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Introduction

This thesis is primarily going to focus on the relationship between two important tools
applied in theoretical computer science: quantifier elimination algorithms and the theorem on
decidability of the existential theory of the natural numbers with unit, addition and divisibility.
The questions of definability using the relations, which can be defined in terms of addition and
divisibility of the integers, are directly related to these problems.

In the first chapter, we will introduce the notion of quasi-quantifier elimination (quasi-QE)
algorithm, which is in some sense a generalization of quantifier elimination algorithm. Next, we
construct two quasi-QE algorithms, which form a new decidability proof for the existential theory
of the natural numbers with unit, addition and divisibility. The language of addition and divisibility
is rather rich and difficult to study; in the second part of the thesis, a quasi-QE algorithm is also
used to obtain results about definability in weaker structures. In the third chapter, from such

questions of quasi-elimination we move towards some closely related definability problems.

0.1 Arithmetic of Addition and Divisibility and Quantifier
Elimination Algorithms

Decidability of the positive existential theory of the natural numbers with unit, addition
and divisibility was independently proved by A.P. Bel'tyukov [3] and L. Lipshitz [44] in 1976. In
other words, there is an algorithm for satisfiability in the natural numbers of systems of the form
fi(@) | g:(T) for every i = 1..m, where T = z;...x, and f;(T), ¢;(T) are linear polynomials with
non-negative integer coefficients. It is not difficult to show that this problem is inter-reducible
with the problem of satisfiability in the integers of systems of linear inequalities and divisibilities
of linear polynomials with integer coefficients. From a logical point-of-view this means that the
positive existential theory (P3Th) of the structure (Z;1,+, — , <, |) is decidable. Here, the word
«positives means that we do not have indivisibilities in our systems. To avoid this restriction, we

introduce new variables in order to rewrite every indivisibility via the formula
zfye (z=0AN1<|y)VvIzA<zAz<|z|—1Az|y+2). (1)

It is now only left to express x = 0 and the absolute values of y and x using the other symbols
of the signature.

Let us mention another way to reformulate the theorem of Bel’tyukov and Lipshitz (the
BL-Theorem). Let the ternary relation GCD(z,y) = z be the graph of the GCD function over the
integers such that GCD(0,0) = 0. Then z | y <& GCD(z,y) = 2 V GCD(z,y) = —z. On the other



hand, from Euclid’s algorithm, we obtain the following existential definitions:

GCD(zyy) =2z © 0<zAz|zAz|yATJu(z|ury|u+z2) (2)
“GCD(z,y) =2 < z+1<0V—z|azV-z|yVIv@w|zAv|yAz+1< ).

Hence, whether we deal with the divisibility relation or the ternary relation GCD, the
corresponding decision problems are inter-reducible. Exactly in this form, by considering the
relation GCD instead of the divisibility, the BL-Theorem was proved by V.I. Mart’yanov [50] a
year after the appearance of the original proofs. In the following we will call each of the considered
reformulations as the BL-Theorem; which particular variation we are talking about will be easy
to determine from the context.

The appearance of this theorem was preceded by the proof of the undecidability of the
Hilbert’s tenth problem, which was obtained in the works by M. Davis, H. Putnam, J. Robinson
and Yu.V. Matiyasevich [51; 52| (the DPRM-Theorem). N.K. Kosovskii [37] showed in 1974 that
this problem is reducible to the question of solvability in the natural numbers of systems of linear
divisibilities and expressions of the form T'(f(Z),g(T)), where T is some predicate of fixed-power
growth and f(Z), g(T) are linear polynomials with natural coefficients. More formally, we can say
that he proved undecidability of the theory ITh(N; 1, +, | , 7). Now we see that the BL-Theorem
gives us a negative answer to the question of whether the problem is still undecidable if we
exclude T from the signature.

A number of problems of theoretical computer science were shown to be decidable by a
reduction to the decision problem for ITh(N; 1, + , |), while the DPRM-Theorem often serves
the opposite purpose, namely, to prove undecidability. For example, in 1996, A. Degtyarev,
Yu.V. Matiyasevich and A. Voronkov [19] showed decidability of the problem of simultaneous
rigid F-unification for the language with a signature containing one unary function symbol and
a countable number of constants. Almost at the same time, A. Degtyarev and A. Voronkov [20]
proved undecidability of the general problem of simultaneous rigid E-unification. In 2009, C. Haase,
S. Kreutzer, J. Ouaknine, and J. Worrell [60] applied the BL-Theorem to prove decidability of
reachability problem for parametric one-counter automata. In the same year, M. Bozga, R. losif
and Y. Lakhnech [9] used the DPRM-Theorem in their undecidability proof of the reachability
problem for flat parametric counter automata. In this sense, the BL-Theorem and the DPRM-
Theorem complement each other.

In fact, for the decidable problems from the previous paragraph there is also an inverse
reduction to the decision problem for ITh(N; 1, 4+, |). Moreover, the reductions in both directions
can be performed in non-deterministic polynomial time (see [42]). A. Lechner, J. Ouaknine, and J.
Worrell [43] showed in 2015 that every such problem is NP-hard and in NEXPTIME, however, a
more precise characterization of time-complexity is not known. The upper complexity bound was
obtained as a result of a number of improvements to Lipshitz’s algorithm, which made the decision
procedure similar to the algorithm of V.I. Mart’yanov. Thus, there are only four essentially similar
presentations of the algorithm for ITh(N; 1, + , |). A. Lechner and co-authors remark that ,)[...] the
considerable mathematical depth and intricacy of Lipshitz’s proof, making it diffcult to read and

understand |[...]“, and that this leads to multiple mistakes concerning L. Lipshitz’s results from [45].



The main idea of all known proofs can be briefly described as follows. For a given system
of linear inequalities and divisibilities @(z1,...,x,), we construct a disjunction of systems of
divisibilities @;(x1,...,x, ) of a special form, such that this disjunction is satisfiable in Z if and only if
@ (x1,...,x,) is satisfiable. For every @;(x1,...,x,), according to the structure of the formula, we can
constructively find a constant v; such that @;(z1,...,x,) is satisfiable in the integers if and only if
it is satisfiable in the p-adic integers Z, for every prime p < v;. The decidability result now follows
from the decidability of 3Th(Q,; 1, +, — , = ,div) for the relation & div = v,(x) < v,(B), where
vp(z) is the greatest power of p that divides x.

Decidability of the latter theory can be proved via the quantifier elimination (QE) algorithms
of V. Weispfenning [83] or T. Sturm [78|. For every formula of the form Jz@(z,7), where @ (z.,7)
is quantifier-free, such algorithms construct an equivalent (in a given structure) quantifier-free
formula @(7) of the same language. Note that in the same paper Weispfenning used his QE
algorithms to study complexity of the decision problem for 3Th(Q,;1, +, —, =, div) and proved
that this problem is NP-hard and is in EXPTIME. He also conjectured that the problem is
actually in NP; in 2019, F. Guépin, C. Haase and J. Worrell [28] answered this question in the
affirmative by using an automata-theoretic approach. Another work that should be mentioned in
this context is recent result of C. Haase and A. Mansutti [31]. They treat p as a parameter, and
prove that the problem of deciding whether a given existential formula is satisfiable for some p > 2
is in NEXPTIME and the analogous question for every p > 2 is in co-NEXPTIME.

Arithmetical theories offer a convenient language for describing the properties of a wide
range of objects, see e.g. [79], and quantifier elimination is a standard approach when we
consider definability and decidability problems for these theories. Quantifier elimination algorithms
were implemented in such packages as RedLog [22] for computer algebra system REDUCE or
SyNRAC [34] for Maple. The main examples of theories with QE algorithms are the arithmetic of
the natural numbers with unit, addition and equality, which is also called Presburger arithmetic,
as well as the arithmetic of the reals with addition and order. Properties of a given object are
described by using some formulas of the corresponding signatures, and then the satisfiability of
these formulas is verified using QE algorithms, such as Cooper’s algorithm [18| for the linear
integer arithmetic and Loos-Weispfenning quantifier elimination [48] for the linear arithmetic over
the reals, see e.g. [55] and [80]. Clearly, the crucial thing in such algorithms is the size of the
formula obtained as a result of elimination.

Quantifier elimination approach is also applied to study decidable extensions of
Presburger arithmetic. A significant contribution to the development of this field was made
by A.L. Seménov [69]. In particular, he proved decidability of the elementary theory of the
structure (N; 1, + P, =), where Py(z) < Jy(z = 2Y), and even more general Th(N; 1, + 2% =)
is also decidable. These results were obtained using a quantifier elimination approach; a
detailed presentation of QE algorithm for deciding formulas of Th(N;1, + 2% =) is given in
the preprint [58] by F. Point. Regarding these results, it is natural to ask whether we can
generalize the BL-Theorem by including in the signature P, or 2*? The negative answer to the
second question follows from the theorem of Kosovskii mentioned above; while decidability of

the existential theory of the natural numbers with unit, addition, divisibility, and the relation P,



remains an important open problem [71]. If we intend to find such kinds of generalizations of the
BL-Theorem, it is useful to have an algorithm for 3Th(N;1, 4+, L). Decidability of this theory
is a straightforward consequence from the BL-Theorem (this statement was explicitly formulated
and proved A. Woods [85, Chapter 2, Corollary 1.6]), however, it does not seem an easy task to
extract this case from the proofs of the BL-Theorem.

In 1999, V. Weispfenning [84] considered a natural generalization of linear programming and
integer linear programming. He constructed a quantifier elimination algorithm for the structure
(R;1,+, — i {eteeqr = <), where [] corresponds to the integer part operation over the
reals, and unary function symbols ¢- are introduced for multiplication by rational constants c.
Additionally, for the integer divisibility relation = | y = J2(y = = -2 Az € Z) he proved
undecidability of the theory Th(R; 1,4, — ,[], =, <, |) and asked whether the positive existential
theory of this structure is decidable. This result could be a generalization of the BL-Theorem, since

the relation «to be an integer» can be defined, for example using the formula x = [z].

0.2 Generalizations of the BL-Theorem and Definability Problems

Another line of research on finding generalizations of the BL-Theorem could be the usage
of different quantifiers. However, already the set of all true in the natural numbers formulas of
the language with the signature (1,4, |) and quantifier prefix of the form 3...3V was shown to
be undecidable by L. Lipshitz [45]. This result is a straightforward combination of the DPRM-

Theorem and the following formula for the graph of squaring function:
y=rez|yrz+l|z+yAVe(z|zAz+1l|a+z=>0+y |0+ 2). (3)

Therefore, already 3V- and V3-theories of the structures (N; 1,4+, |) and (Z;1,+,—, <, |) are
undecidable. In this sense, M. Bozga and R. Iosif [8, p. 126] remark that the BL-Theorem ,[...]
remains one of the strongest decidability results in integer arithmetic [...]“.

However, in various formal verification problems we need to decide over the integers the
truth of formulas with such quantifier prefixes, but also with some restrictions on the expressions
under the quantifiers. In another paper [7], M. Bozga and R. Tosif introduced a family of positive
Iv-formulas with order and divisibility, where each linear divisibility has the form f(Z) | g(,y),
and the variables T are existentially quantified, while the variables 7 are from the block of universal
quantifiers. After they sketch a proof of the decidability for this family of formulas, this result is
used to prove decidability of some verification problems concerning programs with lists.

A. Lechner [41] relies on the decidability of this fragment of arithmetic of the integers with
addition, order and divisibility to investigate decidability and complexity of the linear temporal
logic (LTL) synthesis problem for parametric one-counter automata. This work uses the way of
expressing the reachability property for parametric one-counter automata in terms of addition and
divisibility of the integers from the paper by C. Haase et al. [60]. However, as A. Lechner remarks
in her thesis [42], there is a gap in the proof of decidability by M. Bozga and R. Iosif [7]. Recent



preprint of G.A. Pérez and R. Raha [57] is devoted to correction of this proof and improving
the Lechner’s results. They define a more restricted class of formulas such that the problem of
deciding these formulas in the integers becomes decidable. This fragment is still sufficient to express
various synthesis problems for parametric one-counter automata.

Therefore, we have an important problem of determining as wide as possible decidable
fragments of IV-theory of the structure (Z;1,+,—, <, ). On the other hand, it is desirable
to have a suitable description of the relations, which can be defined by using such formulas.
These descriptions might be helpful in order to show that some relations are not definable. For
example, M. Bozga and R. losif |7, Remark 2| remark, that it is not clear whether the order
relation = < y is existentially definable (3-definable) in (Z;1, +, —, |). Formula (3) immediately
yields F-definability of y # x? is in the structure (N;1, +, |), but this is not the case for y = 2.
In view of this definition, L. van den Dries and A. Wilkie [23] ask whether the relation —=Sq «not
to be a square of a natural number» is 3-definable.

Regarding formula (1), we can ask whether the negation of coprimeness is positively
existentially definable (P3-definable) in (Z; 1, +, —, <, L) and whether we can show that it is not
P3-definable if we exclude the order relation from the signature. It is fair to say that existentially
definable relations in similar structures are not rather well understood. In the paper [45],
L. Lipshitz provides some examples of J-definable predicates for the structure (Z;1,+,—, <, ),
in particular formula (2). Moreover, he shows that every set S C N, which is 3-definable in
this structure, is a union of some finite set and (possibly empty or infinite) union of arithmetic
progressions. For the same structure, L. van den Dries and A. Wilkie [23] studied growth properties
of functions whose graphs were 3-definable.

Quantifier elimination algorithms give us a description of the relations, definable in some
structure by arbitrary formulas, as a class of the relations, which are quantifier-free definable
in some extension of this structure. From the classical Presburger’s theorem [59] (see also [30])
we know that every relation is definable in the structure (Z;1,+,—, <) if and only if it is
quantifier-free definable in the structure (Z;1,+, —, < ,2|,3|,4|,...), where the unary predicate
symbols d | stand for the divisibilities by fixed integers d > 2. V. Weispfenning [84] proved that the
sets, which are definable in the structure (Q; 1, +, —, =, < ,Int), where Int is a unary predicate
symbol for the property «to be an integer», are exactly the sets, which are quantifier-free definable
in (@1, 4+, =[], {e-hoeg = <)-

It is important to mention that in all these cases it is sufficient to construct a positive
quantifier-free formula (), which is equivalent in the corresponding structure to a given positive
existential formula (P3-formula) Jz@(x,7), since every negated atomic formula could be defined
by some positive quantifier-free formula. As a corollary, we obtain decidability of the elementary
theories of these structures. On the other hand, D. Richard [61] and A. Woods [85] independently
proved undecidability already for the elementary theory of the structure (N;S, 1), where we
have the successor function Sx = z + 1 instead of addition, and divisibility is replaced by the
coprimeness relation. For the arithmetic of the integers, D. Richard later proved [63] undecidability
of Th(Z;1,+ , 1). Thus, the BL-Theorem implies that for such kind of structures a straightforward

manner of characterization of the 3-definable relations using QE algorithms is not possible. This



follows from the fact that such QE algorithm would give us a decision procedure for the elementary
theory.

A possible solution to this problem for any of the structures mentioned above, can be
described as follows. We first extend the signature of a given structure with some P3-definable
relations; next, for the resulting structure, we construct an algorithm assigning to every positive
formula Jz@(z,y) an equivalent positive quantifier-free formula (7). Note that the extended
signature must contain a predicate symbol for the relation whose negation is not P3-definable, since
otherwise our algorithm becomes a quantifier elimination algorithm, and this implies decidability
of the corresponding elementary theory. An example of a relation with this property is y # 2
formulas (1) and (3) imply that it is positively existentially definable in (Z;1,+, —, <, |), while
the negation of this relation is not P3-definable.

0.3 Completeness with Respect to Definability

The last statement of the previous paragraph is just an easy corollary from the BL-Theorem
and the DPRM-Theorem since we have the following elementary fact: z = -y & (v + y)? =
22 +y*+22. Note that in the proof of the undecidability of ITh(N; 1, + , | ,T), N.K. Kosovskii [37]

2 using some quantifier-free formula. On the other

exactly defines the graph of squaring y = «
hand, it is not difficult to show that the graph of addition is quantifier-free definable in the
structure (N; 0,5, -, =).

Similar results are important for the following reason. It is often more convenient to prove
the algorithmic undecidability of a certain problem via a reduction from the decision problem for
a theory with possibly stronger restrictions on the form of formulas. Thus, the main difficulty
in proving undecidability is transferred to an essentially purely number-theoretic problem. As an
example, we can consider the undecidability proof for the family of formulas, defined by M. Bozga
and R. Tosif |7; 57|, by using the theory ITh(N;1, + LCM), where LCM corresponds to the
least common multiple function. Such definability and decidability questions are included in the
context of research on the so-called weak arithmetics [64].

A systematic research of definability problems in weak arithmetics was initiated by
J. Robinson [65] in 1949. She proved that every arithmetical relation (that is, definable in the
structure (N;+, -, =)) is definable in the structure (N;S, |). In order to more easily formulate
the fact that this property holds, the structures that have the specified property were called
by 1. Korec [36] as complete with respect to definability (Def-complete). In a similar vein one
can introduce the notion of IDef-completeness for the structures (N; o), where the graphs of
addition and multiplication are existentially definable. Here, the predicate symbols and graphs of
the function symbols from ¢ correspond to some enumerable relations over N.

Formula (3) allows us to prove Def-completeness of the structure (N; 1, 4, |). This result is
«weaker» than theorem by J. Robinson, since in this structure the relation y = Sz is obviously

definable, while it does not seem a trivial task to define the graph of addition in the structure
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(N; S, |). Similarly, the coprimeness relation is «weaker» than divisibility, since definitions (2)
imply that L and its negation are (already) existentially definable in the structure (N; .S, |). In
view of these definitions, J. Robinson asks whether the structure (N; S, L), or at least (N; 1, 4+, 1)
are Def-complete. A positive answer to the second question was obtained by A. Woods [85] who
provided two different proofs of this fact. In addition, notice that in order to prove undecidability
of the elementary theory of the structure (Z;1,+, L), D. Richard [63] shows definability of the
order relation. However, Def-completeness of the first structure remains an open problem closely
related to the so-called Woods-Erdds conjecture (see an overview of the main results of A. Woods
by P. Cégielski and D. Richard [17]).

Def-completeness of a structure implies undecidability of its elementary theory. In the case
where it is difficult to prove Def-completeness, it is sometimes possible to define a sub-structure,
which is isomorphic to some Def-complete. Using this technique, the undecidability proof for the
theory Th(N; S, L) was independently obtained by A. Woods [85] and D. Richard [61]; moreover,
they constructed different substructures isomorphic to (N;+,-). In the paper by P. Cégielski,
Yu.V. Matiyasevich and D. Richard [16] it was introduced a special concept of structure with
1somorphic reinterpretation property, and they also presented an example of a structure with
isomorphic reinterpretation property, which is not Def-complete.

Now consider some properties of formulas with the successor function and divisibility. The
NEXPTIME upper bound on the complexity of the decision problem for ITh(N; 1, + , |) was
obtained by A. Lechner, J. Ouaknine, and J. Worrell [43] as a direct consequence of the following
fact: for every system of linear divisibilities, satisfiable over N, there is an assignment with binary
length bounded exponentially in the size of the system assuming binary encoding of the coefficients
from linear divisibilities. On the other hand, they proposed a simple example demonstrating that
the upper bound on the size of the smallest satisfying assignment cannot be improved. Every

solution to the system

/\:vl-_l | i NSy | 2 ANy | ST (4)
i=1
satisfies the following inequalities: zg > 1, x1 > 22 + 29 > 2, ..., T = 22, + Tmq = 227 .
Therefore, the binary length of x,, is at least 2™!. In this formula we used the successor function
instead of addition in order to show that a similar fact already holds for the theory ITh(N;.S, |).
I. Korec [36] classified most of the Def-complete structures known at the time (2001), among
them there were also very exotic ones. If we introduce the relation of divisibility by two consecutive
numbers

S
vlly=xlynz+1]y, (5)
then the formula (3) almost immediately yields Def-completeness of the structure (N; +, S\), since
vlyrhz+l|z+ye sty

This relation is also the basis of example (4). It is interesting to study definability and decidability
questions for S| since this relation combines the successor function and divisibility. Also notice that

there are no examples of relations similar to S| in the classification by I. Korec.
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0.4 Goals and Main Results of the Thesis

Our main goal in this thesis is to introduce new concepts and techniques in order to improve

the quality of understanding of the proof of the Bel’tyukov-Lipshitz theorem. We aim to obtain

some definability and decidability results for the related structures and also further generalizations

of this theorem. To achieve these goals we had to solve the following problems:

1.

Construct a new decidability proof for the existential theory of the structure (N; 1, + , |,
different from the proofs by A.P. Bel'tyukov, L. Lipshitz and V.I. Mart’yanov and in a
similar spirit to the process of quantifier elimination. This new decision procedure must
be convenient enough to give us a possibility to easily extract the decision procedures for
the existential theories of weaker structures, in particular for (N;1,+, L).

Give examples of some structures with decidable (due to the BL-Theorem) existential
theories and undecidable elementary theories such that for these structures we can
describe all P3-definable relations by applying a method similar to quantifier elimination.
Study some definability, Def-completeness, and dDef-completeness questions for the

structures with the relation of divisibility by two consecutive integers x S|y =z(z+1) | y.

Scientific novelty. Presented results are new and were obtained independently by the

author. This thesis makes the following novel contributions:

1.

Introduced the notion of a quasi-quantifier (quasi-QE) algorithm close to the notion of
quantifier elimination algorithm. Then we construct in terms of quasi-elimination a new
proof of decidability of the existential theory of the natural numbers with unit, addition

and divisibility.

. A quasi-QE algorithm is constructed for the existential theory of the natural numbers

with unit, addition and coprimeness as well as for the simpler positive case.

Proved the matching of the following two classes of relations: positively existentially
definable in the structure (Z;1,+, 1) and positively quantifier-free definable in the
structure (Z;1,+,—, #, L ,GCDy,GCDs,...), where GCDy(z,y) = GCD(z,y) = d.
As a corollary, we obtain that the dis-coprimeness relation ) is not P3-definable in

(Z;1,+4 , L). The result was obtained using a quasi-QE algorithm.

. Two fragments of the V3-theory of the structure (Z; 1,4+, —, <, |) are proved decidable.

In particular, we construct an algorithm for deciding over the integers formulas of the

form

vE3g\/ (72 04 0,(F) A \ (GCD(£(@). 0,2 T)) = hi() A fi(7) > 0 A (@) > 0) ).
]GJ ’LEIJ'

Here, fi(Z), 9:(Z.y), hi(Z) are linear polynomials with integer coeflicients, and ¢;(7) are

systems of linear inequalities and divisibilities. This is a generalization of a recent result

by G.A. Pérez and R. Raha [57].

. Existential theory of the structure (R;1,+,— ], =, <,|) is decidable. This gives a

positive answer to one V. Weispfenning’s question [84, Remark, p.135].
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6. The structures (N; S|, |) and (N; S, 27 S|> are Def-complete; we also prove undecidability of
the theory Th(N; < | S|,P2>. Next, the structure (N; -, S|> was shown to be dDef-complete,
and thus the existential theory of this structure is undecidable.

Methodology and research methods. In this work we use quantifier elimination
techniques, elementary methods of number theory, weak arithmetics, linear algebra, theory of
computation and graph theory.

The algorithm for 3Th(N; 1, 4, |), which is constructed in the first chapter, has two stages.
We have two corresponding variations of quasi-QE algorithms for these stages. The first one
reduces the decision problem for the existential theory of the structure (Z;0,1, +, —, < ,GCD) to
the decision problem for the positive existential theory of the structure (Z-¢;1,{a}4ez.,,GCD),
where a- is a unary function symbol for multiplication by some fixed positive integer a. The
second quasi-QE algorithm yields decidability of the latter theory. The transformations of
formulas are based on a generalization of the Chinese remainder theorem to systems of the form

N\ GCD(a;,b; + ) = d;, where a;,b;,d; are some integers such that a; # 0, d; > 0 for every

i€[l..m]
i € [1..m]. This proposition is an elementary result of modular arithmetic and will be called GCD-

Lemma. In the first algorithm, the step of variable isolation uses one lemma by J. von zur Gathen
and M. Siefking [26]; L. Lipshitz [44, Lemma 1] also applies an analogous statement. The second
algorithm does not use this lemma; for every given formula we construct an oriented graph in
which we detect and eliminate cycles.

GCD-Lemma is a key tool used for describing the relations, which are P3-definable in the
structure (Z;1,+, L). The fact that dis-coprimeness = [ y is not P3-definable now follows from
the main theorem of Chapter 2 and from the undecidability result by D. Richard [63| for the
elementary theory of this structure. We prove decidability of 3Th(R;0,1,+,—[], =, <, |) by
reduction to the decidable 3-theory of the structure with the same signature but with the set
of rational numbers Q as a domain.

The third chapter deals with classical concepts and techniques for proving Def-completeness
and JDef-completeness of arithmetic structures. Def-completness of (N;| ,°|) follows from
the definability in this structure of the graph of the successor function S and theorem of
J. Robinson [65] on Def-completeness of (N; S, |). In order to prove IDef-completeness of (N;-,|),
we show existential definability of the graph of the successor function and then use quantifier-free
definability of addition in terms of S and multiplication. Undecidability of the 3-theory of this
structure now follows from the DPRM-Theorem. By combining the result of D. Richard [62| on Def-
completeness of the structure (N; S, 2%, 1) and definability of the coprimeness relation, we obtain
Def-completeness of (N; S, 27, °|). Undecidability proof for the theory Th(N; < ,*|,P,) is carried
out by proving the existence of a substructure isomorphic to the Def-complete structure (N; < | |).

Theoretical and practical applications. We may note the following areas of applications
of the results of the thesis.

In a recent preprint by G.A. Pérez and R. Raha [57] it is shown that there is a gap in
the proof of a generalization of the BL-Theorem obtained by I. Bozga and R. Iosif [7]; in fact, a
somewhat more restricted fragment of V4Th(Z; 1,4+, —, <, |) turns out to be decidable. These
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kinds of mistakes could be avoided if we had a formalized proof of the BL-Theorem obtained using
interactive theorem provers, such as Isabelle, Coq or Lean. The construction of such proofs is an
intensively developing area of research, which connects functional programming with proof theory.
For example, in 2018, the process of proving the DPRM-Theorem was initiated in Isabelle [81],
in the same year M. Carneiro [13] formalized the proof of Matiyasevich’s theorem in Lean proof
assistant, and in 2020 was announced [38] a complete formalization of the DPRM-Theorem in
Coq. The proof of the BL-Theorem, proposed in the first chapter in terms of quasi-elimination,
is probably more suitable for the purposes of formalization in interactive theorem provers, since
it is based on the idea of quantifier elimination, familiar to specialists in such areas of theoretical
computer science as symbolic computation and formal verification.
On the other hand, the very concept of quasi-quantifier elimination may be useful in attempts
to further generalize this theorem, for example, to solve the problem of the possibility of adding the
relation P, to the structure, preserving decidability. In addition, when studying the complexity of
the decision problem for ITh(Z; 1, +, — , <, |), it will be natural to try to prove that at least the
weaker theory 3Th(Z; 1, +, —, <, 1) isin NP (or EXPTIME). The quasi-QE algorithm, which
is constructed for this theory in the second chapter, can contribute to solving of this question as
well as to proving decidability of the existential theory of the structure (Z;1,+,—, <, L, P).
We have seen that the questions of existential definability in the structure (Z; 1, +, —, <, |)
admit various reformulations, and they often appear in research on algorithmic decidability of
problems of theoretical computer science. At the same time, we do not have a satisfactory
description of the relations 3-definable in this structure. In any case, the author does not know
the results similar to the description of all relations, P3-definable in (Z; 1, +, L) from Chapter
2. This result can serve as a starting point of the search for descriptions of broader classes of
P3-definable relations.
Talks. The main results of the thesis were presented at the following conferences:
1. International conference «Journées sur les Arithmétiques Faibles 37 (JAF37)», Florence,
Italy, 29.05.2018;

2. Russian conference «SPISOK-2019», St. Petersburg State University, St. Petersburg,
Russia, 25.04.2019;

3. Seminar «City seminar on Mathematical Logic», St. Petersburg, Russia, 31.05.2019;

4. International conference «Polynomial Computer Algebra 2020 (PCA 2020)», St.
Petersburg, Russia, 12.10.2020;

5. International conference «International Symposium on Symbolic and Algebraic
Computation 2021 (ISSAC’21)», St. Petersburg, Russia, 22.07.2021.

6. International conference «Journées sur les Arithmétiques Faibles 40 (JAF40)», Athens,
Greece, 25.10.2021;

and were primarily presented in 4 publications, 1 of which is published in journals
recommended by VAK [76], 3 —in scientific journals and in conference proceedings indexed by
Web of Science or SCOPUS [74; 75; 77].

Structure of this work. The thesis consists of an introduction, 3 chapters and a conclusion.

The first chapter combines the results from the papers [74] and [75]. Chapter 2 is based on the
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paper [77], which was published in the proceedings of conference ISSAC’21, and is complemented
by the results presented at the conference PCA’20. The third chapter is an extended version of
the paper [76]. The thesis text consists of 88 pages. The list of references contains 85 items.

The author is grateful to his scientific supervisors N.K. Kosovskii and T.M. Kosovskaya
for their attention, advices and support in this work for a long time. In addition, the author
expresses his gratitude to anonymous reviewers of the papers on the topic of the thesis for very
useful comments and advices, which contributed to a significant improvement of the quality of

presentation.
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Chapter 1. A Proof of Bel’tyukov—Lipshitz Theorem by
quasi-Quantifier Elimination

This is just the Chinese Remainder Theorem (see [M]). Of
course g.c.d.(f;,fj) is not in our language so we have not

actually eliminated x...

L. Lipshitz [45] (1981)

In this chapter, we give a new proof of decidability of the existential theory of the
natural numbers with unit, addition and divisibility. This theorem was independently proved
by A.P. Bel'tyukov [3| and L. Lipshitz [44], and will be further referred to as the BL-Theorem.
In order to prove this theorem in quantifier elimination spirit, we introduce the notion of quasi-
quantifier elimination algorithm and then construct two such algorithms. At the beginning of the

chapter, we recall some basic definitions, which will be used in this and subsequent chapters.

1.1 Existential Arithmetic of the Natural Numbers with Unit,
Addition and Divisibility

1.1.1 Definitions and Examples

Let o be some signature, and let M be some non-empty set. An assignment to every function
symbol from ¢ some function over M and to every predicate symbol from ¢ some predicate over
M of a corresponding arity is called an interpretation of the signature o over M.

A structure is defined by a signature o, a set M, and an interpretation of o over M. The
set M is called the domain, or the base set of the structure.

In this thesis, we will consider different signatures, however, the base set will be either
the set of the natural numbers N = {0,1,2,...}, the integers Z, the rationals Q, the reals R, or
the p-adic numbers Q,, and to every function and predicate symbol there will be assigned some
naturally defined function and predicate. The structure of a signature o with a domain M will
be denoted by (M; o).

The first-order language of a signature o will be denoted by Ly; a formula of the language L C
L is an L-formula. A prenex Ly-formula is a formula of the form Q191...QumUm @ (T1,--,Trn, Y1, Ym)
where @(21,...,2n,Y1,...,Ym) 18 a quantifier-free Ly-formula, and @Q); are quantifiers. Grouping similar
quantifiers into blocks, the formulas with a single existential block define the language 4L, and in
the case of universal quantifiers, the language VL. In a similar manner, we can define the languages

VdLy, VL, etc. dL,-formulas are called existential and VLs-formulas — universal Lq-formulas.
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A quantifier-free formula is positive, if it is constructed from atomic formulas using only
logical connectives of conjunction and disjunction. If in the definitions above the formula
@ (T15ee s Ty Y1, Ym) 18 positive, then we add prefix “P” to the notation of the corresponding
languages, and the formulas of these languages will be called positive. For example, PdL; is
the set of all positive existential L,-formulas.

Let @ be some Ls-formula. We say that «@ is true in M » instead of «true in the structure
(M;0)». The set of all closed L,-formulas, true in M, is called the elementary theory of the
structure (M; o) and denoted by Th(M; o). If we consider only existential Ls-formulas, then we
define the existential theory (3Th) and for the universal L,-formulas — the universal theory (VTh)
of the structure (M; o). In general, for every language L C L, the set of all closed L-formulas,
true in M, is, by definition, the L-theory of the structure (M; o), denoted by L-Th(M; o). The
decision problem for some L-theory of the structure (M; o) is the problem of deciding formulas
of this theory, i.e., of L-formulas, true in M.

In order to illustrate these notions consider different variations of the BL-Theorem that
we mentioned in the introduction. First consider the structure (N; 1, + , |), where the divisibility
relation is defined by the formula z | y < Jz(y = 2z - z). In particular, 0 | y < y = 0.

It is clear that to prove decidability of PITh(N; 1, + ,|) it is sufficient to construct an

algorithm for satisfiability in the natural numbers of systems of the form

/\ fi@) | g:(T), (1.1)
1€[1..m]

where T is a list of variables x1,...,z,, and f;(%),0:(%) are linear polynomials a;o + a; 121 + ... +
a; , T, With natural coefficients. By using distributive laws for conjunction and disjunction, we can

transform any given P3L ; -formula into a disjunction of systems of the form (1.1).
We can use Definition (1) and consider not only positive, but also arbitrary existential
formulas. In every 4L, ;. )-formula push the negations inward and once more apply the distributive
law. By introducing new variables, we can now rewrite indivisibilities in the resulting systems

using the formula
ztye (z=0AN1<y)VIzA<zAz<z—1A Az |y+2), (1.2)

where x < y is, by definition, 32(y = 2 + z) and z = y < = | y Ay | . Note that the relation
r < y can be rewritten as Jz(z + z | y).

We can now show that for the structure (Z;1,+,—,<,|) the decision problem for
P3-theory is reducible to the decision problem for ITh(N; 1, 4+, |) and vice versa. The reduction
from the integers to the natural numbers is obvious, since it is sufficient to add to a given formula

@(x1,...,x,) the following system of inequalities A z; > 0.
i€[1..n]
For constructing a reduction in the other direction, replace every integer variable x; by

!
()

x, — x, where 2, / are new natural variables. We can now avoid using negative coeflicients in
linear polynomials. It is obvious for linear inequalities, and for linear divisibilities consider the

following conjunction:

(@) A f(T) —9@) | (T Y), (1.3)
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where @(Z,7) is some system of linear inequalities and divisibilities, h(Z,7) is some linear
polynomial with integer coefficients, f(Z) and g(7) are linear polynomials with non-negative integer
coefficients. Formula (1.3) is equivalent over the natural numbers to the following existential

formula:
e(@y) ATz (2| h(ZY) A (f(T)=9{H) +2V f(@T)+2=097))-

Continue this process for every linear polynomial which has some coefficients negative. It remains
to rewrite inequalities and equations using divisibility in the same way as it is done above.
It is not difficult to see how we can use (1) to omit the positivity restriction in the case of

the integers. Thus we obtain the following result.

Proposition 1.1.1. The decision problems for the existential theories of the structures (N; 1, + , |)
and (Z; 1,4+, —, <, |) are inter-reducible.

Before we consider relationships between the divisibility relation and GCD, let us formally
define the notion of first-order definability.

For a language L C L, we say that an n-ary relation R on M is «L-definable in the structure
(M;0o)» if and only if there exists an L-formula @(Z) such that for every @ € M"™ we have
R(a) < @(a). When L is one of the classes of formulas, defined using L, with prefixes “P”, “3” “¥”,
we can omit L in its notation. In particular, the relations, P3Ls-definable in the structure (M; o),
will be called positively existentially definable in the structure (M; o), or P3-definable. If the
structure we are working in is clear from the context, we will just write L-theory and L-definable.

One year after the appearance of the original proofs, the BL-Theorem was proved by V. L.
Mart’yanov [50]|. He obtained an equivalent result by considering instead of divisibility the ternary
predicate GCD such that GCD(z,y,z) is true if and only if +z is the greatest common divisor of
x and y. It seems more natural to use the GCD function, which computes the greatest common
divisor (a non-negative integer) of two integers and is equal to zero if and only if both arguments
are equal to zero. For the graph of this function GCD(x,y) = z we see that x | y & GCD(z,y) =
z V GCD(z,y) = —z. Conversely, Euclidean algorithm implies that the relation GCD and its
negation are 3-definable in the structure (Z;1,+,—, <, |):

GCD(zyy) =2 <0<z Az |z Az|yAJu(z |uAy]|u+ 2) L4
-GCD(z,y) =2 < 2+1<0V-z|zV-z|yVIv(w|zAv|yAz+1< ). (14)
In the structures that we consider in the thesis GCD will be a ternary predicate symbol associated

with the graph of the corresponding function. We can now generalize Proposition 1.1.1.

Proposition 1.1.2. The decision problems for the existential theories of the following structures:
(N; 1,4+, ), (N;1,4+,GCD), (Z;1,+,—,<,|), and (Z;1,+,—, < ,GCD) are inter-reducible.

Constructing quantifier elimination algorithms is a classical approach when we study
definability and decidability properties of arithmetic structures. A quantifier elimination (QF)
algorithm for the language Ly in the structure (M; o) is an algorithm assigning to every L,-formula

of the form Jx@(z,y1,....yn), where @(x,y1,...,y,) is quantifier-free, an equivalent in this structure
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quantifier-free Lo-formula V(y1,...,y,). As a corollary, we see that by using a quantifier elimination
algorithm, for every L -formula we can construct an equivalent in the corresponding structure
quantifier-free Ls-formula. Note that the algorithm from this corollary is commonly called a
quantifier elimination algorithm (see e.g. [30] or [83]), and its construction is reduced to a
construction of a quantifier elimination algorithm in our terms. ,As usual, it is sufficient to
consider a formula with a single existential quantifier |...|“, — with this phrase N.K. Vereschagin
and A. Shen [70| start their presentation of a QE algorithm for the first-order language of the
signature 0 = (0,1, 4+ ,-, =, <) in the structure (R; o).

In Subsection 1.2.3 this definition of QE algorithm will be generalized to the notion of
quasi-quantifier elimination algorithms. In terms of quasi-elimination we will prove the following

theorem.

Theorem 1 (A.P. Bel'tyukov [3|, L. Lipshitz [44], V.I. Mart’yanov [50]). The existential theory
of the structure (Z;0,1,+, —, < ,GCD) is decidable.

Note that “GCD(z,y) = z < 3 (GCD(z,y) =t ANt # z) fort # z & t < z—1Vz+1 < t and,
moreover, -z < y < y+ 1 < z. It will also be convenient to have in formulas separately equalities
and inequalities represented in matrix form. Thus, introducing, if necessary, some new variables,

we can reduce the general problem to the problem of satisfiability in Z of formulas of the form

@T) =AT=bACT>dA [\ GCD(fi(7)g:(T)) = hi(T), (1.5)

i€[l..m]

where T is a list of variables x1,...,z,; fi(%), ¢;(%), hi(T) are linear polynomials with integer
coefficients; A and C' are integer matrices and b, d are some integer vectors. Expressions of the
form GCD(f(Z),9(Z)) = h(Z) will be further called ged-expressions.

1.1.2 Structure of the Chapter

This chapter is organised as follows. In Section 1.2, we introduce the notion of quasi-
Quantifier Elimination (quasi-QE) algorithm, in some sense a generalization of Quantifier
Elimination algorithm. Then we sketch the proof and construct two quasi-QE algorithms R
and D. The first one reduces the decision problem for the existential theory of the structure
(Z;0,1, 4+, — , < ,GCD) to the decision problem for the positive existential theory of the structure
(Z~0;1,{a-}aez.,,GCD), where a- is a unary function symbol for multiplication by a positive integer
a. In Section 1.7, quasi-QE algorithm D gives a decidability proof for the latter theory. The main
algorithm R is described in Sections 1.4 and 1.5. We then show in Section 1.6 that the resulting
algorithm is actually a quasi-QE algorithm.

A.P. Bel'tyukov [4] remarks about the theorem, proved at the same time by L. Lipshits,
that «in fact, our solution was a very deep generalization of the well-known Chinese remainder

theorem...». After we give a sketch of the proof, in Section 1.3 we generalize the Chinese remainder
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theorem to the systems A GCD(a;,b;+x) = d;, where a;,b;,d; are some integers such that a; # 0,
i€[l..m]
d; > 0 for all i € [1..m]. This result will be the basic tool in transformations of formulas in quasi-QE

algorithm R. A special case of this generalization will be used in algorithm D.

1.2 General Description of the Algorithm

1.2.1 LS-Lemma and Simple Transformations of Formulas

The problem of consistency in Z of system (1.5) will be reduced to satisfiability in the
non-negative integers N of a disjunction of systems @;. In each system @; there will be a variable z;
such that this variable appears only in gcd-expressions of the form GCD(f(%),g(2)+cz;) = h(Z) for
a list of variables Z not containing ;. These transformations can be performed using the following
Linear Systems Lemma (LS-Lemma) taken in a weaker form from the paper by A. Lechner et
al. [43, Theorem 3|. It was proved by J. von zur Gathen and M. Sieveking [26]; L. Lipshitz used

an analogous statement (see [44, Lemma 1]).

Lemma 1.2.1 (Linear Systems Lemma (LS-Lemma) [44, Lemma 1| and [26] in a form similar
to [43, Theorem 3|). Let A be an p x n integer matriz of rank r and let C' be a g X n integer matriz.
Let b and d be integer vectors of size respectively p and q. Then we can constructively find a finite

set of n x (n —r) integer matrices EY) and n x 1 vectors u”) for j € J such that

{zez': Az=bnCT>dy = J{EVG+u? : geN""}.
jeJ
Split the list T into two parts § = zy,...,7; and t = ;41,...,7,,, and let the system AZ = b A
CT > d be split into two subsystems: S(5) = A15 = by ACYS > dy and T'(T) = AT = by ACoT > dy
with matrix A; of rank 1. Then by «application of LS-Lemma to the subsystem S(3) of the formula
@(T)» we assume the following. Suppose that we have already constructed integer matrices £

and vectors u?), j € J for the system S(5). Now construct a set of formulas {,}._,, where

je

ll)](y,Z) = T(@az) A @ 2 0N /\ GCD(EJ(gaZ)vgi,j (yvz)) = ’;Li,j(gﬂz) (16)

i€[1..m]

as a result of substitution EWy 4+ vV for 5 in

T<§7E) A /\ GCD(fl(EBvQZ(E%)) = hz(§7z>

i€[l..m]

Thus, we have transformed @(Z) into an equi-satisfiable over the integers disjunction \/ V;(7,?)
jed
with r; fewer number of variables.
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Applying LS-Lemma to the subsystem A h;(ZT) > 0 A AT = b A CT > d of the formula
i€[1..m]
N\ hi(Z) = 0 A @(T) (which is equi-satisfiable over Z with ¢(Z)), we obtain the following
i€[l..m]
auxiliary lemma.

Lemma 1.2.2. For every formula of the form (1.5) we can construct an equi-satisfiable over Z

disjunction of formulas of the form

7=0A /\ GCD(£:(D).9:(1) = hi(®), (1.7)

i€[l..m]

where § is a list of variables yi,....yx, k < n; fi(¥),9:(7),h:(¥) are linear polynomials with integer

coefficients, and, moreover, the coefficients of h;(y) are non-negative.

We apply a similar approach in the step of variable isolation (i.e., when we construct
formulas @;) to obtain non-negative coefficients in linear polynomials using LS-Lemma. These

transformations will be described in Section 1.4.

1.2.2 GCD-Lemma

By the Chinese remainder theorem we mean the theorem [67], which states that the system
of divisibilities A d; | b; + « has an integer solution if and only if A GCD(d;,d;) | b; — b;.

i€[l..m] i,7€[1..m]
In Section 1.3 we prove the following generalization of the Chinese remainder theorem, which we

use in Step 2 of quasi-elimination for the systems ¢;. This step will be described in Section 1.5.
For every positive integer x and prime p let v,(z) be the p-valuation of z, i.e., the maximal
k such that p* | z. We also write GCD(z,y,2) for GCD(GCD(z,y),2). Then for the system

/\ GCD(aib; +x) = d, (1.8)

i€[l..m]

we can prove the following lemma.

Lemma 1.2.3 (GCD-Lemma). For the system (1.8) with a;b;,d; € Z, a; # 0, and d; > 0 for

every i € [l..m], we define for every prime p the integer M, = Ir%ax ]vp(di) and the index sets
i€[l..m

Jy=Hi€[l.m] : v,(d;) = M,} and I, = {i € J, : v,(a;) > M,}. Then (1.8) has a solution in Z
iof and only if the following conditions simultaneously hold:

i) N dila

i€[l..m]

(i) N GCD(did;) | b = b;
1,j€[1..m]
i,5€[1..m]

() For every prime p < m and every I C I, such that |I| = p there are such i,j € I,
i # j that v,(b; — b;) > M,,.
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Consider the subsystem ¢, with all the ged-expressions with an isolated variable. It is not
difficult to see that we can assume that the coefficients of this variable are all equal to one.
This subsystem will be of the form (1.8), where there will be some linear polynomials with integer
coefficients f;(Z), ¢9;(Z), and h;(Z) instead of a;, b;, and d;, respectively. Application of GCD-Lemma
will require introduction of new positive integer variables. For these variables we use the letters of
the Greek alphabet, while for the variables introduced by LS-Lemma we use Latin letters. Greek
variables will only appear in polynomials of the form a(C.

This idea can be illustrated via the following example of rewriting condition (ii). In this
case, for each pair (i,5), for 1 < i < j < m, we introduce a new variable (;;, such that the

corresponding divisibility can be rewritten as
3G, (GCD(hi(2),h;(2)) = Cij A GCD(Gi:9i(2) — 95(2)) = Gij) -

Lemmas 1.2.1 and 1.2.3 form two steps, which are repeatedly applied in order to obtain a
disjunction of systems of gcd-expressions without occurrences of Latin variables. Thus, each linear
polynomial will have the form either a( or a for some positive integer a. This reduction can be

formalized using the notion of quasi-quantifier elimination algorithm.

1.2.3 Definition of quasi-Quantifier Elimination Algorithm

Let S; and Sy be two disjoint sorts of variables. For the variables from S; we use Latin
letters (and will be named «Latin variables») and Greek letters for the variables from Sy («Greek
variables»). Let LL? be the first-order language with the signature o and variables from S; U Ss.
Denote L. and L2 the first-order languages with the signature ¢ and variables from S; and
Ss, respectively.

Denote by [@]; the result of substitution of term ¢ for every free occurrences of the variable
x in the formula @. A set of formulas L C L, is called decidable if there is an algorithm that

determines whether a given formula is an L-formula.

Definition 1. Let (M;0) be some structure with a signature o, and we have some decidable
set of existential formulas L C LY? such that all occurrences of Latin variables are free and all
occurrences of Greek variables are bound. Let also for some variable x € S7 be defined a decidable
set L C L of L-formulas of elimination form and are given the following two steps:

Step 1. Transformation of every L-formula Jx@(y,&) into an equi-satisfiable in (M; o)
disjunction \/ Ix@;(y;,x) for some finite index set J and lists of Latin variables i; such that for
every j € J]Z; have the following:

1. Bveryw; for j € J comprises at most the same number of variables as Y.

2. If the list of variables y; is non-empty, then there is a variable T, € y; such that

36, (75,®)]7 € L7,
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Step 2. Transformation of every formula JrIxe(x,zZ,X), where Jx@(zr,zZ,X) is some
L*®-formula, into an equivalent in the structure (M; o) L-formula 3X3BW(Z,%,B).

Now A is a quasi-quantifier elimination algorithm (quasi-QFE) for the language
L in the structure (M;o) if for a given L-formula 3X@(yy,...,yx,x) it first applies Step 1 and
then Step 2 to every formula Jx [Hacﬁj(y_j,&)]ij . Thus we construct an equi-satisfiable disjunction
of L-formulas, where the number of Latin variables is less than k.

The language L will be called the language of quasi-QF algorithm A.

Consider some properties of a quasi-QE algorithm A for L4 in (M; o).

For a subset L of quantifier-free L,-formulas define a language 3L as the set of formulas
of the form Jz@(7,y) for every (quantifier-free) L-formula ¢@(Z,7). Denote by E(L) the set of
all closed dJL-formulas.

The main purpose of A can be described as follows. Since L4 N L comprises only quantifier-
free Ly-formulas, we can define E(L4 N LL), which will be denoted LY. Also let L% = L4 N L2.
Then the algorithm A performs a reduction from the decision problem for LY-theory to the decision
problem for L%-theory. Indeed, for every (quantifier-free) (L4 N Ll)-formula ¢, by repeatedly
applying algorithm A to every L 4-formula of the resulting disjunctions, we construct a disjunction
of (closed) L?-formulas. This disjunction is true in (M; o) if and only if ¢ is satisfiable in this
structure.

Consider three important variations of quasi-QE algorithms when Sy = @. In this case, the

definition implies that L 4 is a subset of quantifier-free L,-formulas.

Example 1.2.1. Let Sy be the empty sort of variables and let the problem of walidity of
ground Lg-formulas in (M; o) be decidable. Then algorithm A provides a decision procedure for
E(Ly)-theory of the structure (M; o), since for a given formula we obtain an equivalent (in this

structure) ground formula.

Algorithm D from Section 1.7 and two algorithms from Section 2.6 will be examples of

such quasi-QE algorithms.

Example 1.2.2. [f S, is the empty sort of variables and L% = L4 (Step 1 of algorithm A becomes
trivial) then the set of all the relations, 3L 4-definable in (M; o), is equal to the set of relations,
(quantifier-free) L 4-definable in (M; o).

The only step of the algorithm eliminates each quantifier of a given 3L 4-formula, and we
obtain an equivalent in (M; o) L 4-formula, which is a quantifier-free Ls-formula. In Chapter 2,
this kind of quasi-QE will give us a description of all relations, which are positively existentially
definable in the structure (Z;1,+, L1).

Example 1.2.3. Moreover, if Ly is the set of all quantifier-free Lys-formulas then A is exactly a

quantifier elimination algorithm for Ly in (M; o).
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1.2.4 The Main quasi-QE Algorithm

We going to construct two quasi-QE algorithms R and D. The first one reduces the problem
of satisfiability in Z of formulas (1.5) to the problem of decidability of the positive existential
theory of the structure (Z-o; 1.{a- }sez.,,GCD), while the second one gives us a decidability proof
for this theory. In this subsection we describe algorithm R, the main quasi-QE algorithm, and
D will be constructed in Section 1.7.

Define the language Lz of quasi-QE algorithm R as the set of formulas 3 \/ ¢;(7;,x) for
jeN
some finite index set J; and formulas @;(y,x) of the form

T>1AGZ0A N GOD(fiy(0:%).0:55%) = iy (5.9, (1.9)

i€[l..my]

where all linear polynomials h;;(7,&) have non-negative integer coefficients, and every ged-
expression takes one of the following forms:
(R-1) GCD(f(®),9(¥)) = h(®)
2) GCD(f(¥).9(m)) = aC
3) GCD(aC,9(y)) = bn
4) GCD(a(,bn) = 8,

where (1,0 are Greek variables (they can be the same) and a, b, ¢ are positive integers. Moreover,

(R-
(R-
(R-

every Greek variable (, occurring in ged-expression of the form (R-2), appears on the right-
hand sides of (R-3) and (R-4) only in ged-expressions of the form GCD(al,g(7)) = b or
GCD(a,bl) = cC.

The latter restriction is necessary for the following reason. Suppose we obtain an equality
[(y) = a( from some gcd-expression (R-2). Substitute @ for all occurrences of ¢ in (1.9) and
multiply corresponding ged-expressions by a. Our restriction ensures that after this substitution
the resulting formula is an Lgp-formula.

We will call ged-expressions GCD(f(Z,x),9(Z,&) + cx) = h(Z,&) regular gcd-expressions, if
linear polynomials f(Z,&) and h(Z,&) have one of the following forms: either a( for some Greek
variable ¢ and positive integer a, or linear polynomial I(Z) with non-negative integer coefficients
and positive constant term. Since in Lgr-formulas we have @ > 1 A Z > 0, the polynomials
f(z,x) and h(Z,&) can take only positive values. Thus we can apply GCD-Lemma to system of
regular gcd-expressions.

The set of formulas of elimination form L} C Lg comprise formulas Jo \/ ¢;(z,Z;,&) for

Jj€J2

some finite index set J, and formulas @;(x,z,&) of the form

X>1AZ20Ac20AQ;ZX) A\ GCD(fi;(2.8).5:5(2) + cijo) = hij(2®),  (1.10)
’L'E[]...’r’ﬁj]

such that z does not appear in z, ¢; ; > 0, every ged-expression with x is a regular ged-expression,

and @;(Z,x) is a system of ged-expressions without occurrences of .
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In Section 1.6 we show that transformations, described in Sections 1.4 and 1.5, actually define
Step 1 and Step 2 of a quasi-QE algorithm for Li. Therefore, from the definition of Lz it follows
that the proof of Theorem 1 will be completed if we prove decidability of the positive existential
theory of the structure (Z-o; 1,{a }4ez.,,GCD). In Section 1.7 we will show that LS-Lemma is not

used in D and only a special case of GCD-Lemma is needed.

1.3 Proof of GCD-Lemma

Before proceeding to the proof of Lemma 1.2.3, it will be convenient to slightly reformulate
its forth condition. Define the condition
((iv)) For every prime p there is x, € Z such that M v,(b; + x,) = M,
i€,
to get the following auxiliary lemma.
Lemma 1.3.1. Suppose we have a system of the form (1.8) with a;, b;, d;, M,, I,, as defined in

Lemma 1.2.3. Assume condition (ii) holds, then condition (iv) is equivalent to ((iv)).

Proof. Consider prime p, natural number M,, and index set [,. Condition (ii) implies consistency

of the system A p™» | b; + . Take zy € [0,p™7) such that xg = —b;(mod p™?) for i € I,,. Then we
iel,

have that x = xy + kp™? is a solution for every k € Z and thus

bi—i-xo
k)| (1.11)

3z | N\ vyl +2) = M, | & 3k /\M(p

il i€l

The right-hand side of (1.11) is true if and only if {Z’;C—,?}ie]p does not contain a complete
residue system modulo p. Hence it is true for every p > m, and for p < m this condition is
equivalent to the fact that for every I C I, such that |I| = p there are such i,j € I, i # j that
P | TT? — b;m“, or, in terms of the p-valuation function, v,(b; — b;) > M,. This implies the

lemma. O

Now we prove Lemma 1.2.3 assuming condition (iv) replaced by ((iv)).

Proof of Lemma 1.2.3. Necessity. Condition (i) is obviously necessary. Since for every i,j € [1..m)]
we have d; | b; + = and d; | b; + =z, it follows that GCD(d;,d;) | b; + = — (b; + x). Thus we also
obtain (ii).

To prove (iii), consider for every 4,5 € [1..m] the following chain of equalities:
GCD(ai,dj,bi - bj) = GCD(CLZ',GCD(CLj,bj + ZE),bZ - b])
= GCD(G,,CL],GCD(bZ + ZL‘,bj + ZL’)) = GCD(dl,d])
For every prime number p we have v,(GCD(a;,b; + x)) = v,(d;) for every i € [1.m]. In

particular, if ¢ € I, then min(v,(a;),v,(b; + x)) = v,(GCD(a;,b; + x)) = M, and also v,(a;) > M,,.
Therefore, v,(b; + x) = M, and necessity of ((iv)) is proved.
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Sufficiency. Let Py be the (finite) set of all primes p such that p | a; for some i € [1..m].
Condition (i) implies that v,(a;) > v,(d;) for every i € [1..m] and p € By. Now we rewrite (1.8) as

a system of divisibilities and indivisibilities

A A it
i€[l.m] \ pEPoAvp(a;)=vp(d;)
A /\ PP | b g g A poe(ddHL EE (1.12)

pEPoAvp(a;)>vp(d;)

For every prime p € P, consider the subsystem of (1.12) with all the divisibilities
and indivisibilities having p in some degree as a divisor. Define the index set K, =

{i e [1.m]\ J, : vy(a;) > vy(d;)} and the following system of divisibilities and indivisibilities

P, (z) = /\ @) | b 4 2 A /\ Py b 4o, (1.13)

i€[l.m]\Jp €Ky

Thus we get that the conjunction (1.12) can be rewritten as follows:

/\ D, (z) A /\pM” | b+ A /\pMP+1J(bi+x . (1.14)
pEPy i, icly
By the Chinese remainder theorem it is sufficient to find independently for every prime p € Fy a
solution to the corresponding subsystem.
Fix some p € Fy,. We first construct a solution x, to the subsystem of divisibilities and
indivisibilities with indexes from .J, and then prove that ®,(x,) holds.
If I, = @, as by (ii) we have b; = b;(mod p*») for every i,j € J,, it is sufficient to take an
arbitrary index j, € J, and define z,, € [0,p"?) congruent to —b; modulo p*».
When the index set I, is not empty, condition ((iv)) implies that there exists z, € Z such
that
AP b+, A N b+, (1.15)
i€l icl,
It is convenient to assume that z, € [0,p*"1). Condition (ii) implies that in the system of
divisibilities from (1.15) the index set I, can be replaced by J,.
It now remains to prove that z, satisfies the system of divisibilities and indivisibilities (1.13).
Let j, be an arbitrary index from J,. Condition (ii) implies that b, = b;, (mod p*(?)) for every
k € [1.m] \ K, and therefore p*(@) | by + x, as v,(dy) < M,. It follows that =z, satisfies the
subsystem of divisibilities from (1.13).
To prove that x, is also a solution to the subsystem of indivisibilities, suppose that pUp(dr)+1
divides by, + z,, for some k € K,. Then we have v,(b; — b;,) > min {v,(by, + 2,),0,(b;, + x,)} >
vp(dy) + 1. It follows that

min {min {v,(ax),M,)} vp(bs — b;,)} = v,p(dy) + 1.

But this is a contradiction to (iii) as the left-hand side must be not greater than v, (dy).
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Finally, we obtain a solution by the Chinese remainder theorem from a system of the form

/\ x = x,(mod pPr), (1.16)
pERy
where 3, = M, + 1 if the index set I, is not empty and 3, = M, otherwise. O

The resulting system of congruences gives us the following remark.

Remark 1.3.1. If z is a solution to the system (1.8) then x + k:LgM](di) -rad ( 11 Z—) is also
i€[l..m i€[l.m]
a solution for every k € Z, where rad(n) is the radical of a non-zero integer n, i.e., the product of

the distinct prime factors of n.

1.4 Step 1: Latin Variable Isolation

Omitting the indexes j in (1.9), consider Lg-formula Jx¢@(7,&), where

e =x=1AT=0A J\ GCD(fi(7,%),0:(7,%) = hi(7.%). (1.17)

t€[l..m]
Recall that in Lg-formulas the coefficients of h;(y,&) are non-negative. In the same way as in
subsection 1.2.1, we split the list 7 into 5 = y,...,;y and ¢ = y;11,...,yn. We have the following

remarks.

Remark 1.4.1. The result of application of LS-Lemma to a subsystem AS=bANCsS>dANS>0
of the formula AS = bACs = d A @(7,&) is a disjunction of the formulas \;(Z,t,&) such that
Jo;(Z,6,&) is an Lg-formula. Moreover, for every regular ged-expression in @ (y,&x) with an

isolated variable from ¢ there will be a corresponding regular ged-expression in \p;(Z,6,X).

Proof. Indeed, since the subsystem of linear equalities and inequalities contains 5 > 0, then every
variable from 3 is replaced by a linear polynomial [(Z) with non-negative integer coefficients.
Hence every linear polynomial f(7) with non-negative coefficients preserves this property, when
we substitute £z +ul) for 3, and moreover, if the constant term of f(7) was positive, it remains

positive. ]

Remark 1.4.2. We can assume that in the system (1.17) there are no gcd-expressions of the
form (R-1) and (R-2) such that ki f;(§) = kogi(y) for some integers ki and ko, which are not

stmultaneously equal to zero.

Proof. Suppose that k; f;(7) = k2g;(y) for k1 # 0. In this case we can compute the greatest common
divisor and consider a disjunction over o € {—1,1}, substituting in (1.17) the corresponding
ged-expression for an equality cGCD(ky,kq)9:(Y) = k1hi(7,&). For ged-expressions of the form

(R-1) this equality is either always true, or can be used to obtain a disjunction of systems with
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one fewer number of variables as a result of application of LS-Lemma to the subsystem 7 >
0 A 0GCD(k1,k2)g:(y) = k1hi(g) of the formula (1.17).

In the case where h (7,%) = a;¢;, we exclude 0GCD(ky,k2)g:(y) = a;k1¢; from the system,

O'GCD(k‘l k2)gl
a; k1

particular, instead of ¢; > 1 there will be an inequality cGCD(k1,k2)¢;(7) = a;ki. By definition

substitute ) for all occurrences of (i, and multiply linear expressions by a;k;. In
of the language Lg, after the substitution every gecd-expression again will have one of the forms:
(R-1)—(R-4). It remains to apply LS-Lemma to the subsystem 7 > 0 A 6GCD(ky,kq)g:(y) >
aikl. ]

We now show how to construct an equi-satisfiable over the integers disjunction of formulas
of the form (1.10).

The first case is when there is a Latin variable x that does not occur on the right-hand
side of any ged-expression of (1.17). Using the Euclidean algorithm, every ged-expression of the
form (R-1) or (R-2) GCD(f(Z) + az,9(Z) + bx) = h(Z,x), where a,b # 0 and f(Z), g(Z) are
linear polynomials, can be rewritten such that the coefficient of x is non-zero only in one of the
polynomials. Let a > b > 0 and a = ¢b + r for r € [0,b). Then we have

GCD(f(Zz) + ax,g(Z) + bx) = GCD(f(Z) — q9(Z) + rz, g(Z) + bx).

Repeating this step, we obtain a formula of the form GCD(f(2),§(Z) + cx) = h(z,X). Remark 1.4.2
implies that f (z) is not identically zero.

In the other case, every Latin variable appears in at least one of the right-hand side
polynomials. Isolating in (1.17) a subsystem of gcd-expressions of the form (R-1), rewrite (1.17)

as follows:

x> 1Ay >0A /\ GCD(fi(#).9:)) = hi(7)

1€[1..1]
A /\ GCD(fi(¥,%),9:(y,)) = hi(x). (1.18)
1€[l4+1..m]

For every variable = € 3 there is an index i, € [1..[] such that this variable appears with
non-zero coefficient in h,, (y) (that is, h;, (¥) = hi (7 \ ) + ¢;,x for some positive integer c;, ).
Remark 1.4.2 implies that we do not have simultaneously wu; f; (¥) = vih;, (y) and usg;, (§) =
voh; (y) for some integers uy,vy,us,vo. Assume that uf; (y) # vh,, (y) for every integers u and v.

Then the system (1.17) is equivalent to the following disjunction:

zey \ —S.<k<S. i€[L..m] iy

for

V(@ =720/ Nz =2 Ak(hi, () = fi.(3),

z'ey
where S, is the sum of the absolute values of the coefficients of f; (7). This follows from the fact
that all the coeflicients of h;,(¥) are non-negative, ¢;, > 0, the variables § are non-negative and

x takes the maximum value among the variables from 7.
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Application of LS-Lemma to the subsystem WU, .(7) of every disjunct of (1.19) gives us
a disjunction of systems of the form (1.17) with one fewer Latin variable and one fewer ged-
expression. If we denote this disjunction 1V (z,&), by Remark 1.4.1, we have Jax(z,&) € Lg.

This concludes the consideration of the second case. Now in every system from 1\ (zZ,x)
again we try to isolate a Latin variable which have no occurrences in the right-hand side of any
ged-expression. Finally we obtain a disjunction of formulas of the form (1.10).

We assume that the desired disjunction is constructed. Omit the indexes j in (1.10) and
denote this formula by @(z,z,&). Transform Jx@(z,z,&) into an equi-satisfiable over the integers
disjunction of formulas of the same form (1.10) but with regular gcd-expressions. Thus we will
construct an L%- formula.

Since Jx@(z,z,&) is an Lg-formula, non-regular gcd-expressions can only be of the
form (R-1) or (R-2). Let the ged-expressions from @(x,z,&) with indexes ¢ = 1..k comprise all
non-regular ged-expressions of the form (R-1) and all non-regular ged-expressions (R-2), assuming
E-(ZR) = a;(;, have indexes i = k + 1..1.

Rewrite @(z,z,&) in the form x > 1AZ>0Az > 0A (:5(2,&) A A(z,zZ,x), where

A(%,ZR) = /\ GCD(};(Z)7 E,(i) + Cix) = %z(z)

i€[1..k]

A /\ GCD(E@), Gi(Z) + cir) = a;
i€[k+1..1]

AN\ GCD(f(Z®),6i(3) + ax) = hi(Z®)
i€[l+1..m]

and for the formula Jx@(x,z,&) construct an equi-satisfiable formula
T (B0(70.0) V 61 (7,8) V Ba(0.5.1) ).

Here @0(20, ) and @1(z1,oc) are disjunctions of systems of the form (1.17) such that the list Z
contains two and Z7 one fewer variable than x,Zz. In these systems again we isolate a Latin variable
and then make regular the ged-expressions with this variable. Since the number of Latin variables
always decreases, this process will definitely terminate. In the meantime, @g(w Z3,) will be a
disjunction of the desired form, that is, Ho@g(x,ZQ,oc) will be some L%-formula.

Disjunctions @(z5,%) and &, (z1,&) correspond to the cases when polynomials f;(Z) are equal
to zero, for ¢ = 1..k and @ = k + 1..[, respectively. We construct these disjunctions in a similar

way as in the cases from Remark 1.4.2. That is,
gbo Z0,X \/ \/ Qm (%0,
i€[l..k] oe{-1,1}

and

‘151 21, \/ \/ Qw 21,

i€lk+1..1] oe{—1,1}

where €, +(Z0,&) and 2; (Z7,) are disjunctions, which can be obtained by using LS-Lemma.
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Denote by A;(x,z,&) the systems that we get after excluding a ged-expression with index
€ [1..0] from A(z,zZ,x). Then for every i = 1..k, we obtain a disjunction €; ;(Zp,&) as a result

of application of LLS-Lemma to the subsystem
Pio(2,2) =22 0Nz = 0A fi(Z) = 0A cix = 0hy(Z) — §:(2)

of the formula @ > 1 A @, o(z,2) A é(_ o) A Aj(x,Z,X).

The result of substitution of G@a—l for ¢; in the formula &\ ¢; > (p( W) AA;(x,z,x) and
multiplication of the resulting expressions by a; will be denoted by Ai,a( Z,X), where i = k+1..1.
Applying LS-Lemma to the subsystem

Dio(x7)=2=0Az=0A fi(2) =0A 0(G(2) + cix) > a;

of the formula @; ;(z,Z) A ﬁi,g(az,z,cx) we obtain a disjunction €; ;(Z7,&). It remains to notice that
the lists Zy and z7 have fewer variables since every polynomial fz( ) is not identically zero for
i = 1.1

Now consider the case when the values of polynomials E(E) are non-zero:

\/ (&21N@ﬂMm>OA$@®A A @@@pnAm@pﬂj
oe{—1,1}! i€[1..k] (1'20)

AN ofiE)=1n N\ GCD(fi(Z%).5 ()—l—cix)—?zi(i,a)).

i€[k+1..1] i€[l..m]

The disjunction 52 (z,Z2,x) is a result of application of LS-Lemma to the subsystems with all linear
equalities and inequalities over Z in every disjunct from (1.20). Remark 1.4.1 yields regularity of

every gcd-expression with x in the resulting systems.

1.5 Step 2: GCD-Lemma Application

Now consider the subsystem of (1.10) with an isolated variable x. Without loss of generality,

we can assume that all ¢;; equal 1 as we can compute C' = LCM(c; ;), multiply every ged-
i=1..7;

expression by %, replace all occurrences of Cx by = and add the ged-expression GCD(C\z) = C.
1,7 J—
Introducing some new positive integer Greek variables {3, rewrite the formula Jz@(x,z,X)

for L%-formula Jx@(z,z,x), where

PrEX) =a>1AZ>0A2 > 0A @(Zx)
A\ GCD(fi(2®).g:(2) + x) = hi(z.%) (1.21)

to get an equivalent in Z formula of the form IR (Z,&,B) such that IxIPY(Z,&,B) is some
Lr-formula. This transformation will define Step 2 of the quasi-QE algorithm R.
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Denote the list of variables Z,& by @ and consider conditions (i) (iv) of GCD-Lemma.

(i). In this case introduction of new variables is not needed. We get the conjunction

N GCD(hi(w),fi(w) = hi(u).

i€[l..m]
(ii). For every ordered pair (i,7) with 1 < i < j < m, a new variable ; ; is introduced such

that the second condition can be written in the form:
A 3, (GCD(hi(@),h; (W) = Gy A GCD(Gi3,9:(2) — 95(2)) = Giy) -
1<i<j<m
This formula can be put in prenex form, as the corresponding variables appear only in a single
pair of ged-expressions.

(iii). For every ordered pair (4,5), ,j € [1..m], we introduce two new variables 1, ; and 6, ;
to rewrite the divisibility GCD( f;(w),h;(@),9:(Z) — g;(Z)) | hi(w) in the following form:

i 30, ;(GCD(fi(w),h;(w)) =N,
A GCD(M;,5,9i(Z) — g(2)) = 0;; A GCD(0; 5,hi(w)) = 0, ).

(iv). We have to rewrite the fact that for every prime p < m and index set I C [1..m] such
that |I| = p either the condition

A (vp(hi(ﬂ)) = max up(h;(@)) Avy(fi(@) > ’Up(hi(ﬂ))) :

je(1.
iel JElLm]

is false, or there are such i,j € 1,7 # j that v, (g:(Z) — g;(Z)) > v, (hi(w)). Let us construct a

formula (2, ;(@) to write this condition in the form of the following conjunction:

/\ /\ “QP,I (ﬂ) )

p<mApEP \ IC[1.m]A|I|=p

where P is the set of the prime numbers.
The first case is when the index set I is not a subset of J,: either not for all < € I the value

of v,(h;(w)) is the same, or not the maximal V  v(hi(w)) < vy(h;j(w)). Here the relation
i€INjE[l..m]
vp(x) < v,(y) is definable by the formula

A (GCD(r,z) = L A GCD(pr,z) = L A GCD(L,y) = t A GCD(pLy) = pt) . (1.22)
Now exclude the sets I with \/ v,(fi(@)) = v,(h;(@)), since otherwise I is not a subset of I,.

i€l
For the relation of equality of p-valuations v,(z) = v,(y) we have the existential formula

I (GCD(,z) = Lt AGCD(L,y) = L AGCD(pr,z) = Lt AGCD(pLy) =1). (1.23)
If neither of the disjunctions is true (i.e. I C I,), we only need to write the condition «there
are such i,j € I, 1 # j that v,(¢;(Z) — g;(Z)) > v,(hi(@))». Combine the disjunctions to get 2, /().

Gu@ =\ uhu@) < o(h@) Vv \vp(hi(@)) = v,(fi(w))

t€INjE[Ll..m] iel

VoV (92 = g5(2) > (@),

i,jEINi#]
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Introducing new Greek variables for every disjunct, using (1.22) and (1.23), we rewrite
this formula in the desired form. This completes the transformation of (1.21) using GCD-Lemma.
Since all ged-expressions with « in (1.21) are regular, the variables f can take only positive values.
Adding B > 1 to the resulting formula, we get a desired formula 3pW(Z,x,B).

1.6 The Reduction Theorem

We can now prove the following theorem. Recall that PAThS denotes the positive existential
theory of some structure S; for multiplication by a positive integer a introduce a unary function

symbol a-.

Theorem 2. The decision problem for 3Th(Z;0,1,+ , —, < ,GCD) is reducible to the decision
problem for PATh(Z~¢;1,{a }eez-,,GCD).

Proof. From Lemma 1.2.2, it follows that it is sufficient to check satisfiability in Z of formulas of
the form (1.7). Since (1.7) is an Lg-formula, let us prove that Step 1 and Step 2 from Sections 1.4
and 1.5 actually define a quasi-QE algorithm R.

By construction, Section 1.4 satisfy the definition of Step 1 of the algorithm R.

For Step 2 first note that condition (i) introduces ged-expressions, each of which has form
either (R-1), (R-3) or (R-4). Rewriting (ii) and (iii), we obtain gcd-expressions of the following
forms: (R-2), (R-3) or (R-4) and for condition (iv) — ged-expressions (R-3) or (R-4).

Let us now check that ged-expressions with a Greek variable from some ged-expression of the
form (R-2) satisfy the restrictions from the definition of Lg. This is obvious for the new Greek
variables, introduced while rewriting conditions (ii) and (iii). While for every Greek variable
from a ged-expression of the form (R-2) in system (1.21), its occurrence in the right-hand side
of some ged-expression, which was obtained in Step 2, can only be connected with condition (i).
Since Jx@(x,z,®) is an Li-formula, every ged-expression with x and some Greek variable ¢ in the
right-hand side has form either GCD(f(Z),9(Z) +x) = al, or GCD(al,g(Z) 4+ ) = bl. In this case,
from (i) we obtain ged-expressions of the form GCD(a(, f(Z)) = aC or GCD(b(,a) = bl. Hence,
after application of transformations from Section 1.5, the formula Jx3pW(Z,&,B) is actually an
Lx-formula.

To complete the proof it is sufficient to notice that every L%-formula is a formula of the

form Jox | @ > 1A \/ @;(&) | for some finite index set J, where every ¢,(x) is a conjunction

jeJ
of atomic formulas of the form GCD(d,0/) = ¢, GCD(d,t/) = ¢C, GCD(al,l)) = cn or
GCD(a(,bn) = 0 for some positive integers a,b,c and non-negative integers a’,b’',c. To get a

positive L (10 Yocs GCD>—f0rmula, we exclude the cases when a’,b/,¢’ are equal to zero.
b a >07
The expression GCD(a',b') = ¢’ can be directly computed and we either exclude this ged-
expression from ¢;(x), or conclude that the system is not satisfiable. The case when we have

an expression of the form GCD(0,0) = ¢C also implies unsatisfiablilty of ¢;(x) in the positive
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integers. Finally, exclude the expressions GCD(a,0) = ¢C and GCD(a(,0) = cn, substituting in
the first case ¢ for all occurrences of ¢, and in the second case 2( for n, and then multiplying

these ged-expressions by c. O

1.7 Systems of GCD-Expressions with a Single non-Zero Coefficient

In this section, using a quasi-quantifier elimination algorithm, we will prove decidability
of the positive existential theory of the structure (Z-o;1,{a}sez.,,GCD). Thus, the proof of
Theorem 1 will be completed.

If we suppose that our aim was only to solve the original problem of decidability of
the J-theory of the structure (Z;0,1,+, —, < ,GCD), then it would be sufficient to combine
Theorem 2 with the decidability result for Skolem arithmetic with constants. Recall that
Skolem arithmetic is the elementary theory of the structure (Z-o;-, =), i.e., the arithmetic of
multiplication. T. Skolem presented an informal proof of decidability using quantifier elimination
technique [5; 72]. Relying on the notion of direct product of structures, A. Mostowski [53] in
1952 presented a complete proof. Alternative proofs were later obtained by P. Cégielski [14]| and
B.R. Hodgson [33|. Since the relations = a for every natural a > 2 are not definable in the
structure (Zso;-, =) (see [5]), we need a slightly more general result. A decidability proof for
Th(Z~o;{a}eez-y, -, =) can be obtained by reduction to Skolem arithmetic [24]. Now, since the
relation GCD is definable by the formula

GCD(zy) =z z|axAz|yAVt{t|zAt|y=1]2), (1.24)

by definition of the divisibility relation = | y = Jz(y = z - x) we prove decidability of the
elementary theory of the structure (Z-o;1,{a-}4ez.,,GCD).

