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Beenenne

O0BbeKTOM mcciIeIOBaHUS SBJISIIOTCA HEUETHBIE YHUTAPHBIE T'PYIIIbI, KJIac-
CHUYeCKNe HM30TPOIIHbIE PeJyKTHUBHbIE I'PYIIILI 1 COOTBETCTBYIOMME I'pyiibl CTeiiH-
Oepra, IpeAMeTOM HCCJIeJIOBAaHUS $BJILIOTCA UX CTPYKTypa u cBoiicTBa. llesb
MCCJEJOBAHMUS 3aKJII0UaeTCsd B JIOKA3aTebCTBE MEHTPAJbHOCTH HEYETHOIO YHU-
tapHoro Ko-pynkropa n Ko-pyHKTOPOB KJIaCCHYIECKNX M30TPOIHBIX PEyKTHBHBIX
I'PYIIIIL.

AKTyaJIbHOCTH T€MBI. Y HUTAPHBIE IPYIIIHI — 9TO 0000IIeHNEe KIACCUIECKITX
MaTPUIHBIX IPYIII, TO €CTh HOJIHBIX JUHEHHbBIX, CUMILIEKTHIECKIX I OPTOTOHAJIBHBIX
I'PYIII, Ha IIPOU3BOJIbLHBIE aCCOIMATUBHBIE KOJIbIa ¢ ejnnuieil. CynecTByoT pa3/ind-
HbIe OTIpeJIeJIeHIs] YHUTAPHBIX IPYII, HarpuMep, [5; 17; 22—24; 31; 32; 51; 58; 59]. 9.
Bak B [6] onpejieinn yHUTApHBIE TPYIIIBI KAK CTAOUIN3ATOPHI JBYX KJIACCHICCKITX
dopM Ha MojyJIe, SPMHUTOBOIl U KBaJIpaTUYIHOM, T/ie KBajpaTuiHas popma IPUHU-
MaeT 3HauYeHusi B (DaKTOPIPYIIIe KOJIblia. ITOT 1MoAX0 1 ObL1 00001EH B. IlerpoBbim
B (2|, ryie oH ompesies T HeYETHBIE YHUTAPHbBIE TPYIIIIBI ¢ TIOMOIIBIO KBAPATHIHBIX
dopM co 3HaYEHUSIMI B TTPOU3BOILHLIX abeJIeBbIX I'PYTIAaX.

Cy1ecTByeT apyroe o000IIEeHNe KJIACCHIECKIX I'PYIIT, OCHOBAHHOE Ha TEOPUN
PEYKTUBHBIX IpymmoBbix cxem [20; 21]. Ecin G —»3r1o Kiaccmaeckast pejyKTHB-
Had I'PYIIOBas cxeMa, TO e€ cKpydeHHbIe gopMbl B fppf Tomosornn yacro MozKHO
OCTPOUTH KAK yHUTAPHBIE IPYIIOBBIE cxeMbl [32], 10 KpaifiHeil Mepe HaJ| MmojeMm
XapaKTepUCTUKN, He PaBHOil 2.

Crenenb paszpaboTaHHOCTH NPoOJieMbl. MHOrue pesysabTaThl MJIAJIIe
asirebpanueckoit K-reopun 6buin 06001eHbI Ha yHUTapHBIE TpyIbl [12; 13; 25; 28;
39; 50]. JIjist HEIETHBIX I'PYIIT U3BECTHO, YTO TPU €CTECTBEHHBIX YCJIOBUSIX

— 9JIeMEHTApHbIE MOArPYIIEl HOpMAJIbHBI [2; 3; 49],

— BBINOJIHSIETCsT CTAHAPTHOE OIMKCaHne HOpMasbHbIX moarpymm [10; 40; 41;

1),

— Ky-dyukrop crabunusupyercst [2; 9; 11; 57; 61],

— HecrabusbHast rpynia Crefinbepra neHTpajibHO 3aMKHYTa [34; 47; 53],

— HecTabWIbHBIN K1-DyHKTOD sIBJIIeTCs pacinpeHneM ade1eBoil IPYIIbl ITPH

IOMOITN HIJIBIIOTEHTHO [7; 8; 27; 62].
Crapmas yautaprnas K-teopusi paccmarpubaercs B paborax M. IIlnuxTunra, na-

npuMep, B [42].



Takxke usBecTHO, 4TO HecTabMILHBIH Ko-hyHKTOD IIeHTpasien (TO ecTh HecTa-
ousbHas rpynna CreitHbepra siBjiieTcst EHTPAJbHBIM PACHITPEHIEM dJIeMeHTapHO
MOJICPYTIIIBI) B CJIydasx

— IIOJIHBIX JIMHEHHBIX TPYIIT HaJ KOMMYTATHUBHBIMU KOJIBIIAMU, COIVIACHO pa-

oore B. Ban nep Kasena [52];
— IIOJIHBIX JIMHEMHBIX I'PYII HAJI MOYTH KOMMYTATUBHBIMK KOJIbIIAMU, 9TO pe-
syabrar M. Tynenbaesa [4];
— rpynn lesasuie Tunos C, D, E, uro ciejyer uz pador C. Cunuyka u A.
Jlaspenosa [33; 36; 44];
— M30TPOIHBIX OPTOrOHAJIBHBIX T'PYIIT HaJl MOJIAME, coracHo ctarbe C. Bere
[14];
— M30TPOIHBIX PEeAYKTUBHBIX I'PYIII HAJl JOKAJIbHBIMI KOJIbIAMU, 3TO PE3YJib-
tat A. Crasposoit [45].
HokazaTebeTBa JIJIsi HEJIOKAJbHBIX KOJIEI[ UCIOJIB3YIOT BBIUUCICHUST ¢ OTHOCUTE b
ueiMu rpyrnamu CreitHOepra win «apyroe npejcrapiennes rpyimbl CreiinOepra,
OHM TaK»Ke CYIIECTBEHHO UCIOIB3YIOT MATPUIHYIO CTPYKTYPY I'PYIIILI U HE 000011a-
I0TCsl HA M30TPOIIHBbIE PEeAYKTHUBHBbIE IPYIIIbL. B JimHeiiHOM ciiydae Ha caMoM Jiejie
u3BecTHO, 4To Ipyina CreiinOepra siBseTcss CKPeIeHHbIM MOJIyJIeM HaJl IIOJIHOM
JIMHEHOW T'PYyHIION, OTKYy/la CJieyeT HOPMAaJIbHOCTH 3JIEeMEHTAPHON MOJArPYIIILl 1
IeHTpaJIbHOCTh Ko-byHKTOpA.

Ncnonb3yembie MeToabl. B pabore MCIONB3YIOTCS HOBBIN JIOKAJIU3AIIN-
OHHBIII MEeTOJ, OCHOBAHHBII Ha IIPO-IPYIIIax (<<M€TO,ZL IIPO-I'PYIIII CTeﬁH6epra>>);
BbIUKC/IeHus B rpyiinax CreitHOepra ¢ UCI0JIb30BaHIEM OTHOCUTE/ILHBIX KOPHEIT; pas-
Joxkenue ['aycca yHUTAPHBIX TPYIIT HAJL MOJTYJIOKAJILHBIMU KoJIbllaMu. Kpome Toro,
MBI HCIIOJIB3YEM PE3yJIbTaThl U METOJbl TEOPUU YHUTAPHBIX TPYIII, TEOPUU KaTe-
ropuii (MyJIBTHKATErOPUH, TOJIyadeeBbl KATErOPUU U IIPO-TIONOTHEHNE) U TEOPHUN
PEAYKTUBHBIX TI'PYIIIOBBIX CXEM.

Amnpobarust paboTbl. MeTo/bl 1 OCHOBHBIE PE3YJIbTAThl U METOIAbI PabOThI
JIOKJIaJIbIBAJIICEH Ha, ceMuHape «Ausredbpamdeckue rpymmbiy», CIIOIY, Canxr-Ilerep-
oypr, 2021.

Pesyibrarhl paboThl SIBJSIIOTCS HOBBIMU, CHAOYKEHBI TTOJPOOHBIMU JI0KA3aTE b
crBaMu 1 OIyOJIMKOBaHbI B pedepupyeMbiXx HaydHbIX >KypHaiax [1; 55—57| (3
onybJIMKOBaHHbIE paboThI, 1 MPENpPUHT), 9TO CBUAETEJLCTBYET 06 UX HOCTOBEP-

HOCTM.



Pabora HOCHT TeopeTmUecKuii xapakTep, e pe3yJbTaTbl MOTYT IIPIMe-
HSITHCSI B TEOPUN JIMHEHHBIX aaredpamvdecKuxX TPYII, [IPH HPOBEIEHNH yIeOHBIX I
HAyIHBIX CEMIHAPOB.

Hacrostiiast pabora cocTonT u3 Tpex rjiaB n 3aK/a04eHust. B 1epBoii riiaBe Mbl
JIaJIIM HOBYIO KOHCTPYKIIMIO YHUTAPHBIX IPYII, 0000maroryio onpejesnenne B. ITer-
poBa. OHa oCHOBaHa Ha HOBBIX aJiredpamydeckux 00beKTaxX, HEUYETHBIX (POPMEHHBIX
KOJIbIIaX, 00pa3yIolux MHOroobOpasue JIByXCOPTHLIX ajredp. Kareropus HedéTHBIX
GOPMEHHBIX KOJIEI OKA3BIBAETCSI aredpaiecK KOrepeHTHOM 0/1yabe/1eBoil B CMbIC-
se [15; 18], mosromy B 9TOii OBIIHOCTU JIETKO HCIIOJIB30BATH peJITUBH3AII0 M.
Creiina 48] B TepMuHaxX BHYTPEHHUX CKpEIEHHbIX Mojyseii [19)].

Bropast riraBa cojiepKUT KOHCTPYKITUIO HEIETHBIX (DOPMEHHBIX aJiredp 110 KJrac-
CHYECKIM PeIyKTHBHBIM IPYIIIOBBIM cxemaM. JIjIst neroIb30BaHmst CTPOro ILJI0OCKOTO
CIIyCKa TaK>Ke BBOJINTCS JOMOJHUTEIbHASI CTPYKTYpa Ha HEUETHBIX (DOPMEHHBIX aJl-
rebpax («ayrMeHTAIHsI» ), OMUCHIBAIOIIAs KOPDHEBBIE 9JIEMEHThI JJIMHHOIO KOPHEBOT'O
TUIIA.

B Tperbeii riiaBe jJ0Ka3bIBACTCsl OCHOBHOM Pe3ysibTaT JUCCEPTAIMI: IIPU eCTe-
CTBEHHBIX IPE/IIOJIOKEHNsIX Ha HedéTHoe (opMmenHoe Kojbio (R, A) neuérHas
yuuraptas rpymma Crefinbepra StU(R, A) siBjsieTcsi CKPEIEHHBIM MOJLYJIEM HaJT
yuurapuoit rpymmoit U(R, A). [lusg sroro usydatorcst HedéTHBIE (DOPMEHHBIE TPO-
KOJIBbIIA, MOJTyIeHHbIe «KojtoKasm3alueii» u3 (R, A), u ux npo-rpymibl CreiinOepra.
Ha Takux mpo-rpymmax MOKHO HOCTPOUTDL JEHCTBUSA YHUTAPHBIX I'PYIIT JOKAJIN3a-
it (R, A) npu momoru pasioxkenns [aycca n BBIYUCIEHUH ¢ OTHOCHTETHHBIMU
KODHSAME (<«HCKJII0YeHsT KopHeii» ). Hakowerl, Takue JieficTBUS MOKHO €JIMHCTBEH-
HBIM 00pasoM mponoszkuThb jo geiictsus U(R, A) na StU(R, A).

CoBMelas 9T0 ¢ pe3yabTaTaMi BTOPOIl TJIaBbl, OJIyIaeTcs, 9TO BCe KJIacCuie-
CKHE OJIHOCBSA3HBIE JIOCTATOYHO U30TPOITHBIE PEJIYKTUBHbBIE TPYIIIIOBBIC CXEMbl HMEIOT
nenTpasbibie Ko-yHKTOpHI. TakzKe 9TOT pe3y/ibraT JIErKO HPUMEHUTH K U30TPOII-
HbIM yHUTapHbIM rpynnam B. [lerpoBa, TakuMm Kak BbIPOKIEHHBIE OPTOIOHAJIBHBIE
rpymmbl. Hamn pesysnbrar He IpuMeHnM K peayKTHUBHBIM I'PYIIIaM H30TPOITHOIO PaH-
ra MeHbIre 3, HO yue st rpymn 1llesaste panra 2 ecth KoHTprpuMepst [60).

B 3ak/ouennn mpuBOISATCS OIMUCAHUST OCHOBHBIX PE3YJILTATOB, KOTOPLIE BbI-
HOCSATCH Ha 3aIlATy, a TaKzKe OIMNUCLIBAIOTCS JlaJIbHEllIe HalpaBIeHs 1CCie-

JTOBaHUS.



I'maBa 1. Heuérable (popMeHHBIE KOJIBIIA

1.1 SDpMuUTOBBI U KBaJApaTudIHbIe (POPMBI

Mbr ucnosbsyem obosnauenus [z, y] = xyx ly~t u %y = xyr~! nus snemenTtosn
rpyui. Ecin A; —3T0 nogMHOXKecTBa IPYIIILL ¢ TPYIINIOBOil onepanueil + npu ¢ u3
JIMHEHRHO YIOPSIOYEHHOr0 MHOYKECTBa, BCe OHNI cojeprkar () 1 KasKIblil g € Yoier A
nMeeT eJINHCTBEHHOE pas3JIoXKeHne g = ZZG 7 Gi € gi € A;, TO MBI TaxzKe 0OO3HATAEM
cymmy A; gepes P, ; A;. Llentp rpymmsl G oboznauaerca yepe3 C(G), aHaJIOrHIHO
JUIst KoJtell. Bee KoJibla n ajreOphl pejio/iararoTcst acColnaTuBHBIMEI, HO He 00si-
3aTeIbHO ¢ eguHunamMu. My/IbTHIIMKATUBHAS OJIYTPYIIIa KOJiblia [ obo3nadaercs
gepe3 R®. DyiemenT x € R KoJIbIla HA3BIBAETCS KB8A3UOOPAMUMDIM, €CITH Y HETO €CTh

KBa3HOOpaTHBI 2° !

, TO €CTb OOPATHBI OTHOCHUTE/JILHO MOHOUJIAJIBHON Ollepaliii
roy = xy+x+y. KBaznobparumble sj1eMeHTH 00pa3yioT rpyiry R° OTHOCHTEIBHO O.

HamoMHUM KOHCTPYKIMIO HEYETHBIX YHUTAPHBIX TPYIIT U3 [2]. AHTHABTOMOD-
duzm (T) KoJIblla, R ¢ enmHUIIE Ha3bIBAeTCI A-umsosrouuet npu X € R*, ecinn
a =X tun A =L

Pacemorpum mojynb Mp Hajl KosiblloM R ¢ A-unBoJionueit. buainrnsHoe
orobpaxkenne B: M X M — R HazbiBaeTcs apmumosoti hopmoti, ecjii BbIIIOJHEHO
B(mr,m'v") = r B(m,m)r" uw B(m',m) = B(m,m/) \. I'pynna Iletizen-
6epea spmuToBoit dopmbl B —31o Heis(B) = M x R ¢ rpymmosoit omneparueii
(m,r)+(m',r") = (m+m/,r— B(m,m")+r"), monoun R® nefictByer Ha Heii depes
(m,r) -2 = (mz, rrr). Heuémmuoti gopmerviti napamemp — sro R*-unBapuanTHas

noarpymma £ < Heis(B) Takas, 910
{00,7—71A)} = Louin £ L < Loax = {(m,7) | r + B(m,m) + 7\ = 0}.

[Tpu BbIGOpE Takoro L orobpazkenne q: M — Heis(B)/L, m +— (m,0) + L nasbiBa-

eTcsd xeadpamuyrot Gopmoti, a yrumaprad 2pynna — 3TO
U(M, B, £) = {g € Aut(Mg) | B(gm, gm’) = B(m,m'), qlgm) = q(m)}.

Hac untepecyer wacTHbIil caydail 3Tux omnpejeseHuil. bymrem ropoputb, 4To
(R, A) —»510 cneyuaavhoe newémmoe hopmernnoe Koavyo ¢ edununed, ecim R —31o

KOJIBIO ¢ l-mHBosmonueil, ma Ry BeOpanbl spmuTosa dopma Bgr(r,y) = zy n



meaéTuplit popmennniii mapamerp A < Heis(Bg) = R x R. Torna U(R, Br, A)

MOZKHO OTO2XKIAECTBUTL C

{geR g =g (g—1,9g—1) € A}.

B pasneine 1.4 Mbl onpeiesiuM abCTpaKTHbIE HeYETHBIE (DOPMEHHBIE KOJIbIla, 00pasy-
Iol[e MHOIooOpasue JIBYXCOPTHBIX ajredp.
ITo mobomy kosbly R ¢ enuHUIEH MOXKHO ITOCTPOUTDH CIENUaIbHOE HEYETHOE

dbopmennoe kosbio (T, Z) ¢ epunmureii, rne T = R X R ¢ (z°P,y) = (y°P,x) u

—_
—
—

= Zmax = {2, y; 2P, w) | 2y + 2 + w = 0},

Torma
R — U(T, BT; Emax)ag = ((g—l)op7g)

oyaer msomopdusMoM rpymi. Ecim R uMmeer 1mojHoe ceMeiicTBO OPTOroHAJIbLHBIX
UJIEMIIOTEHTOB f1, . . ., fr, To monoxkum e; = (0, f;) € Tupni > 0ue; = (f0,0) € T
pu ¢ < 0. OHu 0Opas3yloT MOJHOE CeMeiiCTBO OPTOIOHAJbHBIX HIAEMIIOTEHTOB B 1,
e; = e_; 1 371eMenTsl ¢; = (e;,0) nexxar B ©. Ecin xe f; nommbl, To ectb R = Rf;R,
TO €; + e_; 1noJaHbl B 1.

[To monymio Mp ¢ spmuToBoit popmoit B u HeUETHBIM (POPMEHHBIM TTapaMeT-
poMm L TOXKe MOYKHO MOCTPOHTDH CIelnajibHoe HeIéTHOe (hopMeHHoe KoJIbIo (.S, O)
¢ eqununeii. [Tocrpoum o End(Mp) crenumanbaoe HedéTHOE (HOPMEHHOE KOJIBIO

(T,Z) ¢ equuureit. [logxosbio
S ={(z®y) €T | Blam,m') = B(m,ym')}
VMeeT HEeYETHBIH (DOPMEHHBIN I1apaMeTp
O = {(2%,y; 2P, w) € Opax = Zmax N (S X 5) | glym) + (0, B(m,wm)) = L}

1 JIerko BujeTh, uto yHurapubie rpynmsl U(M, B, L) u U(S, Bg, ©) u3oMopdHbI.
Tereps nycrs 8 M BbiOpanst v; upu —¢ < ¢ < £, i # 0 taxue, aro B(v;,v;) = 0 upn
i # —7, q(v;) = L upu Beex i u B(v_;,v;) = 1 npu i > 0. Torga

Cij = ((U—j)\ilB(U% _))0p7UiB(U—j? _)) €5 HpH] > 07

eij = ((v_jAB(v;, =), v A" ' B(v_j,—)) € S upu j <0,

eijer = 0 pn j # k, e;jej, = ey, €, = e_j_; upn ij > 0 u g; = (e;,0) € O.



1.2 Kareropum

Jexapmosa myasvmuramezopus C COCTOUT U3

1. kmacca oobekToB Ob(C);

2. muoxkectB Mopdusmos C(X1, ..., X,;Y)upun > 0u X;,Y € Ob(C);
3. ToxecTBeHHBbIX Mopdusmos idy € C(X; X) nmpu X € Ob(C);
4

0TOOparKeHit KOMIIO3UITNI

C(Yi,..., Y Z) x C(Xq, ..., X i)
%C("'7Y;717X17"'7Xm7}/i+17"';Z)

min>1,m >0, X;,Y;,Z € Ob(C);

5. oToOparKeHwui
C(Xa(l), R ,Xa(m); Y) — C(Xl, R ,Xn; Y), f — fO'ﬂ<

st m,n >0, X;,Y € Ob(C), o: {1,....,m} = {1,...,n};
1 9TH 0TOOparkeHus coryacoBanbl [43]. Cummempuunas mysvmukamezopus onpe-
JIeJISIeTCsT aHAJIOTUYIHO, HO OepyTesl TOJBLKO OMEKTHUBHBIC O.
Cummerpuunas mysbrukareropust C samxnyma [37], ecin jayist Becex n > 0 u
Xi,...,X,,Y € C cymecrytor oobekr H nuev € C(H, X1, ..., X,;Y) rakue, aro
st Beex m > 0w Zy, ..., Zy, € Ob(C) Oyuer 6uekrueii

evy: C(Zv,..., ZmiH) = C(Z1,. .., Zp, X1, ..., X} Y).

Hawm norpebytorest peryisipable u nojtyadesessl kareropun |15]. Kareropust C
nMeer Hyaesotl obsexm (), ecm OH OJTHOBPEMEHHO HAYAJbHLIN 1 KOHeWYHBINH. Mop-
dusm f B KoHeuHO 110J1HON C HA3BIBACTCA PE2YAAPHBIM INUMOPHUIMOM, €CII ITO
KOypPaBHHUTEIb HEKOTOPOI sIJIEPHOIT ITaphl, TO €CTh PACCIOEHHOTO TPOM3BEACHIS HEKO-
Toporo Mopdusma ¢ coboit. Koneuno nosnast C pe2yaapha, ecjin Bee sjiepHbIE TTaphl
UMEIOT KOYPaBHUTEIN W PEry/IsipHbIe STMUMOP(MU3IMbI COXPAHSIIOTCS TP PACCIOCH-
HBIX [IPOU3BEJICHUSAX, TOT/Ia B Hell ecTh (DYHKTOpPHAJIbHOE pasjiozKeHne MOPQU3MOB
B KOMIIO3UIINIO MOHOMOpU3MA 1 PEryjgpHOro SnuMopdusMa,

Pacwenasénnvm pacuwupenuem B peryssipaoit C ¢ HyJIeBbIM 00bEKTOM Ha3bl-
BaeTCs Jarpamma A’%A<—_Z»<A”, rie pos = idar u i = ker(p). Takas C
HABBIBACTCSA 20MOA02UNECKOT, €CJT BCe MOP(MU3MBI MEZK/Iy PACIICIIEHHBIME PACITIN-

PEHUSIMH, TOXKJIeCTBEHHbIE Ha KOHIaX, obparumbl. Hakowner, C noayabesesa, ecin



OHa TOMOJIOTMYECKasl, KOHEYHO KOIIOJIHAsI 1 BCE KaTeropHble OTHOIIEHNs SKBUBAa-
JIEHTHOCTH SIBJISIIOTCS SITEPHBIMU TTAPAMIL.

B npoussosibHoit romosiorudeckoit C obbekt G deticmeyem Ha odbekTe X,
ecJ BBIOpaH KJjacc m3oMopdusMa pacllellIéHHbIX paciupennii X — Y S G.
Ecau C nonyabesesa, To cBOOOHBIIT 00beKT ¢ aeiictBueMm G, cogepxkamunii X, — 3T0
Ker(GII X — @) [16]. ITosnyabenesa C HA3BIBACTCA @42€0DAUECKU KOEPEHMHOU
[18], ecsin B 1H060M 06beKTE X € JeiicTBueM (G TOUHAsT BEPXHsIsi TPAHb JIIOOBIX JIBYX
G-uHBapuaHTHBIX 110100beKTOB G-nHBapuanTHa. Kareropun Grp rpynn n Rng
KOJIe1] 6e3 eIMHUIIbI SIBJISIOTCS ajaredpamdecKu KOrepeHTHBIME 110JIyabe/IeBbIMI.

Crpewennotit modyav [19] B anrebpamdeckn KOrepeHTHON 1moJiyabesieBoil Ka-
teropun C cocroutr u3 Mopdusma 6: X — G u geiicrBug G #Ha X Takmx, 910 0
SKBUBApPUAHTEH OTHOCUTENbHO JeiictBuss G u neiictBue X Ha cebe MPOIyCKaeTcs
vyepes jgeiicreue G Ha HEM. B Grp 9T0 B TOYHOCTH KJIaCcCHIECKHe CKPEIIEeHHbIE MO-

JyJTH, TO ecTh roMoMopdusMbl rpytin 0: X — G ¢ geficreuem G na X TakuMm, 9T0
6(%) = B(x) u %’ =°@' npu g € G, x,2' € X.

1.3 KBajgparuunbie oTOOparkeHus

I'pynmy G OyjieM Ha3bIBaTh GuUALMPOSAHHOT 2-HUABNOMEHMMHOTU, €CTN B Hell
BbIGpana HibHoTenTHAs bruibrpaiis 0 < Gy < G. B rakoii G KOMMYTATOD MOZKHO
paccMaTpuBaTh Kak OuayintuHoe orobpaxkerue G/Gy x G/Gy — Gy. Bee dax-
toprpyiibl G/N 6yayT GUIBTPOBAHHBIME 2-HUJIBIOTEHTHBIMI C (DUIBTPAIASIMA
0 < (Go+ N)/N < G/N.

Hawm monaioburcest KOHCTPYKIHs (DUIBTPOBAHHBIX 2-HUJIBIOTEHTHIX (G, ¥ KO-
topbix G /G packiajibiBaeTcst B mpsiMyto cyMmy. Bosbmém abesiebl rpyimbt Gy
u G; upu ¢ € I, rue I JnHEHHO yIOPsiIOUEHO, OUAIUTUBHBIE OTOOPaAYKEHMUsI
[—,=lij: GixGj; = Gy upn i < j u HOpMAIU30BaHHbIe 2-KOUKJILL ¢;: G X G — G
(to ectb c(x,y) + c(x + vy, 2) = c(x,y + 2) + c(y, 2) u c(x,0) = ¢(0,z) = 0). Torma
G = Gy & P, ; Gi Oyser GUIbTPOBAHHON 2-HUIBIOTEHTHOf IpymIoii ¢ dhuabTpa-
nueit Gy tak, aro x +y = ¢;(x,y) & (x +y) nupn x,y € G; u [x,y] = [x,y];; upn
x € G,y e Gt <.

Orobpazkenne ¢: G — H GUIBTPOBAHHBIX 2-HIJIBIIOTEHTHBIX T'PYII K6a0-

pamuyuno [26], ecm q(Go) € Hy u qx +y) = q(x) + q(z | v) + q(y), e
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q(— | =) G/Gy x G/Gy — Hy 6uagmurusno (ckpewennviti sggexm q). Ta-
Koe ¢ 3ajaér romomopdusmel Gy — Hy u G/Gy — H/Hj abejieBbIx Ipyliil.

n

Taxxe q(—z) = q(z | 2) = q(z), ¢(nx) = nq(z) + (5)a( | 2) mpn n € Z,
q(> i) = 2 alw) + 20 a@i | 7)), al[z,y]) = [a(2), q(y)] +alz | y) —aly | 2).
Ecimn ¢,¢': G — H KBajpaTrwdHble, TO UX HOTOYEYHAs CyMMa ¢ + ¢ KBaJ-

paTu4dHa C

(+d) @ ly) =q(x|y) +lay), d (@) +d (=] y),

a —q ksaaparndno ¢ (—q)(z | y) = [q¢(y), ¢(x)] —q(z | y). [lorodeunsiii KommyTaTOp
lq,¢'] + G — Hy kBajparuden c

0. ¢) (x| y) = la(z),d ()] +a(y),d (z)].

Komnosunusa ksajgparnunbix ¢: G — H u ¢': H — F ToxXe KBaJpaTudma ¢

(doq)(z|y)=dq(q(z |y)+d(qx) ] q(y)).

BosbMméMm uibTpoBaHHbIE 2-HUJIBIOTEHTHBIE rpyinbl Gy, ..., Gy, H. OT00-
paxkenne ¢q: G1 X ... x G, — H noauxsadpamuvro, ecian OHO KBaJIPATHIHO II0
KazkjioMy aprymenty. O0o3HaYMM HHIYLIUPOBAHHbIE OTOOPArKeHUS U CKPEIIeHHbIe

3pdekThr uepes

qi: Gl X ... XGZ'_1><G,'0XGH_1>< ...XGn—>H0,
q: Gl/Glo X ... X Gn/GnoﬁH/Ho,
qii G1 X ... X Gifl X GZ/GZO X Gz/GzO X Gi+1 X ... X Gn—>H()

E{CHO7 qTo @q; 1 qZ KBaJpaTUYIHBI 110 OCTaJIbHBIM 71— 1 IIEpEMEHHBIM. Jlerko IIPOBEPUTD,

YTO 3TU OTOOpaYKEHUs YJIOBJIETBOPSIOT

il x G xGoxe. = Qi x G xGox... TP T < J; (QO)
g(...,z,...oylz..)=¢(..,x,...,y,2,...) IpH @ # J; (Q1)
¢(..ey,....z|lw..)=¢(..,x|y. .., z,w,...)
+qC. .y, oz 0,q(c e, w, )] ipr i< (Q2)
(oo, ), q(e oy, )]
4.y, )~ ¢ (. .y, ). (Q3)

O6osnaunm vyepes Quad(Ghy,...,Gy; H) rpyliy HOJIHKBaAPATHIHBIX O0TO0-

paxkennit G; X ... X G, — H u BbIOEpeM B Heli HUJIbIIOTEHTHYIO (DUJIBTPAINIO
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Quad(Ghy, ..., Gy; Hy), tne Hy paccmarpuBaercsi ¢ HIJIBIIOTEHTHON (bustbrpariyedi
0 < Hy < Hy. OuabTpoBaHHble 2-HUIBIOTEHTHBIE IPYIIIIBI U HOJUKBAIPATHIHbIE
oToOpazkKeHns 00pa3yIoT 3aMKHYTYIO CUMMETPUYHYIO MyJsibTuKaTeropuio Quad.
Ecrep aBa BrostHe crporux ¢gpyHkTopa n3 Ab B Quad, ecim paccmarpubarh
nuibnorenTabie uabrpamn 0 < 0 < A mwm 0 < A < A na kaxKjoii abeeBoit
rpytie A. OtHocuTesbHO Jiioboro u3 Hux Quad(Ay, ..., A,; B) aBisgercs oObIYHOIT

IPYIIION MOJINaINTUBHBIX 0TOOparKeHuil s abesteBbix rpynn A; nu B.

Jlemma 1. [Hoauksadpamuunwe q,q¢ : Gi1 x ... x G, — H cosnadarom, ecau ux
UHOYUUPOBAHHBLE OMOOPANHCEHUA U CKPEWEHHBIE dPdermp, cosnadarom, G MakHce

q(r1,...,xn) = ¢ (x1,...,3,), 2de x; npobezatom nodmmoscecmsa G, noposrcdaro-

wue Gi/Gy.

Jlemma 2. Ilycmov q: G1 X ... X G, — H noauxeadpamuuno v F < Gy —aomo

HOPMANLHAA N002PYNNGA, NOPOAHCIEHHAA aremenmamu a; — b;. Tozda q 3adaém no-

aukeadpamuunoe G1/F X Gy x ... x G, — H, ecau ckpewennvie sfdexmot q
nponycxaromea weped F u q(a;, xa, ..., x,) = q(bs, o, ..., Ty).
Jlemma 3. Paccmompum puromposarmvie 2-nusvnomenmmuuvie epynnvt G, ..., G,

H u pasroorcerun G; = GiO@@feJ,» F;; maxue, wmo G; /Gy = P

NPAMBMYU CYMMAMU aberesur epynn. Ilycms y nac ecmov omobpasicenus

ici Fi; asasomes
q;: G1>< ...XGZ'()X ...XGn—>H0,

ZGl/Glo X ... X Gn/GHO%H/Ho,

qii Gl X ... XGZ‘/Gi()XGZ‘/GZ‘()X XGn—>H(),

Qji .., - F1j1 X ... X Fnjn — H

L]

maxue, 4mo q;, ¢ u q' addumuerbvl U KEAOPAMUYHDL NO COOMBEMCMBYIOWUM Ap-

eymenmam u ydosaemeoparom (Q0)—(Q3);

dj;...jn (glv S 7gn) = q(gla . 7gn) (mOd HO);
G o git s )=q,.5.C.00g,.. )+ 0,9, ..)
—qi(---,6,(90,90)5 ) F g (o gis )
0Af COOMBEMCMBYIOUUT HOPMAAUSOBAHHUT 2-Koyuka06 ¢;,. Tozda cywecmeyem

q € Quad(Gy,...,G; F) co ckpewennomu sfdexmamu ¢', undyyupyrowee ¢ u

g, a maxoice npodondicarouee q;, .. j, -
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Hoxazameavcmeo. Ilpu n = 1 3agaaum g popmyioii

(& H) =alf)+ D g+ Y (i f)
JjeN JeJ1 j.j'ed
J<ig’
upu nomonn (Q3). B obmem ciyuae mbr nocrponm Fij;, — Quad(Go, ..., Gy H)
o narykimn. 13 (Q1)—(Q2) cieyer, 910 9TH 0TOOpasKeHHs 00/1aJIAI0T CBOHCTBAMMI

13 yCa0Bus npu n = 1, nosromy tpebyemoe ¢ cymectsyer. OHO YI0BIETBOPIET BCEM
tpeboBarusim B ety (Q0)—(Q2). O

Ecn X7 < Gy, ..., X, < G, noarpymiet u g € Quad(Gy, ..., Gy; H), 1o qe-
pe3 ¢( X1, ..., X,) Mbl Oyjem 0603HaAUATH TOArPYTITY H | MOPOXKIGHHYO 9/I€MEHTAMU
q(z1,...,x,) upu x; € X;, BMecTo obpaza X X ... x X,,. D10 0ObITHOE COTIAIICHNE

AJI ITIOJINa A I T BHBIX OTO6pa}KeHI/IfI MEXK Y abesIeBbIMI rpylIiiamMu.

1.4 Heuérable popMeHHBIE KOJIBIIA

Mpb1 jauM HEMHOTO JIpyroe ollpejiesieHre HEeYETHBIX (DOPMEHHBIX KOJIeIl 110
CpaBHEHHIO ¢ 57|, 9ToOBI UX KaTeropust ObLIa TOJIyabeIeBO.

Heuwémmoe gopmennoe xoavyo —a1o napa (R, A), rae R sBisieTcst KOJbIIOM
C MHBOJIIOIUCH 7 +— 7_*, A gBsleTca IPYIION ¢ IPYIIOBO onepanueil + 1 JaHbl
»:R—> A 1A= R p: A= R (—) (=): Ax R — A co csoiicrBamn

(R1) é(a+b) = ¢(a) +6(b), ¢(a+a) = d(aa) = 0;

(R2) m(u+v) =m(u) + m(v), 7(d(a)) = 0;

(R3) v+ u=u+¢(m(u)r(v)) +v;

(R4) 7m(u-a) =m(u)q; -

(R5) plu ) = pla) — T (0) + 0, pld(a) = a @
(R6) p(u) + 7(u)m(u) + p(u) = 0;

(R7) (u+v)-a=u-a+v-a, ¢(b)-a= ¢(aba);

(R8) u-(a+b)=u-a+d(bp(u)a) +u-b;

(R9) plu- a) = ap(u)a

(R10) (w-a)-b=wu-ab.
N3 akcuom creayer, aro 0 < ¢(R) < A sBisieTcss HUIBIIOTEHTHO GUIbTPa-

nueit. Ecin pacemarpuBath R ¢ dunbrpanueit 0 < R < R, To p KBaJ[paTUIHO, a
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ecin paccmarpuBarh ero ¢ guibrpanueit 0 < 0 < R, 1o (—) - (=) GuKBaJpaTHIHO.
Takze ecth nosesnoe cieacrsue p(—u) = p(u) u3 (R5) u (R6).

[IycTb Teneph y HAC ecTh KOJIbIO R ¢ nHBOJIONUEH 1 pUIbTpOBaHHAS 2-HUTb-
noteHTHast rpynna A ¢ orobpaxenusmu ¢ u m, yaosiaersopstomunmu (R1), (R2),
(R3), a Takke CTPyKTypoil TpaBoro HeyHurtajbHoro R-mogyias Ha A/¢(R), ymo-
prrerBopsiomieii (R4). Yrober mocrponts p, yaosmersopsioree (R5), Mbl Mokem
HCIOJIB30BATh JIeMMY 3, TaK KakK HHJIyIUPOBAHHbIE TOMOMOPMU3MBI U CKPEIeH-
abie 3bderThl yKe nmeiorest n yaosaersopsior (Q0)—(Q3). Axcromy (R6) moxkmHO
IIPOBEPUTDH Ha 00PA3yIONX COIJIACHO JieMMe 1. AHAIOIMYHO, MHLYIUPOBAHHBIE 0TO0-
pazkeHust  cKpernenubie 3G dexTo! s jefictus (—)- (=), yaosaerBopsiorniero (R7)
1 (R8), yxke nmerorest n ynosersopsior (Q0)—(Q3). Axcrombr (R9) n (R10) Taxxke
MOZKHO IPOBEPSATH Ha 00Pa3yIOIIHX.

Heuérnoe dopmennoe koibiio (R, A) cneyuaavho, ecm (m,p): A — R X R

MHBEKTHBHO. MHOkecTBO R X R MMeeT IpPyIIOBYIO ONEPAIIHIO
(a,b) + (¢,d) = (a +¢,b— ac +d)

u jeiicrBue mojyrpymnsl R®. 3agaBaemoe dopmynoit (a,b) - ¢ = (ac, ¢ be).
C rtounocTbi0 70 oOTOXKIecTBIeHHss A ¢ eé obpazom B R X R cuemnuajbHbIe
HeuéTHbIe (DOpMEeHHBIE KOJiblla—3T0 napbl (R, A) u3 KoJblia ¢ MHBOJIONUEH U

R*-nnBapuanTHoit moarpymnmnsl A < R X R, npuuém
{(0,a —a)} = Apin <A < Apax = {(a,b) | b4+ aa + b = 0}.

Jlerko nmpoeputhb, uTo Kareropuss OFR HedéTHBIX POPMEHHBIX KOJICI] 1 X I'0-
MoMopdU3MOB 1os1yadesieBa. B Heit MOHOMOP(MU3MBI — 3TO UHBEKIINH, PEryJIsipHbIe
SMUMOPQMU3MbI — 9TO CIOPBEKINH, 8 N30MOPQPU3MbI — 9TO OHEKIUN.

Bysem rosoputh, uro HeuérHOe (opmentoe Koiblo (R, A) deticmseyem Ha
HeIETHOM (hOPMEHHOM KOJTbIIe (S, ©), ecyin faHbl onepalyn yMHOKeHsT R X .S — S,
SXxR—S5 606xXxR—0,AXxS — O, yioBierBopsomnine

(a+a)b=ab+d'b, a(b+b")=ab+ ab';

A2) (ad")b = a(a’d), (ab)b/ = a(bl'), (ab)a’ = a(ba’), (ba)b’ = b(ab');

A3) ab = ba;
A
A5) (vdv)-a=v-atv a,v-(a+d)=v-a+¢d(dp)a)t+v-ad;

A6) ¢(a) b= ¢(bab), ¢(b) - a = ¢(aba);

(A
(
(
(
(
(
(A7) m(u-b) =7m(u)b, 7(v-a) = 7w(v)a;

1)

)

) —
4 (wtu)-b=u-b+u -byu-(b+0)=u-b+op(u)b) +u-V;
) (

)

)
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(A8) p(u-b) = bp(u)b, p(v-a) = ap(v)a;
(A9) (u-a)-b=wu-ab, (u-b)-a=u-ba, (u-b) -V =u-bl;
(A10) (v-a)-b=wv-ab, (v-b)-a=wv-ba, (v-a)-a =v-ad
upu a,a’ € R; b, € S; u, v’ € A; v,0" € O. Cienyronias jieMMa IOKA3bIBAET, ITO

tak onucbiBatoTcsd aeiicteust B OFR B cMbiciie ntosryabesieBbIX KaTeropuii.

