMY MepPeIaTOUHON MATPUIHI CUCTEMBI.

Pestomupyem Boimensioxkennoe. Oynknunonass: JIamynosa—Kpacosckoro oka-
3aJIMCh YPE3BbIYAITHO YI00HBI JIJId aHAJIN3a YCTOWUNBOCTH CUCTEM C 3alla3/IbiBAHIEM 1
HAIILJIN MHOXKECTBO Pa3/IMIHBIX MpuioxKeHuit. O HON U3 KJIFOUEBBIX TPOOJIEM, OrpaHi-
YUBAIONIX 00JIACTb UX MPUMEHEHUS ABJISIETCS HEOOXOIMMOCTh HAXOMXKJICHUS MaTPHI]
JIamynoBa, 9T0 BO3MOYKHO JIUIIL JI/I HEKOTOPBIX KJjaccoB cucteM. IIpencrasisgercs
BayKHBIM HaXOXKJIeHIE€ HOBBIX KJIACCOB CUCTEM C 3alla3/IbIBaeM I KOTOPBIX BO3MOK-
HO KOHCTPYKTHBHOE IocTpoeHne maTpull JIsmyHoBa, a Takke pa3padoTKa HOBBIX
KOHCTPYKTUBHBIX METOJIOB IPHUOJINKEHHOTO HAXOXKIeHI MaTpuil JIsmyHoBa. DToMy
U TIOCBSIIEHO HACTOSIIEe UCC/Ie/IOBaHNE.

e nccaegoBaHms:

e Haxok1eHne HOBBIX KJIACCOB CUCTEM C 3alla3]IbIBAHUEM, JIJIsT KOTOPBIX BO3MOXKHO
TOUYHOE HaXOXKJeHne MaTpull JIdmyHoBa W MmocTpoeHue jjisi TAaKUX CHUCTEM
TEOPUHU, AHAJIOIMIHON M3BECTHOM JIJIsI CUCTEM C OJHUM 3alla3/[bIBaHuEeM.

e Pacnpocrpanenue merona dbyrkimonason JIsmyHoa—KpacoBckoro Ha yrpas-
JisieMble CUCTEMBI C 3alla3/bIBAaHUEM U TOJIYUYeHHNe SKCIOHEHITUAIBHBIX OIEHOK
Ha peleHnst TaKIX CUCTEM.

e PaspaboTka KOHCTPYKTHUBHBIX METOI0B HaXOXKIeHUsT MaTpull JIdmyHoBa jjisi cu-
CTEM C 3alla3jbIBaHieM OOIIero Buja 0e3 orpaHuveHus Ha Caydail UX SKCIIOHEH-
uaJIbHON ycroitunBocTu. Haxoxk ieHue ycIoBuii, I0CTATOIHBIX /IS CXOMMOCTH
I0CJIEIOBATEILHOCTU TTPUOJINKEHHBIX MaTpuIl JIamynoBa K nCKOMOIA.
Hayunasa soBm3Ha. Bee ocHOBHBIE pe3yJIbTaThl, IIPEJICTABIEHHBIE B JIICCED-

TAIUU, STBJISIIOTCA HOBBIMH.

Teoperndeckasa n npakTnieckasi 3HAYNMOCTb padoTwl. Pabora 1mocss-
ImeHa pasBUTUIO MeTojla (PYHKIMoHaJIoB JIdmynoBa—KpacoBckoro, pacimpennio
KJIacca CUCTeM, JIJIT KOTOPBIX BO3MOYKHO HaxOxKJeHue MaTpuilsl JIsmyHoBa, 1 mepe-
HOCYy MeTojia PYHKITMOHAJIOB JIsnmyHoBa—KpacoBcKoOro Ha ylpaB/isieMble CUCTEMBI C
3ara3apiBanreM. JlaHHnble pe3ysibTaThl MPEJCTABISIIOT U TPAKTHIECKUT NHTEpec, Tak
KaK CHCTEMBI C 3alla3/IbIBaleM UCIOJB3YIOTCA IS ONMUCAHNs OMOJIOTNTIeCKNX, MeXa-
HUYECKNX, XUMUYIECKIX 1 JIP. IIPOIECCOB, a TaKKe eCTeCTBEHHBIM 00Pa30M BO3HUKAIOT
B JIIOOBIX YIIPaBJIIEMbIX CUCTEMaX ¢ 00paTHON CBA3bIO.

CTpyKTypa u OCHOBHOE cojiep2kaHme padoThl. /luccepralinsi COCTOUT U3

IECTH TJIaB U JIBYX Hpuioxkennii. B mepBoii riaBe NpuBOANTCA KpaTKas CBOJIKA
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U3BECTHBIX PE3YJIbTATOB, MCIIOJIb3YyEeMbIX B IIOCJIEIYIONIUX IiaBax. B naparpadax
1.1 n 1.2 BBOJSATCS OCHOBHBIE NTOHATHUS JIJIA JTUHEHBIX CHUCTEM C 3alla3/IbIBaHUEM, B
naparpade 1.3 usnaraercs mMero; GyHKIMOHAIOB JIssmyHOBa—KpacoBCcKOro moJiHOro
Tuna, a B naparpade 1.4 BBoguTca nonsitue Marput JlamnyHnosa. Takxke B maparpade
1.5 npuBoauTCcss 0030p MeTOJIa HAXOXKIeHUd MaTpull JIgmyHoBa JJisd CUCTEM C OJHUM
3anas3blBanneM, a B naparpade 1.6 maiorca omnpejesnenne U OCHOBHbIE CBOHCTBaA
nponsBeeHnsd n cyMMbl Kporekepa.

Bropas riiaBa nocssiieHa mpobjieMe HaxoxIeHust MaTpull JIsmyHosa Jiis
CHUCTEM C paclpeleJIeHHBIM 3alla3bIBaHIEM U 9KCIIOHEHIINAJIbHBIM siipoM. [ljs1 110-
JIOOHBIX cucTeM B naparpade 2.2 npejaraioTcsd HOBble I'DAHUYUHbBIE YCJIOBUs JIJIsT
BCIIOMOTaTe/IbHOM CUCTEeMbI JIMHEHHBIX JuddepeHInajibHbIX YpaBHEeHNIT 0e3 3alias3/ibl-
BaHUsI, KOTOpPas MOXKET ObITh MCII0JIb30BaHa JIjIst Olpejie/ieHnst MaTpuIlbl JIgmyHosa.
B naparpade 2.3 onmcbiBaeTcsd KOHCTPYKTUBHBIN CIIOCOO peIleHnsT BCIIOMOTaTe/IbHOM
IrpaHnvHO 3a/1a41, a B naparpade 2.4 J0Ka3bIBaeTCsl, YTO CYIIECTBOBAHNE U €J1H-
CTBEHHOCTH MaTPHUILI JIAmyHoBa paBHOCHIBHA €INHCTBEHHOCTH PelIeHns JaHHON
I'PAHUYHON 3a/a9. DT Pe3y/IbTaThl HLIIOCTPUPYIOTC B maparpade 2.5.

B TpeTbeii ri1aBe paccMaTpUBACTCA IMOAXO0/ K HAXO0XKICHIIO MaTpull JIsmyHoBa
JIJIsT CUCTEM C PaCIpeie/IeHHBIM 3ala3/IbiBaHeM 1 SKCIOHEHINAIbHBIM FIPOM IIyTeM
BBEJICHNSA JIOTIOJHUTE/IBHBIX IIe€PEMEHHBIX U TpaHC(OPMaIllnl UX B CUCTEMbI OOJIbIIEil
pa3MepHOCTH C OJHUM 3ala3jbiBanneM. B naparpade 3.1 BbIBOJAATCS COOTHOIIECHUS
MEXK ]Iy PELIeHUsIMU, XapaKTePUCTUICCKUMI (DYHKIUAMU U (PYyHIaAMEHTaJIbHBIMU
MaTpUIIAMU UCXOIHON M pacmupentoil cucrem. VecieqoBannio ¢BA3U MKy MaT-
puriamu JIsmyHoBa JIByX cHCTeM TocBsiieH naparpad 3.2. B naparpadax 3.3 u
3.4 uccye1yloTcst JOMOJIHUTE/IbHbIE CBOMCTBA, BOBHUKAIOIINE IIPU IIPEIII0I0KEHNN O
BBIIIOJIHEHUN YCJI0BUS JIdmyHOBa M NP HAJIMYUU SKCIOHEHIIMAJIBHON YCTONINBOCTH,
cooTBeTcTBeHHO. B maparpade 3.5 NpuBoAsSITCs IPUMEPBI CUCTEM, Y KOTOPBIX €CTh
maTpuiia JIgmynosa, HO TPU 9TOM JIJIST PACHINPEHHOI cUCTeMBbI MAaTpUILI JIdmyHosa
HE CYIIECTBYET.

YerBepTas riaBa IO0CBdIICHA JUHEHHBIM YIIPABIsEMbIM CUCTEMaM C 3allas3-
JIibIBaHUEeM B yipapiennn. B maparpade 4.1 npejiaraercs gpyHkunoHas JIsmyHoBa—
KpacoBckoro jijisi cucreM, 3aMKHYTBIX CTaOUJIN3UPYIONINM yipaBjieHueM. B mapa-
rpade 4.2 3tn GYHKIMOHAJIBI UCIIOIb3YIOTCs JIJI HAXO0XKICHUsT SKCIIOHEHITNAIbHBIX

OIIEHOK Ha pellcHUA TaKUX CHUCTEM. ['naBa 3aBepIacTCAd JEMOHCTPAaTUBHBIM IIPUMEPOM
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B naparpade 4.3.

IIaras riaBa nocesiieHa mpobjeMe HaXOXKIeHUs MaTpull JIsamyHoBa s
CHCTEM C pacupeie/IeHHbIM 3ala3/IbIBAaHIEM 1 KyCOUHO-TIOCTOTHHBIM spoM. B mapa-
rpade 5.2 paccMaTpuBaeTCsI BCIIOMOraTeIbHas I'PaHIYHasd 3a/1a49a, KOTOPas MOXKET
OBITH UCITOJIL30BaHA JIJI MOCTPOeHUs MaTpuIlbl JIsamyHoBa moobHbIX cuctem. B
naparpade 5.3 BOIIPOC pelIeHus STOI IpaHUIHON 38191 CBOAUTCA K HAXOXKICHUIO
pellleHnsl CUCTeMbl JIMHEHHBIX ajiredpandeckux ypasHenuii. [Taparpad 5.4 mocsinen
JIOKa3aTeJIbCTBY TOTO, YTO T'PAHUYHas 3a/a4da UMeeT eIUHCTBEHHOe peleHne Tora
U TOJILKO TOTJIa, KOIJIa CYIIEeCTBYeT eJMHCTBeHHass MaTpuiia JIsmyHoBa. 3aBepiiaer
IJIaBy MPUMEpP UCIOJIb30BAHNSA IPAHUTHON 3a/1a41 JJIs HAXOXKJIeHNsT KPUTUIECKOTO
3HAUEHUs 3alla3/ibiIBaHus B naparpade 5.5.

B mecToit ry1aBe cTtaBUTCS BOIPOC O HEIPEPBIBHON 3aBUCUMOCTU MaTPUIL
JIdmyHoBa OT TIpaBbIX YacTeil ypaBHeHnuil ¢ 3amnas ibiBanueM. B maparpade 6.1 s
ONMCAHUs MPABBIX YacTell CUCTEM BBOJUTCS MPOCTPAHCTBO HOPMAJIM30BAHHBIX MaT-
PUYHBIX (DYHKINI OrpaHUYEHHON Bapuaiun 1 (hOpMYJIUPyeTcss OCHOBHAsI TeOpeMa, O
CXOJIMMOCTH MaTpull JIgmyHoBa MMpU CXOJMMOCTHU IpaBbIX yacTeil. /lokazarebcTBO
9TOr0 pe3ybTaTa Pa3OUTO Ha JiBe YacTU U MPUBOAUTCS B naparpadax 6.2 m 6.3.
Bormpoc HenpepbIBHOI 3aBUCHMOCTH MaTpuIl JIgmyHOBa OT IpaBbIX dacTeil CUCTEM B
3aBUCUMOCTHU OT TOIOJIOTMK Ha, (DYHKIUAX OrpaHMYEHHON Bapualun o0CYy»KIaeTcs B
naparpade 6.4. ITociennnit naparpad 6.5 JeMOHCTPUPYET ONMUCHIBAEMBIN M0JIX0]] Ha
IIpUMepe.

B mpustoxkxeHnn A 1puBOINTCs peasm3aliist aJropuT™Ma HaX0KIeHUsT MaTPUIL
JIdamyHnoBa /st crucTeM ¢ paclpeie/leHHbIM 3ala3/IbIBAaHNEM U SKCITOHEHITNAHLHBIM
sIJIpOM, OITMCAHHOIO B I1aBe 2. Peajim3aliust MeTojia oCTpoeHus MaTpull JIgmyHosa
JUIST CUCTEM C pacIpejie/IeHHbIM 3ala3/bIBaHNeM U KyCOTHO-ITOCTOSHHBIM SIJIPOM,
IIpE/ICTABICHHOrO B TJIaBe D, MpUBeIcHa B MIPUIOXKEHUN bB.

Anpobarus paboTbl. Pe3ysibraThl paboThl JTOKJ/IaIbIBAINCH Ha HAYIHBIX KOH-
depennusax: 47-g MexkIyHApO HAs Hay4IHasd KOH(MEPEHIUs aclIuPaHTOB W CTYIECHTOB
«IIpomeccer ympasienns u ycroitauoctby dakynbrera [IM-ITY CII6IY (Cankt-
[TerepOypr, 2016), «XIII Beepoccuiickoe copemnanme mo mpobeMaM yIIpaBJIeHUsT
(BCITY-2019)» (Mocksa, UITY PAH, 2019) u «15th IFAC Workshop on Time Delay
Systems» (Cunas, Pymbraust, 2019). OcHOBHBIE pe3y/IbTATHI JIUCCEPTAIUN OILYOJIH-

koBaHbl B paborax [1,15-18]. 13 uux crares [1| onybiukoBaHa B pelieH3MpPyeMOM
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Kypraje u3 ciucka BAK, a crarbu [15-18| B MHOCTpAaHHBIX KYypHAJIAX, BXOJAIINX B
HayKoMeTpudeckue 6a3bl Scopus u Web of Science.
ITonoxkeHusi, BBIHOCUMbIE Ha 3AIUTY:
® KOHCTPYKTUBHBII METOJ HAXOXKJIeHNs MaTpuIl JIsmyHoBa i cucTteM ¢ pacipe-
JIeJIEHHBIM 3alla3/bIBaHeM U SKCIIOHEHIUAJIbHBIM SJIPOM;
® lCC/IeJIoBaHNe OIX0AA K aHAJIN3y YCTOMYNBOCTHA CUCTEM C PaCIpe/IeJIeHHBIM
3alta3bIBAHIEM IyTeM IX MPeodpPa3oBaHms K CUCTEMaM C OJIHUM 3ama3/biBa-
HUEeM;
e 1ocTpoeHune GYHKIMOHAJIOB JIamyHoBa—KpacoBCcKOro 1motHOro THIa, Jjst yIpas-
JIsleMbIX CUCTEM C 3alla3/IblBaHUEM U HAXOKJIeHUe IKCIIOHEHIUAJIbHBIX OIEHOK
JIISI pelleHnit TaKUX CUCTEM;
® KOHCTPYKTUBHBII METO/ HAXOXKIeHUsT MAaTpuIl JISmyHoBa Jjisd CUCTEM ¢ KYyCOTHO-
IOCTOSHHBIM $1JIPOM;
® KOHCTPYKTHBHBII MeTOJI TPUOINKEHHOTO HAXOXKICHUST MaTpuIl JIamyHoBa s

ITPOUSBOJILHBIX JIMHEIHBIX CTallMOHAPHBIX CUCTEM C 3alla3JbIBaHNEM.
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I'maa 1. @yHKIMOHAJIBI 1 MaTpuIibl JIdimyHoBa

B AdaHHOM pa3ejie BBOAATCA OCHOBHBIC IIOHATHA U OIIPpEACJICHNA, NCIIOJIb3YEMbIC

B JlaJIbHelIell yacTu padboTHhl.

1.1. O6uiue cBeaeHud

B mannoit paboTe nsydaroTcs JUHEHbIE cTallnoHapHble 1uddepeHiaibHble
cucTeMbl ¢ 3amaszabiBanueM. PopMbl, KOTOPbIEe MOI'YT UMETh TaKHe CHCTEMBbI, U
OIMCHIBAOIINE X YPaBHEHUsI MOI'YT OBbITh BeCbMa pa3HOOOpa3Hbl B 3aBUCUMOCTHU
OT KOHKpeTHOI 3aja4un. Hampumep, dacTo paccMaTpUBAIOTCA CUCTEMbBI C OJHIM

3alla3JbIBaHUEM BHIa

#(t) = Aoz (t) + Ara(t — h), (1.1)

rie Ag, A1 ecThb BellleCTBEHHBIE MATPUILBI HOPSIIKA N X 1, a 3amasapiBanne h > 0.

I/IHTepec MOT'YT IIPEACTABJIATH U CUCTEMBI C HECKOJIbKUMU 3alla3blBaHUAMMI:

m
() =) Aja(t = hy), (1.2)
§=0
rjge marpuibl A; € R 0< 7 <mu0=hy<h <...<hy,=h. Paccmarpn-
BaTLCs MOI'YT M CUCTEMbBI C PACIpEIeIeHHBIM 3ala3 biBaHueM BIjIa,

#(t) = Az (t) + Ara(t — h) + / : G(0)x(t + 6)do, (1.3)

—h
riae Ag, Ay € R h > 0, a G(0) siBasieTcst KyCOUHO-HEIPEPBIBHOM QyHKIHENH 13
[—h,0] B R™"™,

Yro0b! n30eKaTh HEOOXOIUMOCTH PACCMOTPEHUsI TEOPUHU JIJIsi KayKJI0Tro U3
IPUBEICHHBIX BUJIOB CHCTEM C 3alla3/IbIBAHIEM U He BBOAUTH TpeOyeMble 0003HATEHIUST
HECKOJIBKO pas, IepeiieM K pacCMOTPEHIIO HoJiee 00IIero Biia CUCTEM, /ISl KOTOPOTO
BCE BBINIEIIEPEINCIEHHbIE SIBJISTIOTCS YACTHBIMU CJIYyIasiMU.

A mmenno, OyreM paccMaTpuBaTh CHCTEMbBI BHJIA

i(t) = /_ AQ(O)x(t +0), (1.4)

riae 3amasapiBanne h > (0, a KOMIOHEHTBl MaTpudHoil dyukimuu Q : [—h,0] —

R™ ™ gpasiorcs GyHKIUAMUA orpaHndeHHoil Bapuaruu. CjejlyeT oTMeTUTb, 4TO
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qJIeHBl B MHTErpaJie Hy?KHO 3alllChIBATh UMEHHO B yKaszanHOM B (1.4) mopsijke u3
coobpazkennit pazmeprocti. Cucremsr (1.1), (1.2) u (1.3) Moo noayunts u3 (1.4)
BBIOOPOM COOTBETCTBYIOIIErO sijipa (), TaK UTO B JlaJbHEMIIeM U3JI02KeHne MoKa Oy1emM
paccMaTpuBaTh UMEHHO cucTeMbl Buja (1.4).

J11s1 0OBIKHOBEHHBIX JudpepeHInalbHbIX YPaBHEHU JJIsT OIPeIe/IeHNns] KOH-
KPETHOI'O PeIeHus JOCTaTOYHO YKa3aTh e€ro 3HadeHue B OjHON Touke. V3 Buja
CUCTEMbI (1.4) OYEeBHJHO, YTO UTOOLI HANWTU 3HAYEHUE [IPOM3BOIHOI B OJHOI TOUKE
t, Hy?KHO 3HATDH peIlleHne BO BCe MOMEHTBHI BpEMEHH IIPE/IIIeCTBYIoNNe ¢ Ha, eJI0M

OTpe3Ke JITHBL i, TO ecThb Ha [t — h,t]. DT0 MOTUBHDYET JiBa OLpEIeIeHNUSI:

Omnpenesienne 1.1. Cocrosinuem cucremsr (1.4) B MOMEHT BpeMeHH ¢ OyJieM HA3bIBATH

dbyuximio x; : [—h, 0] — R", onpenensgemyio kak x(6) = x(t + 0).

Onpeaenenne 1.2. Ilyctb 3ajanbl MoMeHT Bpemenu ty € R u dynknus ¢ €
PC([—h,0],R"). Hauasbnas 3amada ns ypasaennst (1.4) 3akiodaercs B HAXOXK-
nennn perrernst x(t) cucrembr (1.4), yIoBIeTBOPSIONIEro yCJOBUIO Xy, = ¢. Takoe

perenne OyeM obosuadars x(t, ty, ¢).

HerpysHo BujieTh, 9T0 B CHIly CTAIMOHAPHOCTH cHCTeMbl (1.4); eciu n3BecTHO
pemtenue x(t, to, ) HAYAIBHON 3aja9i B MOMEHT ty, TO x1(t) = z(t + to, to, @) Oyzuer
pelenreM HavaJbHOM 3a/1a4n ¢ Toil ke (PyHKIMEl ¢, HO ¢ Ha9aJbHBIM MOMEHTOM
t;1 = 0. [locko/bKy B jajbHelieM Hac OyJIyT HHTEPecOBaTh MMOBeJIeHNe PeleHuii Ha
OECKOHEYHOCTH, TO OY/IeM pacCMATPUBATH TOJBKO PEIleHus ¢ Hada bHBIM MOMEHTOM
to = 0 u ormyckaTh HaYaJbHBII MOMEHT ITpH 0DO3HAUEHUN TaKuX pereHuit: z(t, )
BMecto x(t, 0, ).

Haxkonerr ycraHoBUM HeKOTOpbIe 0003HAUEHUsT CBsA3aHHbIE ¢ HOpMamu. JLs

BEKTOPOB C BEIIECCTBEHHBIMUY WJIM KOMIIJICKCHBIMN KOMIIOHEHTaMM1 6y,ZLeM NCIIOJIb30BaTh

2 2
eBKJIIJIOBY HOpMY ||z|| = \/ lz1|" 4+ ...+ |x,|7, & 1g MaTpuI; — coOTBETCTBYIOINLYIO
OIEePATOPHYIO HOPMY:
|A]] = sup [|Az].
]| =1

Jst orparnveHHbIX (DYHKIWI, 3a/iaHHbIX Ha oTpeske [—h, 0] co 3nadenusivu B R™,

TaK>Ke NHOT'JIa 6yILGM [IPUMEHATH HOPMY

lell, = sup [le@)]-

6e[—h,0]
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1.2. OcHoOBHBIE OIIpeiesIeHMs

[Io anajorum ¢ cucreMaMu JUHEHHBIX JnddepeHnaIbHbIX ypaBHeHNT Oe3

3arasablBaHms Jijisd cucteMbl (1.4) MOXKHO OIpee/Th (byHIAMEHTATBHYIO MATPHUILY.

Onpegnenenne 1.3. Marpuunyto dyuknuio K (t) nopsiaka n X n OyjaeM Ha3bBaTh

dbyugamenTanbHoil MaTpuieii cucremb (1.4), ecim

%K(t) = /Z K(t+60)dQ(9), t=>0,
K(0)=FE, K({)=0, t<O0.

Buast hyHIAMEHTATbHYIO MaTpPHILy JiIo0oe pernenne x(t, @) HadaabHON 3a1a49m

MOYKHO TIOJTYUnTh 110 popmysie Korrn.

Teopema 1.1 (dopmyna Komm, [39]). Ecau ¢ € PC([—h,0],R") ecmo navanrvian

bynryua, mo pewenue Hauarvbrotl 3adavu umeem 6ud

£(t, o) = K(£)p(0) + / h / K(t — &+ 0)dQ(0)p(€)d.

Kax u Ji1s1 JIMHEHHBIX cucTeM OOBIKHOBEHHBIX (D depeHInalIbHbIX ypaBHEHMIT,

JJIg CUCTEM C 3alla3JblBaHUEM MO2KHO OIIPEIC/INTL ITOHATUE COOCTBEHHBIX YLCEL.

Onpenenenune 1.4. Marpuiry

0
F(s)=sE — / e*?dQ(9),

h

OIpeJIeJIeHHYIO JJTsi BCeX KOMILIEKCHBbIX unces s € C, Oyem HasbBaTh XapakTepu-
crudeckoit marpurieii cucrembl (1.4). Onpenenmresns stoit Mmatpurbl f(s) = det F(s)

ecTh XapakrepucTtrieckas GyHKIws cucrembl (1.4).

Omnpegnesienne 1.5. MuoxkectBo mysieii xapakrepuctuaeckoii dyukmnn A = {s €
C : det F'(s) = 0} byjem Ha3biBaTh CIIEKTPOM cucTeMbl (1.4); a KOMILIEKCHbIE YUC/Ia

B HEro BXOJIsIne — COOCTBEHHBIMU YuCaMu cucTeMbl (1.4).

Omnpegesienne 1.6. Byjiem rooputs, 9o cucrema (1.4) siBjsieTest 9KCIOHEHITHATBHO

yCTOWIMBOIL, ectn Haitjtyress v > 1 u o > 0, 9To i1 J1I000TO perenns

z(t, o)|| < ve " lell,, t=0.
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CBsI3b COOCTBEHHBIX UHCEN C KCIOHEHIINAILHON YCTONUNBOCTHIO JTAeT CJIeIyIo-
nasd

Teopema 1.2 ( [20]). Cucmema (1.4) sxcnonenyuasvro yemotiuusa mozda u mosvko
mozda, K020a 6ce ee cOOCMEENHDLE YUCAL UMEIOM OMPUYUATIEALHDLE BEULLCTNEEHNbIE

wacmu.

1.3. Metoa dyaknmonasos JIgimynoBa—KpacoBckoro

HenocpecTeentoe mpuMenenne TeopeMbl 1.2 It TPOBEPKHU CUCTEM Ha SKCIIO-
HEHIUAJIBHYIO YCTONIMBOCTD 3aTPYIHEHO HEOOXOIMMOCThIO HAXO0XK JIeHIST COOCTBEHHBIX
aucest cucreMbl (1.4). Drta npobsiema yeyryossieTcst TeM, 9To CIHEeKTP MOJ0OHBIX CH-
cTeM OOBIYHO COJIEPYKUT CUETHOE YUCI0 COOCTBEHHBIX UMCe/I, & He KOHEYHOe, KaK B
cIydae cucTeM OOBIKHOBEHHBIX MU depeHnaabHbIX YpaBHeHid. XOTs JIJIsl CUCTEM C
3ala3/IbIBaHneM pa3paboTaHbl ClelaIbHbIe aJIOPUTMbI O3BOJIAIONITE HAWTH YaCTh
CIIEKTPA, COJIEPKAIIYIOCS, HAIIPUMED, B HEKOTOPOM MPsIMOyTOJIbHUKE [69], B 9TOM
pasjiesie OyJeT MmpejcTaBieH TPUHINITHATLHO WHON TO/IX0]T K TTPOBEPKE CHCTEM Ha,
KCITOHEHITNABHYIO YCTONINBOCTD.

HocraTouHoe yc/oBre 9KCIIOHEHIINAJIBHOM YCTONINBOCTH JlaeT TeopeMa Kpacos-
ckoro. Ham ne norpedyercs nosiHast hopMa 3TOro CHJILHOTO pe3y/ibTaTa, TPUMEHUMOTO
JJIsT TIIIPOKOTO KJIACCA CHCTEM C 3aras3jblBaHueM (He 00sg3aTe/IbHO JTMHEHHbIX ), JJTs

cucteM Buja (1.4) BIIOJIHE JTOCTATOTHON OKA3BIBAETCSI CJIeyToIas (hOPMY/IMPOBKA.

Teopema 1.3 (Kpacosckuit, [5,51]). Ecau cywecmeyem dynryuonan v, onpedesen-
noti ma PC([—h, 0], R™), npunumarowut sewecmeenmpie 3Haverus u yodo6aemeop -
0wl Ycaro8UAM
1. a1 le(O)))* < v(p) < ool dan nekomopwix nososcumenvior nocmoarmoL
a1 U Qo,
2. snauenue Pynryuonara 6doas pewenutd v(x:) duddepenyupyemo no t u
dt

s Hexomopozo wucaa 3> 0,

< -Bll=@®)|F, t=0,

mo cucmema (1.4) asaaemcsa IKCNOHENUUAALHO YCTOTHUBOTU.

Taknm 0b6pa30M MPOBEPKa CUCTEM Ha, SKCIIOHEHITUAILHYIO YCTONUYNBOCTE CBO-

JINTCSI K TIOCTPOEHUIO COOTBETCTBYIONMEro pyHKIMOHAa. [l JMHEIHBIX cucTem
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OOBIKHOBEHHBIX b epeHnnaabHbIX ypaBHEeHUl © = Az XOpOIIO U3BECTHA TEOPHs
JIsiyHOBA, COTJIACHO KOTOPOIi, e/l BLIOpaTh MOJIOKUTEIBHO ONpPEeIeeHHYI0 KBaIl-
parnunyio dopmy w(z) = 2T W u nonstathes nocTpouth GyHKINIO v(2) TaKylo,
9TO ee MPOU3BOHA BJIOJIb PEIIeHH %v(m(t)) = —w(x), To 5Ta (HYHKIUST TaKKe
oKasbIBaeTcsl KpaapaTuunoil dpopmoit: v(x) = x7 V., marpuna KoTopoit ceazana c
marpuneit W ypasuenuem Jlanynosa: ATV 4+ VA = —W. Ilocse sToro s SKcIo-
HEHIINATLHON YCTONUNBOCTH CUCTEMBI & = AZ OKa3bIBAETCHA JOCTATOYHBIM IPOBEPUTEH
Ha, T10JI0KUTEILHYIO OIpele/IeHHOCTh KBajpaTudnyio dopmy v(z) = 21 V.
Bosuukaer ujest BoiOpaTh (yHKIMoHAT W (@), 3aBEJIOMO YI0BIETBOPSIOIIEt
orenKe u3 myHKTa 2 TeopeMbl Kpacosckoro: w(zy) < —f ||«(t)||, u nomsirarses naii-
T (yHKIHOHAT (), TPOU3BOHOTO KOTOPOTO BJIOJIb PEIICHHIT %U(Clﬁt) OyzeT paBHa
w(xy). o anamorum ¢ cucremamu OOBIKHOBEHHBIX G GepeHInaTbHBIX YPaBHEH

B KadecTBe TAaKOro (pyHKIMOHAJA TaKyKe BbIOEpEM OTPUIATEHHO OITPe/Ie/IeHHYI0

kBaipaTuanyto dhopmy: wo(p) = —(0)TWe(0).

Teopema 1.4 ( [41]). Ecau cywecmsyem mampuunas gynxyus U(t), nenpepoienas

6 HyAe U YOOBAEMBOPAIOULAA YCAOBUAM

0
U’(t):/ Ut +0)dQ(0), t> 0,
(15)

mo oasa pynKyuoraa
i) = £ OUO)0) +270) [ [ U - 0aab)p(e)s+

+ /_(:l /90 dérp’ (61)dQ" (61) [/_(; /60 U(& — & — 01 + 05)dQ(6:)p(&)dEs

6BITLONHAETNCA

%vo(xt) = wo(x), t=0.

K coxasenuto, njis dyHKInoHAIA Ug(@) OKA3BIBAETCS MPUHIIUINATIBHO HEBO3-
MOKHBIM [IOCTPOUTH KBaIpaTudHbie oreHKn (cM. pumep 2.1 u3 kuuru [51]). Tlosromy
B pabore [46] ObLIM 11Pe/I0KEHO BHIOKPATH TPOU3BOIHYIO0 (DYHKIMOHAJIA B BHUJIE

0

umﬂ=—ﬂ®”%w®—@WJM%ﬂ—M—/;ﬂkﬂ%MO%,
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e Wy, Wi, Wy ectb Tpu HOJIOZKUTEIBHO OIIPejie/IeHHbIe MaTPHUILbL.

Teopema 1.5 ( [46]). Ecau cywecmsyem mampuunas gynxyus U(t), nenpepvishas
6 Hyae u ydosaemsoparouasn yeaosuam (1.5) ¢ W = Wy + Wi + hWs, mo dan
byrryuoraa

0

o) = volp) + / ()W + (h -+ € Walp(€)de.

—h
BHINONHACTNCA
d

Ev(xt) =w(xy), t=0.

Oyukiponasl U3 TeopeMbl 1.5 noayumin nazsanue GyHKINOHAIOB JIsgmyHo-
Ba—KpacoBcKoro moJiHOro TUIA, TaK KaK Telepb UX POU3BOIHAA BJOJIb PEIIeHMi
COJIEPZKUT MOJIHYIO NHMOPMAIA O COCTOAHUN CUCTEMBI Ty, 4 He TOJBLKO 3HAYCHUEC B
nocsiesiaeit Touke x(t). B oryimaue or nepBonadabHOrO (hyHKIMOHATA vy (DYHKIH-
OHaJI IIOJIHOT'O THIIA U JIOIYCKACT KBaJApATUUHbIe OICHKN cBepxy u cuu3y. O1Hako
OCTPOEHNE TAaKUX (PYHKIMOHAJIOB OKA3a/I0Ch 3aBUCSIIUM OT CYIIECTBOBAHUS HEKO-
Topoii Mmarpuanoii dyuknun U(t), yrosiaerBopsiomnieit yeiousm (1.5). Tlepeiigem

pPaCCMOTPEHNIO 9TOI'O BOIIPOCA.

1.4. Matrpuiib JIsnyHoBa

Onpepenenne 1.7 ( [51]). [lycts W ectb HekoTopast cuMMeTprudecKast MATPHUIIA.

HenpepbiBiyio B Hyje MaTpuanyio pyHKIINIO, YIOBIECTBOPSIONLYIO YCIOBUIM

WV

U’(t):/_o Ut + 0)dQ(0), >0,

U(_t) - UT(t)a
U'(+0) — U'(—0) = —W,

OyJieM HazbiBaTh MaTpuieii JIsmyHosa, accoruupoBannoii ¢ W. laHHble Tpu ycJio-
BUS TaK:Ke OyjeM Ha3bIBaTh, COOTBETCTBEHHO, JUHAMUYECKIM, CAMMETPUIECKUM 1

aJiredpanIecKM CBOMCTBaAMI MaTpHIlL JIgmyHnosa.

B Teopun dynkumonaaos JIgmynoBa—KpacoBcKoro mccjieoBaHue MaTPHIL
JlgmynoBa urpaer Ty »Ke poJib, 9TO U UCCJIeI0BaHIEe MATPUIHOTO ypaBHeHUs JIdtmy-

HOBa BO BTOpoM MeTojie JIgamynoBa. Kpurepnit cymectBoBanng MaTpuil JIgmyHnosa
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[IpaKTU4Y€CKHN JOCJIOBHO IIOBTOPAECT KpI/ITepI/Iﬁ €IMHCTBEHHOCTHU PEIICHWA MaTPUIHOI'O

ypaBHeHus JIgmyHonsa.

Onpegesienne 1.8. Byjem rosoputh, uro cucrema (1.4) ya0BIeTBOPSIET YCJIOBUIO
JIsnyHnoBa, ecjm y Hee HeT Napbl COOCTBEHHBIX YMCEsI PACIIOJIOKEHHBIX CHMMETPUYIHO
OTHOCUTEJILHO HYJId KOMILIEKCHOI 11ockocT. Vnage ropops, st JoObIX S1, S9 € A

BBITOJIHSIETCs S1 + S9 # 0.

3aMeTnM, 9TO eCJI BBINOJIHEeHO ycaoBue JIsmynosa, To y cucremsl (1.4) He
MOYKET ObITH YNCTO MHIUMBIX COOCTBEHHBIX dnces1. eficTBUTE/IbHO, N3 BEIECTBEHHOCTH
Q(0) cremyer, uro F(5) = F(s), Tak 4o ecim 59 = iw, w € R, ecrb cobcTBeHHOE
YUCJIO, TO U §) = —1iW = —Sg OyJIeT COOCTBEHHBIM YHUCJIOM CUCTEMbBI. SHAUUT, ITPU
BBIIIOJIHEHNN YCI0BUs JIsyHOBaA CIIEKTP cucTeMbl A MOXKHO pa30ouTh Ha jiBe dacT: A,
COJIEPsKAIIyI0 COOCTBEHHDIE YHC/IA C TTOJIOYKUTE/IbHBIMI BEIECTBEHHBIMU JaCTSIMU, 1
A_, comepzKalyio cOOCTBEHHBIE YNC/IA ¢ OTPHUIATEILHBIMEI BEIECTBEHHBIMI JACTSIMIL.

Ormernm, aTo MHOZKeCTBO Ay He Gostee dem KoHeuno ( [20], cMm. Takxke ciejcTBue

6.3).

Teopema 1.6 ( [41,51]). Ecau cucmema (1.4) ydosaemeopaem ycaosuto Jlanynosa,

mo

Ut) =) res[H"(s)WH(—s)e "] + Y  res,[H" (—s)W H(s)e"]
seAt seAt
-l—L . HY(WWH(—w)e ™ dw,

2T ) o

(1.6)

ecmyv eduncmeennas mampuya Janyrnosa cucmemor (1.4), accoyuuposannasn ¢ W
Obpammoe mooice 8epHo: ecau 0aa 110001 cummempuyeckoti mampuuv, W natidemcs
eOUHCMBEHHAA ACCOUUUPOBANHAA C HeTl Mampuua JIAnyHo6a, mo GuinOAHACTCA

ycaosue Jlanynosa.

3 Teopembr 1.2 ciejyer, 9To B cilydae SKCIOHEHITUAIBHONW YCTONINBOCTU
yesioue JlsgmyHnoBa 3aBenomo BbimosiHeno n Ay = &. Bnaunr B (1.6) ocraercs
TOJTBKO NHTErpaJIbHBII YJIeH U BbhIpayKeHue Jjis MaTpuil JIamyHoBa MOKHO yIIPOCTHUTb,

nepeiijisi 0T YacTOTHON 00JIACTH K BPEMEHHOIA.
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Teopema 1.7 ( [51]). Ecau cucmema (1.4) sxcnonenyuasvro yemotiuusa, mo mam-
puya
Wﬂ:/‘KU@WK@+@M,t>Q
0

u U(t) = UT(=t) nput < 0, acasemca (eduncmeennoti) mampuyeti Jlanynosa

cucmemwr (1.4), accoyuuposarnot ¢ W.

Panee orMeuasioch, 4To (OYHKIIMOHAJIBI TTOJTHOTO THIIA JOMYCKAIOT KBAJpaTH-

Hble OTeHKN cBepxy u cunzy. ChopmyaupyeM JaHHble Pe3yIbTAThI.

Teopema 1.8 ( [51]). IIpednososicum, wmo cucmema (1.4) asasemcesa sxcnonenyu-
aavho yemotivusol, a mampuive Wy, Wi, Wy noaootcumennvio onpedenenoi. Tozeda
natidymes noaostcumenvroe wucaa B, By, wmo das ecex p € PC([—h,0],R") eui-

NOAHAEMCA 0

ﬁmmmmﬁwﬁ/ﬂm@m%%<vw»

Teopema 1.9 ( [51]). IIpednonooicum, wmo cucmema (1.4) ydosaemsopaem ycaosuio
Jlanynosa, a mampuuv, Wy, Wi, Wy cummempuueckue. Toz2da natidymes noaootcu-

meavhvle wucaa 01,62, wmo das ecex ¢ € PC([—h,0],R™) swnoansemcs
0

(€)1 dé.
h

M@<&W@W+@/

I3 teopem 1.5, 1.6, 1.8, 1.9 cienyer, uro Teopema Kpacosckoro 1.3 siBisieTcst
JIJIsl IMHEHHBIX CHCTEM C 3alla3/IbIBAHIEM HE TOJIBKO JOCTATOYHBIM, HO U HEOOXOIUMBIM

YCJIOBUEM SKCIIOHEHINAJILHON YCTONYNBOCTH.

1.5. ITocTtpoenue matpuri JIsmmyHoBa Jijisi CUCTEM C OJHUAM

3alla3/IbIBaHIEM

B ciemyromux riapax JaHHONR paboThI Oy1eT 00CyKAaThCs BOIIPOCHI, CBI3aHHBIE
C TIOCTPOEHUEM MaTpull JIsmyHoBa JIJId HEKOTOPHIX KJIACCOB CHCTEM C 3alla3IbIBa-
HueM. JIjis1 6ojiee mpeaMeTHOro aHaIn3a KPATKO M3JI0KUM YrKe U3BECTHYIO TeOPHUIO

HaXOKJIeHNsT MaTpuil JIsyHoBa JiJist cucTeM ¢ ofHUM 3amas/ipiBannem (1.1).

Jlemma 1.10 ( [49]). ITycmos U(t) ecmo nexomopas mampuya JIanyrosa cucmemby

(1.1), accouyuuposannas ¢ W. Onpedesum dyrryuu

Z(t)=U(t), V(t)=U(t—h).
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Toz0a
{Z’(t) = Z(t)Ag + V(1) Ay, .
VI(t) = —A V() — AT Z(1),
a marvoce 8ublNOJAHATOIMCA COOMMHOWEHUA
{ Z(0) =V (h), (1.8)
Z(0)Ag + ALV (h) + V(0)AL + AT Z(h) = —W.

Takum 06pa3oM, MOYKHO TIOCTPOUTH BCHoMoraTesbuyto cucremy (1.7), (1.8)
y2Ke He COJIepIKAIIYI0 yPaBHEHHIT ¢ 3ama3/bIBaHIeM, PeleHne KOTOPOil TTOPOK IaeTcst

Marpunamu JIsmynosa. To, 4To BO3MOXKHO 1 0OpaTHOE, YyCTaHABJIUBAECT CJICIYIOIAsd

Jlemma 1.11 ( [49]). Tyemo cywecmeyem pewenue cucmemv, (1.7), ydosaiemeops-

wee (1.8), mozda mampuunas dynrkyus U(t), onpedeaennas kax

Z(@t)+VE(h=t)], te]0,h]

U(t) =
(V(h+1t)+ ZT(-t)], te[-h,0),

O =N | =

asasemes mampuuets JTanynosa cucmemor (1.1), accoyuuposannot ¢ W.

3J1ech TOKa He HAKJIAIBIBACTC HUKAX orpanudenuit na cucremy (1.1) u marpuir
JIsanyHnoBa, acconuupoBaHubix ¢ W MoxKeT ObITh KaK HECKOJILKO, TaK W HE CYIIEeCTBO-
BaTh BoBce. ['opa3no mHTepecHee ciydvail, Korjia BBIIOJTHEHO yeaoBue JIgmyHoBa n
MaTpuiia JIgmyHnosa euHcTBeHHa. Fejm perenne e MHCTBEHHO, TO BbhipaykKeHue JiJis

MaTpu HS{HyHOBa MOZKHO HECKOJIbKO YIIPOCTHUTL.

Teopema 1.12 ( [49]). [Tycmo cywecmeyem eduncmeenoe pewenue (Z(t), V(1))
cucmemui (1.7), ydosaemeopsrowee (1.8), mozda mampuunas dynryus U(t), onpe-
deNEeHNAA KAK

Z(t), t €10, hl,

ZT(=t), te[-h,0),

Aasasemca eduncmeennot mampuuets JIanynosa cucmemor (1.1), accoyuuposarmnot
cW.

Tem caMmbIM U3 €JIMHCTBEHHOCTUN peEHICHMA I‘paHI/I‘{HOﬁ 3aJda4n cJIeayeT yCJIoBHUE

JIamynosa. Bepao u obpatHoe.
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Teopema 1.13 ( [49]). Pewenue ecnomozamenvrots cucmemus (1.7) ¢ eparurnvimu
yeaosuamu (1.8) cywecmsyem u eduncmeenno mozda u moavko mozda, Ko20a

6UINONHEHO YCAOBUE ﬂﬂnyHOSCL.

MozKHO ¢jie1aTh BbIBOJI, 4TO IpanndHas 3a1a4a (1.7), (1.8) mosHoCThIO peraer

BOIIPOC HaXOxKACHUA MaTpuUI HHH}/HOBa IJIdd cCucTeM C OJHUM 3alla3dbIBaHIICM.

1.6. IIpousBenenue u cymma Kponekepa

B nasbreiieM B pabore morpedyercs MCIoIb30BaHne Tpon3BeieHns Kponeke-
pa. HanomumM cBsi3aHHbIE ¢ HUM ITOHSITHS.

[Tpoussenenne Kponekepa marpun M u N Oyaem obosnauatb M & N, To ecThb

mllN mqu
M@ N = : : :

mpuN ... myN

IJie M;j — COOTBETCTBYIONE KOMIOHEHTHI MaTpumbl M. 3aMeTuM, YTO ecjiu s

matpui, M, N, S, T cymectBytor npoussejienust MS u NT', To

/mHN NN mqu 811T cen SlTT
(M@N)(S@T): : : : : =
\mplN oo MmN saT ... suT

/ q q
th’SﬂNT ce ZmliSiTNT\
T S — MS® NT.

q q
\Z mpz-sﬂNT RPN ZmpisirNT)

i=1 =1

Bynem nucars vect X aj1s1 0603HaYeHUA BEKTOPA, MOJIYIAEMOIO U3 MATPUIIHI
X 1ocjieoBaTe/IbHbIM 3allUChIBAHIEM ee CTOJIOIOB OJMH II0J APYTUM, HaAUUHAs C

nepBoro. Bekropuzanusa n mpousseienne Kponekepa cBsA3aHbl COOTHOIIEHUEM

vect(AXB) = (BT ® A) vect X.

[Tokazkem, uto eM®F = eM @ E. JleiicTBuTesbHO,
M®E _ ME) ~~MQE M M
oo 3 WIEEY _§m OB _ |5 op-con
j=0 J: =0 =0
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Amnasornano nposepsercs, uto eF®M = B @ M.

Takzke morpedyetcs u cymma Kponekepa 1ByX KBajipaTHbIX MaTputt M paszmep-
HocT M X m 1 IN pasMepHOCTH n X n, onpepensieMas Kak M ON = MQFE,+E,,QN.
Ee ocHOBHOIT ¢cBOIICTBO 3aKII09AETCS B TOM, 9TO eMEN — oM ) oV,

JleiicrBurenibHo, HEeTpYAHO BHjeTh, 9T0 (M @ E,)(E, @ N) = M ® N =
(B, @ N)(M ® E,), oTKy/Ja CJIeIyeT, UTo

MOEALREN _ MOE, EnSN _ (M g B V(E, @eV) = eM e,
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I'nmaBa 2. Matpuiibl JIsmmyHoBa aJisi CUCTEM C

IKCIIOHECHIINAJIbHBIM A/1POM

Hannas riaBa mocBsinena NocTpoennio MaTpuil JIamyHoBa Ji/is cucTeM ¢ pacipe-
JIeJIEHHBIM 3alla3/bIBaHueM U SKCIOHEHIUAIbLHBIM sjipoM. Mccreyercst rpannanast
3aJlada, PACCMOTPeHHasi B craThe [48] 1 mpeiaraloTcst HOBble TDAHUIHbBIE YCJIOBHS.
[ToxasbiBaeTcs, 4TO HOBasg rpaHUYHAS 3a/a49a MO3BOJISIET TOJHOCTHIO TOBTOPUTD IS
pPacCMaTPUBAEMOTO KJIACCA CUCTEM BCE PE3YJIBTATHI, MOJTydeHHble B [49| m1st crucrem ¢

O HUM 3alla3IbIBaHUECM.

2.1. ITocTaHoBKa 3aga4nu

ByﬂeM paccMaTpuBaThb CUCTEMDBI BUJIA
m 0
() = Az (t) + A(t —h) + Y / :(0) Biz(t + 0)d6, (2.1)
i=1 7N

riae z(t) € R, h > 0, marpunst Ay, Ay, B; BerecTBeHHbIE I UMEIOT PAa3MEPHOCTh
n X n, a ckajasapubie GyHKun 1;(0) ya0BIeTBOPSIOT crucTeMe JinHeiHbIX uddeper-

IMaJIbHBIX ypaBHeHI/Iﬁ
m
M) = agm(0), ayeR, i=12... m
=1

O6osnaunm 1(0) = (m(6), ..., nm(0)T,

11 Qi1 ... A1m

921 Q99 ... A2m
A=

Am1 Om2 ... O;mm

fcno, uro 1/'(0) = An(0), a snauut 1(0) = e4n(0), BenencTsRe Yero AAPO 1 GBLIO
HA3BAHO KCHOHEHIMATbHBIM. CJiejyeT OTMeTHTh, 9T0 Kjaace cucreM (2.1) BK/tOUaeT
B cebst M CHCTeMbI C TTOJTMHOMUATBHBIMU sIIPAMI.

Ompenenenne 1.7 qyst cucreMm Kiiacca (2.1) mpuHIMAaeT BUJIL:

Onpegnesienne 2.1. Henpepoisaas B mysie marpuria U(f) HasbiBaeTcst MaTpuIiei
JlsmyroBa cucrembr (2.1), accoruupoBaHHOil ¢ cuMmMerprdeckoit marpureit W, eciu

BbITIOJIHEHDBI
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1. nmaammdeckoe cBoiicTBo: pu t > 0
m.o .
Ut)=U{t)Ag+U(t — h)A; + Z/ n:(O)U(t + 0)B;db,
i=1 7 ~h

2. CUMMETPUYECKOe CBOMCTBO:
U(—t) = U7 (1),
3. ajrebpamveckoe CBOMCTBO:
U'(+0) - U'(-0) = —W.

Crasurcs 3aJa49a KOHCTPYKTHUBHOI'O HaXO2KAEHUA MaTpPUIL HHHYHOBa HJIA CH-

crem Buza (2.1).

2.2. BcooMmorareiabHad cuCcTeMa

AHAJIOPMYHO CJIydato CHCTEeM C OJHUM 3allasjbiBaHueM B pabore [48| Obuia
pe/IJIoyKeHa TPaHNYIHAas 3a/1ada JJisd cucTeMbl JiddepeHaabHbIX ypaBHeHnii 6e3
3aras3/bIBaHus, PellleHneM KOTOPOil ABJigercsd MaTpula JIsamyHoBa. A nMeHHO, OBLIO

JIOKa3aHO CJIEJIYIOIIee YTBEPKICHUE:

Jlemma 2.1. ITycmov U(t) ecmv nexomopas mampuua JIanynosa, accouuuposanias

c W. Onpedesum ¢pymnruyuu

h (2.2)
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a MmaraHce 6bINONHAIOMCA COOTNMHOWEHUA

Z(0) =V (h),
X;(0) =Y (h), 1<i<m,
) Yi(0) =X/ (), 1<i<m,

Z(0)Ag + ATV (h) + V(0) Ay + AT Z(h) + zmj [Xi(0)B; + B Yi(h)] = —W.

