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BBEJIEHUE

AKTVaJ'IBHOCTI) TCMbI HMCCJIICIOBAHMA. IToToxu KHUIKOCTH H Ta30B BOJIM3HU

MJI0X000TEKAEMBIX T€JI, BO3HUKAIOIIHE B IIMPOKOM JIHMAMa30He MPUPOIHBIX SIBJICHUN
U TEXHUYECKUX MPHIOKEHUM, CO3AaI0T MPOOIEMBbI IPH IKCILTyaTallud TEXHUKUA U
COOPYKECHUH, 4To OIpENETACT MHTEPEC M3y4YCHUS a3pOAMHAMUKU
MJI0X000TeKaeMbIX Tej. VcciaenoBanus TaHHOTO BOIpPOca CTAHOBSTCS Bce Ooliee
BOCTpEOOBAaHHBIMU 1O TMPUYMHE PACIIUPEHHUS CIEKTpa TEXHUYECKUX U
TEXHOJIOTUYECKHUX 33/1a4, KOTOPBIE B TOM WM NUHOM MEPE CBA3aHbI C a3POJUHAMUKOMN
IUIOXO OOTEKaeMBIX TeJl. JIeNCTBUTEIIBHO, PAa3BUTHE CaMOJIETOCTPOCHUS,
CTPOUTEIBHBIX TEXHOJOTWM, PACIIMPEHUE BAPUATUBHOCTH APXUTEKTYPHBIX
COOpPYKEHHUU JaeT HOBbIE M HOBBIE BBOJHBIC I TOJOOHBIX HCCIIEIOBAHUM.
[IpumepamMu OOBEKTOB, HSKCILUTyaTUPYEMBIX YEJIOBEKOM M TMOABEPraroluxcs
BETPOBOM HArpy3Ke WJIM HArpy3Ke TEYEHHUs IMOTOKA MKUJKOCTH, MOTYT CIIY>KHUTh
CErMEHTBI MOCTOB, TPYOONPOBO/IbI, TPOCHI, BRICOTHBIC 3/JaHUS, JBIMOBBIC TPYOBI.
OO6pa3oBaHue MUPOKUX OTPHIBHBIX 30H BCJEIACTBUE CPhIBA TOTPAHUYHOIO CJI0SI PU
BETPOBOM BO3JICHCTBUHU Ha OOBEKT, JIMOO MPH BO3JACHCTBUHM BOJHOTO IOTOKA, Kak
MPABWIO, MPUBOJUT K HEXKEIATEIbHBIM IOCJIEACTBUSIM, BBIPAKAKOIMNMCS B
nedopMani ¥ NTOCTENEHHOM Pa3pylIEHUU CTPOUTEIBHBIX COOPYKEHUH.

OnHuM W3 OCHOBHBIX ~ BONPOCOB,  CBA3aHHBIX C  YJIyYIIEHUEM
AKCIUTYaTAIIMOHHBIX a3POJAMHAMUYECKUX XAPAKTEPUCTUK TIJIOXO OOTEKAEMBIX Tell
SBJISIETCS BOMPOC O BIMSHUM HAa HUX KOHIIEBBIX I1aild, TO €CTh IUIACTHH,
yCTaHaBJIMBAEMbIX BJOJb MOTOKA HA KOHIAX HcciemyeMoro oobekra. KonreBas
MJACTHHA BIUSAET HA HATPY3KH HA TEJIO TaKUM 0Opa3oM, YTO ATO MOXKET OBITh
3HAUUTEIBHBIM C TOYKH 3pPEHHUS TOBBIIEHUS S()PEKTUBHOCTH KOHCTPYKIIUU.
B03MOXHOCTh OMpenensaTh a’poJWHAMHYECKUE XapaKTEPUCTHUKH OOBEKTOB H
VIOpaBIATh UMM Y€pe3 HCIOJb30BAaHWE KOHIIEBBIX IO TMO3BOJUT HU30€KAThH
KOHCTPYKTOPCKHX OIIMOOK YK€ Ha 3Tare MPOCKTUPOBAHUS OOBEKTOB U YIyUIIUTh

HX 3KCILTyaTallHOHHBIC CBOMCTBA.



Jlyist petieHns 3a1a4 COBPEMEHHON adpPOIMHAMUKY HUCTIONB3YIOTCS Pa3InuHbIC
MeTobl. OJTHUM U3 TAKKX METOOB SBJISICTCS TOCTPOCHUE MaTEeMaTHIECKONU MOJICIIN
UCCIIEMYEeMOTo SIBIICHUS wuiu Tporecca. (OaHAKO, TIOCKOJIBKY IOCTPOCHUE
MaTEMaTHYECKONH MOJCIIH COIPSIKEHO C BBEJICHHEM HEKOTOPBIX JIOMYIICHUM, TO
oOecrieueHre ¢ KOPPEKTHOCTH, TPEOYET COIMOCTaBICHHUS PE3yJIbTATOB IPUMCHCHUS
MOCTPOCHHOW MOJEIN C JaHHBIMH (DU3UYECKOTO IKCIEPUMEHTA, YTO M OBLIO
peaan30BaHO B JJAaHHOU padoTe.

Takum o00pa3om, pa3paboTKa MaTEeMaTHYECKUX W OKCIIEPUMEHTAIbHBIX
MOJIeNIeH TaJIOMUPOBAHMSI Tela B T€X WM HHBIX YCIOBHUSAX MMOMOXKET yOepedncs OT
HEBEPHBIX KOHCTPYKTHUBHBIX PEIICHUH TNpPH MPOCKTUPOBAHUU HHIKEHEPHBIX
coopykenuid. I[Ilpm 3TOM BBHIYy B3HAUYWUTEIHLHOTO MHOTO00pa3us OOBEKTOB,
MOABEPraloIuXCs  a’dpPOJIMHAMUYCCKOMY  BO3JICUCTBHIO, CYIIECTBYIOIIME Ha
CETOJIHSIIHUN JIeHb Hay4YHBIX paldOT, OTHOCSIIUXCSA K paccMaTpUBACMOMY
HaIpaBJICHUIO, HE TIEPEKPHIBAIOT WX 3HAYUTEIBHYIO dYacTh. Ilpum 3TOM, BCe
BBIIIIEH3JIOKEHHOE  OMpeeisieT aKTyalbHOCTh JaJdbHEWIIero HCCISAOBaAHUS
BOIIPOCA BIIMSIHUS KOHIIEBBIX IIai0 Ha a’pOAMHAMUYECKUE XapPaKTEPUCTHKH TIJIOXO
00TEKAaEMBIX TE.

CremneHb pa3pabOTaHHOCTU MPOOIEMbl. AHAIN3 HAYYHBIX pabOT, CBA3aHHBIX C

NPUMEHEHUEM KOHIEBbIX a0 Ui UCCIENOBAHMS  adPOJMHAMUYECKHUX
XapaKTePUCTHUK Pa3IMYHBbIX 0OBEKTOB, MO3BOJISIET BHIACIUTh HECKOJIbKO OCHOBHBIX
HarpaBieHuil. boibmoil 00beM paboT CBS3aH C PAaCCMOTPEHHEM KPYTJIbIX WIIN
NPSMOYTOJIBHBIX LUJIUHAPOB. OTHU MCCIEIOBAaHUSA HaIpaBieHbl Ha CO3/laHUE
MaT€MaTUYeCKUX MOJEJE M  TOJIy4eHHE  JaHHBIX  a’dpPOJAMHAMUYECKHX
XapaKTepUCTUK O0O0BeKTOB. OTiiMuue paboT 3a4acTyr0 COCTOMT B IapaMmeTpax
BXOJIHBIX JIAHHBIX, KaKUMHU SBJSIIOTCS YIVIBl aTakW, YJJIMHEHUS LHJIUHIPOB,
CKOpPOCTh MOTOKa, reoMeTpuueckasi popma u pa3Mep KoHLEBbIX maitd. Yacrora u
aMIUINTYyla KOJIEOaHWH, TOHHOE JIaBJIEHHE, U3MEHEHUE adpPOJUHAMMUYECKON CHUJIbI
SBIISIIOTCS MPEIMETOM 3TUX HccienoBaHuil. B HekoTopbix paboTax ucciemyeTcs

3aBUCUMOCTD a3POAMHAMHNYCCKHNX XaPAKTCPUCTHK OT YHUCEII PCﬁHOHLHC&.



B oTnenpHbI OIOK MOXHO BBIACIUTH TPYAbI, B KOTOPBIX HCCIETYIOTCS
OOBEKTBI, MPEACTABISIIOIIME COOOM cerMeHThl MocTOB. llomyueHme ux
a’pOAMHAMUYECKUX XapaKTEPUCTUK MPOUCXOANIIO IPH MOMOIIM KOHIIEBBIX IIA0.

He MeHblIice BHUMaHUE YAEIACTCSA UCCICAOBAHUAM KPBUIBEB CaMOJETOB. B
3TUX pabOTax B OCHOBHOM MCCIIEAYIOTCS pa3IMuHbIe TUIIbI 3aKOHLIOBOK KPbLIa U X
BIIMSIHUE HA a3pOAMHAMMKY Kpbuld. Ba)KHbIMU ITapaMeTpaMM 3aKOHIIOBOK B TaKHMX
DKCIIEPUMEHTAX SIBIAIOTCS pa3Mep, (opma M Yroa HaKJIOHA OTHOCHTEIBHO
IJIOCKOCTH KpbLa.

IHemu w 3amaym  auccepTaliMOHHOrO wccienoBaHusi. OCHOBHOM IEJIBLIO

UCCJIEIOBAHUS SIBJISIETCST pa3pab0TKa METOIUKU IKCIIEPUMEHTA U MaTeMaTU4eCKOU
MOJICNIA, ONHUCHIBAIOIIEH MPOLECC TaJONUPOBAHUS MPOTSIKEHHBIX  IUIOXO
00TEeKaeMbIX TeJ C KOHIIEBBIMHU ITIa0aMu.

JI71st moCTHKEHUS 1Ie I HE0OX0IMMO ObLIO PEIIUTh CIEAYIOIINE 3aJaun:

— OIICHUTHh BIIMSAHUE KOHIIEBBIX IIAH0 pa3HbIX pa3MEepoB Ha JI0OOBOE
COIIPOTUBIICHUE, JOHHOE JaBJIICHUE U JUIMHY PELUUPKYJSILUOHHOW 30HBI
HETMOJBI)KHOTO TIOXO OOTEKAeMOro Tejia, OPUEHTUPOBAHHOIO TMEPIICHIUKYIISIPHO
BO3yIITHOMY TTOTOKY;

— pa3paboTaTh METOAUKY DJKCIEPUMEHTA II0 YCTAHOBJEHHUIO BIUSHHUS
KOHIIEBBIX IIali0 Ha TMOCTymHaTeJIbHbIE W BpalllaTelIbHbIC KOJICOAHUS ILJI0XO
00TEeKaeMbIX TEJI U OCYIIECTBUTH €€ MPAKTUUYECKYIO peaTn3alinio;

— CHCTE€MAaTU3UPOBATh JAHHBIC YKCIIEPUMEHTA U OIL[CHUTH BIUSHUE KOHIUEBBIX
a0 Ha MOCTynaTelbHbIE U BpallaTeIbHbIE KOJICOaHUs MJI0X0 00TEKaeMbIX TEJ;

— MPEIIOKUTh MATEMATUYECKYIO0 MOJIEIIb, ONTUCHIBAIOIIY IO ITOCTYIIATENIbHBIE U
BpalllaTesibHbIe KoJIeOaHUsI TI0X0 00TeKaeMOro Tejia B MOTOKE rasa;

— COMOCTaBHUTHh JaHHBbIE (U3MUECKOTO JKCIEPUMEHTA H  PE3yJIbTaThl
IIPUMEHEHUS MATEMATUYECKON MOJEIN U OLIEHUTh KOPPEKTHOCTh MOJEIH;

— Ha OCHOBE COBMECTHOT'O aHAJIM3a JaHHBIX SKCIEPUMEHTA U MATEMATUYECKOU
MOJIENIA OTIMCAaTh CMEHY MOCTYNAaTEIbHBIX M BPAIIATEIbHBIX KOJICOAHMIA.

Hayunas HOBHM3HA UCCIIETOBAHUS.




[IpoBeneHbI COTJIACOBAHHBIE PACUYETHO-3KCIIEPUMEHTAIBHBIE HCCIEN0BAHUS
a’pOIMHAMUYECKUX XapaKTEPUCTUK IJI0X000TekaemMoro teina. IlomyueHsl HOBbIE
JAHHBIE O 3aBHCUMOCTH JTHUX XapaKTEpUCTHK OT OTHOCUTEIBHBIX pPa3MEpOB
KOHIIEBBIX I1al0 /1711 HEMOABUKHBIX TEI.

BriepBbie yCTaHOBJIEHO, YTO 3aBUCHMOCTh KBaJpaTa aMILIUTY/bl KOJeOaHUit
TOJICTBIX IIJJACTUH C KOHLEBBIMU I1aii0amu oT yncia Ctpyxais 0Jin3Ka K TMHEHHOM.

Pa3zpaborana HOBas MaTeMaTuyeckas MOJENb, OIUCHIBAIOIIAS
MOCTyNaTeNbHbIE U BpalllaTelIbHbIe KOJeOaHUs MI0X000TEKaeMOro Tejla B TIOTOKE
rasa.

PaccMOTpeHO BIMSHHE CTPYHBI, SABJIOIIEWCS 4YacTh IOJBECKHM, Ha
KPUTUYECKYIO CKOPOCTh CMEHBI pexxuma kosiebanuid. CrnenaH BBIBOA O TOM, YTO
COOCTBEHHAs! 4acTOTa CTPYHBI, SIBJISIOLIECICS YacThIO a3pOAMHAMUYECKON MOJBECKH,
IpU NpUOIMKEHUH K TTOJOBUHE COOCTBEHHOM 4acTOTHI BpallaTeabHbIX KojeOaHUM
KOHCTPYKIIMM TNPUBOJUT K YMEHBIICHHI) KPUTHYECKOW CKOPOCTH, NMPU KOTOPOU
IPOUCXOAUT MEPEXO/T OT MOCTYIATENbHBIX KOJeOaHUH Tella K BpalllaTeIbHbBIM.

BrniepBble yCTaHOBIIEHO, UTO YPABHEHUS ABMKEHHUS TeJa IPU alllPOKCUMAaLU
3aBUCUMOCTH KO3 (ULIMEHTa HOPMAIbHOW CHUJIbI MOJUHOMOM TPETHETO MOpPsIKa
cBOIATCA K nu@epeHIraNbHbIM YpaBHEHUSIM, COBMNAJAIOUINM C YpaBHEHUSIMHU
Jlotkn—BosbTepphl, NEpBOHAYATIBHO MOJYYEHHBIMHU I OMUCAHUS KOHKYPEHUUU
JBYX BUJIOB )KUBOTHBIX, TUTAIOIINXCS OJJMHAKOBOU ITHILEH.

TCODCTI/I‘IGCKaH U TPAKTHYCCKAA 3HAYMMOCTHb HMCCIICIOBAHUA 06yCJ'IOBJ'I€Ha

TE€M, YTO TMOJYYEHHBbIE JaHHbIE TO3BOJISIIOT paclIMpUTh (yHAaMEHTaIbHbIE
MPEICTABIICHUS] O BJIMSHUM KOHIEBBIX a0 M MX OTHOCHUTEIHLHOTO pa3Mepa Ha
TaKhe a’pOJAMHAMHYECKUE XAPAKTEPUCTUKH TIOXO00TEKAEMbIX TeN Kak J0OOBOE
CONPOTHUBIICHUE, JOHHOE JABJICHWE W JUIMHA PELUPKYJSIHUMOHHOM  30HBI.
[ToyyeHHbIC B MCCIENOBAaHUM JaHHBIE 00 a’pOJMHAMUYECKUX XapaKTEPUCTHUKAX
MJI0X000TEKAEMBIX TeJl MOTYT OBITh UCIIOJIB30BAHbI MPU MPOSKTUPOBAHUU (HOPMBI
00BbEeKTa, KOTOPBIM B MpoOLEcce SKCIUTyaTallud OyAeT MOABEepraThCcsi BETPOBOM
Harpy3ke. [lomydeHHbIE PE3yibTaTbl MOYKHO DKCTPAIOJIMPOBaTh Ha MOBEICHUE

CXO0XKHuXx KOHCprKI.IHﬁ, HaripuMcEp, CCTMEHTOB MOCTOB.



P33pa6OTaHHaH MaTeMaTu4dICeCKasd MOACJIb IIO3BOJIAACT KAa4CCTBCHHO OIIMCATb
CMCHY PCKHUMOB KOJIeOaHMI HJI Ppa3JIMYHBIX KOHCTpYKHHﬁ, B 3aBHUCHMOCTH OT
y,Z[JII/IHeHI/Iﬁ " YT'JIOB aTaKH.

MCTOI[OJIOI‘I/ISI IMPOBCACHHBIX JKCIICPUMCHTOB MOJKCT OBITH B34Ta, KaK CXCMa
HCCICAOBAHU ITIOXOXKHNX KOHCTpYKHI’Iﬁ.

HOJ’IO)KCHH?I, BBIHOCUMBIC HA 3AIUTY.

1. DKcrepUMEHTAIBLHO TIOJYyYCHHBIC JaHHBIC BIIMSHUS KOHIIEBBIX IIIai0
Pa3IMYHOTO pa3Mepa Ha JJIMHY PEIUPKYISIUOHHON 30HBI U JIOHHOE JIABJICHHE 3a
IJIaCTUHAMH, OPUEHTUPOBAHHBIMHA TTEPIICHANKYISIPHO HAOETAIOIIEMY TTOTOKY .

2. DKCIIepUMEHTAJIbHBIC PE3yJIbTaThl BIUSHUS KOHIICBBIX 1Al Ha KoJIeOaHMs
TOJICTBIX IIJJACTHH.

3. Marematuueckass MOJeIb BpalaTeIbHbIX KOJICOAHHM TOJCTHIX IJIACTHHBI
Pa3IMYHBIX TIPOMOPIMKA ¢ KOHIICBBIMU INaii0aMu W €€ JKCIepUMEHTaIbHas
MpoBEpKa.

4, MaTemMaTtndeckas MOJCHIb TaJONMUPOBAHHUS IUIOXO OOTEKaeMoro Tejaa ¢
KOHIICBBIMH ITaii0aMu ¢ TBYMsI CTETICHSIMH CBOOO/IbI, OMTMCHIBAIOIIAS KOHKYPEHITUIO
JIBYX THUIOB KOJieOAHWH: TIIOCTYMaTEeNbHBIX KOJCOAHWH B  HANpPaBIICHUH,
MEePIECHIUKYJIIPHOM BEKTOPY CKOPOCTH HAOETaroIero MmoToka, W BpallaTeIbHBIX
KoJeOaHui.

5. DKCepUMEHTAIIbHO TTOTYYCeHHBIC JJAaHHBIC 0 KOHKYPCHIIMHU JABYX PEKHUMOB
KoJieOaHUM MJI0X0 00TEeKaeMOro Tejia Ha MpUMEpe CeTMEHTa MOCTa C KOHIIEBBIMU
mraiioaMu.

6. Pesynbrar BIMSHUS TIONEPEYHBIX KOJEOAHWM TSITM TIOJBECKH Ha
KPUTHYECKYIO CKOPOCTh, TIPU KOTOPOH MPOMCXOAMT IMEPEX0JT OT MOCTYIATEIbHBIX
KoJIeOaHUM MOJICTTH K BpaIlaTeIbHbIM.

CreneHb JIOCTOBEPHOCTU. J[OCTOBEPHOCTh PE3YJbTATOB AUCCEPTAIMOHHOMN

paboTel  oOecreyuBaeTCs:  KOPPEKTHOCThIO  IMOCTAHOBKU  DKCIIEPUMEHTOB,
CTPOTOCTBIO HCIIOJB3yEMOT0 MaTEMaTUYeCKOTO ammapaTra, COIMNOCTaBICHUEM
JIAHHBIX, TOJYYEHHBIX B XOJ€ MOJEIUPOBAHUSA C pe3yJbTaramMu (U3NYECKOTO

AKCTIIEPUMEHTA.



AmnpoOGarus pe3yapTaToB. Pe3ynbTaThl, MpeacTaBiIeHHbIE B JHUCCEPTALUU,

JTOKJIAbIBAIUCh  Ha  cileAyrommx  BcepoccHiCKUX UM MEXKIYHApOIHBIX

KOH(EpEeHIIUAX:

XXV BcepocCHUCKHUIT CEMHHAP C MEXKIVHAPOIHBLIM VYACTHEM T10

CTPYMHBIM, OTPLIBHBIM M HECTALIMOHAPHBIM  TCUCHMSIM. (CaHKT-

[TerepOypr, 2018):

MexayHapoaHas HavyHas KoHdepeHmmsa 1o  Mexannke  « VI

[TomsixoBckue yrenus» (Cankr-Iletepoypr, 2018)

Topical Problems of Fluid Mechanics 2020 (Prague, Czech Republic,
2020);

XIII MexayHapoaHas KOH(MepeHIs M0 MPUKIAIHON MATEMATUKE U

MeXaHUKe B adpokocMuueckor orpacan, AMMATL’2020 (Axymrra, 2020)

XX MexayHapoaHas KOHd)GDGHI_[I/IH 110 MCTOAaM aBDOd)I/IBI/I‘IGCKI/IX

nccaegosaunii, ICMAR 2020 (Hosocuoupck, 2020)

MexayHapogHas KOH(be‘DeHI_[I/IH [0 CCTCCTBCHHBIM M TYMAHHMTAPHBIM

HaykaM «Science SPbU — 2020y, (Cankt-Iletepoypr, 2020),

MexayHapoaHas HavuHasg KoHdbepeHusa no Mmexannke «IX TToagxoBckue

yrenusy (Caukr-Iletepoypr, 2021)

MC)KI[VH&DOI[H&H KOHd)GDCHHI/ISI 110 BBIYMCIUTEIBHON MEXaHHMKE U

COBPEMEHHBIM MPUKIAIHBIM IporpaMMHbIM cructemam BMCIITIC 2021,

(Anyiura, 2021).

Crpyktypa U 00beM auccepTaiuu. JluccepranumonHas pabora mznokeHa Ha 81

CTpaHMIIE, COCTOUT U3 BBEJICHNUS, 4 TJIaB, 3aKIIOYEHUS U criicka Tutepatypsl u3 100

HaUMEHOBAHUI.

B mepBoii rinaBe nmpuBOAUTCS 0030p JUTEPATYPHBIX JAHHBIX, MMOCBSIIEHHBIX

MIPUMEHEHUIO KOHIIEBBIX I1al0 B a3pOAMHAMUYECKOM dKcriepuMenTe. [lepeuncieHsl

HCCIICA0BaHMA, B KOTOPbIX KOHICBBLIC 1162 (01 HCIIOJIB3YIOTCA IIPHU UCIIBITAHUAX KaK

XOPOIITO 00TEKAEMBIX TEJI, TaK M TUI0X0 00TEKAEMBIX TEIl.

Bo BTOpO¥ IN1aBe paccMaTpuBaeTcs BIMSHHME KOHIIEBBIX IIAal0 Ha oOTeKaHue

IUIOCKUX IMPAMOYTOJIbHBIX INIACTUH PA3JIUYHBIX HpOHOpHHﬁ, OpPHUCHTHUPOBAHHBIX
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NEPIEHIUKYISIPHO BEKTOPY CpeIHEH CKOpOCTH Haberaromero moroka. Mertogom
UCCIIEIOBaHMsI SIBIIAETCSA HKCIEPUMEHT. M3ydaercs BIUSHUE KOHLIEBBIX 1Iail0 Ha
JUIMHY PELUPKYJIALMOHHON 30HbI U JOHHOE JaBJICHUE.

Tperbs rnaBa MOCBALIEHA M3YYEHUIO BpallaTENbHBIX KOJIEOAHUI TOJCTBIX
IUTACTHH Pa3JIMYHbIX MPONOPLUUN C KOHLIEBBIMU HIaiibamu u 0e3 maii0. Ilnactunbl
3aKpEIUICHbl Ha IIPOBOJIOYHOM IOABECKE, cojeprkamed mnpyxkuubl. llonBecka
II03BOJIsJIa COBEPILAThH BpalllaTeIbHbIE KOJICOaHHsI BOKPYT OCH, IEPIIEHIUKYJIIPHON
BEKTOPY CKOPOCTH HaOeraromiero notoka. C moMomnipo TEeH30METPUIECKOTO0 METO/1a
U3MEPSIIMCh aMIUIMTYAbl M YacTOThl ABTOKOJEOAHWM IUTACTHH B IOTOKE.
Bpamarensable KoneOaHUs TOJCTBIX IUIACTUH YJ/UIMHEHHUS OOJblI€ MATH C
KOHLIEBBIMU 11ali0aMU yJIOBJIETBOPUTEIBLHO OMHUCHIBAET MAaTEMaTUYECKass MOJIEIIb,
peyIoKEHHAasl paHee JIJIs ONMCaHUs BpalllaTe/IbHbIX KOJIeOaHuH [UJINHApPa MajIoro
YAJINHEHHUS.

YerBepras 171aBa MOCBALIEHA UCCIEAOBAHUIO KOJIEOAHUI TII0X0 00TEKaeMOro
TeJla ¢ KOHLEBBIMH LIail0aMy ¢ HECKOJIBKUMH CTeneHsIMU cBOOObI. [IpoBosiounas
NOJIBECKAa C MPY>XKMHAMH MOIJIa COBEPIIATh KOJEOAHHsSI C IIECThIO CTENEHSIMU
CBOOO/IbI, OJTHAKO BO BpeMs 3KCHEPUMEHTOB B BO3AYIIHOM MOTOKE HAOJIIOAAINCH
TOJIKO KOJIeOaHUs ¢ IBYMS CTENEHSIMH CBOOO/IbI: BEPTUKAJIbHbIE IOCTyNAaTEIbHbIE
KoJeOaHusi W  BpallaTeldbHble KOJeOaHHs BOKPYTI TOPHU3OHTAIBHOM  OCH,
NEPIEHIUKYISIPHON BEKTOPY CpelHEeH CKOPOCTH HaOeraromero BO3AYIIHOTO
MOTOKAa. DKCIEPUMEHTHI BBIOJHSUIUCh C JABYMS MaKeTaMU CErMeHTa MOCTa,
OrpaHMYECHHBIMU KOHIEBbIMU Maiibamu. I[lpeasioxkeHa MareMaTtnyeckas MOJEIb,
OTKCHIBAIONIasi BOSHUKHOBEHHE KOJI€0aHUIN U KOHKYPEHLIUIO MEXAY ABYMS TUIIAMU

KOJICOaHMIA.

Coneprkanue TaHHOM paboTHI OITyOJIMKOBaHO B pabdoTtax [32, 33, 34, 36, 39, 40,
41, 86, 87, 88, 89, 90]. Crareu [36, 86, 87, 88, 89] umHmekcupoBaHbl B

MEXKIyHapOAHbIX 0a3ax maHHbIx Scopus u(uaun) Web of Science Core Collection.
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B pabotax coaBtopy PsOununy A. H. mpuHamgiexar: moCTaHOBKa 3ajadd,
ydacTue B IUTAHUPOBAHHWH SKCIIEPUMEHTA U B BBIOOPE MATEMATHYECKON MOJIEIH
raJIONMPOBAHUS.

dunaHCcOBas TOIJCPKKAa TaHHOW pPabOTHl OCYIIECTBISIACh Poccuiickum

dbonaoM (PyHIAMEHTATBHBIX UCCIIeIOBaHU B paMkax rpanta Ne 19-38-90045.
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I'maBa 1
O030p JIUTEPATYPHBIX UICTOYHUKOB

[Ipu oOTekaHuu XOpoIIO 00TEKaeMBIX T€l MOTOKOM >KUJKOCTH WJIM Ta3a, He
IPOUCXOAUT OTPBHIBOB MOTPAHUYHOTO CJIOS, COIMPOBOXKAAEMBIX OOIMIMPHBIMU
OTPBIBHBIMH 30HaMHU. WX KOpMOBas 4acTh OrpaHHYEHa IMOBEPXHOCTAMH MaJloi
KPUBU3HBI, YTO OINpEAeseT HE3HAUUTEIbHOE H3MEHEHHE Ha HHUX TpaJHeHTa
JIaBJICHHS U HE JIOMYCKAET OTPBIB MIOTPAHUYHOTO ciosA. M camplil mpocTon npumep
TOMY — KPBUIbsl CAaMOJIETOB MPHU MaJlbIX yriax aTaku. OJHaKO, U TaKHe OOBbEKTHI
KaK KpbUIbS MOTYT CTaTh IUIOXO OOTEKaeMbIMH TpU OOJBIIMX yTriaxX aTakH.
[TosiBnenuto obnacTeil OTphpIBa MOTPAaHUYHOTO CJIOS B pa3Hble BpPEMEHa ObLIO
MOCBSIIIIEHO MHOXXECTBO pabOT, KaCAIOUINXCs BIUSHUS Ha4albHON TypOyJIEHTHOCTH
notoka [99, 30], pembeda moBepxHoctm kpbuta [10, 60] m apyrmx ycioBui
oOrekanus (yIJIMHEHUS Kpbula, yriia ataku) [11, 22, 91]. OTpsIBBI IPOUCXOIAT HE
TOJILKO HAa OCTPBIX KPOMKax, HO M Ha POBHBIX Y4YacTKax C OOJBIIUM PaJlyCOM
KPUBU3HBI, 3TO 3aBUCHUT OT JIPYTUX [apaMeTPOB, TAKUX Kak uncio PeltHonbaca [12,
77,81, 48] nin 1m1epoxoBaTOCTH TeJIa.