Nevertheless, to complete the proof of Theorem 1, it is sufficient to prove decidability of
the positive existential theory of the aforementioned structure. Let us show how to apply quasi-
quantifier elimination approach to obtain this decidability result. It is clear that we can consider
the problem of satisfiability in the positive integers of a system of gcd-expressions with linear
polynomials of the form either a or ax for some positive integer a. For this problem we construct
a quasi-QE algorithm D. In Step 2 of D we use the following corollary of GCD-Lemma.
Lemma 1.7.1. The system J\ GCD(a;,xz) = d; for a;,d; € Z and a; # 0, d; > 0 for every

i€[1..m]
i € [1..m] has a solution in Z if and only if the following conditions simultaneously hold:

(a) N difa

i€[l..m]

1<i<j<m

Proof. Since in our case all the values of b; from GCD-Lemma are equal to zero, it is sufficient to

consider only conditions (i) and (iii). The first one remains unchanged and condition (iii) has the
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form of a system of the following pairs of divisibilities:
GCD(CLi,dj) | dz N GCD(a],dl) | dj

for any 1 < i < j < m. The divisibilities obviously follow from (b). The converse direction follows

from the chain of equalities:
m

Now consider the structure (Z-¢; 1,{a-}4ez.,,GCD) and define qiasi-QE algorithm D. In this
algorithm Sy will be the empty sort of variables. The language Lp of algorithm D will be the set

of formulas \/ @;(y;) for some finite index set J; and conjunctions of ged-expressions @;(¥y) such
jeN
that every gcd-expression has one of the following forms:

(D-1) GCD(au,bv) = dw
(D-2) GCD(au, bv)
(D-3) GCD(a, bv)

(D-4) GCD(a,b) =

where v and v are dlfferent Varlables, w can be the same as u or v, and a,b,d are positive integers.
Moreover, each conjunction @;(7) for every pair of variables u,v € i contains some gcd-expression
with left-hand side of the form GCD(au,bv) for some positive integers a and b.

The set of formulas of elimination form L%, C Lp comprise formulas \/ ¢;(x,z;) for some
Jj€J2
finite index set J, and every @;(z,z) of the form

/\ GCD( fm( ) Cijx) = hw( ) (1.25)

i€[l..my]

such that o does not appear in z, ¢; ; > 0, and (AT; ;(Z) is a system of ged-expressions with variables
from Z.

Before we define Steps 1 and 2 of the algorithm D, let us prove the following lemma.

Lemma 1.7.2. The decision problem for PATh(Z~¢; 1,{a }sez-,,GCD) is reducible to the decision
problem for Lk-theory.

Proof. Consider a system of gcd-expressions

A GCD(£i(9).9:®)) = hi(p) (1.26)

1€[1..m]

for fi(v),9:(w),h:(y) of the form either au or a, where a is a positive integer and u € 7.

In the case of GCD(au,bu) = h(y) the greatest common divisor can be directly computed,
and we can eliminate one of the variables. For the ged-expressions of the form GCD(a,g(7)) = du
with a,d > 0, the system (1.26) is equivalent to a disjunction over all positive divisors d’ of § of

the systems, that we obtain from (1.26) replacing every occurrence of u by d'.
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Consider pairs of variables u,v € ¥ such that in (1.26) the value of GCD(au,bv) is not
specified for any positive integers a and b. Introduce a new variable ty, . for every such pair (u,v)
and add to the system (1.26) the expression GCD(u,v) = t, ). We continue this process for the
new variables and introduce at most 2" variables ty for the greatest common divisors of various

subsets Y of g (since for every two variables ty, and ty, we have GCD(ty,,ty,) = tv,uy,)- O
Theorem 3. P3ITh(Z-.¢;1,{a }uez.,,GCD) is decidable.

Proof. From Lemma 1.7.2 it follows that if we define a quasi-QE algorithm D for the language
Lp in Zo then we will get a decision procedure for PATh(Z~0; 1,{a }acz.,,GCD). Define the two
Steps of D.

Step 1. Let us have an Lp-formula of the form (1.26). Construct a directed graph whose
vertices are the variables of the system (1.26), and every arc from the vertex u to the vertex v
corresponds to a ged-expression with h;(7) of the form du, and either f;(7) or g;(7) of the form av.
In the resulting graph we will detect cycles and rewrite (1.26) as equivalent disjunction of systems
with fewer number of variables. We see that if the graph constructed by the system (1.26) has no
cycles, then Lp-formula (1.26) contains variables that do not appear on the right-hand side of any
of the ged-expressions, and thus this formula is a Lj-formula.

Assume that there is some cycle y; — y» — ... = y, — y1. It corresponds to a sequence of

divisibilities of the form
a1y ‘ b1y2,....0s-1Ys—1 | bs—1Ys,YYs | dy.

The first (s—1) divisibilities yield a divisibility of the form oy | Bys. Thus, we have By, = ko, for
some positive integer k. The divisibility yys | dy; implies that yRy, | dBy: and hence ykoy; | dBy;.
Since y; > 0, there is a finite set of such k£ and we can eliminate one of the variables, for example
ys. We continue this process to eliminate all the variables from this cycle except for ;.

Step 2. Consider the subsystem of (1.25) with an isolated variable x. As in Section 1.5, we
can assume that all ¢; ; equal 1, and we have the following L7-formula

()N \ (GCD(fi(z)@) = hi(2)). (1.27)

i€[l..m]

Applying Lemma 1.7.1, consider every item separately.

(a). In this case we obtain the conjunction A GCD(h;(Z),fi(Z)) = hi(Z).
i€[1..m]
(b). For every pair 1 < i < j < m we have to rewrite the chain of equalities

GCD(fi(2),h;(2)) = GCD(f;(2),hi(2)) = GCD(hi(2),h;(2)).

We have two cases. If h;(Z) = d; or hj(Z) = d; for some positive integers d;,d;, we get the
following disjunction over all positive divisors of d; (assuming the first equality holds):
V/ (GCD(fi(2).h;(2)) = d A GCD(f;(2).di) = d A GCD(ds,hy(2)) = d).
dld;

Suppose that the ged-expressions with numbers ¢ and j are of the form (D-1). We can rewrite

this condition for h,;(Z) = d;z; and h;(Z) = d;z; as follows.
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If z; = z; we get a conjunction

Now let z; # z;. Then (1.27) must have a ged-expression of the form GCD(az;,bz;) = h(Z).
Therefore, GCD(z;,2;) = ﬂ)l for some divisor | of LCM(a,b) and hence GCD(h;(%), h;(Z))

GCD(a,b
must be equal to %h(?) for some k | LCM(d;,d;).
Define My, = %‘WG and rewrite condition (b) for the pair (i,j) using the following
disjunction:

\/ ( \/ GCD(hi(2),h;(Z)) = My, h(Z)

k|LCM(d;i,d;) \I|LCM(a,b)

A GCD(fi(2),1;(Z)) = Myih(Z) A GCD(J;(Z),h:(Z)) = Mk,lh(z)) .

The resulting formula is obviously an Lp-formula, and we have thus defined a quasi-QE

algorithm D. This concludes the proof. O]

Theorem 1 now follows from Theorem 2 and Theorem 3.

1.8 Conclusion and Connections with Chapter 2

The decision problem for the existential theory of the structure (Z;0,1,+,—, < ,GCD)
was reduced to the decision problem for the positive existential theory of the structure
(Z~0;1,{a}qez-,,GCD). Then the decidability of the latter theory was proved. The ideas of both
reduction and decidability proof were essentially the same: to isolate a variable and then transform
the resulting formula using GCD-Lemma, a generalization of the Chinese remainder theorem. To
formalize this idea, we introduced the notion of quasi-quantifier elimination algorithm, and then
constructed quasi-QE algorithms R and D to solve the two problems above.

Presented algorithm does not use complex arguments and is actually completely described
in section 1.2, while the other sections only provide technical details. It is not difficult to extract
from our algorithm a decision procedure for the existential theory such structures as (N;0,S5, |)
and (Z; 0,5, < ,GCD), where S stands for the successor function Sz = =+ 1. These structures are
interesting, since in their languages we can rewrite system (4). Therefore, there is no polynomial
poly such that for every L g)-formula ¢, satisfiable over the natural numbers N, there is a
satisfying assignment, bounded by poly(|@|), where |@| is the size of the formula ¢. The same holds
for L s < ccp)-formulas satisfiable over the integers. It is an interesting problem to investigate
whether any of these theories is in NP. An effort to answer on these questions seems to be a
natural approach when we study algorithmic complexity of 3Th(Z;0,1, 4+, — , < ,GCD).

The notion of quasi-quantifier elimination can be helpful in attempts to prove decidability

of ITh(N; 1, +, | ,»). A. Sirokofskich remarks [71]| that J. Robinson and L. Lipshitz tried to find
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an answer to a related question: ,,J. Robinson asked in a personal communication with L. Lipshitz
whether the existential theory of Z in the language of addition, divisibility and the predicate for
powers of 2 is decidable®. Note also that this problem is inter-reducible with the decision problem
for the existential Biichi arithmetic of base 2 with divisibility. The latter theory is the existential
theory of the structure (N;1, + | ,V5), where V; is a binary predicate such that V,(z,y) if and
only if y is the greatest power of 2 that divides z. We see that Va(x,y) < Py(y) Ay | 2 A2yt x
and Py(z) < Vi(x,z). Even in the case when these theories are undecidable, we can further ask
whether at least 3ITh(N; 1, +, L P} is decidable. In order to answer this question it is necessary
to understand particularities of decision procedures for ITh(N; 1, +, L).

Substituting the relation GCD in Theorem 1 for the coprimeness relation, we considerably
simplify Step 1 of algorithm R. In this case, either all gcd-expressions are of the form
GCD(f(7),9(%)) = d for the expressions with coprimeness, or GCD(f(Z),g(Z)) = a( for their
negations, where ¢ > 2 and a,d are positive integers. Moreover, we can avoid using Greek variables
in algorithm R if we consider only positive existential formulas of the first-order language of the
signature o, = (0,1, 4+, —, # ,GCD{,GCDs,...), where GCDy(z,y) = GCD(z,y) = d. Similar
to the case from Example 1.2.2, the algorithm can be easily transformed into an algorithm
which to every positive existential L, -formula assigns an equivalent in Z positive quantifier-
free Ly -formula. In the next chapter in this way we obtain a description of every relation,
P3-definable in the structure (Z;1, 4, L1).
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Chapter 2. Positive Existential Definability with Unit, Addition and
Coprimeness

For instance, it is not clear whether one can define the order
relation in the existential fragment of (Z;+, | ,0,1), hence we
will work with (Z; +, |, < ,0,1) instead of it, whenever

needed.

M. Bozga and R. losif [7] (2005)

In this chapter, we consider applications of quasi-quantifier elimination algorithms to some
definability problems. The main result is that every relation is positively existentially definable in
the structure (Z; 1,4, L) if and only if it is positively quantifier-free definable in the structure
(Z;1,+,—,#, L ,GCDy,GCD3,GCDy,...), where GCD,4(z,y) = GCD(z,y) = d. This implies
that the negation of coprimeness and the order relation are not positively existentially definable in
(Z;1,+, L). We then obtain three generalizations of the BL-Theorem. At the end of this chapter,
we construct quasi-QE algorithms for 3Th(Z; 1, +, —, <, L) and for a much more simple positive

fragment of this theory.

2.1 Arithmetic of the Integers with Unit, Addition and Coprimeness

When we describe properties of some objects (such as programs with lists 7] or parametric
one-counter automata [29]) using formulas of the first-order language with unit, addition, order
and divisibility, it is convenient to have any description of the relations, definable in this language.
However, apart from some examples, we do not have any significant general results on the
existential definability in the structure (Z; 1, +, —, <, |). In the first chapter we have shown that
the graph of the GCD function and its negation are 3-definable (1.4), and thus the coprimeness
relation x L y together with its negation are also 3-definable. Moreover, since we know that
the indivisibility relation is P3-definable in this structure (1.2), it would be interesting to ask an
analogous question: is the negation of coprimeness P3-definable in (Z; 1,4+, —, <, 1)? M. Bozga
and R. Iosif 7, Remark 2 on p. 428| raised another natural question of whether the order relation
is 3-definable in the structure (Z;1, 4+, —, |).

Among the general results on F-definability in (Z; 1, +, —, <, |), we can mention one result
by L. Lipshitz [45] who proved that every set S C N, 3-definable in this structure, is a union
of some finite set and (perhaps empty or infinite) union of arithmetic progressions. L. van den
Dries and A. Wilkie [23] studied growth properties of functions whose graphs were 3-definable
in (Z;1,4,—,<,|), however these results do not seem helpful answering the aforementioned

definability questions.
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Constructing quantifier elimination algorithms is a classical approach to the problem of
describing the predicates, definable in some structure (M;o). Let us only mention some well-
known results related to the structures considered in this chapter: the integer arithmetic with
unit, addition and order, and the arithmetic of the p-adic integers with unit, addition, equality
and strict divisibility « || y = v,(z) < v,(y). In the first case, M. Presburger [59] (see also [30])
showed that every relation is definable in (Z; 1, + , — , <) if and only if it is quantifier-free definable
in (Z;1,4+,—,<.,2|,3],4],...) with unary predicate symbols d | for divisibility by constants
d > 2. V. Weispfenning [83] and T. Sturm [78] presented quantifier elimination algorithms for the
structure (Q,; 1,4+, —, =, ||) and thus obtained a characterization of the predicates, definable
in this structure, i.e., these predicates are exactly the predicates, which are definable in this
structure by some quantifier-free formulas.

This pioneering paper by V. Weispfenning [83] played a key role in the intensive development
of quantifier elimination techniques using the so-called virtual substitution. The implementation
of these methods in practice was initiated by the students of V. Weispfenning, mainly by
A. Dolzmann and T. Sturm. They developed the RedLog [22| package for the computer algebra
system REDUCE, which has found a lot of applications and continues to evolve nowadays (see the
overview by T. Sturm [80], as well as the RedLog project page!). In particular, RedLog implements
quantifier elimination in the linear theory of the p-adic numbers; for Presburger arithmetic it uses
quantifier elimination algorithms developed by A. Lazaruk and T. Sturm [39; 40].

Analogues of quantifier elimination algorithm for Presburger arithmetic are also used for
other structures, as for example, in the recent work of P. Backeman, P. Rummer and A. Zeljic [2] on
the elimination of quantifiers in machine arithmetic (bit-vector arithmetic). Note that while there
is a well-known relationship between operations over bit-vectors and over the 2-adic numbers [35],
quantifier elimination algorithms in linear theories of the 2-adic numbers (to the knowledge of the
author) do not seem to attract significant interest in the formal verification community.

Another important example is the following result, obtained by V. Weispfenning [84]
in 1999. Using quantifier elimination, he proved that the sets, definable in the structure
(Q;1,+,—,=, < ,Int), where Int is a unary predicate symbol for the property «to be an integer,
are exactly the sets, quantifier-free definable in <Q; L+, = [l {c}eg: = <>. Here, [] is a unary
function symbol for the integer part operation and c- are unary function symbols for multiplication
by rational constants c. Note that this result was already known to C. Smorynski in 1991, but he
probably did not consider this proposition important enough for publication and included it in
his book «Logical Number Theory I» as an exercise |73, 111.4, Exercise 15].

In all these cases it was sufficient to construct a positive quantifier-free formula (), which
was equivalent in the corresponding structure to a given positive existential formula (P3-formula)
Jze(z,y), as every negated atomic formula could be defined by some positive quantifier-free
formula. As a corollary, we obtain decidability of the elementary theories of these structures.

In the same paper V. Weispfenning [84] remarks: «By way of contrast, quantifier elimination
definitely breaks down if one admits scalar multiplication by a real parameter or integer divisibility
in the language» and in connection with the BL-Theorem, he asks whether P3Th(R; 1, +, — ], |)

Thttps:/ /www.redlog.eu /references,/
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is decidable, where = | y = 3z(Int(z) Ay = zz). The fact that we cannot eliminate quantifiers in
the case when we add an integer divisibility relation to the signature is a consequence of a simple
remark by L. Lipshitz [45]. He showed that every enumerable set is definable in the structure
(N; 1,4, |) using a formula with a single universal quantifier that follows a block of existential
quantifiers: 3...3V. Indeed, it is not difficult to show (a similar reasoning will be used in the proof
of Corollary 3.4.1.1) that this fact follows from the definability of the graph of squaring function

using the following universal formula:
y=rez|yrz+l|z+yAVz(z|zAz+1l|o+z=>0+y |0+ 2). (2.1)

Thus, the V3- and 3V-theories of the structure (Z; 1,4+, — , <, |) turn out to be undecidable. Note
that if we introduce the relation of divisibility by two consecutive numbers x S|y =zx|yAz+l]y
then the formula (2.1) almost immediately implies definability of the graph of squaring function
in the structure (N;1, + ,S|). We turn to the problems of definability in structures with the
relation °| in Chapter 3.

Due to this negative result, an important problem is to find the widest possible decidable
fragments of V3Th(Z; 1,4+, —, <, |). In the preprint [57], G.A. Pérez and R. Raha (building on
the works by M. Bozga and R. Tosif 7] and especially on the papers by C. Haase, S. Kreutzer,
J. Ouaknine, J. Worrell [60] and A. Lechner [43]) defined a family of V3-formulas in the
language with unit, addition, and divisibility; proved its decidability and used this result to
study decidability and complexity of synthesis problems for parametric one-counter automata
(P1CA). Note that decidability of the reachability problem for P1CA was established in 2009
by C. Haase et al. [60] using the BL-Theorem. It turns out that the reachability property for
P1CA can be expressed by an existential L _ < -formula and, in addition, there is an inverse
reduction [29, Lemma 4.2.1].

Considering the relationship between automata and definability problems for arithmetic
structures, we can note the following. In some structures, such as (N;0,1,+4 P, =) or in
k-Bichi arithmetic (N;0,1, 4+ ,V;, =), where £ > 2 and Vi(z,y) & (Pi(y) A GCD(ky,x) = y),
definability problems can successfully be solved using automata-theoretic tools. According to a
well-known theorem of R.J. Biichi [10; 47|, every relation over the natural numbers encoded in
positional number systems base £ > 2 is recognizable by a deterministic k-automaton if and
only if this relation is definable in the structure (N;0,1, + ,V}, =). However, as was shown by
A.L. Seménov [68], there are relations, definable in this structure but not in (N;0,1, + P, =). In
1992, R. Villemaire [82] proved that every relation, which is definable in k-Biichi arithmetic, is
also definable in this structure using some 3Fv3-formula. C. Haase and J. Rézycki [32] note that a
slight modification of Villemaire’s proof will allow us to construct V3-formula, however, existential
Biichi arithmetic turns out to be less expressive.

Denote by L;_ga the language of Biichi arithmetic of base k. The aforementioned descriptions
of all the relations, definable in k-Biichi arithmetic, were obtained as follows: by Biichi’s theorem,
for every Ly _pa-formula @(z1,...,2,), we can constructively find a deterministic finite k-automaton
A that recognizes exactly those (ai,...,a,) € N" such that the formula ¢@(ay,...,a,) is true.

Next, for every such automaton A we construct a V3L, ga-formula P(zy,...,x,) that encodes
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the computation of A, i.e., this formula \{ is now true for some (a,...,a,) if and only if A accepts
(@1,...,a,). Therefore, informally speaking, in the case of k-Biichi arithmetic, the elimination form
of a given formula is the k-automaton that was constructed for this formula. Probably an automata-
theoretic approach to the arithmetic of the natural numbers with unit, addition and divisibility [11;
29; 42; 60| will yield us as significant definability results as in the case of Biichi arithmetic (see
the reviews [5; 47]). However, in this thesis we will only use an arithmetic approach to study
definability, and we further will not return to an automata-theoretic approach.

Considering definability and decidability questions from a practical point of view, it is not
obvious whether quantifier elimination or automata-theoretic approach to arithmetic theories
is more successful. Let us quote a remark of C. Haase [30] regarding decision procedures for
Presburger arithmetic: «While to the best of the author’s knowledge the automata-based approach
is not widely applied in practice these days, it is worth mentioning that it can empirically be more
efficient compared to quantifier elimination. For instance, even on small instances of the Frobenius
problem presented in the introduction, a straight-forward implementation of the automata-based
decision procedure outperforms the quantifier-elimination procedure implemented in the SMT-
solver Z3 [54] by orders of magnitudes». In the last statement, C. Haase refers to an informal
discussion of the problem with M. Blondin.

It does not seem to be an easy task to understand how we can use quasi-quantifier elimination
algorithms from Chapter 1 to describe all the relations, existentially definable in the structure
(Z;1,+,—, <, ). As stated above, this class coincides with all P3-definable relations. However,
in the case when the second sort of variables in a quasi-quantifier elimination algorithm is empty;,
as in the case considered in Example 1.2.2, it is possible to apply quantifier elimination to describe
the predicates that are definable by existential formulas of the language of this algorithm. It thus
seems natural to consider intermediate languages between 3L 4 _ <y and 3L 4 _ <)y, and then
construct quasi-quantifier elimination algorithms over Z for these languages. In this chapter we
study P3-definability in the structure (Z; 1, +, L) and some related questions.

In 1989, D. Richard [63] proved that the graph of multiplication is first-order definable in the
structure (Z; 1, +, L). The main difficulty in proving this result was to define the order relation
(or equivalently, the set of non-negative integers), since definability of every arithmetical relation
in (N; 1, +, 1) was earlier proved by A. Woods [85] (moreover, in two different ways). Woods also
noted that another proof was independently obtained by J. Robinson but remained unpublished.

The study of arithmetical definability problems, in particular for the structures with
coprimeness relation, was initiated by J. Robinson [65]. She proved that every arithmetical relation,
i.e., definable in the structure (N;+, -, =), is definable in the structure (N;S, |), where S is a
unary function symbol that corresponds to the successor function z — z + 1, and | stands for
the binary divisibility relation. Such kind of structures were called Def-complete by 1. Korec [36],
who presented a list of various Def-complete structures. Replacing the divisibility relation by
coprimeness, J. Robinson asks whether (N;S, 1) is Def-complete, or whether we can at least
prove that the elementary theory of the structure (N;S, 1) is undecidable. An positive answer
to the last question was independently given by D. Richard [61] and A. Woods [85], while Def-

completeness remains an open problem. It is well-known that this problem is closely related to the
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so-called Woods-Erdés conjecture (see an overview of the main results of A. Woods by P. Cégielski
and D. Richard [17]). The definition of Def-completeness, similar definitions and examples will
be given in Chapter 3.

The main result of this chapter is the proof that every relation, which is
P3-definable in (Z;1,4, 1), is positively quantifier-free definable in the structure
(Z;1,4+,—,# , 1 ,GCDy,GCDs3,...), and vice versa. Here GCD, for every d > 2 is a binary
predicate symbol for the relation GCD,(z,y) = GCD(z,y) = d. First, in Section 2.2 we show
why the signature must be extended in order the elimination be possible. Then in Section 2.3
for every P3-formula 3x¢@(z,y1,...,y,) of the language with thus extended signature we construct
an equivalent in 7Z positive quantifier-free formula of the same language. This construction is
based on GCD-Lemma and defines a quasi-quantifier elimination algorithm. Note that rewriting
the fourth condition of GCD-Lemma for each prime p we can see some traces of the quantifier
elimination algorithms for the structure (Q,;1,+,—, =, [|).

In Section 2.4 we prove that the negation of the coprimeness relation is not P3-definable
in the structure (Z;1,+, L), since otherwise Th(Z;1, 4+, L) would be decidable. Then close
results will be obtained on P3-definability for structures (N; S, 1) and <Q; 1,4+, — ,{c-}ceQ, J_>.
Combining the main theorem of this chapter with the BL-Theorem, in Section 2.5 we construct a
decidable fragment of V3Th(Z; 1, + , —, <, |). We also show how to apply GCD-Lemma in order
to generalize the decidability result by G.A. Pérez and R. Raha [57]. In the same section we
obtain another generalization of the BL-Theorem, namely, the existential theory of the structure
(R;1,4+,—,]],<,|) turns out to be decidable. This gives a positive answer to a question by
V. Weispfenning [84, Remark, p.135].

At the end of this chapter we construct quasi-QE algorithms for the positive case and for
the general case of the existential theory of the structure (Z;1,+,—, <, Ll). The quantifier
elimination algorithm from the main theorem of Section 2.3 and these two algorithms can
be considered as three cases, which successively generalize each other when the signature is
extended by the order relation and the negation of the coprimeness relation. These constructions
demonstrate the following. Quasi-QFE algorithms turn to be a convenient tool for constructing
decision procedures for the theories that are intermediate between existential arithmetic of addition
and J-arithmetic with addition and divisibility. Note that for 3Th(Z; 1, + , — , <) the strong form
of the LS-Lemma almost immediately yields an algorithm from the class NP (see [26] and [42,
Section 2.3, Corollary 2|). In addition, these algorithms will show significant differences between

these intermediate P3-theories when we extend the signatures.

2.2 Positive Quantifier-Free Undefinability Results

In this section, we show that in order to apply quantifier elimination in the case of positive

existential formulas, the signature of the structure (Z;1,+, L) must be extended with some
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P3-definable predicates. The following lemma gives us the main examples of the relations,
P3-definable in this structure.

Lemma 2.2.1. The relations t =0,y = —x, x =y, v # 0, x # y, and GCD(z,y) = d for every
integer d > 2 are positively existentially definable in the structure (Z;1,+, L).

Proof. For the first two relations, we have the following quantifier-free definitions: + =0 < x+1 L
r+1AN3Llz+2andy=—arx+y=0.

The formula 3¢ (x L t Ax L t + 4) defines the relation x # 0. It is obviously false when z = 0.
If we suppose that x # 0, then there is a finite set P, of prime divisors of x. To construct t, it is

sufficient to use the Chinese remainder theorem to solve the following system of congruences:

t = 1(mod 2) At = 1(mod 3) A /\ t = 2(mod p).
PEP\{2,3}
Indeed, for every prime divisor p of the integer =, we have p{t Ap{t+ 4.
Thus we get © =y < It = —yAzx+t=0)and x #y < Jt(t = —yAz+t#0). The
relation GCD(z,y) = d is definable by the formula Ju3v (z = du Ay = dv Au L v). O

It is convenient to include in our signature unary function symbol ‘—’, and further
suppose that every term is a linear polynomial with integer coefficients. The equality relation
is now quantifier-free definable in (Z; 1,4+, —, 1) and dis-equality # is quantifier-free definable
n (Z;1,+,—,#0, L). In the following two propositions we will show that the signature of
(Z;1,4 ,—, L) must be extended to define every relation from Lemma 2.2.1 by some quantifier-
free formula.

Before we begin with questions of quantifier-free undefinability, let us more formally describe
the standard transformation, which we use in Section 1.4. Every expression of the form GCD(f(y)+
ax, g(y) + bx) = d, where a,b # 0, and f(y), g(y) are linear polynomials with integer coefficients,
can be rewritten using Euclid’s algorithm such that the coefficient of the variable x is non-zero only

in one of the polynomials of the expression. Let a > b > 0 and a = ¢b + r, where r € [0,b). Then

GCD(f(y) + ax,9(y) + bx) = d <
GCD(f(y) — a9(y) + rz, g(y) + bx) = d.

Repeating this process until one of the coefficients of z becomes a divisor of the other and then

again applying the specified step, we obtain a formula of the form GCD(f(7),§(7) + cz) = d.

Lemma 2.2.2. For every linear polynomials with integer coefficients f(y) + ax, g(y) + bx we
can construct such linear polynomials f(3) and §(7) + cx that GCD(f(7) + az,g(y) + bx) =
GCD((9),9(7) + cx).

Proposition 2.2.1. The relation x # 0 is not positively quantifier-free definable in the structure
(Z;1,+,—, 1).



43

Proof. Assume that there is a formula

o(x) = \/ /\ai Lb+cx|,

jeJ \1€l;

where every ¢; > 0, that defines the relation x # 0. Then ¢(0) must be false; therefore, for every
j € J there is an index i € I; such that a; £ b,. This index will be denoted by ;. If for all j € J

we have a;; = 0, then the formula @(z) is obviously false for every z > max |bi;| + 1. For the
JE

case when at least one of the numbers a;; is non-zero, define A =[] a;;. We see that A is
jEINai; #0

positive, however —@(A). This contradicts the definition of . n

We now prove that the extension of the signature by a predicate symbol for dis-equality

is still not sufficient.

Proposition 2.2.2. The relation GCD(z,y) = d for every fixed integer d > 2 is not positively
quantifier-free definable in the structure (Z;1,+,—,#, L).

Proof. We are going to show that the statement is already true for the relation p || z = p | xAp? t
for any prime p. This relation is a special case of the formula GCD(z,y) = d for d = p and y = p®.

Suppose we have for the relation p || « the following formula:

(p(:c)ﬁ\/ /\aiJ_mecix/\ /\x;édi

jed \i€l; €K

Let D be the maximum of all the numbers d; from dis-equalities of the formula. It is clear
that for any z > D we have @(z) & \/ A a; L b; + ¢;z. Choose k > 1 such that p* > D. Then

ieJicl;
the formula @(p*) must be false. We ;re go]ing to construct an integer A such that p || A, but at
the same time =@ (A).
Since —@(p*), for every j € J it is true that for at least one index i € I; we have a; £ b;+c;p".
Denote the corresponding index i; for every j € J. Split the index set J into two sets J; and Js, the
first of which will contain such indexes that p { a;; Vp 1 b;;, and the other indexes will form J,, i.e.,

those j with p | a;; Ap | b;,. We see that for any x > D if p | x, then @(z) < \(J /} a; L b+ ¢z
JeJriel;
Let a;; = p*ay,, where a;, L p for every j € Jy. Define A = pF +p- H] ai,. It is clear that
J€d1
p || A, but at the same time for every j € J; we have the following chain of equalities:

GCD(OJZ']., bij + Cijpk) = GCD(&;:, bij + Cijpk) = GCD(&Z, bij + Ci].A).

The first equality follows from the fact that for j € Ji, if o; # 0 then p L b;;, and hence since
k> 1, b, + ¢ p* is not divisible by p. As the residue class of A modulo a;; is p¥ for every j € Ji,
we obtain the second equality.

Since a;; f b, + ¢ p*, we have ai; £ bi; +¢;;A and hence ~@(A). O



44

The relation p || = is obviously quantifier-free definable in (Z;1,+,—,2|,3],4|,...) using
the formula p | z A p* ¥ z. Moreover, for every fixed integer a such that a = cd for some integer c,
the relation GCD(a,z) = d is definable by the formula \/ a |z — dk. Indeed, it is sufficient

klenl<k<c
and necessary for the residue class of x modulo a to be divisible by d and coprime with c.

It might be an interesting question whether GCD(z,y) = d for d > 2 is quantifier-
free definable in (Z;1,+,—, L 2].,3|,4],...), but it will be convenient for us to use further

simultaneously with coprimeness the relations GCD(z,y) = d for every d > 2.

2.3 The Main Definability Result

In order to prove that after the extension of the signature (1,+,—, 1) by the predicate
symbols for the relations from Propositions 2.2.1 and 2.2.2 there will be no analogues examples of
quantifier-free undefinablilty, we use GCD-Lemma from Section 1.2.2. For convenience we recall

GCD-Lemma, which is a criterion of solvability in the integers of systems of the form

/\ GCD(aib; +x) = di. (2.2)
i€[l..m]
Lemma 2.3.1 (GCD-Lemma). For the system (2.2) with a;b;,d; € Z, a; # 0, and d; > 0 for

every i € [l..m], we define for every prime p the integer M, = n%ax ]vp(di) and the index sets
i€ll.m

Jy={i€e[l.m] : v,(d;) = M,} and I, ={i € J, : vy(a;) > M,}.
Then (2.2) has a solution in Z if and only if the following conditions simultaneously hold:

i) N dila

1€[1..m]

(i) N\ GCD(did;) | b; — b,
i,5€[1..m]
1,J€[1..m]

(iv) For every prime p < m and every I C I, such that |I| = p there are such i,j € I,
1 7é] that Up<bz‘ — b]) > Mp.

Fix the signature 0 = (1, 4+, —, #, L ,GCDy,GCD3,GCDy,...). By applying Lemma 2.3.1,
we will show how to eliminate an existential quantifier in a P3Ls-formula. The following theorem

will be intensively used in Sections 2.4 and 2.5.

Theorem 4. There is an algorithm assigning to every Ls-formula of the form Jx@(x,y), where
©(x,y) is positive quantifier-free, a positive quantifier-free Lg-formula (p(g) that is equivalent to

Jzo(z,y) in Z.

Proof. Taking into account Lemma 2.2.2, we need to show how to construct for a formula of the

form

3z |\ GCD(£:(©),9:(m) +cix) =di A N\ [:(9) # i (2.3)

i€[l..m] i€[m+1..1]
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an equivalent in Z quantifier-free formula (7). Here, f;(y) and ¢;(7) are linear polynomials
with integer coefficients and ¢; > 0 for every i € [1..m]. Let @(z,7) denote the matrix of the
formula (2.3). As in the first chapter, expressions of the form GCD(f(Z),¢9(Z)) = d will be further
called gcd-expressions.

Note that we can without loss of generality assume that all ¢; equal 1 as we can compute
C = I;:Cll\{[(cl), multiply every expression with index ¢ € [1..[] by C%, replace all occurrences of Cx
by  and adjoin the ged-expression GCD(C\z) = C.

Our goal now is to construct a formula PYpeeop(7) such that

V [ @=0n \/ ols-di—g@)7)
Elx(p(x’y) N i€[l..m] se{-1,1}

N /\ [i(@) # 0 A been(y)

1€[1..m]

Here we have separately considered the cases for which the first arguments of gcd-expressions
are equal to zero and hence the value of  can be immediately determined. To get an Ls-formula
we rewrite linear equalities using Lemma 2.2.1.

For the last case note that since A fi(y) # 0, according to Remark 1.3.1, the existence of
i€[l..m]
a solution to the subsystem of ged-expressions of @(7, ) implies the existence of such a solution

that simultaneously satisfies the subsystem of dis-equalities A\  fi(7) # cix.
1€[m+1..0]
Now consider the system A GCD(fi(y),9:(¥) + =) = d; with non-zero first arguments in
i€[l..m]
every gecd-expression. We will show that the fact that such system has a solution in Z can be

rewritten as a certain quantifier-free L,-formula.

Consider sequentially the conditions from Lemma 2.3.1. Expressions from (i) can be rewritten
using GCD(d,, fi(y)) = d; for every i € [1..m]. For condition (ii) denote D, ; = GCD(d;,d;) to use
an analogous formula:

GCD(D;,;,9:(Y) — 9;(y)) = D
for every index pair i,j € [1..m].
For condition (iii) we have a conjunction over all pairs of indexes 7,5 € [1..m] of expressions

of the form
GCD (GCD (fi(9), d;) , 9:(¥) — 9;()) | d.

We see that this formula is equivalent to the disjunction

\/ | GCD(£i(9), d;) = a A \/ GCD(a,0:(y) — 9; (7)) = d

ald; d|d;
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Rewriting condition (iv) more formally, we get an expression of the following form:

A ( A (Votrm <,

pEPAp<m \ICJpA|I|=p M€l

v \/ GCDEe"t g.(y) - ¢;(1) = pM”“)) : (2.4)
i,JETNi]

In every disjunction from (2.4) the corresponding index set I is either not a subset of I, or
there are such i,j € I Ai # j that v,(g;(y) — ¢;(¥)) > M,. Since we have already required in (i)
that GCD(d;,fi(7)) = d; for every index i € [1..m], then instead of v,(fi(7)) < M, it is enough to
require v,(fi(¥)) = M,. This relation can be expressed by the formula GCD(p™»*! f.(7))= pMr.

Thus we have constructed the formula Vgeop(y) and hence the desired formula (7). O

This algorithm is essentially a quasi-quantifier elimination algorithm for the case when the
sort of variables S5 is empty, and the set of formulas of elimination form is equal to the language
of this algorithm. Here, the language of such algorithm is the set of all positive quantifier-free

Ls-formulas. Combining Theorem 4 and Lemma 2.2.1, we get a characterization of all relations,
P3-definable in (Z;1, +, 1).

Theorem 5. A relation is positively existentially definable in the structure (Z;1,+ , L) iff it is
positively quantifier-free definable in the structure (Z;1,+,—,# , L ,GCDy,GCD3,GCDy,...).

We will demonstrate quantifier elimination from Theorem 4 via the following example. In the
resulting quantifier-free formula it is convenient to use the equality relation since by Lemma 2.2.1
it is quantifier-free definable in the structure (Z;1,+,—, 1).

Example 2.3.1. Consider the formula

dr(2r4+yL3y+zAax+32L20+3Abr+3y L2r+y+22+1). (2.5)

It is convenient to supplement our quantifier elimination algorithm with some simplifications,
similar to those applied in the case of Presburger arithmetic in RedLog package for computer algebra
system REDUCE [21]. In particular, we assume that after quantifier elimination, the resulting
formula satisfies the following conditions:

(1) Every linear equality has form I(T) = 0 and the greatest common divisor of coefficients

of [(Z) is one.

(2) Every linear equality without any integer satisfying assignments evaluates to false. For

example, applying rlge function to the formula ¢ = 2z + 1 = 0 we obtain false.

(3) Every gcd-expression has form GCD(f(Z), g(T)) = d, where the greatest common divisor

of all the coefficients from f(T) and g(T) is equal to one. That is, in the case when the
greatest common divisor of the coefficients of the linear polynomials does not divide d,
this gcd-expression evaluates to false.

(4) Every gcd-expression of the form GCD(1,g(Z)) = d or GCD(f(Z),1) = d evaluates to

true if d = 1, and to false otherwise.
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(5) In every linear expression [(T), the variables T are sorted in lezicographic order and the

first non-zero coefficient is positive.

We first rewrite (2.5) such that this formula has form (2.3) and then apply the
transformations from Lemma 2.2.2:

Jz (GCDBy + z,y +22) =1 A GCD(—6z+33z+x) =1
AN GCD(y — 10z —byy—4z—2+x)=1). (2.6)

Now we construct an equivalent formula, where coefficients of the eliminated variable are

equal to 1. Immediately replace the new vartable by x.

(GCD(3y + =, Y+ x)=1
GCD(12z — 62+ r) =2

Iz (2.7)
GCD(2y — 20z — 10,2y — 8z — 4+x) =2
| GCD(2, x) =2

It is convenient to consider the resulting quantifier-free formula as a combination of the
following three formulas: ©1(y,2)V @2(y,2) A @3(y,z). The formula @1(y,z) corresponds to the case
when the first argument of one of the ged-expressions from (2.7) equals zero. The second and the
third formulas are the results of application of GCD-Lemma when in every gcd-expression the first
argument is non-zero. Here we first rewrite conditions (i)—(iit) in @©2(y,z) and then separately
condition (i) by the formula ©3(y,z).

Since the equations 12z — 6 = 0 and 2 = 0 have no integer solutions, in @1(y,z) we only
handle the cases 3y + z = 0 and 2y — 20z + 10 = 0. By substituting in the first case either —y + 1
or —y — 1 for x, and either —2y 4+ 8z 46 or —2y + 8z + 2 for x in the second case, we obtain the

following:
Q1(y.2) =3y +2=0A ((GCD(le—G,y—Gz— 1) =2 A GOD(2y — 207 — 10,y — 8z — 3) = 2
A GCD(2,y — 1) = 2)V
V (GCD(12z — 6,y — 62+ 1) =2 A GCD(2y — 20z — 10,y — 8z — 5) = 2
A GCD(2y +1) =2) )V
y—lOz—5—O/\( (GCDBy +2,y—82—6) =1 A GCD(62—3.y—Tz—3) =1
V (GCDBy + 2,y —82—2) =1 A GCD(6z — 3y — 7z — 1) = 1))

In the case when 3y + 2z # 0Ny — 10z — 5 # 0, we can apply GCD-Lemma. Since (2.6)

contains only coprimeness relations, formula (2.7) obviously satisfy conditions (i) and (ii). Thus,
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in order to construct formula @2(y,z), we must rewrite only (ii).

©2(y,2) =3y+2#0Ay —102 =5 #0A (GCD(By + 2,2) =1V
VGCD(3y +2,2) =2 A GCD(2,y — 62) = 1) A
(GCD(3y +2,2) =1V
VGCD(3y +2,2) =2 A GCD(2,y — 8z —4) = 1) A
(GCD(By + 2,2) =1V
VGCD(3y + 2,2) =2 A GCD(2,y) =1).
Here we see that (iii) is always satisfied for the second and third, for the second and fourth,
for the third and forth gcd-expressions.
Finally, we are going to rewrite condition (iv). For p = 2, we have My = 1, Jo = {2,3,4},
and Iy can only contain indexes 2 and 3. When p = 3, M3 = 0 and thus J3 = {1,2,3,4}, and the
only possible subset of I3 with three elements is I = {1,2,3}. Now we obtain the following formula:

@3(y,2) = (GCD(2,62 —3) =1V GCD(2,y — 10z —5) =1 V GCD(2,y — 7z — 2) = 2) A
(GCD(3,3y +2) =1 vV GCD(3,2y — 20z — 10) = 1V
VGCD(3,y — 6z) =3 V GCD(3,2y — 14z — 4) =3 V GCD(3,y — 8z — 4) = 3).

We conclude that existential formula (2.5) is equivalent over the integers to the quantifier-free

formula ©1(y,2) V @2(y,2) A @3(y,2).
2.4 Some Corollaries and Related Definabililty Problems

Having a description of the relations, P3-definable in the structure (Z;1,+, 1), we can
obtain some Pd-undefinability results.

If we assume that the relation x [ y is P3-definable in (Z; 1, 4+, L), then, since

-GCD(z,y) =d<dtxVvdiy
VIudv(z=duNy=dvAu L v)

anddfx < \/ d|xz+k, by Theorem 5 the negations of x L y and GCD(z,y) = d for any d > 2
k=1.d—1

are definable in the structure (Z;1,+, —, =, # , L ,GCDy,GCDs,...) by some positive quantifier-
free formulas. But in this case Theorem 4 implies that we can eliminate all the quantifiers, and
thus prove dicidability of Th(Z; 1, +, L). This contradicts D. Richard’s undecidability result for
this theory [63] and hence we get the following corollary.

Corollary 5.1. The relation x ) 1y is not positively existentially definable in the structure
(Z;1,+, 1).
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It is not surprising that the order relation (or equivalently, x > 0) is also not P3-definable
in (Z;1,+, L). We can prove it using Theorem 5 the same way as we prove quantifier-free
undefinability in Section 2.2.

Indeed, if we assume that some quantifier-free formula @(x) defines = > 0 in the structure

(Z;1,+,—,=,%#, 1 ,GCDy,GCDs3,...), then this formula has form
/\ GCD(a;, b; + cx) = d; A /\ a; # cz. (2.8)
i€[l..m] i€m+1..0]

for some integers a;, b;, d; and positive integer c¢. By Remark 1.3.1, if the subsystem of all ged-
expressions from (2.8) has any solutions for cz then it has infinitely many negative integer solutions
for cx. Therefore, since @(z) is true for some integer (in fact for every non-negative integer), it

is true for infinitely many negative integers.

Corollary 5.2. The order relation < is not positively existentially definable in the structure
(Z;1,+, 1).

Now consider P3-definability questions in some related structures.

For the structure (N;S, L) first we see that the relation x # 0 is P3-definable by the
formula Jy (x L SSy) while, for the same reasons as in Proposition 2.2.1, this relation is not
positively quantifier-free definable in (N; S, L). For this structure there is the following analogue
of Theorem 5.

Proposition 2.4.1. A relation is positively existentially definable in the structure (N; S, L) if and
only if it is positively quantifier-free definable in the structure (N;S, # 0, L).

To prove this proposition it is sufficient to use a special case of Lemma 2.3.1, where all d; = 1.

Lemma 2.4.1. Let A a; L b + x be a system such that a;,b; € N and a; > 0 for every
1€[1..m]

i € [1..m]. Define the index set I, = {i € [L.m] : p | a;}. Then the system has a solution in Z if
and only if for every prime p < m and every set I C I, such that |I| = p there are such i,j € I,

Proof of Proposition 2.4.1. We can assume that in atomic formulas there are terms of the form
S5.50,asalbt+r<a+b+x b+

Counsider the formula

oy = N @ Lb+zrn N\ a+x#0, (2.9)
i€[1..m] i€[m+1..1]
where f;(y) are expressions of the form either y; + a, or a for some y; € § and natural number a.
Note that f;(y) in (2.9) can only be equal to zero if x = 0 or = 1, since otherwise the
values of the expressions b; + z are at least 2 for every i € [1..m]. By Remark 1.3.1, in the case
A [fi(¥) # 0 we can omit dis-equalities in (2.9).

i€[l..m]
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Therefore, applying Lemma 2.4.1, we have the following equivalence in N:

Jre(zy) < @0.9) V e(S0m) vV N fim) #0Ab®)

1€[1..m]

for

EAN A (\/poz-@)) ,

peEPAp<m \ System(p,I) \i€l

where System(p,l) = I C [L.m|A|I| =pA A p1{b —b;. Here for every prime p the condition
i jJETNi]

System(p,I) is true for such index sets I that {b;},.; is a complete residue system modulo p. [

Now let v,(z) be the p-valuation of a rational number z (recall that v,(0) = o00). Then

we define the divisibility = | y on the rationals by A v,(z) < v,(y), and therefore GCD(z,y) =
peP

[T p™ine@)ee®) - assuming that GCD(0,0) = 0. If we define z L y = GCD(z,y) = 1, then for a
peP
pair of rational numbers their coprimeness means that these numbers are coprime integers.

For these relations we can prove the following generalization of Lemma 2.3.1.

Lemma 2.4.2. Lemma 2.3.1 remains true if we substitute in its statement Q for all occurrences

of 7.

Proof. Consider (2.2), where a;, b;,d; € Q and a; # 0, d; > 0 for all ¢ € [1..m].

Multiply every ged-expression GCD(a;,b; + ) = d; by the common denominator of a;, b;, d;
(denote it ¢;) to obtain a system with only integer parameters and some integer coefficients ¢; of
the variable x. Let C' = ZIQ[(;%(C’) Multiply each expression with index i € [1..m)] by - to get the
same coefficient C' of x. Since we are looking for a solution x € Q, replace C'x in every expression
by a new rational variable z.

Substitute ¢ for 7 and multiply each expression by z # 0. Thus we obtain the following
system

/\ GCD(a;Czb:Cz+y) = d;C-. (2.10)
i€[l..m]
By Lemma 2.3.1, there exist a solution y € Z to the system (2.10) if and only if conditions (i) - (iv)
hold for the parameters a;C'z, b;Cz and d;C'z.

For the first three conditions we can take the multiplier Cz # 0 from each parameter and
reduce by it. To rewrite (iv), note that since C'z # 0 its p-valuation is some integer and we have
vp(d;) = vp(d;Cz) — v,(C) — v,(z). Therefore, for every prime p the index sets .J, and I, will be
the same and v,(b;Cz — b;Cz) > irer%ﬁ.)fn]vp(diC’z) iff v,(b; — b;) > max ]vp(d i) O

iell..

Corollary 5.3. A relation 1s positively existentially  definable in  the  structure
<Q; 1,+,— ,{c-}ce(@, J_> if and only iof it is positively quantifier-free definable in the structure
<@7 17 +,—, # 7{6'}06(@7 J—>

Proof. Consider a formula of the form (2.3), where the coefficients of linear polynomials are some

rational numbers.
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The same way as in Lemma 2.4.2, we make the coefficients of linear polynomials to be
integers and the coefficient of x equal to C' in every gcd-expression. We eliminate an existential
quantifier the same way as in Theorem 4, but now Lemma 2.4.2 is used instead of Lemma 2.3.1.
Conditions (i) and (ii) imply that the values of f;(y) and (g;(y) — ¢;(¥)) must be integers, hence
the process of rewriting (iii) and (iv) coincides with the one described in Theorem 4.

It remains to note that every expression of the form GCD(x,y) = d, where d is some rational

number, is definable by the formula % 1 4. ]

2.5 Three Generalizations of the BL-Theorem

2.5.1 Decidability of a Theory from Weispfenning’s Remark

Probably, a more natural way to define integer divisibility over the rational numbers is
to say that x € Q divides y € Q if and only if there exists some z € Z such that y = zx.
V. Weispfenning [84] considered mixed real-integer linear problems with two different divisibility
relations over the reals. The first one is a generalization of our integer divisibility over the rationals
x|y = 3z(z € ZAy = zx), and the second one was defined as follows: z || y = x € ZA3Jz(z € ZA
y = zx). Then he shows that the elementary theories of the structures (R; 0,1, 4+, —,[],=, <, [|)
and (R;0,1,+,—,[],=, <, |) are undecidable, while the positive existential theory of the first
structure is decidable. Here, || stands for the integer-part operation whose graph is quantifier-free

definable in both structures, for example,
r=yle(x=yve<y) ANy<z+1A1]z. (2.11)

Note that undecidability results were obtained using the DPRM-Theorem, while the BL-Theorem
was applied to prove decidability. After this proof, V. Weispfenning remarks that «We do not
know whether a corresponding theorem holds in the analogous language L/, », that is, whether
the structure with | also has decidable positive existential theory.

The first result of this section is the positive answer to Weispfenning’s question. Moreover,
we can avoid the restriction of positiveness and prove that the existential theory of the structure
(R;0,1,+,—,[],=, <, |) is decidable. This result can be considered as a generalization of the
BL-Theorem. The idea of the proof is straightforward. Denote by Lg;, the first-order language of
the signature (0,1, +, —, =, <, |); L, is the extension of Lg4;, by a unary function symbol for the
integer-part operation. First we show that if the domain is the set of the rational numbers, then
the decision problem is reducible to the integer case and is thus decidable by the BL-Theorem.
Then we prove that every quantifier-free Lg;,-formula is satisfiable over the reals if and only if

it is satisfiable over the rational numbers.

Lemma 2.5.1. The positive existential theory of the structure (Q;0,1,+,—,=,<,|) is
decidable.
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Proof. In the same way as in Lemma 2.4.2, for every i € [1..n] we substitute the fraction £ for x;
in a given quantifier-free formula @(z1,...,z,). We see that
31eq3neq®(@1yn) © Wicge Fpneszen (2> 08 0(2,, 7).

Atomic formulas of @(z,...,z,) have the form f(xy,....x,) = ¢, or f(z1,...,x,) < ¢, or
f(z1,zn) + ¢ | g(x1,....x,) + d, where f(xq,...,z,) and g(x1,...,x,) are linear forms with integer
coefficients, and ¢, d are some integers. Multiplying every linear equality, inequality and divisibility
from @(%,...,%) by z, we obtain a quantifier-free Lg;,-formula @’(y1,...,yn,2) with atomic formulas
of the form f(y1,....un) = ¢z, or f(Y1,,yn) < ¢z, or f(Y1,.-,9n) + ¢z | g(y1,-.-syn) + dz. Now
dzy.. 3z, @(21,...,2,) is true in the rationals if and only if Jy;...3y,3z (2 > 0 A @' (Y1, ,Yn,2)) is
true in the integers. The decidability result now follows from the BL-Theorem. O

Lemma 2.5.2. Fvery positive quantifier-free Lg;,-formula is satisfiable over R if and only if it is
satisfiable over Q.

Proof. Let the formula

o@ = Na@=0n N\ (@ a@r N\ a@ <0
i=1.k i=k+1..0 i=l+1.m
be satisfiable over R, where 7 is a list of variables x1,..., z,; ¢;(%) for i € [1..m], f;(T) fori € [k+1..[]
are linear polynomials with integer coefficients. We are going to show that ¢ () is satisfiable over
the rational numbers.
Suppose this formula is true for some real values «y,...,a,. Let g;(o,...,00,) = 0 for i =
k+ 1.k, and g;i(ou,...,0,) # 0 for every ¢ € [k’ 4 1..1]. Now define the formula

@)= N\g@=0n N @ a@A N oig@<0on N 0@ <0
=1k i=k/ 411 =K/ 411 i=l+1.m
where 0; = 1 if g;(oty,...,00,) < 0 and o; = —1 if g;(xq,...,0,) > 0 for i = k' + 1..1.
Consider the system of linear equalities with integer coefficients A ¢;(T) = 0. Let Ay + b
be the solution set of this system for some rational matrix A, rational Zv:el(':f(l)r b and new variables
Y = y1,.--, Y- Substituting Ay + b for T, we obtain an equi-satisfiable over the reals system of linear

inequalities and divisibilities with rational coefficients

A L@la@a N oi-a@m<on N am <o

i=k'+1..1 i=k'+1..1 i=l+1..m

such that for every rational solution of ¢@”(y) we can construct a rational solution of ¢@'(Z) and
thus of @(Z). Moreover, by construction ¢”(y) is satisfiable over R.

Let B1,...,p; be some real satisfying assignment of @” (7). Let the real numbers {1,y1,...,ys}
for some s < t be a basis of the linear space over Q generated by the reals {1,31,...,3;}. Each
element {3; is uniquely represented as ¢;o-1+¢;1-v1+ ... +¢;s- Vs for ¢ = 1.2, where all ¢; ; € Q.
Define X;(21,...,25) = Cio+ Ci121 + ... + ¢ 525 for i = 1..t and substitute x;(z1,...,2;) for y; in @" (7).

We obtain the following formula:

P(Z) = 0" (x1(2),--x(2))-
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Thus, for every rational satisfying assignment of {(Z), we can get a rational satisfying assignment

of @"(y), and moreover P(y1,...,¥s) holds, since W(y1,...,ys) = ©"(B1,....B¢)-
Rewrite P(Z) in the following form:

A F@ 1@ A N 62 <0

i=1..0' i=1..m/

for some I’ < m/. Consider separately each divisibility f f(Z) | §(2) in W(2). Here, f(2) = ap+a121+
..+ aszs and g(z) = by + b1z1 + ... + bz are some linear polynomials with raticonal coefﬁcignts
and E(E) is a non-zero polynomial. We will show that 5(2) is actually an integer multiple of f(Z)
and thus the divisibility holds for every values of Z.

Let w - f(v1,--,Ys) = g(Y1,...,Ys) for some integer w. For convenience, define vy, = 1. If
we assume that w - a;y; # byy; for some ¢ € [0..s], then we have the equality vy;(w - a; — b;) =

Y>> v,(bj —w-a;). But this is impossible because 1,y1,...,ys are linearly independent over Q.
§=0..5Nji

We conclude that every solution to the subsystem of linear inequalities A gi(Z) < 0 with
i=1.m/
rational coefficients is also a satisfying assignment for \(Z). Since this subsystem has real solution

Y1,---,Ys, there is some rational solution ¢i,...,qs. Finally, x1(q1,-.-,Gs)s---,Xe(q1,---,qs) 1S a rational

satisfying assignment for ¢@”(7), and thus @(7) is satisfiable over Q. ]
Theorem 6. The ezistential theory of the structure (R;0,1, 4+, —[],=, <, |) is decidable.

Proof. Using formula (2.11), we can introduce some existentially quantified variables to transform
a given 3L/, -formula into an equivalent over the reals 3Lg,-formula. Then, the negation of

divisibility is positively existentially definable by the formula
ztye (r=0A(y<O0VO<y)VIZO0<zA(z<zVz<—-x)ANx|y+2).

The desired decidability result now follows from Lemmas 2.5.1 and 2.5.2. O

2.5.2 Two Decidable Fragments of the V3-Theory

Denote by Lp, the language of Presburger arithmetic, i.e., the first-order language over the
signature (1,4+,—,<,2|,3|,4],...). Substituting all the unary divisibility predicate symbols
for a binary predicate symbol for the divisibility relation, we get the language Lpap. We know
that 3VTh(Z;1,+, —, <, |) is undecidable. In this subsection, we define two families of closed
VAL pap-formulas and prove decidability of the corresponding fragments of the 3V-theory.

Our first result will be a generalization of a theorem by G.A. Pérez and R. Raha [57]. In their
preprint, they show that the fragment of IVTh(Z; 1, +, —, <, |), which was defined by M. Bozga
and R. Josif |7], is actually undecidable. Then they introduce some restrictions on the formulas of

this fragment such that this new fragment becomes decidable. This decidable fragment comprises
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all true in the integers formulas of the form

vzag\/ (1200 0,@ A A\ (GCD(i(@), (@) = i@ A fi@) >0)),  (212)
jeJ i€[l..my]
where f;(Z), ¢;(7,y) are some linear polynomials with integer coefficients and ¢,;(Z) are some
quantifier-free L p4p-formulas.

In this case we can easily isolate an existentially quantified variable, while (as we have seen
in Step 1 of R in Section 1.4) in the general situation we have to apply LS-Lemma. Moreover, the
system of ged-expressions in (2.12) is already prepared for application of the Chinese remainder
theorem, since every divisor is positive. Using GCD-Lemma instead of the Chinese remainder
theorem, we are able to prove a more general statement.

Define a family of formulas, where in every gcd-expression the right-hand side polynomial
may differ from the first argument of GCD.

vzag\/ (72 00 0,@A A (GOD((@),0:(79) = (@) A fi(T) > 0A (@) > 0) ), (2.13)
JeJ i€[l..m;]
Here, h;(T) are also some linear polynomials with integer coefficients. Then we have the following

theorem.
Theorem 7. There is an algorithm that decides in the integers formulas of the form (2.13).

Before we begin with the proof of this theorem, for convenience we slightly modify the
GCD-Lemma. Define the condition

1<i<j<m
to get the following auxiliary lemma.

Lemma 2.5.3. Suppose we are given a system of the form (2.2) with a;, b;, d; as defined in
Lemma 2.3.1. Assume condition (i) holds, then conditions (ii) and (iii) are equivalent to ((iii)).

Proof. We see that (ii) obviously follows from ((iii)). Condition (iii) has the form of a system of

the following pairs of divisibilities:
GCD(ai,dj,bi — bj) | dz N GCD(aj,di,bi — bj) | dj

for any 1 < ¢ < 7 < m. Now ((iii)) also implies theses divisibilities.

Conversely, consider the chain of equalities:
GCD(ai,dj,bi - bj) = GCD (di,GCD(O,i,dj,bi — bj))

The first equality is just condition (iii) and the last equality immediately follows from (i) and (ii).

This concludes the proof of this lemma. O

Remark 2.5.1. If we allow i = j in ((iii)), then we have GCD(d;,a;) = GCD(d;,d;), that is,
d; | a;. Therefore, we can replace in GCD-Lemma a pair of conditions (i) and (iii) by ((iii)), where
indexes © and j may be the same. But this reformulation seems somewhat unclear since it hides

the obviously expected condition (i).
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Proof of Theorem 7. Our aim is to construct for every formula of the form (2.13) an equivalent
over the integers universal Lp4p-formula. Then, since 3Th(Z; 1, +, —, <, |) is decidable if and
only if the universal theory of this structure is decidable, the BL-Theorem yields the desired
algorithm.

In order to simplify this construction, we introduce in our signature a binary function symbol
for the GCD function and unary function symbols for the V, functions from p-Biichi arithmetic
for every prime number p. We will assume that GCD(0,0) = 0 and V,,(0) = 0.

It follows from definitions (2) that the relation GCD(x,y) = 2z with its negation are also
universally definable in the structure (Z; 1,4+, —, <, |). The function symbols V}, in the resulting
VLpap-formula will only appear in atomic formulas of the form either V,(t1(Z)) | t2(%) or
Vo(t1(T)) = V,(t2(T)), where t;(T) and t2(T) are some terms constructed using variables from
7, unit, addition, subtraction and GCD. Then we can exclude V), from our formula using the

equivalence

Vo(2) |y < Vo (GCD(z,y)) = Vp(2) (2.14)

and the following quantifier-free definition:
Vo(z) = V,(y) < GCD(z,py) = GCD(z,y) A GCD(pz,y) = GCD(z,y). (2.15)

Let X and Y be two disjoint sets of variables, and let Lé.m) be the set of quantifier-free
formulas \/,;(Z,y) for some finite index set J and formulas \;(Z,y) of the form
jeJ

= 0A (P] /\ fk > 0A hk(f) >0A /\ GCD(F,(T),Q,(T,@)) = Hz(f)a (2'16)

ke[l..my] i€[1..15]

where T is a finite set of variables from X; 7 is a finite set of variables from Y fi(T), hi(T)
for £ € [1.m;] and ¢;(Z,y) for ¢ € [1..[;] are linear polynomials with integer coeflicients. The
expressions F;(T) and H;(Z) are constructed using only f1(Z), h1(T),..., fm,;(T), him, (T) and function
symbols GCD and V), for every prime number p with the following auxiliary restriction: for every
i € [1..l;] a function symbol V,, appears in F;(Z) only if it appears in H;(Z). Finally, every ¢;(7)

is a formula of the form

/\ ‘/pl 1, 1 | t22 /\ V;]l i, 1 ‘/;11 (E;,Q(E)) ) (2]‘7)

i€(L..my] ie[l..m;]

where @;(7) is some quantifier-free L1 1 _ qep < p-formula and ¢;1(%), t;2(T), t:1(T), t;2(T) are
some terms of the same language.

The following lemma finishes the proof of this theorem. m

Lemma 2.5.4. Let X and Y be two disjoint sets of variables, T are from X and (y,z) are from
Y. Then, for every formula of the form 32(Ty,z), where \V(T,y,z) is some Lél@-formula, we
can constructively find an L(2 16) -formula ©(Z,y) that is equivalent to 32(Z,7,2) in Z.

Proof. Analogously to Step 2 of R in Section 1.5 and to Theorem 4, we can assume that the

coefficients of the eliminated variable z in every expression are equal to one. In every conjunct of
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VY(7,7,2), a subsystem with only those atomic formulas that have any occurrences of z now has
form
2>0n )\ GCD(F;(T), g:i(T.9) + 2) = Hi(7). (2.18)
i€[l..]]
By definition of Lélﬁ), every expression F;(T) and H;(T) can take only positive values. Thus,
we are now able to apply GCD-Lemma to rewrite the fact that there exists such a solution z
to the system (2.18). By Remark 1.3.1, if there is any such z then we can find infinitely many
positive solutions to (2.18), and thus inequality z > 0 can be excluded. Consider separately every
condition of GCD-Lemma, assuming that a pair of conditions (ii) and (iii) be replaced by ((iii)).
By Lemma 2.5.3, this replacement is correct.
It is not difficult to rewrite conditions (i) and ((iii)). For (i) we have the conjunction of
divisibilities
A Hi(@) | B, (2.19)
i€[1..]]

and condition ((iii)) is just the formula

A\ (GCD(GCD(F (@), Hy (7)), :(7.5) — 95(7.5)) = GCD(H:(@), H; (7))

1<i<j<l

GCD(GCD(F}(z),Hi(7)), 9:(7.y) — 9;(7,y)) = GCD(H,(7),H; (f)))- (2.20)

We treat (iv) in the same way as in Step 2 of quasi-QE algorithm R in Section 1.5. The
only difference is that every equality and inequality with p-valuation functions are now replaced

by equalities and divisibilities with V},. Namely, we have the following conjunction:

A A 2.ED) |, (2.21)

p<INpeP \ IC[1.I1A|I|=p

where PP is the set of the prime numbers and

Gu@y) =\ VipH:(@) | Hj@)V\/ V,(Hi(@) = V,(F(T))

ieInje[L..]] i€l
vV VH(@) | 9@ ) — 9;(T 7). (2.22)

i,jEINi£]

Note that every divisibility in (2.22) with variables from 7 can be rewritten in the obvious way:
GCD(V,(H,(7)), 9:(z.y) — 9;(T.)) = Vo (Hi(T)).

In order to construct 0(Z,7), in every conjunct of \(Z,7,z) we replace a subsystem of the form
(2.18) by the corresponding conjunction (2.19)A(2.20)A(2.21). Then we apply the distributive law
to move all disjunctions to the outer level. It remains to prove that in every conjunct the expressions

without variables from 7 are equivalent to some formulas of the form (2.17). This follows from the
equalities GCD(V,(z),y) = V,(GCD(z,y)) and GCD(V,(z),V,(y)) = 1. O
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Decidability of the second fragment of V3-theory of (Z;1,+,—,<,|) follows as an

immediate consequence from Theorem 4. In this case, we consider formulas of the following form

va3g\/ (es@n A GCD(A(E9),5@D) = d:), (2:23)

jeJ 1€[1..my]
where fi(Z,y), ¢:(Z,y) are some linear polynomials with integer coefficients and ¢;(Z) are some
quantifier-free Lpap-formulas. That these formulas are some VdLp,p-formulas follows from
definitions (2). Here, for every ged-expression with variables from 3 there are no restrictions on
the left-hand side polynomials, but the right-hand side polynomials are some positive integers.
Moreover, the variables from § do not appear in linear inequalities. Theorem 4 gives us the

following corollary for this family of formulas.
Corollary 4.1. There is an algorithm that decides in the integers formulas of the form (2.23).

Proof. Apply Theorem 4 to eliminate all the existential quantifiers. Rewrite dis-equalities using
the order relation to obtain a universal formula of the first-order language of the signature
(1,4 ,—,GCD, <, |). Again, with the help of definitions (2), we can exclude GCD from the
formula and then apply the BL-Theorem in order to construct the desired algorithm. O]

2.6 Quasi-QE Algorithm for the Existential Arithmetic of the Natural
Numbers with Unit, Addition and Coprimeness

It is not known whether we still have a decidable problem if in (2.23) we allow linear
inequalities f(Z,5) > 0. Nevertheless, it seems natural to consider the problem of existence of

integer solutions of systems of the form

¢.(2) = AZ=BACz>DA [\ GCD(fi(2).9:(%)) = d, (2.24)
i€[1..m]
where A and C' are integer matrices and B, D are some integer vectors.

By Corollary 5.1, the dis-coprimeness relation is not P3-definable in the structure
(Z;1,+,—, L), but this says nothing about P3-definability of this relation if we have the
order relation in our structure. In order to decide arbitrary formulas of the existential
Presburger arithmetic with coprimeness 3Th(Z;1,+, —, <, 1) (denote the corresponding first-

order language by Lpac), we consider the problem of satisfiability over Z of formulas of the form

@(Z) =0822AAz=BACZ=DA [\ GCD(fi(2).4:(2)) = d;
i€[1..m]

A N\ GCD(fi(2).9i(7)) = did:.

i€lm+1..0]

(2.25)

Using Theorem 4, we construct a quasi-QFE algorithm that decides closed P3L p4c-formulas

in the integers Z. This algorithm, called C*, is much simpler than the combination of algorithms
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R and D for the BL-theorem from the first chapter. Then, for arbitrary dLpsc-formulas we
construct a quasi-QE algorithm C that performs a reduction from the decision problem for
dTh(Z;1,+,—, <, L) to the decision problem for a fragment of 3Th(Z-¢; 1,{a-}4ez.,,GCD, =),
where GCD is treated as a binary function symbol for the corresponding function. A slight

modification of quasi-QE algorithm D completes the desired decidability proof.

2.6.1 The Positive Case

By Lemma 1.2.2, in order to construct a decision procedure for the positive existential theory
of the structure (Z;1,+, —, <, L) it is sufficient to solve the problem of satisfiability over the

integers of systems of the form

y=20A N GCD(fi(9).9:(D)) = di. (2.26)

i€[l..m]

We now define the languages of quasi-quantifier elimination algorithm C*.

The sort Sy will be empty, and the language Le+ comprises quantifier-free formulas \/ @, (7;5)
Jj€N
for some finite index set J; and formulas @;(7;) of the form (2.26). The set of formulas of

elimination form L%, for a Latin variable x is the set of Le+-formulas \/ ¢,(z,%Z;) for some
jE€J2
finite index set J, and @;(z,z) of the following form:

220A220A0(2)A N\ GOD(fi(2).5:(2) + ciw) = d;, (2.27)
i€[l..m]
where x does not appear in the list z, ¢; > 0; every E(E) is a linear polynomial with non-negative
integer coefficients and positive constant terms, and (:p(Z) is a system of gcd-expressions.

Step 1 of algorithm C* is much simpler than Step 1 of R from Section 1.4 since linear
polynomials on the right-hand side of gcd-expressions are always some positive constants.
Moreover, in our formulas there are no Greek variables. As we are going to show below, in algorithm
C such variables are used to rewrite the dis-coprimeness relations. The following lemma provides

us with the desired transformations.

Lemma 2.6.1. There is an algorithm assigning to every Le+-formula ©(Z) an equi-satisfiable over

the integers disjunction \/ @;(Z;) for some finite index set J, where for every j € J Zj has at most
=

the same number of variables than Z, and @;(Z;) is an Lgi -formula for some variable x; € Z;.

Proof. In the proof we will again use LS-Lemma from Subsection 1.2.1. In addition, we will also

consider a special case of «application of LS-Lemma to the subsystem S(35) of the formula @(Z)».

That is, we say that some disjunction is obtained as a result of «application of LS-Lemma to the

formula @(Z)» if the subsystem S(5) comprises all the linear equalities and inequalities from @ (Z).
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Suppose we have applied Lemma 2.2.2 to every disjunct of a given Le+-formula. We get a
disjunction of formulas of the form (2.27). For this formula we are going to construct an equi-
satisfiable over the integers formula @, (1) V ®5(x,73) in which &, (%) is a disjunction of formulas
of the form (2.27) with fewer number of variables and ®,(z,7;) is a disjunction of L{ . -formulas.
By repeatedly applying this step to the first disjunct until its list of variables becomes empty, we
construct a disjunction of the desired form.

The formula &,(%7) is a result obtained for the cases when f;(Z) = 0. Let &(x,Z) be the
conjunction Z = 0 Ax > 0 A (:5(2), then &@,(z7) is a result of application of LS-Lemma to every

system of the following disjunction:

V V(#9156 =0r56 + oo =i
j€[l..m] oe{-1,1}
AN GOD(FE)G(E) + ) = c’z“)
i€[1..m|Nij
The case of non-zero first arguments of ged-expressions will be described by the formula

By (x,73). Consider the formula

\V (@<x,z> AN (03fi(2) > 1A GED(01fi(2) 3:(2) + cor) = Ji)). (2:28)
ce{-1,1}m i€[1..m)

Applying LS-Lemma to the subsystems with all linear equalities and inequalities in Z in each
disjunct of (2.28), we get a disjunction of L, -formulas. This completes the definition of By (2,%)

and hence the proof of the lemma. n
Now we are able to prove the following proposition.

Proposition 2.6.1. The positive ezistential theory of the structure (Z;1,+,—,<,L1l) is
decidable.

Proof. It is sufficient to define Step 2 of quasi-QE algorithm C*. Let us have an L}, -formula
V @;(2,%;) for some finite index set J and L, -formulas @;(z,Z;). In Step 2 we apply Lemma 2.3.1
j€J
to the formulas 3x@;(z,7Z;) for every j € J in the same way as in Theorem 4. Here we do not
consider the cases when the first arguments of gcd-expressions are equal to zero, because by
definition of the language L7, they can take only positive values. Again, Remark 1.3.1 implies
that the restriction of non-negativeness on the eliminated variable can be omitted.

Thus we have constructed an equivalent in the integers disjunction \/;(Z;), where V;(Z;)

jed

are some Le+-formulas. This concludes the description of algorithm C* and thus gives us the
desired decidability result. O

This proposition itself is not a new result, since it follows from the BL-Theorem. However,
we do not know any explicit descriptions of an algorithm for PITh(Z;1,+, —, <, 1), as well
as for the case when the formulas are not required to be positive. This generalization will be

considered in the next subsection.
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2.6.2 Generalization to Arbitrary Existential Formulas

For the problem of satisfiability in Z of quantifier-free Lpsc-formulas it is sufficient to
check that there are integer solutions to the system (2.24), where we also allow expressions of
the form GCD(f(7),g9(Z)) # 1. It is not difficult to reduce this problem to satisfiability over Z

of formulas of the form

8>2A7=>0A /\ GCD(f:(9).9:(y)) = di A /\ GCD(fi(9).9:(y)) = did;. (2.29)

i€[l..m] i€[m+1..10]

Let us fix this transformation in the following lemma.

Lemma 2.6.2. The decision problem for ITh(Z;1,+ ,—, <, L) is reducible to the problem of
satisfiability in Z of systems of the form (2.29).
Proof. Suppose that @(Z) = @ (Z)A A GCD(f;(2),9:(%Z)) # 1, where @ (Z) has form (2.24).

i€[m+1..k]
Each ged-expression for ¢ € [m + 1..[] is true if and only if for some integer 6; we have

(fi(Z) =0Agi(2) = 0) vV (8; = 2 AN GCD(f(2),9:(%)) = &) .

Rewriting every such ged-expression, for the formula @(Z) we obtain an equi-satisfiable over
the integers disjunction of formulas of the form (2.25). It remains to apply LS-Lemma to the
subsystems with all linear equalities and inequalities over Z in each disjunct in order to obtain the
desired result. O

Now we are going to construct a quasi-QE algorithm C, which reduces the problem of
satisfiability in the integers of formulas of the form (2.29) to the decision problem for a fragment
of the existential theory of the structure (Z-¢;1,{a}sez.,,GCD, =), where GCD is a binary
function symbol. Decidability of the latter theory can easily be proved by using algorithm D

from Section 1.7. We obtain the following generalization of Theorem 3.
Lemma 2.6.3. The existential theory of the structure (Zso; 1,{a-}acz-,,GCD, =) is decidable.

Proof. This lemma still follows from the decidability of Skolem arithmetic with constants
Th(Z~o; 1,{a }acz-o, - » =). But we can prove it using quasi-QE algorithm as follows.
Any given existential formula after introducing some auxiliary variables can be rewritten as

a disjunction of formulas of the form

Jy /\ fi(@) # 9i(y) A /\ GCD(f:(9),9:(¥)) = hi(y) (2.30)
i€[l..m] i€[m+1..1]
for f;(9), 9:(7), hi(7) of the form au or a, where a is a positive integer and u € 7.
First apply the transformations of this formula from Lemma 1.7.2. In our case, after
replacements of variables in some conjunction of the form (2.30) we can get a contradiction

f(@) # f(y), and this conjunction evaluates to false.
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Now we allow dis-equalities in algorithm D. It is obvious that Step 2 is the same since by
Remark 1.3.1 we can always choose a solution to a given system of gcd-expression that satisfies
all the dis-equalities. Applying the transformations from Step 1, similarly to the case of modified
Lemma 1.7.2, we can obtain a contradiction f(7) # f(7). Here, the corresponding disjunct can be
excluded from the formula since it is always false. This concludes the modification of quasi-QE

algorithm D and the proof of the lemma. ]

We call terms of the language L (110} acs. o GCD.=) primitive gcd-terms. If T(X) is a primitive
A Ja€Zx0> =
ged-term and p is a prime number, we call terms of the form V,(T(&)) p-valuated primitive ged-

terms. The language L¢ of quasi-QE algorithm C comprises existential formulas 35 \/ ¢ j(y_j,g) for

j€N
some finite index set J; and formulas @,;(%;,8) of the form
W =278 22A720A N\ GCD(fi().0:(1)) = d;
1€[1..k]
i€lk+1..1]
A\ GCD(GCD(£:(9).F(8®)).0:i(m)) = Hi(3®),
i€[l41..m]

where 6(1) = Oki1,...,0; and 5@ = d111,---,0m are disjoint sets of Greek variables; as usual, f;(7y),
9:(y) denote linear polynomials with integer coefficients, and F; (W), H; (W) are either primitive
ged-terms or for some prime number p simultaneously p-valuated primitive ged-terms. Further
we call ged-expression every expression of the form GCD(u,v) = w for any terms u,v,w and not
only for linear polynomials.