Jlemma 4. Jlas moboir newémmuoz gopmernnux korey (R, A) u (S, O) cywecmeyem
63AUMHO 0OHO3HAUHOE COOMBEMCINGUE MENCIY KAACCAMU U3OMOPPUMA DACUENAEH-
nox pacwupenud (S,0) — (T,2) S (R, A) u deticmeusmu (R, A) na (S,0), npu
KOMOPOM PACUENAEHHOE DACWUPEHUE COOMBEMCIMEYEM CYACENUIO CEOUT 0neparul

na (R, A) u (S,0).

Jlokazamenvcmeo. Jloboe pacuieriénnoe pacimupenne (1, Z) umeet Bug T = SX R,
= =0 x A, nosromy ero Kjaacc m3omMopdusmMa JaéT TpedyeMble Olepain yMHOKe-
s, Tpymma A jeficteyer ma © 10 dopmyite W = v + ¢(7(v)m(u)) u upn momomm
JIEMMBI 1 JIEPKO BUJIETD, UTO 9TH OLEPAINN OJHO3HAYHO 3a4a10T KJIacC N30MOPMU3MA.

HaobGopor, nycts y Hac ectb onepannu ymuoxkenus. 13 (Al) u (A2) crenyer,
qro R neiicTByer Ha S B 1oJsyabesieBoii KaTeropun KoJiell, II03TOMY MOYKHO [TOCTPO-
uth T = S X R ¢ uaBomornueii, ucnonb3yst (A3). I'pynma A geiictByer #a © 110
dopmysie Boirre, modroMy = = © X A u romomopdusmel ¢: T — = m: = — T
KOppeKTHO ompe/esienbl n yiaosiaersopstor (R1), (R2), (R3). IlosmkBagparnanbie
orobpaxkenust p: = — T u (=) - (=): 2 X T — Z MOXKHO TIOCTPOUTH IO JIeMMe 3, a

OCTAaBIIINECs] AKCUOMbBI IIPOBEPUTH IIPU IIOMOIIU JIEMMbI 1. ]
Teopema 1. Kamezopus OFR. anreebpauvecku xozepernmma.

Joxasameavcmeo. Ilycrs (T,Z) neiicreyer na (R,A) u (S,0), (5',0') spis-
torcst (1T, Z)-unBapuanTabivu mojoobektamu (R, A). Ix TodHast BepxHsisi I'DaHb

(8",0") —»s10
S =854+584+8584+585+85S+8SS+ ...,
0'=¢S")+0+0'+06-5+0"-5S+0-55+60"-55+...,

ona Toxke (7T, Z)-uHBapnanTHA. O

Crpewennovim modysem B Kareropun OFR Oyiaem #azbiBaTh romoMopdusm
d: (9,0) = (R, A) Heuérubix dhopMmeHHbIX KoJiel, rae (R, A) aeiicteyer Ha (S, ©),

) coXpaHsieT 9TO JeiicTBIe, a TaKyKe BBITOJHEeHbI cooTHoIenns [laiidpdepa
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L. b = §(b)b' = b6 (V') npm b, b € S,
22 v-b=06(v)-b=v-d(b)upnv €O, beS.
JIerko BUJIETDH, YTO 3TO B TOUHOCTH CKPEHICHHBIE MOJY/IH B CMBICJIE aaredpandecKu

KOIE€PEHTHBIX I10J1yadeIeBbIX KaTeropuii.

1.5 Heuérable dopMeHHBIE aJTedpPhI

Heuérnoe dopmennoe kosbio (R, A) umeer edunuyy, ecin R umeer ejnHuiy
nu-1=wuuapuu € A. Hamnpumep, jm000e KOMMyTaTUBHOE KOJIBLIO K ¢ eguHu-
1eil MOJKHO paccMaTpuBaTh Kak HeuérHoe dopmennoe Koubio (K, 0) ¢ eaunueit
(B3s1B TpuBHABHYO HHBOTONNIO Ha K ). JleiicTBue HeYéTHOrO hOPMEHHOTO KOJIHIA
(T, Z) na meuérnom QopmerHom Kouibiie (R, A) ¢ ennnureil Beeraa 3a1aéTcst enH-
crenubM roMomopdusmom (1, =) — (R, A). Crnennasibibie He9éTHBIE (DOPMEHHBIE
KOJIbIIA C €IUHUICH — 9TO B TOYHOCTH 00BbEKTHI 13 paszaena 1.1.

[eiictBre weuérHOro hopmenuoro Kosbia (R, A) ¢ exuHumeil Ha HEIETHOM
dbopmernom kosbliie (S, O) yrumanvho, ecim 1b=b=>0blupub € Suv-1 = v upn
v € O, To ectb ecant (S X R, 0 x A) umeer equnmiy (0,1) € S % R.

BosbMmém kKomMyTaTuBHOE KOJIbIO K ¢ enunnieii. Heaérnoe dpopmerHoe KOJib-
o (R, A) HasbiBaercs newémmuotll gopmernot K -arzebpot, eciin Ha HEM YHUTATHHO
neiicryer (K, 0), npuués ak = ka upu a € R, k € K. JIpyrumu ciosamu,

1. R saBisiercsa K-anreopoit ¢ K-mHeitHON NHBOJIIOIHEIT;
monou | K*® nefictByer cripaBa Ha A oneparmeit (u, k) — u - k;
cu(k+E)y=u-k+ o(p(w)kk") +u- K
(u-a)-k=u-ak=(u-k)-a;

- ola) - k= d(ak?), m(u-k) = m(uw)k, p(u-k) = p(u)k*;
¢(aak) = 0.

JIroboe HeuéTHOE (POPMEHHOE KOJIBIIO UMEET € IMHCTBEHHYIO CTPYKTYPY HEUET-

SIS

" . o Po(n\"
Hoit popmennoii Z-anredpbl, €Cau IOJOXKUTbL U - N = Nu —+ (2) o(p(u)), n Bece
roMOMOPGU3MBI HEIETHBIX (POPMEHHBIX KOJIET, COXpaHT Jeiicteue (Z,0).

Ynumapnaa epynna wegétrOoro bopmentuoro kosbia (R, A) —310

U(R,A) ={g € A|x(9) = p(g),(g)7(g) = 7(9)7(9)}

¢ rpymnoBoit onepaiueii gh = g - w(h) + h + g.
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Jlemma 5. Mnootcecmeo U(R, A) deticmeumenvro asaiemcs epynnoti ¢ heimpans-

nowm aaemernmom 0 u obpammuvim gt = —g - mw(g) — g. Uz neé ecmov 20momopdusm

a: UR,A) = (RxZ)*, g m(g9) + 1 co ceoticmeom ag)™t = alg). Ona deti-
cmeyem asmomopdusmamu na (R, A) no gopmyaam %a = a(g) aalg) npua € R u
9 = (g-m(u)+u)-alg) npuu € A. Bmo deticmeue 3adaém deticmeue conpascenu-
AMU YHUMApPHOU 2pynnuv. na cebe, a ecau (R, A) asasemca neuémmot dopmernot

K -anzebpoti, mo ono nepecmanosouno ¢ deticmsuem (K, 0).

Tak xkak dyakrop U(—,=): OFR — Grp coxpansier KOHEUHbIE [TPEJIEbI, TO
moboe neiicteue (R, A) na (5, 0) 3amaér neiicreue U(R, A) na (S,0) u U(S, 0).
Takzke 3TOT (PYHKTOP COXpaHSET CKPEIIEHHBIE MOJYJIN, YTO IIO3BOJISIET PUMEHSTD
pessTuBU3anuio [48| K s/ieMeHTapHBIM HOJArPYIIIaM YHUTAPHBIX TPYII U UX TPYII-
nam CreitnOepra.

Heuérnas dbopmennas K-nomanrebpa (I,1) < (R, A) nopmasvna, ecan Ha
(R/1,A/T") nopoxgaercs cTpyKTypa HedéTHON hopmennoit K-amredpot. Ipyrumvu
cJI0BaMM, 9TO HedéTHasl dopmenHHast K-mojaiarebpa, nHBapuaHTHas OTHOCUTEILHO
neiicreust (R, A) Ha cebe. B srom ciaydae mbl Oygem rosoputh, uto (I,1') —310
newemmviti popmernnoiii udeas (R, A). Takum obpasom, HedeTHDIH (DOPMEHHBIN Hjle-

ait cocront u3 uneasna I = I < Runoarpynnet I' < A, npuuém I'-R4+T-K CT'n
AT+ ¢(I)=Tin <T < Diax = {u € A | m(u), p(u) € I}.

Jlemma 6. Heuémnwd dopmennvti udean (1,1) < (R, A) newémmnot dopmenrot

K -anzebpoi, nopootcdénnoit X C R uU C A, umeem 6ud

I = > (R x K)a(R x K),

a€XUXUr(U)ur(U)Up(U)
P=¢()+A-I+) u-K+> u-R
uel uelU

ITpennoxenune 1. [lycmo K —aomo kommymamueroe koavuo ¢ eduruuet, X
u U — mmooicecmea nepemennvix, (R, A) —aomo ceobodnan newémman @Gopmennas

K-anzebpa, nopoocdénnas X C R u U C A. Taxorce norostcum
A=A{z,z,7(u),w(u), p(u) | x € X,u € U},

uepes AT obosnavum c60600ny0 nosyepynny Ha A (mo ecmv MmHoMCECB0 HENY-

CINOLT KOHEUHDLT Nocaedosamervrocmets ud sremenmos A), uepes A* = {@FUAT —
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c60000nvits moroud na A. Toeda R = @,,c4r Kw, Ker(¢p) = {re R|r = ?},
A/p(R) asasemes c60600nvim npasom K -modysem ¢ 6azucom u-w npu u € U u

w € A*, a 6cé neuémmnoe dopmentoe xoavuyo (R, A) cneyuarvho.

Hoxasamenvcmso. Ilycre RN = @, c 4+ Kw, 310 K-anrebpa ¢ K-jimuHeiiHoit HHBO-
monmeit, e p(u) = —w(u) w(u) — p(u). Ona TaxsKe HMeeT GA3NC U3 HETYCTBIX
bopManbEbIX nponsseeHnit 2, x, (), w(u), p(u), p(u), He COTEPIKAIIX TOAIPO-
msBesenns () (), Takoil 6asuc coxpansercs npu HHBOMONIE. C ero TOMOIIBIO
Jierko nposeputh, uro {r € R |[r=r} =3 o K(r+r)+ >, cp Krr.

[lyctb P = R'/{r € R' | r = 7 }, 0603Ha4NM KaHOHIYHOE OTOOparKeHue
R’ — P uepes ¢. Takxe nycrs A'= PO @, u- (R x K), rae P nenrpaibHo,
w20 3] = 85 T w(w)a), -z +u-y = o~ p(uw)r) & u - (z +y). Mpu
roMorit JieMM 1 1 3 MozkHO onpe/eanTs onepain Ha A’ Tak, ato 7(u - x) = 7(u)z,
p(u-2) =xp(u)r, (u-z)-y=u-syupny € KURu (R, A’) asngerca neqérHoil

dopmennoit K-anredpoii. flcHo, 4To oHa cBOOOIHA. ]

Otcroza ciemyer, 4To Jrodast HedéTHast popMerHas K -ajredpa sIBJISeTCs 110/I-

dgakTopoM crienuaabHON HeueéTHONH hopMeHHO K -a/redphl ¢ e TMHUIIEN.

IIpensioxkenune 2. [ycmo (T,Z) —smo ronpoussedenue HeuEmmuix GopmMeHHbIT
K-anezebp (Ry, A1) u (R-1,A_y). Toz2da

T=R®dR 1D (R ®x R1)®(R1®k Ry)
® (R ®x R1 ®x R1) @ (R Qxk R @k R_1) @ .. .
E=¢(RiQx R 1) D (R @k R 1@k RiQ@x R 1) D ...
GA DAL D (AN R) D (A Mg RBy)
ARk R4 R) & (AL NRg R @k R4 D ...

ede A\ X R_; Qf ... kg Ryi (¢ n commoorcumensmu éuda Ryq)—amo epynna c
oopasyrowumu ¢(x) npu r € Ry Q ... Qx Ry (¢ 2n + 1 commoorcumenamu) u
ulay @...Q0a, npuu € A, ax € A_1yr;, a4 MAKIICE COOMHOUEHUAMU

1. ¢(x) yenmparono, d(x +y) = ¢(x) + @y), d(z +x) = 0;

2. p(2zk) = 0 npuz € R @k ... dx Ry (¢ n+ 1 commoorcumenem);

3 uR.. ®a,vR... Qb)) =00b,®..07(W)T(L)®...Qay);

4. dla) R ... Qa,=d(a,®... Rag®...R® ay);

S u-kN.. Qa,=ulak®.. Qa,=...=ulK...®a,k npu k € K;
6

C(uF )R ®a, =ulR. L ®a, Fo R ® ay;
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7. u&...@(aj+a;)®...®an:uM..®aj®...®an+¢(c7n®...®c7;
®..2p(u)®.. Q4. Q) tuN.. . Qd®... Qa,.

Joxasameavemeo. Ecnn (R;, A;) ¢cBOOOIHBI, TO 9TO JIEFKO MPOBEPUTD IIPH TIOMOITIHN

HpeJIoKeHns 1, a B 00IIeM ciydae HCIOJIb3yeM JieMMy 6. []

1.6 DaemMeHTapHbIe YHUTAPHBIE I'PYIIIbLI

Pasnoorcenue ITupca panra £ neaéruoii hopmennoit K-aaredpor (R, A) —3t0

pazIoKenmne

R= @ Ry A= @ d(Ri;) & @ Al

—<i,j<t —l<i,j<t —<i,j<t
1+5>0

Ha K-monmoyn 1 K *-nHBapHAHTHBIE MTOAIPYIIILI TAKOE, UTO
1. RijRyy =0upn j #k, RijRy < Ry, Rij < R_j_;;
2. T A; — R nsoMopdusMbl 1 p(A;) = 0 npm 7 # 0;
3. ¢(R_ii) < A, m(AY) < Roj u p(AY) < R_jj;
4. A§~Rkl:0Hij7£k, A;RJZSA?

Hawm mnonajioburcest crienuasibHasi HedéTHast popMmenHasi K-ajredpa

H,K)=( 5 Ke, EB o(Ke;) & @ g - K)

—(<i<t 1<i<t —0<i<t
i£0
.4 _ VAR N o _
cemmnnieit 1 =%, e, rae ee; = 0npui # j, €f = e;, ¢ = ey, Peg) = 0,

m(q) = e, p(q;) =0, qi-e; =0mpni # j, ¢ - e; = q;.

Jlemma 7. Heuémmnoe dopmennoe xorvyo (R, A) asasemca newémnot gopmennot
K -anzebpoti ¢ pasaooicenuem I[Tupca panea £ moeda u mosvko mozda, xozda H(L, K)
yrnumanavro deticmsyem na (R, A). Pazaoorcenue Hupca noaywaemes us gopmya
Rij = eiRej, Al = q;- Rej npui # 0, A) = {u e A-e; | n(u) € Ry;}.

Joxazameavcmeo. dcho, uto 060e HeueéTHOE (DOPMEHHOE KOJIBIIO C YHUTAJBHBIM
neiicreuem H (¢, K') nmeer kanouudeckoe paszsioxkenne [lupca. JleiictBue ke MOXKHO

MIOCTPOUTD 110 pazjoxkennio IInpca npm momomm jsemm 1 n 3. []
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Bribepem neuérHOe hopmentoe Koybio (R, A) ¢ pasnoxkenuem [lupca panra

¢ (waj Z). OupesesinM aiemermaprvie MPaHCEeKyul U PACTANCEHUA KaK

ﬂj(a>:CIi'@;Q—j‘&;¢( ) upn 0 # i # £j #0,a € Ryj;
Tj(U)ZUJrCJ—j'(p(U)—@)4¢(P( ) +7(u)) upn j # 0,u € A;
Dz(a):D—Z(ELO_I)ZQ—z o” g - — ¢(a) mpu i # 0,a € R};
Dy(g) = g upn g € U(LRoo, Ag)

Jlerko Bugeth, uto onu jexar B U(R, A). Saemenmapraa nodepynna EU(R, A)
VHUTAPHOI I'PYIIILI HOPOXKJICHA 3JIeMEHTAPHLIMEI TPAHCBEKIUAMU, 8 JUA20HAAbHAA
nodepynna D(R, A) — 310 HOArpyIIa, MOPOKIEHHAS SJIEMEHTADHBIMU DACTSIZKEeHUsI-
mu. Obosuaunm obpasst 155, T, D; uepes T;;(R, A), T;(R, A) u D;(R, A).

Ecmu (T,Z) —»10 crnenuaibioe HedéTHOE (hOPMEHHOE KOJIBIO C €MHUIEN,
IOCTPOEHHOE 110 MATpUIHOMY KoJIbIly M(£; R) co cTaHIapTHBIM CeMeifiCTBOM HJIeM-
MIOTEHTOB, TO JIeMeHTapHbIe TpaHcBeKIwn 1 pacTsikerns B U(T, Z) cooTBeTCTBYIOT
9JIeMEHTApHBIM TpaHcBekIusM u pactsizkenusm B GL(¢, R). Eciu xe (T,Z) Obl-
JIO TIOCTPOEHO 1o Moay/Iio Mp ¢ spmuToBoit popmoit B n HEYETHBIM (DOPMEHHBIM
napamerpoM L, a pasioxenue [Iupca nosydeno us sjaeMmenTos v; € M ¢ cOOTBETCTBY-
IOIUME CBOMCTBAMHU, TO HAIIU 3JIEMEHTAPHBIC TPAHCBEKIMH — 3TO 3JIEMEHTAPHDIE
TPAHCBEKIN U3 [2| ¢ TOYHOCTHIO JI0 BBIOOPA MapaMeTpPH3AIlIH.

Crenmyrorasi temma mokaseiBaet, 1ato D (R, A) coxpansier passoxkenue [lupca
n teM cambiM HopMasmsyer 1, (R, A), T;(R, A), EU(R, A).

Jlemma 8. Hmeemces uzomopguzm epynn

U(Roo, AY) x [ Bi = D(R,A), (9o, a1, .- -, ag) = goDi(ar) . .. De(ar);

1<i</
Di(R,A) = U(R,A) N (AL D ¢(Ry) & A", npu i # 0;
Do(R,A) = U(R,A) N A);
D(R,A) = U(R @N@EBcb i) ={9 € URA) | g = q;};

1>0
ede 6 nocaednets gopmyae U(R, A) xanornuuecku deticmeyem na (R, A) x H({, K).
Jloxasamenavcmeo. JIerko BUAETH, UTO OTOOpAsKEHUE U3 YCJIOBHS SIBJIACTCS TOMO-

mopdusmom rpymi. Tak kak go...g0 = go + ... + g upu g; € D;(R,A), sror

roMmoMopdu3M OnekTuBeH. TakyKe djeMeHTapHbIE PACTIKEHUsST COXPAHIIOT €; U ;.
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Asubie dopmyiisl st D;(R, A) MOXKHO IPOBEPUTH HAIPSAMYIO, U3 HUX MOJTYIaeTCsI
nepBast hopmyiia s D(R, A).

Iycts g € U(R, A) coxpansier e; i g;. VI3 Toskects a(g)e;ag) = e; cenyer,
aro a(g) = Y, e;a(g)e;, Tax 4TO JOMHOXKast ¢ Ha npoussejenne D;(a) npul < i </
MOZKHO cauTath, 9to 7(g) = p(g) € Ryo. Teneps u3 paBeHcTB %; = ¢; CIE/YET, 9TO
g-e;=0mnpui##0, 1o ecrb g € U(Ry, A)) = Do(R, A). ]

JlemMa 9. Bunoanenvr coommowerus Cmetinbepaa:

(St0) Tw( ) = 15 ~i(— C_L):'
(5t1) Tij(a) Tij(b) = Tij(a +b);

(5t2) Ty(w) Ty(v) = Ty(u +v);
(513) [Tij(a), T(®)) = 1 mpu {i, —j} N {~k, 1} = &;
(514) [Ti(a), Tyu(b)] = Tox(ab) mpu i # +h;

(515) [Tifa). T, +(8)] = To(o(ab)

[
S~
N
ﬁﬁgﬁﬁ
S
3
=
I
=

(w) ji(m(v)m(u) npu i # £j;

(5t7) |Ti(u), Tir(a)] = 1 npu j # i # —k;

(5t8) [Ti(u), Tij(a)] = T j(p(u)a) Tj(—u - (—a));
T,;(R,A) = U(R,A)N (AT b AT & ¢(Ry)));
Ti(R,A) = U(R,A) N (AY & Ay & AT d ¢(Ryy)).

1.7 VYawurapsabie rpyminbl Creiinbepra

Bosbmém meuérayio dopmennyio K-anrebpy (R, A) ¢ pasnoxenunem [lupca
panra £. Eé epynna Cmetnbepea StU(R, A) —510 abcTpakTHast rpymia ¢ oOpasy-
formu Xjj(a) npu 0 # @ # +5 # 0, a € Ry u Xj(u) upu j # 0, u € Ag,
yosJierBopsitonumMu coorrorennsaM (St0)—(St8). 13 jmemmbl 9 cireyer, 910 mmMeeT-

Csl KAHOHUYECKUiT roMoMOphu3M
st: StU(R,A) = EU(R, A), X;i(a) — Tij(a), X;(u) — Tj(u).

Hosnoxkum @ = {e; +e; | —¢ < i, < (}\ {0} C R’ 310 cucrema xopueit Tuna

BCy, rie ey, ..., e — cranjgapThbiil 6asuc, e_; = —e; u ¢g = 0. MbI nporymepyem
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obpasyiore StU(R, A) KOpHsAME TaKiM 00pa30M:

Xe,—ei(@) = Xyj(a) mpu @ € Rij,i 47 > 0,4, # 0;
Xe,(u) = X;(u) npn u € A?;
Xoe,(u) = Xi(u) mpm u € ¢(R_;;);

M aHAJOTUIHO JIis 3JeMeHTapHbIxX TpaHcsekimii. Obpasyiomne StU(R, A) Has3bl-
BAIOTCS KOPHEBHIMU INEMEHMAMU (OAUHHO20, KOPOMK020 WIH YALMPAKOPOMKO20
KOPHEB020 MUNG B 3aBUCUMOCTH OT JIJTUHBI KOPHsT ), 00pas3nl X, (R, A) romomopdus-
MOB X, — kopresvmu nodepynnamu StU(R, A). Coorromienns Creitabepra (St3)—
(St8) oszmagaror, aT0 ToMoMOpMU3MBI X, YIOBIETBOPSIIOT KOMMYMAUUOHHOT Hop-

myne Illesannre

(Xo(), XsW)] = [ Xiasip(fasii(v)),
ia+jpBed

1,7>0
ecim o 1 3 He IPOTUBOIIOJIOZXKHO HAIIPABJIEHbI, TJe fu8i; — ITO HEKOTODbIE yHI-
BepCaJIbHbIC BBIPAXKEHUST (9JIEMEHTBI CBOOOJHBIX HEUYETHBIX (POPMEHHBIX KOJIEI[ C
paznoxenusmu [lupca). Obmactu onpegenenus X, obozuadum depe3 (R U A),.
Huaronanbhas rpynmna D(R, A) neiicteyer na X, (R, A) u StU(R,A) u st
9KBUBAPUAHTHO OTHOCHUTEJILHO 3TOro JeiictBus. [loanot epynnoti Cmetinbepaa Oy-

JdeM Ha3bIBaTb
GStU(R, A) = StU(R, A) x D(R, A).

I'pymma Beitna W(®) = (Z/27) x S, neiictsyer na muoxectse {—£, ..., (},
€CJIN OTOYKJIECTBUTH HEHYJIEBbIC MHJICKCHI C YJIBTPAKOPOTKUME KOpHsME. Torga oHa
neiicrByer apromopdusmamu Ha H(¢, K) n 3amaér neperyMepanni KOMIOHEHT pas3-
noxenns [lupca (R, A).

Hamomuum, aro nogmuoxkectso 3 C & samrnymo, ecm (X +3) NP C 3. 3a-
MKHYTOE TIOJIMHOYKECTBO Y. HA3BIBACTCS CNEYUAALHBIM, €Ci X —Y = & (TO eCTh X
JIEZKUT B OTKPBITOM IOJIYIIPOCTPAHCTBE), U CUMMEMPUUHBIM, e X = —X. Byaem
Ha3bIBATH 3aMKHYTOE MOAMHOMKECTBO X HACHIULEHHBILM, €CIIN %E N® C Y. Iloxcn-
creMa Kopaeit W C @ HachwIIeHHa TOraa 1 TOJIbKO Torda, Korma W = RW N d, o
ecTb 9710 1nepecederne P ¢ noamnpocrpancTBoM. SICHO, YTO HACHIIIEHHbIE [10ICHCTEMbI
KOpHEIl — 3TO0 B TOYHOCTU HACHIIEHHbIE CUMMETPUYHbIE 3aMKHYThIE TI0JIMHOYKECTBA.

NMmeerca kKaHoHUYeCKasd 6I/IGKHI/I5{ MEXKAY HaCbIIIEHHbIMI IIO0ACHUCTEMaMNn KOpHeﬁ
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U C & u OTHONIEHUSIMEI IKBUBAJEHTHOCTH ~ Ha {—F(,... (} TakuMu, 910 i ~ j
BJIEUET —1 ~ —J U i ~ —i BIeYeT ¢ ~ 0. A UMeHHO, 7 ~ jJ TOrJa U TOJLKO TOTJIA,
korga €; —e; € WU {0} must Becex —¢ < i,5 < /.

[Iycte W C & — 310 Hachllennas MoJACUCTeMa KOPHEH U~y — COOTBETCTBY-
forree  OTHOIIeHNe SKBuBageHTHOCTH {—F, ... ¢}. MbI MOXKEM MOCTPOUTH HOBOE
paznoxkenne [lupca (R, A) panra ¢ — dim(RY), ncrosnb3yst KIacchl SKBHBAJICHT-
HOCTH ~vy (OJJHOBHAYHO OIPEJIEIEHHOE ¢ TOYHOCTBIO JIO JIefiCTBHsI HOBOW T'DYIIIbI
Beiinist). Bee siementapuble TpaHCBeKIMN ¢ KOpHsIME 13 W CTAHYT 9JIeMEHTAPHbBI-
MU DACTSIZKEHUSIMU, BCE JIeMEHTapHble TpaHcBeKun ¢ Kopaamu w3 ® \ ¥ cramyT
9JIEMEHTaPHBIMI TPAHCBEKIUSIMI OTHOCUTEILHO HOBOI'O pasJjoxkenus ITupca. Hopasi
cucrema KopHeit — 310 06pa3 P\ U B pakTopipocTpancTBe R¢ /RWY oTHOCHTEIBHO HO-
BOT'O CKAJIIPHOTO POU3BeIeHnst, Mbl obo3naunmM eé depe3 O /U (wmm ¢ /{ay, ..., a,}
B ciyaae ¥ = ® N Y Ra;) u Gynem rosoputb, 4To oHa Hoydaercs u3 ® uckaro-
Yenuem MHOYKeCTBa obpazyrommx W.

st HaceimenHoit mojicucrembl Kopheit W C @ obo3HAUMM 0TOOparkeHue
& — &/U uepes my. [pymmsl, cBazannbie ¢ pasiaoxennem [lupca mocse nekio-
gerust W, obosnaunm depes D(R,A; ®/U), EU(R,A;®/V), StU(R,A;P/¥) u

GStU(R, A; @ /). Takke UMEIOTCsI KAHOHIMIECKHE TOMOMOP(U3MBI
Fy: StU(R,A;®/0) — StU(R, A; D)

Takue, uto stoFy = st u Fy(Xs(R, A)) = [, )= X5(R, Q).

Ty
[Tostoxxkum

I = {£(e; +¢j) | —j <i<j <L}
US(R,A) = (Xo(R,A) | a € TIF) < StU(R, A);
PE(R,A) = U*(R,A) x D(R,A) < GStU(R, A).

Jlemma 10. Omobpasicenue ymmorcenus

H (RUA) = UN(R,A), (fta)a = HXa(Ma>

a€ll+\ 20T+

asaaemesn ouexuyueti das 00020 aunetinozo nopadka na 11T, Kanonuueckuds 2o-

momoppusm PH(R,A) — U(R,A) asasemca unsexyuet. Ecau omoorcdecmeumo
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UT(R,A) u PT(R,A) ¢ ux obpazamu 6 U(R,A), mo

Ut R, A) = URA) O (@DALE @ o(R)

i<j —j<i<j
PY(R,A) =UR AN (PAS P oRy).
i<j —J<i<j

oxasameavcmeo. Urobbl 1oKa3aTh OMEKTUBHOCTD, JJOCTATOYHO PACCMOTPETh 00pas
UT(R,A) B U(R,A) u sjemenTapubie TpaHcsekinu BMecto X, (p). Vupykrmeit
1o ¢ U WUCKJIOUYEHNEM YJIbTPAKOPOTKUX KOPHEH MbI MOXKEM CBECTH BCE K CJIydalo
¢ = 1. Bosbmém g € U(R,A) N (P;; A & @ _,; 9(Ry;)). Torna kommonenta
g m3 @; Al & ¢(Ry1) He 3aBUCHT OT MOPFAJIKA IPAMOrO CyMMUPOBAHUS 1 JIEKHUT B
Do(R,A) x D1(R,A) = D(R, A) no siemme 8. U3 temmbr 9 citejtyet, 9To ¢ sIBJISIETCS

IPOU3BE/ICHIUEM 9TON KOMIOHEHTHI 1 dsiementa T1 (R, A). O

Bysem naspisarh PE(R,A) n ux obpasel B U(R,A) HPOTHBONOIOAKHBIME

napadoruneckumu nodepynnamu, U (R, A) — ux yrnunomenmuvlmu padukaiamu, a
D(R,A) = PY(R,A) N P~ (R, A) —ux obmieit nodzpynnot Jlesu.

Jlemma 11. Omobpasicenue ymmoocenus
Q(R,A) =U"(R,A) x D(R,A) x U™ (R,A) = U(R,A), (f,9.h) = fgh

unsexmueno. Feo obpaz cocmoum us g € U(R,A) maxux, wmo ece FEym(g)Ex

keaszuobpamumv, 6 EyRE, npu 1l < k < /{, 2de E, = e + ...+ ey.

Hoxazamenavcmeo. UnbekrusrocTs caepyer u3 toro, uro PT(R,A) nu U™ (R, A)
FMEIOT TPUBHAJIBHOE IIepecedeHne B yHuTapHoii rpymre. JIerko Buaersb, 1To Jroboii
SJEMEHT 13 06pas3a y/I0BJIETBOPSIET YCIOBUAM KBA3HOOPATUMOCTH.

st nokaszaresibeTBa B 0OPATHYIO CTOPOHY MBI HCIOJIB3YEM HCKJIIOYEHUE Yilb-
TPAKOPOTKIX KOPHEl M MHJIYKIHIO, 9ToObl cBecTH BCé K ciaydaio £ = 1. Bosbmém
g € U(R,A) Taxoii, 410 e1m(g)e; KBaznoOparnm. YMHOXKAs ¢ Ha JHATOHAIBHBII

SJEMEHT, MOYKHO J0OUTHCst TOro, 9Tobbl e17(g)e; = 0. Paccmorpum siemenT
u=q1-m(g)er —g-e1— ple1m(g)er) € Af.
Torpa Ti(u) g = —g-exm(g) +g- (1 —e1) +q1-7(g)(ein(g) + e; — 1) nexxur B
P (R,A)={g € UR,A) |e_1m(g9) =e_1m(g)e_1,9-e1 = q1 - m(g)e1},

rJie ypaBHeHus Ha MapaboImIecKyio TOIPYIITY ToydeHbl n3 jeMMbl 10. []
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I'maBa 2. Knaccudeckmne peayKTUBHbIE TPYHNbI

2.1 HwnabnoTeHTHBIE MOIYJIN KJIacca 2

BospMém koMmyTaTmBHOE KOblo K ¢ enmauneii. GuabTpoBaHHas 2-HUJIb-
norenTHas rpynna M HasbiBaeTcd 2-Huavnomenmmvim K -modyaem, ecii MOHOWT
K* neitictByer crpasa na M, nojarpynmna My uMeer JONOJTHUTENHHYIO CTPYKTYPY
JieBoro K-mMojynd n jgano oroopaxkenue 7: M — My, npuaém

L. [m-k,m -k =kk'[m,m';

2. m-(k+k)=m-k+EkKT(m)+m- k£,

3. m-k=k*n upum € M,.

Snecb 7: M — My u peiicrBue M X K — M nojmkBaJpaTUdHbI [IPU BbIOO-
pe duabrpannit 0 < 0 < K unu 0 < 0 < My, oHE yJIOBJIETBOPAIOT TOXKJIECTBAM
r(m |m') = [m,m] u 7(m-k) = k*7(m). Moppusm 2-nuibnorentaoix K-mojtyeii
f: M — N —»sto romomopdusm rpyi Taxoii, aro f(m-k) = f(m)-k, f(My) < Ny,
f(km) = kf(m) npu m € My u f(r(m)) = 7(f(m)).

JIro6oe ObummaeitHoe orobpazkenue c: My X My — My mexy K-MoyissMu siB-
Jdercd 2-KonukioM, npuaém M = My & M, 6yner 2-HIIBIOTeHTHBIM K -MOysIeM

c onepanusMu

(mo & m1) + (my & mi) = (mo + c(m1, my) +my) & (ma +my),
(mo @ ml) k= (k2m0 EB kml),

T(mg @ my) = 2mg — c(my, mq).

Bynem roBoputhb, 9T0O 2-HUJIBIOTEHTHBIN K -MOJIYIb PaAcULEnAACMCA, €CJIM OH UMEeT
TaKoil BUJI C TOYHOCTBIO J10 n3oMopdusMa. Bee 2-aunbnorenthble K-momynu M, y
kotopbix M /My cBobosen was K, paciiersiioTcst.

Moxk1o onpeenTh paciimpenne CKaJIdpoB 2-HUJIbIoTeHnTHOTO K -Momyns M
IIPU TIOMOI KoMMYyTaTuBHOM K-aaredpel F ¢ equanieii. Boibepem K-momynb A c
KOMMYyTaTHBHBIM K -OusmHeitnbiM ymuOkeHneM A X A — FE (o mam morpebyercst
TOJIBKO B JIOKA3aTEJIbCTBE JIeMMbI 12, B ocTaibHbIX ciydasx A = F). Paccmorpum
rpyiny M X A, nopoxiénnyio nenrpasbioit E Q@ My u snementamu m X a rnpu
m € M, a € A (1o ectb dakroprpyiy npoussejneans E @k My Ha cBOOOIHYTO

rpymiy ¢ obpasytonvn m X a) ¢ COOTHOIEHUSIMI
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—_

. mRa,m' Kd]=ad @ [m,m];

. (mEm)Ra=mXa+m'Ka;

3. (m-k)XRa=mKX ka;

4. mW(a+d)=mXRa+ad @7(m)+mKd,
5. mXa =a®>®m upu m € M,.

)

dAcuo, aro Im(E @i My) < M Wp A Oyger auibnorenTHoi dhuabrparmeii. [Ipu

A = FE ecrb NOJHMKBAIpATHIHBIE OTOOPaYKEHMUsT

7T: MXg E — Im(F @K M), eRm— 2e®@m,
mNe— 2 ® 7(m);
(=) (=): MKk F)x E— MKk E, (e@m,e) e @m,

(mXe,e)— mXee

corsacuo jemmaMm 2 n 3. Takxe E-monyns (M Mg E)/Im(E @k My) nsomopden
(M/My) ®Kk E.

ByaeM roBopuTb, 4TO pacIIdpeHne CKaJIaApoB 2-HIJILIOTEHTHOrO K -MOmyist
M upu nomonu E onpejeneno, ecin B Qi My — M Wi E mHbeKTHBHO, TOT/Ia
M Ky E naspiBaercst pacuwupenuem ckarapos. OHO ABJISETCH 2-HUJILIIOTEHTHBIM
E-vopynem o semme 1 (M X E)Xp F = M Xy F s 0601t KOMMY TaTHBHOI
E-amreopst F' ¢ equnnneii. Kpome toro, Homg (M, N) = Homp(M Xg E, N) s

BCeX 2-HWIBIIOTEHTHBIX [/-momyneit N.

Jlemmva 12. Pacwupenue ckanaapos 2-nuasvnomenmmozo K-modyasa M npu nomo-
wu naockotll B ecezda onpedeneno. Ecau E cmpoeo naockasn, mo M — M Wi E

UHBERKTMUGHO.

Hoxaszameavcmeo. Ilo Teopeme T'oBopoBa—J/lazapa £ = thPZ JJIT CBOOOIHBIX
K-vopnyneit P;. Ilycts N; = M Kg P;, torna M Ny E siBasiercst 11X HPsIMbIM IIpeJie-

JioM. Jlerko mpoBepuThb, 9TO

N;=E®x MybEPMRe;,
j
rje e; npoberaior 6asuc P;. Torna E @g My asigercd noarpyuioit Bo scex N; 1 B
M Ny E. llociegnee yrBep:KaeHue cieayeT n3 nnbektupnoctu My — E @ M,
M/My — M/My @k E, n u3 neabesieBoit 5-jieMMbl. O

OK&SI)IB&GTCH, YTO K 2-HUJIBIIOTEHTHBIM K—MOJ:LyJIHM MOZKHO IIpUMEHATH CTPO-

o IJIOCKHUI cIycK. PaccMOTpuM CTPOro IJIOCKYI0 KOMMyTaTuBHYy0 K-ajarebpy FE ¢
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equHAIEH. /lanHvimu cnycka Ajs 2-HILIBIIOTEHTHBIX MOJLyIeil oTHOCHTe/IbHO K — F
Ha3bIBAETCA 2-HUJILIOTEHTHBIN F-Mojtyb N ¢ n3oMopdu3MoM 2-HUJIBIIOTEHTHBIX
(F @k E)-momyneit ¥: ij(N) — i5(N), yIOBIETBOPSIONINM YCAOBUIO KOUUKAG
i55(V) 0 i35 (¥) = i13(¢): 7 (IN) — j3(N). 3mech if — 9TO PACHIMPEHNsT CKAIAPOB
OTHOCHUTEJIbHO KAHOHNYECKUX roMoMopu3MoB B — EQ@rg B upu 1l < s < 2,47, —3T0
pacmupenns cKaaspoB OTHOCUTENbHO B R B — FQr EQg Enpnl < s <t < 3,
J&—9TO paclnpeHus CKaJIgpOB OTHOCUTEJNbHO B — B Qg B Qg Eupn 1 < s < 3
(orm ompenesiensl 1o semMe 12). Mer takzke oboznadnM Mopdusmbr N — 5 (N),
N — jX(N), i%,(L) — %, (L) 1gepes i, js U ig JIsT JIOOBIX 2-HUJIBIOTEHTHBIX HJIH

S

0oObIYHBbIX MojyJieit N u L.

IIpennoxenne 3. /lis n1006020 cmpozo naockozo 2omomoppusma K — E rwom-
MYMAMUBHOIT KOAY, ¢ eJUHUUAMY KAME20PUA 2-HUALNOMEHMHLL K -modyred
IKBUBAAEHMHA KAME20PUL OAHHBLY CNYCKA OAA 2-HUADTLOMEHMHLLT MOJYAET 0MHO-
cumenavno K — E, 2-nusvnomenmmnoti K-modyasv M coomeememeyem M Ny E

C KAHOHUMECKUM 1.