AKTyaTbHOCTB UCCIIEIOBAHMS a3POIMHAMUKH TTOXO 00TEKaeMbIX TeJl BhI3BaHA
OOJIBIIION PACIPOCTPAHEHHOCTHIO IIOXO O0TEKAeMBIX KOHCTPYKIIMN B HBIHEHTHEH
noBcenHeBHocTH [1, 62, 78]. CermeHTHI MOCTOB, HEOOCKPeObI, TPyOOIPOBOIHI,
IBIMOBBIE TpPYyObl — BCE 3TO MNpPUMEpPbl OOBEKTOB, KOTOpPHIE MOTYT OBITh
NOJIBEP>)KEHbl BETPOBOM HArpy3Ke WJIM Harpy3kKe TEYeHHs BOJHOTO MOTOKa. B
MIOJIABIISTFOIIEM OOJIBIIIMHCTBE BO3/ICHCTBHE BETPA HAa Pa3IMUHBIE COOPYKEHHSI, €CIIN
Y BBI3BIBACT KaKOU-TO (D PeKT, TO 3TOT 3(HEKT CKOopee MPUHOCHUT BPEJI, UYeM TOJIB3Y.
Takue >@Q¢exTl MOTyT NPUBOAUTH K HEXKENATENbHBIM IOCIEICTBUSAM, M Kak
CIIEJICTBHE, K pa3pylIEHUSIM CTPOUTEIBHBIX COooOpyXeHuid. OJHON W3 cambIxX
U3BECTHBIX KaTacTpod sBisieTcst oopyinenue mocta Takoma Heppoys [38, 84, 85].
3nech TPUYMHOM OOpYLIEHUS CTaMd BUOpAaLMs W KPYUYEHUs, KOTOpbIE ObLIU

CICACTBHUCM CUJIBHOI'O BETpPA.
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B nenom, mro6asi KOHCTPYKIHMSI, UMEIOIIasi HEKOTOPYIO JKECTKOCTh U Maccy,
criocoOHa coBepiath Kojaebanus ¢ negopmanueid popmel. OTHUM U3 MEXaHU3MOB,
OPUBOAIINX K KOJEOAHUAM, SIBISICTCSI BETPOBOM pe30HAHC. OTU KoJjeOaHus
MPOUCXOMST IPU COOCTBEHHBIX YACTOTAX, 3aBUCSIINX OT T€OMETPUH KOHCTPYKIIUU
U PaCIIPEIEICHUIO )KECTKOCTH M MACChI 10 KOHCTPYKIMU. Ecim yacToTa CXoAsImmx
BUXpel OyaeT O6au3Ka K 4acToTe KoJieOaHHW Tena, TO 3TO MOXKET OBITh OJHOU U3
MPUYUH pa3pylI€HUs COOPYKeHUN. IMEHHO O3TOMY MpU NPOECKTUPOBAHUU TaKHUX
KOHCTPYKUMH  HCHONB3YIOT  (pu3Mueckoe MOAETUPOBAHHUE C  MOMOIIBIO
HKCIIEPUMEHTOB C MaK€TaMH KOHCTPYKIIHMI B a3pOJIMHAMUYECKUX TpyOax. OJHUM U3
CJIy4aeB PE30HAHCHOI'O KOJIeOaHus 3a MOCIEAHEE BpeMs ABIISIETCS IPOUCIIECTBUE C
Bonarorpanckum moctom B 2010 roay [24, 23, 28]. 3amectutens Hadansauka HUO-
19 IIATU Koncrantua CTpenkoB BBICKa3aicsa' o MoBeleHMH Boarorpamckoro
MocTa: «ITH KosiebaHUsl MO>KHO OBLIIO IIPeCcKa3aTh, HO cymiecTBytomue CHullsl He
TpeOOBAJIM HUCHBITHIBATh OaJOYHBIE MOCTBI B a3pPOJIMHAMHYECKOW TpyOe».
COOTBETCTBEHHO M B Halle BPEMs PA3BUTHE apXUTEKTYpbl MOCTOB 3acTaBJISET
aKTyaJIM3UpOBaTh CTAPbIE U MPUIYMBbIBATh BCE HOBBIE MOJAEIIA OOTEKAHUS.

Eme onHoM U3 mpuYMH KOJIEOAHUHN TII0X0 00TEKAaeMbIX TEI B TTOTOKE MOKET
SBJIATHCS 3aBUCUMOCTh a’pOJAMHAMUYECKUX KOA(D(GUIIMEHTOB OT yrioB aTaku |38,
82, 7]. KonebGanusi, BbI3BaHHBIC ITOM MPUYMHON, HA3BIBAIOTCS TAJIOMUPOBAHUEM.
JlBurasch momepek IOTOKa BO3/AyXa, IUIOXO OOTEeKaeMble Tejla IOJBEpPraroTcs
BO3JICMCTBHIO a3pOAMHAMHYECKON CHUJIBI, AEHCTBYIOIIEH B TOM K€ HAIIPABIICHHH,
YTO W TPOEKIHUS CKOPOCTH Tela, NepHeHAuKyyspHas mnoToky. Koraa
paccMaTpHUBAETCs YIPYTO 3aKPEINIEHHOE TEJIO B IOTOKE r'a3a, TO CIEeAyeT 3aMETUTh,
YTO ad’pPOJMHAMUYECKHE CHJIbI HE SIBJSIOTCA KOHCEPBATHMBHBIMHM, YTO MOKET
IPUBOJUTh K HW3MEHEHUIO IOJHOM »Hepruu cuctemsl. C yderoM TOro, 4ro
HaIpaBJIEHUE CKOPOCTU M a’dpPOJMHAMMUYECKON CHUJIBI COBMANalT, TO 3TO Oyner
NPUBOJUTH K HAOOPY PHEPTUU CUCTEMOUN M YBEJIMUYEHHUIO aMIUIUTYIbl KOJICOaHUH.

OnpenencHue KpUTEpHs BO3HUKHOBEHHUS TaJIONMUpPOBaHMSA ObuIo paHo JleH-

L https://vz.ru/society/2011/3/24/478050.html
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['apTorom [7]. DTOoT KpuTepuii ObUI MPUMEHEH K IMPOBOJAM, KOTOPbIE HMEIOT
HECMMMETPUYHOE CEYEeHHE BCIICJCTBUE Hainenu Ha Hux. Eme 3agonro mo JleH-
["aprora ['mayspT MOIY4YHII CXOKHE PE3YJIBTATHI JIJIS Bpaliaromuxcs npoduiei [59].

HccnenoBanriem BIusiHUS (POPM PA3IMYHOTO CEUCHUSI MPSAMOYTOIBHBIX TPU3M
Ha a’pPOJIMHAMUYECKHE CBOMCTBA U SIBIICHUEM TajONMMPOBAHUS HA HUX 3aHUMAJICS
Hosak [70, 71, 72]. B cBoto ouepenar OH M3y4asl BIUSHUE Ha TaJONMUPOBAHUE
CTENeHH TypOyJIeHTHOCTH moToka [/3]. B cBoux pabGorax OH TMOJIB3yeTCs
MaTeMaTU4YeCKol MoJienblo paspadoranHoit [lapkunconom u bpykcom [75]. Dta
MOJENIb OCHOBaHAa Ha KBa3UCTAI[MOHAPHOM NPHOIMKCHUH, KOTJAa BMECTO
a’pOJMHAMUYECKON CHJIBI B ypaBHEHUM JIBIJKCHUS KOJEOJIOIIETrocss Tela
UCIIONIB3YeTCsl  (DYHKIWSA, TIOJyYCHHAS TMyTeM MPUOMMKEHUS ITOJHHOMOM
a’pOAMHAMUYECKUX CHUJI, U3MEPEHHBIX Ha CTAllMOHAPHO 3aKPETVICHHON MOJIEIH MPU
passbix yriax ataku [38]. [lozxe Oblia npeioxkeHa [ /6] 6osee moyiHas MOJAEIH C
WCIIOJIb30BAaHUE  IMMOJMHOMHAIBHOTO  MPUOIMKCHHS ~ CEIbMOTO  IOPSAKA.
KBasucrannonapHas Mojielib HCTIOJIb30Bajach U B OoJjiee 1mo3aHux padorax [16, 18,
30, 69].

Pa3BuBas Temy 5S(¢eKToB rajonupoBaHHs U BETPOBOIO PE30HAHCA,
[TapkuHCOHOM W €ro KojuleramMu ObUIM HamucaHbl paboTel [52, 74]. B pabotax
MIPUBOINUTCS MOJICITMPOBAHNE COUCTAHMSI Pa3IMUHBIX 3 (PEKTOB.

Bonbioe xonmmuecTBO pabOT MPOBOIUIOCH IKCIIEPUMEHTATBHBIM METOIOM.
HccnenoBanvch mpu3Mbl pa3HbIX cedeHui. Hanbomee momynspHbIe CTaThU M3 HUX
MIOCBSIIIIEHBI TPEYTONbHBIM [42, 43, 44, 46], naTuyronbHbIM [26], BOCBMUTpaHHBIM
[54, 55], smmunrudyeckum [45] mpusmam. MOXKHO BBIICIUTh 3HAYMTEIbHBIC
pEe3yIbTaThI, TTOJYUCHHBIC B CBSI3M C MCCIICIOBAHUSMH, TTOCBSIICHHBIMU BIUSHUIO
yIJI0B aTaKu Ha KoJicOaHus IMJIMHIPOB pa3Horo cedenus [49, 50, 63, 64, 65].

HccnenoBanre TaJonupoBaHUS TeJN, MMEIONIMX JBa peXUMa OOTEKaHWUS,
npoBoaAnIoch B [15, 29].

OnHuM w3 MEepBBIX yroMuHaHUN 00 3¢ dexTe OJTOKMPOBKM MOTOKA BO3AyXa
yepe3 Topibl 00beKkTOB mnucasiu MaxkcBemnn u Jlbxeppapa [67, 58]. Makcsemn

OBITAICA HAUTH KO3(P(UUHUEHTHl KOPPEKTUPOBKM JAHHBIX TMPU H3YUYEHUU
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adPOAMHAMUYIECKUX XapaKTEPUCTHK MPSIMOYTOJIBHBIX TJIACTUH B
a’poJIMHaAMUYECKON TpyOe U moclienyrome ux macmraoupyemoctu. [locme aToro
CtoucOu [94], onupasch Ha pe3yiabTaThl MakcBesia, MpeImoI0XKIIT UCTIOIb30BaTh
KOHIIEBBIE IIaOBI IS MUHUMH3UPOBaHUS 3P (DEeKTa, Co3/1aBacMbIM MOTPAHUYHBIM
CI0€M Ha CTeHKaX HuiuHjpa. C MOMOIIBI0 3TOr0 OH XOTEN IMOJYyYUTh TCUCHHE,
Onmu3Kkoe K ABymMepHOMY. MHOTHE HMCCile/IoBaHUs KPYTJIBIX ITUJIUHAPOB ObLIN
BBIIIOJTHEHBI C WCIIOJIb30BaHHEM Pa3MepOB KOHIIEBBIX IIAW0, IMPeI0KeHHBIX
CtaHCOU.

BriocneactBuu ObUIM MPOBEJAEHBI JOMOIHUTEIbHBIC MCCICAOBAHUS BIMUSHUS
pa3Mepa KOHIIEBBIX IMAWO JJI1 CEKIMOHHBIX MOJACICH Ha WCHBITAHUSIX B
a’posiMHaMudeckon Tpyoe [61, 93]. DTu ucciaenoBaHUS MOKA3aJIH, YTO JIBYMEPHBIC
XapaKTEPUCTUKN TIOJsI TEYCHUS BOKPYT CEKIIMOHHOW MOJAEIH MOTYT OBITh
3HAYMTEIHHO YIYUIIEHBI 332 CYET BHIOOpA COOTBETCTBYIOMIETO pa3Mepa KOHIIEBBIX
maii6. B ocHOBHOM pe3ysbTaThl OBLIM HAMpPABJICHBI HA HAXOXKICHUE YMEHBIICHUS
OTHOIICHUS paJlyca KOHIICBBIX MAH0 K JAWAMETPy IWIMHAPOB TMPHU PA3TUIHBIX
yuciax PerHombaca.

CymiecTByeT TakKe HIMPOKOE HAMpaBJICHUE WCCIECIOBAHUN CBSI3aHHBIX C
BIIUSTHAEM KOHIICBBIX A0 HA 00TEKaHWE KPBUTBEB C PA3TUYHBIMU MPOPUIIIMH T10
pa3smaxy, popmamu u uzrud6amu. TeopeTrudeckoe pa3BUTHE 3TOT BOIIPOC MOIYUHII B
paborax Kypunkeca [13, 14] Ha ocHOBe runoTe3sl [1-00pa3Hbix Buxpeit. Takxke 3To
HaIpaBJICHHE TECHO CBS3aHHO C mMeHeM Puyapma YutkomOa [97], koTOphIii Ha
OCHOBAHMH MPEIBIIYIINX UCCIEIOBAaHUI KOHIEBBIX a0 cO3/1a1 epBhie paboune
MPOTOTUIIBI COBPEMECHHBIX BHUHTJICTOB (3aKOHIIOBOK KpbLia). HeoOxommmocThb
3aKOHIIOBOK CBsi3aHa ¢ 2 (EeKToM mepeTekaHus MOTOKAa BO3IyXa C HUXKHEH
MOBEPXHOCTH KPbLJIa HA BEPXHIOK. DTO MPUBOIUT K CO3JIaHNIO KOHIICBOTO BUXPS U
COITYTCTBYIOIIEMY TTePEPACTIPEICIICHUIO JaBJICHUS 110 KPBUTY, YTO B CBOIO OUYEPE/Ib
CHW)KAeT TOAbEMHYI0 cuiay. He wu3MeHss pa3Max Kpblia, KOHIIEBBIC IIAiOBI
yBEIUYMBaIOT 3(h(PEKTUBHOE yATMHEHUE KPbLIA.

BrnusHue KOHIIEBBIX MMIaiid Ha pacmpenesieHHue Harpy3Kd MO XOpje KpbLia

MaJIbIX OTHOCUTENIbHBIX yIJIMHEHUN paccMaTpuBaioCch B [27]. st TaKMX KPBLILEB
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XapaKTEPHbI HEIMHEWHOCTBD M0 YTy aTaKd NOJBEMHOM CUJIBI © MOMEHTA TaHTaXKa.
CxeMma, mpemyaraemasi B paboTe, MO3BOJSET PACCUUTHIBATH a3POJIMHAMHYECKHE
XapaKTePUCTHKHU KPBUIbEB C YUETOM BIUSHUS (POPMBI, pa3MEPOB U MOJIOKEHUN TI0
XOpA€ Kpblja KOHIEBBIX IIaiid. Takke Apyrue HCClIeJOBaHUS IO BIUSHUIO
KOHIIEBBIX I11ai10 Ha pacTpeiesieHre TOBEPXHOCTHOTO IaBJICHUSI TPOBOUIIOCH B [ 79,
92]

Oco0OeHHoe BHUMaHuE (opMe KOHIEBBIX IIaild Ha TOpIAX KPbUIbEB OBLIO
OTBEJICHO B HeAaBHUX paborax [4, 21, 25]. B HuX paccmaTpuBaioTCs camble
NOMyJIIipHbIE (POPMBI BUHIJIETOB: KJIACCUYECKUW, C IIail0oi YuTkomba, co
CIIMpaJICBUJIHOM 3aKOHIIOBKOM, ¢ KOHIICBOM IMaiiOOW.  ABTOPBHI BBIJBUTAIOT
MPEANOJIOKEHNE O BAXXHOCTU yTila HAKJIOHA 3aKOHLIOBOK KpbLIa OTHOCHUTEIBHO
IUIOCKOCTH, IEPIEHANKYJIIpHON KpbLTy. B pabote [4] a1 MoAenupoBaHus BIUSHUSA
KOHIIEBBIX IIAH0 Ha KpbUIO MPUMEHSIACh TEOpUS HENPEPHIBHOM BUXPEBOM
MOBEPXHOCTU. DTO MPUBENIO K IMOIYYEHHUIO AIrOpUTMa pacdyera MHTEHCUBHOCTH
BUXpEH.

JI71s1 SKCIepUMEHTOB Yallle OepyTcsl TOUHbIE KOIUH KPBUILEB, HCIIOIb3YEMBIX B
rpaxIaHCKOW aBHanuu. B ogHON M3 Takux paboT [6] paccMaTpuBaliOCh BIHMSIHHE
(GbopMBbI 1 pa3MepOB 3aKOHIIOBOK Ha KPbLIO JO3BYKOBOT'O MACCAKUPCKOTO CAMOJIETA.

DKCHEpPUMEHTHl BIUSHUSA KOHLEBBIX I[IAH0 MPOBOAWINCH HE TOJIBKO C
CaMOJIETHBIMU KPBUIbSIMU, HO U C KPBUIBSIMH COOCHBIX POCCUHCKUX BEPTOJIETOB. B
pabore [3] ObLT pa3paboTaH METOM, KOTJa HEOONBIINE KOHIEBBIC KPBUIBIIIKA
IPsIMOYTOJIbHOM (POPMBI YCTAHABIMBAINCH Y BEPTOJETHBIX HECYUIMX BHUHTOB.
DKCIepUMEHT MOKa3ajl BO3MOKHOCTD YJIyUILIEHUsI OTHOCUTENBLHOT0 K03 duinenrta
MOJIE3HOTO JIEUCTBUS HECYILIMX BEPTOJETHBIX BUHTOB MIPU PEKUME BUCECHHS.

B BO3IyIIHOM IpPOCTPAaHCTBE CTPAaH BCTPEYAOTCS JIETATEIbHBIE aIlllapaThl,
KOTOpPBIE BBIMOJIHAIOT (PYHKIIMU PA3TUYHOTO HA3HAYCHUS M TAKTUKO-TEXHUYECKOTO
npumeHeHusi. B pabote [20] mpoBoauTcs McciaeAoBaHHE BIUSHUS 3aKOHIIOBOK
KpbUIa Ha a’pOJMHAMHUYECKHE XapaKTepUCTUKH mepcrekTuBHoro BIUIA

(becnuIOTHOTO  JIETAaTENBHOTO — ammapara). bbpUlo  paccMOTPEHO  HECKOJIBKO
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3aKOHIIOBOK KpbLJIa, KOTOPBIE JAIOT MPEUMYIIecTBa B KOdDPHUITUEHTE TTOIHEMHOMN
CHUTBI JIJISl pa3JIUYHBIX YTIIOB aTaKH.

B mocnegnee BpeMs 00bIIOe KOJUYECTBO MCCICIOBAHUA HA TEMY BIWSHUS
KOHIIEBBIX IIali0 Ha adpOJMHAMHYECKHUE XAPAKTEPUCTHKH TUIOXO OOTEKAEMBIX TeEI
npoBoautcs B Kutae. B cratbe [100] paccmaTtpuBaeTcst BIMSHNAE KOHIIEBBIX ITaii0
Ha a’pPOJMHAMUYECKYIO CIJIy HECKOJBKHX TMPSMOYTOJBHBIX TPHU3M, KOTOpHIE
COOTBETCTBYIOT IOTIEPEYHOMY CEUEHHIO MOCTa C Pa3HBIMH COOTHOIICHUSMHU.
ABTOpPBI TOKA3bIBAIOT CYIIECTBEHHOE BIMSHUE KOHIIEBBIX a0 Ha yncio Ctpyxans
B SKCIIEPUMEHTAX BCEX CBOMX Mojenei. McciemoBanne HaKIOHHOTO KPYyTrOBOTO
MUJIMHAPA C UCIIOJIb30BAHUEM KOHIIEBBIX IIaiid mpoBoauiioch B [66]. e aBTOpHI
pa3OWIM IWIMHAP HA TPHU YYacTKa, XapaKTEPH3YIONIUECS Pa3IMIHBIM JOHHBIM
JTABJICHUEM.

H3meHeHne 4acToThl KOJIEOAHUM KPYTJIBIX U NPSIMOYTOJIBHBIX IUIHMHAPOB B
3aBUCUMOCTH OT HaXOXJACHHUS KOHIICBBIX IAaii0 Ha TOpIax MOJEIH
paccMmatpuBaiock B pabote [91]. B Helt mpoBoawiach cepus HCIBITAaHWHA B
adpOoAMHAMUYCCKON TpyOe HampaBICHHBIX Ha M3YYCHHE ITyJIbCUPYIOIINX
MOABEMHBIX CHJI Ha PAa3JIMYHBIX CEKIUSAX OOBEKTOB, MMHUTHPYIONIUX IPOJICTHI
MOCTOB. B pabote ObUTM TOSTydeHBI JBa BUAA KOJIeOAaHUM, HO COBCEM HE M3YyYCHBI
MIPOIIECCHl CMEHBI TOCTYIATEIbHBIX W BpallaTelbHBIX KojcOanmii. M3meHeHue
Y4acTOThI CXOJla BUXpPEH C IWIMHIPOB B 3aBUCUMOCTH OT HAXOXICHHUS KOHIIEBBIX

a0 Ha Topiax MOJIEJIU pacCMaTpUBaJIOCh B cTaThe [S7].
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BeiBoabI 1i1aBBI 1

AHaJIM3 JIUTEPATYPHBIX JAHHBIX ITO3BOJISIET YTBEPXKJaTh, YTO OCHOBHBIM
METOJIOM HMCCIICIOBAHUS KOJICOAHUH MII0X0 00TEKAEMBIX TEJT B BO3IYIIHOM ITOTOKE
ABJISIETCA ~ AKCIHEPUMEHT. OKCIEPUMEHTAIBHO M3Yy4YalUCh Kak KoJjeOaHus,
BBI3BAHHBIC TIEPUOAMYCCKUM CXOJOM BHUXPEH C MOBEPXHOCTH Tejla (BUXPEBOM
pe30HAHC), TaK W KoJieOaHWs, BBI3BaHHBIC CIHEMU(DUUICSCKOW 3aBUCHMOCTHIO
a’POJIMHAMUYECKONW CHJIBI OT YTJIOB aTaKh M CKOJBXEHUS U UX IMPOU3BOJIHBIX
(ramonmupoBanue). IIpu3HaAaHHBIM TPHEMOM, IMO3BOJISIONIMM MCCIIEIOBAaTh BMECTO
MPOTSDKEHHBIX TEJ, OPUEHTUPOBAHHBIX TOIEPEK IMOTOKA, OTHOCUTEIHLHO KOPOTKHE
CErMEHTHI, SBIISETCS HCIIOIb30BaHUE KOHIEBBIX Mmiai0. I[Ilaibpl orpaHUYMBAIOT
nepeTekaHue BO3JyXa uepe3 TOPIbl U TEM CaMbIM HIPUOIMKAIOT OOTEKaHUE
KOPOTKHMX CETMEHTOB T€JI K OOTEKaHUIO JJIMHHBIX TEJ.

MaremaTudeckoe MOJICIMPOBAHUE IIOJYYHUJIO PA3BUTHE JIS  OIMCAHMS
MOCTYIIATeILHOTO TAJIOMUPOBAHUS TPOTSHKCHHBIX TEJ, MPUYEM OOJBITHHCTBO
MaTeMaTHYSCKUX MOJIeJield ONMUpaeTCs Ha KBAa3WCTAIIMOHAPHOE MPUOIMKCHUE.
Jlenanuch TMOMBITKK PaCIpOCTPAHUTh KBA3WCTAIIMOHAPHOE TNPHOMMKEHUE Ha
BpallaTesibHble KoJieOaHus, M Ha KoJieOaHUsl C ABYMS CTEIEHSIMH CBOOOIbI, OTHAKO
OTHU TIONBITKKM HE OBUIM yAa4HBIMH, OHHM CTaJKHBAJINCh C HEOOXOJIUMOCTHIO
OTpeNIeSICHHs yria aTaku Teja, KOTOPBIN ISl BpalalolIerocs Teja pazjindyeH s
pPa3HBIX TOUEK Tella. B ompeieeHuu TOYKH, OTHOCHUTEIILHO KOTOPOU OTPEIeIISUICS
yroJI aTakKu, MPUCYTCTBYET MPOU3BOI.

Takum 00pa3om, Majo pazpabOTaHHBIMU MPOOJIEMAMH ABIISIETCS (PU3UYECKOE
MOJICTUPOBAaHUE TaJIOMMPOBAHUS INIOXO OOTEKaeMBIX TelI C HECKOJbKHUMHU
CTEMEeHSIMU CBOOOJBI M pa3pabOTKa MaTEeMaTHUUYECKUX MOJEJICH JJisi ONMUCaHUs

KOJICOaHMIA.
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['maBa?2
BiusiHrE KOHIIEBBIX 11aii0 Ha CTallMOHAPHBIC
AdPOAUHAMUYECKUE XAPAKTEPUCTUKHU THIOXO
00TEKaEeMBbIX Tell

Bo BTopo#i TnaBe paccmaTpuBaeTCs SKCHEPUMEHTAIBHOE HCCIEeIOBAHNE
BIIUSTHUS KOHIICBBIX MIAH0 HAa a9pOIMHAMUYECKHIE XapaKTEPUCTHKNA OUYEHb ITPOCTOTO
MJI0X000TEKaeMOro Teja, TAKOro Kak MpsiMOyToJibHas TUIACTHHA, OPUEHTHUPOBAHHAS
MEPIEHIUKYJISIPHO BEKTOPY CKOPOCTH Haleraromiero noroka. KoHiieBble maiObl
pa3MeIalTcs BAOJIb BO3AYIIHOTO MOTOKA Ha KOHLAX HMCCIENIYEeMbIX OOBEKTOB.
[lenp yCcTaHOBKM KOHIEBBIX IIAHO — MCKIIOUUTH MPOXOXKICHHE BO3JIyXa uepes
TOpIbl 00BEKTOB. [11aliObl OOBIYHO UMEIOT AIUIUNTHYECKYIO WA KPYTIyio Ghopmy.
Pasmep ux Oosbllie pazMepa HccIeAyeMOl Mojeld. PaccMOTpeHO H3MEHEHUe
JIOHHOTO JaBjeHusA, Kod(dduiuueHnta 1000BOrO COMNPOTUBICHUS W JIJIMHBI

PELUPKYIAIMOHHON 30HBI. OCHOBHOE COJAECp)KaHUE TJIaBhl 2 OMyOJMKOBAHO B

paborax [32, 39, 89].
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2.1. MeToanka 3KcnepuMeHTa

Bce skcniepuMeHTbl TPOBOJMWINCH B J03BYKOBOM a’poJMHAMHUYECKON TpyOe

AT-12 Cankr-IlerepOyprckoro ['ocynapcrBernoro Yuusepcutera [11] (puc. 2.1).

1 2 9 8 7 6 5 4
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~
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Puc. 2.1. CxemMa a’poAMHAMUYECKOH TpyObl C 3aMKHYTHIM KOHTYPOM M OTKPBITOW paboueit
YacThIO.