(2.4)

Bosuunkaer ecrecTBeHHast Wjiesl BOCIOJIB30BaThCst cuctemoit (2.3), (2.4) mis
HaxoxKleHns Marpull JIsmynosa. OJHAKO B OTJINYME OT CJIydast ¢ OJHUM 3alas3/ibl-
BaHUEM B cTaThe [48| He mpuBojisiTCst 0OpaTHbIE PE3YJIbTAThl, TaPAHTUPYOIINE, ITO
J11000€ pellieHne rPaHnYHOIN 3a/1a91 O3BOJIAET MOCTPOUTh MaTpuily JlsamnyHosa (cp. ¢
aemmoit 1.11). Bosee Toro, B crarbe [14| 6110 moKa3aHo, 9TO I IPUMEPa, PACCMOT-
peHHoro B pabore [48|, pelieHue rpaHnYHOl 33,1291 BCer/ia He eJIMHCTBEHHO, TO €CTh
TpebyeMble 0OpATHBIE PE3Y/IBTATHI [OJIYIUThH IPUHIUINAILHO HeBO3MOXKHO. CpaBHUB
(1.8) m (2.4), oT™MeTHM, 9TO JIJTst CHCTEM C OJJHUM 3ala3/[bIBAHIEM TDAHITHBIC YCIOBHUS
BOBHUKAIOT BIIOJIHE €CTECTBEHHO, & JIJIs CHCTEM C SKCIIOHEHIMATBHBIM SIPOM OHH
OBLIT BHIOPAHBI JIOCTATOYHO TIPOU3BOJIBLHBIM 00pa3oM. [osTomy paceMoTpuM HOBbIE

I'paHYHbIE YCJIOBUA:

X,(0) = /_ 2 (O (h+0)do, 1<i<m, (2.5)
Xi(h) = /_ im(Q)Z(thH)dG, L<i<m, (2.5b)
Yi(0) = /Z m(0)V(=0)do, 1<i<m, (2.5¢)
Yi(h) = /_ zm(e)Z(—e)de, L <i<m (2.5)

CriepBa MOKazKeM, 9To He BCe U3 YCI0BHil (2.5) sBIAIOTCS He3aBUCHMBIME. [1jist

YIPOIeHUsT 0003HAYCHUIT 3AITAIIIEM
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Jlemma 2.2. Jlas mobozo pewenus (Z(t),V(t), X(t),Y(t)) cucmemor ypasrnenu
(2.3)
1. (2.5a) evnoanero mozda u moavko moeda, Kozda (2.5b),

2. (2.5¢) swvinoanerno mozda u moavko mozda, xozda (2.5d).

Joxazameavcmeo. TTockobKy moKasaTesbeTBa IMyHKTOB 1 1 2 JIEMMBbI TTOJHOCTBHIO
AHAJIOTHIHDI, TTOKAYKeM, ITO yTBepxKaenne sepho st X (t).

Ucnonbayst ipoussesienne Kponekepa, (2.5a), (2.5b) u cucremy ypaBHeHmii
st X;(t) u3 (2.3) mepenuiem B Brjie

0 0
X(0) = / n(0) ® V(h+6)do, X(h)= / n(0) ® Z(h + 0)do,

>

—h —
X'(t) =n(0) ® Z(t) —n(=h) @ V() — AX (1)

e A =A® E. dcno, uro et = e @ E, torna

X(t) = e X (0) + / AN @ B [n(0) @ Z(€) — n(—h) @ V(€)] de =

= e X(0) + / t [eA@f)n(O) ® Z(&) — e n(—h) @ V(£)| d¢ =
0

— X (0) + /_ th_h O +h—t) @ Z(h+0) — (0 — )V (h+ 0)] db.
(2.6)

Ecsu Boimosiaenst yenosus (2.5a), To
0
A X(0) = [ © E] / 0(8) ® V(h + 6)d6 —
)
0
- / 00— h) @ V(h+ 0)do),

—h

aro BMecte ¢ (2.6) gaer (2.5b).

Ob6paTHo, ecjin BbINoOJIHEHb yeoBus (2.5b), To

0
X(h) = /h n(0) ® Z(h + 0)d0 —

. /0 (6 —h) @ V(h + 6)do+

+ [ woye 200 a0 -n @ Vo) @
—h



32

Cpasuus ¢ (2.6), mosyaum

0

X(0) = e /O 0(0 — h) @V (h + 0)do = / W0 @ V(h+0)ds.
—h —h

CaenctBue 2.3. /s mobozo pewenus (Z(t),V(t), X(t),Y(t)) cucmemwt ypasne-

nut (2.3), ydosaemsoparouezo ycaosuam (2.5) umeem

0

Xi(t)z/_:m(e)V(t+h+9)d6+/_tm(e)Z(tJre)d@,

—h

Yi(t) = / . () Z(t — 0 — h)dh + /:h n(O)V (£ — 0)df.

Joxasameavcmeo. [eiicrurenbho, u3 (2.6) u (2.5a) nomyuaum Tpedyemoe i X (t).

Kaxk u panee, yreepxKaenne st Y (t) JOKa3bIBATCST AHAJIOTUIHO. |

U3 steMMBI 2.2 BUJIHO, YTO MMEETCs IeThIPE SKBUBAIEHTHBIX CII0CO0A BLIOPATD
rpannyHble ycaosud u3 (2.5): (2.5a) u (2.5¢), (2.5a) u (2.5d), (2.5b) u (2.5¢), (2.5b) u

(2.5d). U3 cTapbix rpaHuYHBIX yCaoBHil (2.4) ocTaBUM EPBOE 1 MOCIEIHEE YCIOBUE:

—W = Z(0)Ay + ALV () + V(0) A, + ATZ(h) + 3 [X.(0)B; + BIY(h)] .

(2.7)
9TO BMeCTe, HAIpuMeD, ¢ yeiopusMu (2.5a), (2.5¢) mact 2m + 2 ycsoBus Ha 2m + 2
marpuaneix dynknun (Z(t), V(t), X(t), Y (t)). g npocrorsl gasee Oynem mpej-
[oJIaraTh, ITO BBINOJIHSIOTCS BCe YCI0BHs (2.5), He yKas3blBasd Kakas N3 IeThIPEX
9KBHUBAJICHTHBIX (POPMYJIMPOBOK IPAHUYHBIX YCJIOBHUiT ObLIa BHIOpAHA.

Cuenyioliee yrBepKIeHue OUeBUIHO.

Jlemma 2.4. I[Tyemo U(t) — mampuua Jlanynwosa ypasnwenus (2.1), accoyuupo-
sannas ¢ W. Toeda ecnomozamenvrvie ynruuu, onpedeasemvie (2.2), ABAAOMCA

pewenuem eparuynot 3adavwu (2.3), (2.5), (2.7).

Mrak, Obl1a mojiydeHa HOBasl BCIIOMOraTesibHas cucrtema. [lokarkem, 9To oHa

pemacT IIoCTaBJICHHYIO 3adaqy.
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Jlemma 2.5. Ilycmov cyuwecmeyem pewernue cucmemv, (2.3), ydosaemeoparouiee

(2.5), (2.7), mozda mampuunas dynruua U(t), onpedesernnan xax

1 T
Ut —“[Zt)+VT(h—1)], te]0,h]

3 (V(h+1t)+ ZT(-t)], te[-h,0),
asasemea mampuuets JIanynosa cucmemor (2.1), accoyuuposannoti ¢ W.

Jlokasamenvcmeo. Tlo nocrpoenuto, UL (t) = U(—t) aua Beex t # 0, moKazkeM, 4TO

910 BepHo u g t = 0:

U(0) = 5 [20)+ V()] = 5 [V(n) + 27(0)] = U7 (0)

Buadur U(t) ynoBaeTBopsieT CBOWCTBY CHMMETPHN.

[Tycte reneps ¢ € (0, h], Torya
U'(t)=Ut)Ay+ U(t — h) A, + Z )+ Y (h—t)] B,

U3 cnepcrug 2.3 mosrydnm

1 1 [

5[X()JrYT :5/ ni(0) [V(h+t+0)+ Z" (-t — )] do+
L1
T3

/ Zt+0)+ VT (h—t—0)]do =

/ U(t+0)do.

13 I[MOJIYYEHHBIX PaBCHCTB CJIeAyEeT JUHaAMUYIECKOEC CBOIICTBO:

U'(t)=U)Ag+U(t — h A1+Z/ ni(0)U (t + 6)B;d6.

Haxkomner,
U(+0) - U'(=0) = % [2'(0) = V" (h)] = % [V'(h) = Z2"(0)] =
= S [2/0) V()] + 5 1Z(0) - V()" =
= —%W - %WT =W,

TO €CTh aJrebpamaeckoe CBOHCTBO TaKyKe BBLINOJHEHO, a 3uadnT U(t) apiagercs

marpurieit JIsmyrosa cucrembr (2.1), acconnuposanoii ¢ W. |
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Jlemma 2.5 103BOJIIET HAXO/IUTH MaTpuily JIdmyHoBa 10 peneHnu CucTeMbl
nnddepeHnna bHbIX ypaBHeHNH ¢ TPAHUIHBIMIA YCJIOBUAMU. YK€ 9TO €CTh 3HAUU-
TeJILHOE YCHUJIEHIEe Pe3YJIbTATOB, MOJYIeHHBIX B [48| m1st cTapoit rpanndHOil 3a1a4m.
asiee OyeT moKa3zaHo, 9TO JIJIsl HOBOI IpaHUYHON 3a/1a91 BO3MOYKHO MTOCTPOEHUE

TEeOpHUU IIOJIHOCTLIO aHaJIOTUYHOI1 CJIydalo CUCTEM C OJHHM 3alla3JIbIBaHUEM.

Teopema 2.6. [Tycmo cywecmsyem eduncmeennoe pewenue (Z(t), V(t), X(t),Y(t))
cucmemovi (2.3), ydosaemesoparowee (2.5), (2.7), mozda mampuunas dynryus U(t),

Onp606/L6HHa.FL raxw
Z(t), t €10,h),
ZT(—t), te[-h,0),
asasemcs eduncmeennot mampuuyet Janynosa cucmemor (2.1), accoyuuposarhot

cW.

Hoxasameavcmeo. IlpoBepum cHadasia, 4To HAOOP

Z(t) =V"(h—1),
V(t)=2"(h—1),
Xit) =Y (h—1t), 1<i<m,
Yit) = XI'(h—t), 1<i<m.

SIBJISIETCS PEIIeHneM TOM »Ke IpaHndHoil 3aj1aun. Torjga u3 eJMHCTBEHHOCTH U JIEMMBI
2.5 OyzeT cjeoBaTh, 4TO ompejiesennas B (pOPMYIUPOBKE TeOPEMbI MaTpUIHA
dbyuknus U(t) ecrb accoruupoBantas ¢ W marpuna JIsamyHoBa cucremsr (2.1).

[eitcTBUTENHHO,
Z'(t) =V (h—t)Ag+ Z"(h—t) Ay + > Y'(h—1)B; =
i=0

= Z(t)Ag+ V(t) A, + i X,(t)B

=0

V'(t)=—AYZ(h —t) — ATV (h ZBTX

— — AV () — ATZ(1) Z B X(t
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X;(t) =m0V (h—t) —mi(=h)Z" (h — t) — Z a;; Y/ (h—t) =

~

= mOZ(0) =MV (B) = > a; K,(0)

Y/ (t) = m(=h)V" (h =) = mi(0)Z" (h — t) + Z 0 Xj (h—t) =

~

=mi(—=h)Z(t) — n:(0)V (t) + Z ;Y (t).

HeTpyHo 1poBepuTh U rpaHudHbIe YC/IOBUS

~ ~

Z(0) =V (h) = Z"(0) = V(h)

Z(0) Ay + ALV (h) + V(0) A, + ATZ(h) + 3 P@'(O)Bi + B %(h)} -

=1
= VT(h)Ag+ AT Z7(0) + Z"(h) Ay + ATVT(0) + ) [V (h)B; + BI X[ (0)] =
=1
= -—wl=-w,

%0 = [ @7 08 = [ )70+ )0,

~

v = [ 02 (h+ 9)d0 — / (0T (=0)do.

—h —h

3J1ech corytacHo Jiemme 2.2 0CTaTouHO ObLIO TPOBEPUTH TOJILKO JIBE TPYIIIBI YCIOBHIL.

Urak, U(t) — marpura Jlsmynosa. To 910 oHa IpH 9TOM ¢IMHCTBEHHA CHOBA
caeyeT U3 eIMHCTBEHHOCTH PellleHns TPaHnIHOl 3a1a9n. /leficTBUTETbHO, TT0 JIeMMe
2.4 dopmyibl (2.2) 3aa10T pereHne BCIOMOraTeIbHOI CUCTEMBI, YIOBJIETBOPSIIONIEe
IPAHIYHBIM yCI0BIAM. OUeBUIHO, JJIsT Pa3/IMIHbIX MaTpuil JIsamyHoBa (acconunpo-
BaAHHBIX C OJIHOI U Toil ke MaTpurieit W) s1u pernerust 6y IyT pasiMiHbl, 9€ro 1o

YCJIOBUIO TEOPEMBI HE MOXKET 6bITb, TO €CThb HE MO2KET CylIeCTBOBATh [ABYX Pa3/IMYHbIX

marpu JIgmynosa. |

C npakTudecKoil TOUKHN 3peHns Hanbojiee NHTEPECHBIM IIPEJICTAB/ISIETCST CIIY-
Jaii, Korja CyIecTByeT eJuHCTBennas MaTpuia Jlsamynosa. 13 mokazannoii TeopeMbl
CJIEJIYeT, ITO JIJIT 9TOrO JOCTATOYHO, YTOOLI BCIIOMOTaTe/IbHAasT CUCTeMa, UMeJIa €TnH-

CTBEHHOC pCIIEeHHCE. HOSTOMy BazKHO BBIZICHUTD, KOI'la 2KE€ 9TO YyCJIOBUE BBLIIIOJIHEHO.
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Ecim MbI HoKazkeM, 4TO OHO 9KBUBAJIEHTHO YCJI0BUIO JIsiyHOBA, TO TEM CaMbIM OYJeT
YCTAHOBJIEHO, YTO €INHCTBEHHOCTb MaTPUIL! JIsSmyHoBa paBHOCUIbHA €IMHCTBEHHO-
CTHU peIleHs BCIOMOIraTe/IbHO CUCTEeMBbI ¢ FPAHUYHBIMU YCJIOBHAME. TakuM obpaszom
OyJleT ToKa3aHo, YTO I'PaHUYHAs 3ajada XOPOIIO MOCTaB/JIeHa. YCTaHOBUM CIIEpBa

HECKOJILKO IIPOMEZKYTOYHBIX PE3YJILTATOB.

2.3. MarpuyHasi popmMa BCHOMOTATEJIbHOI CUCTEMBI

[Tokazkem, 90 JJIs1 pernierns rpanndnoil 3agaun (2.3), (2.5), (2.7) gocraTtodno
PEIIUTH OJIHY CHCTEMY JIMHEHHBIX ypasHenuii. Tem caMbIM MBI TAKrKe TTOJIYTIHM U
IIPOCTOII CII0CO0 ee pelleHusl, KOTOPbIi XOTsI MOXKeT He ObITh HauboJiee 3 OEeKTHBHBIM

C YUCJIEHHOM TOYKU 3peHu:d, 10CTaTOIHO yﬂ06eH B TEOPETUIECCKUX ILEJIAX. Ob6o3naunM

2(t) = vect(Z(t)), 1(t) i ()
v(t) = vect(V (1)), x5 (t) o (1)
x(t) = : t) =
x;(t) = vect(X;(1)), ) ' vt :
yi(t) = vect (Yi(t)), Tm(t) Ym(t)
Bekropusyst cucremy (2.3), mostyaum
2(t) Ao A B 0 z(t)
d y) | _ —2h — 0 R N (2.8)
dt | z(t) n0)®E —n(-h)®@E —A®E 0 ct) |
y(t) n(=h)@E —0)®E 0 A®E/ \y)

rie
A=A ®E, A=Al ®F,
Ao=E@ Al, A =E® AT,
B=(Bl@E ... BLoE),
®-(Eepl ... EoBl)

HyCTb L ectb MaTpHUIla HOJIy‘{eHHOfI CUCTEMBI, TOT' Ja I'PaHUYIHbIE YCJIOBUZA MOXKHO
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npeacTaBuUTh B BUJE

0 2(0) 0
0 0 E L(h+0) 0 0
M—/ no) @ & a0+ nett| | VO] - (29
| nd) ®Ee o z(0) 0
| 0 1 \w(0) vect W

rie

&= (Onzan En2 Oanmn2 On2xmn2)7

E 0 0 O 0 -FE 0O

0O 0 E O 0O 0 0O
M = ., N=

0O 0 0 FE 0O 0 0O

AO Al B 0 Qh Qlo 0 B

Taxum 06pasom, Jijisl pereHns TPAHnYHO 33/1a41 JJOCTATOUHO HAITH SHAYEHNE
B myse (z(0),y(0),2(0),y(0)) us ypasuenust (2.9). [TokazkeMm, 410 MHTErpabHbII

qJIeH MO?KHO CBECTU K BBIYMCJICHUIO ManH‘{HOﬁ 9KCIIOHCHTEDI.

Jlemma 2.7. [[aa moboti keadpammotli mampuuyve L u a0boti mampuuv, B maxof,

ymo cyuecmeyem npoudsedenue BL, evinosneno
t
0 B E B / elmdr
exp t = 0
0 L O €Lt

oxasamenavcmeo. Tak Kak cTeeHHON PAJ JJIA MATPUIHON SKCIOHEHTHI MOXKHO

UHTEIPUPOBATH MTOYJIEHHO, TO

OBt E0+°°tkOBLk1
ex = — =
"oz 0 E) < k\0o L

00 tk—H § ;
E B];)(k_|_1)!L E B/ e"dr
= 700 tk = 0 L
0 S —LF 0 et
k=0 k!

Vcnonbays 3Ty JieMMy, MOXKHO TI0Ka3aTh, 9TO

0 E,®¢E " 0 B ff)hn(e) ® EeHh+0)qg
0 Ao L n(—h®IL) n(0) @ el” ’

exp
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[ (0 —E,® 5) ( 0 ) ( 1% n(0) @ 5eL9d9>
exp |— h = :
0 A (—L) n(0) ® I n(—h) @ ek

YcTaHOBUM, HAIIPUMeEp, IMePBOE U3 ITUX TOXKJIECTB:

0 FE,®¢& L 0 B
0 AL n(—h) e E/)
([ maoerct oo @ B

(et @ e (n(—h) @ E;)

0
/ n(0) @ EeL M0 qg
= —h

n(0) ® ek’

exp

9

rJie 66110 ncro/p30Bano coornomenue eA"Hn(—p) = n(8).

2.4. EIMHCTBEHHOCTD pelleHusl TPAaHNYHOI 3aJlaun

B npeapiiyiem pasjiesie mpobseMa peliensd I'paHnydHoil 3a/1aun Oblia cBejieHa
K pemiennto cucrembl (2.9). Ho cucrema JimHeHbIX ypaBHEHUIT NMEET eJIMHCTBEHHOE
pelleHne TorJa U TOJbKO TOTJIa, KOT/la €JIMHCTBEHHBIM PelleHueM OJITHOPOJIHON CHU-
CTeMBbI dBJIsIeTCd TpuBHajbHoe. Takum obpa3oM, Jijid pas3pelieHus 10CTaBIeHHOTO
paHee BOIIpOca 00 SKBUBAJECHTHOCTH yCJI0BUs JISIyHOBA U €JMHCTBEHHOCTU PEICHM

IPAHIIHON 33/ a4 CJeyeT CliepBa BBIICHUTL CBOlicTBa pertennit mpu W = 0.

Jlemma 2.8. ITycmo (Z(t),V (t), X(t),Y (t)) — pewenue cucmemot (2.3), ydos.se-
meoparowee (2.5), (2.7) npu W = 0. Tozda dan scex t € R swnosnaemes

Z(t)=V(h+1).

Joxazameavcmeo. V3 (2.8) Bugno, uTo s11060€ perenne cncreMsl (2.3) sBiisercs
MaTPUIHON (PYHKIINE, 3JIeMeHThI KOTOpoil aHa nTudIHbl. OTCIo/1a, B 9aCTHOCTH, CJIe-
JyeT, UTo Jitoboe perierne 6eCKOHETHOE YUCI0 Pas HempepbiBHO JuddepeHupyemo;
u3 snHeitnoctn (2.3) caenyer, uro (Z'(t), V'(t), X'(t), Y'(t)) taxxe Oymer perniernem

9TON CUCTEMBI.
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[Tokarkem, uTo rpanndHbie ycjoBusi ¢ W = 0 Takyke BbIIOJHEHBI U JIJIsI
npon3BoHbIX. 13 (2.3), (2.7) u W = 0 umeem
Z'(0) = V'(h) = Z(0) Ao + AgV (h) + V(0) Ay + AT Z(h)+

m

+ Y [Xi(0)B; + Bl Yi(h)] =0,

1=1

to ectb Z'(0) = V'(h). Hanee, nuHTErpupyst 1m0 9aCTSIM, TTOJIY UM

[ w4 0)d8 = V) = -1V O) = Yoy [ @)V ()0

=1;(0)Z(0) = ni(=h)V(0) = > _ 0;; X;(0) = X;(0),

II'MS [

7=1

/ BOV'(=0)d0 = —n(O)V(0) + m(~)V (1) + 3 as, /_ OV (=0)d0 -

= 10i(=h)Z(0) = n:(0)V(0) + Z a;;Y;(0) = Y7(0),

9TO BMECTE C JIeMMOIi 2.2 0O3HAYAET BBIOJTHEHIE YCIOBHii (2.5) /I TPOU3BOIHBIX.
[IpoBepum, aTO

S=7'(0)Ag+ ALV (h) + V'(0)A, + AT Z'(h) + zmj [X/(0)B; + B!'Y/(h)] = 0.

i=1
3aMeTumM, 4To
Z'(0)Ag + AGV'(h) = V'(h) Ay + A Z'(0)
u, yantbiBasg, 110 V (h) = Z(0), mojcTaBuM BbIpazKeHNs JIJTs TPOU3BOAHBIX 13 (2.3),

TOTJIa,

§= 37 [XU0) + ATX0) + ATX()] B S BT [V/(h) — ¥ith) Ay — ¥i(0) A

[Ipeobpasyem BbIpazKeHUsl B KBaJIpaTHBIX CKOOKaX:
Xi(0) + Ag Xi(0) + A} Xi(h) =

— /O ni(0) [V'(h+0) + AJV(h+0) + Al Z(h + 0)] db =
h

m 0
==Y B]-T/ n:(0)Y;(h + 6)d),
j=1

—h
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S:—Zm:iBjT/om(G)Y h+ 0)dOB; +ZZBT/ n:(0)X;(—0)d0 B; =
) —h =1 j=1 -

0
ni(0)Y;(h + 6)dfB; +ZZBJT/h% X:(—6)d6B..

i=1 j=1 —h i=1 j=1

I
|
Ms
5
=
\o

Ocraercst TPOBEPUTH, UTO
0
/ 0)do — / (0, (h + 0)d6,
—h
JeficTBUTE IHHO, IPUMEHSST CJICJICTBIE 2.3 U TI€PECTAB/IsIsA TOPSJIOK MHTEIPUPOBAHUS,

nMeeM

[ noxi-om =
/h [/9772 9+h+€)d£+/00 (§)Z(—0+§)dg} do =
= /0 mi(§ [ 5077] V(h+&—0)do + /5 n;(0)Z (& — e)de} d¢ =

h —h
_ / €)Y+ €)de,

Buatnt, S = 0, 9TO 3aBepIIACT IPOBEPKY BBIITOJHEHNS TPAHNTHBIX YCIOBUIT
IS IPOU3BOIHBIX. HO Tereps 1o MHIyKINN HeTPY/HO MOKa3aTh, 4To st Beex k 2= 0
nabop bynxiuii (ZF) (1), VE (), XE) (), Y ) (1)) apasercs pemenuenm cucrenms (2.3)
¢ TpaEngIHbIMI yeaoBusamu (2.5), (2.7) mpu W = 0. B wacrnocrn, nia Beex k > 0

BEPHBI PaBEHCTBA

Z®(0) = VW™ (h).

Ho 310 3naunt, aro jnBe anajurudeckux Ha R dyukunu Z(t) u V(h 4 t) Bmecre co
BCEMI CBOWMH ITPOM3BOHBIMI PaBHBI MeKTy coboil mpu ¢ = 0, a cjieoBaTeIbHO 1

TOXKJIECTBEHHO PaBHBI, YTO U TPeOOBAJIOCH JIOKA3aTh. |
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3 nemmbr 2.8 u ciieicTBUA 2.3 HENOCPEICTBEHHO TOJTYIIM:

Caencrsue 2.9. I[lyemwv (Z(t),V(t), X(t),Y (t)) — pewenue cucmemwt (2.3), ydo-

saemeopaowee (2.5), (2.7) npu W = 0. Tozda das ecex t € R ewnoansemea

X0 = [ n@zesow o= [ wovie-ow

h —h

Ternephb B HaIlleM pacIOpsi>KEHUH €CTh BCe He0OXO0UMOe, YTOObI YyCTAHOBUTD

9KBHUBaJICHTHOCTDL YCJIOBUA HHHyHOBa N € IMHCTBEHHOCTDL PEHICHMA FpaHI/I‘IHOﬁ 3ala4vu.

Teopema 2.10. Credyrowue ymesepotcoerus 3K6UBAACHMMHDL:
1. Cywecmeyem eduncmeennoe peueHue 6Cnomo2amesvroti cucmemvs (2.3) ¢
epanusnvLmu yeaosuamu (2.5), (2.7).
2. Cywecmeyem eduncmeennas mampuua Janyrosa, accoyuuposannas ¢ W.

3. Cucmema (2.1) ydosaemeopaem ycaosuro Jlanynosa.

Jloxasamensvcmeo.

To, uro u3 1 caeayer 2 ObLIO JOKa3aHO B TeopeMe 2.6. DKBUBAJEHTHOCTD
yesioBuit 2 1 3 TakyKe Xoporrno m3BectHa (cMm. Teopemy 1.6). [Tokazkem, aro uz 3
caeyeT 1, a TodHee, YTO €CJIW yTBEpkKJeHne 1 He BBIITOJHEHO, TO He BBITOJTHEHO
u yciaosue JIgnynosa. Kak Obl1o oTMedeHO paHee, BCIOMOraTebHasl I'PaHTIHA
3aJ1a1a CBOJUTCS K PEIIEHUIO CHUCTeMbI ajirebpandeckux ypasHenuii (2.9). Snaunr,
eCJTU pellieHne BCIIOMOTaTeIbHON 3a/1aun WX HEe CYIIECTBYET, WK He eMHCTBEHHO,
TO COOTBETCTBYIOIIAs OJHOPOIHAS CUCTEMA JOJIKHA UMETh HETPUBUAJILHOE peIleHne.
DT0 03HAUAET, UTO CYIIECTBYeT HeTpuBHaibHoe perienue (Z(t), V(t), X (t),Y(t)) Z 0
st W= 0.

s npampHoro pemniennd 1o jgeMmme 2.8 U caeJICTBAIO 2.9 nMeeM

n(O)V (t — 0)do.

3 stux coorHorennit oueBuHO, 9t0 Z(t) Z 0 (B IPOTHBHOM Cjlydae perieHne

TpuBnasbHo). Anasornano, V(t) # 0.
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Jloboe perterne cucrembl (2.3) nmeer Bu/T

174 v

Z(t) =Y e*Pi(t), V()= e+ Qut),

kjl kjl (2.10)
Xi(t) =) e Ry(t), Yi(t) =) e Si(t),
k=1 k=1
rie 1 < i < m, s1,89,...,8, — pa3jindHble COOCTBEHHBIC UHC/IA CUCTEMbI (2.3),
(1), Qi(t), Rix(t), Sir(t) — mosmumomMbl ¢ MaTpuaabIME KO3 dunmentamn. Tak Kak

(t) # 0, To st HEKOTOpOro HoMepa d BoinosHeHo Py(t) Z 0, To ecth Py(t)

t'!Py+ ...+ P ¢ Py # 0. Ho rorzaa

v

V(t)=Z(t—h) =) _e*e Pyt — h),

k=1

orkyna deg Q4(t) = | u crapmmit xoaddurment Q4(t) pasen Pye . lanee,

Xi(t) = /0 ni(0)Z(t + 0)d = zy:es’“t /_(; n:(0)e* Py (t + 0)do

—h
V(o = [ V-0 =3 [ ne)e a0y

snaanT deg Rig(t) < [, degSiy(t) < I, u nomunombr Riq(t), Sia(t) mveror mpn #!
K03 PUIeHTh!
0

0
/m(&)esdadHPo, esdh/ n;(0)e 5 dO Py,
—h —h

coorsercrBerto. [lojcraBum npejcrasienns (2.10) B cucremy (2.3):

174 14

Z e (s Pr(t) + Pr(t)] = Z ekt

9

Pr(t) Ao + Qi(t) A + Em: Ri(t)B

i=1

k=1 k=1
> e [s1Qk(t) + Qp(t) Z L ATPL(t) + AT Q1) ZBTSM
k=1 k=

Tak kKak Bce 1okasareJin Sk Ppa3JIM4YHbI, TO PpaBE€HCTBO KBa3UIIOJIMHOMOB BO3-

MOZKHO TOJIBKO IIpHU PaBEHCTBE IIOJIMHOMUAJILHDBIX MHO}KI/ITeﬂeﬁ, 3Ha4YUT

saPa(t) + Py(t) = Pa(t) Ao + Qa(t) A1 + Y _ Ria(t)B

1=1
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—54Qa(t) — Q(t) = ATPa(t) + AT Qu(t) + Y Bl Sialt).
i=1
Paccmarpusas koaduimentst npu ¢, mosyanm

SdPO = Po

Y

m 0
A() + eisdhAl + Z / m(@)esdeBidH
i=1 7 —h

m_ 0
—sqe Py = et AT 4 AL + Z/ ni(0)e™**Brdo| e " R,
i=1 Y ~h

Tax kak Py # 0, To

m 0 ]

det |s4E — Ay — e %" A, — Z/ ni(Q)esdeBidQ =0,
i=1 7/ ~h |
m 0 ]

det —SdE — AO — BsdhAl — Z/ m(@)e‘sdeBidQ = 0,
i=1 7/ —h i

3HAYUT, KAK Sq, TAK U —Sg SBJIAIOTCS COOCTBEHHBIME dncsiamu cuctembl (2.1). Unaue

roBopsi, ycjioBre JISImyHoBa He BBIIIOJHEHO, UYTO U TPebOBaJIOCh JI0Ka3aTh. |

2.5. IIpumep

Pacemorpum tipumep n3 crarbu [48]:

t(t) = Agx(t) + Ayz(t — 1) + /O [sin(70) By + cos(wl) Bsx(t + 6)dd,  (2.11)

-1 0 0 1

0 -1 10

0.3 0 .
B _ B 0 03)

0 0.3 —0.3 0

B crarne [14] 6pu10 1OKa3aH0, UTO MpHUBEIEHHAS B cTaThe [48] JomycKaeT He enH-

rie

CTBEHHOE pellieHre (CYIEeCTBYeT YeThipe JIMHEHHO He3aBUCHMBIX PEIIEHIsT OJTHOPOIHOT
cucreMbl), xorst cucreMa (2.11) u yjossiersopsier yejaosuto JIsmyHoBa, TO €CTh JiJist
JI000# cuMMeTpudeckoit MmaTpuiibl W acconmuupoBannas ¢ Heil marpuna JIgmyHo-

Ba JIMHCTBEHHA. TakiM 00pa30M, rpaHnvdHast 3a/ada u3 craThi [48] He momxoIuT
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MaTpHulbl .HHHyHOBa H€ BOCIIPOU3BOJIUM.

PaccmorpumM, UTo mosrydaercs B pe3yiabTaTe OMMCAHHOIO B MPEAbLIYIINX MTapa-

rpadax nojxoja. BemomorarenbHast cucreMa (2.3) mMeer BH

\

Koppekrhas marpurna Jlsmynosa jist cucremst (2.11) nipu W = E npusejena

(

< X{ t) = —WXQ(t),
X5(t)=Z(t)+ V(t) + 7 X1(t),
Yil t) = mYs(t),

Z(0) = V(h),
X1(0) = /O sin(w@)V (h + 60)d#,
o
X5(0) = / cos(md)V (h + 0)do,
o
Y1(0) = /_h sin(70)V (—0)do,
¥3(0) /_ cos(m)V (~0)a,

Z(0)Ag + AJV(h) + V(0) A1 + Al Z(h)+

+ X1(0)B; + BIYi(h) + X5(0)By + BIYy(h) = —W.

Ha pucyske 1.
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0 0.2 0.4 0.6 0.8 1
t

Puc. 1: Komnonentsr marpunst Jlsamynosa U(t), Uiy (t) = Us(t)
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I'naBa 3. Pacmmupenue mpocTpaHcTBa COCTOAHUI U

MaTpuiibl JIgmyHoBa

B s1oit riiaBe Oyjer oxapakTepu3oBaH MpeIOKEeHHbI B ctaThe [38] momxos K
IHOCTPOCHHIO MaTpull JIAIyHOBa, CBA3AHHLIN CO CBEJICHNEM 3aJ1a491 K CJYYAIO C OJIHIM

Salla3bIBaHEM.

3.1. OcHOBHBIE CBOICTBa

PaccmoTpum cucremy Buja
0
t(t) = Aox(t) + Arz(t — h) + / CeBx(t +0)dd, t >0, (3.1)
~h

rae x(t) € R" Ay u Ay ectb KBaJpaTHbIe MATPHIBI HOPsiiKa n, mMarpuina A —
KBaJIpaTHas MMOpsijiKa m, MaTpuiibl B n C' uMeoT pasMepHOCTH M X n U N X m,

COOTBETCTBECHHO.

Kak u B cityuae npepiayiieit niasbl, cucrema (3.1) uMeeT 9KCIOHEHIUATbHOE
AP0, TTOATOMY IIEPBbIil BOIIPOC Ha KOTOPBINl CTOUT OTBETUTH, — 3TO YCTAHOBJIECHUE

cBsi3n Mexkjy cucreMamn Buja (2.1) u (3.1).

Jlemma 3.1. Jloboe adpo Q(0) = Ce? B mosicro npedemasums 6 ude
Q) => mi(0)Bi, 1/ (6) = An(0), (3.2)
i=1

u naobopom, aoboe adpo euda (3.2) mooicho nepenucams 6 sude Q(0) = Ce?B.

3decv n(0) = (m(0),...,nm(0))T.

Joxasamenvcmeo. Ilyers mano anpo suga Q(0) = CeA? B, Torna ussectno, uto
n
el = Z ni(0)A,
i=1

npudeM Hafijercs semiecTsenHas Marpuna A, uto n'(0) = An(6). Torma

Q) =C Zm(@)Ai_1 B=Y n(0)CA'B.

i=1
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Ob6patHo, ecyin JIaHO sipo Buja (3.2), TO

m ] |m@)E
QO) => mOBi= B ... Bu|| © |=
- 1 (0) E
=B ... B, (n0)®E)=
=B ... B.| (" ® Eln(0) © B)) =
— B, ... B,|e“®Pm0) % E). -

B pabore [38| 6bL1a 1ipeiokena cieyomast ujesi. BeejieM HOBbIE lIepeMeHHbIe

COCTOAHNA

y(t) = /_(; e’ Ba(t + 6)db, (3.3)

u neperuiem cucremy (3.1) B Buje

{ab(t) = Agz(t) + Cy(t) + Ara(t — h), (3.4)

y(t) = Bx(t) — Ay(t) — e A" Ba(t — h).

Cucrema (3.4) — 970 crucTeMa ¢ OJHUM TOYCTHBIM 3alla3/bIBAHIEM, TO9TOMY /IS
HAXOZKJICHHST ee MATPHILI JISIyHOBA IPHMEHNMBI PE3Y/ILTATEI epBOil riaBbl. Tem He
MeHee, B cTaThe [38] oTMetdaeTcs, ITo CBA3b MeXK/ Iy Marpunamu JIAmynoBa nexoHoil
cucrembl (3.1) u pacmupennoit cucremsl (3.4) coBeem ue ouenuaa. OTMETHM, UTO
matpuia Jlsmynosa cucremsl (3.1) nmeer pasMepHOCTb 1 X N, a cucTeMbl (3.4) —
(n+m) x (n+m). CoorBercTBeHHO, MATPHITH JIAMYHOBA ITHX CHCTEM ACCOIIHPOBABI
¢ marpuriamu W € R™" g W e Rvtm)x(ntm),

Haunem uccsie/joBatme ¢ yCTaHOBJICHHUsT 3aBUCHMOCTH MEZK/Ty DEIICHUSIMI JIBYX

JaHHBIX CUCTEM.

Jlemma 3.2. Ecau p € PC([—h,0],R"), a ¢ ¢pynxyus us PC([—h, 0], R™) maxosa,

wmo

(0) = /_ : e’ Byp(0)ds, (3.5)

h
mo x(t) aeasemca pewernuem cucmemv, (3.1) ¢ navarvnol dynrkyued ¢ moada

u moavko moeda, koeda natidemea pynwrkuyua y(t) maras, wmo napa (x(t),y(t))

Asasemcs pewenuem cucmemot (3.4) ¢ navasvromu Gyrryuamu (@, ).
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Joxazamenvcmeo.
Heobxodumocmo. Tlo perenuto z(t) cucrembr (3.1) 3amamum y(t) dopmysioi
(3.3) i t > 0w y(t) = ¢(¢t) mpu t € [—h,0). Samernm, aro y(0) = 1»(0). fcuo, arto
mapa (z(t),y(t)) yaosrerBopsier cucteme (3.4) ¢ HadanbHbiMu byHKIUIMI (0, 1)).
Jlocmamourocmo. 13 Broporo ypasuenust cucreMbl (3.4) o dopmyse Ko

nMeeM

y(t) = e Ap(0) + /Ot eA0-D[Bx(h) — e A" Bxz(6 — h)]db.

[Togcrasus ¥ (0) u3 (3.5), mosyamm

y(t) = /_i A’ Ba(t + 6)do.

Ucronb3yst mostyderHoe BeIpazkeHne B epBOM YPaBHEHNHN cucTeMbl (3.4), oIy,

aro x(t) ecthb perenne cucreMsr (3.1). |

JloBOTbHO TTOKA3aTEeTbHON OKA3BbIBAETCS CBA3b MEXKJIy XapaKTepPUCTUIeCKN-
M (DYHKITUSIME JIBYX cucTeM. [Iperkiie gem rmepexoauTh K yCTaHOBJICHUIO JTAHHOI
3aBUCUMOCTH W BBLITEKAIONIEN U3 Hee CJIeJCTBUI, BBEJIEM HEKOTOPbIE 0003HAUEHUSI.

Bo-1iepBbIxX, T0I0KNM

Ay C A 0 t),
Ag=("" LA = ! = (M)
B —-A —e "B 0 y(t)
Torma cucremy (3.4) MOXKHO 3aICATH B BUJIE

2(t) = Apz(t) + A12(t — h).

Bo-BTOpBIX, XapakTepucTuieckne (OyHKINN UCXOTHON U PACITUPEHHON CHCTEM

Oymem obosHadath fi(s) u fa(s) cooTBecTBEHHO:

0
fi(s) =det |sE — Ay —e*"A; — / eseCeAeBcw] :
—h

fQ(S) = det [SE — .A() — G_Sh.Al} .
Jlemma 3.3. Bwnoansemcesa coommnouerue

fa(s) = fi(s) det[sE + A].
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Joxazameavcmeo. 3 paBencTna

0
—B+4e e B = _(sE + A) / e*SeM B¢,
—h

MOJIYIUM, 9TO fo($) MOYKHO IIPEJICTABUTL B BUJIE

dop |FE— Ao — e A - [0 etCe®Bde  —C E 0
€ Y

0 sE+A| |- [° eXeXBd¢ E
OTKY/Ia U cJiejlyeT Tpebyemoe. |

CaencrBue 3.4. Cucmema (3.4) 6ydem sKcnoHenyuaivHo yemotuusot mozda u
moavko moezda, K020a IKCNOHEHYUAALHO Yycmotuusa cucmema (3.1), a mampuua A
AHMULYPEUYEEA, O eCNb 6CE €€ COOCTNEEHHDBIE YUCAL UMEIOT NOAOHCUMEALHYIO

BEWECTNBEHHYMO HaACTNb.

CaencrBue 3.5. Cucmema (3.4) ydosaemsopaem ycaosuro Jlanynosa mozda u
moavko mozda, xozda

(A) cucmema (3.1) ydosaemeopaem ycaosuro Jlanynosa,

(B) y cucmemor (3.1) u mampuuyve A nem obwux cobemeeHnvir wucea,

(C) wmampuya A ydosaemsopaem ycaosuro Janynosa.

Taknm 06pa3oM, MOYKET OKa3aThCs, YTO PACIIUPEHHAas] CHCTeMa, He SIBJITeTCA
9KCIIOHEHITUAILHO YCTOWIMBOI, JlayKe eCJIM UCXO/IHAA CUCTeMa, OblIa SKCIIOHEHIINA b
HO yCTOunBOil. AHAIOUYIHO, Jayke ecu cucrema (3.1) yIoBaeTBOpsieT yCJIOBUIO
JIamynosa u iyt 11060t cuMmMmeTprdeckoit MaTputibl W cylecTByeT eInHCTBEeHHA
mMaTpuna JIgmyHoBa ncxoiHON cucTeMbl, acconnnpoBanias ¢ W, MoxKeT oKa3aThCs,
qro cucteMa (3.4) He yIOBIETBOPSIET YCIOBUIO JISIyHOBA, 1 HE CYIECTBYET MATPHIIBI
JIdmyHoBa pacumpentoil CHCTeMbI, aCCOMMMPOBAHHON ¢ HEKOTOPOI CUMMETPUYIeCcKOi
matpurnoit V. Jlamee OyaeT BbIBEJICHDBI JOMOJHUTE/IbHBIE YCIOBHA, TPU BBITIOTHEHIH
KOTOPBIX HaXOKJ/IeHre MaTpHIlbl JISamyHoBa MCXOJHON CUCTEMBI MOXKHO CBECTH K
BBIYHC/IEHUIO MATPUIIB! JIAITyHOBa paciimpenHoil CUCTEMBI.

B nasibueiinieM HaM TakKe MOTPeOYETC CBA3b MeXK 1y pyHIaMeHTabLHBIMI

MaTpUIlaMU UCXOHON U PACIITIUPEHHON CUCTEM.
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Jlemma 3.6. Ilycms dana dyndamenmanvran mampuya K(t) cucmemor (3.1). Tozda

Pyndamernmanvuyro mampuuy K(t) cucmemv (3.4) moorcho natimu no gopmy.ae

k() — Ki1(t) Kua(t)
Kn(t) Kaxn(t)|’

ede

0
Kgl(t) = / eAaBK(t+9)d0,
—h

0 t+6
Ky(t) = e + / e’ B [ / K(t+60—71)Ce dr| db.
h 0

Jlokazamenavcmeo. Ilepsoie n ctosionos marpuiisl K(t), cooTBeTCTBYOIIME HIOKAM
K11(t) u Ky (t), ynosiersopsiior yesaosuio (3.5) Jlemmbr 3.2, oTKya u cieytor

COOTBETCTBYIOIINE BbhIpaKeHusI. Tak Kak
KéQ(Yf) = BKlg(t) — AKQQ(t) — eiAhBKu(t — h),
TO 110 popmysie Kornm

t t
Koao(t) = e MKy (0) + / AT BK (1) dr — / AT BK (1 — h)dr =
0 0

0
=e M4 / eV BEK15(t + 0)do,
)

Tak KaK Ko9(0) = E, a Ki5(t) = 0 npu t < 0. 3uadur,
0
K{2(t) = A()Klg(t) + AlKlg(t — h) + / CGAGBKlg(t + 9)d9 + Ce_At.
“h
[Tpumensis dopmysy Kommu [20] qyist ypaBHeHuit ¢ 3ana3ablBaHueM TOJIYIUM Tpe-

Oyemoe Bbipazkenue st K19(t), oTKy/a Beipaykenune st Koo(t) cieyer mpocToii

HOJCTAHOBKOIA. [ |

3.2. Matpunsl JIgmyHoBa MCXOJHOI M pacIlInpeHHOol cucTeM

AHAJIOrTIHO pereHusiM, QyHIaMEeHTAJIbLHBIM MaTPUIIAM U XapaKTepUCTHIe-

CKUM (PYHKITUSIM XOTEJIOCh OBbI HAfTH CBA3bL W MEXKy MaTpunamun JIamynosa aByx
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paccmarpuBaeMbix cucreM. OIUH U3 HIEPBLIX BOIPOCOB, KOTOPLI BO3SHUKAET IIPU
9TOM, 3akKJodaercsd B BbiOope VW mo W. [leiicTBuUTE/IbHO, CHMMETPUYECKAd MaT-
puria W onpegensiercs o n(n + 1)/2 xkomnonentam, a s VW HYXKHO 3aJ1aTh
(n+m)(n+m+ 1)/2 xommonent. Oupegesnm 0ToOpazKeHne
- W Opxm
Wi— W = ,
Omxn Om
u 110 3a1anu0it W Oyzer paccmarpuBarh MaTpuiibl JIsamyrosa cucremsr (3.4), accomnuu-
posanubie ¢ W. Ciejyromniast jJeMmMa ChirpaeT KJII0UeBYiO pOJib B TajIbHeneM aHaanse,
pacKpbIBast CTPYKTYPY MaTpull JIgmyHoBa paciupeHHol CUCTEMbI, ACCOIMIPOBAHHBIX
cW.
JIlemma 3.7. Jhobas mampuya Jlanynosa cucmemor (3.4), accoyuuposarnan ¢ W

umeem 6ud

U11(T)O€A(T_t)d7',

U21(t) = €ATtU21(0) - GAT(t_T)CTUn(T)dTa

t
Ugg(t) = €ATtU22(0) - / GAT(t_T)CTUu(T)dT.
0

Joxazamenvcmeo. BanmiieM HAMITECKOE CBOHCTBO tst U (t) 1o G1oKkaM:

Ul(t) = U (t)Ag + Uia(£) B + Up1(t — h) Ay — Ups(t — h)e "B,

Uls(t) = Ui (t)C — Una(t) A, (3.6)
Usy(t) = Usi(t) Ag + Upa(t) B + Usy (t — h) Ay — Usy(t — h)e "B,

Uss(t) = Uy (1)C — Una(t) A,

rjie t > 0. BeegeMm jiBe pyHKIMN

S(t) = GATtUgl

/
/ ATy, (1)dr,
0

/

(0) -
T(t) = e U (0) — / e T U (1) dr

0
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U3 croiicTBa cuMMeTpun cjiejtyeT, 9To npu t < (0 BBIIOJTHSETCS

Usy(t) = —CTUL (1) + ATUy (8),
Uso(t) = —CTU (1) + AT Ux(t),

oty 1a BeixoguT, 4to S(t) = Usi(t) u T(t) = Usa(t) npu t < 0. JlokaxkeM, 910 3T0
BEPHO U JIJisl TIOJIOZKUTE/IbHBIX 3HAUEHUI .

PaccMmorpum BeIparkeHune
t
S(t)Ay+ T(t)B = e [S(0) Ay + T(0)B] — / e T CT U (1) Ay + Ura(7) Bldr,
0
6oJ1ee TOro, 3aMeTUM YTO,
T —h T
S(—h) = e_A hU21(0) — / €A (_h_T)CTUH(T)dT,
0
—h
S(t—h)=et ey (0) — eATt/ e T Uy (1) dr—
0
t=h
—/ BA (tihiT)CTUH(T)dT =
—h
t
= e4'tS(=h) —/ N DT (1 — h)dr,
0

aHAJIOTTYHO,

t
T(t—h) = e 'T(—h) — / e DT (T — h)dr.
0

Takum obpasom,

t
S(t)Ag+T(t)B+ S(t —h)A, — T(t — h)e "B = — / ANty (1) dr+
0
+eA"[S(0)Ag + T(0)B + S(—h) Ay — T(—h)e *"B.
[Tockosbry S(t) = Usy(t) u T(t) = Uxp(t) mias t < 0, BbIparkeHre B KBaJIPATHBIX
ckoOkax cosmayaer ¢ Uy, (40). MarerpupoBatie o 9actsiM jaer

¢
—/ eAT(t_T)CTUh(T)dT:
0

t
== —CTUll(t) + GATtCTUH(O) — AT/ €AT(t_T)CTU11(T)dT ==
0



Ho Torna,
S(t)Ag +T(t)B + S(t —h)A; — T(t — h)e "B =
= S'(t) + e [U}y(+0) — Uy, (—0)] =
= S,(t)7

tak Kak Usj, (+0) = Us;(—0) B cruty asrebpamdeckoro CBoficTBa u Bijia MaTpuiibl W,

asiee mmeeM, 9TO
t
S@C—T@A:JWﬂMC—HMM—/eﬂWWﬂWMﬂC—wﬂﬂﬂwz
0

t

= " U(+0) = [ IO (1) =
0

= AU,y (+0) — Upy(—0)] + T'(t) = T'(2).

Ho sro snaunt, aro dyuximn (Ui (t), Ura(t), S(t),T(t)) upu t > 0 y10BIeTBOPSIOT
cucreme (3.6), coraiast ipu 51oM ¢ pererueM cucrembl (Uyg(t), Uia(t), Usy(t), Usa(t))
9Toit 2Ke cucrembl (3.6) ma orpeske [—h, 0]. VI3 TeopeMbl ¢ IUHCTBEHHOCTH JIJTsA CHCTEM
¢ samazapiBanueM [51] caemyer, aro npu t > 0 Boiosasercs Uy (t) = S(t), Uxn(t) =
T(t), aro u TpeboBasoch nokazarh. Ocratoreecsi Beipaxkenune st Uya(t) Temepb

HEIIOCPEACTBEHHO BbLITEKACT U3 CUMMETPUYIECKOI'O CBOIiCTBA. n

Samevarue 3.1. VI3 cuMMeTpuuecKoro CBOMCTBa TaKyKe CJIe/LyeT, 9TO

t
U22(t) = UQQ(O)G_At + / U21(7’)C€A(7_t>d7—.
0

B naabneiinmem OyeM KCIOJIb30BaTh 00O3HAUEHUsI JIeMMbI 3.7 Jijis1 OJIOKOB

marpuilsl U(t).