Joxazameavcmeo. Y Hac ecTb PYHKTOP U3 KATErOPUU 2-HUJIbIIOTEHTHBIX [ -MOJIy-
JIeil B KaTEropuio JaHHBIX CIIyCKa, OYJIeM CTPOUTHL €ro IpaBblil conpszKEHHbIn. 11o

KayKJIbIM JAHHBIM cirycKa (V1)) MBI IOCTPOUM 2-HUJIBIOTEHTHBINH K -MO/TyJIb
M ={n € N |¢(ir(n)) = iz(n)}
¢ My = N N Ny. Jlerko BujeTh, 9T0 0TOOparkeHue
[+ M/My —{n € N/No | (ir(n)) = iz(n) € iy(N/No)}

MHbBEKTUBHO, HAM HAJIO TIPOBEPUTH €r0 CIOPbEKTUBHOCTD.

Bosbmém n € N raxoit, uro x = 9(i1(n)) —is(n) € i5(Ny). docraTouno noka-
3aTb, 9TO cymectByer n € Ny takoii, uro x = ¥(i1(n)) — i2(n). B cuny Tounoctu
KoMIiekca Ammuiypa st K — E, TeH30pHO JOMHOXKEHHOro Ha [Ny, 9TO paBHO-
CHITBHO 135(1)(i12(x)) + i23(x) = d13(x). [logcrasiss onpejesnenue x, Mbl TOJIYIUM
yCJIOBHUE KOIUKJIA Ha 1), TPIMEeHEHHOE K j1(n).

DTa KOHCTPYKIIMs CIIyCKa COMNpsZKeHa CripaBa K (YHKTOPY U3 YCJIOBHUSI.
Ocraérest MokazaTh, YTO eJUHUIA U KOEIUHUIA COlpsizKeHusi obparumbl. Ho eu-
HUIIA oOpaTuMa JJIsl JIF0OOro 2-HuJibloTeHTHOro K-monyias M B cuiy HeabeseBoii
5-sieMMbI, Tak Kak oHa obparuma Ha My u M /My (K KOTOPbIM [TPUMEHIM OObIYHbIIT

CTPOrO ILJIOCKUIT CIycK). [l KoeMHUIIbI JOKA3aTeIbCTBO AHATIOTUIHO. [
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Bynem roBoputh, uTo 2-HMIbHOTEHTHBLIN K-momynb M ywnuseepcansen, eciu
BCE €ro pacIlUpeHusi CKaJIsipOB OIIpeJieJieHbl. Y HUBEpCa/bHble 2-HUJIBIIOTEHTHDIE
K-vonym M zapator fppf nyukn M Ky (—) #a kareropun addunubix K-cxem B
CIJTY TPEJIOZKEHHsT 3 U TOrO, YTO Kareropusi 2-HuibnoTeHTHbIX (K X K')-momyseit

SKBUBAJICHTHA IIPOM3BEICHNI0 Takux Kareropuit Hajy K u K.

Jlemma 13. B caedyprowux cayuaax 2-nusvnomenmmviti K-modyav M ynusepca-
NEN:

MO PACUWUPERUE CKANAPOS YHUBEPCAALHO20 2-HUALTLOMEHMMH020 MOOYNA,
MO NPAMOT NPEIEN YHUBEPCANDHOIL 2-HUABNOMEHMHBIL MOOYNET;

OH PACULENAACTNCA,

modyav M /My ssasemesn naockum;

SAERERCE

amo cmpoeo NAOCKUL CNYCK YyHusepcaLsbHoeo 2-HUABNOMEHMHO20 J\/LO&ZIJ./L.E

Joxazameavcmeo. Ilepsble aBa ciyuas Tpusnaabubl. Ecian M = My @ M, pacien-
astercst ¢ 2-komukioM ¢, o M g E = (E Q@ My) © (E ®@x M) pacienisercs
¢ 2-xkonukyioMm cg. Ecin momyias M /My nnockuii, To 1o Teopeme I'oBopoa—Jlaza-
pa M /M, = hgll P; nist cBoboaHbIX Mojyseit P;, HO 2-HWJIbIIOTeHTHbIE K -MOJTyJn
M Xy, Pi pacmenisiiores u M gBjisieTcss uX MPAMbBIM IPEJIEIOM.

[Iyctb M Wy E yauBepcajeH st cTporo miockoit K-aareopsl F. Boszbmém
kommyTaTusayio K-anreopy K’ ¢ egunnneii u nonoxum B = K'®Q i E. Komnosnius
K Qg My — M Xg K' — M X E' unbexktusna, tak kak M X E' onpejenén n
K' @k My < E' @k My. Cnenosarennno, M Xy K’ onpenenén. O

2.2 AyrmenTupoBaHHBbIe HEUYETHBbIEe (DOPMEHHBIE AJIreOphbI

Ayemenmuposarnas newémmnas gopmennas K-anreebpa (R, A, D) cocrout u3
HeuérHOI (bopmennoit K-aiaredpsl n K®-maBapuantHoii moarpymnmsl D < A co
CTPYKTYpOii JieBoro K-Momyiist, Tje

1. p(R) <D, n(D) =0, ¢(ak) = kop(a) npua € Ru k € K;

2. v-k =k, p(kv) = kp(v), kv-a=k(v-a) upuv € D, k € K, a € R.

AcHo, uTo i J1r060it ayrMeHTHPOBAHHON HedeéTHO (pbopMeHHOil K -ajaredpbl

(R,A,D) rpynna A ¢ dunbrpanueii D siBjisiercsi 2-HUIBIIOTEHTHBIM K -MOJLyJIEM ¢
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T(u) =u+u-(—1) = ¢(p(u)) (B gacraocru, ¢p(p(v)) = 2v upu v € D). Orobpake-
g p: A — Ru (=) - (=): A X (R x K) — A H0oJuKBajpaTiIHbl OTHOCHTEIHLHO
s1oit punbrparuu. Heaérnas dopmennas K-anrebpa (R, A) umMeer ayrMeHTAIIIO,
eciin Ker(¢) sapaserca K-nommoynem (9ro Beerga Tak npn K = Z), HaNMEHbIIAsT
ayrmenTanus —31o D = ¢(R).

Bynem wasweiBaTh pasaoorcenuem Hupca ayrMeHTHPOBAHHON HEUETHON (hOpMEH-

woit K -aynrebpel (R, A, D) takoe pasnoxenue [lupca (R, A), aro

D= P ¢(Rry)e P D,

—0<i,j<t —0<i</
i+5>0
e D; = DN AY. B srom citydae Mbl n3MeHIM 06J1aCTH ONPEJIeICeHUs] KOPHEBBIX
romoMopdusMoB Xge, ¢ ¢(R_;;) na D;.
Pacwupenue crxanaposé ayrMeHTHPOBaHHOI HeUETHON popMeHHOMN K -ajredphl

(R, A, D) npu nomoru KoMMyTaTuBHON K-aaredpbl E ¢ euHuIEH — 9TO TPOiiKa
(R,AD)Xg F=(R®x F,AXg E,E @k D),

ecin A Wy E onpejiesieH0 Kak PaCIIUPEHne CKaJsipoOB 2-HUJILIOTEHTHOIO MOJLYJIS.
Omna Oyzer ayrMeHTHPOBaHHOI HeUETHON dopMmeHHON F-ayiredpoii ¢

L. pla®@e)=e®¢(a), 7(e®@v) =0, 1(ule) =7(u) ®e;

2. ple®v) = p(v) ® e, p(uBe) = p(u) © ¢

3. (e@v)-(a®e)=e’@(v-a), (uNe) (a®e) = (u-a)Xee
nmpua € R,v € D, u € A, e, e € E no nemmam 1, 2, 3. Takske

Homg ((R, A, D), (T, Z, X)) = Hompg((R, A, D) R E, (T, Z, X))

JJIsT ayTMEHTHPOBAHHBIX HEUETHBIX opMmernbix E-anrebp (1,2, X).

[To nemme 12 pacmmpenme CKaJasgpoB CYIIECTBYeT, ecan [ mockad. B cury
HpeJIoyKeHNd 3, K ayrMEeHTHPOBAHHBIM HEYETHBIM (POPMEHHBLIM aJjrebpaM IIpumMe-
HUM CTPOI'O IJIOCKUIT CIIYCK. fICHO, YTO KaTeropuy HEYETHBIX (POPMEHHBIX ajaredp u
ayrMEHTHPOBAHHBIX HEUETHLIX POpMEHHBLIX ajiredp Haj K X K’ 5KBUBaJIEHTHBI I1PO-
u3BejleHnAM cooTBeTcTByomux Kareropuil najg K u K'. Takum obpasom, Kazkiast
ayrMeHTHpoBaHHasi HeuéTHast opmennast K-amredpa (R, A, D) ¢ yHuUBepcaIbHBIM
(A, D) zamaér nyuox (R, A, D)Xk (—) B fppf Tonosornm.

B kadecTBe mpuMepa TOCTPOUM JIOKAJU3AIUU HEUETHBIX (DOPMEHHDLIX aJI-

Fe6p. BosbMmém KOMMYTAaTHUBHOE KOJIBIIO K ¢ GILI/IHI/ILLeﬁ 1 MVYJIBTHUIIIMKQTUBHOE
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nogmuokectBo S C K (10 ecth S < K*® giserca nogmoHougom). Jlokasusa-
yua 2-mmbnorentaoro K-moayna M B S — 370 2-nmmbnorentneiit S™HK-Momys

S7IM = MXg S~ K. Ero MoKHO 0TOKI€CTBUTD ¢ (DAKTOPMHOZKECTBOM MHOKECTBA,

dopmaIbHBIX Apobeii m% mpum € M us € S, rue m% ~m - ﬁ, €CJIN CYIIeCTBYET

s" € S Takoit, uto m - s's” = m/ - ss”. I'pynna S~ M, BkiaasBactes B S~ M Kax

1 1 ! ! 1
< 5= (m-s'+m'-s)- -,

E—(m-k)-

s ss' "

2 osm -
1
Pe)

9Ty K€ KOHCTPYKIMUIO MO2KHO IIPUMEHHUTH K ayI'MEHTHUPOBaHHBLIM HeYETHLIM

orepalun 3a/1aTcs popMysIaMiI m - % +m'-
Ly = 7(m) (m - 1)

s 52 s

[m,m’]
ss' 7 T(m '

L 3] =

dbopmennbim K-anrebpam. Ha camom jese Jiokamsanys KOPPEKTHO OILPEIeJeHa,
ISl IPOU3BOJIbHON HeudTHoit dhopmennoit K-anredpor (R, A). Onpememum S™1A
Lo
KaK (haKTOPMHOKECTBO MHOZKECTBa (POPMaJIbHBIX Jpobeit u - < mpn u € A u s € S,
rue u - % ~ - %, eciu cymecrsyer s’ € S rakoit, uro u - §'s” = u' - ss”. Torna
(S7IR, STIA) apngerca neuérnoit gpopmennoit S™K-anrebpoii ¢ onepanusmu
1\ j 11 AR 1.
1. (u-;)—l—(u-;):(u-s—ku(-)s)-g, .
_ 1 1y _ 7(u 1y _ plu).
2. ¢(2) = ¢las) - 5, m(u-3) = =2, plu-3) = 5%
1 1 1\ k 1 .
3. (u-3)- 4= (u-a)- (u-3)-g=w-k)-supnac RukecK,

s s ss’?

OHa HasbIBaeTcs Aokaausayuet (R, A) B S n ob1amaeT yHUBEpCaJIbHBIM CBOHCTBOM.

st ayrmenTupoBanHoit HeuéTHoit hopmernoit K-anreopol (R, A, D) 91a KOHCTPYK-
st copnagaer ¢ (R, A, D) Xy STIR.

2.3 Kiaccuyeckue Hed€THBIE (pOpPMEHHbIE aJaredpbl

SadukcupyeM KOMMyTaTUBHOE KOJIBIO K ¢ eaunuiieil. Mbl SBHO MOCTPONM ayT-
MEHTHPOBAHHBIE HEIETHBIE (popMeHHbIe [ -aarebphbl ¢ KIaCCHICCKIMI YHUTAPHBIMI
rpynnamu 1 rpymnamu Creitnbepra. O6o3naunm 6azuc K2 vepes e_y, ..., ey, a
basuc K2 —uepes e_y, ..., e_1, €1, ..., eq. I'pynna K-To4ek JAUCKPETHONH I'pyIl-
MOBOiT cXeMbl Z /27, OTOXKJIECTBJISIETCsT ¢ TPYNION WIeMIOTeHTOB K ¢ I'pYyIIoBOi
onepanueit e x f = e + f — 2ef.

Bce mocTpoennble HIZKe ayrMeHTHPOBaHHbIE HEYETHLIE (DOPMEHHbIE AITreOPhI
SIBJISTIOTCSI CHIENUAJIbHBIME (U [TOYTH BCE U3 HUX UMEIOT eJIMHNUILY). Y HUX eCTh KaHO-

HuvYeckne pasiozkenust [lupca panra ¢, nonyuentsie u3 sioxkenns H(C, K), e; — ey

npu @ # 0, ¢ — 1 — Z#o@n‘, qi = qi-
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Jlunetinan newémnas gopmennas anreeopa (R, A, D) = AL(¢, K) ctpourest 1o
kostbity M(4, K) ¢ emunurieit, mbl mostaraem D = ¢(R). B aBHom Bue

L R=@i < Keij © D _cije1 Keis

2. ejjer =0 mpn j # k, ejjej = eq, €5 = e_j_i;

3. D = icijer Ko(e);

4 A=Dd @igi,jge q - Kejj o @Qégi,qu q - Kejj.

Nmeercst uzomopdusm GL(¢, K) — U(AL((, K)) < R*, g — g '@y, a cuenuanbnas
muHeitrast rpynna SL(¢, K) sisisiercs siapom det: GL(4, K) — K*.

Teneps pacemorpuM Kosibllo K ¢ (—1)-mmBomornueit k = k, Torja spMu-
ToBbI (bopMbl Ha K-Momyie M —»3TO aHTUCUMMETPUUYHbIE OWJIMHEHHBIE (DOPMBI.
Taxast popma sIBJIIETCsT CUMIIIEKTUYIECKOM, ecjin HauOOJIbIINI HeIETHbIN (hopMeH-
HbIII apaMeTp coBnajaer ¢ rpymmoil [eitsenbepra (To ectb KBajparndHas Gopma
TpuBnasibia). Beibepem M = K 26 ¢ cumiutekTuaeckoit dpopmoit B (€i,e;) = 0 upn
i# —j, Blej,e—;) =¢;,tmeeg; =1nupui>0ueg =—1npui<0. Cumnaexmuye-
ckas newémmas gopmennas anreeopa (R, A, D) = ASp(2¢, K)—»st0

L. li: D r<ij<rijro eis;

2. €ij = EiEj€—j —i, €€kl = 0 npu j 75 ]{Z, €ij€41 = €il;

3. D =D _icijerijroivi>o KO(€ij) & D _rcicpino Kvis

4. ¢le—ii) = 2v;, p(vi) = e—is, Vi - €jp = 0 IPH © # J, V; - €k, = €;€4V;

5. A=Dd @Jgi,jgé;i’#o qi - Keij;
ona nostydaercss u3 (M, B, Lyax), HO ¢ HETPUBHAJIBHOI ayrMeHTalueii. SlcHo, 1To
U(ASp(2/, K)) = Sp(2¢, K).

Heuérusie dopmennbie K-anrebper AL(C, K) u ASp(2¢, K) siBsitorcs crie-
UAJIBHBIMI C eJUHULIAMU, UX HeYETHble (POpPMEHHbIE apaMeTpPbl — HAMOOJIbIINE
BosMoKHbIe. Ecmn (R, A)—5T0 ojjHa U3 9TUX HEYETHBIX (DOPMEHHBIX aaredp, TO
U(R,A) ={g € R*| go' = g} onpenenserca K-anrebpoit R ¢ nnsomomnueii. B
JIMHEITHOM ciiydae 370 ajiredpa Asymaiin vaj K X K ¢ nHBOJIIOINE BTOPOro po/jia, B
CHUMILIEKTIIECKOM CIydae 9To ajredpa Asymaitn Hag K ¢ CHMILIEKTHYECKONH HHBO-
JIfoIyedl mepBoro pojga. B opToroHajbHOM cjydae HeYETHbIN pOPMEHHBIH apaMeTp
He SIBJISETCS HauOOJIbIIIM U HEeOOXOIMM JIJIsl OIMMCAHUS KJIACCUIECKON Ipymibl. B
YETHOM OPTOIOHAJILHOM CJIydae KoJIbIieBasl 9acTh OyJeT aaredbpoit Azymaiin ¢ opTo-
rOHAJILHOM MHBOJIIOIUEH 11€PBOrO Poja, a B HEYETHOM OPTOTOHAJILHOM CJIydae OHa,
OOBITHO HE MMEeT eJIMHMUIIBI.

Pacemorpum K ¢ l-mmsomormeit k= k, Torma SpMuTOBBI (GOPMBI HA

K-monyne M —»s1o cummMerpudnbie oununeitabie popmbl. [lyets ¢: M — K — 310
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KBaJpaThndHast (hopMa B KJaCCHUeCKOM cMbicie, To ecth q(mk) = q(m)k? n eé ckpe-
menublit spdexr B(m, m’) = q(m | m’) bummneen. Torna ¢ MOXKHO paceMaTpuBaTh
KaK KBaJpaTuuHyio (popMy, HOAYUYEHHYIO U3 HEYETHOrO (POPMEHHOIO [apaMeTpa,
L = {(m,—q(m)) | m € M} spmurosoii bopmbr B. Bossmém M = K% ¢ q(e;) = 0,
B(e;,e;) =0 upn i # —j, B(e;,e—;) = 1. CoorsercrBytomas HeuéTHAs (OpPMeHHAas!
aJirebpa ¢ HalMeHbIIel ayrMeHTaIeill Ha3bIBACTCA YEMMOU 0PMO20HAALHOT HEeUEM-
noti gopmennots arzebpoti (R, A, D) = AO(2¢, K). A umento,

L. }i: D r<ij<rijro Keij;

2. ejj =e_j_, eijer = 0npu j #k, ejjen = ej;

3. D= _1<ijerijroirjo Ko(€i);

4. A=Dd @'_Ki,jgmﬁéo g - Keij.
Mer umeem U(AO(2(,K)) = 0O(2¢,K). CuerpajibHasi OPTOrOHATbHAST TPYIIIA
SO(2¢, K) sisnstercs simpom nnBapuanta lukcona D: O(2¢, K) — (Z/27)(K) (rue
det(g) = 1 —2D(g)), sror nnBapuant nmeer cedenue mpu £ > 0.

B neuérHOM OpTOroHAIBLHOM Ciydae pacemorpum M = K2H! ¢ q(e;) = 0 npu

i #0, q(eo) =1, B(ej,e;) =0 npu i # —j, B(ej,e—;) = 1 npni # 0, B(eo, eg) = 2.

Ero yautapHas rpyria — 3To HeYETHasE OPTOTOHAJbHAs T'PYIIIa
020 +1,K) 28020 + 1, K) x pa(K),
rje

us(K) = {k € K" | K = 1},
SO(20+1,K) = {g € 020 + 1, K) | det(g) = 1},

HO COOTBETCTBYIOIIAasi HeuéTHas hopMeHHas aJjiredpa He o0JaJlaeT JOCTATOUYHO
XOPOIIMME CBOHCTBaMU. BMECTO 3TOro Ompeme/uM HEUEMHYIO 0PMOo20HANDHYIO
newémuyro popmennyro areebpy (R, A, D) = AO(2( + 1, K) kax

R = @—Egi,jgﬁ Keij;

€ij =e_j_i, e = 0 mpn j # k, e;jeq = ey upn j # 0, epeq = 2eq;
D= @—égi,jgé;i+j>0 K(eij);

A=Do @;egi,jge;#o qi - Keij & @ngige u; - K

m(u;i) = eoi, plui) = —e_ij;

6. u;j-ejr=0mnpui# 7, w- e =u,upn i # 0, up- e = Uy - 2;

A e

OHa CIIellhnaJibHasi, HO oe3 CINHUIIbI B O6LU;6M cJjIydace. Hawm HOTp66yeTCH roMOMODP-

dbusm K-anrebp rep: R — M(20+1, K), e;; — e;j upu j # 0, e;0 — 2e;o. Ilostoxum
Aoy = {u € A | n(u), p(u) € C(R)}.
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Acno, uro C(R) = {z(k) | k € K} u Acpy = {u(k) | k € K}, rue

x(k) = kego + Zeiia u(k) = Z%’ 2k 4 ug - k + (2K Zem)-

i#0 i#0 i>0
Beeaém obosmauctne O(20 + 1, K) = U(AO(2( + 1, K)).

Ipeanoxenue 4. Oyuxmop O(20 + 1, =) — omo 2aadkan crema omnocumeavnot
pasmeprocmu £(20+1), npuuém O(20+1, —) = SO(204-1, =) X Z/27. Fomomoppusm
D: O(20 + 1, K) — (Z/2Z)(K) ydosaemsopaem det(1 + rep(w(g))) = 1 — 2D(g),
a adpo O(20+ 1, K) — SO(20 + 1,K) —omo {g € O(20 + 1, K) | n(g) € C(R)}.

Joxasameavemeso. 1lycrs (R, A, D) = AO(20+1, K)u (T,2,X) = AO(2(+2, K).

PaccMoTpuM MHBEKTUBHBII TOMOMOPQU3M

f:(R,AD)— (T,2,X),e;; — e;; upu i, j # 0;
€i0 +> € —¢—1 + €41 1pu 1t # 0;
eoj > €—¢—1,j + €pq1,; upu J # 0;

€00 M €—f—1,—¢—1 T €—p—1041 T €r41,—¢—1 T+ Cry1 041

Jlerko BuAETH, UTO

f(RYy={teT |tle_r_1+em1) = %(6_5_1 +epyq) = 0}
f(D)={veX|p) e f(R)}
f(A) ={ue=]m(u),p(u) € F(R)},

rae 1’ neiicTByeT cTaHgapTHBIM oOpa3oM Ha K 242 TakyKke rep — 9TO JeficTBHE HA

OPTOTOHAJILHOM JIOTIOJIHEHUN K €_p_ 1 — €py1. TaKuM odOpas3oM,

~

O20+1,K)={ge€ 020+ 2,K) | gle—s—1 —ert1) = e_p-1 — €11}
Orobpazenne D: O(20+1, K) — (Z/27)(K) — 510 cyzxenne unsapuanta JInkcona

st O(20 + 2, K), taxxke det(1 + rep(m(g))) = det(a(f(g))) =1 — 2D(g).
DyHKTOP 6(2@ + 1, —) 3aaétcst ypaBHEHUSIMU

> wpimn + zo_iwo; + wij+ g =0npu — <, j < Li+j>0;
— <kt
Z T piThi + 2, =0npn — € <4</
0<k</t
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Ha [lepeMenHble T, [ie m(g) = D, Tij€j, Tak 1To 310 adduinag rpynmnosas cxema.
[To kpuTepuio sikobnana ona ABJISIETCS TJIAKONH B OKPECTHOCTU € TMHUIHOTO CEUEHUS.
CiegoBaTesbHO, 6 ABJIACTCS TJIAIKOI I'PYIIIOBOI CXeMOU OTHOCUTEJILHON pa3MepHO-
cru £(20 + 1) mag gobbiM osieM. Torga aud depennuarbl ypaBHEHIH HE3aBHCHMbI
B KayKJ0Il TOYKe, TO €CThb 6(2€ + 1, —) SIBJIETCA IJIaJIKON adPUHHON I'PYIIIOBOI
cxeMoii TpebyeMoil OTHOCUTEILHONH Pa3MEePHOCTH.

Monosxum Z(K) = {g € 020 +1,K) | 7(g) € C(R)} = {u(k) | k* + k = 0}.
Tax kaxk D(u(k)) = —k upn k% + k = 0, nmeerca pasjiozkenne

~

020 + 1, K) = Ker(D) x (Z/2Z)(K).

Orobpazkenne rep 3amaér romomopdusm p: Ker(D) — SO(2¢ + 1, —) nragkux
I'PYIIIOBBIX CXEM, U MbI IIPUMEHUM K HeMY KPHUTEPHil MOCJIOINHOTO M30MOPQPU3MA.
JlocTaTovHo MPOBEPUTD, UTO P ABJIIETCI M30MOPPU3IMOM, Korta K — 310 noste. Iud-
depeHna) p B eJUHUIE SBJIAETCAd U30MopdusMoM ajredp JIu, Tak 9T0 p—3TO
M30T€HUST C STAJTBHBIM sapoM (Harmomunm, aro SO(2¢ 4 1, —) nmeer CBI3HbBIE CJI0N).
Ho eco rep(m(g)) = rep(n(g)) = 0 npu g € O(20 + 1, K), 10 g = ugy - k ¢ 2k = 0
uk?+ k=0, 10 ectp g € Z(K). N

Bynem rosoputh, uto (R, A, D) saBisiercst kaaccuseckoti newémmot hopmer-
Hnoti K -aneebpoti, ecim jiokaibHO B fppf Tomosiornn sTo mpousseneHne pasimaHbIX
ALY, K), ASp(2¢, K) u AO({¢, K). 9tu ueuérable GopMeHHBIE aareOpbl MOMAPHO
Hem30MOpGHBI U3 coobpazkenuii pazmeproctu (Kpome ciaydaes { = 0 u K = 0),
mosToMy Jitobast Kjaccudeckas HedérHas (opmennas K-anrebpa (R, A, D) 3ana-
ér pasnokenne K = [[_; K; raxoe, aro (R, A, D), cyxennoe Ha K;, sBisiercs
CKPYYEeHHOI dopMoil pacuienumoti xaaccuveckot Hewémmots popmennot ar2edpol
(To ectp mpomsseenns nekotopuix AL(¢, K), ASp(2¢, K) n AO(/(, K)).

Ecm (R, A, D) —5s10 KiIaccudeckast HedérHas (opmenHas K-anrebpa, To
D = Ker(r) u R = w(A). B wactnoctn, roMoMOppU3MbI MEKJTY KJIACCHICCKH-
MU HEYETHBIMI (popMeHHbIME K -airedOpamMu coxpansdiorT ayrmentaruun. Moy R,

D u A/D saBAsiioTcst TPOEKTUBHBIMI KOHEYHOT'O THIIA.
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2.4 Cxkpyuenuble (popMbI KJIACCUIECKUX TPYIIT

MbI OTOXKIECTBUM CXE€MbI Ha,J[ KOMMYTATUBHBIM KOJIBIIOM K ¢ eJInHNIIel ¢ COOT-
BETCTBYIOIIMHI (PYHKTOPAME Ha KATEIOPUI KOMMYTATUBHBIX K -ay1re0dp ¢ e ImHUIE.
O603HATIM CXEMHBII [EHTD PeyKTUBHOI rpymmoBoit cxembl G Ha K aepes C(G),

a eé cxemy aBToMopdu3MoB — depe3 Aut(G). Umeercs TodHast mocsie10BaTeIbHOCTD
1 - C(G) - G — Aut(G) — Out(G) — 1

fppf myuxos, rie Out(G) Ha3BIBACTCH CTEMOU GHEUHUT ABMOMOPHUIMOE, COTTIAC
ro [20, Teopema 7.1.9] mim |21, rmasa XXIV, teopema 1.3]. Ecin (R, A, D) — 510
ayrMeHTHpOBaHHasi HeuéTHas popmerHast K-airebpa ¢ yausepcaibibim (A, D), To
Aut(R, A, D) oboznaqaer fppf myuox £ — Aut((R,A,D) K E).

Kaaccuneckumu npoexmueHvMu  2pynnosulmi, Cremami, OyaeM Ha3bIBATh
daxroprpymmnsr PGL(¢, —) = GL(¢, —)/ GL(1,—), PSp(2¢,—) = Sp(2¢, —)/us u
PSO(2¢,—) = SO(2¢,—)/u ipu ¢ > 0 B cmbice fppf mydKoB, TakKe MOJOKIM
PGL(0,—) = PSp(0,—) = PSO(0,—) = 1 u PSO(2¢ +1,—) = SO(2¢ + 1,—)
st Beex £, Ipynmosbie cxembr GL(€, —)™, SL(¢,—)™, Sp(2¢,—)™, SO, —)™,
PGL(¢, —)™, PSp(2¢, —)™ u PSO(¢, —)™ penyxktustb jjist Bcex £,m > 0.

Jlemma 14. Jlisa 11006ix passusanolr nenyaesoir vucen ki, . .., k, sremenmor 6uda

(a* —1,...,a* — 1) npu a € E* noposicoarom fppf nyuox K-anrzebp E v+ E™.

Hoxazameavcmeo. ODO3HATNM IOJITYIOK, TOPOXKIEHHBII STHUMHI 3JIeMEHTAMU, depes
F. Jlocrarouno nokasath, uto JF (K') comepkut crangarabie naemmnorentol K. Ec-
mmn = 1, To MoxKHO pacemoTpeTs fppf pactmpenne E = K[0, 071 /(0N — (6% — 1))
npu joctaTouno Gombmom N. B wém 6 u 0% — 1 obparumer, To ects 0" —1 € F(E).
Tak kak F sBjsiercs mydkoM anarebp, to 1 € F(K).

[Ipumenss MHTyKINIO, JJOCTATOYHO pacCMOTPETh ciydait n = 2 u k; < ko. Pac-
cvorpuM fppf pacimpenne E = K[6,071 /(0N — (6% —1) (0% —6%1)) nna nocrarouno
6osbmoro N. B uém 0% — 1 u 6% — % o6parumer, mostomy (1,1 +u) € F(E) nna
u = 9;11_ fil € E*. Cnenosarenbho, (a*, a" +u) € F(E') ansa moboro pacimmpenns
ECFE ua€ E" Bosbmém E' = E[,¢1/(¥* — ), Torna (¢*1,0) € F(E') n
(1,0) € F(K). Orciona u u3 ciayuast n = 1 jerko noayuuts F(E) = E2. O

Jlemma 15. ITyemv G —omo odua u3 epynnoswx crem GL(C,—)™, SL({, =)™,
Sp(2¢, =)™ uau SO(C, =)™ nad K, a (R, A, D) — coomeememsyowsas paculenumas
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kaaccuveckasn K -anzebpa. Tozda G nopooscdaem nyuox (Rx (—), ARy (—)) newém-

HoLT popmennvir anzebp, ecau G He asasemes odnum u3 uckmrovenud SO(1, —)™,
SO(2, =)™, SL(1, =)™ uau SL(2, =)™ npu m > 1.

Hoxazameavcmeo. He ymansasa obmnoctu, m = 1. O0O3HAYMM IIOIIYYIOK, ITOPOZK-
néunbiit G, depes (S(—),0(—)). Ecim G He apsercs crenuajbHOll JUHEHOI
rpyumoBoii cxemoit, To u3 Dj(ae;) € G(E) upu i # 0 n a € E* BbTekaer, 410
(at = Ve_;; + (a — ey € S(E), Tak urto e¢; € S(K) npu i # 0 1o Jewm-
me 14. Ecom G = SL(¢,—) u ¢ > 3, T0 9TOT Ke apryMeHT MOKHO IIPUMEHUTH K
D;(ae;;) Dj(a”e;;) Di(a 3epr) ¢ pasmmaubvn 4, 7,k > 0.

Ecm (R,A,D) = AL({, K), to nonoxum e;; = 0 npu ij < 0. Tax xax
Tij(xe;j) € G(E)upuzx € Eu0#i#+j#0,10¢;;+¢ce_;_; € S(K) s rakux i
u j, rje € = £1 B 3aBucumoctu or G, 4, j. llosromy e;; € S(K) upu 0 # i # —j # 0.
Takzke e_;; = e_; je;; upu £ > 2. Ouare uctnonssyst D;(ae;) € G(E) upu i # 0 n
a € E* (wm D;(ae;;) Dj(aejj) for ij < 0 B crennajybHOM JIMHEHHOM CJIydae), JIETKO
noJsiyanTh, uro ¢; € O(K) npu i # 0.

Ecin G = Sp(2¢, —), 1o u3 paccmorpenns T;(v;-x) BolTekaet, 410 e_;; € S(K)
nv; € O(K) s seex i # 0. Ecm ke G = SO(2¢ + 1, —), To u3 paccMOTpeHust
T;(u; - ©) MOXKHO HOJIYIUTD, UTO €q;, e—;; € S(K) n u; € O(K) npu ¢ # 0, mosTomy
ep; € S(K) mist Beex i, ecam £ > 0. [osromy (S,0) = (R, A). O

Eciu G —»510 paciienumasi pejlyKTuBHas rpyimoBas cxema, 1o Out(G)
ABJISIETCS I'PYIIIIOBOII CXEMOIl, aCCOIMNPOBAHHON C JUCKPETHOU I'PYIIION Out(G) aB-
TOMOP(MU3MOB KOPHEBBIX JaHHBIX (7, COXPaHSIONINX 0a31c cucTeMbl KopHeit. MoxKHO
HEIoCPEICTBEHHO MPOBEPUTH, UTO

1. Out(GL(¢,—)) = Z/27Z upu ¢ > 1, ona mopoxjgaercst aBTOMOP(hU3MOM

T €ij Fr €it(141),j+(¢+1) HETETHOI (bopMenHOlt anredpbl ALY, K);

2. Out(GL(¢, —)™) 6eckoneuna npu £ > 1 um > 2, COOTBETCTBYIOIAST CXEMa

aBTOMOPMU3MOB He siBjigeTcd adpUHHOIT;

3. Out(SL(¢, —)™) = Out(PGL(¢, —)™) = (Z/2Z)™ % S,, upu £ > 3, ona

JefiCTByeT IepecTaHOBKAMI 1 KaK 0 Ha COMHOXKUTEIAX;

4. Out(Sp(2¢,—)™) = Out(PSp(2¢, —)™) = Out(SO(2¢ + 1,—)™) = S,,, upu

¢ > 1, oHa JieficTByeT ITepecTaHOBKAMI COMHOYKUTEIE;

5. Out(SO(2¢,—)™) = (Z/2Z)™ x S,,, npu ¢ > 1, oHa jeiicTByeT mepecTa-

rHoBkamu u ssementamu O(2¢, —) ¢ equHnaHbIM HHBapranToMm Jlukcona Ha

COMHOZKUTEJIAX,
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6. Out(PSO(2¢, —)™) = Out(SO(2¢, —)™) upu 4 # ¢ > 3, a B UCKJIIOUNTE/Tb-
upix caydasx Out(PSO(8, —)™) = S5 x S, u Out(PSO(4, —)™) = Soyp,.

Teopema 2. IIycmo G — 2mo 00na u3 2pynnoewvix crem

1. GL(¢, =) npu > 1, SL(£,—)™ npu £ > 3, PGL({, =)™ npu £ > 3,

2. SO0+ 1, =)™ npu € > 1, PSO(20 4+ 1,—)™ npu l > 1,

3. Sp(20, =)™ npu € > 1, PSp(2¢, —)™ npu £ > 1,

4. SO0, =)™ npu £ > 2, PSO(4, —) usu PSO(2¢, =)™ npu 4 # ¢ > 3
nad Kommymamuenvm rkosvyom K ¢ edunuyetd, a (R, A,D)—aomo coomsem-
CMBYIOWGA PACWENUMAA KAGCCUYECKAA Heweémnas popmernnan K-aneebpa. Tozda

Aut(R,A, D) — Aut(G) asaaemes uzomoppusmom.

Hoxazameavcmeo. PacemorpuMm ciaydaii, kKorga G —3TO MOArpyIIa YHUTAPHOIM

IrpynmoBoit cxembl. [lo jmemMme 15 nMeroTes BKIIOUEHN
G/C(G) < Aut(R, A, D) < Aut(G),

a COTJIACHO SIBHOMY OIIMCAHWIO BCEe BHEIIHKUE aBTOMOP(hU3Mbl (G MOXKHO MOJHATDH JI0
aroMopuszmos (R, A, D).

Ecm ke G—»910 Kiaccmueckasi TTPOEKTHBHAS IPYIIOBAs CXeMa, TO MO TO-
My Ke apryMeHTy OHa $IBJSETCS OTKDPBITOH MOArPYIION KOHEYHOTO WHIEKCA B
Aut(R, A, D) (eé nocsoiiHoii KOMIIOHEHTOIl cBsizHOCTH). Tak Kak 9T0 XapakTepu-

CTUYCCKAs IOAPYIIIA, UMEIOTCS BKJIIOYCHUS]
G < Aut(R,A,D) < Aut(G),

U OlsiTh Bce BHelrHue apToMopdusMbl (G MOXKHO MOJHATH JI0 aBTOMOP(MU3MOB

(R,A,D).
Coyaan SO(1, =)™ u PSO(1, —)™ ne nokpsiBatorcst jiemmoit 15, o AO(1, K)
VMEET TPUBHAJLHYIO I'PYIITY aBTOMOPMOU3MOB. ]

CutejtoBaTesibio, JI0bas cKpydeHHas popMa IpyHIOBOH CXeMbl U3 TEOPEMBbI 2

MOXKET OBIThH ITOCTPOEHA 110 KJIACCUYECKON HeuEéTHOI hbopMeHHOIT ajredpe.
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2.5 Kiaccuyeckue m30TpoITHbIe PelyKTUBHbBIE I'PYIITHI

Mer ucniosibzyem ompeiesennst u3 [3]. Ilycrsb G- 910 rpynmoBas cxema [lesasi-
Jie HaJ| HEHYJIEBBIM KOMMYTATHUBHBIM KOJIBIIOM K ¢ equuuneii, eé cuCTeMy KOpHei
obozaaunm depe3 @, a 6asuc ® —uepes A. aduxcupyem noamuoxkectso J C A
n noxarpynmny I' < Out(@), COXPaHSIONYI0 J ¥ TPaH3UTHUBHO JIEHCTBYIONLYIO HA
MHOYKECTBE KOMIIOHEHT juarpaMMbl JIbIHKHHA. OMHOCUmMesbHble KopHu — 9TO HEHY-
JieBble 00pa3bl KopHeil B daxkToprpocTparcTtee R® mo smneitroit obosouke A \ J
u 3jeMeHToB gov — o tipu g € ' m « € J. Oboznaunm vepe3s m orobparkeHne m3
® B (HakTOPIPOCTPAHCTBO, depes3 ﬁ—CTaH,ZLapTHyIO apabOIMIECKyI0 TTOATPYIIITY
turia J, a depe3 L—ed cranapTHyio nojarpyunmy Jlesu, To ectb L xax IPyIIoBast
10JICXeMa TIOPOZKJIeHa MaKCUMAaJIbHBIM TOPOM U KOPHEBBIMU mojarpymnamu U, mnpu
a € (A\J)U—(A\ J), P nopoxiena MaKCHMAJIbHBIM TOPOM M KOPHEBBIMH 01
rpymmamu U, ipu a« € AU —(A '\ J).

Terneps mycTh K sBastercss cTporo miockoii K-anre6poil, a pelyKTHBHAST
rpymnoBast cxema G Haj K Tojydaercs CIIyCKOM U3 G. Byjem paccmarpuBaTh

~

n30MOphu3M Y Zf(é) — 15(G) W3 JaHHBIX CIIyCKa KAaK aBTOMOPQU3M T'DYIIIOBOIl
exempr Ilesasre nag K @k K. Econ on nexnr B ((L/C(G)) x I)(K @k K), rae
J — 970 JucKpeTHas rpyIoBast cxeMa, COOTBETCTBYOIIAs J, TO MbI Oy/IeM Ha3bIBAThH
G npocmoti uzomponnoti pedyxmusenoti 2pynnosoti cremoti. PazmepHoCcTh InHEHOM
obosroukn 7(P) mazpiBaercs uzomponmnvm parzom G.

Kopnesas nodepynna npocToit M30TPOIHO pelyKTUBHOI IPYIIIOBOIT cxeMbl (¢
¢ oTHOCHTEBbHBIM KopHeM A —370 crycek [, ] acn—1(ia) Uia, OHA HUJIBIOTEHTIHA.
Takme KopHEBbIE TOJIPYIIILI YIOBJIETBOPAIOT ODOOIIEHHON KOMMYTAIMOHHONW (hop-
mysie [lease [3, memma 9|. Hakowner, Oygem HasbiBarh (G KJIACCHIECKOIl, ecin

KOMIIOHEHTHI €€ guarpamMmbl eraknnaa umeror Tkl ABCD.