The set of formulas of elimination form L{ for a Latin variable z is the set of L¢-formulas

38\ @;(2,%;,8) for some finite index set J, and @;(x,2,8) of the following form:
JEJ2
522022 0A220A0(EDA N GOD(F(28).5:(2) + cix) = Hi(D), (2.32)

1€[1..m]

where x does not appear in the list Z, ¢; > 0; every E(E,S) is either a linear polynomial with non-
negative integer coefficients and positive constant terms or GCD(f(%),F(8)), where F(5) is some
primitive gcd-term or p-valuated primitive ged-term; and (AN;;(E,S) is a system of gcd-expressions
without occurrences of x.

We now ready to prove the main result of this section.
Proposition 2.6.2. The existential theory of the structure (Z;1,+ , —, <, L) is decidable.

Proof. Since in an Le-formula without Latin variables we can avoid using p-valuated primitive
ged-terms by using equality GCD(V,(z),y) = V,(GCD(z,y)) and formula (2.15), it is clear that
quasi-QE algorithm C reduces the problem of satisfiability in the integers Z of systems of the
form (2.29) to the decision problem for a fragment of the existential theory of the structure

(Zs0;1,{a }4ez-,GCD, =). In Lemma 2.6.3 we presented a quasi-QE algorithm for this theory,
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and from Lemma 2.6.2 it follows that in order to complete the proof it remains to define Steps 1
and 2 of quasi-QE algorithm C.

Step 1. This step is a generalization of Step 1 of C*. Applying Lemma 2.2.2 to every
ged-expression in a given system of the form (2.31), we obtain a system of the form (2.32). Note that

in the case of ged-expressions with primitive ged-terms, we first put together linear polynomials:
GCD(GCD(fi(7),F;(6@)),0:(%)) = GCD(GCD(f3(7),9:(¥)),Fi(6®)), then apply Lemma 2.2.2, and
finally rewrite this expression in the standard form.

We can now consider the system (5(x,3,3) of the form: 80 > 2A8® >2AZ2>0Az2 >0

/\(zp(E,S) A A(,2,8), where

Az8) = N GCD(fi(2),5(z) + ciz) = d;

1€[1..k]

A\ GCD(£i(2),5(2) + ciz) = dis,

i€[k+1..1]

A\ GCD(GCD(f;(2),F3(8@)),5i(3) + cix) = Hy(52).
i€[l4+1..m]

For the formula 35@(x,%,5), analogously to Step 1 of algorithm R from Section 1.4, we construct

an equi-satisfiable formula
35 (B0(70.8) v 81(71,8) V Ba(2,53) )

where @0(%5,0) and &, (%1,8) are disjunctions of systems of the form (2.32) such that the list Zg
contains two and Z; one fewer variable than the list (z,%). At the same time, ®5(x,73,8) will be a
disjunction of the desired form, that is, 35 52(56,2_2,3) will be some L&-formula.

These disjunctions can be constructed in the same way as described at the end of Section 1.4.
Note that for the formula &, (z1,0), we do not need the restrictions on ged-expressions of the
form (R-2) since now the lists of Greek variables 5@ and 6@ are disjoint. Thus, for every i €
[k + 1..1], the substitution of % for 6, only replaces §; > 2 with o(g;(2) + ¢;z) > 2d;.

Step 2. As usual, we can without loss of generality assume that in the subsystem of (2.32)
with an isolated variable x all ¢; are equal to 1.

In this step, for Lg-formula 38¢(z,%,5), where

P28 =822A22 0002 0Ap(ES) A [\ GCD(Fi(2.8),5i(z) + o) = Hi(F),  (2.33)

i€[l..m]

we rewrite the formula 3z@(2,%,0) to get an equivalent in Z formula \(%,8) such that 35U(Z,5)
is some Le-formula.

The first argument of every gcd-expression with = can only have positive values: this is
obvious when E(E,S) are linear polynomials over Z, and the same is true for the expressions
GCD(f(%),F(8)), since F(8) is always positive. Therefore, we can apply GCD-Lemma; it is
technically convenient to replace a pair of conditions (ii) and (iii) by ((iii)). By Remark 2.5.1,

we can also allow ¢ = j in ((iii)) instead of rewriting separately condition (i).
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((iii)) for every 4,j € [1..m]. For this condition we have the following conjunction:

/\ GCD(GCD(£(2.8),H,(8)),:(2) — 4;(2)) = GCD(H,(3), H;(3))- (2.34)
1<i,j<m
Next we show that (2.34) can be rewritten as a system of ged-expressions from an Le-formula.

If E(E,S) is a linear polynomial over Z, this can be done in the obvious way. In the case

Fy(z,8) = GCD(f;(2),F(3)), we have
GCD(F;(%,8),H;(8)) = GCD(fi(z), GCD(F;(3), H;(3)).

To satisfy the restrictions on p-valuated primitive ged-terms, we again use the equalities
GCD(V,(x),y) = V,(GCD(z,y)) and GCD(V,(x),V,(y)) = V,(1) = V,(1) = 1 for different prime
numbers p and ¢. Rewriting (iv), we will implicitly use these two formulas and the obvious equality
Vo(V4(z)) = 1 to move V}, to the outer level of terms of the first-order language of the signature
(1{a }aez-0,{Vp}per,GCD, =), where PP is the set of prime numbers.

(iv). Considering this condition the same way as in the proof of Lemma 2.5.4, we have the

following conjunction:

A N 23z |, (2.35)

p<mApeP \ IC[1..m|A|I|=p

where B o
2,0z =\ VeHE)|HEV \/ V(H(E)=V,(F(z5))
ieINj€E[l..m) iel
v\ VU®) 13 - 52,
i,jEINI#]

In order to obtain ged-expressions from an Le-formula, we first use formula (2.14) to rewrite

every divisibility V,(pH;(3)) | H; #(8). This gives us the following equality:

V,(GCD(pH;(8), H;(8))) = V,(pH;i(3)).

Next, for every equality V,(H;(8)) = V,(Fi(z,8)) we apply (2.15) and (2.34) for the case i = j, i.e.,

we have

Vo(Hi(8)) = Vp(Fi(2,9)) <

_ . {GCD( (8),pFy(2.8)) =H,(3)
GCD(pH;(3),F;(2,5)) =H,(®).

Finally, every divisibility V, (H (8)) | 9:(%) — g;(%) can be rewritten by its definition:

GCD(V,(Hi(8)), :(2) — 9(2)) = Vo(Hi(3)).

Since we introduced only ged-expressions with primitive ged-terms (or p-valuated primitive
ged-terms) on their left-hand sides, Greek variables that appear in @(z,Z,8) in ged-expressions of
the form GCD(f;(z),g:(Z) + x) = d;8; will be excluded from the list 5 and will be included in
the list 6@). Therefore, moving all disjunctions to the outer level, we obtain a desired Lc-formula.

This concludes the construction of quasi-QE algorithm C and the proof of Proposition 2.6.2. [
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2.7 Conclusion and Connections with Chapter 3

We believe that quasi-QE algorithms C™ and C might be helpful when trying to prove
decidability of the existential theory of the structure (Z;1,+,—, <, L ,P,) or prove this at
least for its positive fragment. It seems natural to consider these theories if we hope to answer
positively to J. Robinson’s question about decidability of 3Th(Z; 1, +, — , <, | ,P). The functions
V, for prime numbers p have extensively been used in C, and we know that the graph of Vj
is quantifier-free definable in (Z;1,+,—, <, | ,FP) for every integer k& > 2. This suggests the
following question: whether the existential theory of the structure (Z; 1,4+, —, <, | ,P2,P5,Py,...)
is decidable. In Example 3.1.3 from Chapter 3 we observe that if we replace all the predicates P in
this structure by a single binary predicate Pow,(y) = 3z(y = 2*), the resulting structure will have
undecidable existential theory. Note that it would be interesting to consider this predicate together
with multiplication instead of addition. If we could prove that 3Th(Z-¢,{a}ucz.,, - ,.Pow, =) is
decidable, this result would be an analogue of the BL-theorem in multiplication world.

The question of M. Bozga and R. losif from the epigraph motivated the research on some
general results on existential definability within the arithmetic of addition and divisibility. In
Theorem 5, we have presented a characterization of the relations that are positively existentially
definable in the structure (Z;1, 4, 1). However, the problem seems to be rather difficult if we
include the order relation in this structure. For example, in the case of the structure (N;0,5, <, 1),
a straightforward substitution of [z,y] ¥ [u,w] = Fuv(u€ [zy]AveE [zt AuLlv) for
coprimeness does not give the desired characterization. We deal with the order relation in C*
and C by using LS-Lemma. These algorithms show that the decision procedure becomes more
complicated for the cases when we allow the order relation and the dis-coprimeness relation. It
would be interesting to find out whether we can extract any information on positive existential
definability in some structures using quasi-QE algorithms for the P3-theories of these structures.

In this chapter we considered definability and decidability problems since our aim was to
demonstrate various applications of two main tools from Chapter 1: GCD-Lemma and quasi-
quantifier elimination algorithms. However, we did not consider computational complexity of these
problems. Studying complexity of arithmetical theories is almost always a challenging task, and it
is highly doubtful that a straightforward analysis of quasi-QE algorithms R or C would give us a
better result than the NEXPTIME upper bound for 3L p 4p-formulas from [41]. Since this chapter
mainly focuses on Presburger arithmetic with coprimeness, let us mention the following questions:
whether for every true 4L pac-formula there is a satisfying assignment of size at most polynomial
in the size of the formula, and whether the problem of existence of integer solutions to systems
of the form (2.24) can be solved in polynomial time for every fixed number of variables in z. It is
well-known that the answers to similar questions are affirmative in the case of 3L p4-formulas [6;
26; 66| and negative for 3Lpap-formulas [41; 45]. In fact, L. Lipshitz presented in [45] an NP-
complete family of systems with five linear divisibilities and four variables. In the next chapter we
will prove an analogue to this result for the predicate of divisibility by two consecutive integers,

and the Lipshitz’s proof will be given in Example 3.4.1.
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In Section 2.5 we proved decidability of the existential mixed real-integer linear arithmetic
with integer divisibility. Considering possible generalizations of V. Weispfenning’s quantifier
elimination for mixed real-integer linear arithmetic [84], it is interesting to study definability and
decidability properties of the structure <R; L+, .02, =, <>, where 2[! is a unary function
symbol for the function that maps a real number z to 2. In 1983, A.L. Seménov [69] proved
that the structure (N;1,+4 2% =) has quantifier elimination in a certain extension and thus
the elementary theory of this structure is decidable; this quantifier elimination algorithm was
explicitly shown by F. Point in the preprint [58]. Observe that if we use the function symbol
2* instead of 2!!, we can easily define multiplication in our structure. We do not know whether
Th<]R; L+, —.[]2 =, <> is decidable, however, Example 3.1.4 from the next chapter implies
that ITh(R; 1, +, — 1120, =, <, |) is already undecidable.

In the same section we also presented two decidable fragments of V3-theory of the structure
(Z;1,4+,—, <, ), however, we know that V3-theory in general is undecidable. This follows from
the definability of the graph of squaring function (by using one simple universal formula) and
the DPRM-theorem. This universal definition of squaring uses the predicate of divisibility by two
consecutive integers xs|y =2z | yANl+zx |y, and we can even prove that V3-theory of the
structure (N;+,°|) is undecidable. We investigate various relationships between divisibility and

S] from definability and decidability point-of-view in the next chapter.
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Chapter 3. Definability and Decaidbility Problems for the Predicate of
Divisibility by Two Consecutive Integers

On the other hand, formulas of the form IxVt(x,t) where x
is several variables and ¢ just one variable and 1 is open in

the language (+, —, | ,0,1) are undecidable.

...p is constructed using the following devices.

w=22ez|wAz+1|w+2A

Vi(z|[tAz+1|t+z=>w+z]|t+2).

L. Lipshitz [45] (1981)

The definition of the graph of squaring provided by Lipshitz implicitly uses the predicate
of divisibility by two consecutive integers x S|y =z |yAl+x|y. Now we can show that every
arithmetical relation is definable in the structure (N; —i—,SD. In this chapter, we prove that the
same holds for the structures (N;| ,°[) and (N;S,27, °|). We also study existential definability
with S| and show, in particular, that the graphs of addition and multiplication are existentially
definable in (N; -, S|> and (N; 1, + ,9¢, S]) At the end of this chapter, we obtain some difinability

results for the structure (N;< ,°|).

3.1 Definability in Arithmetic, Def-Completeness and
dDef-Completeness

3.1.1 Definitions and Examples

In addition to the definitions introduced in Section 1.1.1, we use the following notions.

To formulate the results of this chapter it will be convenient to use the notion of Def-
completeness of a certain structure introduced by I. Korec [36]. For any arithmetic predicates
Xi,...,X,, that are definable in the structure (N;+, - =), the structure (N; Xj,..., X,,) is called
complete with respect to the first-order definability (Def-complete) if the graphs of addition and
multiplication functions (ternary predicates x+y = z and z-y = z) are definable in this structure.
Analogously for every enumerable predicates Xj,...,X,, we say that the structure (N; Xy,...,X},)
is dDef-complete if in this structure the graphs of addition and multiplication functions are
existentially definable. An arbitrary structure (N; o) is called Def-complete (3Def-complete) if it
becomes Def-complete (dDef-complete) after replacement in its signature o every function symbol

by some predicate symbols for the graphs of this functions.
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In 2001, I. Korec [36] presented a list of the most well-known Def-complete structures at
that time. It is clear that elementary theories of Def-complete structures are undecidable. Among
the most interesting examples of Def-complete structures are (N; S, |), proved by J. Robinson [65],
and (N; <, L), the result of A. Woods [85]. A direct consequence of the DPRM-Theorem [52] is
that the existential theory of every dDef-complete structure is undecidable. For example, from
the formula [65]

r=x+ys (r=0Ay=0Az2=0)V (2 #0AS(22)S(zy) = S(z*S(zy))), (3.1)
we see that the structure (N;S,-) is IDef-complete. Let us consider another examples.
Example 3.1.1. The structure (N; *, =) is IDef-complete.

Proof. We are going to show that the graphs of addition and multiplication are existentially
definable using exponentiation and equality. First, define the constants 0 and 1 using quantifier-free

formulas: r =1 2z =zand r =0 < 2"x =1 A -~z = 1. [t is not difficult to see that
z=z-y & IH(-t=0AN~t=1At"z=(t"z)"y)
z=zr+ys H(-t=0A—t=1At"z=(t"z) (t"y)).

[]

The BL-Theorem shows that the structure (N;1,+,|) is not JDef-complete. From the
existential definitions (2) for the relation GCD(z,y) = z and its negation, we obtain that every
relation is 3-definable in the structures (N; 1, 4 | |) if and only if it is 3-definable in (N; 1, + ,GCD).
Therefore, the latter structure is also not dDef-complete. In contrast to the graph of the GCD

function, for the graph of the least common multiple LCM we have the following:
Example 3.1.2. The structure (N; 1, + ,LCM) is IDef-complete.

Indeed, since z = z -y & (z +y)*> = 22 + y* + 22 it is sufficient to define the relation y = x?
using the formula LCM(z,z + 1) = x + v.

In the previous chapters, we noticed that it is not known whether the existential theory
of the structure (N;1, 4, | ,P) is decidable, where Py(y) = Jz(y = 2%). The relation P, can be
generalized as follows: Pow,(y) = Jz(y = x*). We are going to show that the existential theory

of natural numbers with addition and Pow is undecidable.
Example 3.1.3. The structure (N; 1, 4+ ,Pow) is 3Def-complete.

Proof. As usual, since x = y < Pow,y A Pow,z, it is sufficient to define by some existential

formula the graph of squaring function. Indeed, for this relation there is a quantifier-free formula:
y = 22 & Pow,y A Powsgdy A Pows,9y. (3.2)

Suppose y = ¥ for some k € N. Then 42* = (2x)! for | € N. By representing = as 2%z, where
z 1 2, we obtain the following:

20ck+22k — 2cxl+lzl‘
If 2 =0 then x = y = 0. In the case where z > 1, it is necessary that k = [ = 2, and thus y = 22.
For the case x = 2%, consider the last conjunct of (3.2), where we have 9 - 2%% = (3-2%)™ for some

non-negative integer m. It is obvious that m = 2, hence k = 2 and y = 2% O]
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Now consider the following example. N.K. Kosovskii [37] showed that for every predicate of
fixed-power growth T'(z,y) the structure (N;1, 4 ,|,T) is IDef-complete. A binary predicate T,
defined over the natural numbers, is called a fixed-power growth predicate if there are such positive
rational constants C,D,c,d, that d > 1 and the following two conditions simultaneously hold:

1. for every z,y € N, if T(z,y) Az > 0 then y < CzP

2. for every o € N there is y € N such that y > cax? A T(:l:,y).

Using this result, we can now prove the following statement.
Example 3.1.4. The structure (N; 1, 4+, | ,2%) is IDef-complete.

Proof. We will show that the relation |y| < 2|z| is existentially definable, where |x| is the length of
binary representation of a given natural number z. This predicate is a predicate of a fixed-power
growth since on the one hand, if |y| < 2|z| and x # 0, then y < 422, and on the other hand, it is
obvious that |z?| < 2|z|, and we can choose the constants C =4, D=2, c=1,d = 2.

The definitions x =y < x |[yAy|x; e =0+ =2, 2 <y < Iz(y =+ 2) imply

that it is sufficient to define the relation x = |y| using the formula

r=lyle (@=1Ay=0)VIAI+1=0A2"<yAy+1<27). [

3.1.2 Divisibility by Two Consecutive Integers

In the introduction, we defined the predicate = °|y = x | yAl+z | y, which was used by L. van
den Dries and A. Wilkie in the study of growth of functions whose graphs are existentially definable
in the structure (N; 1, + , |). They showed that for every such function f : S — N for S C N" there
is ¢ > 1 such that for every non-zero vector (z1,...,z,,) € S we have f(xq,...,x,) < c (21 + ... + x,).
Moreover, for every unbounded function f there is a real number ¢ € (0,1) such that for an infinite
number of vectors (z1,...,2,) € S, it holds f(x1,...,x,) > (1 + ... + x,)". A final remark [23, p.
526| provides a simple example showing that it is not possible to improve the lower bound to a

linear one. It is sufficient to consider the predicate S| and the following function:

x, >0Ay> O/\xs|y
f(zy) = : (3.3)

0, otherwise

We see that f(z,y) is an unbounded function such that f(z,y) < (z + y)2 for any (z,y) € N2,

It was implicitly used by L. Lipshitz [45] for defining the graph of the squaring function in
the structure (N; 1, + , |) with only one universal quantifier. Note also that Example (4) from [43],
which demonstrates that it is impossible to obtain a polynomial upper bound on the smallest
satisfying assignment for systems of divisibilities and inequalities of linear polynomials in Z, can
easily be rewritten using only the predicate S].

Thus, it would be interesting to study this predicate independently in the sense of

arithmetical definability and also decidability problems for the theories containing this predicate
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such as, for example, ITh(N; -, S]) In the survey paper by I. Korec [36] we do not see any structures
with predicates related to S|, hence it would also be interesting to consider some definability (and,
in particular, existential definability) problems for this predicate. Note that Lipshitz’s definition (3)
almost immediately yields Def-completeness of the structure (N;+, S|>

Observe that there is a possible connection between S| and the coprimeness relation. We can

generalize coprimeness to increasing factorial powers (see for example [27]) as follows:

xlyy= GCD(xE,yE) = 1E, (3.4)

where 2% = z(z + 1)...(x + k — 1). In particular, the case of k = 1 is the usual relation of

coprimeness, and for k = 2 we have z 1, y = GCD(z(x + 1),y(y + 1)) = 2. Although the
definability of coprimeness in (N; < | S|> does not seem obvious, for the case of kK = 2 this relation
is definable in the structure (N;S,%|) by the formula 3z(z |z A y°|SSz). Indeed, the Chinese

remainder theorem implies that the specified formula can be rewritten as:

32 {Z - ;)(mOd D) L oDt Dy 1) | 2. (3.5)

z=—2(mod y(y + 1))

and on the right-hand side we actually have an equality, since both arguments of GCD are even.

We will use this predicate to prove Def-completeness of the structure (N;.S,27, S|)

3.2 Def-Completeness for S| and Divisibility

First introduce some simple predicates that can be defined using only S|.

Lemma 3.2.1. The properties x =0, x = 1 and the relation x =y are definable in the structure

(N; ).

Proof. 1t is clear that x = 0 & xs\x; r=1%& Vyv,z(zs\y = xs\y) Indeed, if y = 2 and 2 = 1,
then it is necessary that x = 1, while for any y such that zs|y for some z, the formula 1 S|y is
always true. Finally, z = y < Vz(z°|z <= y°|2). In the case of z = 0 and y > 0, it is sufficient
to consider z = y(y + 1). If both arguments are positive and when, for example, < y, then take
z=ux(r+1). O

Now consider definability and decidability problems for structures with S| and some

arithmetic predicates, which are definable using only multiplication and equality.
Proposition 3.2.1. The structure (N;|,®|) is Def-complete.

Proof. By the well-known theorem of J. Robinson [65], the structure (N;S,|) is Def-complete.

Therefore, we only need to define the relation y = Sz.



70

The relation = L y is definable by the formula V¢(¢t | x At | y = t = 1). Thus we obtain the

following definition:
y=Sr e (t=0Ay=1)V(z=0Az LyAVz(z®lzez|zAy]|2)).

It is obvious that this formula is true when y = Sx. We are going to show that such pairs of
natural numbers are the only ones that satisfy the formula. Let = # 0. Then for z = x(z+1), since
y | z and x L y, it is necessary that y # 0 and y | Sz. Thus, we have 0 < y < Sz. If we assume
that y < Sz, then we obtain a contradiction for z = z - y, since simultaneously = - y < z(x + 1)
and z(z +1) | 2. O

The elementary theory of natural numbers with divisibility Th(N;|) and the elementary
theory with coprimeness Th(N; L) are decidable. This follows from the definability of these
predicates using multiplication and equality (for the predicate of coprimeness we can use the
formula from the proof of Proposition 3.2.1 and x = 1 < Vy(z -y = y)) and decidability of Skolem
Arithmetic Th(N; -, =), proved by A. Mostowski [53]. Thus, for the predicate = °|y we have the

following corollary from Proposition 3.2.1.

Corollary 3.2.1.1. The relation °| is not definable in the structure (N;-, =).

3.3 Undecidability of the Existential Arithmetic with S| and
Multiplication

If we now proceed to only existential theories, then we see that decidability of ITh(N;| ,*|)
is obvious, since every formula of this theory is a formula of the decidable 3ITh(N; 1,+, |). Consider
the problem of decidability of ITh(N; -, °|). In this section we will show that the structure (N; -, °|)
is dDef-complete. First we would like to define existentially the relations x = 1 and z = y in

(N;-,®|). To this end, we prove the following lemma.

Lemma 3.3.1. For every integer x > 1 and integer y > 0 the divisibility y(z + 1) + 1 | 2% holds
if and only ify=0 ory=ao— 1.

Proof. 1t is obvious that y = 0 and y = x — 1 satisfy the divisibility. We are going to show that
there are no other solutions.

It follows from the divisibility that y € [0,x — 1]. Let y = « — k for some k € [1,x), then
yr+1)+1]2° e Ikyly+k+1)+1|(y+k)?Ay=a—k).

Rewrite the divisibility under the quantifier, subtracting the left argument from the right one. In
the resulting expression (k — 1)y + k% — 1, factoring out the common multiple (k — 1) we obtain

the formula

yly+Ek+D+1|(w+k) P eyy+rEk+D)+1 | (k—D(y+k+1).



71

Since y > 0, we have y(y +k+1)+1 L y+k+1 and thus y(y + k+ 1) + 1 | £ — 1. Moreover,
yly+k+1)+1>k+1, and hence k = 1 and y = x — 1. This concludes the proof of Lemma. [

Note that in Lemma 3.2.1 we have defined a quantifier-free formula for z = 0. Let us now

prove the following auxiliary statement.

Lemma 3.3.2. The properties v # 1, x = 1, and the relations v = y, y = 2> — 1, x | y are

ezistentially definable in the structure (N;-,°|).

Proof. For the first predicate, we can use the negation of the definition of x = 1 from Lemma 3.2.1:
r # 14 JyIz(z°Jy A =2 °|y). Next, from Lemma 3.3.1, it follows that

e>1Ay>1Ay=2>—1x£0Ay#0Az"zy Aylyz?). (3.6)

Indeed, xs|xy < o+ 1|y, but yS]ny & y+ 1 | 22 for positive z and y, and we obtain
equivalence (3.6). Now using thus defined predicate z > 1 Ay > 1 Ay = 2* — 1, we have the
following formula:

r>1ANu> 1/\u:x2—1/\u5|y2u>

r>1ANy>1Ax=y<s Judv ) 1 o
ANy>1Av>1Av=y" —1Av7|z%v

This «restricted» version of equality gives us a definition of the second of the desired predicates:
r=1Tyz(y>1ANz>1Ay=zAy>1ANzz>1Ny==zx2).

Now we can define the equality relation z = y < (x=0Ay=0)V (z=1Ay=1)V
(x>1Ay>1Az=y), and also, by using expression (3.6) in the analogous way we define the
relation y = 22 — 1. Having equality, divisibility is obtained by definition z | y & Jz(y = z2). O

To prove IDef-completeness of the structure (N;-,®|), it is sufficient to define by some
existential formula the relation y = Sz, since (N; S.) is already IDef-complete as it was noticed

in the first section. First, we prove another auxiliary lemma.

Lemma 3.3.3. For every integer x > 1 and integer y > 0 the divisibility yx + 1| % — 1 holds if
and only ify=0 ory = 1.

Proof. The values y = 0 and y = 1 obviously satisfy the divisibility. We can show that there are
no other integers y.

Let y > 2. Since y < x — 1, then y = x — k for some k € [1,x — 2]. Add the left argument of
the divisibility to the right one and factor out the common multiple (y + k):

yr+1|2° —1eyly+k)+1| y+k)?’—1eyly+k) +1|(@y+k)Qy+k).

Since y > 0, we have that y(y + k) +1 L y + k. Therefore, it is required that y(y+ k) + 1| 2y + k,
where the first argument is positive and less than 3% + ky + 1 for every y > 2. Thus we conclude
that for y > 2 the divisibility is not satisfiable. O

We can now define the following «restricted» version of the relation y = Sz.
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Lemma 3.3.4. The relation x > 2 Ny = Sx is existentially definable in the structure (N; -, S\)

Proof. We will use the predicates from Lemma 3.3.2. The property x > 1 is definable by the
formula x # 0 Az # 1.
We are going to show that

r>2Ny=9Srs

3.7
323t<z>1/\x>1/\$S|:Uy/\yz:x2—1/\t:z2—1/\x|t>. (38.7)

If y=x+ 1 for some x > 2 then take z =z — 1 and t = (x — 1)* — 1.

Conversely, for 2 > 1, we have z°|zy < =+ 1 | y and hence y = k(x + 1) for some k > 0
and k(z + 1)z = (z + 1)(x — 1). Therefore, k2 = v — 1. We obtain that kz + 1 | 22 — 1 for some
k > 0, and this, by Lemma 3.3.3, implies that k is equal to zero or one. Since k£ = 0 implies x = 1,

it is only possible that £ = 1 and z = x — 1, which means that y = x + 1. O]

Theorem 8. The relations x =y and y = Sz are existentially definable in the structure (N;-,°|),

hence the structure (N; -, SD 1s dDef-complete and its existential theory is undecidable.

Proof. Tt is sufficient to define the property x = 2 since y = 3 < Jz(z =2 Ay = 22 — 1), and for
the case x > 2 we already have definition (3.7) from Lemma 3.3.4. We show that

x:2©3y323t<zx>2/\y:5'zx/\:c\z/\t:yQ—l/\zS]t>.

For x = 2, we can take 2 =2, y =5 and t = 24.
To prove the equivalence in the other direction, rewrite the expression in brackets in the
following form:
zx>2A2(z+1) | (zz+ 1> = 1Az 2.

Since z # 0, divide through by z the first divisibility: z + 1 | x(zz + 2). From the divisibility = | z
we obtain that z+1 L z and hence z+1 | zx +2. This divisibility is true if and only if z+1 | 2—z,
or, in terms of congruences x = 2(mod 2z + 1), but 0 < z < z + 1 and hence = = 2.

Finally, by Lemma 3.3.2, the equality relation x = y is existentially definable in (N; - SD,
and the existential definability of y = Sz follows from the definitions of x+ = 0, x = 1 from
Lemma 3.3.2, the formulas for z =2 and x = 3, and x > 2 Ay = Sz from Lemma 3.3.4. Thus, we
get the desired result from JDef-completeness of the structure (N; S,-). ]
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3.4 Def-Completeness, Decidability and Complexity Problems for s |
with Addition

3.4.1 Addition and °|

Before we proceed to the problems of definability and decidability for the structures and
theories of the natural numbers with S| and some predicates, definable with addition, we first

prove the following proposition.
Proposition 3.4.1. The structure (N; —{—,S|) s Def-complete.

Proof. As usual, it is sufficient to define the graph of the squaring function y = 2. Using the fact
that * < y < Jz(z + z = y), we obtain the following definition:

y=2>sz’lz+yAvz(z’lz+2=y < 2). (3.8)

Since x S|x +y we get that x and y can be equal to zero only simultaneously. For non-zero values

of the parameters y is the least natural number such that x(z +1) | z+y, thus 2> +z =z +y. O

In the introduction to the chapter, we have already noted that formula (3.8) is analogous to

the L. Lipshitz’s definition [45] of the graph of squaring function in the structure (N;1, 4, |):
= er|yrr+l|a+yAVez(z|zAz+1]z+z=a+y |2+ 2). (3.9)

We see that | yAz+1 | 2 +y < 2°|z + y. Using definition (3.8), we obtain a corollary
from Proposition 3.4.1. Recall that IVTh(N;+,7|) is the set of all closed prenex formulas of

the language L with quantifier prefixes of the form dz;...3z,Vy;...Vy,,, true in the natural

(+<,%)
numbers. First prove an auxiliary lemma.

Lemma 3.4.1. The properties v = 0 and x = 1 are quantifier-free definable in the structure

(N; +, S]), and the relations x =y and x < y are existentially definable in this structure.

Proof. Indeed, z = 0 < z°|z and # = 1 < —2 %z A 2 °|z 4 z. For the equality relation we can

use the following existential formula:
_ S s S s
x-y@ﬂz(m lz+axnNz’|z+yANylz+z Ay ]z+y). (3.10)

When one of the arguments is equal to zero, the other also equals zero. If x,y # 0 then the
first two expressions imply that z = y(mod x(z + 1)), and from the third and forth it follows
that = y(mod y(y + 1)). We can easily see that now = and y are equal, and thus we obtain
J-definability of the relation z < y. O

Corollary 3.4.1.1. The theory ITh(N; +,°|) is decidable and IVTh(N; +,°|) is undecidable.
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Proof. The first part of this proposition follows immediately from the BL-Theorem. The second
part follows from the DPRM-Theorem and formula (3.8) in a similar way as in the undecidability
proof of IVTh(N; 1, + , |) by L. Lipshitz [45]. Let us describe this proof in more detail.

We will show that every set, which is 3-definable in the structure (N; +,-, =), is 3V-definable
in the structure (N; +,|). It is well-known (see a textbook by Yu.V. Matijasevich [52]) that every
such set is definable via some formula of the form Jy(P(Z,y) = 0), where P(Z,7) is a polynomial
with integer coefficients. The formula z = zy < (v + y)? = 2? + y* + 2z implies that for every
such polynomial equation we can construct an L —y-formula X(Z,7,u,0), where @ = uy,...,up,

U = U1,...,U, and

F(PEY) =0) & JyFu | x@yao) A N\ vi=ul]. (3.11)

i€[l..m]
Introduce new variables and rewrite the formula x(7,y,u,0), using (3.10) as an existential
L

+ sD-formula.

It remains to rewrite every expression v; = u? for i+ = 1.m using some universal
L, s)-formulas. To this end, we have to show that z <y is V-definable in the structure (N; +, %)
and then apply formula (3.8). We see that x < y < Vz(14+y+2z # x), and the universal definability

of the relations z = 1 and = # y follows from Lemma 3.4.1. [

3.4.2 NP-hard Addition and °| Family

In a conference paper by L. Lipshitz [45], the predicate S| was implicitly used in the proof
of NP-hardness of the problem of satisfiablilty in the natural numbers of systems with only five
divisibilities and four variables.

We assume that natural parameters of our formulas are encoded in binary. It is important
to notice that L. Lipshitz actually constructed not an NP-hard set, existentially definable in the
structure (N;1, + , |), but an NP-hard family. Since Lipschitz’s proof is quite simple, however
published in hard-to-access conference proceedings [45], we give it as an example. Then we will
define a notion of addition and divisibility family.

Introduce the following problems in the same way as it is done in the list of NP-hard
problems from the book by M. Gary and D. Johnson [25]:

QUADRATIC CONGRUENCES (QC)

INPUT: Positive integers a,b and c.

QUESTION: Is there a positive integer x < ¢ such that 22 = a(mod b)?
NP-completeness of this problem was proved by K. Manders and L. Adleman [49].

SIMULTANEOUS DIVISIBILITY of LINEAR POLYNOMIALS (SDLP)

INPUT: Non-negative integer vectors a; = a;,...,a;, and b; = b;g,....b; , for i € [1..m].

QUESTION: Do there exist non-negative integers x,xs, .. .,x, such that for all i € [1..m)]

n n
we have a; o+ ZFl ;5 | bz’,o + Zj:l bi,jxj?
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L. Lipshitz [45] proved that SDLP is in NP for every fixed number of divisibilities m. He
also showed that the problem is NP-hard for m = 5 and n = 4 via a polynomial reduction of QC
to this problem. This proof allows us to obtain a similar result for the predicate of divisibility

by two consecutive numbers.

Example 3.4.1 (L. Lipshitz [45, Proposition 2|). The problem SDLP is NP-hard for the case

when n =4 and m = 5.

Proof. We can assume that in QC the variable z takes its values from the interval [0..c], and that

a < b. We are going to show that we have the following equivalence over the natural numbers:

;

bly+(b—a)
T +c|y+2cx+
2 = a (mod b)
dz 0.4 & JrdyFuIv v+ (c+ 1) | y+2(c+1)x+(c+1)2 (3.12)
T € |U.c
y+ulc
r+ov|c

\

We use the variables u and v to rewrite the fact that z € [0..c] and y € [0..c?]. By the Chinese
remainder theorem, it follows from the second and the third divisibility that there is a unique
solution for y to this subsystem (of two divisibilities) from the interval [0,(z 4+ ¢)(z + ¢+ 1)). We
obviously have that y = 22 is a solution to this subsystem; but now we see that since (z+-c)(z+c+

1) > ¢?, there are no other solutions in the interval [0..c?|. This implies the equivalence (3.12). [
For the formulas similar to (3.12), we can introduce the following notion.

Definition 2. Addition and divisibility family is every set S C N™ for which there exists a
quantifier-free Ly . y-formula @(T,y), linear over 3, such thata € S < Iyo(a,y).

Thus, we presented an NP-hard addition and divisibility family in Example 3.4.1.

It is obvious that every addition and divisibility family is existentially definable in the
structure (N;+, -, =). Definition 2 can be generalized over arbitrary arithmetical structures,
but this will lead us far from the main topic of the chapter. Now we introduce an analogue to

Definition 2 for the relation of divisibility by two consecutive integers.

Definition 3. <+,S|>.family 1s every set S C N" for which there exists a quantifier-free
L, s)-formula ©(Z)y), linear overy, such thata € S < Jyo(ay).

We say that a family S is NP-hard if the problem of deciding @ € S is NP-hard, where
we assume that all natural numbers from vector @ are encoded in binary. We can now prove

the following proposition.
Proposition 3.4.2. There exists an NP-hard (+,°|)-family.

Proof. We prove this statement by constructing a polynomial reduction from NP-complete problem

of solvability of quadratic congruence z? = a(mod b) in the interval [2..c] for positive integer
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parameters a,b and ¢, where ¢ > 2. NP-completeness of the latter problem follows as a direct
consequence of the NP-completeness of QC.

We can construct an existential L, s,-formula 3y@(a,b,c,y) that defines a (+, %))-family
of triples of natural numbers (a,b,c) with the following property. If a,b and ¢ are positive integers
and ¢ > 2, then

dx (:c2 = a(mod b) Az € [2..0]) < Jyoe(a,b,c,y).

This reduction will obviously be polynomial since we will construct an explicit formula in the same
way as in Example 3.4.1.

We are going to show that we have the following equivalence over the natural numbers:

(

bly+(b—a)
cx+1|cy+3cx+2

2? = a (mod b)
Jz & ey e +2 | Ay +3cx +2 (3.13)
x € [2..c
z € [2..q]
y € [4..c%

\

To complete the proof of the proposition, we use the following steps. Using the formula bs\(b +
Dy + (b+ 1)(b — a), we can rewrite the first divisibility. Conjunction of the second and the third
divisibility is exactly the expression cx + 1 S|c2y + 3cx + 2, and the last two expressions of the
system can be rewritten using existential formulas for the relation < from Lemma 3.4.1.

Necessity of every condition of the right-hand side system of (3.13) is obvious. Let us prove
that this system has the only solution y = z?.

We see that cz +1 L ¢2, while we have GCD(cx + 2,¢?) = 2 when c is even, and cx + 2 1 ¢?
when ¢ is odd. By the Chinese remainder theorem, the subsystem of the second and the third

cx+1)(cz+2)

divisibility has a unique solution in the interval [O,( 5 ), when ¢ is even and, otherwise,

(cz+1)(cz+2)
2

Therefore, the only solution for y € [4..c?] is y = 2. This concludes the proof. O

a unique solution in the interval [0,(cx + 1)(cz + 2)). Since z > 2, we have > 202

Since by L. Lipshitz’s theorem [45|, every addition and divisibility family is in NP, our
NP-hard family will be NP-complete. It is clear that the set of all the relations, 3-definable in
the structure (N; 1, + | |), is a proper subset of the set of all such families. Studying properties of

addition and divisibility families seems to be rather interesting problem.

3.4.3 The Set of Squares, Addition and S\

In connection with definition of the graph of squaring function (3.9), L. van den Dries and
A. Wilkie ask [23, p. 505] whether the relation —=Sq(z) = Vy(y # 2?) is existentially definable
in the structure (N; 1, 4+, [). On the other hand, while the question of IDef-completeness of the

structure (N; 1, + ,S¢) remains an open problem (see [46; 56|, a positive answer would follow from
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the truth of Biichi’s five-squares problem), it seems that L. van den Dries and A. Wilkie knew that
the structure (N; 1,+,5¢, |) was IDef-complete. Since we did not find a reference to this result, we
are going to show that the relation y = 22 is definable in this structure by a simple quantifier-free
formula. A slight transformation of this proof will give us a proof of dDef-completeness of the
structure (N; 1, + ,S¢,°|).

Proposition 3.4.3. The relation y = x? is quantifier-free definable in the structure (N;1,+,Sq, |).

Thus, this structure 1s ADef-complete, and its existential theory is undecidable.

Proof. Let us show that
y=2 Sqy) ANSqly+2x+ 1) Az |yAl+a|y+2r+1. (3.14)

We can rewrite the last divisibility as 1 + 2 | y — 1. Let y = 2. Then it follows from the
divisibility x | y that 2? = zu for some u > 0 (if u = 0 then y = 0; thus 1 +z | z and = = 0).

Rewrite the divisibility 1 +x | y — 1 as 1 + x | zu — 1, or equivalently, 1 + x | u + 1. Let
u+ 1= (z+ 1)v for some v > 0. We obtain the following chain of equalities:

y+2r+1l=ou+2r+1=2((z+1)v—1)+2z+1
=z(z+1)v+(z+1) = (z+1)(zv+1).

It remains to show that v can only be equal to 1.

Assume that v > 1 and the following holds:
Sq((x +1)(xv+1) — 22 — 1) A Sq((z + 1)(zv + 1)).

Suppose that t* = (z + 1)(zv + 1). Since v > 1, we have ¢t > z + 1. But in this case we obtain
t?—(t—1)*>2(x+1)—1=2z+1, where (¢t — 1)? is obviously the greatest square, less than 2.
Thus —Sq(t* — 2o — 1) and our assumption is false. We conclude that v =1 and y = 22 n

A direct consequence of this result is that the relation Sq(z) is not existentially definable in
the structure (N; 1, + , |). From the formula (3.14) and equivalence x | yAl+z |y +22+1 &

a:S]x + y we obtain the following statement.

Corollary 3.4.3.1. The structure (N; 1, 4+ ,S5¢, S|> is ADef-complete.

3.5 Some Definability Results for S\ with Order and Successor

A natural generalization of Proposition 3.4.1 could be the proof of Def-completeness of the
structure (N; < ,S|>. This problem seems to be more challenging, and we will find a sufficient
condition of Def-completeness and will prove definability in this structure of the relations y = 2x

and y = 22



78

In the proof of Theorem 9 we do not need the full strength of J. Robinson’s theorem on
Def-completeness of the structure (N; S5, |). Since the graph of the successor function y = Sx is
definable via the formula © < y AVz(z < 2z = y = 2 Vy < z), the structure (N; < | |) is also
Def-complete. We will implicitly use definability of y = Sz in all subsequent propositions.

Theorem 9. If the property Py(z) = Jy(x = 2¥) is definable in the structure (N; < ,°|), then the
theory Th(N; < ,S|> s undecidable. If we can define the relation x = 2Y in this structure, then
(N; < ,SD is Def-complete.

Proof. We will use the well-known fact [12] that for every o« > 3 > 0 such that o« 1.  and x >
> 0, the following equality holds: GCD(a® — B, — BY) = qGCP@w) — gGCD@Y) T particular,
GCD(2% —1,2¢ — 1) = 26CPEY) 1 and thus GCD(z,y) = v & GCD(2* —1,2Y —1) = 2* — 1. This

implies that
(27— 1)2° [ (¥ —1)2¥ 2" — 1 |2V —1A2° |2 &z | . (3.15)

The relation Li(z,y) = y = 2 + x can be defined using the formula
(2=0Ay=0)V-y=0Az|yAVz(-2=0Az"|z=>y=2Vy<2).

The divisibility 2:(z+1) | y(y+1) is now definable via the formula 3z(L1 (y,2) Az °|2). If we assume
that the relation 2 = 2¢ is definable in the structure (N; < ,®|), then we obtain from (3.15) that
|y < FJuv(Su=2"ANSv=2Y ANu(u+1) | v(v+1)). Now the second part of the theorem
follows from the Def-completeness of the structure (N; <, |).

Let us prove the first part of the theorem. To this end, we introduce a substructure of
(N; <, %)), isomorphic to (N; <, |). That is, we will define a subset A C N and some relations
y<x and z|y over A such that there is a bijection f : N — A with z < y & f(x)<f(y) and
rly<e fly )|f( ). From the definability of the relations z € A, y<z and x|y in the structure
(N; <, |) we will obtain undecidability of Th(N; < , ).

Let A={2*—1: 2 >0}and f : x — 2® — 1. Then, since we assume definability of the
property P, the relation # € A is definable via the formula Jy(P(y) A Sz = y). We see that
r<y< 2" —1<2Y—1, and thus, by defining xTy = z(x +1) | y(y + 1), the formula (3.15)
implies that the structure (A4; < ,T ) is isomorphic to (N; < | |). O

The approach that has been used to prove undecidability of the elementary theory of the
structure (N; < | Py, S|> is widely applied in the cases where it is difficult to prove Def-completeness
of a given structure. For example, it is still an open question whether the structure (N;S, L)
is Def-complete, while A. Woods [85] and D. Richard [61] independently constructed for this
structure different substructures that are isomorphic to (N;+, -, =). Note that for this purpose
there was introduced by P. Cégielski, Yu.V. Matiyasevich and D. Richard [16] the notion of
structure with isomorphic reinterpretation property. They also presented an example of a structure
with isomorphic reinterpretation property, which is not Def-complete.

If we now consider the structure (N;S,°|), then using the relation 2 L, y defined in
Subsection 3.1.2, we can show that definability of the relation y = 2% in (N; S, S|) also implies
Def-completeness. Since by Lemma 3.2.1 the equality relation is definable in (N; S|>, we include in

our structure a unary function symbol for the function z — 2%, which will be denoted 27.
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Proposition 3.5.1. The structure (N; S,2% S|> is Def-complete.

Proof. We will use another result by D. Richard [62] on the Def-completeness of the structure
(N; 5,27 1). In order to prove our proposition, it is sufficient to define the relation of coprimeness
in the structure (N; 5,27, S|)

We will again use the fact that GCD(2% — 1,2¢ — 1) = 26P@y) _ 1 which implies that
rlys2*—112Y—1. Now we show that for the predicate L, we have

rlye (@=0Ay=1)v2¥ 111,22 -2 (3.16)

for all non-negative integers x and y. We thus get the desired result from the formulay =r—-1 &
Jz(x = Sy) and the fact that the predicate # Ly y is definable in the structure (N; S, °|).
Assume z # 0. Omit the first disjunct on the right-hand side of (3.16) and, using the

definition of 1o, rewrite it as
221 1 1,202 - 1) & GCD((2¥ - 12 1202 - 1)(2¥ — 1)) = 2. (3.17)

First we divide the expression by 2; moreover, we can exclude the power of 2 in the first
argument of GCD and rewrite the result using the coprimeness symbol in the form (22"~ —1) L

(2271 —1)(2% — 1). This is obviously equivalent to the following conjunction:
2 Al By §

Applying twice the fact mentioned above, we get * L y A 2% — 1 L 2¥. This completes the
proof of the proposition. O

We do not know whether the relation y = 2% is definable in the structure (N;S,°|), or at
least P, in (N; < ,SD. Propositions 3.5.2 and 3.5.3 might prove helpful in constructing formulas

that define these relations in the latter structure.
Proposition 3.5.2. The relation y = 2z is definable in the structure (N; < ,%|).

Proof. If in the definition of L; from Theorem 9 we introduce the notation My(z,y) = -y = 0,
then
Li(zy) e (x=0Ay =0)V My(z,y) AVz(My(z,2) Az®|z =y =2Vy < 2).
Now we can define Li(z,y) = y = kz? + kx successively for the indexes k = 2,3,4 by using the
formulas
Li(zy) < (x=0ANy=0)V My_1(x,y) ANV2(My_1(z,2) A :L’S]z =Sy=zVy<z),

where Mj,_1(x,y) = My_o(z,y) A\=Li_1(z,y). Hence we define y = (22+1)? in the obvious way, and
for the relation z > 0Ay = (20—1)? we have the existential formula 323t(Sz = zALy(z,t) Ay = St).
The following formula defines the desired predicate:
y=2x<(x=0Ay=0)V 321322323324(x >0
A= (20 —1)* ANz =yly —1)
Nzs =y(y + 1) A zg = (22 4+ 1)?

Nz1 < 29N\ 23 < 24)
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The expression on the right-hand side requires y > 2z A y < 2. O]

In order to prove that the graph of squaring function is definable in the structure (N; < , S|>,

we first prove the following lemma.
Lemma 3.5.1. The relation y = z(x + 1)(x 4 2)(x + 3) is definable in the structure (N; < ,®|).

Proof. If y # 0 satisfies S|y NSSx S|y, then it can easily be seen that in the case of 3 | x we have
y = La(x+1)(x 4+ 2)(x + 3), and when 3 { z we have y = £z(z + 1)(z + 2)(z + 3) for some k € N.

First define the property 3 | . Using x = 0 and S, we obtain 6 | x < Jy(y = 0 A SSyS|w).
Thus: 3|2z < 6|2z V6|SSSe.

Following the same approach as in Proposition 3.5.2, we define
Si(zy) e —y=0Az%yASSzlyAVz(mz =0Az°2A 85272 = y < 2),

and further, for ¢+ = 2,...,6 we sequentially add conjunctively to the formula and in the premise
of the implication the expression =S;_1(z,y) and —S;_1(x,z), respectively. Likewise, we define the
relations «y is the i-th positive integer, which is divisible by x(z + 1)(z + 2)(x + 3)». As a result,

we obtain the following:

y=z(z+1)(z+2)(z+3) < (z=0Ay=0)V (3| zASs(z,y)) V(BtzASx,y)).

O]
Proposition 3.5.3. The relation y = 22 is definable in the structure (N; < ,%|).
Proof. We are going to show that the following definition holds:
y=2> < (2=0Ay=0)V(z=1Ay=1)V(z=2Ay=4)
\/<x>2/\y>2/\v,z(z:y(y—1):>xS]z/\a:—13|z/\ (3.18)

Ao —2)(z— Dz +1) < 2Az < (2 — Da(z + 1) (= + 2))).

The conclusion of the implication under the quantifier should ensure that z = 2?(z? — 1). To this
end, we require divisibility of z by  — 1,z,z + 1 and enclose z between x?(z* — 1) — 2z(z? — 1)
and 2%(z* — 1) 4 2z(2? — 1).

It is clear that y = 22 satisfies the formula. We can prove that only such pairs of values of
x and y satisfy this formula.

Let 2,y > 3. The expression 2 °|z Az — 17|z implies that z = E(z —1)z(x +1); thus we have
(z —2) < £ < 2+ 2. Therefore, we obtain the following three possibilities: z = (z — 1)2z(z + 1),
z=(x—1)2*(x+1),and z = (x — 1)z(x + 1)%

First assume that y > 2% If 2 = y(y — 1) then z > z%(2* — 1), and the only possibility is
y(y—1) = (z—Dz(z+1)* = (> —1)(2* + ). Since it is clear that y < 2?+x, suppose y = 2% +k
for some k € [1,@ — 1]. Therefore, we have a divisibility z* — 1 | (#* + k)(2* + k — 1), which can
be rewritten as

(@ +k)(2* +k—1)= (k+ 1)k =0 (mod 2* — 1).
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Now we see that such a number k& does not exist, since from the definition of £ and the constraint
x > 3 we get the following chain of inequalities 0 < k(k + 1) < z(z — 1) < 22 — 1.

If we now assume that y < x? then for z = y(y — 1) the only possibility is y(y — 1) =
(x —1)%x(x + 1) = (2* — z)(z* — 1), which implies y > 2? — z. Again assuming that y = 2> — k

for some k € [1,x — 1], we obtain that
(2 —k)(2®* -k —1)= (k— 1)k =0(mod z* — 1).

If K = 1 then the original equality has form (2% — 1)(2? — 2) = (22 — 1)(2? — 2). It follows that
either z = 1, or x = 2, but we have excluded these cases. If k > 1 then 0 < k(k — 1) < 2? — 1,
which implies the absence of such k£ and y. This completes the proof of the statement. ]
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Conclusion

In essence, the main contribution of this thesis is GCD-Lemma and the notion of quasi-
quantifier elimination algorithm from the first chapter, and the main results from Chapters 1
and 2 are obtained using these tools. While Chapter 3 gives some insight into similarities between
integer divisibility and divisibility by two consecutive integers from definability and decidability
point-of-view, this chapter uses standard techniques and all results look quite predictable.

It was difficult to find an appropriate formulation for fourth condition of GCD-Lemma,
since it was easier to prove this lemma using ((iv)), whereas in applications we always use (iv).
Moreover, (i) and (ii) echo the Chinese remainder theorem, while it is sometimes more convenient
(e.g. in quasi-QE algorithm C from Proposition 2.6.2) to replace three conditions (i), (ii) and
(iii) by a single condition ((iii)) for every 7,j € [1..m]. Overall, it is surprising that there exists
such a generalization of the Chinese remainder theorem and, moreover, that it can be applied
to solve various definability and decidability problems. The results of Section 2.6 were obtained
when Chapter 1 was finished. Similarly to quasi-QE algorithm C, Step 2 of algorithm R can be
transformed in order to be “closer” to quantifier elimination. That is, by using binary function
symbol GCD, we can introduce less Greek variables (or even do not introduce them at all). At
the same time, auxiliary Greek variables greatly simplify the form of gcd-expressions, and thus
we can easier reason about formulas with ged-expressions of this kind.

We believe that a proof of the BL-theorem from The Book [1, Preface| must also give
us a description of all the P3-definable predicates. In Theorem 5, we were able to solve this
problem in the case where the order relation is excluded from the structure and divisibility
is replaced by coprimeness. Among intermediate structures, the most important ones are the
following: (Z;1,+,—, <, L) and (Z;1,+,—,|). For the second structure, it might be helpful
to use a result of P. Cégielski [15], who applied model-theoretic methods to prove that there is a
quantifier elimination algorithm for a certain extension of (Z-;|) with some predicates definable
in this structure. Note that in our case it is sufficient to consider only P3-definable relations. A
solution to any of these P3-definability problems would give us a new decidable fragment of the
V3-theory of the structure (Z; 1,4+, —, <, |). Thus, the decidable fragments from Theorem 7 and
Corollary 4.1 may appear to be two special cases of a single decidable fragment.

Robinson’s question about decidability of 3ITh(Z;1,+, —, <, | ,) forms the main branch
of further research. L. van den Dries (see [58]) gave a model-theoretic proof that there is a
quantifier elimination algorithm for a certain extension of the structure (N:1, + <, Pp) with
some functions whose graphs are definable in this structure. For our purposes, it is important to
explicitly construct such an algorithm, or at least a quasi-QE algorithm for the existential theory
of this structure. Next, if we want to give a positive answer to the generalized Robinson’s question
from section 2.7, we should first consider the decision problem for 3Th(Z; 1, + , — , < ,P,P3,Py,...)
(note that it is a long-standing open problem of whether Th(N; 1, + , < ,P,Ps) is decidable [5]).
However, these questions are already far from the main topic of this thesis. Concerning possible

further directions of research this may suffice.
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BBenenne

Jluccepraius TOCBAIIEHA UCCACTOBAHUIO CBA3U MEYKJLYy JIBYMS BayKHBIMU HMHCTPYMEHTAMH,
[PUMEHSIEMBIMU TIPU U3YYEHUN BOIPOCOB TEOPETUYUECKON MHMOPMATUKH: AJTOPUTMAMEI JIUMU-
HAIMU KBAaHTOPOB U TEOPEMbI O Pa3PEIIMMOCTU SK3UCTEHIIUAIBHON TeOPpUN HATYPATbHBIX THCENT
C eWHUIEH, CIOKEHNeM U JIeJIMMOCTbIO. K 9TOif Teme HermocpeCTBEHHO MPUMBIKAIOT BOIIPOCHI
BBIPa3UMOCTH C IIOMOIIBIO OTHOH_IeHI/II';‘I, KOTOpbIE€ MO2KHO OIIpeAeJIMTh B TepMHWHaX CJIOZKEHUA K
JIEJINMOCTHU TI€JIBIX YUCEJT.

B nepBoit yactu paboThl OyIeT BBEJICHO MOHATHE AJTOPUTMA KBa3WJIUMUHAIINN KBAHTOPOB
(kBasu-9K), B HEKOTOPOM CMBIC/Ie 0000IIAOIIee MOHITHE AJITOPUTMa SIMMUHAINA KBAHTOPOB.
Hasee cTposites jBa asnroputMa kKBasu-dK, koTtopbie hopMUDPYIOT HOBOE JI0KA3aTEIbCTBO Pa3pe-
[IMMOCTH SK3UCTEHINATHHON TECOPUU HATYPATBHBIX TUCEJT C €IUHUIICH, CIIOKEHIEM U JICJIUMOCTBIO.
HSBIK CJIOZKCHHUA 1 ACJIMMOCTHU JOCTATOYHO 6OFaT 1 CJIOZKEH JIJIdd U3yYdeHud; BO BTOpOfI TJIaB€ IIOHA-
THe aJaropurMa KBazu-JK ucrosb3yercs i MoJIyueHust pe3yIbTaTOB O BBIPA3UMOCTH C IOMOIIBIO
6oJtee c1abBIX cpeicTB. B TpeTbeil TiiaBe Mbl OTXOIMM OT BOIIPOCOB KBA3UIJIUMUHAIINNA W PACCMAT-

pUBaeM HEKOTODPbIe OJin3Kue MpobJIeMbl BHIPA3UMOCTH.

0.1 Apudmeruka co C/I02K€HHEM U AeJIMMOCTBIO 1 aJrOPUTMbI
JIMMUHAIIUN KBAaHTOPOB

PazpermmMocTs 1O3NTHBHON SK3MUCTEHIINAIBHON TEOPHH HATYpPaIbHBIX YHCEJ C €INHUIIEH,
CJIOXKEHHEeM U JIeJIMMOCTbio Oblia jgokazana nezasucumo A.Il. Benbriokoseim [1] w JI. Jlun-
murem [51] B 1976 romy. MHbIME ciioBamM#, CyIIECTBYeT AJTOPUTM IIPOBEPKU COBMECTHOCTH B
HATYpaJbHBIX 4ucaax cucreM Buna fi(T) | ¢;(T) masg Becex i = l.m, tne T = x1...T,, a f;(T)
u g;(T) cyTb JTMHEHHBbIE OJIMHOMBI ¢ HEOTPUIATEIbHBIMA TesIbIME Koddbdunuenramu. Hecmoxmo
TaKyKe M0Ka3aTh, YTO STOT PE3YJILTAT CBOJUTCHA K IIPOOJIEME PA3PEIINMOCTU B II€JIBIX YUCJIAX CH-
CTeM HEPABEHCTB U JIEJIMMOCTEN JINHEHHBIX IIOJIMHOMOB C IeJIbIMU KO3 dunnenTaMu, 1 Haob0opoT.
Wi, ¢ TOYKM 3peHnsi MaTeMaTu9IecKol JIOTHKH, MO3UTHBHAs dK3ucTenmaabaas reopus (P3Th)
crpykrypel (Z; 1,4+, —, <, |) paspemmma. CJI0BO «IIO3UTHBHAs» O3HAYAET, 9TO B CHCTEMaX He
UCIIOJIb3YeTCsl OTHOIIeHne HejeauMocTd. OT 9TOro OrpaHUYeHUs] MOYKHO N30aBUTHCS BBEJICHUEM

HOBBIX TIEPEMEHHBIX [OCPEICTBOM (DOPMYJIbI
ztye (z=0AN1<|y)VvIz(A<zAz<|z|— 1Az |y+2), (1)

rjie HeoOXO/IUMO JIUIIb TePENucaTh PAaBEHCTBO HYJIIO U MOMIY/Ib Y U T C HMOMOIIBIO JIDYTUX CHUM-
BOJIOB CUTHATYDHI.

OrmernM emé onuu crocod nepedopmMymrpoBath Teopemy bembriokoa u Jlummumna (BJI-
reopemy). Ilycrs Tpéxmectroe ornomenne HO/(x,y) = z ectb rpaduk GyHKIWMN, BHIYACISIONIEH

HO/I nenbix unces, npuuém HOJI(0,0) = 0. Torna z | y < HO(z,y) = vV HOd(x,y) = —x. C



,HPYFOfI CTOPOHBLI, U3 aJITOPpUTMa EBKJII/I,II,& IIoJIy4daeM CcJIeAyomue 3KSUCTEHIINAJIbHBIC OIIPEIC/ICHN A

HOH(zy) =2z < 0<zAz|azAz|yATu(z |uAy|u+ z) (2)
-HOd(z,y) =2 & 24+1<0V-z|azV-z|yVIv(w|zAv|yAz+1<0).

CuiretoBaTe/IbHO, HCIIOJIB3YETCsI JIM OTHOIIEHUE JeTMMOCTH Uian Tpéxmectnoe otnomierne HOJL,
COOTBETCTBYIOIIHE MPOOJIEMbI Pa3PENIuMOCTH CBOJATCS JAPYyT K Jpyry. VIMeHHO B TakoMm BuH/IE,
ucnosibzys orHomenne HOJL Bmecto nenmumoctu, BJI-teopema 6buia mokazana B. 1. Maptbsimo-
BbIM [5] Yepes roj1 mocsie nosiBIeH:sI OPUTMHAJIBHBIX J0Ka3aTeIbeTB. KaxK1yio n3 pacCMOTPEHHBIX
epebopMyIMPOBOK MbI OyJsieM jaJjiee Ha3biBaTh bJI-Teopemoii; m3 KOHTEKCTa HECJ0XKHO Oyer
OIIPEJIE/INTh, O KAKOH KOHKPETHO BapUAIUUA UJET PEUb.

[TosiBnenuio 9TOil TEOpPEMBI MPEJIIECTBOBAJIO JIOKA3ATEJIHCTBO HEPA3PEITUMOCTH JIeCATON
npobsiembl ['mbbepTa, osrydenHoe B padborax M. /Issuca, X. [Tarasma, JIxx. Pobuncon n FO.B. Ma-
tusicesnda [6; 7| (JIIPM-reopema). Kax 6610 mokazano B 1974 roxy H.K. Kocosckum [4], sta
mpo0JieMa CBOJIUTCA K BOIPOCY COBMECTHOCTH B HATYPAJILHBIX UHCJIAX CUCTEM JIMHEHHDLIX JIeJIH-
mocreii u Boipaxkenuit Buga T(f(Z),g(T)), tne T ecTb HEKOTOPBIil MPEJINKAT CTENEHHOIO POCTA,
a f(ZT) u g(T) aBasrorcs JUHEHHBIME TIOJIMHOMAME C HATypaJbHBIME Kodbdurmmenramu. Bosee
dbopmasbro, 6611 jtokazana Hepaspenmvoctb ITh(N; 1, + || 7). Orcroga Bugum, aro BJl-reope-
Ma JaéT OTPUIATEIbHBI OTBET Ha BOIPOC O TOM, OCTAHETCHd JIM MPODOJIeMa HEPA3PENTNMO, eC/in
UCKJII0YNTh 1 U3 CUTHATYPHI.

Ceenennem Kk 3ajade paspermmmoctu st ITh(N; 1, 4+ | |) yzamoch ycranoBuTh pasperr-
MOCTBb psja mpobJieM TeopeTndeckKoir mHpoOpMaTnKu, B TO Bpems Kak /JIITPM-reopema dacrto
CJIy’KUT OOpaTHOW eI, & UMEHHO, JOoKa3aTeabCcTBY Hepaspemumoctu. Hampumep, B 1996 rosy
A. Hdertapésbiv, FO.B. Martusicesuaem n A. BoporkoBbiM [27| Obl1a ToKa3aHa pa3penimMoCThb MPo-
OJ1eMbl OJIHOBPEMeHHO kécTkoll E-yuudukanuu (simultaneous rigid E-unification) nis si3bika,
CUTHATYypa KOTOPOT'O COMEPKUT OJMH YHAPHBIN (PYHKIINOHAIBHBIN CUMBOJI W CYETHOE IUCTIO KOH-
cranT. [Ipaktiaeckn B To ke Bpemsi A. Jlerrsapésbim u A. BoporkoBbiM [28| 6buia ycraHoBIIeHA
HEPa3PENIMMOCTh 00IIIeil TPOOIeMbI OJIHOBPpEMEHHOI kécTkol F-ynuduramnuu. B padore 2009 ro-
na K. Xaace, C. Kpéitnepa, /I:x. Oakunna u JIxx. Yoppesia [64] ¢ momormpio BJI-teopembr GbLia
JIOKa3aHa Pa3permMOCTh MPOOJIEMbI JOCTUKUMOCTH JIId TAPaAMETPUIECKOTO OJIHOCYETIMKOBOIO
aBromara (parametric one-counter automata), a JIIIPM-teopema 6buia npumenena M. Boxroit,
P. Nocudom u 9. JTaxuekom [17] ayist JokazaTeberBa Hepa3permnMoCTh TPoOJIeMbl JOCTUAKUMOCTH
JIJTsT TAPAMETPUIECKOro IIOCKOTO caéTankoBoro apromara (flat parametric counter automata). B
sToM cmbicie bJI-reopema u JIIIPM-teopema monosHdior apyr apyra.

B neitictBuTenbHOCTH, 18 paspeniuMbIX MPoOJIeM U3 MPEJIbIIYINero ad3ala CyIecTByeT U
obpatHoe cBejierne K 3ajade paspermmmoctn st ITh(N: 1, + | |), u, Kpome Toro, cBejeHus B
00OMX HAIPaABIEHUAX MOYKHO BBIIOJHUATH 38 MOJTMHOMUAIBLHOE BPEMsl Ha HEJIETEPMUHUPOBAHHOMN
mammnae Toiopunra (em. [49]). Kaxas u3 srux npobiaem NP-tpyiHa v OpUHAJJIEKET KIACCY
NEXPTIME, kak 6bu10 ycranosyieno B 2015 romxy A. Jleanep, JIxx. Oakuunom u JIxx. Yoppes-
aoM [50], omHako Gostee TOUHO KiaccubUKaUE BPEMEHHON CJIOKHOCTH HE U3BECTHO. BepxHsist
OIEHKA CJIOYKHOCTH ObLIIa MOJIyUeHa B Pe3y/IbTaTe psjia yCoBepIleHcTBOBanuil ajropurma J1. Jlur-

IIUIA, 9TO NPUOIU3UIO paspelraiontyio mnporneaypy K aiaroputvmy B.M. Maptbanosa. Takum



06pa3oM, UMeeTCst JIUITh YeThIpe BO MHOTOM CXOXKHX M3j10yKeHust ajaropurma st ITh(N; 1, + | |).
A. Jleanep ¢ coaBTOpaMu OTMEYAIOT TPYIHOCTE ajroputMma (y[...| the considerable mathematical
depth and intricacy of Lipshitz’s proof, making it diffcult to read and understand [...]*), aro
[PUBEJIO K HEOJHOKPATHBIM OImubKaM B uHTeprperaiuu pesysibraros JI. Jlummuma [52).

OcHoBHasI Uaest STUX AJTOPUTMOB MOXKET OBITH M3JIOXKEeHa ciaeayionmM obpasom. Ilo man-
HOil cHCTeMe JIMHEHHbIX HEPABEHCTB W JIJIUMOCTel @ (T1,...,T,) CTPOUTCS JUIBIOHKIUS CUCTEM
JIQJIUMOCTEN CIIEUAIBLHOTO BUuIa @;(T1,...,Ly,), BBIIOIHAMAS B 7 TOTJa U TOJBKO TOT/A, KOTIA
BBIIOJTHUMA @ (Z1,...,2y, ). st Kax ot cucrembl @;(1,...,2, ), UCXOJsT U3 €€ CTPYKTYPBI, MOXKHO
IOCTPOUTH KOHCTAHTY V; TaKylO, UTO @;(Z1,...,L,) BBIIOJHAMA B IEJIBIX THCIAX TOLJA M TOJb-
KO TOIJ/Ia, KOIJ[a OHA& BBLIIOJIHUMA B IEJIBIX P-3IM9eCKUX YHUCIaX Zj, JJid BCAKOIO IIPOCTOTO IHC/Ia
p < V;. Paspermmmocts teneps cieyer u3 paspemmuvoct 3Th(Q,y; 1, +, —, =, div) mas orrome-
g & div 3 = v,() < v,(P), rae v,(x) ects HAUGOIBIIAA CTEHEHD P, KOTOPAST JICJIUT .

Pazpermumocts nocjie/ineit Teopun MOXKHO YCTAHOBUTH C IIOMOIIBIO aJITOPUTMOB SJIMMUHAIIAN
kBanTopos (DK) B. Bucndenunnra [83] nim T. Ilrypma [78|. Takoit aaropurm mo Beskoit dhop-
myste Buga 3x@(2,7), rae @(x,y) — 6ecKBAHTOPHAsI, CTPOUT SKBUBAJIEHTHYIO B COOTBETCTBYIOITIEHT
CTPYKType 6ecKBaHTOPHYIO dopmyiry @(7) Toro ke s3bika. OTMeTuM, 4TO B yKasaHHON pabo-
te B. Bucndennnnr nzyqan ¢ nomompio anropurmos DK ciaoxknocrs 3Th(Q,; 1, +, —, =, div)
U T0Ka3aJi, u4To mpobJyieMa pacro3HaBanus (opmys 3toir Teopun NP-TpyiHa m TpuHAJIEKUAT
kiaccy EXPTIME. M tak:ke ObLIO BBICKA3aHO IPEJIINOJIO0KEHNE O MPUHAJIEXKHOCTH 3a/1a91
kinaccy NP; uctunnocts 3Toii runore3nt Obuta jokazana B 2019 rogy . Temenom, K. Xaace
u JIx. Yoppesiom [36] ¢ mOMOIIBIO TEOPETHKO-aBTOMATHBIX CPEJICTB. B CBSI3U € STHMHU BOIPO-
caMi OTMETHM cJrefytformuii pesyiabrar, HegaBuo mosydensbrii K. Xaace mw A. Mancyrru [39].
Onu paccMaTpuBaioT p B KadecTBe apamMeTpa u jioka3siBaioT ciefyioriee: Kiaccy NEXPTIME
MPUHAJIEZKUAT MIPOOJIeMa IIPOBEPKU TOTO, YTO JIaHHAS SK3UCTEHIMATIbHAas (DOPMYJIa SBIISETCS BbI-
MOJTHUMOI 045 Hexomopozo p > 2; aHAJOIUYHBIA BOIPOC OAA KaxHCcA020 P > 2 OKA3bIBAETCS B
kyacce co-NEXPTIME.

Anropurmbl DK gBISIOTCA MPUBBIYHBIM HHCTPYMEHTOM IIPU U3YYEHUU apUPMETHICCKIX
Teopuil, KOTOpbIE B CBOIO OYEpEIb IPEIaraloT YIO0OHBIN SI3BIK JIs ONMUCAHUS CBOWCTB CaMBIX
pa3Hoobpasubix 00bekToB (eM. 0630p T. Hlrypma [79]). st saumuHarmn KBAHTOPOB ObLIN pas-
paboranbl Takme nakerbl Kak RedlLog s cucrembr kommbioreproit ajaredbpsi REDUCE win
SyNRAC [42] ayiss Maple. OcHoBabIME TiprMepaMu Teopuii ¢ agropurmamu DK sipisirores apud-
METHUKA HATYPAJbHBIX YHCEJ C €JUHUIEH, CJIOKEHUEM U PABEHCTBOM, KOTOPasl HA3bIBAETCS TAKIKe
apudmeruroit [IpecOyprepa, a Tak ke apudmerwka BeNIECTBEHHBIX UHCET CO CJIOKEHUEM U
oTHOIIeHneM mopsika. CBOHCTBA M3y4aeMOro 0ObEKTa OIMUCHIBAIOTCS € MOMOIIBIO (hOPMYJT COOT-
BETCTBYIOIIUX CUTHATYD, 3aT€M OCYIIECTBIISETCS TTPOBEPKa BBITOJTHUMOCTH (DOPMYJIBI C TTOMOIITHIO
anropurMoB DK, Takux kak agropurm Kymnepa [26] mis quneitHol neouncientoii apudMernku u
SJIMMUHAINS KBaHTOPOB Jlyca-Bucndennunra [55] 1jist BemecTBenHoil inneiinoit apudmeruku (Cm.
o63oper T. Hunkora [59] u T. Illrypma [80]). fcHo, ¥T0 B pesynbrare SJMMUHAINN JKeJIaTEIHHO
[OJIYIUTh (POPMYJIy KAK MOXKHO MEHBIIIEr0 pa3Mepa.

Amnajyorn anropurmo DK mpumensiuch g u3ydeHus pacraimpennit apudmeruku [Ipec-

Oyprepa, KOTOpble COXPAHSIOT CBONCTBO Pa3permmMOCT. SHAYUTEIbHBIN BKJIa/ B PA3BUTHE 9TOTO



nanpassenust saéc A.JI. Ceménos [9]. VM Gbuta, B 4aCTHOCTH, YCTAHOBJIEHA PA3PEIIUMOCTD Jie-
meHTapHO#T Teopun crpykTyphl (N; 1, + P, =), riie Py(x) < Jy(z = 2Y), u gaxe Gosee obrmeit
Th(N; 1, + ,2%, =). D1u pe3yabraTsl ObLIN TOIYyIeHbl MeTOIOM Oiin3kuM DK jeraspHoe onucanme
anropurma DK, nossossonero ycranoputh pasperuvocts Th(N; 1, 4+ 2% =), npejcrasieno B
npenpuaTe ®. Ilyan [62]. B cBasu ¢ 9TUM €CTeCTBEHHO CIIPOCUTH, MOKHO Jin 06061muTh BJI-Teo-
pemy jgobaBjienreM B curHatypy Pp wiam 2*7 Orpurare/ibHbI OTBET HA BTOPOH BOIIPOC CJIEIYET
13 YKa3aHHOM BbIIEe TeopeMbl KOCOBCKOro; B TO K€ BpeMs, BOIIPOC O Pa3PEIINMOCTH SK3UCTEH-
[IIAJHBHON TEOPUN HATYPAJIbHBIX UNCE] C €IMHUTIEH, CJIOKeHHeM, JTeJTMMOCTBIO U OTHOIIeHueM Po
OCTaéTCsl BaXKHOI OTKPBITON 1pobsremoit [72]. OTmernm, 9ro jijist monbITok 0b6obimerns BJI-reope-
MBI, KeJlaTesibHo uMeTh ajroput™ st ITh(N; 1, 4+, 1), Paspermumocts 910i Teopun sBjiseTcst
HECJIOKHBIM cieicTBueM BJl-reopembl (yTBepK ieHue ObLIO IBHO ¢(hOPMYIUPOBAHO U JOKA3aHO A.
Byncom [85, Chapter 2, Corollary 1.6]), ofHako He BBINISIUT IPOCTOl 3a/adeil OT/eIeHIe STOro
caydas OT aJll'OpuTMa U3 JoKazarejabcTBa BJI-Teopembr.

EcrecrBennoe ¢ ToYKM 3peHUst NPUIOXKEHHUiT 0000IIeHne 3a1ad JIMHEHHOINO IIPOrpaMMU-
poBaHUSA W IEJOYUCJIEHHOIO JIMHEITHOrO IporpaMMHUpoBanusg OblL1o m3ydeno B. Bucndennun-
rom [84] B 1999 romy. Bbur mocrpoeH ajropuTMm SJUMUHAIMA KBAHTOPOB JIsi CTPYKTYPBI
(R;1,+,—,[], {cheer = <), tae [] coorsercrTByer (yHKIMHM BBIMHCIEHHsS LEJNOH YaCTH Be-
IIIECTBEHHOTO YNC/Ia, & YHApHble (DYHKIMOHAJIBHBIE CHMBOJIBI € BBOJATCS JIJIT YMHOMKEHHUS Ha
panuoHaJIbHble KOHCTAHTHI ¢. KpoMme Toro, /jis OTHOIICHUS IEJIOIHCICHHON TeIMMOCTH & | § =
Jz2(y = x - 2z A z € Z) nokasana nepaspemmmvocts Th(R; 1, 4+, — [], =, <, |), a Takxke 3ajan
BOIIPOC O Pa3pENInMOCTH TMO3UTHBHON 9K3UCTEHIINATBHON TEOPUU ITOW CTPYKTYPhI. JTOT Pe3y/Ib-
TaT ObL1 Obl 06006MmenneM BJI-TeopeMbl, TaK KaK OTHOIIEHNE «OBITH IIEJIBIM YUC/IOM» BbIPaXKaeTcs,

HAIPUMED, C TOMOIIbI0 dhopmyibl & = [x].