1 - moBOpOTHBIC JIONATKKH, 2 - 0OpaTHBIN KaHall, 3 - MOBOPOTHBIC KojeHa, 4 — (opkamepa ¢
XOHeWKkoMOoM, 5 - comno, 6 - paGoyas wacth, 7 - KOJbIEBOH pactpy0, 8 - muddyszop, 9 -
BeHTwsiTop, 10 - mepexomueiii ydactok, 11 - omopsl BeHTWISATOpHOW Tpymnmbsl, 12 -
AIIEKTPOABHUTATEIb.

B oTkpeiTOM paboyeM ydacTKe CKOPOCTh BO3AYIIHOIO ITOTOKAa MOXKET
u3MmensaThes ot 0 1o 40 m/c. JmmHa pabodero yyactka 2,25 M, TMaMeTp BBIXOTHOTO
cedyeHus comia 1,5 M.

HccnenoBanock oOT€KaHHWE YETHIPEX NPSIMOYTOJBHBIX IIJIACTUH C Pa3HbIM
yIJIMHEHUEM A (OTHOIICHHWE JUIMHBI TUIACTHHBI | K mmpuHe W). DKCIEPUMEHTHI
MPOBOAWINCH B JIBYX BapHaHTax: ¢ KOHLEBBIMU Iaiibamu u 0e3 Hux. KoHleBbie
1aiiobl MPEACTABISUIM CO00M TOHKHE (MeHee 2 MM) CTajJbHBIE TUCKU JUAMETPOM
d=200 mm mar d=400 MmM. CKOpOCTb ITOTOKA MPH STOM MEHsiIach oT 5 10 33 m/C.

N3mepenust TOHHOTO AaBJieHUsI B OJIMKHEM Clie/ie 3a MJIACTUHON MPOBOAUIUCH
¢ momoinpto garynka Kpens [78]. 3Mepsinach Takke pa3HHIla TaBJICHUN HA IBYX

OoTBepCTHUsX 3abopa AaBieHus Ha naruukax Kpemns. datuuk Kpens
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Puc. 2.2. Cxema sKcriepuMEHTaIbHON YCTAHOBKHU: | — MPsIMOYTOJIbHAS TUTACTHHA; 2 —
COIUIO a3pOAMHAMUYECKOI TpyObl; 3 — MPOBOJIOYHAS [10/IBECKA.
NPEACTABIAET COOOM UWIMHAP AMAMETPOM 8 MM U BbICOTOM 5 MM. B nentpe
OCHOBAaHUW UMWJUHIpPAa HMEIOTCS OTBEpCTUs 3abopa jgaBieHus. OTBepCTHs
COCIUHCHDBI C I[I/I(l)(l)epeHHHaJIBHBIM CIIMPTOBBIM MHKPOMAHOMCTPOM C HaKJIOHHOM

HIKaJoi 1ByMs TpyOKamMu AMamMeTpoM | M.

Ta6auna 2.1. ['eomerprueckue nmapaMeTpsl MIaCTUH

Bapuant JnvuHa [Iupuna VY nnvHenue
[, MM W, MM A=w/l
1 400 80 3)
2 503 39 12.9
3 970 50 19.4
4 806 33 24.5

JIoHHOE [aBiIeHME OIpeAenseTcsd W3MEPEHUEM JaBJICHUs Ha BXOJHBIX
OTBEPCTHUAX Ha natdyuke Kpens, Korna oH HaXOAWUTCS HANPOTUB LIEHTPA IJIACTUHBI
Ha pacCTOSHUU 1-3 MM 3a IJIACTUHOM MO X0y IBHKEHHSI BO3LYLIHOrO 1oTokKa. [Ipn

9TOM IIJIOCKHE IMOBECPXHOCTHU AATUHWKA MMapalJICIIbHbI IIJIACTUHC.
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[To mepe Toro, kak matuuk Kpens nepememaercs BHU3 MOTOKY OT ILIACTUHBI,

pa3HuIa I[EIBJICHHI?I 3a JaTYUKOM U IICPpCa AATHNKOM YBCIMIHUBACTCA 0 TCX 10D,

fy
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s

Puc. 2.3. Onpenenenue UIMHBI peLUPKYIISALMOHHON obnacTu: 1 — npsiMoyroyibHas
IUTaCTHHA; 2 — KoHIeBas maiida; 3 — arunk Kpens; [ — anmuHa penupKyIsIIUOHHON 00JIaCcTH.

MOKa HE JOCTUTHET MaKCMMyMa Ha HEKOTOpOM paccTosiHuM. JlanmpHeliee
W3MEPECHUE PA3HUIIBl JABJICHUN C YBEJIMYEHUEM pACCTOSHUS OT TUIACTUHBI
MOKa3bIBaCT YMEHBIIICHUE 3TOM pa3Hullsl. Ha paccTossauu lg 3T0T niepenas 1aBieHus
paBeH Hyt0. [Ipumem lg 3a IIMHY perpKyISIHOHHON 00acTh (cM. puc. 2.3).
Jlmst  w3MepeHuss CWJIbl  CONPOTHBIIEHUS  MPSMOYTOJBHBIX  IUIACTHH
WCITOJIB30BAIMCh TPEXKOMITOHEHTHBIC a3pOJIMHAMHYECKUE BEChI C IMPOBOJIOYHOU

OIBECKOM.
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2.2. Pe3yabTaThl JKCIEPUMEHTA
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Puc. 2.4. 3aBucUMOCTb JOHHOT'O AAaBJICHUS OT yJUIMHEHUS IJIaCTUHBL: 1 — 6€3 KOHLIEBBIX
maio; 2 — quamerp KoHueBbIX maid d = 200 mm; 3 — auamerp KoHIeBbIX mai6 d = 400 mm.

Ha puc. 2.4. mokazaHa 3aBHCHMOCTb JIOHHOTO JaBJICHHUS OT YJJIMHEHUS
TIaCTUHBL. be3 KOHIIEBhIX 1Mai0 yBEIHMUYCHNUE YAJIMHEHUS IPUBOIUT K YBEITUUCHHUIO
JIOHHOTO JaBJieHWs. OTOT (akT corjacyercs ¢ paHee OmyOJUKOBAaHHBIMU
pesynbTatamu [31]. Tlpu mMamoM ymivHEHUH A = 5 IpUMEHEHHE KOHIIEBBIX IIali0
HUKAK HE BIIMSECT Ha W3MEHEHHE MOHHOTO maBieHus. OQHAKO, PU COOTHOIICHUHU
cTopoH A > 10 ucnonbp3oBaHUE KOHIEBBIX 1aii0 3HAUUTENbHO YBEIMYUBAET JOHHOE
naBiieHre. Uem Oosbllie JuaMeTp KOHIICBOM IMaiObl, TeM OoJjiee M3MEHSICTCS B
OO0JIBIIIYI0 CTOPOHY TOHHOE JaBJICHUE.

3aBUCUMOCTh  KOd(h(HIMEeHTa CHJIBI  CONPOTUBICHUS OT  YJIMHEHUS
MPSIMOYTOJILHOM TUTACTUHBI TIPEJICTABIICHA HA PUC. 2.5.

HeMoHOTOHHOE YyBEIWYEHHWE COMPOTUBICHUS IUIACTHH C YBEIWYCHUEM
VIJIMHEHUST ~ TPU  OTCYTCTBUM  KOHIIEBBIX  IMIAW0  MOXHO  OOBSICHUTH

AKCTIIEPUMEHTAIbHON OIMOKOM. lcronap30BaHuE KOHIEBBIX IMAW0 YBEIMYUBAET
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kod(durreHT 1060BOTO conpoTUBICHM. YeM OoJible TuaMeTp KOHIIEBOH Mani0bI,
TeM OoJbIlle CHJIa CONMPOTUBICHUS. BBUIO YCTaHOBIEHO, YTO MaKCHMAalbHOE

yBeJIMUYEHHUE JTI0OOBOTO COMPOTUBIICHUS Ha0M0AaeTcsl pu yanuHeHnu 4 = 12.9.
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Puc. 2.5. 3aBucumocts K03 GUIIUEHTA CUIIBI COTIPOTUBIICHUS OT yITTMHEHHUSI MIIACTHHBI:
1— 6e3 KOHIIEBBIX MIai0; 2 — TuamMeTp KOHIEBBIX a6 d = 200 mMMm; 3 — AMaMeTp KOHIIEBBIX
maiio d = 400 mm.

OTHOIlIEHUE JWaMeTpa TOPLEBOH IUIACTHHBI O K pa3Mepy MpsIMOYTOJbHON
mnactunsl [; = VIw npexcrasieno B Tabnuue 2.2. MakcumanbHoe 3HaueHne d /1
COOTBETCTBYET ymymHeHuto A = 12.9. Jlnsg 4 > 12.9 yem Oosibllie COOTHOIIECHUE
CTOpPOH, TEM MEHbIIIE yBEINUUBAETCS KOAP(ULIMEHT T000BOTO CONPOTUBIIECHUS.

3aBUCHUMOCTh OTHOILLUEHUS IIUPHUHBI IJIACTUHBI K JJIMHE PELUPKYISLHOHHON

obnactu w/l, OT yITMHEHUS TPSMOYTOJILHOHN TUTACTHHBI A TIOKa3aHO Ha puc. 2.6.
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Ta6auna 2.2. OTHOIIEHHE AUaMeTpa KOHIIEBBIX a0 K pa3Mepy IpsiMOYTOJIbHON

TLTACTHHBI
Ymmnenne — XapaKTepHBIH d =200 mm d =400 mm
A pasmep d/l, d/ly,
L, mm
5 179 1.12 2.23
12.9 140 1.43 2.86
194 220 0.91 1.82
24.5 160 1.25 2.50

be3 xoH1eBbIx maib 3aBucumMocts W/l ot A umMeeTr MuHUMYM Tipu A = 12.9.

[Ipu A = 5 HabGmromaeTcst HEOOBIIOE YBETUICHHUE TapaMeTpa W/, 3a cueT

MCTIOJIb30BaHUs KOHIIEBBIX 1maif0. Yem Gompire A, Tem Oomnbie w/l, B

OKCIICPUMCHTAX ¢ KOHICBBIMU nmanoamu.

=]
[
1

=]

30

Puc. 2.6. OTHOIIEHNE MUPUHBI TUIACTUHBI K UTHHE PELUPKYISIIIMOHHON 00JIacTH B
3aBHCHMOCTH OT Y/JTHHEHHUS TIACTHH: | — 6€3 KOHIIEBBIX MIaii0; 2 — TuaMeTp KOHIEBBIX a6 d

=200 mm
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BeiBoABI IJ1aBBI 2

B nmanHOM riaBe OBUIO PacCMOTPEHO BIUSHHE KOHIICBBIX IIAH0 Ha TaKue
aIPOAMHAMUYCCKHAE XapaKTEPUCTHKHA Kak: JI000BOE COMPOTUBIICHUE, JIOHHOE
JIABJICHHUE U IJIMHA PEHUPKYJIAIIMOHHON 30HBI.

[lokazaHo, 4YTO KOHIIEBbIE IMAWObI, YyCTAHOBJEHHbIE Ha  IUJIOCKOM
NPSIMOYTOJIbHOW TUIACTUHE, OPUEHTHUPOBAHHOW MEPIEHIUKYIJISIPHO BO3YITHOTO
MOTOKA, MIPUBOJIAT K YBEITMUYCHHUIO a0COTIOTHBIX 3HaUCHUHN KOA(DPHUIIMeHTa TOHHOTO
JIaBJICHHS U cCONPOTHUBICHUA. OHU YMEHBIIAIOT JUTMHY PEIUPKYIISIIMOHHON 00J1acTH
3a HEHTPAIBHON YaCThIO IIJIACTUHBI.

BiustHue KOHIEBBIX I1al0 3aBUCUT OT OTHOCUTEIILHOTO pa3Mepa caMuXx Iaio
U OT YJUIMHEHUS TUIOCKOM MPSMOYTOJbHON MIACTUHBI. ECM yIJIMHEHN e TIaCTUHBI

PABHO 5, TO BIMSHUE OYEHH MAJIO.
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I'masa 3

Biusinue yaJIMHEeHHs U KOHLIEBBIX 111aii0 Ha
BpalaTe/ibHbIC KOJICOAHUS TOJICTOM IJIaCTUHBI B
BO3YIIIHOM IOTOKE

W3yuyenue BpamiateabHbIX KOJEOAHMM BaXXHO I MPOTHO3UPOBAHUS
KOJICOAHUH IpoJieTa MOCTa OT BETpOBOi Harpy3ku [91]. OO0TekaHHe KOPOTKHUX TEJ C
KOHIIEBBIMU I1aii0aMU 1MOX0Ke Ha 0O0TEeKaHUe TeJl OOJBIION AUHBL. B Bo3ayIIHOM
MOTOKE KOHIIEBBIC MIa0Obl MCKIIOYAIOT MPOXOXKJIECHHWE MOTOKAa rasa 4epe3 TOPIIbI
mozenu. [IpsmMoe ucnbiTaHue JIMHHOTO TeJla HEBO3MOXKHO U3-3a OTPAHUYEHHOIO
pasmepa pabouux Uacte a’poauHamuueckux TpyO. KoHieBbie 11aiObI
UCIIOJIL3YIOTCS B UCHBITAHUSAX C KPBUIBAMHU [77] M B APYIHX SKCICPUMEHTAX C
pPa3IMYHBIMU  TJI0X000TeKkaeMbiMu  TelamMu. C  MOMOIIBIO TaKoro MeTojaa
TecTUpoBaIMCh cerMeHThl Mocta [100, 96]. Ilpumepsl ucclieoBaHHUS Tel
pa3InYHOM (POPMBI C KOHIICBBIMU IlIaii0aMu MOXKHO HaiTH B [47, 17, 18].

B Tperheli TnmaBe WUAET PacCMOTPEHHE BpalllaTEIbHBIX KOJIeOaHUM
MJI0X000TEKAEMBIX T€X B MOTOKE BO3ayxa. [lomydeHa olleHKa BIMSHUS YaCTOTHI
CUMTBHIBAHUS TOKa3aHUW TPUOOPOB Ha pe3yJbTaT OMNPEICTCHUs] aMIUTUTY bl
koneOanus. I[lpuBeneHbl 0COOBIE adPOJUHAMUYECKHUE XAPAKTEPUCTUKH TIPU
OTPEICJICHHBIX YIJIMHEHUSX TUIACTUH U CKOPOCTSAX BO3IYIITHOTO MoToKa. [TokazaHo
KaK aMmIuiMTyJa kosie0anuii koppenupyer ¢ uuciom Crpyxans. HccnemoBaHo
BIIUSIHME KOHIIEBBIX a0 Ha Auana3oH yucesn CTpyxais, B KOTOPOM HaOII0daeTCs
KoJIeOaHUsI C MOCTOSSHHOM aMIIuTyAou. [IpeacTaBieHa 3aBUCUMOCTh aMILTATY b
KOJICOaHHMI TOJCTBHIX TUTACTHH C KOHIIEBBIMH Imaitdamu oT umcia Crpyxans, u
MOKa3aHO BIIMSHUE CAMUX KOHIIEBBIX I1aili0 Ha ATy 3aBUCUMOCTb.

OcHOBHOE cojiepKaHKe IJ1aBbl 3 onmyOrKoBaHo B pabdorax [33, 41, 86, 90].

Meronuka SKCHepuMEeHTa W paccMarpuBaemas (Qu3nyeckas MOJENb
obcyxnaroTcs B pazzaene 3.1. B paznene 3.2. onucad anroputM 00pabOTKU TaHHBIX,

[Toy4yeHHbIe pe3yIbTaTHI MPUBEEHKI B pa3fene 3.3. [loka3zaHo BAUsSHUE KOHIIEBBIX
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maiid Ha BpalaTCJIbHLIC KoneOaHMusI TOJICTOM INIACTHMHBI B 3aBHCHUMOCTH OT
YAJIUHCHUA. B pas3aciic 3.4 us3nmaraercs MaTeMaTudecKas MOACIIb BpallaTCIIbHbIX

KoJICOAHUH TOJICTOM IIJIACTHHBI, OCHAILIEHHOW KOHIIEBLIMH IIaii0aMu.

3.1. MeToauka 3KCIEPMMEHTA 10 U3YyYEeHUIO

BpamaTeJbHbIX KOJIeOaHU

B JAaHHOM 3KCIICPUMCHTC MCCIJICAOBAJIMCh BpallaTCIbHbIC KoJe0aHMs TOJICTBIX

ractuH. ToNmuyHa y BeeX IUIACTHH Obliia oauHakoBa =20 mMM.

Ta6auna 3.1. ['eomerprueckue nmapaMeTpsl MIaCTUH

Bapuant JnuHa Tupuna VY nvHeHue
I, MM W, MM A=1l/w
1 200 100 2
2 350 100 3,5
3 500 100 3)
4 700 100 7

['eoMeTpudeckue mapamMeTpbl TUTACTHH MOXHO YBHIETh B TaOmmime 3.1.
DKCHepUMEeHTHl TMPOBOAWINCH KaK C KOHIIEBHIMU IaibamMu, Tak M 03 HHX.
KoHmeBble MmIacTHHBI TPEACTABISIN COOOH TOHKHH JHCK TOJIIUHOW 3MM H
nuamerpom d = 2w = 200 mm.

Bce skcneprMeHThI Takke MPOBOJAWIUCH B adpoArMHaAMU4ecKoil Tpyoe AT-12
Cankrt-IleTepOyprckoro rocyJapcTBEHHOr0 yHUBeEpcuTeTa. B oTkpbiTON paboueit
YacTH a’poJAMHAMUYECKOM TpyObl pacrmosiarajiach MoOJe/b Ha MPOBOJOYHOU

noasecke (puc 3.1). Jluamerp cranbpHO# MpoBOJIOYHOM ToaBecKu paBeH oT 0.3 1o
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0.6 mMM. Mogenp Morna Bpamarbcs TOJIBKO BOKPYT TOPHU3OHTAJIbHOW OCH,
NEPIEHANKYJIIPHON BEKTOPY CKOPOCTH JBHXKEHMS Bo3ayxa. K 3agHed vactu
MOJIeJIM IPUKPEIUIEHA CTajbHasl XBOCTOBAs JAepkaBka. K nep:kaBke MPUKPEIICHBI
JIBE CTaJIbHBIE NPYKUHBI.

AMIIMTYZa  BpalllaTeJIbHBIX  KOJEOAHWH  ompenensulack Ha  OCHOBE
TEH30METpUYECKUX M3MepeHuid. [lomynpoBoaHMKOBEII TeH30mpeoOpa3zoBaTens C-

50 u3MepseT HaTsHKEHUE HUKHEN TIPYKUHBI.

Puc. 3.1. Cxema dKkcriepuMEHTaIbHON YCTAHOBKU. 1 — MOJIENTb C KOHIIEBBIMU TIACTUHAMH,
2 — XBOCTOBAasI Iep)KaBKa, 3 — HEMOIBUIKHBIE CTEPKHH, 4 — MIPYKHUHBIL, 5 —
teH3onpeodpazoBarens C-50, 6 — [IK-ocummiorpad, 7 — kommbioTep, 8 — 0ch, 9 — MPOBOJIOYHBIC

TATHU

Ha puc. 3.2 npencraBieH oOmmid BUA W CcXeMa C pasMepamu

Tenzonpeodpasosarens C-50 2,

2 http://microtensor.ru/catalog/mikroelektronnye-tenzopreobrazovateli-sily/serii-c/c%2050
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Puc. 3.2. O6mwuii Bug Ten3onpeodpazoparens C-50 u pazmepsl mpudopa.

B TeH3onpeoOpa3zoBareie HCIOB3YETCS TEXHOIOTHS «Carl(pup Ha KPUCTAILIC).
UyBCTBHUTEIBHBIM JJIEMEHTOM TEH30IIPeOOpa3oBarTess SBJSCTCS JIBYXCIOWHAS
canup-TUTaHOBasi MeMOpaHa C¢ MOHOKPHUCTAUTMYCCKUMH  KPEMHHCBBIMU

TeH3ope3uctopamu (puc. 3.3).

TexaomeTpuuecKmit MOCT MonokpucTanmmueckan
Yurcrowa canduponan memGpana
= Turanosan membpasa
KonTakTHsie nnowagxkm
M3 aMOMHHUA
Puc. 3.3. JIByxcioifHas candupo-TuTaHoBas MeMOpaHa — YOPYTHH  3JE€MEHT
TEH30IMpeoOpazoBaTersl.

KpemHueBble TEH30pE3UCTOPBI COCIMHEHBI B MOCTMK YHMHCTOHA IO CXEME

«3aMKHYTBIN MoCT» (puc. 3.4).
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Tensonpeobpazorarens
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I Cxema "3aMkHY TR MOocT"

Puc. 3.4. Cxema coeiMHEHUS] TEH30PE3UCTOPOB.

HomunansHOE 3HaUeHHE quamnazoHa npeoopasyemoit cuibl 50 H. [Ipenensabie
pabounie 3HaueHus mpeodOpazyemort cmibl oT -25 H mo 50 H. Hemocrarkom
MCIIOJIB3YEMOT0 THIA Mpeo0pazoBaTesiei SBIsSETCS 3aBUCUMOCTh UX MOKAa3aHUs OT
temneparypbl. [loaToMy Mbl 00s3aTEIBHO TPagyUpOBAIM MPUOOP TPHU KAKIOM
skcriepuMenTe. MHorma nBa pasa: 10 WU3MEpEHUN W Mocie, 4ToObl yOenuThes B
OTCYTCTBUU Jpeiida. B kadecTBe HCTOUHMKA MUTAaHUA [JI MOCTa YHUHCTOHA
UCIIOJI30BAIMCh ~ 4YeThipe  Oatapediku  ¢dopmatra  AA,  COCIMHEHHbIE
MOCIIEIOBATENBHO. Takol aBTOHOMHBIM WCTOYHUK MHUTAHUS TO3BOJWI CHU3UTH
HABOJIKHU C 4acTOTOM sHeprocHabxkenus S50 I'.

PC ocmwmiorpag Velleman-PCS500 mnpeoOpa3yeT aHaJOrOBBIH CHUTHAI
TeH3omnpeoOpazoBarenss B UU(POBON CUTHAN M MEpelaeT €ro Ha KOMIIBIOTEp.
Yacrtora uzmepenust 100 I'u u 1250 I'u. [IpoaomKuTETbHOCTh 3aUCH COCTABIISET
17 cexynn npu 100 I'i munm 3.3 cexynasl ipu 1250 I'n.

bb110 3amMedeHo, 4To yacToTa KojieOaHuil He 3aBUCUT OT CKOPOCTH moToka. [Tpu
OTCYTCTBUHU MOTOKA B pabodeil yacTu koieOaHus TUIACTUH Ha YIPYToM TMOJIBECKE
3aTyXarwT, a 4YacToTa KOJieOaHWN OCTaeTcs TAaKOW jKe, KaK U MpU KoJieOaHUsX,
BBI3BAHHBIX ITOTOKOM BO37yXa. ITO 03HAYAET, YTO adPOJNHAMUYECCKUE CUIIbI MaJlbl
10 CPABHEHHIO C CUJIAMU YIIPYTOCTH.

Cuuraem, 4TO HATSHKEHUE TIPY>KUHBI B OKCTPEMYyMax 3aBUCUMOCTH CUTHAJIA OT
BPEMEHU pAaBHO HATSXKCHUIO TMPYKUHBI TOJ JEUCTBUEM IOCTOSIHHOW CHIIBL,
BBI3BIBAIONICH OTKJIIOHEHUE, PABHOE aMIUIUTYJE KOoJeOaHuil. ITO MPEoI0KEHUE

IMO3BOJIICT CBA3ATh aMINNIUTYY KojeOaHnii ¢ MaKCUMAaJILHBIM WM MHUHHUMAJILHBIM
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HATSOKEHWEM HIDKHEW TPYXHUHBL. bBbUTO TMpoBeeHO 1Ba KaTMOPOBOYHBIX
DKCIEPUMEHTAa. B mepBOM »SKCHEPUMEHTE BO BpeMs 3allUCH IOKa3aHUU
TEH30IpeoOpa3oBaTesi M3BECTHBIA TPy3 IOABEIIMBACTCI B MECTE KpCIUICHUS
XBOCTOBOI'O Jepkareisi K TmpoBojouHoil T1sare (puc 3.1.). Ilo pesynbratam
U3MEPEHU OIpeiesieTcsl U3BMEHEHUE MoKa3aHui Mpudopa, BEI3BAaHHOE U3BECTHOM
cwioi. B npyrom xaamOpoBOYHOM IKCIIEPUMEHTE Ha KOHIIE XBOCTOBOM JEP>KaBKU
HAaBEIINBAETCS U3BECTHBIN Ipy3. 3mMepsieTcs nepeMeieHe rpy3a B BEpTUKAIIBHOM
HampaBiaeHuH. OnpeneneHo OTHOIICHUE aMIUIUTYIbl KOJeOaHWi HaTSKCHUS
HIDKHEW MPYKUHBI K aMIUTUTY/]IC BpalllaTeNIbHbIX KOJIeOaHUN MOJIEH.

CkopocTh 1oTOKa B paboyeil yacTu omnpeessiiach Mo nepenaay AaBjieHus Ha
coruie a’poAuHaMuueckoil TpyOwl. Ilepeman naBiaeHuss U3MEPSIICSs CIUPTOBBIM
MUKPOMaHOMETPOM C HaKJIOHHOH TpyOkoi Tuna MMH. OcHoBoit 1151 onipeneneHus
CKOPOCTHU OBLIIO BBIPAKEHUE:

pv® _ uKy
2

rJe p — IJIOTHOCTh BO3/yXa, KOTOpas 3aBUCUT OT TEMIIEpaTyphbl U aTMOC(HEPHOTO

h,

nasneHusi, K — k03QGUIMEeHT MUKPOMaHOMETpa, KOTOPBIM 3aBUCHT OT HAKJIOHA
TpyOKM MHUKPOMAHOMETpPa, Y M Jo — IUIOTHOCTh CHOUPTa B MHUKPOMAaHOMETDE,
3aBUCAIIAS OT TEMIIEPATyphl U dTaloHHas MIoTHOCTH cnmpra (0.8 r/em®), h —

IMIOKa3aHu:A MUKPOMaHOMCTpPaA.

3.2. O0paboTKa pe3yabTATOB IKCIIEPUMEHTA C

BpamaTC¢JIbHbIMHA KO0J1e0aHUSIMHU IIJIACTHH

Metoanka 00paboTKu curHaioB npuBeaeHa B [81, 83]. 3aBucumocTr HaKIIOHA

IJIaCTUHBI OT BPEMCHHU, IMOJYUYCHHLIC B OKCIICPUMCHTE, IIPCACTABIICHBI HA PHUC 3.5.
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Puc. 3.5. 3aBucHMMOCTb HAKJIOHA TIACTUHEI OT BPCEMCHHU: a) 4aCTOTa CYUTBIBAHUA

1250 T', 6) wactora cunteiBanus 100 .

[IpuMepHy0 aMIUTUTYy BpallaTelbHbIX KOJEOaHUM MOKHO OMpPENeNIUTh IO
JaHHBIM Tpadukam. [[g 3TOro JOCTaTOYHO W3MEPUTh MAaKCUMAlbHOE W
MHHUMQJIBHOE 3HAYCHMSI yIJla HAKJIOHA IUIACTHUHBI. 3aT€M HYXKHO pPAaCCUUTATh
cpeaHee 3HaueHHe aMIUIUTybl. OJHAKO, TOYHEE U MPOIINE MOXKHO OIPEIETUTh
aMILUIMTY 1y IPUMEHSISL aJITOPUTM, OITMCAHHBINA HHUXKE.