Teopema 3. [lycmov K # 0 —amo xommymamusroe Koivyo ¢ edunuuet, a G —
KAGCCUMECKAA NPOCNAA USOMPONHAA PeIYyKMuUSHas 2pynnosas crema Had K uso-
mponnozo parza £. Ipednoroscum, wmo G nosywaemcs u3 KAGCCUMECkot Hewemmotl
dopmennot K-aneeopo. (R, A, D). Tozda ecmv 20momopdusm Hewémmuvx hopmen-
nox aneebp ¢ edunuyamu H(m, K) — (R x K, A), 3adaowut pazsoocenue ITupca

na (R, A, D), makxot, wmo
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~

m € {{,0+ 1} u mnoocecmeo ommocumenvuvixr kopret G KaHOHUYECKU

0MONHCIECMBAACCA ¢ NOOMHOMCECTNEOM cucmemv, Kopuel (R, A);

2. Re;R = R npui # 0 6 caywae m = {, Re;R+ Re_;R = R nput # 0 6
cayuae m = £+ 1;

3. ecau o —amo ommuocumesvuull xopenn, mo U, < G —amo kopHesas
nodepynna 6 CMOICAE YHUMAPHLLT 2PYNNOBVIT CILEM AY2MEHMUPOSAHHDIT
HEeUEMHUT Popmernur anrzebp (uau eé obpaz 6 creme asMOMOPHUIMOS
(R,A,D));

4. yavmparxopomkutl xopensv a u3 cucmemdv, kopwet muna BC,, aeasemcs
ommocumenvrvim Koprem, ecats Uy < Ul

5. KOpeHb «, HE ABAAOWULCA YALMPAKOPOMKUM, OYIEm OMHOCUMENLHBLM

koprem, ecau U, #£ 1.

Kpome mozo, ecau G npucoedunénnozo muna u € > 3, mo (R, A, D) cywecmsyem.

~

Jloxazameavcmeo. Obo3HaunM uepes (E,E,D) pacmupenne ckaysipos (R, A, D)
npu nomorm K. He ymauistsa obimocti, (}N%, A, 15) paciieruisiercd 1 G CTPOUTCs 110
Hell cTaHapTHBIM 00Pa30M.

[IpuMennM ucK/IOYeHe KOPHEil 1Jist cTanJapTHBIX pas/iokennit [Tupca nepas-
JIOYKMMBIX KOMIIOHEHT (E,A) (To ecTb HEUETHBIX (POPMEHHBIX AJIreOp AL(n,[? ),
AO(2n + 1, [?), ASp(2n, [?) win AO(2n, [~()) Ecim Hekoropslit smement I 3a1aéT
BHeIHNUN aBroMopdusm KommoneHTsl AO(2n, K ) (TO ecTh HETPUBHAJBHBII ABTO-
Mopdusm Doy,, KOTOpLIi Ha caMoM Jesie HOPOKIaeTCsl OTPAsKeHUeM U3 yHUTAPHOI
IPYIIIbI), TO MbI UCKJIIOYUM KOpeHb e,. Eciu B I ecThb aieMenT, 3ajaiomuii BHeII-
Huit apromMmopdusm komoueHTsl AL(n, K ), TO Mbl HCKJIIOUUM KOPHHU €; 4 €;,41_; 1IpK
1 <i<n+1—1imuKOpeHb €(,1)/2 UIPH HEIETHOM n. Jlasiee, Mbl HCK/IIOUUM 00pasbl
xopneit 13 A\ J B kazx0i kommonente (R, A).

Tenepn rpynma I' oToxKaecTBIAET HyMepalun B pasjoxkengax [lupca xkommo-
nent (R, A), mostomy Mbi nosyuaenm pasiozxenue Hnpea (R, A) kak 1x npomnsse;ie-
aue. Ouo umeer paur m € {€, ¢ + 1}, rme m = £ + 1 ciydaercs B TOYHOCTH KOTJIa
xommonentsl (R, A) mveror s AL(n, K) u T ne 3a1aéT nx srermme aBromMopdus-
Mbl. Kpome Toro, nosydennoe pasioxenue Ilupca mosydaercs u3 romomMopdusMa
H(/, K ) — (E X K, 5) HETETHBIX POPMEHHBIX K -aare6p ¢ eIuHIIAMI I TAKOH To-
Momopdu3M ciyckaerest 10 romomopdusma H(4, K) — (R x K, A) ¢ TpebyembimMu

CBOMICTBaAMU.
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Haxower, nykuo nposeputb, uto (R, A, D) cymecrByer jyist G IpUCOeNHEH-
Horo Tuna u £ > 3. 91o ciaejyer U3 TeopeMbl 2, ecyin G HE SBJISETCA CKPYUYEHHOI
dbopmoit PSO(8, —)™. B ocrasiemest ciiydae Mbl OTOXKJIECTBUM G ¢ nocioiinoii
KOMIIOHeHTOl cBsi3HocTn Aut(PSO(8, K )™) Tak, ato ecsn I 3ay1aéT BHENTHUIT aBTO-
Mopdusm Dy, To oHa nepecraniisier Oa3MCHBbIE KOPHU €9 — €3 U €9 + eg. Torma ¢ us
Jamibix crycka gexut 8 Aut(PSO(8, K @k K)™). O

Bosee obmo, peaykrusnas rpymmnoBas cxema G Hajg K usomponma, eciaun cy-
IEeCTBYET pasjoxkenne K = H?Zl K; na nenysieBoie K; u cy:xenne G Ha Kaxjoe K;
SIBJISIETCSI [IPOU3BEIeHIeM KOHEUHOI'o Habopa IMPOCTHIX H30TPOIHBIX PeIyKTHBHBIX
rpymmnoBbix cxeM [3]. st Hammx 1esieit 10CTaTOUHO PAbOTATh € MPOCTHIMI PEJIYK-

TUBHBIMU I'PYIIIOBBIMU CXEMaMN 6J1arozgap5{ IpEeaI02KEHNTIO 6 HIXKe.
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I'maBa 3. LleaTpaabHocTb Ko-pyHkTOpa

3.1 IIpo-o6beKThl

HamomumMm, 9T0 MHO20COpPMHGA anrzebpauveckas meopus T —ITO Majas
JIeKapTOBast MyJibTUKAaTeropust, a | -anzebpv. B JieKapToBoil Kareropuu C —3TO
dyukroper T — C. Obosnagnm Kareropuio T -anredp B C u ux roMoMopdu3MOB
(To ecThb ecrecTBenHbIX Mpeobpazosanuii) uepe3 T (C).

[Tycts Mopdusmbl T 3aaHbl SIBHBIM HAOOPOM 00pa3yioniux ((hyHKyuoHa -
HOLT CUMB0A08) U cooTHOMeHUH (akcuom). Tepmbl epBoro nopsijika t u3 obpasyro-
mux 7 3aja0T MopdusMbl B T, s Kaxk1oit T -aareopsl A B C OHU OIIpEeIe/IstioT
coorBercTBytomme Mopdusmbl B C. Mbr Oyjiem nucars x € A; jist mepeMeHnHoit x u3
t u oobekra A; uz A, eciim x umeer copr i € Ob(T).

Hampumep, Teopust rpynmn Grp nuMeeT emHCTBEHHDBIN 00bEKT, OHA, TIOPOKIEHA
MopdU3MaMI YMHOYKEeHUsI, OOPAIIEHIS U eINHUII, YIOBIETBOPSIOMINMI AKCHOMAM
rpyni. Eé aareOpbl —3TO B TOYHOCTH T'PYIIIOBbIe 00BLEKTHI B KaTeropusx. Dop-
MaJIbHOE TO2K/IeCTBO (:Ey)_l = y_lx_l MerKJIy TepMaMu Grp ONICBHIBAET PABEHCTBO
HEKOTOPBIX MOPGU3MOB JJIsI BCEX I'PYIIIOBBIX 00BEKTOB, TaK KaK OHO CJIE/yeT 13 aK-
croM (mn, 1o jemme Monepl, Tak Kak OHO BLITOIHEHO B aOCTPAKTHEIX IPYIIIAX).
Teopust HeYéTHBIX (hOpMEHHBIX KoJiell obo3HadaeTcss dyepe3 OF R.

Heuérnblit hopmennblii KosibiieBoit 06bekT (R, A) deticmeyem Ha HEIETHOM
dbopmeHHOM KoJIbIIeBOM 00bekTe (S, ©) B jekaproBoit kareropuu C, ecjin 4eTBEPKa
(R,A;S,0) spisiercs agrebpoil jyist Teopun jeiicTBuil HEIETHBIX (DOPMEHHBIX KO-
qen. JIpyrumn cioBamu, ecth ymMHOXKeHHT R X S — S, S X R — 5,0 X R — O,
A xS — O B C, ynosaersopsiomne (Al)—(A10). Takue meficTBust HAXOIATCSA B
OUEKIINH C NOAYNPAMBLMU NPOU3EEICHUAMU, TO eCTh cTpyKTypamu (S X R, © X A)
HEIETHOTO (POPMEHHOIO KOJIBIIEBOTO 00bekTa Ha nape (S X R, © X A) takumu, 910
mMopdusmbl (S;0) — (S x R,O x A) S (R, A) sBJistoTcst TOMOMOP(hU3MAMIL.

Mpr ucrnosibzyem tepmunosiornto u3 |38, rmasa 1, §1|. IIpoexmusnan cucme-
ma X B Kareropun C—>5TO KOHTpaBapuaHTHBIH dyHKTOp Ly — C M3 MaJoii
dunbTpoBanHoit kareropun Ly. Moppuszm npoektuBHbix cucrem f: X — Y co-
crout u3 orobpazenud f*: Ob(ly) — Ob(Ix) n Mopdusmos fi: Xy — Y; ana
Beex i € Ob(ly) rakux, 4ro jjis Beex ¢ € Zy(i,j) cymecrBytor k € Ob(Zx),
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Y € Ix(k, f*(i)) u 0 € Ix(k, f*(j)) rakue, aro f; 0 Xy =Y, 0 fj o0 Xp: Xj — Y.
[IpoekTuBHbBIE CHCTEMBI U X MOP(MU3MbBI 00Pa3yIOT KATErOPHIO.

IIpo-nonoanenue Pro(C) sisisiercs eé pakroprareropueit, rje f ~ g: X — Y,
ecsm st Beex asiementoB @ € Ob(ly) cymectsyior j € Ob(Zx), ¢ € Ix (7, f*(7)),
Y € Ix(j,9"(7)) rakue, uro f; o X, = g; o Xy: X; — Y;. Coruacro [38, rnasa
[, §1.1, 3ameuanue 4],

Pro(C)(X,Y) = Jim lim C(X:,Y;).
JETy i€Tx
s moboit mpoeKTuBHOM cucteMbl X 1 KoduHaabnoro ¢gynkropa u: J — Iy
kanoumdeckuii Moppusm X — u*X = X o u Oyner uzomopdusmom B Pro(C).

Kanounvecknit pyukrop sioxkenust C — Pro(C) siByisiercst BIIOJIHE CTPOTUM 1
Jrobast IPOEeKTHBHasE cucTeMa X SBJIsIeTCs] IPOEKTUBHBIM MPEIeoM caMoii cebst B
Pro(C). Unorna Mol Oyaem mnucath @fé;(c) X; Bmecto X.

X

Mopdusm f: X — Y npoekTuBHbIX cucteM B C HA3BIBACTCS YPOGHEGHIM, CCIII
39TO MPOEKTUBHas cucreMa 13 Mopdusmos B C, 1o ectb Lx = Ty, f*(i) = ¢ njist Bcex
in fioX,=Y,o0 f; nsa p: i — j. Kaxupiit mopbusm 8 Pro(C) nzomopden ypos-
HEBOMY MOp(MU3MY, €C/II 3aMEeHUTh 00€ MPOEKTUBHbIE CHCTEMbI UX KOMIIO3UIIAMUI
¢ Ko(buHaJIbHBIMU (PYHKTOPAMU U BbIOPATH MOAXOIAINNIT IIpeIcTaBUTEIb MOPdU3Ma
[38, rmaBa I, §1.3, Teopema 3|.

Ecmu C perynsipuast, 7o Pro(C) toxke perynsipuasi [29, npumep 1.11]. JTns ra-
KIX KaTeropuit Kaxkaplii yposHesblii Mopdusm f: X — Y IPOEKTUBHBIX CHCTEM
nMeeT MOKOMIOHeHTHOe pazjokenne X — Im(f) — Y, e jeBbiii Mopdusm
COCTOUT W3 PEryJISPHBIX SMUMOPMU3MOB (1 OyJeT PeryyisipHbIM SMUMOPGU3MOM
IPO-00bEKTOB), & MPaBblil — 13 MOHOMOPGhU3MOB (1 OyJIeT MOHOMOPMhU3MOM PO~
00bekToB). [Ipo-nonosiHeHne aaredbpanveck KOrepeHTHOM 1mo/yabesieBoit KaTeropum
caMo SBJIsIeTCsT TaKoBO |29, crimcok mocsie mpumepa 1.12]. B qacrroctu, Pro(Grp),
Pro(Rng) u Pro(OFR) anrebpamnieckin KorepeHTHBI mosyabeieBbl. Kareropun
Grp(Pro(Set)) u OFR(Pro(Set)) sapasiorcs romosorndeckumu |15, mpumep 4.6.3],
pacIienIeHHbIe PACITIPEHNs B HIX — 3T0 KJIACCUIECKHE Oy IPSIMbIE TIPON3BEIeHNsI
¢ TOYHOCTBIO JIO0 U30MOP(PU3MOB.

[Iycts T — 9T0 KOHEUHO HpejcTaBIeHHas MHOIOCOPTHAs ajrebpandeckas Teo-
pHis, TO €CTh JeKAPTOBa MYJILTHKATErOPUsI ¢ KOHEYHBIM YUCJIOM OObEKTOB, B KOTOPOIi
MOP(hU3MBI 3aJaHbl KOHEYHBIM CeMEHCTBOM 0Opa3yIOIINX U cOOTHOIEeHni. JIerko Bu-
1ethb, ato dbyukTop Pro(7 (Set)) — T (Pro(Set)) Brnosse crporuii, Tak 9T0 MOXKHO

OTOXKJIECTBUTH abCTpaKTHBIE MPO-T -ajredpbl ¢ COOTBETCTBYIOMNME / -ajaredpamMin
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B Pro(Set). 9ro npumennmo B TOoM qmcie K teopusm Grp u OF R. OyHKTOpHI
Pro(Grp) — Pro(Set) u Pro(OFR) — Pro(Set)? coxpansioT n oTpazKaioT KoHed-
HbIe [PEJIesIbl, MOHOMOPU3MbI U PEry/IsipHbIe SMUMOP(UIMBL.

Pacmiernsiéanpie paciimpennst HeIETHBIX (DOPMEHHBIX MTPO-KOJICT] SABJIAIOTCSA UX
MOJIYTIPSIMBIMI TIPOU3BEIEHUSIMI KaK HEIETHBIX (DOPMEHHBIX KOJIBIIEBBIX 00HEKTOB
B Pro(Set). Cienytommast TeopeMa MokasblBaeT, ITO JH0O0e TOIYIIPSIMOe MTPOU3Beie-
Hue HeuéTHbIX hopmennbix mpo-koseln B OF R(Pro(Set)) uzomopduo HedéTHOMY
(bOPMEHHOMY TIPO-KOJIBILY, TO €CTh JIefiCTBIs HEYETHBIX (DOPMEHHBIX TPO-KOJIel] KaK
HEYETHBIX (DOPMEHHBIX KOJIBIEBBIX 00LeKTOB B Pro(Set) cosmasaior ¢ meficTBus-
MI B CMBICJIE TIOJTyabesieBbIX KaTeropuil. AHATOTHYHBIH PE3YJIbTAT CIIPABEJINB JJIsT

MPO-IPyTIl 1 mpo-Koser [54].

Teopema 4. ITycmov (R, A) u (S,0) —amo newémmnve dopmernnvie npo-xoivia
u (R, A) deticmeyem na (S,0) kax newémmuod dopmernnvii Korvuesol obsexm 6
Pro(Set). Tozda ecmv newémmvie dopmenmvie npo-rosvya (R, A" = (R, A) u
(57,0") = (5,0) ¢ obwetl kamezopueti undexcos makue, wmo deticmeue (R} A')
na (S',0") sadaémes yposresvimu mopdusmamu u (R, A") asasemes xomnozuyu-
et (R, A) ¢ xodunasornowm dyrnxmopom meoncdy xamezopusmu undekxcos. To oice

camoe 8epHO ONA YHUMAALHOLE Jeticmeull.

Hokasameavcmso. Bynewm omyckars orobpaxkenus (R, A), u (S, 0), B dopmynax.
Moxkno caurars, 9To Kareropun uujiekcos (R, A) u (S, ©) aBisiores ynopsioueH-
HBIMI MHOZKECTBAMMU, TJE Y KayKJIOro MHIEKCA €CTh TOJLKO KOHEUYHOEe KOJMYECTBO
MeHbIIX mijiekcos (38, rmasa I, §1.4, reopema 4|. [na xaxnoro i € Zgg)
0003HAUNM Yepe3 (gz,(:)z) cBODOJIHOE HEUETHOE (DOPMEHHOE KOJIBIO C JIefiCTBHEM
(Rgey, Aggiy), comepxaree (Sya), Ogiy), Ana gocrarouno bonbmmx f(i) u g(i), ono
crpoutcst B npegozkenun 2. 3amenas Zigey Ha Zise) X Z(r.a) TPU HEOOXOUMOCTH,
MOYKHO CYMTaTh, 410 f 1 g Bo3pacraor, [ KobuHajgbHo 1 §(1) > i.

Ucnionbays neficteue (R, A) wa (S,0) u yBeanunsas f u ¢ npn HeoOXOINMO-

~

CTH, MBI TOCTpOUM ToMoMopdusMmer h;: (S;, ©;) — (S;, ©;) Takue, 910

b b, V=,
a® b ab, uXb— u-b,
b® aw— ba, v¥a—v-a,

a®b®ad — (ab)a’ = a(ba'), ukb®@a (u-b)-a=mu-ba
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a1 Beex a,a’ € Ry, b € Sy, u € Agpy, v € Oy, Tie 0TOOpazKenus yMHozKe-
HUS TI0JIy4YeHbl 13 (PUKCHPOBAHHOIO IIpejcTaBuTes jeiicrsus. Kpome Toro, MoxKHO
CUNTATH, 9TO h: (§ : (:j) — (.5, 0) gBisiercst YPOBHEBBIM MOP(MU3MOM TPOEKTHBHBIX
cHCTeM HEeYETHBIX (POPMEHHBIX KOJIEll,

[TocTpomnm 1o (§Z, (:)Z) HeuéTHbIe hopMmeHHble hakTop-Kosbia (57, OF) ¢ momo-
mpio (R, Af())-MHBAPHAHTHOrO HEYETHOrO (POPMEHHOIO HJICANIa, TIOPOZK IEHHOIO
seMenTaMu a®b—ab, a®@b®@a’ —aba’, ukb—u-b, v&a—v-a, uNkb®a—u-ba (onu Bee
u3 sapa h;), rae a,a’ € Rj, u € Aj, b € Sg, v € O ansa ocrarodno 6osbImX j u k.
Mt ostyunm uzomopdusm (S’ 0') — (S, ©) HeuérHbIX (POPMEHHDIX IPO-KOJIEIL, 00~
paTHLII K HeMy HOTydaeTcs I3 KaHOHMIecKHX MopdusMos (Syx), O4u)) — (S}, 65).
Taxxke (R, A") neiicryer Ha (S’,©’) ypoBHEBbIMU MOpPGhU3MAME U 9TO JIeHCTBHE
mzoMopdno ucxonnomy, rae (R, A}) = (R, Apyy). Aaa yauraabnoro neiicTsus

MBI 06aBuM obpasyone 1 ®b—bu vX1— v B Hueas 3 KOHCTPYKIIN (5/,0). O

JIroboe neuérroe popmertoe mpo-kosbio (R, A), nmeromiee enauiy e; € R; B
OFR(Pro(Set)), m3oMopdHO IPOEKTUBHOI CHCTeMe HEIETHBIX (DOPMEHHBIX KOJIEI
(R;/I;, A;)T;) ¢ enununeit, tue (I;, T';) nOpozKieHbl ae; — a U u - €; — .

Ham norpebyercst KOHCTPYKIMs HIPO-IPYIII ¢ HOMOIILIO 0Opa3yIomuX U CO-
ornommenuit. Ilycte G —»s1o npo-rpymma, f: X — G —mopdusm mpo-MHOKECTB,
mpuaem [[52 f(gij(y))™ = Lupn 1 < 4 < m, tie gi; € Pro(Set)(Y;, X) u
eij € {—1,1}. Byaem roopurs, aro G 00188€T YHUBEPCANLHbIM CEOUCTIEOM, CCITH
Jist Beex mpo-MHoKecTB P ipo-rpymm G u mopdusmon f' € Pro(Set)(P x X, G')
raxnx, aro [[5L; f'(p, gij(y))* = 1 ams Beex i cymmecTByeT eMHCTBEHHBI MOD-
dbusm h € Pro(Set)(P x G,G") rakoit, aro

h(p, zy) = h(p,z) h(p,y), f'(p,x) = h(p, f(x)).

yHI/IBepC&HbHaH I[IpO-Ipylllla €IMHCTBEHHa C TOYHOCTBIO OO0 €AMHCTBEHHOI'O M30MOP-

busma, Mbl OygeM 0603HAYATL €6 KAk
g
(r,0e X | [Jouly)™ =1Ly ey
=1

B npunoxkennsax gacto X = ]_[lel X} 111 HEKOTOPBIX Xj, TOrJa Mbl OyJieM T'OBO-

puth, uro G nopoxjgaercsa mopdusmamu X — G ¢ HEKOTOPBIMU COOTHOIIEHUSIM.
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JIlemma 16. Vnueepcanrvnas npo-epynna ecezda cywecmeyem. Eeau gij: Yy — X

YPOBHEBBLE MOPPHU3MBL NPOEKMUBHBLT CUCTNEM MHOHCECTNSE, MO

(v, e X | [[gis(w)™ =1y €Yy)

j=1
ProgGrp) i .
= lim (w2 e X | [[(9)e) = Ly € (Y)i),
kelx 7=1

2de cnpasa uCnoAv3YyrmcCHid a6cmpa7<;mnue epynnasvt ¢ AGHHMU npe@cmaeﬂenu,ﬂmu.

Hoxaszameavcmeo. Jlobass KoHeuHasl aluKJIMYHAS AUarpaMMa, IIPO-MHOXKECTB H30-
MopdHA TPOEKTUBHOI crcTeMe u3 guarpamy MHOZKecTB |30, Teopema 6.4.3|, Tak 910
JIOCTATOYHO IPOBEPUTH YHUBEPCAJILHOCTH PO-rpyiiibl G, 3ajaBaemoil opmyioit
u3 yesopug. Bospmém f'r P x X — G' rakoit, uro [[5L, f'(p, 9ij(y))™ = 1. He
ymasisist oburnocti, G’ —31o obbrunas rpymmna. Torma f' npencrasisercss orobpa-
eneM P, X X; — G, yI0BJIETBODSIONIMM TaKUM YK€ ToxKecTBaM. Tpebyembilii
h: P x G — G’ upeicrapisiercst NHYINPOBAHHLIM oToOpazkenneM P, x G — G'.

AcHo, 9To Takoit h eJIMHCTBEHHEH. []

Abeauanusayued po-rpynubl G HA3LIBAETCS HPO-IPyIIa A, MOPOXKIEHHASL
romomopdusmom f: G — A ¢ coornomennem [f(z), f(y)] = 1. Ona cymecrByer u

npeJicTaBUMa IMPOEKTUBHON cHucTeMoii abesIeBbIX T'PYII 110 JemMe 16.

3.2 KoJokaanzamnus

ITo nexaprosoii Kareropuu C MBI TIOCTPONM JIeKapTOBY Kateropuio C, T/e

1. Ob(C) = Ob(Set) x Ob(C);

2. C((X,0),(Y,D)) = Set(X,Y) x Set(X,C(C, D));

3. id(x.c) = (idy, z — ide);

4. (fyu)o(g,v) =(fog,x— u(g(x)) ov(x)).
Koneunble mpounssesietnst B C MOXKHO BBIYHCIATH MOKOMIOHEHTHO. Tak Kak (byHK-
toper Set — C, X + (X, 1) u C — C,C + ({x},C) aBnsiorcs BIOIHE CTPOIIMMI
I COXPAHSIOT KOHEUHBIE MTPOM3BEJICHNsI, TO MBI OyjeM 0ToXxKIecTBaATh Set u C ¢

nojikareropusimu C.
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T -asre6pbl B C MOJKHO HCIOJIBb30BATD, YTOOBI OIPEIEINTD JAeHCTBISA abCTPAKT-
HBIX ajiredpandeckux o0beKTOB Ha ajiredbpamdeckne o0bekThl u3 C. Byjaem roBoputhb,
gro rpynna G peiictByer Ha rpymninoBoM obobekre H B kareropuu C, ecjim oHa Jieii-
cTByeT Ha H Kak IpyNIoBoil o6bekT B C, aHAJOTHYHO I HEYETHBIX (DOPMEHHBIX
KoJier. B ciygae rpymm 1o TO xKe camoe, uro n romomopdusm G — Aut(H), HO
JIUTST HEIETHBIX (POPMEHHBIX KOJIEI[ Y HAC HET aHaJjora IPyIilbl aBTOMOPMU3MOB.

['pynmna G mMoxet JieiicTBoBaTh Ha rpymnmnoBoM o0bekte H u3 Pro(Set) Buyrpu

Pro(Set) uin kak mpo-rpymma. B nepsBom ciydae jefictBue OyjieM Ha3bIBAThH CAG-
Pro(Grp)
1€Ly

orobpazkenuem a*: G X Iy — Iy n cemeiictBoM agi: Hyy; — H; upn g € G,

OvLM, & BO BTOPOM — cuabmvim. Ciaaboe neiicteue G na H = lgn H; 3anaércsa
i € Ty, YIOBICTBOPSIONMMEI HEKOTOPLIM yeaoBusiM. CuibHOe »Ke JeficTBre 3a1a6T-
ca orobpazkenueMm a*: Iy — Ly u cemeiictsoM a;: Hy«;) — Hg-;) npu @ € Ly ¢
HEKOTOPBIMH YCJIOBUSIMH. ZICHO, 4TO J11000€ CHJIbHOE JIeiicTBUE 3aaET COOTBETCTBY-
1o1ee caaboe peiicrsue. Ciabble U CHIbHDBIE IeficTBUs HEYETHBIX (POPMEHHDIX KOJIEI]
ra ooberTax OF R(Pro(Set)) omnpenensaiorcst aHa oM TIHO.

[Iycrs (R, A) — 510 HeuérHas dopmennast K-anrebpa, S < K*. Jlokammsanust
(S7IR,S7'A) yxe 6buta nocrpoena B pazjene 2.2. PaceMoTpuM GuIbTPOBAHHYTO
kareropnio S ¢ Ob(S) = S u S(s,5) = {s" € S| §' = s5"}. Koarokaruzayuet

(R,A) B S Oynem Ha3bIBaTH POCKTHUBHYIO CHCTEMY

(008) ANy — M ) AGs)
(RS, ACS) = Tim (R, A©)

SES

HEUETHBIX (POPMEHHDLIX KOJIEL, IJIe
1RO = {0 [a € R}, a1 b9 = (a+ b)), a®b) = (asb)®), a® = a®:
2. AB) gpsercs aberpakTHoil rpymmoit ¢ obpasyommmi w'®) mpu w € A u
¢(a'®)) npu a € R, a coornomenns takosbi: ¢: R — A) romomopduzm
co snagenuamu B nentpe, (u 4+ v)® = u® L0 ¢(a)®) = ¢((as)®),
o((a+a)®) = ¢((aka)®)) =0upua € R, k € K, u,v € A;
3. w(u®) = 7(w)®), p(u®) = (p(u)s)®), u®) - a®) = (u - sa)®);
4. crpyxrypubie romomopdusmer (RES) ALY 5 (R AB)) 3anaorcs dop-
mysnamu a®*) = (as')®) n ) i (w80,
Ecmm weuérnoe dopmennoe kosbio (1,Z) meiicrByer Ha (R, A), TO OHO CHJIBHO
neiicteyer na (R, AC%9)) (1 na seex (R, A®)) no dopmyiam
L pa®* = (pa)"”), a®p = (ap)®;
2. p=(u-p), $(a¥) - p = ¢((pap)*)), w- 0 = (w- a)*);
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a (ST, S71=) cnabo ﬂeﬁCTByeT Ha (R(OO 5, A5 1o dopmymam

L 2al®) = (pa)*), a2 = (ap)""

2. 0.2 = (u sp>< 0 9(al™) - = o{(ap) ), (1 1)) = (- 0).
B wacruoctu, 510 Tak mis (T, =) = (R X K , A). Hakoner, KaHOHIIECKIH MOP(hU3M
(R A9 5 (R, A) ssnsterca ckpemennbiv MogyieMm 8 Pro(OFR). Jlerko
BIJIETH, UTO ¢ TOUHOCTBIO J10 n30Mopdu3Mos (RS, AS)) — 510 peudrnbie dbop-

MEHHbBIC MPO-KoJibIta u3 |56].

3.3 Ilpounbie pazioxkenusi [Tupca

nmeercst kanonuueckas OMEKIUsI MexKjly pasjiokenusaMmu llupca HeuéTHOro
dbopmennoro kosbreBoro oobekra (R, A) B Pro(Set), cnaboix meiicrsuit H({, Z)
Ha HéM 1 cuabHbIX geiictsuit H(¢, Z) na uém. Corvacto Teopeme 4, jiioboe HeuéTHOE
bopmenHoe po-KoJIbIO ¢ pasioxkenueM Ilupca uzoMopdHO IPOEKTUBHOI cucTeme
HEUETHBIX (DOPMEHHBIX KoJiell ¢ pasjoxkenusamu Ilupca. IIpo-epynna Cmetinbepea
StU(R, A) meuérrnoro dopmernoro mpo-kojbiia (R, A) ¢ pasnoxennem [lupca —
9TO mpo-rpytma, mopoxacaaas X, : (RUA), — StU(R,A) npu a € ¢ ¢ coorHo-
menusamu Creiinbepra. 13 weé ects mopdusm st: StU(R, A) — U(R, A), a Takxke
cripaBe;IIuB aHaJjor Jjiemmbl 10.

Paznoxenne [Tupca veuérroro dpopmertoro npo-koibiia (R, A) npouno, eciu
JIUIST BCEX HEHYJIEBLIX 1, J, k Ipo-rpyIa Ry, nopoxKjiaercs Mophu3MaMu Y MHOKEHUSI
Ry X Ry, — Ry npu [ = £ ¢ COOTHOIICHUSIMUI

l.ab+cd=cd+abupnua € Ry, b€ Ry, c € Ry, d € Ry, I,I' € {—7j,7};

2. (a+b)c=ac+bc, a(b+c) = ab+ ac;

3. (ab)e =a(bc) mpua € Ry, b€ Ry, c € Ry, LI e {—34,7};

a npo-rpynma AY nopoxaercst Mmopdusmamu ymnoxenus AY x Ry — AY npu
| = +j u mopdusyom ¢: R_py — AY, yrosiaersopgomumn

L. [6la).u-b] = 0, 6(a+b) = () + 6(b), 6(@) = ~6(a)

2. [u-a,v-b] = ¢(br(v)r(u)a) npn u € AV, a € Ry, v € AV, b € Ry,
(NS {—j,j};
(udv)-a=u-atv-a,u-(a+b)=u-a+¢(bp(u)a)+u-b;

. ¢la) - b= (bab);
u-ab= (u-a)-bupnu € AV, a € Ry, b€ Ry, 1,I' € {—74,5}.

SIS
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Pazsioxkenne Ilupca Oyiem Ha3blBaTh CUABHO NPOYHBLM, €CJIU BCE 9TO BBIIOJIHEHO

yxke 1pu [, 1" = j. Takoe paznoxenue [Iupca Takxke OyjgeT IPOUHDBIM.

Jlemma 17. Ecau newémuan gopmennan K-aneebpa (R, A) umeem npounoe usu
cuavio npounoe pasaosicenue Iupca, mo pazaoscernus upca (STIR,S7IA) u

(R(OO’S), A(OO’S)) NPOUHDL UAU CUALHO NPOYHDL COOMBEMCMBEHHO.

/oxazameavcmeo. Mbl najauM JT0Ka3aTeILCTBO 711 IPOYHBIX pasjioxKkenuii Ilupca,
CUJIBHO IPOYHBINA ciydail aHasiorndeH. JIjist j1iro00oro He4éTHOro (pOpMEHHOIO IIPOo-
konbna (1, Z) ¢ pasnoxennem Ilupca obosnaunm gepes Tj ;) @ 115, 1 Zjj) K T 4
yHUBepcaJ/bHbIe IIPO-IPYIIIIbI U3 OlIpe/Ie/IeHNs IIPOYHOCTH. Y HUBepca/bHbie MOPhu3-

MbI 0003HAYNM Uepes

(=)@ (=): Tixj X Tjr — Ty 5 @ Tiji ns
(=) X (=): Zxj X Tajp — Zj W Ty s
O Topr = 2y W Tjp k-

T'omomopdu3MbI
STR;y; @ ST Ry — ST Ra, STIAY RS Ry — ST A

UMeIOT 0OpaTHbIE

Weotef @Ra-ie @ R, ) 5o eE),
Mopdusmbr R Ll ®R|;|oks) — R(OO S n A|(;|O S>|ER|(;)|OkS — A( ) mnveror obpaTHbIe

(a @ b)) — (as)® @ (bs):
(wRa)®) i (u- )" © (as);
B(a)) = B((as)P).
(s%)

3J1ecb MBI He CTPOUM roMoMopdusMbl U3 K7 ', Tak KaK B S-if KOMIIOHEHTE IIPO-I'PyII-
S
b R( m )®R|(O|O;€ ) ectb TOJIbKO COOTHOMIEHE (abs)®) @ ) = a®) @ (bes)®) Bmecto

(ab)® @ ) = al®) @ (be)). O

Opmozonasvhoe 2unepbosuveckoe cemeticmao panra £ B HedéTHON (hopMEeHHOM
K-anrebpe (R, A) —»s1o romomopdusm H(¢, K) — (R x K, A) HeuéTHBIX (hOpMEH-
HbIX K-anrebp c expununneil, 1ys xkoroporo e; € RejR + Re_jR upnu 4,7 # 0. Ecimm
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ke e; € RejR npn 4,7 # 0, To opTOroHasbHOE I'UIepdOINIecKoe ceMeilcTBO Ha-
spiBaeTca cuavhom. Hampumep, AO(2¢ + 1, K), ASp(2¢, K) u AO(2¢, K') nmetor
CUJIbHBIE OPTOrOHAJIbHBIE ruiiepbosmieckue cemeiicrBa paura £, a AL(¢, K) umeer

OpTOIroOHaJIbHOE FI/IH€p60ﬂH‘I€CKOC CeMeliCTBO paHra L.

Jlemma 18. Ecau (R, A) umeem opmozonansvhoe 2unepbosudeckoe cemeticmso, mo
coomeemcemeyrowee pasnodicenue [lupca npourno. Ecau orce opmozonasvroe 2unep-

boauvecroe cemeticmeo CUABHOE, TNO PA3A0IHCEHUE HUpCCL CUADHO NPOYHO.

Jloxasameavcmeo. 1lyers pasioxenne [lnpea mpouno, ex = Y 15> 5 TintYme 1PU

Tt € R ¥ Yt € Ryp, Tie j, k # 0. Ecin Zl:ij Zp apby, = 0 upn ay, € Ry,
biy € Rj, 1 # 0, To B 0003HAUEHUSAX U3 JOKA3aTEIbCTBA JIeMMBbL 17

Z ay @ by = Z ApbipTmt @ Ymt = 0 € Ri,\j\ ® R|j|,k‘~

Ip Impt

Ecin ke Zé:ij >, Uip - aip + ¢(b) = 0 ipm ugy, € Ay, agy € Rig, b € R g, TO

Z Upp X Qlp + ¢ Z Z ym’t’xm’t’a_lpp(ulp)alpxmtymt + b)

D (m,t)<(m',t")
+ Z(Z Uiptip) Tt B Yy = 0 € Ay B Ry
mt  Ip
CuIbHO POYHBIN CIydail aHAJIOTTYCH. ]

Jlemma 19. Ecau pasaooicerue Hupca neuémmozo gopmennozo npo-xoavua (R, A)
npouno panea £ > 3, mo StU(R, A) cosepwerna, mo ecmv umeem mpusuaibHyio

abeAUAHU3AUUIO.
Joxasameavcmeo. dto caemyer u3 (Std), (StH) n (St8). O

IIpensioxkenune 5. [ycmov newémmoe opmennoe npo-xoavuo (R, A) umeem npou-

Hoe pasnootcenue [lupca panea £ > 3 u o € Y. Tozda
F,: StUR,A;®/a) — StU(R, A; D)

ABAAECMCA PE2YAAPHOIM InumopPuzmom npo-gpynn. Ecau ® /{a, B} onpedesero u

passoocerue [lupca cuarvro npounoe usu B yasvmparxopomruti, mo
F{a,B} : StU(R, A; (I)/{CY, ﬁ}) — StU(R, A; CI))

— mootce Pe2YAAPHOIT INUMOPHUSM.
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Hoxasamenvcmeo. Obosnaunm obpas Fo, nma Fy, gy uepes G. Ham myzkno npose-
puThb, 4To Bece KopHesble noirpymnsl X (R, A) < StU(R, A;®) nexar B G. D10
scro, ecin v ¢ Ra wm v ¢ Ra 4+ Rf, tak 910 MOXKHO CIHTATH, UTO 7Y — 9TO
OJMH M3 MCKJII0UaeMbIX KopHeil. Eciu v = e; — e KOpOTKMil, TO Mbl MOXKEM HaiTu
J ¢ {0, %1, £k} Taxoit, uTo €; —e; U €; —ej, He UCKJIIOUeHbl, 1 NpuMeHuTh (St4). Ecimn
v = 2ey JUIMHHBIA, TO npuMennM (St5). Haxkowerr, ecir v = e yJIbTpakopoTKuii, TO

MBI ipuMeHnM (St8) 1 pazobpaHHbIil cIydail JIHHHOTO 2€g. O

Eciu neuérnbie dopmentbie npo-kobiia (R, A) u (R} A’) umeor npounbie
WM CHJILHO IIPOYHbIe passoxkenus [lupca panra £, To NpOU3BEJCHNE PA3IOKEHUI

[Tupca vHa (R X R/, A x A’) ToxKe MPOIHO WK CUIBHO MTPOUHO.

IMpensioxkenune 6. [Tycmv newémuwvie gopmennvie npo-koavua (R, A) u (R, A’

umerom npounsie paznoscenus Iupca panea £ > 3. Tozda xanonuveckutds mophudm
StU(R x R, A x A") — StU(R, A) x StU(R', A")
ABNACMNCA U3OMOPPUIMOM NPO-2PYNMN.