Teopema 3.8. [lycmv cywecmsyem mampuya Jlanynosa U(t) cucmemvr (3.4),
accoyuuposannas ¢ nexkomopoti mampuuet W, moeda Uy (t) aeasemes mampuuyet

Jlanynosa cucmemwv (3.1), accoyuuposannot ¢ W.
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Joxasamenvcmeso. Tak kax Uy (t) ecth Bepxuuit jeBbiit 610k MaTpuiisl U(t), T 13
CHMMETPHYECKOr0 U aIredpantecKoro cBOHCTB /st U (1) BbITEKaeT BBIIOJIHEHNe STHX

x&e aByx cBoiicts s Upp(t). U3 memmbr 3.7 ciemyer, aro

t
Upp(t)B — Upa(t — h)e "B = / Uy (1)CeA Y Bdr,
t—h

OTKY/1a

0

UL () = U () Ao+ Uni (t — h) Ay + / Ui (t + €)Ce™ B,
—h

a 3HAYUT JIMHAMUYIECKOE CBOMCTBO TaKyKe BbINOJHEHO U Uty (t) siBsieTcst MaTpurieit

Jlsmynosa cucremsr (3.1). |

Takum 00pas3oM, MbI ITPUXOJIUM K BBIBOJLY, UTO U3 MaTpPUIL JIgmyHOBa pacim-
PEHHOII cuCTeMbl (ecjiu TaKasl CyIIeCTBYeT) MOXKHO MOJTyIuTh MaTpuity JIsmyHosa
NCXOHOI cucTeMbl. BmecTe ¢ TeMm, ce/icTBrE 3.0 HaMEKaeT, YTO BO3MOXKHA CUTYa-
s TP KOTOPOH CyliecTByeT MaTpulia JIsamyHoBa mcxoHoit, Ho He pacHiupennoi
cucteMbl. Bo3HuKaeT ecTecTBEHHOE KejaHne oXapaKTepu30BaTh Takue caydan. Bos-

HHUKaloIIre yCJI0BUA OKa3bIBalOTCA AOBOJIBHO I'POMO3IKMMU.

Teopema 3.9. IIycmo W ecmb npouseosvHan CUMMEMPUYECKAA MAMPUYL NOPAIKG
n. Mampuya Jlanynosa cucmemvl (3.4), accoyuuposanmnas ¢ W, cywecmeyem mozda
U MOoALKO Ko20a, K020a 8LINOAHEHDL YCAOBUA:
1. cywecmeyem mampuua Jlanynosa U(t) cucmemu (3.1), accoyuuposannas ¢
W7
2. cywecmesyem mampuya L € R ™ ydosiemeoparowas MampuiHomy ypasHe-
HUIO

0
LA— AL — AT Le™ " — / BTN 7CT LeATdr =
~h

h
= U(0)C + AT / U(r)Ce™ M dr+ (3.7)
0

0 —T
+ / BTe' 7T / U(&)Ce* ) dedr,
—h 0

3. cywecmsyem cummempuveckas mampuya M € R™*™  ydosiemseoparou,an

MAMPUYHOMY Ypasreruto JIanyrosa

ATM + MA=L"C +C"L. (3.8)
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Hoxazamervcmeo.
Heobxodumocmy. Ilycts cymecrsyer marpura Jlsmynosa U(t) cucremst (3.4).
B reopeme 3.8 6bu10 yeranosieno, uro U(t) = Uiy (t) asagercs marpureit JIsmymnosa

cuctemsr (3.1). U3 anarebpandeckoro yCaoBus CIe/Iyer, 9To

Upo(0)A — Uy (0)C = AL U(0) + BT U (0) + ATU () — BTe 4" "Usy(h),
U1 (0)C — Usgp(0)A + CT U (0) — ATU»(0) = 0.

B stemme 3.7 6bLmi 10Ty deHbl BbIpasKeHUs Jjist OJIOKOB MaTpuilsl U (1), MOJCTABUB UX,

[IOJTY YU M

0
U12(0)A — A§U12(0) — A{Ulg(O)e_Ah — / BTeATTCTUlg(O)GATdT =
—h

h 0 -7
= U(0)C + AT / U(r)CeA ™M dr + / BTeA' 7T / U(&)Cer S dedr,
0 —h 0

ATUQQ(O) + UQQ(O)A = UE;(O)C + CTUlg(O).

Taxum obpazom, Marpunibl L = Upp(0) u M = Up(0) = UL(0), yiosiersopsiior
ypasterusiM (3.7) u (3.8), cOOTBETCTBEHHO.

Jocmamounocms. Tlomoxum
Ui (t) = U(t),

t
Ulg(t) = Le_At -+ / UH(T)CBA(T_t)dT,
0

t
U (t) = AT —/ eAT(t_T)CTUH(T)dT,
0
t
Ugg(t) = GATtM —/ BAT(t_T)CTUlg(T)dT.
0

[Tokazkem, aro marpuna U (t) ¢ JaHHBIME GJOKAMIE YIOBJIETBOPSIET [THHAMIIECKOMY,
CUMMETPUIECKOMY U aJreOpamaecKoMy CBOMCTBAM.

[To mocTpoennio BBIIOJIHAETCA aaredpamdeckKoe cBOiCTBO. lelicTBUTEIBHO,
Uy (+0) = Up(=0) = U'(+0) = U'(=0) = =W,

a oCTaJIbHbIe OJIOKN HelpepbiBHO JAuddepeHnupyeMbl. 3aMeTuM, ITO

0

Ui (t) = U (t)Ag + Ui (t — h) Ay + /h U (t 4 ) Ce™Bde =
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= U (t)Ag + Ui (t — h) A, + Uis(t) B — Ura(t — h)e 4B,
Uly(t) = U (t)C — Upa(t) A.

npu t > 0. Takxe, U (t) = UL (t) = U(—t) = Uy (—t), nosromy
t
U%@):e‘ﬂ7741/eﬂqT”CTUﬂﬁﬁh
0

-t
= eiATtLT - / 6AT(7t7T)CTU11(T)dT
0

COBepIHaH BbIdUCJICHHU, aHaJIOTUYHBIC IIPOM3BCJACHHBLIM B JOKa3aTeJILCTBC

JIeMMBbI 3.7, HaiijieM, 9To

Uby(t) = e JATM — CTL — LTC + MA] + Uy (£)C — Un(t) A
= Uy (£)C — Uss(t) A4,

tak Kak M yjosierBopsier ypasuenuto (3.8). Haxojs nponsBojiayto ot
R(t) = UL(—t) = Me 4 + /t Un (7)CeATVdr,
0
npujieM K auddepeHnuajibHOMY YPaBHEHIIO
R'(t) = Usy(t)C — R(t)A.

Ho R(0) = Ux(0), Tak uro R(t) = Us(t) 1o Teopeme 0 eJIMHCTBEHHOCTH, TO €CTh
UL (t) = Up(—t) ang Beex t. DTHM 3aBepIIaeTCs OKA3ATEILCTBO CUMMETPHYECKOT0
CBOIICTBA.

Anasormanbie paccyzxaenust st U (t) TpuBoIaT K

0
Uél(t) = GATt |:ATLT — LTAO — CTUll(()) — Ugl(—h)Al — /h UQl(T)C@ATBdT +
0

‘|—U21 (t)A() + U21 (t — h)Al + / U21 (t + €)CeAde§
—h
Acno, aro

0
/ Un(t 4 €)Ce*Bdé = R(t)B — R(t — h)e "B =
~h
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— Up(t)B — Usy(t — h)e 4" B.

Benomnunm kax onpejensiach Marpuiia Us (t) U 1ojcTaBUM COOTBETCTBYIOIIEE BbI-
pazkeHune B KBaJIpaTHble CKOOKH, Toryia u3 (3.7) Oyjer cae/0BaTh, 9TO BCs CKOOKA

paBHa 0, oTKy/1a
Uél(t) = Uzl(t)Ao + Ugl(t — h)Al + UQQ(t)B — Ugg(t — h)eiAhB,

TaK 9TO W JIMHAMIYECKOE CBOFICTBO BhIMOTHEHO. Ho 910 1 3HaquT, uro Marpuna U (t)

saBJIsgeTcd MaTpulleit JIgmynosa pacimmpentoil cucTeMbl. |

3.3. Ciy4ait e AMHCTBEHHOCTH

Teopema 3.9 6bLTa JJOKa3aHa TMPEIbIBJICHIEM SIBHBIX BbIPAXKEHUIT, TO3BOJISIO-
X TOJIyIUTh U3 MaTpPUIlb! JIsdmyHoBa oHOI cucTeMbl MaTpuily JIsdmyHoBa apyroii

cucreMbl. HeTpyiHo MOHATH, YTO TOTa BEPEH U CJIEAYIONIII Pe3yIbTaT.

Teopema 3.10. I[lycmv W — 5mo npoudcosvhas CUMMEMPUNECKAA MATNPUUG
nopsadka n. Cywecmsyem u npu Mmom eQUHCMEEHHAA MAmpuya JIAnyrnosa cucmemo
(3.4), accoyuuposannas ¢ W, ecau u moavko ecau 6binOAHEHbL YCAOGUL:
1. cywecmesyem eduncmsennas mampuya Jlanynosa U(t) cucmemwv (3.1), acco-
yuuposannas ¢ W,
2. cywecmsyem eduncmeernas mampuua L, y0osaemeopaowas MampuiHomy
ypasrernuto (3.7),
3. cywecmeyem eduncmeennas mampuua M, ydosiemeoparowas MampuuHoMmy

ypasnenuto Jlanynosa (3.8).

Sameuarue 3.2. Crejyer 0OpaTuTh BHUMAHUE, UTO €CJIM N3BecTHA MaTpuia JIsimyHoBa
U (t) ucxoiHoil CHCTEMbI, TO MOYKHO TIOCJICIOBATEIBHO HAfiTH cHadasa MaTpuiy L n3
ypasuenust (3.7), a 3arem marpuity M u3 ypasuenus (3.8). [locsie sToro, marpura
JIstiyHOBa pacuIimpeHHoil ciCTeMbl MOXKET OBITH HaiijleHa KakK B 9acTH JOCTATOTHOCTH

TeopeMbl 3.9.

[IpencraBiisier mHTEpPEC MPOC/IEINTh, KaK yCJI0BUsS TeopeMbl 3.10 cBs3aHbI cO
criekTpoM cucteMmbl (3.4). B ciegcrBun 3.5 6bLIn 110JIyY€HBI TPU YCJIOBUST, BBITOJI-
HeHne KOTOPLIX 9KBUBAJIEHTHO BBITIOJTHEHWIO YCI0BUA JIATYyHOBA /7151 paciimpenHoit

CHUCTEMBI. DKBUBAJEHTHOCTE yCI0BHs (A), TO eCcTh BbINOJIHEHNE yeaoBus JIAmyHoBa
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JIJIsT UCXOJHOM cucTeMbl, 1 4acTu 1 Teopembl 3.10, TO ecThb cyllecTBOBaHUE €JI1MH-
creennoit Marpurpl Jlsmynosa mia soboit W, xoporo m3BectHa (cm. Teopemy 1.6)).
Bosiee Toro, cBoiictBo (C) 9KBUBAJEHTHO €IMHCTBEHHOCTH DEIICHUN MATPUIHOTO
ypasuenust JIsmynosa (3.8). BesenerBre 9T0ro He KarKeTcsl HEOXKHIAHHBIM HAJTITIHe

CBA3N ME2KIY CBOIICTBOM (B) n e JMHCTBCHHOCTBLIO pelHeHI/Iﬁ MaTPHUYIHOI'O YPaBHEHMNA

(3.7).

Jlemma 3.11. Pewerue mampuywrozo ypasHeHus

0
LA— AL — ATLe " — / BT CTLeMdr = X, (3.9)
—h

cyuecmsyem u eduncmeenno 0as A000t mampuuyse X € R™™ moada u moavko

moeda, xo2da y cucmemor (3.1) u mampuuv A Hem 00WUT COOCMBEHHDIT YUCEN,.

Jloxazamenvcmeo.
Heobxodumocmn. Ilycts st nekotoporo sg € C u jByx BeKTOPOB pt, v # 0

BbBIIIOJIHACTCHA

0
S()/LT = ,uT [AO + G_SOhAl + /

esofceA’ingl :
—h

sovl = vl A,

Ho rorma u e*'v? = et Tlonomum Ly = puv! # 0, orkyna

0
LoA — ALy — AT Lye 4" — / BT 7CT LyeTdr = 0.
—h

Tax kax ypasuenune (3.9) suneiino o L, To s Joboit marpurnbl X Jsnbo HET
peniennii, amdbo ux 6€CKOHEYHO MHOIO.

Jlocmamounocmo. Ilycrs vu it kakoro X ypastenue (3.9) He umeer eiH-
CTBEHHOE pellleHne. 3Ha4YUT OJHOPOoaHOoe ypaBHeHue ¢ X = 0 JolyckaeT HeHyJie-

Boe penienne L. IIpuBenem matpuily A K ee »Kop/laHOBOII HOpMAaJILHOI (opme:
A= QJQ™, cieposarenvio et = Qe’'Q u

0
LoQJ — AT LoQ — AT LoQe """ — / BT 0T LyQe’dr = 0.
~h

fAcno, aro maTpura Ly() He MOyKeT ObITh HYJIEBOM, MyCTh £ €CThb ee MepBbIil HeHYJIeBOi

croJiber], cKaxkeM, k-Toiil cTosiber. B k-Tom crosbiie maTpuiibl J CTOUT COOCTBEHHOE
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qUCJI0 S MaTpuilbl A, pu 9ToM

0
sl — AL — AT pe=srh — / BT 7CT e dr = 0.
—h

BHAUNT, S TaKkKe SBJsieTcsi coOCTBeHHbIM [ncyiom cucteMbl (3.1). Tloyuennoe

IIPOTHUBOPEYNE 3aBePIIaeT J0KA3aTEIHCTBO JIEMMBI. |

3.4. Cay4aii 9KCNOHEHIIUAJIbHO yCTOMYMBOCTHU

11 9KCIonennuabHO YCTOMUNBBIX CHCTEM MaTpHUIly JIdamyHoBa MOXKHO ITpej-
CTaBUTb B BUJE HECOOCTBEHHOT'O MHTErpaJia OT (pyHIaMEHTAJIbHON MaTpuIlbl. B cury
caencTBus 3.4 11 SKCIOHEHITNAJILHON YCTONINBOCTH 000UX CHCTEM JOCTATOUHO TTPE/I-
[IOJIO?KUTh, YTO paclIupeHHasl CUCTeMa ABJSETCS SKCIIOHEHIINAJIBHO YCTONYUBOIL.
B sToM ciiydae JIONOJTHUTE/IBHO T0JIydaeM, YTO Bce COOCTBEHHBIE UMC/Ia MaTPUILHI
— A jiexkaT B J1eBoil mosyiiockocTn. Takmm oOpa3oM /ISl HEKOTOPBIX MOCTOsIHHBIX

Y1,%v2 = 1 u 01,09 > 0 BbIIOJIHSIETCS
K@) < e, He_AtH < ye %, t>0. (3.10)

st marpunst JIsmyroBa cucremsr (3.4), accoruupoBanuoii ¢ W nmeem mpei-

crajenue (teopema 1.7)
> W 0
Ut) = / KT() K(t + 7)dr.
0 0 0
B siemme 3.6 66110 mokazano, aro Kiq(t) = K (t), Tak aro

Un(t) = /O N KY(r)WK (t + 7)dr,

To ectb Uyi(t) siBastercss matpurieii JIsmynosa cucrembr (3.1), uTo corsacyercs ¢
pesysbrataMiu, nojydennbiMu B Teopeme 3.8. Criejryer o6paTuTh BHUMAaHUE, 9TO
MaTpura JISmyHoBa HOMHHAJILHON CUCTEMBI BO3HUKAET B BEPXHEM JIEBOM OJIOKe
MaTpHUIB JISmyHOBa PACIIHPEHHOM cncTeMbl Toabko mpn W = W. OTmeTnM, 4To T1pH
9TOM COOTBETCTBYIOMUi dpyHKIMoHas JIsamynoBa—KpacoBckoro s pacimpeHHoit

CUCTEMBbI 6y,ZL€T 3aBUCCTH TOJIBKO OT l’(t) u He 6y,ZL€T COoJiep2KaTh YJIEHDbI, BKJ/IIOYaloIie

y(t).
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Pacemorpum ocrasbabie 6siokn Marpuiist U (t). Haunem c

valt) = [ KT [ O

t+1

WEK(t+ T — e)ce—A"cw] dr.

U3 skenoneHnua bubIx oreHoK (3.10) cieyer, 970 MOKHO U3MEHHUTD TTOPSIIOK WHTe-

I'PUPOBaHUsI, OTKY/1a
00 t
Uro(t) = / Ut (0)Ce 40+ 0 + / Ut —60)Ce dp.
0 0

CpaBHuBasi ¢ JieMMoit 3.7 U BCIIOMIHAsI, 9TO B PaCCMATPUBAEM SKCIIOHEHIINAJIHHO
yeToitunBoM ciryudae ypasrenue (3.7) JOJIKHO UMETh €J[MHCTBEHHOE PEIIeHe, TPIX0-

AWM K BbIBOAY, 9YTO UM ABJIACTCA MaTpHIa

L =Up(0) = / Ut(0)ce %dp,
0

B UeM, BIIPOUEM, HECJIOXKHO yOEINThCsI U HEIIOCPEICTBEHHO.
Tak kak Usq(t) = UL (—t), To HET CMBICIa PACCMATPUBATE COOTBETCTBYOIIIIT
12 )

010K B U(t).

Haxoner,
o0 t
Unlt) = / UITQ(Q)Oe_A(QH)dQ + / Un(r — 9)06_‘496&9.
0 0

AHaJIOrmIHbIe PACCYZKIEHHsT TPUBOJAT HAC K BBIBOAY, uT0 M = Usy(0) ecTb emuH-
cTBeHHOe perenue ypasHenns Jlsnynosa (3.8). Ilogcrasus soipaszkenne s Uy (),

IIOJIYYUM
M = / UL(0)Ce a9 =
0

— / e A LT Ce 940 + / e AT [ / Ul (¢ —0)CeXde| db =
0 0 0

= / e A [LTC + CTL) e 4.
0

[Tocsieinee u3 npejcrasiennii Jyig M ecTh He 9TO MHOE, KAK CTaHapTHas PopMyJia
JJIsT PellieHrst MaTpUIHOTO ypaBHeHust JIsmyroBa (3.8) B c/iydae 9KCIOHEHI[MATLHOI

YCTONYNBOCTU.
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3.5. IIpumepsnl

[IpuBeaem mpuMepnbl ABYX CUCTEM, JIJIT KOTOPBIX MCXO/IHast CUCTEMa YI0BIeTBO-
psieT ycioBuio JIsmyHoBa, a paciimpeHHasi CUCTeMa — HeT.

Paccmorpum cradasia ypaBHeHue

0
(t) = x(t) + / z(t + 6)do.

-1
[Ipeamonoxum, aTo st kKakoro-to Sg € C BbImosiHsIeTcst
0 0

sp=1 —I—/ edh, —sp = 1—|—/ e %0940,

-1 -1

OueBnjiHo, aro Jroboe Takoe Sy # 0, Tak 4TO

0 inh
—1 = / cosh(spf)df = M,

~1 S0

0 1 — cosh
50:/ sinh(syf)df = e (80>.

-1 S0
TTosTomy, 1 = cosh?(sy) —sinh?(sy) = s§ —3s2+1 u s3 = 3. Ho euncTBennbIM Berte-
Y, L= 0 0) = 3o 0 0= 9 /L 101
CTBEHHBIM perenneM ypasrenns —x = sinh(z) apisiercs = 0, 9T0 IPOTHBOPEINT
FCXO/THOMY IPEJIIOJIOKEHHUIO.

Takum 00pazoM Jist HCXOAHOM cucTeMbl (yPaBHEHNUS) BBIIOJHEHO YCJIOBUE
JlanmyHoBa n CymiecTByeT eJIMHCTBeHHas MaTpuiia JIsamynosa, accorunpoBantast ¢
W =1

1
3t —V/3t
U(t) — aeY¥ + Be V3 — % t €10,1],

e
1 —e™V3 5o ! 23
o = . , — . .
2V3 2— 34 V3 23 2—3+e V3
Ypasuenus (3.7) mpuobperaer Bug —2L = —1/4, orkyma L = 1/8. Hakower,

ypasuenue (3.8) nmpumer dhopmy OM = 1/4, dero we moxer ObITh. VI3 Teopembr 3.9
CJIeJLyeT, YTO MHE CYIIECTBYET MaTpPHUIb! JIAIYHOBA, acCOIMUPOBAHHOM ¢ W .

Teneps paccMoTpuM ypaBHEHUE

i(t) = —%x(t) _ %ex(t 1)+ / i et + 0)db.
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Herpyuto ybenurbesi, uto s = A = —1 sBjsieTcst COOCTBEHHBIM YHCJIOM JIQHHOIO
ypaBHenusd, a S = 1 coOCTBEHHBIM YHUCJIOM He gBjdeTcd. [[okaxkem, 9TO BBITTOJTHEHO
yesosue JIgamyHnoa. [IpeanooKuB mpoTuBHOE MOCTe HEKOTOPBIX TPeodbpa3zoBaHuil

HOJIYYINM, 9ITO JIJIT KAKOIO-TO KOMILJIEKCHOTO 9HcIa Sy 7# +1 JT02KHO BBITOJIHATHCS
_ _1—sg _ _1+sg
3—2sg=e€e " 3+25=¢€""".

Ho Torya 9—4s3 = €? u 25 = £v/9 — 2. MoyKHO IPOBEPUTD, 4TO 062 ITUX 3HAECHMUST
HE SIBJISIFOTCsT COOCTBEHHBIMI YHCJIAME CHCTEMbI (YDABHEHNS ), & 3HATUT BBIIOJIHSIETCSI
ycyoBue JIgmyHoBa.

Matpuna Jlganynosa, acconunpoBannas ¢ W = 1 umeer Buj
U(t) = ae' + Be " + e 0=e/2 L S VIt ¢ ¢ [0, 1],

IJie BbIpaxKeHusi Jist v, 3,y U 0 MOXKHO IIPUBECTU B SIBHOM, HO BECbMa I'DOMO3JIKOM
Buie. Ypasuenue (3.7) npumer dopmy 0L = 1, To ecTh He MMeeT pelieHuii. SHAUUT

1 B 9TOM TIpUMepe He CYIIecTBYeT MaTpullnl JIdamynosa, accomunpoBannoii ¢ W.
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I'naBa 4. @ynknuoHaJbl JIgimyHnoBa—KpacoBckoro
JIJIsI CUCTEM C 3ama3/IbIBaHieM B

yIIpaBJIEHUN

B nanHoit ritaBe Oy/1yT OCTPOEHBI (DYHKITMOHAJIBI THIIA JIdmyHoBa—KpacoBcKoro
JIUTS aHAJIN3a CHCTEM C 3ala3/IbIBAHIEM B YIIPABJIEHNN, 3aMKHYTHIX CTAOMII3UPYIONTIM

YIIpaBJIEHHMEM, OCHOBaHHbIM Ha METOIE HaSHa4YC€HNA KOHEYHOI'O CIIEKTpPaA.

4.1. ITocTtpoenune pyHKIIMOHAJIOB

bBynem paccMaTpuBaTh cucTeMy BU/Ia
#(t) = Az(t) + Bu(t —h), t>0, (4.1)

rae h > 0, z(t) € R", u(t) € R™, a marpunst A € R™" u B € R™" 1akoBbl, 9TO
napa (A, B) sBJIsleTcs MOJHOCTBIO yipasiseMoit. B crarpe [57] 6bu10 M0Ka3aH0, ITO

3aMblKaHne cucreMbl (4.1) ypasiennem Bujia
0

u(t) = Keta(t) + K/ e Y Bu(t + 0)dd (4.2)
“h

IIpUBOAMT K CHCTEeM€E€ C KOHCYHbIM 4YMUCJIOM cOOCTBEHHBIX quceJ1, ya0BJICTBOPAIOIINX

XapaKTepUCTHIECKOMY YPABHEHHIO
det[sF — A— BK| =0.

Marpuity K BbiOepeM Tak, 9TOOBI BCe COOCTBEHHbIE UMCJIa 3aMKHYTON CHCTEMbI
OKA3aJIUCh B JICBOM IOJIYILIOCKOCTH, YTO MOYKHO CAEJAThH B CUJIY IIPEIIIOJJI0KEHUS O
rostHoOM yripasjisiemoctu napbt (A, B). s 0 € [—h, 0] Hy:KHO 33/1aTh HEKOTOPYIO
HauaabHylo Gyukimo u(f) = ¥(0), OyjaeM caurarb, 9TO OHA HElpepbiBHA: ¢ €
C([—h, 0], R™).

Bumecte ¢ Tem ynpasienne (4.2) TpyJHO peasn3oBaTh HEMOCPEICTBEHHO. Ko
HOIBITATHLCA €ro TpoaudQePeHInpPoBaTh, TO B XapaKTePUCTUICCKOe ypaBHeHue 106a-
BUTHCsI MHOKUTE/TH det[sE — A], a 3HauuT mojtydaroniasicst mpu 3ToM BMecte ¢ (4.1)
crucTeMa yYpaBHEeHUl OKa3bIBaeTCs yzKe HeyCToiunBoil. Ecim ke BuIuucasaTh nHTerpas

B (4.2) "uciieHHO, 3aMeHsisl ero Ha HEKOTOPYIO KOHEUHYIO CyMMy, TO B pabore [30]
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OBLJIO TTOKA3AHO, YTO JI/IsT HEKOTOPBIX CUCTEM JUCKPETU3NPOBAHHOE YIIpaBJeHne HU-
Korjia (BHE 3aBUCHMOCTH OT YHC/Ia CJIATAEMBIX, UCIIOJIb3YEMbBIX [TPU AIIPOKCUMAIIIN )
He OyJIeT CTaOMIIM3UPYIONTNM.

B crarwe [59] 6611 npeioken IUHAMIYIECKUIT peryisitop Bujia

0

u(t) = (F+KB)u(t)+(KA-FK)eMz(t)+(KA-FK) / e Y Bu(t+0)do, (4.3)
—h

MoJTy9aeMblil TpuMeHenneM i depeHnmnaabHoro onepaTopa % — F' x ynpajienuio

(4.2). OrrocurebHo Marpuiibl F' € R™ ™ GyiieM 1mpeInoiararth, 9T0 OHA sIBJISIETCS

rypsuiieoit. Crextp cucremsr (4.1), 3aMkuyTOIl yiipasierneM (4.3), Bee ele KOHeUeH

¥ OIMCBIBACTCS XapPAKTEPUCTIHIECKIM YPaBHEHIEM
det[sE — F|det[sE — A — BK] = 0. (4.4)

Taxum obpazoM, JUHAMUYIECKOE YIIpaBJIeHIe TaKxKe ABJISIeTCsI CTaOMIM3UPYIOIIIM, HO
B OTJINYUHN OT yrpasJenus (4.2) unrerpajbHblii 4ieH B (4.3) MOKeT ObITH 3aMeHeH
KOHETHOf cyMMoit 6e3 rotepn ycrofitnpoctn [59).

BBojisi HeKoTOpble 0003HAUYCHUSI:

A 0 0 B
AO — ) Al - )
(KA—-FK)e*" F+ KB 0 0

(o 0 B 0 o
A6 = (0 (KA — FK)eAQB> a (KA— FK) <O B)’

1 HOBBIE IlepeMeHHble z(t) = (58 ), mepenmen cucremy (4.1), (4.3) B Buge

At) = Aoz (t) + Ar2(t — h) + / : Q(0)=(t + 0)do. (4.5)
—h

Bamenvanue 4.1. Tak xak ynpasserne (4.3) ObLIO MOJTyI€HO TPUMEHEHHEM OIlepaTopa
4 — F x (4.2), To moboe pewennst (z(t), u(t)) cucremst (4.1), (4.2) Takxke yiosie-
TBOpsier cucteme (4.1), (4.3). Takum obpasom, amnasm3 pemennii (4.5) mo3Bossier

TaK:Ke JieJlaTh BBIBOJIBI O MOBeJIeHNN pernennii cucrembl (4.1), (4.2).

Cucrema (4.5) ecTb 0OBITHASI CUCTEMA C PACIPEJIC/ICHHBIM 3aI1a3/[bIBAHUEM, 110~
9TOMY /I Hee ompejiesienbl pynkinonasnl JIsamyrnosa-Kpacosckoro, omnpenensgeMbie

B TepMuHaX MaTputiel JIsmynosa. BemomunM, 9To criekTp cucteMbl (4.5) onucsiBaeTcst
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ypaBreHneM (4.4), To €CTb B CHJIY BBIJIBIHYTHIX PE/IOIOKEHNIT OHA SIBJISIETCST HKCIIO-
HEHI[UAJILHO YCTOWIMBOI, a 3HAYNT MaTpuia JIsSmyHoBa CYyIIECTBYeT U eIMHCTBeHHA.
[Ipu srom sipo Q(6) 9T0it CHCTEMBI SIBJISIETCS SKCIIOHEHITUATBHBIM 1 HAXOXK ICHIE MaT-
punbl JIsmyHosa i 1MoI00HBIX CHCTEM OBLIO JIETaJbHO U3YYEHO B JIBYX IOCJIEIHUX
rjiaBax.

Bribepen Tpu mpoussosibhble cummMerprdeckue Marpuisr WO W W)y
nocrponm Marpuiy Jlamynosa U(t), acconuuposannyio ¢ W = WO W0 L A1),
Torma dbyuxmonasn JIsmyrosa—Kpacosckoro mojHoro tura st cucreMsr (4.5) nmeer

BuJI (Teopema 1.5)

v(¢) = ¢ (0)U(0)¢(0)+

2o [ [U(—h -0+ | 9 U(e - e>g<5>dg} ((6)do+

0

02

0 0
T / / cT<el>[A1TU<el—ez>Al+2 ATU(h + 01— 0y + €)Q(€)de+
“nd-n

—h

01 0o
+ /h . QN (ENU (6 — 0y — & + 52)Q(f2)d§1d52] ((62)d6dO>+
+ / : T WY + (h+0)WPNC(0)do.
—h

BreimuimeMm jlaHHbIi (DYHKIIMOHAJ B IBHOM BHJIE, KaK 3aBUCUMOCTb OT o U 1.

st 3Toro pazobbeM Marpuiy JIsmyHoBa Ha OJI0KI

v — (Pn® Ui
Un (t) Us(t))’

1 TakKe mpeanosoxkuM, aro Marpura W) gBismercs momoKuTebHo OmpeieeHHoil,

a marpunsl WO 1 W@ nuveror Bun

. (0 0
wo =" "), (4.6)
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i :
rje W2(2) MOJIOYKUTETHLHO onpejiesiennl, ¢ = 1,2. B urore Mbl pujiemM K BbIPayKeHUTO

v(o, 1) = g Ur1(0)mo + 224 Ur2(0)4(0) + 1" (0)Una (0)1p(0)+

+2 / : 2L U (=h — 0) + 7 (0)Usi (—h — 6)] Beb(6)do+
—h

w2 [ : / Ve — ) + 67 (O)Unn(é — B)|(KA — FE)eBde(0)do+
“nd-n

+/Z /Zqﬂ(el)BT [U11(01 — 02)+

02
+ 2/ Upa(h + 0, — 0y + &) (KA — FK)e 8¢
—h

01 02 "
—|‘/ / 6_A gl(KA—FK)TUQQ(Ql—92—§1+f2)><
—h J—h

< (KA — FK)e—Afzdgld@] B (65)db: dbs+

/ W7 ( + (h+ 0w M(@)d@.
(4.7)
[To nmocrpoennto mpousBojiHast JAHHOIO (DYHKIIMOHAJIA BJIOJIb PEIIeHI CHCTEMbI

(4.5) ecTn

dv(z(t),u;) (1) T (1)
— =" (azT(t) UT(t)> W (u(t)) —u (t = h)Wy'u(t —h)— 48

0
—/ Tt + O)WPu(t + 0)do.
—h

ITpokommenTupyem BoiGpannyio B (4.6) dopmy marpun W, W) Banas ux
I0JIOOHBIM 00PA30M MbI JIOOMIMCH TOrO, YTO 3HaUYeHNE KaK (PYHKIIMOHAJIA, TaK U €ro
IIPOM3BO/THOMN BI0JIb perennii cucremnl (4.1), (4.2) 3aBHCHT TOJTBKO OT TEKYIIEro
rosioykerusi x(t), Ho He OT IMOJHOTO COCTOAHUS Xy TeM caMbIM JiJisi BBIYUCJICHUST
3HadeHns: pyHKIMOHaIa OoJiee He Tpebyercs 3a/aBaTh HEKOTOPYIO «(PUKTUBHYIO»
HavdabHY10 (BYHKIMIO st (1), KoTopasi He TpebyeTcs JIJis HAXOXKJIeHUsT PeIleHuit
cuctembl (4.1), (4.2). Tem He MeHee, BOBHUKAIOT 1 HEKOTOPBIE MpoOseMbl. Kak m3-
BecTHO (Teopembl 1.8 1 1.9), mpu MOJIOKUTENIBHO OIPeIeIeHHBIX WO W g w@ g

CUJTY 9KCHOHEHITMAJIBHON yCTONINBOCTH crcTeMbl (4.5) MOYKHO HAHTU MOCTOSHHBIE
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b1, Po > 0 Takue, 4To

0
Bl + o / SO d < v(c). (4.9)

1 Takxke 01,09 > 0, Ipu KOTOPbHIX

0(Q) < 61 [ICO)]° + /_h IC(8)11* a8 (4.10)

Onetka 4.10 Bepra mpu J0661x cummerprieckux Marpurax WO WO W@ a Gynk-
rmonast v(x, 1Y) cosnagaer ¢ v(¢) st BeiOpaHHbIX MaTpuil (4.6), HO BOT OIEHKY
CHHU3Y TaK MPOCTO TeperecTn Ha GyHKInoHaa v(xg, Y) He noayuantcs. JeficTureb-
1o, marpunsl W, W puna (4.6) He SBISIOTCS TOJI0KUTEILHO-OIIPE,IE/ICHHBIMHE,
TOJILKO TOJIYOIIPEIEICHHBIME, 8 3HAYNT HeJIb3s HAIIPSIMYIO IPUMEHUTH Pe3yJIbTaThl,
OJTyYeHHbIe /I (DYHKI[OHAJIOB MOJTHOTO THIIA, K dyHKImonany (4.7). B kauecrBe
[IpUMepa TOro, YTO 3Ty TPYIHOCTH MOYKHO IIPEOJIOJIETD, Jlajiee BhIBeJeM HOBYIO OIEH-
Ky JIJIsI IIOCTPOEHHOTO (DYHKIMOHAJA U IIOJIYUUM HOBbIE SKCIIOHEHIIMAIbHbIE OIeHKI

perenunii.

4.2. DKCcOoHeHIINAJIbHLIE OIEHKH penIeHuii

Jlemma 4.1. Cywecmsyrom nocmosanmwvie 41,09 > 0 maxue, wmo das a0bwx xg € R™

u ) € C([—h,0],R™) swnoansemca ouenra

0
o(wo, ) < di(llzoll* + [ (0)[) + & /_h (6] d.

Jloxasamenvcmeo. Kax yaxe 6bu10 ormedeno panee, mist marpur W 7/

(4.6) mmeem v(¢) = v(xg, ). fcno, uro

BU 1A

1C0)]1” = [lzoll* + ([ (0)||?,

a Tak Kak HadasbHas DyHKINA 115t () He TpeOdyeTcst Il HAXOXKICHUST PeIleHuit
cuctembl (4.1), (4.3), To moxkHO cuntarh, uTo x(t) = 0 npu t < 0 u x(0) = xy,

OTKY/1a,
0 2 0 2
/ 1) db = / 1(0)] o,
—h —h

U yTBEPKJIEHUE JIeMMbI cjlejlyeT U3 TeopeMbl 1.9. |
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Bameuanue 4.2. Onenka (4.10) BepHA U JJIsT CHCTEM, HE SIBJISTIOIINXCST IKCIIOHEHIH-
AJILHO YCTOIMBBIMH, TaK ITO YTBEPKIeHNE JTeMMbI 4.1 ocTaeTcsd BEpHBIM I B ciydae,
ecin cucrema (4.1), (4.3) He gBIAETC SKCHOHEHIMATIBLHO yeToiunBoii. JJoctarotmno,

4TOOBI CyIiecTBOBaJIa MaTpuna JIAmyHoBa s JJAaHHON CUCTEMbI, acCOIMNPOBAHHAS C

WO w4 hw®,

Jlemma 4.2. Ecau cucmema (4.1), (4.3) axcnonenyuaivrio yemotiuuea, mo natidym-
ca nocmoannwie B, Po > 0 makue, wmo das mobwxr xy € R", u 1 € C([—h,0],R™)

G6YNONAHAETNCA OUEHKA

v(wo, ) = Billlzoll* + 1 (0)[*) + Bz /_h [(9)II” 6.

Jloxazameavcmeo. PaceMoTpuM (pyHKIMOHAT

0
o(wo. ) = v(x0,¥) = Billlaol” + 1 (0)°) — B /h (6] de.

Mpbr jloKazkeM yTBep:K/IeHHe JIEMMBbI, €CJIN HaillJIeM II0JI0KUTebHbIE (1, [Fo IPU KOTO-
pbix U(xg, 1) = 0. Haiijiem npon3BoJiHy IO JJAHHOTO (DYHKIMOHAJA BJIOJIb PElleHuil
cucrempr (4.1), (4.3):
do(z(t), ug) B
dt
—u" ()W u(t) — u” (t — BYWg u" (t — h)—

—aT(OWx(t) — 227 ()W 5 u(t)—

0
— / u® (t + G)Wz(g)u(t + 6)do—
—h

—2B127 (1) [Az(t) + Bu(t — h)] — 2B1u’ (t)[F + K Blu(t)—

—2B1ul (t)[KA — FK] [eAh:v(t) + /_ ) e Bu(t + 0)do| —

—Boul (t) Bu(t) + Bou’ (t — h) Bu(t — h).
Ee Mmozkno omnenuntnh Kak

x(t)
< - (g;(t) u(t) u(t— h)) By (B1, B2) u(t)
u(t — h)

do(z(t), ug)
dt

— /0 u® (t + 0)Ra(0, Br)u(t + 0)d6,
—h
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rje
0 0

Wy w0

Ri(Br o) = | W) Wy 0

o o Wy
A+ AT eAMKA - FK]T B 00 O

+61 | [KA— FKle! F+ KB+ [F+KB'—E 0|+/5|0 E 0 |,

BT 0 0 00 —FE

Ro(0,51) = W2 — BBTe " |KA — FK|T|[KA— FKle B,

[Ipu B1 = By = 0 marpuier Ry(f1, B2) n Ro(6, B1) MOMOKUTETBHO ONIPEJIE/ICHBI, TaK
9TO U JJIsi HEKOTOPBIX HEOOJIBIINX IIOJIOKUTEILHBIX (31, 2 OHI OCTAHYTCsI [OJIOZKI-
TeJILHO OlpeJiesIeHHbIMI. Tor1a Ipu 3THX 3HAYeHUAX NOCTOSHHBIX (1, B2 OyaeM uMerh
do(z(t),us)/dt < 0, orkyna

@(fo,lb) — /Ooo dv(x(tuxOﬂCiZ;ut(anw))dt > 0’

Tak Kak cucrema (4.1), (4.3) 9KCIOHEHIMAIBHO yCTONYNBA, & 3HATHT HeCOOCTBEHHBIIT

unrerpaJj cxonurces. Ho 9To u ectb T0, 9T0 TpeboBaoCh JI0KA3aTh. |

Hcnob3yeM JlaHHble HEPABEHCTBA, YTOOBI HOJIYIUTh IKCIOHEHI[MAIBHbIE OIeH-
Ku perenuit cucrembr (4.1), (4.3), a ciegoBaresibHo u perennit cucrembt (4.1), (4.2).

3 (4.8) cieyer, aTo

dv(z(t), ur)
dt

0
< DAnin(WOY (@) + [[ul®)[*) = Anin(Wa3) / us(6)]| 6.
Boibepem o > 0 Ttak, 4T00BI
2001 < Amin( WD), 2065 < Ain (W),

rjie 01, 09 ObLIN TOJTyUeHbl B jiemMe 4.2, Torga npu t > 0 numeem

dv(x(t), uy)

7 + 20v(x(t), us) < 0.

Vcnonb3yd HepaBencTBa, MoaydeHnble B jemMax 4.1, 4.2, npuaeM K

Billlz ) + lu()*) < v(a(t), ur) < vlzo, )" <
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< 01 [|lwoll* + (61 + d2) |9 *]e 27" <
< (61 + &h)[[|lwol)* + || F]e "

Orcroza u ciaegyer TpedyemMas OlEeHKa

01 + ho
Vi@ + @ < 2522 ol + folPe . @)

rae t > 0.

Bamewanue 4.3. B crarbe [55] ayist samkayTOit cucremsr (4.1), (4.2) paccmarpuBaoTcs
dbyskunonasibt JIsnyHosa crenuanbHoro uja. CTOUT OTMETHTH, YTO TIPE/I0KEeHHbIIT
B pabore |55 byHKIMOHAT UMeeT BecbMa crennduiecKyo cTpykTypy. IlocTpoerHbiii
B HACTOsAIIEl TyiaBe (DYHKI[MOHAJ, HAIIPOTUB, UCIOJIB3YET XOPOIIO MPOPabOTAHHYO

Teopuio pYHKIMOHAIOB JIsdmyHoBa—KpacoBCKOro 1moJiHOTO THIIA.

Samevarnue 4.4. Iloctpoenne HyHKIMOHATIOB MOYKHO PACHIUPUTDH Ha CJIydail, rie
3alla3/lbIBaHue [IPUCYTCTBYET HE TOJIbKO B yIIpaBJIEHUU, HO U B COCTOSHUU CUCTEMBI.
[TocTpoenne JunamMuvdeckux peryysiTOpoB JiJisd OJ00HOT0 TUIA CUCTEM U UCCJIe/I0Ba~
HUE CUCTEM, MOJTyIaeMbIX MOC/Ie 3aMBIKAHUsI COOTBETCTBYIOIIUM yIIpaBIeHIEM, ObLIO
peMeToM uccsenoBanus ctatei [52]. CrieyeT OTMETHTh, ITO HE TOJHKO aHAJN3
TAKOI'0 POJia CUCTEM 3HAUUTEIbHO TPYJIHEE, HO U IMOJIydaeMble CUCTEMBI DOJIbIIE HE
UMEIOT BUJI CUCTEM C 9KCIIOHEHIINAJIbHBIM SAPOM. SHAYUT TpeOdyeTcsi NHOil, cKopee
BCEro, TPUOIN3UTE/TLHBINI METOJI MOCTPOEHUS MaTpUIL JIAMyHOBa JIT TAKUX CUCTEM,

4TO U OyJIeT MCCJIeIoBaHO B riiaBe 6.

4.3. Ilpumep
Paccmorpum cucremy
2 =2 2
(1) = x(t) + u(t —1).
R S EORS i RIS

[Tycrs K = (—2,0), Torja cucrema, 3aMKHyTas yrpasjiennem (4.2) Oyuer ycroitun-

BOIT ¢ coOcTBeHHBIME uncaMu —1 =+ 7. Boeibepem ' = —1 u MaTpuIs
10 0
wO=1{o1 o |, wi=wd=1/3,

00 1/3
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orkya ciaegyer, aro W = WO 4+ WO + hiV?) = ;. Ucnonbsys Meros u3 riasbl
2 naiigem marpuiy Jlsmyrosa cucremsr (4.1), (4.3), ee KOMIOHEHTHI 0TOOpayKEHBI Ha
Puc. 2.

Haxoma 6; ~ 2.40 - 10*, §, ~ 7.81 - 10°, 31 ~ 0.03, BuibepeMm 0 = 2- 10" 1

orenka (4.11) mpuobperaer Bu/g

—). =7
\/Hﬂv(t)l\2 + [lu()]* < 5.16 - 103\/\|¢Co\|2 + [[plffe 10,

CuiestyeT OTMETHTD, 9TO IHOJIydIeHHas OIeHKa BeCbMa KOHCEPBATHBHA, YINTHIBAA, UTO
coberBennbie wncia Marpuisl A + BEK ects —1 =+ 4. Tem e menee, mamensiss W0,
i=0,1,2 wmn F', MOXKHO TIOJIyYnThb U JAPyTUE OIEHKH Ha periieHus cucreMbl (4.1),
(4.2). Takum o6pa3oM, MOXKHO OCTABATH POOIEMY ONTUMEUBAINHN JIIsT HAXOMK TCHUST

Jydieii (B KaKOM-TO CMBIC/IE) 9KCIOHEHIINATLHO OTEHKN DEIeHHii.
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Puc. 2: Komnonentsr MmaTpurst JIsmyrosa
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I'maBa 5. Matpuiibl JIsmyHnoBa aJjisi CUCTEM C

KYCOYIHO-IIOCTOAHHBIM AJAPOM

B nanmnoit rimase OyayT pacCMOTPEHBI CUCTEMBI C pacIpe/ie/IEHHBIM 3aTas3 Ibl-
BaHMeM M KYCOYHO-TIOCTOSHHBIM sJIpoM. /[ljg Takmx cucreM OyjeT IpejioxKena
BCIIOMOraTe/IbHas paHmdHas 3aja49a U OyJIeT TPUBEJICH METOJI ITOCTPOCHUsT MATPHI]

JIamynoBa.

5.1. IlocranoBKa 3aga4n

B sToit TytaBe paccMaTpuBalOTCA CUCTEMBI BUJIA

m

B(t) =Y Aja(t — jr) +ch/ x(t + 6)do, (5.1)

7=0 (J+1)r

rae r > 0, a marpunpr A;, C; € R™". 31eck nomnoe 3anasiblBaHue CHCTEMbI €CTh
h =mr.

Ompenenienne 1.7 ayist cucrem kiacca (5.1) npuHuMaer BHT;

Onpegnesienne 5.1. Henpepoisaas B mysie marpuria U(f) HasbiBaeTcst MaTpuIiei
JlsnyHoBa cucrembr (5.1), accorumpoBaHHOil ¢ cuMmMeTpudeckoil Matpurieit W, ecim
BBITIOJTHEHBI

1. nmnammdeckoe cBoiicTBo: pu t > 0

m m—1 gr
ZZUt—jTAJ—I—Z/ U(t + 6)C;df
j=0

j= (J+1)r

2. CUMMeTPHUYeCcKOe CBOICTBO:
U(=t) =U"(1),
3. ajredpamyeckoe CBOMCTBO:
U'(+0) —U'(—-0) = —W.

VI3 nuHaMIYeCcKOTro 1 CUMMETPUIECKOTO CBOMCTB cieayeT, 9To npu ¢ < 0 mMmeem

(G+D)r

U't)=—[U(-t)] =— Zm: ATU(t + jr) — mi: CJT/_ Ut+6)ds. (5.2)
j=0

j=0 Jr



74

Orcroza ciejryer, 9To ajredpamdeckoe CBOMCTBO MOXKHO 3allNCaTh B BU/IE

N [U(=jr)A; + ATUGr)] +
j=0
(j+1)r

/ U(0)C;do + CT / U(6)do
(G+)r Jr

Crasurcs 3aJa49a KOHCTPYKTHUBHOI'O HaXOxKAEHUA MaTpPUIL .HSIHYHOB& HJIA CU-

+ —W. (5.3)

crem Buja (5.1).

5.2. BcrmoMmorarejpHagd cucreMa

B srom maparpacde Oyier npejicrapieHa rpaHIIHAas 3a/1a9a, M03BOJISIONIA
CBeCTH HaxOXKJeHue Marpuibl JlsmyroBa st cucrem Buja (5.1) K HAXOXKJICHUTO
pelieHnii CCTeMbl JIMHEHHBIX 00BIKHOBEHHBIX A depeHIinalbHbIX YpaBHEHNH, ViI0-
BJIETBOPSAIONINX PSAJLY JIOHOJTHUTETLHBIX YCIOBHIA.

[Ipeamosoxkum, aro cymecrsyer Marpuia JIsmyrnosa U(t) cucremsr (5.1), acco-
nuupoBannas ¢ cumMeTprdeckoit matpureit W. Beegem 4m — 1 BcrioMmoraTenbHy1o

MATPUIHYIO (DYHKITHIIO:

Yi(t) = U(t +ir), —m<i<m—1,

ir (5.4)
Zz-(t)z/ Ult+0)dd, —m+1<i<m—1,
(i—1)

rie t € [0,r]. g yuporerns obo3HaueHnit TakKe BBEIEM

V(t)= (Yoo1(t), ..., Yo (D), Z@) = (Zna(t),.... Z-mi(t)).

Jlemma 5.1. ITyemov U(t) — mampuya Janynosa ypasnenus (5.1). Tozda eécnomo-
eamenvnvie Pynruuu, onpedeasemuvie (5.4), ydosaemeopaiom cucmeme AUHETHOIT
dugppeperyuasvHuLT YpasHeHUul

(

m m—1
:Zn—j(t)Aj—FZZi—j(t)Cj; 0 <t1<m— 1,
j=0 j=
\y s ' (5.5)
Z ATY;ﬂ Z C]TZHJ'H(t)y -m <1< —1,
j=0
Z’(>:n(t)—1z~_1(t), —m+1<i<m—1,
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U 2PaAHUYNHBIM YCAOBUAM

Y;(0) = Yi1(r), —m+1<i<m—1,
ZZ(O):ZZ—l(T)7 _m+2<2<m_17
$20(0) = [ vl (5.6)
0
m m—1
> V004 + ATY ()] + ) [Z2-5(0)C; + CT Zi(r)] = =W
L 7=0 7=0

Jloxasameavcmeo. Ypasaerns (5.5) MOTy9IalOTCs HEIOCPEICTBEHHOIT T10/ICTAHOBKOI
onpejesennii (5.4) B quHaMITIecKoe CBOficTBO 1 ypasHenue (5.2). ['paHudnbie yejaoBust
(5.6) oYeBUIHBI M3 33JIaHUsT BCIIOMOTATeIbHBIX dyHKINi (5.4) 1 anrebpanieckoro

ceoiictsa (5.3). |

Jlemma 5.2. Jlna aobozo pewenus cucmemos (5.5), (5.6) ewnoansemcsa:

2,(0) = / Yir(€)de,  Zi(r) = / Yi(€)de.
ede —m+1<1<m—1.