0.2 O6o06mennsa BJI-TreopeMbl 1 BOIIPOCHI BBIPA3UMOCTH

Jpyrum marmpas/ieHneM TOUCKa 0000IeHnit MOrJIo Obl CTaTh UCHOJIL30BAHUE PA3IHIHBIX
kBaHTOpoB. OyHaKo, Kak Obuto mokazano JI. Jlummmuiem [52|, HepaspermmMbIM OKAKeTCsT yIKe
MHOKECTBO MCTHHHBIX B HATYPAJIbHBIX YHCIaX (DOPMYJ A3bIKa CUrHATYPBI (1, + | |), B KOTOPBIX
KBaHTOPHAs IPHUCTaBKa uMeeT BUJ J...dV. DTOT pe3ysbTaT sABJISETCS HECJIO0XKHONW KOoMOMHAImei

JIITPM-Teopembl 1 BbipazuMocT I'pacduka MYHKIINNA BO3BEICHUA B KBAIPAT C IIOMOIIHIO (DOPMYJIbI
y=r*ez|yrz+l|z+yAVz(z|zAz+l|at+z=>0+y |0+ 2). (3)

CreioBaTesIbHO, HEPa3pelmMbIMI OKa3bBAIOTCA yKe IV- n V3-reopun crpykryp (N; 1,4+, |) u
(Z;1,+,—, <, |). Barom cmbiciie, kak ormedaor M. Boxra u P. Mocud [16, c. 126], BJI-reopema
SIBJISIETCS OJTHUM U3 CAMBIX CHJIBHBIX PE3Y/IbTATOB O PA3PEIMMOCTH B IeJIOUNCIEHHON apudMeTnke
(,]-..] remains one of the strongest decidability results in integer arithmetic [...|).

B To xe Bpems, jis psja mpobseM hopMaibHON BepuduKaun Tpedyercsd paclo3HaBaTh

HNCTHUHHBIC B IEJIbIX YHCJIaX (bOpMy.HbI C TAKMMM KBaHTOPHBIMU IIpHMCTaBKaMM, HO C HEKOTOPLIMUA



OTpAHUYCHUAMHI Ha BUJ IMOJKBAHTOPHBIX Bbipaxkenuit. M. Boxkra u P. Uocud B gpyroit pado-
re [15] onpenesmin cemeificTBO MO3UTUBHBIX 3V-GOPMYJI ¢ OTHOIIEHUEM MOPsIIKA U JEIUMOCTHIO,
B KOTOPBIX KaKjas JimHelHas Jequmoctb umeer Buj f(T) | ¢(T,y), nupuaém nepemenHble u3s T
3aMKHYTBhI KBAHTOPAMU CYIECTBOBaHUs, a U3 I — KBaHTOpamu Bceobmnoctu. [lociie nabpocka
JIOKA3aTe/IbCTBa, PA3PEITUMOCTH TOTO CEMENCTBa, Pe3y/ibTaT ObLI MPUMEHEH B UCC/IEI0BAHUU BO-
IPOCOB BepudUKAIUU TPOrPAMM CO CITHCKAMHU.

Ha paspermmmocTs 3T0or0 bparmMenTa apudMETHKHI EIbIX YUCETT CO CJIOKEHUEM, TOPSIKOM
U JIequMOoCThIo ommpaercss A. Jleanep [48] B m3ydeHunm BOIPOCOB PaspemImMOCTH U CIOKHOCTH
pobJieMbl cuHTe3a 110 (hopmyJie JuHeliHoi Temopasibhoit joruku (LTL) ps napamerpudeckoro
OJIHOCYETIMKOBOI'O aBTOMAaTa. JTa paboTa UCIOIb3YeT CIOCOD BhIPAXKEHUs CBOWCTBA JOCTUKUMO-
CTH I YKa3aHHBIX aBTOMATOB B TEPMHUHAX CJIOXKEHUA U JICTUMOCTEH IEJIbIX Yucesl u3 paboThI
K. Xaace u coaBropos [64]. Oxnaro, kak ormedaer A. Jleanep B cBoeil muccepramuu [49], B 10-
KazarejbcTBe paspermumvoct M. Boxkru u P. Mocuda [15] umeercsa omubka. VcnpasieHuio 1ot
OIMMOKN U YCOBEPIIEHCTBOBAHUIO TIOJIYUYEHHBIX JIedHep pe3ysibTaToB MOCBAINEHa HedaBHsAS padbo-
ta [ A. ITepeca u P. Paxu [61]. Vimu 6bu1 onpesienién Gostee y3kuii Kiaace ¢hopmydr, /i KOTOPBIX
1pobJieMa IIPOBEPKH MX UCTUHHOCTHU B IEJIBIX UHC/IaX YKe OyJeT paspemnmMoii, 1 B TO Ke BpeMs,
9TOro (pparMeHTa JOCTATOYHO, YTOOBI 3alMChIBATD PA3/IMIHbIE TTPOOJIEeMbl CHHTE3a JIJIs IapaMeT-
PUTIECKOTO OJIHOCIETIMKOBOTO aBTOMATA.

Takum obpazom, BaxKHOI TPOOJIEMOIT SIBJISIETCS HAXO0XKJIEHUE JIOCTATOYHO IUPOKUX pa3pe-
IMUMBIX TOAMHO)KeCTB dopmysr IV-teopun crpykrypbl (Z;1,+,—, <, |). C apyroit croponsr,
JKeJIaTelbHO 00J1aaTh yIOOHBIM OIMUCAHNEM OTHOIIEHUN, KOTOPBIE MOTYT OBITh BBIPA’KEHBI I10-
nobubiMu (popmysiamu. Takue omucanusi JIOJKHBI JaTh BO3MOXKHOCTH OTBEYATH HA BOIPOCHI O
TOM, Kakue CBOficTBa He MOryT ObITh Bhipazkenbl. Hanpumep, M. Boxra u P. Mocud [15, Remark
2| oTmMedaT, YTO HEW3BECTHO SBJSETCS JIM OTHOIIEHHE T < Y SK3UCTEHIUATHHO BBIPA3HMbIM
(F-Boipasumbiv) B (Z; 1, +, — , |). B kauecrse ciegcreus uz dopmyisl (3) nomydaem, uto y # 2
apagercss 3-ppipasumbiM B crpykType (N;1, + , |), uTo HeBepHo mis y = x?. Beuy storo ompe-
nenenns JI. Ban gen Jpuc u A. Ywiku [31] 3agator Bonpoc 0 I-BbIpasuMocT OTHOIIEHUs —S¢
«He OBITh KBa/IPATOM HATYPAJBHOTO UUCTIAY.

B cBasu ¢ dopmysoit (1) MOXKHO CIPOCUTD, SBJISIETCS JIM MO3UTUBHO 3K3UCTEHIIUATBHO
BoipasuMbiM (P3-Bbipasumbiv) B (Z;1,+ , — , <, 1) orpunaHue OTHOIIEHUsI B3AMMHOI POCTO-
ThI U MOYKHO JIM MOKa3aTh, 9TO OHO TAKOBBIM HE SIBJISIETCS, €CJIU MBI 3aIIPETUM HUCIO/Ib30BAHUEe
otrHomeHus nopsiaka? [logobuble BOIPOCH 9K3UCTEHITUAIBHON BBIPA3ZUMOCTH SBJISIOTCS C1a00 U3y-
gennbiMu. B pabore JI. Jlummuna [52] Gbuin npuBeeHbl HECKOJIBKO HPUMEPOB J-BbIPAZHUMBIX
B crpykrype (Z;1,+,—, <, |) mpeaukaros, B dactaoctH, dbopmynasl (2). Kpome Toro, 6bL10
JIOKa3aHO, 9TO Kaxkjioe MHOKecTBO S C N, J-BbIpasumoe B 3TOI CTPYKTYpe, MPEJICTABISIET CO-
6oit 0ObeIMHEHNE HEKOTOPOIO0 KOHEYHOI'O MHOXKECTBA U (BO3MOYKHO, IIyCTOrO HJIM OECKOHEYIHOIO)
obbemHeHnst apudMeTndeckux mporpeccuii. Jls sToit ke crpykrypsl JI. Ban gen puc m A.
Yuikn [31] usydanm cpoiictBa pocta (yHKIWIA, Ipa@UKN KOTOPBIX SABISIOTCS SK3UCTEHIHAIBHO
BBIPA3UMBIMU.

Asropurmbl 9K 1103BOJIAIOT ONMUCHIBATH OTHOINEHUS, BhIpa3UMble B HEKOTOPOH CTPYKType

¢ TTIOMOTIBIO (POPMYJI ¢ KBAHTOPAMH, KaK KJIACC OTHOIICHUH, BHIPA3MMBIX OCCKBAHTOPHBIMU (POpP-



MyJIaME B HEKOTOPOM pacIiupennu 31oii crpyKrypbl. [To ussectroit reopeme IlpecGyprepa [63]
(em. 0630p K. Xaace [38]), Besikoe orHommenne Bbipasumo B (Z; 1, +, — | <) TOrjia U TOJBKO TOI/IA,
KOTJIa OHO OECKBaHTOPHO Bbipasumo B (Z; 1, +, —, < ,2|,3 | 4] ,...), TJie yHAPHBIM [IPEIUKATHBIM
cuMBOJIaM d | COIOCTABJISIFOTCS OTHOIIEHUs JIEJTUMOCTU Ha IeJIOYMCIIEHHbIE KOHCTAHTBI d > 2.
B. Bucnidpennnnr [84| mokaszas, aro MHOXKeCTBa, BhIpasuMbie B crpykrype (Q; 1, +, —, =, < ,Int),
rje Int ecrb yHApHBIA PEIUKATHBIA CUMBOJI JIJIsi CBOMCTBA «OBITH TEJLIM YUCIOM», CyTh B TOY-
HOCTH MHOZKeCTBa, GecKBaHTOpHO Bblpasumere B (Q; 1, +, — ,[], {c}ecqs = <).

Baxkno 3amMeTuTh, UTO B NPUBEICHHBIX CIydYasdX JOCTATOYHO HMOCTPOUTH IO3UTHBHYIO Oec-
KBaHTOPHYTO (hopmyty (7 ), 9KBUBAJIEHTHYIO B COOTBETCTBYIOIIEH CTPYKTYPE JTAHHO TTO3UTHBHOIT
sx3ucTeHnuaabuoit dhopmyse (P3-dbopmyne) Jr(z,y), Tak Kak oTpullaHUe BCAKOH aTOMapHOIL
dopMyIbI MOXKET OBbITH BBIPAXKEHO C ITOMOIIBIO HEKOTOPO# MO3UTUBHON OECKBAHTOPHOMN (hopMmy-
JIbl. PaspemmMocTsb 3/1eMeHTapHbIX TeOPUil 3TUX CTPYKTYD IOJIYYaeTCd B KAYeCTBE CJICJCTBUSL.
C apyroit cTOPOHBI, W3BECTHA HEPA3PEIIUMOCTh dJIeMeHTapHoil Teopun crpykrypsl (N; S, 1), B
KOTOPOil BMECTO CJIOzKEHHsI nMeeTcss (BYHKIUs cienoBanust Sxr = = + 1, a BMECTO JeIMMOCTH —
OTHOIIIEHNEe B3aUMHOMN MPOCTOTHI. DTOT pe3ysbTaT ObuLT mosyden Hesapucumo 1. Purmmapom [65] u
A. Byncom [85]. g apudmernrnu nesnbix uncen . Pummap mosxke ycranosus [67| mepasperu-
moctb Th(Z; 1,4, L). Takum ob6pazom, Beuy BJI-Teopembl, onucanust ¢ MOMOIIBIO AJIOPUTMOB
9K orTHOmIEHN, F-BBIPA3UMBIX B TIOJOOHBIX CTPYKTypax, B O0IEM CIydae HEBO3MOXKHBI. JTO CJie-
JyeT U3 Toro ¢gakra, 4To IpemnogaraeMblii aaroput™m DK mo3Bosm Obl JoKa3aTh paspemmMoCcThb
9JIEMEHTAPHOI Teopuu.

BeposiTHO, yJI0BJIETBOPUTENBLHBIM PEIIEHHEM JIJIst XOTs Obl OJIHOM M3 PACCMOTPEHHBIX CTPYK-
TYp ObLIO ObI HANITH CIIOCOO PACIIUPUTH CTPYKTYPHI HEKOTOPbIME P 3-BbIpa3uMbIMU OTHOIIIEHUSMU,
a 3aTeM JJIs IOJIYYeHHON CTPYKTYPhI IIOCTPOUTD aJlOPUTM, COIIOCTABJIAIONINI BCSIKO TO3UTUBHOMN
dbopmyse Jx@(z,7) SKBUBATEHTHYIO TO3UTHBHYIO OecKBaHTOPHYO dhopmyny (7). 3amernm, 9ro
B PACIIMPEHHO CUTHATYpPE JOJZKEH CONEP:KATbCA IPEIUKATHBI CUMBOJI JIJIs OTHOIIEHUSI, OTPHU-
[aHKe KOTOPOro He dABJisieTcsi PI-BbIpasuMbIM, Tak KaK WHaYe HaIll aJrOPUTM IPEBPAIIAeTCs B
AJICOPUTM SJIMMHUHAIMKA KBAHTOPOB, YTO IIOBJIEYET Pa3peIlnMOCTh COOTBETCTBYIONIEH djieMeHTap-
HOIt Teopun. B KadecTse mpuMepa PACCMOTPHM OTHOIIEHHE Y # 2, MO3UTHBHO 3K3UCTEHITHAILIO
Beipasumoe B (Z;1,+, —, <, |) BBy dopmysn (1) u (3), B To BpeMst KaK OTPHIIAHIE ITOIO OT-

HOIIIEeHNA TAKOBBIM HE ABJIACTCA.

0.3 IlomHOoTa 1O BHIPA3UMOCTH

[Tocsienee yTBEPKIEHNE TIPEIBIIYINETO pasiesa aBJIseTcsa OYeBHIHbBIM ciegacTBueM BJI-Teo-
pembl 1 JITIPM-Teopembl BBULy 3/1eMenTapHoro dakrta: z = x -y < (v +y)? = 22 + ¢ + 22,
Ormernm, aro B Teopeme H.K. Kocosekoro o vepaspernmmoctn 3Th(N; 1, + | | ,T) nokassiBaercs
VMEHHO BBIPa3UMOCTh (MpuuéM GeckBanTopHasi) rpacduka BO3BEJCHNS B KBaJIPaT § = T2 B CTPYK-
rype (N; 1,4+, |,7). C apyroii cTOPOHBI, HECTIOKHO MOKA3aTh, YTO TPadUK CJIOKEHUs SIBJISIETCS

GeckBaHTOPHO BhIpasuMbiM B cTpyKType (N;0,5, -, =).
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[Too6HBIE PE3yIBTATHI BasKHBI B TOM CMBIC/IE, 9TO JJOKA3aTeIbCTBO aJrOPUTMUIECKOH Hepas3-
PEIMMOCTH HEKOTOPOH TTPOO/IeMbl yI00HEee MPOBOJINTHL CBEJIEHUEM K HEll 3a/adu pa3pernnMOoCTi
JJI TEOPHH C BO3MOXKHO 0oJiee CHJIBHBIMU OIpaHMYeHusiMH Ha Buj, dopmyst. Takum obpaszom
MIPOMCXO/IUT TIEPEHOC OCHOBHOW TPYAHOCTH B JOKa3aTeIbCTBE HEPA3PENINMOCTH Ha, IO CYIIECTBY,
qucTo apudmerndecknii Bompoc. OTMETHM B KadecTBe MpUMepa J0Ka3aTe/IbCTBO HEPA3PEITUMO-
cru cemeiictBa (opmyi, onpezenénnoro M. Boxkroit u P. Nocudom [15; 61|, ¢ momorpio Teopun
ITh(N; 1, + ,HOK), rne HOK coorBercrByer (hyHKINM, BEIYUCIAIONIENH HAMMEHbIee 00Iee Kpar-
Hoe. Takoro posa BOIPOCHI O BBIPA3UMOCTH U Pa3PEIINMOCTH BXOJAT B KOHTEKCT MCCJIEIOBAHUN
0 TaK Ha3bIBAEMBIM cJabbiM apudmernram [68].

Cucremarndeckoe HCCje0BaHUe BOIIPOCOB BBIPA3UMOCTH B CJIaObIX apudMeTHKax HavdaTo
k. Pobuncon [69] B 1949 roay. Bouto mokazano, 4ro Besikoe apudMerndeckoe OTHOIIEeHHE (TO
ecTh, BoIpasuMoe B crpykrype (N; +, - | =)) aBisercs Boipasumbim B (N; S| |). lis crpykTyp, obia-
Jatonux Takum coiictsom, V. Koper [44] ucnionbzyer ynobuoe jjist (hOpMyIUPOBKU PE3YILTATOBR
HOHSITHE TIOJHOTHI 110 Bhipazumoctu (Def-moHorsr). AHaIOrTIHBIM 006PA30M MOYKHO BBECTHU MOHSI-
tue IDef-nostHOTH! 7131 cTpyKTYp (N; 0), B KOTOpBIX Tpaduk DYHKIHN CIOKEHUS U yMHOKEHHS
SIBJIAIOTCS 9K3UCTMEHUUAALHO BEIPA3UMBIME. B IaHHOM CJlydae IpeIuKaTHbIe CUMBOJIbI U I'PagUKK
GYHKIIMOHATBHBIX CUMBOJIOB U3 O COOTBETCTBYIOT HEKOTOPBIM IIEPEUNCIUMBIM OTHOIIeHnAM Ha N.

Dopmyaa (3) mosBossier gokaszarh Def-iomnory crpykryper (N;1, 4+ |). DT1or pesymabrar
Oyser Oosiee ctabbiM, ueM Teopema PoOMHCOH, TaK Kak B 9TOH CTPYKType y = ST BBIPA3UMO OUe-
BUJIHBIM 00pa30oM, a Bompoc Beipasumoctu rpaduka ciaoxenus B (N; S, |) aBiagercsa Bo Beakom
caydae He CaMbIM TPUBHUAJIBHBIM. AHAJOIMYIHO OTHOIIEHWE B3AaNMHON MPOCTOTHI ABJIsIeTC OoJiee
«CJIabbIM», Y€M OTHOIIEHUE JIEJIMMOCTH, TIOCKOJIbKY U3 OIlpejiesieHuii (2) moydaeM yzKe S5K3UCTEH-
[UATBHYO BIpa3uMocTh | u ero orpunianus B crpykrype (N; S| |). B cBssu ¢ stum JIx. Pobuncon
cripamuBaet, Oymer jsin Def-nosroit crpykrypa (N; S, L) wam xors 661 (N; 1, +, 1)? YrBepauresnsb-
HBI{T OTBET Ha BTOPOIi BONIPOC yaaa0ch moayantb A. Bycy [85], KoTopbiM OBLIO IPEITIOZKEHO JIBa,
JI0Ka3aTe/IbCcTBa 3Toro (pakra. Kpome Toro ormeTnM, 9ro s J0Ka3aTeIbCTBA HEPA3PEITUMOCTHI
SJIeMEHTapHON Teopun cTpyKTyphl (Z; 1,4+, L) JI. Pumap jgokaspiBaer BBIPA3UMOCTb OTHOIIEHUST
nopsiyika. B To ke Bpemsi, Boripoc o Def-miosiHoTe 1m1epBOit CTPYKTYPBI OCTAETCS OTKPBITHIM U CBSI-
3aH C Tak Ha3bIBaeMoil runoresoit Jpjca-Bysca (cM. 0630p ocHoBHbIX pesyibraToB A. Byjca,
namcanubiii I1. Curmesnsckn u 1. Pumapowm [25]).

CroitctBo Def-TI0JTHOTBI CTPYKTYPBI BJIEUET HEPA3PEITUMOCTh €€ SJIeMEHTAPHON Teopuu.
B Tex ciyuasix, Korga 3aTpyIHUTENIBHO J0Ka3aTh Def-mosiHOTYy, MHOTIA BO3ZMOYXKHO OIPEIC/INTD
HOJICTPYKTYPY, n3oMopdHyo HekoTopoii Def-mosiHoit. Tak ObLIO 1OIyYeHO J0Ka3aTeILCTBO HEpas3-
permmumoctu Th(N; S, 1) nezasucumo A. Bysacom u /1. Purrapom, npudém 66111 TOCTPOEHbI pasHble
nocTpyKTyphl, nzomopdubie (N;+ ). B padore I1. Curnesnncku, F0.B. Marusiceuua u /1. Pu-
mapa [24] BBOAMTCs ClENUATBHOE HOHITHE CMPYKMYPL. ¢ U30MOopPnol nepeunmepnpemavuet
(structure with isomorphic reinterpretation property) u npejjlaraeTcst IpuMep CTPYKTYPbI, 00Jia-
JTafoIeil CBOMCTBOM M30MOP(HOI IepenHTepIpeTaui, Ho He gBsitomeiics Def-mmosHoii.

Bosspairiasich kK pyHKIIUU C1e0BaHUs U JEIUMOCTH, OTMETUM cjiefrytoriee. JlokazaTebecTBo
npunagyieskaoctu Knaccy NEXPTIME npo6iembr paspemumvoctu g ITh(N; 1, 4, |) 66110 110-

aydero A. Jleanep, /Ixx. Oakaunom u /I2x. Yoppe/siom B KadecTBe CJIEJICTBHUSA TOTO (paKTa, ITO
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JIJIS BCSAKOM coBMecTHOM B N cucTeMbl JIMHEHHBIX JICTUMOCTEN CYIIECTBYET pelieHue, JJIMHA JIBOMI-
HOIl 3amucu KOTOPOI'O OrpaHUYCcHa SKCIIOHEHTOHR OT JJINHDBI 3alINCH caMoil cucTeMbl Ipu yCJIOBUMA
JIBOMYIHOTO KOJMPOBaHUs KOIMDDUINEHTOB JTUHEHHBIX BhIpazkeHnuit. C Apyroit cTOpOHbI, MU ObLI
NIPEJIOYKEH TPOCTON MPUMeED, JTEeMOHCTPUPYIOMIUI, 9TO BEPXHAA OICHKA HA HAMMEHBIINNA BBIIOJ-

HSIONMNIT HAOOP He MOXKET ObITh yiydlleHa. Besgkoe peleHne CucTeMbl

m
/\l‘i_l | ZT; AN SQTZ'_l | ZT; N ZT; | S!L’m+1 (4)

i=1
TaKOBO, YTO Tg > 1, x1 = x% + 022, ..., Ty = xfn_l + X1 = 22" " Takuwm obpaszomM, JiinHa Ou-
HapHOI1 3aIUCH T, He MeHbIte 2™ 1. B s70it hopmy.ie ucnonbsyerca GyHKIUS CIeI0BAHIA BMECTO
CJIOXKEHUsT, YTOOBI [TOKA3aTh, YTO aHAJOIMIHbI (dhakT nmeer Mecto yxke st Teopun ITh(N; S| |).
U. Kopery [44] cucremarnsupoBas OOJBITMHCTBO H3BECTHBIX Ha TOT MoMmeHT (2001 rop)
Def-miosiHBIX CTPYKTYP, Cpeau KOTOPBIX €CTh U BechbMa 3K30THYHbIE. Kcaum MBI Teneph BBEIEM

OTHOIIIeHue ILQJ'H/IMOCTI/I Ha ,I_LBa II0C/IeIOBATE/IbHBIX YHCJIa
ETUREN
e ly=zlyAz+1]|y, (5)

s
10 13 (opmybl (3) mOUTH HemocpeacTBeHHO mosrydaercs Def-iosrora crpykrypsr (N; +, 7)), Tak
Kak

zlyne+1|z+ye e+

D70 Ke OTHOIIEHNE JIEZKUT B OCHOBe TIprMepa (4). M3ytuenne BOpocoB BIPA3NMOCTH U Pa3PeIMOo-
S
cTu Jiyist | JIIOOOMBITHO B TOM CMBICJIE, 9TO OHO OObeIUHSET 1 (DYHKITUIO CJICI0OBAHNUS, U OTHOIICHIE

. s
JlemMocTi. B o ke Bpewmsi, B Kiaccudukayn Kopera HeT IpUMepoB OTHOIIEHH, CXOKUX ¢~ |.

0.4 3ajaum W COMCOK OCHOBHBIX Pe3yJIbTaTOB

Lenbro mannoit paboThI SABJIAETCA NPUBJICUYEHUE HOBBIX CPEJICTB JIJIsd TOBBIIICHUS KadecTBa
MOHUMAaHUsI J0Ka3aTe bcTBa BJI-TeopeMbl, moaydeHns pe3yabTaToOB O BBIPA3ZUMOCTH U Pa3peli-
MOCTH, & TaKKe JaJbHEeHINX 000OIIeHuil 9Toit TeopeMbl. it JOCTUKEHUsT IIOCTABIEHHON e In
HY?KHO OBLIIO PEIIUTH CJIEJyIoNe 3a a49u:

1. Iocrpouts HOBOE HoKazarenbcTBo paspemtmmoctu ITh(N; 1, + | |), ormmanoe or joKa-
zaresbers, noaydeHabix A.Il. BesbriokosbiM, JI. Jlummunem n B.M. MaprbaHoBbIM,
NpUOJIMZKEHHOEe K IIPOIECCy dJIUMUHAIN KBaHTOpoB. HoBas paspermnarorast mporesypa
JTIOJIKHA OBITH JIOCTATOYHO YA0OHOM, YTOOBI M3 HEE HECJIOXKHO OBILIO BBIJIETUTH pa3perra-
FOIINIA AJITOPUTM I SK3UCTEHITNAJIBHBIX TeOpHil Oojiee cjiabblX CTPYKTYP, B YACTHOCTH,
st (N1, 4, L),

2. TlpuBecTu npuMeps! CTPYKTYD ¢ paspentuMbiMu (BBu Ly BJI-reopembl) sK3ucTeHnna bHbI-
MU TEOPUSAMH M HEpPa3PEITUMbBIMK 3JIEMEHTAPHBIMU TEOPHUSIMHU, JIJIsT KOTOPBIX BO3MOXKHO
omnmucaHne BceX PI-BbIpasuMbIX OTHOIIEHUIT METOOM, OJU3KUM K JIMMUHAIIUN KBAHTO-

POB.
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3. Usyuurh Borpocsl BeipasumocTu, Def-togHoTsl 1 dDef-110/IHOTEI /11t CTPYKTYP ¢ OTHO-
Sl
ly==z(@+1)]y.

Haquaﬂ HOBHX3HAa: PGSY.HBT&TBI JAuccepranmun ABJIAIOTCA HOBBIMU W IIOJIyY€HBI aBTOPOM

meHnueM JeJIMMOCTU Ha JIBa IIOC/JIeJ0BaTe/IbHbIX YHCJIa X

caMocTosiTesibHO. OCHOBHDBIE PE3YJIbTaThl, BBIHOCUMbI€ HA 3aIIUTY, CJIE/IYIONINeE:

1. BBesieHo moHsATHE anropuTMa KBaswJIUMUHAINK KBaHTOPOB (KBasn-dK), 6imskoe K 1mo-
HATHUIO aJIFOPUTMa SJTUMHUHAIIMA KBAHTOPOB. B TepMUHAX KBa3WIJIUMUHAIIUUA TTOCTPOEHO
HOBOE JIOKA3aTe/ILCTBO PA3PENIUMOCTH IK3UCTEHIINATLHON TEOPUN HATYPAJIHHBIX YHCEN C
eJIMHUTIE, CJIOKEHUEM U JIEJTMMOCTBIO.

2. Tloctpoen asroput™ KBazu-DK 71 9K3MCTEHNMAIBHON TeOpUN HATYPAJIBHBIX GHUCET C
€JINHUTIEH, CJI0YKEHNEM U B3aUMHOI ITPOCTOTON, KaK U JjIsi 0oJiee IPOCTOrO MO3UTHUBHOTO
cydas.

3. Jlokazano coBIlajieHue KJIACCOB OTHOIIEHUH, TO3UTUBHO SK3UCTEHIMAJIHHO BbIPA3U-
MbIX B cTpykType (Z;1,+, L) um H03uTHBHO GECKBAHTOPHO BBIPA3UMBIX B CTPYKType
(Z;1,+,—,#, 1L HOMd, HO,,...), tme HO,(z,y) = HO(x,y) = d. Orcrona ciemy-
er, 4ro oTHOIIeHrne [ He sBisgercs PI-seipasumbiv B (Z; 1, + , L). Pesyabrar noaydes c
IIOMOIIBIO AJIrOpuTMa KBasn-dK.

4. TlocTpoensl jBa paspemumbix dparmenra V3-teopun crpykryper (Z;1,+,—, <, |). B

YaCTHOCTHU, Pa3PEIINMOil siBJISeTCd MPoOeMa MPOBEPKH MCTUHHOCTU B IEIBIX YHCIAX

dopmyn BuIa

vzay\/ <y >0/ @;(@) A\ (GCD(f(@), 9:(T.9)) = hi(T) A fi(@) > 0 A hi(T) > 0)),
jer icl;
riae f;(Z), g:(T,9), hi(T) — nuHeitHble MOMMHOMBI ¢ TeIbIME KodddunuenTamu, a @;(T)
CYTb CHCTEMBbI JINHEHHDBIX HEPABEHCTB U JICIUMOCTEH. DTOT Pe3y/abTaT ABJIAeTcda 00001Ie-
HIeM TeopeMbl, HepasHo mosydennoit [LA. Ilepecom u P. Paxoit [61].
5. Dk3ucrenimagbHasg Teopus ctpykKrypsl (R;1, 4+, — [], =, <, |) paspemnma, 9ro gaér
orser Ha Bonpoc B. Bucndennunra [84, Remark, p.135].
S s
6. lokazana Def-momnora crpykryp (N;7|, |} u (N;S,2% 7|); nokazana HepaspermmmocThb
S . S
Th(N; < Py). Janee, dDef-tmonoit okaspiaercs (N - 7 TIO3TOMY SK3UCTCHIINAIL-
) 7 ? 9 YA Y
Hasl TeOpUs TOH CTPYKTYPhI Hepa3peIumMa.

MeTomoJiorusi 1 MeTOIbl MCCJIeA0BaHMsA. B auccepramyuy MCIONb3yeTCs MHCTPYMEHT
SJIMMHUHAINE KBAHTOPOB, 3JIEMEHTAPHBLIE METOIBI TEOPUH HHCEN, CJIA0bIX apu(MeTHK, JUHEHHOI
aJiredpbl, TEOPUHU AJTOPUTMOB U Teopuu rpados.

Ausropurm gt ITh(N; 1, + | |), mocTpoeHHBIi B 1€pBOi IJlaBe, COCTOUT U3 JBYX
5TallOB, COOTBETCTBYIONIMX JBYM Bapuaruam anaroputMma kpasu-OK. Ilepserii Takoit  as-
TOPUTM  CBOJUT HPOOJIEMY pPa3peIIuMOCTH JUIsd  3K3MCTEHIUAILHON TEOpHH  CTPYKTYPBI
(Z;0,1,+, — , < ,HO/I) k npobjieme paspermuMoCcTd Jjisi MO3UTUBHON 3SK3UCTEHIUATBHON Teo-
pun ctpyKTypbl (Zso; 1,{a }eez.,,HOM), t1e a- ectp yHApHDI byHKIMOHAIBHBIH CHMBOJ JIs
YMHOKEHHsI Ha MOJIOKUTEILHOE TIeI0e Juc/Io a. Bropoit anroputM kpasu-9K 1mo3posser JoKa3aTh
pa3penmMocTh noceaneil reopuu. Ilpeobpasosanua Gpopmyn B 060UX aJropuTMax OCHOBAHBI Ha

obobrennn KuTaiickoit Teopembr 06 ocrarkax s cucreM Buga N\ HOI(a;, b; + z) = d;, vue
i€[l..m]
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a;,b;,d; — mesble gucsa, takue 9ro a; # 0, d; > 0 mus Beex i € [l.m]. Dr1o yrBepKIeHUE
SIBJISIETCST 3JIEMEHTAPHBIM PE3y/JIbTaATOM U3 TEOPUU cpaBHeHuit u OyaeT HazbBaTbes HO/-1emmoir.
Ha mrare ornenienus nepemMeHHOi B 1epBOM ciiydae ucroJblyercsd jgemma . don myp larrena u
M. Cudkunra [34], ananor koropoii Takzke npumensut JI. Jlummmr [51, Lemma 1]. Bo Bropom
aJITOPUTME 3Ta JIEMMa He UCIIOJIL3YeTCs; TI0 JJaHHOM (hopMyJ/ie CTPOUTCI OPUEHTUPOBAHHBIN rpad,
B KOTODPOM BBIJICJISIOTCH U YCTPAHSIOTCS ITUKJIBI.

HO/I-nemma sBjsieTcss OCHOBHBIM WHCTPYMEHTOM ommcanus P3-BbIpasuMbIX B CTPYKType
(Z;1,+ , L) ornomennii. Tor dakt, aro x L y TAKOBBIM He SIBJISETCS, CJe/yeT U3 OCHOBHOM Teope-
MBI U3 TJIaBbI 2 1 pesyiabrara 1. Purmapa [67] o HepaspermmocTn s1eMeHTapHOi TeOpHH yKa3aHHOIT
crpykTypbl. Jlokazarenberso paspemnmuvoct ITh(R; 0,1, 4+, —, [], =, <,|) nosydeno ceejenuem K
pa3penmmMoil 3-Teopun CTPYKTYPbI ¢ TOM Ke CUI'HATYPOI, HOCUTEJIEM KOTOPOM SBJIAETCA MHOXKE-
CTBO pammoHaabHbIX uncen Q.

B Tperneit riaBe UCHOJIB3YIOTCS KJIaCCHYECKUE MOHATUS W TPUEMBI JIoKazaTe bcTBa Def-
nosiHoTEl 1 JDef-mosHorsr apudmerndeckux crpykryp. Def-osnora (N; |,S|> [OJIy9AeTCs U3
BBIPA3UMOCTH B 9TOi cTpyKType rpaduka dyHKnn ciaegoBanus S u Teopembl [Ixx. Pobuacon [69] o
Def-nonmore (N; S, |). Jlnst goxasaremscrsa IDef-nommorst (N; -, *|) ucnonssyercs 6ecksanropnast
BBIPA3MMOCTD CJIO?KEHUSI C TIOMOIIIBIO S U YMHOXKEHUS U JIOKA3bIBAETCs SK3UCTEHITNAJIbHAS BbIPA3H-
MOCTh T'pacduka pyHknuu ciaejgoBanusd. HepazpermumMocTs 3-Teopun 310l CTPYKTYPBI CJIeIyeT U3
JITPM-reopemsr. U3 pesymnbrara JI. Pumapa [66] o Def-morore crpykrypsr (N; S, 2%, 1) u Bbipa-
3MMOCTH OTHOINEHUsT B3auMHO# mpoctoTsl nostydaem Def-osmory (N; S, 27 S|> JlokazaTebcTBO
uepaszpermmoctn Th(N; < ,S\,P2> IIPOBOJINTCS TOKA3ATETHCTBOM CYIIECTBOBAHUS MO/ICTPYKTYPHI,
msomopduoii Def-mosiroit crpykrype (N; <, |).

Teoperndeckass n IpakTUYecKasi 3HAYUMOCTb. OTMETUM CJIe/IyIOIIIe HAIIPABJICHUs, B
KOTOPBIX MOTYT HAWTHU MPUJIOXKEHUs MTOJTy9YeHHbIe Pe3YJIbTaThHL.

B wmemauem mpenpunte [LA. Tlepeca u P. Paxu [61] nokasano, uro B 0KasaresbcTBe
omuoro obobmenusi BJI-reopembl, noyduennoro . Boxkroit u P. Mocudom [15], comepxurcs
omunbOKa, M, B JIEHCTBUTETBHOCTU, PA3PEIINMbIM OKa3bIBAETCH HECKOJIBKO O0Jiee OrpaHMYeHHbIN
dparment VITh(Z;1,+,—, <, |). [Homobroro poga ommbGOK MOXKHO ObLIO Obl W30EKATh, €C-
Jin ObI MBI 00JI3JIa U JI0Ka3aTe/IbcTBOM BJI-TeopeMbr, MOTyYeHHBIM C TOMOIIHI0 HWHTEPAKTHBHBIX
cucTeM JloKazaTeabcTBa TeopeM, Takmx kKak Isabelle, Coq mmm Lean. IlocTtpoenme takoro po-
Jla JIOKa3aTebCTB SIBJIETCS WHTEHCHBHO PAa3BUBAIONIENCS O00JIACTHIO WMCCJIEOBAHWII Ha CTBIKE
dYHKITMOHAJILHOTO TTPOrPAMMUPOBAHUSA W TeOPUU JoKazareabcTB. Hampumep, B 2018 romy ObLT
MHUIMUPOBAH 1porece jokasaresbersa JITTPM-teopembr B Isabelle [81], B Tom ke rogy M. Kap-
Heiipo [21] aBromaTusuposas B cucteme Lean jokasaresibcTBo TeopeMbl MatusiceBuda, a B 2020
rofy Oblia anoHcupoBana [45] mommas dopmanusanus JIITPM-teopembr B Coq. Ilpemmaraemoe
B IIEPBOil Iy1aBe J0KazaTeabcTBO BJI-Teopembl B TepMuHAX KBa3UIJIMMUHAINNA, BEPOSTHO, OoJiee
IIPUTO/THO JIJIA TieJIell aBTOMATU3AIINN MIPOIlecca J0Ka3aTeIbCTBa, TaK KaK OHO OCHOBAHO Ha HJlee
STUMUHAITME KBAHTOPOB, IIPUBBITHOM /TS CIEIUAINCTOB B TAKUX 00JIACTIX TEOPETUIeCKOi mHMOp-
MATUKHU, KAK CUMBOJIbHBIC BbIUUC/IeHUS U (hopMasibHas BepUDUKAIIS.

C jpyroii cTOpOHBI, caMO TMOHATHE KBA3UIIUMUHAIIME MOXKET OKa3aThCdA IOJIE3HBIM IIPU

MOIIBITKAX JIaJIbHENIIero o000IeHsT 9TOi TeopeMbI, HAIIPUMED, JIJIs PEIeHns ITPO0JIeMbI O BO3MOK-
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HOCTHU JI0OABUTH B CTPYKTYPY OTHOIeHUs: P5. Kpome Toro, rnpu m3ydeHu# CJI0KHOCTU MTPOOIEMbI
paspermmmoctun 3Th(Z; 1, +, —, <, |) ecrecTBeHHO OBLIO GBI TOMBITATHCS JTOKA3ATH TPUHAJIEK-
Hoctb NP (i EXPTIME) xorst 661 st 6ostee ciaboit ITh(Z; 1, + , —, <, L). Ilocrpoennsrit
BO BTOpPOI#i IyiaBe ajaroput™m kBasu-DK s 9Tolt Teopunm MOMKET CIIOCOOCTBOBATH KAK PEIICHUIO
YKa3aHHOTO BOIIPOCA, TaK U JJIs JI0KA3aTe/IbCTBA Pa3PENINMOCTH SK3UCTEHITNAIbHON TeOPUN CTPYK-
typel (Z;1,+,—, <, L, P).
Bompockl 9K3MCTeHIMANbHO Bbipasumoctu B crpykrype (Z;1,4+,—, <, |) momyckaror
pas/imaHbe TepPeOPMYIUPOBKU U IACTO IPOSIB/ISIIOTCS B MCCAEIOBAHUSIX 10 AJTOPUTMUTECKON
pasperuMocTu 1mpobjieM TeopeTudeckoit nadopmaTuku. B To ke Bpemsi, Mbl He 0OJIaaeM YII0-
BJIETBOPUTEILHBIM OIMUCAHUEM OTHOINEHU, J-BbIPA3UMbBIX B 9TOI CTPYKType. ABTOPY BO BCSIKOM
clydae He M3BECTHBI Pe3Y/IbTATHI, aHAJOTUYHbIE OIMCAHUIO BCEX OTHOIIeHUi, P3-BhipasuMbix B
(Z;1,+, 1) u3 raaBsl 2. DTOT pe3yJbTAT MOXKET MOCIYKUTh OTIPABHON TOYKON [IJIsi TTOUCKOB
onucanus 60jiee MUPOKUX KIACCOB PI-BBIDA3UMBIX OTHOIIEHHUIA.
Anpobaiiusi pabotbl. OCHOBHBIE PE3YIBLTATHI PAOOTHI JTOKIA IBIBAIUCEH HA CJIEJIYIOIIIX KOH-
depeHnusaX U ceMruHapax:
1. Mexaynaponnas koudepenrust «Journées sur les Arithmétiques Faibles 37 (JAF37)»,
@ropentus, Utanusa, 29.05.2018;
Bceepoccniickast kondepenmnus «CIIMCOK-2019», Cankr-Ilerepoypr, Poccus, 25.04.2019;
Cemunap «l'opojickoit cemunap 1mmo MmareMaTndeckoii jorukes, Cankr-Ilerepoypr, Poccust,
31.05.2019;

4. Mexaynapoanas koHdepenmus «Polynomial Computer Algebra 2020 (PCA 2020)»,
Cankr-Ilerepbypr, Poccus, 12.10.2020;

5. Mexaynaponnas koHdepenmnus «International Symposium on Symbolic and Algebraic
Computation 2021 (ISSAC’21)», Caukr-Ilerepbypr, Poccusi, 22.07.2021.

6. Mexynapoaaas koHdepennus «Journées sur les Arithmétiques Faibles 40 (JAF40)»,
Adwuner, Mperus, 25.10.2021;

ITy6nukamuu. OCHOBHBIE PE3yJbTATHI [0 TEME JIUCCEPTAINU M3JIOKEHBI B 4 TedaTHBIX
U3JaHNAX, | W3 KOTOPBIX H3aHO B KypHase, pekomenpoBanHom BAK [10]|, 3 —B mepuomn-
YeCKUX HAyYHBIX KypHajJaX M Marepuajax KoHdepeniwii, nngekcupyembix Web of Science /
Scopus [75—77|.

O0bem u cTpykTypa padorbl. /luccepraiusg cCOCTOUT U3 BBEJEHUs, 3 IVIaB M 3aKJIOTe-
uust. [lepBas rimaBa o0beuHsIeT pesyabrarel pabor [75] u [76]. I'masa 2 ocroBana na cratwe [77),
ornpasjeHHON Ha KoHdepenruio ISSAC’21, u momnosHeHa pe3yIbraTaMu, JOJ0KEHHBIMU Ha KOH-
dbepentun PCA’20. Tperbs riaBa siBisiercst paciupentoit Bepcueit crarbu [10].ITosHbrit 06bém

nuccepranuu cocrapiisier 92 crpanutibl. CIUCOK JIUTEPATYPHI COMEPKUT 85 HANMEHOBAHMIA.

ABtop 6starogapen ceonm HayaHbiM pykoBoguTesasm H. K. Kocosckomy n T.M. KocoBckoii 3a
JITUTE/IbHOE BHUMAaHUe, COBETHI U MOJJIEPKKY B pabore. Kpome Toro, aBrop 6J/1aromapeH aHOHUM-
HBIM PEIEH3eHTaM CBOMX CTATEll 110 TeMe JIUCCePTAINH 3& BeChbMa MOJIe3HbIe 3aMeYaHnsd U COBETHI,

CIIOCOOCTBOBABIIIIE SHAQYUTEJIbHOMY YJ/IYUIICHUIO Ka4deCTBa U3JIO2KEHNA.
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I'maBa 1. /lokazaTeabcTBO TeopeMbl bBesabTiokoBa — JIummuina
KBa3MJIMMUHAIINEl KBAHTOPOB

This is just the Chinese Remainder Theorem (see [M]). Of
course g.c.d.(f;,f;) is not in our language so we have not

actually eliminated z,,...

L. Lipshitz [52] (1981)

B ruraBe npejjiaraeTca HOBoe JOKa3aTe/IbCTBO TCOPEMBI O Pa3PEIIIMOCTI SK3UCTEHITNATIbHOM
TeOPUN HATYPAJIbHBIX YHCET C eIUHUIEH, CJI0JKeHHeM U JIeJIMMOCTbIo. Teopema Oblia JOKa3aHa
nezapucumo A.I1. Besbrrokosbiv [1] u JI. JTummmunenm [51] u 6yaer nasee nasbiBarbes BJI-reopemoii.
YrobB! JOKa3aTh 3Ty TEOPEMY CIOCOOOM OJIM3KHM 3JIMMUHAINA KBAHTOPOB, BBOJUTCH IIOHATHE
aJIFOPUTMa KBa3WJIMMHUHAIINA KBAaHTOPOB, a 3aTeM CTPOATCA JBa TaKUX aJropuTMa. B Hadase
IJIaBBl IIPUBOJATCS OCHOBHBIE OIIPEJEJ/ICHHs, KOTOPble OyIyT HCIOJb30BaThCA B (DOPMYIHMPOBKAX

YTBEPZXKJICHUN B 3TOH M B IIOCJICAYIONINX [JlaBax.

1.1 DSk3mucreHnuaJbHasg apmdpMeTnKa HATYyPaJbHBIX YHCEJ C eINMHUIEI,
CJIO’KEHUEM U JeJIMMOCTBIO

1.1.1 OcHoBHBIE Oomnpe/jieJIeHNs U IIPUMeEPHI

[IycTh 0 ecTh HEKOTOpAst CUTHATYpPA U 33/I[aHO HEKOTOpoe HerrycToe MHO)KecTBO M. Hazosém
urmepnpemayuet cueHamyps, 0 Ha M oToOpazkeHue, CONOCTABIILIONIEe KazKJIOMy (DYHKIIMOHAb-
HOMY CHUMBOJIY U3 O HEKOTOPyIo (GyHKIMO Ha M U IpeIuKaTHOMY CUMBOJIYy U3 O TpeIuKaT Ha
M cooTBeTCTBYIOIIEH MECTHOCTH.

C'mpyxmypa onpejiesisieTcsi HEKOTOPO#l CUTHATYPO# 0, MHOKeCTBOM M 1 uHTEpHpeTanueit o
Ha M. MuoxectBo M HA30BEM HOCUMEAEM CMPYKMYPDHL.

B nuccepramuu Oy/1yT paccMaTpUBaThHCA PA3/IMIHBIE CHTHATYPBI, OJIHAKO, B KAYECTBE HOCUTE-
Jist GyJIeT UCIIOJIB30BATHCA JTMO0 MHOXKeCTBO HaTypaabibix unces N = {0,1,2,...}, 1160 MHOKECTBO
HesbIX duces Z, mibo panuonaabubix Q, mbo BemecrBennbx R, mmbo p-agmaecknx Q,,, a Begxo-
My (DYHKITMOHAJTBHOMY U TIPEIUKATHOMY CUMBOJIY OyJI€T COMOCTABIATHCS €CTECTBEHHBIM 00pa30M
otpejiesisieMass gpyukius u npeaukar. CTpyKTypy cuUrHarypbl 0 ¢ nocutrejaem M Oyjiem obo3HA-
qare (M;0).

A3BIK  TepBOrO HOpsKa CUTHATYPLI O Oygaer obo3HadaTbesd Ly,  GOpMysny  d3bl-
ka L C L, wnazoém L-dopmysoit. Ilpenekcnas Ls-dopmyna ectb dopmyna Bujia

Q191+ QY @ (T15e-yTr s Y1y Y ) THE @ (T15ee ey Ty Y15+, Y ) — OeCKBaHTOPHAS Lo-hopMyita, a (Q; —
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KBaHTOpBI. Ec/in 00beIMHUTD OJIMHAKOBBIC KBAHTOPHI B OJIOKH, TO (POPMYJIBI ¢ €IMHCTBEHHBIM OJI0-
KOM OIPEIedIoT ga3bIK JLs, €Cc/ii 3TO KBAHTOPBI CYIIEeCTBOBAHUSA, U VLg, €CIU 9TO KBAHTOPBI
BCeOOITHOCTH. AHAJIOrUYIHO onpee/siorces a3blku VAL, VL, u 1.1, 3Ls-hopMyibl Ha3bIBAIOTCS
IK3UCMEHUUANDHUMU, & V Ls~DopMyasl — yrusepcasoHumy Lg-opmyaamu.

BecksanTopnyio dpopmysty OyaemM Ha3bIBaTh NO3UMUEHOU, €CJU OHA TOCTPOEHA U3 aTOMap-
HBIX (DOPMYJI C IOMOIIBIO TOJBKO JIOTUYECKUX CBA30K KOHBIOHKIIMM W JU3bIOHKIMU. Ecau B
[PUBEIGHHBIX BBIIIE ONPEIEIEHISIX MOTPEOOBATH MO3UTUBHOCTH (DOPMYIBL @ (T1,...,Tp, Y1y Y )
TO K 0DO3HAYEHUIO TMOJYYAEMbBIX A3BIKOB J00aBuUTCA mpuctaBka “P”, a (opMy/ibl 3TUX A3BIKOB
OyayT Ha3bIBaThCs nosumusHumu. Hanpumep, PIL, ecth MHOXKECTBO MO3UTUBHBIX 9K3UCTEHITU-
aJbHBIX Lg-popMmyit.

[Iycts @ ectb nekoropas Ls-cdopmysta. Mbl O6yiaem ToBOpUTh, 4TO «@ ucmunna 6 M»
BMecTO (bpasbl «ucTuHHa B CTpyKType (M;0)». MHOXKECTBO BCex 3aMKHYTHIX Lg-dopmyir, mc-
TUHHBIX B M, Ha3bIBaeTcs aaemenmaphols meopuet cmpyxmypo. (M; o) u Oyaer obo3HAYATHCS
Th(M; o). Eciu paccMaTpuBaTh TOJIBKO 3K3UCTEHIINATBHBIE Lo-DOPMYIIbI, TO MbI ONIPE/IEJISIeM K-
sucrennuaabayo Teoputo (ITh), a s ToapKO yHUBEPCATBHBIX Lo-GOpMYysT — yHUBEPCATbHYIO
reoputo (VTh) crpykryper (M; o). B obimem ciryaae, jjist Besikoro sisbika L C Ly MHOXKECTBO BCEX
3aMKHYTBIX L-dopmy, uctunubix B M, onpejensier L-meoputo cmpyxmypo. (M; 0) u obo3Hagaer-
cst L-Th(M; o). Hazosém sadaueti paspewumocmu (npobaemoti pazpewsumocmu) 0ia Hexomopot
L- meopuu cmpyxmypw (M;0) upobiemy pacrosHaBanust (GOpMYJI STOH TEOPUH CPEIH BCEX
L-dopmyn unn, UHBIMEU CJI0BaMu, IIpobJieMy pacto3naBanus L-dopmysi, UCTUHHBIX B M.

B kagecTBe miutocTpannn MpUBEIEHHBIX MOHSITHN, PACCMOTPUM IIOPOOHEE pa3THIHbIe TIe-
pedopmynuposku BJI-Teopembl, 0 KOTOpBIX ILIa pedb BO BBejenuu. llycTh mama crpykTypa
(N; 1,4+, |), rjie oTHOIIEHUE JETMMOCTH OIPEJIENISIeTcs CIe YoM obpasoM: z | y < 3z(y = z-x).
B wacrhocru, 0 | y < y = 0.

dcno, aro mag nokasarenbersa paspemumoctu PITh(N; 1, + | |) mocrarouno obiagars am-
TOPUTMOM IIPOBEPKU COBMECTHOCTH B HATYPAJBbHBIX UHC/IaX CUCTEM BHIA

A\ £i@) ] g:@), (1.1)
i€[l..m]
rje T — 9TO CHUCOK HEPEMEHHDIX 1,...,Lp, fi(T),q;(T) — JHHelHbIe TOJHHOMBI BHIA ;0 + ;121 +
... a; »x, c HATypaIbHBIMU KO3 durmentamu. Bocnob3yeMces 3aKOHAMU IUCTPHOY TUBHOCTH JIJIA
JIOTUYIECKUX CBA30K KOHBbIOHKIMM U JU3BIOHKIUHM U Ipeobpasyem jannyto PIL 4 y-bopmyry B
JU3bIOHKIMIO cucreM Buga (1.1).

Tenepb BocIOIB3yeMCs ompeieenrem (1) st Toro, 4robbl PACCMATPUBATH IPOU3BOJILHBIE,
a He TOJILKO TIO3UTUBHBIC, SK3UCTeHIHAIbHbIC PopMyIbl. [l Beakoit 3L 1 )-PpopMyITbl TporecéM
OTPUIAHUS JIO ATOMAPHBIX (DOPMYJT B CHOBA BOCIIO/IH3YEMCSI 3aKOHAMMY JIUCTPUOyTUBHOCTH. Tenepnb
n30aBUMCSI OT OTHOIIEHUI HEJIETMMOCTH B TOJIYIEHHBIX CUCTEMaX BBEJICHHEM HOBBIX IEPEMEHHDBIX

¢ TIOMOIIBIO (DOPMYJIBI
ztye (z=0AN1<y)vVIzA<zAz<z -1 Az |y+2), (1.2)

rJie OTHOIIEHNE T < Y €CTh O olpeJiesieHnto 3z(y = T+ z), B ToO BpeMs Kak £ =y < = | y Ay | z.

3aMeTHM, YTO OTHONICHHE T < Y MOXKHO cpa3y Hepernucarb B Buje 3z(x + z | y).
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[Tokazkem, 9T0 jij1st CTpyKTYphI (Z; 1, + , — , <, |) npobiema paspermumoctu jijis P3-reopun
cBoguTes K mpobieme paspermmoctn i ITh(N; 1, 4 |), u maobopor. Ceejienne B 06paTHYIO
CTOPOHY OYEBHUJIHO, TAK KAK JIOCTATOYHO J100aBUTh K dopmyie @(x1,...,x,), UCCIeLyeMOl Ha Bbl-

HOJIHUMOCTH B Z, cucremy Hepasencrs A x; > 0.
i€[l..n]
Yrobbl TIepeiiTi OT TEJIBIX YHrCe K HATypPaJbHBIM, 3aMEHUM BCIKYIO IMEJTOYUCICHHYIO IIe-

peMeHHy0 x; Ha T, — x| rme mepemennble x),x! TpUHEMAIOT HATypaJbHble 3HavYeHudA. lemnepb
n30aBUMCS OT OTPUIATETbHBIX KOI(PDUIMEHTOB B JIMHEWHBIX MOJUHOMAaX. B JIMHEHHBIX HEpaBeH-
CTBaxX IEPEHECEM MIEPEMEHHBIE ¢ OTPUIATEILHBIMEI KOIMPMUIMEHTAMI B TPOTUBOIIOIOKHYIO YaCTh.

ﬂﬂﬂ JUHERHBIX ,ZLeJII/IMOCTeﬁ PacCMOTPpUM KOHBIOHKIUIO BH/Ia

(@Y A f(T) —9(@) | (T Y), (1.3)

rie @(T,7) ecTh HEKOTOpast CHCTeMa JIMHEHHBIX HEPABEHCTB W JeiuMocTeit, h(T,y) — JuHeidHbli
HOJINHOM € TieTbiMu Koad dunmentamu, a nosusoMbl f(T) u g(7) UMeoT HeOTPUIIATEIbHBIE TIe/Ihble

ko3 dunmentor. Popmysia (1.3) sxBuBasienTHa B N cjiejiyroieil SK3uCTeHIMaIbHON hopmyie:

(@) A3z (2| @Y A (f(T) = 9@) +2V (@) +2=9(7))).

Tax mocTynmM ¢ KaxKIpIM JIMHEITHBIM TTOJIMHOMOM, COIEPZKaIllIM OTpUNaTeIbHble KOI(MMOUITNEHTHI.
OcraJsoch nepenucarh HEPABEHCTBA U yPABHEHUS € TIOMOIIBIO JEJIMMOCTH, KaK 3TO JIeJIaJI0Ch BBIIIIE.
Hecsi0:KHO yBUJIETH KaK BOCIOJIB30BaThCs (1), 9TOOBI U B CJIydae HEJbIX Juces u30aBuThCs

OT OTpaHUYeHHs MO3UTUBHOCTH. 3adUKCUpyeM IOTyIeHHbI Pe3yJIbTaT.

YrBepxKaenue 1.1.1. 3adauu paspewumocmu 0af IK3UCMEHUUAALHLT MEOPUT, CMPYyKmyp
(N; 1,4+, ) u(Z; 1,4+, —, <, |) ceodamea dpye % dpyey.

[lepes Tem, Kak paccMaTpuBaTh CBA3b Jenumoctu ¢ orHornernueM HOJI, dopmasibHo orpe-
JICJTUM TIOHSITHE BBIPA3UMOCTH.

Hna Bcakoro sa3pika L C L, Gyjem ToBOpHUTL, YTO N-MecTHOe oTHomenume R na M
«L-ewpasumo 6 cmpyxmype (M;0)», ecim Haiinéres L-dopmyrna @(T), Takas 9T0 s JIIOOO-
ro a € M™ nmeer mecto R(a) < @(a). B Tom ciaydae, Korja A3bIK L OIpPesesiéH ¢ TOMONIbo Ly 1
npucraBok “P” “37 “Y”’ cumBosn L MoxkHO onrycTuTh. B yactnoctn, P3L-BhIpasumbie B CTpyKType
(M; o) orHOIIIEHUS OY/IYT HA3BIBATHCS NO3UMUCHO IKZUCTNEHUUAALHO BHPASUMBLMU 6 CIMPYKMYPE
(M; o) nnmu P3-oipasumvbivu. Eciin u3 KOHTEKCTa SICHO, O KaKOH CTPYKType WJIET pedb, OyleMm
TOBOPUTL MPOCTO O L-Teopuu u 00 L-BBIPa3UMOCTH.

Yepes roj mociie MosiBJIEHUs] OPUTHHAIBHBIX JI0Ka3aTe/bcTB, BJI-Teopema Oblia jokazaHa
B. . MaprbsauosbiM [5]. Vim 6buT HOJIyUeH SKBUBAJEHTHBIA PE3YJIbTAT, TAK KaK BMECTO JeJId-
MOCTH paccMmaTpuBasics Tpexmectabiii npeaukar HOJL, rakoit wro HO/(x,y,z) Torma u TobKO
TOrJIA, KOTJIa 12 sBjIgeTcd HauOOJILIMUM ODIIUM JIeJUTesIeM T U Y. Bojee ecTeCTBEHHBIM IIpe/i-
craBjsgercs ucnosb3oBanne dyuknun HO/l, npuanMmarorieil HeoTpuiiaTeabHble 3HAYEHUS , TPUIEM
HYJIEBOE TOJILKO ITPU PABEHCTBE HYJIIO 000MX apryMeHToB. 3ammuiieM rpaduk 3Toil (hyHKIun B Buje

HOd(x,y) = z; rorma z | y < HO(z,y) = « vV HO/l(z,y) = —x. I maobopor, n3 ajropurma
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EBkmuaa mokasbiBaeM 3K3MCTEHNUAIBHYIO BhIpasuMmocTh oTHomeHus HOJL m ero orpunanus B
crpykrype (Z;1,+, —, <, |):
HOA(zywy) =2z © 0<zAz|zAz|yATu(z |uAy|u+=2) (1.4)
—HOd(z,y) =2 & 24+ 1<0V—-z|aV-z|yVIv(w|zAv|yAz+1<v).
B crpykrypax, paccmarpuBaembix B aucceptannn, HOJI Oymer TpEXMECTHBIM PEIUKATHBIM CHM-
BOJIOM, KOTOPOMY COITOCTaB/IsieTCsi Ipauk cooTBeTCTBYIOMEH hyHKIMU. Ternepb MOKHO 000OITUTH

yTBepxkaeHne 1.1.1.

YrBepxkaenue 1.1.2. 3adavu paspewumocmu 048 IK3UCTMEHUUAAOHOIE MEOPUT CACOYIOUUT
cmpykmyp: (N; 1,4+, ), (N;1,+ HOM), (Z;1,+,—,<,|) u {Z;1,+,—, < ,HOI) ceodamcsa
dpye x dpyey.

Kiraccuaecknm criocoboM m3ydeHnsi CBOWCTB BBIPA3UMOCTU W PA3PEITUMOCTH JIJIsT apugMe-
THIECKUX CTPYKTYDP SIBJISIETCS TOCTPOCHUME AJTOPUTMa JIMMHUHAIINA KBaHTOPOB. Aszopummom
aaumunayuy keanmopos (9K) daa aswra Ls 6 cmpyxkmype (M; 0) Ha3bIBaeTCs AJTOPUTM, KO-
TOPBI 110 BesAKOM Lg-hopmyite Buja 3x@(2,y1,...,Yn), T1€ @ (T,Y1,...,yn) — OECKBAHTOPHAS, CTPOUT
SKBUBAJIEHTHYIO eii B 9TOil cTpyKType 6ecKBAaHTOPHYIO Lo-bopmyny P(yi,...,y, ). B kadecTse ce-
CTBUS oJIy4daeM, u4To ajaropurm DK mo3Bosisier mocTpouTs 1o Besakoit Lo-hopmysie SKBUBAIEHTHY IO
B COOTBETCTBYIOIIEH CTPYKType OecKBAaHTOPHYIO Lg-dpopmyay. OTMeTUM, 9TO UMEHHO aJTOPUTM
U3 ciencTBus o6braHo (Hanpumep, B [38] mwin [83]) HaspiBaerca asropurmom DK, ogHako ero mo-
CTpOEHNEe CBOANTCA K IOCTpoeHnio ajropurma DK B HameMm cmbicie. ,Kak 0OBITHO, J0CTATOYHO
paccMarpuBaTh (GOPMYJIY € €JMHCTBEHHBIM KBAHTOPOM CYIIECTBOBAHUA .|, — Tak HAYMHAIOT
H.K. Bepemarun u A. [llens [3] usznoxkenune anropurma DK st si3bIKa €pBOro mopsijika CUTHA-
1yt 0 = (0,1,+,-, =, <) B ctpykrype (R;0).

B mnogpazmene 1.2.3 omnpenenéaroe Takum obpaszom moHsTHe ajropurma dK obobiaercs
JI0 aJITOPUTMOB KBa3WAJIMMUHAIINKA KBAHTOPOB. B TepMmHax KBa3maIUMUHAIIME Oy/1eT ITOCTPOEHO

JIOKa3aTe/IbCTBO TEOPeMbI 1.

Teopema 1 (A. II. Bensriokos [1], JI. Jlummmr [51], B. 1. Mapteaunos [5]). Iksucmenyuasvnasn
meopusa cmpyxmypv, (Z;0,1, + , —, < HOI) paspewuma.

Bamerum, uro “HO(z,y) = z < It (HOLA(z,y) =t At #z2) mat # 2z &t < z2—1V
z+ 1<t upuuem —x < y < y+ 1 < . YI006HO BbIIEUTH B (hOpMYJIax OTIAEILHO CUCTEMbBI ypPaB-
HEHWIl ¥ HEePABEHCTB, 3allMCAHHBIE B MATPUIHOM BHjE. TakuM 06pa3oM, BBEJIEHHEM (BO3MOXKHO)
HEKOTOPBIX HOBBIX MEPEMEHHBIX, CBOJIUM 3aJady pPas3perrmMOCTH K MpoOJieMe BBIIIOJHUMOCTH B

Z, dbopmyn Busa

QT =AT=bACT>dA [\ HOL(fi(T).5:(T)) = hi(T), (1.5)
1€[1..m)]
rje, Kak W Mpexkje, T — 9TO CIUCOK MEPEMEHHbIX T1,...,Tn; fi(T),9:(T),h;(T) — nuneitrble mo-

JIMHOMBI ¢ mesibiMu Kodddumueratamu; A n C' — meaoducaeHHble MaTpuIpr; b, d — HEKOTOpbIe
resiouncyiennbie BekTopbl. Beipazkenust suga HOJ(f(Z),g(T)) = h(T) masee GyayT Ha3bBATHCS

HOO- 6blpaAHCEHUAMU,.
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1.1.2 Omnucanue pa3aesioB IIaBbl

['maBa opranmzoBaHa cieayommM odopasoMm. B pasaene 1.2 BBOAWTCS HOHSATHE aJIrOPUTMAa,
KBa3U3IMMUHAIINN KBAHTOPOB (KBa3n-DK), Koropoe B HEKOTOPOM CMbICJIe 000OIIAET IIOHSITHE aJl-
ropurMa DK, n jgaércs miraH JI0Ka3aTeJbCTBa TeOpeMbl 1 ¢ MOMOIIBIO aJropuTMOB KBasu-dK
R u D. Ilepsblit cBOAUT TIPOOJIEMY PA3PENIUMOCTH JjI SK3UCTEHITUAJIBHON TEOPUU CTPYKTYPbI
(Z;0,1,+, —, < ,HO/I) k mpobiieme paspentmMoCcTy Jijist TIO3UTHBHOM 9K3UCTEHINATBHON TeOpHn
ctpyKTypbl (Zo; 1,{a-}aez.,,HOM), rie a- ects ynapublii byHKIIMOHAIBHBI CHMBOJT JJIsT Y MHOKE-
HUS Ha TOJIOYKUTEIbHOE TIes10e ducio a. B pazjgerne 1.7 aaropurm kBasu-9K D 1mo3BoJUT JI0KA3ATH
Pa3peImMoCTh tocsieiueit Teopun. OMMCAHUIO OCHOBHOTO AJITOPUTMa K, OCYIIECTBIIAIONIETO CBe-
JieHue, MocBsIeHbl pas3/esnl 1.4 u 1.5, a B paznesie 1.6 joka3biBaeTcs TOT (akT, YTO MOy IEHHBIH
AJICOPUTM JICHCTBUTEIHLHO ABJISETCS AJIropuTMOM KBaszu-dK.

Kaxk ormeuaer A. I1. Besnbriokos [2| o Teopeme, qokazantoil B ogHo Bpems ¢ J1. Jlummumew,
«B CYIIHOCTH, HAIIle pPellieHne ObLI0 OYeHDb CJI0YKHBIM 000DIIEHnEM MUPOKO u3BecTHO Kuraiickoii
Teopembr 06 Ocratkax...». [locyie onmcanus raHa jgokasaTe/bcTBa, B pasjese 1.3 0bobimaeTcs

KuTaiickas Teopema 06 ocrarkax Ha cucrembl Buma N\ HO/(a;,b; + ) = d;, tme a;,b;d; —
i€[l..m]
nesble dnciaa, Takue uro a; # 0, d; > 0 g Beex i € [1..m]. DTor pesyiabrar GygeT OCHOBHBIM

HHCTPYMEHTOM B IIpeobpaszoBannu (opmya B ajgropurMme KBasu-dK R. YactHblil cirydait 9Toro

00001IeHNsT Oy/IeT UCII0JIB30BaH B ajropurme D.

1.2 KpaTkoe onucaHue aJiropuTMa

1.2.1 JlemMma o JMHENHBIX CUCTEMaX M MPOCThIe MTPeodPaA30BAHNS
dbopmy

IIpo6iema coBmectnoctn B Z cucremsbl (1.5) Oyaer cBegena K mpobseMe BBIIOJHIMOCTH B
HEOTPHIATE/IbHBIX He/IbIX dnciax N ausbionkimn cucreM @ ;. B kaxioit cucreme @; Haitaéres e-
peMeHHasI T j, KOTOpast MOsIBJIAETCA TOJIBKO B HOA-BbIpazkenusix suna HO(f(Z),q(Z) +cx;) = h(Z)
JIIA CIINCKa IEPEMEHHBIX Z, He COJEPXKAIIero Z;. 9TH IpeodPa3oBaHud MOTYT OBITh BBIIOJIHEHBI €
HCIOJIb30BAHUEM CJIe/IYIOMNIeil TeMMbl 0 JuHeiHbIX cucremax (JIC-yieMMbr), KoTopast B 6oJ1ee b
Hoit popme npesicraieHa B pabore A. Jleunep ¢ coapropamu [50, Theorem 3|. DTo yrBepkaeHne
6bL10 foKazano M. dou myp Tarrenom u M. CukunroM [34]; JI. JTumnrur, ucrnoab30Bai HEKOTO-

poiii ero amasor (cm. [51, Lemma 1]).

Jlemma 1.2.1 (Jlemma o smreiiabix cucremax (JIC-memma) [51, Lemma 1] u [34] B dopme |50,
Theorem 3|). Tycms danve UeAOUUCAEHNAA MAMPUUG A pasmepa P X N Panea T, UeAOHUCAEHHAR

mampuya C' pazmepa q X n, yesoduciertve cmosbuv, b u d pasmepos p u q coomseemcmeenHo.
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Cyusecmsyem an2opumm NOCMPOEHUA KOHEYH020 MHONCECMEa Ueaovuciennor mampuy, EY) pas-
mepa n X (n—r) u emoabyos u9) pazmepa n das j € J maxuzx, wmo
{Tez': AZ=bACT>d}=|J{EVg+ul) : ge N},
jeJ

PasgemuM cnmcok T Ha JBe 9YaCTH S5 = Tp,...T; U T = Xy41,...,T,. llycTh cucrema
AT = b A CT > d pacniaaerca wa jape mnojcucrembl: S(35) = A5 = by ANC15 > dy u T(T) =
Ao = by N CoT > dy, Tme marpuna A; mmeer panr ri. Iom «npumenenuem JIC-aremmuvr x nood-
cucmeme S(S) gopmyave @(T)» Mbl GyleMm npesmnonaratsh cieyioiee. [lyers st cucrembr S(3)
IIOCTPOEHBI Testouncienabie Marpuipl B9 u cronbusr ), j € J. Toctponm MHOMKeCTBO Bop-

My {W;}, ;. rae

'LI)g(@,Z) = i(yi) ANy = 0A /\ HOIL(.EJ (@,f),ﬁz,J@,f)) = %i,j (@,f), (16)

i€[l..m]

KaK pesynbrar nojcranopkn By 4+ ul) pmecto 5 B
75 A N HOL(fi(5.5).6:(5.]) = hi(5.1).
1€[1..m]
Taxkum 06pasoM, Mbl peobpa3oBain @(T) B PABHOBBIIOJHUMYIO B IEJIbIX YUCIAX U3 bIOHKIIIO
\V ¥;(7,t), B KOTOPOil YHCJIO IEPEMEHHBIX YMEHBIINIOCh Ha 1.
jeJ
IIpuvenenuem JIC-nemmbr k mogcucreme  /\ hi(T) > 0 AN AT = b A CT > d dopmyssr
i€[l..m]
N\ hi(Z) = 0 A @(T) (paBrOBBIIOMHUMOIT ¢ @(T) B Z BBUJY TOrO, 9TO IpaBble YaCTH HOJ-
i€[l..m]
BBIDAsKEHNU{i MOIYT IIPHHAMATH TOJBKO HEOTPUIATEIbHbIE 3HAUEHMUSI) MBI [OJIy9IaeM CJIeJYIOMLYO

BCIIOMOTaTEJILHYIO JIEMMY.

Jlemma 1.2.2. Jlas ecaxot gopmysv, euda (1.5) moorco nocmpoums pasrosunosnumyo 6 7

dussronkyuo opmya euda
y=0n N HOA(f(®).6:®) = hi(®), (1.7)
i€[l..m]
2de J ecmb CNUCOK NePemernuir yi,....yx, k < n; fi(9),9:(1),hi(7) cymo aunetnvie nosurnomovl c

yeavmu Koapdunuernmamu u, Kpome moeo, Koaphuvyuenmos hi(y) neompuyamenvrvie.

AHAJIOTUIHBIH TPUEM TIOTyYeHUsT HEOTPUTIATETBHBIX KOI(D(MUITMEHTOB B JIMHEHHBIX TTOJNHO-
Max ¢ mnomorpio JIC-ieMMbl OyJIeT NpUMeHATHCS Ha are 1 W30JIMPOBAHUs TIEPEMEHHON (T. e.

IIOCTPOEHUsT @;), KOTOPBIl ommcan B paszese 1.4.

1.2.2 HO/I-1emma

[Tox kuTaiickoil Teopemoii 06 ocTarkax MbI IpejmojaraeM teopemy |71, yrBepxpaorryio

CYIIECTBOBAHKE [EJIOYNCIEHHOIO PEIlleHus y cucreMbl jgejumocreit  /\  d; | b;+x Torma u ToJbKO
i€[l..m]
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rorma, korga  /\  HOZ(d;,d;) | b — b;. B pasgene 1.3 nokasbiBaercs ciefyrormee o0o0IeHne
i,j€[1..m]
KHUTailCKOIl TeopeMbl 06 0CTaTKax, KOTOPoe OyIeT UCIO/JIb30BAH0 Ha Iare 2 KBa3u3IMMUHALUY JIJ1d

cucreM @; B paszene 1.5.
JIJ1st KazK 1010 HOJIOZKHUTEJIBHOIO TIeJION0 YHCJIa T U IPOCTOrO P, BhIpazkeHue vy, () obo3nauaer

p-TIoKazaTeIb T, TO ecTh MakcuMasibhoe k, st koroporo pF | . Bynem nucars HOJI(z,y,2) BMecTo
HOA(HOI(x,y),z). Torma ais cucremsr

/\ HOM(a;.bi + ) = d;, (1.8)

i€[l..m]

MOZKHO JIOKa3aTh CJIEAYIONIYIO JIEMMY.

JIemma 1.2.3 (HO/-memma). Onpedeaum dasn cucmemos (1.8), 20e a;,b;,d; € Z w a; # 0, d; > 0,

i € [1.m], u scarozo npocmozo wucaa p yeaoe wucao M, = rrfax }vp(di) u dea mmodicecmsa
i€[l.m

undexcos J, = {i € [L.m] : v,(d;) = My} u I, ={i € J, : v,(a;) > M,}.
Cucmema (1.8) umeem pewerue 6 Z mozda u moavko mozda, xk020a 00HOEPEMEHHO BbINOA-

HANMCA CAOYIOULUE YCAOBUA:

i) N dila

i€[l..m]

(1) {\ ]HO,ZL(di,dj) | b — b;
i,J€[1l..m
i,5€[1..m]

() Las ecarozo npocmozo p < m u scaxoeo I C I, makozo, wmo |I| = p cywecmeyrom

makue 1,7 € I, 1 % j, wmo vy(b; — bj) > M,.

Paccmorpum nozpcucreMy @, 00pa3s0BAHHYIO U3 BCEX HOJ-BLIPAXKEHUI ¢ M30IMPOBAHHOIN IIe-
PEMEHHOM, IMPUIEM HECJIOKHO JOOUTHCA TOr0, YTOObI KOAMMUIUEHTHI IIPU ITOH IIepeMeHHON ObLITI
paBHBI einHUIE. DTa mojcucreMa Oyner nmers Buj (1.8), rie Ha Mecre a;, b; u d; GyyT HEKOTOPBIE
JIMHEHHBIE TTOJMHOMBI ¢ TetbiMu Koaddunuenravu f;(Z), gi(Z) u h;(Z) coorsercrBenno. [Ipume-
nenne HO/I-siemMmbl moTpebyeT BBeJEHUsT HOBBIX ITEPEMEHHBIX, ITPUHUMAIOIINX IT0JI0XKUTE/IHHBIE
1eJible 3HAYeHNsA. JTU MepeMeHHble Oy/IyT Ha3BaHbl OyKBAMHU I'PDedIecKoro ajiaBuTa, B TO BpeMs
KaK JIATUHCKME OYKBBI Oy/IyT MCIIOJIb30BAThCS IJIs IIEPEMEHHBIX, BBEJIEHHBIX ¢ moMoIbio JIC-1em-
MbI. ['pedeckne nepemeHHble OyIyT MOABISITHCSI TOJIBLKO B IMOJMHOMAaX Buaa al.