Jloxasameavcmeo. fcno, aro mmerorcs ectecTBeHHble cedenns 3 StU(R,A) u
StU(R',A") 8 G = StU(R x R';A x A'), npuuém onn nopoxgaior G Kak 1po-
rpytiy. Ocraérest mpoBepuTh, 910 oHn KoMMyTupytor. Ho noarpymmsr X, (R, A) u
X3(R',A") KOMMYTHDYIOT [jisl JIMHEAHO HE3aBHCUMBIX v U (3 COIVIACHO KOMMYTa-
nuonnoit popmyite [lesasuie, Tak uro X, (R, A) u StU(R', A’) xommyTupyior 1o

NPEJJIOKEHNTO D. []

3.4 HckaodyeHue KOpHeii

Pacemorpum HeuéTHOE hopMeHHOe MPO-KOJIbIo (R, A) ¢ MPOYHBIM Pa3IoZKe-
nueM Ilupca panra £ u KOpeHb & = €, WK & = €, — €;. Mbl Oy/1eM J10Ka3bIBaTh, 9TO
F,: StUR,A;®/a) — StU(R, A; @) saBisiercs usomopdusmon, ec £ > 4, £ =3
u pasnozxkenne Ilupca cuabno npounoe, wim £ = 3 u « yabTpakopoTKuii. Pacemor-
PUM KaHOHUYECKHE MOP(MOU3MBDI )N(B: (RUA)s — StU(R,A;®/a) ipu § € @\ Ra,
TO €CThb OHH HPUHEMAIOT 3Hadenud B X (g (R, A) u Fo(Xs(p)) = Xp(p). Hust
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IIOCTPOCHUA OCTaBIIMXCA KOPHEBBLIX IIOATI'PYIIII IIOJIOZKNM

Kin(a,8) = [Xua), Kon(b)] 1pn ¢ {0, 41, £m};
R (u,0) = [X0), Xw)]:
Rih(1,0) = [X1(0). X1(@)] Xon(u- (—a):
T 00) = (B2, By )] X2
B ClIydace & = €, U

X m(@,0) = [X_pi(a), Xim (b)) 1ipu i ¢ {0,£m};
X (u,0) = X i m(p(w)a) [Xi(=u), Xip(—a)] npu i & {0, £m}
B caydae o = e, — €. Obo3HaunM uepes )?Q(R, A) noarpyniy StU(R, A; ®/«),

HOPOZKIEHHYIO 3TuMu MopduaMamu. Mmeercs mopdusm eval : )EQ(R, A) — (RUA),

takoii, aro X, (eval(g)) = F,(g). A umento,

eval(X; (a,b)) = ab, eval(XT (u,v)) = 7(u)(v),
eval(anL(u, a)) = p(u)a, eval(X mi(a,w)) = ap(u),
eval(XZ_mm(a, b)) = ¢(ab), eval(X! (u,a)) = u - a.

Jlemma 20. Ecau B € ®/a u g —amo obpasyrowuti mophusm )?a(R, A), mo
Xp(p) = Xp("Wp).

Hoxasamenvemeo. Ilycto W C @ — 3710 Hachllennas MoJicucTeMa KopHell panra, 2
u3 onpejenenns g. Ecmun ¢ W/, To paBenctBo ciemyer u3 jgemmbl 10. VMuade
npumennM npejyioxkenne 5 Kk Fg: StU(R, A; @/¥) — StU(R, A; &/«r), aTobs! 3a-

MEHUTDb X/B Ha IIpOU3BEACHNE KOPHEBLIX 3JICMEHTOB C KOPHAMUM HE U3 v, []

B cremgyromux jgemMMax Mbl OyJieM HEABHO HMCIIOJIB30BATh TEOPETUKO-TPYIIIIO-

BbI€ TOXKIECTBa

[z, y] = [y, 2] [zy, 2] =y, 2] [z, 2];
I[yVZ] - [[l’,y] Y, [CE,Z] Z]; [x,yZ] = [.f,y] y[l’,Z]
Jlemma 21. B cayuae o = e, cywecmseyem eouHCmMeeHnvtl usomophusm

Xon: AV — Xo(R, A) npo-zpynn makot, wmo Fy(Xpm(u)) = X (u).

ﬂomsamenbcmeo MpbI HAYHEM € TOrO, YTO MOCTPOUM TaKOil MOPGU3M IPO-TPYIIII

X m: (RU D)y — StU(R, A; @/a), wro X', (a,b) = X_.m(ab). Cormacto
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gemme 20, Kaxkablil obpasyomuii Mopdusm )?m(R, A) KOMMYTHPYET C Xi U3

—-m,m-

9TOI »Ke JIeMMBbI CJIeAy€eT, 9TO

Xim,m(a +b,c) = Ximﬂn(a? c) Xt
X' (a,b+c)=X"_ (ab)X’

—m,m —m,m —m,m(

A Beruncss X—mvﬂ'(a)[X ji(b), Xim(c)] mByms criocobamu 1o jiemme 20, mosrydaeTcs

)N(fm’m(ab, ¢)= X7 (a,bc)

—m,m

npu ¢ # £7j u, cjieloBaTesIbHO, pu Beex 4, j & {0, £m}. Suaunt, rpedyembiii X —mam
cymecTByet, oH yioBeTBopster X, m(a) = X o (—a).

Tenieps Mbl tocTpouM X,,,. 13 temmbr 20 cieyer, 9To

(9, X (w, @)] = X (am (w)m(eval(g)))

JIUIsSI BCeX 00pasyromnx MOPMU3MOB ¢ PO-TPYIIILI )Afm(R, A). Takxe

)N(m(u +v,a) = )N(m(u, a) )N(m(v, a);

~

X, a+b) = Xpn(u,a) X (D p(w)a) X (u, b).

i ~ -~ ~ ~

Beraucisist Xim(_c)[)z_i,j(a), X;i(0)] m Xm O X (Su), X;5(—a)] aByms criocobamu 1o

JlemMe 20, noJryvdaeTrcs

X! (¢(ab),¢) = X_pym(cabe) mpu a € R_;;,b € Ry;
X! (u,ab) = X7 (u-a,b)

npu ¢ # +j u, ciepoparesbHo, npu Beex i, ¢ {0,+m}. B nmociennem Toxkectse
obe 4acTu He SBJISIOTCS TOMOMOP(U3MAME 110 @, HOTOMY MbI HE MOXKEM HAIIDSI-
MYIO UCIHOJIb30BaTh, YT0 R;j X Rj+; — R; +; aABIdeTcs 00pa3yonnuM, 3aT0 YaCTHOEe
)A(:,ﬁ%(u, ab) )?ﬂn(u - a,b)™! yaxe Gyzer romomopdusmom 10 a. 13 aTuX TOXKIECTB 1

povuHocTH passoxkenns [lupca BbITekaeT cyiiecTBoOBanme X,,. []

Jlemma 22. [Tycmv 6 newémmuom dopmentiom npo-koavue (R, A) ewvibpano pas.no-
orcenue Tupca panea € = 3, ydosaemsopsarowee Rij R, = Ry, npui,7,k #0, A —
amo abeaesa npo-epynna, {—,=,=}i;: R X Rij X Rj3 = A — amo noauaddumus-
Hole MOPPU3MbL NPo-muoocecms npu i, j € {—2,2}, npuuém

(Ast) {@,yzwhi = oy, 2 wh + {o,y, 20k

(As2) {x,y,x2}_; = 0;
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(AS‘?) {x,yz,w}w = {:&:f_vz_a U_J}—i,j;
(AS4) {xvya zw}” = _{Z7y7xw}7j,7i'

Tozda {x,y, 2}ij = 0 dan ecex i, j.

Joxazameavcmeo. V3 mocieTHIX JIBYX COOTHONIEHUI MOJTYYIaeTCsd, UTO

{azx, yb, c}ij = {ay, zb, c}oij (Asb)
{a, bx, j&c}ji = {a, by, %C}j,—i (As6)

it x € Ry my € Ry ;. I3 (As3) u (AsD) coenyer

{azyb, ¢, d}i; = {ayxd, c, d}ij; (AsT)
{zwa, b, c};j = {wza, b, c}ij (As8)

npn &,y € Ry u z,w € Ryp. Obosnaunm wepes (I,IN) < (R, A) neuérmbrii
bOpMEeHHBIH 1ea, TOPOKASHHBI Ty — yx 1pu x,y € Ry (310 napa mpo-rpymii,
TOPOZKIEHHBIX hopMysTaMi u3 jieMMbl 6). VI3 Toxaects (Asd)—(As8) Jerko cuemyer,
ato {z,y, z}i; npoiyckaiorcst depes R/, Tak 4TO ¢ 9TOr0 MOMeHTa Oy/leM CUUTaTh,

gyro I = 0. Taxkxke
{ra,ye1z, weit}i; = {x, yrz,weit};; = {x,yei1z, wrt}; (As9)

npu 7 € Ryy. Ocraérest gokasarhb, 9to {,y, 2 }eg = 0.
3 (As2), (As4) u (As6) BbiTekaer

{ax,bx,c}e = 0; (As10)
{a,yb,yc}ar = 0. (Asll)

npu x € Ryp u y € Ryy. Ucnonbsys (Asl), (As9), (As10), (Asll) u juneapusanuu
(As10), (Asll), mbl mosydaem

{z,y(mn)*z, wt}es = {xym, n(mn)>z, wt}e + {(mn)>z, ym, nzwt }o

2

= {zym, nz',w(mn)t}s + {2, y(mn)’m, nzwt }

= —{ay?/, (nm)Z, w't}eg — {2, (nm)Q, Y zwt}oe = 0

upu x,m, z € Ris, y,n,w € Roy, t € Ry3, vae 2/ = mnz — znm, w' = wmn — nmuw,

¥’ = mnx — xnm, y' = ymn — nmy. Ilociaentee paBeHcTBO CIeLyeT u3

2'n=muw =a2'n=my =0.
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Haxowner, ecun f: X — Ry; nmopoxigaer Ryp kak wujeas, To Mopdusm f(z)"
Tak:Ke MMopoxKjaaeT Fi1 Kak ujeas npu Bcex n > 1. YMmHoxkeHne 1o X Ro; — Riq

nopoxjgaeT [11 Kaxk mjeasi, OTKyJa claeyeT JoKa3blBaeMoe yTBepIKIeHHe. []

Jlemma 23. B cayuae o = e, — € cywecmsyem eOUHCMEEHHb U30MOPHUIM
Xim: Ry — StU(R, A; @ /) maxoti, wmo Fo(Xyn(a)) = Xpn(a).

oxazameavcmeo. 1o emme 20 nmopoxkgatoriyre MOPOU3MBI )?Q(R, A) KOMMYTHDY-

10T, T0 ecTb X, (R, A) saBisercst abeeBoit npo-rpymmoit. V3 9Toif ke JIeMMbI Mbl

HOJIy 4aeM
jzlim(a + b, C) - Xfm(aa C) X;m(ba C)7
Xi @b+ ¢) = Xjy, (a,0) Xy, (a¢);
Xipy(u +v,w) = X, (u,w) X7, (v, w);
Xp (v + w) = X, (u,0) X, (u,w);
X (wtv,a) = X i(u,0) X (w0 - (—0)) X (v, a)
X, 0 +b) = X, ! (u, a) X, ! (u, b).
Nmeercs mnpomonnss o € W(®) takast, aro o(e;) = e; upu ¢ ¢ {l,+m},
o(e)) = —em, o(en) = —e. OHa coxpaHsieT v U mepecTaBjsieT 00pas3yroIue MOp-

pu3MBI X l;rf u X i’y TAK YTO TOXKIIECTBA, C X (! MOZKHO TI0JIyYUTDh U3 aHAJOTMYHBIX

roxects ¢ X, ! npuvenennenm o. Kpome roro, [X_,i(a), X;_1(b)] = X, (—a,b) n

Koo)Xl = X (o).
Teneps Boraucanm Buipaskennst 4 @X:(b), X (e)], WX (a), Xim(D)],

LR (w), K (0)], SR 0), Koa(w)], TR (@), Kin)), 2 e

)N(_z,m(—C)[)N(li(a), X;._1(b)] aBymst criocoGamu 1o stenme 20, Oy UM

Xfm(a, be) = )N(lj;n(ab, c);
Xy (u, ab) = X}, (p(u)a, b);
X, (ap(u),b) = X (a, p(u)b);
Xi(u,v-a) = Xi, (w(u)m(v), a);
X (u, (ab)) = 13
Xz_l(¢(ab), c) =X (a,bc) X "(b,ac)™"

cooTBeTCTBeHHO 1pu § # £7 u i,j ¢ {0, +l, +m}. Orciona jierko ceyer, 9To

X7 (u, (a)) = 1;
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a BBIUNCJIUB X*l=m(b)[)?i(u),)?i7_l(—a)] JBYMSI CIIOCOOAMM IIPH IIOMOIIHM TUX TOXK-

AECTB, MOZKHO IIOJIY9UTDb

X lv-a,b) = X} (ap(v),ab).

lm

Eciu £ > 4, To )?lim(a, bc) = )?Zn(ab, ¢) npu i = £j, TaKk 9r0 TpedyeMbilii Xim
cymecrsyer. Munade npumenum jtemmy 22 k {z,y, 2}ij = )A(:j(xy, 2) )A(:Z(x, yz)~! npu
i,7 ¢ {0,=£l,+m}. PaBencrBa u3 ycjioBusi JIeMMbl —3TO B TOYHOCTH COOTHOIIEHHS
ety o6pasyiomumi X, (R, A), ecan eaenars moactanosky u = ¢(zy) n v = ¢(2)

T TOJAXOJAANINX X, Y, 2. []

Teopema 5. [Tycmv neuémmoe dopmernoe npo-kosvyo (R, A) umeem npounoe pas-
aootcenue Tlupea panea ¢ u o € . [lpednorootcum, wmo 6vinosneno 00Ho U3

1. 1 >4,

2. € = 3 u pasnooicenue [upca cusvro npoywno,

3. L =3 u a ysvmparxopomrud.
Toeda F,: StU(R,A; ®/a) — StU(R, A; ®) asasemcsa usomoppusmom.

Hoxazameavcmeo. N3 gemm 21 u 23 ciemyer cyliecTBOBaHIE KOPHEBOIO MOPQUI3-
Ma X,. Tak kak o MoxHo samennts na —, B StU(R, A; ®/a) ecrb Kopuesbe
Mopdu3MbI st Beex Kopaeii u3 ®. Onu yjoerBopsitor coorHotenusim Creiinbep-
ra 110 nocrpoennto u jemme 20. CjiejoBaTesibHO, CyIIeCTBYeT MOPQU3M MPO-TPYIII
Go: StU(R,A;®) — StU(R, A; ®/«) Takoii, uto Go(F,(g)) = g. Ho F,, saBiser-
CsI PEryJISIPHBIM SMUMOPMU3MOM 10 TPEJIOKEHHIO 5, MOITOMY 3TO H30MOPGMU3M ¢

obpatabiM G,. ]

3.5 VYcjaoBus KOHEYHOCTHU

Paduxan /Iorcexobcona J(R) KoJbIla COCTOUT U3 TaKUX & € R, 9T0 BCe 3/IeMeH-
Tl 3 Rx R kBazumobpaTumbl. Byjiem roBopuTh, 9To HEUETHOE (POPMEHHOE KOJIbIIO
(R, A) noaynpocmo, ecit R siBIsieTCs MOTYTIPOCTBIM KOJIBIIOM € eINHUIEH (TO eCcTh
IIPOM3BE/IeHNEM KOHETHOIO YMCJIa MATPUUIHBIX a/redp HaJ| TejaMu 1o Teopeme Beji-

nepbapua—Apruna). Heuérrnoe dopmentoe konbio (R, A) noayarokasvro, ecin R
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moJtysioKkasibHo, 10 ectb R/ J(R) monynpocro u ¢ enunureit. Hakonen, (R, A) und-
NOAYAOKAALHO, €CJIA ITO NPSIMOIl TIpeJies TMOJIYI0KAIBLHBIX HEIETHBIX (DOPMEHHBIX
KOJIEI, ¥ aHAJIOIMIHO JJIsI OOBIYHBIX KOJIEIL.

Heuérnast dpopmennast K-anrebpa (R, A) HaswbiBaeTcst koneunol, ecin R u
A/P(R) KomeIHO MOPOXKIEHBI KaK K -MOIysn, 9TO BBITOIHEHO JUI KIACCHIECKIX
HeIETHBIX (hopMeHHBIX aaredp. Takske (R, A) Ha3BIBACTCS AOKAADHO KOHEYHOT, €CITH
R sByisiercst ToKaibHO KOHEUHOI [ -arebpoil, To ecTh BCe KOHEUHbBIE MTOJIMHOKECTBA
R nopoxgaror koneunble K-noganrebper. Creyionine yrepxKaeaust Ha (R, A) 5K-
BUBAJICHTHBI:

1. oHa JlIoOKaJIbHO KOoHeUHa Ha| K ;

2. BCe e€ KOHEYHO IOPOKIEHHBIE HeUETHbIe (DopMeHHbIe K -1101aJIre0phl SIBJIs-

IOTCST KOHETHBIMI;
3. 9TO IPAMOIL IIpeJies KOHEIHBIX K -aareop:;
CYIIECTBYIOT MaJias (pujIbTpoBaHHAs KaTeropus Z, KOHETHO TOPOKIEHHbIE
KOMMYTaTHBHBIE KOJbIa K; C eJIMHUIIAMHI 1 KOHEYHbIe HedETHBbIE (hop-
mennble K-amrebpor (R;, A;) npu ¢ € Z takwme, uro K = hﬂiez K; n
(R,A) = @iez(Ri, Ay).
Kiacc J0OKaqbHO KOHEYHBIX HEYETHLIX (POPMEHHBIX [(-ajredp 3aMKHYT OTHO-
CUTEJIbHO B3ATHUS Tojaaredp, daxropaaredp, JOKaIN3aINii, HPSIMbIX PEJIeIOB,
HOJIYIPSIMBIX TTPOU3BE/ICHNI U CKPEIIEHHBIX MOJLYJIE.

Jlrobast koHeaHast HeuéTHast popMeHHas anrebpa (R, A) HaJl MOIYIOKATHHBIM
KostbioM K cama nosysokasnpia: R J(K) < J(R) un mobas konedmnas ajaredpa HaJ
roJieM ToJtystokabaa. Ecm ke (R, A) JIOKAIbHO KOHETHA HaJ{ HOJIYIOKATBHBIM K
TO OHa WH/I-TIOJIYJIOKAJIbHA.

Eciu (T, Z) — 1o crenuajbaoe HeuéTHOE (DOPMEHHOE KOJIBIIO C €[MHUIIEl, T0-
CTPOEHHOE TI0 acconuaTuBHO K -anredpe R ¢ epuHuIeil, npuaém R KoHevdHas WJIn
JIOKAJIbHO KoHe4Has1, T0 (T, Z) OyjeT KOHeUHOl Wn JIOKaJbHO KOHEYHOH HedéTHOM
dbopmennoii K-asrebpoit. Ecin ke (T, Z) 6b1710 ocTpoeHo 1o Mojtyo Mp KOHETHO-
IO IPEJICTABIEHNsT ¢ 9PMUTOBOI hopMoit B 1 HeUETHBIM (DOPMEHHBIM ITapaMeTpPOM
L, rne R—»3T10 0KaabHO KoHeuHasi K-ajrebpa ¢ eJuHMIeil U A-MHBOJIIOIHEI,
npuuéM uHBOJIONNA TpuBnasibia Ha K, 1o (T,Z) siBiistercst JIOKAJIbHO KOHEUHOI
HeuéTHOI hopmennoit K-anrebpoii. eicreurenbro, End(Mpg) jokaibHo KOHETHA
was K kak daxrop-anrebpa {x € M(n, R) | tN < N}, rae N — s/ipo HEKOTODOii
ciopbekuun R" — M.
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Mgt cobupaemcst onmcars npejcrasienne U(R, A) sjgemeHTapHBIME 00Pa3yIo-

M B HMHA-ITIOJIYJIOKaJILHOM CJIy4dac.

Jlemma 24. [Tycmv und-noaysokasvroe xoavuo R umeem pasaooicerue Ilupca par-
2a l, mo ecmv R = @132’]56 Rij, RijRyy =0 npu j #k, RijRy < Ry. Tozda

R°=U"R)oD(R)oU (R)oU"(R),
2de UT(R) = [[;; Rij, U (R) =[I-, Rij u D(R) = [T; R;;.

oxaszamensvemeo. MozKHO 1epeiiTit K COOTBETCTBYIONIEMY HEUETHOMY (DOPMEHHOMY
KOJIbILY, 9TOOBI HCIIOJIb30BATh Pe3yJIbTaThl IepBOii riaBbl. [IpuMennM nckoUdeHue
KOpHeil 1 MHIYyKINO, 9TOObI cBecTn Beé K caydaio £ = 2. [To memme 11 mocrarodno
POBEPUTDH, ITO JjIsI JIoboro g € R° cymectByeT © € Ri9 Takoii, 9To g 0 & UMeeT
KBa3noOpaTUMYIO KOMIIOHEHTY B Roo.

He ymausrsga obmmaocTn, R nosyinokaibHo. Tak Kak KBa3sHoOPATHUMOCTb MOYKHO
IPOBEPSATH 110 MOJTYJIIO pajinKaJja J[zkekobcona, MOXKHO CINTaTh, YTO R TOJIYIIPOCTO.
Haxkomner, packiaibiBast R B IponsBeieHe MaTPUIHBIX KOJIEI 1 IIPUMEHSISI HCKJII0Ue-
HIIe KOpHEil B 00paTHY10 CTOPOHY (TO €CTh PACKIaIbIBas HIEMIIOTEHTBI), Mbl MOXKEM
cantarh, uto R = M(¢, D) ans tesa D u nekoroporo £ > 0. B sTom ciryuae yTBep-
JKJIeHIe TPUBUAJIBHO: ecyin epgey; = 0, To BbiOepeM ¢ < £ Takoii, uro esge; # 0, u

noJjioxkuM x = e;p € R. lnage BozbMém x = 0. ]

Jlemma 25. [Tycmo und-noayaokasvroe newémmoe gopmenroe koavuo (R, A) ume-

em npounoe pazaoscenue Iupca panea ¢ > 1. Toeda
U(R,A) = Q(R, A @ ey U (R, A @),
ede Q(R, A) — amo nodmmoosicecmeo u3 aemmot 11.

Joxazameavcmeo. Mbl OyneM J0oKa3bBaThL 4yTh Oojiee 00Iee yTBEpKJEHUE PO
kakipiit g € U(R, A), arobbl CBECTH BCE K MOJIYJIOKAJIBLHOMY CJIydato. Bmecro mpou-
HocTu pasyioxkenus [lupca npemnosnoxum, aro cyiecrByer 1 < k < ¢ Takoii, 4To

e;m(g)e; € Z—kgtgk;t;éo RitRyj nist Beex k < @ < ¢ u j < i. JlokazkeM, 410
gEQUR,A;D/{er,...,ex ) UT(R,A;®/{er,...,ex}).

Kak u B JOKa3aTe/JIbCTBE JIEMMbI 24, I[Ipy IIOMOIIHN JIEMMbI 11 moxkHO cBecTn

BCE K cirydato, kKorga R mosympocro, (R, A) creruaibHoe ¢ eIMHUIE, Pa3IoKeHne
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[Tupca nepaznoxkumo (1o ectb Ry sBisttorest Tesiamu npu ¢ # 0), k = £ — 1. Tpeby-
ercst nafitu ¢ € gUT (R, A; ®/{eq, ..., er}) makoe, uro ea(g’)e, obparnmo B Tesie
Ryy. Paccmorpum Bce ciryvan:

1. Ecm eja(g)ey obpatmmo, 10 BosbMéM ¢’ = g.

2. Ecmm epa(g)es = 0 u epar(g)e; # 0 s wekoroporo —¢ < i < £ ¢ i # 0, 10
BosbMéM ¢ = g Tj(x) mas wekoroporo 0 # x € Ry (OH cylecTByer, Tak
Kak R 1moJympocro).

3. Ecu eja(g) = ewa(g)(e_p + eg) u epa(gle_y # 0, 10 BO3BMEM ¢ =
gT_(x) Ty(y) st nexoropoix t, © # 0, y # 0 (0HEM CyIIECTBYIOT 110
PEJITOIOKEHIIO HA §).

4. Hakoner, eciu egar(g) = ega(g)en, 1o epa(g)eoa(g)es = ey m MOKHO B3STE

g = gTi(u), rae u— sro Kommnonenta g+ B A} (oHa ONpeeIeHa 10 MOJLYJTIO

A(R_r1)). O

IIpenjioxxenue 7. ITycmv UHO-NOAYAOKAAOHOE HEUEMHOE POPMEHHOE KOABUO
(R, A) umeem npounoe pasrosicenue Ilupca panea € > 1. Toeda epynna U(R, A)
nopoorcdena Xo(R,A) u D(R,A;®/e;), 6ce coommowenus mexncdy Humu — 3mo

COOMMHOWERHUA C’mez‘m6ep2a U INEMEHTNDL U3

D(R, A; ®/e;) * D(R, A; @ /e;) x 3K Tin(R, A)

l==i
m==j

npu 1 <i < j </l ¢ mpusuarvnvimu obpazamu 6 U(R, A).

Hoxazameavcmeo. Obosnauum depe3 G IpyIiy ¢ IpejicTaBJIeHUEM U3 YCJIOBUI,
torga ectb romomopdmsmbl GStU(R, A; @/e;) — G u GStU(R,A) — G. Ilo-
kaxkeM, uto G = Q(R,A; ®/e;) UT (R, A; ®/e;). IlpaBasi gacTb 9TOr0 paBeHCTBA
SIBJISIETCSI HEIYCTBIM ITOJIMHOYKECTBOM, 3aMKHYTBIM OTHOCHUTEJIbHO YMHOXKEHUs Ha,
UT(R,A;®/e;) u D(R,A;®/e;) cupaBa, Tak 9T0 OCTaéTCsi IPOBEPUTH, YTO OHA
coxpangercs 1o jaeiicrueM rpymnsl Beiiig @. [To onpeesiennio, ona coxpansercs
IIPU OTPaYKeHUN €1 —> —eq, a 110 JeMMe 25, IPUMEeHEHHO K HedéTHOMY (DOPMEHHOMY
II0JIKOJIBILY, OHA COXPAHSETCS IIPU TPAHCIIO3UIINN €1 <> €o. HakoHelr, oHa coxpaHsieT-
sl 1I0J1, JIefiCTBHEM OCTaJIbHBIX 00pasyomux €; <+ ;11 upn 2 < 1 < £ — 1 1o Jjiemme
24. Umest paznoxkenne G, jerko nposeputhb, 910 G — U(R, A) CIOPBEKTUBHO 10

JeMMe 25 1 MHHEKTUBHO 110 JiemMe 11. L]
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3.6 Cxkpemenabie moayan Creitnbepra

Teopema 6. [Tycmo und-nosyaokaivroe neuémmoe gopmernoe xoavyo (R, A) ume-
em npownoe pazaoocenue Ilupca panea ¢ > 3. Toeda cywecmeyem eduncmeentioe
deticmeue U(R, A) na StU(R, A), deaarowee st: StU(R, A) — U(R,A) ckpewen-

HOLM MOJYNEM.

Joxazameavcmeo. 1o Teopeme H cylecTByeT KAHOHMIECKOE JIEHCTBIE I'PYIIIIBI
G =StU(R,A) «D(R,A;®/ey) *...x D(R,A; P /ey)

Ha StU(R,A), genaiormiee st sksuBapuantabiM. Tak kaxk U(R,A) ssisiercs dak-
Toprpyumnoit G u obpasyoue gapa U3 UPEIIoXKeHUs 7 TPUBUAILHO JICHCTBYIOT
wa StU(R,A) no npejoxkennto 5, To Tpebyemoe jefictsre cymectyer. Hakorerr,
StU(R,A) — EU(R, A) sB/sieTcst COBEPIEHHBIM MEHTPAJIbHBIM PACITIPEHUEM T10

yKe JoKazaHHOMY U jeMMme 19, mosromy jeficTBue eJIMHCTBEHHO. []

Tenepb paccMOTPHUM JIOKAJIbHO KOHEUHYIO HEUETHYIO (pbopMmeHHyio K-aaredpy
(R, A) ¢ npounbim pazyioxkenneM [lupca panra £. st Becex S < §' < K* obozna-
amm wepes cang : (RS AlS)) — (RS A5 kanonmaeckne Mopbusmbr
po-rpytiil. BHYTpu HHIEKCOB MbI OyjieM mmcaTh p BMecto S = K \ p [171s1 TPOCTHIX

ugeasos p € Spec(K), z smecro S = {1,x, 2%, ...} gtz € K, monyckars S = {1},

Jlemma 26. Ecau £ > 4 uau € = 3 u pasaroorcerue [Tupca cusvro npouroe, mo 0in
kaotcdozo p € Spec(K) cywecmeyem eduncmeennoe caaboe deticmeue U(Ry, Ay)
Ha StU(R(OO’p), A(oo’p)), npodosdicarowee caabvie deticmaus 00pa3yIowWuUT us npeoso-
oicenus 7. Mopdusm st: StU(RCP) ACP)) 5 U(RC#) AR sxsusapuarmen

OMHOCUMEALHO ITN020 0etiCEUA.

Hoxasamenvcmso. T'pymst X, (R, A) u D(Ry, Ay; ®/e;) xanonnuecku cabo Jeii-
crBytor Ha npo-rpynmax StU(ROP) AP & /o) u StU(RCP) AR d /e;). Tlo
Teopeme 5, onn ciabo geiicrsyior na StU(ROP) AP Hakoner, 10 mpeozke-
HUSAM 5 1 7, 9Tu cj1abble JleficTBHs JaloT euHcTBeHHOe coaboe jeiicrsue U(Ry, Ay).

OKBUBAPUAHTHOCTH St TpUBHAJIbHA. []

. , S )0 »5),0
Jlemma 27. Cemeticmsa cangz Rl(:;o N Rl(sf ) cang: Agﬁo PO _, A£,§° ) ,edep
npobezaem npocmuie udeanrv, K, ne nepecexarowue S < K*®, cosmecmmo snumoppro.
6 Pro(Grp).
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. 5),0
oxaszamensvcmeo. Bosbmém mopdusmbr f1, fo: ASJ? A0, o IPO-TPYIII, y KOTO-

DBIX KOMIIO3UIMH C canl COBIAJAIOT JUIst BeeX P, He nepecexkaomux S, n Gyjem
oKasbBaTh f1 = fo. He ymamsasa obmmnoctu, G aBisieTcd aOCTpaKTHONM TPYIIION 1

5),0
fi BagatoTcsa romomopduzMaMu U3 Aﬁn)’ st s € S. PaceMOTpuM MHOXKeCTBa,

a={ke K| fi(o(k (s))) = fg(gb( (8))) 15 BeeX @ € R_yy i}
b={ke K| AW k)= fo(u® k) us Beex u e A2}

MHozKkecTBO @ ABJIsIeTCd UJIeaJI0M, HEe COJIEPKAINUMCA HU B OJHOM ITPOCTOM HJIeaJie,
He IepecekarorieM S, TaK 9TO OHO Iepecekaer S. YBeanduBast S, MOXKHO CUNTATD,
yro a = K. Torna b ToxKe siBjsieTcst UJ1eajioM, IepeceKaroIiuM S. Y TBepKIeHIe I1PO

Ry MOXKHO JIOKA3aTh aHAJOIUYIHO, PACCMATPUBAS WA
¢c={ke K| fi(ka®) = fo(ka'®) nus Becex a € Ry} O

Jlemma 28. [Iycmoe K = Z?:l Kx;. Toeda can®i: Rl(gf’xi) — Ry, 3adarom npeo-
CMABAEHUE NPO-2DYNNDL € COOMHOUEHUAMLU

1. [can®(a),can® (b)]. = 0 das scex i, j

2. can"i(a + b) = can”i(a) + can®(b),

3. can®(cany. ’(a)) = can® (canx (b)) npui < j.
Taxorce ¢: Ry — A2 u can®i: A0 AV sadarom npedemaeaerue npo-
2pYnNvL ¢ COOMMHOUEHUAMU

1. ¢(a+b) = ¢(a)+ ¢(b), can®i(u + v) = can™(u) + can®i(v);

2. [¢(a), 6(b)]. = [#(a), can®(u)]. = 0;

3. [can®(u), can® (v)] = ¢(m(can® (v))m(can™(u))) das 6cex i, j;

4. can®(9(a)) = plcan®(a));

5. can®(cang, ’ (u)) = can® (cany’ ’(u)) npu i < j.

oxazameavcmeo. MoKHO cunTaTh, 9TO

(c0,21) Pro(Grp) ) (c0.2:).0 Pro(Grp) (25,0
Ry, " = lim le ; AT = lim A
k>0 k>0

O6osznauum depes Ry, u AY npo-rpynnst ¢ npegcrasiennamu u3 yeaosus. Obpar-

Hble MOPMU3MBL K Ry — Ry 1 AV — A zanatores dopmynamu

k
a Z can™ ylka ), u ann u - yik)( Z X; yzkyjk

1<j

rue 1 = ZZ ylkxf JUTT HEKOTOPBIX Y1 € K. ]
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Teopema 7. [lycmwv saokasvro Konewnas newémuan gopmennan K-anzebpa (R, A)
umeem. pazaoscenue upca panea L. [Ipednosostcum, ¥mo 6vinosHeHo 00no u3

1. ¢ > 4 u paznooicenue Iupca npounoe;

2. € = 3 u pasaoorcenue Tupca curvro npouroe.
Toeda cywecmsyem eduncmeennoe deticmeue U(R, A) na StU(R,A), deaarowee
st: StU(R,A) — U(R,A) cxpewenmnvm modysem. B wacmmuocmu, StU(R,A)
ABAAEMCA COBEPULEHHbIM UeHmparvhvim pacuuperuem EU(R, A), xomopas Hop-
manona 6 U(R, A).

Joxasameavcmeso. g kaxgoro g € U(R,A) Mbr mocrponm sugoMopdusm I —)
rpymnbl StU(R, A) rak, aro canf(%h) = Y%anP(h) ans Becex p € Spec(K) u
h € StU(R® AP pre U(R,A) cnabo neiicreyer ma StU(ROP) AP
o jemme 26. BospméMm p € Spec(K), Torga mo Jsemme 25 CymiecTByer x ¢ P
Takoii, uro 06paz g B U(R;, A,) sIBJIsleTCcsl IPOU3BEJIEHNEM 3JIEMEHTAPHBIX TPAHC-
Bekruit u ssementa u3 D(R,, A,; ®/eq). Ilo Teopeme 5 Mbl mostygaem aBToMopdu3M
9—) mpo-rpymer StU(R(S®) Al>2)) takoii, uto can®.(%h) = %anP(h) ans Beex
r ¢ p € Spec(K) u h € StU(RH AP Tlo nemmam 27 u 28, npumenén-
HbIM KO BceM KopueBbiM mojrpyninam StU(R, A), Mbl mojrydaeM roMoMOphu3Mbl
IXo(=): (RUA)y — StU(R,A) myst Becex a € O, ynosyerBopsitoniue TpeboBa-
ausiM. Haxowner, 9 —) coxpansier coortomenust Creitnbepra 1o jiemme 27, Tak Kak
(St3)—(St8) MoxKHO 3ammcaTh KaK PABEHCTBA MEZKIy TOMOMOPMU3MAMI 110 KazK 101
[IepEeMeHHOI.

Bamernm, uro sujgomopdusmbl I —) rpymnmsl StU(R, A) ejluHCTBEHHbBI 110
aemme 27, tak ato U(R, A) neiicreyer Ha StU(R, A). Ilo jsemmam 26 u 27, romo-
mopdusm st: StU(R, A) — U(R, A) siBisieTcst cKperneHHbIM Mojty/ieM. 3 sToro u
aemmbl 19 Bortekaet, arto StU(R, A) — EU(R, A) —5T0 coBepiiieHHOE TIeHTPATBHOE

pacimpenne, OTKYy/ia MoJaydaeTcs eMHCTBEHHOCTb. []

Ha camom gene EU(R, A) mopmasbraa B U(R, A) st BeceX JIOKATbHO KOHEU-
HBIX HEUETHBIX (DOPMEHHBIX ajredp ¢ MpodHbiM pasioxkenuem [lupca panra £ > 3.
DTO MOKHO JIOKA3aTh TaK 7Ke, KAK TeopeMy 7, HO UCIOJIb3Ysl 9JIeMEeHTAPHbBIE YHUTAD-
HbIe TIPO-I'PYTILI BMecTo Tpo-rpyti Creitnbepra, mpejiozkeHne 5 BMECTO TEOPEMbI

D W COOTBETCTBYIOIIMIT aHasor jeMMbl 26.
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SakJiroueHue

[IpuBeIéM CIIMCOK OCHOBHBIX PE3YJIbTaTOB HaCTOsdAIIEH paboThl, KOTOPhIE BhI-

HOCATCA Ha 3alluTy.

1.

Kareropus neuéTHBIX (POPMEHHDLIX KOJIEI U3 pasjaena 1.4 aBiasgercd aared-
panviecKu KOrepeHTHOIl 11o/ryade/ieBoil coriacHo TeopeMe 1, 9TO 1M03BOJIsieT
paboTaTh CO CKpEIIeHHBIMI MO/IyJIsiMU, pejgruBnsanueii CreiiHa u HEIET-
HBIME (POPMEHHBIMU KOJIBIEBBIMEI O0bEKTAME B JICKAPTOBBIX KATETOPUSIX.
[Toutn Bece KaccHIecKne peyKTHBHBIE IPYIIIOBBIE CXeMBbI (€ TOTHOCTHIO J10
M30T€HUN ) MOZKHO [OCTPOUTD 110 HEYETHBIM (POPMEHHBIM KOJIBIIAM COTJIACHO
TeopeMe 2.

Kaccuueckune J10CTaTOYHO M30TPOIIHBIE PEJYKTUBHBIE TPYIIIBI 3a1a0T
JIOCTATOYHO M30TPOIHBbIE pa3okeHns [lupca Ha COOTBETCTBYIONIUX ayrMeH-
TUPOBAHHBIX HEYETHBIX (DOPMEHHBIX ajredpax 1o Teopeme 3.

HeitcTBrusi HEIETHBIX (DOPMEHHBIX MTPO-KOJIEI B CMBIC/IE TO/IyabeIeBbIX Ka-
Teropuii MOXKHO ormcarh onepanuamu u akcnomamu (Al)—(A10) B cury
TeopeMbl 4.

Teopema 00 UCKIIOYEHIN KOPHE(T (Teopema b) BBIOIHACTCS JIJIsT JOCTATOY-
HO M30TPOIHBIX HEYETHBIX YHUTAPHBIX mpo-rpyin Creiinbepra.

Heuérnast yaurapuas rpymma Creiinbepra StU(R, A) siBasieTcst cKpeleH-
HBIM MOJIyJieM HaJi yautapHoit rpymmnoit U(R, A) o Teopemam 6 u 7, eciiu
HeudéTHOE (hopMeHHOe KOJbIO (R, A) JIOKATBHO KOHETHO HAJ[ KOMMYTATHB-
HBIM KOJIBI[OM WJIN TOJIYJIOKAJIBHO, & TaKyKe UMeeT JOCTATOYHO U30TPOITHOE
paznoxenne [lupca. B wactrocTn, siementapuasi noarpymma EU(R, A)
Hopmasibia B U(R, A), a rpynna Creitabepra — 9T0 €€ MeHTpaJIbHOE PACc-

I PEHNe.

JlanpHeiiee BO3MOXKHOE HallpaBJeHNE HCCIEIOBAHUNT aBTOP BUINUT CJIEIYIO-

UM 00pa30M:

1.

[TokazaThb, 9TO TPU MOMOIIM HEYETHLIX (POPMEHHBIX KOJIEI] OIMMCHIBAIOT-
cd BCe T'PYIIIBI, UMEIole Habop KOPHEBBIX MOAIPYII, ITapaMeTpu3yeMblil
cucremoit kopueit Tuna BCy, ¢ TOYHOCTBIO /10 N30T€HUN U TTPHU JOHOJTHUTE b

HBIX €CTECTBCHHBIX ITPEIIOJIOZKEHUAX.
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2. IlpumeHuTh pa3BUTYIO TEXHUKY I JIOKA3aTe/JbCTBa IEHTPAJbHOCTU
Ko-dyHkTOpa, €OOTBETCTBYIONIEN0 HCKIIOUATEIbHBIM U30TPOIHBIM  pe-
JIYKTHUBHBIM IPYIIIIAM.