Joxazamenvcmeo. flcro, aro yTBepzKIenue JeMMbl ciipaBenBo 1iid Zo(0) u Z_1(r).

Torna,
210) = 2r) = Z0(0) + [ [%(6) = Ya()]d =
_ /0 Yi(€)de,
Z-a(r) = 24(0) = Za(r) = [ V() = Yl )] d =
— [ vatrie
JTabHEHIINE PACCYIKIEHHS SHATOTHIHEL, m

CaencrBue 5.3. /las arbo20 pewenus cucmemv, (5.5), (5.6) ewnoansemcs:

20 = [ v+ [V
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Samevarue 5.1. YTBepKIEHNE JIEMMBI 5.2 U CJAeJACTBUSA H.3 OCTAETCs BePHBIM U JIJIs
JIFOOOTO peltierusi cucTeMbl (5.5), YIOBJIETBOPSIONIErO BCEM I'DAHUTHBIM YCIOBHSIM

(5.6) KpoMe TOCIeIHET0, KOTOPOEe He UCMOJIB3YeTCs B JOKA3ATEIbCTRE.

Ormernm, aro jiemma 5.2 urpaet jijist cucteM (5.1) poJib, CXOKYIO € JIEMMOi
2.2 st cucrem (2.1). eitcrBuresibHo, U3 JeMMbI 5.2 cJie/lyeT, 9TO HHTErpajbHOe
yCJI0BHE, UCTOIb30BatHoe B (5.6), HIHMEM He OTIMYAeTCA OT €My TOJ00HBIX. SHAMNT,
Joboe U3 ycsIoBuil, IPUBEIEHHBIX B (DOPMYINPOBKE JICMMBI 5.2, PABHOCUJILHO MOKET

OBITH MCIIOJIB30BAHO IIpu IIOCTpOEHuE BCIIOMOTI'aTEJIbHOI FpaHI/IqHOﬁ 3a/Ja4l.

Jlemma 5.4. I[Tyemo (Y (t), Z(t)) asasromes pewenuem cucmemoi (5.5), (5.6). Tozda

mampuya U(t), onpedeasemasn xax

U(t) = % Vit —ir) + YO (i + Vr —0)], telinG+ ], 0<i<m-—1,

uwU(t) = UT(—t) daa t <0, asaaemea mampuueti JLanynosa, accouuuposarmoti c

W.

Jloxasameavcmeso. Tlposepum, aro onpejenenne marputbl U(t) onrosnauno. [eii-

crBuTebHO, p ¢ = ir (1 < i < m — 1) nmeem

Ui +0) = 5 [Vi(0) + Y7, (1)] = 5 Vi) +Y5(0)] = UGir —0),
Tax xax
U(0) = 5 [%9(0) + Y] = 5 V() +%1(0)] = U (O,

to dyukiws U(t) HempepblBHA U yIOBIETBOPSIET CUMMETPUIECKOMY CBOTICTBY.

Pacemorpum t € [ir, (i + 1)r], us ciaegacrsust 5.3 mosydum

1

3 Bt —in) 4 2L e = 0] =5 [ W+ Yt - )] de =

1

"2 / Yiej1 (&) +YL(r = )] d =

t—ir (i—d)r
- / U(0)do + / U(0)do =
t

)r —(=Dr
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3HaunT,
/ 1 d . T .
U'(t) = 5T it —ir)+ Y, ((i+ D)r —t)] =
m m—1 —jr
= Z Ut —jr)A; + Z/ U(t +n)Cjdn.

[IpaBast 9acTb MOJIYIEHHOTO BBIDAYKEHNUs HE 3aBUCHT OT ¢, a (pyHking U (t) Herpepbis-
Ha, 3HAYUT U ee npousBoHas U'(t) HenmpepbiBHA, TO €CTh JMHAMIYECKOE CBOHCTBO
BBIIIOJIHEHO.

Ocraercst MPOBEPUTH ajiredpandeckoe CBOMCTBO:

U'(+0) — U'(~0) = 2 [¥§(0) = V()] = 3 [¥4(r) = YT (0)] =
= SIY(0) = Y4 ()] + 5 1V5(0) = ¥, ()] =
= —%W - %WT —W. m

Teopema 5.5. Ilycmo cucmema (5.5), (5.6) umeem eduncmesennoe pewenue, mozda
cywecmeyem eduncmeennas accoyuuposannas ¢ W mampuua Jlanynosa U(t),

onpedensemas Kax
Ult)=Yi(t—ir), telir,i+1)r], 0<i<m-—1,
uU(t) =UT(—t) nput < 0.

oxazameavcmeo. EnmHCTBEHHOCTH MaTpUIlh JISIyHOBA O9eBU/IHA, BE/Ib MTOJIyYae-
Mble 110 (opmysiaM (5.4) BCromMoraTe/ibHbIe MATPUIIBI ¢ OJHON CTOPOHbBI PA3JINIHBI
mutst passmanbix U(t), a ¢ qpyroii cropors! 1o Jjiemme 5.1 sBjsitorest pererusivu (5.5),
(5.6). Hokazkem, aro B paccmarpuBaeM ciaydae U(t) MOKHO HAXOIUTh YKA3AHHBIM
obpazoM.

[Tycrs (Y (t), Z(t)) — pemenne cucrempr. Pacemorpum

2

.

7 T

=Y. (r—t), —-m<i<m-—1,
() =Z(r—1t), —-m+1<

1 <m—1.
Tornma, npu ¢ > 0

Y/(t) =~ Y, —t) =

7



m m—1
=D Vil =04+ ) Z7,(r = 1)C; =
J=0 7=0
mo m—1 _
=3 Y (DA + ) Zii(1)C;,
7=0 J=0
npu ¢ < 0
-, , T
Vit)=—[Y, 4(r—1t)] =
m m—1
Y AT e
=0 J=0
m B m—1 ~
== AY(t) =Y _CTZh (),
7=0 J=0
HAKOHeTI]

Hetpymno BujieTh, 910 1

20) = 2}) = [ iy = [ V)i

OcTraeTcst JINIIb 3aMETHTD, ITO
Y (0) = Y24(r) = [2YL4(r) + Y50 = W =W
Taxum obpazom u (Y (t), Z(t)) asmsorcs pemennem (5.5), (5.6). Eanncreen-
HOCTB MO3BOJIAET yTBeP:KAaTh, uto Yi(t) = YL (r —t), Zi(t) = ZL,(r — t), otkyna

u3 JeMMbI 5.4 1 caeyeT TpebyemMoe. |

5.3. Marpuunasa ¢dpopMa BcooMoraTreJbHOIl CICTEMBbI

l_IOKa}KeM7 KaK pemeHue BCIIOMOT'aTEJIbHOM CUCTEMBI CBOAUNTCA K PECIICHUIO

CUCTEMBI JINHEIHBIX ajredpandecKuil ypaBHEHUI.
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[yctb A, = ATQE, C=CIoE A =Ex Al ¢, = FEQC y(t) =
vect(Y;(t)), zi(t) = vect(Z;(t)) u

Ym-1(t) Zm-1(t)
yy=| |, )= |, &=(0... E .. o)
Y-m(t) z-m41()
rie & cocrout u3 4m — 1 OJI0KOB, OJIUH 13 KOTOPBIX MMEeT BUJI eMHIIHON MaTpUIIbI

1 CTOUT Ha i-TOM MecTe. Bekropusyst cucremy (5.5), mpujem K

4 (0 _, (o) ,_(AC .
dt \ z(t) 2(t)) D 0)’ '

rme A — kBajgpaTHasg Marpura nopsiaka 2mn?, C u D — MaTpHUIIBI HODSIKOB

2mn? x (2m — 1)n? u (2m — 1)n? x 2mn?, cooTBETCTBEHHO:

Ay ... A, A, 0
a_| 0 A A A
9. —A; Ay 0 |’
|0 A=A —Ay |
[ G, Cov1 0 |
0 C Cr
C: 0 1 :
¢, — ¢, 0
0 .. ~&
£ —E o 0o 0|
0O E —-E ... 0 0
D= |: + & .
0 0 0 ... -E 0
0O 0 0 ... E —-E

['pannunbie yeiaosus (5.6) mpumyT BuJ

y(0) - [ (y(t) y(r)\ (O
M <2(0)> LN /O (Z(t)> dt + N (Z(T)> _ <_w> | (5.8)



80

rie w = vect(W), N = =L ,Epns1

Ynp—-1 --- Yo -+ Y-m+1 Y-m =<Zm-1 --- 20 .-- RF-mit2 RF_m+1
[ E ... 0 ... O 0O 0 ...0 ... O 0 |
0 E 0 0 0 0 0 0
0 0 E 0 0 0 0 0
M=|0 0 0 0 E 0 0 0
0 0 0 0 0 E 0 0
0 0 0 0 0 0 E 0
0 0 0 0 0 E 0 0
B 0 AO Amfl Am 0 C() Cm,Q Cm,1
Ym—-1 Ym—2 Y- Y-m 2Zm—1 Zm—2 20 Z—m+1
0 —FE 0 0 0 0 0 0 ]
0 0 —F 0 0 0 0 0
0 0 0 —F 0 0 0 0
N=| O 0 0 0 0 —F 0 0
0 0 0 0 0 0 —F 0
0 0 0 0 0 0 0 —F
0 0 ... 0 ... 0 0 0 .0 .. 0
A Wy o A . 0 oy Coo .. € . O

Jst Toro, 9To6bI M30aBUTHCS OT WHTErPabHOTO dieHa B (5.8), mpuMeHnM

aemmy 2.7. B pesysbrare cucrema (5.7), (5.8) mpuBOANTCS K CHCTEMe JIMHEHHBIX
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aJiredpanvecKnxX ypaBHEHUN BUIa

\A[%Cfﬁﬂ N)“p{C;&?jr}<g>,

X

y(0))y) (0O
(z<o>> } (w) 09

Herpyuto Bujiers, 9to Beromoraresibhas cucrema (5.5), (5.6) uMeer euHCTBEHHOE

pelieHne TorjIa u ToJbKo Tora, Korjga det X # 0.

5.4. EIMHCTBEHHOCTD pelleHusI TPAaHNYHOI 3aJlaun

[Tokaxkem, uTo ycsoBue JIsmyHoBa obecriednBaeT €JIMHCTBEHHOCTH pPEIIeHUsT
BCIIOMOTATEIBHOM rpanmaHoi 3a1a4du. Kax u st cucrem (2.1), HauHeM pacCMOTpEHIe

C OJJHOI'O BCIIOMOTI'aT€JIbHOI'O YTBEDP2KACHUA.

Jlemma 5.6. /laa aoboz0 pewenus (5.5), (5.6) ¢ W = 0 swnoaneno

Yi(t) =Yia(t+7), —m+1<i
<

1 m — 1,
Zi(t):Zi_l(t—l—T), —m + 2 m — 1.

(4

NN

oxaszamensvcmeo. Cxema JJoKa3aTeIbCTBA Takasl »Ke, Kak n B jemMe 2.8. Tak kak
noboe pemterue (5.5) anajnruano Ha R, To 1 HenpepbIBHO nuddepeHnupyemMo Jidoe
YUCTIO Pas.

[Ipomuddepentponas (5.5), momyanm, aro dyukimn (Y'(t), Z'(t)) asisrores
periennem cucrembl (5.5). IIposepum, ato n rpanudnbie yeiaosus (5.6) ¢ W = 0

soinosiaenst s (Y (t), Z'(t)). Uz (5.5), (5.6) BumHO, 9TO

Zi(0) = Zi(r)
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OcraeTcst TPOBEPUTD 110C/IE/[HEE TPAHUTHOE YCJIOBHUE, CIIepBa 3aMETUM, 4TO

n m m—1
Z Y (0)A; = — Z Z ATY_i15(0) + Z CTZ 141 (0)] A; =
=1 i=1 Lj= =0

AHAJIOINYIHO,
m m m—1

Z ATY () =" AT 1D Vi (A + ) Zija(n)C | =
=1 7=0 7=0

::2{:14;}2 140%-§£:EE:J4T}G_J 1 14J4—j£: JATZZl]]
1=1 =1 j=1 i=1 j=0
OrmeTum, 9TO
2

ATY;(0)A; = > ATY: ()4
1 i=1 j=1
OcTaeTcst pacCMOTPETD €Ille CIIELYIONIIE CIaracMble:
m m—1
ATYLi(r) = ATY((0) = ATYo(0) Ao + ) ATY-i(0)Ai + ) ATZ5(0)C;,
i=1 =0
m—1
YJ(0)Ag =Y’ (r)Ag = —ALY_ (1) Ay — ZA Yia(r)Ag =) CTZ;(r)Ap.
7=0
YuaursiBast Yy(0) = Y_1(r), noaydaum
. / T~/7 / T ry/
> [Y(0)A; + AT (r +Z (Z.(0)C; + CT Zi(r)] =
i=0
m—1

)+ AYZ_;(0) + Z Alz o (r)| O+

Jj=0

-1
30O |0~ 2,00 - Z ~i1(0
5=0

Ucnonszysa aemmy 5.2 u 3amedanne 5.1, mpeobpasyeM BbIpakeHnsl B KBaIPATHLIX

CKODKaxX

Z';(0) + Ay Z—;(0) + i Al Z; j4(r) = / '
0

1=1

ooy A?njl(é)] e~

1=0
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I
|
(]
N
A
N
N
[
o
S8
m

Zr) — Z;() Ay — S 711 (0) A; = / VIE) — SV (A | de =
=1 i=0
m—1 r
_ / Z;1(€)Clde.
1=0 70
[TogcTaBuB 3TH BBIpaXKeHUd, TPUAEM K
m—1m—-1 ., m—1m—1 r
-3 [z Y [ iz - o
j=0 1=0 Y0 j=0 =0 70

9TO U TPeOOBAJIOCH JIOKA3ATh.
ITo unaykuun (Y F)(t), ZF) (1)) rakxe Gyner pemennem (5.5), (5.6) mia Beex

k > 0. B wactnocru, ajs Beex k = 0

YTBepK/IeHIE JIEMMbI Telepb ciejtyeT u3 anagurnanoctn dyuxmumit Y;(t), Z;(t). W
U3 npeapiaytieit 1eMMbl 1 CASJCTBAA 5.3 MOy IIM

CaencrBue 5.7. [Tycmw (Y (t), Z(t)) aeasemca pewernuem (5.5), (5.6) npu W = 0.
Toz0a

Zi(t) = /_ Vit + 0)do,

T
ede —m+1<1<m—1.
Teopema 5.8. Caedyrowue ymeeporcoenus IK6USAACHMNDL:
1. Benomozamenvran cucmema (5.5)—(5.6) umeem eduncmeennoe pewenue.
2. Cywecmeyem eduncmeennas mampuya JIanynosa ypasnenus (5.1), accoyuu-
POBAHHAA C W.

3. Vpasnerue (5.1) ydosaemsopaem ycaosuto Jlanynosa.

Jloxasamensvcmeo. JlokazaTeIbcTBO aHAJIOTMIHO JTOKA3aTETHLCTBY TEOPEMBI .8.
B teopeme 5.5 OBLIO MTOKa3aH0, 9TO U3 YTBEPXKJIeHNA 1 cie/lyeT YTBep:Kienne
2. DKBUBAJECHTHOCTH YCJIOBUI 2 1 3 ycTaHOBJIEHA JIJIsd OOJiee TITMPOKOTO KJIacca CH-

creM (cMm. Teopemy 1.6). TTokazkem, 9T0 U3 YTBEPXKIEHUST 3 CJIEYET YTBEPKICHIE
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1. ITycts yenoBue JIsanynosa BbirosiHeHo. Kak ObLIO 1MOKa3aHo paHee, CyIIeCTBOBa~
HUEe ¢IMHCTBEHHOTO perenust cucteMbl (5.5), (5.6) 9KBUBAJIEHTHO CYIIECTBOBAHMIO
¢/IMHCTBEHHOIO PEIIeHIsT CUCTEMbBI JIMHEHHbIX aaredpandecknx ypasaernnii (5.9). B
CBOIO otvepe/ib crucTeMa (5.9) MMeeT eNHCTBEHHOE pellieHne TOr[a U TOJILKO TOIIA,
KOTJTa €IMHCTBEHHDBIM DEIIeHneM OJIHOPOJIHOM CHCTEeMBI sIBJIsieTcsl TpuBnasbHoe. Ha-
IPOTHB, peanogozKuM, 9ro cymectsyer (Y (0), Z(0)) # 0, sBisioneecs permennem
(5.9) mpu mysesoit mpaBoii dactu. JlanHoMy HadaJbHOMY YCIOBHIO COOTBETCTBYET
uerpuBnasbhoe permienne (5.5), (5.6) mpu W = 0.

Bamernm, 4To He Bee Y;(t) = 0. [eiicrBuresnbho, nnade u3 ciaegcTBus 5.7 0 Bee
Zi(t) = 0, 910 MPOTHBOPEYNT HETPUBHAILHOCTH perernst. VI3 semmbr 5.6 coenyer,
aro Bee Y;(t) #Z 0.

JIroboe pererne cucreMsbr (5.5) MOXKHO MTPEJICTABUTH B BUJIE

v

Yi(t) =) e Pis(t), —m<i<m-—1,

k=1
) (5.10)
Z,(t) = Zes’“tQi,k(t), —m + 1 < 7 < m — 1,
k=1
rje Si,...,S, — pasinmdHble cobcTBeHHble dncia cucreMsl (5.5); Pir(t), Qix(t) —

OJINHOMBI ¢ MaTpuIHbIMEI KO3 durmenTamu. Tak kak Yy(t) # 0, To Haiijgercs d,

autst Koroporo Py 4(t) # 0. Ilycrs deg Po g = I:
Poa(t) = Pot' + Pt + ...+ P,

rne Py # 0. U3 caencreus 5.7, nmosrydnm

v

0 v 0
D eMQui(t) = Zo(t) = / Yo(t+0)do =) e / e Po i (t + 6)df.
—_r —1 —-r

k=1

Buaunt deg Qo 4(t) < I, a koaddbunuent nommnoma Qp 4(t) npu ' umeer Bus

0
P()/ esdeQ.

3 semmser 5.6 cirenyer, uro Y;(t) = Yo(t + ir), Zi(t) = Zy(t + ir), 3naaur cre-
nenn nojnHoMoB P; 4(t) Takzke pasubl [ co crapium kosdbduuuentom Pyesd’ a

deg Q;.4(t) < I ¢ xoacburmenrom pu ¥ Buja

0 i
&wf/aﬂw:%/ eS8 dE.
—r (i=1)r
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[Togcrasus npencrasienus (5.10) B (5.5) mosryamm

v v [ m

Z oSkt [Skpo,k(t) + P&kz(t” _ Z oSkt Zp_j’k(t)Aj + Z Qj,k(t)cj] 3
=0

k=1 k=1 _j 0

14 14

Skt [Sk’P,Lk(t) + Plek(t)} = eskt | — ZA P

m—1

e Zcf Qj,k(t)] .

Tak kaK S1,...,S, — Pa3ju4IHbI, TO KBa3UIIOJMHOMBI ¢ 00EMX YacTeil paBeHCTBA

MOT'YyT OBITH PaBHLI TOJILKO IIPpHU PaBE€HCTBE ITOJNHOMUAJIbHBIX MHO}KI/ITeﬂeﬁ; 1Ipu 6Sdt

MOJTY YU M:

m—1
Sdp()@( + PO alt Z 'P_]’ Aj + Z Q—j,d(t)cg

j:

J:

m—
saP-1a(t) + Py 4(t) ZA Pj-1alt
PaccmaTpuBast K03 duimeHTs mpu tl, TOJTY I1M
wn=n (S aersSo [
j5=0 j+1

—s4Pe %" =

Tak kak Py # 0, T0

det

j=0 i—0
1

det

j=0 j=0 —(J+1)r

‘ Jr
St 3of [ e
i— J

m m—1 —gr
SdE — ZAjB_der — Z Cj/ j €

m . —jr
—sqF — Z Ajet" — C’j/ e *¥ldn| = 0.

Sdfdgl ,

1
C Q,alt).
0

Poe—SdT

3HAYUT Sg € A 1 —sg € A, 970 HEBO3MOXKHO B cuty ycsosus JIsmynosa. annoe

IIPpOTUBOpPEYME 3aBEpIIacT JOKa3aTCJIbCTBO TEOPEMDI.

5.5. IIpumep

B pab6ote [36] ObLta paccMoTpeHa cucrema BHa

0

-r

ZE(t) = A()Zlf(t) + C()/

—r

(t+ 0)do + O /

—2r

x(t + 0)do,

(5.11)
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rue

2 2.5 -1 0
CO = ) Cl = .
0 —0.5 0 -1

B crarne [36] 6110 mOsTyUeHo, uTO cuctema (5.11) sKcHoHeHIMAIbHA YCTOINBA TPH
re[0,1).
Benomoraresnbrast cucrema (5.5) npumer Bu

7

¢
Z,(t) = Yi(t) = Y5(0),
Zy(t) = Yy (t) = YL4(1),

a rpanndnbie ycaosus (5.6)
[ Yi(0) = Yo(r),

Yo(0) = You(r),
Y_1(0) = Y_o(r),
21(0) = Zo(r),

| %(0) = Z.4(0)

\YE](O)AO + AgY_l(T) + Z()(O)Oo + CgZO(T) + Z_l(O)Cl + CITZ1(7“) = —W

B namuOM citydae cOOTBETCTBYIOIIASI CHCTEMA JIMHEHBIX ypaBHeruii (5.9) umeer
nopsiok 28 x 28. fcro, uto cucrema (5.11) srcrnonernuasbHo yeroiunsa mpu r = 0.
Ha orpeske [0, 1.05] onpejenurens marpuiibl X obpaliaercst B HyJIb TOJbKO MPH

r =1 (pucynok 3). Tak kak cobcrBennble uncta cucreMbl (5.11) 3aBHCAT HEPEPHIBHO
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x 10

det X
LN
T

4+

Puc. 3: Onpenenurens marpurbr X

OT 7, a 110 TeopeMe 9.8 BCIOMOraTe/IbHad CUCTeMa UMeeT He €IUHCTBEHHOe pellleHue
TOrJla U TOJIbKO TOIJa, KOIJa He BBIIOJIHEHO ycsosue Jlamynosa, To npu r < 1
Bce COOCTBEHHBIE YHC/Ia UMEIOT OTPUIATE/IbHbIE BeleCTBeHHbIe YacTu, a Ipu 7 = 1
IOIAJIAI0T Ha MHUMYIO O0Ch. 3Ha4IuT cucreMa (5.11) sKcrnoHeHma bua yeToiianBa mpm
Beex 1 € [0,1), uro coBnajaer ¢ pesysabrarom u3 [36]. Acconnuposannasi ¢ W = E

matpuna Jlsmyrosa cucremst (5.11) mpu r = 0.5 npuBejena Ha pucyske 4.
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0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Puc. 4: Komnonentsr marpurpst JIsmnynosa U(t), r = 0.5
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I'naBa 6. HenpepbiBHag 3aBUCUMOCTb MaTPUIL

JIsillyHOBa OT mIpaBbIX YacTeii

B nanHoil ri1aBe OyJIeT J0OKa3aHo, 9YTO MaJible B HEKOTOPOM CMBbIC/IE€ M3MEHEHUsT
[IPaBbIX YacTeil CUCTEM C 3alla3/IbIBAHNEM IIPUBOJANT K MAJILIM U3MEHEHUAM UX MATPUI]
JIsanynoBa. B wacTHOCTH, 9TO OTKpPBIBAET BO3MOXKHOCTH ITOCTPOEHHS C 3aJaHHOM
TOYHOCTBIO MaTPUIILI JIAIyHOBa PON3BOJILHOI CHCTEMBI 3a CUeT IMPUOINKEHUST e
[IPaBOil YaCTU TAKOM, JJIsT KOTOPOHl BO3MOXKHO aHAJUTUYECKOE HAXOXKICHNEe MAaTPUIIBI

JlamyHona.

6.1. IIpenBapurenbHble 3aMeYaHUSAd

ByﬂeM paccMaTpuBaThb CUCTEMbBI BUJIA

i(t) = /_ dQ(0)x(t + 6), (6.1)

h

e 3anasjpiBanne h > 0, a KOMIOHEHTbI MaTpuaHoil hyHkimu @ : [—h, 0] — R™"
SIBJIIOTCSL (DYHKIMAME OrpaHndeHHoil Bapuanuu. lasee OygeM nucarh, 4ro () €
BV ([—h, 0], R™™), u roBoputh, uro () ecth (MaTpudHas) (DYHKINS OrpAHIIEHHOI
papuanuu. VM3sectHo, 4ro () MOKET UMeTh He 6oJiee 4eM CUeTHOE MHOXKECTBO TOYEK

pa3pbiBa, IpUYEM BCe TOJBKO MIEPBOrO POJIA.

Sameuarue 6.1. fdcro, aro npasasi 9acTh cucreMbl (6.1) sABJIsIeTCsT HEIIPEPBIBHBIM
qaneitabiv yukinuonaiom Ha C([—h, 0], R™). O6parHoe Toxke BepHo. V3 Teopembl
Pucca o npejcrapienny HelpepbIBHLIX JUHEHHBIX (PYHKIIMOHAJIOB CJIELYET, YTO JI00ast
cucrema Buja ©(t) = [(xy), rae | ecTb HeMPEPBIBHBI JUHEHHBIH byHKITTOHAT 13
C([—=h,0],R") B R" moxker 6bITh 3anucana B Buje (6.1) ¢ HekoTOpOit dyHKIME

orpaHmdeHHoil Bapuarun ().

Cremayer OTMETUTD, UTO COOTBETCTBHE MEXK Ty JTUHEHHBIMU (PYHKITHOHAIAMUI
1 QPYHKIUSIMU OT'PaHNYEHHON Bapualllil He siBJSIeTCS B3aUMHO OJIHO3HAUYHbIM. Jleii-

CTBUTEJ/IbHO, N3 BBLIIIOJIHECHUA PaBEHCTBA

0 0
/ 1Q1(0)£(0) = / 1Qa(6)1(6).
—h h
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Jist Beex HenpepbiBabix Gyukuuii f € C'([—h, 0], R™) ciaemyer b, 9ro Haiijercs
nocrostaasi Marpuna C, aro Q1(0) = Q2(0) + C' mius Becex 0 € [—h, 0] kpome,
BO3MOZKHO, He 6ojiee 4eM CYeTHOIO MHOYKECTBA TOYEK, IJIe 9TO PABEHCTBO MOYKET
ObITH HAPYIIEHO. B ¢BA31 ¢ 9TUM HE0OXO0IMMO TeM I HHBIM 00Pa30M HOPMaJIN30BaTh
paccMaTpuBaeMble B IPABbIX YacTAX (DYHKIMK OrPAaHUIeHHON BapUalii.

Bynem roBoputh, 4ro () sIBJIsIeTCSI HOPMAJIN30BaHHON (DYHKIMEH OrpaHiu-
JeHHOIT Bapuaiinn Ha otpeske [—h, 0], u mucats ) € NBV ([—h,0],R™") eciu
Q € BV (|—h,0],R"™") a rakxe Q(—h) = 0 u Q(0) sBisercs HenpepbIBHOI cyieBa
st Beex 0 € (—h, 0). Teneps mex iy dyuxiusmu Q@ € N BV ([—h, 0], R™™) u Herpe-
poiBHbIMT JHeiHbIME yHKImoragamn u3 C'([—h, 0], R") B R” M0XKHO ycTaHOBUTD
OMEKIINIO.

[Tosicanm 570 onpesenerne. Yeiaosue (Q(—h) = 0 BBIOPAHO JIOCTATOTHO TIPO-
M3BOJILHO, HO OHO [O3BOJIMT YIPOCTUTD JajibHeiiine paccy:kaenus. 3secrno, 4ro
TS OTIPEJIeSIEHHOCTH MHTETPaJia f?h dQ f meobxommMo, 4TobObI y pyHKIWi ) 1 f He
OBLIIO ODTIIX TOYEK PA3PbIBa, B KOTOPBIX OHE OJIHOBPEMEHHO Pa3pPbIBHBI CJieBa, (Ujn
cipaBa). TpeboBanne HenpepbIBHOCTH cieBa GyHKINE (), TaKIM 00pa3oM, obecredn-
BaeT CyIIecTBOBaHUE MHTerpaJia fi)h dQK,; uput > 0, rne K ectb dpyHIaMeHTaIbHOE
perienne cucreMpr (6.1).

Ilyctb P : —h =29 < 21 < ... < 2y, = 0, ecTb IPOU3BOJILHOE JIpOOJICHNE

orpeska [—h, 0]. Cynpemym 10 BceM Jpob/IeHUsIM BeJIMYNH BUJIA

m

S Q) — Q).

k=1

Oy/ieM Ha3bIBaTh Bapuarmeil marpudHoit dyakmun () u odbozHadatb V). OTMernm,
YTO Bapualus MaTPpUIHON (PYHKIUN OIPAHIYEHa TOIJA U TOJILKO TOI/a, KOTJa BCE
KOMIIOHEHTBI JIAHHOM (DYHKIINI UMEIOT OMPAHUYeHHYIO BAPUAINIO (B CTAHIAPTHOM
CMBICJIE), TaK 9TO HOBOE OIpEJIeJIeHIe COBIIJIAeT CO cTapbiM. HeTpyiHo mpoBepuTh,

qTo
0
H/_th(Q)f )| < 1711, VQ.

B coorBercrBum ¢ Teopemoii 1.6 MoykHO roBopuTh 00 orobpazkenun L : Q) — U,

3a/JaHHOM Ha MHO?KECTBEC

D(L) ={Q € NBV([—h,0],R"") : Bumosmsgercs ycaosue JlsmyHosa}.
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OcHoBHOIT pe3y/IbTaT JAHHOI IJIaBbl Telepb MOXKHO CPOPMYIUPOBATEH B CJIE/LYIOIIIM

BUJIE:

Teopema 6.1. [lycmv Q, Q) € NBV([—h,0l,R"™"), k =1,2,..., Q € D(L) u
BUNONHANMCA YCAOBUA
1. Qr(0) cxodumesa x Q(0),

2. (Qp)y° cxodumea x Q 6 L' nopme:

0
/_ 1Qu(6) - Q@) d8 .

moeda natidemes Ny, umo dasa ao060z0 k = Ny cucmema ¢ adpom Q. ydosiemeopsem
yeaosue Jlanynosa, u das moboz0 € > 0 natidemes No = Ny, wmo oas ecex k > Ny

6BINONHAETNCA

U(t) — Ukt
max [[U() - Ui(h)] <

ede U = L(Q) u Uy = L(Qr).

Takum 0OpaszoM, JiJisi HAXOXKJICHIsT MaTPUIlbl JISIyHOBA MCXOIHOM CUCTEMbI
MOKHO MTOCTPOUTD MOC/IEI0BATEILHOCT TPUOJIMKEHHBIX CICTeM, MaTpHIb JIsmyHOBa
KOTOPBIX OY/IyT JlaBaTh NPUOJIMZKEHIA UCXOTHOM MaTpuilsl JIgmyHosa.

NuTepecHo Takzke MOCTABUTH BOIIPOC O HelpepbIBHOCTH oToOparkeHust L. OxKi-
JIAEMO, UTO JIaHHAs TTIPODJIeMa OKA3bIBACTCs CYIIECTBEHHBIM 00Pa30M CBI3AHHOI €
Bei6opom Torostoruit Ha N BV ([—h, 0], R"*") u C([—h, h], R™*"™). CBa3b TeopeMbl

6.1 ¢ aTM BompocoM OyjIeT paccMOTPEHa I0cjie ee ycTaHoBaeimpliesHus.

6.2. YcaoBue JldgmmyHoBa

CHauaJia JJOKazkKeM IepByi0 4acTh TeopeMbl 6.1, TO ecTb MmoKarKeM, 9To Bce
wIeHbl HEKOTOPOIi mocienoBareibHocT (Qf )5, exopsieiicsa k ¢ u3 D(L) B cmbicie
Teopembl 6.1, HadmHasi ¢ HEKOTOPOTO HOMepa N7 YIOBIETBODSIOT ycyioBuio JIsamyHoBa.

B nasnbHeiiem OyieM HCIIOJIb30BaTh 0003HAUEHUA
0
F(s)=sE — / e?dQ(h),
—h

JUIs XapaKTepucTuieckoil Mmarpuibl cucrembl (6.1), H(s) = F~1(s) aua obparnoit

K Heit, f(s) = det F(s) s xapakrepuctuaeckoii dbyakimn cucteMbl 1 A = {s €
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C : f(s) = 0} mag crekTpa, TO €CTh MHOXKECTBA BCEX COOCTBEHHBIX THCE] CHCTE-
MbI. AHaJjlorudHbie 0003HAUEHUs, HO ¢ MHJIEKCOM k, OYyIyT HCIOJb30BATHCS IJIsI
COOTBETCTBYIOIIUX CHCTEM C sapaMu Q.

CnepBa JIoKaxKeM HECKOJIbKO BCIIOMOTATE/bHBIX yTBep:KaeHuii. [Ipumensis

HHTErpupoBaHUE 110 9aCTAM, UMEEM

0
F(s)=sE—-Q(0) +s /h Q(0)e?ds. (6.2)

Jlemma 6.2. Jlasa mobozo eewecmeennozo a natidemes wucao R(a) > 0, wmo ece
coocmeennvie wucaa s € N, saeorcawue 6 noaynaockocmu Re s > o, pacnonooiceror 6

kpyee |s| < R(«).

Jloxazameavcmeo. Ecmun s € A, To naiinercs v # 0, 410
0
sy = / edQ(6)y,
—h

OTKY/Ia, HAXOJlsI HOPMBI JIEBOI 1 MpaBoil dacTu n cokpaimas Ha ||7y|| # 0, mosaydnm

0
|s| < H/ edQ ()| < max{1,e "IVQ = R(a). H
—h
13 9100t JIeMMBI CJiejiyeT MoJIe3Hoe

CraenctBue 6.3. Mnooicecmso Ay xoneuro.

oxasamenavcmeo. leiicTBuresibHO, U3 jieMMbl 6.2 cjieayeT, 4To Bce cOOCTBEHHBIC
qucsna sg € Ay ¢ MOJIOKNTE/IBHO BEIEeCTBEHHON JaCThIO JIeXKAT BHYTPH OKPYZKHOCTH
pagnyca R(0). Ho dynknng det F(s), Oyydn aHATUTHYIECKONH, MOXKET UMETh JIUIIb

KOHEYHOE YHUCJIO HyJIel Ha JTI0O0OM KOMIIAKTHOM MHOYKECTBE. |

Jlemma 6.4. /[aa a106020 6eulecmeeninozo o 6binOAHACMCA OUEHKA

1

[H(s)]| < ma

ede s € C c|s| > R(a) uRes > a.

Hoxasameavcmeo. JleiicTBuTenbHo, 0 temMe 6.2 A1 TaKUX S Olpe/ie/iena MaTpuIa

H(s)u .
sH(s) = E + H(s) / e*?dQ(9),

—h
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3Ha4YUT

[s[1H (s)]| < 1+ [[H(s)]| R().

OTKY/JIa U CJIeyeT yTBEePZKJIEeHUE JIEMMBI. |

Jlemma 6.5. Ecau nocaedosamervnocms (Qr)F cxodumes x Q) 6 cmuvicae meopemol
6.1, mo zapaxmepucmuseckue mampuiysve Fy(s) cxodames x F(s) pasnomepro no s

Ha Ar000Mm o2paruverrom muoocecmee X C C.

Jlokazameavcmeo. Ilyers |s| < o mis Becex s € X. Pacemorpum HOpMY pasHOCTH

1#6) - Bl = | [ evaauo) - aon

¥ IPIMEHNM paBeHcTBo (6.2):
IF(s) = Pl < 1Qu(0) = Q) + | |se*"(@ul6) = Qo)) b <

< 1Q:i0) = Q)+ e [ 1Qu(6) = Q)] 8 0.

upu kK — 00 paBHOMEPHO 110 S € X. |

CaencrBue 6.6. Ecau nocaedosamenvrocms (Qr)° cxodumes x Q 6 cmwvicae
meopemut 6.1, mo xapaxmepucmuyeckue gynryuu det Fi(s) cxodamesa x det F(s)

PABHOMEPHO NO S Ha N1000M 02paruvennom muoocecmee X C C.

Joxazameavcmeo. Ilyers |s| < o mst Beex s € X. Tax kak dynknus F(s) anain-
THYeCKasi, TO Ha Kpyre |s| < o oHa orpanundeHa HeKoTopoil BeindauHoil B. 13 jemmbl
6.5 caemyet, 9To jjId Jroboro € > 0 MoxkHO HaiiTn K Takoe, uto ipu k > K nus € X
BBITIOJIHEHO HepaBeHncTso || F(s) — Fi(s)|| < e. Buaunt npu k > K wopmbl DyHKIHMIT

Fi(s) orpanutdenst va X pesuaunoit B+ ¢. [Ipumenus anepaserctso u3 [33], mosrydnm

[det F(s) — det Fi(s)] < n[|F(s) = Fy(s)| max{||F(s)||" " | E(s)[|"} <
<ne(B+¢e)" L
Takum obpasom, det Fi(s) — det F'(s) paBHomepHo 110 § € X. |

B nemme 6.2 661710 yeTaHOBJIEHO, TO JIJIs JTIOOOI OJTYTIIOCKOCTH Bujia Re s > «,

a € R, Moy cOOCTBEHHBIX YMCEJ CUCTEMBI, JICXKAIUX B 3TOM IOJYILIOCKOCTH,
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orpaHndeHbl cBepxy. s gaabHeilnmilt paccy K IeHnil BaXKHO YCTAHOBUTD, YTO JIJIsi
MIOCJIE/TOBATETHLHOCTI CUCTEM-TIPUOJITZKEHNIT 3Ty OIEHKY BO3MOXKHO BLIOpAThH HE3aBU-

cuMo oT HoMepa k.

Jlemma 6.7. Ecau nocaedosamervnocms (Qr)YF cxodumes x Q) 6 cmuvicae meopemol

6.1, mo dasa awbozo v € R moorcrno ykazamv R > 0 u wucaro K, wmo das ecex

k > K cobcmeennvie wucaa s € Ay ¢ Res > a seoicam 6 wpyee |s| < R.

Jlokazameavcmeo. Beibepem mpoussosibioe R > R(a) u d € (0,1). Eciu Mbr j1oka-
JKEeM, UTO MPU JIOCTATOIHO 00X k j1jist s ¢ Res > a u [s| > R cymecrsyer Hi(s),
TO TE€M CAMbIM OYJIeT YCTAHOBJIEHO yTBeprKjeHue jeMMbl. C 9TOH IeJIbI0 OIEeHUM
o HopMme tpoussejienne [F(s) — Fy(s)]H (s). Cuepsa Bbibepem K Tak, 9T00OBI IpH

k > K BBIIOJIHSIOCD

1040~ Q)| < dp— )
0 R — R(a)
[ 10u0) = Qo) a8 < it
Torna,
1
F@%JM@H®<;j§@iM%@—QWH+
+ [ s @) - oy | <
o R — R(«a) 1+ |s| max{1,e "}
=~ 1+ Rmax{l,eoh} |s| — R(a)
OyHKIId

1+ pmax{l,e "}
g(p) T p— R(Oé)

MOHOTOHHO YOBIBaeT, Tak ITo u3 |s| > R cienyer g(|s|) < g(R), oTky/a mosyanm

[F(s) = Er(s) | [H(s)|| <d < 1.

Ho rornma cxomurcst psia
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a 3HAYUT MaTpulla
Fi(s) = (B = [F(s) = Fi.(s)[H(s)) F (),

nMeeT 0OPATHYIO KaK IMPOU3BejieHne JBYX 00paTUMbIX MATPUIL, YTO U TPeOOBAIOCH

JI0KA3aTh. [ |

Samevanue 6.2. N3 mokazareabcTBa JIEMMbI cjejyeT, uro npu k > K u Takmx

KOMIIJIGKCHBIX 9nCIax S, 910 Res > a u |s| > R, Boinossiercs

) <

Teopema 6.8. Ecau nocaedosamesvrocms (Qr)T° cxodumes k € 6 cmoicae meopemoi
6.1, mo natidemcs N1 maxoe, wmo oan mobozo k > Ny cucmema ¢ adpom Qi

ydosaemeopsem ycaosuro Jlanynosa, mo ecmv Qi € D(L).

Joxazamenvcmeo. Xoporo uzsectro [20], ato crektp A cucremsr (6.1) mpeacrasiis-
eT coboii He DoJjiee UeM CUeTHOe MHOXKEeCTBO, IIpudeM B Ji00oil mosioce o < Res < 8
MOXKeT HaXOJUThCS TOJbKO KOHEUHOE YMCJIO0 COOCTBEHHBIX dnces. Tak Kak cucreMa
(6.1) yaoBserBopsier ycaoBuio JIstiyHOBa, TO y HEe HET YUCTO MHUMBIX COOCTBEHHDBIX
qucesa. Boeibepem o < 0 Tak, 4Todnl B nojoce o < Res < 0 He ObLIO HU OIHOTO
cobCcTBeHHOrO UncIa cucreMbl. V3 emmbl 6.7 cieyer, uro moxkno nafitn R > R(a)
u K rmaxkme, aro npu k > K jus Bcex s € A ¢ Res > « BbIosHSIETCST yCJIOBHE
|s| < R. Bosiee Toro, jijist Bcex cOOCTBEHHBIX dnc/ia cucreMbl (6.1) ¢ MOI0KUTe IbHBIMU
BEIIECTBEHHBIMI YaCTsIMI BBITIONIHEHO yeosue |s| < R(a) < R.

Pacemorpum kouTyp I' cocrosiuit u3 qactu okKpykHOCTH |§| = R stexkarneit
cripaBa OT TipsiMoil Re s = v u Toit vacTu Januoil mpsaMoil, KoTopas JIEXKUT BHYTPU
yKazaHHoit okpyzkuoctu. Dyuxius f(s) — anajurTudeckas, a 1o cjaejgcTsuio 6.6
IOCJIeIOBATEILHOCTD f($) paBHOMEpHO 10 § cxoauTest K f(s) Ha J1060M OrpaHmYeH-
HOM MHOXKecTBe. VI3 Teopembr ['ypeunia [43| remeps ciemyer, uro naiigercss Ky, 9ro
s Beex k > K xapakrepucrudeckue GyHKIuN fi(s) nMeror BHyTpu KOHTYpa [
CTOJIBKO 7K€ HyJiell (¢ yIeToM KPATHOCTH), CKOJIBKO W XapaKTepucTudeckas (yHKINs
f(s). BoJsiee Toro, o mocTpoeHuto 510 OyayT Bee Hym dyHKuil fi(s), texariue B
noJtytiockoct Re s > . B wacTHOCTH, /1711 SKCIIOHEHIIMAIBHO YCTONINBBIX CHCTEM

OTCIOJIa CJIeJIyeT TpedyeMoe.
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Ecimu ke cucrema (6.1) He siBJIsIeTCsT 9KCIOHEHIIMAIBHO YCTORIUBOM, TO B CHITY
ycoBus JISImyHOBa MOXKHO IOCTPOUTH KOHEUHBIN Ha0Op KoHTYpoB I'y,..., 1., 4To
KazK 1t u3 myseit f(s) ¢ Res > 0 jexXuT BHYyTpH Kakoro-to m3 KOHTYpos ', a
BHYTPU OTPaKEHHBIX CUMMETPUYHO OTHOCUTEIHLHO HYJS KOMILIEKCOH TIJTOCKOCTH
kouTypoB —I'q, ..., —I', cobcrBennbix uncen cucremsbr (6.1) wet. [Ipumensist Teopemy
['ypBuna eme pas K cucreme kourypos I'q, ..., I, —=I'y,..., =1, monydaum Taxoe
qucio Ny > Kj, aro npu k > Ny kaxgas u3 GyHKimi fi(s) uMeer cTOIbKO XKe
HyJIefl BHYTPU KaskJI0ro u3 KOHTYpos I'j, ckobko 1 f(s), a BHyTpu KOHTYpoB —I';
He obparraercs B Hysb (j = 1,...,7).

Tak Kak BHYTpHU cuctembl KOHTYpoB Iy, ... ', jexkar Bce Hysn yHKINUN
f(s), pacrosiozkenHbIe B TPaBoii MOJIYILIOCKOCTH, TO 00Iee 9UCI0 Hyseli (¢ yaeTom
kpatHocTnn) dbysKIwi fi(s), k > Ni BHyTpH JAHHON CHCTEMBI KOHTYPOB COBIIAIAET
¢ obiuM ducsiom Hyseit f(s) B IpaBoii MOJIYIIOCKOCTH, OTKY/IA CJIEJIyeT, YTO BHE
9TOM CHCTEMBbI KOHTYPOB B mostytiockoctun Re s > a myiseit dyuknuii fi(s) ner. Ho
10 MTOCTPOEHNIO OTCIOJA CJAEIYET, UTO JJI BCEX CUCTEM C sapamu Qy, npu k = N;

BBITIOJTHSAETCS YCIoBHe JIAmyHnoBa, 4To U TpedOBaAIOCH JTOKA3aTh. |

6.3. /loka3aTreJabCTBO T€OPEMBbI O CXOJNMOCTU MATPHIL

JIsiryHOBA

Tenepb, Korja ycTaHOBJICHO CyIiecTBoBaHue MaTpull JIgmynosa npu k > Ny,
OIeHNBasi HAPSAMYIO pasHocTh Mexkity Ug(t) u U(t), mokazkem, 9To OHa CTAHOBUTCS
OECKOHEYHO MaJIoil pu k cTpeMsImuMces K 6eCKOHEUYHOCTH. BCIIOMHMB MIpeicTaBICHIE

It MaTputl JIamyroBa n3 TeopeMb 1.6, paccMOTpHUM cHadaJIa, Pa3HUILy THTErPaIbHbIX

YJICHOB!
Sty = — / HY ()W H(—s)e"ds — — / Hyi (s)W Hy(—s)e”"*ds =
2m —ico 2mi —100
1 100
= HY ($\W[H(—s) — Hi(—s)]e *ds+
271 —ico
1 100
+ o= | [H(s) = Hy(s)]"W Hy(—s)e™"ds.
T J—ico

(6.3)
Hnsg H(s) — Hy(s) nmeem

H(s) — Hi(s) = H(s)[Fk(s) — F(s)]Hg(s). (6.4)
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Tak xkak Res =0, o

IFi(s) H—M/ aQ(6) - Qul0)]| < VIQ - @i

-2
1 13 jeMMbl 6.4 coenyer, aro nopma || H (s) — Hy(s)|| mmeer nopsmok O(|s| ™) ana
JIFOOOT0 3aJIaHHOTO k, OTKY/a CJIeJIyeT, YTO TO/IbIHTerpaJibHble (PDYHKIINKT B TIPABOIl
-3

qacTi paBencTsa (6.3) nmeror nopsok O(|s| 7). 3HaunT oba HHTErpasa CXOAsITCs
abcosmoTHO U mpejicTasaeHne (6.3) nmeer CMbICIT.

[IpoBosist paccyzKeHnsT, AHATOTUIHBIE TPOBEJICHHBIM B JIOKA3ATEIBCTBE JTEMMbI
6.7 mst d = 1/2 u nekoroporo R > R(0), maitgem Kp > Ny, atobsl ipu Beex k > K

HEPABEHCTBO
1F(s) = Fr(s) [ H (s)]] < % (6.5)

OBLIIO BBINOJTHEHO Jijist Beex aucto MHUMBIX § € C ¢ |s| > R. Ucnosb3yem jiemmy 6.5,
COTJIACHO KOTOPOIt XapakTepucruaeckne MaTpuiibl Fy,(s) cxomsarest K F'(s) paBHOMEpHO
Ha OrPAHMYEHHBIX MOJMHOKECTBAX, B YACTHOCTH, U HA HHTEPBAJIC S = iw, W €
[— R, R]. Ha sToM orpeske ompejie/iena 1 HenpepbiBHa (yHukius H(s), a 3HAIUT OHA
u orpanndena na nem. CrenoBaresbHo, cymecTsyer Ky > K Takoe, 4TO HpU BCEX

k> = K2 HEpaBEHCTBO 6.5 oKa3bIBaeTCd BBINOJTHEHHBIM Y2Ke IJId BCEX YMCTO MHUMbIX

s. Takzke nmeem

Hy(s) = H(s)(E ~ [F(s) ~ Fy(s)|H ()™, (6.6)
orwysa || He(s)[| < 2| H(s)], a smaonre
IH(s) — H) < | ) Frls) — () 1Fils)
< 5 M) < H )]
OTmeriM TakKe, 4o npi Re s = 0 BbIIOJHSETCS

\WTH=MNﬂWﬂWPﬂM

|[H (s) — Hi(s)]"|| = I[H(=s) = Hi(—=9)]*]| = |H(—s) — Hi(—5)]|,
|e_ts| = 1.

[TojcraBus mosrydeHHyto oresky B (6.3), morydnm

%W%<%fﬂmﬂmwwmﬂwmewmb

—1700
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=2 [ G ) - i) .

Oyuxuus | H (iw)| || H (iw) — Hy(iw)|| < || H(iw)|? umeer nopsigok O(w™2), snauur
MOC/IeJIHIH 13 HAITMCAHHBIX BBIIIE HHTETPAJIOB CXOJAUTCS U JJIst JII0O0ro £1 > () MOKHO

HaiiTu r > 0, 4TOORI
/W Vo) | [ (i) — Hi(iwo)]| o < 1.
A na orpeske w € [—r, 7] u3 Bepazkenns (6.4) ciaeayer, UTO
| H (i) ||| H (iw) — Hi(iw)|| < 2| H (iw)[|* | Fy(iw) — F(iw)]] -

[To nmemme 6.5 0 paBHOMepHOI cxoauMocT Fi K F' Ha orpaHnYeHHbIX MHOXKECTBAX

MOJTY9M, 4TO Halijerca Ky > Ky Takoe, 9TO

/||< [H (i) || [ H (iw) — Hy(iw)|| dw < 2/ 1H (iw) | || Fi(iw) — F(iw)|| dw <

wl<r

< €1

npu Beex k > K3, a ||H (iw)|| orpanndena Ha paccMaTpUBAEMOM OTPE3Ke.