AJITOPUTM MPEJICTABISIET COOOM BapuaHT METOa HAMMEHbIIINX KBaApaToB. OH
MO3BOJISIET HAM aIllIPOKCUMHUPOBATH JIAaHHBIE TAPMOHUYECKON (DYHKITMEH 3a1aHHON

HaCTOThI.
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[Tycts yron HakiaoHa f3;, U3BMEPEHHBIA B MOMEHT BpeMeHH t;, OyleT CyMMOM

rapMOHUYECKON (PYHKIIMH ¢ aMITUTy10M A, oCTOSIHHOU E 1 sxcniepumenTanbHoOM

OmuoKoH &;:
i =Acos (wt; — @) +E+& =
= A cos@ cos wt; + Asing sinwt; + E +¢;. (3.1
Omubka SKCIepUMEHTa — OTO CiydailHas BEJIMYMHA C  HYJICBBIM

MaTeMaTUYECKUM OXuJaHuem. PaccMOTpuM BBIOOpPKY, COCTOSIIYH0 H3 N

cunteiBanmii (=1, 2, 3, ..., N). MBI npenoaaraeM, 4ro

n n n
Z & coswt; = z ¢ sinwt; = z & =0. (3.2)
i=1 i=1 i=1

YmHOkas mocneaoBarenbHo Gopmyny (3.1) Ha cos wt;, sinwt; u 1, cymmupys
HOJTy4eHHbIC BhIpaKeHHs OT I=1 10 N ¢ ydeTtoM BbIpaxkeHus (3.2), moiydaem

cucremy ypaBHeHHi (3.3).

n n n
[ Yeostor, Y cosorsinot Y cosor;
i=1 i=1 i=1
n n n Acos @
z cos wt; sin wt; z sin? wt; z sin wt; Asin g
n n
\ z cos wt; Z sin wt; n /
i=1

i=1

(zn: B; cos wti\

n
= Zﬁisinwti : (3.3)
i=1

DY

Ecnu N — xonmn4ecTBO CUMTHIBaHMINA 3a OAWH Tiepuoa konebanuii T = 2m/w u

9TO YUCIO BEJIMKO, TO CUCTEMY ypaBHEHHH (3.3) MOKHO yIPOCTUTh YUUTHIBAS, YTO
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n n 21/ W
z cos? wt; = z sin? wt; ~ nw/an cos? wt dt = n/2.
i=1 i=1 0
n n n
z cos wt; sin wt; = z sin wt; = Z cos wt; = 0.
i=1 i=1 i=1

Takum 006pazoM, BMECTO CUCTEMBI YpaBHEHHH (3.3) MOXKHO pemaTh MPOCTYIO

cucremy (3.4).

n
zﬁi COS wt;
i=1
n/2 0 0\ /Acosg n
( 0 n/2 O) (A sin<p> = Zﬂi sin wt; |. (3.4)
i=1
n

0 0 n E
Eﬂi /

i=1

3HaHue A cos@ u Asin @ MO3BOJET PacCUYNUTATh AMIUTUTYAY BpallaTeIbHBIX
KOoJIcOaHut 4.
[Toka)keM, YTO ONTMCAHHBIN BBIIIEC aJITOPUTM SBJISICTCS METOJIOM HAMMEHBIIIHNX

KBaJpaToB. MUHUMH3UPYETCSA CyMMa KBAJIpaTOB

Z?zlgiz :zil(ﬁi — A cos (wt; — @) — E)2.

Haxoaum MuHHUMYM 3TOM cymMbl, AuddepeHupys cymMmy KBaapaToOB IO
napamerpam A cos @, Asinu E. IlpupaBHMBaeM NpOU3BOAHBIE HyI0. B

pe3yJibTare Mojay4vaeTcsi cucrema ypaBHeHui (3.3).

3.3. Pe3yJabTaThl IKCIIEPUMEHTOB

Honyquo, 9TO YaCTOTa CHHUTBIBAHUA HC BJIMACT HA PC3YJIbTAT OIPCACICHUA

aMIUTATY 1Bl KOJICOAHUH.
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Ha pwuc. 3.6 mpencraBieH rpaduk, WITIOCTPUPYIONIMA HE3aBUCUMOCTh
pe3ysbTara OmpeesieHNs] aMIUIUTYAbl YCTAHOBUBIIUXCS KOJCOAHHWA OT YaCTOTHI

CUMTBIBAHMHA.

|
0.40+ s 1 4

0.35-

om
N

0.30

0.25 +

Ammivtyga, pan

0.20

| |
8 10 12 14 16 18 20
CKopocCTb, M/C

Puc. 3.6. 3aBUCHUMOCTb aMIUTUTY/Ibl YCTAaHOBUBIIMXCS KOJIEOaHUH OT CKOPOCTH.

1 —gacrora cuuteiBanus 100 I'1y, 2 — yactora cunteiBanus 1250 I,

[TpakTuecku BO Bcex ciyyasix HaOMIOJAIOTCS KoJieOaHHsI € TOCTOSIHHOM
aMIUTUTY101. VICKITIOueHnEe COCTABIISIIOT KOJIeOAHUsI KOPOTKOW TOJICTOM MIIACTHHBI C
yAJIMHEHUEM A = 2 TIpU MaJbIX CKOPOCTAX BO3AYIIHOrO rnoToka V. Ha pucynkax 3.7
u 3.8 mpeacTaBieHbl 3aBUCUMOCTH aMIUIMTYAbl YCTaHOBUBIIMXCS KOJeOaHUM OT
uuciaa Crpyxans Sh = w/vT, roe T - mepuos KoaebaHHiA.

AmMInTya koneOaHull pacter ¢ ymeHnbleHueM ymncia Ctpyxans. Ha puc. 3.7.
MMOKa3aHO, 4YTO JUII TOJICTOM IUIACTHMHBI 0€3 KOHIIEBBIX IIai0, deM OoJIbIle

COOTHOUIEHHE CTOPOH, TEM OoJIbllIe aMIUIUTYAa Kojebanuid. KonebaHue niacTuHel
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A = 2 ¢ MOCTOSHHOW aMIUIUTYZOW MPOUCXOAMUT TOJBKO MPH OOJIBLION CKOPOCTH

BO3JYIIHOTO IIOTOKA.

m 1
0.6 iy ° 2
1 A 3
> 4
: |
9041 4N ',
2 M .
= S
c 'YY WY g 0
< o ]
02- 2 . I
{
00 T T T T I
0.02 0.04 0.06

Strouhal Number

Puc. 3.7. 3aBucuMocTh aMIIIUTY 61 Kosiebanuii (pas) ot yncia Ctpyxans 06e3 KOHIIEBBIX

maii6. 1-4=7,2-4=53-4=3.5,4-1=2.

0.6 1 m !
[
A 3
] 4
0.4 .: .
] A 8
g !
= 1
g ““A‘
< A, ]
0.2 4 4 1
ry
0.0 T T T T T
0.02 0.04 0.06

Strouhal Number
Puc. 3.8. 3aBucuMocTh aMIITUTY B! KoJleOanuit (pay) ot yncia CTpyxais ¢ KOHIIEBBIMU

maiibamu. 1 -4=7,2-4=53-4=3.5,4—-1=2.
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Ha puc. 3.8. BuUgHO, U4TO NpHM HAJIWYMHM KOHIEBBIX MIAHO AMAMAa30H YKCENd
Crpyxansi, B KOTOpOM HaOJ0/Iat0TCsl KOeOaHusi C TTOCTOSIHHON aMILTUTYION ISt

MUJIMHApA A= 2, SHAYUTCIIBHO YBCIINYNUBACTCA.

3.4. Ilpocreiimasi MaTeMaTH4eCKasi MoJieJlb

BpamaTeJbHbIX K0JIe0AHNH IJIACTHHBI

B sTom naparpade uznaraercs MareMatuueckasi MOJiesib KojaeOaHusl B TOTOKE
MUWIMHAPA Majoro Y/UIMHEHHs (OTHOIIECHHE JUIMHBI IIWIMHIpPA K €ro JAuameTpy
paBHO 2), IpeyIoxKeHHas B ctathe [35]. YpaBHEHHE NBIKESHUS WIMHIIPA, YIIPYTO
3aKpPEIUIEHHOTO B BO3AYIIIHOM ITIOTOKE, UMEET BUJL

1,0 =L, + L, (3.6)
rae Lau Ls - MOMEHTBI cuJl, IEHCTBYIOIIKME CO CTOPOHBI BO3YIIHOTO MOTOKA U CO
CTOPOHBI MOJIBECKH, |, — MOMEHT MHEPIIUYU HUWINHAPA, € — yro HaKJIOHA [IWJIMHJPA.
bynem mpuHHMMaTh, 4TO B COCTOSIHUM PABHOBECHUS YIrOJI HAKIIOHA PABEH HYJIIO.
[IpuHUMaeTCsA, 4TO CO CTOPOHBI NOABECKH ACHCTBYET MOMEHT YIPYTHMX CHII,
BO3BpAlAOIINN [WIMHAP B PABHOBECHOE IOJIOKEHUE, U CONPOTHUBIIEHUE TPEHUS,
MIPONIOPLUMOHAIIBHOE YTJIOBOW CKOPOCTH 6. MowmeHT cui, JNEUCTBYIOIIUN CO
CTOPOHBI HaOErarouIero NOToKa, MNPeCTaBISETCS B BUAE PA3JI0KEHUS [0 CTENEHIM
yrjla HaKJIOHa W OPOU3BOAHON yria. OrpaHMYMMCs TOJBKO NEPBBIMU UYJICHAMHU

paznoxenusi. OCTaBUM B ITPABOM YaCTH TOJIBKO MOMEHT a’3pOIUHAMUYCCKHIX CHIT:
.o . _ 2 pov 2 3
1,0 +7r0 + k6 = sL ng(l—déi )0, (3.7)

e S - XapaKTepHas IUIOLIaAb UINHAPA, K — XKECTKOCTb yIpyroi MOABECKH, M-
BpallareiabHas TMPOM3BOJAHAsA, ¥V — CKOpPOCTh Haleratomero mortoka, L —
XapaKkTepHbIA pa3Mmep, po — IJIOTHOCTh BO3AyXa, I - KOI(PPUUUEHT TpeHus B

YIPYTOH ITOJABECKE.
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Ecnm BBecTn cienytromume 06003HaAUYCHHUS

w? =1 = L3im- k =
=1z H=pPo 21, 9 Z_Iilz'

TO YpaBHEHHUE JBUKEHUS TPUOOPETET BUA:
b+ w26 = pu=(1—- 5026 — k6. (3.8)
[Tonaras u ManeIM mapaMeTpoM, ypaBHeHHE (3.8) MOXKHO perniaTh METOJI0M
KpsuioBa-boromo6oBa B nepom npubmmwkenuu [2]. B pesynbraTe moiydarorcs
ypaBHCHI/IH JJIs1 MCIOIJICHHO MCHAROIIMUXCS aMHJ'II/ITYI[BI An CI)EBI)I Qo BpamaTeJ'IBHBIX

kosieObanuii:6 = A cos(wt + ¢). [IpuBenem 3Tu ypaBHEHUS.

i = ALY (1 Kk 0 p2 ) =
A—AZL(I 224 ) ¢ = 0. (3.9)
[IpupaBHuBas HyJIO MPaByI YacTh HepBOro ypaBHeHUs (3.9), momyuyaem

BBIPpAKCHHUC HJISI HAXOKIACHUA aMIIIUTY bl YCTAHOBUBIINXC:A KOJICOaHMIA:

a2 =3(1-12) (3.10)

Takum o0pa3oM, Mojenb IMpencKa3plBa€T 4YTO 3aBHUCHUMOCTh KBajpara
aMIUTUTYbI OT 0OpAaTHOM CKOPOCTH HAOETaoIIEro MOTOKA OMUCHIBAETCS TMHEHHOM
bynkueit. Jlyisg npoBepKu, TOAUTCS JIM 3Ta MaTeMaTHUECKast MOJIEIb JIJIsl ONTMCAHUs
BpallaTebHbIX  KOJEOAHW  TOJICTOM TIJIaCTHUHBI, KOTOpas Y4YacTBYeT B
HKCIIEPUMEHTAX, CHA0)XEHHON KOHIIEBBIMU I1aii0aMu, HMXKE NPUBOASTCS JIBa
rpadpuka. MaremaTuueckass MOJENb Ipearnoyiaraer, 4YTo COMNPOTHBIICHUE
IPOMOPIMOHANIBHO  yTJI0BOM ckopoctd. B 3ToM ciiydae B OTCYyTCTBUU
a’pOIMHAMUYECKUX CHJI KoyieOaHUsl 3aTyxaloT, W aMIUIUTyJda KojieOaHuid B
JorapuMHUYECKOM MacITade sBisieTCs TuHeHHON (hyHKkmei Bpemenu. Ha puc. 3.8
B JIorapuMUYEcCKOM MaciTade MNpuBeaeH TIpaduK 3aBUCUMOCTH aAMILTUTYIbI
3aTyXaronmx Kojie0aHui OT BpeMeHH. TO4YKH Ha Tpaduke JOXKaTcs ¢ HEKOTOPOi
NOTPENIHOCTBIO BOJMM3M TPSIMOM JMHUHU. OTO JIOKAa3bIBAa€T, YTO MPOBEPSEMOE
IIPEATOJIO0KEHNE BBITOJIHSIETCS.

Ha cnenyromem rpaduke 3.9 mokazaHa 3aBUCUMOCTh KBaJipaTa aMIUIUTY/IbI

yCTaHOBUBIUXCA KoneOanuii oT yncna Crtpyxans Sh = wT /v, tne W — mupuna
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TOJICTOM TUIaCTUHBL, T — nepuoa konebanuil. Touku Ha rpaduke J0KaTcs Ha OJHY
JIMHUIO, €CIIM CKOPOCTH JOCTATOYHO BEJIMKA.
Taxkum o00pa3zoM, paccMaTpuBacMyr0 MaTE€MaTHYECKYIO MOJEIb MOKHO

MNPUMCHATD JJI TOJICTBIX IINTACTHH C KOHIICBBIMU nandamu.

|}
L
041 T e -
= " 2
[3+] n a
Q, " e
s
E '-.l....
= 0.14 ey 1
= ]
<2): 0.08 -...' .-‘.
.
'-u._
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L S e p 1

T L LA N I PR
2 0 2 4 6 8 10 12 14 16 18
Bpewms, ¢

Puc. 3.8. 3aBucUMOCTb aMIUTUTY/Ibl 3aTYXAIOIUX KOJICOAHUH OT BPEMEHH.

0.25 4

0.20 4
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0.15

0.10 H

AMniuTtyzaa

0.05 +

0.00 +——+——r—+—r———r————————
0025 0030 0035 0040 0045 0050 0055

Yucno Ctpyxansa
Puc. 3.9. 3aBucumMocThs KBampara aMIuMTyasl oT uncia Ctpyxans. [lmacTiHa ¢ KOHIIEBBIMU

maoamu. Y wmHeHue A = 7.
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BeIBOABI IJ1aBBI 3

DKCIEPUMEHTHI MTPOBOJAWIMCH C TOJCTBIMUA MHPSIMOYTOJBHBIMHU IUIACTUHAMH,
INPUKPEIUIEHHBIMUA K YIPYTrOl MOABECKE C OJHOM CTENEHbIO CBOOOIBI. BO3MOXKHO
OBUIO TOJIBKO BpalleHUE BOKPYr OCH, MNEPHEHAUKYJISIPHON BEKTOpPY CpeaHei
CKOPOCTH BO3IYLIHOTO IMOTOKA. Y CTAHOBJIEHO, YTO aMIUIMTYAAa YCTAaHOBHUBILIUXCS
KOJICOAHWMI yBEIMYHMBACTCS C YBEJIMYCHHEM YNIMHECHUS TacTuH. [locTostHHAs
aMIUTUTYJ]a KOJeOaHUi TUIACTUHBI C YIUIMHEHHEM A = 2 peanu3yeTcsl TOJIbKO MpHU
JIOCTaTOYHO OOJBIION CKOPOCTH BO3ayxa. Hanmuuue KOHIIEBBIX a0 H3MEHSET
3aBUCUMOCTh aMIUIMTYbl KosneOanuid oT yucia Crpyxansd. Jlid miacTuHbl C
YJIMHEHUEeM A = 2 Juamna3oH CKOPOCTeH MOTOKa, MPU KOTOPOM HaOIIOAI0TCA
KOJIeOaHUsI C MOCTOSHHOM aMIUTUTYAOU, paclivped. B 3Tom ciaydae aMruuryaa
HAMHOTO OOJIbIlIe, YeM aMIUIUTyAa KOoJeOaHUW TOJCTOM MIACTUHBI 0€3 KOHIIEBBIX
maiid. 3aBUCUMOCTH aMILTUTYJIbI KOJIEOAHUN TOJICTBIX IUJIACTUH C KOHIIEBBIMU
maibamu ot uyucia Ctpyxans OJU3KUA K JIMHEHHBIM. YBEJIMYCHHUE YJIMHEHUS
TOJICTOM IUIACTUHBI C 5 A0 7 HE NPUBOAUT K 3HAYUTEIBHOMY HW3MEHECHUIO
aMIUTUTY/IbI KOJIEOAHUH.

Hanuune koHuEBbIX IIai0 aenaer 3aBUCMMOCTh Oosiee rmuiaBHOW. Korma
KOHIIEBBIX IIali0 HET, TO HUYEro HE MPEMATCTBYET MOTOKY BO3JyXa MPOXOJUTH
yepe3 TopUbl IUIACTUHBL. B 3TOM ciydae BUXpeBas CHUCTEMA 3a TEJIOM HMEET
CJI0’KHBIN XapakTeP U NEPECTPAUBAECTCSA C U3BMEHEHUEM CKOPOCTH ITOTOKA.

Bpamatenbapie KoneOaHUs TOJCTHIX TUIACTUH YJIMHEHUSI OOJIbIIE TISITH C
KOHIIEBBIMU II1ali0aMu yJIOBJIETBOPUTEIBLHO ONMKMCHIBAET MaTEMaTHUECKass MOJEIb,
npeutokeHHast paree [35] mis ommcaHus BpalllaTelbHBIX KOJCOAHUN IMIUHIPA

MaJIoro yJJIMHEHHMSL.
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I'maBa4
Konebanus cerMeHTa yaIMHEHHOTO IIJI0X0
O6T€K3€MOFO TCJIa C ABYM: CTCIICHAMU CBO6OI[I>I B
NPUCYTCTBUM KOHIIEBBIX IIal0

[1noxoo0TekaemMble yIpyrue Wik yupyro 3aKperuieHHbIE Tella Mo IEUCTBUEM
BeTpa MOTYT COBEpLIaTh IOCTYMATeNlbHbIE WM BpallaTelbHbIe KOJIeOaHUS.
HcTounnkom Kosie0aHui TPOTSHKEHHBIX T MOTYT OBITh IEPHOIUYCCKU CXOISIINE
BUXpH, oOpa3yromue 1enouky KapmaHna, eciu yacTtoTa BuXped Onm3ka K
COOCTBEHHOM 4acTOTe KoJieOaHUN KOHCTPYKIMHU. Takue KojeOaHus Ha3bIBAIOTCS
rajoriupoBanueM [37]. IIpu 3TOM mpUHHMAETCS, YTO YacTOTa TEPUOTUIECCKOTO
CXOJla BUXPEW HAMHOI'O MPEBBINIAET COOCTBEHHYIO 4acTOTy koJjiebaHui. [loatomy
a’pOAMHAMUYECKUE CUIIbl, BOSHUKAIOIIUE BCIEICTBUE CX0J1a BUXPEU, OCPETHAIOTCS
Y HE OKa3bIBAIOT BJIMSIHUS HAa CYIIECTBEHHO MEJJICHHBINA MpoOIecC KOJeOaHus Mpu
rajjonupoBaHu. B OonpIMHCTBE pabOT, MOCBSIICHHBIX KOJIEOAHUSIM MOCTOB,
HEYCTOWYMBOCTH, MPUBOASIIME K TaJONMUPOBAHUIO, PACCMATPUBAIUCH IS
ONPEAEICHNUS] KPUTHUYECKOW CKOPOCTM BETpa B COOTBETCTBUM C JIMHEWHOU
JUHAMHUYECKOH Teopuei [53].

[Ipeanonaranock, 4TO MPY NPEBBILIEHUHA KPUTUUECKON CKOPOCTH BO3TYIIIHOTO
MOTOKA KoJIeOaHHMSI MHTCHCHUBHO HAapacTaloT U HeU30SKHO MPHUBOJIAT K KaTacTpode.
OnHako B 3aKpUTHUECKOM 00JacTM MOCTBI MOTYT COBEpLIaTh KOJEOAHHS C
OTPAaHUYEHHOW aMIUIMTYAOM U3-3a a3pOAMHAMUYECKHUX HEJIMHEHMHOCTEW, U
aAMIUTUTY/IbI TOCTKPUTUYECKUX KOJICOAHUM B OTNPEACICHHOM JIHara30He CKOPOCTEH
BeTpa MOTYT ObITh nonyctuMmbiMu [98]. JlaHHas rinaBa MOCBSIIEHA MOCTPOEHUIO
MaTEMaTUYECKOW MOJENH TMOCTYyNaTeIbHBIX M BpallaTelIbHBIX KOJICOAHUN TUIOXO
o0TekaeMoro Tejla M MPOBEPKE 3TOM MOJENM Ha NpHUMepe KoJieOaHuW MakeTa
CErMEHTa MOCTa, 3aKpEeIUIEHHOr0 Ha YHOpyrod mnojaBecke B pabodeil wyacTu

a’poarHamMudecKoit Tpyosl. OCHOBHOE coliepKaHUE TIaBbl 4 U3IaraeTcs B paboTax

[34, 36, 40, 87, 88].
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JIyist omrcaHus MOCTYNATEIbHOTO TAIOMUPOBAHUS TIJIOX0 00TEKAaeMOTO TeJa B
pabote [31] mpemyoxkeHa KBasWCTallMOHApHas MoOjelIb. B ocHOBe 3TOi Mojenu
JICKUT TPEINOI0KEHUE, YTO a’pOJMHAMHYECKUE CHJIbI, JIEUCTBYIOIIUE Ha TEJO,
3aBUCST TOJBKO OT OTHOCUTEIBHOM CKOPOCTU MOTOKA U OT YIJIOB, OMUCHIBAIOIIMNX
OPHUEHTAIIMIO Tejla OTHOCUTEJIBHO BEKTOpAa CKOPOCTH BO3AYLIHOrO MOTOKa. Jliis
MONEPEYHOro  OOTEKaHWs  BO3AYLIHBIM  TMOTOKOM  MPOTSKEHHOIO  Tela,
COBEpIIAIONIECTO KOJIeOAaHWsI B HAIMPABJICHWH, TMEPICHAUKYJSIPHOM IIOTOKY,
HOpMaJbHas a’pOJMHAMHUYECKAsl CUJia, NEUCTBYIONIAs B HAMPABJICHUU JIBXKCHUS,
3aBUCUT TOJBKO OT MTHOBEHHOro yrija aTtaku o. KosdduuueHT HopMalibHOM

aBPOHHHaMHqCCKOﬁ CHIJIBI Cy B 3aBUCHUMOCTH OT yI'Jla aTaK1l & MOKHO OIIPCACIINTL B

a’pOJIMHAMUYECKONW TpyOEe B OMNBbITAX C HEMOABUXKHO 3aKpEIUICHHBIM TeiaoM. B

pabore [75] 3aBucHMOCTb C) (@) KBajpaTHOH NPHU3MBI ANNPOKCHMMUPOBAIIHU

MOJIMHOMOM TMsITOoro mopsiaka. [lozxe [76] OBIIO yCTaHOBIIEHO, YTO MOZEIb
paboTaeT Jydile, €CiaM annmpoKCMMHMPOBATh 3aBUCUMOCTL C) () IIOJHHOMOM

ceagpMoro mnopsiaka. KBasucranpoHapHass MOJENb IIMPOKO MCIOJIb30BAIACH B
JaJbHEUIIeM JJIs OMKMCAHUs MOCTYNaTEIbHOTO TaJIOMUPOBAHUS MPSIMOYTOJBHBIX
MUJIMHAPOB PA3INUHbIX poropiui [ /0], TUIUHAPOB € TPEYTOIBHBIM MONEPEYHBIM
ceueHreM [46], poMOOBHUIHBIM TONIEPEUYHBIM ceueHueM [47], mpu3M KOHEYHOTO
yamaHeHus [19].

Monenb kosiebaHu#t yrpyro 3aKperieHHOTo TeJia ¢ ABYMsI CTENIEHSIMU CBOOOIbI
paspabaTeiBasiack B paborax [51, 56]. ABTopamu 3TuX pabOT OBUIA CHETAHBI
MOTBITKK  PACIPOCTPAHUTh KBA3UCTAIIMOHAPHYIO MOJENb TaJOMUpPOBAaHUS Ha
BpalllaTesIbHbIe KOJIEOAHUs JIBYX IUIOXO OOTEKAaeMbIX TEJ: KBaJIpaTHOW MPU3MBI U
yriioBoro npoduis. TpyaHOCTh NMPUMEHEHUS dTUX MOJEJICH 3aKI04aeTcsl B TOM,
YTO Ppa3Hble TOYKH BpaIAIOIIETOCAd Tella MMEIT pPa3Hyl CKOpOCTh W,
CJIieI0BaTeIbHO, MTHOBEHHBIM YTOJ aTakd 3THX TOUeK paznuueH. [lpuxomutcs
BBIOMPATH XapaKTEPHYIO TOUKY JIJISl OTIPEICIICHHs] MTHOBEHHOTO yTJjia aTaKu, B 3TOM

3aKJTFOYAeTCs HEKOTOphIM mpow3Boid. llpenmomaraercs, uto wmojmens Oyner
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Ka4C€CTBCHHO OIIMCBIBATL YCPCAOBAHHUC PCIKNMOB KOHe6aHHﬁ, CBs3aHHYIKO C

HN3MCHCHHUC CKOPOCTH IIOTOKA Irasa.

4.1. MaremaTu4yeckasi MOAeJb MOCTYNATEJIbHBIX U

BpallaTeJbHbIX KOJIEOAHU IJI0OX0 00TeKAeMOro Tejaa

[TycTh Teno 3aKperieHo Ha yIpyroi moJBecKe ¢ OHOM cTeneHbio cBo0oabl. B
HEMOJBUKHOW CHUCTEME KOOpAMHAT OHO MOXKET mepememiarbcs BAojb ocu OY,
NEPIEHIUKYISIPHON CKOPOCTH Haleraroero notoka v (puc. 4.1). Tesno HaKIOHEHO
1o YriaoMm @ K TOPU30HTY.

CKOpoCcTh  Te€la  OTHOCUTEJIBHO  CpeAbl  CKJIAABIBAETCA U3  JIBYX
NEPIICHINKYISAPHBIX BeKTOpOB. [lepBbiif BekTOp HampaBieH Baoib ocu OX, ero
aOCOJIOTHAs BeJIMYMHA paBHA V. BTOpoll BEKTOp mpeacTaBisieT co00il CKOPOCTh
nBrkeHus Tena Brosb ocu OY. Ero BennuuHa paBHa y, T1€ Y - KOOpAUHATA LIEHTPA
Macc TeJla, TOYKa HaJl CUMBOJIOM 3/IECh U Jajiee 00o3HavyaeT qudpepeHurpoBaHue
10 BpeMeHH. YTo1 aTaku o (yroy Mexay ocbio OX U 0CbI0 CKOPOCTHOM CHCTEMBI
koopauHat OX,) W OTHOCHUTENIbHAs CKOpPOCTb Tela v, OyIyT OmNpeneisiThCs

dbopmynamu

a=0-— arctg%,

v=Jo(1+@®))=v(1+05(2))




45

Puc. 4.1. MoaenupoBaHue MOCTYNATEILHOTO TAJIOMUPOBAHUS.

I[aJ'ICC 6YI[€M CUMUTAaTh YIJIbl aTaAKHW MAJILIMH U I1OJIb30BATHCA HpI/I6J'II/I)KeHHBIMI/I

BBIPOKECHUSIMU: @ = 6 — (%) ,Up = V.

Koaspduumenr ¢, cunbl, aeiictyromeit Baoabs ocu OY, anmpoKCHMHUPYIOT
MIOJIMHOMOM CTETICHH N TI0 YTITy aTaku «. He Hapymias 0OIHOCTH 3a1a4u, PUMEM,
uTo K0d(pdumment A, npu a® paBeH HyII0, HOCKOJBKY OT BEIMYMHBI ATOTO 4JI€HA

3aBUCHUT TOJBKO CpEJHEE 3HAYEHUE KOOPIMHATHI Yy = Y. YpaBHEHUE IBUKEHUS

3aMUIIETCS B BUE
. . 1 ,
my +ny+ky= (g) spov? Xi, Aiad’,

rie m - macca Tena, 1; - KodpPUIMEHT TpeHus B ynpyrou mojaBecke, k; —
NpUBEIeHHAsT JKECTKOCTh TOJBECKH, S — XapakKTepHas IJIOm@aAb Tela, Py —
TJIOTHOCTH BO3/yXa.