3. PazButb meroj npo-rpynn Creiitnbepra. B gacTHOCTH, TpejicTaBIsieT NHTE-
pec noctpoenue rpyunbl CreitnOepra 1o npo-rpyimamu CreitHOepra, Jijist
N3ydeHusl JTIOKaJIbHO M30TPOIHBIX PEIyKTHUBHBIX IPYIII, a TakKKe IIPUMeHe-
HUE K JIPYIUM 3ajiadaM ajrebpandeckoii K-reopun, Hamnpumep, 0000IIEHIIO

OCHOBHBIX pe3ysibraTos [4; 35; 52|.
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Introduction

The object of research are odd unitary groups, classical isotropic reductive
groups, and the corresponding Steinberg groups, the subject of research are their
structure and properties. The purpose of research is to prove the centrality of the
odd unitary Ks-functor and the Kso-functors of classical isotropic reductive groups.

Relevance of the topic. Unitary groups are a generalization of classical
matrix groups, i.e. general linear groups, symplectic groups, and orthogonal groups,
to arbitrary unital associative rings. There are various definitions of such groups,
see e.g. [1; 13; 18—20; 27; 28; 49; 58; 59|. In [2] A. Bak defined a unitary group as
the stabilizer of two classical forms on a module, a hermitian and a quadratic ones,
where the quadratic form takes values in a factor-group of the ring. This approach
was further generalized by V. Petrov in [37], where he defined odd unitary groups
using quadratic forms with values in arbitrary abelian group.

There is another generalization of classical groups given by the theory of re-
ductive group schemes [16; 17|. If G is any of classical reductive group schemes, then
its twisted forms in the fppf topology often may be constructed as unitary group
schemes 28], at least over a field of characteristic different from 2.

State of the art. Many results of lower algebraic K-theory were generalized
for unitary groups [8; 9; 21; 24; 35; 48]. For odd unitary groups it is known that
under the natural assumptions

— the elementary subgroups are normal [36; 37; 47|,

— the standard classification of normal subgroups holds [6; 38; 39; 44],

— the stabilization holds for the Kj-functor [5; 7; 37; 56; 61],

— the unstable Steinberg group is centrally closed [30; 45; 52],

— the unstable Kj-functor is an extension of an abelian group by a nilpotent

one [3; 4; 23; 62].
Higher unitary K-theory is considered in the works of M. Schlichting, see e.g. [40].

It is also known that the unstable Ko-functor is central (i.e. the unstable
Steinberg group is a central extension of the elementary subgroup) for

— general linear groups over commutative rings by W. van der Kallen [51];

— general linear groups over almost commutative rings by M. Tulenbaev [50];

— Chevalley groups of types C, D, E by the works [29; 32; 42| of S. Sinchuk

and A. Lavrenov;



— isotropic orthogonal groups over fields by S. Boge [10];

— isotropic reductive groups over local rings by A. Stavrova [43].

The proofs for non-local rings use calculations with relative Steinberg groups or an
“another presentation” of the Steinberg group, they also rely on the matrix structure
of the group and cannot be generalized to isotropic reductive groups. Actually, in
the linear case it is known that the Steinberg group is a crossed module over the
general linear group, this implies both the normality of the elementary subgroup
and the centrality of the Ky-functor.

Methods. In the work we use a new localization technique based on pro-
groups (“method of Steinberg pro-groups”); calculations in Steinberg groups using
relative roots; the Gauss decomposition of unitary groups over semilocal rings. More-
over, we use methods and results from the theory of unitary groups, category theory
(multicategories, semi-abelian categories, and pro-completion), and the theory of
reductive group schemes.

Approbation of the work. Methods and main results of this work were
presented on the seminar “Algebraic groups”, SPbU, Saint Petersburg, 2021.

The results of the work are new, equipped with detailed proofs, and are pub-
lished in refereeing scientific journals [54—57]| (3 published papers, 1 preprint), that
certifies their reliability.

The work is of theoretical nature, its results may be applied in the theory
of linear algebraic groups, when holding educational and scientific seminars.

The dissertation consints of three chapters and the conclusion. In the first
chapter we give a new construction of unitary groups generalizing V. Petrov’s def-
inition. It is based on new algebraic objects, odd form rings, forming a variety of
two-sort algebras. The category of odd form rings turns out to be algebraically
coherent semi-abelian in the sense of [11; 14], so in this generality it is easy to use
M. Stein’s relativization [46] in terms of internal crossed modules [15].

The second chapter contains a construction of odd form algebras by classical
reductive group schemes. To use the faithfully flat descent we also introduce an
additional structure of odd form algebras (“augmentation”) describing root elements
of the long root type.

In the third chapter we prove the main result: under natural assumptions on an
odd form ring (R, A) the odd unitary Steinberg group StU(R, A) is a crossed module
over the unitary group U(R, A). In order to prove this we study odd form pro-rings
obtained by the “colocalization” from (R, A) and their Steinberg pro-groups. It is



possible to construct actions of unitary groups of the localizations of (R, A) on such
pro-groups using the Gauss decomposition and a calculation using relative roots
(“root elimintation”). Finally, these actions may be continued in a unique way to
the action of U(R,A) on StU(R,A).

Combining this with the results of the second chapter, we see that all clas-
sical simply connected sufficiently isotropic reductive group schemes have central
Ko-functors. Also, it is easy to apply the main result to isotropic unitary groups
of V. Petrov such as degenerate orthogonal groups. Our result does not cover the
reductive groups of isotropic rank less than 3 and there are counterexamples for
Chevalley groups of rank 2 [60].

In the conclusion an overview of main results that are presented to defense

is given, and some possible directions of further possible research are described.



Chapter 1. Odd form rings

1.1 Hermitian and quadratic forms

We use the notation [z,y] = zyz~ly™! and % = zya~! for the group opera-
tions. If A; are subsets of a group with the group operation + for 7 from a linearly

ordered set, all of them contain 0, and every ¢g € > ierAj has a unique decompo-

el
sition g = > .., gi with g; € A;, then we also denote the sum of A; as @, ; As.
The center of a group G is denoted by C(G) and similarly for rings. Bce kosbia u
aJINeOPBI IPeIIIoIaraloTcsd acCONNaTUBHBIME, HO He 00si3aTe/IbHO ¢ eaunnnamn. All
rings and algebras are assumed to be associative, but not necessarily unital. The
multiplicative semigroup of a ring R is denoted by R°®. An element xz € R of a

°=l je. the in-

non-unital ring is called quasi-invertible it it has a quasi-inverse x
verse with respect to the monoidal operation x oy = xy + x + y. Quasi-invertible
elements form the group R° with respect to o.

Recall the construction of odd unitary groups from [37]. An anti-automor-
phism (T) of a unital ring R is called A-involution for X € R* if a = da\~!
and A = AL

Now let M be a right R-module, where R is a ring with a A-involution. A
map B: M x M — R is called a hermitian form it

Now let Mg be a module over a ring R with a A-involution. A biadditive map
B: M x M — R is called a hermitian form if B(mr,m/r") = r B(m,m')r’ and
B(m/,m) = B(m,m/)\. The Heisenberg group of B is Heis(B) = M x R with
the group operation (m,r) + (m/,r") = (m + m/,r — B(m,m') + r’), the monoid
R* acts on this group by (m,r) - x = (ma, xrz). An odd form parameter is an
R*-invariant subgroup £ < Heis(B) such that

(0,7 —=7A)} = Loin € L < Lo = {(m,7r) | r + B(m,m) +r\ = 0}.
For a fixed £ the map ¢: M — Heis(B)/L,m — (m,0) + L is called the quadratic

form. The unitary group is
U(M, B, £) = {g € Aut(My) | Bgm, gm') = B(m,m'), g(gm) = q(m)}.

We are interested in a special case of the above definitions. Let us say that

(R,A) is a special unital odd form ring if R is a unital ring with a 1-involution



and we choose the hermitian form Bg(z,y) = zy and an odd form parameter
A < Heis(Br) = R x R on Rgr. Then U(R, Bg,A) may be identified with
{geR g =9,(9—19g-1) €A}

In section 1.4 we define abstract odd form rings as algebras from a two-sort variety.

For any unital ring R we may construct a special unital odd form ring (T, Z),
where T = R® x R, (z°P,y) = (y°?,z), and
== EZmax = {(z%,y; 2P, w) | zy + z + w = 0}.
Then
R* — U(T, Br, Zuax), 9 = (97, 9)

is a group isomorphism. If R has a complete family of orthogonal idempotents
fi,-o, fo, then let e; = (0, f;) € T for i > 0 and e; = (f°%,0) € T for i < 0. They
form a complete family of orthogonal idempotents in T, e; = e_;, and the elements
¢; = (€;,0) lie in ©. If f; are full, that is R = Rf; R, then ¢; + e_; are full in T'.

By a module Mp with a hermitian form B and an odd form parameter £
we may also construct a special unital odd form ring (S,©). Let us construct the
special unital odd form ring (7, =) by End(Mpg). The subring

S ={("y) €T | B(zm,m’) = B(m,ym’)}
has an odd form parameter
O = {(2°,y; 2P, w) € Opax = ZEmax N (S X S) | q(ym) + (0, B(m,wm)) = L}

and it is easy to see that the unitary groups U(M, B, L) and U(S, Bg, ©) are iso-
morphic. Now suppose that there are elements v; € M for —¢ < i < £, 7 # 0 such
that B(v;,v;) = 0 fori # —j, q(v;) = L for all 4, and B(v_;,v;) = 1 for ¢ > 0. Then

€ij = ((U_jk_lB(UZ’, —))Op,UZ'B(U_j, —)) €S fOl"j > O,
€ij = ((U_j/\B(UZ', —))Op,vi/\_lB(U_j, —)) €S fOI‘j < O,

eijer = 0 for j # Kk, ejjejn = eir, er =e_;_; forij > 0, and ¢; = (&;,0) € O.

1.2 Categories

A cartesian multicategory C consists of



1. the class of objects Ob(C);
2. the sets of morphisms C(X1,..., X,;;Y) forn > 0 and X;,Y € Ob(C);
3. the identity morphisms idx € C(X; X) for X € Ob(C);
4. the composition maps
C(Yr,...,Y; Z) xC(Xy,..., X\m; Y))
—>C(...,}/i_l,Xl,...,Xm,Y;'_H,...;Z)
forn>1,m>0, X;,Y;,Z € Ob(C);
5. the maps

C(Xg(l), c. ,Xg(m);Y) — C(Xl, e ,Xn;Y),f — fO'ﬂ<

for m,n >0, X;,Y € Ob(C), o: {1,...,m} = {1,...,n};
and these maps satisfy natural conditions [41|. Symmetric multicategories are de-
fined in a similar way if we take only bijective o.
A symmetric multicategory C is closed [33] if for any n > 0 and objects
Xi,...,X,,Y €C there is an object H and ev € C(H, X1, ..., X,;;Y) such that for
allm >0 and Z1,...,Z, € Ob(C) the following map is a bijection:

evy: C(Zv,..., ZmiH) = C(Z1,. .., Zp, X1, .., X Y).

We need the notions of regular and semi-abelian categories [11]. A category C is
called pointed if there is a zero object 0, i.e. it is simultaneously initial and terminal.
A morphism f in a finitely complete category C is called a regular epimorphism if it is
a coequalizer of some kernel pair, i.e. of a fiber product of some morphism with itself.
A finitely complete category C is called regular if all kernel pairs of morphisms have
coequalizers and regular epimorphisms are preserved under pullbacks. In a regular
category every f: X — Y admits an image decomposition X — Im(f) — Y, where
X — Im(f) is a regular epimorphism and Im(f) — Y is a monomorphism, such
a decomposition is functorial.

A split extension in a pointed regular category C is a diagram

A’%A#A”, where p o s = idys and ¢ = ker(p). Such a category C is

called homological if every morphism between split extensions identical on the end
terms is an isomorphism. Finally, C is called semi-abelian if it is homological,
finitely cocomplete, and all categorical equivalence relations are kernel pairs.

In arbitrary homological category C an object G' acts on an object X if there

is a chosen isomorphism class of split extensions X — Y < G. The free object with



an action of G containing X coincides with Ker(G II X — @) if C is semi-abelian
[12]. A semi-abelian category C is called algebraically coherent [14] if for every object
X with an action of GG the least upper bound of any two G-invariant subobjects is
also G-invariant. The categories Grp of groups and Rng of non-unital rings are
algebraically coherent semi-abelian.

A crossed module [15] in an algebraically coherent semi-abelian category C con-
sists of a morphism §: X — G and an action of G on X such that ¢ is G-equivariant
and the standard action of X on itself factors through the action of G. Abstract
crossed modules in Grp coincide with classical crossed modules, i.e. the group ho-
momorphisms 0: X — G with an action of G on X such that §(%) = %(z) and
! = 0@ for g € G, x,2" € X.

1.3 Quadratic maps

We say that a group G is filtered 2-nilpotent if it has a fixed nilpotent filtration
0 < Gy < G. In such G the commutator may be considered as a biadditive map
G/Gy x G/Gy — Ggy. All factor groups G/N are filtered 2-nilpotent with the
filtrations 0 < (Gy + N)/N < G/N.

We need a construction of filtered 2-nilpotent groups G such that G/Gg de-
composes into a direct sum. Take abelian groups Gy and G; for ¢ € I, where [ is
linearly ordered, biadditive maps [—,=];;: G; x G; — G| for i < j, and normalized
2-cocycles ¢;: G x G; — Gy (that is c(x,y) + c(v + y,2) = c(x,y + 2) + c(y, 2)
and ¢(x,0) = ¢(0,z) = 0). Then G = Gy & @;.; G is a filtered 2-nilpotent
group with the filtration Gy such that x +y = ¢;(z,y) & (z + y) for z,y € G; and
[z,y] = [z,ylij for x € G;, y € Gy, i < j.

A map ¢: G — H between filtered 2-nilpotent groups is called quadratic [22]
if ¢q(Gy) € Hy and g(x +y) = q(z) + q¢(z | y) + q(y), where the cross-effect
q(— | =): G/Gy x G/Gy — H, is biadditive. Such ¢ induces homomorphisms
Gy — Hy and G/Gy — H/H, of abelian groups. Also, ¢(—x) = q(x | z) — q(z),
d(ir) = ng(e) + (Dl | ) for n € Z, q(Sa) = Xalw) + Xy alai | 2,),
[z, y]) = la(2),qa@)] +a(@ | y) —aly | 2).
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If ¢,¢': G — H are quadratic, then their pointwise sum ¢-¢’ is quadratic with

(a+d) = y) =q(@]y)+la). ¢ @)] +d @ |y),
and —q is quadratic with (—¢)(z | v) = [¢(y),q¢(x)] — q(x | y). The pointwise
commutator [q,q'] : G — Hy is quadratic with
4,47 (z | y) = [a(2),d ()] + [a(y),q'(z)] -

The composition of quadratic maps q: G — H and ¢': H — F'is quadratic with

(@ oq)(z|y)=dq(a(z |y))+d(ax) | ay)).

Take filtered 2-nilpotent groups Gy, ...,G,, H. Amap q: G1x...xG, — His
called polyquadratic if it is quadratic on each argument. Let us denote the induced

maps and the cross-effects by
inGlx...XGZ'_1XG,'0XGH_1X...XGn—>H0,
q: GI/GIO X ... X Gn/GnO — H/H(),
qii Gl X ... X Gi—l X Gz/Gzo X GZ/GZO X Gi_|_1 X ... X Gn — H().

Clearly, ¢; and ¢' are quadratic on the remaining n — 1 arguments. It is easy to

check that these maps satisfy

i]..xCroxxGroxe. = Uil xGroxxGox... TOT 1 < 7 (QO)
G(....z,...,ylz..)=¢(..,z,...,y,2,...) npu i # j; (Q1)
¢(...xy,....z|w..)=¢(..,x|y,...,z,w...)
+a..,y,.. 2,000,002, w, )] for i < g (Q2)
(.. o) =qC..,z,...0,q(...,y,...)]
Fq' (., )~ (., ). (Q3)

We denote the group of polyquadratic maps G; x ... x G, — H
by Quad(Gy,...,Gy; H). Is has the canonical nilpotent filtration by
Quad(Ghy,...,Gy; Hy), where Hy is considered with the nilpotent filtrarion
0 < Hy < Hy. Filtered 2-nilpotent groups and polyquadratic maps form a
closed symmetric multicategory Quad.

There are two fully faithful functors from Ab to Quad if we consider any
abelian group with the nilpotent filtration 0 <0 < Aor 0 < A < A. With respect
to any functor Quad(Ay,..., A,; B) is the ordinary group of polyadditive maps
for abelian groups A; and B.
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Lemma 1. Two polyquadratic maps q,q': G1 x ... x G,, — H are equal if and only

iof all thewr induced maps and cross-effects coincide and

Q(xla <. wrn) = q/(xla <. axTL)a
where x; run over subsets of G; generating G;/G.

Lemma 2. Let g: G1 x ... x G, — H be a polyquadratic map and F < Gy be
the normal subgroup generated by elements a; — b;. Then q induces a polyquadratic
map G1/F x Gy X ... X Gy, — H if the cross-effects of q factor through F and

qai, zay ..., xn) = q(bj, e, ..., x,).
Lemma 3. Consider filtered 2-nilpotent groups G4, ..., G, H and decompositions
G; = Gio@@'jeji F;j such that G; /Gy = @j@- F;; are direct sums of abelian groups.
Suppose that we have the maps

gi: Gy X ... x Gy x...x G, = Hy,

G: G1/G1o X ... X Gy /Gro — H/Hy,

¢ Gy x...xGi/Gig x Gi/Gip x ... x Gy, = Hy,

Qji .., - F1j1 X ... X Fnjn — H

such that q;, G, ¢' are additive or quadratic on the corresponding arguments; they

satisfy (Q0)-(Q3);

@r.ju (9155 90) =91, -, 9n) (mod Hp);
Groi o gi 00 ) = Giy ) F qi(. s Gis Gy )
=i+ 9090 ) F (- G0 )
for the corresponding normalized 2-cocycles cj,. Then there is a polyquadratic map

q € Quad(Gy,...,Gp; F) with the cross-effects ¢, the induced maps q; and q, and

the restrictions qj, _j, -

Proof. In the case n = 1 we define ¢ by the formula

(&) =alf)+ D g+ DY (i f)
JjeN JjeJ1 j.j'ed
J<ig’
using (Q3). In the general case we construct Fi; — Quad(Gs,...,G,; H) by
induction. These maps satisfy the conditions from the statement for n = 1 by

(Q1)—(Q2), so the required q exists. It satisfies the requirements by (Q0)—(Q2). O
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If X; <Gy, ..., X,, <G, are subgroups and ¢ € Quad(Gy,...,G,; H),
then we denote by ¢(Xi,...,X,) the subgroup of H generated by the elements
q(x1,...,x,) for z; € X;, not the image of X; x ... x X,,. This is the standard

convention for polyadditive maps between abelian groups.

1.4 0Odd form rings

We give a slightly different definition of odd form rings in comparison with
[56] in order for the category of these objects to be semi-abelian.

An odd form ring is a pair (R, A), where R is a ring with an involution r ~— r,
A is a group with the group operation -+, and there are fixed maps ¢: R — A,
A= R p:A— R () (=): Ax R — A such that

(R1) ¢(a+b) = d(a) + ¢(b), ¢(a+a) = ¢(aa) = 0;

(R2) 7(u+wv) =m(u) +m(v), m(¢(a)) = 0;
(R3) v+ u=u+ d(n(w)r(v)) +v;
(RY) wlu-a) = r(w)a;
(R5) plu+v) = pw) — 7@ (v) + p(v), p((a)) = a — @
(R6) p(u) + n(@)m(u) + p(a) = 0
(R7) (u+v)-a=u-at+v-a, p(b)-a= ¢(aba);
(R8) u-(a+b)=u-a+ ¢(bp(u)a) +u-b;
(R9) plu - a) = ap(uv)a;
(R10) (w-a)-b=u-ab.

The axioms imply that 0 < ¢(R) < A is a nilpotent filtration. The map p is
quadratic if we consider R with the filtration 0 < R < R, and the map (—) - (=) is
biquadratic if we consider R with the filtration 0 < 0 < R. There is also a useful
corollary p(~u) = p(u) of (R5) and (R6).

Now suppose that we have an involution ring R and a filtered 2-nilpotent
group A with the maps ¢ and 7 satisfying (R1), (R2), (R3) and with a structure
of a right non-unital R-module on A/¢(R) satisfying (R4). In order to construct
a map p satisfying (R5) we usually may apply lemma 3, since the induced homo-
morphisms and the cross-effect are already well-defined and satisty (Q0)—(Q3). The
axiom (R6) may be checked on the generators by lemma 1. Similarly, the induced

maps and the cross-effects for the action (—) - (=) satisfying (R7) and (R8) are
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already well-defined and satisfy (Q0)—(Q3). The axioms (R9) and (R10) also may
be checked on the generators.

An odd form ring (R, A) is called special if (7, p): A — R X R is injective.
The set R x R admits the group operation

(a,b) + (¢,d) = (a +¢,b— ac +d)

and the action of R® given by (a, b)-c = (ac, cbc). Up to the identification of A with
its image in R X R special odd form rings coincide with the pairs (R, A), where R

is an involution ring and A < R X R is an R*®-invariant subgroup such that
{(0,a —a)} = Apin <A < Apax = {(a,b) | b+aa+ b = 0}.

It is easy to check that the category OFR of odd form rings and their homo-
morphisms is semi-abelian. Monomorphisms in this category coincide with injective
maps, regular epimorphisms coincide with surjective maps, and isomorphisms co-
incide with bijections.

We say that an odd form ring (R, A) acts on an odd form ring (S, ©) if there
are multiplication maps R x S =+ S, S X R —- S, O xR —> 0, AxS — 06
satisfying the axioms

(A1) (a+dad)b=ab+d'b, a(b+ 1) =ab+ al;

(A2) (ad’)b = a(d'b), (ab)b' = a(bl'), (ab)a’ = a(ba’), (ba)t/ = b(ab');
(A3) ab = ba;

(A4) (ut+u) -b=u-b+u b u-O+V)=u-b+opu))+u-V,
(A5) (w4 v)-a=v-at+v -a,v-(a+d)=v-a+¢ldplv)a)+v-a;
(A6) ¢(a) - b= (bab), p(b) - a = d(aba);

(A7) 7(u-b) = 7(w)b, 7(v - a) = m(v)a;

(A8) plu-b) = bp(u)b, p(v-a) = ap(v)a;

(A9) (w-a)-b=wu-ab, (u-b)-a=wu-ba, (u-b)-b' =u-bl;

(A10) (v-a)-b=wv-ab, (v-b)-a=v-ba, (v-a)-d =v-ad
for a,a’ € R; b,V € S; u,u/ € A; v, € ©. The next lemma shows that this

definition describes abstract actions in OFR in the sense of semi-abelian categories.

Lemma 4. For any odd form rings (R, A) and (S, ©) there is a bijection between
isomorphism classes of split extensions (S,0) — (T,2) = (R, A) and actions of
(R,A) on (S,0), a split extension corresponds to the restrictions of its operations

n (R,A) and (S,0).
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Proof. Any split extension (T,Z) is of type T'= S X R, = = © X A, so its iso-
morphism class gives the multiplication maps satisfying the axioms. The group A
acts on © by % = v 4 ¢(m(v)m(u)) and it is easy to see using lemma 1 that these
operations uniquely determine the isomorphism class.

Conversely, suppose that we have multiplication maps. The axioms (A1) and
(A2) imply that R acts on S in the semi-abelian category of rings, so we may
construct 7' =S x R with the obvious involution using (A3). The group A acts on
© by the above formula, hence = = © x A and the maps ¢: T" — =, m: = — T
are well-defined and satisfy the axioms (R1), (R2), (R3). The polyquadratic maps
p: = — T and (=) - (=): Z x T — = may be constructed using lemma 3, the

remaining axioms follow from lemma 1. ]
Theorem 1. The category OFR is algebraically coherent.

Proof. Suppose that (T,Z) acts on (R, A) and (S, 0), (5',0) are (T, Z)-invariant
odd form subalgebras of (R, A). Their least upper bound (S”,0") is

S"=854+58+85+85885+855+ 8855+ ...,
0"=¢(8"Y +0+0'+6.54+6-5+0-585+6"-55+...,

it is also (7, Z)-invariant. O

A crossed module in OFR is a homomorphism 4: (S,0) — (R, A) of odd
form rings, where (R, A) acts on (S,0), 0 preserves the action, and the Peiffer
identities hold

Lot = (b)) =bo(b) for b,b" € S,

2. v-b=90(w)-b=v-0(b)forved, beS.

It is easy to see that this definition describes the crossed modules in the sense of

algebraically coherent semi-abelian categories.

1.5 0Odd form algebras

An odd form ring (R, A) is called unital if R is unital and u-1 = u for u € A.
For example, if K is a unital commutative ring with trivial involution, then (X, O) is

a unital odd form ring. Any action of an odd form ring (7', Z) on a unital odd form
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ring (R, A) is obtained from a unique homomorphism (7, =) — (R, A). Special
unital odd form rings coincide with the objects considered in section 1.1.

An action of a unital odd form ring (R, A) on an odd form ring (S, ©) is called
unital if 1b = b =bl for b € S and v-1 = v for v € O, that is (S x R, 0 x A)
is unital with the identity (0,1) € S x R.

Let K be a unital commutative ring. An odd form K-algebra is an odd
form ring (R, A) with a unital action of (K,0) such that ak = ka for a € R,
k € K. In other words,

1. R is a K-algebra with K-linear involution;
the monoid K* acts on A from the right by (u, k) — u - k;
u-(k+K)=u-k+o(p(w)kk') + u- K
(u-a)-k=u-ak=(u-k)-a;
¢(a) - k = o(ak?), m(u- k) = w(u)k, p(u-k) = p(u)k*;
¢(aak) = 0.

Every odd form ring has a unique structure of an odd form Z-algebra given

AN

by u-n = nu+ (5) ¢(p(u)), all homomorphisms of odd form rings preserve the
action of (Z,0).
The unitary group of an odd form ring (R, A) is

U(R,A) ={g € A|x(9) = p(g),7(g)7(g) = m(9)7(9)}

with the group operation gh = ¢ - w(h) + h + g.

Lemma 5. The set U(R, A) is indeed a group with the identity 0 and the inverse
g = Zg-7w(9) ~g. The map a: UR,A) = (RxZ), g — 7(9)+1 isa
group homomorphism with the property a(g)™! = ng). The unitary group acts

on (R,A) by automorphisms by the formulas % = a(g)a a(g) for a € R and
9 = (g-m(u) +u)-alg) forue A. This action induces the conjugacy action of
the unitary group on itself. If (R,A) is an odd form K-algebra, then this action

commutes with the action of (K,0).

Since the functor U(—,=): OFR — Grp preserves finite limits, any action
of (R,A) on (5,0) gives an action of U(R,A) on (5,0) and U(S,0). Also this
functor preserves crossed modules, so we may apply the relativization [46] to the
elementary subgroups of unitary groups and their Steinberg groups.

An odd form K-subalgebra (I,I") < (R, A) is normal if (R/I,A/T") has an

induced structure of an odd form K-algebra. In other words, this is an odd form
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K-subalgebra invariant under the canonical action of (R, A) on itself. In this case
we say that (I,T") is an odd form ideal of (R, A). Thus an odd form ideal consists
of an ideal ] = I < R and a subgroup I' < A such that I'- R+ T - K C T and

A-T+¢(I)=Tpm < <Thax={ueA|n(u),plu) eI}

Lemma 6. Let (R,A) be an odd form K-algebra, X C R and U C A be subsets,
and (I,T') < (R, A) be the odd form K-invariant ideal generated by X and U. Then

I= > (R K)a(R % K),

a€XUXUr(U)ur(U)Up(U)

F:gb(l)—i—A-I—i—Zu-K—i—Zu-R.

uelU uelU

Proposition 1. Let K be a unital commutative ring, X and U be two sets of
variables, and (R,A) be the free odd form K-algebra generated by X C R and
U C A. Let also

A={z,z,7(u),7(u), plu) |z € X,u e U},

AT be the free semigroup on A (i.e. the set of non-empty finite sequences of elements
of A), and A* = {@} U A" be the free monoid on A. Then R = @, 4+ Kw,
Ker(¢p) ={re R|r=r}, AJo(R) is a free right K-module with the basis u - w
foru e U and w € A*, and the odd form ring (R, A) is special.

Proof. Let R' = @, c 4+ Kw, it is a K-algebra with the K-linear involution such
that p(u) = —m(u)7(u) — p(u). It also has the basis consisting of all non-empty
formal products of z, z, m(u), m(u), p(u), p(u) not containing the subproducts
7(u)7(u), such a basis is invariant under the involution. Using this basis it is easy
to check that {r e R' [r=r}=> o K(r+71)+ >, cp Krr.

Let P=R/{r € R'|r=7r}and ¢: R — P be the canonical map. Let also
AN=PO@, yu- (R %K), where P is central, [u-z,v-y] = ¢(ym(v)m(u)z),
u-r+u-y=o¢(—yp(uz) du- (r+y). Using lemmas 1 and 3 it is possible to
construct the operations on A’ in such a way that (u-x) = 7(u)z, p(u-x) = rp(u),
(u-z)-y=u-xyfory € KUR, and (R, A’) is an odd form K-algebra. Clearly,

it is free. ]

It follows that every odd form K-algebra is a subfactor of a special unital
odd form K-algebra.
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Proposition 2. Let (T,Z) be the coproduct of odd form K-algebras (Ry, A1) and
(R_l,A_l). Then

T=R ®R &R &k R1)® (R ®k Ry)
DRIk R1®x R1)®(R1Qxk RiQx R 1) & ...
E=¢(RiQx R 1) D (R @k R1Qk RiQx R 1)d ...
GASA B (AN Ry)d (A K Ry)
G (A Kg Ry @ B)® (A Ngk Ry Qx Ry) d .. .

where Ai¥g R_; Q. ..k Ry; (with n factors of the type Riq ) is the group with the
generators ¢(x) forx € Ry Q... Qg Ry (with 2n+1 factors) and uka; ®. . .®a,,
Joru € A, ar, € Ay The relations are the following:

1. ¢(x) are central, p(x +y) = ¢(z) + ¢(y), d(z +z) = 0;

2. p(2zk) = 0 forz € R, @k ...k Ry (with n + 1 factors);

3 uR.. ®a,vR... Qb)) =00, ®..07(W)T(L) ®...Qay);

4. dla)®... Qa,=d(a,®... Rag®...® ay);

S u-kX¥.. . Qa,=uNak®..®a,=...=ulK...®a,k fork € K;

6. (u+v)XR.. Qa,=ul...®a,+vX...®a,;

7. u&...@(aj+a;)®...®an:u&...®aj®...®an+¢(a_n®...®c7;

®...2p(u)®..04GR..Qa)+tuN.. . . ®d®... Qa,.

Proof. 1f (R;, A;) are free, then the claim may be checked using proposition 1. In

the general case we use lemma 6. ]
1.6 Elementary unitary groups

A Peirce decomposition of rank ¢ of an odd form K-algebra (R,A) is a de-
composition

R= P Ry, A= P oRy)e& P A
—l<i,j<t —l<i,j<t —l<i,j<t
i+j>0
into K-submodules and K*-invariant subgroups such that
1. RijRy =0 for j #k, RjjRj < Ry, Rjj < R_j _;;



18

2. m: Al — R;; are isomorphisms and p(A}) = 0 for ¢ # 0;
3. ¢(R_;;) < AY, W(A?) < Ry;, and p(A?) < R_jj;

4. ARy =0for j #k, Al- Ry < Al

We need the special odd form K-algebra

= (D K€i7®¢(K€i)@ @ G- K

—1<i<t 1<i<t —1<i<t
i£0
with the identity 1 = Z—Egigﬂ e;, where e;e; = 0 for @ # j, €2 = ¢, e = e,
¢(eo) = 0, m(qi) = e, p(qi) =0, qi-e; =0 fori # j, g - e; = qi.

Lemma 7. An odd form ring (R,A) is an odd form K-algebra with a Peirce de-

composition of rank € if and only if H({, K) unitally acts on (R,A). The Peirce

decomposition is obtained by the formulas R;; = e;Re;, Aé- = ¢; - Rej fori # 0,
={ueA-e;|m(u) € Ry}

Proof. Clearly, every odd form ring with a unital action of H(¢, K') has a canonical
Peirce decomposition. The action may be constructed from a Peirce decomposition

using lemmas 1 and 3. ]

Let (R, A) be an odd form ring with a Peirce decomposition of rank ¢ (over

Z). We define the elementary transvections and dilations as

(a) a) for 0 #i# +j # 0,a € Ryj;

(u) =u+q-;- (p(u) —m U))4¢(p(U)+7T(U)) for j # 0,u € AY;
Di(a) = D_ij(a® 1) = q_; -a° 1+qZ — ¢(a) for i # 0,a € R;

(9) =

[t is easy to see that these elements lie in U(R,A). The elementary subgroup
EU(R,A) of the unitary group is the subgroup generated by the elementary
transvections, and the diagonal subgroup D(R, A) is the subgroup generated by the
elementary dilations. We denote the images of T;;, T;, D; by T;;(R,A), T;(R, A),
and D;(R, A).

If (T,Z) is the special unital odd form ring constructed by the matrix ring
M(¢, R) with the standard family of the idempotents, then elementary transvec-
tions and dilations in U(T, =) correspond to the classical elementary transvections
and dilations in GL(¢, R). If (T,Z) is constructed by a module Mp with a her-

mitian form B and an odd form parameter £, and the Peirce decomposition is
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obtained from elements v; € M satisfying the appropriate identities, then our el-
ementary transvections are the elementary transvections from [37] up to a choice
of the parametrization.

The next lemma shows that D(R, A) preserves the Peirce decomposition, so
it and normalizes T;;(R, A), T;(R,A), EU(R, A).

Lemma 8. There is a group isomorphism

Roo, X H RO — D R A) (go,al, ce ,ag) — gODl(al) ce Dg(ag);

1<i<t
Do(R,A) = U(R,A) N AY;

D(R,A) = U(R @N@@qb i) = {9 € UR,A) | % = g}

>0

where in the last formula U(R, A) canonically acts on (R, A) x H({, K).

Proof. It is easy to see that the product map from the statement is a group homo-
morphism. Since gg...g0 = go + ...+ g¢ for g; € D;(R, A), this homomorphism is
bijective. Also, elementary dilations stabilize e; and ¢;. The explicit formulas for
D;(R,A) are easy to check directly, they imply the first formula for D(R, A).

Let ¢ € U(R,A) be an element preserving e; and ¢;. The identities
a(g)e; a(g) = e; imply that a(g) = > eia(g)e;, so multiplying g by a suitable
product of D;(a) for 1 < i < £ we may assume that 7(g) = p(g) € Ry. Now the
identities %; = ¢; imply that g-e; = 0 fori # 0, i.e. g € U(Rpy, AY) = Do(R, A). O

Lemma 9. The Steinberg relations hold:
(StO) TZJ( ) 1 z( a);
(Sﬂ) sz( )Tm(b) = Z]( "‘b)i
(St2) Tj(u) T;(v) = Tj(u + v);
(

(5t3) [Tij(a), Tu(b)] = 1 for {i,=j} N{=k,l} = &;
(5t4) [Tij(a), Tir(b)] = Tz‘k(ab) fori# £k;
(5t5) [Tij(a), Tj—i(b)] = T-i((ab));

b
[Tii(a), T3 -i(5)] = Ti(8s
(5t6) Ti(u). Ty(0)] = T_u(w()m(w) for i # j;
[Ti(u). Tu@)] = 1 for j 1 # —k;

(518) [Ti(u), Tig(a)] = T-is(p()a) Ty(~u - (~a));
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Tj(R,A) = U(R,A) N (A] & A7) & 6(Ryy)):
U(R,A) N (AY& A7 & AT & ¢(Ryy)).

.

=

b
I

1.7 Unitary Steinberg groups

Let (R,A) be an odd form K-algebra with a Peirce decomposition of rank
0. Tts Steinberg group StU(R,A) is the abstract group generated by the elements
Xij(a) for 0# 1 # +j # 0, a € Ryj and Xj(u) for j # 0, u € AY with the relations

(St0)—(St8). By lemma 9 there is a canonical homomorphism
st: StU(R,A) = EU(R, A), X;i(a) — Tij(a), X;(u) — Tj(u).

Let ® = {e; +¢; | —¢ <i,j < £} \ {0} C R’ be a root system of type BCy,
where e, ..., e/ is the standard basis, e_; = —e;, and ¢g = 0. We enumerate the

generators of StU(R,A) by roots in the following way:

Xej_ei(a) = Xj(a) for a € R;j,i+j > 0,4,5 # 0;
Xe, (1) = X;(u) for u € A?;
Xoe, (1) = X;(u) for u € ¢(R_;,);

and similarly for elementary transvections. The generators of StU(R, A) are called
root elements (of long, short, or ultrashort root type depending on the length of the
root), and the images X, (R, A) of X, are called the root subgroups of StU(R, A).
The Steinberg relations (St3)—(St8) mean that the homomorphisms X, satisfy the

Chevalley commutator formula

Xa(). XsW) = 1] Xiawso(fasis(p,v)

ta+jpBed
i,7>0

for non-antiparallel roots o and 3, where f,;; are some universal expressions (ele-
ments of free odd form rings with Peirce decompositions). Let us denote the source
group of X, by (RU A),.

The diagonal group D(R, A) acts on X, (R, A) and StU(R, A), st is equivari-

ant with respect to this action. The general Steinberg group is

GStU(R, A) = StU(R, A) x D(R, A).
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The Weyl group W(®) = (Z/2Z)" x Sy acts on the set {—/, ..., ¢} if we iden-
tify non-zero indices with ultrashort roots. Then this group acts by automorphisms
on H(¢, K) and induces permutations of components of the Peirce decomposition
of (R,A).

Recall that a subset ¥ C ® is called closed if (X+X)N® C 3. A closed subset
Y is called special if XN =Y = & (or, equivalently, ¥ lies in an open half-space) and
symmetric if 2 = —>. We say that a closed subset X is saturated if %Z NdC A
root subsystem W C @ is saturated if and only if ¥ = RUN®, i.e. it is an intersection
of & with a subspace. It is easy to see that saturated root subsystems coincide
with symmetric saturated closed subsets. There is a canonical bijection between
saturated root subsystems W C ® and equivalence relations ~ on {—/¢, ..., ¢} such
that ¢ ~ j implies —i ~ —j and 7 ~ —¢ implies ¢ ~ 0. Namely, ¢ ~ j if and only
if e —e; € WU{O} for all —¢ < i4,j < /.

Let W C & be a saturated root subsystem and ~yg be the corresponding
equivalence relation on {—/,... ¢}. We may construct a new Peirce decomposition
of (R, A) of rank ¢ — dim(RWV) using equivalence classes of ~y (well-defined up to
the action of the new Weyl group). Then all elementary transvections with roots
in U become elementary dilations, all elementary transvections with roots in @ \ W
become elementary transvections with respect to the new Peirce decomposition. The
new root system is the image of ® \ W in the factor-space R’/RW¥ with respect to a
new dot product. We denote this new root system by ®/W¥ (or by ®/{aq,...,a,}
in the case ¥ = ® N > . Rey) and say that it is obtained from ® by eliminating
a generating set of W.