[TosicHuM cKa3aHHOE Ha TpUMepe TepenuchiBanus yeaosus (ii). B aTom ciaydae s Kazxk o
napbl WHIEKCOB (7,7), 1 < i < j < m BBOIUTCS HOBasl epeMEHHAsT Ci j, TaK 9TO COOTBETCTBYIOIIAsI

ﬂe.HI/H\/IOCTb HepeHI/ICbIBaeTCSI B CJIe,ZLyIOHLeM BI/I,ZLe:
3G, (HOI(hi(2),h;(Z)) = Gy AHOI(Gi 5,9:(Z) — 95(Z)) = Cij) -

Jlemmbr 1.2.1 u 1.2.3 obpazyior jBa 1mara, KOTOpble TOBTOPHO BBITIOJIHAIOTCS IS TIOJTY YeHUS
JU3BIOHKIIUN CUCTEM HOJI-BBIPAYKEHUI, He COJIEPIKAIIX JIATHHCKUAX MepEeEMEHHBIX. TakuM o0pazoMm,
KaXKJIbIil JIMHEWHBIN TTOJTMHOM OyeT UMeTh BUJ a( OO a JIJId HEKOTOPOT'O IMOJIOXKHUTE/THHOTO T1e-
JIOTO YUCJA . DTO CBEJIEHUE MOXKET ObITh (hOPMAM30BAHO C ITOMOIIBIO MOHATHUS <«AJITOPUTMA

KBa3U3JIMMHUHAIIUN KBaHTOPOB».
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1.2.3 Omnpeaesenue ajJropuTMOB KBAa3WJIMMUHAIINN KBAHTOPOB

[IycTs mMeroTcst J1Ba HelepeceKaroImXxcs copTa IepeMeHHbIX S; u Sy. [lepemennbie n3 S
Oy/yT 0003HAYATHCS JIATUHCKUMU OyKBaMu (1 OY/LyT HA3BIBATHCS «JIATUHCKUMU [IEPEMEHHBIMEY ),
a3 Sy — rpedeckuMu GyKBaMHu («rpedeckue epeMennbies ). Ilyers L2 — a3bik neproro nopsijika
CUI'HATYDBI O ¢ TlepeMeHHbIME 13 Sy U Sy. O6oznaunm L u L2 a3piku nepBoro nopsijika CUrHaTyphbl
0 C II€EpEMEHHBIMU COOTBETCTBEHHO u3 S7 U Ss.

O6o3snauuM [@]; pe3ysbrar HOJACTAHOBKH TepMa ¢ BMECTO KaXKI0r0 CBOOOIHOIO BXOXKCHHSI
nepeMeHHon © B popmysty @. MuoxkectBo hopmyn L C Ly Ha30BEM ahexmueHo nposepiemvim,

€CJIN CYIIECTBYET aJI'OPUTM, PACIIO3HAIONIHUN L-popMyiib.

Onpenenenne 1. [Tycmo dana nexomopas cmpyxmypa (M; o) ¢ cuenamypoti o u sexmueno
nposepaemoe mmoocecmeo gopmya L C LE? . maxoe, wmo ece aamunckue nepemenrvie 6xodam
c6000010, G 6CE 2DEUECKUE CEA3AHBL KEAHMOPAMU cywecmeosanus. ITycms makoice das nexomopot
nepemennot x € S onpedeseno apexmusno nposepaemoe mrodtcecmso L-gpopmya asumura-
yuorHro2o euda L* C L u 3adanv, dea waeza:

ITaz 1. IHocmpoenue no ecaxol L-dopmyse IXQ(7,&) pasnosvinosnumoti 6 (M;o)
dussronkyuu \/ IXQ;(Y;,X) 0ra HEKOMOPO2O KOHEWN020 MHOMCECMEA UNdeKkco6 J U CNUCKOS Aa-

jeJ
MUHCKUT nepjeMeHme Y; MaKUT, WMo 0aa ecaxozo j € J:
1. Koauuecmso nepemerHor 6 cnucke J; He Npesocrodum KoAUMECEa NEPEMERHIT 6 .
2. Ecau cnucok nepemenwnolr Y; He nycm, mo HaUoémca nepemennas T; € Yj, MO
30, (7, € L7,

ITaz 2. Ilocmpoerue no scarotls gopmyae JxIXQ(x,z,X), maxotd wmo IXQ(r,Z,&) A6aiem-
ca LE-opmyaoti, sxsusarenmnoti 6 cmpysmype (M; o) L-dpopmyav, IxIBW(Z,%,B).

Tozda A — anzopumm xea3udsumuayuu Keanmopos (keasu-IK) das aswvika L 6
cmpyxmype (M;0), ecau no dannoti na 6x0d L-gopmyae IXQ(Y1,...,Yg,X) CHAUAAG BLINOAHACT-
ca wae 1, a samem 0an kKaxcdol dopmyave 3z [FX @ (y_j,&)]ij waz 2. Taxum obpazom, nosyaemcs
PABHOBHINOAHUMGA OU3BIOHKUUA L-popmyn, 6 kasncdoli u3 KOMOPHIT YUCAO AGMUHCKUT NEPEMEH-
HOLT Menvue k.

Ssvik L 6ydem nasvieamvesa A3vtkom aszopumma keasu-I3K A.

Pacemorpum HekoTopbie cBoiicTa anropurma KBasu-dK A mus Ly B (M 0).

st mommuo)kecTBa L GeckBaHTOPHBIX (opMmysi Ly ompejiennM si3blK 3L KaK MHOYKECTBO
dbopmys Buga IT@(T,y) miasa Beskoit (6eckBanTopuoit) L-popmyiast @(T,7). MHOXKECTBO 3aMKHY-
Teix JL-dopmyn obosnaunm E(L).

OcnoBnoe naznauenue A MOXKHO onucaTh cJieyonum obpazoM. Tak kak L4 N LY comepxur
TOJILKO GecKBaHTOPHBIE Lo-hopMyJIbl, TO onpejieneno Muoxkectso gopmyn E(L4 N LY), koropoe
obosnaunm LYy, u mycrs L% = L4 N L2. Torga anropurm A BBINOJIHSET CBeJeHUE TIPOOIEMBI
paspermmoctn st LY-Teopun k npobiaeme paspemmmocts it L%-reopun. efictBuresHO, 110

Besikoit (6eckBanTophoit) (L 4NLL)-bopmyiie @ nosTropubiM npuMenenueM anroputMa A K Kask 1ot
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u3 L 4-dopmyst mosrydaeMbix JIU3bIOHKIHN, TOCTPOUM JIU3bIOHKIHIO (3aMKHYTHIX) Li—cbopMyn,
uCTUHHYIO B (M 0) TOrjia U TOJBKO TOT/IA, KOTJa () BBIIOJHUMA B 9TOH CTPYKTYpe.
PacemorpuMm Tpu BazkHBIE Bapualluu aaropuTMoB KBasnu-dK mis ciaydas, Korma S = &. U3

oIrpesie/IeHUsT CaeIyeT, UTO L 4 ABJIsIeTCs MOJIMHOYKECTBOM O€CKBAHTOPHBIX L -hopMmyir.

IIpumep 1.2.1. Ecau Sy A6AA€MCA NYCMbLM COPMOM NEPeEMERHHT U 6bucaenue 68 (M; o) uc-
MUHHOCTHO20 3HAYEHUSA Lo-popmyav, 63 NEpemMeHtvir ABAACMCA Pa3Peuumots npobiemot, mo
anzopumm keasu-IK A nossoarsem doxazamov paspewumocms E(L 4)-meopuu cmpyxmypuv. (M; o)
Max Kax OAs UCCAeOYeEMOt HA BHINOAHUMOCTIG HOPMYADLL MbL NOCMPOUM IKEUBANCHMHYIO 6 IMOT

cmpyxmype Popmysy 6e3 nepemerHvl.

[Ipumepamu Takoro aysropurma KBasu-dK OymayT anroputm D u3 pazgena 1.7, a tak ke

JBa aJropuTMa U3 pasjesa 2.6.

IIpumep 1.2.2. Ecau Sy asasemea nycmowm copmom nepemennnx u LY = Ly (wae 1 anzopumma
A cmanosumes mpusuasvrvim), mo muoscecmeo ecex AL g-6vipasumvir 6 (M;0) ommoweru

cosnadaem ¢ mrodtcecmeom ommnowenutdl (beckearnmoporo) L 4-evipasumox 6 (M; o).

EauHcTBeHHBIN mIar ajaropuTMa Mo3BOJIFET TOC/IEI0BATEHFHO TTPOITUMUHIPOBATD KazK/IbIii
KBaHTOD JaHHO# JL 4-dopMysibl U TMOJMYIUTh SKBUBAJEHTHYIO B (M;0) L 4-dopmyiy, Koropast
saBgeTcd OeckBaHTOpHON Lg-opmysoit. Bo BTOpoil TyiaBe STOT BapHaHT aJI'OPUTMa KBa3U-
9K mo3BosiuT omnmcarh BCE OTHOIIEHUS, [TO3UTUBHO SK3UCTEHIMAIBHO BBIPA3UMbBIE B CTPYKTYpe

(Z;1,+, 1).

Ilpumep 1.2.3. Ecau, xkpome mozo, Ly A6aaemcs MHOHCECTNBOM 6CET OECKBAHMOPHBLT

Ls-popmya, mo A ecmv 6 mounocmu as2opumm IMUMUHAUUL KEaHMOPos dai Ly 6 (M; o).

1.2.4 OcuoBHoI1 ajgroputm kBa3u-OK

Mpsr ocrponm siBa anropurma KBasu-9dK R u D. [lepssriit cBouT pod/ieMy BBITIOJTHUMOCTH
B Z dopmyn Buja (1.5) K mpobseMe pasperuMocTs Jjisi TIO3UTUBHO 9K3UCTEHIUATBHON Teopun
ctpyKTypsl (Z-o; 1,{a }aez.,,HOI), a Bropoit mo3Bo/HT JOKA3ATH PA3PENIIMOCTH ITOH TEOPHHL.
B sTom mompazmene mMbl onmiieM ajaroput™ R, OCHOBHO# ajropuTMm kKBazum-dK, a D Oymer mo-
crpoeH B pasjese 1.7.

Onpenenum g3biK Li ajropurma KBazu-9dK R Kak MHOKecTBO hopmy/1 Jx \(] ©;(7;,x) mis
Jjeh
HEKOTOPOI'0 KOHEYHOIO MHOXKECTBa MHIEKCOB J; 1 dopmys @;(7,&) Buga

x> 1A7=0A  /\ HON(fi;(5,%).9:,;(5,%) = hi;(7,), (1.9)

ie[l..mj]

I7le BCe JIMHEHHbIe TOINHOMSBI h; ;(7,X) IMeIOT HeoTpHUIaTe IbHbIe Hesble KOIbQUIMEHTH! #, KpoMe

TOr0, KaxKJI0€ HOJI-BbIPAyKEHNE MMEET OJIHY M3 CJIEYIONUX (hopM:
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(R-1) HOA(f(9).9(¥)) = ( )

(R-2) HOA(f(¥).9(¥)) =

(R-3) HOZ(aC,g(y)) = bn

(R-4) HO/I(aCbn) = b,
riae (,n,0 — rpedeckue mepeMenHbe (BOZMOXKHO, OJIMHAKOBBIE), a @, b, ¢ — MOJIOKUTEJIbHBIE TIeJIble
qucsia. Kpome Toro, Beskasi rpedeckasi epeMenHasi (, BXOJsIas B HOJI-Bbipakenus Buja (R-2),
BxomuT B mpasble dacTu (R-3) u (R-4) rosbko B HOm-Bhipaxkenusx suga HO/(al,g(y)) = bC
win HO/I(al,bl) = cC.

[Tocennee orpanutenue Ha BUJT HOJ-BhIPasKeHU T HEOOXOIMMO 110 cJietytorieit npunte. [Tycrs
13 HOJ-BbipazkeHust (R-2) yuaanock nojyuntsh pasenctso [(y) = al. IogcraBum B cucremy (1.9)
BCIOJTY @ BMecTO ( U JIOMHOYKUM COOTBETCTBYIOIINE HOJI-BBIDA’KEHNs HA a. YKa3aHHbIE OUDAHM-
YeHUsI HA HOJ-BBIPAXKEHUSI C MEePEeMEeHHON ( rapaHTUPYIOT, UTO MOJIydeHHas (POpMy/Ia OCTAHETCs
Ly-dopmyiioii.

Bynem nasbiBars nog-soipazkenns HOJ(f(Z,x),g(Z,X) + cx) = h(Z,X) peeyaaprovimu 1oo-
BUPANCEHUAMU, €CTTH JTMHEeHHbIe ToTMHOMBI f(Z,&) n h(Z,X) UMeroT OJUH U3 CJIEIYIONIX BH/IOB:
Jinbo al Jig HEKOTOPOH I'PEYecKoil MepeMeHHON ( M IMOJIOKUTEILHOIO IeJIOr0 4ucjia a, Juoo
JIMHEeRHOTo nosmmHoMa [(Z) ¢ HeoTpuraTe bHbIMU HeJbIMI KO3(hDMUIMEHTAME U TIOJI0KUTETbHBIM
CBOOOJHBIM 4ieHOM. BBuiy Toro, uro B Lg-dopmyrax & = 1 AZ > 0, nomuaombr f(Z,&) u
h(Z,X) MOryT IPUHUMATH TOJILKO TOJIOKUTE/bHBIE 3HAYEHUS, TIOITOMY K CHCTEMAM DPEryJsipHBIX
HO/JI-BbIpazkeHuit MoxkHo npumensatb HO/l-emmy.

MmnoxectBo dopmyn smmMumHammonnoro Buga Li C Lg  cocromt u3  Qopmyn

Jo \/ ¢;(2,Z;,&) 1y HEKOTOPOrO KOHETHOIO MHOXKECTBA UHJIEKCOB Jo 1 dopmyit @;(x,Z,X) Buga
JjE€J2

X>1AZ20A220AQ;ZX) A\ HOA(fi;(Z®).5:,(2) + ciyz) = hij(2%),  (1.10)
i€[l..m;]
rJie & He COINEPIKUTCS B Z, ¢;; > 0, KaxKJ0€e HOJ-BbIParKeHUe C & SBJISETCS PEryJISPHBIM HOJI-BbIDa-
JKEHHEM, a (AN[;j (Z,&) ecThb cucreMa HOJ-BbIpayKeHUil 6e3 BXOXKJIEHUN .

B pasnene 1.6 Mbl mokazkeM, 9To 1ipeoOpa30BaHusd, olncaHuble B pasjenax 1.4 u 1.5, onpee-
asroT mar 1 u mar 2 anropurma kBasu-OK s L. [Tosromy, Kak ciepyer us onpejenenus Ly,
JUTsT JTOKA3aTeIbCTBa TeOpeMbI 1 OYJIeT JI0CTATOYHO JJOKA3aTh PA3PENUIMOCTh MO3UTUBHON 9K3UCTEH-
IUAJIBHON Teopuu CTPYKTYPHI (Zo; 1,{a }aez.,,HOI). Kak mbr yBunum B paszgese 1.7, JIC-remma

HE WCIOJIb3yeTcs B ajaropurme D, u norpebyercs juiib dactabiil ciaydait HO/-memMbr.

1.3 dokazareabcrBo HO/I-memMMmbI

[lepes TeM, Kak Mmepexo/iuTh K JOKA3aTEIbCTBY JieMMbl 1.2.3, y100HO mepedopMympoBaTh
e€ 4erTBEPTHIN NMyHKT. Oupeses M ycaoBue

((v)) aa scarozo npocmozo p natidémea x, € Z, wmo )\ vy(b; + x,) = M,
i€l
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U JIOKazKeM CJIE/IYIONLYIO JIEMMY.

Jlemma 1.3.1. I[Tycmov das cucmemv, suda (1.8) snauenus a;b;,d;,M,, I, onpedesenv, max orce

Kax 6 nemme 1.2.3, u evnoaneno ycaosue (ii). Tozda (iv) umeem mecmo mozda u moavko mozda,

xoeda ((1v)).

Alokasamenvcmeo. PaccmoTpum npocToe p, HaTypaJbHoe 4ucio M, m MHOXKeCTBO MHJEKCOB I,

Venosue (ii) nogpasymesaer comectHocTh cuctembl \ p™7 | b; + z. Bozbmenm xq € [0,pMr) Takoe,

i€l
aro rg = —b;(mod pM») nna i € I,. Torna nomyuaem, uro © = o+ kp™r asnsierca pemenunem st
Jioboro k € Z m TakuM 00pasoM
xo + bz
3o | Nvplbi +2) =M, | &3k | Apt( bl b (1.11)
i€l il
[IpaBas gactsb (1.11) ucrunnaa TOrIA U TOJLKO TOT/A, KOTJIA {g”poTﬁfl } - HE COIEPKUT HOJIHOI
1€lp
CUCTEMBI BBIYETOB 110 MOy 1o p. CreoBaTebHO, 9TO BEPHO ISt KayKJI0OTO P > m, a Juisd p < m
9TO yCJIOBHE SKBHBAJICHTHO TOMY, 4TO Jyist Kaxkygoro I C [, takoro, 4rto |I| = p, cymiecTByior
.. . . w0+b,- zo+b;
i,j € 1,1 7, aro p | i — pMpJ, WIH, B TEDMUHAX pP-LOKazaress, v,(b; — b;) > M,,. O

Jlemmy 1.2.3 mokazkem npeanosaras, 9ro yeaosue (iv) 6pu1o 3ameneno na ((iv)).

Jlokasameavemeo aemmo, 1.2.3. HeobxomumocTs. Yemosue (i), o9eBuiHO, HeoOxomMo. Tak Kak
Jutst Kaxkzaoro 4,j € [l.m| Mol umeem d; | b; +x u d; | b; + z, ciegosarensno HOJ(d;,d;) |
b; +x — (b; + x). Takum obpasom, moaydaem (ii).

Yrober gokazaTh (iii), paccMoTpuM T KazKJoi mapbl MHIEKCOB 4,j € [1..m] cremyroryto

HEII0OYKY PaBEHCTB

HO,ZL(CLZ',dj,bZ‘ - bj) = HOﬂ(ai,HOﬂ(aj,bj + l’),bz - bj)
= HO,ZL(CL“CLJ,HO,ZL(bz + I,bj + [E)) = HOﬂ(dZ,dj>

st Besikoro npocroro uncia p umeeM v,(HO(a;,b; + 1)) = v,(d;) nist sioboro @ € [1..m]. B
JaCTHOCTH, ecyint ¢ € I, To min(vy,(a;),v,(b;+2)) = v,(GCD(a;,b; +x)) = M, upuaém vy,(a;) > M,.
CrenoBarensho, v,(b; + x) = M, n nHeobxogumocTs ycrosus ((iv)) goxasaHa.

Hocrarouynocts. [lycts Py — (KOHEYHOE) MHOMKECTBO BCEX MPOCTHIX YHCEJ P TaKUX, UTO
p | a; mins nekoroporo ¢ € [l..m]. Yemosue (i) mompasymesaer, ato v,(a;) = v,(d;) mis Beakux

i €[l.m] upe Py Iepenumenm (1.8) B Bujie cucTeMbl JeIMMOCTER U HEJETIUMOCTEI:

/\ /\ P | by

i€[l.m] \p€PoAvp(a;)=vp(d;)

A /\ pUr(d) | b+ A prr(di)+l 1o +x|. (1.12)
pEPyAvp(a;)>vp(d;)
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Hns kazkmoro mpocroro uncia p € Py Bbytenum B (1.12) mozcucremy, cojeprKaliyio Bce
JIEJTIMOCTH ¥ HEJIEJIMMOCTH, B KOTOPBIX JEIATEIEM ABJISIeTCS P B HEKOTOPOii crernenn. OmpeaeanmM
MuoKecTBO nHuekcoB K, = {i € [1.m]\ J, : v,(a;) > v,(d;)} u cucremy

P,(r) = /\ P | b A /\ SRR § T (1.13)
i€[l.m]\Jp €K

Tenepsb cucrema (1.12) mepenucbiBaercst CIeayoMuM 06pa3oM:

/\ D, (z) A /\pMp | b+ A /\pMpHJ(bH—x . (1.14)

pePy i€Jp i€l

[To kuraiickoit TeopeMe 06 oCcTaTKaX JOCTATOYHO HAWTH OTAEJbHO JIJIs KaXKIO0rO IPOCTOrO YUCIa
p € Py pemmenne cOOTBETCTBYIONIEH OICUCTEMBI.

3adukcupyem HekoTopoe p € Fy. CHadasa IOCTPOUM peIeHUe ) HOACUCTEMBI IEIUMOCTei
¥ HeJIeJIMMOCTell ¢ HHeKcaMu u3 Jp, a 3aTeM IPOBepUM, ITO nMeer Mecto P, (x,).

Ecin I, = @, To BBUAY TOrO, 4TO 1O yeaosuwo (i) b; = bj(mod p*») s Beex i,j € Jp,
JI0CTATOUHO BEIGpaTh 000 HHACKC j, € J, u oupeneaurs z, € [0,pMr) cpasuumblit ¢ —b;, 10
Moyito pMe.

Unave, ecim MHOXKECTBO MHJIEKCOB [, He 1mycTo, 1o yeaouio ((iv)) maiinéres x, € Z, 910

/\pMP | bi + zp A /\pMPHTbZ»—l—xp. (1.15)
i€l icl,
Vnobno cuurats, uro x, € [0,pMrTl). Beumgy yciaosus (ii), B mogcucreme jgesmmocreit

u3 (1.15) MHOXKECTBO MHIEKCOB [, MOKHO 3aMEHUTH Ha J,.

Octasoch moKa3arh, ITO T, YIOBJIETBODSET CHCTEME JeinMocTeil n Hemenmmocreit (1.13).
IIycts cHOBa j, SIBISETCA MPOU3BOIBHBIM HHJEKCOM U3 J,. U3 yemosusa (ii) caemgyer, aro by =
bj,(mod pUrd)) g kasxmoro k € [1.m] \ K, u, snaqur, p*@) | b, + 2, Tax xak v,(dy) < M,
IIO3TOMY ), YJAOBJIETBOPLAET MOJICUCTEME JEIUMOCTEl U3 (1.13).

Yro0B! 10Ka3aTh, UTO I, TaKyKe ABJIAeTCS PEIIeHneM IIOJICHCTEMBI HeJleINMOCTel, IpeIno-

vp (di)+1

JIOZKUM, 9TO P JeIUT Tp + b 1A nexkoroporo k € K. Torma momyunm vy(by — bj,) >

min {v,(by + 2,),05(b;, + x) } = v,(dy) + 1. Y3 91010 Cateayer, aro
min {min {v,(ax),M,} v,(bp — bj,) } = v,(dy) + 1.

Ho sro nporusopeunt (iii), Tak Kak JieBast 4acThb He JIOJZKHA IPEBOCXOAUTH Uy (dy).

Taxum obpasoM, MmojydaeM perieHrne U3 CUCTEMbl BHJA

/\ z = z,(mod pP?), (1.16)
peERy
rje B, = M, + 1, eciu MmHOXKecTBO uHJIEKCOB [, He 1mycro u 3, = M, unade. O

Nrorosas cucreMa cpaBHEHUII ITO3BOJIAET CJIe/IaTh CJEIyIoIee 3aMevuaHue.

Bameuanne 1.3.1. Ecau = sasasemcs pewenuem cucmemv, (1.8), mo = + k - H[OK](dZ-) :
i€[l..m

rad [ [[ % | mawoice asasemea pewenuem oas xasicdozo k € Z, 2de rad(n) — paduxar nenyae-
T
i€[1..m)]

6020 UENO020 HUCAQ T, M. €. npousse&eHue PaA3AULYHBLT TIPOCIN LT deaumenet n.
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1.4 IIlar 1: oraesieHune JIATUHCKOI MepeMeHHOI

Omnycrum unekce! j B (1.9) u pacemorpum Lg-dopmyny Jx@(7,®), rie

e =x=>1A7=0A /\ HOA(fi(7.%).9:(5,%)) = hi(7,%). (1.17)

i€[l..m]
HanmomuwmM, ato B Li-dopmynax kosbdurmentst h;(y,X) Beerma HeoTpuiiaTeabhbl. [lycrs, Kak u
B noapaszese 1.2.1, cumcoK ¥ pasfenéH Ha S = yi,...y; U t = yi11,...,yn. Chopmymupyem asa

3aMedYaHud.

3ameuvanme 1.4.1. Pesyasvmamom  npumenenus  JIC-remmvr %  nodcucmeme — suda
AS=bANCS=2dN520 gopmysns AS = bANC3S > d AN @(Y,&) asaiemes dussronkyus @Gop-
mya B (ZE,x), maruz, wmo Jx;(Z,t,&) asasemea Lr-opmyaot, u, xpome moeo, ecaromy
peayaapromy nod-evipasicenuto 6 @(Y,X) ¢ usoauposannoti nepemennoti us t 6ydem coomeem-

cmeosamu pezyaapnoe 1od-evipasicenue 6 \p;(Z,t,x).

Joxazamenvcmeo. leficTBUTEILHO, BBULY TOTO, UTO B CUCTEMY JIMHEWHBIX YPABEHUN 1 HEPABEHCTB
BxouT § > 0, BMECTO KaxKkJOil MmepeMeHHOIl W3 § MOJCTaBJIsSeTCs JIMHeHOe BbIpaxKkenue [(Z) ¢
HEOTPHIATEIbHBIME TIebIME Ko durmerramu. [Tosromy kazxpiit aunedHblil mommHoMm f(7) ¢
HEOTPHIATEbHBIME KOdGbUImenTaMu (1 HOJIOKATETbHBIM CBOOOIHBIM WJICHOM) COXPAHSET 3TO

cBoiicTBo mocse nogcranosrun FYz + ul) Bmecto 3. ]

Bameuanne 1.4.2. Moowcro cuumams, wmo 6 cucmeme (1.17) nem nod-evipasicenuti suda (R-1)
u (R-2), maxux wmo ki f;(g) = kogi(y) 0an mexomopur me pasnux 00HOBPEMEHHO HYAO UCADLT

yucen ki u ko.

Jlokazamenvcmeo. Tlpeanonoxum, aro ki f;(y) = keg;(y) ans ky # 0. B makom cirydae MOXKHO
BBIYUCIUTH HAUOOJIbIIMI OOIuii jiesmresib U nepeiitn K jusbiokiuu mo 0 € {—1,1}, samenss
B (1.17) coorBercrBytoriee HOm-Bbipazkerne Ha pasercTBo 0HO(ky,k2)g:(y) = kihi(y,x). dus
HOJI-BbIpazkeHuit Bujia (R-1) 9170 paBeHCTBO b0 BCErIa UCTUHHO, JINOO MOYKET OBITH UCIIOJIb30BAHO
IS TIOJTY Y€HUS JIM3BIOHKIMNA CUCTEM C MEHBIIUM Ha €UHUILY TUCIOM IIEPEMEHHDIX, KAK PE3y/IbTaT
npumenerns JIC-nemmer k mozgcucreme § = 0 A cHO(k1,k2)9:(Y) = k1hi(7) dopmyasr (1.17).

Ecin xe h;(y,&) = a;;, ynamam cHO/(k1,k2)g;(Y) = a;k1(; 3 cucremsl, TIOJICTABUM BCIOLY

CHOI(k1 k2)gi (7)
[l,;kl

nosisurcs HepasencrBo 0HO/I(k1,k2)g;(7) > a;k1; mo onpenenenuio s3bika Lg, BCe HOJ-BbIpa-

BMecTO (; ¥ JJOMHOXKUM JIMHEHHbIE BbIpaskeHus Ha a;k,. B qactaOCTH, BMecTO (; > 1

JKEHHUs B Pe3ysbTaTe IOJCTAHOBKH cHoOBa OyayT mMerh Buj (R-1) - (R-4). Ocramoch IpuUMEHUTDH
JIC-nemmy K mogcucreme § = 0 A cHO(k1,k2)g:(7) = aik;. O

Ternepb 1OKazKeM Kak MOJIYIUTh PABHOBBIIOJIHUMYIO B IEJBIX YHCJIAX JU3BIOHKINIO Gop-
mya Buga (1.10).

B mepBoM ciiydae CyImecTByeT JaTHHCKas [epeMeHHast T, KOTopas He BCTPEYaeTCs B IPABOit
YaCTU HUKAKOro HOJ-Bhipaxkenus (1.17). Mcnonbsys anropurm EBKima, Kazkioe HOJ-BbIpazKeHue
suga (R-1) wm (R-2) HOI(f(Z) + az,g(Z) + bx) = h(Z,&) ans a,b # 0 1 JIUHEHAHBIX TOJTHHOMOB



28

f(Z) u g(Z), Mmoxker GBITH HEpenucaHo TaKuM 00pa3oM, 9TO KO3(hMUIMEHT IPH & He PaBeH HYJIIO

TOJILKO B OJJHOM 13 HMOJMHOMOB. Ilyctb @ > b > 0 u a = ¢b + r mia r € [0,b). Torna nmeem

HOA(f(Z) + ax, g(2) + br) = HOA(f(Z) — q9(Z) + rz, 9(2) + bx).
Ilosropsiss sroT mar, nomyam dopmyry suga HOJI(f(2),5(2) + cx) = h(z,®). Beuay sameua-
Hug 1.4.2 moamHOM ]7(2) He sBJISIETCA TOXKJIECTBEHHO HYJIEBBIM.
B apyrom ciryuae KaxKjiasi JaTHHCKAs IePpEeMEeHHasi BXOIHUT B IPABYIO YacTh XOTs Obl OJJHOIO
HO/I-BhIpazkeHnst. Boigesmm B (1.17) nogacucremy Ho-Beipazkennii Buya (R-1) u nepermrenm (1.17)

CJIEIYIOIIUM 00Pa30M:

x> 1Ay >0n N\ HOL(fi(9),4:(¥)) = hi(y)

i€[1..0]
i€[l+1..m]
Jlns kaxkJjoiff mepeMeHHONl x € Y HaiijIéTcd WHJIEKC 1, € [1..1] TaKO, 4TO 9Ta HEepeMeH-
Has BXOJUT C HeHyJeBbIM KodddurmentoM B h;, (¥) (10 ects hy () = hi (§ \ ©) + ¢, mua
HEKOTOPOI'O TOJIOXKUTEIBHOrO Teoro ¢;, ). Ilo 3amedanuto 1.4.2 cayuait uif;, (7) = vih, (¥) u
Ui, (J) = vohy, (¥) U1t HEKOTOPBIX HEJBIX Ug,V1,Ug,V2 HEBO3MOKEH, [IOITOMY MOXKHO CIHTATh, ITO
ufi, () # vh, (¥) niag Begkux nedasix u u v. Torga nosmyuans, aro cucrema (1.17) sxBuBasieHTHA

cJIeytomieil I3 bIOHKITUN:

z€Y \ —Sz<k<Sy i€[l.m|Aitiy
rjie
Vok@ =72 0N No =o' Ak(hi, (@) = £..(@)
'€y
u S, ecTb cymMMa abCOIOTHBIX 3HadeHuit Koaddurmentos f; (y). Dro ciemyer u3 toro ¢akra,
410 Bee Kodbdunuentsr h; () HeorpumarTeabHbl, ¢;, > 0, HepeMeHHbIE §J HEOTPHUIATEIHHBI U T
MPUHIMaeT MaKCHMaJIbHOe 3HAYeHUe CPeJN IePpEMEHHBIX U3 V.

[Ipumvenenne JIC-emmbr k nogcucreme VW, () xazxkgoro auzbionkTa (1.19) mact an3bloHK-
muto cucreM Bujia (1.17), Kaxkaast u3 KOTOPBIX COJEPYKUT HA €INHUILY MEHBIIIEee YUCJI0 TIEPEMEHHBIX
U Ha eJIMHUIy MeHbIIlee YMCJI0 HOJI-BbipaxkeHnuii. Beuy 3amedanus 1.4.1, ecam 0603HAYUTH ITY
mu3boHKIM P (Z,X), Mbl umeeM Joap(Z,&) € Lg.

Ha sTom pasbop BToporo cirydasi 3aBepiuaeTcs, u jajee B Kaxkjoii cucreme u3 P(Z,X) MbI
CHOBa TBITAEMCS OTJIEUTH JATHHCKYIO IePpEMEHHYIO, KOTOpas He BCTpPevYaeTcs B MPaBOil dacTu
HUKAKOTO HOJI-BBIDAsKEHMUs, IOKA He MOJIYIUTCs Iu3bioHKIus dhopmys Bujga (1.10).

Terepb IPEITOIOKIM, 9TO UCKOMAas JIN3bIOHKIA nosydeHa. Omycrum unaekcer j B (1.10)
u obosnauum 31y dopmyiny @(z,Z,®). IIpeobpasyem JX@(r,Z,&X) B PABHOBBIIOJHUMYIO B IEJIBIX
quCsIax AU3bIOHKINIO dhopMyst Toro ke Buia (1.10), HO ¢ peryasgpabiMu HOJ-BhIpazkeHusivu. Cire-
JloBaTesIbHO, TosryduM Lg-dopmyy.

[Mockonbky Jax@(x,zZ,&) aBisiercss Li-hopMyJioii, HEperyJIsipHbIME MOT'YT OBITH JIUIIb HOJI-

seipazkernst Buga (R-1) mm (R-2). Ilycrs HOA-BBIpazkeHns u3z @(x,z,&) ¢ umgexcamu i = 1.k
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cojlepzKaT BCe HeperyJsipHble HOJ-Bbipakenus Buja (R-1), a ¢ ungekcamu ¢ = k + 1.1 Bce Hepery-
JISIPHBbIE HOJ-BbIpazkeHust Buja (R-2), /Jist KOTOPBIX TTOJIOKIM h; (Z,®) = a;(;.
[Mepenumem @(z,Z,@) BBugie ® = 1 AZ > 0Ax = 0N 0(Z,&) A A(z,Z,X), Tae

Awz® = N\ HOMEE). () +an) =)

1€[1..k]
AN HOM(fi(2), Gi(2) + ciw) = ail;
i€[k+1..1]
A N\ HOL(fi(Z®).5:i(2) + cix) = hi(Z,®)
1€[l4+1..m]

U TIOCTPOMM PABHOBBIIOJHUMYO ¢ JXQ(2,Z,X) dhopmyity
3&(@0(20, %) VP (7. )vq%(x,z—Q,a)).

Bnecn (70, %) 1 P (Z1,&) ABAAOTCS AM3HIOHKIMSAMI cucTeM Buga (1.17), TAKIX 910 CIHCOK Z)
COJICPZKUT Ha J[Be, & Z] HA OJHY IIEPEMEHHYIO MEHbIIe, 9eM Z,Z. B IOJIyd9eHHBIX CHCTeMax CHOBA
OTJIesIsieM JIATHHCKYIO [IEPEMEHHYIO, & 3aTeM JI00NBAEMCs PErYJISIPHOCTH HOJI-BBIPAYKEHUI ¢ N30J11-
POBaHHOIT IepeMeHHON. Tak KaK 9HC/I0 JATHHCKUX [EPEMEHHBIX [OCTOSHHO yMEHBIIAeTCsH, STOT
HPOIIECC 0BS3ATEIBHO OCTAHOBATCA. B 10 3k Bpenst, @y (2,73,X) OKAZKETCsl M3 HIOHKIME]! HCKOMOTO
BHUJI&, TO €CTb, Eloc@g(x Z3,&) OyJer HeKoTopoii Lf,-hopmyiioii.

Jnssonkin $y(Z5,&) u @1 (Z1,X) COOTBETCTBYIOT CIyuasM PABEHCTBaA MO f;(Z): Ulsl Wil-
nekcoB ¢ = 1..k u jiyst © = k+1..1 coorBercTBerHo. [locTpoenne U3 bIOHKINN aHAJIOITIHO pa3dopy

JBYX ciaydaeB u3 3amedanus 1.4.2. Vmenno,

450 Zo, \/ \/ Qm Zo,

i€[l..k] oe{—1,1}

Qpl Zl, \/ \/ ch 21,

i€lk+1..1) oe{-1,1}
rae au3bionknnn §); o(Zo,&) u €; o(Z1,&) OyayT moaydenst ¢ nomompsio JIC-ieMMblL.
O6oznaunm A;(x,Z,X) cucrembl, HOJyIeHHbIe UCKI0YeHeM u3 A(x,Z,X) HOJ-BbIPAKEHUS
¢ nugekcom ¢ € [1..0]. Torna jist @ = 1.k pusbonkims €; (Zg,X) ecTb pe3yJbTar MpUMEHEHNUs

JIC-nmeMMBI K IIOJICHCTEME
Dio(x,Z2) =Z20ANx = 0A fi(Z) = 0A iz = ohi(Z) — 6:(2)

dbopmysr @ = 1A D, o(2,2) A (p(z o) A Ai(z,Z,%).

Jna nanekcos i = k+ 1..1 o6oznaunm Aw(:r,z,a) Pe3yIbTAT MOACTAHOBKH w BMECTO
B dopmyny &\ §; = 1 A @(Z,&) A Aj(2,Z,X) 1 TOMHOKEHHSI TIOJIYyIeHHBIX BBIPAYKEHUN HA ;.

HpI/IMeHeHI/Ie ﬂC—JIeMMI)I K I1oJAcucremMe
D o(2Z) =22 0Az=0A fi(2) = 0A 0(3(2) + ciz) > a;

dbopmyier @; o(x,2) A Aw(x Z,X) JacT HaM JAu3BIOHKIUIO (); o(Z7,&). Ocranoch 3aMeTHTDb, UTO
yMEHBIICHUE 9HC/Ia IEPEeMEHHBIX B CIUCKAX 2y U Z] CJEAyeT U3 TOrO, YTO IIOJMHOM fl(z) He paBeH

TOYKJIECTBEHHO HYJIIO JJIsd Besgkoro ¢ = 1.1



30

Tenepb pazbepém cirydail He paBHBIX HYJIIO 3HadeHuit f;(Z):

\/ (a>1/\z>0/\x>0/\$(z,am A (Giﬁ(§)>1/\hi(§)>1>

oe{—1,1}! 1€[1..k] (1'20)

AN ofiE=1a N\ HOA(fi(Z®)5:(2) + iz >—hi<z,a>>.
i€[k+1..1] i€[l..m]

Ju3bronKims @2(55,2_2,3() eCTh pe3ysbTaT IpuMeHeHus B Kaxk oM ju3bioHkTe (1.20) JIC-emmbr K

LOJCHCTEMAaM, COIEPXKAIIUM BCe JIMHEHHbIC yPABHEHUsSI 1 HEPABEHCTBA, 3aBUCAIIIE OT IePEMEHHBIX

z. I3 3ameuanua 1.4.1 ciemyer peryispHOCTb HOJ-BBIPAXKEHUI B MOIYYEHHBIX CHCTEMaX.

1.5 IIlar 2: npumenenue HO/I-nemMmbl

Teneps pacemorpum nogcucremy (1.10) ¢ uzonuposanHoii nepemensoii x. Bes morepu obmr-

HOCTH MOXKHO CUNTaTh, YTO BCE C; j PABHBI 1, MOCKOIBKY MBI MOKeM BRIYHCINTE C' = HOK (cz )
1=1..

YMHOXKHTBH KaxKJI0€ HOJ-BbIpasKeHHe Ha, %, 3aMEHHUTDL Bce BXOxkKienusa Cx Ha T U ,ZLO6aBI/ITb B
cucremy noj-Beipakenne HOJ(C.z) = C.

C TIOMOITIBIO HOBBIX TOJIOKATETLHBIX TIEJIBIX IPEUECKUX IIePEMEHHbIX [3 eperuieM popMyITy
Jr@(x,z2,6) maa Li-bopmynsl JX@(x,Z,X), e

erzZx)=a=21AZ20Az > 0/\<p(z,&)
A\ HOL(fi(z%).0:i(2) + ) = hi(Z,®), (1.21)
i€[l..m)]
9TOGBI TIOJIYYHTh SKBUBAJIEHTHYIO B Z dopmyrty suaa IRW(Z,&,B) rax, uro IxIPY(Z,&,B) asis-
eTcs HeKOTOPOit Li-hopMmysoit. 1o nmpeobpasoBaHme ONpeIenuT mar 2 aaropurma kKasn-odK K.
O603HAYNM T CIUCOK MEPEMEHHBIX Z,& u paccmorpuM ycsosus (i) — (iv) HO/l-nemmbr.

(i). B arom cityuae BBejieHIE HOBBIX [IEpEMEHHBIX He Tpebyercs. Mbl oy daeM KOHbIOHKITHIO

A HOI(hi(w),fi(w)) = hi(w).

i€[l..m]
(ii). Jus xaxoit ynopsigouennoit napot (i,7), 1 <4 < j < m BBOAUTCHA HOBasi MEPEMEHHAsI

Cij, TaK 9TO BTOPOE yCJIOBHE MOXKeT OBITh 3alliCaHo B BUJE
A 36 (HOI(h () (1) = G AHOMCoso0i7) — 61(2)) = ).
1<i<j<m
Dra hopmysia MOKeET OBbITH IIPUBEJIEHA K IIPEHEKCHOMY BH/Ly, TaK KaK COOTBETCTBYIOIIUE TI€PEMEH-
HbIE TOAB/ISIOTCA TOJIBKO B OJHON Iape HOJ-BbIParKeHuii.
(iii). Jua xaxkoit ynopsimodensoii napsl (4,7), 4,7 € [1..m]| BBoAATCS JiBe HOBbIE HEPEMEH-
uole 1;; u 0;; s Toro, 4Todsbl nepenucars geaumocts HOI(f;(w),h(w),9:(Z) — ¢;(Z)) | hi(7)

B CJICJIYIOIIEM BUJIE:
i ;36,;(HOL( fi(w),h;(@)) = i
ANHOIM; ;,9:(Z) — 9;(Z)) = 0i; AHOI(0; j,hi()) = 6, ;).
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(iv). Heobxomumo 3ammcars ToT (hakT, 94To st KazKJ0T0 MPOCTOrO YUCJIa P < M U MHOYKECTBa,
ungekcos [ C [l.m] rakux, aro |I| = p mam J0KHO yCI0BHE

AGMM@FHMMMM@M%%@»>MMWO,

jE[1..
icl J€[Lm]

WJIH HafigyTes takue 6,5 € 1,1 # j, aro v, (g;(Z) — g4(Z)) > v, (hi(w)). Ilocrponm dopmyiy §2, (),

TaKyI0, 9TO 9TO YCJIOBHE IIEPENNCHIBAETCI B BUJIE CJAEYIONIEHl KOHBIOHKITNN:

/\ /\ “QPJ (H) )

p<mApeP \ IC[1.m|A|I|=p
rae P ecTb MHOZKECTBO IIPOCTBIX YHCEJI.

B mepBoM ciyqae MHOXKECTBO MHJEKCOB | He gBJIAETCA IIOIMHOXKeCTBOM J,. JInbo me mia

Beex ¢ € [ 3uadenue v,(h;()) onuHakoBo, MO0 HE MAKCUMAJIBLHOE V  v(hi(7) < vp(hi(1)).
ieINje[l..m]
3necs orHomenne v,(x) < v,(y) BeIpaxkaercs HopMyI0it

J(HO(r,z) = t AHOI(pr,x) = t AHOA(1,y) = t AHO(pt,y) = pt) . (1.22)

Teneps nckmounm muoxecrsa I takue, aro \/ v,(fi(@)) = v,(h;(1)), Tak KaK B IPOTHBHOM
i€l
ciaydae I He gBsieTcs noaMHOXKecTBOM [, JIst OTHOIIEHUsT paBeHCTBa p-LOKazareseil v,(r) =

Up(y) HCHOJIB3yeM 9K3UCTEHINAIBHYIO (DOPMYJLY
I (HOA(r,z) = t AHO(v,y) = t AHO(pr,z) = t AHO(pry) = 1) (1.23)

Ecian mn opna u3 ausvionknuit ne ucrunna (1. e. I C [,), HeoOXOIUMO 3aliCaTh YCIOBHE
«cymiecTBYIOT Takue i,j € I, i # j, uro v,(¢;(Z) — ¢;(Z)) > vp(hi(@))». O6bequnsis AU3BIOHK-
nun, noyanM (2, ().

Gu@ =\ uhu@) < (@) Vv \vp(hi(@)) = v,(fi(w))

t€INjE[Ll..m] iel
VvV (e - 63) > k(@)
i, jEINi#]
BBeiéM HOBBIE TpevecKre IepeMeHHbIe JIJI KasKI0ro AU3bIoHKTa ¢ moMorbio (1.22) u (1.23)
u repenuineM 5Ty (GopMysy B KesaemoM Buje. Ha stom 3aBeprmaercst npeobpasosanue (1.21) ¢
ucnosibzoBarueM HOJI-emmbr. TTockosibky Bee HOp-Bbipazkenus ¢ x B (1.21) siBisirores peryssp-
HBIMH, IIepeMeHHbIE [ MOIYT IPHHHMATH TOJBKO IOJIOKUTEIbHbIE 3HAUYeHHs. 1lpucoenneHnem

B > 1 k urorosoii dopmyiie, momyuuM nckomyio dopmyry IRV (Z,,B).
1.6 Teopema o cBeneHUN

Temeps MBI MOXKEM JIOKa3aTh CAEIYIONIYI0 Teopemy. HamoMHUM, 9TO MO3UTHBHYIO SK3W-
CTEHIUAJILHYIO TEOPUI0 HEKOTOPOil cTpyKTypbl S Mbl oboznHadaeM PAThS. Jlna ymuoxkenus: Ha

IIOJIOZKHTEJIbHOE IIeJIoe YHCJIO a4 BBEIEM YHaprIﬁ (bYHKHI/IOHaJIbeIfl CHMBOJI Q-.
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Teopema 2. [Ipobaema paspewumocmu das ITh(Z; 0,1, + , — , < HOI) ceodumcs x npobaeme
paspewumocmu oas PATh(Z~o; 1.{a }aez.,,HOL).

Joxasamenvcmeo. U3 nmemmbr 1.2.2 ciiejtyet, 9TO JJOCTATOYHO IPOBEPUTH BBIIIOJTHUMOCTE B Z (hop-
vyt Buga (1.7). Tak kak (1.7) aBisiercst Lr-dopmyiioit, qokazkem, ato maru 1 u 2 u3 pasjenos 1.4
u 1.5 jieficTBUTEIHHO ONPEIE/ISIIOT aArOPUTM KBAa3UTMMUHAIIMN KBAHTOPOB R.

To, uro mar 1 ygoBIeTBOPSIET ONPEIEICHNIO, CIeLyeT U3 IOCTPOSHUS.

st mara 2, BO-TIEPBBIX, 3aMETUM, YTO YCIOBHE (1) BBOJUT HOJI-BLIDAYKEHUS, KAXKJ0€ U3
koTOpbIX nMmeet B (R-1), (R-3) nin (R-4); npu nepenuceiBarnu (ii) u (iii) BBogATCS BBIpasKeHMsT
caenyromux BuoB: (R-2), (R-3) wm (R-4), a miag yeaosus (iv) — HoJ-Bbipaxkenus (R-3), aubo
(R-4).

Tenepb TPOBEPUM, YTO BBINOJHSAIOTCA OIPAHUYEHUS Ha BHJ HOJ-BBIPAKEHUH, COJEPKAIINX
IPEYEeCKYIO MIEPEMEHHYIO U3 HEKOTOPOTO HOJ-Bbipaykenus Buja (R-2). Bumnm, uro mis Beex (HO-
BBIX) IPEUYECKUX [IEPEMEHHBIX, BBEJEHHBIX [IPU TepenucbiBanuu ycyosuit (ii) u (iii), orpanudenue
BBINOJIHSAETCs. B TO 2Ke BpeMsl, [T BCSIKON IpevyecKoii mmepeMeHnoit {, BXOAUBINEH B HOJ-BbIpayke-
uue Buja (R-2) cucrembr (1.21), nosiBierne { B mpaBoii 9acTh HOJ-BbIPayKeHMs, Oy I€HHOTO Ha
mare 2, MOXKeT ObITh CBsI3aHO JHIb ¢ ycaoBueM (1). Tak kak Jx@(x,Z,&) sBisiercst L -dbopmyioii,
BCAKOE HOJI-BBIPazKeHNe ¢ T, B IPaBOil 4aCcTU KOTOPOIO HAXOAUTCS NepeMenHas (, UMeeT BUJL JIH-
6o HO/(f(2),9(Z) + ) = aC, mu6o HOd(al,g(Z) + x) = bl. CuenoBarensro, u3 (i) momydaem
Hos-Boipazkernst Buna HO/(al, f(Z)) = a, mubo HO(bC,al) = bC. Takum obpazom, dopmy-
na J&X3IPY(Z,X,B), HoTydeHnas B pe3yibTaTe BBHINOIHEHHs IHara 2, JeHCTBHTEIBHO dBJISAETCS
Lx-dopmyioii.

[l 3aBepIeHns JOKA3aTeIbCTBA JIOCTATOIHO 3aMETUTh, YTO KaxKaast L%-hopMmysta aBiis-
ercst popmyioii Buga 3 | @ > 1A \/ @;(&) | m1s koHedHOrO MHOMXKECTBa HHIEKCOB J, rae ¢, (X)

jeJ
ecTb KOHbIOHKIUS atoMapHbix dhopmyn suga HO(d',0') = ¢, HO(d',0') = ¢C, HO(al,b') = en
win HOJI(a,bn) = ¢0 /it HEKOTOPBIX MOJIOKUTEIbHBIX EJIbIX YUCe a,b,¢ 1 HEOTPUIIATEIbHBIX
nestpix 4ucen a',b,¢/. Yrobsl mommyanTs nosutusHyto Gopmyity cursarypst (1,{a-}eez.,,HOI), u3-
GaBHUMCs OT CcJlydaeB paBeHcTBa HyJo dncen a’,b/,c.

Uctunnocrs HOJ(a/,0') = ¢ MOXKHO HemocpeICTBEHHO POBEPUTH U JINOO MCKIIIOYUTH ITO
HOJI-BbIpazKeHne U3 CHCTeMbI @ (%), JuO0 3aK/IIOMNTh, ITO CHCTEMa HeBBIIOTHIMA. HeBbInoanu-
MOCTB @;(X) B IOJIO2KUTEIBHBIX IEJIBIX TUC/IAX TAKKE CJIeIyeT U3 HaIN9ns HOJI-BbIPArKeHHs BUIA
HO/I(0,0) = ¢C. Hakoner uckirounm soipaxkenust Buja HO/(a,0) = ¢C u HO/(al,0) = cn, nosu-
CTaBJIAst BCIOJlY B IIEPBOM CJIydae ¢ BMECTO ( M BO BTOPOM cilydae < BMECTO 1), a 3aTeM yMHOXKas

IIOJIyY€HHBIE HOJ-BBIPDAKECHUA HA C. [
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1.7 CucreMbl HOA-BbIPpAXKEHUII C € IMHCTBEHHBIM HEHYJIEBBIM

KO3 punmeHToM B NOJIMHOMAX

B sTom paszene ¢ 1moMoIbio aaropuTMa KBa3UdJIUMHUHAIME KBAHTOPOB OVIET JIOKa3aHa
Pa3pEINMOCTD IO3UTHBHON 9K3UCTEHINAIBHON Teopun CTPYKTYPLL (Zso; 1,{a-}aez.,,HOM), 1aro
BABEPINNAT JOKA3ATETbCTBO TeopeMbl 1.

OrmeruM, 9TO ecau Obl Iepej HaMU CTOsJIa OPUTMHAJIbHAs 3ajada JI0Ka3aTe/bCTBa Pas3-
perumoctu 3-reopurt crpykrypsl (Z;0,1,+ , — , < ,HO/I), 10 66110 GBI JOCTATOYHO JOMOJHUTH
TeopeMy 2 CCBLIKOI Ha paspemmmocTb apudmernku CkrojgemMa ¢ KOHCTaHTaMu. HamomemM, 9TO
apudmernka CKojieMa eCcTh 3JIeMeHTapHasi TeOpUst CTPYKTYPhL (Z~q;+, =), TO €CThb, apudMeTHKa
ymuaoxkenus. T. Ckosiem jgaJi HedOpMabHOE JTOKA3aTEIbCTBO PA3PEIIUMOCTH METOJIOM OJIM3KUM
sanMuHanuu KBaHTopos [13; 73]. Ctporoe mokazaresnberBo ObLI0 TOMyUeHo B 1952 rogay A. Mo-
CTOBCKHM [57| ¢ TIOMOITBIO pa3pabOTaHHOTO UM MHCTPYMEHTA MPSMOTO MPOU3BEJICHHS CTPYKTYP.
AutbrepHaTUBHBIE JIOKa3aTeNbCTBA ObLM mo3:ke nosydensl I1. Curuesnscku [22] u B.P. Xomxkco-
HoMm [41|. Tak kak B crpykrype (Z~o;:, =) HE BBIPA3UMbI OTHOIIEHWs] T = @ HU JIJI KaKOro
HATypaJbHOro @ = 2 (cMm. [13]), s mammx neseit norpebyercs HeCcKoIbKO Hostee 0bIumil pe3ysIbTart.
JHoxazarenscrBo pasperuMoctn Th(Z-o; {a}aez.y, - =) TPOBOIUTCS HECTOKHBIM CBEJEHHEM K

apudmeruke Ckosiema [32]. Teneps, BBuy Bbipasumoctu orHommenns HOJI ¢ momoribio dhopmysibt
HOd(zy) =z z|xAz|yAVit |z At |y=1t]2), (1.24)

[0 omnpeJiefieHno geaumMoctd © | y = Jz(y = 2z - ) HoydaeM paspenrmMoCcTh dJIeMeHTapHOI
Teopunl CTPYKTYPbI (Zo; 1,{a }eez.,,HO).

B To ke Bpewmsi, s 3aBepIleHUs JTOKA3ATEIBLCTBA TEOPEMbI 1 JIOCTATOYHO JIOKA3aTh
PA3pENMMOCTh TOJIBKO ITO3UTUBHON SK3UCTEHIUAJIHHON TeOpUH YKas3aHHOW cTpPyKTypbl. [Ipome-
MOHCTPHUPYEM YJI0OCTBO HUCIOJIL30BAHUSA aJTOPUTMOB KBAa3UJIMMUHAIIUIN KBAaHTOPOB Ha IpUMEPE
perieHns 3Toit 3a/1a49u. fICHO, YTO JOCTATOYHO PACCMOTPETH IIPODJIEMY BBIIIOJIHUMOCTH B TIOJIOXKI-
TEJILHBIX TeJIbIX YHCJIaX CUCTEMbI HOJI-BHIPDAXKEHUN C JTMHEHHBIMY MTOJMHOMAMU BHJIA JIMOO a, OO
ax JJ1si HEKOTOPOT'O TIOJIOYKUTEIBHOTO 1IEJIOro Yuciia a. Jasg 3Toit 3aja4um 6y1eT MOCTPOEH aJIrOPUTM
kBa3u-dK D. Ha mrare 2 anropurma D ucnosib3yercs cieayomuii actubiit caydait HO/l-memMbr.
JIlemma 1.7.1. Cucmema N\ HO(a;,z) = d;, 20e a;,d; € Z maxue, wmo a; # 0, d; > 0

1€[1..m]
oan Kaoicdozo 1 € [l.m], umeem pewenue 6 7 mozda u moavko moeda, ko20a 00HOBPEMENNHO

GBINOAHAIOTCA medy%omue YCA0B8UA!

(a) N dila

i€[l..m]

(b) A\ HOM(a;,d;) = HOH(ay,d;) = HOJI(d;,d;)

1<i<j<m
Joxazamenvcmeo. IlockonbKy B janHoM ciydae Bce 3nadenus b; uz HO/I-jiemMmbl paBHBI HYJIIO,
JIOCTATOYHO PACCMOTPETh TOJMbKO ycsosus (i) m (iil). IlepBoe m3 HEX ocTaeTCs HEM3MEHHBIM, a

TpeTbe nuMeeT BUJ CUCTEMBI CJIICAYIOMUX I1ap ,ZLeJ'II/IMOCTeIU/I:

HO,H((li,dj) | dz A HO,Z[(CL],dZ) | dj
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st Besgkux 1 < ¢ < j < m. Jleaumocts, ouesuiHo, BoiTekaeT u3 (b). O6parno, (b) momyuaem u3

CJICZIYIOIIEHA ENOYKN PABEHCTB:
]

Teneps pacemorpum crpykrypy (Zso; 1,{a }aez.,,HO) u onpenenum anropurm ksasu-9K
D. B stom anroputrme Sy OyJieT IMyCTBIM COPTOM IepeMeHHbIX. Z3bik Lp asropurma D Oyaer

IIPECTABIATH c000i MHOKecTBO (opmya \/ @;(Y;) AIg HEKOTOPOro KOHEIHOI'O MHOZKECTBA, HH-
jeN
JIEKCOB J; I KOHBIOHKIINI HOJI-BbIpazkeHuil @,;(7), TAKUX ITO KaK/[0e HOJI-BbIpazkKeHne IMeeT OJIHY

u3 CJIeAyIoNux (hopMm:
(D-1) HOd(au,bv)
(D-2) HOd(au,bv)
(D-3) HO(a,bv) = d
(D-4) HO(a,b) = d,

raic u 1 v — pa3/IM9HbI€ IIEDEMEHHbIC, W MO2KET COBIIaJaTb C U WJINA U, a a,b,d — ITIOJIOZKHUTEJIbHDbIC

dw
d

nesiple “nciaa. Kpome roro, Kaxaast KOHBIOHKINA @;(Y) [Jis BCSKOMN Iapbl IEPEMEHHBIX U,V € §
COJIEPZKUT HOJI-BbIpazkeHue ¢ JjieBoii dactbio Buga HOJl(aw,bv) mist HEKOTOPBIX MOJOKHUTETbHBIX
HEeJbIX Yucesa a u b.

Muoxecrso dopmysn simmmunaimonnoro suga Ly, C Lp cogepxur dbopmynsr \/ @;(z,7;)
JEJ2
JIJIsT KOHETHOI'O MHOYKECTBA MHIEKCOB Jo U @;(2,Z) BHIA

¢;(Z) A\ HOL(fij(2).ci7) = hij(2), (1.25)

iE[l..’fﬁj]

TaK 9TO ¥ He BXOIUT B Z, ¢;; > 0 u @;(Z) eCTb cucreMa HOJ-BLIPAXKEHHUN ¢ IEPEMEHHBIME U3 Z.

[Ipexx e gem onpenenuTs marn 1 n 2 agroputma D, moKazKeM CJeTYIONIYIO JIEMMY.

Jlemma 1.7.2. Ipobaema paspewumocmu oan PITh(Zo;1.{a-}aez.,,HOM) ceodumesa x npobae-

Mme pazpewumocmu daa Ly-meopuu.

Joxazamenavcmeo. PaccMoTpuM cucTeMy HOJI-BBIPAXKEHUIM

A HOL(f(1).9:(%)) = hi(@) (1.26)

i€[l..m]

s fi(9),9:(W),hi(7) Buga mubo aw, ubo a, rje a ecTbh HEKOTOPOe MOJIOKUTEILHOE [EJI0e TUCIIO U
uEy.

st mon-eipazkennit Buga HOJ(au,bu) = h(y) nanbompimmit obrmuii mesnres MOXKeT ObITh
HEIIOCPEICTBEHHO BBLIUMCIEH, U Mbl MOXKEeM HU30aBUTLCA OT OHON M3 IepeMeHHBLIX. B ciydae

HO/(a,9(y)) = du, rme a,d > 0, cucrema (1.26) S5KBHBAJCHTHA UIBIOHKIMN O BCEM IOJIOKHI-

a

¢ cucrem, oydenHbxX u3 (1.26) moacTanoBKoit d' BMECTO KarKJI0ro

TeJIBLHBIM JleJnTesasaM d aucia

BXOXKACHUA U.
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PacemorpuM mapbl [epeMeHHbIX u,v0 € Y, jjist KoTopbix B (1.26) He 3ajaHO 3HauUeHHe
HO/(au,bv) oM mjis KaKuX MOJOXKHUTEIBHBIX ITIEJIbIX dnces a u b. BBemem HOBYIO HepeMeHHYIO
t{uw} VI KazK 0l Takoil napsel (u,v) u gobasum B cucremy (1.26) Berpaxkernne HO(u,v) =ty .-
IIpooszkas 3TOT HpoIece /st HOBBIX IIEPEMEHHBIX, Mbl BBOAUM He 6ojiee 2 nepeMeHHbIX ty JIId
HanOOJIBINUX OOIUX JIeIUTeseli PA3InIHbIX HOAMHOXKECTB Y U3 ¥ (Tak Kak JUIs KayKJI0H mapbl

HepeMeHHbIX ty, u ly, umeeM HO/l(ty, ty,) = tviuy,)- O
Teopema 3. P3ITh(Z-o;1{a }eez.,,.HOL) paspewsuma.

Joxazamenvcmeo. N3 nemmbl 1.7.2 ciaeayer, 9To ecju ONPENEJUTh aaroput™m kKpazu-dK D i
s3bIKa, Lp B Zg, TO HOJLyInM paspernarortyio nponeaypy miast PITh(Z-o; 1,{a }eez. . ,HOI). Ompe-
JeJIIM J1Ba, 1mara D.

IMTar 1. ITycrs umeercs nekoropas Lp-dopmyina suja (1.26). Tloctpoum opueHTHpOBAHHDIIH
rpad, BepITIHAMEI KOTOPOTO SIBJISIIOTCs TlepeMeHHble cucTeMbl (1.26), a KayKast jiyra OT BepIITTHbL
U K BEpIINHE ¥ COOTBETCTBYET HOJ-BBIPAXKEHUIO, B KOTOpOM h;(7) mmeer Buj du, u aubo f;(7),
6o g;(y) mmeer Bux av. B mosyuennom rpade GyjeM mckaTh UKL U repenucbiBaTh (1.26) B
BUJIC JINZBIOHKIIMU CUCTEM C MEHBIIUM YUCIOM IepeMeHHbIX. Bujanum, uro ecyim rpad, MocTpoeH-
HbIii 110 cucreme Buja (1.26), He nmeer nukioB, 10 Lp-dopmyia (1.26) comep:KuT mepeMeHHble,
KOTOpbIE HE BXOJISAT B IPABYIO YaCTh HU OJIHOI'O U3 HOJI-BBIPAYKEHUN U, TAKUM 00pa30M, sIBJISIETCS
Lf,-dopmyoit.

[Ipeamooxkum, uMeeTcss HEKOTOPBIH MUK y; — Yo — ... — Ys — y1. OH COOTBETCTByET

TOCJIeIOBATEILHOCTH JIEJIMMOCTEN BUJIA

a1y ‘ b1y2,....as-1Ys—1 | bs—1Ys,YYs | dy.

[lepeeie (s — 1) mesqmmocTeit AT JeaUMOCTh Buia &y; | Pys. Takum obpasom, umeem By =
ko Ui HEKOTOPOTO MOJIOZKUTEIBHOrO Tieoro uncia k. Tak kak yys | dyi, 10 YPys | 0Py u
caenoBaresibio Yoy | 8By1. [Tockobky y; > 0, cylecTByeT KOHEYHOE MHOYKECTBO TaKuX k, U MbI
MOZKEM UCKJIIOYUTH OJIHY U3 IIEPEMEHHBIX, HAIpUMEp, Ys. 1IpomosKas 3TOT IpoIece, UCKII0IaeM
BCE MEPEMEHHBIE U3 9TOTO MUK, KPOME ¥y .

IMTar 2. Pacemorpum nogcucremy (1.25) ¢ usonupoBanHoil epemenHoii x. Kak u B pasje-

Jie 1.5, MBI MOZKeM IIPeJIIOJIOKUTh, YTO BCe ¢; j PaBHBI 1, 1 paboraTh ¢ Lj-dbopmyioil Buga

() A N\ HOL(fi(z).x) = hi(3). (1.27)
1€[1..m]
[Ipumensas gemmy 1.7.1, paccMOTPUM KazKJIblil IIYHKT OTJIE/IHHO.

(a). B sTom cayuaae nomygaem kouboukimio N\ HOJ(h;(2),fi(Z)) = hi(Z).
i€[l..m]
(b). s kaxxoit mapsr 1 < i < j < m He0OXOIMMO EPENucaTh MEenouKy PABEHCTB

HOJ(fi(2),h;(Z)) = HOL(f;(2),h:(2)) = HOL(hi(2),h;(2)).

Pacemorpum nBa cityqast. Ecnu hi(Z) = d; win h;(Z) = d; 1151 HEKOTOPBIX HOJIOXKUTEIHHBIX

OeJIbIX 9YHCeJI di7 dj, TO IIOJIyH9UM CJIEAYIOIYIO JU3BbIOHKIIWIO II0 BCEM IIOJIO2KUTEJIbHBIM JI€/IUTEJIAM
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d; (mpejmosiarasi, 9YTO MMeeT MECTO ePBOe PABEHCTBO):

\/ (HOA(fi(Z),hj(Z)) = d NHOA(f;(Z),d;) = d NHO(d;,h;(Z)) = d).
djd;
Tenepb MpPeoIoKIM, YTO HOJI-BbIpasKeHusl ¢ HoMepamu i 1 j umetor suf (D-1). s h;(Z) =
d;z; u h;(Z) = d;z; 9TO yCJIOBHE HEPEIUCHIBACTCS CIEAYIOMNM 00Pa30OM.

Ecim Zi = Zj, TO IIOJIYIUM KOHBIOHKITUIO

Ilycte Teneps z; # z;, Torma cucrema (1.27) momkmHa COAEPKATh HOJ-BLIPAXKEHHE BUIA

HO/(az;,bz;) = h(Z). Cienoarensuo, HO/(%;,2,) = % JIUIS. HEKOTOPOTO JIETUTENs | Juc/a

HOK(a,b), a sumaunr HOJ(h;(Z), hj(Z)) momken GbITb paBHBIM %Wh(z) JJIsl HEKOTOPOTO
k | HOK(d;.d;).
O6oznaunm My, = %W u nepenuiieM yesaosue (b) s mapsl (4,7) ¢ HOMOIIBIO CIeTy-

IOIIEell T3 bIOHKIINT:

\V ( \/  HOI(hi(2).h;(2)) = Myh(Z)
)

k|HOK (d;,d;) \I[HOK(a,b)

ANHOM(£i(2).h;(Z)) = Miah(z) NHOL(£5(2),hi(2)) = Mk,zh(5)> :

[Homyuennas dbopmysa, odeBuiHo, dABjdeTca Lp-DOpMysIoii, 4TO 3aBepIaeT OIpe/ieIcHIe

ajropurMa KBasu-9K D u 10Ka3aTeIbCTBO TEOPEMBI. ]

Teopema 1 Ternepnb ciemyer U3 TeOpeMbl 2 U TEOPEMBI 3.

1.8 3akJirodyeHne M mepexos K rjiase 2

[Ipobiiema pPa3peImMoCT JTs 9K3UCTEHITUALHON Teopuu CTPYKTYPBI
(Z;0,1,+,—, < ,HO/I) 6buia ceemeHa K npobjiemMe paspelmMOCTH Jijis TTO3UTHBHON 9K3u-
CTEHINAJIBHON Teopun CTPYKTYPEI (Zso; 1,{a-}eez.,,HO). Barem Obl1a o0Ka3aHa paspenmmocThb
nocyeHeit Teopun. Mmem Kak cBejileHusi, TaK M JIOKA3aTeJIbCTBA PA3PENIUMOCTH ObLIM 1O CY-
IIECTBY OJIMHAKOBBI: M30JIMPOBATH MEPEMEHHYIO U 3aTeM Ipeo0pasoBaThb (GOPMYIY C HMOMOIILIO
HO/I-nemmbr, obobmiennst kurtaiickoit TeopeMbl 00 octatkax. [las dopmanuzanum 1ol nmen
OBLIIO BBEJIEHO MOHATHE aJTOPUTMAa KBA3UJIMMUHAIIUN KBAHTOPOB, U OBLIN TTOCTPOEHBI AJITOPUTMbI
kBa3u-OK R u D jyia pemnienus JIBYX YKa3aHHBIX 3aJ1ad.

AJropuTM™M HE UCIOIB3YET CJIOYKHBIX apIyMEHTOB M, MO CYIIECTBY, HOJHOCTHIO OIMCAH B Pa3-
Jene 1.2, B To BpeMs KaK OCTaIbHbIe pa3/esbl IVIaBbl PACKPBIBAIOT KOHKPETHBIE JieTaan. HeTpymamo
[OJIYUUTh U3 HAIIEro aJropuTMa pas3pelrnaroliue IPOeyPhl Jjisd SK3UCTEHIIMAIbHBIX TEOPHUil Ta-

kux crpykryp, kak (N; 0,5, |) wiu (Z;0,S, < ;HOJ), rue S coorBercTByer (DyHKIMN CIIe0BAHUST
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Sxr = x + 1. YKa3zaHHble CTPYKTYPhl MHTEPECHBI B TOM CMBICJIE€, UTO C MOMOIIBIO CHMBOJIOB HX
CUTHATYD MOXKHO 3ammcarh cucremy (4). CremoBarebHO, He CyIIECTBYeT MOJHMHOMA poly, Tako-
ro, 4To BesKag BhinoaHuMad B N dopmyna @ asbika L gy (1160 BEIIOIHEMAA B IIEJIBIX YHCIAX
L,5,< Hom-bOpMyII1a) CONEPAKHUT BBIIOIHAIONMI HabOP, orpanmdenteli poly(|@|), rie |@| ecrs
YUCJI0 CUMBOJIOB B 3aIicu (DOPMYJIbl @. JIFOOOIBITHO OTBETUTH Ha BOIIPOC O TMPUHAJIEKHOCTH Ka-
KOM-71100 13 yKazauubix Teopuii kjaaccy NP. D1o ucciieioBanme KaykeTcst €CTECTBEHHBIM TOIX0I0M
K U3YyYeHUIO ajiropurmudeckoit ciaoxuocrn 3Th(Z; 0,1, + , —, < JHO/I).

[TorsgTne KBa3MAIUMUHAIINE MOXKET TOMOYb IIPH IOIBITKE JIOKA3ATETHCTBA Pa3PEInMOCTH
ITh(N; 1, +, | ,»). Kak ormeuqaer A. Cuporodckux [72], Ha 6iam3Kunii Bonpoc mpoboBasm Haii-
T orBer JIxk. Pobuncon u JI. JIunmmui: ,,J. Robinson asked in a personal communication with
L. Lipshitz whether the existential theory of Z in the language of addition, divisibility and the
predicate for powers of 2 is decidable®. 3amerum Takke, UTO FTA 3a7a4a U MPOOJIEMA PA3PEIIH-
MOCTH JIJIsl 9K3UCTEHITUAILHON apudmMeTukn Bioxu Mo 0CHOBaHUIO 2 C JIETUMOCTBIO CBOIATCA JIPYT
K jpyry. [Hocrennss reopusi ectb ITh(N; 1, + | | ,V3), tae Vo — 910 ByXMeCTHBI TpeJInKAT, Ta-
koit uTo Va(z,y) mMeeT MeCcTO TOrjia W TOJBKO TOIJA, KOTJIA Y SIBJISETCS HaMbOJIBbINEH CTElEeHbIO
nBoiiky, Jessimiei x. Bumum, aro Vo(z,y) < Pa(y) Ay | © A2y 1z, u obparno: Py(x) < Va(x,x).
Jlaxke B ciiydae OTPHUIIATEIBHOIO OTBETa Ha BOIIPOC O PA3PEIIUMOCTH THUX ITPOOJIEeM, MOXKHO Ja-
Jee crpocuTh, paspermuma i xors 661 ITh(N; 1, + | L P)? Yrobbl oTBeTHTH HA TaKoil BOIPOC,
HEeOOXOIMMO TPEJICTABIATE cebe ocobeHHOCTH pasperatoriero agroputma st ITh(N; 1, + ) L),

Ecmu 3amenuts ornomenne HOJL B BJI-Treopeme Ha oTHOIIEHHE B3aUMHOI ITPOCTOTHI, AT
1 anmropurma R 3HAYUTENTBHO yHPOCTUTCA. B 9TOM ciiydae HOJI-BbIpaKeHUs MMEIOT BUJ JIUOO
HO(f(Z),9(T)) = d nias BbIpazKeHWil ¢ OTHOIIEHHEM B3aMMHO IPOCTOTHI, JINOO, JUIS UX OTPHU-
nanuit, HO/(f(7),9(T)) = al, rue ¢ > 2 n a,d — HOJOKATEIbHBIE IeJIbIE THCIA, B N3HATAIBHOI
dopmysie paBHble eaunuiie. boJsiee TOro, MCIOIBL30BAHUE I'DEYECKUX IEPEMEHHBIX B aJITOPUTME
R MOoxKHO u30€kKaTh, €CJIM PACCMATPUBATH TOJHKO MO3UTHBHBIE IK3UCTEHIINAIbHBIE (DOPMYIIBI
sI3bIKa TepBoro mopsjka curnarypol 0, = (0,1, 4+, —, # HOJIl, HO/,,...), tne HOJ,(z,y)
HO/(x,y) = d. B aToMm ciydae, kak 1 B ipumepe 1.2.2) aIlrOpUT™M MOKET OBbITh JIETKO TIPeodpa3oBaH
B QJITOPUTM IIOCTPOEHUS 110 BCAKON MO3UTUBHOM 9K3UCTEHINAIBHON Ly -opMyJie sKBUBaJIeHTHO
B 7 NO3UTHUBHOI OeckBaHTOPHOU Ly -popmysel. Takum criocoboMm B ciemytomeil rizase Oyzaer mo-

JIy9EeHO OIUCaHUe BCeX OTHOIIeHuii, P3-Boipasumbix B crpykrype (Z; 1,4+, L).
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I'maBa 2. Ilo3uTuBHAasI 3K3UCTEHIINAJIbHAS BHIPA3UMOCTDb C €NHUIIEN,
CJIO’KEHMEM U B3aMMHOI ITPOCTOTOM

For instance, it is not clear whether one can define the order
relation in the existential fragment of (Z;+, | ,0,1), hence we
will work with (Z;+, | , <,0,1) instead of it, whenever

needed.

M. Bozga and R. losif [15] (2005)

[1aBa mnocesineHa IPHMEHEHUIO aJropuTMoB Kpasu-9K K BompocaM BbIpasuMocTH. B
JacTHOCTH, OyJer gokazaHo, 4to ecyau ompeneants HO/,(xy) = HOI(z,y) = d, To Bes-
KO€ OTHOIIEHWE $IBJISETCs MO3UTUBHO K3UCTEHIMAIBHO BBIPDA3UMBIM B CTpyKType (Z;1,+, L)
TOrJa M TOJLKO TOIJA, KOIJA OHO IIO3UTUBHO OECKBAHTOPHO BBIPA3MMO B CTPYKType
(Z;1,+,—,#, 1L HOHd,,HOI;,HO/I,,...). CieacrBuem 3T0ro pesyjbraTta gBISETCS TOT (BaKT,
9TO OTpHUIaHM€ OTHOIIEHU:A B3alIMHOII IIPOCTOTBI 1 OTHOIIECHHE IIOPAJKa HE ABJIAIOTCA ITOSUTHUB-
HO 9K3MCTEHIMAILHO BbhIpasuMbiMu B crpykrype (Z; 1,4, 1). Kpome Toro, GyayT HOJIyYeHbI
Tpu 0600menus BJI-reopembr. ['1aBa 3apepinaercd mocTpoeHueM KBasu-dK ajaropurMmos st
IATh(Z;1,+,—, <, 1) u mug sHauuTeIbHO GOJICe POCTONO MO3UTUBHOTO (hparMeHTa ITOH Teo-

pun.