BBenem 0003HaueHUS:
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A€ W - XapakTepHblil pasmep Tena. lloctymarenbHoe rajaonvpoOBaHUE MOKET

IPOUCXOAUTH TOJBKO MpH ycioBuu A, < 0 [26], mosTtomy u, > 0. Ilycts n =3, Torna

) y Ay A\t As (Y Ay
2y = 1—— 42Y_ 54z —(—) —3—( )9 32392
y+ oy “1w Av “a’ta A \n)? o7,
v? A, As
— —(9——92+—93). (4.1)
Lw A, A,

DKCIEePUMEHTHI MOKA3bIBAIOT, YTO KOJEOaHUs MPU TATIONUPOBAHUM OJIU3KH K
TApMOHMYECKUM M TPOUCXOIAT C YaCTOTOW, ONM3KOM K COOCTBEHHOM YacToTe
KOHCTpyKIuu. [lapametp p; B mpaBoil 4acTu ypaBHEHUS MaJl.

Jnst MonenupoBaHUs BpallaTeIbHBIX KOJeOaHUW 3a OCHOBY OblLla B3siTa
MOJIeIb KOJICOaHWH ITMIIMHPA Majoro yITHHEHUS, peiokeHHas B padore [35].
VYpaBHeHME BpalllaTelbHbIX KOJI€OaHUI Telna ¢ MOMEHTOM MHEpUUU [, BOKPYT OCH

OZ, npoxoasuien yepes3 UEHTP Macc, UMEET BHU]L

PoV

L0 + 1,0 + k,0 = sw?— 5

my,(1 — 8a?)a,

rae r, — Kod(puIMeHT TpeHus B mojBecke, k, - JKECTKOCTh yIPYroi MOJABECKH,
mg - BpamiaTeNbHas TMPOW3BOJHAS MOMEHTA TaHTaXka, 0 — IMapaMeTp, KOTOPBIA
OTIpEJIEIISIETCSl B DKCIIEPUMEHTE C BpAIATEIbHBIMH KOJICOAHUSIMU TIO aMIUIATY/E
BpallaTeIbHBIX ~ KOJieOaHUM, K KOTOPOM AaCUMITOTHYECKH MPHUOJIMKACTCS
KoJie0aTeNbHAs CHCTEMa MPU BO3paCTaHUH CKOPOCTH ToToka. [Ipu mpeobpazoBanumn

YpaBHEHUS BpaIaTeIbHOIO K0J1Ie0aTEeIbHOTO JBUYKEHUS HY’KHO
npoaudpepeHnpoBaTh BhIpaXKEHHUE NIl yria aTaku a = 6 — (%) N3 ypaBHeHus

(4.1) cnenyer, uTo j ~ —w?y. C UCNOIb30BaHNEM 0003HAYEHUIH

_ 3 Mg 1
Hz = SpoW @ N2 = E
w5 = E; UV =12 K'

z H2

ypaBHEHUE BpallaTeIbHbIX KOJCOaHUI PUMET BH/]T
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. 2 . :
6
b+ w20 = py— [1—592 5(%) +259% (9 +ﬂ>_ﬂzv2w (4.2)

Cuctema ypaBHenuil (4.1) u (4.2) onuchIBaeT JBa CBSI3aHHBIX OCLMILIATOPA.
Henunelinpie 4iieHbl, HAXOASIIMECS B MPABbIX YaCTIX YpaBHEHUM, YMHOXKEHBI Ha
Malible apaMeTphl [y U U,. [lo3TOMY ISl pelieHus: CUCTEMbI MOKHO MPUMEHSTh
Meto KpsimoBa—boromo6osa [2]. [IpeanonoxuM, 4To OTHOIIEHUE YacTOT wq /W,
HE PABHO €JIMHUILIEC U HE OTJIMYACTCS OT EIUHUIIBI HA MATYIO BEIUUUHY.

BBezieM HOBBIE IEPEMEHHBIE AMILTUTYIBI Py, Pg U Ga3el Py, P, Komebanui

y= pycosy;, Y= wit+ @,

0 = pgcospy, P = wyt+ ;.

AMIUTUTYIBI Py, Pg Y CABUTH (Da3 Wy, W, SABJIAKOTCA MEICHHBIMU QYHKIHUAMH
BpeMeHH. O003HauMM TIpaBble YacTd ypaBHeHWH (4.1) m (4.2) wfy v Uy fy
COOTBETCTBeHHO. B mepBoM mnpubnamxenuu metona KpsutoBa—boromroOoBa s
TIOJTYYCHUS BBIPQKCHUH 11 MPOU3BOIHBIX AMIUTMTYIbI W (a3bl BBITOTHSICTCS

OCpETHEHHE TI0 BPEMEHH C UCTIIOJIh30BaHUEM (POPMYIT:

2mm
Py = 27Tm601 J f1(py cos Py, —pyw sin Py, pg cos Py,
—Po W3 COS YP3) sinth,dp,, (4.3)
2mtm
Po = — m j f2(py cos Py, —pywy sin iy, pg cos Py,
—PoW2 €OS ;) sinth,dip,, (4.4)
2mm
pylp1 = pywy — 27me1 f f1(py cos Y1, —pywq sin Py, pg cos Py,

—Po W3 COS Y3) cos Py dipy, (4.5)
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2mm

Pe’abz = Pow3 — J f2 (Py cos Yy, —pPy W1 SIN Y1, pg COS Py,

27Tma)2

—pow, COS YP3) cos P, dip,. (4.6)

Kaxnas u3 dyHkuuu f; u f, npeacrasiser coO0M CyMMy cllaraéMbIX, KOTOPbIE
COJIepKaT MPOU3BEAEHUS CHHYCOB U KOCUHYCOB ) U ), B HEKOTOPOU CTETICHHU.

[Tocne BbrYMCEHUsT WMHTETpaioB B BbipaxeHusx (4.3) u (4.4) nonyyaem
NpUOJIMKEHHBIE YPAaBHEHHS JUIsI aMIUTUTY]l MOCTYMHaTeNbHBIX W BpalllaTeIbHBIX

KOJICOaHMIA;

. M1 v Uy 3A3[ Pyw1y? 2]}
S e S § (P | 2
Py pry{ v+4A1(v)+p9'

. Ha VU v, 61, Pyw1\?
bo=gpol=5+leh+2 () |

Takum xe 00pa3oM, BEIYUCIMB UHTErpasbl B popmynax (4.5) u (4.6), MOKHO
NOJIyYUTh ypaBHEHUs /Ui pa3 kojeOanuil. OgHaKo B AajbHEHIIEM ypaBHEHUS [
da3 He MOHAMOOsTCs, MOATOMY OHU He mpuBosaTcs. IlpuBens k Ge3pazMepHOMY

BHJy aMIUIMTYIbl IIOCTYNATENbHBIX KONEOAHMH Py = p,w;/V M HUCHOIB3Ys

o0o3Hauenusi b; = —3A43/(4A,) u b, = 8/4, nomydum

. MV
Py = lep {1—;—b1[py+2pe]}
. U

Po = 72—,09 {1 ———bz[Pe + ZpY]}

Mpbl monyuunau JABa ypaBHEHHs, B KOTOpbhie Oe3pa3MepHBIC aMILTUTYIbI
MOCTYIIAaTeIBLHBIX ¥ BpaIlaTeIbHBIX KOJCOaHMI BXOAAT cuMMeTpudHO. [Ipu npyrom
criocobe o0e3pa3zMepUBaHUs aMILTUTYAbl OCTYIATENIBHBIX KOJIeOaHUM (Harmpumep,
npu  JIeJICHUW aMIUITYAbl Ha KaKoW-TMOO XapakKTepHBIM pasMmep Tena)

CUMMETPUYHBIX YPABHEHUN HE MOJNYYWIOCh Obl. YKaXeM, YTO IMpPU YHUCTO
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MOCTYIMATENbHBIX KoJeOaHusx Oe3pa3MepHas aMIUIUTyAa TOCTYIAaTeIbHBIX
KoJIeOaHUl py HpeAcTaBisieT coOOM amMIUUTYJy KojeOaHWii MTHOBEHHOTO yTiia

aTakKH.

Y 100HO niepeiiTi OT ypaBHEHUH ISl aMIUTUTY] K YPaBHEHUSIM JIJIs1 KBaJAPaTOB

aMILTUTY ]I
Y= pj ©=p;

[TomydyeHnHsle  ypaBHEHHsS COBMANAlOT C W3BECTHBIMU YpPaBHEHUSIMHU
Jlorku—Bonbtepps! [68, 38], modydeHHBIMU TSI ONMCAHUSI KOHKYPEHIIMA MEXKIY

ABYM: BUJAAMH KHUBOTHBIX, ITMTAOIIUXCS OHHHaKOBOﬁ HI/IHICﬁ

: v 2
Y= ule{1—7—b1[Y+2@]}, (4.7)

. v v
0= HZW@{1—?2—192[@+2Y]}. (4.8)

B oTiinuune ot opurnHanbHbeIX ypaBHeHHM JIoTku—Bonbreppsl koad puiireHTh
B MOJYy4YeHHBbIX ypaBHeHUsAX (4.7) u (4.8) 3aBUCAT OT CKOpPOCTH HaOErarouero
noTtoka. KBajpar amMmintyasl Kosie0aHui COOTBETCTBYIOT YHCIIEHHOCTH KUBOTHBIX.

Cucrema ypaBaenuit (4.7) u (4.8) ciMMeTpUYHA OTHOCHUTEIIHHO BXOJSIIUX B
CUCTEMY IlepeMEeHHBIX. [loJoKMM JUIsl ONpPENENeHHOCTH, 4TO Uy < V,. [lnd
HAXOXKJICHUS pEIICHUI ypaBHEHUH, OMUCHIBAIONINX KOJIeOaHUs C yCTAaHOBUBIIIECIHCS
MOCTOSIHHOW aMIUIUTYAOU, HYKHO NPUPABHATH IPOU3BOIHBIE [0 BPEMEHHU B JIE€BOM
4yacTu ypaBHeHUH Hyr0. CucTema npeBparutcs B airedpandeckyro. CymiectByer 4

CTAllMOHAPHBIX PELICHUS YPABHEHUI
1. Y=00=0.

2. y=0) gy

b1V

3. Y=00=1""2

sz

4 Y = [Zbl(v—vz)—bz(V—Vl)] 0 = [sz(v—vl)—bl(v—vz)
) 3b1b2U ’ 3b1b217 )
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st onpeneneHus yCTOMYMBOCTU PEUICHU HCIONb3yeM JMHEapU30BaHHBIC

YPaBHEHMS B OKPECTHOCTH PEILICHUMN:

v
0 (1 - ?1 —2b,Y — 2b1®) —u,2b, Y

Y v
() ~w V2
o/ w —Uy2b,0 i (1 ~ 2= 2b,Y ~ 2b2®)

<(50)

CocrtaBum XApaKTCPUCTUICCKOC YPABHCHHUC JIsA OIIPCACIICHUA COOCTBEHHBIX

yucen MaTpulbl SKoou:

v
i (1 —71— 2b,Y — 2b1®) -y —u,2b,Y

v
—1,2b,0 i (1 - ?2 — 2b,Y — 2b2®) -y

OTpI/II_[aTeJ'IBHBIe 3HAYCHHUS COOCTBEHHBIX YHCEIT YKa3bIBalOT Ha YCTOfIQHBOCTB
PCIICHUA. Pemenue HGYCTOﬁ‘IHBO, eClIH XOTS OBl OJHO COOCTBEHHOE YHCIIO
ITOJOXUTEIIBHO.

CoOcTBeHHbIE Unca MaTPULIbL ISl perieHus 1:

(v—1vy) (v—vy)
A= MlTlr Ay = ﬂsz-

Pemenue ycroitunBo B 1nana3oHe v < vj.

CoOcCTBeHHBIE YHCIa MATPUIIBI JJISI pEIICHUS 2:

v —v,) | 2%) b,
M= —puy—- A =—[v—v —2(—) vV—v ]
1 1 » 2 > 2 b, ( 1)

Ecnu b, /b;> 1/2, pelieHre yCTOWYMBO B quana3one v > v;. Eciau b, /by < 1/2,

pelIeHre YCTOWYMBO B JHAIa3oHe V; <V < V3, TIe V3 = Uy + 2by,(vy —v1)/
(by = 2b3).

CoOCTBEHHBIC YHCIIa MATPHIIBI JJIS PEIICHUS 3:

b
A= %[U_W_Z(_l)(v—vz)]; Ay = —hy

(v —v,)
b, '

v
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Ecmu b, /b;<2 pelieHne yCTOMYHMBO B AWANA30HE U > V,, Tae v, = (v1b, —
2v,b1)/(b, — 2b;), nHaye pelneHne HEYCTOUIUBO.

Pemienne 4 cymiectByeT B aAuanazone v, < v < v3. [IpuMeHenue kputepus
Payca—I'ypBuiia no3BosisieT yCTaHOBUTH, YTO OHO HEYCTONYHBO.

PaccMoTpuM  mOoCIeIoOBaTEbHOCT CMEHBI  PEXKUMOB € MTOCTOSTHHOU
aMIUTUTYJI0OM KoJeOaHMi, KOTOPYIO JAeT MOCTPOEHHAs MOJIeNb, TP HU3MEHEHUH
CKOPOCTH BO3YIITHOTO IMOTOKA, €CIM KOA()(PHUITMEHTHI YIOBICTBOPSIOT YCIOBUIO
b, /b;< 1/2. Tloka CKOpPOCTh HAOETAIOIIETO MOTOKA HE MPEBBIMIAET KPUTHICCKOM
CKOPOCTH BO3HUKHOBEHHUSI TIOCTyNaTENbHBIX KoyiebaHud v < vy, KoJieOaHus
OTCYTCTBYIOT. [IpM yBenWYeHMHM CKOPOCTH TOTOKA OT V; JO V3 CYIIECTBYIOT
MOCTYyIAaTeIbHbIe KOJeOaHUs, KOTOPhIE NP MPEBBIINICHUA BEPXHEW TpaHUIbl Vs
CMEHSIOTCS BpamaTelbHbIMH. [Ipu mMOCHeayromeM yMEHBIIICHUH CKOPOCTH
oOpaTHBI TEPEeXOoa K TMOCTYyHaTeIbHBIM KOJICOAHUSM OCYIICCTBISICTCS TIPH
CKOPOCTH MOTOKa U, < V3. [Ipu nanmpHelIieM yMEHBIIEHUH CKOPOCTH KOJEOaHUs
MIPEKPAIIAlOTC TMPU CKOPOCTH, KOTOpas paBHA CKOPOCTH BO3HUKHOBEHUS
Kojebannii v;. Takum 00pa3oMm, MoOJENTb TMPEACKA3BIBAET TUCTEPE3UC MpHU
YBEJTUYCHUH W YMEHBIIIEHUU CKOPOCTH BO3IYIITHOTO ITOTOKA.

JIJIst HEKOTOPBIX TEJT JIYUIIHE MPEACKA3aHUs I aMIUTHTYJ] TaJOIMUPOBAHUS
JIA€T annpoKCUMAns KO3()(QUIMEHTa HOPMAILHON CHJIBI C) MOJMHOMOM Ooiee
BBICOKOTO TTOpsiika. Harmpumep, 11 mpr3MBbI ¢ KBaJApaTHBIM MTOTIEPEYHBIM CEUECHUEM
YCTQHOBJIEHO, YTO JIYYIIME PE3YJIbTaT JAa€T aNNpPOKCUMALKs C, TIOJHHOMOM
cenpmoro mopsaka [59] mo crenensm yria araku. [Ipy 3TOM yCTaHOBJICHO, YTO
MOKET CYIIECTBOBAThH €IIe OJUH THCTEPE3UC B OOJACTH KPUTHUYECKON CKOPOCTHU
BO3HMKHOBEHUS MOCTYIMATEIbHBIX KOJICOaHUM.

ITycte n = 7. Torna metron KpeuioBa—boromato0oBa B mepBoM NPUOIMIKEHUU

Ja€T BMECTO CUCTEMBI ypaBHeHUl (4.7) u (4.8) cneayrouyo cuctemy
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. v v, 345 54s ., )
Y=MZYP——4"—%Y+HD+——W'+ﬂ0+3®)
1

v 44, 84
354,
+ (Y3 + 12Y20 + 18Y0? + 4@3)], (4.9)
644,
. v v,
@-yZWG)[l—;—bZ(G)+2Y)]. (4.10)

Y100HO OTHICKMBAaTh YCTAHOBUBILIHECS KoJieOaTeNlbHbIE PEKHUMbI Tejla Ha
yOpYro TOJBECKE, pellas CUCTEMY OOBIKHOBEHHBIX AU(depeHInaIbHbIX
ypaBHeHu#t (4.9) u (4.10) yucineHHo. Mbl UCIIOJIB30BAIH VISl PEUICHUSI CHCTEMbI

Merof Pynre—KyTThl ueTBepTOro nopsjika.

42. JKRCIEPUMEHTAJbHAA MPOBEPKA MATEMATHYECKOU

MoOoaeINn

M3noxeHHass ~ BpIIE ~ MaTeMaTH4eckas  MOJENIb  IpOBepsjiack B
aspoauHamuyeckoil Tpyoe AT-12 Cankt-lIletepOyprckoro yHuBepcuTeTa Ha
pUMEpPE HCTBITAHUNA MOAENH cerMeHTa MocTta. OnHa Mojenb Obula clejaHa u3
nepesa. Ona umena mmpuny W = 100 mm u jyuny L = 700 mm. Jpyras monens Obuia
caenana u3 merana ¢ mupuHod W= 110 MM u gyiunoit L = 780 mm. Kaxxnast monens
npecTaBiIsieT co00i Tpu OaJKu KPYTJIoro CeUYeHus, COeMHEHHbIE IEpEMbIUKaMH U
MOKpPBIThIE HACTHIIOM. CXxeMa KOHCTPYKIIMU MOCTa MpeACcTaBieHa Ha puc. 4.2.

Bce skcniepuMeHThl MPOBOAMIIUCH B MPUCYTCTBUM KOHUEBBIX IIA0 KPyTJioi
dopmpl, umeromux guamerp 200 mm unu 220 mM. [IpenHasHaueHne KOHIIEBBIX
maiid — TakKe HCKIIOYEHHE MepeTeKaHWsl BO3JYIIHOIO IMOTOKa 4Yepe3 TOPILIbI
MojieH. bbuio mokaszaHo, 4To B cily4yae MOJICTMPOBAHUS BpallaTeIbHbIX KOJeOaHu!

TOJICTON TIJIACTUHBI COOTHOIIIEHUE CTOPOH IUTACTHHBI L /W MOIDKHO OBITH OOJIbINE
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sty [90], aTo Op1T0 TOKazaHo panee (cM. pasaen 3.2). [Iponopun Hamux Moaenen

YAOBIIETBOPSIIOT 3TOMY TPEOOBAHHUIO.

Puc. 4.2. CxeMa UCIIBITBIBAEMOTO CETMEHTA MOCTA.

s 67|

ENER K

Puc. 4.3. Cxema skcniepuMenTa. 1 — Mozenb, 2 — KOHIIeBbIE 11aii0bl, 3 — coruio
a’pOIMHaMUYECKOU TpYyObl, 4 — MPY>KUHBI, 5 — MOJIYIPOBOJIHUKOBBIE TEH30IIPe0Opa3oBaTey,
6 — PC-ocmnorpad, 7 — KoMIObIOTED.
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w

Puc. 4.4. Monienb ¢ KOHIIEBBIMHY MIaii0amu B pabodeil 4acTH adpoaMHAMHYSCKON TpyObI.

Cxema dKCTIepuMEHTa Mo KOJICOaHWI0 CeTMEHTa MOCTa MpUBeAeHa Ha puc. 4.3.
dotorpadust momenu B pabouel 4acTH a’pOoAMHAMHUYECKON TpyObl MpejcTaBiIcHa
Ha puc. 4.4. Mojenb 3akperuieHa B padoueil 4acTH a’dpoJuHAMUYECKON TpYyObI €
NOMOUIbI0 BOCBMHU CTQJbHBIX MPYKUH U TPOBOJOYHBIX TAT, COEIUHSIOLINX
OpYXHUHBl C MOJEIbIO. YCTAaHOBJEHHAas TakuM oOpa3oM MOJElb MOrja
NepeMenaTbCsl C IIEeCThI0 CTEMEeHSIMH CBOOOIBI, OJHAKO B JKCIEPUMEHTE
Ha0JII0JaMCh TOJIBKO NOCTyNaTeNbHbIe KoJeOaHus B10JIb BepTHKanbHOU ocu OY u
BpauiaTesbHble KoneOanust BOkpyr ocu OZ.

JIBa TOMYNpPOBOAHHUKOBBIX TeH30mpeoOpazoBatenss C-50 perucTpupyroT
HaTSDKEHHE JIByX HIKHUX 1npyxuH. PC-ocummnorpag Velleman-PCS500
npeoOpasyeT aHaJOTOBBIE BBIXOJHBIE CHUTHAJIbl TEH30IpeoOpa3oBareneii B
mupoBbIE U MEpelaeT X Ha YHpaBIAIOMUNA KOMIbIOTEp. YacToTa CUMTHIBAHUS

nokaszanui coctasiaet 1250 ['q. JInuTenbHOCTh 3anucH MoKa3aHuil paBHa 3.3 c.
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[Ipotuenypa kaMOPOBKHU U TIOCIEAYOMIasi 00paboTKa Pe3yIbTaTOB MO3BOJISIOT
CBSI3aTh aMILTUTYbl KOJICOAHUH BBIXOJIHOTO HAITPSDKEHUS TCH30IMPeoOpazoBaTescii

C aMIIMTyIaMH BPaIATCIIbHBIX U ITOCTYIIATCIbHBIX KosjebaHmii cerMeHTa MOCTA.

4.3. O0paboTKa pe3yJIbTATOB IKCIEPUMEHTA C

BpamaTrTe¢JbHbIMHA U NIOCTYNIATC/IBHBIMHA KO0JIEOAHUSIMH.

beuto mpumeneno mnpeoOpazoBanne dypbe curHaia. YCTaHOBIEHO, 4YTO
KOJIeOaHMS MPOUCXOAAIT Ha ABYX yacToTax. OHa U3 4acToT (HU3Kas) COOTBETCTBYET
YHUCTO IOCTYNATEIbHBIM KOJICOAHUSIM B BEPTHUKAJIbHOM HAmpaBJICHUHU. YTIJIOBBIE
KoJIe0aHUsl MIPOUCXOAT C BBICOKOW 4acTOTOM. IIpuCyTCTBYIOT Takke HEOOJbIINE
MOCTYIATEIbHbIE KOJIEOAHUS C BBICOKOM YaCTOTOM.

Msb1 npeanoslaraéM, 4YTO CMEIIEHHWE KOHLA MPYXUHBI ONMCBIBACTCS
BBIPAKEHUEM
Yij = Bjcoswit; + Cjsinwyt; + Dj cos wyt; + Ej sinw,t; + Fj + &5, (4.11)

B; = aj; cos @1, C; = ajy sin@jy, Dj = aj, cos @, Ej = a;; cos @y,

i=12,..n, j=1,2,

e Yij — CMEIIeHUE KOHIIA TIPY>KHHBI B MOMEHT BpeMeHH tj, | — HoMep Npy>KUHBI, N—
YHCIIO OTCYETOB B BBIOOPKE, &j1, 8j2 — aMIUIMTYAbl KOJEOAHUN KOHIIOB MPY>KUH C
KPYTrOBBIMH 4YacTOTaMU @1 U @2, Fj — mocrosiHHbBIE, Cjj — CilydaliHas BEJIMYMHA,
COOTBETCTBYIOIIAs TMOTPENTHOCTH JKcrnepuMenTa. Koaddummentsr B dopmyre
(4.11) MOXHO ompeneanuTh METOJAOM HAUMEHBIIMX KBAaJpPaTOB KakK JJs BCel
BBIOOpKH, conaepxamier 4095 orcyeToB, Tak W I HEKOTOPOW €€ YacTu.

Kosddummentst B Bbipakenun (4.11) MOXHO HAWTH METOAOM HAMMEHBIINX

KBaJpaToB, MUHHMMM3MPYs CyMMBI KBAaipaToB S; = Y, 55 OTtbIcKaHuE

KOO (PUITMEHTOB CBOAUTCS B OTOM CJydae K PEHICHUI0 CHCTEM JIMHEHHBIX

YPAaBHEHUN:
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B; ¥ cos? wit; + C; Xy sinw;t; cos wyt; +D; T cos wyt; oS wyt; +
+E; YLy sinwyt; coswyt; + F; YL coswat; = YL, YVij COSwqt;,
B; Y. coswit; sinwyt; + € X7y sin® wt; + D; X7 cos wyt; sinwy t; +
+E; Yy sinwyt; sinwg t; + F YLy sinwy t; = YL, y;j sinw, t;,
B; Y11 cos w;t; cos wyt; + C; Yty sin wst; cos wyt; + Dj ity cos? wyt; +
+E; Y1 sinwyt; cos wot; + Fj YL, cos wyt; = YLy y;j COS wyt;, (4.12)
B; Y-, coswyt; sinw,t; + G YT sinwt; sinw,t; + D; Y, €os wyt; sinw,t; +
+E; Y sin® wyt; + F Y sinw,t; = Y, vy sinw,t;,
B; Y icoswt; + G YLy sinwyt; + Dj YL, coswyt; + E; Y sinwyt; + F =

= i1 Yij-
B ciyuae, korma 06a TeH30mpeoOpa3oBaTelis PErUCTPUPYIOT KoleOaHHUs MOJICIH,
JIBMDKYIIEHCS. CTPOTO MOCTYNAaTeIbHO B BEPTHKAIBHOM HAIPABICHUH, CABUT (ha3bl
KOJIeOaHUM ¢ 4aCTOTOU w1 BhIpaxkaeTcst hopMysion g1 = @21 — @11 = 0. be3pazmepHas
AMIUINTY/la KONEeOaHWH IIEHTpa MacC MOJEIH ONPENETIACTCS BBIPAKEHUEM P, =
(a;; + ay;)w,/(2v). PaccMoTpuMm ciydaii MPOM3BOJIGHOM pasHoCcTH (a3,
Boipaxkenust 11st 6e3pa3MepHOl aMIUIMTYAbl MOCTYNATENIbHBIX KOJICOAaHUN py1 U

aMIUTUTY/Ibl BpAIATENbHBIX KOJIEOAHUI pg1 C YACTOTOM 1 UMEIOT BU/I:

o \/a11 + a21 + 2a,,a,, cOs @, wq
yi 2v ’

\/a11 + a21 204105, COS ¢
p91 - l .

be3pasmepHass amIuIMTysa MOCTyNaTEeNbHBIX KOJEOAHUH pyy U AMIUTUTY/BI

BpallaTebHbIX KOJIEOAHUH pgp C YACTOTOM 2 BhIpakaeTcsi opMysIamMu:

o \/a12 + azz + 2a,,0a;, cos @, w,
y2 217 )

p) 2
_ \/a12 + a3, — 2a,,a,; cos @,
p92 - l .
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4.4. Pe3yabTaThl 3KCIEPUMEHTA ¢ BPALIATEIbHBIMU U

INOCTYNNATCJIbHBIMHU KO0J1e0aHUAMH

OauH W3 MEepBbIX 3KCIEPUMEHTOB OBbUI MPOBEIEH C AEPEBSIHHON MOJEIBIO
cermeHnTa MocTta. [locTymnarenbHbie KojaeOaHUs U BpalllaTelIbHbIC YCTaHOBUBIITHECS
KoJIeOaHMs HAOIIOJAINCHh TTPU HEOONIBIINX IMOJIOKUTEIHHBIX PABHOBECHBIX YTIJIaX
ataku 0.1 u 0.05 pan. Ha puc. 4.5 npencrasieHa 3aBUCUMOCTb CMEIIICHUS KOHIIOB

HGpGIIHGﬁ u 3aHHeﬁ IIPY>KHUH B 3dBUCUMOCTH OT BPCMCHHU. YacToTa KoaeOaHuH paBHa

4.1 Tw.
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Time, s

Puc. 4.5. Tunuy=as 3aBUCUMOCTb CMEILIEHUSI KOHIOB NPYKHUH OT BPEMEHHU IIPU
HOCTYTATENbHBIX KoJe0aHusIX, 1 1 2 — OTHOCATCS K 3a/{HEeH 1 nepeiHel npyKUHaM

COOTBCTCTBCHHO.