Urax,
s < 2, (6.7)

™

a 3HAYUT Sl(k)(t) CTPEMUTCS K HYJIIO IpU k — 0O paBHOMEPHO TIO t.

Samevarnue 6.3. Tem cambiM Teopema 6.1 goKazaHa B CjIydae SKCIOHEHIMAIbHOM
yeroitauoctu. [eiicrBurenbho, Torma nmeem U(t) — Uy(t) = 81(k>(t), 1, 3aMETHB,
YTO MPOU3BEJIEHHbIE BBIUYNUC/IEHUS BEPHBI IIPU BCEX BEIECTBEHHBIX t, & HE TOJBKO IPH
t € [—h, h], noayanmm Ug(t) — U(t) paBromepno o t € R. Tem cambiM MBI TOBTOPIITH
pesysibrar crareii [29,53| 1 mpon3BOIBHBIX JIMHEHBIX CHCTEM 3aIa3/IbIBAIOIIErO
Tuta. B paBHOMEPHOIT CXOIMMOCTH Ha BCell BEIEeCTBEHHOM 0CH, & He TOJIHLKO Ha OTPe3Ke
[—h, h] HET HEYErO YIMBUTELHOTO, MOCKOJIbKY JIJIS 9KCIIOHEHIAIBLHO YCTORIMBBIX

CUCTEM HUX MaTpPHIbI HHHYHOBa TaK>Ke ABJIAIOTCA IKCIIOHCHIINAJILHO y6bIBaIOLLLI/IMI/I.

IlepeiizeM K olleHKe Pa3HUIILI BHIYETOB:

Sty = res [HT (s)WH(=s)e™] + Y ves,[H” (—s)W H(s)e"]

SGAJ’_ S€A+
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- Z res,[H} (s)W Hy(—s)e "] — Z res[H} (—s)W Hy(s)e'®]. (6.8)

SGAS:C) sGASf)
[Iporymepyem coberBennbie dncia n3 Ay = {sy, ..., S, } un HaligeM HEOOIBINOL
pajuyc 0 > 0 Takoii, uTodbl m kpyros I'y,..., I, paanyca J, onucaHHbIX OKOJIO

KazKJIOr0 M3 COOCTBEHHBIX uuces s;, 1 < 7 < m He nepecekaJsd JIpyr JIpyra u He
COJIEPZKAIH JIPYTUX cOOCTBeHHbIX unces cucreMsl (6.1) kpome s;. Jonomanrebuo
norpedyeM, YTOObI BHYTPU OTPaskKeHHBIX KpyroB —I'1, ..., —I';, He ObLI0 COOCTBEHHBIX
ancest cucreMbl (6.1). 9T0 MOKHO 00€CHIEUUTD B CHLY TIPEJIIOIOKEHSI O BBITOJTHEHUN
yeaosust Jlgmyrosa st cucrembt (6.1). [Tocste Toro, Kak Takoe 0 HailJ€HO, MbI HMeEM

IIpaBO 3alliCaTb

Z res,[H' (s)WH(—s)e "*] + Z res,[H' (—s)W H(s)e"] =

S€A+ S€A+

=55 Z% HT YW H(—s)e ~ts +HT(_S)WH(S)€t5:|d8_

[IpoBoas paccyzkaeHnd, aHaJOrnIHbIe TTPOBEJICHHBIM B JJOKa3aTeIbCTBE TEOPEMbI

. k
6.8, Haiinem K, > K3, 9To0bl 171 Bcex k > K, Bce coOCTBeHHBIE YnC/Ia U3 AEF)
pacnosaraiauch B Kpyrax I'y,...,I,, a Buyrpu kpyros —I'y,..., —I",, He ObLIO

cobersennbix uncen u3 A%, Torxa,

> ves,[H (s)WH(—s)e ] + ) res[H] (—s)W Hg(s)e"] =
seASf) SEAT)

- Z f (T ()W Hy(—s)e " + HT (—s)W Hy(s)e"|ds.
[ToscraBuB mosTydeHHbIe Bbipazkenus B (6.8), mosryamm

SH(t) = QLm Z 7{ [H (s)WH(—s) = H{ ()W Hy(=s)]e”"“ds+

27rz Zj{ [HT s)WH(s) — H}?(—S)WHk(S)]etsds,
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9TO MO2KHO II€EpENnCaTb B BUAE

S\(t) = % > jé HT(s)W(H(=s) — Hy(~s)|e "ds+
+ 2%” Zj{ [H(s) — Hk(s)]TWHk( s)e ¥ds+
1 e (6.9)
%; fg HT(—s)W[H(s) — Hy(s)]e"ds+
+ 2% ; ]g | [H(—s) — Hp(—s)|"W Hy(s)e'ds.

Terepb Mbl MOZKEM OIEHUTH KaxKJblil n3 nHTerpasioB B (6.9) criocobom, moqo6HbIM
y2Ke TIPUMEHEHHOMY J1J1s OIeHKI HeCOOCTBEHHBIX NHTEIPAJIOB panee. Tak Kak KaxKIblit
13 PacCMaTPUBAEMbIX KPYTOB OTpAHUYeH I UX KOHEUYHOe IHucio, To |s| < R st Beex

hR, lefs| < M s pacemarpuBaembix ¢ us

seTl, 1< j<m. Horornau|e ™| <
[—h, h]. Hopmbr HHT H = ||H(s)]|,

HEeKOTOpoii KoHncranToit B > 0 na copokynnoctu koutypos I';, 1 < j < m. Cnosa

H = ||H —5)|| oueBHIHO OrpaHTYEHBI

NpUMeHNM JieMMy 6.5 0 paBHOMEPHOI CXOJIMMOCTU U HaiigeM Ky > K4 TakKoe, 4TO

npu Becex k > Ksu s €', 1 < j < m BBIIOJIHAIOTCA YCJIOBUA

(6~ FO) = 1700 - ol < {on o5
|[F(=s) — Fy(—s)|T|| = | F(~ Fk(—8)|\<max{5l,%},

BuaunT st paccmarpuBaeMbix s umeeM ||H(s)|| || F(s) — Fr(s)|| < 1/2, xak u
|H(=s)|| || F(—s) — Fx(—s)|| < 1/2, aro nocie nojcranosku B (6.6) paer ||Hi(s)|| <
2B u ||[Hip(—s)|| < 2B. Hoacrasmsia pasencrso (6.4) B (6.9) u ncnosb3yst Bee mpebl-

AyIIrne OOCHKU IIOJIY4INM
Hsg’”(t)H < 126m B3 ||W]| e, (6.10)

MaI iostyaniin jiBa Hepasenctsa (6.7) u (6.10), KoTopbie BMeCTe 03HAYAIOT, ITO

npn Bcex k > Kj u t € [—h, h] Boimosmsercs

U - U(t)] < ||t )H+H3§’“>(t)H<[§+125m33ehﬂ W]l ex.
(0
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Tax xax umcio €1 > 0 O6bLI0 BEIOPAHO IIPOU3BOJILHO, TO IIpaBasl YacTh IPEIbIIYIIEro
HEPABEHCTBA MOXKeT ObITh CJleJIaHa CKOJIb YTOJHO MAJIoi He3aBucuMo oT ¢ € [—h, h).

Tem caMbIM HOKa3aTeILCTBO TeopeMbl 6.1 3aBepIieHo.

6.4. HenpepniBHasi 3aBUCIMOCTD

13 npepiiymux paboT U3BECTHBI JIBa pe3yJbTaTa, O KOTOPhIX MOYKHO CKa3aTh,
YTO B HUX JIOKa3aHa HEPepbIBHAS 3aBUCUMOCTb MaTpuIl JIamyHoBa B TOM WM MHOM

cMmblcie. B nieppoit crathbe [29] 66111 paccMOTpEHbI CHCTEMbBI BH/IA

m
B(t) =Y Aja(t — hy), (6.11)
§=0
rie 0 = hy < hy < ... < hy, = h. BbL10 ycTaHOBJIEHO, YTO JJIsl CUCTEM C TEMU K€

MaTpunaMn A;, HO ¢ 3ana3/ibIBaHIAMN 71]', eci Kak mcexojHast cucrema (6.11), Tax
I ee BO3MYIIEHUE, SIBJISIOTCA SKCIIOHEHIINAJIBHO YCTONYUNBBIME, TO IIPU JIOCTATOYHO
MaJIOil pa3Hulle

max { ‘h] — ]_’Lj

1< j<m},

pa3HuIla MexKy Marpunamu JIgmyHoBa JIByX CHCTEM TakKKe OyJieT MaJioil. DTO
IIO3BOJIIJIO aBTOPaM yTBEPXKJIATh O HEIIPEPLIBHOI 3aBUCHMOCTH MaTpull JIsmyHoBa
OT 3ala3/IibIBaHUIi.

[Tom00HBI pe3ybTaT ObLI IOJYYEeH U B CTAaThe [53], rjae paccMaTpUBaJINCh

CUCTEMbI BH/IA
©(t) = Apx(t) + Aiz(t — h) + /O G(0)x(t + 0)db. (6.12)
~h

3aech G(0) ectb HenpepbIBHAST MAaTpUIHAs (DYHKIHsI, & BO3MYIIEHHBIE CHCTEMBbI
OJIy 9aJIICh TIPU AlllIPOKCHMAIIIN NHTErPAJIbHOIO 1jieHa KOHETHOH CyMMOIi:

k—1
i(t) = Aox(t) + Azt —h) + Y G (t — joy)

=0
—Jok
G@:/j mmw,@:%.

J .
(j+1)6%
Briio nokaszano, 9ro B ciydae 9KCIOHEHIMATBHOI yeToituusoctn cucrembl (6.12) st
JOCTATOYIHO 60ﬂbIHI/IX k BOBMYHleHHI)Ie CHUCTEMBbI TO2KE OKa3bIBalOTCA 9KCIIOHCHIIMAJIb-

HO YCTONMYMBBIMU, & pa3Hulla MeK 1y MaTpuriamu JIsamynosa Oymer maJjoii. Taknm
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00pa3oM, TOXKe MOXKHO I'OBOPUTH O HEKOTOPOI'O POJia HEIPEPLIBHON 3aBUCUMOCTH
MaTpull JIsamyHoBa OT MpaBbIX YacTeil.

[Ipexkie ueM mepexoauTb K 00CYXKIEHUIO HEeIIPePbIBHOCTH OToOparkeHus L
HEOOXO/ MO OIPECTUTCS ¢ TOMOIOrnell Ha ero MHOYKecTBax aprymeHToB D(L) C
NBV ([—h,0],R™™) u suaqdennit C([—h,h],R""). Uro cunrarb 6JU30CTHIO 15
caMux Marpull JIamyHosa JJOCTATOYHO OYEBUJIHO U3 TPEOYEMbIX IPUIOXKEHUI, 9TO

nxn)

MPUBOIUT Hac K GanaxoBy npoctpanctBy C([—h, h], R C paBHOMEPHOI HOPMOIi

Ul = U(t)|l -
Ulle = mas V@)

uist obJtacTu onpe/jiesieHnst, 0JIHAKO HET SIBHOI'O TOHATHSA OJIM30CTH MU CXOUMOCTH
siiep us N BV ([—h, 0], R™™)| B ssBHOM OTJIMYUU OT IPUBEJIEHHBIX BBIIIE TPUMEDOB.

Hampumep, MOXKHO paccMOTpPeTh HOPMY

1Rl = llQ(=h)I + V@ = V@,

1 TeM cambiM ipespatuth N BV ([—h, 0], R™*™) Takxke B 6anaxoBo mpocTpancTso. Tak
kak [|Q(0)|| = [|Q(0) — Q(—h)|| < VQ s moboro 6 € [—h, 0], To u3 cxopumocTu
0 9TOfi HOPME CJIelyeT U CXOJMMOCTb B CMbIcJe TeopeMbl 6.1, OTKy/a cieayer
oTkpoiTocTh Muozkectsa D(L) B (N BV ([—h, 0], R™™), ||-||) n mempepsirocTs L Kak
orobpakennsi u3z (D(L), p) B C([—h, h],R™™), tie p(Q1,Q2) = ||Q1 — Q2| ectb
COOTBETCTBYIOIAs JJAHHON HOpMe MeTpHKa (cJieyeT oTMeTuThb, 4to D(L) He stBiisgercst
BEKTOPHBIM MOANPOCTPAHCTBOM). OHAKO OKA3BIBACTCs, UTO ONpe/iesisteMast ITOil
HOPMOI TOIOJIONHST SIBJISIETCs CJIMIIIKOM CHJIBHOM 1 He BKJIFOYAET B cebsl IIPUBEJICHHBIE
IIPUMEPBI, TaK KakK B 000X CJIydasiX sijipa MPUOJIMZKEHUH HEe CXOSATCS K sipam
FCXO/THBIX CHCTEM 10 HOpMe ||-|].

Cremys crarbe [13]|, MOXKHO paccMOTpPeTb METPUKY BUJIA

pa(@1, Q2) = /_h 1Q1(8) — Q2(0)[] d + [[Q1(0) = Q2(0)[| + [VQ1 = V@ .

p . .
CxomumocTb Q) =% () 10 JaHHON MeTPUKe PaBHOCHJIbHA BBIIOJIHEHUIO TPEX YCIOBMIL:
CX0UMOCTh Q) K Q B Li-HOpME, CXOINMOCTB mocjenoBaTesibhoctn MaTpuil QQ(0)
K Q(0) u nocnenoaresnbuocts V@i k VQ. [lepBble jBa yCaoBUs UCIONB3YIOTCS B

Teopeme 6.1, 9TO IPUBOIUT K AHAJOTHIHOMY 3aK/IOUEHIIO: MHOKeCTBO D (L) OTKPBI-

to B (NBV([—h,0],R"*"), p,) n orobpaxenne L uz (D(L), ps) B C([—h, h], R™")
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HenpepbiBHO. HeTpyiHo yOoeuThesi, 4TO BCe TPH YCJIOBUS BBIIIOJIHEHBI JIJIsi 000MX IIPU-
MepOB, Tak 4TO npubJmzkenus u3 crareit 29, 53| noanaganoT moj caydail cxoquMocTn
110 MeTpuKe p,. MOXKHO ¢jiesiaTh BBIBOJI, UTO JOKa3aHHast Teopema 6.1 cyIiecTBeHHO
VCIJIMBAET PE3YJIbTaThl 9TUX JABYX cTaTell, BeJb He TpeOyeTcsl HU SKCIIOHEHIAIbHASI
YCTORYNBOCTDL paCCMaTPUBAEMbBIX CUCTEM, HI cXOAUMOCTDL Bapuannii VQi Kk VQ).
Ciresyer paccMOTpeTh TaKzKe TOIOJIOTHIO OoJiee IPyOyIo, YeM olpeesisieMast
METPUKOil p,, HO MINPOKO U3BECTHYIO U TEOPETUIeCKN BakHyto. B 3ameuanuu 6.1
O0TMEYAJIOCh, 9TO (DYHKIIUN OMPAHNYEHHOM BapUallll HAXOISITCS B COOTBETCTBUN B

JINHEHBIMU (DyHKIMOHAJIaME. BeroMHuM criejtyioniee

Onpenenenne 6.1. Ilycrs A ecth HEKOTOpOE HAIPaBJIEHHOE MHOYKECTBO. Bymem ro-
BOPUTH, 9TO 0OOOIIEHHAST TOCJIEI0BATEIBHOCTD (4 )aca HOPMAIM30BAHHBIX (OYHKITHI
orpaHmveHHol Bapuanun cjaabo-* cxompures Kk @ € NBV ([—h, 0], R™") (1 nucarnb

Qo — Q), ecn s moboit dynkun f € C([—h, 0], R") BbmonseTcs mpe/eibHoe

/_id%( %/d@ (0).

[To Teopeme Banaxa—IIlTeitaraysa [3], ecim nociegoBarebHOCTb ((Q))5° c1abo-

COOTHOIIIEeHne

* CXOOUTCA K Q, TO OHa ABJIAETCA PaBHOMEPHO OI‘paHI/IquHOﬁ 11O HOPpME, TO €CTb

sup{VQy} < oo. B aTom cityuae u3BecTeH cyieyominii pesy ibTar.

Teopema 6.9 ( [2,40]). [Tocaedosamenvrocmo (Qr)5° caabo-* cxodumes x ) moeda
U MoAvKo mozda, Kozda
1. Qr(0) cxodumea Q(0),
(Qr)3° cxodumes k Q 6 L -nopme,

3. ama nocaedosamesvHocms pasromepro ozparuvena: sup{VQg} < oo.

TakumM 06pa3oM, MOXKHO IT'OBOPUTD, 4TO CJ1abasi-* CXOIUMOCTD IIOCJIE0BATE Ib-
HOCTel Ha mar obJierdaer yCJaoBHsI, HAKJ/IaIbIBAEMbIE CXOINMOCTBIO 110 METPHUKE [ .
Tem He MeHee oKa3bIBaeTCsI, YTO OOOOIIEHHBIE IIOCJIEIOBATEIbHOCTH MOI'YT BECTH
cebst ropaszio xyzxe. Onpegermm va N BV ([—h, 0], R™*™) Tomosormo, Ha3pBacMyIo
cs1aboii-* Tonosiorueil, Kak rpyoOeiilyio U3 TOMoJIOTni, IIpU KOTOPOii Bee JIMHeHHbIe
dbyuxmnonans Q — [ dQ f okassiBatorest Henpepsisubivu, rie f € C([—h, 0], R"). B
CHJIY 9TOrO OIIpeJIe/IeHIs, 00ODIIEHHbIE TOCIE0BATCILHOCTH, CXOJAIINECs B CI1a0o0ii-*
TOIIOJIOTUN, €CTh TOJILKO CJ1a00-* cxomdmumeca 0000IIeHHbIe 0CIeI0BATEILHOCTH 1

Ha000POT.
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Teopema 6.10. [Tycmv @ € D(L), mozda mosicro nocmpoums 0600ueHHYI0 NOCAE-

dosamenvrocms (Qa)aca maxyio, wmo Qn & D(L) das scex a € A, 1o Qo — Q.

Jlokaszamenvcmeo. Bribepem B kKadecTse A HalpaB/IeHHOE MHOKECTBO BCeX C1abo-*
OTKPBITBIX MHOYKECTB, cojepzkamux (), u ynopsgpounm A no skmovennio: U <V
TOr U>V.II 0 oo-*

na u Toraa roraa, korna U O V. Ilo onpenenennio, moboe ciabo-* orkperToe

MHOZKeCTBO U Coep:KUT €J1ab0-* OTKPBLITYI0O OKPECTHOCTD sijpa () Bujia

v={renpvino .z [ aee - roso

<z—:,1<j<m}

st Kakux-10 pyukuuit fi,..., fn € C([—h,0],R™). Be3 orpanmuenust obImHo-
ctu OyJieM cuuTaTb, 9YTO (DYHKIUU fi,..., f; JUHEHO HE3aBUCHUMBI, a (DYHKIUN
fie1, ..., fin MOTYT OBITH BBIpaXKEHBI B BU/IE JINHEITHBIX KOMOMHAIIT 1IEPBhIX | PyHK-

muit. Beibepem npousBosibHbIil BekTOp v € R" 1 yncisio wy € R rakne, uro dyHKIMN

c(0) = cos(wpf)y n s(f) = sin(wpb)y smueiino neaBucHMb! ¢ DYHKIUAMEI f1, ..., fi.
Ha smneitnoit o6osouxe sp{ fi, ..., fm, ¢, S} onpenennm jmueiinbit GyHKnnonas £:
() =Uf)=...=Lfi) =0,

0
e@:—/gmmmwwm,

0(s) = wyy — /_ AQ(O)sin()7),

Acno, aro U(fi11) = -+ = (fm) = 0. Ilo Teopeme Xana—bBanaxa [3], stor dymHKImo-
HaJT (MJIH, TOYHEe rOBOPs, 1 (PYHKIIMOHATIOB) MOXKHO HPOJIOJIKHUTE JI0 HEIPEPBIBHOTO
qmuefinoro dyHKInonata Ha BeceM npocrpanctse C([—h, 0], R™). [To 3amevanmio 6.1
OJIy YeHHBIH (DYHKIMOHAT {7 COOTBETCTBYET HEKOTOPOH (byHKIINH OrpaHUueHHO
BapUAIII, HOPMAJIU30BaB KOTOPYO MpHIeM K (DYHKIMH OrPAaHNYEHHO BapHalnm
Ry (0). Tonmoxum Qp(0) = Q(0) + Ry(0). o nocrpoennto, Qy € N C U st Beex
U e A

[Iposepnm, ato Qu ¢ D(L), a obobrennast mocsuenoBareabHocTh (Qu)yea

citabo-* cxomures Kk (). Ilepsoe yTBep:KieHue cieayer us

0 0
/ dQu (0)[e™"] = / dQ(0) [0 + Ly (c + is) = iwyy,
—h —h

OTKYJla

0
det {ion —/ eiwoadQU(Q)] =0,

—h



105

9TO 03HAYAET, UYTO Wy €CTh COOCTBEHHOE YUCJIO CUCTEMBI C siIPOM (Qr7. AHAJIOIMIHO,
—1iWy €CTh TaKyKe COOCTBEHHOE YMCJIO TaKOW CHUCTEMbl U JIJIsi Hee He BBIIOJIHEHO
ycyoBue JIgmyHoBa.

YT00bI IIPOBEPUTHL BTOPOE yTBEP:KIeHKEe, BhIOepeM Caab0-* OTKPLITOe MHOMKE-
crBo U , costepzkaree Q. g moboro ciabo-* oTKpbITOro MHozkecTsa Vo Takoro,

yro U =XV, Beinosinsiercss Qy € V', a 3Haunt u Qy € U, 910 110 onpejie/ieHnIo

- *
CXOMMOCTH ODOOIIEHHBIX IIOC/IeI0BaTeIbHOCTel 1 o3HadaeT Qu — (). n

I3 noxazaHHoil TeOpeMbI CJIeIyeT, YTo MHOKeCTBO D (L) He siBIIsSIeTCsS OTKPBI-
TBIM B ¢j1a00ii-* Tonosoruu. M3 5Toro BbITEKAET, 9YTO HET HUKAKOIO IIPAKTHIECKOTO
CMBICJIa ITBITATHCA AIIIPOKCHMUPOBATH MaTpullbl JIsmyHoBa paccmaTpuBast ciabo-
* exopsmuecst 0000MIEHHDBIE [TOCIEI0BATE/ILHOCTH, TaK KaK 0€3 JONOJHUTEILHBIX
OrpaHUYEHUN Heb3s YTBEPKIATH, UTO ycaoBue JIsmyHoa OyjieT BBIIIOJHEHO XOTh
KaKIMHU-TO 3JIeMEeHTaMI 9THX IocjejioBaTe/ibHocTeil. TeM He MeHee, paHee Mbl yiKe
yOeIIINCH, YTO CIab0- CXOMSIIUecs I0C/Ie10BaATeILHOCTH YIOBIETBOPSIOT MCKOMBIM
nesisim. CrielyeT OTMETUTh, 9TO MOYKHO OIPEJIE/IUTh TOIOJIOIUIO, TJIe JIOCTATOYHO
PACCMOTPEHHSI TOJIBKO OOBIYHBIX IIOC/IE0BATEIbHOCTEl, & He 0DODIIEeHHBIX 110CIe10-
BaTEJILHOCTEIA.

Orpanundennas ciabas-* TOIOJIOMUS €CTh CHJIbHENIast U3 TOMOJIOTU, COBIIa-
JAIOIMUX o ¢aaboii-* Tormosorneit Ha Bcex OrpaHUYeHHBIX MHOKeCTBax |3]. MoxHOo
nokazarh [65], 4To B orpaHnTIeHHON c1aboi-* TOMOMOrNI MHOXKECTBO SIBIISICTCH 3a-
MKHYTBIM TOIJIA, U TOJIBKO TOTJA, KOTJAa OHO ¢J1abo-* CeKBEHIMAIBLHO 3aMKHYTO, TO
ectb ecm u3 Qp — Q ¢ Qp € F € NBV([—h,0],R™™), k = 1,2,... cieayer,
aro u Q € F. Takum obpazom, npocrparcrso N BV ([—h, 0], R™*™) ¢ orpannden-
HOI €J1a00i-* TomosIorneil saB/IsieTesa CeKBEeHIMAILHBIM IPOCTPaHCTBOM. M3 Teopem
6.1 u 6.9 cieayer, aro MHOKecTBO D(L) B 5TOM HMPOCTPAHCTBE OTKPBITO, a, TaK
KaK OTKPBIThIE OJIMHOYKECTBA CEKBEHIIMAJILHBIX ITPOCTPAHCTB CaAMU SIBJISETCS Ce-
KBEHIUAILHBIME TTpocTpancTBamu [11,32], To u3 ceKBeHIUaIbLHON HEPEPbIBHOCTH
orobpazkenus L : D(L) — C([—h, h], R"™™) ciaeayer n HeMPEPLIBHOCTD B OOBITHOM
cmbiciie. Takmm obpasom, oTobpazkenue £ ecTb HenpepbiBHOE 0TOOpazkenue u3 D(L)
C OTHOCUTEJILHOM TOIOJIOrHEl, MH Iy IIUPOBAHHO OrpaHndeHHol ciaaboii-* romnosorneii
B C([—h, h], R™™).

Hakomnerr, MOyKHO HAIIPSIMYIO PACCMOTPETH TOTIOJIOTUIO, NHIYIIMPOBAHHYIO MET-
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PUKOIT
0
(01, Q) = / Q10 = Qu(6)]| 48+ @1(0) = (0},

[OJIy9eHHOl cpa3y u3 TeopeMmbl 6.1. BakiodeHne He MeHsiercs:: MHO:KecTBO D(L)
OTKPBITO, a oTobpazkenue L HelpepbiBHO. TeMm He MeHee, cjieyeT OTMETUTb OJHO

BarKHO€E CBOWCTBO.

Teopema 6.11 ( [12,13]). Muootcecmso nosuzoHasbHolx (KYCOUHO-AUHETHBIT) PiyHik-
YUl ¢ PAUUOHANHUMUY Konuamu 6ctody naomno 6 (N BV ([—h,0],R™™), p,) (u 6
(NBV ([—=h,0],R"™™), p)). Tarxum obpaszom, smu npocmpancmen AGAAIOMCA CENna-

DPAOENLHDIMAL.

DTa TeopeMa MOXKET ObITh YCTaHOBJIEHA, IIOCTPOEHUEM CIIelNHaIbHOI 110C/Ie10Ba-
TEJLHOCTH KYyCOYHO-JIMHENHBIX byHKIuit ¢ konamn (—h;, Q(—h;)) n naibHeiimmm
HPUOJIMYKEHIEM 3TUX KOHIIOB TOYKAMU C pallloHAJIbHBIMU KoopauHaTamu. CucTeMbl
COOTBETCTBYIOIIHE KYCOUHO-JIMHEITHBIM sIJIpaM 9TO €CThb He UTO MHOE, KAK CUCTEMbI C
pacIpeie/IeHHBIM 3alla3IbIBAHIEM C KYCOUHO-TIOCTOTHHBIMU SPAMU, TO €CTh CUCTEMbI
BUJIA

m—1 —h;

i) =3 cj/ o(t + 0)do.

j=0 —hjq
fcHo, 9T0 KOHEYHbIe TOUYKKM MHTEIPUPOBAHUS MOYKHO CJI€/IaTh PAlMOHAJILHO KPATHBI-
MU 3alas3/iblBanugd i, TO ecTh BLIOpaTh 3anas/blBaiusd 1 TaKIM 00pa30M, YTOObI BCe
OHU OBLIN KpaTHbI HeKoTopoMy 7. Ilocrpoenne marpuir JIsiimyHOBa J11s1 11000HBIX
CHCTEM YK€ PaccMaTpuBaJioch B riiaBe H. Takum obpa3oM, pe3y/bTaThl TJIaBbl b 1
TeopeM 6.1 u 6.11 o3HAYAIOT, YTO JIJIs1 JIIOOOI CTAIMOHAPHON CUCTEMBI C IIOCTOSIH-
HBIM 3alla3bIBAHNIEM, YIOBJIETBOPAIONIEH yCJIOBUIO JIAmyHOBa, COOTBETCTBYIONLYIO

MaTpumy HHHYHOBE% MO>KHO IIOCTPOUTDL CKOJIb YI'OJHO TOYHO.

6.5. IIpumep

Paccmorpum ypaBHeHue

E(t) = 2(t) +e ot —1) —z(t — 2). (6.13)
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Ero sgynpom gBisercs pyHKIUS

0, h=—2,
1, —2< < -1,

Q(0) = 5 (6.14)
—1+el, —1<0<0,
k6*1, 0 =0.

Pazobbem orpesox [—2,0] Ha 1mogoTpeskn JumHbl 0 = 27 F 1 mocTpouM KycouHo-
snefinbie byHrinn Qk(0) , npoxojsitue depes Touku (—joy, Q(—7jox)), viae j =
0,...,2- 2% Heckosnbko Takux (GyHKINil IpecTaBieHbl Ha pucyHke 5. IlosydmM

CuCTEeMbI BUJ1a

—2+427F
i) = —2k/ 2(t+0)d0 + e_l2k/

2 -1

—1427F 0

2(t+0)d0 + 2’@/ 2(t -+ 0)do.

_9o—k

fcHo, 9TO mOCTpOEHHbIE NPHUOJIMYKEHNsI OCHOBBIBAIOTCS HA TOM, UTO JJId JIH00Oi

HelpepbIBHOI (MYHKIUN f BBIIOJIHAECTCA

B[ rem s

npu h — 0.
Buno, 1ro Qr(0) = Q(0) st Beex k, n

—1427k

/_O 1Q(0) — Qr(0)| db = /_m_ 1—25(0+2)df + e / 1—25(0 + 1)do+

2 -2 -1

0
- / 1+ 2%0d6 = (2 + e H)2-F+D 5 0,
_9—k

upu k — oo. TakuMm oOpasoM, BbIIOJIHEHBI 00a ycaoBusg Teopembl 6.1. Herpynno
IPOBEPUTH BBIOJHEHNE ycsoBust JIsamyHoBa st ypasaernns (6.13), HO 9KCIIOHEHTN-
AJIbHOIN yCTOMYMBOCTH 3JI€Ch HET, TaK KakK Sy = 1 dABJIsIeTCs COOCTBEHHBIM YKCJIOM.
N3 pucynka 6 MOXKHO ¢Jie/laTh BBIBOJI, YTO MTOCTPOEHHbIE TTPUOJIMYKEHUST HEILIOXO
AIMTPOKCUMUPYET CHEKTP MCXOHOM CUCTEMBI.

[Toctponm maTpuiist JIgmynoBa nexoIHO 1 BO3SMYIIEHHBIX CHCTEM, acCOIUIPO-
Banuble ¢ W = 1. [losryuennble rpadukn npejicraBieHbl Ha pucyHke 7. s ucxoHoit

cucrembl 6.13 marpuna JIsgmyHoBa ObLIa IOCTPOEHA ¢ UCIOJIL30BAHUEM PE3YILTATOB



108

0.4 i
——nominal
— k=2
0.2 — k=4
—k=8

0.4 | i

-08 | |

Puc. 5: A npa ucxoanoit cucreMbl u ee Bo3MylleHuii npu k = 2,4, 8.

crarbu [34], a i BO3MYyIIEHIIT — mIaBbl 5. $ICHO, 9TO MOC/IE0BATE/ILHOCTD TTPUO.IH-
’KeHHbIX Marpull JIsmyHoBa cxojpuresd K MaTpulie JIdaiynosa HOMUHAIBHONI CHCTEMBI

(6.13). Hucsrennbie pe3yJibTaThbl PE3IOMIPOBAHBI B TabJuIe 1.

k| 6 | uucio unrepsanos | ||U — Uil
2| 0.25 8 0.8209
4 10.0625 32 0.1615
8 10.0039 512 0.0094

Tabmaumna 1: 3aBUCHMOCTD MOIPEITHOCTH MaTpuIlsl JIsmyHoBa oT k

MoxkHO ciesiaTh BBIBOJL O HPUOJIN3UTENIHHO JTUHETHOM XapaKTepe YMeHbIIeHUsT

MOTPEITHOCTH NPUOJINZKEHNI TIPU YBEJIMYEHUN JHUCIa NHTEPBAJIOB Pa30MEHMS.
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ominal

(o]
® 0
*

n
k
k
k

([ 1|
SN

-15 | | | | |
-1.5 -1 -0.5 0 0.5 1 1.5

Re(s)

Puc. 6: CobcrBennble dnc/ia UCXOIHOM CUCTEMbl U ee BO3MyIeHuit mpu k = 2,4, 8.

3.5
——nominal
—k=2
k=4
—k=8
3+ 1]
25+ -
5
27
1.5\
1 | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Puc. 7: Marpung! JIsgmnyHoBa ncxoiHOM cUCTeMbI U ee Bo3Mylenuit npu k = 2,4, 8.



110

SaKJII0OYeHne

B pabore paccmarpuBagachk mpobdJieMa HaxoxKaeHud marpull JIsmyHnosa. Bo
BTOPOIT IJ1aBe JIIT CUCTEM C paclIpejie/IeHHBIM 3ala3/IbIBAHIEeM U SKCIIOHEHIINATbHBIM
aJIpoM OblLTa MpeJiyIoyKeHa HOBasd BCIIOMOTraTe/bHasd I'paHuvdHasd 3ajiada, KOTopas
II03BOJIIET OJHO3HATHO OIPEIE/INTh MaTPUIlhl JISIIyHOBA JJIsi CHCTEM, YIO0BJIETBOPSI-
forux ycsgosuio JIamynosa. [Iposepka ycimosus JIsamynosa mpu 9ToM MOXKeET OBITD
IIPOM3BEJICHA HETIOCPEICTBEHHO B IPOIECCE pelleHns TPaHuIHOM 338491 U CBOJIUTCS
K HEBBIPOXKJICHHOCTH CUCTEMBbI JIMTHEHHBIX aJredpandecKux ypaBHEHUI.

B TpeTbeii ri1aBe paccMaTpuBaJICs M0JX0/I K aHAJIN3Y YCTONIUBOCTH CUCTEM U
MIOCTPOEHUIO MaTPHIL JIsAImyHOBa JI/Isi CUCTEM C paclipe/leJIeHHBIM 3alla3/IbIBAHIeM |
SKCIIOHEHIINATBLHBIM sJIDOM IIyTEeM CBeJIeHNs UX K CHUCTEMaM C OJHUM 3alla3/IbIBaHueM.
Kak 151 cucteM ¢ paclpe/ie/IeHHbIM 3alla3/IbiBaHIeM 1 9KCIIOHEHITNAJIbHBIM SIIPOM,
TaK M JI/Isi CHCTEM C OJIHUM 3alla3/bIBAHIEM BO3MOYKHO IIOCTpoeHne MaTpuil JIsimyHoBa,
HO TpaHWYHAas 3aJiava, JI/Isi pACIINPEHHONH CUCTEMbI C OJHUM 3alla3/bIBAHIEM OKa3bIBa-
eTcst OOJIbITTeN pa3sMepHOCTH, YeM I'paHnydHasd 3ajada J/Isi UCXOJIHOM cucTteMbl. bojiee
TOr0, OBLIO MOKA3aHO, YTO B HEKOTOPBIX CAyUasX PacIIMpPeHHas CUCTeMa MOYKeT He
nMeTb MaTpuilbl JIsamyHoBa, jake ecyin JIJId UCXOQHO cucTeMbl yeaoBue JIgmyHoBa
ObL710 BbINTOJTHEHO. CTONT Tak»Ke OTMETUTD, UTO IePexo K PaCIInpeHHol cucTeMe B
HEKOTOPBIX CJIyUadAX MPUBOJUT K MOTEpe CBOWCTBA SKCIIOHEHIINABHON YCTONINBOCTH.
Takum obpasom, cjejyeT IpU3HATh, 9TO BbIYUC/IeHHE MaTpull JIsmnyHoBa IyTeM
1peodpa3oBaHusl CUCTEMbBI K OJIHOMY 3alla3]IbIBAHUIO HEJIb3sT PEKOMEHI0BATH B CUITY
MeHbIIIell 00/1acT TPUMEHEHUsT 1 OOJILIITUX BBHIYUCIUTEbHBIX 3aTPaT.

B deTBepTOil TyIaBe paccMaTPUBAJINCH JUHEWHBIE CUCTEMBI C 3alla3/IbIBAHIeM
B yupapJjieHun. Vcro/b3ys peobpa3oBaHie CTadUIN3UPYIONIEro YIIPaBIeHnus K Ji-
HAMIYECKOMY PEryJ/siTopy u MeToji pyHKInoHa 0B JIsmnyHoBa—KpacoBcKoro obli
OCTPOeH (DYHKITMOHAJI, TPUMEHUMBIIN JII aHaIn3a YCTONINBOCTH CUCTEMBI, 3aMKHY-
TOIl nCcXonHbIM yipapienneM. C HCIOIb30BaHIEM IIOCTPOEHHOIO (PyHKIIMOHAIA ObLIN
IIOJIY9eHbI 9KCIIOHEHINAJIbHbBIE OLIEHKH PENIeHUN CUCTEMBI.

B nisiroit riiaBe ObLT IIpejicTaB/IeH HOBBI KJIACC CUCTEM, JIJIST KOTOPBIX BO3MOXKHO
KOHCTPYKTHUBHOE HaXOKJjleHne MaTpull JIamyHoBa — CHUCTEMBI ¢ paclpeaeeHHbIM
3ama3/IbIBAaHIEM W KYCOUHO-TIOCTOAHHBIM sIJIPOM. DBIJIO MMOKA3aHO, YTO J/Is TaKOTO

KJjlaCcCa CUCTEM BO3MO2KHO IIOCTPOUTL TCOPUIO, IMOJITHOCTBIO ITOBTOPAIOIIYIO U3BECTHLIC
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pe3yJIbTaThl JIjIsl CUCTEM C OJHUM 3alia3biBanneM. I1lokazaHo, 4To eIMHCTBEHHOCTD
MaTpui JIgmyHoBa 9KBUBaJEHTHA €INHCTBEHHOCTH PENICHUs IPE/IJIO?KEHHONH BCIIOMO-
raTeJbHOIl MpaHnvHoON 3 a4.

B mrectoil rytaBe ObLI pacCMOTPEH BOIIPOC HaxXOKJIeHUsT MaTpuil JIsmyHosa
JUIA CTAIMOHAPHDBIX CUCTEM C OIPAHUYCHHBIM 3alla3/ibIBaHueM, IIpaBble YacTu KOTO-
PbIX ommuchiBaioTCst nnrerpajoM Cruirbeca. BbLio mokazaHo, 4To Ipu HEKOTOPLIX
JIOBOJIBHO CJIaOBIX OIPAHMYEHUSIX U3 CXOJIUMOCTH sjep IPaBbIX dacTeil cucTeM ciie-
JIyeT CXOJIMMOCTH COOTBETCTBYIONMNX MaTpul JIdmynosa. Tem caMbIM TIpeabIIyIine
pe3yJIbTaThbl B 9TOM HaIIPABJICHUH YJIAJIOCh PACIIMPUTH Ha CYIIECTBEHHO OOJIbIINI
KJIACC CUCTEM, IIpUUYeM YJAJIOCh CHATH TpebOBaHNe SKCIOHEHINAIbLHO! YCTONINBOCTI
paccMaTpuBaeMbIX cucteM. [lomydeHnnlit pe3yabraT MOXKHO HCITOJTH30BATH KaK OCHOBY
Pa3HOTO POJia YNCJIEHHBIX METO/IOB HaXOXKIeHUs MaTpull JIdmyHosa.

Taxkum obpaszoM, Kjaacc CUCTEM C 3alla3/IbIBAHUEM I KOTOPBIX BO3MOXKHO
KOHCTPYKTHBHOE HCII0JIb30BaHne MeToja (byHKInoHa 0B JIsnyHopa—Kpacosckoro B

JIaHHOI paboTe OBLI CYIIECTBEHHO PaCIINpPEH.
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ITpunoxxenme A. IIporpammHas peajm3aiius
HaXoxKJieHusd maTrpuil JIgmyHoBa i cCUCTEM C

SKCIIOHEeHNNAJIbHBIM gapoM B cpeae MATLAB

function [T, Uv] = Lmatrix exp (A0, Al, B, A, e0, h, W)

n = size (A0, 1);

m = size (A, 1);

ni =1 : n;

n2i =1 : n"2;

d= (2 *m+4 2) * n "~ 2

eh = expm(—A * h) % e0;

xAO0 = kron(A0’, eye(n));

AOx = kron(eye(n), A0’);

xAl = kron(Al’, eye(n));

Alx = kron(eye(n), Al’);

xB = zeros(n * fliplr (size(B)));

Bx = zeros(size(xB));

for i =0 :m—1
s =1 % n;

t = s *x n;
xB(:, t + n2i) = kron(B(s + ni, :)’, eye(n));
Bx(:, t + n2i) = kron(eye(n), B(s + ni, :)’);
end
L = [xAO0, xAl, xB, zeros(n~2, m *x n"2);
—Alx, —A0x, zeros(n~2, m x n~2), —Bx;
kron(e0, eye(n~2)), —kron(eh, eye(n~2)), —kron(A, eye(n~2)), zeros(m * n~2, m % n~2);
kron(eh, eye(n~2)), —kron(e0, eye(n~2)), =zeros(m * n~2, m % n~2), kron(A, eye(n~2))];

E = [zeros(n~2), eye(n~2), zeros(n~2, m * n~2), zeros(n"2, m * n"2)];

I1 = |[eye(m*n~2), zeros(m«n~2, m«d)| * expm(—|[zeros(m«n~2), —kron(eye(m), E); zeros(m+d, m«n~2),

kron (A, eye(d)) — kron(eye(m), L)|) * [zeros(m*n~2, d); kron(e0, eye(d))];

12 = |[eye(m*n~2), zeros(m«n”~2, mxd)]| * expm(|[zeros(m+«n~2), kron(eye(m), E); zeros(m+d, m+«n~2),

kron(A, eye(d)) + kron(eye(m), L)|) * [zeros(m«n~2, d); kron(eh, eye(d)) |;

M = [eye(n~2), zeros(n"2), zeros(n~2, m *x n"~2), zeros(n~2, m * n~2);
[zeros(m * n~2, n~2), zeros(m * n~2, n~2), zeros(m * n~2), eye(m * n~2)] — I1;
[zeros(m * n~2, n~2), zeros(m * n"2, n~2), eye(m * n"2), zeros(m * n~2)| — I2;
xAO0, xAl, xB, zeros(n"2, m x n~2)|;

N = [zeros(n~2), —eye(n~2), zeros(n~2, m *x n"~2), zeros(n~2, m *x n"2);
zeros(m * n~2, d);
zeros(m * n~2, d);

Alx, AO0x, zeros(n"2, m * n"2), Bx];

X =M+ N *x expm(L * h);

w = —[zeros((2 * m+ 1) * n~2, 1); W(:)];

U0 = linsolve (X, w);

T =0 : 0.01 : h;
Uv = zeros(n ~ 2, size(T, 2));
for i =1 : size(T, 2)
Uv(:, i) = |eye(n~2), zeros(n~2, (2 * m+ 1) * n~2)] * expm(L = T(i)) x UO;

end
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IIpunnoxenune b. IIporpammuas peann3alug
HaXoxKJieHus maTpuil JIgmyHoBa i CUCTEM C

KYCOYHO-IOCTOIHHBIM s/ipoM B cpeae MATLAB

function [T, Uv] = Lmatrix pc(A, C, m, r, W)
n = size (A, 2);

ni =1 : n;

n2i =1 : n"2;

d=(4 *m— 1) *x n ~ 2;

Ac = zeros(n x fliplr(size(A)));
Af = zeros(size (Ac));

da = size (Ac, 2);

dai = 1 : da;

Cc = zeros(n x fliplr(size(C)));
Cf
dc = size(Cc, 2);
dci =1 : dc;

zeros (size (Cc));

for i =0 :m-—1
s = 1 % n;
t = s * n;

Ac(:, t + n2i) = kron(A(s + ni, :)’, eye(n));
Ce(:, t + n2i) = kron(C(s + ni, :)’, eye(n));

Af(:, end — (t + n°2) + n2i) = kron(eye(n), A(s + ni, :)7);
Cf(:, end — (t + n~2) + n2i) = kron(eye(n), C(s + ni, :)’);

end

s =s +n; t =t +n " 2

Ac(:, t + n2i) = kron(A(s + ni, :)’, eye(n));

Af(:, n2i) = kron(eye(n), A(s + ni, :)’);

AA = zeros(2 * dc);

CC = zeros(2 * dc, 2 *« dc — n =~ 2);

for i =0 :m-—1

r
t =1 %« n ~ 2;
(t + n2i , t 4+ dai) = Ac;
CC(t + n2i, t 4+ dci) = Cc;
(t + de + n2i, t + dai) = —Af;
(t + dc + n2i, t + dci) = —Cf;

II = eye(fliplr (size(CC)));
IT(:, n°2 + 1 : end) = II(:, n°2 + 1 : end) — eye(size(IIl, 1));
L = [AA, CC; II, zeros(size(CC, 2))];

M = zeros(d);
t=(2*m— 1) * n ~ 2 ;

M1 : t, 1 : t) =eye(t);

Mt +1 : 2% t—mn" 2, t+n"2+1:2=x%t)=eye(t—n"~ 2);
M(end — 2 * n ~ 2 + n2i, (3 *m— 1) * n ~ 2 + n2i) = eye(n ~ 2);
M(end — n ~ 2 + n2i, (m— 1) * n ~ 2 4+ dai) = Ac;
M(end — n ~ 2 + n2i, (3 +m— 1) *x n ~ 2 + dci) = Cc;

Nt = zeros(d, n~2);

Nt(end — 2 * n ~ 2 + n2i, :) = —eye(n ~ 2);

eNt = zeros(n ~ 2, d);
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eNt(:, m* n ~ 2 + n2i) = eye(n ~ 2);

N = zeros(d);

N(1 : end =2 %n "~ 2, n"2+1:end) =-M1:end — 2 %n "~ 2,1 : end —n "~ 2);
N(end — n ~ 2 + n2i, dai) = Af;

N(end — n =~ 2 + n2i, 2 *xm * n ~ 2 + dci) = Cf;

X

M + [Nt, N| * expm(r * [zeros(n ~ 2), eNt; zeros(d, n ~ 2), L]) % [zeros(n ~ 2, d); eye(d)];

w = [zeros(d — n ~ 2, 1); reshape(W, n ~ 2, 1)];
yz0 = linsolve (X, —w);

T=0: 001 : m=x* r;
Uv = zeros(n ~ 2, size(T, 2));
for i =1 : size(T, 2)
Uv(:, i) = reshape(U(T(i)), n ~ 2, 1);

end
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List of symbols

R, C — the sets of real and complex numbers, respectively;

R"™ — the set of n-dimensional vectors with real components;

R™*™ — the set of matrices of dimensions m x n with real components;
Re s — the real part of a complex number s:

t — the imaginary unit;

~ — the complex conjugate;

I — the identity matrix;

I,, — the identity matrix of dimensions n X n;

0 — the zero matrix or vector;

0,,,xn — the zero matrix of dimensions m X n;

AT — the transpose of a matrix A;

A* — the conjugate transpose of a matrix A, A* = AT;

A~1 — the inverse of a matrix A;

det A — the determinant of a matrix A;

M ® N — the Kronecker product of matrices M and N

M @& N — the Kronecker sum of matrices M and N;

vect X — the vectorization of a matrix X;

sp{v1, ..., v} — the linear span of vectors vy, ..., vg;

Amin (W) — the minimal eigenvalue of a symmetric matrix W;

||z|| — the euclidean norm of a vector;

||A|| — the induced norm of a matrix;

|l¢ll,, — the uniform norm of a bounded function ¢ defined on [—h, 0];
V f — the total variation of a function f;

ress, f(s) — the residue of a complex-valued function f(s) at a point sg;
' (+0), f'(—=0) — the right hand and the left hand derivatives of a function f
at a point ¢ = 0, respectively:;

fH)(t) — the kth derivative of a function f;

C'(X,Y) — the space of all continuous functions from X to Y;
PC(la,b],Y) — the space of all piecewise-continuous functions defined on [a, 0]
with values in Y';

BV ([a,b],Y) — the space of all functions of bounded variation defined on [a, b]
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with values in Y;

NBV ([a,b],Y) — the space of all functions of normalized bounded variation
defined on [a, b] with values in Y;

L convergence in metric p;

S weak* convergence;

#(t) — the derivative of a solution x of a system at t;

x(t, p) — the solution of the initial value problem with the initial function ¢;

x; — the state of the system at a moment ¢, z; : 0 — z(t +0), 0 € [—h,0].
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Introduction

Mathematical models of systems of the most diverse nature, for example,
processes and phenomena that arise in mechanics, biology, chemistry, economics and
other disciplines, are often described by the relations between the rates of change of
some quantities and other quantities. A mathematical tool that describes the rate of
change is a derivative, which means that such dependencies are usually expressed
either by ordinary differential equations or by partial differential equations.

On closer study of certain processes, however, it becomes apparent that it is
not enough to consider only models where the future state of the system depends
only on the current state and does not depend on the past. Moreover, for some
systems it is fundamentally impossible to exclude such dependence. For example, in
feedback control systems, some time passes between the moment of measuring the
controlled variable and the moment the control signal is determined. Thus arises a
delay, which, as was noted by N. Minorsky [58], cannot be ignored, as that can lead
to undesirable oscillations in the system. In the epidemiological model considered by
K. L. Cooke [21], the delay is induced by the incubation period, that is the length
of time from the moment of infection to the onset of symptoms of the disease. In
population models, ideas related to delay go back to the works of V. Volterra on
«predator — prey» systems [68], and in the paper by M. S. Bartlett [19] delay is used
to model the age structure of the population. A delay equation describing a nuclear
reactor model is the subject of J. A.Nohel [61], while N. MacDonald [56] investigates
the role of delay in modeling the growth of unicellular organisms in a chemostat.

All of the examples above show just a few of the many articles on models
of processes that involve lag or delay. As more and more of these papers started
to appear, it became apparent that it is necessary to develop a general theory of
time-delay systems. There are many books devoted to such research. Early works
of A. D. Myshkis [7], L. E. Elsgolt’s, S. B. Norkin [9], V. 1. Zubov [4], R. Bellman,
K. L. Cooke [20] use a more direct approach to the study of systems with delay,
while the later monographs by J. K Hale , S. M. Verduyn Lunel [39] and O. Diekman,
S. A. van Gils, S. M. Verduyn Lunel, H. O. Walther [23], present the theory of time-
delay systems in a more modern, abstract fashion, involving methods of functional

analysis.
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In many applications, a lot of attention is given to the properties of solutions
as time approaches infinity. Long-term forecast of the behavior of processes and
phenomena is only possible when small deviations or errors in the initial data do
not lead to significant changes in the operation of systems. Such questions are the
subject of stability theory, and for systems of ordinary differential equations they
have been studied in depth for decades. One of the most outstanding results in this
direction belongs to A. M. Lyapunov, who in his dissertation «The general problem of
the stability of motion» [6] proposed a method to estimate the behavior of solutions
using auxiliary functions. They came to be known as Lyapunov functions.