2.1 Apudmeruka meJIbIX 9uceJI C eJIMHUIEA, CJI0XKEHNEeM N B3aMMHOIA

MIPOCTOTOM

B Tex ciydasix, Korja yJIaércsi OMUCATH CBOWCTBA HEKOTOPBIX OOBEKTOB (TAKHX KAaK MPO-
rpaMMbl cO crckaMu [15] win mapamerpudeckne OTAHCIETINKOBBIE aBTOMATHI [37]) ¢ MOMOIIBIO
dopmys1 apudMeTuKu 1EeIbIX YUCes C eIUHUIEH, CJI0KEHHeM, MOPIJIKOM M JIeJTUMOCTBIO, XOTe-
JIOCH OBI TAKzKe MMeTh HEKOTOPOEe ONMCAHNE OTHOIIEHNN, BHIPA3UMBIX C TIOMOIIBIO TAKUX (DOPMYJI.
[ToMrMO HECKOIBKUX TMPUMEPOB, MbI HE 00/1a/1aeM 3HAYUTETbHBIMU OOIIUMU pe3yJibTaTaMu 00 K-
3UCTEHIINAIBHOl BbIpasuMocTu B crpykrype (Z;1,+, — , <, |). B nepsoit riase 6bL1a mokasana
F-seipasumocts rpaduka dyuximn HOJ u ero orpurianus (1.4), a 3Ha4uT, 1 OTHONIEHNST B3aMMHOT
IpocTOTH & L Y BMecTe co cBomM oTpurianneM. Kpome Toro, MbI mosrs30Bainch P3-BeIpa3zuMocThio
B 9TON CTPYKType OTHOIIeHus HejeauMocTu (1.2), U mo9TOMY eCTEeCTBEHHO CIIPOCHUTD, SIBJISIETCS
JI OTPUIAHUE OTHOIIEHUsI B3aUMHON 1pocToThl P3-Boipasumbiv B (Z; 1, +, — , <, L)? Jpyroit
ecrecTBeHHbIi Bonpoc 3amaioT M. Boxra u P. Nocnd [15, 3amevanue 2 na c. 428|: apisiercs u
OTHOIIIEHNE TOPs/IKa I-BBIPA3UMBIM B cTpyKType (Z;1,+,—, |)7?

Cpen ob1mux pe3yabTaToB 0 3-Bbipasumocts B (Z; 1, + , — , <, |) MOXKHO OTMETHUTH PE3yJib-

tar JI. Jlummuma [52] o Tom, uTo Besikoe TakuM 06pa3oM Beipasumoe MHOKecTBO S C N sipiisiercst
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0O beINHEHIEM HEKOTOPOTO KOHEYHOI'O MHOXKECTBA U (BO3MOYKHO IIyCTOrO MM GECKOHETHOr0) 00b-
eaunenus apudmerndeckux nporpeccuii. Hekoropreie cBoiicTBa pocta hyHKIUN ¢ I-BbIpa3uMbIMU
B (Z;1,+,—,<,|) rpadbukamu uzyuamuce JI. Ban nen dpucom u A. Yusiku [31], onnako stu
pPE3YILTATHI HE MOMOTal0OT OTBETUTH HA YKA3aHHBIE BBIIIE BOIPOCHI O BHIPA3MMOCTH.

Knaccuueckum criocobom  onucanusi OTHOIIEHWH, BBIPA3UMBIX B HEKOTOPOIl CTPYKType
(M; o), siBJIsleTCsl MOCTPOEHUE aJIrOPUTMOB SJIMMUHAIIMN KBAHTOPOB. Hamubosiee GJM3KUMU K UH-
TepecylolNieil HAC CTPYKTYpe ABJIAIOTCA: apudMeTUKa IeJbIX YUCes C eJUMHUIeH, CJI0KEeHUeM U
MOPAIKOM U apuPMeTUKa P-aMIeCKUX YUCesI C €JIMHUIEH, CJIOKeHUEeM, PABEHCTBOM M OTHOITIECHU-
eM crporoit gemmocta = || y = v,(x) < v,(y). B mepsom ciayaae M. IlpecOyprepom [63] (cu.
Takzke [38]) GbLIO MOKA3aHO, YTO BCAKOE OTHOIIEHHE BhIPasuMoO B cTpykrype (Z;1,+, —, <) To-
rja U TOJBKO TODJA, KOrja OHO GeckBaHTOPHO Bbipasumo B (Z;1,+,—,<.,2|,3|,4],...), rue
d | cyTh yHApHBIE OTHOIIEHWs JIEJMMOCTH Ha TIeJIble KOHCTAHTHI d 2> 2. AJITOPUTMBI SJIMMUHA-
1y KBaHTOPOB Jyist cTpyKTypel (Qp; 1, +, —, =, ||) 661 nocrpoenst B. Bucndennnurom [83] u
T. IlIrypmom [78|, u3 yero Takzke Cjejyer OIMUCAHKME BCEX BBIPA3UMBIX B 9TOI CTPYKTYpe OTHOIIIE-
HUI, KaK BBIPA3UMbBIX HEKOTOPOIl 6€CKBAHTOPHOU (POPMYIIOIL.

YkazaHHas crarbs Bucrndennunra [83] mosieksa 3a coboit HHTEHCHUBHOE PA3BUTHE METOJIOB
JUMUHAIIME KBAHTOPOB C IIOMOIIBIO TaK HA3bIBAEMON BUPTYaJbHON I0/ICTAaHOBKH. Peanmzarimeit
9TUX METOJIOB Ha NMPaKTHUKe 3aHAJINCh yaeHuKu Buctidennnnra, riaBabivM obpasom, A. Jlombmvan
u T. ltypm. Unmn 661 paspaboran naker RedLog [30] mis cumcreMbl KOMIBIOTEPHOI aarebph
REDUCE, nameamuit Maccy TPUIOKEHUNH U MPOIOJIKAIONINN Pa3BUBATHCS 110 HACTOAIIEE BPEMsI
(em. o6zop T. IlItypma [80], a Tak e crpanuiy npekta RedLog!). B wacrnocru, B RedLog pe-
aJIM30BaHa, SJTUMUHAIINA KBAHTOPOB B JIMHEIHOW TEOPUM P-aIMIECKUX JHUCeN, a JIJId apudMeTHKN
[IpecOyprepa IpUMEHSIIUCH aJrOPUTMBbI 3JIMMUHAIINN KBAHTOPOB, paspaboranubie A. Jlazapykom
u T. Ilrypmom [46; 47].

Anajioru smuMuHAIME KBAHTOPOB B apudmernke [IpecOyprepa nmpuMeHSOTCS W I WHBIX
CTPYKTYP, Kak, HanpumMep, B vegasueil pabore [1. Bakmana, @. Prommepa u A. 3esbuyda [12| 06 v7mm-
MUHAIMA KBAHTOPOB B MalIMHHOMN apudmeruke (apudmernke 6UTOBbIX BeKTOPOB). OTMeTHM, 4TO
HECMOTpPsI HA U3BECTHYIO B3aMMOCBA3L OINEpaIuii Hai OMTOBBIMU BEKTOPAMU U HAJI 2-aIMI€CKUMEI
qrcsiaMu [43], aJropuTMbl SJMMUHAIME KBAHTOPOB B JIMHEHHBIX TEOPUAX 2-a/IMUECKUX UHCE,
MO-BUJ/IIMOMY, He TPUBJIEKAJN 3HAYUTETLHOI'O BHUMAHWSA Yy CHEIUAJNCTOB 10 (hOpMaIbHON Be-
puduKaIu.

JIpyrum BazKHBIM JIJIsi HAC IPUMEPOM siBJisieTcst pesyabrar B. Bucndennnnra (84|, koTopsiit
obL1 mostyden B 1999 romay. Daumunarnueit KBanTopoB BucrdeHHUHT MOKa3aJ, 9TO MHOXKECTBA,
BeipasuMbie B cTtpykrype (Q; 1,4+, —, =, <, Int), rue Int — yHapHbIi OPEIUKATHBIA CUMBOJ
JIJIsT CBOMCTBA «OBITh IEJIBIM YUCJIOM», CYTh B TOYHOCTH MHOYKECTBA, OECKBAHTOPHO BBIPA3UMBIE
B CTPYKType <Q; L+, [l {c}eg = <>. Baech [] ectb yHapHBIH (DYHKIIMOHAIBHBI CHMBOJT
Tt (DYHKIMH, BBIYUC/IAIONIEN MEIyI0 YacTh YUCTa, & ¢+ — yHapHble PYHKINOHAIbHBIE CUMBOJIBI
JUIT YMHOYKEHWST Ha PallMOHAJIbHBIE KOHCTAHTHI ¢. OTMETHM, 9TO ITOT pe3ysbTaT ObLT U3BECTEH

emié B 1991 roxy K. CmopbuHCKOMY, O/IHAKO, BEPOSITHO, OH HE IIPHUIABAJ TOMY yTBEPKJIEHUIO

Thttps://www.redlog.eu /references,/
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0CODEHHOTO 3HaYEHUs U BKJIIOUMI B cBOIo KHUTY «Logical Number Theory I» B KadecTBe ynpaxk-
nennst |74, II1.4, Exercise 15].

OTMeruM, 9TO BO BCEX PACCMOTPEHHBIX CTPYKTYpax JIOCTATOYHO OBLIO MOCTPOUTH MO3UTUB-
HyI0 GeckBaHTOPHYIO Gopmyay P (7), S5KBUBAJIEHTHYIO B COOTBETCTBYIOIIEH CTPYKType JaHHOIL
HO3UTHBHON sK3ucTeHmaabHoi dopmyse (P3-bopmyre) Jx@(z,7), Tak Kak BesKoe OTpUIAHUE
aToMapHON (POPMYJIBI MOYXKET OBITH MEPEIUCcaHO HEKOTOPOH MO3UTUBHONW OeCKBAHTOPHOM (opmy-
Joit. B KaxKjoM ciiydae Mbl B KadecTBE CJIEJCTBUs MOJydaeM Pa3PerniuMOCTb JIEMEHTAPHBIX
TEoOpuil.

B roii ke pabore B. Bucnidbennnnr [84] sameuaer: «By way of contrast, quantifier elimination
definitely breaks down if one admits scalar multiplication by a real parameter or integer
divisibility in the language> m B cBasu c¢ BJI-teopemoii crparmuBaer, OyjeT Ju pa3pernmMoit
PaTh(R; 1,4+, —,[], ), tme z | y = Fz(Int(2) Ay = x2)? YTBepK/eHEE O HEBO3MOKHOCTHU [IPOIJIN-
MUHUPOBATH KBAHTOPHBI B CJIydae J00aB/I€HUS B CATHATYPY OTHOIIEHUST IIEJI0UNCIEHHON JICTMMOCTH
eCTh cJeJcTBHe HecsoxkHoro 3amedanns JI. Jlummma [52]. Vim 66110 mokasano, 9To BCAKOE TIe-
PEUHCIINMOE MHOXKECTBO sIBJIsieTCsl BbIpasuMbiM B cTpykType (N;1, + | |) ¢ momormipio dhopMysibl
C eJIMHCTBEHHBIM YHUBEPCAJbHBIM KBAHTOPOM, KOTOPBIH Cjie/lyeT 3a OJIOKOM 9K3UCTEHIINATBHBIX
KkBaHTOPOB: 3...3V. [lelicTBUTEIbHO, MOKHO MMOKa3aTh (AaHAJOIMYIHOE PACCYIKJIeHNE OYIeT UCTIO/b-
30BaHO B JIOKa3aTesIbeTBe cieacrust 3.4.1.1), 910 570T hakT ciejyer u3 BHIPA3UMOCTH Tpaduka

BO3BEJICHUS B KBAJIPAT C IIOMOIIBIO CJIEYIOMIEH YHUBEPCATBHOM (hOpMYJIbL:
y=rez|yrz+l|z+yAVz(z|zAz+1l|a+z=>0+y| o+ 2). (2.1)

Taxkum 06pazoM, HepaspenmMMbIMU OKa3biBaloTcs V3- u IV-teopun crpykrypst (Z; 1, +, —, <, |).
OTMmeTnM, 9TO ecjIi ONpeIeUTh OTHONIEHNE JIETUMOCTH Ha JIBA MTOCJIE/I0BATEIHLHBIX YUCIa T S|y =
r|yANz+1]y, 1o uz dopmyns (2.1) IpakTHIECKH HENOCPEJICTBEHHO CJIEJIyeT BBIPA3UMOCTD
rpaduka Bo3BeIeHNs B KBaapat B cTpykType (N; 1,4+, S|> K Bompocam BLIPDA3UMOCTH B CTPYKTypPax
C OTHOIIEHHEM S] MBI TIepeiijiéM B ryiaBe 3.

B cBs13u ¢ 9TUM OTpHUIIATETEHBIM PE3YIBTATOM BarXKHOM ITPOOJIEMOI sIBJISIETCS TOMCK BO3MOK-
HO Gostee mmpokux paspermmmbix dparmentos VITh(Z; 1, 4+, —, <, |). OcHoBbiBasich Ha paboTax
M. Boxru u P. Uocuda [15]|, u B ocobenroctn Ha paborax K. Xaace, C. Kpérnepa, /I:xx. Oakuan-
ua, /I>x. Yoppemwna [64] u A. Jleunep [48|, B memasuem upenpunte [61] I.A. Ilepec u P. Paxa
onpejiesimyin ceMeificTBO V3-hopMysT s3bIKa C eJIMHUIEH, CJI0KEHHEM U JIETUMOCTDBIO; JOKA3aIN
€ro pa3pelmMoCTh B HATYPAJbHBIX YHCIaX W MPUMEHWIM TOJYyYEeHHBIH pe3ysbraT Mpu n3yde-
HUM DPa3PENIUMOCTH U aJTOPUTMUYECKON CJIOZKHOCTH MPOOJIEM CHHTE3a JIJIs [apaMeTPUICCKIX
onHocuéTunkoBbix aproMaros (P1CA). Paspemmmocts npobiemsr joctizkumoct jijis P1CA 6blia
ycranosiena B 2009 romy B ykasanuoii pabore K. Xaace u coaBropos [64| ¢ momommpio BJI-Teo-
pembl. OKa3bIBaeTCs1, 9TO CBOMCTBO JOCTHAKUMOCTH B P1CA MOXKHO BBIpa3UTh 9K3UCTEHIINAIBHON
L +,— < y-dopmyitoit i, Kpome Toro, cymecTByer i obparnoe ceeienue [37, Lemma 4.2.1].

O B3aMMOCBSI3U aBTOMATOB U BOIIPOCOB BBIPA3UMOCTH B apU(METHIECKUX TEOPUIX OTMETUM
caenytomee. B HeKoTophIX cTpykTypax, Takux Kak (N;0,1,+ Py, =) win B k-apudmernke Bio-
xu (N;0,1, + Vi, =), tme k > 2 u Vi(z,y) < (Pi(y) AN HOd(ky,z) = y), BOIPOCH BBIpA3NMOCTH

YCIIEITHO PEIIAITCs ¢ TIOMOIIBI0 aBTOMATHBIX cpecTB. [To m3sectnoit Teopeme P.1O. Broxu [18;
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54| BesiKOe OTHOIIEHME Ha HATYDPAJIbHBIX UYHCIAX, 3aKOJAUPOBAHHBIX B CHCTEME CUUCJEHUS M0 OC-
HOBAHUIO k > 2, sIBJISIETCsSI PACIIO3HABAEMBIM JEeTePMUHUPOBAHHBIM Kk-aBTOMATOM TOTJIa U TOJIHKO
TorjIa, KOrja 3T0 OTHOImeHne BeipasumMo B crpykrype (N; 0,1, 4+ Vi, =). B To ke Bpemsi, Kak ObLIO
nokazano A.JI. Ceménornim (8], crpykrypa (N; 0,1, + , Py, =) siBjisiercs MeHee BbIpasuTebHOl. B
1992 romy P. Buimbmep [82] mokaszas, 9To Besikoe OTHOIEHME, BbIpasuMoe B apudmernke Broxu,
BBIPA3MMO B 9TOU CTPYKType Hekoropoit FV3-dopmyroit. Kak zamevatror K. Xaace u 4. Pyxuri-
kuit [40], HecsoxkHasg MoudUKaImst JoKa3aTeIbCTBa BujibMepa M03BOJUT cTPOUTh VI-hopMyIibl,
OJTHAKO IK3UCTEHIMabHasd apudmMernka Broxu oka3biBaeTcst yyKe MeHee BbIPa3uTeIbHOM.

Ob6osnaunM Lj_ g4 S3BIK apudMeTUKH DBIOXU 110 OCHOBaHUIO k. YKa3aHHBIE OIUCAHHUS BCEX
OTHOIIEHU, BBIpA3UMbIX B k-apudmernke Broxu, ObLIM 1Oy IeHbI CIeYIONINM 00pa30M: JIJIs BCs-
KO Ly pa-bopMmyiibl @(z1,...,2,) 10 Teopeme Bioxu crpourcs k-aromar A, KOTODbIii pACIIO3HAET B
TOYHOCTH T€ (ay,...,a,) € N™, 17151 KoTOpbIX HcTHHHA hopmyta @(ay,...,a,). Jaree mo aromary A
MOZKHO 10CTPOuTh VI Ly g a-bopmyiy P(zy,...,x,), Kogupytoiyo padory A, To ectsb, dhopmysta
WCTUHHA JIJIsI 3HAYEeHUit (aq,...,a,) B TOM U TOJBKO TOM ciiydae, korja A npunnmaer (aq,...,a,). Ta-
KM 00pa3oM, roBOPsl HECKOJIbKO HepOpMaJIbHO, B CIydae apupMETUKN BIOXU «2AUMUHAGUUOHHBLM
sudom» JTAHHON (hOPMYJIbI SABJISIETCS COOTBETCTBYIONINI 3TOi hopmysie aBroMaT. Bo3aMmoxKkHO, aBTO-
MAaTHBI MOX0/ K apudMeTHKe HATYPATbHBIX YUCEJl C eJUHUIEH, CIIOKEHNEeM U JIeJIMMOCTBIO [19;
37; 49; 64| macr crosb XKe 3HAYUTEbHBIE PE3YJIBTATHI B BOIPOCAX BBIPA3UMOCTH, KAK U B CJIydae
apudmernku Broxu (cm. 0630psr [13; 54|). Ograko, B auccepranuu OyIeT UCIOIB30BATHCA apud-
METHYECKHUil criocod MCC/Ie/I0OBAaHNs BBIPA3UMOCTH, U B JaJIbHENHIeM Mbl He OyJleM BO3BpAIaThCs
K aBTOMATHOMY IIOJIXOJY.

C mpakTHIecKoil TOYKH 3PEHUsT BOIIPOC O TOM, KAKO# TOJIX0/1 K U3YIEHUIO0 BOIIPOCOB BbIPA3U-
MOCTHU U PA3PENIUMOCTH JIJIT apUPMETUIECKUX CTPYKTYP ABJSETCd 0oJiee YIAIHBIM, ¢ TOMOIIHIO
JIUMHUHAIIME KBAHTOPOB W/ aBTOMATHBIN, MMO-BUJMMOMY, CJIEJIYET CUYATATH MaJiO W3yYEeHHBIM.
[Iporurupyem 3amedanne K. Xaace [38] B ¢Bsi3um paspermaroniuMu poreypaMn Jjis apudne-
tukoit [IpecOyprepa: «While to the best of the author’s knowledge the automata-based approach
is not widely applied in practice these days, it is worth mentioning that it can empirically
be more efficient compared to quantifier elimination. For instance, even on small instances of
the Frobenius problem presented in the introduction, a straight-forward implementation of the
automata-based decision procedure outperforms the quantifier-elimination procedure implemented
in the SMT-solver Z3 [58| by orders of magnitudes». B mocieanenm yreepxaennu Xaace cCblIaeTcst
Ha HedopmasbHOe 0b0cyzKeHne Borpoca ¢ M. BioHauHOM.

He BoiriguT npocToii 3a/1a4eil MOoHATh, KAK MOYKHO OBLTIO ObI BOCIOJIHL30BATHCs AJITOPUTMOM
KBa3U3/IMMUHAIINY KBAHTOPOB M3 IVIABLI 1 JIJIsd OIMMCAHUA OTHOIIEHUM, SK3UCTEHIINAILHO BbhIPa3U-
MBIX (9TOT KJIACC COBIIAJIAET, KAK OBLIIO OTMEYEHO BBIIIE, CO BCeMU P3-BbIpasuMbIMu) B CTPYKType
(Z;1,4+,—, <, ). Onnako, B ciryvae, KOrja BTOPO COPT MEPEMEHHBIX B aJrOPUTME KBa3UIJIU-
MUHAIIUKA ABJISAETCH IMYCTBIM, Kak IMpumepe 1.2.2, BOZMOXKHO MPUMEHEHUE ITO/IX0/a STUMUIHAIII
KBaHTOPOB K OIMCAHUIO MPEINKATOB, BBIPA3UMBIX IK3UCTEHITHAIBHBIMEI (DOPMYJIAMHU S3BIKA ITO-
ro ajropurma. [losTomy ecTecTBEHHO PACCMOTPETh sA3BIKH, IPOMEXKYTOUHbIe MexKaAy L 4 <) 1
dL(1 4+ - <)), ¥ TIOUBITATHCA HOCTPOUTH [l HUX AJITOPUTMbI KBasU3IMMUHAIMN B Z. B 370l riase

Oyner usydarhes PI-Boipasumocts B crpykType (Z; 1, + , L) u Gin3Kie BOIPOCHI.
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Beipasumocrs rpaduka yMHOXKeHUsT B cTpykType (Z;1,4, 1) Obuta jokasana B 1989
roay /. Pumapom [67]. OcHOBHOII TpPY/JHOCTBIO TPHU JOKA3aTEIBCTBE TONO PE3y/abTaTa OBLIO
YCTaHOBJIEHHE BBIPDA3MMOCTU OTHOIIEHUST MOPsifiKa (WM, 9TO SKBUBAJIEHTHO, OTHOIIEHUs «OBITH
HEOTPHIATEIbHBIM IeJIBIM YHCIOM» ), TaK KaK K TOMY MOMEHTY ObLJIO U3BECTHO, UYTO B CTPYKType
(N;1, 4+, 1) Beipasumo Bcsikoe apudmerndeckoe orHotenune. [loceqanil pesyabrar ObLT MoJTy YeH
A. Byzncom [85] (mpmuém aByMsi pasimaHbIMEU criocobamu) u Hesasucumo JIxk. PobuHcoH, ofHaKO
9TO JIOKA3aTeJIbCTBO He OBLIO OIyOJIMKOBAHO.

3HaunTeIbHOE BHUMAHNE BOITPOCAM BBIPA3UMOCTHU, M B YACTHOCTH, JIJIsI CTPYKTYP € OTHOIITE-
HUEM B3aMMHOI IIPOCTOTHI, OBLIO, ITO-BHIMMOMY, BIEPBBIC yieaeHo B pabore k. Pobuncon [69).
Briio nmokazano, 4To Besikoe apudMeTHYecKoe OTHOIIEHHWE, TO €CTh, BBIpa3UMOE B CTPYKTYypPe
(N;+, -, =), asasercs BoipasumbiM B (N; S| |), e yHapHOMy (DYHKIIMOHAIBLHOMY CHMBOJY S
CTABUTCSI B COOTBETCTBHE (DYHKIMS CJAEIOBAHUS T — = + 1, a CHMBOJ |, KaK OOBITHO, COOTBET-
crByeT genuMoctu. CTPYKTypbl, 00JIaaroIme Mog00HbIM CBORCTBOM, OBLIN Ha3BaHBI NOAHbBLMU
no evipasumocmu, (Def-noanvmu) V. Kopenom [44], KoropbiM ObLT cOOpaH CIUCOK HAMOOJIEE TIPH-
MevaTeTbHbIX Def-TIo/THBIX CTPYKTYp. 3aMeHsisi OTHOIIEHUE JeJTMMOCTH Ha OTHOIIEHUE B3AMMHOMN
upocrorsl, /1. Pobuncon cruparusaer, sisisiercst jin Def-tiosnoit crpykrypa (N; S, L), smbo Bos-
MOXKHO JIU JIOKa3aTh 10 KpaiiHeil Mepe Hepa3pelmMOCTh 9JIeMEHTapHON TeOPUH 9TOI CTPYKTYPHI?
YTBepAuTebHbI OTBET Ha BTOPOil Bompoc ObLT mosryden Hesasucumo JI. Pumapom [65] u A. By-
coM [85], B To Bpems Kak Borpoc o Def-mostHore octaéres oTKpeIThiM. M3BecTHO, 1TO 9Ta pobiema
TeCHO CBsi3aHa ¢ rurore3oil Bysca-Dpséma (M. 0630p pador A. Bysca, namucanusrii [1. Curnesn-
cku u . Pumapom [25]). Ctporoe omnpesenenue mousatus Def-moanorst, 6mu3Kne onpeieieHust u
pUMepbl OYIyT JaHbl B IJIaBe 3.

OCHOBHBIM PE3YJIbTATOM HACTOSIIEH IJIaBbI SIBJISETCS J0KA3aTEIbCTBO TOTO, UTO BCAKOE OT-
Homenvie, P3-eipasumoe B (Z; 1, +, 1), oKasblBaeTCsl MO3UTUBHO GECKBAHTOPHO BBIPA3MMBIM B
crpykrype (Z;1,+,—,#, L HOJ,,HO/j;,...), u mao6opor. 3nece HO/l,; mas Beskoro d > 2
eCTb JIBYXMECTHbIH mpeuKkaTHbiii cumBo s orrorterust HOJ,;(z,y) = HO/(x,y) = d. Cuaua-
Jla B pazjiesie 2.2 OyeT MoKa3aHo, oYeMy JIJIst SJIUMUHAIIMN CUTHATYPA JOJIKHA ObITH PACIIPEHa.
Barem B pazgene 2.3 s Besikoit P3-gopMysibl g3bIKa COOTBETCTBYIONUM 00pa30M PaCITUPEHHON
cursarypsl 3x@(2,7) OyIeT mocTpoeHa SKBUBAJICHTHAS B 7 MO3UTHBHAs OeCKBaHTOpHAsA (hopMyITa
P (7) Toro xke si3bika. 1o nocrpoenne ocuoano Ha HO/I-jieMMe u 331a8T aJlrOPUTM KBA3HIJIAMU-
HAIIMK KBAHTOPOB. 3aMETHM, 9TO IepernuchiBanne YeTBéproro yciaous HOJl-meMMbl 115 KazK 1010
IIPOCTOTO P CXOKE C IIPOIECCOM IUMHUHANNK KBAHTOPOB B cTpyKType (Qp 1, +, —, = |).

B pazaene 2.4 6yner mokaszaHo, 9TO OTPUIIAHAE OTHONIEHUS B3aUMHON ITPOCTOTHI HE SIBJIfA-
ercs P3-BeipasumbiM B crpykrype (Z;1,+, 1), tak kak wnade Th(Z;1,+, 1) okasanach Obl
pasperumoii. 3aTeM OYIyT MOJIyUeHbl OJIM3Kue pe3yabraTbl 0 PI-BbIpasumocTn st CTPYKTYP
(N;S, 1) u <Q; L+, {c}eg: J_>. OObeauHsist OCHOBHYIO TeopeMy TIuiaBbl ¢ BJI-reopemoii,
B pasuene 2.5 Gyger mocrpoen paspenmmbiii dparment VITh(Z; 1, +, —, <, |). Takxke Gyzer
MOKa3aHo, KaK MOKHO npuMmennTb HO/I-memmy 17151 TOTO, 9TOOBI 0000IHUTE PE3yIbTaT O Pa3pern-
moctn, nosydenusiii [LA. Ilepecom u P. Paxoit [61]. B srom ke pasmesre GyeT Moy IeHo emmé oIHO
obob1enne BJI-Teopembl, IMEHHO, pa3permMoil OKa3bIBaeTCsd K3UCTEHIINAIbHA TEOPUsi CTPYK-

typet (R; 1,4+, —[], <, |), 9T0 JacT yrBepauTesbHBIN OTBeT Ha Bonpoc BucndenuuHra.
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['maBa 3akandmBaeTcsi MOCTPOEHUEM aJrOPUTMOB KBasu-DK JjId MOZUTUBHOTO 1 OOIIEro
cllydast 9K3UCTEHIMAIBHOI Teopuu cTpyKTyphl (Z; 1, +, —, <, L). AIropurs™ sJIuMUHAIINE KBaH-
TOPOB M3 OCHOBHO#I T€OPEMBI paz/jiesia 2.3 U JIBa 3TU aJTOPUTMA SIBJIAIOTCA TPEMs MOCJIEI0BATETHLHO
0000IMAIONMMEI JIPYT JAPYyTra CJIydasMH, KOTJIa CUTHATYypa JIOMOJHAETCS OTHOIIEHUEM IMOPsIKa
U OTPUIAHUEM OTHOIIEHUs] B3AWMMHON ITPOCTOTHI. DTHU MMOCTPOEHUsT JEMOHCTPUPYIOT CJIEIyIOIIee.
AnropurMmbl kKBasu-9K oka3bIBAOTCS YIOOHBIMU MPU MOCTPOEHUN PA3PEIIAIONINX POy JIJIst
TEOpUii, IPOMEKYTOUHBIX MEXK/Ly IK3UCTEHIINAIbHONW aprudMeTuKoi caioxKennsd u JF-apudMeTuKoi
CO CJIOKEHHEM U JIeIUMOCTBIO. 3ameruM, aro Jyist ITh(Z; 1, + , — | <) cunbras dopma JIC-1em-
MBI [PAKTUIECKH HEIOCPEJCTBEHHO [Maér ajroput™m n3 Kiaacca NP (cm. [34] u [49, Section 2.3,
Corollary 2|). Kpome Toro, 9Tu ajaropurMbl yKazKyT Ha CyNIeCTBEHHbIE OTJIHYUST MEXKJLY ITUMU

MPOMEXKYTOUYHBIMI P3-TeopusMu 1pu pacimpeHn CUTHATYPHI.

2.2 Pe3yabTaThbl O MIO3UTUBHOII OECKBAHTOPHOII HEBBIPA3MMOCTH

B sTom pazgene OyieT mokaszaHo, 9To JIJId TOro, 9T0ObI ObLIO BO3MOYKHO ITPUMEHUTD JTUMIHA-
U0 KBAHTOPOB st CTPYKTYpHI (Z; 1, 4+, 1) B ciIyvae HO3UTHUBHBIX SK3UCTEHIUATBHBIX (QOPMY.I,
HEeOOXOIMMO CHadaJIa PACIHIUPUTh CUTHATYPY HEKOTOpbIMEH P3-BbipasumbiMu mnpegukaramu. Ciie-

JIyIOIIasi JJeMMa JIACT HaM OCHOBHBIE TIpUMepPbl P3-BbIpa3zuMbIX B 9TOI CTPYKTYpPe OTHOIIECHMII.

JIemma 2.2.1. Omuowenua z =0,y = —x, x =y, x # 0, x # y v HO(x,y) = d dan ecakxozo

yen020 d = 2 ABAAIOMCA NOZUMUBHO IKZUCTNEHUUAADHO BbPpa3uMbtmy 6 cmpykmype (Z; 1, 4+, L).

Joxazamenavcmeo. Jlist epBBIX JIBYX OTHOIIEHHUI MMeeM CJie/yioline 6eCKBaHTOPHBIE OIIpeesie-
misg: x =0 zr+1Lles+1AN3 Lr+2ny=—acx+y=0.

Dopmyaa It (z Lt Ax L t+4) onpenensier coiictBo x # 0. Popmysia 0YEBUIHO JIOXKHA B
ciayudae x = 0. Ecmm ke Teriepb x # 0, To MHOXKeCTBO P, IPOCTBHIX jesmTesieit © 6y1eT KOHEUHbIM.
Yr1006bI HOCTPOUTH HEOOXOAMMOE t, JIOCTATOTHO BOCIIOJIHL30BATHCS KUTAaCKOI TeopeMoii 006 ocTaTKax

JUIA pelleHnsd CJIeyIoNell CUCTeMbl CPaBHEeHNI:

t = 1(mod 2) At = 1(mod 3) A /\ t = 2(mod p).
pEP:\{2,3}

JleficTBUTEIIBHO, JIJIS BCIKOIO TIPOCTOTO JETUTEIIsl P YUC/Ia T JIOJAKHO BBITOJHATHCA p{ tAp {t+4.

Haxkoner, jjisi paBeHCTBa M €ro OTPHUIAHUA UMeeM * = y < Jt(t = —y Ax +t = 0)
nx #y < 3t = —-yANz+t # 0), a ornomenne HOJI(z,y) = d Bbipazumo dopmyioii
Juv(z=duny=dvAuLlv). O

V100HO BKJIIOYATH B CUTHATYPY YHAPHBIN (DYHKIIMOHAJIBHBIN CUMBOJI ‘—’; U Jlajiee CIUTATh,

ITO KayKJIbIH TePM sIBJISIETCs JIMHEHHBIM [TOJTMHOMOM € TieIbiMu Kodd durimentamu. OTHOIIEHNE Da-
BEHCTBa Terepb 6eCKBAHTOPHO Bbipasumo B (Z; 1, +, —, 1), a ero orpuiianue (Iu3paBeHCTBO) #

OKa3bIBAeTCsl GECKBAHTOPHO BBIPasUMbIM B cTpykType (Z;1,+,—, # 0, L). B caemyromux aByx
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YTBEPKJICHUAX MbI MOKAXKEM, UTO JIJIA TOTO, YTOOBI KayKJI0€ OTHOIICHUE U3 JIeMMbI 2.2.1 MO¥XK-
HO OBbLIO BBIPA3UTh HEKOTOPOIl GeckBaHTOPHOIT dopmyioii, curnarypa (Z;1,+,—, 1) momxHa
OBITH pAaCIIHPEHA.

[Ipexke gem nepeiitu K BorrpocamM 6€CKBAHTOPHONW HEBBIPA3UMOCTH, CPOPMYTUPYEM B BHJIE
JIEMMBI OJTHO CTAHJIAPTHOE IIPeodpa30BaHme, KOTOPBIM MbI MTOJIB30BANChL B pazjerne 1.4. Besgkoe
soipaxkenne sujia HO(f(y) +ax,g(y) +bx) = d, tae a,b # 0 u f(7), g(y) — AuHeitHble OJIMHOMBI
C HEeJIBIMI KO3 PUIUEHTAMU, MOYKET OBIThH IEePEeUuCcaHo ¢ IOMOIIbI0 ajropuTMa EBKimia Tak, 910
KO3 DUIMEHT TPU TePeMeHHON & OKaXKeTCsl He PaBHBIM HYJIIO TOJBKO B OJHOM W3 ITOJTHHOMOB

9TOro BhIpazkenusd. Ilyctb a > b > 0wu a = gb+r, tne r € [0,b), Torma

HOL(f (@) + ax,g(y) + br) = d &
HOI(f(®) — q9(y) +r2,9(y) + bx) = d.

[ToBTOpssE STOT MpOIECE O TEX TOP, MOKA OJUH U3 KOIMDDUIMEHTOB T HE CTaHET JIeJIUTEIEM JIPY-

roro ko3 duimenTa, a 3aTeM emé oJInH pa3 IPUMEHId YKa3aHHbBIH IIar, Mbl ITOJTyYUM BbIPpayKeHUE

suna HOI(f(y).9(y) + cx) = d.

Jlemma 2.2.2. Jlas 410060 AUHETHDIT NOAUHOMOS ¢ Yeavmu Koapduyuenmamu f(7)+ax, g(7)+

bx moorcno nocmpoums aunetinvie noaurnomv, f(g) u g(y) + cx, wmo HOL(f(y) + ax, g(y) + bx) =

HON(f (), 9(¥) + cx).
YrBepxkaenune 2.2.1. Omnowenue x # 0 He ABAALMCA NO3ZUMUBHO DECKBAHMOPHO GHIPAZUMDBLM

6 cmpykmype (Z;1,+,—, 1).

Joxazamenavcmeo. Ilpepmnosnoxum, ato cyiiecrByer hopMmyia

(p(x)‘ﬁ \/ /\CllJ_bl‘i‘Cll’ s
jet \iel;
rie ¢; > 0, koropas onpegensger orHomerne © # 0. Torma ¢ (0) 10/KHO OBITH JIOYKHO; CJI€I0BA-
TeJIbHO, JJI J1Io0oro j € J cymecTByeT HHAEKC ¢ € I; Takoit, uro a; [ b;. ObosHaYMM 5TOT MHIEKC
ij. BEcrm poa eex j € J mbr mmeem a;; = 0, To dhopmyna @(x) ABIAETCA JTOXKHOM I 1060T0

r > max |b;,| + 1. Haa ciydas, Korga XoTa Obl OJHO U3 9HCEN @;; He PABHO HYJTIO, ONPEeIesM
jeJ

A = H a,ij . Ho Telepb A eCcTb IOJIOKUTEIbHOE eJjioe 9ucJjio, JJjid KOTOPOI'o _‘(P(A), 9TO
jEJ/\aij #0
IIPOTUBOPECYUT OIIPCACJICHUIO . ]

Tenepb j0KazkeM, 4TO paclIMpeHne CUTHATYPbI TPEJNKATHBIM CUMBOJIOM JIJIsI JTT3PABEHCTBA

BCE eIeé He SABJIIeTCd JOCTATOYHLIM.

VrBepxkaenue 2.2.2. Omnowenue HOH(z,y) = d daa mobozo durcuposarnozo uerozo d > 2

He ABAALTNCA NOZUMUBHO BECKEAHMOPHO Guipadumvim 6 cmpykmype (Z;1,+ , —  # , L).

Jokazameavcmeo. TlokaxkeM, 9TO yTBep:KJeHUe UCTUHHO yxke jist p ||z = p | z A p* t z ana
JIFOOOTO MIPOCTOTO P. DTO OTHOIIEHUE SIBJISETCs dacTHBIM cirydaeM dopmyiast HO(z,y) = d ais

snavenuit d = p n y = p?.
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[TpeamnoaozkM, 9To JIJIs OTHOIIEHUST P || o uMeeTcst ciefytoras dhopmyJia;

p(x) = \/ /\ai L b+ cx A /\x;édi
jed \i€l; 1€K;

[Iycts D ecThb MakcUMyM BceX 4uces1 d; U3 Ju3ypaBHeHuit 31oit popmysbl. fcHo, uTo s
Besikoro © > D umeem @(z) & \/ A a; L b; + ciz. Beibepem k > 1, Tak uro p* > D. Toraa

jeJiel;
k 6 it. T A A
dbopmya @(p*) momxkHa 6bITh J0kHON. Teneps nocrponm 1esoe dnciao A takoe, uro p || A, HO B
To ke Bpemst 1@ (A).

[TockonbKy umeer Mecto —@(p*), To mis KaxKaoro j € J BepHO, 9TO XOTA Obl JJIA OJHOIO
unjiekca i € I Bemosnstercs a; £ b;+c¢;p®. O603HAUNM COOTBETCTBYIONHMI HHJIEKC 4 JIIs KAZKIOTO
J € J. Paznenum MHOXKeCTBO WHJIeKCOB J Ha JiBa IOJAMHOXKeCTBa J; u Jo, mepBoe M3 KOTOPBIX
OyzieT cofeprKaTh TaKue WHIEKCHI, 9TO p { a;; V p { b;,, a BTOpoe MHOXKeCTBO .J; — OCTaBIIHecH

WHJEKCDI, T.C., I KOTOPLIX p | a;; A p | by;. Bugum, uro mns moboro x > D ecmu p | x, To

jEJliEIj
[Iycts poa moboro j € Jy umeeM a;, = p*a;;, rae a; L p. Ecim onpenemts A = pF+p-
I1 as,, To scno, uro p || A, HO B TO 2Ke Bpema JyiA M060rO0 j € Ji MOIYYHM CIEIYIONTYIO HENOUKY
JEN
PaBEHCTB:

HO/(a;, bi; + Cijpk) = HO(ay,, bi; + Cz’jpk) = HO/(aj;, bi; + i, A).

Ilepsoe pasencTso ciefyeT us Toro dakra, 9ro jad j € Jy ecm o # 0, To p L b;; 1 nosromy
BBHIY k > 1, by, + cijp"” He JleuTcd Ha p. BTopoe paBeHCTBO cieyeT M3 TOTO, YTO OCTATOK OT
Jenenust A Ha a;; ecTh p* nns Beaxoro j € Ji.

Tax kax a; [ b, + cijpk , ostydaeM a;; £ by, + ¢;; A, u crneosarenbao ~@(A). O

Otrorterne p || x sBisiercss 6eCKBAHTOPHO BbipasuMbiM B (Z; 1, +,— 2,3 | 4] ,...) dop-
Mmysoit p | x A p? t z. Kpome Toro, s KazKI0ro (pUKCHPOBAHHOIO IIEJIOTO @, TaKOrO 4UTO
a = cd s wekoroporo tesoro ¢, oraomenne HOJ/(a,x) = d BbIpazuMo ¢ HOMOMNILIO (HhOPMYJIbI

\V  a|z—dk. JeiictBurespro, HEOOXOAUMO U JOCTATOTHO, YTOOBI OCTATOK OT JICJICHUS T HA
klenl<k<ce
a nenuiicd Ha d M OBLT B3aUMHO IIPOCT C C.

Mozker 6bITh HHTEpeCHBIM ciiemytomuii Boupoc: sisiserca ju HO/A(zy) = d mua d > 2
6ecKBaHTOPHO BbIpasuMbiM B (Z;1,+,—, L 2| .,3| 4 |,...)7 Onnako B gasibreiinem Oyjuer ymo6-
HO KCIIOJIH30BaTh BMECTe C OTHOIIeHHeM B3amMHOIl mpocrorsl ornorrenus HO/(z,y) = d aus

Begaroro d = 2.

2.3 OcHOBHOII pe3yJabTaT O BHIPA3UMOCTH

Y100BI TIOKA3aTh, YTO TOCJIE PACIIUpeHnst curHaTyphl (1, +, — , L) mpeaukaTHBIMUA CHMBO-
JIAMU JIJIsi OTHOIIEHUN W3 yTBep:kJaeHuit 2.2.1 u 2.2.2, aHajoruvHble IpuMepbl OECKBAHTOPHOI

HEBBIPA3UMOCTH YK€ HeJIb3s Oy/eT MocTpouTh, Bocmosb3yemcss HO/l-temmoit u3 pasmena 1.2.2.
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Ceitaac ymobnO moBTopuTh GopmynpoBky HO/I-leMMbl, KOTOpas siBIseTCsT KPpUTEpUEM paspe-

IMMOCTH B IEJIBIX YHCJ/IaX CHCTEM BHIA

1€[1..m]
JIemma 2.3.1 (HO/-stemma). Onpedeaum das cucmemuv (2.2), 2de a;,b;d; € Z wa; # 0, d; > 0,
i € [l.m], u scaxozo npocmozo wucaa p uyearoe wucao M, = rrfax }vp(di) u dea MHoICECTEN
i€ll.m

undexcos J, = {i € [1.m] : vy(d;) = My} u I, = {i € J, : vy(a;) > M,}.
Cucmema (2.2) umeem pewenue 6 7 mozda u moavko mozda, k0204 00HOBPEMEHHO BbINOA-

HANOMCA CAEOYIOUUE YCAOBUS:

(i) N dila

1€[1..m]

(ii) {\ ]HO,ZL(di,dj) | bi —b;
1,J€[1..m
1,j€[1..m]

(iv) Jaa ecarozo npocmozo p < m u scaxozo I C I, makozo, wmo |I| = p cywecmsyrom

makue i,j € I, i # j, wmo v,(b; — bj) > M,,.

Badukcupyem curnarypy o = (1,+,—,#, L HOJI, HOI;HO/,,...) n nmokaxkem, Kak
HPpUMEHUTH JieMMy 2.3.1 9T0ObI HMPOITUMUHUPOBATHL KBaHTOPbI B PdLs-dpopmye. Ciemyromas

TeopeMa Oy/ieT aKTHUBHO HUCIIOJIb30BaThCA B paszenax 2.4 um 2.5.

Teopema 4. Cywecmeyem aszopumm, conocmasiaowul 6caxol Lg-gopmyae suda Ix@(,7),
2de @(x.7) — nosumuenas beckeanmopras, no3umustylo becksarmophuyio Lq-popmysy b (y), o%-

susarenmuyto Ix@(x,y) 6 Z.

Joxazameavcmeo. Ilpuaumas Bo BHUMaHUe jJeMMy 2.2.2, HYXKHO ITOKa3aTh KaK ITOCTPOUTH IO

dopmyiie Buja

Je | N\ HOL(£i(@).g:(@) +cix) =din \  fi@) # ci (2.3)
i€[l..m] i€[m+1..1]
SKBUBAJICHTHYIO €if B Z GeckBanTopuyto dhopmyiay V(7). Saecs f;(y) u g;(y) — suneiinbie moJmHo-
MBI ¢ TeabiMu Koaddunmentavu, u ¢; > 0 ays soboro ¢ € [1..m]. Obosnaunm @(x,7y) Marpuity
dbopmyser (2.3). Kak u B nepsoii riase, seipazxenus: suga HO/(f(Z),g(Z)) = d 6yayT B naabHeii-
€M HA3BIBATHLCSA HOJ-BLIPAKCHUSIMU.
Bes norepn o6IIHOCTI MOYKHO CIMTATH, YTO BCE ¢; PABHBI 1, TaK KAK MOYKHO BHIYUCIUTH C' =
}z‘I:(l).B<<Ci>’ YMHOKNTB KaxKJ0e BBIpaskeHne ¢ uujekcoM i € [1..[] na g, 3aMEHUTD BCE BXOXKJICHUA
Cz va T u nobasuth Hoj-Bhipazkenne HO/I(Cz) = C.

Teneps nocrpoum dbopmyny Peep(y) Takyto, 9ro

V [r@=0n \ o(s-di—g.))
i€[l..m] se{-1,1}
Jre(zy) <

v A L@ #0Adecn®)

i€[l..m]



47

3/1ech MBI pacCMOTPEN OTJEIBHO CJIydal PABEHCTBA HYJIO MEPBBIX apr'yMEeHTOB HOJ-BbIPa-
JKeHHi, Korjia 3HaYeHne T MOYKHO HEIOCPEJICTBEHHO BBIYUCIUTH. UTOOBI TOIYyInTh Ls-hopMyty,
JIOCTATOYHO IePeNnucaTh JUHEHHbIe YpaBHEHUS C ITIOMOIIbIO JieMMbI 2.2.1.

B nocieaaem ciaydae sameruM, 9to nockoabky A fi(¥) # 0, To BBUAY 3amevanus 1.3.1,
1€[1..m]
CYIIECTBOBAHIE PEIEHHs B TIOJICUCTEMEe HO/I-BbIpayKeHuit u3 @ (¥, T) BICUET CYIIEeCTBOBAHNE TAKOTO

pelleHns, KOTOpPoe OJJHOBPEMEHHO YJIOBJIETBOpsieT mojicucreme qusypasuenuit A\ fi(y) # ¢z.
1€[m+1..0]
Paccmorpum reneps cucremy A\ HO(f:(v),9:(¥) + ) = d; ¢ HenyneBbIME IEPBLIME
i€[l..m]
apryMeHTaMH B KarKJIOM HOJI-BBIDA’KEHUM U ITIOKAyKeM, UTO TOT (DaKT, U4TO Ta CHCTEMA HMEET

perienne B Z, MOXKeT ObIThb 3allical HEKOTOPOil 6eCKBaHTOPHOU L y-hopMyJIoii.
Pacemorpim mocsieioBarestbao yesroBust u3 jieMMbl 2.3.1. Beipazkenus u3 (1) mepenucsiBaioT-
ca ¢ nomorpsio HOJ(d;, fi(§)) = d; ana Beex @ € [1..m]. dusa ycnosus (i) BBemém obosnaveHne

D, ; = HO/I(d;,d;) n BOCIIO/IB3yeMCsT aHAIOITIHOM (hOPMYJIOit:
HOI(D; ;,9:(y) — 9;(Y)) = Di;

JUIST KK 1011 Tapbl HHJEKCOB 1,j € [1..m)].

Yesosue (iil) ecTh KOHBIOHKIIUS 110 BCEM MapaM HHJIEKCOB i, j € [1..m] geqmmvocteit Buja

HOI (HOL (fi(¥), d;) , 9:(Y) — 9;(¥)) | di-

fcnHo, aTo sTa hbopMysia SKBUBAJIEHTHA U3 bIOHKIIAN

\/ | HOA(fi(®), d;) = a A \/HOMN(a,9:(3) — 9;()) = d

ald; d|d;

[lepenuceiBast yciaosue (iv) 6osiee (hopMasbHO, TTOIYIUM BBIPAXKEHUE CJIEIYIONIEr0 BHJIA:

A A (\/v,,<fi@>> < M,

pEPAp<mM \ICJ,A|I|=p ‘i€l

vV HOLG ) - @) =) ) 2.4)
i, JEINIA]

3/ech B KaxJOM Ju3blOHKTe u3 (2.4) 3ammcano, 4ro jmbo COOTBETCTBYIOIIEE MHOKECTBO
HIHIEKCOB [ He sIBJISETCS MOIMHOXKECTBOM [, JIHOO CyIIeCTBYIOT Takue 1,5 € I Ai # j, aro v,(g;(7)—
9;(¥)) > M,. Beuny ycnosus (i), HO(d,,fi(y)) = d; mns kaxzgoro ungexca i € [1..m], mosromy
BMecTo U,(fi(Y)) < M, mocrarouno norpebosars v,(f;(y)) = M,. DT0 paBeHCTBO MOXKET OBITDL

BhIpazkeno dopmynoit HOI(pMr L fi(7))= p™Mr.
Taxkum o6pazom, Mbl octpousn dbopmyny Waop(Y) 1, ciie1oBaTeIbHO, HCKOMYIO (hOPMYJTY

(). =

[IpenokeHHbINT aJITOPUTM IO CYIIECTBY SABJISIETCS AJITOPUTMOM KBa3WJIMMUHAIIIN KBAHTO-
POB Il CJlydasi IYyCTOTO COpTa IEPEMEHHBIX Sy W COBIAJCHUS S3bIKa aaroputr™a Kpazu-dK u
MHOXKeCTBa, (DOPMYJI SJTUMUHAIIMOHHOTO BUJIA. I3BIKOM TAKOTO aJIFOPUTMAa SBJIAETCA MHOXKECTBO
MO3UTUBHBIX OECKBAHTOPHBIX Ls-bopmyit. Tenieps 00beunuM Teopemy 4 u jgemmy 2.2.1 u oty anm

onmcanue Bcex oTHomenuii, P3-oipasumbix B (Z; 1, +, L).
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TeopeMa 5. Beaxoe omnowenue A6AAEMCA NOZUMUBHO IKR3UCTMEHUUANDBHO B8bLPA3UMDBIM 6 CIMPYK-

mype <Z, 1, +, J_> mozda U MoAbKO moeda, K020a OMO MO3UMUBHO 6667{}60,Hm0pH0 6blPa3suUMo 6
cmpyrmype <Za 17 +,—, 7& ) 1 7HOZL27HOHS7HOLL47"'>'

[IponemonCcTpUpYEM aJTOPUTM STUMUHAIINE KBAHTOPOB U3 TeOPEMbI 4 Ha CIIeYIONIeM IIPH-
Mepe. B urorosoii 6eckBaHTOPHOI (hopMmyJie YI0OHO MCIOJ/IB30BATh OTHOIIIEHUS PABEHCTBA, KOTOPOE

o jiemme 2.2.1 gBiisiercss 6eCKBAHTOPHO BbIPa3suMbIM B cTpykType (Z;1,+,—, 1).

IIpumep 2.3.1. Paccmompum dopmyay

dr(2r4+yL3y+zAa+32L20+3Abx+3y L2r+y+22+1). (2.5)

Vdobro donoarumo HaWw aN20pUMM SAUMUHAUUL KEAHMOPOE HEKOMOPBLMU YNPOULEHUAMU,
AHANO2UYHLMU MM, KOMOPYLe NPUMEHAIOMCS K Popmysam apudmemuru [pecoypeepa 6 naxeme
RedLog daa cucmemor komnwvromeprot anzebpos REDUCE [29]. B wacmuocmu, gopmyaa, noay-
YEHHAA 6 PESYALTNAME IAUMUHAYUY, OYydem YJoBAEMBOPANYL CACOYIOULUM YCAOBUAM.:

(1) Beakoe aunetinoe ypasnenue umeem 6ud [(T) = 0, u nauboavwutl obuwyut desumens

koapunyuenmos [(T) pasen edunuue.
(2) Beakomy AuHetHOMY YPaBHEHUIO, HE UMEIOUWEMY HUKAKUT UEAOHUCAEHHHIT PeweHud,
conocmasasemces 3navenue false. Hanpumep, npumenenuem gynxuyuu rlge x dopmyse
@ :=2x 4+ 1 = 0 noaywum false.

(3) Besaroe nood-ewpasicenue umeem eud HOI(f(Z), g(T)) = d, 2de naubosvwut obuyuti de-
aumens ecex koapduyuenmos us f(T) u g(T) pasen edunuye. Taxum obpazom, 6 cayuae,
Ko2da Hauborvwutl obuwutl deaumend KoIPOUUUEHMOE AUHETHLLT NOAUHOMOE He JeAUM,
d, amomy nod-swvipasicenuto conocmasasemcs 3nauenue false.

(4) Bearomy nod-evpasicenuro suda HOJ(1, g(7)) = d uau HOI(f(Z),1) = d conocmasas-

emes anavernue true ecau d = 1, a unauve false.

(5) Bo ecaxom aunetinom svipasrceru [(T) nepementve u3 T 0mcopmuposanvl 6 AEKCUK02Pa-

Puveckom nopadke, u nepevili HeHYAEBOU KOIPHUUUENM ABAALTNCA NOAOACUMENLHDIM.

Ipusedém (2.5) x eudy (2.3), a samem cdesaem npeobpasosanus u3 semmoi 2.2.2:

Jz (HOA(3y + 2,y + 2x) =1 A HOL(—6z+ 332+ z) =1
ANHOA(y —10z -5y —4z—2+z)=1). (2.6)

Tenepv nocmpoum IKGUBAAEHMHYIO HOPMYAY € KOIPHUUUECHMOM NPU IAUMUHUPYEMOT ne-

PEMEHHOT 8 NUHETHDIT BVPANHCEHUAT PasHbiLM edunuye. Cpady 3amMeHrUuM HOBYIO NEPEMEHHYIO HA X .

HO(3y + z, y+ x)=1
HOJI(12z — 6, 62+ x)=2

Jz Al ) (2.7)
HOJ(2y — 20z — 10,2y — 82 — 4+a) = 2
(HOI(2, x) =2
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Hmozosyro becksarmopryro gopmyay ydobro npedcmasums 6 8ude Komburauuu mpéx ¢hop-
mya: ©1(y,2)V e2(y,2) As(y,2). Popmyaa ©1(y,z) bydem coomsememeosams CAYaO paseHCmsa
HYAI0 NEPBO20 APLYMENMA KAK020-AUb0 HOO-6vipasicenus u3 (2.7). Bmopas u mpemva Bopmysvl
oNUCHIBAOM CAYUAL, K020a HUKAKOT U3 NEPEHLIT AP2YMEHMOE HOO-BVIPAAHCEHUT He PABEH HYA0, U
ons anumunayuy npumensemes HO-aemma. Qopmyaa @©o(y,z) ecmv peayivmam nepenucoléa-
nus yeaosudl (i) — (iii), a yeaosue (iv) sanucvieaemces omoeavro ¢ nomouspro Gopmyavt @3(y,z).

Bsudy mozo, wmo ypasrernus 12z —6 = 0 u 2 = 0 ne umerom uesovucieHHur peuerut, 6
dopmyae @1(y,z) caedyem paccmompems moavko caywau 3y—+z = 0 u 2y —20z+10 = 0. Zamenot
x Aubo na —y—+1, aubo na —y—1 6 nepsom cayuae; u Aub0 na —2y+8z+6, aubo na —2y+8z+2

80 8MOPOM CAYYHGE, onpedesum Nepsyro Gopmyay:
©1(y,2) =3y+2=0A ((HO,H(lZz—(S y—6z—1)=2 A HOJ(2y — 20z — 10,y — 8z — 3) =2
A HOL(2,y — 1) = 2)V
V (HOZ[(le —6,y—6z+1)=2 A HOJ(2y — 20z — 10,y — 8z — 5) =2
A HOM(2,y + 1) = 2))
Vy—102—5=0A ((HOﬂ(3y+z,y—8z—6) —1 AHOM(6z—3y—T7z—3)=1
Vv (HOJ(3y + 2,y — 82 —2) =1 A HO(62 — 3y —T7z—1) = 1))

Ecau oce 3y + 2z # 0Ny — 102 — 5 # 0, mot mooicem npumenums HOJ-remmy. Tax xax
(2.6) codeporcum suws ommowerus 83auMHoll npocmomo, gopmyaa (2.7) ouesudno ydosaemeso-
paem yeaosuam (i) u (11). Taxum obpazom, wmobv, nocmpoums gopmysy ©s(y,z), Heobrodumo
nepenucamy moavko (iii).

©2(y,2) =3y+2#0Ay—102—5#0A (HOABBy + 2,2) =1V
VHO/(3y + 2,2) =2 A HOJI(2,y — 62) = 1) A
( O3y +2,2) =1V
VHOI(3y + 2,2) =2 A HOL(2,y — 8z —4) = 1) A
(HOO(By + 2,2) =1V
VHOZ(3y + 2,2) =2 A HO(2,y) = 1).

Hecaoorcro yeudemn, wmo (iii) 6cezda umeem mecmo 0as 6MoOpo2o u mpemvezo, 6mopozo U
YemeEPMOo20, MPEMHE20 U UeMBEPMO20 HOO-EHPANHCEHUT.

Ocmanocoy nepenucams yeaosue (). B cayuae p = 2 umeem My = 1, Jo = {2,3,4}, u
MHootcecmeo Iy moorcem codeporcamo auwn undexcv, 2 u 3. Feau p = 3, M3 =0, u snavum J3 =
{1,2,3,4}, a eduncmeennvim 603MOHCHBIM NOOMHONICECMEOM I3 U3 MPET INEMEHMOE ABAACNCA
I ={1,2,3}. Omcroda nosyuaem caedyrowyro Gopmyry:

©3(y,2) = (HOL(2,62 —3) =1 vV HOZ(2,y — 10z — 5) =1 V HOJI(2,y — 7z — 2) = 2) A
(HOZL(?), 3y+2z)=1V HOI(3,2y — 20z — 10) = 1V
VHO/(3,y — 62) =3 V HOZ(3,2y — 14z — 4) =3 vV HOJI(3,y — 8z — 4) = 3).
Tarxum obpaszom 3axmovaem, wmo (2.5) sxeusarenmua 6 yeans wuciax beckeanmoprots Pop-

myae ©1(y,2) V @2(y,2) A @3(y,2).
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2.4 CuencrBust u 6JM3KNE BONPOCHI BHIPA3UMOCTH

Umes onucanune ornomenunit, P3-seipasumbix ¢ crpykrype (Z; 1,4+, 1), MOXHO MOJy9IuTh
HEKOTOPBIE PE3YJIbTAThl O MO3UTUBHOM SK3MCTEHINATBHON HEBBIPA3UMOCTH.
Ecaun npeanonoxRuts, aro oraorenne x L y sBiasercs P3-seipasumbiv B (Z; 1,4+, L), To
IIOCKOJIbKY
—HOd(z,y) =d < dfzxVdtyVIudv(z=dury=dvAu fv)
ndtz<s \/ d| x+k, no reopeme 5 orpunanus orsomenuit L y u HOd(zy) = d

k=1..d—1
JUIs BeeX d 2> 2 SBJSIOTCS BBIPA3MMBIMHU B cTpykTtype (Z;1,+,—,=,#, L HOJ, HO/I;,...)

HEKOTOPBIMU TTO3UTUBHLIMU OecKBaHTOpHBIME dhopMysiamu. Ho B aToM cityvae u3 Teopembl 4 ciie-
JIYET, 9TO MOXKHO ITPOJIMMIHUPOBATH BCe KBAHTOPHI U TaKMM 00Pa3oM JIOKa3aTh Pa3peNmMOCTh
Th(Z; 1,4, L), aro uporusopeunr pesyibrary /. Pumapa o Hepaspermmmoctu 510it Teopun [67).

OTCIO,H& IIOJIy9YUM IIEPBOE CJIEJCTBUE.

C.TIG,D;CTBI/IG 5.1. Omnowenue x l Y HE ABAAECINCA NO3UITMUBHO IK3UCTEHUUAADHO BblPA3UMDBIM 6

cmpykmype (Z;1,+, L).

He yauBuTesbHO, 9T0 OoTHOIIEHUE NOpsiyika (nan & > 0) TakKe He ABJseTCs PI-BhIpasuMbiM
B (Z;1,4, 1). MoxHO Jj0Ka3aTh 9T0T ($aKT ¢ HOMOIIBIO TEOPEMbI 5 aHAJOIMYHO TOMY, KAK MbI
JIOKa3bIBAIN OECKBAHTOPHYIO HEBBIPA3MMOCTH B pasjeie 2.2.

JleficTBUTEIBHO, €C/IN TPEJIIOI0KITh, 9T0 HeKoTopas GeckBaHTOpHas dopmysna @(x) Bbl-
paxaer © > 0 B crpykrype (Z;1,4+,—,#, L HO/,HO/,,...), Torga sra dopmyna TomKHA

nMEeTb BUJ

/\ HO(a;, b; + cx) = d; A /\ a; # cx. (2.8)

i€[l..m] i€[m+1..0]
JUIl HeKOTOPBIX HEJIBIX YUCes a4, b, d; M MOJIOXKNTEJIBLHOTO 11eJIoro dnciaa c. V3 3amedanus 1.3.1
CJIEJIyeT, UTO €C/IU MOJCUCTEMA BCEX HOJ-BbIpazkeHuil n3 (2.8) mMmeer Kakoe-aub0 perieHue cx, To
CYIIECTBYeT GECKOHEYHO MHOI'O OTPUIATEILHBIX IEJIbIX 3HAYCHUI CT, TAKXKe SBJISIONMXCS Pele-
HusiMu. TakuM 06pasoM, MOCKOJIbKY @ () UCTUHHA Jiisi HEKOTOPOTO IIEJI0r0 Yucja (a MMEHHO,
JUIsi JTI06Or0 HEOTPHIATETHHOIO TIEJIOr0 YUC/Ia), TO OHA UCTUHHA Jis OECKOHEUHOTO MHOXKECTBA

OTpHUIlaTE/IbHBIX IEJIbIX YHUCEJI.

CJ’Ie,HCTBI/Ie 5.2. Omnowenue nopﬂﬁna < HE ABAAEINCA NO3UMUBHO IK3UCMEHUUAADHO BblPA3U-

mom 6 empykmype (Z; 1, + , L).

Tenepb paccMoTpuM BOIpockl P3-BbIpa3znuMocTt B HEKOTOPBIX OJIM3KUX CTPYKTYpax.

s crpykrypst (N; S, L) Bugum, ato orrorerne x # 0 siBistercst P3-Beipasumbiv Gopmy-
qoit Jy (x L SSy), ogHako, 1Mo TeM ke IMPUIMHAM YTO U B yTBepKaeHun 2.2.1, 970 OTHOIIEHUE He
SIBJISIETCsT TIO3UTUBHO GecKBaHTOPHO BhipasuMbiM B (N; S| ). Jljist 970l cTpYKTYPBI CyIIECTBYeT

CJICYIONIUI aHaJIor TeOPEMBI 9.
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YrBepxkaeune 2.4.1. Beakoe omuowenue AAAEMCEA NO3UMUBHO IK3UCTNEHUUANLHO GHIPASUMDBLM
6 cmpyxmype (N; S, L) mozda u moavko moada, xo2da 01o no3umueno 6eck6aHmMoOPHO GbLPA3UMO
6 cmpyxmype (N; S, £ 0, L).

,ZL.HH JAO0Ka3aTe/JIbCTBa 9TOI'O YTBEP2KACHUA JOCTATOYHO UCIIOJIb30BATh YaCTHBINA cnyqaf/’l JIeM-

Mbl 2.3.1, Ty1e Bce d; = 1

Jlemma 2.4.1. Paccmompum cucmemy — J\  a; L bi+x, 2de a;,b; € Nua; >0 daa scexi € [1..m].
i€[l..m]
Onpedeaum mroorcecmeo undercos I, = {i € [1.m] : p | a;}. Cucmema umeem pewerue 6 Z mozda

U moavko moada, ko2da 0an Kaotcdo2o npocmozo p < m u 6caxozo muoxcecmea I C I, maxozo

wmo |I| = p, cywecmsyrom maxue i,j € I, i # j, wmo p | b; — b;.

oxasameavcmeo ymeeporcdenus 2.4.1. MOXKHO PeIIIOI0XKITH, YTO B aTOMapPHBIX POPMY/Iax Cy-
ecTBYIOT TepMbl Buja SS...50, tak kKak a L b+rx < a+b+x L b+ x.

Paccmorpum hopmyity

N @ Lbi+an N\ atax#0, (2.9)

i€[1..m] i€[m~+1..0]

rae f;(Y) ABIISIOTCS BbIpaXKeHUsAMU BUIA JIHOO y; + a, b0 a JjIst HEKOTOPOTro Y; € § U HATYPAJIb-
HOTO YHCJIa a.

Bamernm, uto f;(7) B (2.9) MOryT OBITH PaBHBI HYJIIO TOJBKO eciu = 0 win = 1, Tak Kak
MHAYe 3HAYUCHUS BBIDAXKCHUN b; + & Oy/IyT PaBHBI KAaK MHHUMYM 2 1115t j1io6oro ¢ € [1..m]. Beumy

samedannd 1.3.1, B ciyaae  /\  fi(¥) # 0 MOXKHO MCKIIIOUNTH JU3ypaBHeHust U3 cucreMbl (2.9).
i€[1..m]
Taxum obpazom, npumendd jgemMMmy 2.4.1, MOTyIuM CJI€IYIONTYIO0 SKBUBAJECHTHOCTEL B N:

Jre(z.7) < @(07) vV e(S0m Vv N\ fi@) #0Ab®)

i€[l..m]

ISt

v = A\ A <\/po¢(§>> ,

peEPAp<m \ System(p,I) \i€l

rae System(p,]) = 1 C [L.m|A|I|=pA AN p1b—bj. 3aecs qst 1106010 IPOCTOrO P yCIoBUE
i,JEINIA]
System(p,]) ABIAETCA NCTUHHBIM [JI TAKHX MHOXKECTB HHJIEKCOB I, uT0 {b;},_,; ABJIAETCA MOIHOM

CHCTEMOI BBIYETOB IO MOJLYJIIO P. [

ITycts Teneps v, () ecThb p-IoKa3aTe b PAIOHAIBLHOTO THCIA ¢ (HAIIOMHUM, ITO U,(0) = 00).

OHpe,ZLeJII/IM JAeJINMOCTDb X | Y Ha palllOHaJIbHBIX YHCJ/IaX KaK /\ vp(x) < vp(y), U B TaKOM CJIy4dae
peP

HOd(z,y) = []p™@@)we®) 3necy mbr mpeanonaraenm, aro HOJ(0,0) = 0. Ecin onpesenmnts
peP

r 1 y=HO/(z,y) =1, Torga st napbl panuoHaJIbHBIX YHCEJ UX B3aUMHasi IIPOCTOTa O3HAYALT,
YTO OHU SBJISIOTCH B3aUMHO IIPOCTBIMH TIEJIBIMU YUCTIaMHU.
st ornomenus jesimvoctu u HOJL, omnpeiesiéHHBIX TaKUM 00pa30M, MOXKHO JIOKA3aTh CJie-

Jyrorriee obobienue jgeMMbl 2.3.1.
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Jlemma 2.4.2. Jlemma 2.3.1 ocmaemcea 6eproti, ecau 3amenums 6 eé popmyauposke 6cro0y 7 Ha

Q.

Jlokasameavcmeso. Pacemorpum cucremy (2.2), rie a;, b;,d; € Q wa; # 0, d; > 0 st Beex @ €
[1..m].

Yuuoxkum Kakgoe noj-soipazkenne HO/(a;,b; + z) = d; wa obmuit 3namenarens a;, b;, d;
(O6O3HaLH/IM €ero Cl'), LITO6I)I HOquI/ITb CI/ICTeMy C IeJIbIMU ITapaMeTpaMnu M HEKOTOPBLIMU IEJIbIMI

kodddurmenramu ¢; npu nepemensoit x. [lycts C' = HO ](ci), YMHOXKHM KazKJIoe BbIparKeHUe C
i€[l..m

UHJIEKCOM ¢ € [1..m] Ha C—C: U [IOJIY9IUM OJIMHAKOBBIH Kodd durmernT C' Ipu epeMeHHON & B KaXK/I0M
HoJ-BbIpazkenuu. Tak kak Mbl uineMm perienne x € Q, 3amennm C'r B KaxKJIOM BbIDaXKEHUU Ha
HOBYIO PAIMOHATBHYIO TIEPEMEHHYIO T.

[Ipescrasum T B Bujle £ 1 yMHOKIM Kazjloe Bbipazkenue Ha 2 # 0. Takum obpasom moty-

Ja€eM CJICAYIOIIYIO CUCTEMY

/\ HOI(a,Czb:Cz +y) = diCx. (2.10)

i€[l..m]

[To semme 2.3.1 cucrema (2.10) umeer perierue y € 7 TOTJa U TOJBKO TOIJA, KOTJA YCJIOBUSI
(i) - (iv) BeImosHsIoTCst uist apamerpos a;Cz, b;Cz u d;C'z.

JI7ist 1IepBBIX TPEX YCJIOBUH MOYKHO BbiHecTH 0Omuii Muoxkutesb Cz # 0 U3 KaxkI0ro
napaMerpa U cokpaTurh Ha Hero. llepenmceiBasi (iv), 3amerum, 4to mockoiabKy Cz # 0, ero
P-TIOKA3aTe b SIBJISETCS HEKOTOPBIM IIEJIBIM THCIIOM, I HMEET MECTO PABEHCTBO vy (d;) = v,(d;Cz) —
v,(C)—v,(2). CrremoBaresbHO, 171 JIFOOOIO IPOCTOIO P MHOYKECTBA UHIEKCOB .J, i I, Oy/1yT TakuMu

xe, n v,(b;Cz—0;Cz) > irerfﬁ?fn}vp(di()’z) TOIJIA U TOJIBKO TOTJA, Korja vy, (b; —bj) > ig%ﬁ.}fn]vp(di)‘ O

CaencrBue 5.3. Bceakoe ommoweHue AGAAEMCA NOZUMUSHO IK3UCTNEHUUAALHO GHIPAZUMBLM 6
cmpykmype <@; 1,4+, —,{c-}ce(@, J_> mo20a U MoAbKo moz2da, K0206 0HO NO3UMUBHO OECKEAH-

MOPHO BLLPAZUMO 6 CIPYKMYDE <Q; L+,—# {c}teo> J_>.

Jloxasameavcmeo. Pacemorpum dbopmyity Bujia (2.3), rae KodhOUIUEHTh! JTHHEHHBIX TOJTHHOMOB
CyTh HEKOTODbIE DAI[OHAIbHbIE YUCIIA.

Tax xe, kKak u B jjeMMe 2.4.2, njobuBaeMcsd TOro, 9T06bI KOI(MDMUITMEHTH! JTUHEHHBIX TTOJTTHO-
MOB CTAJIH TIETBIMHE, & Kodbdurment npu « paset C' B KazK/10M HOJ-BbIpazkeHnu. [Ipossmmunupyem
9K3UCTEHINAIBHDIA KBAHTOD TAKUM 2Ke 00pa3oM, KakK B TeopeMe 4, IPUMEHsS HA 9TOT Pa3 JeM-
My 2.4.2 Bmecto stemmsl 2.3.1. U3 yemosuit (i) u (ii) cremyer, uro snauenns f;(y) u (g:(y) — 9;(y))
JIOJIZKHBI OBITH MEJIBIMU IHCJIAMHE, CJIeJ0BATEIBHO, Iporece repenucbiBanns (iii) u (iv) okasbiBaer-
cs B TOYHOCTH T€M 2Ke, 9TO U B Teopeme 4.

Ocrajioch 3aMeTHTh, YTO JJI1 BCIKOIO DPAIMOHAJBHOIO dncjaa d, BbIpayKeHWe BHJA

z |y

HO/(z,y) = d mepermcpiBaeTcst ¢ moMommpio dopmyst & L 4. O
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2.5 Tpwm 06061mennsa BJI-reopemMbl

2.5.1 PazpemmmMocTb Teopun u3 3amMevdanusi BucndennuHra

BepositHo, 0o0Jiee ecTeCTBEHHBIM OIpEIeICHIEM ITEJTOIUCCHHON e TMMOCTA HaJl Paluo-
HAJbHBIMU YHUCJIAMU OyJeT cJejylolee: T € Q memut Yy € Q Torma m TOIBLKO TOTIA, KOLA
CYIIECTBYET HEKOTOpOe 4HCI0 z € Z, uro y = zx. B. Bucndennunom [84] 6bumm paccmorpe-
HBI 3a/]a9 CMEITaHHOT'O BEeNeCTBEHHO-IIEJI0YUCTIEHHOTO JTMHEWHOTO MPOTPAMMHUPOBAHUSA C JIBYMS
Pa3IMIHBIMEA OTHOIIEHUSMU JICJTAMOCTHU HaJT BEIIECTBEHHBIMU ducaaMu. [lepBoe n3 Hux ecth 0000-

meHumne OHpe,ZLe.HéHHOFO BbIIII€ OTHOIIICHUA HGHO‘{I/ICJIGHHOIU/I JACJIMMOCTH Ha pallMOHaJIbHBIX YHUCJ/IaX:

r |y = J2(z € ZANy = zx), a Bropoe OTHOIIECHHE 33JaBaJIOCh C OMOIIBIO ONPEIEICHNUS
z ||y =2 € ZAN32z € ZANy = zx). Jamee um ObLIO MOKA3aHO, YTO SJIEMEHTADHBIE
reopt crpyxryp (R 0,1+, — (], =, <, ) 1 (R:0,1,+,— [, =, <, |) nepaspermmss, 1 10

BpeMs¢ KaK IMO3UTHUBHAS 9K3UCTEHIINAIbHAS TCOPHU IIePBOil CTPYKTYPHI OKa3bIBAETCS Pa3PEIIUMOil.
HanomuuM, uro yHapHOMY (DyHKIIMOHAJILHOMY CUMBOJLY || cTaBuTcs B cooTBeTCTBHE (DYHKIHSI BbI-
YUCJIEHUSA TIEJION YacTU BEIMIECTBEHHOTO YHUCa, a rpaduK 3Toi (DYHKINN IBIgeTCd OECKBAHTOPHO

BBIPA3UMBIM B 00€HUX CTPYKTypax, HAIPUMED,
r=yle@x=yVe<y ANy<z+1A1l]zx. (2.11)

OrMmernM, 9TO Pe3y/abTaThl O HEPA3PEIIUMOCTH ObLIN moJydeHbl ¢ momolbio JIITPM-Teopemsr,
a BJI-teopema mnociyxKuaa g JI0Ka3aTeNIbCTBA Pa3pelImMOCTU. 3aBepiiasi J0Ka3aTeIbCTBO,
B. Bucndennunr zamedaer: «We do not know whether a corresponding theorem holds in the
analogous language L/, », TO eCTb, HEN3BECTHO, BEPHO JIH, ITO CTPYKTYPa C OTHOIIEHHEM | BMECTO
|| Takxke obstajaeT paspermMoii MO3UTHBHON SK3UCTEHIINATBHON TeopHeii.