OTH JBE€ 3aBUCHUMOCTH OJM3KH Jpyr K Japyry. KoseOanus sBISIOTCS
nocTynareabHbIMU. COBEPIIIEHHO pPa3HbIe 3aBUCHMOCTH TIEPEMEIICHUI MOKa3aHbI
Ha puc. 4.6. ®a30BbIil cIBUT OJIM30K K 77, HO HE paBeH 7. Konebanus mpeacTaBisioT

co0oi1 BpalarenbHble Koye0aHus ¢ HeOOIbIION T00aBKOM MOCTYATEIbHBIX.



58

30 —1 —2
g 15—' .{ i ‘, i . ART m
g O RV L N oy .- | ||
153 \ 1 “NH\J ) !
30
| S A e —— — — T T T T T T 1

|
0.0 0.2 04 0.6 0.8 1.0 1.2 14 16
Time, s

Puc. 4.6. TunuaHbIiA SK3eMIUISP 3aIUCH BPAIIATEIbHBIX KOJICOaHU.

VYcraHoBuBIIKECS KOIeOaHUsI CETMEHTa MOCTa UMEJIM MECTO TP HEOOJIbIIINUX
MOJIOKUTEINIbHBIX 3HAUCHUSIX YTJia aTaKH (.

Ha crnenyrommx rpadukax (puc. 4.7 m 4.8) mpeacTaBieHBl pe3yIbTaThl
UCIIBITAaHUI JEPEBSIHHON MOJENIM CETMEHTAa MOCTA MPU JIBYX PABHOBECHBIX Yriax
atakid 0.1 u 0.05 pan. Touku Ha rpaduke TOJY4YEHBI OCPEIHEHUEM IO IISTH
U3MEPEHUSM.

[Io mepe yBennueHUsT CKOPOCTHM IIOTOKA MOJEIb IPOXOIWUT 4Yepe3 JBa
pa3MyHBIX pexuma KojeOanuwil. Ilpu  MambIX  CKOPOCTAX  BO3HHMKAIOT
NOCTyIAaTeIbHbIE KOJIEOAHUS B BEPTUKAJIILHOM HampaBieHuu ¢ yactotod 4,1 I'm.
3areM »5TH KoJieOaHMsSI 3aMEHSIOTCS TIOCTYyNAaTeIbHbIMU B  BEPTHUKAJIHLHOM
HarpasieHuu ¢ yactotod 9,1 'l m BpamarenbHbIMU KOJIEOaHUSIMH BOKPYT OCH,
MPOXOJAIIEH Yepe3 MIOCKOCTh CUMMETPUU Mojenu ¢ yactotoit 9,1 I'u. Ilpu yrie
ataku 0,1 paj nuama3zoHbl AByX PEKUMOB pa3zeseHsl. [Ipy paBHOBECHOM yTIie aTaku

0,05 pax nrama3zoHbl pa3IMYHBIX PEKUMOB ITEPEKPHIBAIOTCS.
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Puc. 4.7. 3aBucumocTs 6€3pa3MepHBIX aMIUTATY A Kosiebanuii ipu 6o = 0.1 pa.

1 — mocrynarenbHbie Konebanus, 4.1 ', 2 — moctynarenbHbie Kosiebanwus, 9.1 I'm, 3 —

Amplitude

BparniareybHbie kKojaeoanus, 9.1 '
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Puc. 4.8. 3aBucumocTts 6e3pa3zMepHbIX aMILTUTY Kosnebanuii mpu o = 0.05 pan.

1 — mocrynarenbHbIe KoNieOanus, 4.1 ', 2 — mocTynarenbHble KoJiebanus, 9.1 I'm, 3 —

BparniaTeybHbie Kojebanus, 9.1 I'n
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Takum 00pa3oMm, B IKCTIEPUMEHTAX C JIEPEBIHHBIM MAaKETOM CErMEHTa MOCTa
KaueCTBEHHO IMOJTBEPXKIAIOTCS MPEACKA3aHUsI MaTEeMAaTUYECKOM MOJIEIN O CMEHE
PEKUMOB OOTEKaHUS TPU M3MEHEHWU CKOPOCTH HAOEraromiero moroka. B To xe
BpeMs HaJIMYMe Auarna3zoHa CKOpocTel mpu paBHoBecHOM yriie ataku 0.05 pan, B
KOTOPOM CYIIECTBYIOT KOJICOaHUs C BYMS 4aCTOTaMH, MbI MTOJABEPTIN COMHEHUIO,
MTOCKOJIBKY JKCIIEPUMEHT, BO3MOXKHO, 3a(UKCHPOBAI PEXKHUMBI KOJICOAaHUH, B
KOTOpPBIX KOJIeOAHUSI C TIOCTOSIHHOW aMIUTUTYJIOM elle He YCTaHOBUJIUCH.
DKCnepuMeHT 3apUKCHPOBAT TAKKE HATTUIHE TTOCTYATEIBHBIX KOJICOaHUH C MaJIOi
aMILTUTYAO0U, COITPOBOXK/IAIOIIUX BpAIllaTeNIbHbIE KOJIEOaHUsI, MPUYEM YacTOTa ITUX
MOCTYIMATENbHBIX  KOJICOAHWUM  COBMAJaeT C  YacTOTOM  BpalllaTeIbHBIX.
Cyl1ecTBOBaHME 3TUX MOCTYIATENIbHBIX KOJIEOAHUI 00BSICHSAETCS TEM, UTO BO BpeMsi
BpaliaTesIbHbIX KOJICOaHUN N3MEHEHUE yTJa HAKJIOHA TeJla MPUBOIUT K TOSIBJICHUIO
MOJIBEMHON CHJIBI, KOTOpasl BBI3BIBACT IMOCTYIMATENbHBIE KOJICOAHUSI C YaCTOTOMN
BpalaTesbHbIX. B MaTemMaTuueckoi Moieny 1Ji aHaIu3a KojaeOaHui UCTI0JIb3yEeTCs
MPUOJINKEHHBIN METOJI, KOTOPBIM 3TOT 3PPEKT HE yUUTHIBAET.

Crnenyroiiye SKCIEPUMEHTBI TPOBOIUIIUCH C METALNTMYECKON MOJIENbIO, Macca
KOTOpOU OO0JbIlle, YeM Yy JEpPEBSIHHOM, pa3Mephl MPU U3TOTOBICHUM BBIJICP>KAHbI
0oJsiee TOUHO.

C nomompl0 TPEXKOMIOHEHTHBIX BECOB C IMPOBOJIOYHOM IMOJBECKOU
OTIpeJIeNICHbl a3pOIUHAMHUUECKHE KOA(DPUITMEHTHI IOOOBOTO COMPOTUBIICHUS Cya U
HOJTbEMHOMN CHJIBI Cya B 3aBUCUMOCTH OT YIUIa aTaku a. Mozenpb Obliia HEMOABUXKHO
3aKpemyieHa B pabodeil wyactu a’poanHamuueckoil TpyObl. Koadduument
HOpMaJIbHOM CHJIbI Cy BBIYHMCIIEH 10 (hopMyIie

Cy = Cyq COS(a — 6)) + ¢, sin(a — 6,).

I'pauk 3aBucuMoOcTH ¢y, (@) mpuBeneH Ha puc. 4.9. ITo och abcuuce OTI0KEHO

oTKJoHeHue oT yria ataku 6, = 0.1 paa. Oce OY mneprneHIuKyJIsipHa BEKTOPY

CKOpPOCTH Ha0eraromero NoToka, eciiv yroi ataku a — 6, = 0.
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Puc. 4.9. DxcnepuMenTabHAsA 3aBUCUMOCTD €, OT yIJIa aTaku & — B¢ u ee

arrmpoKCcuMalusi nmoJMHOMOM 7-Tro nopsaaKa.

Kosppuuumentsr A; (i=0, 1,. .., 7) B pasnoikeHUH C,, 10 CTENICHAM yIJIa aTaKu

NPUBOSTCS HIKE:
(Ag, A4, ..., A7) =
= (0.253,-1.501,—-16.96,303,—120,—12066,10726,185574).

[Ipoduns cermMeHTa MOCTa HE SBIACTCS CHMMETPHYHBIM, II03TOMY
K03 PHUIMEHTHI IIPU YETHBIX CTEMEHSIX yIJla aTaKd HE PaBHBI HYJIIO.

Taroke ObuTH onpeaencHbl koaddurmentsl A; (1 =0, 1, 2, 3) ans cayyast, Koraa
B pa3jOXEHUH 3aBHCUMOCTH KO3 (HUIMEHTa HOPMAILHOW CHJIBI OT yIjia aTaku
OrpaHUYMBAIOTCS WICHAMHU HE BbIlIe TpeTei cTeneHu. KoshduimeHTs! npuBeaeHbl

B Ta0i. 4.1.
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Ta6auna 4.1. Koaspdummentsr Aj

0o Ao A Ay As

0.08 |0.278 |-045 |-34.5 |264
0.09 |0.268 |-1.06 |-26.0 | 296
0.10 |0.253 |-150 |-17.0 |303
011 ]0.234 |-1.76 |-8.06 |286
012 ]0.213 |-1.84 |0.01 |248
0.13 ]0.193 |-1.78 |6.64 192
014 10.173 |-1.60 |114 122
0.15 |0.155 [-1.35 |139 |46

[TapameTp 6 ompeaesieTcsi B SKCIEPUMEHTE C BpallaTeIbHbBIMU KOJIEOaHUSIMU
MOJEIN CErMEHTa MOCTa, U3TOTOBIICHHOTO U3 MeTaia. MoJeiab MOrJia BpalaTbes
TOJIBKO BOKPYT OCH, NEPHEHAMKYJSIPHONH CKOpPOCTHM Haberaromero noroka. Ock
MPOXOJIUT Yepe3 MIIOCKOCTh CHMMETPHH MOCTa. XBOCTOBOM JIep KaTelb KPEMUTCS K
npy>KMHaM. 3aKperuieHHas TakuM o0pa3oM, MOJIElbh COBeplIaia BpalaTelbHbIC
KOJIeOaHUsSI C TOCTOSSHHOM aMIUIMTYJ0M B BO3AYIIHOM IOTOKe. MeTroauka
MPOBEICHUsI DKCIIEpUMEHTa omucaHa B pasfene 3.1. Anroputm o00paboTKu
pE3yIbTaTOB SKCIIEPUMEHTA U3JI0KEH B pazfene 3.2.

[Tapamerp O omnpenpensercda MO 3aBUCUMOCTH KBaJpara aMIUIUTY/IbI
ycTaHOBHUBIIUXCs koyiebanuit ot uucna Crpyxans Sh = fw/v, rne f — yactorta
KoJieOaHMil. DTa 3aBUCUMOCTD alllIPOKCUMUPYETCS TUHEHHON PyHKIMEN

ps =a+bSh, §=4a.
Ha puc. 4.10 mpexacraBieHa OSKCHEpUMEHTAIbHAsI 3aBUCHMOCTh KBajpara

AMILIUTYABI OT YKUCJIa CTPYXaJ'DI AJIs1 HCCKOJIBKUX PABHOBCCHBIX YIJIOB 90.
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Puc. 4.10. 3aBucuMOCTh KBa/IpaTa aMILTUTYAbI BpAIIaTEIbHBIX KOJeOaHUl OT Yrcia
Crpyxansa: 1 -0y = 0.017,2-0y = 0.035,3-0y = 0.052,
4—-09=0.079,5-6, =0.105

Jlasiee Mbl IPUBOJMM PE3YJIBTATHI IO U3MEPEHUIO aMIUIUTY ]l KOJIeOaHUM mpu
yIJie aTaku, KOTOPBIM B OTCYTCTBUE KojieOaHuit Obu1 paBeH ay = 0.1 paza. [1o mepe
YBEJIMYECHHSI CKOPOCTH MOTOKA MOJENb MPOXOJIUT Yepe3 ABa Pa3IMUHBIX pexuMa
kosneOanuil. [Ipu ManbpIX CKOPOCTSIX BO3HUKAIOT IMOCTyIATEIbHBIE KOJIEOaHHS C
yacToTo 2 ['1] B BEpTHKAIbHOM HAMpaBJIECHUU. 3aT€M 3TH KOJeOaHUsI CMEHSIOTCS
BpalllaTeIbHBIMU KOJEOAHUSAMHU BOKPYI OCH, MPOXOASIIEH Yepe3 IIIOCKOCTh
CUMMETpUM Mojenu. YacTtoTa MHOCTynaTeNbHBIX KOJEOAHMM HAMHOTO MEHBIIE
YacTOThl BpalllaTeabHbIX KojeOanuil 7.5 I'm. /[nama3oHbl CylIeCTBOBAaHHS IBYX
PEXUMOB KOsieOaHUI MepEKPBhIBAIOTCS.

Ha puc. 4.11 noka3zaHa 3aBUCMMOCTh KBajJpaTa amIuiuTya ot 1/v.
3aBUCHUMOCTH OJTM3Ka K TUHEIHOMN, KaK U IpeCcKa3blBaja MaTeMaTH4ecKasi MOJEb.
MoskHo HaiiTu mapameTpsl b; = 65,1 u b, = 3,1

Ha puc. 4.12 npuBeaeHbl 3aBUCUMOCTH O€3pa3MEpHBIX aMIUIUTY [ KOJeOaHuM,
NOJIyYEHHBIE B OKCIIEPUMEHTE U B PE3YyJIbTaTE€ YUCIEHHOIO pacyeTa, IPOBEAEHHOIO
MeronoM Pynre—KyTTel. B kauecTBe MCXOIHBIX JAHHBIX B pacueTe 3aJlaBaJIuCh

cienyrone Benuuunsl: v, = 4.2 M/cv, = 13.5m/c b, = 3.5.
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Koo duuunenTsr pasiokenus ¢y, M0 CTENEHAM yIJa aTakM o, UCIOIb3y€EMBbIE B
pacyere, IPUBEICHBI BBILIE.
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Puc. 4.11. 3aBucuMOCTH KBaJpaToB O0e3pa3MEepHBIX aMILTUTY]I MOCTYNATENbHBIX U
BpalllaTeIbHBIX KOJEOaHU OT BETMYHHBI, 00paTHOM CKOpOCTH Haberaromiero notoka: 1 —

MOCTYTaTENbHBIE KOJIeOaHus1; 2 — BpalaTeIbHbIe KOJeOaHusl.
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Puc. 4.12. 3aBucumocTu 0e3pa3MepHBIX aMILTUTY/] IOCTYNAaTEIbHBIX Py U

BpalaTeIbHBIX Pg KOJIEOAHMI OT CKOPOCTH HAOETAIOMIEro MOToKa: 1 — Py, SKCIIEPUMEHT; 2

— Pe@ , DKCIIEPUMEHT; 3 — Py , pacueT; 4 — pg , pacuer; S — Py, pacyer Mo MPoCTOi

MOACIIH.
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[TapameTp b; IPOCTON MOJENH, YIUTHIBAIOIIEH B PA3IIOKEHUH Cy, TIO CTENEHAM

yTJla aTaKku ¢ TOJIBKO YICHBI HE BBIIIE TPETHETO MOPsIIKa MalocTH, coctaBui 110.5.
[IpaBast rpanuna o0jacTu TUCTEpE3ncCa V3, PACCUUTAHHASA MO MPOCTOM MOJEINH,
paBHa 14.13 m/c. JleBas rpanuma v, = 13.65 m/c. B Oonee cioxxHoi Mopenu
3HAYEHHs TPaHMI] OOJACTH TUCTEpe3rca OTIUYAIOTCS OT TPaHMIl IPOCTON MOAEIH
He Ooiee, yem Ha 0.1 M/c.

Takum oOpa3oMm, KapTHHA CMEHBI PEKUMOB KOJICOAHHA KadeCTBEHHO
ONMCBHIBACTCA  NPEMIOKEHHOM  MaremMaTH4yeckou  monenbro.  Hekortopoe
KOJIMYECTBEHHOE PAaCXOXKJEHUE pe3yJbTaTOB, MPEJICKAa3bIBAEMbIX MOJEIbBIO, U
HKCIEPUMEHTAIBHBIX JaHHBIX MOKHO OOBSCHUTH MOIPEITHOCTSMU 3KCIIEPUMEHTA U

HCCOBCPIICHCTBOM MOJCIIN, OHHCBIBaIOH_Ieﬁ BpalaTCIbHBIC KojaeOaHmsI.

4.5. IlonepeyHbie KOJICOAHUSA TAT NMPYKUHHOU MOABECKH

B npouecc kosebaHuil B psiie SKCHEPUMEHTOB BKIIOYAINCH MONEPEYHBIE
KOJICOAHHS OJTHOM U3 MPY>KUH C MTPOBOJIOYHOMN TATOW. B HATYpHBIX YCIOBUSX MpHU
KOJIE0AHUSX MOCTa 3TOMY SIBJICHUIO MOXET COOTBETCTBOBATH KOJICOAHUsI OJJTHOU M3
BAaHT BaHTOBOTO MocTa. [IpuunHON Takux KojieOaHUM SIBISETCS MapaMeTpUUYECKun
pPE30HAHC, KOTOPbII BBI3BIBAIOT KOJEOAaHUs HATSXKEHUS MPY>KUHBI C TATOM C
YacTOTOM, MPUONM3UTEIBHO B JBa pa3a MPEBBIIIAOIIEH COOCTBEHHYIO 4YaCTOTHI
nonepeyHbix kosebaHuid. IlpuMem, 4TO 3TH MONEpevHble KOJeOAHUST MOYKHO
ONKCaTh, MPEACTAaBUB HMX MNPUOIMKEHHO KOJIEOAHUSIMH HATSHYTON CTPYHBI B
pexuMe, KOrja B JUIMHE CTPYHBbl YKJIAQAbIBAETCS IIOJOBUHA JJIMHBI BOJIHBI
nonepeuHbix kojebanuid. Kak wu3BecTHO, Takue KoJieOaHHsI OMMCHIBAIOTCS
ypaBHeHusiMu Matwe [80]. Mb1 noGaBunu B ypaBHEHHE MaThe MOTOTHUTEIHHOE
cllaraeMoe, 4ToObl OTPAaHUYUTh AMIUIUTYy KOJIEOAaHUN CTPYHBI.

Takum oOpa3om cucTeMa ypaBHEHUMH, OINUCHIBAIOUIMX [OCTyHaTeNIbHbIE

KoJieOaHus Teia B BO3AylIHOM motoke (4.13), BpamniarenbHbie konebanus (4.14),
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JIOTIOJIHUJIACh €IIe OJHMM YpaBHEHHEM IOMEpPEYHbIX KOJIeOaHUN MpYy>KUHHOU

noaBecku (4.15):

v v, A, v A Az (N2 As /3 A
37+w%;v=u1;[1——1+—22—2—29+—3(X) —3—3(X>9+3—392]

v Av Ay A \v A \v Ay
v? A, Ag
—u—(6-2202 +2263) 4T, 4.1

“1w(9 o +A19)+ - (4.13)

" v P\ 2 y . w?y 0

9+a)%9=[12; 1—592—5(;> +259; X 9+7 — U Uy —
+ Ty, (4.14)
7+ w3z = —u30z — u,zz2, (4.15)

IJle Z — NONEPEYHOE CMEILICHHE LIEHTPA CTPYHBI, OTHECEHHOE K €€ JIJINHE.

[Tonepeunsie KoJIeOaHUsI CTPYHBI BBI3BIBAIOT JOMOJHUTEIHHOE IEPUOINIECKOE
U3MEHEHUE HATSHKEHUS, CBS3aHHOE C TEeM, 4YTO KOJICOAHUSM COIYTCTBYIOT
U3MCHCHHS JUIMHBI CTPYHBI. [lo3TOMYy B ypaBHeHHs mHocTynaTeabHbIX (4.13) u
BpamaTebHbiX (4.14) konebanui 100aBeHs cnaraembie Ty, U Tg,, ONKMCHIBAIONIKE
MEPUOANYECKOE M3MEHEHUE BEPTUKAIBHOW CUJIBI U MOMEHTA CHIJI, CBA3aHHBIX C
MONEPEYHBIMU KOJICOAHUSIMU CTPYHBI.

Pemate cucremy ypasnenwit (4.13, 4.14, 4.15) 6ynem meronom Kpeuiosa-
Bboromto0oBa. BBeieM HOBbBIE TIEpEMEHHBIE.

0 = pg coshy, Yy = wyt + @3, 2 = p, cosY3, P3 = w3t + @3,
W, = 2w3 + Aw, w, = 2ws.

Cnaraemoe Ty, npeacTaBiseT co00l NEPUOANIECKYIO (DYHKIHUIO ¢ MEJIEHHO
MEHSIIOIICHCS aMIUIUTYJI0M W 4YacTOTOM OJM3KOH K w,. IloaTomy cimaraemoe He
CKa)KeTCsl Ha pe3yabpTaT npuMeHeHus: Meroaa KpoutoBa-boromo0oBa kK ypaBHEHHUIO
(4.13).

Cnaraemoe Ty, UMeeT BU]

Ty, = apZ cos 23 = ap? cos(P, + Ap) = ap?(cos, cos Ap — siny, sin Ap).

[Tonaras caBur 4actoThl Aw MaibiM 1O CPaBHEHUIO C YAaCTOTOUM

npeoOpasyeMm ypaBHenue (4.14):
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2

b+ 020 = —200w,0 + 1y — [1 _ 5626 (%) 4 259y (9 4 %)
6 o
V2 + ap?(cos, cos Ap — sinp, sin Ag). (4.16)

[Ipu pemenun metonoM KpwuioBa-boromo6oBa ypaHenus (4.15) yron
HaKJIOHA O TIpeACTaBIAETCS B BUJIC

0 = pg cos, = pg cos(2Y3 — Ap) = pg (cos? P53 — sin® 1h3) cos Ag +
2pg Sinh; cos Pz sinAg .

Meton KpeuioBa-borono6oBa NpUBOIUT K YpaBHEHUSAM ISl MEJICHHO

MEHSIOIIMXCA aMIUTUTY1 U CABUTOB (pa3 KoJieOaHUM:

. Uz U v, 6 , 2 a , .
= ——pgll ———- 2 — A,
Po pre[ — 2 Pa +2py) +2w4pzsm @
) Hs sin A _Ha
Pz = ) 3p6pz 8pzr
. a
PoPs = Bwpe — 5 5—p7 cos Ay,
4

, 13
P2P3 = 3~ PoPz COS AP,
w3

N3 nByx mociennux ¢Gopmys MOTydaeM BbIpa)XXE€HUE ISl MPOU3BOAHON A¢.
[IpucoenuuuM K cHCTeME ypaBHEHUW ypaBHEHHE IMOCTYMaTeNIbHBIX KOJIeOaHUH,

nosiyueHHoe ypasHeHue u3 (4.13) merogom Kpeinosa-boromrobosa.

. Uy v
pr= "=y [1 == b0} + 209)], (417)
e _Y2 0 z] @ 2
Po = = Pa [1 — — 7 (Pe +2pv) +2w pz sinAg, (4.18)
. ts
Pz = 4~ 3pepzsmA —g (4.19)

Uz
pelAp = cos Ay (2 04 to - ) Appe. (4.20)
3
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[lpumem, dYTO mpolecchl, omuchiBaeMble YypaBHeHusiMu (4.19, 4.20),
IPOUCXOAAT OBICTPEE, YEM MPOLIECCHI, ONKUChIBacMble ypaBHeHusmu (4.17, 4.18), o
€CTb [U; U |1, MHOT'O MEHBILIE, YeM U3 /W3, y/w3 U a/w}.

Torma MOXHO CUUTATh, 9TO BO BPEMsl yCTAaHOBJICHHS KOJICOAHHH C aMIUIATY 10
p, 1 casurom (a3 A¢, onuceiBaeMbix ypaBHeHUsiMu (4.19, 4.20), amMmauTysl
MOCTYyNaTeNbHBIX Py W BpallaTeIbHBIX pPg KoJeOaHWH Tela OcCTalTCs
NoCTOSSHHBIMUA. OTrpaHHYMMCSl CllydaeM O4Y€Hb Majloro CABUTA YacTOT, KOTOPOMY
COOTBETCTBYET Majloe 3HaueHHe COS A@, a OTIMYueM Sin® A@ OT eIUHULBI MOKHO

npeHeopeus. [lomydaem, 4To

2413
2 = sin Ag. 4.21
Pz = Po s @ (4.21)

[loacraBnsiem »TO BhIpaxkeHue B ypaBHeHue (4.18), cuumras mpu 3TOM
sin? Ap = 1.

[TpousBoast HeOoblIMe MNpeoOpa3oBaHUsI W BBOIAS OOO3HAYCHUE UV, =
4wus /(U Uaws), TIOTydaeM, 9TO cucTeMa ypaBHeHuit (4.17, 4.18) coBmamaer ¢
CUCTEMOH ypaBHEHU /Jisl MOCTyNaTeNbHbIX U BpalllaTeIbHbIX KoJieOaHui Tena 0e3
ydeTa MOMEpPeYHbIX KOoJeOaHU! MPY>KUHHOM MOABECKH, B KOTOPOM CKOPOCThH V-

3aMEHEHA Ha MEHBIIYIO CKOPOCTh Uy '

By =St py [1 =22 = by (o} +209), (4.22)
Y 2W Y 1 Y o

) Mz v,

Po = = - Pe 1—7——(Pe+2/3y) (4.23)

Takum 06pazom, 6JIM30CTh COOCTBEHHOM YaCTOTHI CTPYHBI, SIBIISOIICH YaCThIO
MOJBECKHA, K TIOJOBHHE COOCTBEHHOM YAacTOTE BpallaTEIbHBIX KOJICOAHUH
KOHCTPYKIIMM BEJIET K YMCHBIICHHUIO KPUTHYCCKON CKOPOCTH, TPH KOTOPOI

MPOUCXOAUT NICPCXOA OT NOCTYIATCIIbHBIX KoJIcOaHUH Tena K BpallaTCJIbHBIM.
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BeiBoabI 171aBbI 4

[Ipennoxkena maTeMaThyeckas MOJEb, OMUCHIBAIOIIAS MOCTYyNATEIbHBIE U
BpallaTeiabHble KoueOaHus TI0X0 00TEeKaeMOoro Tejla B MOTOKE rasza. 3a OCHOBY
MOJEIW  TIOCTYNATeIBbHOTO  TajJoONMMpOBaHWsA  OblIa  B3ATa  W3BECTHAS
KBa3UCTAllMOHApHAsl MOJENb, 3a OCHOBY MOJICJIMPOBAHUS  BPAIIATEIbHBIX
KOJICOaHMI TPUHATA MOJIETh KOJIeOaHW MIJIMHIPA MAJIOTO YIJIMHEHHSI, KOTOpas,
KaK 0Ka3ajoch, NMPUrojJHA JUIsl OMUCAHUS BpAIlATEIbHBIX KOJEOAHUH TOJICTHIX
IUIACTUH W CErMEHTOB MOCTOB, CHA0)XCHHBIX KOHIIEBBIMH Inaiibamu. Ilpu
MOJICTUPOBAHUN YYMTHIBAETCS, YTO MTHOBEHHBIM YroJl aTaky CKJIAJIbIBACTCS W3
HaKJIOHA TeJla U Yrja, TAaHT€HC KOTOPOTrO pPAaBEH OTHOUIEHUIO BEPTHKAIBbHOU
CKOPOCTH T€Jla K TOPU30HTAJbHOM CKOPOCTH Te€Ja OTHOCUTENBHO cpenpl. Ilpu
anmpoKCUMAaIMK 3aBUCUMOCTH KO3(DPUIIMEHTa HOPMAJIbHOW CHJIBI MOJIMHOMOM
TPETHETO TMOPSIIKA ypaBHEHUS JBUKEHUS Teja CBOAATCS K nuddepeHImanbHbIM
YPaBHEHHUSIM, COBIIQIAIONINM C YpaBHEHHUSAMH JIOTKU—BoabTepphl, NEPBOHAYATHLHO
MOJYYEHHBIMH JJISI ONTUCAHUSI KOHKYPEHIIUH JIBYX BUIOB KUBOTHBIX, MUTAKOLIUXCS
OJMHAKOBOM muilen. IIpenckasanuss MoIenu MOATBEPKACHBI B DKCIIEPUMEHTE B
a’poJIMHaMuYeckor Tpyde. Mojienb MNpaBUIBHO OMHUCHIBAET CMEHY PEKHUMOB
KOJIeOaHM, BKIIOYAsi TUCTEPE3UC, CBA3AHHBIM C YBEIMYECHUEM U TMOCIECAYIOIIUM
YMEHBIICHUEM CKOPOCTH BO3IYIIHOTO MOTOKa. [TapaMeTpsl Moienn onpeaeacHbl B
OTZIEJIbHBIX YKCIIEPUMEHTAX.