However, the development of a similar theory for systems with delay turned
out to be far from trivial. The most significant difference between time-delay systems
and systems without delay is their respective state space. For ordinary differential
equations, the state is a finite-dimensional vector, while for systems with delay it turns
out to be a function, meaning that it is an element of some infinite-dimensional space.
The generalization of the Lyapunov theory to time-delay systems has branched
out in two main directions. One approach belongs to N. N. Krasovskii [5], who
proposed to use functionals instead of scalar Lyapunov functions, hence fully utilizing
the true state of the system. Almost simultaneously another approach due to
B. S. Razumikhin [8] appeared. It was shown that it is, in fact, still possible to use
the scalar Lyapunov functions by restricting the attention to their values on some
subset satisfying a special constraint called the Razumikhin condition. The books by
V. B. Kolmanovskii, V. R. Nosov [54] and by K. Gu, V. L. Kharitonov, J Chen [37]
are devoted to the current state of the stability theory for systems with delay.

For linear time-invariant systems of ordinary differential equations the following
classical stability criterion is known. The system is stable if and only if there exists
a positive-definite quadratic form such that its derivative along the solutions of the
system is a negative-definite quadratic form. The generalization of this criterion
to linear time-invariant systems with delay has been the subject of active research
carried out in recent decades. However, the approach of B. S. Razumikhin turned
out to be inapplicable here (it can provide only sufficient conditions for stability),
while the method of Lyapunov—-Krasovskii functionals proved to be more suitable.

There are two main ways to use the framework of Lyapunov-Krasovskii func-

tionals. On the one hand, one can first choose a positive-definite functional of some
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general form, find its derivative along the solutions of the system, and try to obtain
some conditions that would ensure that the derivative is negative definite. In this
way one can obtain many various sufficient stability conditions having the form of
linear matrix inequalities. Numerous examples of this type are contained, e. g. in
the monograph by S.-I. Niculescu [60]. On the other hand, one can go in the other
direction, first choosing the form of the derivative of the functional, and then attempt
to find a functional such that the derivative of this functional along the solutions
will coincide with the initially prescribed one. Often the functionals obtained in this
way turn out to have way more complex structure, and it is quite difficult to check if
they are positive definite.

The classical Lyapunov criterion has three notable components. Firstly, from
a given derivative in the form of a quadratic form, it is necessary to recover the
Lyapunov function having such derivative. It turns out that this Lyapunov function
also has the form of a quadratic form. Secondly, it turns out that the matrices of
these two quadratic forms are related by the Lyapunov matrix equation. It can
be shown that this matrix equation can be reduced to a system of linear algebraic
equations. Thirdly, it remains to check whether the quadratic form that was obtained
is positive definite, which can be done by involving Sylvester’s criterion. All further
development of the theory for linear time-delay systems can be traced along similar
three ideas.

The first difficulty that was encountered involves reconstruction of a functional
from a given derivative. The first fundamental work in this direction is due to
Y. M. Repin [64], who considered a quadratic functional of a sufficiently general form
for systems with one delay, then found its derivative and equated it to a prescribed
one. This resulted in a system of differential equations for the matrices that define
the desired functional. Although the issue of the existence of solutions to this
system was not considered, it can be said that the article was ahead of its time
and largely predicted the subsequent developments of the theory. Similar results
were obtained in the paper by R. Datko [22|, who approached the problem from an
abstract functional-analytical side.

The next milestone in the development is the work of E. F'. Infante, W. B. Caste-
lan [44]. In this article, for the first time it was explicitly noted that to construct

a functional it is sufficient to find one functional matrix, and the main properties
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determining this matrix were listed. Later this matrix will become known as the
Lyapunov matrix, although the properties given in the paper [44| slightly differ
from the modern definition of Lyapunov matrices. Parallels can be drawn between
finding the Lyapunov matrix for time-delay systems and solving the Lyapunov matrix
equation for systems of ordinary differential equations. Therefore, questions related
to construction of the Lyapunov matrix and the issue of whether it exists and is
unique are key for the second point of the program outlined above.

The next big step in the development of the theory came with the article by
W. Huang [41]. Systems of general kind with the right-hand sides represented by
the Stieltjes integral and kernel having the form of a matrix of functions of bounded
variation were considered. The properties of the Lyapunov matrix are given in their
modern form for the first time, and it was proved that Lyapunov matrices exist
whenever the system has no eigenvalues located symmetrically with respect to the
origin of the complex plane. It should be noted that for systems of linear ordinary
differential equations the exact same condition is known to be necessary and sufficient
for the existence and uniqueness of the solution of the Lyapunov matrix equation.
This property is now known as the Lyapunov condition. Moreover, the paper [41] for
the first time gives explicitly a functional that has a quadratic form as a derivative
along the solutions of the system. The positive definiteness of this functional was
established in the case of exponential stability, although, unfortunately, the estimate
for the functional from below turned out to be only local and cubic.

Few years later, an example due to A. P. Zhabko [51| will demonstrate that
such a functional cannot have a quadratic estimate from below. The article by
V. L. Kharitonov and A.P. Zhabko [46] thus introduced a modified functional.
Quadratic terms using the full state of the system were added to the derivative
along the solutions. Hence, these new functionals were given the name of full-type
functionals. Such functionals admit a quadratic estimate both from above and from
below (for exponentially stable systems). Therefore, it was proven that the Krasovskii
theorem [5], which normally is just a sufficient condition for the exponential stability
for time-delay systems, for linear time-invariant systems is also a necessary condition.
From this point, it can be said that the Lyapunov criterion was fully generalized to
linear time-delay systems.

Now that construction of the functionals was dealt with, a lot of further
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research revolves around the Lyapunov matrices. The paper by V. L. Kharitonov [50]
supplements the earlier work of W. Huang [41] by establishing that the Lyapunov
condition is not only sufficient, but also a necessary condition for the existence and
uniqueness of Lyapunov matrices. Many papers were dedicated to the problem of
finding Lyapunov matrices for various classes of systems with delay. The framework
was established in the paper by V. L. Kharitonov, E. Plischke [49| that presented for
the first time the method of computation of Lyapunov matrices for systems with one
delay in a complete form. Similar methods were developed for systems with several
commensurable delays in the article by H. Garcia-Lozano, V. L. Kharitonov [34]
and for systems with distributed delay and exponential kernel in the paper by
V. L. Kharitonov [48]. It should be noted, however, that the results of the article [48]
were incomplete, and in the paper due to M. Abu-Khalaf, S. Gumussoy [14] it was
shown on an example that it is not possible to find the Lyapunov matrix using the
methods from [48], even though the Lyapunov condition was satisfied. Same authors
presented one possible modifications to remedy this issue in [38§].

It is worth noting that systems with distributed delay and exponential kernel
are of significant importance in the field of control theory. As was already observed
earlier, feedback control almost inevitably introduces delay in the system. In the
article by A.Z. Manitius, A. W. Olbrot [57] a way of feedback stabilization of linear
systems with input control was proposed. This “predictor” type control contains
an integral term involving a matrix exponent. However, later in the paper by
K. Engelborghs, M. Dambrine, D. Roose [30] it would be established that the
implementation of such control is difficult in practice. To fix this issue in the work of
S. Mondi¢, W. Michiels [59] a dynamic control law was introduced. The close-loop
system with this dynamic controller has a from of a distributed delay system with
an exponential kernel.

Another interesting idea that came out of the article by S. Gumussoy, M. Abu-
Khalaf [38] was to consider a transformation of systems with distributed delay to
systems with one delay and then to use the resulting simpler system for the stability
analysis and computation of the Lyapunov matrix of the nominal system. Such
ideas already made appearances in the papers by E. I. Verriest [67], B. Ficak [31]
and G. Ochoa, D. Melchor-Aguilar, S. Mondié [63], although they have not been

subjected to any systematic study.



132

All research that was outlined above deals with the issue of finding Lyapunov
matrices for specific classes of systems. Although the problem of finding new classes
of systems for which it is possible to compute Lyapunov matrices is of significant
research interest, it is clear that such approach would never result in an algorithm
for the computation of Lyapunov matrices for general linear systems. Thus, it is
necessary to involve approximate methods. In the article by H. Garcia-Lozano,
V. L. Kharitonov [35] piecewise linear approximations were considered, and in the
papers due to E. Huesca, S. Mondié, O. Santos [42] and E. Jarlebring, J. Vanbiervliet,
W. Michiels [45] a polynomial approximation of Lyapunov matrices was studied.
However, these approaches were heuristic in some sense, as no qualitative estimates of
the resulting approximations were obtained and the closeness of the approximations
to the desired Lyapunov matrix is not guaranteed.

The papers by A. V. Egorov, V.L. Kharitonov [29] and by V. L. Kharitonov [53]
introduced a completely different approach. Firstly, it was established that for
exponentially stable systems with several delays the Lyapunov matrices can be
approximated with arbitrarily precision by the Lyapunov matrices for systems with
several commensurate delays. Secondly, it was proved that Lyapunov matrices for
exponentially stable systems with distributed delay can be approximated well by
Lyapunov matrices for systems with several multiple delays obtained by approximat-
ing the integral term with a finite sum. Unfortunately, both papers assumed that all
systems under consideration are exponentially stable. This assumption could not be
eliminated easily, significantly limiting the scope of application of these results.

The third and the last issue mentioned above is to find ways to check the
positive definiteness of the Lyapunov— Krasovskii functionals similar in nature to
the condition for the positive definiteness of the solution of the Lyapunov matrix
equation. Thus, if there are any such conditions, then they must be expressed using
Lyapunov matrices. For some significant amount of time this problem remained
an open question until in the series of papers by A. V. Egorov, S. Mondié [24-26]
and A. V. Egorov, C. Cuvas , S. Mondié [28], a necessary and sufficient condition
for exponential stability was obtained. As it turned out it is enough to verify the
positive definiteness of an infinite sequence of block matrices constructed using the
values of the Lyapunov matrix at different time instances. Later, this necessary and

sufficient condition was relaxed to involve only some finite number of block matrices
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from this sequence [27].

The Lyapunov—Krasovskii functionals and Lyapunov matrices found various
applications starting from the paper by V. L. Kharitonov and A. P. Zhabko [46]. In
the article [46] the functionals of the complete type were used for robustness analysis,
while in the paper by V. L. Kharitonov, D. Hinrichsen [47| they were applied to find
exponential estimates on solutions. In the paper by G. Ochoa, V. L. Kharitonov,
S. Mondié [62] critical values of the delay were determined, while in the article
by O. Santos, S. Mondié¢, V. L. Kharitonov [66] an iterative scheme allowing to
find suboptimal control laws, each successively reducing the value of the quadratic
performance index, was proposed. In the article by E. Jarlebring, J. Vanbiervliet,
W. Michiels [45] the Lyapunov matrices were used to calculate the Hy norm of
the transfer matrix, and in the work of V. A. Sumacheva [10] a scheme allowing to
construct a control law reducing the Hs norm of the transfer matrix was proposed.

To sum up, the Lyapunov—Krasovskii functionals proved to be an extremely
convenient and adaptable tool in stability analysis of time-delay systems with many
different applications. One of the key issues surrounding these functionals is the
necessity to compute the corresponding Lyapunov matrices, which is possible only for
certain classes of systems. Thus, it is important not only to find new classes of time-
delay systems for which it is possible to construct Lyapunov matrices analytically,
but also to develop new approximate algorithms that can be used to obtain Lyapunov
matrices. This is the main subject of this research.

Aims:

e Determine new classes of time-delay systems, for which it is possible to find the
Lyapunov matrices analytically and develop for such systems a theory similar
to that known for systems with one delay.

e Extend the framework of Lyapunov—Krasovskii functionals to control systems
with input delay and obtain exponential estimates on solutions of these systems.

e Develop new constructive methods of computation of Lyapunov matrices for
time-delay systems of general form without assuming their exponential stability.
Find conditions that would ensure convergence of a sequence of approximations
to the nominal Lyapunov matrix.

Scientific novelty. All the results presented in this thesis are new.

Theoretical and practical value of the research. This contribution is
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devoted to the development of the framework of Lyapunov—Krasovskii functionals,
extending the class of systems for which it is possible to find the Lyapunov matrix,
and generalizing Lyapunov—Krasovskii functionals to control systems with input
delay. These results are also of practical interest, since systems with delay are used
to describe biological, mechanical, chemical, and other processes, and also naturally
arise in any feedback control systems.

Scope and structure of work. The thesis consists of six chapters and two
appendices. The first chapter provides a brief summary of the general theory and
is freely referenced in later chapters. In Sections 1.1 and 1.2 the basic concepts for
linear systems with delay are introduced, in Section 1.3 the framework of Lyapunov—
Krasovskii functionals of full type is presented, and in Section 1.4 the concept of
Lyapunov matrices is introduced. In Section 1.5 the method of computation of
Lyapunov matrices for systems with one delay is reviewed, and in Section 1.6 the
definition and main properties of the Kronecker product and the Kronecker sum are
given.

The second chapter is devoted to the issue of computation of Lyapunov
matrices for systems with distributed delay and exponential kernel. For such systems,
in Section 2.2 new boundary conditions for the auxiliary system of linear differential
equations without delay are proposed, and this auxiliary system is used to find the
Lyapunov matrix. In Section 2.3 a constructive method for solving the auxiliary
boundary value problem is described, and in Section 2.4 it is proved that the existence
and uniqueness of the Lyapunov matrix is equivalent to the uniqueness of the solution
of this boundary value problem. These results are illustrated in section 2.5.

In the third chapter an approach to computation of Lyapunov matrices
for systems with distributed delay and exponential kernel by extending their state
space and transforming them into systems of higher dimension with one delay is
considered. In Section 3.1 relationships between solutions, characteristic functions,
and fundamental matrices of the nominal and extended systems are derived. Section
3.2 is devoted to the study of the relations between the Lyapunov matrices of two
systems. In Sections 3.3 and 3.4 extra properties that appear when the Lyapunov
condition is satisfied and when the systems are exponentially stable, respectively,
are investigated. In Section 3.5 examples of systems that admit a Lyapunov matrix,

but no Lyapunov matrix for the extended system exists are given.
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The fourth chapter is devoted to linear control systems with input delay. In
Section 4.1, the Lyapunov—Krasovskii functional for closed-loop systems is proposed.
In Section 4.2, these functionals are applied to obtain exponential estimates on the
solutions. The chapter ends with an example in Section 4.3.

The fifth chapter is devoted to the problem of computation of Lyapunov
matrices for systems with distributed delay and piecewise-constant kernel. In Section
5.2 an auxiliary boundary value problem that can be used to construct the Lyapunov
matrix of such systems is considered. In Section 5.3, the problem of solving this
boundary value problem is reduced to finding a solution to a system of linear algebraic
equations. In Section 5.4 it is proved that the boundary value problem has a unique
solution if and only if there exists a unique Lyapunov matrix. The chapter ends
with an example of applying the boundary value problem to find the critical value of
delay in Section 5.5.

In the sixth chapter the issue of continuous dependence of the Lyapunov
matrices on the right-hand sides of time-delay systems is studied. In Section 6.1,
the space of normalized functions of bounded variation is introduced to describe the
right-hand sides of systems and the main theorem on the convergence of Lyapunov
matrices is stated. The proof of this result is divided in two parts and is given in
Sections 6.2 and 6.3. The issue of continuous dependence of the Lyapunov matrices
on the right-hand sides depending on the topology on functions of bounded variation
is discussed in Section 6.4. Finally, in Section 6.5 the suggested computational
method is demonstrated on an example.

In Appendix A an implementation of the algorithm for computation of Lya-
punov matrices for systems with distributed delay and exponential kernel, described
in Chapter 2 is provided. The implementation of the method for computation of
Lyapunov matrices for systems with distributed delay and piecewise-constant kernel,
presented in Chapter 5, is given in Appendix B.

Approbation. The results of the work were reported and discussed at several
conferences: 47th International Scientific Conference of Postgraduates and Students
“Control Processes and Stability” at the Faculty of Applied Mathematics and Control
Processes, St. Petersburg State University (St. Petersburg, 2016), “XIII All-Russian
Meeting on Control Problems (VSPU-2019)” (Moscow, ICS RAS, 2019) and “15th
[FAC Workshop on Time Delay Systems” (Sinaia, Romania, 2019). The main results
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of the thesis were published in the papers [1,15-18|. Of these, the article [1] was
published in a peer-reviewed journal from the list by Higher Attestation Commission
(HAC), while the articles [15-18] were published in journals indexed by Scopus and
Web of Science.

Basic provisions for defense:

e a method that can be used to find Lyapunov matrices for systems with dis-
tributed delay and exponential kernel constructively;

e an analysis of the approach to the stability analysis of systems with distributed
delay by their transformation to systems with one delay;

e a construction of Lyapunov—Krasovskii functionals of full type for control
systems with input delay and an application of these functionals to obtain
exponential estimates on solutions;

e a method that can be used to find Lyapunov matrices for systems with dis-
tributed delay and piecewise-constant kernel constructively;

e a method that can be used to compute Lyapunov matrices for general linear

time-invariant systems with delay with any specified precision.
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Chapter 1. Lyapunov functional and matrices

In this chapter the main concepts and definitions used in the rest of the work

are introduced.

1.1. General theory

In this work linear time-invariant differential systems with delay are studied.
Forms that can be taken by such systems and the corresponding equations can vary
greatly depending on a particular problem at hand. For example, systems having

one delay are often studied:
z(t) = Agx(t) + Ayz(t — h), (1.1)

where the matrices Ag, A; € R™*" and the delay h > 0. Systems having multiple
delays can also be of interest:

m

B(t) =Y Aj(t — hy), (1.2)
j=0
where A; e R 0 < j<mand 0= hg < hy <...<hy,, = h. Sometimes systems

having a distributed delay term are considered:
0
t(t) = Apx(t) + A1x(t — h) + / G(0)x(t + 0)do, (1.3)
—h

where Ag, Ay € R™" h > 0, and G(0) is a piecewise-continuous function from
[—h, 0] to R,

To avoid the necessity of developing the theory for each of the above types of
time-delay systems and as to not to introduce all the necessary definitions multiple
times, we will have to consider a more general class of systems, such that these three
classes of time-delay systems are merely a special cases of it.

That is, we consider systems of the form

i(t) = /_ AQ(O)a(t +0), (1.4)

where the delay h > 0, and the components of the matrix function @ : [—h, 0] — R"*"

are functions of the bounded variation. It should be noted that the terms under
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the integral sign should be written in that particular order due to their dimensions.
Systems (1.1), (1.2), and (1.3) can be obtained from (1.4) by specific choices of the
kernel @, therefore we will focus for now on systems of form (1.4).

For ordinary differential equations to define a particular solution it is enough
to specify its value at just one point. The form of system (1.4) suggests that just to
find the value of the derivative at one moment ¢ it is necessary to know the solution
at all moments of time preceding ¢ on an interval of length h, that is on [t — h, t].

This observation prompts two definitions.

Definition 1.1. The state of system (1.4) at a moment ¢ is a function x; : [—h, 0] —
R™, defined by x4(0) = x(t + 0).

Definition 1.2. Let a time instance ¢y € R and a function ¢ € PC([—h,0],R") be
given. The initial value problem for system (1.4) is to find a solution z(t) of system
(1.4), such that zy, = ¢. This solution will be denoted by x(t, ¢y, ¢).

Since system (1.4) is time-invariant, once the solution x(t, ¢y, ¢) of the initial
value problem at time ¢ = ¢ is known, x1(t) = z(t+to, to, ) will be a solution of the
initial value problem with the same initial function ¢, yet at the initial time ¢; = 0.
As in the future discussion we will be primarily concerned with the behavior of
solutions as t — 00, henceforth we will consider only solutions with ¢y = 0, omitting
the initial time instance in the notation: that is, we will write z(¢, p) instead of
x(t,0, ).

Finally, let us establish some definitions related to norms. For vectors with

real or complex components the euclidean norm is used: ||z|| = \/|:L‘1|2 o |z
and for matrices we use the operator norm induced by the euclidean norm for vectors,
that is

[All = sup [[Az]|.

lf|=1
Occasionally we will also need a norm for bounded functions defined on the interval

[—h, 0] taking values in R". In such cases we will the uniform norm

lell, = sup [[0(@)]
0e[—h,0]
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1.2. Main definitions

Similarly to systems of linear differential equations without delay, for systems

(1.4) it is possible to define a concept of fundamental matrix.

Definition 1.3. A matrix function K (¢) of dimensions n xn is called the fundamental

matrix of system (1.4), if

%K(t):/i[((t+0)d@<(9)ﬂ t =0,
K(0)=1, K(t)=0, t<O0.

Given the fundamental matrix, any solution z(t, ) of any initial value problem

can be expressed by the Cauchy formula.

Theorem 1.1 (Cauchy formula, [39]). Let ¢ € PC([—h,0],R™) be an initial function.

The solution to the initial value problem with the initial function ¢ has the form

0 0
£t o) = K(£)p(0) + / h /9 K(t — € +0)dQ(0)p(€)d.

As in the case of linear systems of ordinary differential equations, systems with

delay have eigenvalues.

Definition 1.4. The matrix
0
F(s)=sl —/ e*?dQ(8),
—h
defined for all complex numbers s € C is called the characteristic matrix of system

(1.4). Its determinant f(s) = det F(s) is called the characteristic function of system
(1.4).

Definition 1.5. The set of zeroes of the characteristic function A = {s € C :
det F(s) = 0} is called the spectrum of system (1.4), and complex numbers s € A

are called the eigenvalues of system (1.4).

Definition 1.6. We will say that system (1.4) is exponentially stable is there exist
~v > 1 and o > 0 such that for every solution the inequality

lz(t, o)l < e~ llell,, t>0,

holds.
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The relation between eigenvalues and exponential stability is given by the

following crucial result.

Theorem 1.2 ( [20]). System (1.4) is exponentially stable if and only if all its

eigenvalues have negative real parts.

1.3. Lyapunov—Krasovskii functionals

It is difficult to apply theorem 1.2 to test systems for exponential stability
directly, since one would need to find the eigenvalues of system (1.4). The problem is
further complicated by the fact that the spectrum of such systems usually contains
a countable number of eigenvalues, and not a finite number like it is in the case of
systems of ordinary differential equations. Although special algorithms have been
developed for time-delay systems that allow to find the part of the spectrum located,
for example, in a certain rectangle [69], this section will present a fundamentally
different approach to verifying if a system is exponentially stable.

The sufficient condition for exponential stability is given by Krasovskii’s theo-
rem . This strong result established for a considerably general class of systems (not
necessarily linear or time-invariant) will not be needed here in its full form. For

systems (1.4) we will state it in the following way.

Theorem 1.3 (Krasovskii, [5,51]). If there exists a real-valued functional v, defined
on PC([—h,0],R"™), such that

1. a1 |leO))” < v(p) < azllls for some positive ay u o,

2. the value of the functional along the solutions of the system v(x;) is differen-

trable and

dU(SUt)

< OIF. >
pr Bllz@)]”, t=0,

for some B > 0,
then system (1.4) is exponentially stable.

Thus, the problem of verifying whether a system is exponentially stable is
reduction to construction of corresponding functional. For linear systems of ordinary
differential equations & = Az the Lyapunov theory is very well-developed. According
to it, should a positive definite quadratic form w(z) = ! Wax be chosen, then there

exists a function v(z) such that its derivative along the solutions 4v(z(t)) = —w(x),
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and, moreover, this function is also a quadratic form v(z) = 27V z. The matrices V
and W satisfy the Lyapunov equation ATV 4+ VA = —W. Given all that to check
is the system & = Ax is exponentially stable, it is enough to check if the quadratic
form v(x) = 2TV is positive definite.

In the same vein, one can choose a functional w(yp), satisfying the second part
of the Krasovskii theorem, i. e. w(z;) < —8 ||z(®)|?,

v(¢p), such that its derivative along the solutions Lv(x;) would coincide with w ().

and try to find a functional

Like in the case of systems of ordinary differential equations, let us choose a negative

definite quadratic form wy(¢) = —(0)TW¢(0).

Theorem 1.4 ( [41]). If there exists a matrixz function U(t), continuous att = 0

and satisfying the conditions

U'(t) = /_0 Ut +0)dQ(0), >0,

U(_t) - UT(t)a
U'(+0) — U'(—0) = —W,

(1.5)

then for the functional
0 £0
(o) = OUO0) +2570) [ [ U - 0)iQo)eie)as+
—nJo

o[ [ etienaron [[ [vie -6 o+ miawecs

the following equality holds:

d
%UO(%) = wo(x), t>0.

Unfortunately, the functional vg(p) does not admit the necessary quadratic
estimates (cf. example 2.1 from the book [51]). Thus in the article [46] a different

derivative for the functional was suggested:

0

w(i) = —p(0) Wap(0) — ¥ (—h)Wip(—h) — / S OWap(E)de

where Wy, Wi, Wy are three positive definite matrices.
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Theorem 1.5 ( [46]). If there exists a matriz function U(t), continuous att = 0 and
satisfying the conditions (1.5) with W = Wy + W1 + hWhs, then for the functional

o) = vlp) + / ()W + (h+ Wl (€)de,

—h
the following equality holds:
d
%v(:ct) =w(zy), t>0.

Such functionals are called Lyapunov—Krasovskii functional of complete type,
since now their derivative along the solutions involves the full state of the system
x; and not just the value at the final moment z(t). It can be shown that complete
type functionals admit quadratic estimates from both above and below. Nonetheless,
construction of such functionals depends heavily on existence of some matrix function

U (t) satisfying conditions (1.5). Let us now consider this issue.

1.4. Lyapunov matrices

Definition 1.7 ( [51]). Let W be a symmetric matrix. The continuous at t = 0
matrix function U(t) is called a Lyapunov matrix of system (1.4) associated with
the matrix W, if it satisfies the conditions

U'(t) = /_O Ut +0)dQ(0), t> 0,

h
U(_t) - UT(t)7
U'(+0) = U'(=0) = =W,
These three conditions are known, respectively, as the dynamic, symmetric and

algebraic properties.

In the theory of Lyapunov—Krasovskii functionals, the study of Lyapunov
matrices plays the same role as the study of the Lyapunov matrix equation for
ordinary differential equations. The criterion for the existence of Lyapunov matrices
almost verbatim repeats the criterion for the uniqueness of the solution of the

Lyapunov matrix equation.

Definition 1.8. We will say the system (1.4) satisfies the Lyapunov condition if it
does not have eigenvalues symmetric with respect to the origin, that is for any two

eigenvalues s1, so € A their sum s; + s9 # 0.
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Note that if the Lyapunov condition is satisfied, then system (1.4) cannot have
purely imaginary eigenvalues. Indeed, since Q(#) is real, it follows that F/(5) = F(s),
so if sp = 1w, w € R, is an eigenvalue, then sy = —iw = —s¢ is also an eigenvalue.
Hence, assuming that the Lyapunov condition holds, the spectrum A of the system
can be divided into two parts: A, of eigenvalues with positive real parts and A_
having eigenvalues with negative real parts. Note that the set A, is at most finite

( [20], see also corollary 6.3).

Theorem 1.6 ( [41,51]). If system (1.4) satisfies the Lyapunov condition then the

matrix
Ut) =) res[H (s)WH(—s)e "] + )  res,[HT (—s)W H(s)e"]
- HT H(— —tw
+2m’ ;. (WWH(—w)e “duw,

is a unique Lyapunov matriz of system (1.4) associated with W. Conversely, if for
any symmetric matriz W there exists a unique Lyapunov matriz associated with W,

then the Lyapunov condition is satisfied.

It is clear from 1.2 that for exponentially stable systems the Lyapunov condi-
tions is always satisfied and A, = @. Hence, in equation (1.6) only the integral term
will remain and the expression for Lyapunov matrices can be simplified by passing

from the frequency domain to the time domain.

Theorem 1.7 ( [51]). Assume that system (1.4) is exponentially stable, then the
matriz -
Ul(t) = / KY'OWK(t+6)do, t>0,
0
and U(t) = UT(=t) fort <0, is a unique Lyapunov matriz of system (1.4) associated
with W.

Earlier it was mentioned that complete type functions admit quadratic estimates

from above and below. The exact results can be stated as follows.

Theorem 1.8 ( |51]). Assume that system (1.4) is exponentially stable and the
matrices Wy, W1, Wo are positive definite. Then there exist positive By, B2, such that
for all ¢ € PC([—h,0],R") the inequality

0
Bl ()2 + B / EGIR )
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holds.

Theorem 1.9 ( [51]). Assume that system (1.4) satisfies the Lyapunov condition
and the matrices Wy, W1, Wy are symmetric. Then there exist positive o1, 09, such
that for all ¢ € PC([—h,0],R") the inequality

2 0 2
M@S&W@H+@/Hﬂmwﬁ
—h
holds.

Theorems 1.5, 1.6, 1.8, 1.9 imply that the Krasovskii theorem 1.3 is not only
sufficient but also necessary condition for the exponential stability of linear systems

with delay:.

1.5. Lyapunov matrices for systems with one delay

In the following chapters issues related to the construction of Lyapunov matrices
for some classes of systems with delay will be discussed. For a better point of reference,
let us briefly outline the already known results concerning finding Lyapunov matrices

for systems with one delay (1.1).

Lemma 1.10 ( [49]). Let U(t) be a Lyapunov matriz of system (1.1) associated

with a symmetric matriz W. Define two auziliary functions
Zt)y=Ut), V(t)=U(t—h).

Then

Z'(t) = Z(t)Ag+ V(1) Ay, (.7
V/(t) = ATV (t) - AT Z(¢), |

as well as

(1.8)

Z(0) = V(h),
Z(0)Ag+ ALV (h) + V(0)AL + AT Z(h) = —W.

Hence, we can construct an auxiliary system (1.7) with boundary conditions
(1.8) that is no longer a time-delay system. Moreover, among the solutions of this
system Lyapunov matrices are contained. The converse is established by the following

lemma.
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Lemma 1.11 ( [49]). If (Z(t),V(t)) is a solution of system (1.7), (1.8), then the
matriz U(t), defined by

1
v %[Z@y+v%h—w}, t € 0,h],
t pr—
§U%h+ty+ZW—QL t € [—h,0),
is a Lyapunov matrix of system (1.1) associated with W .

So far, no extra assumptions on system (1.1) were given and, quite possibly,
there can be several Lyapunov matrices, associated with W, or, possibly, none at
all. The case when the Lyapunov condition is satisfied and there exists a unique
Lyapunov matrix is much more interesting. In such case the expression for Lyapunov

matrices can be slightly simplified.

Theorem 1.12 ( [49]). If (Z(t),V(t)) is a unique solution of system (1.7), (1.8),
then the matriz U(t), defined by

Z(t), t € [0, hl,

U(t) =
ZT(—t), te€[—h,0),

is a unique Lyapunov matriz of system (1.1) associated with W .

Therefore, if the auxiliary system has a unique solution, then the Lyapunov

condition is satisfies. The converse is also true.

Theorem 1.13 ( [49]). Auziliary system (1.7) with boundary conditions (1.8) has a

unique solution if and only if the Lyapunov condition holds.

[t can be concluded that the boundary value problem (1.7), (1.8) completely

solves the problem of finding Lyapunov matrices for systems with one delay.

1.6. Kronecker sum and product

In the future we will need the notion of the Kronecker product and sum. Let

us recall the related concepts.
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The Kronecker product of matrices M u N is denoted by M ® N and defined
by
mpN ... myN
M®N = T
mpuN ... myeN
where m;; are the components of the matrix M. Note that if matrices M, N, S, T

are of such dimensions that the products M S and NT are valid

miyN ... myN sul ... s, T
(MRN)(S®T)= : : : : =
muN ... myN spl ... 84T
q q
/Z mysiNT ... Z mlisiTNT\
i=1 i=1

= : : =MS ® NT.

q
mpiSﬂNT RPN q mpisirNT
\ /

1=1 i=1

We will write vect X to denote the vector obtained from the matrix X by
stacking its columns on top of one another. Matrix vectorization and the Kronecker

product are related by the identity
vect(AXB) = (BT ® A) vect X.

Let us prove that eM®! = eM @ . Indeed,

(e.¢]

ver s~ (M®I) Mi®I = M
I I )

- - —lel=c"al
= L = =0 7

Similarly, e!*M = T @ M.

We will also need the Kronecker sum of two square matrices M of dimensions
m X m and N of dimensions n X n, defined as M & N = M ® I, + I, ® N.
The main property of the Kronecker sum is its relation to the matrix exponent

MoON _ oM g N

Indeed, since (M ® I,)(1,, ® N) = M @ N = (I, ® N)(M ® I,), it follows

e

that
MEOLATLEN _ MEI, Jn®N _ (eM @ L) (I, ® eN) Mg N
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Chapter 2. Lyapunov matrices for a class of systems

with exponential kernel

In this chapter we consider the problem of construction of Lyapunov matrices
for systems with distributed delay and exponential kernel. We examine the auxiliary
problem introduced in the paper [48] and present new set of boundary conditions. We
show that new auxiliary problem can used to reproduce for systems with exponential

kernel all results obtained in the article [49] for systems with one delay.

2.1. Preliminaries

In this chapter we consider systems of the form
mo .0
x(t) = Aoﬂf(t) + Alﬂﬁ(t — h) + Z/ 771((9)3133(25 + 9)d9, (21)
i=1 7N

where x(t) € R", h > 0, there matrices Ay, Ay, B; are real of dimensions n X n, and

the scalar functions 7;(0) satisfy the system of linear differential equations
ni(0) = Z%‘jﬁj(e); a; €R, 1=1,2,...,m.
j=1

Let n(0) = (n(0), ..., nm(9))1, and

ann Qa2 ... Qqmy

921 Q99 ... 2m
A=

Um1 Om2 ... Qmp

Clearly, /() = An(f), hence n() = e4n(0). For this exact reason, we say that the
kernel is of exponential type. Note that systems of form (2.1) also include systems
with polynomial kernels.

Definition 1.7 for systems (2.1) has the form:

Definition 2.1. The continuous at ¢ = 0 matrix function U(t) is called a Lyapunov

matrix of system (2.1) associated with a symmetric matrix W, if it satisfies



148

1. the dynamic property: for £ > 0
mo .0
Ut)=U{t)Ag+ U(t — h)A; + Z/ ni(6)U (t + 0)B;db,
i=1 7~

2. the symmetric property: for ¢ > 0
U(—t) = U (1),
3. the algebraic property:
U'(+0) - U'(-0) = —W.

We consider the issue of finding of Lyapunov matrices for systems (2.1) con-

structively.

2.2. Auxiliary system

Similarly to the case of systems with one delay, in the paper [48] an auxiliary
boundary value problem was introduced. It was shown that if a Lyapunov matrix

exists it is also a solution of this problem, that is the following was proven:

Lemma 2.1. Let U(t) be a Lyapunov matriz associated with W. Define

0
20 =06, Xl = [ n@U(E+ o)

" (2.2)
V() =Ult- ). Yitt) = [ o)t oy,
—h
where it =1,...,m.
Then
( Z'(t) = Z(t)Ag + V(1) Ay + i Xi(t)Bs,
V'(t) = —AfV(t) — AT Z(t) — Em: BlY;(t),
) = (2.3)
Xz/(t) - WZ(O)Z(t) - nz(_h)v(t) - Zaszj(t)a 1<:1< m,
Y/(t) = ni(=h)Z(t) —m(0)V (t) + Z%Ya(t% l<i<m,
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and
[ 2(0) = V(h),
X;(0) =Y (h), 1<i<m,
q Yi(0)=XT(h), 1<i<m,
Z(0)Ag + AJV(h) + V(0) A1 + Af Z(h) + zm: [X:(0)B; + B/Y;(h)] = -W.

(2.4)

The main idea is, of course, to apply system (2.3), (2.4) to find the Lyapunov
matrices. However, in contrast to the case of systems with one delay, the paper [48]
does not provide results that guarantee that one can construct the Lyapunov matrix
from a solution of the boundary value problem (cf. lemma 1.11). Moreover, it
was shown in [14] that for the example considered in [48], the solution to the
boundary value problem is always not unique, that is, such results cannot be obtained.
Comparing (1.8) and (2.4), we observe that for systems with one delay, boundary
conditions arise quite naturally, while for systems with exponential kernel they seem

to be chosen rather arbitrary. Therefore, we consider new boundary conditions:

X,(0) = / OV (08, 1<i<m (2.50)
Xi(h) = /_ im(@)Z(the)d@, 1<i<m, (2.5b)
Yi(0) = /_ Zni(Q)V(—Q)dQ, L<i<m, (2.5¢)
Yi(h) = /_ Zm(e)Z(—H)de, I<i<m. (2.5d)

We first show that conditions (2.5) are, in fact, not independent. Let us adopt

the notation

Lemma 2.2. Any solution (Z(t),V(t), X(t),Y (t)) of system (2.3)
1. satisfies (2.5a) if and only if it satisfies (2.5b),
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2. satisfies (2.5¢) if and only if it satisfies (2.5d).

Proof. The proofs of statement 1 and 2 are fairly similar, so we only show that the
lemma holds for X(¢).
Using the Kronecker product, we rewrite (2.5a), (2.5b) and the system of
equations for X;(t) from (2.3) as
0 0
X(0) = / n(0) @ V(h+0)do, X(h) — / n(0) ® Z(h + 0)do.

X'(t) =n(0) ® Z(t) = n(—h) @ V(t) — AX(t),

where A = A® I. Since e = ¢4 ® I, we have
X0 = *x0)+ [ [eA g f] (0) ® Z(€) — n(—h) & V(©)] d =
X0+ [ [0 26 - A On-) & V(©)] de =

— X (0) + /_h O+ h—4) @ Z(h+0) — (0 — ) @ V(h+0)] db.
(2.6)

If conditions (2.5a) hold, then

0

e (0) = [ @ 1] / 0(8) @V (h +0)d6 —
—h

0
_ / 00— h) @V (h+6)do.
~h
which together with (2.6) implies (2.5b).
Conversely, if conditions (2.5b) are satisfied, then

0
X(h) = /h n(6) ® Z(h + 0)do

. /0 (6 —h) @ V(h + 6)do+

t [ w0 e 200w -n @ V0w
—h

Comparing this equation with (2.6), we obtain

0 0
X(0) = eAh/ n(0 — h) @V (h + 0)d0 — / n0) @V (h+0)ds.

—h —h
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Corollary 2.3. Any solution (Z(t),V(t), X (t),Y (t)) of system (2.3), (2.5) satisfies

X;(t) = /__t ni(0)V (t+ h+ 0)do + /0 n:(6)Z(t + 0)do,

h —t

Yi(t) = /_th_h ni(0)Z(t — 6 — h)do + /:h i (0)V (t — 0)do.

Proof. Indeed, from (2.6) and (2.5a) we obtain the expression for X (¢). The second
part of the corollary can be established similarly. |

Lemma 2.2 implies that there are four equivalent choices of boundary conditions:
(2.5a) and (2.5¢), (2.5a) and (2.5d), (2.5b) and (2.5¢), (2.5b) and (2.5d). Keeping
the first and the last boundary condition from (2.4):

~W = Z(0)Ag + ATV (h) + V(0) A + AT Z(h) + ) _ [Xi(0)Bi + B Y(h)] ,

(2.7)
and using, for example, conditions (2.5a), (2.5¢) we get 2m + 2 conditions on 2m + 2
matrix functions (Z(t), V(t), X(¢),Y(¢)). For simplicity from now on we assume
that all boundary conditions (2.5) hold, without specifying one of the four equivalent
choices.

The following assertion is obvious.

Lemma 2.4. Let U(t) be a Lyapunov matriz of system (2.1) associated with W.
Then auxiliary functions (2.2) satisfy boundary value problem (2.3), (2.5), (2.7).

Therefore, we obtained a new auxiliary system. Let us show that it can be

used to obtain Lyapunov matrices.

Lemma 2.5. If there exists a solution of (2.3), satisfying (2.5), (2.7), then the
matriz function U(t), defined by

Ut Z(@t)+VI(h—t)], tel0,h]
(V(h+1t)+ ZT(-t)], te[-h,0),

DO | =N | =

is a Lyapunov matriz of (2.1) associated with W
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Proof. By definition, UT (t) = U(—t) for all ¢ # 0, let us show that it holds also for
t=0: . .
U0) = 5 [20)+ V)] = 5 V(R + 2" (0)] = U7 (0).

Hence, U(t) satisfies the symmetric property.
Consider ¢t € (0, h], then
U'(t)=Ut)Ay+ U(t — h) A, + Z )+ Y (h—t)] B,

Corollary 2.3 implies

% (Xi(t) + Y (h—1t)] = %/t mi(0) [V(h+t+0)+Z7( 0)] do+
—h
+%/_tm(e) (Z(t+0)+ VI (h—t — 0)] do =
_ / " Ot + 0)db.
“h

These equalities imply the dynamic property:
U't)=Ut)Ag+ Ut —h A1+Z/ ni(0)U (t + 0)B;do.

Finally,

20 = V)] - 5 [Vi(h) - 27(0)] =

2/0) = V() + 5 1Z(0) ~ V()" =

U'(4+0) — U'(—0) =

| — DN —

1 1
=W —--Wr'=-W,
2 2 ’

and the algebraic property also holds, that is U(t) is a Lyapunov matrix of system
(2.1) associated with W. H

Using lemma 2.5 we can obtain Lyapunov matrices from solutions of the
auxiliary system. This already considerably improves upon results of the paper [48].
In what follows we will show that the new auxiliary system can be used to fully

replicate the results for systems with one delay.
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Theorem 2.6. Assume that system (2.3) has a unique solution, satisfying (2.5),
(2.7), then the matriz function U(t), defined by

U(t) =

is a unique Lyapunov matriz of (2.1) associated with W .

Proof. First, we show that functions

also satisfy the same boundary value problem. Then, as there is only one solution,

the statement of the lemma would follow from lemma 2.5.

Indeed,

Z'(t) =V (h—t)Ag+ Z"(h — 1) A + Em: Y (h—t)Bi =

1=0

= Z(H) A+ V() A+ > Xi(t)B
i=0

VI(t)=-ATZ(h—t) = ATV(h—t) = Y BI'X;(h—t) =
— —ATV(t) - AT Z(1) Z BTXZ

Xi(t) =mO)\V (h—t) = ni(—=h)Z" (h —t) — f; 0¥} (h —t) =
= 0:(0)Z(t) — mi(—=h)V (t) — Em; i X;(t

Y/ (t) = ni(=h)V'(h —t) = 0:(0)Z" (h — t) + Z aii X[ (h—t) =

= ni(=h) Z(t) = (O)V (t) + Z ;Y (t
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The boundary conditions are also easily verified
Z(0) =V'(h) = Z"(0) = V(h),

Z(0) Ao+ ATV (h) + V(0) A, + ATZ(h) + Y [XZ 0)B; + BTY(h)}
=1

= VT (h) Ay + A Z7(0) + Z"(h) Ay + ATVT(0) + > [V (h)Bi + BI X[ (0)] =
i=1
= -—wl=—-w,
%.(0) = / ni(0) 27 (—0)d = / 0 (6)V (h + 6)d6,
—h —h

70 = [ w(@2" (000 = [ w7 (o0

Here, we applied 2.2 after verifying two sets of boundary conditions from (2.5).
Hence, U(t) is a Lyapunov matrix of the system. The uniqueness follows
from the uniqueness of the solution of the auxiliary system. Indeed, by lemma 2.4
equations (2.2) defined a solution of the auxiliary boundary value problem. The
auxiliary matrices are different for different U(¢), and so there are cannot be two

different Lyapunov matrices. |

From a practical standpoint, it is most interesting to consider the case when
the Lyapunov matrix exists and unique. It follows from the previous theorem that to
this end it is sufficient for the auxiliary system to have a unique solution. Therefore,
it is important to find out when this happens. If we can show that it is, in fact,
equivalent to the Lyapunov condition, then we will establish that the uniqueness of
the Lyapunov matrix is equivalent to the uniqueness of the solution of the auxiliary
system with boundary conditions. Thus, it will be shown that the boundary value

problem is well posed. Let us first establish some intermediate results.

2.3. Matrix representation of the auxiliary system

We start by showing that the auxiliary problem (2.3), (2.5), (2.7) can be
reduced to solving a system of linear algebraic equations. Thus, we will also obtain

a simple method for solving the auxiliary boundary value problem, which, while
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probably being not the most efficient numerically, is theoretically convenient. Define

z(t) = vect(Z(t)), 1 (t) (1)
v(t) = vect(V (t)), To(t) yo(t)
z(t) = , t) =
yilt) = veet (Yi(1). wn(f) ()
Vectorizing system (2.3) we obtain
z(t) Ao Ay B 0 2(t)
i y(t) _ —2[1 —Q[() 0 —% y(t) (2 8)
dt | x(t) n0)©l —n(-h)ol —A®I 0 w(t) | |
y(t) n(—h)®I -0l 0 A1) \y(t)

where
A=Al oI, A =AT®I,
Ao =T AL, A =T® AT,
B=(BlwI ... BLal),
B—(1oB] ... 19B])

Let L be the matrix of that system, then the boundary conditions have the form

2(0) 0
0) @ Eelt0) 0 0
M- / ne) @ Ee a0+ nett| | VO] 2 - L (2.9)
n(0) ®56 Lo z(0) 0
| 1 \w(0) vect W

with

&= (On2><n2 In2 OnQan2 Onzxmn?)a

I 0 00O 0 -7 00
O 0 IO 0O 0 0O
M — s N —
O 0 0 [ 0O 0 0O
AO -Al B O Qll Q[o 0 B

Thus, to solve the boundary value problem it is enough to find the values
(2(0),4(0),x(0),y(0)) from equation (2.9). Let us show that the integral term can

be reduced to the computation of the matrix exponent.
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Lemma 2.7. For any square matriz L and any matriz B of suitable order the

following holds:
t
o B\ _(IB / e'"dr
ex =
p 0 I 0

0 eLt

Proof. Power series for exponential can be integrated term-by-term, therefore

OBt 10+°°tkOBLk—1
ex = — =
"lo ¢ 07/ <=k\o L*

00 tk—H y ;
I Bk;o(k_|_1)!L 1 B/ el dr
0 S —LF 0 ekt

o K

Using this result, we can show that
0 [,®& ) 0 B f_oh n(0) @ £+ dp
0 AL n(—h) ® I n(0) ® ek’ 7
0 —1,& " 0 fghn(ﬁ) ® Ee 10do
exp | — = .
0 A (—L) n(0) ® I, n(—h) @ el"
For example, the first equality can be shown as follows.
0 I,,®& h 0 B
0 AL n(—h) ® I

_ /Oh(lm ® E)(e" @ e™)(n(—h) ® L)dt
(et @ ey (n(—h) @ 1))

exp

exp

0
/ n(0) @ EeX g
= —h

n(0) ® e

)

where we used the equality e +)pn(—h) = n(6).

2.4. Uniqueness of solutions

In the previous section the problem of computation of solutions to the auxiliary

system was reduced to the problem of solving system (2.9). But a system of linear
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algebraic equations has a unique solution if and only if the homogeneous system
has only trivial solution. As such, to answer the question whether the Lyapunov
condition is equivalent to the uniqueness of solution to (2.3), (2.5), (2.7) we first

must consider solutions of auxiliary systems with W = 0.

Lemma 2.8. Let (Z(t),V(t), X(t),Y (t)) be a solution of system (2.3), satisfying
(2.5), (2.7) with W = 0. Then for all t € R the equality

Z(t)=V(h+1)
holds.

Proof. Equation (2.8) implies that any solution of (2.3) is a matrix function, whose
components are analytic functions. Thus, any solution has derivatives of all orders
and linearity of system (2.3) implies that (Z'(¢t), V'(t), X'(¢), Y'(t)) is also a solution
of this system.

We will now show that the boundary conditions with W = 0 are also satisfied
by the derivatives. From (2.3), (2.7) and W = 0 we have

Z'(0) = V'(h) = Z(0)Ag + ALV (h) + V(0)A, + AT Z(h)+

+ 3 [X:(0)B: + BIY;(h)] =0,

so Z'(0) = V'(h). Using integration by parts we get

/ ni(O)V'(h + 0)d6 = n;(0)V (h) = ni(=)V(0) = > "y [ 0;(0)V (h + 6)db =

0 :1m 0
| nOV' (=030 = @)V (O) + (V) + Yo | (0030 -
= n(=R)Z(0) =m0V (0) + 3 a¥5(0) = ¥/(0).

which together with 2.2 implies that conditions (2.5) are also satisfied. Let us show
that

S=27'(0)Ag+ ALV (h) + V'(0) A, + AT Z'(h) + Em: [X/(0)B; + B!'Y/(h)] = 0.

i=1
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Note that
Z'(0)Ag + ALV'(h) = V'(h) Ay + AT Z'(0)

and using the equality V' (h) = Z(0) and expressions for derivatives from (2.3) we

obtain

§= 37 [XU0) + ATX0) + ATX ()] B S BT V() — ¥ith) Ay — Yi(0) A

1=1 1=1

Now we transform the expressions in square brackets:
X;(0) + Ag Xi(0) + Aj Xi(h) =

= /O ni(0) [V'(h+0) + AGV(h+0) + Al Z(h + 6)] df =
—h

m 0
:—ZBf/ i(0)Y;(h + 60)do,

h

= [ m(O)[2'(=0) = Z(=6) 40 — V(=) Ar] 8 -
mo .0
; / h (—0)d6OB;.
Thus
m m 0 m.m 0
S:—ZZBJT/ i (6) (h+6)d6Bi+ZZBZT/ ni(0)X(—0)doB; =
i=1 j=1 —h i=1 j=1 —h
:—ZZBJ.T/_hm(e)Y(hw)deB +ZZB§’/_hn—-(9)X( 0)do B;

[t remains to show that

[ nwcow= [ awyio s ow,

h —h

Indeed, by corollary 2.3 after changing the order of integration we get
0
| n)xi(=0pa0 -
0 0 0
~ [ o[ weveorn+ga+ [Tnez-o+ e -

h
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= [ @[ [ wowore-om [ o)z ow)] de -

= [ oy + o

h

Therefore, § = 0, and it follows that all boundary conditions are satisfied by
the derivatives. We obtain by induction that (Z®)(¢), V®)(¢), X®)(¢), Y®)(t)) is a
solution of (2.3), (2.5), (2.7) with W = 0 for all £ > 0. In particular, for all £ > 0

we have
Z®(0) = V¥ (h).