For any saturated root subsystem ¥ C & we denote the map & — & /¥ by my.
The groups constructed by the Peirce decomposition after eliminating ¥ are denoted
by D(R,A;®/¥), EU(R,A; ®/V), StU(R, A; ®/V), and GStU(R, A; &/¥). Also,

there are canonical homomorphisms
Fy: StU(R,A;®/¥) — StU(R, A; @)

such that stoFy = st and Fy(Xs(R,A)) =[], )= X7 (R, D).
Let

I = {£(e; +¢j) | = <i<j <L}
US(R,A) = (Xo(R,A) | a € ITF) < StU(R, A);
PE(R,A) = U*(R,A) x D(R,A) < GStU(R, A).
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Lemma 10. The product map

H (R U A)a — U+(R7 A), (:uoz)a = HXa(:LLoz)

a€ll+\ 201+

is a bijection for any linear order on IIT.  The canonical homomorphism
PH(R,A) — U(R,A) is injective. If we identify UT(R,A) and PT(R,A) with
their images in U(R, A), then

U+(R,A):U(R,A)m(@A§@ EB o(Rij));

i<j —j<i<j
PHR,A) =UR AN (PAS P oRy).
i<j —j<i<j

Proof. In order to prove the bijectivity it suffices to consider the image of U (R, A)
in U(R,A) and elementary transvections instead of X, (u). Using induction on
¢ and elimination of ultrashort roots we may assume that ¢ = 1. Consider an
element ¢ € U(R,A) N (@zgy AL D ¢(R;;)). Then the component of g
from @; Al & ¢(R11) is independent of the order of direct summation and lies in
Do(R,A) x Di(R,A) = D(R,A) by lemma 8. From lemma 9 it follows that g is
the product of this component and an element from 77 (R, A). ]

We say that PT(R, A) and their images in U(R, A) are opposite parabolic sub-
groups, UX (R, A) are their unipotent radicals, and D(R, A) = PT(R,A)NP~ (R, A)

is their common Levi subgroup.

Lemma 11. The product map
(R, A) = U (R, A) x D(R, A) x U(R, A) = U(R, A), (f,9,h) ~ fgh

is injective. Its image consists of g € U(R, A) such that all Exmw(g)Ey are quasi-in-
vertible in By RE) for 1 < k </, where B, = e, + ...+ ep.

Proof. The map is injective since the images of P*(R, A) and U~ (R, A) have trivial
intersection in the unitary group. It is easy to see that every element in the image
satisfies the quasi-invertibility conditions.

To prove the converse, by elimination of ultrashort roots and induction we

may assume that £ = 1. Let g € U(R, A) be such that e;7(g)e; is quasi-invertible.
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Multiplying g by a diagonal element we may assume that e;m(g)e; = 0. Consider
the element

w=q1-m(g)er = g-er— ¢leim(g)er) € Al
Then T1(u) g = —g-e1m(g) +g- (1 —e1) +q_1-7(g)(erm(g) + €1 — 1) lies in

P7(R,A)={g € UR,A) [ean(g) = erm(g)e-1,9 - e1 = q1 - m(g)er},

the equations of the parabolic subgroup are obtained from lemma 10. ]
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Chapter 2. Classical reductive groups

2.1 Nilpotent modules of class 2

Let K be a unital commutative ring. A filtered 2-nilpotent group M is called
a 2-nilpotent K-module if the monoid K* acts on M from the right, the subgroup
My has an additional structure of a left K-module, and there is a map 7: M — M,
such that

L. [m-km k)= EkK[m,m;

2.m-(k+k)=m-k+kk'r(m)+m-K;

3. m- k= k’*m for m € M,.
Here 7: M — M, and the action M x K — M are polyquadratic with respect to
the filtrations 0 < 0 < K and 0 < 0 < M. They satisfy 7(m | m’) = [m,m/] and
T(m - k) = k*r(m). A morphism of 2-nilpotent K-modules f: M — N is a group
homomorphism such that f(m - k) = f(m) -k, f(My) < Ny, f(km) = kf(m) for
m € My, and f(r(m)) = 7(f(m)).

Recall that any bilinear map c¢: M; x My — My of K-modules is a 2-cocycle,
so M = My ® M, turns out to be a 2-nilpotent K-module with the operations

(mo & m1) + (my & mi) = (mo + c(ma, my) +my) & (ma +my),
(mo @ ml) k= (k2m0 @ kml),

T(mo © my) = 2mg — c(my, my).

We say that a 2-nilpotent K-module splits if it is of this type up to an isomorphism.
Every 2-nilpotent K-module M such that M /M, is free over K necessarily splits.

Let us define a scalar extension of 2-nilpotent K-module M by a unital
commutative K-algebra E. Take a K-module A with a commutative K-bilinear
multiplication A x A — FE (it required only in the proof of lemma 12, otherwise
A = FE). Consider the group M X A generated by the central subgroup E ®x M,
and the elements m X a for m € M, a € A (i.e. a factor-group of the product of
E ®k My and the free group generated by m X a). The relations are

. mXa,m Xd]|=ad @ [m,m];

2. (m4+m)YRa=mXa+m' Xa;

3. (m-k)Xa=mkX ka;
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4 mW(a+d)=mKRa+ad @7(m)+mKd;
5. mXa=a’>®m for m € M,.
Clearly, Im(E ®@x My) < M Kg A is a nilpotent filtration. In the case A = F

there are well-defined polyquadratic maps

7: M X E— Im(E ®K M), eRm— 2e ®@m,
m&e— e? ®7(m);
(=) (=):(MXg E)x E— Mg E, (e®@m,e) — ee” @m,

(mXe,e)—mXee

by lemmas 2 and 3. Also, the E-module (M Ky F)/Im(E ®x M) is isomorphic
to (M/My) @k FE.

We say that the scalar extension of a 2-nilpotent K-module M by F is well-de-
fined if E®yx My — MNg E is injective, then M Xy E is called the scalar extension.
[t is a 2-nilpotent F-module by lemma 1 and (M X E) Xg FF = M g F for any
unital commutative E-algebra F'. Moreover, Homy (M, N) = Homp(M K E, N)
for all 2-nilpotent E-modules N.

Lemma 12. The scalar extension of a 2-nilpotent K-module M by flat E is always
well-defined. If E s faithfully flat over K, then M — M Xy E is injective.

Proof. By the Govorov—Lazard theorem E = hﬂzpl for free K-modules P;. Let
N; = M Xg P;, then M Ny E is their direct limit. It is easy to check that

N; :E@KMO@@M&ej,
J
where e; run over a basis of ;. Hence EQ g M is a subgroup of all N; and of MXg FE.
The last claim follows from the injectivity of My — E®x My, M /My — M/MyQx E,

and the non-abelian 5-lemma. ]

It turns out that 2-nilpotent K-modules admit faithfully flat descent. Let E
be a unital commutative faithfully flat K-algebra. A descent datum for 2-nilpotent
modules with respect to K — F is a 2-nilpotent £-module N with an isomorphism
of 2-nilpotent (F ®x F)-modules ¢: ii(N) — i5(N) satisfying the cocycle condition
i53(0) 0 135(0) = ii3(¥): j7(N) — j5(N). Here i} are the scalar extensions with
respect to the canonical homomorphisms £ — E Qg E for 1 < s < 2, 4}, are the
scalar extensions with respect to F Qg F — E Qg EF Qg EF for 1 < s <t <3,
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j= are the scalar extensions with respect to £ — F Qg QgkE for 1 < s < 3
(they are well-defined by lemma 12). We also denote the morphisms N — @%(V),
N — j¥N), i%(L) — % (L) by is, js, and ig for any 2-nilpotent modules or
ordinary modules N and L.

Proposition 3. Let K — E be a faithfully flat homomorphism of unital commuta-
tive rings. Then the category of 2-nilpotent K -modules is equivalent to the category
of descent data for 2-nilpotent modules with respect to K — E. A 2-nilpotent
module M corresponds to M Ny E with canonical 1.

Proof. We have a functor from the category of 2-nilpotent K-modules to the cat-
egory of descent data. Let us construct its right adjoint. Take a descent datum
(N, 1) and consider the 2-nilpotent K-module

M ={n e N | (ir(n)) = iz(n)}

with My = N N Ny. Clearly, the map
fr M/My—{n € N/No | (ir(n)) = iz(n) € i5(N/No)}

is injective, we have to check that it is surjective.

Let n € N be such that z = ¥(i1(n)) — i2(n) € 15(Ng). Tt suffices to show
that there is m € Ny such that x = ¢(i;(n)) —i2(n). This condition is equivalent to
i53(¥) (i12(x)) 4 i23(x) = d13(x) by the exactness of the Amitsur complex of K — E
tensored by Ny. Substituting the definition of x, we obtain precisely the cocycle
condition on v applied to ji(n).

This descent construction is right adjoint to the functor from the statement.
It remains to show that the unit and the counit of the adjunction are invertible. But
the unit is invertible on any 2-nilpotent K-module M by the non-abelian 5-lemma
since it is invertible on My and M /M, by the faithfully flat descent for modules.

The proof for the counit is the same. ]

Let us say that a 2-nilpotent K-module M is universal if all its scalar exten-
sions are well-defined. If M is a universal 2-nilpotent K-module, then M Xy (—)
is a sheaf in the fppf topology on the category of affine K-schemes. This eas-
ily follows from proposition 3 and the following fact: the category of 2-nilpotent

(K x K')-modules is equivalent to the product of such categories over K and K'.

Lemma 13. A 2-nilpotent K-module M is universal in the following cases:
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it 1s a scalar extension of a universal 2-nilpotent module;
it 1s a direct limat of universal 2-nilpotent modules;

it splits;

the module M /My is flat;

it is a faithfully flat descent of a universal 2-nilpotent module.

SAERERCE

Proof. The first two cases are trivial. If M = My & M; splits with the 2-cocycle ¢,
then M Xy E = (E®x My) & (E @5 M) splitss with the 2-cocycle cg. If M /M is
flat, then by the Govorov-Lazard theorem M /M, = hﬂz P, for free K-modules P,.
The 2-nilpotent K-modules M X7/, P; split and M is their direct limit,

Suppose that M Mg F is universal for a faithfully flat K-algebra E. Take
a unital commutative K-algebra K’ and let £/ = K’ ®x E. The composition
K'®x My — MXg K' - (MXg E)Xp E' = MXg E' is injective since M X E’
is well-defined and K’ @ My < E' Q) M,y. It follows that M Xy K’ is also
well-defined. n

2.2 Augmented odd form algebras

An augmented odd form K-algebra (R,A,D) consists of an odd form
K-algebra and a K*-invariant subgroup D < A with a structure of a left K-module
such that

1. ¢(R) <D, n(D) =0, ¢(ak) = k¢(a) for a € R and k € K;

2. v-k =k, p(kv) =kp(v), kv-a=k(v-a)forve D, ke K, a € R,

For any augmented odd form K-algebra (R, A, D) the group A with the filtra-
tion D is a 2-nilpotent K-module with 7(u) = u+u-(—1) = ¢(p(u)) (in particular,
o(p(v)) = 2v for v € D). The maps p: A - Rand (—) - (=): Ax (Rx K) - A
are polyquadratic with respect to this filtration. An odd form K-algebra (R, A)
admits an augmentation if and only if Ker(¢) is a K-submodule (this is always the
case for K = 7Z), the smallest augmentation is D = ¢(R).

A Peirce decomposition of an augmented odd form K-algebra (R, A, D) is a
Peirce decomposition of (R, A) such that

D= P ¢Rry)e P D,

—0<4,5<4 —1<i</
i+5>0
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where D; = DNAY. In this case we change the domains of the root homomorphisms
Xoe, from ¢(R_;;) to D;.

Let (R,A,D) be an odd form K-algebra and E be a unital commutative
K-algebra. The scalar extension of (R,A,D) by E is the triple

(R,A,D) &KEI(R(@KE,AgKE,E@KD)

if A X E is well-defined as the scalar extension of a 2-nilpotent module. In this
case (R,A,D) Xk E is an augmented odd form FE-algebra,

L. pla®e)=e®p(a), 1le®v) =0, mr(uKe) =7(u) Re;

2. ple®@v) =p(v) ®@e, plulle) = p(u) @ e

3. (e®@v)-(a®e)=e’@ (v-a), (uNe) (a®e) = (u-a)Xee
fora € R,ve D, ue A, e € FE bylemmas 1, 2, 3. Also,

Hompg ((R, A, D), (T, 2, X)) = Homg ((R,A, D) Kk E, (T, 2, X))

for an augmented odd form FE-algebra (T,=, X).

By lemma 12 such a scalar extension is well-defined if E is flat. Faithfully
flat descent holds for augmented odd form algebras by proposition 3. Clearly, the
categories of odd form algebras and augmented odd form algebras over a K x K’ are
equivalent to the products of the corresponding categories over K and K’. It follows
that if (R, A, D) is an augmented odd form K-algebra with universal (A, D), then
(R,A,D) Xk (—) is a sheaf in the fppf topology.

As an example, let us construct localizations of odd form algebras. Let K be
a unital commutative ring and S C K be a multiplicative subset (i.e. S < K*®is a
submonoid). The localization of a 2-nilpotent K-module M by S is the 2-nilpotent
S~!K-module S7'M = M Wi S7'K. It may be identified with the factor-set of
the set of formal fractions m - % for m € M and s € S by the following equivalence

1

relation: m - < rs" "

Nm’-ﬁif and only if there is s” € S such that m - s's” = m’ - ss”.

The group S~'M;y embeds to S™'M by T sm % The operations are given by

1 ;1 /o / 1 1 7 17 _ [mm]
m--+m -5 =m-s+m-s) =, m' - 5] = S,

(m.l).ﬁ, (m - k) % i )

s s ss'”

7(m)

[m- T(m%):S—Q,

I

This construction may be applied to augmented odd form K-algebras. Actu-
ally, the localization is well-defined for any odd form K-algebra (R, A). Let S™tA
be the factor-set of the set of formal fractions w - % for u € A and s € S by the

following equivalence relation: w - % ~ u - 5 if and only if there is s” € S such

that u - §'s” = ' - ss”. Then (S7'R,S7!A) is an odd form S~!K-algebra with

the operations
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3. (u%)gz(ua)é,(u%)gz(uk) L upna€ RukeK;
it is called the localization of (R,A) by S and satlsﬁes the universal property. If
(R,A,D) is an augmented odd form K-algebra, then this construction coincides

with (R, A, D) Ky S7'R.

2.3 Classical odd form algebras

Fix a unital commutative ring K. We give explicit constructions of augmented
odd form K-algebras with classical unitary groups and Steinberg groups. Let us
denote the basis of K2 by e_y, ..., e, and the basis of K2 by e_y, ..., e_1, ey,

., eg. The group of K-points of the discrete group scheme Z /27 may be identified
with the group of idempotents of K with the group operation e x f = e+ f — 2ef.

All augmented odd form algebras constructed below are special (and almost
all of them are unital). They have canonical Peirce decompositions of rank ¢ given
by the embedding of H(¢, K), e; — e;; for i # 0, ey — 1 — Z#o Ciis Gi — ;.

The linear odd form algebra (R,A,D) = AL({, K) is constructed by the
unital ring M(¢, K), where D = ¢(R). More explicitly,

. R= @131‘,]56 Keij & @—Egi,jg—li(eij;

2. ejje = 0for j #k, ejjej; = e, eij = e_j_i;

3. D =Dy jcr Kolei);

4 A=D& @igi,jge qi - Keij & @;egi,jg—l qi - Keij.

There is an isomorphism GL(¢, K) — U(AL(¢, K)) < R*,g — ¢ ' ® g, the special
linear group SL(¢, K) is the kernel of det: GL(¢, K) — K*.

Now consider the ring K with the (—1)-involution & = k. Hermitian forms on a
K-module M coincide with antisymmetric bilinear forms. Such a form is symplectic
if and only if the maximal odd form parameter coincides with the Heisenberg group
(i.e. the corresponding quadratic form vanishes). Take M = K*with the symplectic
form B(e;, ej) = 0 for i # —j, B(ej,e_;) =€, where g, = 1 for i > 0 and ¢; = —1
for i < 0. The symplectic odd form algebra (R, A, D) = ASp(2¢, K) is

L. li: @—egmgz;z‘,j;&o Rej;

2. ejj =¢€igje_j_, eijjer = 0 for j # Kk, e;jeq = ey;
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3. D= @—égi,jgé;i,j¢o;i+j>o Ko(eij) @ @—égigé;i;éo Kuj;

4. ¢le—ii) = 2v;, p(vi) = e_is, v; - €jp = 0 for i # j, v; - ey = €€V

5. A=Dd @Jgi,jgé;i,j;ﬁo qi - IKeij;
it is obtained from (M, B, Lyac) with a non-trivial augmentation.  Clearly,
U(ASp(2/, K)) = Sp(2¢, K).

The odd form K-algebras AL(¢, K) and ASp(2¢, K') are special unital and
their odd form parameters are the maximal possible. If (R, A) is one of these odd
form algebras, then U(R, A) = {g € R* | g~! = g} is determined by the involution
K-algebra R. In the linear case it is an Azumaya algebra over K x K with an
involution of the second kind, in the symplectic case it is an Azumaya algebra over
K with a symplectic involution of the first kind. In the orthogonal case the odd
form parameter is not the maximal possible, so we need it in the definition of a
classical group. In the even orthogonal case the ring part is an Azumaya algebra
with an orthogonal involution of the first kind, and in the odd orthogonal case the
ring part is non-unital in general.

Consider K with the 1-involution k = k. Hermitian forms on a K-module M
are precisely the symmetric bilinear forms. Let ¢: M — K be a quadratic form in
the classical sense, i.e. g(mk) = q(m)k? and the cross-effect B(m,m’) = q(m | m’)
is bilinear. Then ¢ may be considered as a quadratic form obtained from the odd
form parameter £ = {(m,—q(m)) | m € M} and the hermitian form B. Let
M = K% q(e;) =0, B(ej,e;) = 0 for i # —j, B(ej,e—;) = 1. The resulting odd
form algebra with the smallest augmentation is called the even orthogonal odd form
algebra (R, A, D) = AO(2(, K). Namely,

L. ]i: @—Egi,jgé;i,j;&o Keij;

2. ejj=e_j_, eijen = 0for j #k, ejje; = ei;

3. D= 1<ijerijroirjo Ko(€i);

4. A=Dd D _r<ij<rijro @i - Keij.

We have U(AO(2/¢, K)) = O(2¢, K). The special orthogonal group SO(2¢, K) is the
kernel of the Dickson invariant D: O(2¢, K) — (Z/2Z)(K), this invariant admits
a section for £ > 0 and satisfies det(g) = 1 — 2D(g).

In the odd orthogonal case we consider the module M = K?*! with g(e;) = 0
fori # 0, q(eg) = 1, B(e;,e;) = 0fori # —j, B(e;,e—;) = Lfori # 0, B(eg, e9) = 2.
Its unitary group is the odd orthogonal group

020 +1,K) = SO(20 + 1, K) x pa(K),
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where

us(K) = {k € K" | K = 1},
SO(20+1,K) = {g € 020 + 1, K) | det(g) = 1}.

But the corresponding odd form algebra does not have sufficiently good properties.
Instead we define the odd orthogonal odd form algebra (R, A, D) = AO(2(+1, K) as

1. R= @—ﬁgz’,jgﬁ Kej;

€ij = e_j_i, eijer = 0 for j # k, ejje; = ey for j # 0, epeq = 2eq;
D= @—égi,jgé;i+j>0 K¢(ei;);

A=D& @;egi,jge;#o gi - Keyj © D iciciui - K

m(u;) = eoi, p(ui) = —e_i4;

6. ui-ejk:Ofori#j,ui~eik:ukfori7é0,uo-egk:uk-2;

ATl 2

is is special, but non-unital in general. We need the K-algebra homomorphism
rep: R — M(20 + 1, K),e;; — e;j upu j # 0,e;0 — 2e9. Let

Acin) = {u € A| 7(w), plu) € C(R)}.

Clearly, C(R) = {x(k) | k € K} and Acpy = {u(k) | k € K}, where

x(k) = kego + Zen, u(k) = Z% 2k 4 ug - k + (2K Zen)-

i#0 i#£0 i>0
Let O(2¢ + 1, K) = U(AO(2¢ + 1, K)).

Proposition 4. The functor 6(% + 1,—) is a smooth group scheme of relative
dimension €(2041) and O(20+1, =) = SO(20+1, =) x Z/2Z. The homomorphism
D: O(20+1,K) — (Z/27)(K) satisfies det(1+rep(m(g))) = 1 —2D(g), the kernel
of O(20+1,K) — SO(20+ 1, K) coincides with {g € O(20+1,K) | n(g) € C(R)}.

Proof. Let (R,A,D) = AO(2(+ 1,K) and (T,=,X) = AO(2( + 2, K). Consider

the injective homomorphism
fZ (R,A,D) — (T,E,X),eij —> €ij for Z,] 75 0;
eio +r € —r—1 + €j 41 for 1 # 0;
eoj F> e—g—1; + epq,5 for j # 0;

€00 F> €—f—1,—¢—1 T €141 T €r41,—¢—1 T+ Cry1 041
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It is easy to see that

f(R) = {t eT | t(efgfl + €g+1) = g(efgfl + €g+1) = 0},
f(D)={ve X |pl) e f(R)},
f(A) ={ueE|n(u),plu) € f(R)},

where T acts on K22 in the standard way. Also, rep is the action on the orthogonal

complement of e_y 1 — ey, 1. Hence

~

OR20+1,K)={gcO020+2,K) | gle—p—1—€r41) = €—p—1 — €41}

The map D: O(20+ 1, K) — (Z/2Z)(K) is the restriction of the Dickson invariant
for O(2¢ + 2, K), it satisfies det(1 +rep(7(g))) = det(a(f(g))) = 1 — 2D(g).
The functor (N)(Zé + 1, —) is given by the equations

Z Tk, —iTkj + To—iToj + Tij + x5 = 0for —€ <i,5 <Ll i+7>0;
—I<k<t
Z Ty +x_i; =0for —£<¢<Y¢
0<k<ft
on the variables z;;, where w(g) = »_,; @;jeij, so it is an affine group scheme. By the
Jacobian criterion it is smooth near the identity section. It follows that O is a smooth
group scheme of relative dimension ¢(2¢ + 1) over any field. Then the differentials
of the equations are linearly independent at every point, that is 6(25 +1,—)is a
smooth affine group scheme of the required relative dimension.
Let Z(K) = {g € 020 + 1, K) | n(g) € C(R)} = {u(k) | k* + k = 0}. Since
D(u(k)) = —k for k? + k = 0, we have a decomposition

~

020 + 1, K) = Ker(D) x (Z/2Z)(K).

The map rep induces a homomorphism p: Ker(D) — SO(2¢41, —) of smooth group
schemes. It remains to check that p is an isomorphism. By the fibral isomorphism
criterion we may assume that K is a field. The differential of p at the identity is
an isomorphism of the Lie algebras, hence p is an isogeny with étale kernel (recall
that SO(2¢ + 1, —) has connected fibres). But if rep(m(g)) = rep(7(g)) = 0 for
g€ O(20+1,K), then g = ug-k with 2k = 0 and k2+k = 0, that is g € Z(K). O

We say that (R, A, D) is a classical odd form K-algebra if it is isomorphic
to a product of various AL(¢, K), ASp(2¢, K), and AO(¢, K) locally in the fppf
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topology. These odd form algebras are pairwise non-isomorphic by the dimension
reasons (unless £ = 0 or K = 0), so any classical odd form K-algebra (R, A,D)
induces a decomposition K = [[_; K; such that (R, A, D) restricted on Kj is a
twisted form of a split classical odd form algebra (i.e. a product of some AL({, K),
ASp(2¢, K), and AO(Y, K)).

If (R,A,D) is a classical odd form K-algebra, then clearly D = Ker(r)
and R = 7w(A). In particular, the homomorphisms between classical odd form
K-algebras preserve augmentations. The modules R, D, and A/D are finite pro-
jective.

2.4 Twisted forms of classical groups

We identify schemes over a unital commutative ring K with the corresponding
functors on the category of unital commutative K-algebras. If G is a reductive group
scheme, then we denote its scheme-theoretic center by C(G) and its automorphism

group scheme by Aut(G). There is an exact sequence
1 - C(G) - G = Aut(G) —» Out(G) — 1

of fppf sheaves, where Out(G) is called the outer automorphism group scheme, see
[16, theorem 7.1.9] or [17, exp. XXIV, theorem 1.3|. If (R, A, D) is an augmented
odd form K-algebra with universal (A, D), then Aut(R,A,D) denotes the fppf
sheaf £ — Aut((R,A,D) Xg F).

Below we need the factor-groups PGL(/,—) = GL(¢,—)/GL(1,-),
PSp(2¢,—) = Sp(2¢,—)/p2, PSO(2¢,—) = SO(2¢,—)/puy for ¢ > 0 in the
sense of fppf sheaves, also let PGL(0,—) = PSp(0,—) = PSO(0,—) = 1 and
PSO(2¢ +1,—) = SO(20 4+ 1,—) for all £. Let us call them the classical projective
group schemes. The group schemes GL(¢, —)™, SL(¢, —)™, Sp(2¢, —)™, SO(¢, —)™,
PGL(¢, —)™, PSp(2¢, —)™, and PSO(¢, —)™ are reductive for all £,m > 0.

Lemma 14. If ky, ..., k, are distinct non-zero integers, then the elements of the
type (a¥ —1,...,af —1) for a € E* generate the fppf sheaf E +— E™ of K -algebras.

Proof. Let F be the subsheaf generated by these elements. It suffices to show that

F(K) contains the standard idempotents of K. If n = 1, then we may consider
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the fppf extension £ = K[0,071]/(0Y — (6% — 1)) for sufficiently large N. In this
extension @ and #* — 1 is invertible, i.e. 6" —1 € F(E). Since F is a sheaf of
algebras, we obtain 1 € F(K).

By induction it suffices to consider the case n = 2 and k; < ko. Consider
the fppf extension £ = K[f,071/(0Y — (6" — 1)(0% — 6*)) for sufficiently large
N. In this extension " — 1 and ¥ — % are invertible, so (1,1 + u) € F(E)
for u = 9;2‘791;1 € E*. Tt follows that (a*,a* + u) € F(E') for any extension
ECFE and a € E”. Take E' = E[tp,v 1]/ (¥* — u), then (¢*1,0) € F(E') and
(1,0) € F(K). From this and the case n = 1 we easily obtain F(F) = E. O

Lemma 15. Let G be one of the group schemes GL(¢,—)™, SL(¢, —)™, Sp(2¢, —)™,
or SO(¢, =)™ over K and (R, A, D) be the corresponding split classical odd form
K-algebra. Then G generates the sheaf (R®k (=), ARk (—)) of odd form algebras
unless G is one of the exceptions SO(1,—)™, SO(2,—)™, SL(1,—)™, or SL(2,—)™
form > 1.

Proof. Without loss of generality, m = 1. Let (S(—),©(—)) be the subsheaf gener-
ated by G. If G is not the special linear group scheme, then D;(ae;) € G(F) for
i # 0 and a € E* implies (a™! — 1)e_; ; + (a — 1)e; € S(E), hence ¢; € S(K)
for i #£ 0 by lemma 14. If G is the special linear group scheme and ¢ > 3, then we
apply the same argument to D;(ae;) D;(a*e;;) Dy(a 3ex) for distinet 4, 5, k > 0.

Let e;; = 0 for ij < 0 if (R,A,D) = AL(¢{, K). Since T;;(ze;j) € G(E) for
v € Fand0 # i # £j # 0, we have e;;+ce_; _; € S(K) for such 4, j, where ¢ = %1
depending on G, 4, j. Hence e;; € S(K) for 0 # i # —j # 0. Also, e_;; = e_; jej;
for £ > 2. Again using D;(ae;) € G(E) for i # 0 and a € E* (or D;(ae;;) Dj(ae;;)
for 7j < 0 in the special linear case), we easily get ¢; € O(K) for ¢ # 0.

If G = Sp(2¢,—), then considering 7T;(v; - ) we obtain e_;; € S(K) and
v; € O(K) for all i # 0. If G = SO(2¢ + 1, —), then considering T;(u; - x) we get
epise—ii € S(K) and u; € O(K) for i # 0, so ep; € S(K) for all ¢ unless ¢ = 0. It
follows that (S,0) = (R, A). [

If G is a split reductive group scheme, then Out(G) is the group scheme
associated to the discrete group Out(G) of automorphisms of the root datum of G
preserving the basis of the root system. It may be directly checked that

1. Out(GL(¢,—)) = Z/27Z for ¢ > 1, it is generated by the automorphism

0% €jj F7 €k (041),j+(0+1) of AL(E, K);
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2. Out(GL(¢,—)™) is infinite for £ > 1 and m > 2 and the corresponding
automorphism group scheme is not affine;

3. Out(SL(/, —)") = Out(PGL(¢, —)™) = (Z/2Z)™ x S,, for £ > 3, it acts
by permutations and ¢ on the factors;

4. Out(Sp(2¢,—)™) = Out(PSp(2¢, —)") = Out(SO(2¢ + 1,—)™) = S, for
¢ > 1, it acts by permutations on the factors;

5. Out(SO(2¢, —)™) = (Z/2Z)™ % S,,, for £ > 1, it acts by permutations and
elements of O(2¢, —) with the Dickson invariant 1 on the factors;

6. Out(PSO(2¢,—)™) = Out(SO(2¢,—)™) for 4 # ¢ > 3, in the exceptional
cases Out(PSO(8, —)™) = S§* x S,;, and Out(PSO(4, —)™) = Sop,.

Theorem 2. Let G be one of the group schemes

1. GL({, =) for £ > 1, SL({,—)™ for ¢ > 3, PGL({,—)™ for ¢ > 3,

2. SO(20 41, =)™ for £ > 1, PSO(2¢ 4+ 1, =)™ for £ > 1,

3. Sp(2¢,—)™ for ¢ > 1, PSp(2¢, —)" for { > 1,

4. SO(2¢, =)™ for £ > 2, PSO(4, —) for PSO(2¢, =)™ for 4 # ¢ > 3
over a unital commutative ring K and (R, A, D) be the corresponding split classical
odd form K-algebra. Then Aut(R,A, D) — Aut(G) is an isomorphism.

Proof. Consider the case when G is a subgroup of a unitary group scheme. By

lemma 15 we have the inclusions
G/C(G) < Aut(R,A, D) < Aut(G),

and all outer automorphisms of G may be lifted to automorphisms of (R, A, D) by
their explicit description.

If G is a projective classical group scheme, then by the same argument G is an
open subgroup of finite index of Aut(R, A, D) (its fiberwise connected component).

Since it is a characteristic subgroup, we again have the inclusions
G < Aut(R,A,D) < Aut(G),

and all outer automorphisms of G may be lifted to automorphisms of (R, A, D).
The cases SO(1,—)™ and PSO(1,—)™ are not covered by lemma 15, but
AO(1, K) has trivial automorphism group. ]

It follows that any twisted form of a group scheme from theorem 2 may be

constructed by a classical odd form algebra.
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2.5 Classical isotropic reductive groups

We use the definition from [36]. Let G be a Chevalley group scheme over a
non-zero unital commutative ring K with the root system ® and a basis A of ®.
We fix a subset J C A and a subgroup I' < Out(é) preserving J and transitively
acting on the set of the Dynkin diagram components. Relative roots are the non-zero
images of the roots in the factor-space of R® by the span of A\ J and the elements
ga —a for g € I' and a € J. We denote by 7 the map from ® to the factor-space,
by P the standard parabolic subgroup of the type J and by L its standard Levi
subgroup, i.e. L is the group subscheme generated by the maximal torus and the
root subgroups U, for & € (A\J)U—(A\J), P is generated by the maximal torus
and the root subgroups U, for « € AU —(A\ J).

Now suppose that K is a faithfully flat K-algebra and G is a reductive
group scheme over K obtained from G by descent. We consider the isomorphism
¥: it(G) — i3(G) from the descent datum as an automorphism of the Cheval-
ley group scheme over K QK K. G is called a simple 1sotropic reductive group
scheme if this isomorphism lies in ((E/C(é)) X J)(f( QK [N(), where J is the dis-
crete group scheme associated with J. The dimension of the span of 7(®) is called
the isotropic rank of G.

If G is a simple isotropic reductive group scheme and A is a relative root,
then the associated root subgroup of G is the descent of [[;q [T er-1(4) Uias it is
nilpotent. Such root subgroups satisfy a generalized Chevalley commutator formula
[36, lemma 9]. Finally, we say that G is classical if the components of its Dynkin

diagram are of types ABCD.

Theorem 3. Let K # 0 be a unital commutative ring and G be a classical simple
isotropic reductive group scheme of isotropic rank ¢ over K. Suppose that G is
obtained from a classical odd form K-algebra (R, A, D). Then there is a homomor-
phism H(m, K) — (R x K,A) of unital odd form K-algebras inducing a Peirce
decomposition of (R, A) such that

1. m € {€,0+1} and the set of the relative roots of G is canonically identified

with a subset of the root system of (R, A);
2. ReeR=R fori#0ifm=1"{, Re;R+ Re_;R=R fori #0 ifm=4~0+1;
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3. if a 1s a relative root, then U, < G is a root subgroup in the sense of
unitary group schemes of augmented odd form algebras (or the image of a
root subgroup in Aut(R, A, D));
4. an ultrashort root o from the root system of type BC,, is a relative root if
Uz < Uq;
5. a non-ultrashort root a is a relative root if U, # 1.
Moreover, if G is of adjoint type and € > 3, then such (R, A, D) always ezists.

Proof. Let (E,&,ﬁ) be the scalar extension of (R, A, D) by K. Without loss of
generality, (]5;, ﬁ,ﬁ) splits and G is constructed by this odd form algebra in the
standard way.

We apply root elimination to the standard Peirce decompositions of the
indecomposable components of (E, ﬁ) (i.e. the odd form algebras AL(n, K ),
AO(2n + 1, K), ASp(2n, K), or AO(2n, K)). If some element of I’ induces the
outer automorphism on a component AO(2n, K) (i.c. the non-trivial automorphism
of Dy, it is actually induced by a reflection from the unitary group), then we elim-
inate the root e,. If some element of I' induces the outer automorphism on a
component AL(n, [N(), then we eliminate the roots e; + e, 1_;for 1 <i<n+1—1
and the root e(,11)/2 if n is odd. Next, we eliminate the images of the roots from
A\ J in each component of (E, &)

Now the group I identifies the numberings of the Peirce decompositions of the
components of (E, K), so we obtain a Peirce decomposition of (]5;, &) as the direct
product of these Peirce decompositions. It has the rank m € {¢,¢ + 1}, the case
m = (+1 happens precisely if the components of (E, &) are AL(n, [N() and I' does not
incudes their outer automorphisms. Moreover, the resulting Peirce decomposition is
induced by a homomorphism H(¥, K ) — (E X K, ﬁ) of unital odd form K-algebras
and this homomorphism descents to the homomorphism H(¢, K) — (R x K, A)
with the required properties.

Finally, we have to check that (R, A) exists if G is of adjoint type and ¢ > 3.
This follows from theorem 2 unless G is a twisted form of PSO(8, —)™. In this case
we identify G with the fiberwise connected component of Aut(PSO(8, K)™) in such
a way that if I' induces an outer automorphism of Dy, then it swaps ey — e3 with
¢ 4 e3. Then ¢ from the descent datum lies in Aut(PSO(8, K @5 K)™). O

More generally, a reductive group scheme G over K is called isotropic if there is

a decomposition K = [[i_; K; for non-zero K; and G restricted to each Kj is a prod-
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uct of finitely many simple isotropic reductive group schemes [36]. For our purposes

it suffices to work with simple reductive group schemes by proposition 6 below.
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Chapter 3. Centrality of Ky-functor

3.1 Pro-objects

Recall that a multisorted algebraic theory T is a small cartesian multicate-
gory. A T -algebra in a cartesian category C is a functor 7 — C. Let us denote
the category of T-algebras in C and their homomorphisms (i.e. the natural trans-
formations) by T(C).

Suppose that the morphisms of 7 are given by explicit generators (functional
symbols) and relations (azioms) of morphisms. The first-order terms ¢ of the gen-
erators of T determine morphisms in 7 and the corresponding morphisms in C for
each T-algebra A in C. We write x € A; for a variable x of £ and an object A;
of A if x has the sort i« € Ob(T).

For example, the theory of groups Grp has only one object x*, it is generated
by the morphisms of multiplication, inversion, and identity satisfying the group
axioms. Its algebras are precisely group objects in categories. The formal identity
(xy)~! = y~lz7! between terms of Grp describes an identity in all group objects
since it follows from the axioms (or by Yoneda lemma since it holds in abstract
groups). The theory of odd form rings is denoted by OFR.

An odd form ring object (R, A) acts on an odd form ring object (S5, 0) in a
cartesian category C if the tuple (R, A; S, ©) is an algebra for the theory of actions
of odd form rings. In other words, there are multiplications Rx S — 5, Sx R — S,
O xR—0,A xS — 0 in C satisfying (A1)—(A10). Such actions are in bijection
with semidirect products, i.e. the structures (Sx R, ©xA) of an odd form ring object
on (S x R,0 x A) such that the morphisms (5,0) — (S x R,0 x A) S (R, A)
are homomorphisms.

We use the terminology from [34, chapter I, §1]. An inverse system X in a
category C is a contravariant functor Zxy — C, where Zx is a small filtered category.
A morphism of inverse systems f: X — Y consists of amap f*: Ob(ly) — Ob(Ix)
and morphisms f;: Xy — Y; for all objects i € Ob(ly) such that for all
@ € Zy(i,7) there are k € Ob(Zx), ¢ € Zx(k, f*(7)), and 6 € Ix(k, f*(j)) sat-
isfying fi o Xy = Y, 0 f;j 0 Xg: X}, — Y;. The inverse systems and their morphisms

form a category.
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The pro-completion Pro(C) is its factor-category by the following equiva-
lence relation: f ~ ¢g: X — Y if for all ¢« € Ob(ly) there are j € Ob(Zx),
o € Ix(j, (7)), ¥ € Ix(j,g"(i)) such that fjo X, = g; 0 Xy: X; = Y;. By
[34, chapter I, §1.1, remark 4],

Pro(C)(X,Y) = ILm hg C(X,,Y)).
JE€Ly i€lx
If X is an inverse system and u: J — Zx is a cofinal functor, then the canonical
morphism X — u*X = X ow is an isomorphism in Pro(C).

The canonical embedding functor C — Pro(C) is fully faithful and every inverse
system X is a projective limit of itself in Pro(C). Sometimes we write lglfggf) X;
instead of X.

A morphism f: X — Y of inverse systems in C is called level if it is an in-
verse system in the category of morphisms of C, i.e. Tx = Zy, f*(i) = i for all
i, and f;j o X = Y, o f; for all p:i — j. Each morphism in Pro(C) is isomor-
phic to a level morphism if we replace both inverse systems by their compositions
with cofinal functors and choose an appropriate representation of the morphism [34,
chapter 1, §1.3, theorem 3|.

If C is a regular category, then Pro(C) is also regular by |25, example 1.11].
For such categories every level morphism f: X — Y of inverse systems admits the
componentwise decomposition X — Im(f) — Y, where the left morphism consists
of regular epimorphisms (so it is a regular epimorphism of pro-objects) and the
right one consists of monomorphisms (so it is a monomorphism of pro-objects). For
any algebraically coherent semi-abelian category C the pro-completion Pro(C) is also
algebraically coherent semi-abelian by [25, the list after example 1.12]. In particular,
Pro(Grp), Pro(Rng), and Pro(OFR) are algebraically coherent semi-abelian. The
categories Grp(Pro(Set)) and OFR(Pro(Set)) are homological by [11, example
4.6.3], split extensions in these categories coincide with classical semi-direct products
up to isomorphisms.

Let 7 be a finitely presented multisorted algebraic theory, i.e. a cartesian
multicategory with a finite set of objects such that its morphisms are given by
finitely many generators and relations. Then it is easy to see that the func-
tor Pro(7(Set)) — T (Pro(Set)) is fully faithful, so we may identify abstract
pro-T-algebras with the corresponding 7T -algebras in Pro(Set). This applies in
particular to the theories Grp and OFR. The functors Pro(Grp) — Pro(Set) u
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Pro(OFR) — Pro(Set)? preserve and reflect finite limits, monomorphisms, and
regular epimorphisms.