[TomyyeHo, 4YTo CcOOCTBEHHass 4YacTOTa CTPYHBI, SBISIONMIAACS YacTh
a’POJIMHAMUYECKONW TOABECKH, MPU MPUONMKEHUU K TIOJIOBUHE COOCTBEHHOM
YaCTOTHl BpAIaTEIbHBIX KOJEOAHWUN KOHCTPYKIIMU TPHUBEIET K yMEHBIICHUIO
KPUTUYECKON CKOPOCTH, MPHU KOTOPOW MPOUCXOAMUT MEPEXOJ OT MOCTYNATEIbHBIX

KOJIeOaHM Tena K BpallaTeIbHbIM.
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SAK/IIOYEHHUE

Ha ocHOBe mNpoOBENEHHBIX HCCIEIOBAHUNA OBUIM TMOJYYEHBI CIIEIYIOUIUe
pe3yIbTaThI:

[Tomy4yeHsl pe3ysbTaThl BIUSHHS KOHIIEBBIX A0 HAa JOHHOE NABJICHHUE U
JUIMHY PELUPKYJALHOHHON 30HBI MPSMOYTOJIBHBIX IUIACTHH, OPHUEHTHUPOBAHHBIX
NEPHEHANKYJIIPHO BEKTOPY CKOPOCTH HAOErarouiero rnoTtoka B 3aBHCHUMOCTH OT
YJIMHEHUS.

[Tomy4yeHsl pe3yabTaThl BIUSHHUS KOHLEBBIX A0 Ha 3aBUCHMOCTH
aMIUTUTY/Ibl BpalIaTEIbHBIX KOJIEOAHWUN TOJCTBHIX TUIACTUH OT yucia Crpyxas.
Oxkazanoch, 4TO JUIsl ONUCAHUS BpAIlaTEIbHBIX KOJEOAHWM MIIACTHH, yIJIUHEHUE
KOTOpBIX  Ooiblle MO0  paBHO  MATH, YJOBIETBOPUTEIBHO  paboTaer
MaTeMaTU4ecKass MOJENb, MPEVIOKEHHAsT paHee Ui ONHMCAHUsl BpalaTeIbHbIX
KOJIEOAHUM LWJIMHIPA MAJIOTO yIJTMHEHUS.

[IpensioxkeHa maTeMaTH4eCKas MOJENb, ONUCHIBAIONIAS BO3HUKHOBEHHE H
KOHKYPEHIIMI0O MEXIy JByMSI PEKUMAaMH KoJieOaHUM, TMOCTyNaTeNlbHBIX U
BpaliaTeslbHbIX. Mojellb MpPOBEpEeHa B HKCIEPUMEHTaX HAa MPUMEPE CErMEeHTa
MOCTa, OTPaHMYEHHOTO0 KOHLIEBBIMH IIaiibamu. PaccMOTpeHO BIMSHHUE CTPYHBI,
SBJISIONIEICS YacTh MOJABECKU, HA KPUTHYECKYIO0 CKOPOCTh CMEHBI MOCTYNATEIbHbBIX
KOJIeOaHMI1 Ha BpallaTeIbHbIE.

[Ipn anmpokcuManuy 3aBUCUMOCTH KO3(PUIIMEHTa HOPMAIBHOM CHIIBI
MOJIMHOMOM TPEThEro TNOpsAJIKa YpPaBHEHMsI JBW)KEHHS Tela CBOAATCH K
nudepeHnanTbHbBIM YpPaBHEHUSIM, COBITAIAIOIITUM C ypaBHEHUSIMU
Jlotku—BosnbTepphl, NEPBOHAYATIBLHO MOJYYCHHBIMU JIJI1 OMUCAHUS KOHKYPEHIUU
JIBYX BUJIOB )KUBOTHBIX, TUTAIOIIMXCS OJITMHAKOBOM THUIIEH.

JIOCTOBEpHOCTh PE3yJIbTaTOB OOECIIEUYUBACTCS CPABHEHUEM PpE3yJIbTaTOB
TEOPETUYECKUX  JAHHBIX  MAaTeMaTHYeCKOM  MOAeNIM M MOJYYEHHBIX
HKCIIEPUMEHTAJIbHBIX JaHHbIX. B CBA3M C MIMPOKOM pacnpoCTpaHEHHOCThIO

00BEKTOB OOJBIIOrO YIJIIMHCHHUA B PCAJIbHBIX YCIOBUAX, TO IIOJTYYCHHBIC
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pe3yJibTaTbl MOXHO HCIIOJIB30BATh IIPU AHAJIM3C IMOBCACHHA YIAJIMHCHHBIX IIJIOXO

00TEeKaeMBIX KOHCTpYKHPIﬁ, HaIIpUMCpP, CCTMCHTOB MOCTOB.
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INTRODUCTION

Research rationale. Fluid and gas flows near bluff bodies, arising in a wide

range of natural phenomena and technical applications, create problems in the
operation of machinery and structures, which determines the interest in studying the
aerodynamics of bluff bodies. Studies of this issue are becoming more and more in
demand due to the expansion of the range of technical and technological problems
that are to some extent related to the aerodynamics of bluff bodies. Indeed, the
development of aircraft construction, construction technologies, and the expansion
of the variability of architectural structures provide new and new inputs for such
studies. Examples of human-operated objects subjected to wind or fluid flow loading
are bridge segments, pipelines, cables, tall buildings, chimneys. The formation of
wide separation zones due to the separation of the boundary layer under the influence
of wind on the object, or under the influence of a water flow, as a rule, leads to
undesirable consequences, expressed in deformation and gradual destruction of
building structures.

One of the main issues related to improving the operational aerodynamic
characteristics of bluff bodies is the question of the effect of end plates on them, that
is, plates installed along the flow at the ends of the object under study. The end plate
influences body loads in a way that can be significant in terms of improving design
efficiency. The ability to determine the aerodynamic characteristics of objects and
control them through the use of end plates will help to avoid design errors already at
the design stage of objects and improve their operational properties.

Various methods are used to solve the problems of modern aerodynamics. One
of these methods is the construction of a mathematical model of the phenomenon or
process under study. However, since the construction of a mathematical model is
associated with the introduction of some assumptions, then ensuring its correctness
requires comparing the results of applying the constructed model with the data of a

physical experiment, which was implemented in this work.



87

Thus, the development of mathematical and experimental models of body
galloping under certain conditions will help to protect oneself from incorrect design
decisions when designing engineering structures. At the same time, in view of the
significant variety of objects subjected to aerodynamic effects, the current scientific
works related to the direction under consideration do not cover a significant part of
them. At the same time, all of the above determines the relevance of further research
into the issue of the effect of end plates on the aerodynamic characteristics of bluff
bodies.

Research background. An analysis of scientific papers related to the use of end

plates to study the aerodynamic characteristics of various objects allows us to
identify several main areas. A large amount of work is associated with the
consideration of round or rectangular cylinders. These studies are aimed at creating
mathematical models and obtaining data on the aerodynamic characteristics of
objects. The difference between the works often lies in the parameters of the input
data, which are the angles of attack, cylinder extensions, flow velocity, geometric
shape and size of the end plates. Frequency and amplitude of oscillations, bottom
pressure, change in aerodynamic force are the results of these studies. In some
papers, the range of Reynolds numbers is studied, in which the flow around the
cylinder is perturbed.

In a separate block, one can single out works in which objects that are segments
of bridges are studied. Obtaining their aerodynamic characteristics occurred with the
help of end plates.

The part that received no less attention is the study of aircraft wings. These
works mainly investigate different types of wingtips and their influence on the
aerodynamics of the wing. Important parameters of the wingtips in such experiments
are the size, shape, and angle of inclination relative to the wing plane.

Goals and main objectives of the research. The main goal of the study is to

develop a metamathematical model that describes the effect of end plates on the
aerodynamic characteristics of bluff bodies.

To achieve the goal, it was necessary to solve the following objectives:
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— to reveal the influence of end plates of different sizes on the drag, bottom
pressure and the length of the recirculation zone of a bluff body oriented
perpendicular to the air flow;

— to develop an experimental procedure for establishing the effect of end plates
on translational and rotational oscillations of bluff bodies and implement it in
practice;

— to systematize experimental data and evaluate the effect of end plates on
translational and rotational oscillations of bluff bodies;

— to propose a qualitative mathematical model describing the translational and
rotational oscillations of a bluff body in a gas flow;

— to compare the data of a physical experiment and the results of applying a
mathematical model and evaluate the correctness of the model;

— based on a joint analysis of experimental data and a mathematical model,
describe the change in oscillation modes.

Research novelty.

Coordinated computational and experimental studies of the aerodynamic
characteristics of a bluff body have been carried out. New data on the dependence
of these characteristics on the relative dimensions of the end plates have been
obtained..

It has been established for the first time that the dependence of the oscillation
amplitude of thick plates with end plates on the Strouhal number is close to linear.

A new mathematical model has been developed that describes the translational
and rotational oscillations of a bluff body in a gas flow.

The influence of the string, which is a part of the suspension, on the critical
speed of changing the mode of oscillations is considered. It is concluded that the
natural frequency of the string, which is part of the aerodynamic suspension, when
approaching half the natural frequency of the rotational oscillations of the structure,
leads to a decrease in the critical speed at which the transition from translational

oscillations of the body to rotational oscillations takes place.
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It has been established for the first time that the equations of motion of a body,
when approximating the dependence of the normal force coefficient by a third-order
polynomial, are reduced to differential equations coinciding with the Lotka—Volterra
equations, originally obtained to describe the competition of two animal species
eating the same food.

Theoretical and practical value of the work is due to the fact that the data

obtained allow us to expand the fundamental understanding of the effect of end
plates and their relative size on such aerodynamic characteristics of bluff bodies as
drag, bottom pressure, and the length of the recirculation zone. The data obtained in
the study on the aerodynamic characteristics of bluff bodies can be used in designing
the shape of an object that will be subjected to wind load during operation. The
results obtained can be extrapolated to the behavior of similar structures, for
example, bridge segments.

The developed mathematical model makes it possible to qualitatively describe
the change in vibration modes for various structures, depending on aspect ratios and
angles of attack..

The methodology of the conducted experiments can be taken as a scheme for
studying similar structures.

Research outcomes:

1. Experimentally obtained data on the influence of end plates of various sizes
on the length of the recirculation zone and the bottom pressure behind the plates
oriented perpendicular to the oncoming flow.

2. Experimental results of the influence of end plates on oscillations of thick
plates.

3. Mathematical model of rotational oscillations of thick plates of various
proportions with end plates and its experimental verification.

4. Mathematical model of galloping of a bluff body with end plates with two
degrees of freedom, which describes the competition of two types of oscillations:
translational oscillations in the direction perpendicular to the velocity vector of the

oncoming flow, and rotational oscillations.
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5. Experimentally obtained data on the competition of two vibration modes of

a bluff body on the example of a bridge segment with end plates.

6. The result of the influence of transverse oscillations of suspension thrust on

the critical speed at which the transition from translational oscillations of the model

to rotational oscillations occurs.

Degree of confidence. The reliability of the results of the dissertation work is

ensured by: the correctness of the setting of experiments, the rigor of the

mathematical apparatus used, the comparison of the data obtained during the

simulation with the results of a physical experiment.

Approbation of results. The results presented in the dissertation were reported

at the following All-Russian and international conferences:

XXV All-Russian Seminar with international partnership on jet,

separation, and non-stationary flows. (Saint-Petersburg, 2018);

International scientific conference on mechanics «The Eight Polyakhov’s
Readingy (Saint-Petersburg, 2018)

Topical Problems of Fluid Mechanics 2020 (Prague, Czech Republic,
2020);

The Thirteen International Conference on Applied Mathematics and
Mechanics in the Aerospace Industry, AMMAI’2020 (Alushta, 2020)
20th International Conference on the Methods of Aerophysical Research,
ICMAR 2020 (Novosibirsk, 2020)

International Conference in natural sciences and humanities «Science
SPbU — 2020», (Saint-Petersburg, 2020),

International scientific conference on mechanics «The Nine Polyakhov’s

Readingy (Saint-Petersburg, 2021)

21nd International Conference on Computational Mechanics and Modern
Applied Software Systems CMMASS'2021, (Alushta, 2021).
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Dissertation structure. The dissertation consists of the introduction, 4 chapters, the

conclusion and the list of references. The summary volume is 81 pages. The
reference list contains 100 entries.

The first chapter provides a review of the literature data on the use of end plates
in an aerodynamic experiment. Studies are listed in which end plates are used in
testing both well-streamlined bodies and bluff bodies.

In the second chapter, the effect of end plates on the flow around flat
rectangular plates of various proportions, oriented perpendicular to the vector of the
average velocity of the oncoming flow, is considered. The research method is an
experiment. The influence of end plates on the length of the recirculation zone and
bottom pressure is studied.

The third chapter is devoted to the study of rotational oscillations of thick plates
of various proportions with and without end plates. The plates are fixed on a wire
suspension containing springs. The suspension made it possible to perform rotational
oscillations around an axis perpendicular to the velocity vector of the oncoming
flow. Using the tensometric method, the amplitudes and frequencies of self-
oscillations of the plates in the flow were measured. The rotational oscillations of
thick plates with an elongation greater than five with end plates are satisfactorily
described by the mathematical model proposed earlier to describe the rotational
oscillations of a small elongation cylinder.

The fourth chapter is devoted to the study of oscillations of a bluff body with
end plates with several degrees of freedom. A wire suspension with springs could
oscillate with six degrees of freedom, but during the experiments in the air flow only
oscillations with two degrees of freedom were observed: vertical translational
oscillations and rotational oscillations around a horizontal axis perpendicular to the
average velocity vector of the incoming air flow. The experiments were carried out
with two models of the bridge segment, limited by end plates. A mathematical model
is proposed that describes the occurrence of oscillations and the competition between

two types of oscillations.
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Chapter 1
Literature review

When flowing around well-streamlined bodies with a liquid or gas flow, there
IS no separation of the boundary layer, accompanied by extensive separation zones.
Their aft part is limited by surfaces of lesser curvature, which determines an
insignificant change in the pressure gradient on them and does not allow separation
of the boundary layer. And the simplest example of this is the wings of aircraft at
low angles of attack. However, objects such as wings can become badly streamlined
at high angles of attack. The emergence of boundary layer separation regions at
different times has been the subject of many works dealing with the influence of the
initial flow turbulence [99, 30], wing surface topography [10, 60], and other flow
conditions (wing aspect ratio, angle of attack) [11, 22, 91] . Separations occur not
only on sharp edges, but also on flat areas with a large radius of curvature, this
depends on other parameters, such as the Reynolds number [12, 77, 81, 48] or the
roughness of the body.

The relevance of the study of the aerodynamics of bluff bodies is caused by the
high prevalence of bluff structures in today's everyday life [1, 62, 78]. Bridge
segments, skyscrapers, pipelines, chimneys are all examples of objects that can be
subject to wind load or water flow load. In the vast majority of cases, the impact of
wind on various structures, if it causes any effect, then this effect is more harmful
than beneficial. Such effects can lead to undesirable consequences, and as a result,
to the destruction of building structures. One of the most famous disasters is the
collapse of the Tacoma Narrows Bridge [38, 84, 85]. Here, the collapse was caused
by vibration and torsion, which were the result of strong winds.

In general, any structure that has some rigidity and mass is capable of vibrating
with shape deformation. One of the mechanisms leading to oscillations is wind
resonance. These oscillations occur at natural frequencies that depend on the

geometry of the structure and the distribution of stiffness and mass over the structure.
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If the frequency of the descending vortices is close to the frequency of body
oscillations, then this may be one of the reasons for the destruction of structures.
That is why, when designing such structures, physical modeling is used with the help
of experiments with models of structures in wind tunnels. One of the recent cases of
resonant vibration is the incident with the Volgograd bridge in 2010 [24, 23, 28].
Deputy Head of NIO-19 TsAGI Konstantin Strelkov spoke® about the behavior of
the Volgograd bridge: "These fluctuations could be predicted, but the existing SNiPs
did not require testing beam bridges in a wind tunnel." Accordingly, in our time, the
development of bridge architecture forces us to update the old and come up with
new flow models.

Another reason for the oscillations of bluff bodies in the flow may be the
dependence of the aerodynamic coefficients on the angles of attack [38, 82, 7]. The
oscillations caused by this cause are called galloping. Moving across the air flow,
bluff bodies are subjected to an aerodynamic force acting in the same direction as
the projection of the body's velocity perpendicular to the flow. When an elastically
fixed body in a gas flow is considered, it should be noted that the aerodynamic forces
are not conservative, which can lead to a change in the total energy of the system.
Taking into account that the direction of velocity and aerodynamic force coincide,
this will lead to a gain of energy by the system and an increase in the amplitude of
oscillations. The definition of the criterion for the occurrence of galloping was given
by Den Hartog [7]. This criterion has been applied to wires that have an
unsymmetrical cross-section due to frost on them. Long before Den Hartogh, Glauert
obtained similar results for rotating airfoils [59].

Novak [70, 71, 72] studied the influence of shapes of different sections of
rectangular prisms on the aerodynamic properties and the phenomenon of galloping
on them. In turn, he studied the effect of the degree of flow turbulence on galloping
[73]. In his work, he uses the mathematical model developed by Parkinson and

Brooks [75]. This model is based on a quasi-stationary approximation, when instead

3 https://vz.ru/society/2011/3/24/478050.html
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of an aerodynamic force in the equation of motion of an oscillating body, a function
Is used that is obtained by polynomial approximation of aerodynamic forces
measured on a stationary model at different angles of attack [38]. Later, a more
complete model was proposed [76] wusing a seventh-order polynomial
approximation. The quasi-stationary model was also used in later works [16, 18, 30,
69].

Developing the topic of galloping effects and wind resonance, Parkinson and
his colleagues wrote papers [52, 74]. The works provide modeling of a combination
of various effects.

A large number of works were carried out experimentally. Prisms of different
sections were studied. The most popular articles among them are devoted to
triangular [42, 43, 44, 46], pentagonal [26], octahedral [54, 55], and elliptical [45]
prisms. It is possible to single out significant results obtained in connection with
studies devoted to the influence of angles of attack on oscillations of cylinders of
different sections [49, 50, 63, 64, 65].

The galloping of bodies with two flow regimes was studied in [15, 29].

One of the first mentions of the effect of blocking the flow of air through the
ends of objects was written by Maxwell and Gerrard [67, 58]. Maxwell tried to find
data correction factors when studying the aerodynamic characteristics of rectangular
plates in a wind tunnel and their subsequent scalability. After that, Stansby [94],
relying on Maxwell's results, suggested using end plates to minimize the effect
created by the boundary layer on the cylinder walls. With this, he wanted to obtain
a flow close to two-dimensional. Many studies on round cylinders have been
carried out using Stansby's end plate sizes.

Subsequently, additional studies were carried out on the effect of the size of the
end plates for sectional models on tests in a wind tunnel [61, 93]. These studies have
shown that the 2D flow field characteristics around the sectional model can be
significantly improved by selecting the appropriate size of the end plates. Basically,
the results were aimed at finding a decrease in the ratio of the radius of the end plates

to the diameter of the cylinders at various Reynolds numbers.
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There is also a wide area of research related to the effect of end plates on the
flow around wings with different span profiles, shapes and bends. This question was
theoretically developed in the works of Kuritzkes [13, 14] based on the hypothesis
of U-shaped vortices. Also, this direction is closely associated with the name of
Richard Whitcomb [97], who, based on previous endplate research, created the first
working prototypes of modern winglets (wingtips). The need for winglets is
associated with the effect of air flow from the lower surface of the wing to the upper
one. This leads to the creation of a tip vortex and a concomitant redistribution of
pressure over the wing, which in turn reduces lift. Without changing the span of the
wing, the end plates increase the effective aspect ratio of the wing.

The effect of end plates on the load distribution along the wing chord of small
aspect ratios was considered in [27]. Such wings are characterized by nonlinearity
in the angle of attack of lift and pitching moment. The scheme proposed in the work
allows calculating the aerodynamic characteristics of the wings, taking into account
the influence of the shape, dimensions and positions along the chord of the wing end
plates. Also, other studies on the effect of end plates on the distribution of surface
pressure were carried out in [79, 92].

Particular attention was paid to the shape of the end plates at the ends of the
wings in recent works [4, 21, 25]. They consider the most popular forms of winglets:
classic, with a Whitcomb plate, with a spiral tip, with an end plate. The authors put
forward an assumption about the importance of the angle of inclination of the
wingtips relative to the plane perpendicular to the wing. In [4], the theory of a
continuous vortex surface was used to simulate the effect of end plates on a wing.
This led to an algorithm for calculating the intensity of vortices.

For experiments, exact copies of the wings used in civil aviation are more often
taken. In one of these works [6], the influence of the shape and size of the wingtips
on the wing of a subsonic passenger aircraft was considered.

Experiments on the influence of end plates were carried out not only with
aircraft wings, but also with the wings of coaxial Russian helicopters. In [3], a

method was developed when small rectangular end wings were installed at
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helicopter rotors. The experiment showed the possibility of improving the relative
efficiency of helicopter rotors in the hover mode.

In the airspace of countries there are aircraft that perform the functions of
various purposes and tactical and technical applications. In [20], a study is made of
the influence of wingtips on the aerodynamic characteristics of a promising UAV
(unmanned aerial vehicle). Several wingtips have been considered that offer lift
coefficient advantages for different angles of attack.

Recently, a large number of studies on the effect of end plates on the
aerodynamic characteristics of bluff bodies have been carried out in China. The
article [100] considers the influence of end plates on the aerodynamic force of
several rectangular prisms, which correspond to the cross section of the bridge with
different ratios. The authors show a significant effect of end plates on the Strouhal
number in the experiments of all their models. An investigation of an inclined
circular cylinder using end plates was carried out in [66]. Where the authors divided
the cylinder into three sections, characterized by different bottom pressure.

The change in the oscillation frequency of round and rectangular cylinders,
depending on the location of the end plates at the ends of the model, was
considered in [91]. It conducted a series of tests in a wind tunnel aimed at studying
the pulsating lift forces on various sections of objects simulating spans of bridges.
Two types of oscillations were obtained in the work, but the processes of changing
translational and rotational oscillations were not studied at all. The change in the
frequency of vortex shedding from the cylinders depending on the location of the

end plates at the ends of the model was considered in [57].
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Chapter 1 conclusions

An analysis of the literature data allows us to state that the main method for
studying the oscillations of bluff bodies in an air flow is experiment. Both
oscillations caused by the periodic descent of vortices from the body surface (vortex
resonance) and oscillations caused by the specific dependence of the aerodynamic
force on the angles of attack and slip and their derivatives (galloping) were studied
experimentally. A recognized technique that makes it possible to investigate
relatively short segments instead of extended bodies oriented across the flow is the
use of end plates. The plates limit the flow of air through the ends and thereby bring
the flow around short segments of bodies closer to the flow around long bodies.

Mathematical modeling has been developed to describe the translational
galloping of extended bodies, and most of the mathematical models are based on the
quasi-stationary approximation. Attempts were made to extend the quasi-stationary
approximation to rotational oscillations, and to oscillations with two degrees of
freedom, however, these attempts were not successful, they faced the need to
determine the angle of attack of the body, which for a rotating body is different for
different points of the body. There is arbitrariness in determining the point relative
to which the angle of attack was determined.

Thus, the physical modeling of galloping of ill-streamlined bodies with
several degrees of freedom and the development of mathematical models for

describing oscillations are little developed problems.
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Chapter 2
Influence of end plates on stationary
aerodynamic characteristics of bluff bodies

The second chapter deals with an experimental study of the influence of end
plates on the aerodynamic characteristics of a very simple bluff body, such as a
rectangular plate, oriented perpendicular to the freestream velocity vector. End
plates are placed along the air flow at the ends of the objects under study. The
purpose of installing end plates is to prevent air from passing through the ends of
objects. End plates are usually elliptical or round in shape. Their size is larger than
the size of the studied model. Changes in the bottom pressure, drag coefficient, and
length of the recirculation zone are considered. The main content of Chapter 2 was
published in [32, 39, 89].
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2.1. Experimental methodology

All experiments were carried out in the AT-12 subsonic wind tunnel of St.
Petersburg State University [11] (Fig. 2.1).
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Fig. 2.1. Scheme of a wind tunnel with a closed loop and an open test section.
1 - rotary vanes, 2 - reverse channel, 3 - swivel knee, 4 —honeycomb prechamber, 5 - nozzle,
6 - working part, 7 - ring socket, 8 - diffuser, 9 - fan blower, 10 - transition section, 11 - fan
group supports, 12 - electric motor.

In an open test section, the air flow velocity can vary from 0 to 40 m/s. The
length of the test section is 2.25 m, the diameter of the outlet section of the nozzle is
1.5m.

The flow around four rectangular plates with different aspect ratios /A (ratio of
the plate length I to the width w) was studied. Experiments were carried out in two
versions: with and without end plates. The end plates were thin (less than 2 mm)
steel disks with a diameter of d=200 mm or d=400 mm. The flow velocity varied
from 5 to 33 m/s.

Measurements of the bottom pressure in the near wake behind the plate were
carried out using the Krell sensor [78]. The pressure difference was also measured
at two pressure sampling holes on the Krell sensors. The Krehl sensor is a cylinder

with a diameter of 8 mm and a height of 5 mm. There are pressure sampling holes
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in the center of the cylinder bases. The holes are connected to a differential alcohol

micromanometer with an inclined scale by two tubes with a diameter of 1 mm.

Fig. 2.2. Scheme of the experimental setup: 1 — rectangular plate; 2 — wind tunnel nozzle; 3
— wire suspension.
The bottom pressure is determined by measuring the pressure at the inlets on
the Krehl sensor when it is opposite the center of the plate at a distance of 1-3 mm
behind the plate in the direction of the air flow. In this case, the flat surfaces of the

sensor are parallel to the plate.

Table 2.1. Geometric parameters of plates

Version Length Width Aspect
I, mm w, mm ratio
A=wll
1 400 80 5
2 503 39 12.9
3 970 50 19.4
4 806 33 24.5

The bottom pressure is determined by measuring the pressure at the inlets on

the Krehl sensor when it is opposite the center of the plate at a distance of 1-3 mm
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behind the plate in the direction of the air flow. In this case, the flat surfaces of the
sensor are parallel to the plate.

As the Krehl sensor moves downstream of the plate, the pressure difference
downstream of the sensor and upstream of the sensor increases until it reaches a
maximum at some distance. Further measurement of the pressure difference with
increasing distance from the plate shows a decrease in this difference. At a distance
10, this pressure drop is zero. We take 10 as the length of the recirculation area (see
Fig. 2.3).

V| E

Fig. 2.3. Determination of the length of the recirculation area: 1 — rectangular plate; 2 —
end plate; 3 — Krell sensor; [, — recirculation area length.

To measure the resistance force of rectangular plates, a three-component
aerodynamic balance with a wire suspension was used.



103

2.2. Experiment results
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Fig. 2.4. Dependence of the bottom pressure on the aspect ratio of the plate: 1 — without
end plates; 2 — end plates diameter d = 200 mm; 3 — end plates diameter d = 400 mm.

On fig. 2.4. the dependence of the bottom pressure on the elongation of the
plate is shown. Without end plates, an increase in elongation results in an increase
in bottom pressure. This fact agrees with previously published results [31]. With a
small elongation 4 = 5, the use of end plates does not affect the change in bottom
pressure in any way. However, when the aspect ratio 1 > 10, the use of end plates
significantly increases the bottom pressure. The larger the diameter of the end plate,
the more the bottom pressure changes upwards.

The dependence of the drag force coefficient on the elongation of a rectangular
plate is shown in fig. 2.5.