But then two analytic functions Z(t) u V' (h + t) together with all their derivatives

coincide at t = 0, and thus are equal. |

From lemma 2.8 and corollary 2.3 we obtain the following:

Corollary 2.9. Let (Z(t),V(t), X (t),Y (t)) be a solution of (2.3),(2.5), (2.7) with
W = 0. Then for all t € R we have

Xi(t) = /_ " 6201 0)d8,  Yi(t) = / " OVt — 0)d6.

h —h

Now we have everything we need to establish the equivalence of the Lyapunov

condition and the uniqueness of the solution to the boundary value problem.

Theorem 2.10. The following statements are equivalent:
1. There exists a unique solution to auxiliary system (2.3), (2.5), (2.7).
2. There exists a unique Lyapunov matriz associated with W.

3. System (2.1) satisfies the Lyapunov condition.

Proof.

In theorem 2.6 it was shown that statement 1 implies statement 2. The fact
that statements 2 and 3 are equivalent is known for all linear time-invariant delay
systems (theorem 1.6). We are going to show that statement 3 implies statement 1
or, to be precise, that that if condition 1 is not satisfied then the Lyapunov condition
does not hold. As was noticed earlier, the auxiliary system is equivalent to linear
algebraic system (2.9). Hence, if solution of the auxiliary system does not exist, or is

not unique, then the corresponding homogeneous system has a non-trivial solution.
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Therefore the auxiliary system with W = 0 system (5.5), (5.6) with W = 0 admits
a non-trivial solution (Z(t),V(t), X (¢t),Y (t)) # 0.
For this solution lemma 2.8 and corollary 2.9 imply that

V(t)=Z(t—h)
0
Xi(t) = / 0)2(0+0)d8

v = [ wowi—ow

It follows that Z(t) # 0 (otherwise the solution would be trivial). Similarly, V' (¢) # 0.
Every solution of (2.3) can be represented as

174 v

Z(t) =Y e™Pit), V()= e+ Qut),
= =l (2.10)
Xi(t) =) e Ry(t), Yi(t) =)  eMSi(t),
k=1 k=1
where 1 < i < m, sq,89,...,5, are distinct eigenvalues of (2.3), Px(t), Qx(1),

Rik(t), Sir(t) are polynomials with matrix coefficients. Since Z(t) # 0, for some d,
the polynomial Py(t) # 0, that is Py(t) = t'Py + ...+ P ¢ Py # 0. Therefore,

v

V(t)=Z(t—h) =) _e*e Pyt — h),

k=1

and deg Q4(t) = [ and and its coefficient for # has form Pye *". Moreover

Xi(1) :/0 (0)Z(t+6) dQ—Zeskt/ 0)e™ 0Py (¢ + 0)do),

—h

v = [ oo de—z “ [ ey - oo

so deg Riq(t) <1, deg Sig(t) < I, and the leading coefficients of Riq(t), Sia(t) are

0 0
/m(Q)eSdedQPg, e_sdh/ n;(0)e P dh P,

h —h

respectively. Substituting expression (2.10) into system (2.3) we get

Z e [y Pr(t) + Py(t) Z e
=1

k=1

Pr(t)Ao + Qu(t A1+2Rm :

=1
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v

> e (s, Qi(t) + Q(t) Z s ATP(t) + AT Qi) + Z B Sy (t)
k=1 k=
Since all eigenvalues s, ..., s, are distinct, the preceding equalities imply that

saPa(t) + Py(t) = Pa(t) Ao + Qu(t) A1 + > Ria(t)B

1= 1

—54Qa(t) — Qy(t) = AT Pa(t) + Aj Qu(t) + Z B Sialt)
Therefore, for terms with degree [ we obtain

m 0
SdPO = Po AO + €_SdhA1 + Z/ ni(Q)esdeBidH
L —h

—sge S Py = e % py.

m_ 0
e AT + AT + Z /h ni(0)e " Bl do

As Py # 0, it follows that

mo a0
det [Sdl — Ay —e S A — E / m(@)esdaBZ-dH =0,
— J-h

m.o .0
det [sdl — Ay — e A, — Z/ ni(Q)e_sdoBidé =0,
— J-n

therefore both s; and —s,; are eigenvalues of system (2.1). It follows that the

Lyapunov conditions does not hold, as required. |

2.5. Example

We consider the example from the paper [48]:
0
(t) = Apgx(t) + Ayz(t — 1) + / [sin(70) By + cos(ml) Bs|x(t + 6)dd,  (2.11)
-1

where
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[t was shown in the article [14] that the auxiliary system presented in [48] admits
multiple solutions (in fact, there are four linearly independent solutions of the
homogeneous system), even though system (2.11) satisfies the Lyapunov condition,
that is for any symmetric matrix W there exists a unique Lyapunov matrix. Thus,
the boundary value problem from the article [48] cannot be used for computation of
the Lyapunov matrix, and the graph of the components of the Lyapunov matrix in
the article is not reproducible.

Let us consider the approach presented in this chapter. The auxiliary system
(2.3) has the form

(

Z(0) =V (h),
X1(0) = /_(jl sin(w@)V (h + 6)d#,
X5(0) = /_(:l cos(m@)V (h + 0)do,
0
Y Yi(0) = /hsin(7r@)V(—9)d0,
70
¥3(0) = /_ cos(m)V (~6)d,

Z(0)Ag+ ALV (h) + V(0)AL + AT Z(h)+
+ X1(0)B; + BIYi(h) + X5(0)By + BIYy(h) = —W.

\

The real Lyapunov matrix (2.11) associated with W = [ is depicted in Figure
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-0.2 - .

t

Figure 1: Components of the Lyapunov matrix U(t), Uy (t) = Uss(t)
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Chapter 3. Extension of state space and Lyapunov

matrices

In this chapter we characterize the approach suggested in the paper [3§]
to construct the Lyapunov matrices for systems with distributed delay by their

transformation to systems with one delay.

3.1. Basic properties
Consider the system
0
t(t) = Aox(t) + Arz(t — h) + / CerBx(t 4+ 0)dd, t >0, (3.1)
—h

where x(t) € R", Ag, A1 € R™" A e R™"™ B e R™" and C' € R"™™.
As in the case of the previous chapter, the kernel of system (3.1) is of exponential

type. Hence, firstly we establish the relationship between the systems of form (2.1)
and of form (3.1).

Lemma 3.1. Every kernel Q(0) = Ce’ B admits a representation of form
Q) => mi(6)Bi, 1/ (8) = An(0), (3.2)
i=1

and conversely, any kernel of form (3.2) can be rewritten as Q(0) = Ce4?B. Here,
n(0) = (m(0),....nm(0))".
Proof. Consider the kernel Q(6) = Ce?B. Tt is well-known that

6A9 = Z ni(e)Ai_17
=1

moreover there exists a real matrix A, such that 1’(#) = An(6). Therefore,

> ni(0)A!
=1

Conversely, for kernel (3.2) we have

Q) =C B= zn:m(e)CA"‘lB.

i=1
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=B ... Ba|(en(0) @ 1) =
=B .. B (Mo 0O 0 1) =
= :Bl Bm: e [n(0) @ 1. -

In the paper [38] the following idea was suggested. Introducing new state

variables

y(t) = /_i e Bx(t + 6)d6, (3.3)

we may rewrite system (3.1) as

{:‘c(t) = Aox(t) + Cy(t) + At — h), (3.4)

y(t) = Bx(t) — Ay(t) — e " Bx(t — h).

System (3.4) has only one delay, therefore we can apply the results of the first chapter
to find its Lyapunov matrix. Nonetheless, in the article [38] it was mentioned that
the relation between the Lyapunov matrices of nominal system (3.1) and extended
system (3.4) is not obvious. We also note that the Lyapunov matrix of system (3.1)
has dimensions n x n, while for systems (3.4) the corresponding dimensions are
(n+m) X (n+m). Therefore, the Lyapunov matrices of these systems are associated
with matrices W € R™" and W € Rm)x(n+m),

We start by establishing connections between solutions of these two systems.

Lemma 3.2. Let ¢ € PC([—h,0],R") and ¢ be any function from PC(|—h,0],R™)
such that

¥(0) = /0 e Bo(6)df. (3.5)

h
Then x(t) is a solution of system (3.1) with the initial function  iff for some y(t)

the pair (x(t),y(t)) is a solution of system (3.4) with the initial functions (v, ).

Proof.

Necessity. Defining y(t) by (3.3) for ¢ > 0 and by y(t) = ¥(t) for t € [—h,0)
we immediately notice that (x(t),y(t)) is a solution of system (3.4) with the initial
functions (i, ).

Sufficiency. By the variation of constants formula we obtain from (3.4) that

y(t) = e 4(0) + /t eA0D[Bx(0) — e A Bx(d — h)]db.
0
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Replacing ¢(0) with (3.5), after some computations we get

y(t) = /_(; e’ Bx(t + 0)d6.

Substituting this in the first equation of (3.4), we see that x(¢) is a solution of system
(3.1). |

The relationship between the characteristic functions of the two systems is

quite indicative. Before proceeding, however, we adopt the following notation:

Ay C A 0 t
A= , A= ) 2(t) = (0 )
B —A — "B 0 y(t)
Therefore system (3.4) has the form

A1) = Aoz(t) + Ar2(t — h).

We also denote the characteristic functions of the nominal and extended systems

by fi(s) and fo(s), respectively:

fi(s) =det |sI — Ag — e " A} — /(; eseCeAeBcw] :
fa(s) = det [s[ — Ay — e_ShAl} .
Lemma 3.3. The characteristic functions of systems (3.1) and (3.4) satisfy
fa(s) = fi(s) det[s] + A].

Proof. Notice that

0

—B+e e MB = —(sI + A) / et e Bk,
—h
hence
DS e A — [V eCeMBde —C I 0
e 9
0 sI+ Al | = [° eXeBde 1
and the result follows by taking determinants of both sides. |

Corollary 3.4. System (3.4) is exponentially stable if and only if system (3.1) is

exponentially stable and all eigenvalues of the matriz A have positive real parts.
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Corollary 3.5. System (3.4) satisfies the Lyapunov condition iff the following
conditions hold:

(A) system (3.1) satisfies the Lyapunov condition,

(B) system (3.1) and the matrix A have no common eigenvalues,

(C) the matriz A has no eigenvalues symmetric with respect to the origin.

Therefore, the extended system may not be exponentially stable even if the
nominal system was. Similarly, if the nominal system satisfies the Lyapunov property
and there exists a unique Lyapunov matrix for any W, system (3.4) may not satisfy
the Lyapunov condition and a Lyapunov matrix of the extended system exists not
for all W. In what follows we will show that under certain assumptions it is still
possible to reduce the computation of Lyapunov matrices of the nominal system to
the obtaining a Lyapunov matrix of the extended system.

We will also need the relationship between the fundamental matrices of the

nominal and extended systems.

Lemma 3.6. Let K(t) be the fundamental matriz of system (3.1), then the funda-
mental matriz KC(t) of system (3.4) has the form

K (t) K12(t)]

i) = [Kgl(t) Ko (1)

where

0
Kgl(t) = / 6AaBK(t—|—9)d0,
—h

0 t+6
Ky(t) = e + / e’ B [ / K(t+60—71)Ce dr| db.
h 0

Proof. Since for columns of K11(t) and Ko (t) condition (3.5) holds, the expressions

for these two blocks follow from lemma 3.2. Since
KéQ(Zf) = BKlQ(t) — AKQQ(t) — G_AhBKlg(t — h),
we can use the variation of constants formula for Koo(t) to get

t t
Koo(t) = e A Kg(0) + / AT BK o (T)dr — / AT BE (1 — h)dr =
0 0



168

0
= G_At + / €A9BK12(t + 9)d9,
—h

as K92(0) = I, and Kj5(t) = 0 for ¢t < 0. Therefore,
0
Kiy(t) = AgKis(t) + AiKip(t — h) + / Ce BKy(t + 0)do + Ce ™.
~h

The Cauchy formula [20] for time-delay systems yields the expression for Ki(t) and
the expression for Ky () readily follows. H

3.2. Lyapunov matrices of the nominal and extended systems

Similarly to solutions, fundamental matrices and characteristic functions we
would like to find relations between Lyapunov matrices of the two systems under
consideration. The first problem we have to address is the choice of W. Indeed,
Lyapunov matrices of system (3.1) depend on the choice of a symmetric matrix W
having n(n + 1)/2 parameters, while for system (3.4) we must choose (n + m)(n +

m + 1)/2 parameters for a symmetric YW. To this end, we define the mapping

T W Onxm
W»—>W[ ],

Oan Om

and simply set W = W. The next lemma will be crucial in the further analysis,
revealing the structure of the Lyapunov matrices of the extended system associated
with W.

Lemma 3.7. Any Lyapunov matriz of system (3.4) associated with W has the form

Uni(t) Usa(t)

utt) = Uni(t) Us(t)

Y

where U1y (t) € R™" and

t

Ulg(t) = U12(0)€7At + Ull(T)CeA(Tit)dT,

t

Uzl(t) = 6ATtU21(0) — GAT(tiT)CTUH(T)dT,

t

ng(t) = €ATtU22(O) — GAT(tiT)CTUlg(T)dT.

S— S S—
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Proof. The dynamic property can be written as

Ul (t) = Upn(t)Ag + U () B + Uy (t — h) Ay — Upa(t — h)e "B,

Ulo(t) = Up1(t)C — Upa(t) A, (36)
Uby(t) = Upi (t) A + Usa(t) B + Usy (t — h) Ay — Upy(t — h)e "B,

Uss(t) = Uai (t)C — Una(t) A,

Using the symmetry property we obtain for ¢ < 0 that

Usy(t) = —=CTU (1) + ATUy (1),
Uso(t) = —CTU(t) + ATUxp(t),

therefore S(t) = Usi(t) u T(t) = Usa(t) for t < 0. We want to show that these
relations also hold for all £ > 0.

Consider
t
S(t)Ay+ T(t)B = e [S(0)Ay + T(0)B] — / e N CT U (1) Ay + Uro(7) Bldr,
0

furthermore,

similarly,
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Hence,

t
S(t)Ag+T(t)B+ S(t—h)A, —T(t —h)e "B = — / AUl (1) dr+
0
+e"[S(0)Ag 4+ T(0)B + S(—h) Ay — T(—h)e “"B].
Since S(t) = Us1(t) and T'(t) = Uxa(t) for non-positive ¢, the expression in square
brackets is Uj;(40). Integrating by parts, we get

t
—/ eAT(t*T)C'TUh(T)dT:
0

t
= —CTUll(t) + GATtCTUH(O) - AT/ GAT(tiT)CTUH(T)dT =
0

= GATtCTUH(O) — GATtATUgl(O) + ATBATtUzl (0)—

t
— CTUn(t) — A" / AT (1) dr =
0

— —eMU (—0) + S(1).
But then,

S(t)Ag+ T(t)B + S(t — h)A, — T(t — h)e "B =
= S'(t) + e ' U3, (+0) — Uy, (—0)] =
= S'(¢t),

as Us,(4+0) = U}, (—0) by the algebraic property and the form of W.
Moreover,

S()C — T(H)A = e [S(0)C — T(0)A] — / t A T UL (7)C = Uns(7) Aldr =
0

t
= eATtUéz(—FO) — / eAT(t_T)CTU{Q(T)dT =
0
= AU (+0) — Uby(—0)] + T'(t) = T'(#).

Thus, the functions (U1 (t), Uia(t), S(t), T'(t)) satisfy system (3.6). They also coincide
with the solution (Uyy(t), Uia(t), Uai(t), Usa(t)) of system (3.6) on [—h, 0]. Therefore,
by the uniqueness theorem for time-delay systems [51] we have for ¢ > 0 that
Usi(t) = S(t), Usn(t) = T(t), as required. The expression for Us(t) follows easily

from the symmetric property. |
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Remark 3.1. From the symmetric property we also have
t

U22(t) = UQQ(O)G_At + / UZI(T)CGA(T_t)dT,
0

Henceforth we will use the notations of lemma 3.7 to denote blocks of U(t).

Theorem 3.8. Assume that there exists a Lyapunov matriz U(t) of system (3.4)

associated with W, then Uy1(t) is a Lyapunov matriz of system (3.1) associated with
w.

Proof. Since Uy (t) is the upper left block of the matrix ¢(t), the symmetric and the
algebraic properties for U(t) imply that the symmetric and the algebraic properties
hold also for Uyy(t). Furthermore, by lemma 3.7 we have

t
Uia(t)B — Upa(t — h)e "B = / Uy (1)Cer" Y Bdr,
t—h

therefore,

0

UL () = U () Ag + Uni (t — h)A; + / Ui (t + €)Ce™ B,
“h

and the dynamic property is satisfied. Thus, Uj;(¢) is a Lyapunov matrix of system
(3.1). |

Therefore, the extended system (when it exists) can be used for the computation
of Lyapunov matrices of the nominal system. At the same time, corollary 3.5 implies
that it is possible that there exists a Lyapunov matrix of the original system, but
not of the extended system. Naturally, we would like to characterize such cases. The

resulting conditions turn out to be rather cumbersome.

Theorem 3.9. Let W be a symmetric matrix of order n. There exists a Lyapunov
matriz of system (3.4) associated with W iff the following conditions hold:

1. there exists a Lyapunov matriz U(t) of system (3.1) associated with W,

2. there exists a solution L € R" ™ of the matrixz equation

0
LA— AL — ATLe 4" — / BT CT LeATdr =
—h

h
— U(0)C + AT / U (r)CeATP gr (3.7)
0

0 —T
+ / BTeA' 7T / U(&)Ce* & dedr,
—h 0
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3. there exists a symmetric solution M € R™ ™ of the Lyapunov matrix equation
ATM + MA=L"C +C"L. (3.8)

Proof.
Necessity. Assume that there exists a Lyapunov matrix U(t) of system (3.4).
By theorem 3.8 it follows that U(t) = Uyi(t) is a Lyapunov matrix of system (3.1).

From the algebraic condition we obtain

Up2(0)A — Uy (0)C = AL U(0) + BT U (0) + ATU () — BTe 4" "Usy(h),
U1 (0)C — Usgp(0)A + CT U5 (0) — ATU(0) = 0.

Substituting the expressions from lemma 3.7 we get
0
U12(0)A - ASUH(O) — A{Un(())e*Ah - / BTGATTCTUlg(O)eATdT =
~h

h 0 -7
= U(0)C + AT / U(r)CeAT M dr + / BTeA' 7O / U(6)Ce Mt dedr,
0 0

“h
ATUQQ(O) + UQQ(O)A = UE(O)C + OTUlg(O).

Thus, equations (3.7) and (3.8) have solutions L = Uy5(0) and M = Usy(0) = UL (0),
respectively.
Sufficiency. Set
Un(t) =U(t),

t
Ulg(t) = LB_At + / U11(T)C€A(T_t)d7',
0

t
Ui (1) = AT [T — / AT OT (7,
0
t
Un(t) = A" M — / AT O (7Y dr
0

We will show that matrix U (t) with these blocks satisfies the dynamic, symmetric
and algebraic condition of Lyapunov matrices.

By construction, the algebraic property is satisfied. Indeed,

Uy (+0) = Up (=0) = U'(+0) = U'(=0) = =W,
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and all other matrices are continuously differentiable. It is easy to see that

0

Uy (t) = Uni(t) Ao + Uni(t — h) Ay + /h Upi(t + €)Ce™ Bd¢ =

= Uy (t)Ag + Ui (t — h) Ay + Upa(t) B — Upa(t — h)e B,
Uly(t) = U (t)C — Upa(t) A.

for t > 0. Also, U{,(t) = UT(t) = U(—t) = Uy1(—t), hence
Uﬁ@):e‘MUF+:A:ﬁ”T”C”Uﬂﬁﬁh
— e AT /O_t eAT(*t*T)CTUH(T)dT
= Usi(—t).
Similarly to the proof of lemma 3.7, one can find that

Uy(t) = e JATM — CTL — LTC + MA] + Uy (£)C — Uny(t)A
= Uy (£)C — Uns(t) A,

by (3.8). Note that the derivative of
R(t) = UL(—t) = Me 4 + /Ot U (1)Ce T Vdr,
satisfies the differential equation
R'(t) = Ua(t)C — R(t)A.

Since R(0) = Uy (0), we have R(t) = Uy(t) by Picard’s theorem, thus UL (t) =
Usz(—t) for all real t. This completes the proof of the symmetric property.

Similar computations can be done for Uy (t) to obtain

0
Uél(t) = €ATt |:ATLT — LTA() — CTU11(0> — Ugl(—h)Al — / U21(T)C€ATBCZT +
—h
0
‘f’Ugl(t)AO + U21 (t — h)Al + / U21 (t + f)OGAgBdg
—h

Obviously,

0
/ U (t +€)Ce™Bdé = R(t)B — R(t — h)e "B =
—h
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= UQQ(t)B — Ugg(t — h)B_AhB.

Substituting the definition of Uy (¢) and using (3.7) we obtain that the expression in

square brackets equals 0, therefore
Us () = U (£)Ag + Uay (t — h) Ay + Uss(t) B — Usy(t — h)e "B,

and the dynamical property is satisfied. But then the matrix U(¢) is indeed a

Lyapunov matrix of the extended system. |

3.3. Uniqueness issue

Theorem 3.9 was established by obtaining the explicit expressions showing
how to obtain a Lyapunov matrix of one system using a Lyapunov matrix of another

system. The following result then follows easily.

Theorem 3.10. Let W be a symmetric matrixz of order n. There exists a unique

Lyapunov matriz of system (3.4) associated with W iff the following conditions hold:
1. there exists a unique Lyapunov matriz U(t) of system (3.1) associated with W,
2. there exists a unique solution L of equation (3.7),

3. there exists a unique solution M of equation (3.8).

Remark 3.2. Note that once we know the Lyapunov matrix U(t) of the nominal
system, the matrices L and M can be found successively from equations (3.7) and
(3.8), respectively. After that, the Lyapunov matrix of the extended system can be

obtained as in the sufficiency part of theorem 3.9.

It is interesting, however, to see how the conditions of theorem 3.10 are related
to the spectrum of system (3.4). By corollary 3.5 there are three requirements for
the extended system to satisfy the Lyapunov condition. It is well known 1.6 that
property (A), the Lyapunov condition for the nominal system, is satisfied iff there
exists a unique Lyapunov matrix for any W (part 1 of theorem 3.10). Moreover,
property (C) is equivalent to the uniqueness of the solution to Lyapunov matrix
equation (3.8). It seems natural that there also exists a connection between property

(B) and matrix equation (3.7).
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Lemma 3.11. The matriz equation

0
LA— AL — ATLe " — / BT 7 CT LeATdr = X, (3.9)
—h

has a unique solution for any X € R"™™ if and only if system (3.1) and the matrix

A have no common eigenvalues.

Proof.
Necessity. Suppose there exists sy € C and two vectors u, v # 0 such that

0

sopt = put [A() + e %M A + /

esofoeAdegl :
—h

sovT = vl A,

This implies that e*'v” = pTed Let Ly = puv” # 0, then

0
LoA — ALy — AT Lye 4" — / BTeA " CT Loe*dr = 0.
—h

The equation (3.9) in linear in L, therefore for any X either there is no solution, or
there are infinitely many solutions.

Sufficiency. Assume that equation (3.9) does not have a unique solution for
any X. Thus, there exists a nonzero solution L of the homogeneous equation. Let
A =QJQ !, where J is the Jordan normal form of A, then et = Qe’*Q ! and we
have

0
LoQJ — ATLyQ — ATLoQe " — / BT 0T LyQe’ dr = 0.
—h

Obviously, the matrix Ly is nonzero, denote its first nonzero column as /¢, say it’s
the kth. Let s, be the eigenvalue of A in the kth column of J, then

0
sl — AL — AT te™s+h — / BTerTC e dr = 0.
~h

It follows that sj is also an eigenvalue of system (3.1), a contradiction. |

3.4. The exponentially stable case

In the exponentially stable case the Lyapunov matrix can be expressed as an

improper integral of the fundamental matrix. To ensure convergence we assume in
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this section that the extended system is exponentially stable. By corollary 3.4 it
follows that the nominal system and the matrix —A are stable. Hence, for some

v1,72 > 1 and o1, 09 > 0 we have
IK(t)] < yie” 7, He_AtH < ye ' t>0. (3.10)

The Lyapunov matrix of system (3.4) associated with W has the form (theorem

ut) = / KT () [VOV X

Recall lemma 3.6, since K11(t) = K(t), the fundamental matrix of the nominal

1.7)
K(t+ 7)dr.

system, we obtain
U (t) = / KT(F)WE(t+ 7)dr.
0

the Lyapunov matrix of system (3.1), which agrees with the results obtained in
theorem 3.8. Note that W = W is the only choice allowing us to obtain the
Lyapunov matrix of the nominal system in the top-left block. Also the corresponding
Lyapunov—Krasovskii functional for the extended system will only have the terms
containing x(t) but not y(t).

In the same way, we get
00 t+1
Ura(t) = / KT(7) [ / WEK(t+T1— H)Ce_AadQ} dr.
0 0

Using exponential estimates (3.10) it is easy to prove that the order of integration

can be changed and after some computations we obtain
00 t
Upa(t) = / UL (9)Ce A0+ ap + / Ut — 0)Ce 4248,
0 0

the same expression as in lemma 3.7. Recall that in the exponentially stable case

equation (3.7) has a unique solution, given by the matrix
L =Up(0) = / Ut0)Ce 4%4p,
0

which also can be proven by a direct computation.

Since Uy (t) = Ufy(—t) we omit the corresponding calculations.
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Likewise, one can obtain
o t
Vanlt) = / Ul (0)Ce "0 dg + / Una (7 — 0)Ce 4 df.
0 0

Similarly, M = Uy(0) is the unique solution of equation (3.8). Using the expression
for UL, () we obtain

M = / UL(0)Ce a9 =
0

_ / e A LTCe A0 + / e AT [ / UL (€ —0)Ce 4%de| db =
0 0 0

- / e [LTC + T L) e 4.
0

This is the usual formula for the solution of Lyapunov matrix equation (3.8) in the

stable case.

3.5. Examples

Here we present two example of such systems that the nominal system admits
a Lyapunov matrix, but for the extended system no Lyapunov matrix associated
with W exists.

Consider first the following equation

t(t) = x(t) + /O z(t +0)do.

-1

Suppose that for some sy € C we have

0 0
sp=1 —I—/ edh, —sp = 1—|—/ e %40,
1 -1
Obviously, sg = 0 does not satisfy the above equations, hence

0 inh
-1 :/ cosh(spf)df = o (SO),

~1 S0

and

0 1 — cosh
50:/ sinh(sgf)df = cos (80>.

-1 S0
Thus, 1 = cosh?(sy) —sinh?(sy) = s —3s2+1 and s? = 3. But the only real solution

of the equation —z = sinh(x) is x = 0, a contradiction.



178

We conclude that the Lyapunov condition holds and there exists a unique

Lyapunov matrix for W = 1; it has the form
1
U(t) = aeV? 4 Be V3 — & t €0,1],
where
1 —e™V3 PR 2 /3
o= : : = : :
2V3 2—V3+eV3 2V3 2—V3+eV3

From equation (3.7) we obtain —2L = —1/4, or L = 1/8. Finally, by equation (3.8)

we get OM = 1/4, which has no solutions. By theorem 3.9, no Lyapunov matrix

associated with W exists.

Now, consider the equation

i(t) = —%az(t) - %ex(t 1)+ /_ e (t + 0)db.

1

It is easy to see that s = A = —1 is an eigenvalue of the above equation and
that s = 1 is not an eigenvalue. Let us prove that the Lyapunov condition holds.
Assuming the contrary, after some simplifications for a complex sy #= +1 we will
have

3—2sp=el7%, 34255 = el

But then 9 — 4s3 = e? and 2s) = £v/9 — e2. It can be seen that neither of these
values is an eigenvalue, so the Lyapunov condition holds.

The Lyapunov matrix associated with W = 1 has the form
U(t) = ae' + Be ™ + e 9=€2t/2 4 e~ VI—Et2 ¢ ¢ 0, 1],

where the expressions for «, 3,7, and 6 can be found explicitly, but quite unwieldy:.
Equation (3.7) takes the form 0L = 1 and has no solutions. Thus, in this example,

too, no Lyapunov matrix associated with W exists.
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Chapter 4. Lyapunov—Krasovskii functionals for

linear systems with input delay

In this chapter we provide the complete type Lyapunov-Krasovskii functionals
for the analysis of closed-loop systems with predictor-based control, based on the

standard finite spectrum assignment method.

4.1. The construction of functionals

We start with the system
t(t) = Az(t) + Bu(t — h), t >0, (4.1)

where h > 0, z(t) € R", u(t) € R™, and the matrices A € R"*" and B € R"™"™ are
such that the pair (A, B) is controllable. It is well-known (e. g. [57]) that the control
law 0

u(t) = Ketz(t) + K /h e Y Bu(t + 0)dd (4.2)

yields a closed-loop system with a finite number of eigenvalues satisfying the charac-

teristic equation
det[s] — A — BK] = 0.

Choose the matrix K so that all eigenvalues of the closed-loop system have negative
real parts, which is possible as the pair (A, B) is assumed to be controllable. For
8 € [—h,0] we need to define an initial function u(6) = ¥(6), we assume that it is
continuous : ¢ € C([—h, 0], R™).

At the same time, the implementation of control (4.2) is challenging, since
it cannot be obtained by differentiating (4.2) and solving the resulting system
of differential equations as it introduces the unstable factor det[s/ — A] into the
characteristic equation, nor can the integral in (4.2) be discretized since resulting
controls may never stabilize system (4.1) no matter how many terms are used in a
finite-sum approximation (see [30]).

In the paper [59] it was proposed to use the dynamic control

u(t) = (F+KB)u(t)+(KA-FK)e'2(t)+(KA-FK) / : e Bu(t+0)dh, (4.3)
—h
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that can be obtained by applying the differential operator < — F to both sides
of (4.2). We will assume that the matrix F' € R™™ is stable. The spectrum of
closed-loop system (4.1), (4.3) then coincides with the set of solutions of the equation

det[s] — F]det[s] — A — BK] = 0. (4.4)

Thus, the dynamic control law also stabilizes the system, but the integral in (4.3)
can be safely implemented by discretization [59].

Let us adopt the notations

A 0 0 B
“40 = ) Al - )
(KA—-FK)e" F+ KB 0 0

(o 0 B 0 Y
A8 = (0 (KA - FK)@AQB) a (KA FK) ‘ <O B)'

Introducing new variables z(t) = (iég ), we can see that closed-loop system (4.1),
(4.3) has the form

2(t) = Apz(t) + A1z(t — h / Q(0)z(t + 0)d (4.5)

Remark 4.1. Since control (4.3) was obtained by applying the differential operator
4 — F to (4.2), any solution (z(t), u(t)) of system (4.1), (4.2) also satisfies system
(4.1), (4.3). Thus, we can analyze solutions of (4.5) to draw conclusions about the
behavior of the solutions of system (4.1), (4.2).

System (4.5) is an ordinary system with distributed delay, therefore, we can
apply the standard results to define the Lyapunov—Krasovskii functionals expressed
in terms of the corresponding Lyapunov matrix. Recall that the spectrum of the
(4.5) system is governed by equation (4.4), that is, due to the above assumptions,
the system is exponentially stable, which means that the Lyapunov matrix exists
and is unique. Moreover, the kernel Q(#) of this system is of exponential type, and
the problem of construction of the Lyapunov matrix for such systems was studied in
detail in the last two chapters.

Let WO WO W be any symmetric matrices, and let U(t) be a unique
Lyapunov matrix associated with W = W© + WO 4 R then we define a

complete-type functional of the form (theorem 1.5)
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+2¢T(0) / : [U(—h —0)A + / " - 6)Q(§)d§] C(0)do+

—h —h

—h

0 0 )
N ¢T<01>[A1TU<01—92>A1+2 ATU(h+ 6, — 65 + ) O(€)dét
“nJon
01 0o
-/ et -e-a @)Q(@)d@d@] C(02)d0:d0y+

/ cT( + (h+0)WP]¢(h)db.

We will now give an explicit form of the functional. Partition

v - (Un® Ui
Un (t) Us(t))

and assume that the matrix W is positive definite and the matrices W) and W®)

, 0 O
W — e (4.6)

where WQ%) are positive definite, 1 = 1, 2, then we can write

have the form

v(z0,¥) = ¢ Up1(0)z0 + 228 U12(0)1(0) + 97 (0)Us2(0)9(0)+

2 / U (—h — 6) + 7 (O) s (—h — 6)]Bu(6)d0+
—h

2 / | / V(e — 0) + 07 (0)UnlE — O)(KA — FK)eBdew(0)do+

//w (601)B [UH 6h — O9)+

62
+ 2/ Ura(h + 61 — 0y + &) (KA — FK)e "0dg
—h

01 ) r
n / / e G (KA — FE) Usp(0) — 05 — & + &)
—n J-n

X (KA — FK)e_A&dflde] B¢(92)d91d62+

/ YT(9) + (h+ )W W(e)de.
(4.7)
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By construction, along the solutions of system (4.5) it has the derivative

do(z(t),w) (o . x(t) (1)
— =" <:z: (t) u (t)) W (u(t)) —ul (t = )Wy ult — h)— 45

0
— / u® (t + Q)Wg)u(t + 6)d6.
~h

Let us explain the form of the matrices W1, W) selected in (4.6). By
choosing the matrices in this way, we ensure that the value of both the functional
and its derivative along the solutions of system (4.1), (4.2) depends only on the
current position of x(t) , but not on the full state z;. Thus, to calculate the value of
the functional, it is no longer necessary to specify some “fictional” initial function
for z(t), which is not necessary to find solutions of system (4.1), (4.2) in the first
place. However, some issues also arise. As is well-known (theorems 1.8 and 1.9),
for positive definite W@, W1 and W@ if system (4.5) is exponentially stable then
there exist 1, B2 > 0 such that

mwmmf+@/;mwm%w3v@» (1.9)

and there exist 01,09 > 0 such that

MOS&M@W+®[JQWWW (4.10)

The estimate 4.10 holds for any symmetric matrix WO, W® W and the func-
tional v(zg, ¢) coincides with v(() for matrices (4.6), but it is not so easy to apply the
estimate from below to the functional v(zg, ). Indeed, the matrices W, W@ of
form (4.6) are not positive definite, only positive semi-definite, which means that the
results obtained for functionals of full type cannot be directly applied to functional
(4.7). Further we will derive a new estimate for the obtained functional and will

obtain new exponential estimates for solutions.

4.2. Exponential estimates

Lemma 4.1. There exist d1,99 > 0 such that for all zyp € R", ¢ € C([—h,0],R™)
the following estimate holds:

0
v(wo, ¥) < ai(llzol” + 4(0)[°) + & /_h (0] a.
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Proof. As was noted previously for the matrices W, W®) of form (4.6) we have
U(C) - ’U($07 ¢) ClearlY;

IO = llawoll” + [ (O)II"

and since the initial function for z(t) is not requited to obtain solutions of system
(4.1), (4.3), we can assume that z(t) = 0 for ¢ < 0 and x(0) = xy, therefore

0 0
/ GRS / EORD

and the statement of the lemma follows from theorem 1.9. [ |

Remark 4.2. Estimate (4.10) holds also for exponentially unstable systems, therefore
lemma 4.1 also holds in the case of exponentially unstable system (4.1), (4.3). In
such case it is only necessary that the Lyapunov matrix, associated with W©) +
WO + AW exists for this system.

Lemma 4.2. [f system (4.1), (4.3)is exponentially stable then there exist 5y, B2 > 0
such that for all zo € R™, ¢» € C([—h,0],R™) the following estimate holds:

0
o0, ) 2 Bullzoll® + [6(O)2) + B / )| do.

Proof. Consider the functional

50, ¥) = v(a0, %) — Bu(loll” + [£(0)[2) = B / O db.

To prove the lemma it is enough to find some positive 51, B2 such that v(zg, ) > 0.
Along the solutions of system (4.1), (4.3) this functional has the derivative:
dv(x(t), ur)
dt
T OW D) — u" (t — YWD (¢t — h)—

=~ "Wz (t) — 257 W Qu(t)

0
— / u® (t + 9)W2(22)u(t + 0)do—

—h
—28127 (t)[Az(t) + Bu(t — h)] — 281u’ (t)[F + K Blu(t)—
—2B1u’ (t)[KA — FK] [eAh:c(t) + / : e Bu(t + 0)df | —
—h

—BouT () Tu(t) + Boul (t — h)Tu(t — h).
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Let us estimate the derivative as

x(t)
dv(x(t),u
% = (m(t) ult) ult = h)) Ri(Br,B2) | w(t)
u(t —h)
0
_/ u! (t 4 0) Ry (6, Br)u(t + 6)do,
—h
where
0 0
Wy w0
Ry(B1, B2) = W2((1)) WQ(g) 0
o o wy
A+AT €ATh[KA—FK]T B 00 0
451 | [KA— FKle"" F+KB+[F+KB" -1 o|+/|o1 o],
Bt 0 0 00 —I

Ro(0,51) = W2 — i BTe " KA — FK]"|[KA— FKle B,

If By = By = 0 then the matrices Ryi(f1, 52) u Ry(6, f1) are positive definite, hence
for some small positive (1, B2 these matrices are also positive definite. For these
values of f1, Bo we have dv(z(t), u)/dt < 0, therefore

@(xO;w) — /OOO dﬂ(x(t7$07w)7ut(x07¢))dt > 07

dt

since system (4.1), (4.3) is exponentially stable and the indefinite integral converges.

We conclude that the lemma is proved. |

We will these two inequalities to derive exponential estimates for solutions of
system (4.1), (4.3), and, hence, for solutions of system (4.1), (4.2). From (4.8) we
have

dv(z(t), ur)

0
dt < Ain WYz @) 1> + [[u)]]*) = Ain(Wa3)) / [ue(6) ] 6.

Choose o > 0 such that

2081 < Amin(WD), 2085 < Apin(WD),
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where 01, 09 are as in lemma 4.2, therefore for ¢ > 0 we have

dv(x(t), uy)

7 + 20v(x(t),ur) < 0.

Therefore, using the estimates from lemmas 4.1, 4.2 we get

Bi(lz@®)|1 + [u®)]®) < v(z(t), u) < v(wo,d)e " <
< 161 [Jzoll” + (81 + k) ||| P)e 2" <
< (81 + Sh)[||lzo | + [0 P)e "

Finally, we obtain the desired estimate

VIe@ I + u? < /222 ”W ol + lblPe", (4.11)

where t > 0.
Remark 4.3. In the paper [55] using a backstepping transformation a Lyapunov

functional was constructed for the closed-loop system. However, it should be noted
that this functional has a very special form. In contrast, the functional obtained in
this chapter was obtained using the general theory of the complete type Lyapunov—

Krasovskii functionals with a given derivative.

Remark 4.4. The construction of the functionals can be extended to the case with
delays in both the state and control variables. The corresponding dynamical control
and the issues concerning practical implementation of the controller for such systems
were studied in [52]. However, not only the analysis becomes more cumbersome, but
the dynamical system in this case no longer has an exponential kernel. Thus, some
different (most likely approximate) method is required to compute the Lyapunov

matrix. This will be done in chapter 6.

4.3. Example

Consider the system

i(t) = G 02> z(t) + ((2)) u(t —1).

Let K = (—2,0), then closed-loop with control (4.2) is stable with the eigenvalues
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—1+12. Let FF = —1 and choose the matrices

1 0 O
wO=1o1 o |, wy=wy =1/
00 1/3

so that W = WO 4+ W + pI @ = [5. Using the method described in chapter 2 we
can compute the Lyapunov matrix of closed-loop system (4.1), (4.3), the components
are depicted in Figure 2.

We find that §; ~ 2.40-10%, dy ~ 7.81-10°, 3, ~ 0.03, and select 0 = 2-1077,
and estimate (4.11) yields

\/||9U(t)”2 + |lu(t)|]? < 5.16 - 103\/H$0H2 ]2 210

It should be noted that this is very conservative estimate, given that the eigenvalues
of A+ BK are —1+1i. However, varying W i = 1,2 3 or F, different estimates on
the solutions of system (4.1), (4.2) can be obtained. Thus, an optimization problem

can be posed to get an optimal (in some sense) exponential estimate.
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150 I \ \ \ \ \ \ \
—Ui1(t)
100 - |—Us(t) .
Usi(t)
50 | —Ui(t) |
—Un(t)
) ——Usn(?)
—U13(t)=
—Uxs(t
o A
-100
150 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: The components of the Lyapunov matrix
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Chapter 5. Lyapunov matrices for a class of systems

with piecewise-constant kernel

In this chapter we consider systems with distributed delay and piecewise-
constant kernel. For such systems we introduce an auxiliary system of linear differ-
ential equations with boundary conditions and apply it to the problem of finding

Lyapunov matrices.

5.1. Preliminaries

In this chapter we consider systems of the form

ZAxt—jT —I—ZC/ x(t + 0)do, (5.1)

(j+D)r

where r > 0, and the matrices A;, C; € R"*". Here the full delay of the system is
h =mr.

Definition 1.7 for systems (5.1) has the form:

Definition 5.1. The continuous at ¢ = 0 matrix function U(t) is called a Lyapunov
matrix of system (5.1), associated with a symmetric matrix W, if it satisfies

1. the dynamic property: for t > 0
m m—1 —jr
= U(t—jr)A Z/ Ut + 60)C;df
]:0 jZO —(j+1)r

2. the symmetric property: for ¢ > 0

3. the algebraic property:
U'(+0) —U'(-0) = —W.

It follows from the dynamic and symmetric properties that for ¢ < 0

(G+D)r

U'(t) = —[U' (=) = - f: ATU(t + jr) — mz_ CJT/ U(t+6)do. (5.2)

j=0
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Now the algebraic property can be explicitly rewritten as
> [U(=jr)A; + ATU(jr)] +

j=0
— (J+)r
/ 0)C;db + CT / U(6)do
(J+1)r ]

ar

+) ~W. (5.3)

We consider the issue of construction of Lyapunov matrices for systems (5.1)

constructively..

5.2. Auxiliary system

In this section we introduce an auxiliary boundary value problem, that allows to
reduce the problem of finding the Lyapunov matrix of system (5.1) to the computation
of solutions to a system of linear differential equations satisfying several additional
conditions.

Assume that U(t) is a Lyapunov matrix of system (5.1), associated with a

symmetric matrix W. We define 4m — 1 auxiliary matrices:

Yi(t) = U(t +ir), —m<i<m-—1,

i (5.4)
Zi(t):/ U(t+0)do, —m+1<i<m—1,
(i—1)

where t € [0,7]. Also define

V(t)= (Yoo1(t), ..., Yo (D), Z@) = (Zna(t),.... Z_mi(2)).

Lemma 5.1. Let U(t) be a Lyapunov matriz of system (5.1), associated with a
symmetric matric W. Then the auxiliary matrices (5.4) satisfy the system of linear

differential equations

( m m—1
Y/(t)=> Yi (DA + Y Zii(t)C;, 0<i<m-—1
7=0 7=0
m—1
5.9
< Z ATYVZ‘W Z CTZH—]-H(t)? —-m <1< —1, ( )
Jj=0
Z’()=Y;<t>—Y;~_1(t), “mAl<i<m-—1,
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and the boundary conditions

Yi(0) =Y _1(r), —-m+1<i<m-—1,
Zi(0) = Z;_1(r), —m+2<i<m-—1,
q Zo(0) = | Yoa(§)dg, (5.6)
/
> V004 + ATY ()] + ) [Z2-5(00C; + CT Zi(r)] = =W
| j=0 =0

Proof. Equations (5.5) follow after substitution of definitions (5.4) into the dynamical
property and equation (5.2). Boundary conditions (5.6) are obvious from definitions

(5.4) and the algebraic property (5.3). H
Lemma 5.2. Any solution of system (5.5), (5.6) satisfies
20) = [ Yi©de, z0) = [ (e
0 0
where —m+1<1<m—1.

Proof. Tt is clear that the above equalities hold for Zo(0) n Z_1(r). Notice that
210) = 2r) = Z0(0) + [ [%(6) = V() d =
S RTGL
Z-a(r) = 24(0) = Za(r) = [ V() = Y-al)] d =
= /OrYQ(ﬁ)d&

and the remaining equalities are similarly checked. |

Corollary 5.3. Any solution of system (5.5), (5.6) satisfies

20 = [ v+ [V

Remark 5.1. The statements of lemma 5.2 and corollary 5.3 remain true for any
solution of (5.5) which satisfies all of boundary conditions (5.6) except the last, since

it was not used in the proof.
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We remark that lemma 5.2 has the same role for systems (5.1) as lemma 2.2
has for systems (2.1). Indeed, it follows from lemma 5.2 that the integral condition
used in (5.6) is equivalent to any other similar integral condition. Therefore, any of

the conditions of lemma 5.2 can be used to construct the auxiliary system.

Lemma 5.4. If (Y(t),Z(t)) is a solution of system (5.5), (5.6), then the matriz
U(t), defined by

zmw:%pxpwm+yﬂ4«wuyu¢ﬂ,tepn@+nm 0<i<m-—1,

and U(t) = UL (—t) fort <0, is a Lyapunov matriz, associated with W .

Proof. Firstly, notice that for t =ir (1 <i<m —1):

Uir +0) = ! [Yi(0) + Y ()] =

. [Yia(r) + Y7(0)] = Uir - 0),

| —

so that U(t) is well defined. Since

U(0) = 2 [%(0) + Y4,(r)] =

2 [Yoi(r) + Y5 (0)] = U(0)",

N | —

the function U(¢) is continuous and satisfies the symmetric property.

Consider ¢ € [ir, (i + 1)r], the application of corollary 5.3 yields

t—ir
% (Zimj(t —ir) + Z]_((i + D)r — t)] = %/ Vi () + Y, (r—¢)]d¢ =
0
1 r
+ 5 /t_ir [Yiojo1(8) + YJZ(T — &) dé =
t—jr (i=j)r
:/ U@M+/ U (6)do =
(z’—j)r t—(j—1)r
_ / Ut + n)dn.
~(=Dr
Therefore,
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Since the right-hand side of the equality doesn’t depend on ¢ and U(t) is continuous,
it follows that U’(¢) is also continuous, which implies that the dynamic property

holds.
The algebraic property is readily verified. Indeed,

U'(+0) = U'(=0) = 2 [%(0) - YA0)] = 3 [V4() = Y7 (0)] =
= 5 1V(0) = Y4 (0] + 5 [(0) = Y/, ()" =
= —%W — %WT = —W. m

Theorem 5.5. Assume that system (5.5), (5.6) has a unique solution, then the
matriz U(t) defined by

Ult)=Yi(t—ir), telir,i+1)r], 0<i<m-—1,

and U(t) = UL (—t) fort <0, is a unique Lyapunov matriz of (5.1), associated with
w.

Proof. The uniqueness of the Lyapunov matrix is obvious, because the auxiliary
matrices obtained from (5.4) are different for different U(t), and by lemma 5.1 satisfy
auxiliary system (5.5), (5.6). Let us prove that U(t) can be found as in the statement
of the theorem.

Let (Y (), Z(t)) be the solution of the auxiliary system. Consider the matrices
Yit) =YL [(r—t), —-m<i<m-—1,
Zity=2(r—t), -m+1<i<m-—1.

Then for ¢ > 0 we have
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m—1
——ZATY%M—ﬂ CTZT,  \(r—1t) =
7=0
m—1
=~ YAV~ O )
7=0

and finally

Zi(t) = = [2,(r = 0] = =Yh(r =) + YT _(r = 1) =

=Y;(t) = Yi1(t).

Furthermore, for all indices ¢ in (5.6) we obtain

}7;(0) = Y—T¢—1(7“) = Y—Ti(o) =Yi_1(r),
Zi(0) = Z13(r) = Z1,,1(0) = Ziea(r).

It can be seen easily that

Zo(0) = Z8(r) = / YI(6)d0 = / YL(6)db.

Finally,
Yo (0) = V' (r) = [-Y/,(r) + Yy (0)] = W' =W
Therefore, (Y(t), Z(t)) is a solution of (5.5), (5.6). But the auxiliary system
admits a unique solution, hence Y;(¢t) = YL [ (r —t), Z;(t) = Z%,(r —t), and lemma

5.4 implies the statement of the theorem. |

5.3. Matrix representation of the auxiliary system

The main purpose of this section is to show how the problem of finding a
solution of the auxiliary system can be reduced to solving a system of linear algebraic
equations. First let us introduce some notation.

Let A, = AT ®I,C;=CI I A =10 A, & =10 CF, y;(t) = vect(Y;(1)),
zi(t) = vect(Z;(t)) and

Ym-1(1) Zm-1(t)
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where &; consists of 4m — 1 blocks, with the identity matrix £ being on the ith place.

Vectorizing system (5.5) we obtain

d(y®)) _, (v _(AC (5.7)
dt \ z(t) 2(t)) D 0) '

where A is a square matrix of order 2mn?, C' and D have orders 2mn? x (2m — 1)n?

and (2m — 1)n? x 2mn?, respectively:

A ... An A, ... O]
- 0 Ao Ay A
9, —A; A 0 |’
| 0 _Q[m _Q[m—l _2[0_
[ CO Cm—l 0 ]
0 C o
C: 0 C 1 :
_Q:m—l —Q:o 0
0 . =g ~& |
(1 T 0 0 0]
o I —I . 0 0
D = :
0 7 0
0 I I
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where w = vect(W), N = —EF .41 and

Yn—1 --- Y .-+ Y-m+1 Ym =<Zm-1 --- 20 .-+ RZ—mt+2 L_m+l1
7 ... 0 ... O 0 0O ... 0 ... 0 0 |
0 I 0 0 0 0 0 0
0 0 I 0 0 0 0 0
M=|0 0 0 I 0 0 0
0 0 0 0 0 I 0 0
0 0 0 0 0 0 I 0
0 0 0 0 0 I 0
| 0 Ay Anr A, 0 Co Cn—2 Cm—1_
Yn—1 Ym—2 Y- Y-m "m—1 Rm—2 20 Z—m+1
[0 —1 0 0 0 0 0 0 |
0 0 -1 0 0 0 0 0
0 0 0 -1 0 0 0 0
N — 0 0 0 0 0 —1 0 0
0 0 0 0 0 0 -1 0
0 0 ... 0 ... 0 0 0 ... 0 ... —1I
0 0 ... 0 ... 0 0 0 ... 0 ... 0
| Q[m le—l Ce 9[0 e 0 Q:m—l Q:m_Q R Q:() e 0 i

Applying lemma 2.7 we can compute the integral term in (5.8). Now, system
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(5.7), (5.8) can be reduced to the system of linear equations:

et (GG

-
X

Obviously, the system (5.5), (5.6) has a unique solution if and only if det X # 0.