[IepBbIM pe3ybTaTOM 3TOrO pasjesa OyleT yTBepJUTeIbHBIH OoTBeT Ha Bolpoc Bucnden-
HUHTa. 3aMeTHM, YTO B IIOJYYEHHOM HIMXKE Pe3yJabTrare Mbl Tak:Ke OIIyCKaeM OI'DAHMICHUE
MMO3UTUBHOCTU, TO €CTh, JOKA3bIBAEM pPa3PeIImMOCTb SK3UCTEHIINAJIBHON TEOPUU CTPYKTYPHI
(R;0,1, 4+, —,[], =, <, |). DToT pesynbrar MOKHO paccMarpuBaTh Kak obobmienue BJI-Teope-
Mbl. Wjiero mipejjraraeMoro HUzKe JI0Ka3aTe/IbCTBa JIETKO mpeayrajiarh. [lycrs Ly, obo3nadaer
SI3BIK 1IepBoro nopsaka curnaryper (0,1, +, —, =, <, |), a L), ectb pacmmpenne Lg;, YHADHBIM
GYHKITMOHATBHBIM CHMBOJIOM I (DYHKIUN B3ATHA Tes10it yactu. CHavasa MOKaXKeM, 9TO €CJIn
HOCHTEJIEM WHTEePIPETAINN SIBJISIeTCS MHOKECTBO paIMOHAIBHBIX dnces (Y, To coOTBETCTBYIOIIAs
po0JieMa Pa3pPEemMOCTH CBOJIUTCH K IEJTOYUCIEHHOMY CIydalo, a MO9TOMY sIBJISETCS Pa3pern-
Mmoit BBty BJI-Teopembl. 3aTeM goKaxkeM, 9TO BCsKasi OeckBaHTOpHAas Lg;,-popMysia BBITTOJTHAMA,

B BEIIECTBEHHbLIX YHCJ/IaX TOI'la 1M TOJIBKO TOTI'/la, KOI'/ZIa OHa BBIIIOJIHUMa B PalllMOHaJIbHBIX 9YHUCJ/IaX.

Jlemma 2.5.1. [losumusnas sxsucmenyuanvrias meopus cmpykmypo. (Q;0,1,+, —, =, <)

DA3PEWUMGE.
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Jlokasameavemso. Kak u B iemme 2.4.2) B JaHHON 6ecKBAHTOPHOI bopmyite @ (x1,...,x,) JJIst BCeX
i € [1..n] 3amMennM TlepeMenHyIo x; Ha Apobb %. Bummm, U0
I21cq--FTneg@ (X1, Tn) © Wicz-IWnezI2ez (z >0A (p(%,,%)) .

Aromapubie dopMmysbl @(x1,...,T,) UMEOT OJMH W3 CIEAYIONMX BUAOB: f(x1,....x,) = ¢,
flx1,nxy) < ¢ wm f(xy,....x,) + ¢ | g(x1,....xn) + d, vae f(xy,....x,) 1 g(T1,...,7,)
CyTb JIMHElHbIe (POPMBI C IEJOYNUC/IEHHBIMU KO3 duimenramMu, a ¢ U d — HEKOTOPbIE Iie-
JIbIE YHucJa. YMHOMKEHHEM Ha 2 BCAKOIO JIMHEHHOIrO ypaBHEHWUs, HEPABEHCTBA U JICJUMOCTH U3
@ (%,..., ) momyaum 6ecKBaHTOPHYTO Lgin-bopmyny @' (y1,...,Yn,2) ¢ aToMapHbIME (DOPMYTIaMH BH-
a2 f(yi,eyn) = cz, wma f(y1,e,yn) < €z, widd f(Y1,e.yn) + 2 | g(y1,--,yn) + dz. Takum obpaszom,
dzy... 3z, @(21,...,2,) UCTUHHA B PAIMOHAJIBHBIX UYHCIAX TOLJA U TOJHKO TOIJIA, KOTJa (hbopMysia
Jyp... 3y, 3z (2 > 0N @ (y1,..-,Yn,2)) UCTUHHA B HEJBIX YHCIAX. Pa3pernmMocTh Ternephb CJaelyeT u3

BJI-reopeMnr. O

Jlemma 2.5.2. Beaxas nosumusnas 6eck8anmopHasn Ly, -opmyra 6oinosHuma 6 6eUECMEeHHbiL

yucaax R mozda u moavko moec?a, K020a OHA BLINOAHUMA 6 PAUYUOHAADHBLT HYUCAAT Q

Joxazameavcmeo. Ilycts nana einosHnumast B R dpopmysia

¢(7) = /\ 9i(T) =0 A /\ fi(@) [ gi(T) A /\ 9:(z) <0,
i=1.k i=k+1..0 i=l+1.m

rje T — CIHUCOK MEPEMEHHBIX I1,..., Ty} ¢i(T) mius @ € [1.m], f;(Z) mna i € [k + 1..1] cyTp nuHeii-
HBIE [IOJIMHOMBI C 1esibiMu Kodddurmenramu. [lokazkem, aro @ (T) BBIIOIHUMA B PAIMOHAJBHBIX
YUCIAX.

IIycts  o4,...,, $BJAIETCd HEKOTOPBIM BBINOJHAIONMM HabopoM. [Ipesamosoxum, €TO
Gi(X1yyy) =0 st i = k+ 1.k u gi(,...,0,) # 0 s Begkoro @ € [k +1..1]. Torma oupegemmm
dopmyy

o'@= N\ g@=0n N L@ g@A )\ oi-a@<0r )\ «@ <0
=1k i=k'+1..1 i=k/+1..1 i=l+1.m
riae o; = 1, ecm g;(oty,...,,) < 0, 1 0; = —1, ecsm g;(q,...,06,) > 0 jyist Beex 1 = k' + 1..1.
PacemorpuM cucremy JTMHERHBIX ypaBHeHuUii ¢ nesbiMu Koddduimentamu A\ g;(T) = 0.
[Iycts Ay + b ecTh MPOCTPAHCTBO PEIIEHUI ITOW CUCTEMBI JJIs HEKOTOPOI pauéggéﬁmHoﬁ MaT-
puiibl A, parmoHabHOTO BEKTOPa b U HOBBIX MEPEMEHHBIX i = ¥,...,Y;. llojgcranoBkoit Ay + b

BMECTO T IIOJIY9YUM DPABHOBBLIIIOJIHUMYIO B BECINECTBEHHbLIX YUCJ/IaX CUCTEMY JUHEHHBIX HEPABEHCTB

1 JIeJIIMOCTel ¢ palMoHaJIbHBIMU KO3 duImenTaMu

o'@= N f@la@r N o-a@<on N\ G@ <O,
=k 1.0 =k +1..0 i=l+1..m
TaKyI0, 9TO MO BCAKOMY PAlMOHAIBHOMY pemennio ¢ (7) MOKHO MOCTPOUTDH PAIIMOHAIBHOE Perlle-
aue i @' (T), a 3Haqant, u s cucreMbl @ (T). Kpome Toro, mo nocrpoennto @” () BeinosHIMA B

R.
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Homycrum 31,...,3; sABIsSeTCs HEKOTOPBIM BENIECTBEHHBIM BBITOJHSAIOMMM HAOOPOM IS
¢"(y). Ilycrb BermecrBennbie dncia {1,y1,...,Ys} st HEKOTOPOTrO § < t COCTABIISIIOT OA3UC JIMHET-
HOTO 1pocTpaHcTBa Haj Q, mopox IéHHOrO BemecTBeHHbIME ducaamu {1,p31,...,¢+}. Besakoe qucso
B; aus ¢ = 1.t IpecTaBUMO €IMHCTBEHHBIM 00Pa30M B BUJE Cio- 14 ¢;1-Y1+ ... +Cis - Vs, T€ BCe
¢;; € Q. Onpenemmm s Beex ¢ = 1..¢ siuHeHBIE TOMMHOMSI X;(21,...,25) = Cio + Ci121 + ... + Ci 52

u 3aMeHnM Bee y; B ©”(Y) Ha X;i(21,...,25). B pe3ynbrare moSydnM CIeyIONyo hopMyIIy:
V(Z) = 0" (x1(2),-xe(2))-

Taxum 06pa3oM, M0 BCIKOMY PalMOHAJIBHOMY BBIIOJIHSONEMY Habopy st P(Z) MOKHO HOCTPO-
UTh PAIMOHAJBHBINA BBIIOHSONM HAO0p mist @’ (y), u, kpome Toro, umeer mMecto P (Yi,...,Ys)

BBHJLY TOrO, 9T0 P(Y1,...,Ys) = @"(B1,-.-,B¢)-
ITepenmmem ) (Z) B Buze

N CIECIW O R

rie ' < m/ U paccMOTDHM OTC/IBHO KAZKyIO JeIIMOCTB 3Toil cucreMbl f(Z) | E(E) 31ech
]7(2) = ag+ a1z1 + ... + aszs 1 E(?) = by + biz1 + ... + byz, — JUHEHHDbIE IIOJIMHOMBI C PallU-
OHAJILHBIME KO3 DUIMEHTAME, ITPUIEM E(E) HEe paBeH TOXKIECTBEHHO Hyso. ITokaxkem, 4ro B
JICHCTBUTEILHOCTI 5(2) JICJINTCSI HALIEJIO Ha, ]7(2), U TaKUM 00pa3oM JIeJIMMOCTDL UMEET MECTO JIJIs
JIIOOBIX 3HAYEHUH IIePEMEHHBIX Z.

Homycrum, aro w - f(y1,...,Ys) = g(Y1,-..,Ys) I HEKOTOPOrO Tejoro umcaa w. M3 coob-
paxkeHuit ymobcrsa OyjeM cauTaTh, 9TO Yo = 1. Eciam npenmnonoxuts, 910 w - a;Y; # byy; s

rexoToporo i € [0..s], To umeer Mecto pasenctso y;(w-a; —b;)) = >, v;j(b; —w-a;). Oxuako
J=0.sNj£i
9TO HEBO3MOXKHO BBH/LY TOTO, 4TO 1,Y1,...,Ys JHHEiHO He3aBucuMbl Hag Q.

Taxkum 06pazoM, KaxKJ0e peleHre MOJCUCTeMbl JHHEHHBIX HEPABEHCTB € PAIMOHAJIbHBIMI

ko burmenramu 52(2) < 0 TakzKe fABJIAETCS BbIMOIHsAONMM HabopoM st P (Z). Tak kak
i /

9T MOJICHCTEMA I/II\/Z[eé&‘mBeIH‘eCTBeHHOe peleHne yi,...,Ys, TO HafIETCs HEKOTOPOE paIMOHAbHOE

pelenue qi,...,qs. Hakonert, X1(q1,-.-,qs);---sX¢(q1,---,ds) €CTh PAIMOHAJIBHBIH BBIMTOJHAIOMUN HAGOD

st @” (), u mosromy dbopmyna @(Z) sbinosaauMa B Q. H
Teopema 6. Ixsucmenyuanvran meopus cmpykmypo, (R;0,1,+, — |[|, =, <, |) paspewuma.

. /
Joxazamenvcmeo. Bocnonbsyemes (2.11) s npeobpasosanus maunoit 3L, -bopMyssl B 9KBH-
BaJICHTHYIO B BEIECTBEHHBIX unciax JLg,-bopmyry. atee, oTHOIIIEHNE HEJETUMOCTH TTO3UTUBHO

SK3MCTEHIINATBHO BBIPA3HMO € TIOMOIILIO (DOPMYIIBI
rfye (=0AN(y<0VO<y)VIzO0<zA(z<zVz<-—z)Az|y+2).

Vckomblit pe3ysibTaT Tenephb cjieiyeT u3 jgemm 2.5.1 u 2.5.2. [
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2.5.2 JIBa pazpemmMbix dpparmenTa Vi-teopun

Obosznaunm s36ik apudmeruku [IpecOyprepa Lpa, KOTOPBIH SBJII€TCs SI3BIKOM IIEPBOTO T10-
psiyika curaaTypbl (1, +, —, < ,2|,3 ] ,4 | ,...). Bamensist Bce yHApHBIE IPEUKATHBIE CUMBOJIBI JJIsT
OTHOIIEHHH JIeJIMMOCTH Ha KOHCTAHTBI Ha €JIMHCTBEHHBIN OMHAPHBIN ITPEIUKATHBI CUMBOJI JIJIsI
OTHOITIEHUsI JIEJTUMOCTH, ToJIydaeM 36k Lpap. U3Bectno, uro IVTh(Z; 1, +, — , <, |) Hepaspe-
muMa. B sToM pasjene OyayT olpeiesieHbl JiBa ceMeiicTBa 3aMKHYTBIX VAL p A p-hopMyin, a 3aTem
OyIeT JoKazaHa Pa3penimMOCTh COOTBETCTBYIOMUX UM (hparMeHToB JV-Teopui.

[lepserit pesymnbrar Oyaer obobiennem teopembl ILA. Ilepeca u P. Paxu [61]. B ykazanzom
[peNprHTe OHU MOKasbiBaioT, uro oaun dpparment IVTh(Z; 1,4+, —, <, |), Koropslil 6bL1 Onpe-
nenén M. Boxroit u P. Nocudom [15], B geficTBUTETEHOCTH OKAa3bIBAETCS HEPA3PEITNMbIM. 3aTeM
OBLIIO JIOKA3aHO, YTO HAJIOXKEHUEM OIPEIeIEHHBIX OTPAaHUYeHIH Ha BT (POPMYJT MOYKHO TOTYIUTH
yiKe paspemnmMbiii pparmMent. VIMeHHO, paspemmnmMoii OKa3biBaeTcs pobdieMa MPOBEPKU UCTHHHO-
CTH B IEJIBIX YHUCIaX (DOPMYJI BUJIA

vaag\/ (7200 0@ A N\ (HOM(Si(@), 0:(@7) = H@) A fi(@) > 0)),  (2.12)
jedJ i€[l..m;]
rae fi(T), ¢;(T,y) — nuHeiinble MOIMHOMEL C IeabiMu Kodddunuentamu, a @;(T) — HEKOTOPbIe
6ecKkBaHTOPHBIE L p 4 p-POpMyIIb.

B sToM citydae MOXKHO JIETKO OTJIEIUTDH KaK/IyI0 U3 IEPEMEHHbBIX, HAXOSAIUXCS 10 KBAHTO-
POM CYIIIeCTBOBaHUS, B TO BpeMs Kak B obmiem ciydae (cm. [ar 1 ajropurma R B paszzene 1.4)
Juts aroro npuMensiiack JIC-emma. Kpome rtoro, nojcucrema HOJ-Bbipazkenuit uz (2.12) yike
JIONyCKaeT IIPUMEHEHHe KUTaificKoil TeopeMbl 00 OCTaTKaX, TaK KaK KarKJIbIH JIeJIUTEb SIBJIACTCA
MOJIOXKUTEIbHBIM TIeJIbIM ducjioM. Ecu ucnosbzoBats HO/I-yieMMy BMecTO KUTaiiCKOr T€OPEMBI
00 ocTaTKaxX, MOXKHO YCHJIUTH 3TO YTBEP:KJICHHE.

Ompesiesium cemeiicTBo oOpMyJI, T/le B KayK/IOM HO/I-BBIPDAKEHUN MTOJMHOM B IPABON dacTh
MOXKET OT/IMIaThCs OT meporo aprymenta HO/I:

vz3g\/ (72 0ne;@n N\ (HOA(A(), 9:(x3)) = hi(@) A fi(@) > 0 A hi(z) > 0) ). (213)
JjeJ i€[1..my]
Bnech h;(T) TakKe SBJISTIOTCS HEKOTOPBIMU JTMHEHHBIME TIOJIMHOMAMHE C HEJIBIMU KOI(DDUITEeHTAME.

s orpeeiéHHOrO TaKUM 00pa30M CeMeficTBa MMEET MECTO CJIE/IYIONasi TeopeMa.
Teopema 7. 3adava nposepru UCMUHHOCTU 6 UeABLT YUCAAT dopmys euda (2.13) paspewuma.

[lepes Tem Kak mepeiiTu K JIOKA3aTe/ILCTBY TEOPEMBI, YI00HO OYIET HECKOJIBKO HepedopMy-

smpoBate HO/-nemmy. Onpemenum ycioBue

1<i<j<m
M JIOKasKeM CJIE/IyIOILYI0 BCIIOMOTATEIbHYIO JIEMMY.
Jlemma 2.5.3. Ilyemv umeemes cucmema euda (2.2), 2de a;, b;, d; me orce, wmo u 6 aemme 2.3.1.
IIpednonoosicum, wmo evinosnerno ycaosue (i), moeda ycaosus (ii) u (iii) odnospemenno umerom

mecmo mozda u moavko mozda, xkoz2da evinosneno ((iii)).
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Jlokasamenvcmeo. Ycnosue (ii) odeBnanbiM ob6pasom caemyer u3 ((iii)). Yeaosue (iii) mmeer Bu

CHUCTEMBI, COCTOSIICH U3 CICLYIONMX Hap JIeJIUMOCTe]i:
HO(a;,d;,b; — b;) | di NHO(a;,d;,b; — bj) | d;

Jutd Beakux 1 <4 < j < m. BugauM, 910 911 tesmmocTn Takxke uMeror Mecto BBy ((iii)).

Ob6paTHO, pacCMOTPHUM IIEIIOYKY PABEHCTB:

HO,Z[(ai,dj,bi - b]) = HO,H (di,HOﬂ(CLi,dj,bi - b]))
= HOJ (HO/L(d;,a:), HOJ(d;,b; — b)) = HO (d;d;) .

[TepBoe paBeHCTBO ecThb B TOYHOCTH ycjoBue (iii), a MOC/e/Hee PAaBEHCTBO HEIIOCPEICTBEHHO CJe-

ayer u3 (i) u (ii). Ha sT0M 10Ka3aT€IBCTBO JIEMMBI OKOHYEHO. O

Bameuanue 2.5.1. Ecau donycmumbv 6 ycaosuu ((iii)) 6odmoorchocmsv i = j, Mo noAywum
HOJ/I(d;,a;) = HOZ(d;,d;), mo ecmo, d; | a;. Iloomomy 6 ycaosuu HOJ[-nemmvl mootcHo 3ame-
Humo napy yeaosud (i) u (1) na ((i1i)) ¢ donoanumesvrots 603MOHCHOCTIBIO PABEHCTNGA UHOCKCOE
i uj. Odnako maxozo poda nepedopmyiuposKa MOHCEM KA3AMbCA HECKOALKO 3aNYMaHHOT 66udYy

mMo20, WMo OHA CKPLIEAEm ABHO odtcudaemoe ycaosue (i).

Jlokazamenvcmeo meopemuv, 7. Harra mens — moctpouts 1o Besikoit dopmyse Buga (2.13) 9k-
BUBAJICHTHYIO B IEJIBIX YHCJIAX YHUBEPCAJbHYIO Lpap-bopmyry. 3areM, BBHJY TOTO, 9YTO
ITh(Z;1,+,—, <, |) paspemmMa Torja W TOJBKO TOTJa, KOTJA yHHUBEpCAJbHAS TEOPUS COOT-
BETCTBYIOIIEH CTPYKTYPBI pa3pelnma, KCKOMBIH aJropuTM mnojydaercs u3 bJl-teopembr.

it yuporennsi moCTpOeHUsT BBEJIEM B CHUTHATYDPY OMHAPHBIN (DYHKIIMOHAJILHBIH CHMBOJI
i dyarnun HOJl n st Kazk10ro mpocToro 9nc/ia p YHapHbIH (hyHKIIMOHAIBHBIN CHUMBOJI JIJIsT
dbyuxnun V, u3 p-apudmernxku Broxu. Mer npeanoraraem, aro HOJI(0,0) = 0 u V,(0) = 0.

U3 onpenenennit (2) caemyer, uro oruorterne HOJl(z,y) = 2z u ero orpurianue BbIpA3UMbI
B cTpykType (Z;1,+, —, <, |) yauBepcambabiMu (opmynamu. OyHKIMOHAIBHBIE CHMBOILL V), B
uToroBoit VL pap-popmyse OyayT BXOAUTH B aroMapible GopMyisl Buga jau6o V,(t1(T)) | t2(T),
m6o V,(t1(Z)) = V,(t2(Z)), rae ¢1(T) u t5(T) cyTh HEKOTOPbIE TEPMBI, IIOCTPOEHHbIE C HOMOIIBIO
IIepEeMEHHbIX U3 T, eIUHHIBI, cioxkenns, sprantanud u HOZl. B rakom ciywae V), moryT ObITH

UCKJTIOYEHBI 13 (DOPMYJIbI TIPU TTOMOIIN, BO-TIEPBBIX
Vo(z) |y & Vo(HOA(z,y)) = V,(2), (2.14)
a BO-BTOPBIX, CJIEIYIOIIErO OlPE/IeJIeHUS

V() = Vp(y) & HOM(x,py) = HOM(x,y) A HOI(px,y) = HOM(x,y). (2.15)

Y
IIycts X m Y — jBa HemepeceKalolmumxcsd MHOXKECTBa, ITEPEMEHHBIX, U IyCThb L(2.16) €CThb

MHOZKeCTBO OeckBaHTOPHBIX (hopmyrt \/ P, (Z,7) 1is KOHEIHBIX MHOKECTB HHJIEKCOB J U (hOPMyII
j€J
I-I)j (f7y) BU/ia

>0A@; @A N @ >0Ah(@) >0 N HOL(E (@), 9:(Ty) = Hi(T),  (2.16)

kell..my] i€[1..15]



58

re T eCTh KOHETHOE MHOYKECTBO [IEPEMEHHBIX U3 X ; §J — KOHEUYHOEe MHOYKECTBO IEPEMEHHBIX 13 Y
[1(®), he(T) mna k € [1.m;] u ¢;(T.y) mas i € [1..1;] cyTb JuHERHbIE TOJUHOMBI C IIEILIMI KO-
dburmentamy. Beipazkenns Fi(T) u H;(Z) mocTpoenst ¢ HoMompbio TOIbKO f1(T), hi(T),..., fm, (T),
P, (T) m dbynxmuonanbuex cumsosos HO m V), m1a MpoCTHIX 4mces p, HPUYEM HMEeT MecTo
cleyIollee OrpaHidenne: 1A Besakoro ¢ € [1..0;] B ciydae, ecan QyHKIMOHAIBHBIE CHMBOI V),

BxoauT B F;(T) To on Bxoxutr u B H;(T). Hakonen, Besxas dopmymna @;(T) umeer Buj

AN Vi @) [tia@ A N\ Ve (61(7) =V, (Fi2(7)) (2.17)
i€[1..my] iel..m;]

rie @;(T) ecth Hexoropas GeckpamropHas L i pom<-bopmyna u t;1(%), tio(T), ti1(7),

t;2(T) — HEKOTOPBIE TEPMBI 9TOTO K€ S3BIKA.

Crenyrormas 1eMMa 3aBEPIIUT JT0KA3aTETbCTBO TEOPEMBL. ]

Jlemma 2.5.4. ITycmo X u'Y — dea nenepecekarowurcs MHONCECTNEA NEPEMEHHDLT, CNUCOK Nepe-
MeHHuT T codeporcumes 6 X, a cnucok (Y,z) codeporcumes 6 Y. Tozda das 6caxoti popmyav, 6uda
I2(7,7,2), 2de V(T,y,2) ecmv nexomopas Lé 16) -popmyaa, MOAHCHO NOCMPOUMD Lé_w)—diopmy/zy

0(Z,y), komopasa 6ydem sxeusarewmna 6 7 dopmyse 32 (T,7,2).

Zoxasameavcmeo. Tak xe, kak u Ha [Ilare 2 anropurma R u3 pazena 1.5, u B reopeme 4, MOKHO
CYNUTATh, YTO KOI(PDUIIMEHTHI TIPU SJIUMUHUPYEMOIl IIEPEMEHHON 2 B KaXKJOM BBIPDAXKEHUHN PaBHBI
enuuanie. B kaxkaoMm KorbonkTe P(T,y,2) mojcucreMa, coCTaBIeHHAs U3 TOJIBKO TEX aTOMapHBIX

¢dopMy1, B KOTOpbIE BXOJIUT TIepeMeHHas 2, Tellepb UMEET BHJL

>0n N\ HONA(Fy(®),q:(T ) + 2) = Hi(T). (2.18)
1€[1..0]

[To onpe/ie/IeHIIO A3BIKA Léw), Boipazkenus F;(T) u H;(T) MOryT IPUHUMATD TOJIBKO MOJIOXKUTE b=
Hble 3Hadennst. [loaTomy Ternepb Mbl MoxkeM nipuMennTh HO/I-yteMMy J171s1 TOTO, 9TOOBI ITEpenncaTh
TOT BaKT, 9TO CYIIECTBYET IIeJI0€ YHUCIIO Z, sBJIsfolneecs: perenneM cucrembl (2.18). 113 3ameua-
aust 1.3.1 citeyer, 9To ecim cymecTByer Kakoe-ubo0 perieHne 2, To CymecTByeT OECKOHETHO MHOTO
HOJIOKUTE/IbHBIX Perienuii cucremsl (2.18), u mosroMy HepaBeHCTBO 2 2> () MOXKHO UCKJTIOYUTh. Pac-
cMOTpuM oTIesbHO Kazkaoe yeaosue HOJl-memmbr, nprnaém asa yeaosus (i) u (iii) mbr 3amenmm

Ha ojHO yesiosue ((iil)). DTa 3aMeHa KOPpEKTHA BBUY JieMMbI 2.5.3.
Yenosus (1) u ((iii)) mepenucars coBeceM HecstoKHO. [Iis (1) Moy auM KOHBIOHKIHIO JICJIUMO-

crei
A Hi@) | E@), (2.19)
1€[1..]]

a ycsopue ((iii)) ecrb B TouHOCTH hOpMYJIA

A (HOLHON(E (). H) (@), 0:(7:9) — 5,(7.5)) = HO(H,(2). H (T))\
1<i<j<l

HOI(HOA(F;(7), Hi(7)), 9:(.y) — 9;(T.y)) = HOL(H:(T),H; (f))>- (2.20)

YesoBue (iv) GyjieM mepenuchBaTh aHAJOIMYHO TOMY, Kak 9T0 ObLIo cienano Ha [llare 2

aJTOpUTMa KBa3WIJIUMUHAIMN KBAaHTOPOB R m3 pasaena 1.5. EanncTBennoe orimdne cOCTOUT B
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TOM, 9YTO BMECTO ypaBHeHI/IfI 1 HepaBEHCTB C p-IIOKa3aTeJIAMHA 6y,ZLyT HCIIOJIb30BaTbCA YpaBHEHUA

u jgeaumMoctu ¢ ynkiuaMn V,. ViMenno, B HalreM ciiydae IoJIydaeM CJIeJLyIONTyI0 KOHbIOHKITHIO:

A A 2@ . (2.21)

p<IApeEP \ IC[1.IA|I|=p

rae P ecTb MHO2KECTBO IIPOCTBIX 9HCEJT U

0@y =\ VipH(@) | H@) v\ V,(H(T)) = V,(F(T))

ieINje[L..]] i€l
vV VH(@) | 9:(@) — 9;(T 7). (2.22)
i,jEINiI#]
OtrmeTnM, 9TO BCIKast JETUMOCTD B (2.22) C IIepEMEHHBIMU U3 I MOYKET ObITh Ieperucana OueBy/ -

HbIM O6p&30M B BHJIE

HOZ(V,(Hi(T)), 9:(T.9) — 9;(T ) = V,(Hi(T)).

Hrobe! ocTpouts dopmyiy 0(7,7), B Kaxka0M KOHBIOHKTE (T,Y,2) 3aMEHUM HOJICHCTEMY
Bua (2.18) Ha coorBercTByIONyIO €if KoHbOHKINIO (2.19)A(2.20)A(2.21). IIpumenennem 3akoHa
nuctpubyTuBHOCTH TIpuBeaéM (opmyay K JIHD. Ocranmoch moka3aTh, 9TO BO BCSIKOM KOHBIOHK-
T€ IOJCUCTEMbBI, COCTABJEHHbIE M3 aTOMapHBIX (OPMyJI, He COJEp:KallUX IePEeMEeHHBIX U3 ¥,

MOXKHO Tepenucarh B Buje (2.17). st npusemenusi aroMapHbIX GOpMysI K TpeOyeMOMY BUILY

JIOCTATOYHO HECKOJILKO pa3 Bocmoib3oBaTbea pasencrBamu HO(V,(z),y) = V,(HOU(z,y)) u
HOZL(Vy (2).Vy(y)) = 1. s
Bropoii paspemmmbiii dparment V3-teopun crpykrypbl (Z;1,+, —, <, |) nomyudaerca B

Ka4decTBe MPAMOTo CjieICTBUA TeopeMbl 4. VIMenno, paccMOTpuM (pOPMYJIBI CJIEJIYIONIEr0 BUIA:

va3g\/ (@@ A\ HOMA(@),9:(7.9)) = di ). (2:23)
jeJ i€[1..my]

rae fi(Z,y), ¢:(T,Y) cyTb HEKOTOPbIE JIMHEHHbIE TIOJHHOMBI ¢ HeIbiMu Kodddurmentamu, a @;(T) —
HEKOTOpbIe GecKBAHTOPHBIE L pAp-opmysibl. 13 onpeenennii (2) cieayer, 9ro 310 JeificTBATE b
HO HeKOTOpbIe VAL p4p-GopMysibl. 37ech yKe HET HUKAKUX OTPAaHUYEHUIl Ha MMOJTMHOMBI B JIEBOM
YaCTU HOJI-BbIPAXKEHUii ¢ TIepEMEHHBIMU U3 7, OJHAKO IOJTMHOMBI B IIPABLIX YaCTIX TAKUX HOJI-BbIPa-
JKeHUl 00s13aTe/IbHO SIBJIAIOTCS HEKOTOPBIME TOJIOXKUTETLHBIMU TEIbIMUA dnuciamu. Kpome Toro,
IlepeMeHHbIe U3 § He BXOJST HU B KaKoe JInHeiiHoe HepaBeHCTBO. Teopema 4 maér HaM CJieayomuit

pe3ysbTar i TAaKUM 00pa30M OIpeaeéHHOro ceMmeiicTBa (hopMy.I.

CaexncrBue 4.1. 3adaua nposepku ucmuHHOCMU 8 UEADT “uciax dopmyn suda (2.23) paspewu-

M.

Jloxasamenvcmeo. Tlpumenum teopemy 4 jjist 3JIMMUHAIIANA BCEX SK3UCTEHIUATBHBIX KBAHTOPOB.
3areM TepenwuiieM Ju3ypaBHEHNs ¢ TOMOIILIO OTHOIIEHUS OPSIKA JIJIsI MOy YeHUsT YHIUBEPCAb-
HOIi (bOpMyJIBbI sI3bIKa TIepBoro mopsiaka curuarypser (1, +, — HOJI, <, |). CHoBa Bocmosib3yeMcst
onpegesieanem (2) s uckiodernss HO/L uz dopmysiel, a 3arem npumennm BJI-teopemy, arobbr

IIOJIyYUTh UCKOMBIIT aJITOPUTM. [
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2.6 AjaroputMm kBazu-IdK 11 3K3MCTEHINAJIBHON apndMeTuKNI
HaTypaJIbHbIX YHCeJI C eJUHUIEi, CJI0XKEeHNeM W B3aUMHOI IPOCTOTOM

He n3BecTHO, MOYKHO /I 00OOIIUTH TEOPEMY HIPEIBIyIIero naparpada u JI0IyCTUTh HCHIOJIb-
3oBaHne JuHEHHBIX HepasencTB f(Z,7) = 0 B (2.23). Tem He MeHee, BBINVIAINT €CTECTBEHHBIM

pacCcMOTpEeTh HpO6JIeMy COBMECTHOCTH B IEJIbIX 4YHMCJIaX CHUCTEM BHIa

¢.(2) = Az=BACz=DA [\ HOA(fi(%).9:(2)) = d;, (2.24)
i€[l..m]
e A u C' — nenoducieHHble MaTpuIlpl, a B, [ — 1e/J09iC/IeHHbIe BEKTOPHI.

Buny cnencrBus 5.1, oTpurianue OTHOIIEHWS B3AaUMHON IMPOCTOTHI HE  ABJISETCH
P3-seipasumbivm B cTpykType (Z;1,+,—, L), omHako ocraércss HEeM3BeCTHBIM, OyJeT Jii OHO
P3-BbipasumbiM B CTPYKType, pacIIMpPEeHHON OTHOIIEHHEM MOpsAiKa. 1TOObl paclno3HaBaTh IPO-
U3BOJIbHBIE (DOPMYJIBI dK3UCTeHIna bHoi apudmeruku IIpecOyprepa ¢ oTHOIIeHHEM B3aMMHON
npocrorel 3Th(Z; 1,4+, —, <, 1) (06o3uauuMm Lpac COOTBETCTBYIOININIA SI3bIK [IEPBOTO MOPSIIKA),

JIOCTATOYHO PACCMOTPETH MPOOJIEMY BBIIOJHUMOCTU B Z (POPMYJT BUJIA

@) =08>2AAz=BACZ>DA [\ HOL(fi(2).6:(2)) = d;

i€[l..m]

AN\ HOM(fi(2).4i(2) = diss.

i€[m+1..1]

(2.25)

C nomoribio Teopembl 4 ocTponM KBazu-IK ajiroputm i TpOBEpKH UCTUHHOCTH B TIEJIBIX
qucaax 3aMKHYTBIX P3Lpac-dopmyir. DTor aaroput™, KoTopelii 6ymer Hazsan CT, oKasbiBaeTcs
3HAYUTEIHLHO MIPOIIE, YeM KOMOMHAINs aJropuT™MoB R u D u3 1nepBoii r1aBbl /il JJOKA3aTe/IbCTBA
BJI-teopembr. Hamee, s npousBoibHBIX 3L pac-DOpMys OyaeT MOCTpoeH ajroput™m kKpasu-dK
C, KOTOpBIii OCyIIeCTBUT cBejieHne mpobsieMbl paspemumoctu st ITh(Z; 1, +, —, <, L) x upo-
Gireme paspemmmoctu it oamoro dpparmenta teopun 3Th(Z-o; 1,{a-}aez.,,HO, =), rme HO/I
€CThb JIBYyXMECTHBINH (DYHKIIMOHAJIBHBIN CUMBOJI JIJI COOTBeTCTBYyMOMmei ¢yukinun. s 3aBepre-
HUS JIOKA3aTEeILCTBA PA3PEIIMMOCTH JIOCTATOYHO OyJ/IeT MPOU3BECTU HECJIOXKHYI0 MOIMMDUKAIUIO

ajroput™ma Kasu-dK D.

2.6.1 Ilo3uTuBHBIN caydaii

Beumny nemmbr 1.2.2, mocTpoenune paspernralonieil mporeyphbl I MTO3UTUBHON SK3WCTEHIT-
aJbHON Teopun cTPYKTYphl (Z; 1,4+, —, <, L) cBoguTcs K MPOBEPKE BBHITOJIHUMOCTH B IEJIBIX

YHCJIaX CHCTEMBI BHIa

y=0A /\ HON(f:(©).e:(®) = d. (226)

i€[1..m]
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Omupegennm a3piku anropurma keasn-dK CT s paccMaTpuBaeMoil CTPYKTYPBI.
Copr S Oyaer mycTbiM, U s3bIK Le+ OIpPEIeéH KaK MHOXKECTBO OECKBAHTOPHBIX (DOPMYJT

V @;(¥;) Mg HEKOTOPOTO KOHETHOrO MHOXKECTBa HHJEKCOoB J; u dopmyn @;(y;) Buga (2.26).

Jj€NI

MuozkecTBO (HOPMYJI SJMMUHAIMOHHOrO BUJia L, JUIs JTATHHCKOI IIePEMEHHOI & eCTh MHOYKECTBO

Le+-dopmyn \/ @;(x,z;) Juis KOHEIHOrO MHOXKeCTBA HHJEKCOB Jo u dopmyrt @,(z,Z) cremyio-
JEJ2

IIEr0 BUJIA:

220A220A0(Z) A N\ HOL(fi(2).5:(z) + cix) = di, (2.27)

i€[l..m]

r7le © He BXOJUT B CIIUCOK IEPEMEHHBIX Z, ¢; > (; KayKIbIit ]?Z(E) ABJIFeTCA JIMHEHHBIM IOJIMHOMOM
C HEOTPUIATETHLHBIMU TEJIBIMI KOI(DDUITUEHTAMI U [TOJIOKUTEIHLHBIMI CBOOOHBIMU UJICHAMH, &
dopmyita (2[5(2) €CThb CUCTeMa HOJ-BBIParKEeHUN.

[ITar 1 amropurma Ct okaswpIBaeTCA 3HAUMTENIBLHO Ipomie mara 1 agropurma R u3 pasie-
Jgia 1.4 mo Tolf mpuUYMHE, YTO TOJMHOMBI B IPABBIX YACTAX HOJI-BbIPAXKEHUIT BCErJia sIBJIAIOTCS
HEKOTOPBIMU MTOJIOYKUTETbHBIMI KOHCTaHTaMU. Kpome Toro, B opMysiax OTCYyTCTBYIOT I'DeYecKre
nepeMennbie. Kak OyjieT mokaszaHo HUXKe, UX BBeJIeHUE TOTPeOyeTCs Jijid 3aIlUCh OTPHUIAHUS OT-
HOIIIEHUs B3aUMHOI TPocTOThI B ajiroputMe C. Cdhopmynupyem mpeodpa3oBaHUs, BBIIOTHIEMbIE

Ha 39TOM IIIare, B BHUJAE JIEMMDLI.

Jlemma 2.6.1. Cywecmeyem aszopumm, Komopuil no écaxot Le+-gopmyse @©(Z) ecmpoum pas-

HOBBINOAHUMYIO 6 UeabT wucaar Jussronkyuto \/ @;(Z;) daa Koneunozo mroorcecmea urdekcos J,
jeJ

max 4mo 0aa xaoicdozo j € J cnucox nepemennuixr Z; codepacum menvuiee AUbOO PacHoe HUCAO

— — Zj o o o —_—
nepemenmols, wem z, u ©;(z;) asaaemca Ly -dopmyroti drs nexomopoti nepemenoti x; € Z;.

Joxazameavcmeo. B mokasarenbcTBe MbI CHOBa Bocmosibdyemcs JIC-memmoit u3 pasgena 1.2.1. B
TepMuHax paszesna 1.2.1 6yaem TakxKe TOBOPUTD, YTO HEKOTOPAd JUIBIOHKITUS MOJTyYeHA «NPUME-
neruem JIC-nemmor x popmyae @©(Z)», ecau B ogacucremy S(S) BoIM Bee JIMHEHHBIE YPABHEHUST
1 HepaBeHCTBa U3 @(Z).

MoxkHO cauTaTh, YTO K KasK/JIOMY JU3bIOHKTY AaHHOH Le+-dopMysibl ObLIa IIPUMEeHEeHa JIEM-
Ma 2.2.2, u B pe3ysbrare mnojydeHa Ju3bloHKiusg (opmysn Buga (2.27). st sroit dbopmyiist
HOCTPOMM PABHOBBIIONHAMYIO B IeMbX wncaax opmyry D (z7) V @y(z,%), takyio uaro &y (7)
ecTh MU3bIOHKIWs GopMy/T Buja (2.27) ¢ MEHBIIUM YHCJIOM MEPEMEHHBIX, a 52(33,2_2) ABJIACTCS
musblonknueit L, -popmyn. IlosTopsia sToT mponecc ¢ IepBbIM JU3BIOHKTOM IIOKa €ro CIIMCOK
[ePEMEHHBIX HE CTAHET ITYCTbIM, TOCTPOUM UCKOMYIO JIM3BHIOHKITUIO.

dopmyiia ®, (Z1) moaygaercsi B pesysibrare pa3bopa CIydaes, JJisi KOTOPBIX ﬁ(?) = 0. O6o-
3HAYNM KOHBIOHKIWIO Z = 0 A x = 0 A (:(5(2) ¢ nomompio d(x,7), Torma D(Z7) ecTh pesymbraT

npumererus JIC-j1eMMbl K KaxKI0# CHCTEME CJIeIYIONIel N3 bIOHKIUN:

V.V (#0250 20856 + oo =od
je[l..moe{—1,1}

AN HOARE)G(E) +cm) = d,

1€[l.m]Ni#£]
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Jlpyroii cydaii, Korjia rmepBble apryMeHThI HOJI-BbIPasKeHU HEHYyJIeBbIe, OyIeT omucan gpop-

MYJIOM 52(33,2_2). PacemMoTpuM ci1e1y 1oy o I3 bIOHKINIO:

oe{-1,1}™ i€[l..m)
[Ipumenennem JIC-teMMBI K IIOJICHCTEMAM, COJEPIKAINAM BCe JIMHEHHbIE YPaBHEHUs W HEpaBeH-
CTBa C NIEPEMEHHBIMI U3 Z KazKJIOTO JIU3bIOHKTa, (2.28), Moy anM Ju3bioHKImo L, -bopmyrr. 91o

3aBepinaer nocrpoenne Po(r,%3) U 10KA3ATEITHCTBO JIEMMBI. O
Temneps BCE roTOBO I JI0KA3aTEIBCTBA CIIELYIONIET0 YTBEPXK/ICHN.

YTBepkK/1eHue 2.6.1. Ilosumusnas IK3UCTNEHUUAADHASA mMmeopus, CMPYKMYpvl

(Z;1, 4+, —, <, 1) paspewuma.

Jlokazamenvcmeo. Jocrarouno onpenesuts Ilar 2 ajropurma kpasu-9K Ct. ITycrs umeercs
Lg-dopmyna \/ @;(x,Z;) yId HEKOTOPOro KOHEYHOIO MHOXKECTBa MHJEKCOB J u L&, -dopmyin
j€J

@;(z,Z;). Ha mare 2 mas xaxgoro j € J x dopmynam Jr@;(r,Z;) npuMensercs jtemma 2.3.1
TaKUM 2Ke 00pa30M, KaK U B JIOKa3aTeIbCTBe TeopeMbl 4. 371ech, OJHAKO, HE PACCMATPUBAIOTCS
caydan paBeHCTBa HYJIIO MEPBBIX apryMeHTOB HOJI-BBIPDAKEHUI, TaK KaK 10 OMPEIeIeHUI0 T3bIKa
L, oM MOryT NpMHMMATDL JIMIIbL HOJIOXKHUTEIbHbIC 3Hadenud. Kak u npexne, samedanne 1.3.1
[I03BOJISIET OIYCTUTH OI'PAHUYEHUE HEOTPUIATETLHOCTU Ha JIMMUHUPYEMYIO TIePEMEHHYIO.

Takum 06pa3oM CTPOUM KBUBAJEHTHYIO B IIEJIBIX THCIAX U3 bIOHKIIUIO \/Jll) i(7Z), tne ¥ ;(%)

j€

cyTh HeKoTOpble Le+-opmyibl. Ha 9ToMm 3aBepriaercs onucanue aaropurma CT, 1 MbI Oy JaeM

NCKOMYIO Pa3peNIaroniyo MIpoIemLypy. O

Camo 110 cebe 3TO yTBEpKICHUE He sBJIsIeTCS HOBBIM, OHO cJieiyeT u3 bJI-reopembr. OiHnako
ABTOpPY HE M3BECTHO KAKUX-JINOO SIBHBIX m3soxkeHuit aimroputma s PATh(Z;1,+, —, <, 1),
KaK 1 JII CJIydast, KOT/ia MO3NTHBHOCTE (hOPMYJT He TpebyeTcs. DTo 0000IeHe paccMaTpUBAETCsT

B CJEIYIONIEM IIOJpa3iee.
2.6.2 OO6obGIIeHe HA TPOW3BOJIbHBbIE YK3UCTEHITNAJbHBIE (DOPMYJIBI

JI1g IpOBEPKM BBITIOJIHUMOCTH B Z, OECKBAaHTOPHBIX L pac-HOPMYJT IOCTATOYHO YMETH MPO-
BEPATH COBMECTHOCTD B IEJIbIX YUCJax cucteM (2.24), B KOTOPBIX TaKKe JIOIYCTUMBI BHIPAsKEHUST
sugna HOJL(f(Z),9(T)) # 1. D1y 3amady MbI cpa3y CBeJEM K BOIPOCY BBIIOJIHUMOCTH B Z (hop-

MyJ BRI

§22A720A N\ HOA(f(@).0:@) =din N\ HOA(fi().0:(®) = didi.  (2.29)

i€[1..m] i€[m+1..]

BadukcupyeM 3T0 1peodpazoBaHe B BHUJIE JIEMMBbI.
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Jlemma 2.6.2. IIpobaema paspewumocmu das ITh(Z; 1,4+, — , <, L) ceodumea x npobaeme cos-
mecmnocmu 6 7 cucmem euda (2.29).
Jlokasameavemso. Ilycrs @(Z) = @+ (Z) A A\ HOI(fi(2),9:(Z)) # 1, tae @ (Z) umeer BuI

i€[m+1..K]
(2.24). Kazk10e HOJI-BbIpazKeHue JJist HHJEKCOB 4 € [m+1..l] nCTUHHO TOrIa U TOJIBKO TOTJIA, KOr/a

JIJISI HEKOTOPOT'O IEJIOT0 YHC/Ia O; BBLITOJIHSICTCS
(fiZ)=0Agi(Z) =0)V (5 =22NHOL(f;(Z).0:(Z)) = &)

Taxum obpazoMm mpeobpasyeM KaxKjioe BbIpaKeHHe YKA3aHHOTO BUJIA W IOJIYYIUM JIJId (POPMYIIbI
@ (Z) paBHOBBIMIOJIHUMYIO B TIEJIBIX YUCIAX JU3IBIOHKINIO (hopmyst Bujaa (2.25), B KOTOPBIX TAKXKe
MOTYT OBITH JIMHEHHbIE YDABHEHUS U HEPABEHCTBA OT MEPEMEHHBIX Z. UTOOBI OIYIUTh YKeJIaeMbIit
pe3yIbTaT, OcTaI0Ch npuMeHnThb JIC-1eMMy K mojicucreMaM KarK0ro U3 bIOHKTA, COCTOSIIIIIM U3

BCEX JIMHEMHBIX YPaBHEHUN U HEPaBEHCTB OT IIEPEMEHHBIX Z. 0

Teneps nmocrpoum ajropurm kKBasu-dK C, KOTOPBIi CBOIUT MPOOJIEMY BBITIOJTHUMOCTH B 116~
JBIX guciaax dpopmya Buja (2.29) K mpobsieme paspernmMocTa st pparMeHTa SK3UCTeHINATBHON
Teopuu CTPYKTYPsl (Zso; 1,{a"}eez., ,HOI, =), rae HO/I siBisiercs GuHapHbIM QyHKIIHOHATBLHBIM
CHMBOJIOM. PaszpermMocTh Mocjie/[Hell TeOPUN HECJIOKHO YCTAHOBUTH € HMOMOIIBIO ajropurma D

u3 pazzena 1.7. meer mecTo ciejyiomniee 00600IeHne TeopeMbl 3.
Jlemma 2.6.3. Ixsucmenyuarvran meopus cmpyrkmypve (Zso; 1,{a-}aecz., . HO, =) paspewuma.

Joxazamenvcmeo. dta j1eMMa BCE emé ciaeayeT u3 paspemmumoctu apudmernkn CKojaeMa ¢ KOH-
crantamu Th(Z-o; 1,{a }aez-y, -, =). Ho MoxkHO n0Ka3ars eé ¢ momompio anropurma Keazn-K.
[annas sk3ucTeHnuagbnasd GopMysia Mocae BBEIEHUA HEKOTOPBIX BCIOMOIaTeJbHBIX Iepe-

MEHHDBIX MOXKET ObITH IIepelrcada B Buae JU3bIOHKIINU Cl)OpMy.H BHU1a

Ty /\ fi(@) # 9:(m) A /\ HOI(fi(¥),9:(W)) = hi(y), (2.30)

i€[1..m] i€[m+1..0]

vie fi(9), 9:(¥), hi(y) cyrs b0 au, mbo a Jjist TMOJOKUTETHLHOTO TEJI0r0 IUCIa ¢ U ePEeMEeHHOM
(ASHTR

Cuagajia mpeobpazyeM 3Ty (hOpMyJIy ¢ HOMOIIBIO jemmbl 1.7.2. B mamem ciydae mocre
3aMEHbI [IEPEMEHHBIX B HEKOTOPOH KOHbIOHKIMU Buja (2.30) MOXKeT MOSBUTHCS MTPOTUBOPEUNE
f(@) # f(y), u B 9T0M Cilyuae oHa Beerja JIOXKHA.

[Iycts Teneps B hopmystax aiaropurma D umerorcs qudypasaenus. [lar 2 oueBuaHo ocTaér-
cs1 6e3 U3MeHeHnil, Tak Kak 110 3aMedanuio 1.3.1 Bcerjia MOKHO BBIOpATh pelieHne JIaHHOW CUCTEeMbI
HOJI-BBIDAXKEHU{T, KOTOPOE yJIOBJIETBOPSIET BceM au3ypaBHeHusiM. [IpumMensis npeobpasoBanus Iia-
ra 1, K&Kk ¥ B TOJBKO 9TO MOAUMPUIUPOBAHHON Jjemme 1.7.2, MOYXKHO IOJIYIUTb IIPOTUBOPEUNE
f(@) # f(y). B arom ciryuae cooTBeTCTBYyIONIAS KOHBIOHKIINSA MOXKET OBITh HCKJIOYeHa U3 Gop-
MYJIbI, TaK KaK OKa3blBaeTcsi Bceria JoxKHOM. Ha srom mommdukanus aaropurma kBasu-dK D

3aBepleHa, 1 TaKuM 00pa30M OJIHOBPEMEHHO MOJIyYaeM UCKOMYIO pa3pelralontyio mporieaypy. [l
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Hazosém Tepmbl s3bika L (110 Yacs g HOML=) PUMUMUGHOLMU nod-mepmamu. Ecin T(X) siB-
JIAETCA TPUMHUTHBHBIM HOJI-TEPMOM, & P — HEKOTOPBIM IPOCTLIM 9HCI0M, TO TepMbl Buga V,(1T(x))
OyJIeM Ha3bIBATH P-0UEHEHHLMU NPUMUMUSHUMU HOO-mepmamu. 36K Le anropurma Ksasu-dK
C cocTouT U3 SK3UCTEHIHAIBHBIX dopmyt 30 \/ @;(7;,0) A1 HEKOTOPOrO KOHEIHOI'O MHOMKECTBA

Jj€N

unzgekcos J; u dopmyn @,;(7;,0) Buga

3022/ 2277 20A N\ HOL(fi(%).9:(D)) = di

i€[1..k]

A /\ HOI(f:(9).9:(¥)) = did; (2.31)
i€[k+1..1]

N /\ HOJ(HO(£:(7), Fi(8®)),9:(7)) = Hi(5@),
i€[l4+1..m]

rie 5 = Oki1,--,01 ! 5@ = O141,e-,0, CYTH HEIIEPECEKAIONINECS MHOXKECTBA I'PEUECKUX ITePEeMEeH-
HBIX; Kak 0ObIaHO, f;(7), ¢;(7) — JiuHeliHble MOJUHOMBI C TEJIbIMU KOIDhUIMEHTaME, a Fz(m),
Hl(W) ABJIAIOTCA JIMOO MPUMHUTUBHBIMU HOJ-T€PMaMU, JTUOO JIJIsi HEKOTOPOrO IIPOCTOTO YUC/Ia
P OJTHOBPEMEHHO P-OI€HEHHBIMU TPUMUTHBHBIMU HOJI-TepMaMu. ByjieM B jiajibHeinemM Ha3bIBATh
nod-evipasicenuam Beskoe Boipakerne Buga HOJ(u,v) = w, kKakumu 661 HU OBLIH TEPMBI U,V W,
a He TOJbKO B CJIy4Yae JIMHEHHDLIX MOJIMHOMOB.
MHuozxecTBO (bOPMYII JIMMUHAIIMOHHOTO B L Jist JIATHHCKOM 11€PEMEHHON & €CTh MHOYKE-
¢80 Le-cbopmyn 38 \/ @;(2,7;,8) J1st HEKOTOPOTO KOHETHOTO MHOYKECTBA HHJIEKCoB Jo 1 @ (7,7,0)
JEJ2
BUJIA:
522A220A2>0A0(ES)A [\ HOL(F(2.8).5:(2) + cix) = Hi(®), (2.32)
i€[l..m]
rjie © He BXOJWUT B CIHCOK IEPEMEHHBIX Z, ¢; > (; KaxKJ0e BbIpayKeHHe F}(E,S) ecTb Jubo
JINHEHHBIA [TOJIMHOM C HEOTPHUIATETbHBIMU IEIbIMA KOI(M(MUIMEHTAME ¥ TOJOKUTETHHBIM CBO-

6omubiM wienoM, smbo HOJ(f(Z),F(d)), rue F(8) — NpUMUTHBHBIN HOJ-TEPM, JIHOO P-OICHEHHBIIT
IPUMUTHBHBIA HOJ-TePM; HAKOHEIl, @(Z,0) sBJIFAETCS CHCTEMOi HOJ-BbIparKeHWil 6e3 BXOXKICHU
IIEPEMEHHON .

Tenepb 1moTyIuM OCHOBHOM PE3YJILTAT ITOTO pa3Iesa.

YrBepxkaeune 2.6.2. Fxsucmenyuanvras meopus cmpykmypos (Z;1, 4+, —, <, L) paspewu-

MQA.

Jloxaszameavcmeo. BBuiy Toro, uto m3 Kaxkjion Le-popMysibl, He cojepxKalieil JTaTUHCKUX Iie-
PEMEHHBIX, MOYKHO HCKJ/IIOUUTH P-OIE€HEHHBIE MPUMUTUBHBIE HOJ-TEPMBI C MOMOIIBIO PaBEHCTBA
HOA(V,(x),y) = V,(HOL(x,y)) u dopmyst (2.15), HECI0KHO yBUAETH, 9TO AJIrOPUTM KBasu-OK
C cBopuT mpobJsIeMy BBITOJTHUMOCTH B IEJbIX ducyiax Z cucreM Buja (2.29) kK npobieme paspe-
IIIMOCTH 1l (PparMeHTa SK3UCTEHINAIBHON Teopurt CTPYKTYPBL (Zo; 1,{a-}eez.,,HOI, =). B
JleMMe 2.6.3 ObL1 onmcan ajaroputM kKBasu-dK s sroit Teopun, a u3 jgemmbl 2.6.2 ciejyer, 9To

JIJIs1 3aBePIIeHns] JT0Ka3aTeIbCTBA JOCTATOYHO OIPEIe/IUTh mar 1 u mar 2 ajaropurMa Kpasu-oK

C.
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ITIar 1. IlpeoGpasosanus sToro mara obobmaior mar 1 amropurma Ct. Ilpumenssa mem-
My 2.2.2 K KaxKJIOMY HOJI-BBIParKEHUIO JaHHOI cucteMbl Bijia (2.31), moydunm cucremy Buja (2.32).
OTMeTnM, 9TO B CIy4uae HOJ-BhIPasKeHUii ¢ IPUMUTUBHBIME HOJI-TEPMAaMU, CHAYA A IPYIIIAPYIOTC
meiisre nomoss: HOT(HOZ(fi(7),F(6®)).04(7)) = HOJ(HOI(f(7).04(7)), . (5®)), sarent
npUMeHsIeTcs jJeMMa 2.2.2, 1 HAKOHEI[ BbIpaskKeHue MepeluchblBaeTcsa B CTaHIaPTHOM BHJIE.

Teneps pacemorpum cucremy @ (z,%,0) suga 60 = 2A82 > 2AZ2>0Az >0 /\6(2,3) A
A(,2,9), Tae

Az8) = J\ HOI(fi(2),5(2) + i) = d;

1€[1..k]

AN\ HOL(fi(2), 5:(2) + cix) = did;
i€[k+1..1]

N /\ HOJI(HOJI(f:(2).Fi(8®)), 5:(%) + c;x) = H;(5®).
1€[l+1..m]

Jns dopmyisr 0@ (2,2,8) Takum Ke 06pa3oM, Kak u Ha mare 1 anropurma R u3 paszena 1.4,

[OCTPOUM PABHOBLIIIOJIHUMYIO (hOpPMYILy
36(B0(z.8) v &1(71.8) v Ba(27.5) )

e Do(75,0) m Py (Z7,8) CyTh AMIBIOHKIME cHcTeM BHja (2.32) TAKHX, ITO CIHMCOK TepPeMEHHDIX
Zo COJEPXKUT Ha JIBe, a CIHUCOK Z] — Ha OJHY IEePEMEHHYIO MEHbIIe, YeM CIucokK (x,Z). B To
JKe BpeMs, 52(36,2_2,3) Oyuer IM3bIOHKIUEH TpebyeMoro BUIa, TO €CTh, 3852(1‘72_2,3) OKazKeTecsl
HEKOTOPO# LE-bopMytoit.

[TocTpoenue 3TUX AU BIOHKIMI TPOU3BOAUTCA TAKUM K€ 00pa3oM, Kak U BO BTOPOIi 4acTu
paziena 1.4. Ormernu, 4to st hopMysnt O, (Z1,0) HAM He HYKHbI OFDAHMYUCHHUS Ha, HOJ-BBIPaZKe-
Hust Bujia (R-2), Tak Kak Ternepb NMETCs JIBA HEIIEPECEKAIOIINXC sl CIIUCKA IPEUYECKUX EPEMEHHBIX
5 1 5@, Takum 06pasom, st Besikoro i € [k +1..1] 3amena %{%CM) BMECTO O; IIPUBEJIET JIUII
K 3aMeHe HepaBeHCTBa O; > 2 Ha 0(g;(Z) + ¢;x) = 2d,;.

IMTar 2. Kak 06buHO, HEe ymMasissl OONIHOCTH MOXKHO CYUTATh, 4TO B mojcucreme (2.32),
cozepzKalieil I30JUPOBAHHYIO IIEPEMEHHYIO T, Bee KO3(MDMUIMEHTHI ¢; PABHBI €IUHUIIE.

Ha stom mare jis pamnoit Lg-copmyrsr I8¢ (2,2,0), re

P(rzd) =822A720A2>0A9E8) A [\ HONA(F(28)5((2) +x) = H(5), (2.33)
i€[1..m]
bopmyna Jr@(x,Z,0) nepennchBaeTCS TAKIM 00Pa30M, YTO B HTOIe MbI IIOJIYYHM SKBHBAICHTHYIO
B Z cbopmymy (Z,8), mprmaém 0P (Z,0) okasbBaeTca HEKOTOPOI Le-hopMyIIoii.

[TepBble apryMeHTBl HOJ-BBIDarKeHUil, COJEPKAIUX [EePEMEHHYI0 T, MOTYT PUHHMATH
TOJIBKO TIOJIOKUTCIBHBIC SHAMCHHS: 9TO OYCBHIHO, Koraa [F}(Z,0) CyTh JMHEAHDIC MOIMHOMEI C
TepeMeHHbLIMI U3 Z, I TakzKe BepHo s Bhipazkenmit suma HOJ(f(Z),F(5)), Tak Kak 3HadeHus
F(8) Beerna monoxurepabr. ClleloBaTeIbHO, Terieph MOKHO mpmvenats HOJI-meny, puaém ¢
TEXHIIECKON TOUKH 3peHns ygobnee 3aMeHuTDh jBa yciaosus (ii) m (iii) ma ogmo ycmosme ((iii)).

Kpowme Toro, BBUIy 3amedanus 2.5.1, MoxkHO 103B0HTH B ycsaoun ((iii)) paBeHCTBO MHIEKCOB

i = j BMeCTO TOr0, 9TO0BI MEPeNUChIBATH OTAEIBHO yeaoBue (i).
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((iii)) mrst Begrux 4,7 € [1..m]. st 97010 yeaoBus MOy IUM CJIEIYIONLYIO0 KOHBIOHKIIUIO:

A\ HOIMHOI(Fi(z,5),H;(3)),5:(%) — §;(2)) = HOI(H;(8), H;(3)). (2.34)
1<i,j<m
Tenepb IIOKa2KeM, 9TO CUcTeMa (2.34) MOZKET OBLITH Iepenucatna B BUJE IIOJCUCTEMbBI HOJ-BbIpazKe-
Huit u3 Le-hopMyIibL.
DTO HECTIOXKHO CJeJIaTh, eC/I F ( 3) ABJIZCTCA JTUHEHHBIM ITOJIMHOMOM C II€PEeMEHHLIMU U3

z. B cayuae Fy(2,8) = HOJI(f;(z),F;(3)), umeen
HOJI(F;(%,8),H;(8)) = HOJI(f:(%), HOZ(F(8),H;(3)).

J1st TOoro, 9T00LI BBLITOJIHSIACH OIPAHUYCHUS Ha P-OICHEHHBIC IIPUMUTUBHBIC HOJI-TEPMBI, CHOBA,
wenomayent pasercrna HOTI(V, (2).5) = Vy(HOZ(ry)) n HOTI(V,(2), V() = V(1) = V(1) = 1
JUIsl PA3JIMYHBLIX IIPOCTBIX YHUCEA P U ¢. ITH ABe (POPMYJILI BMECTE C €II¢ OJHUM OYEBUHBLIM
pasencrtBoM V,(Vy(x)) = 1 OGyayT HCIONB30BATHCS HESBHO NPU IIEPEHUCHIBAHUN yCI0BHA (iv)
ISl TOTO, 9TOObI BBIHECTH V), Ha BHEIIHUI yPOBEHb TEPMOB sI3bIKa [EPBOIO IIOPSIIKA CHIHATYPDI
(1{a}aez-0:{Vp }per, HO, =), rie P ecTb MHOKECTBO HPOCTBIX THCEL.

(iv). Eciin paccMarpuBaTh 9TO yCJI0BHE AHAJOIMYIHO TOMY, KaK 9TO ObLIO CIEJAHO B JOKA3a-

TeJIbCTBE JIEMMBI 2.5.4, TO MOJIyYNM CJIEIYIONLYI0 KOHBIOHKITNIO:

A N 239 |, (2.35)

p<mApeP \ IC[1.m|A|I|=p

rae o o o o
20z8) =\ V(pH:@®) | H;Q) v \/ Vi(Hi(8)) = V,(Fi(z.3))
icInjel..m] iel
vV VaHi(3) | 5(Z) - 55(2).
i,jEINIF£]

YT100bl HOJ-BbIpaXKeHUd UMeTn BUJ, TpedyeMblil 1y Le-hopMyst, cHadasia BOCIOIb3yeMCs
dbopmyitoit (2.14) st Toro, 4ToObI IIEPENUCATh BCAKYIO JIETMMOCTD V(pH ) | H; (8). Uneer

MECTO CJIe/IyIoIee PaBEHCTBO:

V,(HOL(pHi(8), H;(8))) = V;(pHi(3)).

Hasnee, ns Besikoro pasenctsa Vi, (H;(8)) = V;)(E(Z,S)) upumernM (2.15) u (2.34) jyra coydas

1 = J U B pe3yJibTaTe IOJIyYuM

Hakomer, kaxas JeIMMOCTD V},(}NL (8)) | §i(2) — g;(Z) MoxeT BLIT Hepenucana 1o OMPe/IeeHHTO:

HOL(V,(Hi(8)). 3:(2) — 3;(2)) = Vy(Hi(9)).

Tax kak ObLau BBE€JIECHbI JIMIIb HO/-BbIpazK€HUA C IIPUMHUTUBHBIMU HOJ/-TEPpMaMU (I/IJII/I

P-OIEHEHHBIMU TIPUMUTHBHBIMU HOJI-T€PMaMU) B JIEBOW YaCTH, rpedecKue MepeMeHHble, KOTOPble
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pxomum B @(1,2,8) B noma-epaskenus suga HOJI(fi(2),9:(Z) + x) = d;8; GyayT mckmouensr
w3 crmeka 8 u BOHMJIYT B CIIICOK 5@). Caenosarenbho, nepexois K JHD, momxyanmm mckoMyro
Le-dopmyity. Do 3aBepinaer noctpoenne ajaropurma kpa3u-dK C u, takum obpasoM, J10Ka3a-

TEJILCTBO yTBepxKJaeHud 2.6.2. [

2.7 3akJjroveHue m nepexon K riiase 3

Asropurmbl - kBaswsuMuHain  KBanTopoB CT and € MOryr okKasaTbCs IOJIE3HbI-
MI TIPW TOMBITKAX JOKA3aTeIbCTBA PA3PEIIMMOCTH SK3WCTEHIMAIBHON TEOpUu CTPYKTYPHI
(Z;1,+,—,<,L.,P) wnm xora Obl mno3uTuBHOrO parmMenra 3roit Teopun. Takme Bo-
IIPOCHI  BBIMVIAJIAT €CTeCTBEHHBIMU Iojxojamu K Bomnpocy JIxk. Pobuncon o paspemumocTu
JTh(Z;1,+,—, <, | ,P). Oyuximn V, 119 OPOCTHIX OCHOBAHUIT P AKTHBHO HCIOIB30BAJNCH B
ajroput™e C, 1 HAM U3BECTHO, 9TO I BCAKOTO Iejioro uucia k > 2 rpaduk Vi 6ecKBaHTOPHO
BbIpa3uM B cTpykKType (Z;1,+,—, <, | ,Pr). DTo HaTaJIKHBaeT Ha CJIEIYIOMIUIl BOIIPOC: sIBJIsI-
erTcs JIM pas3penmMoil SK3UCTeHIuaabHast reopust cTpykrypol (Z; 1, +,—, <, | P, Ps,Py,..)7 B
npuMepe 3.1.3 1ryaBbl 3 IOKa3aHO, YTO €CJIM 3aMEHUTb B 9TOI CTPYKType Bce OoTHOIeHust Pj Ha
eJINHCTBEHHBII JBYXMecTHbIH tpeukar Pow,(y) = Jz(y = x¥), To 9K3UCTEHINAbHAST TEOPHUS
MOJIYUE€HHOW CTPYKTYPBI OyJIeT HepaspermMoii. 3aMeTuM, UTO STOT MPEeIUKaT JIOOOIBITHO pac-
CMOTPETh BMECTe C YMHOXKEHUEM BMECTO CJIOYKeHWs. Ecam Obl yIa/Ioch T0Ka3aTh Pa3permMoCThb
ITh(Z~o.{a}uez-,, - ,Pow, =), T0 3TOT pe3ymnbrar ObLT ObI anasoroM BJI-Teopemst B “Mupe yMmuo-
KeHns'.

Bompoc M. Boxru n P. Nocuda ns suurpada mocayKua MoTHBaIyeil K TONUCKY HEKO-
TOPBIX ODIIUX PE3YIbTATOB 00 IK3UCTEHIMAIBLHON BBIPA3UMOCTU B apudMETHKE CO CJI0KEHUEM
u jiesuMocThio. Teopema 5 mpejiocTaBiisseT ONUCAHME OTHOIIEHUIA, SBJISIONIUXCS TO3UTHBHO K-
3UCTEHIUATBHO BbIpasuMbiMi B cTpyKType (Z;1,+, L). B To ke Bpewms, 3ajada KarKercs
BHAYUTE/IFHO OOJIee TPY/IHON, €CJU BKJIOYAThL B CTPYKTYPY OTHOIIEHHWE Mopsjaka. Hampumep, B
ciyaae crpykrypbl (N;0,5, <, 1), mpocrasi 3ameHna B3auMHOii 1mpocToThl Ha [z,y] W [u,v] =
Juv (u € [x,y] Av € [z,] Au L v) me naér xeraemoro omnmncanus. OTHOIIEHNE MOPsIKa 06pada-
reiBaercsd B CT u C ¢ nomonipio JIC-1eMMbl. DTH J1Ba aJIrOPUTMa OKA3LIBAIOT, YTO pa3peniaiomias
IIPOIIE/IyPa CTAHOBUTCS BCE OOJiee CJIOXKHOM, ec/in CHada/Ia JOIMYCTUTh UCIIOIb30BAHNE OTHOIICHUS
MOPSIJIKA, & 3aTEM U OTPHUIIAHUE OTHOIIEHUs] B3aUMHOI MPOCTOTHI. BbLIO ObI MHTEPECHO BBLISICHUTD,
MIO3BOJISIIOT JI aropuT™bl KBa3u-dK 11 P3-Teopuit HEKOTOPBIX CTPYKTYp U3BJIEYb KaKYIO-T00
UHGMOPMAIIIO O MO3UTUBHON IK3UCTEHIINAIBLHON BHIPA3UMOCTH B 9THX CTPYKTYpPax.

B sroit ryiaBe u3ydasnch BOIPOCHI BHIPA3UMOCTH U PA3PENIUMOCTH, TaK KaK OCHOBHAs IEJTh
COCTOsLITa B TOM, UTOOBI TPOJEMOHCTPUPOBATH PA3JIMIHbIE MMPUJIOXKEHNS JIBYX OCHOBHBIX HMHCTDPY-
MeHTOB u3 TyiaBbl 1: HOJI-7iemMbl 1 aqropuTMoB KBa3u3/IUMUHAIIMN KBAHTOPOB. B TO Ke Bpewms,
HE PACCMATPUBAJIUCH BOIPOCHI BBIMUC/IUTEILHON CJIOXKHOCTU U3yUeHHBIX 1pobjieM. OT1eHKa aJjiro-

PUTMUYIECKON CJIOXKHOCTU apudMeTHICCKUX TECOPUI MMOYTH BCErJIa sABJISIETC JIOCTATOYHO TPY/IHOI
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IPOOJIEMOI, TTOTOMY MAJIOBEPOSITHO, UTO 0€3 CephE3HBIX MOAUMUKAIN aaropuTMbl KBasu-odK
R unau C MOTyT JaTh YTO-JTHOO CHJIbHEE Pe3ysbTaTa O MPUHA/JIEKHOCTH MPOOJIEeMbI DACIIO3HABA~
HUsI UCTUHHBIX B eabix unciax 3Lpap-popmyn kinaccy NEXPTIME u3 pa6ors [48]. Beuy
TOr'0, YTO OCHOBHBIM IIPEJIMETOM HCCJICJIOBAHUsS B 9TOH IyaBe sBijsgercd apudmeruka IIpecOyp-
repa ¢ OTHOIIIEHHEM B3aUMHOW ITPOCTOTHI, OTMETUM Ceidac CJIe/IYIONe BOIIPOCHI: BEPHO JId, YTO
CYIIECTBYET ITOJIMHOM, TAKOM UTO JJIs BCSIKONH UCTHHHON B IEJIbIX dnucaax 3L pac-OpMyIIbI cylie-
CTBYET BBINTOJIHAIONINI HAOOD, pa3Mep OMHAPHOM 3AITMCH KOTOPOT'O OTPAHUYEH TUM ITOJIUHOMOM OT
JUTAHBL (DOPMYJIBI; U BEPHO JIM, YTO MpOOJIEeMa CYIIeCTBOBAHUS IEJTOYUCICHHBIX PEIIeHU CUCTEeM
Bujia (2.24) paspermMa 3a MOJUHOMUAIBLHOE BPEMsl Jijisl BCAKOTO (DMKCUPOBAHHOTO YHCIA TIepe-
MeHHbIX B Z? V3BeCTHO, YTO OTBETHI Ha AHAJOTMYHBIE BOIPOCHI it 3L pa-dopmyi [14; 34; 70]
YTBEPIUTEIbHBI, 1 06a BOIPOCa UMEIOT OTpUIaTebHbe OTBETHI B ciydae 3L pap-bopmya [48; 52].
B neitcrBuresnbroctn, JI. JIummmmr nocrpomt B pabote [52] NP-tiosiHOE cemeiicTBO cucreM u3 Mt
JIMHEMHBIX JAeJIUMOCTEl OT 9eThIPEX IepeMeHHbIX. B cieytorneil riiaBe aHajgornaHoe yTBepKIeHIe
OyJIeT ToIy9eHo Jjisd PeInKaTa JeJIUMOCTH Ha, JIBa MOCIEI0BATEIbHBIX YHUCIa, & J0Ka3aTeIbCTBO
Jlummna OyJier npuBejieHo B mpuMepe 3.4.1.

B pazzaene 2.5 ObLa JloKa3aHa paspeninMoCTh IK3UCTEHIINAIbHON CMEIIaHHON BEIeCTBEeHHO-
[IEJIOYNCAEHHON JIMHEHHON aprudMeTHKN ¢ IeJOYUCIeHHON AeInMOCThbio. Ecnn meitarbes HaiiTh
obobrenue pesyibrary B. Bucndennunra ob smuMUHAIIME KBAHTOPOB B CMEIIAHHON BEIECTBEHHO-
IEJIOUNCJICHHOM JTMHeHOi apudmernke [84], To MHTEpeCHBIM HAIIPABJICHUEM SIBJISIETCS U3YICHUE
BOIIPOCOB BBIPA3UMOCTHU U PA3PEITMMOCTHU JIJIsi CTPYKTYPbI <]R; L+, —.[]2 =, <>, rae 2 ects
YHapPHBIN (QYHKIIMOHAJIBHBIN CUMBOJI I (PYHKITUU, OTOOPaXKAIOIIEil BEIEeCTBEHHOE YHUCIO X B
271, B 1983 rogy A.JI. Ceménos [9] mokazas, YTO CyIIECTBYeT aJrOPUTM SJIUMHUHAIMA KBAHTO-
POB [T HEKOTOPOTO paciupenus crpykTypbl (N; 1, + 27 =) u3 gero cjemoBaia pa3pernmMocThb
COOTBETCTBYIOIIEH 3JIEMEHTAPHOI TEOPHUHU; ITOT AJTOPUTM JIMMUHAIIMN KBAHTOPOB ObLI B IBHOM
sugie npegcrasien @. [lyan B npenpunTe [62]. 3amernM, 9To ecim B Halleil CTPYKTYpe HUCIOb-
30BaTh (BYHKIMOHAMBHBIH cuMBOI 2% BMecto 2l TO coBceM HeCIOXKHO OKA3BIBAETCS BLIPA3HUTDH
yMHOXKeHme. He m3BecTHO, gBIdETCA TN TEOPUS Th<R; 1,4+, — ,[],2“, =, <> paspeniumoit, ojiHaA-
KO, pumep 3.1.4 u3 cenyromeii rmapbl gemoncrpupyet, aro 3ITh(R; 1, + , — 1120, =, <, ) yxe
ABJIeTCA Hepa3pernMoil.

B Tom ke pasyene ObLIM IOJyYEHBI JIBa pas3pelrmMbIx ¢parMenTa VI-Teopun CTPYKTY-
pel (Z;1,4+,—,<,|), npuué™m u3BecTHO, 4TO B 00IIEM ciaydae VI-Teopusi 3TOi CTPYKTYphI
nepaspermmma. [locaeannii pakT ecThb caeacTBUE BBIPA3UMOCTH I'PadUKa BO3BEJIEHUA B KBAIPaT
(OCPEJICTBOM HECTIOXKHON yHUBepcaabHol (dopmyibl) u JITTPM-teopembl. D10 yHUBEpCATHHOE
orpesie/icHuEe BO3BEJICHUS B KBaJIpaT KCIOJIB3YET MPEJIUKAT JICTUMOCTH Ha JIBa IOCJIE/I0BATE/ b
HBIX TIEJIbIX JHCJIa xS]y =2 | yAl+ x|y, Tak 970 MOXKHO JazKe JOKa3aTh HEPA3PEIINMOCTD
V3-reopuu crpykrypbr (N; -+, S|) B cienyromeit riraBe OynyT M3ydeHbl pa3/ndHbIE B3aUMOCBSI3U

S
MexKAy JeJIMMOCTBIO 1 | C TOYKHM 3peHud BOIIPOCOB BLIPA3UMOCTH U Ppa3pelInMOCTHU.
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I'maBa 3. Bornpochl BbIpa3uMOCT U Pa3peInnuMOCTH JIJisd MpeInKaTa
JAeJIMMOCTHU Ha [IBa II0CJIeJ0BATEJIbHbBIX YUCJIA

On the other hand, formulas of the form IxVt(x,t) where x
is several variables and ¢ just one variable and 1 is open in

the language (+, —, | ,0,1) are undecidable.

...p is constructed using the following devices.

w=z22Sz|wAz+1]w+2zA

Vi(z|tAz+1|t+z=>w+z]|t+2).