Split extension of odd form pro-rings are their semi-direct product as odd form
ring objects in Pro(Set). The next theorem shows that any semi-direct product of
odd form pro-rings in OF R(Pro(Set)) is isomorphic to an odd form pro-ring, i.e.
actions of odd form pro-rings as odd form ring objects in Pro(Set) coincide with
actions in the sense of semi-abelian categories. A similar result holds for pro-groups

and pro-rings [53].

Theorem 4. Let (R,A) and (S,0) be odd form pro-rings such that (R,A) acts
on (S,0) as an odd form ring object in Pro(Set). Then there are odd form rings
(R,A") = (R,A) and (S',0") = (S5,0) with the same index category such that
the action of (R',A") on (S',0") is given by level morphisms and (R',A’) is a
composition of (R, A) with a cofinal functor between the indexr categories. The

same holds for unital actions.

Proof. We omit the maps (R, A), and (5, ©),, in the formulas. We may assume that
the index categories of (R, A) and (.5, ©) are posets such that for each index there are
only finitely many smaller indices [34, chapter I, §1.4, theorem 4|. For any i € Zg o)
let (S;,0;) be the free odd form ring with an action of (Ry(iy, Af)) containing
(Sg(i)> Og(i)) for sufficiently large f(i) and g(), it is constructed in proposition 2.
Replacing Z(g5e) by Zise) X Z(r,a) if necessary we may assume that f and g are
monotone, f is cofinal, and g(i) > i.

Using the action of (R, A) on (S,0) and increasing f and ¢ if necessary we

may construct the homomorphisms h; : (§Z, (:jl) — (S;, ©;) such that

b b, V=,
a®b— ab, uXb— u-b,
b® a— ba, v¥a—v-a,
a®b®dad — (ab)a’ = a(bd’), uRKb®ar (u-b)-a=u-ba

for all a,a’” € Ry, b € Sy), u € Ag), v € Oy, where the multiplication maps
are obtained from a fixed representative of the action. Moreover, we may assume
that h: (S,0) — (S, 0) is a level morphism of inverse systems of odd form rings.
Let (S!,0!) be the odd form factor-rings of (S;,©;) by the (Ryaiy, Agiy)-
invariant odd form ideals spanned by a ® b — ab, a @ b @ @’ — aba’, uX b — u - b,
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vXa—v-a, ukb®a—u-ba (they lie in the kernels of h;), where a,d’ € R;,
u € Aj, be Sy, ve O for sufficiently large 7 and k. We obtain an isomorphism
(5',0") — (S,0) of odd form pro-rings with the inverse given by the canoni-
cal morphisms (Syz), O44)) — (5;,0;). Also, (R,A’) acts on (S',0") by level
morphisms and this action is isomorphic to the action from the statement, where
(Ri, A}) = (Rya), Ap)). In the unital case we add the generators 1 ® b — b and
v X 1 — v to the defining ideal of (5!, ©!). O

If an odd form pro-ring (R, A) has an identity e; € R; in OFR(Pro(Set)),
then it is isomorphic to the inverse system of the unital odd form rings
(R;/I;, A;)T;), where (I;,T;) are generated by ae; — a and u - e; — u.

We need a construction of pro-groups using generators and relations. Let
G be a pro-group and f: X — G be a morphism of pro-sets such that the iden-
tities [[7L; f(gij(y)) = 1 hold for 1 < i < m, where g;; € Pro(Set)(Y;, X)
and ¢;; € {—1,1}. We say that G satisfies the universal property if for any
pro-set P, pro-group G’; and morphism f' € Pro(Set)(P x X,G’) such that
[T, f'(p, gij(y))7# = 1for all i there is a unique h € Pro(Set)(P x G, G") such that

h(p, zy) = h(p,z) h(p,y), f'(p,x) = h(p, f(x)).
The universal pro-group is unique up to a unique isomorphism, we denote it by

(r,0 € X | ng‘j(y)gij =1,y €Y).
i1

In applications often X = [[;_; X} for some X}, in this case we say that G is
generated by the morphisms X — G satisfying some relations.

Lemma 16. The universal pro-group always exists. If gi;: Y; — X are level mor-

phisms of inverse systems of sets, then

(o€ X [[]ouly)™ =1,y €Yi)

j=1
Pro(Grp) i .
= lm (eo e X | [Tl =1,y € (),
kelx j=1

where in the right hand side we use abstract groups with explicit presentations.
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Proof. Any finite acyclic diagram of pro-sets is isomorphic to an inverse system of
diagrams of sets |26, theorem 6.4.3|, so it suffices to check that the pro-group G from
the statement is universal. Let f: P x X — G’ be such that H?;l (v, gi;(y)) =
1. Without loss of generality, G’ is an abstract group. Then f’ is represented by a
map P, x X; — G satisfying the same identities. The required h: P x G — G’ is
represented by the induced map P, x G; — G’. Clearly, such h is unique. ]

The abelianization of a pro-group G is the pro-group A generated by a ho-
momorphism f: G — A with the relation [f(x), f(y)] = 1. It exists and may be

represented by an inverse system of abelian groups by lemma 16.

3.2 Colocalization

If C is a cartesian category, then we construct the cartesian category C as
follows. Let

1. Ob(C) = Ob(Set) x Ob(C);

2. C((X,0),(Y,D)) = Set(X,Y) x Set(X,C(C, D));

3. id(Xg) = (idX, X —r idc);

4. (fiu)o(g,v) = (fog z— u(g(x)) ov(z)).

Finite products in C may be computed componentwise. It is easy to see that the
functors Set — C, X — (X,1) and C — C,C ~ ({x},C) are fully faithful and
preserve finite products, so we identify Set and C with the subcategories of C.

T -algebras in C may be used to define actions of abstract algebraic objects on
algebras in C. We say that a group G acts on a group object H in a category C if
it acts on H as a group object in C, and similarly for odd form rings. In the case
of groups this is essentially a homomorphism G — C(H, H), but for odd form rings
we do not have an analogue of the automorphism group.

A group G may act on a group object H in Pro(Set) inside Pro(Set) or as a

pro-group. We say that the action is weak in the first case and strong in the second
Pro(Grp)
€Ly

and a family ag: Hy(g5 — H; for g € G, i € Iy satisfying some conditions. A

case. A weak action of G on H = 1&1 H; is given by amap a*: GXZyg — Iy

strong action is given by a map a*: Zy — Zy and a family a;: He5y — Hgp)

for + € Iy satisfying some conditions. Clearly, every strong action induces a weak
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action. Weak and strong actions of odd form rings on objects of OF R(Pro(Set))
are be defined similarly.

Let (R,A) be an odd form K-algebra and S < K°*. The localization
(STIR,S7'A) was already constructed in section 2.2. Consider the filtered cate-
gory § with Ob(S) = S and S(s,¢') = {s" € S| s = s5”"}. The colocalization
of (R,A) by S is the inverse system

Pro(Set)

(RO%) Ale8)) = lim (R®), A®)
seS

of odd form rings, where
R® = {a® | a € R}, a® + b = (a +b)®, a®b®) = (ash)®, as) = a®:
2. AL is the group generated by u(®) for u € A and ¢(a'®) for @ € R with the
following relations: ¢: R®) — A®) is a homomorphism with central image,
(o) = u® F0, 3(0)® = 3((a5)), ((a+a)) = p((aka)®) = 0
forae R, ke K, u,veA;
3. 7 (u®) = 7)), pu®) = (p(w)s)®, u - o) = (u- 5a)
4. the structure homomorphisms (R®*), Ats)) — (R() A®)) are given by
the formulas a**) — (as")®) and u(*) = (u - s")).
If an odd form ring (7, Z) acts on (R, A), then it strongly acts on (R(>%) A(:9))
(and on all (R®) A®))) by
1. pa' = (pa)®), a¥p = (ap)®;
2. ul®p=(u-p)¥, a®)) p=¢((pap)?), w-a = (w-a));
and (ST, 5_1:) Weakly acts on (R(>%) A>59)) by the formulas
L 2a®) = (pa)*™), al*V2 = (ap));
s o, 2 2 (0 ), Gl 2 = (G, (1)) = (1)
In particular, thls holds for (T,Z) = (R x K, A). Finally, the canonical morphism
(R Al9)) — (R, A) is a crossed module in Pro(OFR). It is easy to see that
up to isomorphisms (R A(>)) are the odd form pro-rings from [55].

3.3 Firm Peirce decompositions

There is a canonical bijection between Peirce decompositions of an odd form

ring object (R, A) in Pro(Set), weak actions of H(¢,Z) on it, and strong actions
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of H(¢,Z) on it. By theorem 4, any odd form pro-ring with a Peirce decomposition
is isomorphic to an inverse system of odd form rings with Peirce decompositions.
The Steinberg pro-group StU(R,A) of an odd form pro-ring (R, A) with a Peirce
decomposition is the pro-group generated by X, : (RUA), — StU(R, A) for o € ®
with the Steinberg relations. There is a morphism st: StU(R, A) — U(R, A) and
the analogue of lemma 10 holds.

A Peirce decomposition of an odd form pro-ring (R, A) is called firm if for
all non-zero 1, j, k the pro-group R;; is generated by the multiplication morphisms
R x Ry, — Ry, for [ = +5 with the relations

1. ab+cd=cd+abforae Ry, b€ Ry, c€ Ry, d e Ry, 1,1l € {—j,j};

2. (a+b)c=ac+bc, a(b+c) = ab+ ac;

3. (ab)c = a(be) for a € Ry, b€ Ry, c € Ry, L, € {—j5,7};
and the pro-group A? is generated by the multiplication morphisms A? x Ry, — AY
for | = 45 and the morphism ¢: R_j; — AY satisfying
- [é(a),u- 0] =0, ¢(a +b) = d(a) + 6(b), $(a) = —¢(a):

2. [u-a,v-b = ¢(b w(v)n(u)a) for u € AV, a € Ry, v € A b € Ry,

LU e{—347}

3. (utv)-a=u-atv-a,u-(a+b)=u-a+ ¢(bp(uw)a)+u-b;

4. ¢(a) - b= p(bab);

5. u-ab=(u-a)-bforue A) aec Ry, be Ry, 1,1 € {—3,7}.

A Peirce decomposition is called strongly firm if the above holds already for [,I"' = j.

—_

Such a Peirce decomposition is necessarily firm.

Lemma 17. Let (R,A) be an odd form K-algebra with a firm or strongly firm
Peirce decomposition. Then the induced Peirce decompositions on (ST1R,S™IA)

and (R©%) A5)) are firm or strongly firm respectively.

Proof. We give the proof for firm Peirce decompositions, the strongly firm case is
similar. For any odd form pro-ring (7', Z) with a Peirce decomposition let T; |; @71} x
and Z; X T}; ;. be the universal pro-groups from the definition of firmness. We

denote the universal morphisms by
(5)® (=): Tiej X Tijr = Tijj @ Tijiny

(=) X (=): Exj X Ty — Zj B Ty s
01 Topr = S5 W T



46

The homomorphisms
ST Ry @ SRy, — ST Ra, STUAY RS Ry — ST A
have the inverses
Poteq, @R (e p)B@g),  ¢la) ;e o(E).

The morphisms R7% @ R{>¥ — R*Y and AP & RV — AP have the

inverses

(a® b)(54) — (as)® ® (bs)!¥;
(R a)) = (u-5)® K (as)®);
d(al)) = o((as’)).

2
Here we do not construct the homomorphisms from REZ ) since the s-th component

of R(ﬁs) ® R|(]('>|(,)1;S) has only the relation (abs)® ® ¢® = a(®) ® (bes)®) instead of
(ab)® @ ) = al®) @ (be)®). O

An orthogonal hyperbolic family of rank ¢ in an odd form K-algebra (R, A)
is a homomorphism H(¢, K) — (R x K,A) of unital odd form K-algebras such
that e; € RejR + Re_;R for ¢,7 # 0. If, moreover, e; € Re;R for all i,7 # 0,
then the orthogonal hyperbolic family is called strong. For example, AO(2¢+ 1, K),
ASp(2¢, K), and AO(2¢, K) have strong orthogonal hyperbolic families of rank ¢,

and AL(¢, K) has a canonical orthogonal hyperbolic family of rank /.

Lemma 18. If (R, A) has an orthogonal hyperbolic family, then the induced Peirce
decomposition is firm. If the orthogonal hyperbolic family is strong, then the Peirce

decomposition is strongly firm.

Proof. Assume that the Peirce decomposition is firm. Let e = > _ iy > i Tt Ymt
for x,,; € Ry and Y € Ryk, where 7,k #£ 0. If Zl:ij Zp aipby, = 0 for a;, € Ry,
by, € Ry, and 7 # 0, then using the notation from the proof of lemma 17 we have

Z ap & by = Z pbipTot @ Yt = 0 € Ry |5 @ Ryj) -

Ip Impt
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I > wy - a4+ ¢(b) = 0 for wy, € Ay, ayy € Ry, b € R_yy, then

Z Ulp X Alp + (/b Z ym’t’xm’t/a_lpp(ulp)alpxmtymt + b)
(m,t)<(m’ ")
—I— Z(Z Ulpa,lp)xmt X Ymt = O € A|j| X R|J|’k
mt  Ip
The strongly firm case is similar. ]

Lemma 19. Let (R, A) be an odd form pro-ring with a firm Peirce decomposition
of rank ¢ > 3. Then StU(R, A) is perfect, i.e. its abelianization is trivial.

Proof. This follows from (St4), (St5), and (St8). O

Proposition 5. Let (R, A) be an odd form pro-ring with a firm Peirce decomposi-
tion of rank £ > 3 and o € ®. Then

F,: StUR,A;®/a) — StU(R, A; D)

is a regular epimorphism of pro-groups. If ®/{«a, B} is defined and the Peirce de-

composition is strongly firm or B is ultrashort, then
Fiapy: StUR,A; @ /{a, B}) — StU(R, A; @)
15 also a reqular epimorphism.

Proof. Let G be the image of F,, or F, 3. We have to check that all root subgroups
X, (R,A) <StU(R,A; ®) lie in G. This is clear if v ¢ Ra or v ¢ Ra+ RfS. From
now on assume that « is one of the eliminated roots. If v = e; — e is short, then
we may take j ¢ {0,%i¢, £k} such that e; — e; and e; — ej, are not eliminated and
apply (St4). If v = 2ey, is long, then we apply (St5). Finally, if v = e, is ultrashort,
then we apply (St8) and the known case of the long root 2e. ]

If (R,A) and (R', A’) are odd form pro-rings with firm or strongly firm Peirce
decompositions of rank ¢, then the product Peirce decomposition of (R x R, A x A')

is also firm or strongly firm.

Proposition 6. Let (R, A) and (R',A") be odd form pro-rings with firm Peirce

decompositions of rank ¢ > 3. Then the canonical morphism
StU(R x R',A x A") — StU(R, A) x StU(R', A")

s an isomorphism of pro-groups.
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Proof. 1t is easy to see that there are natural sections from StU(R,A) and
StU(R', A") to G = StU(R x R/, A x A’) and these sections generate G as a pro-
group. It remains to check that they commute. But the subgroups X, (R, A) and
X3(R', A") commute for linearly independent o and 5 by the Chevalley commutator
formula, so X,(R,A) and StU(R’, A") commute by proposition 5. O

3.4 Root elimination

Let (R,A) be an odd form pro-ring with a firm Peirce decomposition of

rank ¢ and a« = e, or @« = e, — ¢ be a root. We are going to prove that
F,: StU(R,A;®/a) — StU(R,A;®) is an isomorphism if ¢ > 4, ¢ = 3 and
the Peirce decomposition is strongly firm, or ¢ = 3 and « is ultrashort. Let

X3: (RUA)s — StU(R,A; ®/a) be the canonical morphisms for § € ® \ Ra,
i.e. they take values in X, (5 (R,A) and Fo(Xs(p)) = Xs(p). In order to con-

struct the remaining root subgroups let

X! (a,b) = [Xi(a), Xim(b)] npu i ¢ {0, £, +m}
X (u,0) = [Xon (v), X (w)];
X, @) = [Xy(w), X g ()] Xon(u - (—a));
X (a,w) = [Xopn(=u), Xpm(a)] X i(u - a)

in the case @« = ¢, and

X' (a,0) = [X_pi(a), Xin(b)] upu i ¢ {0, £m};

—m,m

X (u,a) = Xy p(p(u)a) [Xi(—u), Xom(—a)] mpu i ¢ {0, £m}
in the case @ = e, — ¢;. We denote the subgroup of StU(R, A; ®/a) generated by
these morphisms by X, (R, A). There is a morphism eval: X,(R,A) — (RUA)q
such that X, (eval(g)) = F,(g). Namely,
eval(XT (u,v)) = 7(u)7(v),
<m, eval( X, (0, u)) = ap(u),
o(ab), eval(X! (u,a)) = u - a.

eval(le(a, b))
eval( i Yu,a))
eval(X’ mm(@, b))

Lemma 20. If 8 € ®/a and g is a generating morphism of XQ(R,A), then
Xp(n) = X ().
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Proof. Let ¥ C & be the saturated root subsystem of rank 2 from the definition
of g. If B ¢ ¥/a, then the identity follows from lemma 10. Otherwise we apply
proposition 5 to Fg: StU(R,A; ®/V) — StU(R, A; ®/«) in order to replace Xz by

a product of root elements with the roots not in W. ]

In the next lemmas we implicitly use the group-theoretic identities

[z, y] = [y, 2] [wy, 2] = Ty, 2] [, 2];
I[yaz] - [[.%‘,y] Y, [mvz] Z]; [:c,yz] = [x,y]y[x,z]

Lemma 21. If a = e,,, then there is a unique isomorphism X,,: A — X (R, A)

~

of pro-groups such that Fo(X,,(u)) = Xp(u).

Proof. First of all we construct a morphism X_p, m: (RU A)yq — StU(R, A; &/a)
of pro-groups such that )zim’m(a, b) = )A(/_m,m(ab). By lemma 20 every generating

morphism of )N(m(R, A) commutes with )~Qm’ It easily follows from the same

m*

lemma that
)?im’m(a +b,c) = Ximm(a, c) Ximm(b, c);
Xim,m<a7 b+ C) - Ximﬂn(a? b) Xim,m(aa C)'

~

Evaluating Xom, (“)[)Af ji(b), Xim(c)] in two ways using lemma 20 we obtain

X' (ab,c) = )A(/me(a, be)

—m,m

for i # £7 and hence for all 4,5 ¢ {0, £m}. It follows that the required morphism
)A(/_mjm exists, it satisfies )z_m7m(a) = )Af_mjm(—c_z).
Now we construct )N(m By lemma 20 we have

(9, X5, (u,0)] = X (am(u)m(eval(g)))
for every generating morphism ¢ of the pro-group )?m(R, A). Also,
Xo(u+v,0) = Xp(u, a) Xpn(v,a);

~ ~ ~

X, a+b) = Xpn(u,a) X (b p(w)a) X (u, b).

~

Evaluating Xim(_c)[)?_i,j(a), )A(:]Z(b)] and Xﬂ'm(_b)[)?i(4u), Xij(—a)] in two ways using
lemma 20 we obtain
X! (¢(ab),¢) = X_pym(cabe) upu a € R_; ;,b € Rj;;
)?ﬁ,l(u, ab) = )A(/fn(u - a,b)
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for i # +7 and hence for all 4,7 ¢ {0,+m}. In the last identity both sides are
not homomorphisms on a, so we cannot directly use that R;; x R;4; — R;4; is
generating, but the fraction )Af%(u, ab) )A(/{,',L(u-a, b)~!is a homomorphism on a. These

identities and the firmness of the Peirce decomposition imply that )Afm exists. [

Lemma 22. Suppose that (R, A) is an odd form pro-ring with a Peirce decomposi-
tion of rank { = 3 satisfying R;j R = Ry, fori, 7,k # 0, A is an abelian pro-group,
and {—,=,=}ij: Rii X Rijj X Rj3 — A are polyadditive morphisms of pro-sets for
i,7 € {—2,2} satisfying

(As1) {z,yz,whtix = {zy, z, w}jr + {z,y, zw}i;;

(As2) {x,y,x2}_;; = 0;

(As3) {x,yz,w}i; = {y, 2, w}_; ;;

(As4) {z,y, 2w}y = —{2,y, 2w} ;.
Then {x,y,2}ij =0 for all i, 7.

Proof. The last two relations imply that

{az,yb, c}ij = {ay, xb,c} 4 j; (Asd)
{a,bz,yc};i = {a, by, xc}; i (As6)
for x € Ry; and y € Ry ;. From (As3) and (Asb) we obtain

{azyb, ¢, d}i; = {ayxd, c, d}ij; (AsT)
{zwa,b,c}ij = {wza, b, c}ij (As8)

for x,y € Ryij41 and z,w € Ryp. Let (I,I') < (R,A) be the odd form ideal

generated by xy — yx for z,y € Ry (it is the pair of pro-groups generated by the
formulas from lemma 6). Then {x,y, z},; factor through R — R/I by the identities

(As4)—(As8), so from now on we may assume that I = 0. Moreover,
r,ye1z, went}; = {x, yrz,weit}; = {x,ye1z, wrt}; 8
thi; thi; thi; As9

for r € Ryp. It remains to show that {z,y, z}22 = 0.
From (As2), (As4), and (As6) it follows that

{ax,bx,c}ep = 0; (As10)
{a,yb,yc}oe = 0. (Asll)
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for x € Ry and y € Ry;. Using (Asl), (As9), (As10), (Asll), and the linearizations
of (As10), (Asll) we obtain

{x,y(mn)*z, wtle = {zym, n(mn)?z, wt}ey + {(mn)>z, ym, nzwt } o
= {zym, nz',w(mn)t}s + {2, y(mn)’m, nzwt }
= —{ay?, (nm)?, w't}ey — {2, (nm)?, y 2wt }ay = 0

for x,m,z € Rio, y,n,w € Roy1, t € Ry3, where 2/ = mnz—znm, w' = wmn—nmuw,

2’ = mnx — xnm, y = ymn — nmy. The last equality follows from
2'n=muw =a2'n=my =0.

Finally, if f: X — Rj; generates Ry as an ideal, then the morphism f(z)" also
generates Ri; as an ideal for any n > 1. Since the multiplication Rio X Roy — Ri1

generates Ri; as an ideal, the claim follows. ]

Lemma 23. If a = e,, —¢;, then there is a morphism )N(lm: Ry — StU(R, A; @ /a)
such that Fo(Xim(a)) = Xyn(a), it is unique and invertible.

Proof. By lemma 20 the generating morphisms of X, (R, A) commute, i.e. Xo(R,A)

is an abelian pro-group. From the same lemma we obtain

Xi(a+b,¢) =X}, (a,¢) X}, (b, c);
Xi(a,b+¢) = Xi (a,b) X, (a, ¢);
Xp (utv,w)=X] (u,w) )A(/Z;n(v, w);
X, (u, v +w) = )N(Z;n(u, v) X[ (u, w);
Xi(utv,a) = Xji(u,0) X7 (w0 - (=) X (v, a)
X, a +b) = X, ! (u, a) X,/ (u, b)

There is an involution o € W(®) such that o(e;) = e; for i & {£l,+m}, o(e;) =
—enm, 0(en) = —ep. It preserves o and swaps the generating morphisms )?l;nl and
)N(l;nm, so the identities involving )N(l;nm may be obtained from the corresponding
identities with )N(l;fb applying 0. Also, [X_.i(a), X;_y(b)] = )N(Zjni(— a,b) and
[X_i(v), Xin(u)] = XT, (=0, ). - N N

Let us evaluate the expressions X4V X (b), X;n(c)], XWX _.(a), Xim(b)],
XX (u), X ()], XX (0), Xy(w)], X, (0), Xin(B)], and
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nd ~ ~

Xotm(=¢) X}5(a), X;,_1(b)] in two ways using lemma 20. We obtain

X (a,bc) = )?Zn(ab, c);
Xoh(u, ab) = X}, (p(u)a, b);
Xiy(ap(u),b) = X, !(a, p(u)b):
X7, (w0 a) = X, (n(w)m(v), a);
X (u, ¢(ab)) = 1;
X (6(ab), ¢) = X, (a,b¢) X7 (D, ac)™!

respectively for i # +j and 4, j ¢ {0, +l,+m}. From this it easily follows that

X7 (u, 6(a)) = 1;

~ ~

and evaluating )N(—lvm(b)[Xi(u), X;—i(—a)] in two ways using these identities we get

~

X—l

Im

(v-a,b) = )N(lzm(&p(v)a ab).

If ¢ > 4, then X! (a,bc) = )A(:ljm(ab, ¢) for i = =+j, so the required X,
exists. Otherwise we apply lemma 22 to {z,y,2};; = )?j(xy, 2) )Afi(x,yz)_l for
i,7 ¢ {0,=£l,£m}. The identities from the statement of the lemma 22 are precisely
the relations between the generators of Xy, (R, A) if we substitute u = ¢(zy) and

v = ¢(z) for appropriate x, y, z. O

Theorem 5. Let (R, A) be an odd form pro-ring with a firm Peirce decomposition
of rank ¢ and o € ®. Suppose that one of the following holds:

1. £ >4,

2. £ =3 and the Peirce decomposition is strongly firm,

3. £ =3 and « 1s ultrashort.
Then F,: StU(R,A; ®/a) — StU(R, A; ) is an isomorphism.

Proof. By lemmas 21 and 23 there is a root morphism X,,. Since we may replace «
by —a, there are root morphisms in StU(R, A; ®/«) for all roots of ®. They satisfy
the Steinberg relations by construction and lemma 20. It follows that there is a
well-defined morphism G,: StU(R,A;®) — StU(R,A; ®/a) of pro-groups such
that G (F,(g)) = g. But F, is a regular epimorphism by proposition 5, so it is an

isomorphism with the inverse G,. ]
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3.5 Finiteness conditions

The Jacobson radical J(R) of a ring is the set of all x € R such that Rz R con-
sists of quasi-invertible elements. We say that an odd form ring (R, A) is semisimple
if R is a semisimple unital ring (i.e. a product of finitely many matrix algebras over
division rings by the Wedderburn—Artin theorem). An odd form ring (R, A) is called
semilocal if R is semilocal, i.e. R/ J(R) is a semisimple unital ring. Finally, we say
that (R, A) is ind-semilocal if it is a direct limit of semilocal odd form rings, and
similarly for ordinary rings.

An odd form K-algebra (R, A) is called finite if R and A/¢(R) are finite
K-modules, as in the case of classical odd form algebras. Also, (R, A) is called
locally finite if R is a locally finite K-algebra, i.e. every finite subset of R generates
a finite K-subalgebra. The following conditions on (R, A) are equivalent:

1. it is locally finite over K;

2. all its finitely generated odd form K-subalgebras are finite;

3. it is a direct limit of finite K-algebras;

4. there are a small filtered category Z, finitely generated unital commutative

rings K;, and finite odd form Kj-algebras (R;, A;) for i € Z such that
K = hﬂiez K; and (R, A) = hﬂiez(RZ” Ay).
The class of locally finite odd form K-algebras is closed under taking subalgebras, fac-
tor-algebras, localizations, direct limits, semidirect products, and crossed modules.

Every finite odd form algebra (R, A) over a semilocal K is also semilocal:
R J(K) < J(R) and any finite algebra over a field is semilocal. If (R, A) is locally
finite over a semilocal K, then it is ind-semilocal.

If (T,Z) is a special unital odd form ring constructed by a unital associative
K-algebra R such that R is finite or locally finite, then (7', Z) is finite or locally
finite odd form K-algebra. If (T, =) is constructed by a finitely presented module
Mp with a hermitian form B and an odd form parameter £, where R is a locally
finite unital K-algebra with a A-involution trivial on K, then (7', Z) is a locally finite
odd form K-algebra. Indeed, End(Mpg) is locally finite over K as the factor-algebra
of {z € M(n, R) | tN < N}, where N is the kernel of a surjection R" — M.

We are going to give a presentation of U(R,A) by elementary generators in

the ind-semilocal case.



54

Lemma 24. Let R be an ind-semilocal ring with a Peirce decomposition of rank ¢,
r.e. R= ®1§i,j§£ Rij, Rinkl =0 fOT’j 75 k, Rinjl S Ril- Then
R°=U"(R)oD(R)oU (R) o U"(R),

where UT(R) = [[;; Rij, UT(R) = [[;5, Rij, and D(R) = [[; R,

Proof. We may use the corresponding odd form ring in order to apply the results of
the first chapter. Applying root elimination and induction we may reduce the claim
to the case £ = 2. By lemma 11 it suffices to check that for every ¢ € R° there is
x € Ry9 such that the component of g o x in Ry is quasi-invertible.

Without loss of generality, R is semilocal. Since the quasi-invertibility may be
checked modulo the Jacobson ideal, we may assume that R is semisimple. Finally,
decomposing R into a product of matrix rings and applying root elimination in
another direction (i.e. decomposing the idempotents) we may assume that R =
M(¢, D) for a division ring D and some ¢ > 0. In this case the claim is trivial: if

evger = 0, then choose ¢ < £ such that e;ge; # 0 and take x = e;y € R. Otherwise
let © = 0. ]

Lemma 25. Let (R, A) be an ind-semilocal odd form ring with a firm Peirce de-
composition of rank £ > 1. Then

U(R,A) = QR,A;®/e;)UT (R, A; @ /ey),
where Q(R, A) is the subset from lemma 11.

Proof. We prove a bit more general statement about every g € U(R, A) in order to
use reduction to the semilocal case. Instead of the firmness of the Peirce decompo-
sition suppose that there is 1 < k < ¢ such that e;m(g)e; € Z_kggk;#o R;1R;; for
all k <1< /¢ and j <i. Let us prove that

g€ QUR,A;®/{er,....ex ) U (R, A;®/{eq, ..., ex}).

As in the proof of lemma 24, using lemma 11 we may reduce the claim to the
following case: R is semisimple, (R, A) is special unital, the Peirce decomposition
is indecomposable (i.e. R;; are division rings for i # 0), and k = ¢ — 1. We have to
find ¢ € gUT(R, A;®/{ey,...,er}) such that eya(¢')ey is invertible in the division
ring Ry. Consider the possible cases:

1. If epx(g)ey is invertible, then we take ¢’ = g.
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2. If eya(g)er = 0 and epa(g)e; # 0 for some —¢ < i < £ with ¢ # 0, then
take ¢’ = g Ti(x) for some 0 # x € Ry (it exists since R is semisimple).

3. If epa(g) = epa(g)(e_p + €eg) and ejx(g)e_p # 0, then we take the element
g =9T_11(x) Ty(y) for some t, x # 0, y # 0 (they exist by our assumption
on g).

4. Finally, if eja(g) = esa(g)eo, then eqa(g)ega(g)es = e, and we may take
g = gTy(u), where u is the component of g~' in A) (it is well-defined
modulo ¢p(R_gy)). O

Proposition 7. Let (R, A) be an ind-semilocal odd form ring with a firm Peirce
decomposition of rank € > 1. Then the group U(R, A) is generated by X, (R, A) and
D(R, A;®/e;), the only relations between the subgroups are the Steinberg relations

and the elements from

D(R, A; ®/e;) * D(R, A; @ /e;) x 3K Tin(R, A)

l=+i
m==j

for 1 <i < j < { with the trivial images in U(R, A).

Proof. Let G be the group with the presentation from the statement, so there are
homomorphisms GStU(R, A; ®/e;) — G and GStU(R, A) — G. Let us show that
G = QR,A;®/e;) U (R, A; P /er). The right hand side is a non-empty subset
closed under multiplication on U (R, A; ®/e;) and D(R, A; ®/e;) from the right,
so it remains to check that it is preserved under the action of the Weyl group of ®.
By definition, it is stable under the reflection e; — —eq, and by lemma 25 applied
to an odd form subring it is stable under the transposition e; <+ es. Finally, it is
stable under the remaining generators e; <> e;.1 for 2 < ¢ < £ — 1 by lemma 24.
Using the decomposition of G, it is easy to check that G — U(R, A) is surjective

by lemma 25 and injective by lemma 11. ]

3.6 Steinberg crossed modules

Theorem 6. Let (R, A) be an ind-semilocal odd form ring with a firm Peirce de-
composition of rank £ > 3. Then there is a unique action of U(R, A) on StU(R, A)
such that st: StU(R, A) — U(R, A) is a crossed module.
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Proof. There is a canonical action of
G=StUR,A)«D(R,A;®/er) x...x D(R, A; D /ey)

on StU(R, A) making st equivariant by theorem 5. Since U(R, A) is a factor-group
of G and the generators of the kernel from proposition 7 act trivially on StU(R, A)
by proposition 5, the required action exists. Finally, StU(R,A) — EU(R,A) is
a central perfect extension by the crossed module structure and lemma 19, so the

action is unique. ]

Now let (R,A) be a locally finite odd form K-algebra with a firm Peirce
decomposition of rank ¢. Let cang : (RC%) AC)) 5 (R ACS)) he the
canonical morphisms of pro-groups for all S < 5" < K*. Inside the indices we write
p instead of S = K\ p for prime ideals p € Spec(K), x instead of S = {1, z,2?%,...}
for x € K, and omit § = {1}.

Lemma 26. If { > 4 or { = 3 and the Peirce decomposition s strongly firm,
then for every p € Spec(K) there is a unique weak action of U(R,, Ay) on
StU(R(OO’p), AR continuing the weak actions of the generators from proposition
7. The morphism st: StU(RCP) A#)) — U(RCOP) AP s equivariant with

respect to this action.

Proof. The groups X,(R,A) and D(R,, Ay; ®/e;) weakly act on the pro-groups
StU(RP) A®#): & /) and StU(RP) AP d/e;) in the canonical way. By
theorem 5, they weakly act on (R(>") A(#)  Finally, by propositions 5 and 7
these weak actions give a unique weak action of U(R,, A,). The equivariance of st

is trivial. H

Lemma 27. The families cang R( oR) Rl(ﬁf %) and cans A(oo PO _, A&OO’S)’O,
where p runs over the prime ideal of K disjoint with S < K*, are jointly epimorphic
in Pro(Grp).

Proof. Take morphisms fi, fo: AS;;O S0 G of pro-groups such that their com-

positions with Cang coincide for all p disjoint with S, so we have to prove that
fi = fo. Without loss of generality, G is an abstract group and f; are given by

homomorphisms from Aﬁf)’“ for s € S. Consider the sets

a={ke K| filp(ka®)) = fo(p(ka')) for all a € R_,,.m};
b={ke K| AW k)= fo(u® k) forall ue A"}
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The set a is an ideal not contained in any prime ideal disjoint with .S, so it intersects
S. Increasing s, we may assume that a = K. Then b is also an ideal intersecting S.

The claim about Rj,, may be proved similarly by considering the ideal
c={ke K| fi(ka®) = fo(ka®) for all @ € Ry} O

Lemma 28. Let K = )., Kx;. Then can®: R s Ry give a pro-group

im

presentation with the relations

1. [can®i(a),can® (b)]. = 0 for all i, j

2. can®i(a + b) = can”i(a) + can™ (b);

3. can”(cang, ’(a)) = can(cang, (b)) fori < j.
Also, ¢: R_pm — AV and can®: A(OO w0 A give a pro-group presentation
with the relations

d(a+b) = ¢p(a) + ¢(b), can™(u + v) = can™(u) + can®i(v);
6(a), 6()). = [6(a), can”(w)]. = 0;
[can”i(u), can® (v)] = ¢(mw(can®i(v))mw(can™ (u))) for all i,j;
can”(¢(a)) = cb(Ca ( );
) =

can” (can;. "’ (u) n%i(cang, ’ (u)) fori < j.

~

Proof. We may assume that

Pro(Grp) (%) (00.2:).0 Pro(Grp)
m R, AL = im - AL
k>0 k>0

R(oo,xl) _

im

Let élm and A% be the pro-groups with the presentations from the statement. The
inverse morphisms to Ry, — Ry, and A2, — AV are given by the formulas

k
a +— E can™ kaCL , u +— E can” U yzk: Z$ ylky]k

1<j

where 1 = > ya¥ for some i € K. O

Theorem 7. Let (R, A) be a locally finite odd form K-algebra with a Peirce decom-
position of rank £. Suppose that one of the following holds:

1. ¢ > 4 and the Peirce decomposition is firm;,

2. £ =3 and the Peirce decomposition is strongly firm.
Then there is a unique action of U(R, A) on StU(R, A) making the homomorphism
st: StU(R,A) = U(R,A) a crossed module. In particular, StU(R, A) is a perfect
central extension of EU(R, A) and EU(R, A) is a normal subgroup of U(R, A).



o8

Proof. For every g € U(R,A) we construct an endomorphism 4—) of StU(R, A)
such that can®(%h) = %an®(h) for all p € Spec(K) and h € StU(R(P) AlR)),
where U(R, A) weakly acts on StU(R®#) Al>P)) by lemma 26. Take a prime ideal
p, then by lemma 25 there is ¢ p such that the image of g in U(R,, A,) is a product
of elementary transvections and an element from D(R,, A;; ®/e;). By theorem 5
we obtain an automorphism 9—) of StU(R,,A,) such that canP(%h) = %an®(h)
for all x ¢ p € Spec(K) and h € StU(RCP) AlP) By lemmas 27 and 28
applied to all root subgroups of the group StU(R, A) we get the homomorphisms
9IXo(—): (RUA), — StU(R, A) for all o € ® satisfying the requirement. Finally,
9—) preserves the Steinberg relations by lemma 27, since (St3)—(St8) may be written
as equalities between homomorphisms on any of the variables.

Notice that the endomorphisms 9—) of the group StU(R, A) are unique by
lemma 27, so U(R, A) acts on StU(R, A). By lemmas 26 and 27 the homomorphism
st: StU(R,A) — U(R,A) is a crossed module. Using this and lemma 19, we
obtain that StU(R, A) — EU(R, A) is a perfect central extension, so the uniqueness
follows. O

Actually, EU(R, A) is normal in U(R,A) for any locally finite odd form
K-algebra with a firm Peirce decomposition of rank ¢ > 3. This may be proved
as theorem 7 using elementary unitary pro-groups instead of Steinberg pro-groups,

proposition 5 instead of theorem 5, and a corresponding analogue of lemma 26.
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Conclusion

Let us list the main results of the dissertation that are presented to defense.

1.

The category of odd form rings from section 1.4 is algebraically coherent
semi-abelian by theorem 1. This allows to work with crossed modules,

Stein’s relativization, and odd form ring objects in cartesian categories.

. Almost all classical reductive group schemes may be constructed by odd

form rings up to isogeny using theorem 2.

Classical sufficiently isotropic reductive groups determine sufficiently
isotropic Peirce decompositions on the corresponding augmented odd form
algebras by theorem 3.

Actions of odd form pro-rings in the sense of semi-abelian categories may
be described by operations and axioms (A1)-(A10) by theorem 4.

. The root elimination theorem (theorem 5) holds for sufficiently isotropic

odd unitary Steinberg pro-groups.

The odd unitary Steinberg group StU(R, A) is a crossed module over the
unitary group U(R,A) by theorems 6 and 7 if the odd form ring (R, A)
is locally finite over a commutative ring or semi-local and, moreover, has
a sufficiently isotropic Peirce decomposition. In particular, the elementary
subgroup EU(R, A) is normal in U(R, A) and the Steinberg group is its

central extension.

The author sees further possible directions of research as follows:

L.

To show using odd form rings that it is possible to describe the groups with
root subgroups parametrized by a root system of type BC, up to isogeny

and under natural conditions.

. To apply the developed technique to prove the centrality of Ko-functors of

exceptional isotropic reductive groups.

To develop the method of Steinberg pro-groups. It is of particular interest
to construct Steinberg groups by Steinberg pro-groups in order to study
locally isotropic reductive groups. Also, the method may be applied to
other problems of algebraic K-theory such as a generalization of the main
results of [31; 50; 51].
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