5.4. Uniqueness of solutions

We will show that the Lyapunov condition ensures that the auxiliary problem
is going to have a unique solution. Similarly to systems of form (2.1), we start from

one helpful lemma.

Lemma 5.6. Any solution of (5.5), (5.6) with W = 0 satisfies

Yit)=Y,1(t+7r), —-m+1<i<m-—1,
Zi(t):Zi_l(t—l—T), —m+2§z§m—1

Proof. The proof of this lemma follows along the same lines as the proof of lemma
2.8. Since any solution of (5.5) an analytic function on R, it has derivatives of all
orders.

By taking the derivative of (5.5), we obtain that the functions (Y'(t), Z'(¢))
also satisfy system (5.5). We will show that the boundary conditions (5.6) with
W = 0 are also satisfied. From (5.5), (5.6), we get

Zi(0) = Z{_4(r)
Y;/(O) - Y;l—l(r)? ( 7é 0.
Since W = 0, it follows that
m m—1
Y (0) =Y/ (1) = Z [Y_;(0)A; + ATY; 1 (r)] + Y [Z-;(0)C; + C[ Z;(r)] = 0.
j=0 j=0

Also,

Z4(0) = %(0) = Y-4(0) = Y-a(r) = V-1(0) = [ ¥ (€

Now we must only prove the last boundary condition. We obtain that
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m m—1
> vV, (0)A Z Z ATY i (0)+ > CTZ_i 1 (0) | A =
i=1 i=1 Lj= j=0
m m—1
= — Z AlY_;(0)4; — Z Z ATY; (004 = > 0> " CT Zi i1 (0) A,
=1 j5=1 1=1 j=0
similarly,
m m m m—1
AN () =Y AT D Vi (A + D> Zi i a(n)Cy| =
i=1 i=1 j=0 j=0
m m m m m—1
= Z AZTY;_:[(T)AO + Z Z A;TFYZ—J—l(T)AJ + Z AZTZZ—J—l(T)CJ
i=1 i=1 j=1 i=1 j=0
Note that . .
D DAY (04 =) Y ATY ()4
=1 j5=1 =1 j5=1
We also have the following terms
m m—1
ATYL (r) = ATYG(0) = ATY0(0) Ao + > ATY(0)Ai+ > ATZ5(0)Cy,
=1 7=0
m—1
YI(0)Ag = Y () Ay = —ALY_ (r) A — ZA Yia(r)Ag =) CTZ;(r)Ap.
7=0

As Y5(0) = Y_1(r), we get

M-

-
I
o

[Y'.(0)A; + AT ()] + Z (Z.(0)C; + CTZi(r)] =

m—1

7“) Cj—l-

Z"5(0) + Ay Z-(0) + Z A} Zi i

m—1 m
+ Z C]T ZJI(T) — Z]‘(T)AO - Z Zj_i+1(0)A
J=0 i=1
Using lemma 5.2 and remark 5.1, we transform the expressions in square brackets:

70 0) + ALZ j(0)+ 3 ATZ, () = /
=1

J=0

Y€+ AT Yijl(g)] d¢ =

1=0

m—1 r
-3 /O T Z,_,(€)de
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Z4) = 21V = 3 Zi 04 = [V = Vi) de -
i=1 i=0
m—1 r
=Y [ ziocu
1=0 70
Substituting these expressions, we get
m—1m—1 r m—1m—1 r
-SX [z Y [ iz - o
j=0 1=0 Y0 j=0 1=0 /0

We obtain by induction that (Y *)(¢), Z¥)(¢)) is a solution of (5.5), (5.6) for
all k> 0. In particular, for all K > 0 we have

Y(k‘)(o) _ Y(k)(r)

]

1
k k
ZM(0) = 2% (r)

71—

—m4+1<i<m-—1,

, —m+2<i1<m-—1.

The statement of the lemma follows from the analyticity of the functions Y;(¢),
Z;i(t). H

By the previous lemma and corollary 5.3 we get

Corollary 5.7. Let (Y (t), Z(t)) be a solution of (5.5), (5.6) with W = 0, then

0
Zi(t) = / Yi(t + 0)do,
where —m+1<1<m—1.

Theorem 5.8. The following statements are equivalent:
1. There exists a unique solution to auxiliary system (5.5), (5.6).
2. There exists a unique Lyapunov matriz of system (5.1), associated with W .

3. System (5.1) satisfies the Lyapunov condition.

Proof. 'The proof is similar to the proof of theorem 5.8.

In theorem 5.5 it was shown that statement 1 implies statement 2. The fact
that statements 2 and 3 are equivalent is known for all linear time-invariant delay
systems (theorem 1.6). We are going to show that statement 3 implies statement 1.
Assume that the Lyapunov condition holds. Earlier it was established that system

(5.5), (5.6) has a unique solution iff system of linear algebraic equations (5.9) has
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a unique solution, which, in turns, holds iff the homogeneous system has only zero
solution. Assume the converse, that is suppose that there exists a non-zero solution
(Y(0), Z(0)) # 0 of (5.9) with w = 0. Hence system (5.5), (5.6) with W = 0 admits
a non-trivial solution (Y (t), Z(t)).

First note that at least one of Y;(t) = 0. Indeed, otherwise by corollary 5.7
also all Z;(t) = 0, which contradicts non-triviality of the solution. By lemma 5.6 it

follows that all Y;(¢) # 0.

Every solution of (5.5) can be represented as

v

Yi(t) =) e Pi(t), —m<i<m-—1,
k=1

. (5.10)
Zz(t) = ZGSthi,k(t)a —m + 1 S 7 S m — 1,
k=1
where sqp,...,s, are distinct eigenvalues of (5.5); P;(t), Q;x(t) are polynomials

with matrix coefficients. Since Y{(t) # 0, for some d, the polynomial Py 4(t) # 0.
Let degPyq = I:

Poalt) = Pot' + Pt + ...+ P,
with Py # 0. By corollary 5.7

v 0

v 0
> e Quult) = Zo(t) = [ Yalt+0)do =Y [ P+ 0)as.
r k=1 -

k=1 -

Thus, deg Qp 4(t) < [, and its coefficient for t! has form

0
P() / €Sd9d9.

Applying lemma 5.6 we conclude that Y;(t) = Yo(t +ir), Zi(t) = Zo(t+ir), therefore
deg P; 4 = [ and its leading coefficient is Pye*@ and deg Qi.a <[, where coefficient

0 ir
Byedir / e*’dh = B, /( %8 dE.

—r i—1)r

for ! is

Substituting expressions (5.10) into (5.5) results in

v v m m—1
Z eskt [Skpo,k(t) + ’P(,)’k(t)} = Z eskt Z P_j7k(t)z4j + Z Q_jJ{;(t)Cj ;
k=1 k=1 j=0 7=0
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v v m m—1
e [skPori(t) + PLip®)] =D e | =D ATP () = > CTQjult
k=1 k=1 j=0 j=0
Since all eigenvalues sq, ..., s, are distinct, the preceding equality implies that

m m—1
saPo.a(t) + 7)0 alt Z P_jat)A; + Z Q_;a(t)C;
7=0 7=0

m—1
saP-1.4(t) + Py 4(t) ZA P 1.alt CTQ;alt).
3=0
Therefore, for terms with degree [ we obtain
saPy = Py ZA e ST | Z C, / Sdfd§] ,
(G+1)r
m m— 1 gr
—sgPye 5" = Z AT Sdjr 4+ Z CT/ d(§+r)d€ Pye 5",
=0 §=0 (j=Dr

Since Py # 0, we conclude that

m m—1
det lsd] — ZAJ-G_SC”T Z ]/ e*tdé| =0,
J=0 =0

(j+1)r i
m -1 —jr ]

det [—sdl — Z Ajet i — C / e *ldn| = 0.
j=0 j=0  J=U+Dr |

Thus, sg € A. In the same way, considering equation for Y, (¢) in system (5.5), one
can obtain that —s; € A. Consequently, the system does not satisfy the Lyapunov

condition. This contradiction proves the theorem. |

5.5. Example

In [36], the following system was considered:

0 —r

:E(t—|—<9)d<9—|—01/ x(t + 0)do, (5.11)

—2r

#(t) = Az (t) + Gy /

-Tr

where
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2 2.5 -1 0
Co = , O = :
0 —0.5 0 -1

In the paper [36] it was shown that system (5.11) is exponentially stable for r € [0, 1).
Auxiliary system (5.5) has the form

Yi(t) = Yi(t) Ao+ Z1(t)Co + Zo(t)Ch,
Yo(t) = Yo(t) Ao + Zo(t)Co + Z_1(t)Ch,
Y, (t) = —AgY_a(t) — Gy Zo(t) — CY Zu(t),
QY ()= —AlY oty —CclZ_(t) - CT,
Zy(t) = Y{(t) = Yg(1),
Zy(t) = Y{(t) - V', (1),
\Zl—l(t) =Y, (t) = Y,5(t),
while boundary conditions (5.6) has the form
[ Y1(0) = Yo(r),
Yo(0) = Yoo (r),
Y 1(0) = Y o(r),
) Z1(0) = Zo(r),
Z0(0) = Z1(r),

\%(O)AO + Agjyfl(T) + Z()(O)C() —+ CgZO(T> + Zfl(O)Cl + Cszl(T’) = —-W.

In this case, we obtain linear system (5.9) with matrix X of order 28 x 28. In
the interval [0, 1.05] the determinant of matrix X vanishes only at r = 1 (Figure 3).
Since system (5.11) is obviously stable for » = 0, the eigenvalues of (5.11) depend
continuously on r and by Theorem 5.8 the auxiliary system has non-unique solution
if and only if the Lyapunov condition is not satisfied, we conclude that system (5.11)
is exponentially stable for all » € [0,1). This result coincides with that obtained
in [36]. The Lyapunov matrix of system (5.11) for r = 0.5 and W = I is depicted in
Figure 4.
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0.1
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Figure 3: Determinant of matrix X

0.8

0.9
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0.5 0.6 0.7 0.8 0.9
t

0.4

0.3

0.2

0.1

Figure 4: Components of U(t), r = 0.5
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Chapter 6. Continuous dependence of Lyapunov

matrices with respect to perturbations

In this chapter, we will prove that small perturbations of the right-hand sides of
time-delay systems lead to small changes in their corresponding Lyapunov matrices.
In particular, this opens up the possibility of constructing the Lyapunov matrix of
an arbitrary system with a given accuracy by approximating its right-hand side with

a system, for which the Lyapunov matrix can be found analytically.

6.1. Preliminaries

Consider the system

() = /_h dQ(0)z(t + 0), (6.1)

where the delay A > 0, and Q(0) is a matrix function [—h, 0] — R™ " such that every
component of () is a function of bounded variation. To denote this we will write
Q € BV([—h,0],R™") and say that @) is a matrix function of bounded variation.
As is well known, @ is continuous on [—h, 0] except for at most a countable set of

jump discontinuities.

Remark 6.1. Clearly the right-hand side of system (6.1) defines a linear continuous
functional on the space C([—h, 0], R"™). The reverse is also true. As a corollary to the
Riesz representation theorem it follows that every system of the form & (t) = I(z;)
can be expressed in the form (6.1) with some matrix function @ of bounded variation,
where [ is a linear continuous functional from C'([—h,0],R") to R™ and z; is the
state, that is the function [—h, 0] — R" defined by 6 — z(t + 0).

However the correspondence mentioned in the previous remark is not one-to-one.

Indeed, if the equality

0 0
/ 1Q1(6)f(6) = / 0Q2(0)(6).
—h —h

holds for every f € C([—h, 0], R™) one can only conclude that there exists a constant
matrix C' such that Q1(6) = Q2(0) + C for all € [—h,0] except for at most a
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countable set of points. In view of this fact, we restrict our attention only to matrix
functions of bounded variation () normalized in a some way.

We say that @ is a normalized function of bounded variation on [—h, 0],
and write @ € NBV ([—h,0],R™™), if @ € BV ([—h,0],R™"), Q(—h) = 0, and
Q(0) is continuous from the left for all § € (—h,0). Now every linear functional
from C'([—h,0],R") to R" defines one function of normalized bounded variation
Q) € NBV([—h,0],R™™) and vice versa.

Let us clarify the above definition. The condition Q(—h) = 0 is to some extent
arbitrary, though it does allow to simplify certain calculations later. It is known the
integral f?h dQ f is defined when the functions @) u f do not have common points of
discontinuity such that they are simultaneously on the left (or on the right). Thus,
if the function @) is continuous from the left, the integral f_oh dQ K; exists for ¢t > 0,
where K is the fundamental solution of system (6.1).

Let P: —h =1y < x1 <...<uzp, =0 be a partition of [—h,0]. Supremum of

m

> Q) — Qa1

k=1

taken over all possible partitions is called the total variation of the matrix function ()
and is denoted by V(. It can be shown that VQ) < oo iff () is of bounded variation

(as defined previously), thus these two definitions coincide. It can be seen easily that

0
| aawse) <1, ve
Theorem 1.6 allows us to define a mapping £ : Q) — U having the domain
D(L) = {Q € NBV(|—h,0],R"™") : the Lyapunov condition is satisfied}.
Now we are ready to state the main result of the chapter:

Theorem 6.1. Let Q,Q; € NBV([—h,0,R™™), k =1,2,..., Q € D(L) and
suppose that

1. Qr(0) converges to Q(0),
2. (Qp)3° converges to Q in L'-norm, that is:

[ 1) - el .
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then there exists a number Ny such that for all k > Ny we have Qy € D(L), and for
any € > 0, however small, there exists a number No > Ny, such that for all k > No
the following inequality holds:

U(t) — Ukt
maxx [U() ~ Uit <

where U = L(Q) u Uy = L(Qy).

Hence, to obtain the Lyapunov matrix of the nominal system, we can consider
a sequence of approximate systems, and their Lyapunov matrices would approximate
the nominal Lyapunov matrix.

It is also interesting to consider the issue of the continuity of the mapping L.
One would think that this problem is closely related to the choice of topologies on
NBV ([—h,0],R™™) and C([—h, h], R™™). The relation of the 6.1 theorem to this

issue will be considered later.

6.2. The Lyapunov condition

We start by establishing the first part of theorem 6.1, that is we will show that
from some NV; all terms of the sequence (Q)7°, converging to ) € D(L) in the sense

of theorem 6.1, satisfy the Lyapunov condition. Let us adopt the notation

F(s)=sl —/ e*?dQ(9),

—h

for the characteristic matrix of system (6.1), H(s) = F~!(s) for its inverse, f(s) =
det F'(s) for the characteristic function and A = {s € C: f(s) = 0} for the spectrum,
that is for the set of all eigenvalues of the system (6.1). Similar notations, but with
index k, are used for the systems with the kernels Q.

We start this section with some results concerning the behavior of characteristic

matrices and functions. First, using integration by parts we rewrite F'(s) in the form

0
F(s)=s—-Q(0)+s /_h Q(#)e*?ds. (6.2)

Lemma 6.2. For every a € R there exists R(«) > 0, such that for all eigenvalues
s € A with Re s > a we have |s| < R(«).
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Proof. If s € A, then for some vector v # 0 we have
0
57 = / hes"dQ(Q)%
and thus .
|s| < H/ esedQ(H)H < max{1,e "IVQ = R(a). |
—h

The following corollary is quite useful.
Corollary 6.3. The set A, is finite.

Proof. By Lemma 6.2 every eigenvalue sg € A, is inside the circle |s| < R(0). But
the analytic function f(s) can have only finite number of zeros on any compact set,

hence the assertion follows. [ |

Lemma 6.4. For every a € R the inequality

1
[H(s)]| < M7

is satisfied, where s € C with |s| > R(a) and Res > a.

Proof. Indeed, if |s| > R(«a) and Re s > a, then the matrix H(s) is well-defined by

Lemma 6.2 and

sH(s) =1+ H(s) / e?dQ(9),

—h
hence
[s| 1H(s)]| <1+ [|H(s)]| R(c)-

and the statement of the lemma follows. [ |

Lemma 6.5. If the sequence (Qy)5° converges to @ in the sense of theorem 6.1,

then Fy(s) converges to F(s) uniformly in s on every bounded set X C C.

Proof. Assume that |s| < o for all s € X. Consider the difference

IFG) - Rl = Q) - O

using (6.2) we get

IF(s) — Fuls)]| < Qu(0) — QO + / Jlse”(Qu(6) - Q(0))|d0 <
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fﬂwam—Q®H+wM[J@A@—Q@WM%&

as k — oo uniformly in s € X. |

Corollary 6.6. If the sequence (Qy)° converges to Q) in the sense of theorem 6.1,
then fi(s) converges to f(s) uniformly in s on every bounded set X C C.

Proof. Again, assume that |s| < o for all s € X. The function F(s) is analytic,
hence it is bounded on the circle |s| < ¢ by a constant B. From Lemma 6.5 we
conclude that for every € > 0 there exists a number K such that for all £ > K and
s € X the inequality ||F'(s) — Fi(s)|| < ¢ is satisfied. Thus, for all k£ > K the norms
of the characteristic functions Fy(s) are bounded on X by B + . Hence [33],

[det F(s) — det Fi(s)| < n|[F(s) = Fi(s)|| max{|[F(s)[|"", | Fu(s)|" '} <
<ne(B+e)" .

for all s € X. In other words, fi(s) converges to f(s) uniformly in s € X. |

It was proved previously that for every right half-plane Re s > « of the complex
plane roots of the characteristic function in that half-plane are located in a certain
semi-circle. Now we will prove that for sufficiently large numbers & the radius of the

semi-circle can be chosen independently of &.

Lemma 6.7. If the sequence (Qr)3° converges to @ in the sense of theorem 6.1,
then for all « € R and R > R(«) there exists a number K such that for all k > K
the eigenvalues s € A with Re s > a satisfy |s| < R.

Proof. Select R > R(«a) and d € (0,1). We will show that for sufficiently large & if
Res > «a and |s| > R then the matrix Hy(s) exists. Since the poles of Hy(s) are
exactly the eigenvalues s € A¥)| this is enough to establish the statement of the
lemma. To this end we consider the product [F(s) — Fj(s)]H(s). Choose K such
that the inequalities

R — R(«)
1040) = Q)| < by
R — R(«)

0
[J@u@—@wmw<dl+3mwﬂﬁa@-
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are satisfied for £ > K. Then using lemma 6.4 and (6.2) we obtain,

1
[E(s) = Ex(s)[H[H(s)]| < SR [ 1Qx(0) = QO)|| +

" / lse'(@u(6) — @(6)]| 40| <

R — R(«) 1+ |s| max{1,e "}
~ 14 Rmax{l,e "} |s|] — R(a)

Consider the function

1+ pmax{l,e "}
p — R(a)

[t is monotonously decreasing, so |s| > R implies ¢(|s|) < g(R), and therefore

9(p)

[£(s) = Er(s) | [H(s)|| <d < 1.

But this implies convergence of the series

> ([F(s) = Fu(s)[H(s)) = (I = [F(s) — Fy(s)|H(s)) ",

7=0
and therefore the matrix
Fi(s) = (I = [F(s) — Fi(s)|H(s))F(s),
is invertible as a product of two invertible matrices. |

Remark 6.2. From the proof of the lemma it follows that for £ > K for all complex

numbers s, such that Res > « and |s| > R, we have

|H(s)|
| Hyls) | < 0

Theorem 6.8. If the sequence (Q)5° converges to Q@ € D(L) in the sense of theorem
6.1, then there exists a number Ny such that for all k > Ny we have Qy € D(L).

Proof. Tt is well-known [20] that the spectrum A of system (6.1) is at most countable,
and in any strip a < Re s < 8 there can be at most a finite number of eigenvalues.
Since system (6.1) satisfies the Lyapunov condition, it does not have purely imaginary

eigenvalues. Let a < 0 be such that the strip a < Res < 0 has no eigenvalues
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of the system. It follows from lemma 6.7 that we can find R > R(«) and K such
that for k > K for all eigenvalues s € A with Res > «a the condition [s| < R is
satisfied. Moreover, for all eigenvalues of system (6.1) with positive real parts, we
have |s| < R(a) < R.

Consider the contour I" formed by the straight segment s = iw, w € [~ R, R]
and closed by a semi-circle at radius R to the right of it. The function f(s) is
analytic, and by corollary 6.6 the sequence fi(s) converges uniformly in s to f(s) on
any bounded set . It now follows from the Hurwitz theorem [43] that there exists a
number K7, such that for all & > K the characteristic functions fi(s) have the same
number of zeros inside the contour I' (counted with multiplicity) as the characteristic
function f(s). Moreover, by construction, there can be no other zeros of the functions
fr(s) located in the half-plane Res > «. In particular, for exponentially stable
systems, the statement of the theorem follows.

If the system (6.1) is not exponentially stable, then since it satisfies the
Lyapunov condition we can construct a set of contours I'y,..., I, such that each
eigenvalue s of system (6.1) with Res > 0 is located inside one of the contours I';,
and and that there are no eigenvalues of system (6.1) located inside their reflections
in the origin, —I'y, ..., —I'.. Applying Hurwitz’s theorem once more to the contours
ry,...,I.,—I'1,...,—I', we obtain a number N; > K; such that for £ > N; each
of the functions fi(s) has the same number of zeros inside each contour I'; as f(s),
and has no zeroes inside the contours —I';, 7 =1,...,r.

Since all zeros of the function f(s) located in the right half-plane lie inside
the contours I'y, ..., T',, the total number of zeros (counted with multiplicity) of the
functions fi(s), & > Nj inside these contours coincides with the total number of
zeros of f(s) in the right half-plane, whence it follows that outside these contours
there are can be no zeroes of the functions fi(s) in the half-plane Re s > «. But by
construction, this implies that for all systems with kernels @i, & > Ny, the Lyapunov

condition is satisfied. [ ]

6.3. Proof of the convergence theorem

Now that the existence of Lyapunov matrices for k > N; is established, we

proceed with the direct analysis of the difference between U (t) and U(t) using the
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expression given in Theorem 1.6. First, we estimate the difference between integrals.

SH(t) = % _Z H (s)WH(=s)e ds — 5 — / HI(s)W Hy,(—s)e "ds =
_ Zim _Z,OO HT(s)WH(—s) — Hy(—s)|e~"ds+
- QLm l_oo [H(s) = Hy(s)]" W Hy,(—s)e™"ds,
o (6.3)
For H(s) — Hy(s) we have the expression
H(s) — Hy(s) = H(s)[Fr(s) — F(s)| Hi(s). (6.4)

Since Res = 0 we get

i) - F9)l = | / 1aQ(6) - @u(0)]| < ViQ - il

and Lemma 6.4 implies that the norm || H(s) — Hy(s)]| is of order O(|s| ) for any
given k, hence both functions under integrals in the right-hand side of (6.3) are of
order O(|s| ™), that is those integrals are absolutely convergent.

Arguing as in the proof of Lemma 6.7 with d = 1/2 and some R > R(0) we
find a number K7 > N; such that for all £ > K; the inequality

1

1F(s) = Ex(s) [ H(s)]| < 5 (6.5)

holds for all s € C with |s| > R and Res = 0. But by Lemma 6.5 the characteristic
matrices Fj(s) converge to F'(s) uniformly on all bounded subsets, in particular on
the interval s = iw, w € [—R, R], while H(s) is defined and therefore continuous
and bounded on that interval. Thus, we can find Ky > K such that for all £ > K5

inequality 6.5 holds for all s with Re s = 0. For such s we also have
Hy(s) = H(s)(I — [F(s) — Fi(s)1H(s)) ", (6.6)
therefore || Hi(s)|| < 2||H(s)||. We finally obtain that

IHi(s) — H < | H )1 Frls) — F(s)]| i)
< S IHs)] < 1 Hs)
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Before estimating the integrals in (6.3) we also note that

[HT(s)|| = 1H*(=s)|| = |1H(=s)|,
[[H(s) — Hi(s))T|| = |[H(=5) — Hi(=s)]*|| = |[H(—s) — Hy(—5)|,

‘e_t5| =1.
It follows that
[sP@ <o [ IHEIIWIIH-s) - Hi(=s)]ds] =

3wy, | |
— 2o [ WG ) - Hi)|

As the function || H (iw)|| ||H (iw) — Hy(iw)|| < ||H(iw)||* is of order O(w™2), the

latter integral converges and for any €; > 0 there exists » > 0 such that
/|> | H (iw)|| ||H (iw) — Hi(iw)|| dw < ;.
But on the interval w € [—r,r] we get from (6.4) that
|H (iw) || | H (iw) — Hy(iw)|| < 2| H (iw)||* | Fi(iw) — F(iw)],
and lemma 6.5 implies that there exists K3 > K5 such that

/||< |1 H (iw) || [[H (iw) — H(iw)|| dw < 2/ 1H (i) ||* | Fr(iw) — F(iw)|| dw <

wl<r

< €1

for all k > K3 as ||H (iw)]| is clearly bounded on that interval.

It follows that
3w

v

1 (6.7)

o] <

or, in other words, Sl(k)(t) — 0 as k — oo uniformly in ¢.

Remark 6.3. In the exponentially stable case U(t) — U(t) = Sl(k)(t). The computa-
tions thus far were viable for any real ¢ and not just for ¢t € [—h, h]. It follows that
in the case of exponential stability Uy(t) — U(t) uniformly in ¢t € R, similarly to
the papers [29,53|. This is hardly surprising due to the fact that for exponentially

stable systems their Lyapunov matrices themselves decay exponentially.
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Now we need to estimate the difference

Sty = res [HT (s)WH(=s)e ] + Y ves,[HT (—s)W H(s)e"]

S€A+ 5€A+

— > ves[H (s)WH(—s)e "] = Y res[H] (=)W Hy(s)e"]. (6.8)

seAﬁf) seAﬁf)

Let Ay = {s1,...,sn}, we can find some small radius § > 0 so that m circles
I'y,...,I'y, around each eigenvalue s;, 1 < 7 < m of the radius d will not intersect
each other, while each circle contains exactly one eigenvalue of system (6.1), and the
Lyapunov condition also allows us to ensure that no eigenvalues of (6.1) are going to
be located inside —I'y, ..., —I',,. Therefore,

Z res,[H? (s)WH(—s)e "*] + Z res,[H' (—s)W H(s)e"] =

5€A+ S€A+

= 513 2 O He 4 B Wi i

Arguing in the same way as in the proof of Theorem 6.8 we obtain K, > K3 such
(k)

that for all £ > K, all eigenvalues from A}’ are located inside the circles I'y, ..., Iy,

and there are no eigenvalues from A® inside —T'y,..., —T,. It follows that

> ves [H] ()W Hy(—s)e ] + Y res,[H} (—s)W Hy(s)e"] =

sEAf) sEAf)

=5 Z}g [H ()W Hy(—s)e™" + HY (—s)W Hy(s)e"]ds.
Substitution of these expressions in (6.8) leads to
(k) _ 1 - T T —ts
S () = Q—Mng[H ()W H(—s) — H ()W Hy(—s)]eds+

27r2 ]é [H' (—s)W H(s) — Hj (—=s)W Hy(s)]e"ds,
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and then to
S0 = 5730 HIGWIH(=5) ~ Hi ) ds+
+ 2%” Z jg[H(s) — Hk(s)]TWHk(—s)e_tsds—F
1 e (6.9)
+ 5 ; ji HT(—s)W[H(s) — Hy(s)]e"*ds+
+ Qim ; ﬁ | [H(—s) — Hp(—s)|"W Hy(s)e'ds.

Now we can analyze each integral in (6.9) in the same manner as with the improper
integrals before. Since each circle is bounded and we have only a finite number of
circles, we obtain that |s|] < R for all s € I';, 1 < j < m for some R > 0. Thus,
le7| < M and |e'*| < e as we only consider ¢ € [—h, h]. The norms HHT(S)H =
|H(s)]|, ||HT || = ||H(—s)|| are obviously bounded by some constant B > 0 for
all s € I';, 1 < j < m. Using lemma 6.5 we find K5 > K, such that for all & > K5
and s € I';, 1 < j < m we have

[[F(s) = Fi(s)I"|| = [ F(s) = Fi(s)|| < max {517 213}

JiF(=2) = (=97 = (=) - Fil=9) < max {e1, 55 |

Thus, [|H(s)|| [|1F(s) = Fi(s)l| < 5 and [[H(=s)|[[F(=s) — Fi(=s)|| < 3, which

together with (6.6) implies the inequalities ||Hy(s)|| < 2B and ||Hy(—s)|| < 2B.
Substituting (6.4) into (6.9) and using all of the preceding estimates gives us

Hsék)(t)H < 126m B3 ||W]| e, (6.10)

Finally, inequalities (6.7) and (6.10) imply that for all £ > Kj and t € [—h, h]

we have
70 - viol < s + [0 < |2+ r2amprern| e

Since €7 was arbitrary, the right-hand side of the above inequality can be made
arbitrarily small independent of ¢ € [—h, h]. This concludes the proof of Theorem
6.1.
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6.4. Continuous dependence

We start this section with two examples. In the paper [29] systems of the form

m

B(t) =Y Ajx(t — hy), (6.11)

J=0

were considered, where 0 = hg < hy < ... < h,, = h. Then systems with the same
matrices A; but with Bj in place of h; were examined and it was proved in the case

of exponential stability of both system (6.11) and its perturbation that as long as

max{‘hj — iLj

1<j<m},

is small enough, the norm of the difference between the Lyapunov matrices of
two systems is also going to be small, thus “the delay Lyapunov matrix depends
continuously on the system delays”.

The second example comes from the paper [53]. Here systems of the form
0
t(t) = Apx(t) + Aiz(t — h) + / G(0)x(t + 0)do, (6.12)
—h

were considered, where G(f) is a continuous matrix function and perturbed systems

are obtained when the distributed delay term is approximated by a finite sum:

El

-1

() = Agz(t) + Azt — h) + Y GV (t - jdy)

g

>l L

J

c®_ [ G -
—(J+1)0%

[t is then proved that if (6.12) is exponentially stable, then for large enough k
the perturbed system is also exponentially stable and the difference between the
Lyapunov matrices of the two systems is small.

Before discussing any sort of continuity of a function topologies on both
its domain D(L) C NBV ([—h,0],R"*") and codomain C([—h, h], R™*") must be
clearly specified. The notion of closeness for Lyapunov matrices is self-evident from
applications, leading us to consider the Banach space C'([—h, h], R™*") with the
norm

Ul = U(t)] .
Ulle = mas. [U(2)]
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However, as opposed to the two examples above, there is no self-evident notion of
closeness or convergence on the set NBV ([—h,0],R"*™). One obvious idea is to
consider the norm
1@ = [R(=h)|| +VQ = V@,

making it into a Banach space. Since ||Q(0)| = [|Q(f) — Q(—h)| < VQ for all
0 € [—h,0], convergence in this norm clearly implies both conditions of Theorem
6.1 and thus D(L) is open in (NBV([—h,0],R™ ™), ||-||) and L is continuous as a
mapping from (D(L), p) to C([—h, h],R™"), where p(Q1,Q2) = ||Q1 — Q2| is the
metric induced by that norm (indeed, D(L) is not a linear space). Remarkably, the
topology defined by this norm is too fine and fails to capture subtleties in either of
the two examples, as in both of the cases kernels of approximations do not converge
to the nominal systems in the norm ||-||.

Similarly to the paper [13] one can consider the following metric:
0
pa(Q1,Q2) = /h 1Q1(6) — Q2(0)[ d6 + |Q1(0) — Q2(0)[| + [VQ1 = VQ2|.

Convergence Q; 2% Q is clearly equivalent to the following three conditions: Qj
converges to () in Li-norm, Q1 (0) converges to Q(0) and V@, converges to V. The
first two are the same as in Theorem 6.1 hence we arrive at the same conclusion:
D(L) is open in (NBV ([—h,0],R"™™), p,) and L is continuous as a mapping from
(D(L), pa) to C([—h, k], R™™). It is not hard to check that both of the examples
above satisfy the three listed conditions and thus approximations in the articles [29,53]
fall under the case convergence in the metric p,. Thus, the result obtained in Theorem
6.1 has two significant advantages: it doesn’t demand exponential stability of the
system under consideration, nor the requirement of convergence of VQ; to VQ is
necessary.

There is one important step down from the metric p, that has to be considered
first. In remark 6.1 it was noticed that functions of bounded variation define linear

functionals. This observations prompts the following definition:

Definition 6.1. Let A be directed set. A net (Qn)aca of functions of normalized
bounded variation is said to be weak™ convergent to @@ € NBV([—h, 0], R™*")
(written as Q, — Q) if for every f € C([—h,0],R") we have

/_ Qu0)1(0) ~ / QUO)f10).
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By the Banach-Steinhaus Theorem [3], if a sequence (Qf){° weak™ converges
to @, then it is uniformly bounded in norm, that is sup{VQy} < oo. The following

result can then be obtained.

Theorem 6.9 ( [2,40]). A sequence (Qk)° weak™ converges to Q if and only if the
following three conditions are satisfied:

1. Qk(0) converges to Q(0),

2. (Qr)3° converges to Q in L'-norm,

3. the sequence is uniformly bounded: sup{VQ;} < occ.

Thus, weak™ convergence of sequences is placed directly below the one in the
metric p,, as instead of convergence of variations it needs variations of approximations
to be only uniformly bounded. Arbitrary nets are not that well-behaved, however.
Recall that there is a topology on N BV ([—h, 0], R"*"), called the weak* topology,
defined as the weakest topology making all functionals @ — [dQf continuous,
where f € C(|—h,0],R™). Thus, nets that converge in the weak* topology are

exactly weak™ convergent nets.

Theorem 6.10. Let Q € D(L), there exists a net (Qa)aca such that Q. ¢ D(L)
for alla € A, but Qo — Q.

Proof. Let A be the directed set of all weak™ open sets containing () ordered by
reverse inclusion: U <XV iff U D V. By definition, each weak™ open set U contains

a basic weak™ open neighborhood of the form

N = {R € NBV([—h, 0], R™™) ; H/_(; d(Q(0) — R(e))fj(e)H <el<j< m} ,

for some functions fi,..., fi, € C([—h,0],R™). Without loss of generality we can
assume that f1,..., f; are linearly independent and that f;,1,..., f, can be expressed
as linear combinations of the first [ functions. Choose any nonzero vector v € R" and

a number wy € R such that the functions ¢(6) = cos(wpf)~y and s(#) = sin(wfd)y

are linearly independent from the functions fi,..., f;. Now define a linear functional
on Sp{f17 SR fm7 Cy S} by
U(f1) =Uf2) =...=fi) =0,

(e) = - / QO cos(ent) |
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U(s) = woy — /_h dQ(0)[sin(wed)].

It follows that ¢(fi41) = -+ = €(f) = 0. By the Hahn-Banach theorem [3],
this functional (or, rather, n functionals) can be extended to a continuous linear
functional on the whole space C'([—h,0],R™). By remark 6.1 the resulting functional
ly; corresponds to some function of bounded variation, normalizing it we obtain the
function Ry (). Set Qu(f) = Q(6) + Ry(#). Notice that by construction we have
Qu e N Cc U foral U € A.

We claim that Qp ¢ D(L) and that the net (Qu)yea weak™ converges to Q.
For the first part, note that

/_ ) dQu (8)[e™"] = / ) dQ(0)[e™] + Ly (c +is) = iwy,

therefore

0
det {iwol —/ einedQU(Q)] =0,

h
and 1wy is an eigenvalue of the system with the kernel Q). Similarly, —iwy is also

an eigenvalue and the Lyapunov condition is not satisfied.

For the second assertion, let U be a weak* open set containing (). For any
weak™ open V' such that U < V', we have )y € V and hence Qy € (7, which, by
definition, means that Qy — Q. |

It follows from the previous Theorem that D(L) is not open in the weak*
topology. This practically precludes any attempts at trying to use weak® convergent
nets of kernels to approximate Lyapunov matrices, as without additional assumptions
it is impossible to establish if the Lyapunov condition is ever going to be satisfied by
some elements of those nets. But earlier it was mentioned that weak™® convergent
sequences are well-suited for our purposes. We remark that it is possible to define a
topology where sequences suffice.

The bounded weak* topology is defined as the strongest topology that coincides
with the weak™* topology on bounded sets [3]. It can be shown [65] that in the bounded
weak™ topology a set is closed if only if it is weak™ sequentially closed, that is if from
Qr = Q with Q € F € NBV([—h,0],R™") for k = 1,2,... follows that Q) € F.
It follows that N BV ([—h, 0], R™*™) equipped with the bounded weak* topology is a
sequential space. Theorems 6.1 and 6.9 imply that D(L) is open in that space, and
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as open subsets of sequential spaces are themselves sequential [32], the sequential
continuity of the mapping £ : D(L) — C([—h, h], R™™) implies its continuity in the
usual sense. Thus, £ is a continuous mapping from D(L) with the relative topology

induced by the bounded weak* topology to C'([—h, h], R"*").

Finally, it is possible to consider even weaker topology induced by the metric

(@2 = [ 1Q1(6) = Qu(0)]| 8+ [Q1(0) = Q:(0)].

taken directly from Theorem 6.1. The conclusion is still the same: D(L) is open
and L is continuous, but we would like to note one property especially important for

applications.

Theorem 6.11 ( [12,13]). The set of piecewise linear functions with rational
endpoints is everywhere dense in the metric space (N BV ([—h, 0], R™"™), p,) (as well
as in (NBV ([—h,0],R"™™), p;)). Therefore, those spaces are separable.

This theorem was established by first constructing a special sequence of piece-
wise linear functions with the endpoints (—h;, Q(—h;)) and then approximating them
with points having rational coordinates. But systems corresponding to piecewise
linear kernels have the form of distributed delay systems with piecewise constant
kernel, that is

() = ﬂicj /_ b w(t -+ 0)df.

hjt1

§=0
Clearly we can make the endpoints to be rational multiples of the delay h, hence
all the delays h; will be multiples of some basic delay. Thus, in general, Theorems
6.1 and 6.11 together with the results obtained in chapter 5 imply that for any
linear time-invariant system with constant delay of retarded type satisfying the
Lyapunov condition, the corresponding Lyapunov matrix can be obtained with

arbitrary precision.

6.5. Example

Consider the system

t(t) = 2(t) +e ot —1) —z(t — 2). (6.13)
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Its kernel is given by

)
0, h=—2
-1, —2<0< -1,
Q(0) = | (6.14)
—1+el, -1<0<0,
e ! 0 =0.
\

Now we divide the interval [—2, 0] into subintervals of the length §; = 2% and consider
polygonal functions Q,(#) having the endpoints (—jdx, Q(—3jd;)), as j = 0,...,2-2F,

see Figure 5. The resulting systems have the form

—2427k
i(t) = —2’f/ z(t + 0)df + e—lz’f/

2 -1

—1427F 0

x(t 4 0)do + Qk/ z(t + 0)do.

_o—k

The nature of this approximation is quite clear, as for any continuous function f

a+h
G 10w f,

as h — 0.
It is readily seen that Q;(0) = Q(0) for all k£ and that

—1427k

0 —2+27F
/ [Q(0) — Qr(0)| db = / 1— 280 +2)do + e / 1— 250+ 1)do+
-2 _

2 -1

0
+ / 1+20d0 = (2 + e )2+ — 0,
_92-k

as k — 00. Thus both conditions of Theorem 6.1 are satisfied. It can be checked that
the Lyapunov condition is satisfied for system (6.13), but it is not exponentially stable
as sop = 1 is an eigenvalue of the system. As Figure 6 indicates, the perturbations
approximate the spectrum of the nominal system quite well.

Now we consider the Lyapunov matrices of these systems associated with
W = 1. They are shown in Figure 7. For system (6.13) the Lyapunov matrix was
computed using the algorithm from [34]| and for its perturbations using the results
from chapter 5. It is clear that the sequence of approximation converges to the
Lyapunov matrix of system (6.13). The numerical results are summarized in the
table below.
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0.4 ‘
——nominal
—k=2
0.2 -~ k=4
— k=8
0 L
0.2 |+
S
&
04 |
-0.6 |-
0.8
-1 |
-2 -1.8

-0.6 -0.4 -0.2 0

Figure 5: Kernels of the nominal system and its perturbations for k = 2,4, 8.

k| 6 | number of intervals | ||U — Uyl
21 0.25 8 0.8209
4 10.0625 32 0.1615
8 | 0.0039 512 0.0094

Table 1: Dependence of the approximation error on k&

These results indicate that the error of the approximation is decreasing linearly

with the number of subintervals.
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% -4 ¢ o® =

Im(s)
7

15 \ \ \ \ \
-1.5 -1 -0.5 0 0.5 1 1.5

Re(s)

Figure 6: Eigenvalues of the nominal system and its perturbations for k£ = 2,4, 8.

3.5
——nominal
—k=2
k=4
—k=28
3+ 1]
25 -
Y
2 = i
15— T
1 | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 7: Lyapunov matrices of the nominal system and its perturbations for k = 2,4, 8.
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Conclusion

In this contribution the problem of finding Lyapunov matrices was studied.
In the second chapter, for systems with distributed delay and exponential kernel, a
new auxiliary boundary value problem was proposed. This auxiliary system allows
to uniquely construct the Lyapunov matrices for systems satisfying the Lyapunov
condition. The fact that the Lyapunov condition is satisfied can be verified during the
process of solving the boundary value problem and it was shown that the Lyapunov
condition is equivalent to the non-singularity of a system of linear algebraic equations.

In the third chapter, an approach to the stability analysis and the construction
of Lyapunov matrices for systems with distributed delay and exponential kernel was
considered. The main idea of this approach is to transform such systems to systems
with one delay. Both for systems with distributed delay and exponential kernel,
and for systems with one delay, it is possible to construct Lyapunov matrices, but
the boundary value problem for the extended system with one delay turns out to
be of greater dimension than the boundary value problem for the nominal system.
Moreover, it was shown that in some cases the extended system may not have a
Lyapunov matrix, even if the Lyapunov condition was satisfied for the nominal
system. It should also be noted that the transformation to the extended system in
some cases leads to the loss of the exponential stability property. All thing considered,
the computation of Lyapunov matrices by the conversion from the nominal system to
the extended system is not advisable due to higher computational costs and reduced
scope of application.

In the fourth chapter, linear systems with input delay were considered. Using
the transformation of the stabilizing control to a dynamic control law and the method
of Lyapunov—Krasovskii functionals, a functional of complete type was constructed.
It was shown that this functional can be applied to the stability analysis of the closed-
loop system. Using the constructed functional, exponential estimates of solutions
were obtained.

In the fifth chapter, a new class of systems was presented for which it is possible
to find Lyapunov matrices constructively, namely, systems with distributed delay
and piecewise-constant kernel. It was shown that for such systems it is possible to

construct a theory that completely mirrors the well-known results for systems with
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one delay. It is shown that the uniqueness of the Lyapunov matrices is equivalent to
the uniqueness of solutions to the new auxiliary boundary value problem.

In the sixth chapter, the issue of finding Lyapunov matrices for a general class
of time-invariant systems with bounded delay was considered. The right-hand sides
of such systems can be represented by the Stieltjes integral. It was shown that
under some rather weak assumptions the convergence of the kernels of the right-hand
sides implies the convergence of the corresponding Lyapunov matrices. Thus, the
previous results in this direction were extended to a much larger class of systems,
and it was shown that it is not necessary to assume exponential stability of systems
under consideration. The result that was obtained can serve as the basis for various
numerical methods for finding Lyapunov matrices.

Thus, the class of time-delay systems for which it is possible to constructively

use the method of Lyapunov— Krasovskii functionals has been significantly expanded.
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Appendix A. Software implementation of

computation of Lyapunov matrices for systems with
exponential kernel in MATLAB

function [T, Uv]| = Lmatrix exp (A0, Al, B, A, e0, h, W)

n = size (A0, 1);

m = size(A, 1);

ni =1 : n;

n2i =1 : n"2;

d= (2 *m+4 2) *x n "~ 2

eh = expm(—A * h) * e0;

xAO0 = kron(A0’, eye(n));

A0x = kron(eye(n), A0’);

xAl = kron(Al’, eye(n));

Alx = kron(eye(n), Al’);

xB = zeros(n * fliplr (size(B)));

Bx = zeros(size(xB));

for i =0 :m-—1
s =1 % n;

t = s * n;
xB(:, t + n2i) = kron(B(s + ni, :)’, eye(n));
Bx(:, t + n2i) = kron(eye(n), B(s + ni, :)7);
end
L = [xAO0, xAl, xB, zeros(n~2, m % n"~2);
—Alx, —A0x, zeros(n~2, m * n"2), —Bx;
kron(e0, eye(n~2)), —kron(eh, eye(n~2)), —kron(A, eye(n~2)), zeros(m * n~2, m * n~2);
kron(eh, eye(n~2)), —kron(e0, eye(n~2)), =zeros(m *x n~2, m * n~2), kron(A, eye(n~2))|;

E = [zeros(n"2), eye(n~2), zeros(n~2, m * n~2), zeros(n~2, m % n~2)];

11 = [eye(m*n~2), zeros(m+n”~2, mxd)]| * expm(—|[zeros(m«n~2), —kron(eye(m), E); zeros(md, m«n~2),

kron(A, eye(d)) — kron(eye(m), L)|) * [zeros(m«n~2, d); kron(e0, eye(d)) |;

12 = |[eye(m*n~2), zeros(m*n~2, m«d)| * expm([zeros(m«n~2), kron(eye(m), E); zeros(m«d, m«n~2),

kron (A, eye(d)) + kron(eye(m), L)]|) * [zeros(m*n~2, d); kron(eh, eye(d))];

M = |[eye(n~2), zeros (n"2), zeros(n~2, m * n~2), zeros(n"2, m *x n~2);
[zeros(m * n~2, n~2), zeros(m * n~2, n~2), zeros(m * n~2), eye(m * n~2)] — I1;
[zeros(m * n~2, n~2), zeros(m * n~2, n~2), eye(m * n~2), zeros(m * n~2)] — I2;
xAO0, xAl, xB, zeros(n"2, m * n"~2)];

N = [zeros(n~2), —eye(n~2), zeros(n~2, m * n~2), zeros(n~2, m * n"2);
zeros(m * n~2, d);
zeros(m * n~2, d);

Alx, AO0x, zeros(n"2, m * n"2), Bx];

X =M+ N % expm(L * h);

w = —[zeros((2 * m+ 1) * n~2, 1); W(:)];

U0 = linsolve (X, w);

T =0 : 0.01 : h;
Uv = zeros(n ~ 2, size(T, 2));
for i =1 : size(T, 2)
Uv(:, i) = [eye(n~2), zeros(n~2, (2 *m+ 1) * n~2)] * expm(L = T(i)) * UO;

end
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Appendix B. Software implementation of
computation of Lyapunov matrices for systems with

piecewise-constant kernel in MATLAB
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function [T, Uv] = Lmatrix pc(A, C, m, r, W)
n = size (A, 2);

ni = 1 : n;

n2i =1 : n"2;

d=(4 *m~— 1) *+ n ~ 2;

Ac = zeros(n x fliplr (size(A)));
Af = zeros(size (Ac));
da = size(Ac, 2);
dai = 1 : da;
Cc = zeros(n x fliplr (size(C)));
Cf = zeros(size(Cc));
dc = size(Cc, 2);
dci =1 : dc;
for i =0 :m—1
s =1 % n;
t = s *x n;
Ac(:, t + n2i) = kron(A(s + ni, :)’, eye(n));
Ce(:, t + n2i) = kron(C(s + ni, :)’, eye(n));
Af(:, end — (t + n~2) + n2i) = kron(eye(n), A(s + ni, :)’);
Cf(:, end — (t + n~2) + n2i) = kron(eye(n), C(s + ni, :)’);
end
s =s +n; t =1t +n " 2
Ac(:, t + n2i) = kron(A(s + ni, :)’, eye(n));
Af(:, n2i) = kron(eye(n), A(s + ni, :)’);

AA = zeros(2 * dc);
CC

= zeros(2 % dc, 2 *x dc — n =~ 2);

for i=0:m-—1
t =1 %« n ~ 2;
AA(t + n2i , t + dai) = Ac;
CC(t + n2i, t 4+ dci) = Cc;
AA(t + dc + n2i, t 4+ dai) = —Af;
CC(t + dc + n2i, t + dci) = —Cf;
end

II = eye(fliplr (size(CC)));
II(:, n"2+ 1 : end) = II(:, n°2 + 1 : end) — eye(size(Il, 1));

L = [AA, CC; II, zeros(size(CC, 2))];

M = zeros(d);

t=(2+m—1) *x n ~ 2 ;

M1 : t, 1 : t) = eye(t);

Mt +1 : 2% t—mn" 2, t+n">2+1:2=%t)=eye(t—mn" 2);
M(end — 2 * n -~ 2 4+ n2i, (3 *xm— 1) * n ~ 2 + n2i) = eye(n ~ 2);
M(end — n ~ 2 + n2i, (m— 1) * n ~ 2 4 dai) = Ac;
M(end — n ~ 2 + n2i, (3 *m— 1) *x n ~ 2 + dci) = Cc;

Nt = zeros(d, n~2);

Nt(end — 2 * n ~ 2 + n2i, :) = —eye(n ~ 2);

eNt = zeros(n =~ 2, d);
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eNt(:, m * n ~ 2 + n2i) = eye(n ~ 2);

N = zeros(d);

N(1 : end — 2 %*n "~ 2, n">2+4+1:end) =-M1 : end — 2 *n "~ 2, 1 : end —n ~ 2);
N(end — n ~ 2 + n2i, dai) = Af;

N(end — n ~ 2 + n2i, 2 *m  n ~ 2 + dci) = Cf;

X =M+ [Nt, N|] * expm(r * [zeros(n ~ 2), eNt; zeros(d, n ~ 2), L]) % [zeros(n ~ 2, d); eye(d)];

w = [zeros(d — n ~ 2, 1); reshape(W, n ~ 2, 1)];
yz0 = linsolve (X, —w);

T=0: 0.01 : m* r;
Uv = zeros(n ~ 2, size(T, 2));
for i =1 : size(T, 2)
Uv(:, i) = reshape(U(T(i)), n ~ 2, 1);

end