L. Lipshitz [52] (1981)

[Ipennoxkennoe Jlummunem onpeaesnenne rpadpuka BO3BEICHAS B KBAAPAT HESBHO HCIOJb-
3yer HpeauKaT JeIUMOCTH Ha JIBa MOCAeIOBATEIbHBLIX YUCIA X S\y =z |yAl+zx]|y. Orcooma
HECJIOKHO TOJTY I Th BBIPA3HMOCTB BCAKOTO apidMeTndecKoro ornomenus B crpykrype (N; +, %))
B 970ii ritaBe Mbl OKAyKeM, 9TO AHAJIOTHYHOE YTBEpXKIeHe nMeer Mecto jiisd crpykryp (N; | | S|>
u (N; 5,27 S]) Takzke 6y/1yT pacCMOTPEHBI BOITPOCHI 3K3UCTEHIMATBLHON BBIPA3UMOCTH € TIOMOIIHIO
5|: B qacTHOCTH, IpadbUKI CIIOKEHIS M YMHOZKEHHS! SBIAIOTC SK3HCTEHIHAIBHO BOIPA3HMBIMI B
(N; -, S|> u (N;1,+,5¢, S|> BakaHuYMBaETCA IJIaBa HEKOTOPLIME PE3YILTATAMU O BHIPA3UMOCTH JIJIs

crpykryps (N; < 7).

3.1 Beipasumocts B apudmeruke, Def-mostHora m dDef-mostHOTA

3.1.1 Omnpenesieans U NpuMepPbI

[Tomumo orpesesiennii, BBEAEHHBIX B pasese 1.1.1, Ham 1moHas00aTes cieayomue TOHATHs.

1. Kopen B pabore [44] ucnonbsyer yaobHoe jyist (hOPMYJIUPOBKU PE3YJIHTATOB MOHATHE
[OJTHOTHI IO BBIPA3UMOCTH HEKOTOPOil CTPYKTYphl. VIMeHHO, jyisi JIIOObIX apudMeTudecKux mpe-
qukatoB Xi,...,X, (1o ectb BeIpasumbix B crpykrype (N;+ - =)) crpykrypa (N;Xj,...,X,)
HA3bIBACTCST NOAHOU no eupasumocmu (Def-noanoti), eciim B Heill BhIpasuMbl Tpaduku GyHKITHI
CJIOXKEHUs] U YMHOXKEHUs (TPEXMeCTHbIe TPEJUKATbL T + Y = 2 U T -y = z). AHaJIOruIHO 115t
BCSIKUX NEPEYUCAUMBLE TPEAUKATOB X1,...,X,, OyjaeM ropoputh, uto crpykrypa (N; Xi,.... X)) 8-
ssiercst 3Def-noanod, ecin B Helt 9K3UCMEHUUAALHO BbIPA3UMbI Tpadukn QYHKIUH CI0KEHUS
u ymuHoxkenus. IIpoussosbrast crpykrypa (N; o) Gyner nassiarbest Def-nosmoit (FDef-nostnoi),

€CJIM TaKOBOI OKaXKeTCd CTPYKTypa, CATHATypa KOTOPOHl OTJIWYHa OT O JIAIMIb TEM, 9TO BMECTO
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GYHKITMOHAIBHBIX CUMBOJIOB B Hell HAXOJATCS TPEJIMKATHBIE CUMBOJIBI JIJI I'PpadUKOB COOTBET-
CTBYIONUX (DYHKITUIA.

Crarba U. Kopena [44] comepxkut oOMUpPHBIA CHUCOK HanboJee U3BECTHBIX Ha TOT MO-
meHT (2001 rox) Def-niosnbix crpykryp. flcHo, a0 ssementapubie Teopun Def-oJiHBIX CTPYKTYD
SIBJIAIOTCS HepaspermuMbiMu. Hambostee sipkumu npuvepamu Def-TIOJTHBIX CTPYKTYP SABJISTFOTCS
(N; S, |) (teopema [x. Pobuncon [69]) u (N; <, L) (teopema A. Bysca [85]). Hemocpeacrsentbim
caencreuem JITTPM-reopembl 7] siBjisiercsi Hepa3penmMoCTh 3K3UCTEHIUATIBHON TEOPUHN BCSKOIL

IDef-niostroit crpykrypsl. Hanpumep, 3 «coornomenus: Tapekoros [69]

z=s+ye (r=0Ay=0Az2=0)V(z#0AS(zx)S(zy) = S(z*S(zy))) (3.1)
suyuM, 9ro JDef-noHoi sBasiercs crpykrypa (N;S)-). IIpuseném emé psji npuMepos.
ITpumep 3.1.1. Cmpyxmypa (N; *, =) saeasemcsa IDef-noanot.

Jloxazamenvcmeo. TloKazkeM 9K3UCTEHIMAIBLHYIO BBIPA3UMOCTD I'PaUKOB (PYHKIMIT CJIOKEHUs 1
YMHOKEHHsI C IIOMOIILIO BO3BEJCHHA B CTEIICHL M OTHOIICHHs pabeHcTBa. CHadasia OIpeIesIuM
OeCKBaHTOPHBIMU (POPMYJIAMU KOHCTAHTLL: ¢ = 1 < 2 = x n jasee v = 0 & 2z = 1 A —x = 1.

Tenepb BusMM, 9TO

z=x-y & H(-t=0AN~t=1At"2=(t"z)"y)
z=zr+ye H(-t=0A~t=1At"z=(t"z)  (t"y)).

]

BJI-reopema mokasbiBaer, uro crpykrypa (N;1,+,|) He aBiagerca dDef-nosnnoit. Beumy
9K3UCTEeHINATBHBIX hopmyit (2) mias orromenns HO/(x,y) = z u ero orpunianus, MHOYKeCTBa, OT-
Homenwit, F-BoipasuMbix B crpykrypax (N; 1, + ) u (N; 1, + ,HO/I) coBnanaror, cieaoBaTesbHO,
OCJIeJIHsIST CTPYKTypa TakxKe He saBjsercs JDef-osroit. B 1o ke Bpems, B ommane or rpadu-
ka dyakiun HO, mia rpaduka dyHknum BorYucaeHus HanMmenbinero odmero kparunoro HOK

MMEET MECTO CJIeIyIOIee:
IIpumep 3.1.2. Cmpyxmypa (N; 1, + HOK) asasemcsa 3Def-noanot.

HeficrBurensho, BBULLY z = -y < (x+y)? = 22 +y?+22, JOCTATOUHO BBLIPA3UTH OTHOIICHHE
y = 22 ¢ nomomnipio dbopmynst HOK(z,z + 1) = = + .

B npeapuiynux riaBax Mbl OTMEYaJId, YTO HEU3BECTHO, ABJIAETCS JIU PA3PEININMON IK3UCTEH-
rabHas Teopust cTpyKTyphl (N; 1, + | | | P), tiie Po(y) = Jz(y = 27). O6061mmm orHotenne P,
caenytomum obpazoMm: Pow,(y) = Jz(y = x¥) n nokazkeMm, 9T0 HEPa3peImMOoii OKa3bIBAETCS YIKe

9K3UCTEHITNATbHAST TEOPHUs HATYPAJIbHBIX UNCET CO cJioxkeHueM n Pow.
IIpumep 3.1.3. Cmpyxmypa (N; 1, + ,Pow) asasemcsa IDef-noanot.

Aowasamenvcmeo. Kak obpluno, Tak Kak ¢ = y < Pow,y N Pow,x, JOCTaTOYHO BBIPA3UTDH
9K3UCTEHINAJILHON (hopMyJ/Ioil rpaduK BO3BeeHUA B KBaJIpar. B 1eficTBUTEIbHOCTH, JJIs 9TOTO

OTHOILICHUA NMECTC 6€CKBaHTOpHaﬂ (bOpMYJ'IaI

y = 2% & Pow,y A Pows,4y A Pows,9y. (3.2)
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[ycrs y = z* nna mexoroporo k € N, torma 4% = (2x)! ana | € N. Ipencrasum x B Buje 2%z,

e z | 2 u moryunm ciieayoriee:
20(k+22k — QO(I—HZZ.

Ecm z = 0, To x = y = 0. B ciygae z > 1 meobxomumo k = | = 2, uro BiIewT y = 2.
s ocrasierocs ciaydast @ = 2% OpeJHa3HAYEH IMOCJIETHUNA KOHBIOHKT (3.2), TaK KakK MMeeM
9.2% — (3 - 2%)™ st HEKOTOPOIO HEOTPHUIATETHLHOTO IEJIOTO 1M, B TO YK€ BPeMsi OUEBUJIHO, ITO

m =2, a3maanT k =2y = °. O]

[lepeitaém k mpyromy mpumepy. Kak 6buto nmokazano H.K. Kocosckum B [4], mis Besikoro
npejmkata crereanoro pocra 1'(x,y) crpykrypa (N;1,+ | ,T) yxe 6ymer dDef-tionoit. [IByx-
MECTHBI 1peuKaT ', 3aaHHbI HA HATYPAIbHBIX YUCIAX, HA3BIBACTCA NPEeIUKAMOM CMENEeHH020
pocma, eciau cymectBytoT kKouctanTel C,D.c,d € Qsg, mpuaém d > 1, 9TO 0JIHOBPEMEHHO BBI-
HOJTHSIFOTCS  YCJIOBUSI:

1. ms Beskux z,y € N ecmu T'(z,y) Az > 0, To y < CaP

2. quis Beakoro ¥ € N maiinéres y € N, uro y > co? A T(:r;,y).

Bocrosibayemest 9TuM pe3ysabTaToM, 4TO0bI OJIYIUTh CJIe/LyOIIee.
IIpumep 3.1.4. Cmpyxmypa (N; 1, + , | ,2%) asasemca IDef-noanoi.

Jlokasameavcmeo. JTokazkeMm I-BbIpasuMocThb oTHoIeHust |y| < 2|z|, tie |z| ecThb jvHa 1BOUIHOMN
3aIMCH HATYPAJIBLHOTO IHCIA L. DTOT IPEIUKAT ABJISETCS MPEIMKATOM CTEIIEHHOTO POCTa TaK Kak,
¢ ool croponsl, eciu |y| < 2|z| u x # 0, o y < 4x%. C gpyroit cropons, ouesuano |72| < 2|z,
U MOXKHO BbIOpaTh KOHCTaHThl C' =4, D =2, c=1,d = 2.

Beuny ompeneniennii x =y S x |[yAy |z =0+ =z <y < 2y =z + 2),

JIOCTATOYHO 3allUCATh OTHOIIEHNE T = |y| ¢ TTOMOIIBIO hOPMYJIBI

r=lyle(@=1Ay=0)VIHEt+1l=2A2"<yAy+1<2%). O

3.1.2 JleaumMocThb Ha ABa IIOCJE€J0BATEILHBIX YHCJIA

Bo BBesennn ObLT OIpeIesIEH IPeTuKaT xs|y =2z |yAl+z |y, KOTOPbIi UCHOIb30BATICS
JI. Ban nen JIpucom n A. Yunku B uccjegoBaHuu pocta (MYHKIN, TPADUKNT KOTOPBIX SIBJISIOTCS
9K3UCTEHINATBHO BbIpasuMbiMu B crpykType (N; 1, 4+, |). Vimu 66110 1okazano, 1to ecin rpaduk
nexkoropoit gyukmun f : S — N mia S C N” gpisgercd 3K3UCTEHIINATLHO BBIPA3UMBIM B 3TOM
CTPYKTYpe, TO Haiimércst ¢ > 1, 9To Jijis BCSIKOrO HEHYJIeBOro Habopa (T1,...,T,) € S mMMeeT MecTo
fz1,ezy) < ¢(xy + ... + x,). Kpome Toro, st Besikoit Heorpanndenuoit yukimn f Haiinércs
takoe Berectsernoe ¢ € (0,1), 9o i 6eCKOHETHOro Yncia HabopoB (y,...,&,) € S BBIIOIHIETCS
f(x1,.0mn) > (21 4 ... + x,)°. B 3akmounrensaom npumedannu B 31, ¢. 526] npusoaures mpocToii
IIPUMED, TTOKA3BIBAIOIINI, ITO HEBO3ZMOYKHO YTy I Th HUKHIOK OIEHKY J10 JuHeitHoi. /locTaToaHo

s
paccMoTperh npeaukar | u (BYHKIUIO, ¢ ero HOMOIIBIO OIPEIeISIeMYTo,
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x, >0Ay> O/\xs\y
flzy) = : (3.3)

0, wunHade

Bugum, uro f(z,y) sBiserca HeorpaHudeHHOf yHKIWel, Takoii 4ro aad jobbix (z,y) € N
Boimosasercs f(z,y) < (z + y)2.

Hesiro ero wucnosbzosas JI. Jlunmmr B [52| st Beipasumoctu rpaduka BO3BEJICHUS B
kBajpaT B (N; 1, 4+, |) ¢ momomipio TobKo 01HOTro KBaHTOpa Beeobmuoctu. [Ipumvep (4) uz [50], xe-
MOHCTPHPYIOIIUIT HEBO3MOKHOCTh TIOJIY YU Th TOJTMHOMUAIBHYIO BEPXHIOK OIEHKY Ha HAMMEHBIINI
BBITIOJTHATONIMI HabOp 3HAYCHUI MEePEeMEHHDBIX JIJIg CUCTEM JICJIMMOCTEHl U HEPABEHCTB JIMHEHHBIX
[OJIMHOMOB B 7, HECJIO’KHO TIEPEIUCATH C TOMOIIBIO TOJBKO MPEJINKATA S\.

Takum 06pa3oM, 10JI€3HO OBLIO ObI OTJAEJIBHO U3YUIUTh ITOT IPEIUKAT B CMbIC/IE BHIPA3UMO-
CTH C €r0 MTOMOIIHI0 apuMETHIECKUX PETUKATOB 1 PA3PEIINMOCTH HEKOTOPBIX CBI3AHHBIX C 9TUM
npeaukaroM Teopuii, Takux Kak ITh(N; - SD B o63ope 1. Kopena [44] cioxkuo HATH CTPYKTY-
DBl ¢ IIPEMKATAMH, OJIH3KAME K |, M HOSTOMY OBLIO Gbl JIOGOIBITHO PACCMOTPETh HEKOTOPDIC
BOIPOCHI BBIPA3UMOCTH (B TOM YHCJI€ SK3UCTEHIUAJBHON) I 9TOro mpeankara. Kpome Toro,
onpeseserne Jlummuia mpakTHdecku HeMeuieHHo Jaét Ham Def-tiosnory crpykrypsr (N; 4+, S|>

BaMETHM BO3MOZKHYIO CBSI3b * | C OTHOIICHHEM B3aMMHO{ TpocTOThL. OBOGIIIM IOHSTHE B3a-
MMHOI TIPOCTOTHI HA BO3pacraoniye (hakTopuaibHble crenenn (CM., Hanpumep, [35]) ciemyomum
obpazom:

v Ly = HOA(* yF) = 1%, (3.4)

e % = z(x +1)...(x + k — 1). B yacrnocrn, cayuaii k = 1 ecTh 06bIMHOE OTHOMICHNE B3AMMHOM
upocToThl, & npu k = 2 noxyunm x Ly y = HO(x(z + 1),y(y + 1)) = 2. XoTs He BBINVIAIAT OUe-
BHJIHBIM BBIPA3HMOCTH B3auMuoil poctorsl B (N; <, %|), mist coryuas k = 2 BBeSHHOE OTHOIICHHE
seipasimo B crpykrype (N; S, %[} dopmymoit Iz(2°|z Ay °1S52). Heiicrsurensno, o KuTaiickoit
TeopeMe 00 ocTaTKax MOJIydaeM, ITO yKasaHHas (GOpMy/ia MepenuchbiBaeTCs B BUIE
z= 0(mod z(x + 1))
3z < HOd(z(x + 1),y(y + 1)) | 2, (3.5)
z=—2(mod y(y + 1))
IPUIEM B TIOCTETHEM BBIDaXKEHUH HMeeT MeCTO He JeJMMOCTh, a PABEHCTBO, TaK Kak 06a apry-
merra HOJI uérHble. DTuM 1IPEIUKATOM Mbl BOCIOJIb3YeMCs JJIsl J0Ka3aTebeTBa Def-110HOThL

crpykryper (N; S,27, %),

3.2 Def-noanora nJs S| n J1eJIMMOCTH

s
OmpesiesnM cHaYaIa HEKOTOPBIE TPOCTHIE TIPEJINKATHI, BIPA3UMBIE TOJIBKO C MTOMOIIBIO ~ |.
y s
Jlemma 3.2.1. Ceoticmea v =0, © = 1 u omnowenue x =y svpasumor 6 cmpykmype (N;7|).

oxazamesvcmso. fcuo, uror =0 & x S r,r=1& Vyvz(z Sly = 2 °y). eiCTBUTETHHO, €CJIN
Y ) Y

s
y =2wu z =1, 70 HEOOXOUMO, 4TOOBI & = 1, B TO BpeMsl Kak JIJIs BCSIKUX Y, /I KOTOPBIX 2 |y TIpH
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HEKOTOpPOM 2, popmyia 1 S\y Beeria uctunHa. [locieanee, © =y < Vz(x S\z vy S\z) B ciyuae
x=0wuy >0 gocrarouno paccMorpersb z = y(y + 1), eciu ke 06a apryMeHTa MOJIOKUTETbHbI U,

HarpuMep, T < Y, To Bo3bMéM z = x(x + 1). ]

S
PacemoTpuM BOIPOCHI BBIPA3UMOCTH M PAa3PEIIUMOCTH JIsi CTPYKTYD € ~| U HEKOTOPBIME

apupMETUICCKUMHI IIPEIUKATAMI, BLIPA3UMBIMA C IIOMOIIBIO TOJILKO YMHOMKEHUSI U PABEHCTBA.
S
Teopema 8. Cmpyxmypa (N;|,”|) Def-noana.

Jlokasamenvcmeo. Tlo mssectHoiit Teopeme [Ixx. Pobuncon [69], Def-riosHoii siBiisieTcst cTpyKTypa
(N; S, ]). ITosromy HAM JTOCTATOYHO ONPEIEINTH OTHOIICHNE Y = ST.
Otrnomenne x 1 y BbIpasumo ¢ nomomnisio Vi(t | x At | y = t = 1). Torma nosyuaem

CJIeJIyoIIee OlpejieIeH e:
y=Sr o (t=0Ay=1)V(z=0Az LyAvVz(z®lzez|zAy]2)).

VMmuKanms BIpaBo OYEBUHA, MOKAsKeM, UTO MMILIMKAIMS BepHa B 00paTHYIO cTOpoHy. Ecim
x # 0, 7o s z = x(x + 1) BBUmY ToOrO, uTtOo Yy | 2z W x L y, HeoOxomumo y # 0 m y | Sz,
creposaresbo, 0 < y < Sz. Ecim npeanonoknTh, 910 3y < ST, TO IOJIy9IuM IIPOTUBOPEYINE IS

z =z -y, TaK Kak ojHoBpeMeHHo ¥ -y < x(z + 1) m x(x + 1) | 2. O

Kaxk ssmemenrapnasi Teopusi HaTypasbHbix ances ¢ geanmoctbio Th(N; |), Tak u ssiemenrap-
Hast Teopust ¢ B3auMHoil pocroroit Th(N; 1) paspermmmbr. 910 cjiejryer u3 BBIPAZUMOCTU ITUX
[PEJINKATOB € TIOMOIIBIO YMHOXKEHUsI ¥ PABEHCTBa, (JJIsl MperKaTa B3AUMHON IIPOCTOTHI MOXKHO
BOCITIOJIB30BaThCsd (POPMYJIOil U3 JT0Ka3aTesbeTBa TeopeMbl 8 U @ = 1 < Vy(z -y = y)) u paspe-
mumoctu apudmernkn Ckosema Th(N; - =), nokazannoit A. Mocrosckum B [57]. st mpeukara

s
x”|y uMeem cjiejicTBUE TEOPEMBI 8.

s
CaexncrBue 8.1. Omuowenrue °| e asasemes evipazumvim 6 cmpyxmype (N; - =).

. S
3.3 Hepa3penmmMocTh 3K3UCTEHITNAJIbHON apudMETUuKu ¢ | u
YMHO>K€E€HIEM

Ecnu temepp Mbl oOpaTuMcsi K TOJBKO SK3UCTEHIUAIHHBIM TEOPUSAM, TO PA3PEITUMOCTH
ITh(N; | ,S|) OYEeBU/IHA BBUJIY TOT'O, U4TO BCAKas (POPMYJIa ITOW TEOPUU MPUHAIJICKUT Pa3peliu-
moit ITh(N; 1,+, |). Uceaemyenm Bompoc o paspemmmoctu ITh(N; -, |). Tokazxem, aro crpykrypa
(N; -, S|) siBasiercss dDef-mostHoM. B mepByro odepesap XoTesoch Obl HOJIYIATh SK3UCTEHIIMABHBIE

s
Boipazkenusd st © = 1, x = y B (N;-,”|). Ham monamoburcs cieyromiast jieMMa.

Jlemma 3.3.1. /s ecaxuz yeavx wucean x = 1 uy = 0 deaumocmsy y(x + 1) + 1 | 22 umeem

mecmo moezda u moavko moeda, kozda y =0 uauy =z — 1.
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Joxazamesvcmeo. dcno, aro 3adennsd y = 0 u y = x — 1 yaoaeTBopsaroT geauMocTu. [lokazkem,
4TO JAPYIUX PelleHuil HeT.

U3 pemmvoctu cieyer, uro y € [0,z — 1]. Tlyers y = x — k jia wekoroporo k € [1,x), Torua
ye+1)+1]2° e kyly+k+1)+1|(y+k)>ANy=z—k).

JlesmmMocTh U3 OJIKBAHTOPHOI'O BBIPAXKEHUS TIEPEIIUINEM, BEITUTAs U3 IPABOIO apryMEHTa JIEBBIIA.
BoineceM cpasy B nosydatomemcs Bbipazkenuu (k — 1)y + k% — 1 muoxkutesns k — 1 u nosyuum

caeayIoIiee:
yy+k+D)+1|w+E? oyy+k+1)+1|(E—1D(y+k+1).

Tak kak y > 0, To, Bo-niepBoIxX, y(y+k+1)+1 L y+k+1, us gero crenyer y(y+k+1)+1| k—1.
Bo-sropeix, y(y+k+1)+1 > k+1, nosromy k = 1 uy = x— 1, 9410 1 3aBepIIAET JOKA3ATEIHCTBO

JIEMMBI. O

Bamernm, 9aTo B temMe 3.2.1 MbI oty anin 6eckBaHTOpHOE Bhipaxkenue i x = 0. Jlokaxkem

CJIEAYIOILYIO BCIIOMOTI'aT€/JIbHOE YTBEPXKJICHHE.

Jlemma 3.3.2. Csoticmea v # 1, x = 1 u omnowenusa x =1y, y = x°> — 1, T | y 9K3ucmenyuarvmo

swipasumv, 6 cmpykmype (N; - SD

Joxazameavcmeo. st mepBOTo NpemKaTa MOKHO BOCIIOJIB30BATHCS OTPHUIIAHIEM (DOPMYJIbI LI

x=1wu3 memmnr 3.2.1: z # 1 & EIyEIz(zS|y A —m:s\y). Hanee, u3 nemmbr 3.3.1 cieayer, 910
e>1Ay>1Ay=2>—1c£0Ay£0Az"zy Aylyz?). (3.6)

JeiicTBUTENIBHO, T S\xy sSz+1l]y a yS]yxz & y+ 1| 2? 118 HOJMOKUTENBHBIX T U Y, U3 Yero
U cjiejyer 3KBUBaJIeHTHOCTH (3.6). Temepb, UCHosb3yst TakuM 06pa3oM ONpeIeJIEHHbBII TPeuKaT
r>1NANy>1Ay= 22 -1, HOJIYYHUM CJIeIyIoIIee:
r>1Au>1Au=2>—1Au"|yPu
r>1ANy>1Azx =y Judv ) s
ANy>1Av>1Av=y" —1Av"|z%v
C IIOMOIIBIO TaKOI'O «OI'PAHUYCHHOI'O» PaBE€HCTBa MbI MO2KEM BbIPDASUTDb BTOpOIU/I 3 NCKOMBIX IIp€-
JINKATOB:

r=1z(y>1ANz>1Ay=zAy>1ANzz>1Ny=zx2).

Terepb MbI MOXKEM, BO-IIEPBBIX, BBIPA3UTh paBeHCTBO £ =y < (r =0Ay=0)V(z=1Ay=1)V
(x >1Ay>1Az=y), a, BO-BTODBIX, C IIOMOIIIO BbIpakeHus (3.6) ornpee/nTh aHATIOTHIHBIM
obpasom orHomenue y = x> — 1. O6/1ajasg paBeHCTBOM, JIEJMMOCTL HOJIydaeM 10 ONpPee/ICHUIO

r|y<e Iz(y = xz). O

5
s nokasarenberBa IDef-momrorsr crpykTypsl (N; -, 7|) HAM 10CTATOYHO BBIPA3UTH IK3U-
creHnuasbHON (opmysioii oTHomerne y = Sx, tak Kak (N; S.-) sisierca IDef-110/H0i, Kak OBLIO

y2Ke OTMedeHO B lepBoM naparpade. /lokaxkem cHadasia emg ofHO BCIIOMOTaTe/IbHOE YTBEPK ICHUE.
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Jlemma 3.3.3. /s ecaxuz ueavix wuces x > 1 uy = 0 deaumocmo yr+1 | 22 —1 umeem mecmo

moezda u moavko moeda, kozda y =0 uau y = 1.

Joxasamenvcmeo. 3uadenus: y = 0 u y = 1 09eBUIHO yI0BIETBOPSIOT AesmmMocTu. [lokazxkem, 110
JIDYTHX TAKUX Y HET.
[Iycrs y > 2. Tak kak y <  — 1, 10 y = x — k s mekoroporo k € [1,x — 2|. Tlpubasum

JIEBBII apryMeHT JICJTMMOCTU K IIPABOMY M BbIHECEM OOIIUiT MHOXKHUTE/b Y + k:
yr+ 1|2 —1eyly+k)+1| (y+k)> -1 yly+k)+1| (v+k)(2y+Ek).

Tak kak y > 0, mosryuaaem, arto y(y—+k)+1 L y+k. Crenosaresnbro, Heobxoaumo y(y+k)+1 | 2y+k,
IJie IpaBblil apryMeHT IOJIOKUTe IeH U MenbIne y2+ky-+1 j11s Besgkoro y = 2. V13 3Toro 3aKmodaeM,

YTO MPU Y > 2 JIeIUMOCTb He UMeeT MeCTa. O
Tenepb MOXKHO BBIpa3UTh «OI'PAHHYEHHOE» OTHOIIECHHE Yy = ST.
S
Jlemma 3.3.4. Omuowenue x > 2\y = St sKk3ucmenyuaivio évpasumo 6 cmpykmype (N;- 7).

Joxazameavcmeo. Mbl OyeM 1o/Ib30BaThCs peankaTaMu u3 jemmbl 3.3.2. CBoiicTtBo x > 1 ompe-
nensercs Kak ¢ # 0 A x # 1.

[Tokaxkem, 9TO

r>2Ny=9Sr &

3.7
HzEIt<z>1/\x>1/\1:S\xy/\yz:x2—1/\t:,22—1/\:c|t>. (3.7)

Eciu y = z + 1 jy1s1 mekoroporo x > 2, 1o BosbMéM 2 =z — Ll u t = (z — 1) — 1.

O6patHo, yctb > 1, Torma ms|xy < x+ 1|y, asunaunr, y = k(z + 1) mig Hekoroporo
k>0uk(zx+1)z=(z+1)(z—1). Cienosarennsuo, kz = x — 1. Tlomyuaem, uto kz+1 | 22 —1 aua
HekoToporo k > 0, u3 dero 1o jgemme 3.3.3 cieayer, 9To 9ucjo k ecTb JiubO HOJIb, JIMOO eJINHUIIA.
[Tockonbky k = 0 Baeuér x = 1, ocTaércst eUHCTBEHHAsT BOSMOXKHOCTL Kk = 1 u 2 = x — 1, a

3HAUUT, Yy = x + 1. O

s
Teopema 9. Ommuowenua xz =y uy = S sx3ucmenyuasvro supasumv, 6 (N; - 7|), caedosamenn-

s . i
no, ecmpyxmypa (N; -, 7|) asasemea IDef-noanot, a e€ IK3UCMENUUANDHAA MEOPUA HEPASPEULUMA.

Jlokazamesvcmeo. Ham moctarodno BeIpa3uTh CBOMCTBO - = 2, Tak Kak y = 3 < Jr(r =2 Ay =

r? — 1), a mia cayvast & > 2 umeeM onpegenenne (3.7) us gsemmbr 3.3.4. [lokaxem, 910
r=2< Jydz3t <zx>2/\y:Szx/\x | z/\t:yQ—l/\zslt>.

Ecmm x = 2, To BozbMéM 2 =2, y =5 u t = 24.
st mokazaTebcTBa B 00PATHYIO CTOPOHY, TIEPEIUIIEM BhIPayKeHne B CKOOKAX B CJIEIYIOIIEM
BU/IE:
zx>2A2(z+1) | (zz+ 1> - 1Az 2.

Tak kak z # 0, u3baBumcs oT z B nepoit geaumoctu: z + 1 | x(zx + 2). Beuay roro, uro x | z,
nosydaeM z + 1 L x, u mostomy z + 1 | zz + 2. Ilocaeuss AeMMOCTh HCTHHHA TOT/A U TOJIBKO

Torja, korma z + 1 | 2 — z, wmm © = 2(mod z 4 1), 1o 0 < x < z + 1, 3nauur, r = 2.
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S
Taxkum obpazoM, & = y 9K3UCTEHIUATBHO BbipasumMo B (N;- 7|) mo jsemme 3.3.2, 9K3uCTEH-
IUAJIbHAs BBIPA3UMOCTL y = Sx ciejlyer u3 onpejeienuit qig ¢ = 0, x = 1 u3 jgemMmbl 3.3.2,
MIOJTYI€HHOTO BBIPAXKEHUsI JUIst £ = 2 W & = 3, a Takxke POpMysabl g r > 2 Ay = Sx u3

aemmbl 3.3.4. Beuay JDef-osmorsr (N; S,-) momydaem nckomoe. ]

S
3.4 Bomnpocsr Def-110/1HOTBI, pa3penimmMoCcTt U CJI0XKHOCTH JJist | CO
CJIOYKEHUEM

3.4.1 Cioxenue u >

[Tepeitém K mipobJieMaM BBIPA3UMOCTH U PA3PEIIUMOCTH JIJIsi CTPYKTYP U TEOPHil HATYpaIb-
s ..
HBIX 9IHCe] ¢ ~| M HEKOTOPBIMHU, BBIPASUMBIME C IIOMOIIBIO CJIOKEHUs, npejukaraMu. Haaném co

CJIEJIYIOIIEr0 HECJOKHOTO yTBEPIKICHUS.
YrBepxkaenune 3.4.1. Cmpyxmypa (N; +,S|) Def-noana.

Joxasamenvcmeo. Kak 0OBIMHO, IOCTATOYHO BHIPA3UTh Ipaduk (bYHKIIUKA BO3BE/ICHUS B KBaIPAT

y = 22, Ucnonbzys Tot dakt, uto < y < J2(x + 2 = y), HOIyUUM CJIeJYIOIIEe ONpPe/IeIeHYE:
y=2 s’z +yAvz(zlz+ 2=y < 2). (3.8)

s
Tak kak = °|r 4+ y, TO £ U y MOrYT OBITH PABHBI HYJIIO TOJBKO OJHOBPEMeHHO. J[jisi HEeHyJIeBBIX
3HAYEHWI MapaMeTpoB y — HaWMEHBIIee 9ncJIo, [T KOToporo BeimosHseresd x(x + 1) |  + y, 1o

ecth, 22+ = +v. 0

Kaxk yzke ormeuasioch Bo Beejierun, hopmyiia (3.8) aHATOrNIHA BHIPAYKEHUIO, IPEJJIOKEHHO-

my JI. Jlummmunesm [52], agist onpesienenust B crpykrype (N; 1,4+ |) rpaduka Bo3enenust B KBaapar:
y=rez|yrz+l|z+yAVz(z|zAz+1l|a+z=>0+y| o+ 2). (3.9)

Bumnm, aro x | yAz+1|x+y < S\x +y. C nomorupto ompeieserns (3.8), MOTyIUM CJIeJCTBIE
yrepxenus 3.4.1. Hamomuum, aro IVTh(N; +, S|> €CTh MHOYKECTBO BCEX UCTUHHBLIX B N 3aMKHY-
THIX (POPMYJT A3BIKA L< 4+.<,5)) ¢ KBAHTOPHBIMI IPUCTABKAMU BUJIA Jxy...32,Vyp...Yy,,,. CHauana

JIOKayKeM BCIIOMOTATEJIbHYIO JIEMMY.

Jlemma 3.4.1. Omuowenua x =0 u x = 1 6ecksarmopro evipasumov. 6 cmpyrmype (N; +, SD, a

OMHOWEHUA T =Y U T K Y — IKZUCNEHYUAADHO 6bLPA3UMDBL 6 IMOT CMPYKMYpe.

y S S S
Jlokasameavemeo. HeiictBurensho, © =0 < x|z ux =1 < -z |z Az’ |z + . g orHOmEHMS

paBE€HCTBa BOCIIOJIB3YEMCA CJIe,ZLyIOIlIeﬁ SKBI/ICTGHHI/IaHbHOﬁ (bOpMYJIOIL/'IZ

a::y@EIz(a:s\z+x/\xs|z+y/\ys|z—|—x/\ys|z+y). (3.10)
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Curydaii paBeHCTBa HYJIIO OJHOTO U3 apryMEHTOB BJIEYET PABEHCTBO HYJIO Japyroro. Ecmu x,y # 0,
TO W3 MEPBBIX JBYX BbIpazkenuii ciaenyer x = y(mod x(z + 1)), a U3 Tperbero u 4eTBEPTOro, UTo
xr = y(mod y(y+1)). HecioxkHo yBUIETH, 9TO OTCIO/IA CJIEIyeT PABEHCTBO T U ¥, a CJIeJ0BATEIHHO

1 3-BBIPA3UMOCTH OTHONICHUA T < . O
Caencrsue 3.4.1.1. Teopusa EITh(N;+,S|> paspewuma, a IVTh(N; —|—,S|) HEPA3PEULUM.

Joxazameavcmeo. Ilepas 9acTb yTBep:KIeHUs HEIOCPECTBEHHO ciejyeT u3 bJI-teopembr. Bro-
pas dactb caejpyer u3 JITITPM-reopembr 1 hopmysibl (3.8) aHATIOMMYHO TOMY, KaK ObLIO MOJTYIE€HO
nokazaresnberBo Hepaspermmmoctn IVTh(N; 1, + | |) JI. Jlumnmumewm [52]. Pacrumem s1o mokasa-
TEJILCTBO TIOJIPOOHEE.

[Tokazkem, 9TO BCAKOE MHOXKECTBO, J-Bbipasumoe B crpykrype (N;+, .| =), asiasgercs
V-opasumbi B crpykrype (N; 4, °[). Xopomo mssecrno (eum. kanry FO.B. Maruscesuua [7]), aro
BCSIKOE TaKOe MHOYKECTBO BBIPA3MMO ¢ rnoMoInsio dhopmyanst 3y(P(Z,y) = 0), rae P(Z,y) ectsb moin-
HOM ¢ nesibiMu KoadduimenTamu. Beuy usectoit hopmyiinl 2 = 2y < (v +y)? = 22 +y? + 2z,
II0 3TOMY IIOJIMHOMUAJLHOMY YPaBHEHUIO MOXKHO IIOCTPOUTD L<+7:>—(bOpMYJIy X(E,y,ﬂ,ﬁ), riae

U= Ul,eylUp, U= V1,...,Um U

F(P(xy) =0) & FyFu | x@yus) A\ vi=u]|. (3.11)
i€[l..m]
Beeném HOBBIE IIepeMenHble, 9To0bI epermcarh hopmyny X(T,y,u,0) ¢ nomomnisio (3.10) B BHIE
9K3UCTEHUHANLHON L | s)\-bOopMyJIBL.
OcraJioch HepenucaTh Kazio0e Bblpaskenue v; = u? it ¢ = 1..1m ¢ HOMOIIbIO YHUBEPCATbHBIX
L + sD—CbopMyJI. JL71s1 9TOTO JTOCTATOYHO MMOKA3aTh, 9YTO T < Y SABJISAETCH V-BbIPA3UMBIM B CTPYKTYPE
(N:+,%|) u sarem Bocroms3oBarhes opmyioit (3.8). Bumuy, uto 2 < y < Vz(1+y+ 2 # 2), a

YHEBEpCaIbHas BBIPA3UMOCTh & = 1 U T # y cjejyer u3 jieMMmbl 3.4.1. [

3.4.2 NP-TtpyaHoe ceMeiicTBO CJI0XKE€HUHA U s

IIpesukar S| HesiBHO TosiBJistercst B pabore JI. Jlummuna [52] B mokasarenscree NP-Tpyi-
HOCTH IIPOOJIEMbI COBMECTHOCTH B HATYPAJIBHBIX YHCIAX CUCTEM U3 TOJIBKO IISTH JEJIUMOCTEH OT
YeThIPEX IlepEMEHHBIX.

Byumem cumrarh, 9T0 HaTypasbHble MapaMeTpbl (OPMYJT KOAUPYIOTCA OMHApHO. BaskHo
oTMeTuTh, 4To JI. Jlummmmiem Ob110 moctpoero vHe NP-TpyiHOe MHOXKECTBO, 9K3UCTEHIINATILHO BbI-
pasumoe B crpykrype (N; 1, + , |), a NP-Tpyanoe cemeiicrBo. Tak kak mokasaresnbcrso Jlummmia
COBCEM IIPOCTOE, OJIHAKO OIyOJIMKOBAHO B TPY/IHOJOCTYIHBIX MaTepuaiax Koudepennuu 52|, mpu-
BeJIEM €ro B KavecTBe MPHUMepa, a 3aTeM OIPeJIeTNM OHATHE CeMEHCTBA CJIOKEHUS U JeJTUMOCTH.

BBeaém cremyromue MaccoBble IpobIeMbl B TOM BUJIE, KaK OHU C(OOPMYJIMPOBAHBI M HA3BAHDI

B pyccKoM TepeBojie crmcka NP-tpyanbix 3agad kauru M. Tspu u 1. Txxoncona [33]:

KBAJIPATUYHBIE CPABHEHU (KC)
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YCJIOBUE: 3amanbl 1o0KuTeIbHbIE TE/Ible 9ucaa a, b u c.

BOIIPOC: CymecTByer Ji HOJOKHUTETLHOE TEeI0e TUCIo T < ¢, Takoe uto x° = a(mod b)?
Pesyabrar 06 NP-nostHoTe 97100 ipobsiems 6611 noyden K. Mangepcom u JI. Ayremanom [56].

COBMECTHAS AEJINMOCTD JIMHENHBIX I[TOJIMHOMOB (C/IJIII)

YCJIOBHME: 3ajansl BEKTOPHI G; = @ ,...,0;n U b; = big,....b;, ipu i € [1..m], ¢ HEOTPHU-

[ATEIbHBIMU TI€JIBIMU KOOPIMHATAMH.

BOIIPOC: CymecTByloT Jin TaKue HATYPAJbHBIE YUCIA T1,L2,...,T,, YTO IPU BCEX 1 €

[1..m] Bomommseres a;o + Y5y ijxj | bio+ D5 bijz,?

B patore JI. Jlunmmma [52] pokasana npunaexuocts NP samaan C/JIIT npu mobom
durcupoBannom uwnciie geaumocreit m. NP-rpyrunocrs CJIJII npu m = 5 u n = 4 joka3biBaercs
HOJIMHOMUAJIBHBIM CBEJIEHUEM K 3TOi mpobsieme 3aiadn KC. DTo moKa3aTebecTBO MOACKAXKeT, KaK

MOZKHO ITIOJIy4YUTHb aHAJIOTUYIHBIN pe3yabTaT JJjid JCJIMMOCTU Ha JdBa ITOCJI€JOBATE/IbHBIX YUCJIA.

ITpumep 3.4.1 (JI. JTummmmur [52, Proposition 2|). ITpobaema CJIJIII, 6 cayuae ko2da wucao nepe-

Mennoir 1 =4, a wucao desumocmett m =5, asasemcs NP-mpyorot.

Joxazamenvcmeo. Moxno cuntarh, 9to B KC a < b u nepeMeHHasi £ NpUHUMAET 3HAYCHUS U3
orpeska [0..c|. [Tokazkem, uro B N nmeer MecTo ciiejiyorasi paBHOCHIbHOCTb:

(

b|ly+ (b—a)

T+c|y+ 2z +c
2 = a (mod b)
Jz 0.4 & FyFuIv 2+ (c+ 1) |y +2(c+ Dz + (c+1)? (3.12)
z € |U.c
y+u|c?

\ r+v|c

[lepemennble u U v HEOOXOJAUMBI JIUIIE JIJIsi TOTO, YTOOBI 3amucarb orpanudenus r € [0..c|
ny € [O..CZ]. [lo kuTaiickoii Teopeme 00 ocTaTKax W3 BTOPOH M TpeTbell JIEJIUMOCTU CJIELyeT,
9TO CYyMIECTBYET €IUHCTBEHHBINA ¥, YAOBICTBOPAIONINNA 3TUM JIBYM JEJANMOCTAM U3 TOJIYUHTEPBAJIA
[0,(z + ¢)(z 4+ ¢+ 1)). OueBumno y = z? sABAgeTCA pelIeHUEM 3TOil TIOJCUCTEMBI; B TO K€ BPeMd,
Tak Kak (z + ¢)(x + ¢+ 1) > ¢?, na orpeske [0..c?] apyrux pemennii 66T He MoxkeT. OTcioa

CJIe/IyeT SKBUBAJICHTHOCTH (3.12). O
s dopmysn usz npaoii yactu (3.12) BBeIEM ClIe/IyIOIIee MOHSITHE.

Onpenenenune 2. Cemeticmao caodHcerus u 0eaumMocmu ecms scakroe muosrcecmeo S C N™
dns Komopozo cywecmeyem becksarnmopras Ly 4 .y -popmyaa @(T,7), aunetinas no j, maxas wmo

aeS< Jye(ay).

Taxum obpazom, npumep 3.4.1 nmokaszbiBaeT, 4TO cyiiecTByeT NP-TpyHOe ceMeiicTBO CJ10-
JKEeHUs W JICTUMOCTH.

OueBHIHO, ITO BCSIKOE CEMECTBO CJIOXKEHUS U JIEJITUMOCTH SIBJISIETCS SK3UCTEHIINAIBHO BhIPa-
suMbIM B cTpyKType (N; +, -, =). MoKHO mombITaThest 06001HUTh OpeieieHne 2 Ha TPOU3BOIbHBIE
apudmMeTndecKre CTPYKTYPhI, HO JJIsl JAHHOM TJIaBbl B 9TOM HeT HeoOxomguMmocTu. BBeém anasior

olpeJgesaeHud 2 JJ1d OTHOIICHUA AJCJIMMOCTH Ha JABa IIOCJICJO0BATC/IbHBIX YHCJIA.
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S .
Onpenenenne 3. (+,°|)-cemeticmseo ecmv ecaroe mmnoocecmseo S C N™, das komopozo cy-

wecmeyem 6eckeaHmMoOpPHai. L<+. sD—gﬁopMy/La @(T,Y), srunetinas no y, maxas wmo a € S <
e (ay).
Hamomuum, ato cemeiictBo S nasbiBaerca NP-tpynnubiv, eciium NP-Tpynnoit sBisiercs mpo-

OJieMa pacrio3HaBaHus @ € S TPHU yCJIOBUU JIBOMTHOTO KOJMPOBAHNS HATYPAJIBHBIX IUCE]T BEKTOPA

@. Tenepnb JoKazKeM cjiejlyloliee yTBepzKIeHue.
Vreepxkaenune 3.4.2. Cywecmsyem NP-mpyonoe (+, %) -cemeticmeo.

Joxazamenavcmeo. Iloctpoum nosmmnoMuasbaoe cBejenne NP-1o/iHON mpoOeMbl pa3penmMOCTh
KBaJIpaTHIHOrO cpasHenns 2 = a(mod b) Ha oTpeske T € [2..c] /s HOJOKUTETBHBIX TTAPAMETPOB
a,bu ¢, TIe ¢ > 2, moOJIMHOMHUAIBLHOE CBeJIeHne K KoTopoii mpobsembl KC odeBmHO.

I[locrpounm  sksucrennmanbuyio L, s,-dopmyny buia Jye(a,b,c,y), oupemeTAIONIYIO
(++,%|)-cemeiicTBo Tpoek (a,b,¢) HATYPAILIBIX UHCEN CO CIeyIomuM cBoficrsor. Bean a,b u ¢ —

TIOJIOZKUTEBHBIE TEJIbIE TUCIIa U € > 2, TO
Jz (2° = a(mod b) A z € [2..]) < Tyo(a,b,cy).

Tax kak Oyser mocTpoeHa KOHKpeTHas dopmysia, Kak U B npuMepe 3.4.1, cBejenune okaykeTcsd
MOJTMTHOMUATbHBIM.

[Tokaxkem, uro B N nMeer MecTO 9KBUBAJICHTHOCTD, cxoxasd ¢ (3.12):

bly+ (b—a)

cx+ 1|y + 3cx + 2
2* = a (mod b)
dz S JxTy e+ 2| Ay + 3cx +2 (3.13)
x € [2..c
T € [2..q

y € [4..c7]

\

s Toro, 4Tobbl 3aKOHYUTDH JOKA3aTeIbCTBO JIOCTATOYHO 3aMeTHTh ciejyioniee. C OMOIIbLIO
bopmymsr b°|(b+1)y+ (b+1)(b—a) nepenucsiacTes nepsast aeauMocTb. IlogcncTenma, cocrosmast
13 BTOPOI U TPeThell AeITMMOCTU €CTh B TOYHOCTH cx + 1 S\CQy + 3cx + 2, a 19 ABYX MOCJIETHUX
BBIPAZKEHUN BOCHOIb3YyeMCS I-BbIPA3UMOCTBIO OTHOIIEHUS < U3 JeMMbI 3.4.1.

B dopmyste (3.13) oueuna umiuimkarys Bupaso. Jlokaxkem o6paTHOe, MMEHHO, YTO eCJIH

npaBas CICTeMa IMeeT HeKOTOpOe PelIeHne T,y, TO HEOOXOINMO y = X2,

Bugum, uro cx + 1 L 2, B to Bpemst kak HO(cx + 2,c?) = 2, eciu ¢ uéTHOE M CT +

2 1 ¢, eciu ¢ neuérnoe. Ilo KuTajickoii Teopeme 06 ocTaTKaX NOJICHCTEMa U3 BTOPOil U Tperbeit

0 (cx+1)(cz+2)

JeJIMMOCTeNl UMeeT eJIMHCTBEHHOE peIllleHre B IOJIyUHTepBaJe [ , 5 ), eCcJIn ¢ YETHOE, a

(cx+1)(cz+2)
2

U3 Yero cjiejlyeT, 4To IpH Y € [4..c?] elMHCTBeHHBIM pelleHreM OKayKeTcs Y = r2, 4TO 3aBepIlacT

nHade — ejuHcTBeHHOE B nostynnaTepsade [0,(cx + 1)(cx + 2)). Tak xkak > 2, To > 22,

JI0Ka3aTeJIbCTBO yTBEPKICHUSL. ]

[Tonyuennoe NP-rpymaaoe cemeiicTBo Oyner npunaiexkarsb Kiaccy NP 1o reopeme JI. Jlur-

mura [52] o upunaseknoctu NP Besikoro cemeiicrBa cioxkennst u jesqumMoctu. flcno, 9ro
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MHOKECTBO TAKUX CEMENCTB sABJIsieTcs 6oJiee MUPOKUM KJIaCCOM OTHOINEHUI, 4eM MHOXKECTBO BCEX
OTHOIIEeHWH, 3-BbIpasuMbix B cTpyKrype (N;1, + | |). V3yuenne cBoiicTB ceMeiicTB CIOKEHUS U

JCJIMMOCTH BBITJIAJIUT JOCTATOYHO JIIOOOIIBITHOM HpO6JIeMOI7I.

S
3.4.3 MHo02KecTBO KBaJIpaTOB, CJIOYKEeHUEe u ~ |

B cBsasu ¢ onpenenenunem rpaduka dossenenus B kBagpar (3.9), JI. Ban gen Ipucom u A.
Yuiku ObLT 33/1aH BOIPOC 00 9K3UCTEHIINAIbHON Bbipasumoctu B crpykType (N; 1,4+ |) oTHOMIEHMST
=Sq(z) = Vy(y # 2%). B 1o Bpemst kak Bonpoc o IDef-nosiore crpykrypsl (N; 1, +,5¢) ocraéres
OTKpPBITBIM (cM. [53; 60], HOJIOKUTENBHBIN OTBET CJIE0BAI Obl M3 MCTUHHOCTH TMIIOTE3bl Broxu
O TATH KBaJparax), BaH jieH Jlpucy u YWiku, Mo-BHAUMOMY, ObLIo u3BectHo o JDef-nosHore
(N;1, 4+ ,9¢q, |). Tak Kak cCbUIKY Ha STOT Pe3yJabTaT HANTH He YIaJ0Ch, MOKAXKEM 37eCh, UTO
OTHOIIEHUE Yy = x? BLIPA3UMO B 3TOH CTPYKType HeCJIOxKHO# GecKBaHTOpHOI dopmysoil. 1o

omnpe/iesieHne mo3BouT jokazarh JDef-mosnory crpykryper (N; 1, 4+ ,5¢, S|>

Vreepxaenue 3.4.3. Omuowerue y = 12 A6aaemca 6ECKEAHMOPHO 6HIPAZUMBLM 6 CIMPYKMIYPE
(N; 1, 4+ ,Sq, |), caedosamenvrno, ama cmpyxmypa IDef-noana, a eé sx3ucmenyuarvras meopus

HEPA3PEULUMG.
Joxazamenvcmeo. Ilokaxkem, 4To

y=a22 Sqy) ANSqly+2x+ 1) Az |yAl+x|y+2x+ 1. (3.14)

ITocieIHIO JIeTMMOCTh MOJKHO nepenucath B Buge 1+ z | y — 1. Ilyers y = 2%, Torma us

TOrO, UTO T | Y Cleyer, 4To 2z

= zu g Hekoroporo u > 0 (ecom w = 0, o y = 0, u mosTOMY
1+ | x, a 3Haqnr, z = 0).
[Tepermumiem gemunvocts 1 + 2 |y — 1 B Buge 1 + x | xu — 1, aro paBHocuabro 1+ x| u + 1.

[Tycrsb Tenepsb u + 1 = (x + 1)v ayis wekoroporo v > 0. Toria moIydnM 1EM0YKY DABEHCTB
y+2r+1l=ou+2r+1=2((z+1)v—1)+2zx+1
=z(z+1)v+(z+1)=(z+1)(zv+1).

Ocrasoch IIOKa3aTb, 9YTO U MOXKET TOJILKO OBITD PaBHbBIM €IWHHAIIC.

[IpeaonoxkuM, 910 v > 1 U BBINOJIHAETCS
Sq((z+ 1) (xzv+1) —2x — 1) ASq((z + 1)(xv + 1)).
[Tycrs 2 = (z+1)(xv+1). Tak kKak v > 1, T0 t > =+ 1, HO B 3TOM CJIyuae HaUGOILIIHIT KBaIpaT,
menbimit 2, ectb (t—1)2 m t* — (t —1)2 > 2(z + 1) — 1 = 2z + 1, nosromy —Sq(t? — 2z — 1).
CreoBaTe/ILHO TIPE/IION0KEHIE HEBEPHO, a 3HAUUT v = 1 1 y = x°. O
O[eBHTHBIM CJIEJCTBUEM W3 MOJIYIEHHOIO PE3y/IbTaTa SBJSETCs TOT (hAaKT, 9TO OTHOIICHUE

Sq He gBJsleTCs SK3UCTEHIUAIBLHO BhIpasuMbiM B crpykrype (N;1, + , |). U3 dopmyssr (3.14) u

paBHocwiIbHOCTH = |y Al 4+ 2 |y +2r+ 1S 2 S|x + ¥ HOJIy4YuM CJeAyIolee yTBepKIACHUE.
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Caexncrsue 3.4.3.1. Cmpyxmypa (N; 1, 4+ ,5¢, S\} asasemcs 3Def-noanofi.

S
3.5 HekoTopbie pe3yJsibTaThl O BHIPA3UMOCTH JIJisd ~ | C OTHOIIIEHHEM
nopsaJiKa n PyHKINEN cjaeJoBaHUS

EcrecTBennbiM yeuienneM yTBep:kieHus 3.4.1 Morjio Obl CIy>KHUTh JOKa3aTeabecTBo Def-
nomuotsr crpykTypsl (N; <, °[). Dra npobiema BBIVISINT TPy/IHEe; YKAZKEM TOILKO HEKOTOPOE
nocrarounoe yeaosue Def-nosHoTe 1 gokazkem Bepasuvocts B (N; < %) orHomennit y = 2z
uy = 2°

s mokazareabeTBa TeopeMbl 10 jgoctarodno 6ojiee cjaboro pesysabrarta, dem Teopema Po-
6urcon o Def-osmore crpykryper (N; S, |). Tak kak rpaduk dyHkuun ciejpoBanus y = ST
BoipasuM Gopmynnoit r < y AVz(r < z =y =2z Vy < z), crpykrypa (N; < | |) takxke Def-nosna.

Beipazumoctbio y = Sz OyjieM HOJIb30BATHCS BO BCEX MOC/IEIYIOMNX YTBEPK/IECHUSIX.

Teopema 10. Ecau ceolicmeo Py(z) = Jy(x = 2Y) ewpasumo 6 cmpyxmype (N; < ,SD, mo
S y

meopus Th(N; < | °|) nepaspewuma. Ecau oce 6 amoti cmpykmype vipazumo ommuowerue t = 29,

mo (N; < ,°|) Def-noana.

Jlokasameavcmeso. Mpbl Boctiosibzyemest TeM daktoM [20], 9To Jyist Beskux « > 3 > 0, Takux 910
o« L Bux>y >0 ueer mecro pasenctso HOI(a® — B%,0¥ — BY) = ofHOM@y) . gHOA(zy),
Homyuaem, aro HOJ (2% — 1,29 — 1) = 2HOA@Y) — 1 y3 wero caemyer HO(z,y) = x < HOI(2* —

1,2 — 1) = 2% — 1 u, Takum o6pa3om
(27— 1)27 [(2V = 1) & 2" — 1|2 — LA |2V & x| . (3.15)
Ornomenne Ly(x,y) = y = 2° + = BuIpazkaeTcsa HopMyJIoit
(x:0/\y:O)Vﬂy:()/\xsly/\v,z(—'z:0/\xs|z:>y:z\/y<z).

Hemmocrs z(x + 1) | y(y + 1) soipasuma ¢ nomompio dopumymst 3z(Ly(y,2) A z°|z). Bcmm
B crpykrype (N;< | °|) Bopasum npemukar @ = 2, 1o u3 (3.15) mosiydaem, uto z | y <
Juiv (Su=2"NSv=2Y Au(u+1) |v(v+1)). Bropas gacts Teopemsr Teneps cieayer n3 Def-
nosiHoThl (N; < | [).

Teneps J0KazKeM 1epByIo YacTsb. s sroro ykazkem noaerpykrypy (N; <, °|), usomopdiyio
(N; <, |). Onpenennum A C N, orHomenus y<z u asTy Ha A, Tak 4ro umeercs ouekiys f: N — A,
urox <y & fa)<fly)nzx|ye f(y)Tf(x) U3 seipasumoctu B (N; < | |) orHomenuit x € A,
y<z u xTy 3areM nostyanm Hepaspermmmoctb Th(N; < ,S]).

[Ilyctrb A={2"—-1:2>0}uf : xz+ 2° — 1. Torna ¢ momompio P, oTHOmeHne © € A
onpegessiercss opmyioit Jy(Pe(y) A Sz = y). Bugnwm, aro x < y < 2 — 1 < 2Y — 1, nosromy,
€CJIN OTIPEJIETUTh xTy =z(x+1) | y(y+ 1), To u3 (3.15) momyunm uzomopduocts (N; < | |) u
(A; < ,T ). O
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Criocob, ¢ MOMOIIBI0 KOTOPOro ObLIa JI0Ka3aHa HEPa3PenInMOCTh JIEMEHTAPHONH Teopun
crpykTypel (N; < | Py, S]), HMPUMEHSETCH JIOBOJBHO IMUPOKO B TeX CIyYasx, KOTJIa 3aTPYyIHUTE b
HO JjiokasaTh Def-miosiHoTy coorBercrByoreil crpykrypbl. Hanpumep, ms crpykrypsr (N; S, 1),
Borpoc o Def-niosiHoTe KOTOPO#i MOKa ocTraéres oTKpbiThiM, A. Byacom [85] u 1. Purmapom [65]
OBLIM HE3aBUCUMO MOCTPOEHBI PA3IndHble HOACTPYKTYphl, nzomopdubie (N;+, -, =). B pabore
I1. Curuenbcku, F0.B. Marusicesnua u /1. Pumapa [24]| BBoguTCs crienmaibHoe TOHATHE CIMPYK-
mypui ¢ uzomopdrot nepeurmepnpemayuets (structure with isomorphic reinterpretation property)
U TIpeJijlaraeTcs IpuMep CTPYKTYPbI, 00/1a/1a01eil CBOMCTBOM N30MOP(MHOi IepernHTepIIPETAIIIH,
HO He gapagomelica Def-mmosHoil.

Eciu renepb obparuthes kK crpykrype (N; .S S|>, TO C IIOMOIIBIO OTHOIIEHUS T Lo Y, Olpe-
JIEIEHHOTO B pasjere 3.1, MOXKHO MoKa3aTh, 4To BbipasuMoctb y = 2% B (N; S, S|> TaKyKe BJIeUET
Def-ostrory. Tax Kak 1o jemme 3.2.1 pasencTso Beipasumo B (N; S|), TO BMeCTO I'paduka HOyHKIUN
BKJIIOUNM B CTPYKTYpPYy camy (DYHKIIMIO BO3BEJIEHUsI JBOWKHM B CTelleHb, KOoTopas OyaeT o0o3Ha-

JaThed 2%.
Vreepxkaenue 3.5.1. Cmpyxmypa (N; S,2x,s|> Def-noana.

Jlokasameavcmeo. Bocnonbsyemest ermié omuuM pesynbratrom . Pumapa [66] o Def-momrore
S
(N; 5,27, 1). Jlynst moKasarebCTBa yTBEPXKIEHUS JIOCTATOYHO BbIpa3uTh B crpykrype (N;S27 7|)
OTHOIIIEHNE B3aUMHON ITPOCTOTHI.
Cuosa ucnosbzyeM ToT dakt, uro HOM(2® — 1,2Y — 1) = 2HOA®Y) _ 1 crencrsuem wero

apagercd v L y < 2° —1 1 2Y — 1. [lokaxkem, 9To jj1d npeukara Lo mMeeT MeCcTo
rlye (@x=0Ay=1)Vv2¥ 111,22 -2 (3.16)

JUUIST BCSIKUX HEOTPUIATE/IbHBIX IeJbiX unces © u y. Torga Beugy y = x — 1 < Jz(x = Sy) u
Boipasumoctu = Ly y B (N; S, S|>, HOJIy MM UCKOMOE.
[Iycrs namee x # 0. Onycrum B tipaBoit yacTu (3.16) mepBblii AU3BHIOHKT U TIepenueM Lo

COIJTaCHO OIIpEICJICHUIO!
277 =11, 2277 - 1) & HOL((2" 7' — 127 1 221 = )(2* - 1)) = 2. (3.17)

Boinecem J1BOJKY 1 COKpaTUM; KPOME TOIO, MOXKHO Cpa3y U306aBUTHCs OT CTENEHH 2 B IEPBOM
aprymente HO/I, a pasencrso exunune HOJI sanmcars B Buge (2271 —1) L (2271 —1)(2% - 1),

9To O‘{eBI/I,ILHO paBHOCI/IﬂbHO KOH'bIOHKHHH
9%l 1 1 9%l A2 192 1.

JIBaXK bl BOCIIOJTB3YeMCsl YIIOMSIHYTHIM BbIlle pakToM u moryunMm ¢ L y A 2% —1 1 2Y u3

gero ciaeayeT MCTUHHOCTDL YTBEP2KJICHMA. ]

s
He wusBecrno, Bbipasumo Jjin orroienue y = 2% B crpykrype (N; S, ”|) wim xorst 661 Py B
s
(N; < ,7]). VYreepxkuenus 3.5.2 u 3.5.3 MOTYyT OKa3aThCsl MOJE3HBIMU [PU HOCTPOeHUH (hOPMY.I,

BBIPAXKAIIIUX 3TU OTHOLIEHUA B IIOCJIEJIHEN CTPYKTYPE.
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YrBepxkaenue 3.5.2. Omnowenue y = 2z uipazumo 6 cmpyxmype (N; < ,S|>.

Jloxazamenvcmeo. Ecau B onpesenennn Ly u3 Teopembl 10 o6oznaunts My(z,y) = -y = 0, TO
Li(zy) e (x=0Ay =0)V My(z,y) AVa(My(z,2) Az®|z =y =2Vy < 2).

Tenepb MoxkeM onpenenuts Li(x,y) = y = kz? + kx nocienosarenbuo jiis uHuekcos k = 2,3.4 ¢

MIOMOTIBIO POPMYJT
Li(zy) & (@ =0Ay=0)V My_1(z,y) AV2(My_1(z,2) AN2®|z=y=2Vy < 2),

rie My, 1(x,y) = My_o(x,y) A=Li_1(x,y). OTciofa oueBniHbIM 06pa3oM BeIpazuMo y = (2x+ 1)
a orHomenue r > 0Ay = (22 —1)? 3a1aérca sx3ucrennumanbioit popmyitoit Iz3t(Sz = A Ly(2,t) A
y = St).

Crenytomas dpopmy/ia ompeiesieT NCKOMBIN TTpeTimKarT:

y=2x<(x=0Ay=0)V 3213223z3324(x >0
A= (20 —1)* Az =y(y — 1)

Az =y(y + 1) Azg = (22 +1)?

< .

Nz1 < 29 N\ 23 < 24

Breiparkenne B mpaBoit yactu tpedyer y = 2x Ay < 2. [

Cretyromas jieMMa MOCIYKUAT TP JIOKA3aTE/IbCTBE BHIPA3UMOCTU rpaduKa BO3BE/ICHUS B

kBajpar B crpykrype (N; < ,SD.
Jlemma 3.5.1. Omnowenue y = x(x + 1)(z + 2) (2 + 3) svpasumo 6 cmpyrmype (N; < ,%]).

Jloxazameavemeso. Ecim y # 0 ynoBiaeTBopseT xs|y A SSxS]y, TO HECJIOZKHO 3aMEeTHTh, UTO IIPU
yenosun 3 |z, y = Ex(x + 1)(z + 2)(z + 3), a upn 3 { z, nonywaem y = Sx(z + 1)(z + 2)(z + 3)
st HekoToporo k € N,

Beipasum cuavasa coiictso 3 | x. C nomormpio z = 0 u S, MBI MOXKeM OnpeesuTs 6 | x <
Jy(y = 0A SSy°|z). Torma 3 |2 < 6| zV6|SSS.

Ciiesiyst TOIt 2Ke cxeme, 9TO U B yTBEPKJieHun 3.5.2, orpe/iesisiemMm
Si(zy) o y=0A2"yASSz |y AVz(-z=0A2°2ASS2 7]z =y < 2),

u jasee, Jist @ = 2,...,6 mocjeoBaTebHO KOHbIOHKTHBHO Jj106aBisieM B (OPMyJly U B HOCBLI-
Ky UMIUTHKAIME B [OJKBAHTOPHOM BbIpazkeHnu —.S;_1(z,y) n =S;_1(x,z) coorercrBenno. Takmm
00Pa30M BBIPAZKAEM OTHOIIEHUsI <Y ABJIAETCS i-bIM TIOJOXKUTEJIbHBIM TIEJIBIM TUCIOM, KOTOPOE JIe-

mures Ha x(x + 1)(x + 2)(x 4+ 3)». B urore nosmyaaem
y=z(z+1)(z+2)(z+3) < (x=0Ay=0))V3|xzASs(x,y))V (31xAS(z,y)).

2

Vreepxkaenue 3.5.3. Omnowenue y = z° supazumo 6 cmpyxmype (N; < ,S|>.
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Joxasameavcmeo. 1lokazkeM, 9TO UMeeT MECTO CJIE/IYIOIIEee OIpeeIcHue:

y=1> (z=0Ay=0)V(@=1Ay=1)V(@=2Ay=4)
\/<x>2/\y>2/\v,z(z:y(y—1):>:L'S]z/\x—15|z/\ (3.18)

ANx—=2)(x—Dz(z+1)<zAz<(x—1Dz(z+1)(z+ 2)))

BaKJIIOquHe UMIIJIMKaOUW B IIOAKBaAHTOPHOM BbIPpazK€HUM 0JI2ZKHO 6]31TI) BEPpHO TOIr'la U TOJIBKO
torya, korga z = z%(z? — 1). I sroro TpeGyem meqmmocth 2 Ha © — 1,z,7 + 1 u 3akmovaem 2 B
unrepsan ot x2(x? — 1) — 2z(x? — 1) no 2?(2? — 1) + 2z(2? — 1).

slcHo, uro y = 2 ynosaersopseT hopMyIIe, IOKazKeM, UTO HHbIe 3HAUEHUS T U i IPUHAMATD
HE MOTYT.

Iycrs z,y > 3. Bemm 2 %[z Az —1°|z, 10 2 = Bz —1)z(z+1), nosromy momyuaem (z —2) <
¥ < 2+2. CenoBarenbHo, nverorcst Tpu BosMozkHocTH: 2 = (2 —1)%z(2+1), 2 = (2 —1)2? (2 +1)
uz=(r—1)z(x+1)>%

[peanonozkum, uto y > x2. Eemu 2 = y(y — 1), o z > x?(2? — 1), u octaéres TOIBKO
BoaMokHOCTL Y(y — 1) = (z — 1)z(z + 1)? = (22 — 1)(2? + x). Tak kak #acno, uro y < x? +
nostoxxum y = z2 + k g wekoroporo k € [1,z — 1]. CrenoBaTesibHO, UMEET MECTO JEJIUMOCTD

22 — 1| (22 4+ k)(2* + k — 1), KOTOPYI0 MOXKHO HEPENHUCATH CJIEYIONIM 00pa3OM:
(2 + k)(2* +k—1)= (k+ 1)k =0 (mod 2* — 1).

Tenepb BujuM, 9TO Takoe 4YHCIO k He CYIIECTBYeT, TaK Kak U3 OlpeJiefeHnus k n orpaHuveHust
r > 3 mosyvaem nenodky mepasencts 0 < k(k+1) < z(z — 1) < 2? — 1.

Ecin teneps y < 22, To aia 2 = y(y — 1) umeercs euHCTBeHHAst BO3MOXKHOCTE y(y — 1) =
(x—1)*zx(x+1) = (22 — z)(z* — 1), u3 1wero caenyer y > x* — x. Cuosa nonoxkum y = x? — k s

HekoToporo k € [1,x — 1] u momyanm
(2 —k)(2®* —k—1)= (k— 1)k =0(mod z* — 1).

Ecmu k = 1, To ncxoanoe pasencrso umeer suj (2 —1)(2? — 2) = (22 — 1)(2? — x), nosromy mbo
xr =1, ubo x = 2, HO 3TU Cyuau HAMHU UCKJIoYeHbl. Ecmm xe k> 1,10 0 < k(k — 1) < 2% — 1,

"3 49ero cjIeayeT OTCyTCTBHUE TaKOBBIX ku Y, 9TO U 3aBeplIacT JOKa3aTEC/IbCTBO YTBECP2KICHUA. ]



85

SakJiroueHue

ITo cymiecTBy, caMbIMU TIEHHBIMU pe3y/abTaTaMu Juccepranun spisgtorcs HOJl-iemva u moHst-
THE aJTOPUTMa KBa3WIUMUHAIINN KBAHTOPOB U3 [IEPBOI TJIABbI, & OCHOBHBIE PE3Y/ILTATHI U3 I1aB |
1 2 TIOJIyYeHbI C UCIOIH30BAHUEeM ITUX UHCTPYMEHTOB. B TO Bpems Kak riiaBa 3 paCKpbiBaer ¢ TOY-
KU 3DEHUsT BOIPOCOB BBIPA3UMOCTH U Pa3PelIuMOCTH HEKOTOPBIE CBA3U MEXKJLY IeJIOUHCIEHHON
JIETAMOCTBIO U JIEJTMMOCTBIO Ha JIBA MOCJIEIOBATEIBLHBIX TEJIBIX YUC/Ia, B TJIaBe 3 HMCIIOJIb3YIOTCS
CTaHJIAPTHBIE METOJIbI, U BCE PE3YJIBTAThI BBITJISIIAT BIIOJIHE IIPEJICKA3YEeMbIMU.

Otpe e/ IEHHYI0 TPY/IHOCTD COCTABJISIIIO HAXOXK/IEHWE yI00HO (DOPMYTMPOBKH JIJIsT 9€TBEP-
toro yeaosust HO/I-memMbr, Tak Kak 9Ty JeMMmy ObLIO Jerde joka3arh, ucnonbsdys ((iv)), Tormga
KaK B IIPHJIOKEHUSAX MbI Beerya ucrosbdyeM (iv). Ilommmo sroro, yemosus (i) u (ii) saBisiorcs
OTTOJIOCKOM KHTANCKOI TeopeMbl 06 ocTaTKax, XOTsl HHOTIA yao0Hee (Kak, HAIPUMED, B aJlOPUT-
Me kBasu-OK C u3 yreepxienus 2.6.2) 3amenntsb Tpu ycsosus (i), (i) u (iii) ma exuncrsentoe
yesosue ((iil)) mrs xkaxkmoro i,j € [1..m]. B 1esmom, KaxKercs HEOKUTAHHBIM, ITO Takoe 00001Ie-
HEe KUTalCKON TeopeMbl 06 0CTATKax CYIIECTBYeT M, KDOME TOTO, 9TO €er0 MOXKHO MPUMEHSITD JIJIst
peleHnst pa3IndHbIX 3a/1a9 BHIPA3UMOCTH U pas3permMocTu. PesyibraTs! pasjerna 2.6 ObLiu moJry-
YeHbl, Koryla IiaBa 1 Oblaa 3akoHdueHa. AHajiorndHo ajroputmy KBasu-dK C, mar 2 ajropurma
R MOKeT OBITH ITpeodpa30BaH TAKUM 00Pa30M, 9TO OH OyeT emé “O/nKke” K SJIUMIHAIINA KBAHTO-
poB. To ecTb, ncnosb3ys obuHApPHBII QyHKIHOHAIBHBIH cuMBoT HO/I, MoKHO 100UTHCSA BBeIeHUsT
MEHBIIEr0 YUC/Ia IPEYECKUX MMEPEeMEHHBIX (MM Jlayke He BBOJUTH uX BoobIie). B To ke Bpems
BCIIOMOTaTe/IbHbIE IPeUecKre TlepeMeHHbIe 3HAUNTETHHO YIIPOIIAIOT BT HOJI-BbIpasKeHuil, 4To 1103-
BOJIsIET B CBOIO OYepeJib YIIPOCTUTh PACCYKIeHUs O (POPMYyJIax ¢ HOJ-BbIPazKeHUil TAKOTO BU/IA.

HokazaresnbcrBo BJI-reopembr u3 Kuuru |11, Preface|, mo-suaumomy, Takzxke JOIKHO 1peio-
CTaBIATH onucaHue Bcex PI-BbipasuMbix oTHOmeHwii. B Teopeme 5 3ra npobiema pemaercs
JUISL CcJlydasi, KOIjia OTHOIIEHUe IOPSIIKA WMCKJII0OUYEHO U3 CTPYKTYPBI, a JeJUMOCTb 3aMeHeHa
B3aMMHOI TIpocToToil. Cpeayr MPOMeXKYTOUHBIX CTPYKTYpP HamboJiee BaXKHBIMU BUIATCS CJIEYIO-
mye: (Z;1,+,—, <, L) u(Z;1,+,—,|). dua Bropoil crpyKTypbl MOKET OKA3aThCsl OJIE3HBIM
pesyabrar 1. Curmesbcku [23], KOTODBI NPUMEHUJI TEOPETHKO-MOJEJbHBIE METOJbI, HYTOObI
JIOKa3aTh CYNIECTBOBAHUE AaJrOPUTMa SIUMUHAIMN KBAHTOPOB JIJIsI HEKOTOPOIO PACIIMPEHUST
CTPYKTYPBl (Zo;|) TpeaukaTamu, BBIDA3UMBIMU B STOH CTPYKType. 3aMeTHM, 9TO B HAIIEM
cilydae JIOCTATOYHO PacCMOTPETh TOJIbKO PI-Bbipasumble orHomienus. Pemenne j1io60ii u3 3THX
3aja4d 0 P3-BoipasumocTtu ja/io ObI HAM HOBBIH pa3penuMblii pparMeHT V3-reopunt CTPYKTYPbI
(Z;1,+,—, <, |). Takum 06pazom, pe3yabTaThl U3 TeopeMbl 7 1 caeJcTBust 4.1 MOryT oKa3aThCst
JIBYMsI 9aCTHBIMU CJIy4asiMEF OJJHOTO Pa3pernMoro gpparMenTa.

Bonpoc k. Pobuncon o paspemmumvoctun 3Th(Z; 1,4+, —, <, | ,P;) 3amaér ocHoBHOe Ha-
npaBJeHne JnajdbHeiinx wuccienoBanuii. JI. Ban men [pucom (em. [62]) 6buio mpesiozkeHO
TEOPETUKO-MOJIEIHHOE JI0KA3aTeTLCTBO (DaKTa CYNMIECTBOBAHUS aJTOPUTMAa SJIMMUHAIMA KBaHTO-
poB B HekoropoM pactmperun crpykTypel (N; 1,4+, < | Py) dyHkiusvMu, rpaduku KOTOPBIX
BBIpa3UMbI B 9TOil crpykType. [yt Hammmx 1esieil BayKHO MMOCTPOUTH TAKOW AJITOPUTM B IBHOM

BUJIC WJIH, [0 KpaiiHell Mepe, MOCTPOUTH AJTOPUTM KBasu-dK 11 SK3uCTEHIMAIBHON Teopun
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9TOI cTPYKTYphI. ajee, ecn HaJleaThCd MOJYIUTh YTBEPAUTEIbHBI OTBET Ha 00OOINEHUE MPO-
01eMbl PobuncoH, cdhopMmyaupoBanHoe B pasjese 2.7, cjiejlyeT CHadaja PacCMOTPETh IIpodJieMy
paspemtumoctu it reopun ITh(Z; 1, +, — |, < Py, P3,Py,...) (oT™MeTuM, 9TO BOIIPOC O pa3perr-
moctu Th(N; 1, +, < ,P,P3) BCé emé siBasgerca orkpbiThiM [13]). Bupouem, stu Bompocs! yke
JTAJIEKO YXOJIAT OT OCHOBHOM TEMBI JUCCEPTAIMH, W O BO3MOXKHBIX HAIIPABICHUSX JIAJIbHERIINX

I/ICCJ'IG,ZLOBaHI/H';I TeIlepb CKa3aHO JOCTaTOYHO.
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