The nonmonotonic increase in plate resistance with increasing elongation in the
absence of end plates can be explained by an experimental error. The use of end

plates increases the drag coefficient. The larger the diameter of the end plate, the
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greater the drag force. It was found that the maximum increase in drag is observed
at aspect ratio 4 = 12.9.
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Fig. 2.5. Dependence of drag force coefficient on plate elongation: 1- without end plates; 2
—end plate diameter d = 200 mm; 3 — end plate diameter d = 400 mm.

The ratio of the diameter of the end plate d to the size of the rectangular plate
I, = /lw is presented in table 2.2. The maximum value of d/I, corresponds to the
elongation A = 12.9. For A > 12.9, the greater the aspect ratio, the less the drag
coefficient increases.

The dependence of the ratio of the plate width to the length of the recirculation

region w/l, on the elongation of a rectangular plate 4 is shown in fig. 2.6.

Table 2.2. The ratio of the diameter of the end plates to the size of the rectangular plate
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Aspect ratio  Characteristic size d =200 mm d =400 mm
A L, mm d/ly, d/ly,
5 179 1.12 2.23
12.9 140 1.43 2.86
19.4 220 0.91 1.82
24.5 160 1.25 2.50

Without end plates, the dependence of w/l, on A has a minimum at 4 = 12.9.
At 4 =5, there is a slight increase in the parameter w/[, due to the use of end

plates. The more A, the more w/l, in experiments with end plates.

0.3 e
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Fig. 2.6. The ratio of the width of the platé'to the length of the recirculation area depending
on the elongation of the plates: 1 — without end plates; 2 — end plates diameter d = 200 mm
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Chapter 2 conclusions

In this chapter, the influence of end plates on such aerodynamic characteristics
as: drag, bottom pressure and the length of the recirculation zone was considered.

It is shown that the end plates mounted on a flat rectangular plate oriented
perpendicular to the air flow lead to an increase in the absolute values of the bottom
pressure coefficient and resistance. They reduce the length of the recirculation area
behind the central part of the plate.

The influence of the end plates depends on the relative size of the plates
themselves and on the elongation of the flat rectangular plate. If the plate elongation

is 5, then the effect is very small.
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Chapter 3
Influence of aspect ratio and end plates on

rotational oscillations of a thick plate in an air

flow

The study of rotational oscillations is important for predicting the oscillations
of the bridge span due to wind load [91]. Flow around short bodies with end plates
is similar to flow around long bodies. In the air flow, the end plates prevent the
passage of the gas flow through the ends of the model. Direct testing of a long body
Is not possible due to the limited size of the working parts of wind tunnels. End plates
are used in tests with wings [77] and in other experiments with various bluff bodies.
Bridge segments were tested using this method [100, 96]. Examples of studying
bodies of various shapes with end plates can be found in [47, 17, 18].

The third chapter deals with the consideration of rotational oscillations of bluff
bodies in the air stream. An estimate of the influence of the frequency of reading
instrument readings on the result of determining the oscillation amplitude is
obtained. Special aerodynamic characteristics are given for certain plate extensions
and airflow velocities. It is shown how the oscillation amplitude correlates with the
Strouhal number. The effect of end plates on the range of Strouhal numbers, in which
oscillations with a constant amplitude are observed, is studied. The dependence of
the vibration amplitude of thick plates with end plates on the Strouhal number is
presented, and the influence of the end plates themselves on this dependence is
shown.

The main content of Chapter 3 was published in [33, 41, 86, 90].

The experimental technique and the considered physical model are discussed
in section 3.1. section 3.2. the data processing algorithm is described. The results
obtained are given in section 3.3. The effect of end plates on the rotational

oscillations of a thick plate is shown depending on the elongation. Section 3.4



presents a mathematical model of rotational oscillations of a thick plate equipped

with end plates.

3.1. Experimental technique for studying rotational

In this experiment, the rotational oscillations of thick plates were studied. The
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oscillations

thickness of all plates was the same d=20 mm.

Table 3.1. Geometric parameters of the plates

Version Length Width Aspect ratio
I, mm w, mm A=1/w
1 200 100 2
2 350 100 3,5
3 500 100 5
4 700 100 7

The geometric parameters of the plates can be seen in table 3.1. The
experiments were carried out both with and without end plates. The end plates were
a thin disk 3 mm thick and d = 2w = 200 mm in diameter.

All experiments were also carried out in the AT-12 wind tunnel of St.
Petersburg State University. In the open working part of the wind tunnel there was
a model on a wire suspension (Fig. 3.1). The diameter of the steel wire suspension
is 0.3 to 0.6 mm. The model could only rotate around a horizontal axis perpendicular

to the air velocity vector. A steel tail holder is attached to the back of the model.

Two steel springs are attached to the holder.
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The amplitude of rotational oscillations was determined on the basis of strain
gauge measurements. The C-50 semiconductor strain gauge measures the tension of

the lower spring.

Fig. 3.1. Scheme of the experimental setup. 1 — model with end plates, 2 — tail holder, 3 —
fixed rods, 4 — springs, 5 — strain gauge C-50, 6 — PC oscilloscope, 7 — computer, 8 — axis, 9 —

wire rods

On fig. 3.2 shows a general view and a diagram with dimensions of the C-50

strain gauge .
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Fig. 3.2. General view of strain gauge C-50 and dimensions of the device.

The strain gauge uses "sapphire-on-a-chip" technology. The sensitive element
of the strain gauge is a two-layer sapphire-titanium membrane with single-crystal

silicon strain gauges (Fig. 3.3).

Strain Gauge Winsto

d Single crystal sapphire
Bridge .

membrane

Titanium membrane
Contact pads made of
aluminum

Fig. 3.3. A two-layer sapphire-titanium membrane is an elastic element of the strain gauge.

Silicon strain gauges are connected to the Winston bridge according to the
"closed bridge" scheme (Fig. 3.4).

Strain gauge

Current(-)

Output(*)

- — &  Current(+)

White

1
- - Output(-)

Scheme "Vicious
circle"

Fig. 3.4. Scheme of connection of strain gauges.

The nominal value of the range of the converted force is 50 N. The limiting
operating values of the converted force are from -25 N to 50 N. The disadvantage of
the type of transducers used is the dependence of their readings on temperature.
Therefore, we necessarily calibrated the device in each experiment. Sometimes
twice: before measurements and after, to make sure there is no drift. The Winston

bridge was powered by four AA batteries connected in series. Such an autonomous
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power supply made it possible to reduce pickups with a power supply frequency of
50 Hz.

The Velleman-PCS500 PC oscilloscope converts the analog signal of the strain
gauge into a digital signal and transmits it to the computer. Measurement frequency
100 Hz and 1250 Hz. Recording time is 17 seconds at 100 Hz or 3.3 seconds at 1250
Hz.

It has been observed that the oscillation frequency does not depend on the flow
velocity. In the absence of flow in the working part, the oscillations of the plates on
the elastic suspension damp out, and the oscillation frequency remains the same as
in the case of oscillations caused by the air flow. This means that the aerodynamic
forces are small compared to the elastic forces.

We assume that the tension of the spring at the extremes of the time dependence
of the signal is equal to the tension of the spring under the action of a constant force
that causes a deflection equal to the amplitude of the oscillations. This assumption
makes it possible to relate the oscillation amplitude to the maximum or minimum
tension of the lower spring. Two calibration experiments were carried out. In the
first experiment, while recording the readings of the strain gauge, a known weight
is suspended at the place where the tail holder is attached to the wire rod (Fig. 3.1.).
Based on the measurement results, the change in the instrument readings caused by
a known force is determined. In another calibration experiment, a known weight is
hung at the end of the tail holder. Measures the movement of a load in the vertical
direction. The ratio of the amplitude of oscillations of the tension of the lower spring
to the amplitude of rotational oscillations of the model is determined.

The flow velocity in the test section was determined from the pressure drop
across the wind tunnel nozzle. The pressure drop was measured with an alcohol
micromanometer with an inclined tube of the MMN type. The basis for determining

the speed was the expression:

pv?
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where p is the density of air, which depends on temperature and atmospheric
pressure, K is the coefficient of the micromanometer, which depends on the
inclination of the micromanometer tube, y and y, are the density of alcohol in the
micromanometer, depending on temperature and the reference density of alcohol

(0.8 r/em®), h is the micromanometer readings.

3.2. Processing the results of an experiment with

rotational oscillations of plates

The signal processing technique is given in [81, 83]. Dependences of the slope

of the plate on time obtained in the experiment are shown in fig. 3.5,
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Fig. 3.5. The dependence of the inclination of the plate on time: a) reading frequency
1250 Hz, b) reading frequency 100 Hz.
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The approximate amplitude of rotational oscillations can be determined from
these graphs. To do this, it is enough to measure the maximum and minimum values
of the angle of inclination of the plate. Then you need to calculate the average value
of the amplitude. However, it is more accurate and easier to determine the amplitude
using the algorithm described below.

The algorithm is a variant of the least squares method. It allows us to
approximate the data with a harmonic function of a given frequency.

Let the slope angle ; measured at time t; be the sum of a harmonic function
with amplitude A, constant E and experimental error &;:

Bi=Acos (wt; —p)+E+¢& =
= A cos@ cos wt; + Asing sinwt; + E +¢;. (3.1)

Experimental error is a random variable with zero mathematical expectation.

Consider a sample of n reads (i=1, 2, 3, ..., n). We assume that

n n n
Zfl COS(l)ti =z€l Sina)ti =z€l = 0. (32)
i=1 i=1 i=1

Multiplying formula (3.1) successively by cos wt;, sin wt; and 1, summing
the obtained expressions from i=1 no n, taking into account expression (3.2), we

obtain the system of equations (3.3).
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n n n
[ Neostor, Y cosonsinot; Y cosot;
i=1 i=1 i=1
n n n Acos @
z cos wt; sin wt; z sin? wt; Z sinwt; || Asing
n n

\ z cos wt; z sin wt; n /
i=1 i=1
n
(Z B; cos a)ti\
i=1

n
= Z Bisinwt; |. (3.3)
i=1

DY

If n is the number of readings per oscillation period T = 27 /w and this number

is large, then the system of equations (3.3) can be simplified considering that

n n 21/ W

z cos? wt; ~ z sin? wt; ~ nw/an cos? wt dt = n/2.
i=1 i=1 0
n n n

z cos wt; sin wt; = Z sin wt; =~ z coswt; = 0.

i=1 i=1 i=1
Thus, instead of the system of equations (3.3), one can solve the simple system
(3.4).

n
z B; cos a)ti\
i=1

n/2 0 0\ /Acosg n
( 0 n/2 0) (A sin (p) = zﬂi sin wt; |. (3.4)
0 0 n E i=1

Knowing A cos ¢ and A sin ¢ allows you to calculate the amplitude of rotational

oscillations A4.
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Let us show that the algorithm described above is the least squares method.

Minimizing the sum of squares

" 2N (5 - — ) — F)2
D& =) (Bi—Acos @i~ ¢)—E)

We find the minimum of this sum by differentiating the sum of squares with

respect to the parameters A cos ¢, A sin @ and E. We equate the derivatives to zero.

As a result, the system of equations (3.3) is obtained.

3.3. Experimental results

It was found that the reading frequency does not affect the result of determining

the oscillation amplitude.

On fig. 3.6 is a graph illustrating the independence of the result of determining

the amplitude of steady-state oscillations from the reading frequency.
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Fig. 3.6. The dependence of the amplitude of steady-state oscillations on the speed.
1 —reading frequency 100 Hz, 2 — reading frequency 1250 Hz.
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In almost all cases, oscillations with a constant amplitude are observed. An

exception is the oscillations of a short thick plate with an elongation A = 2 at low air

flow velocities v. Figures 3.7 and 3.8 show the dependences of the amplitude of

steady-state oscillations on the Strouhal number Sh = w/vT, where T is the

oscillation period.

The oscillation amplitude increases with decreasing Strouhal number. On fig.

3.7. it is shown that for a thick plate without end plates, the greater the aspect ratio,

the greater the oscillation amplitude. The oscillation of the plate A = 2 with a constant

amplitude occurs only at a high speed of the air flow.

Amplitude

m 7
0.6 LI e 2
1 A 3
I 4
O |
0,4 - * o "
A
“‘ A A
'Yy WY 4 0
0 "
0.2 1 * A I
/
00 T T I
0.02 0.04 0.06

Strouhal Number

Fig. 3.7. Dependence of the oscillation amplitude (rad) on the Strouhal number without
endplates. 1-4=7,2-4=5,3-4=3.54-12=2.
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Fig. 3.8. Dependence of the oscillation amplitude (rad) on the Strouhal number with end
plates.1-4=7,2-4=5,3-12=3.5,4-42=2.

On fig. 3.8. it can be seen that in the presence of end plates, the range of

Strouhal numbers, in which oscillations with a constant amplitude are observed for

the cylinder A = 2, increases significantly.

3.4. The simplest mathematical model of rotational

oscillations of a plate

This section describes the mathematical model of fluctuations in the flow of a
small elongation cylinder (the ratio of the length of the cylinder to its diameter is
equal to 2), proposed in [35]. The equation of motion of a cylinder elastically fixed
in an air flow has the form

1,6 =L, + L, (3.6)
where L, and Ls are the moments of forces acting from the side of the air flow and
from the side of the suspension, I, is the moment of inertia of the cylinder, @ is the

angle of inclination of the cylinder.
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We will assume that in the state of equilibrium the angle of inclination is equal to
zero. It is assumed that the moment of elastic forces acts from the side of the
suspension, returning the cylinder to the equilibrium position, and the friction
resistance is proportional to the angular velocity 8. The moment of forces acting
from the oncoming flow is represented as an expansion in powers of the angle of
inclination and the derivative of the angle. We confine ourselves to the first terms of

the expansion. Let us leave only the moment of aerodynamic forces on the right side:

1,6 +76 + k6 = s1* 2Zm, (1 — 66)9), (3.7)
where s is the characteristic area of the cylinder, k is the rigidity of the elastic
suspension, my is the rotational derivative, v is the free flow velocity, L is the
characteristic size, p, is the air density, r is the coefficient of friction in the elastic
suspension.

If we introduce the following notation:

W=y = ol g, Ky =
YA M_po ZIZ 0’ Z_MIZ,
then the equation of motion will take the form:
6 + w26 = u%u — 86%)0 — k,6. (3.8)

Assuming u to be a small parameter, equation (3.8) can be solved by the
Krylov-Bogolyubov method in the first approximation [2]. As a result, equations are
obtained for slowly changing amplitude 4 and phase ¢ of rotational oscillations: 6 =

A cos(wt + ). Let's give these equations.

i — ARV (1 kL _ 8 y2 ) =
A—AZL(l ~4 ) @ = 0. (3.9)

v

Equating to zero the right side of the first equation (3.9), we obtain an

expression for finding the amplitude of steady oscillations:

A% = %( - ﬂ) (3.10)
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Thus, the model predicts that the dependence of the square of the amplitude
on the inverse velocity of the oncoming flow is described by a linear function. To
check whether this mathematical model is suitable for describing the rotational
oscillations of a thick plate, which is used in experiments, equipped with end plates,
two graphs are given below. The mathematical model assumes that the resistance is
proportional to the angular velocity. In this case, in the absence of aerodynamic
forces, the oscillations decay, and the oscillation amplitude on a logarithmic scale is
a linear function of time. On fig. 3.8 on a logarithmic scale shows a graph of the
dependence of the amplitude of damped oscillations on time. The points on the graph
fall with some error near a straight line. This proves that the hypothesis under test
holds.

The following graph 3.9 shows the dependence of the squared amplitude of
steady-state oscillations on the Strouhal number Sh = wT /v, where w is the width
of the thick plate, T is the oscillation period. The points on the graph fall on one line
if the speed is high enough.

Thus, the considered mathematical model can be applied to thick plates with

end plates.
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Fig. 3.8. The dependence of the amplitude of damped oscillations on time.
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Fig. 3.9. Dependence of the squared amplitude on the Strouhal number. Plate with end plates.

Aspect ratio A = 7.
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Chapter 3 conclusions

The experiments were carried out with thick rectangular plates attached to an
elastic suspension with one degree of freedom. It was only possible to rotate around
an axis perpendicular to the vector of the average velocity of the air flow. It has been
found that the amplitude of steady oscillations increases with increasing elongation
of the plates. A constant oscillation amplitude of a plate with an aspect ratio A = 2 is
realized only at a sufficiently high air velocity. The presence of end plates changes
the dependence of the oscillation amplitude on the Strouhal number. For a plate with
an aspect ratio A = 2 the range of flow velocities at which oscillations with a constant
amplitude are observed is extended. In this case, the amplitude is much greater than
the oscillation amplitude of a thick plate without end plates. The dependences of the
oscillation amplitude of thick plates with end plates on the Strouhal number are close
to linear. An increase in the elongation of the thick plate from 5 to 7 does not lead
to a significant change in the oscillation amplitude.

The presence of end plates makes the dependence smoother. When there are no
end plates, then nothing prevents the air flow from passing through the ends of the
plate. In this case, the vortex system behind the body has a complex character and is
rebuilt with a change in the flow velocity.

The rotational oscillations of thick plates with an aspect ratio greater than five
with end plates are satisfactorily described by the mathematical model proposed

earlier [35] for describing the rotational oscillations of a small elongation cylinder.
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Chapter 4
Oscillations of a segment of an elongated bluff

body with two degrees of freedom in the presence

of end plates

Poorly streamlined elastic or elastically fixed bodies under the action of wind
can perform translational or rotational oscillations. The source of oscillations of
extended bodies can be periodically descending vortices, forming a Karman chain,
if the frequency of vortices is close to the natural frequency of oscillations of the
structure. Such oscillations are called galloping [37]. In this case, it is assumed that
the frequency of the periodic descent of the vortices is much higher than the natural
frequency of oscillations. Therefore, the aerodynamic forces arising from the
convergence of the vortices are averaged and do not affect the significantly slow
oscillation process during galloping. In most works devoted to bridge oscillations,
instabilities leading to galloping were considered to determine the critical wind
speed in accordance with the linear dynamic theory [53].

It was assumed that when the critical speed of the air flow is exceeded, the
oscillations increase intensively and inevitably lead to a catastrophe. However, in
the supercritical region, bridges can oscillate with a limited amplitude due to
aerodynamic nonlinearities, and the amplitudes of postcritical oscillations in a
certain range of wind speeds can be acceptable [98]. This chapter is devoted to the
construction of a mathematical model of translational and rotational oscillations of
a bluff body and the verification of this model using the example of oscillations of a
mock-up of a bridge segment fixed on an elastic suspension in the working part of a
wind tunnel.

The main content of Chapter 4 is presented in [34, 36, 40, 87, 88].

To describe the translational galloping of a bluff body, a quasi-stationary model

was proposed in [31]. This model is based on the assumption that the aerodynamic
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forces acting on a body depend only on the relative flow velocity and on the angles
describing the orientation of the body relative to the air flow velocity vector. For a
transverse air flow around an extended body oscillating in a direction perpendicular
to the flow, the normal aerodynamic force acting in the direction of motion depends
only on the instantaneous angle of attack a. The coefficient of normal aerodynamic

force c,, can be determined in a wind tunnel in experiments with a fixed body. In
[75], the dependence ¢, (a) of a square prism was approximated by a fifth-order

polynomial. Later [76], it was found that the model works better if the dependence
cy () is approximated by a seventh order polynomial. The quasi-stationary model
was widely used later to describe the translational galloping of rectangular cylinders
of various proportions [70], cylinders with a triangular cross section [46], diamond-
shaped cross section [47], and prisms of finite elongation [19].

The model of oscillations of an elastically fixed body with two degrees of
freedom was developed in [51, 56]. The authors of these papers made attempts to
extend the quasi-stationary galloping model to the rotational oscillations of two bluff
bodies: a square prism and an angular profile. The difficulty of applying these
models lies in the fact that different points of a rotating body have different speeds
and, consequently, the instantaneous angle of attack of these points is different. We
have to choose a characteristic point to determine the instantaneous angle of attack,
this is some arbitrariness. It is assumed that the model will qualitatively describe the

alternation of oscillation modes associated with a change in the gas flow rate.

4.1. Mathematical model of translational and rotational

oscillations of a bluff body

Let the body be fixed on an elastic suspension with one degree of freedom. In
a fixed coordinate system, it can move along the OY axis, perpendicular to the

oncoming flow velocity v (fig. 4.1). The body is inclined at an angle 6 to the horizon.
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The speed of the body relative to the medium is the sum of two perpendicular
vectors. The first vector is directed along the OX axis, its absolute value is equal to
v. The second vector represents the speed of the body along the OY axis. Its value is
equal to y, where y is the coordinate of the center of mass of the body, the dot above
the symbol here and below denotes differentiation with respect to time. The angle of
attack o (the angle between the axis OX and the axis of the velocity coordinate
system 0X,) and the relative velocity of the body v, will be determined by the

formulas

a=0-— arctg%,

v, = \/v (1 + (%)2) ~ v <1 +0,5 (%)2>

Xa 0

S
.

/

Fig. 4.1. Simulation of translation galloping.

In what follows, we assume that the angles of attack are small and use the
y
v

approximate expressions: @ = 6 — ( ),vr = v.

The coefficient ¢, of the force acting along the OY axis is approximated by a

polynomial of degree n in the angle of attack a. Without violating the generality of

the problem, we assume that the coefficient 4, at a° is equal to zero, since only the
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average value of the coordinate y = y, depends on the value of this member. The

equation of motion will be written in the form
. . 1 i
my + 1y + kyy = (3) spov? Ti, A,

where m is the mass of the body, r; is the coefficient of friction in the elastic
suspension, k; is the reduced stiffness of the suspension, s is the characteristic area
of the body, p, is the air density.

Let us introduce the notation:

_ SpowA, _n
H1 = om m= m
w? = i v, =1 v
1= 1 L

where w is the characteristic size of the body. Translational galloping can occur only

under the condition A, < 0 [26], therefore u, > 0. Let n = 3, then

. 4 Vi Ayy Ay Az (y 2 Az (y As
+wiy=p—|1——+-="=-—2-20 —(—) —3—(—)9 3—62
YTy ‘ulw v Av A; +A1 v A \v * A4
v? A, Asg
—u—\(6—-=62 —93). 4.1
#1W( 4, +A1 (4.1)

Experiments show that oscillations during galloping are close to harmonic and
occur at a frequency close to the natural frequency of the structure. The parameter
U, on the right side of the equation is small.

To simulate rotational oscillations, the model of oscillations of a small
elongation cylinder proposed in [35] was taken as a basis. The equation of rotational
oscillations of a body with a moment of inertia I, around the axis OZ passing through

the center of mass has the form
. . v
LG +7,0 +k,0 = swz%mdm _sa)a,
where r, is the coefficient of friction in the suspension, k, is the rigidity of the elastic

suspension, m, is the rotational derivative of the pitching moment, 6 is a parameter

that is determined in an experiment with rotational oscillations from the amplitude
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of rotational oscillations, to which the oscillating system asymptotically approaches
with increasing flow velocity. When transforming the equation of rotational

oscillatory motion, it is necessary to differentiate the expression for the angle of

attack a = 0 — (%) Equation (4.1) implies that  ~ —w?y. Using the notation

— oow? my £
M2 Po _(212)» N2 = IZ
2 I, ) 2 N2 qu'

the equation of rotational oscillations will take the form

2y 6
Rt —. (42
( " ) U2V3 w (4.2)

The system of equations (4.1) and (4.2) describes two coupled oscillators. The

. 2 .
b+ w0 = py— [1—592 5(%) +259y

non-linear terms on the right-hand side of the equations are multiplied by the small
parameters p, and u,. Therefore, the Krylov—Bogolyubov method [2] can be used
to solve the system. Let us assume that the frequency ratio w,/w, is not equal to
unity and does not differ from unity by a small amount.

We introduce new variable amplitudes p,, py and phases 4,1y, of oscillations

Yy = pycosyy, Y= wit+ @y,

0 = pgcosy,, Y= wyt+ @,.

Amplitudes p,, pg and phase shifts w,, w, are slow functions of time. Denote

the right parts of equations (4.1) and (4.2) u,f; u u,f,, respectively. In the first
approximation of the Krylov—Bogolyubov method, to obtain expressions for the
derivatives of the amplitude and phase, time averaging is performed using the

formulas:

2mm

J fi (Py cos Yy, —py W1 Sin Y1, pg COS Py,

Py = _2nma)1

—Po W3 COS YP3) sinh,dypy, (4.3)
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2mm
by = — anwz f f2(py €08 1, —pywy sin Py, pg cos P,
—Powy COS Py) sin,dy,, (4.4)
2mm
pylp1 = pPywq — m j fi (Py Cos Y, —pPywq Sin Y1, pg COS Py,
—Po Wy COS Py) cos Py dypy, (4.5)
2mm
Pe"bz = Pow3 — ana) f f2 (Py cos Y, —pPy W1 SIn )1, Pg COS Py,

—Po W2 COS Pp) COS P d1p,. (4.6)

Each of the functions f; and £, is the sum of the terms that contain the products
of the sines and cosines of y; and ¥, to some extent.

After calculating the integrals in expressions (4.3) and (4.4), we obtain
approximate equations for the amplitudes of translational and rotational oscillations:

. MV vy 343 [pywiy? 2
py_??’y{l_ +4A1[( v ) +2p9]}’

. _ v vy O, Py W1 Z]}
Po = ZW'OH{1 v+4[p9+2( v ) '

In the same way, by calculating the integrals in formulas (4.5) and (4.6), one
can obtain equations for the oscillation phases. However, in what follows, the
equations for the phases will not be needed, so they are not given. Reducing the

amplitude of translational oscillations py = p,w;/v to a dimensionless form and
using the notation b, = —3A45/(4A,) u b, = 6/4, we obtain

: Ky VU
Py = 71_,01/ {1 - 7 - b1[PY + Zpe]}
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v v
Po = 72;,09 {1 - ?2 — by[pg + przz]}-

We have obtained two equations in which the dimensionless amplitudes of
translational and rotational oscillations enter symmetrically. With another method
of non-dimensionalizing the amplitude of translational oscillations (for example, by
dividing the amplitude by some characteristic size of the body), symmetric equations
would not have been obtained. We point out that for purely translational oscillations,
the dimensionless amplitude of translational oscillations py, is the amplitude of
oscillations of the instantaneous angle of attack.

It is convenient to pass from the equations for the amplitudes to the equations

for the squared amplitudes

Y= p} ©=p;.

The resulting equations coincide with the well-known Lotka—Volterra
equations [68, 38] obtained to describe the competition between two animal species

eating the same food

v 2
Y= ule{l—?—bl[Y+2®]}, 4.7)
. v v,
0= MZWG{l—?—b2[®+2Y]}. (4.8)

In contrast to the original Lotka—Volterra equations, the coefficients in the
obtained equations (4.7) and (4.8) depend on the free flow velocity. The square of
the amplitude of fluctuations correspond to the number of animals.

The system of equations (4.7) and (4.8) is symmetric with respect to the
variables included in the system. Assume for definiteness that v; < v,. To find
solutions to equations describing oscillations with a steady-state constant amplitude,
it is necessary to equate the time derivatives on the left side of the equations to zero.
The system will turn into an algebraic one. There are 4 stationary solutions to the

equations
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6. Y=Y 9=

b1V

7. Y=00=9"2

sz

8 Y = [2b1(17—v2)—b2(17—”1)] 0 = [sz(V—V1)—b1(V—vz)
’ 3b1b2v ’ 3b1b2v )

To determine the stability of solutions, we use linearized equations in the

neighborhood of solutions:
1%
0 (1 - ?1 —2b,Y — 2b1®) —u,2b, Y

Y v
() ~w V2
o/ w — 12,0 i (1 — = 2b,Y ~ 2b2®)

(50)

Let us compose a characteristic equation for determining the eigenvalues of the
Jacobi matrix:
U1
i (1 —— = 2bY ~ 2b1®) -y —u,2b,Y

~ 0.
v
—1,2b,0 i (1 - ?2 — 2b,Y — 2b2®) -y

Negative eigenvalues indicate the stability of the solution. The solution is
unstable if at least one eigenvalue is positive.

Matrix eigenvalues for solution 1:

_ (v—1y) _ (v —1,)
M= P Ay = 1 o

The solution is stable in the range v < v;.

Matrix eigenvalues for solution 2:

(v —v1) u b
A= _HlTl; Ay = 72[”_”2_2<b_j>(v_v1)]-

If b,/b,> 1/2, the solution is stable in the range v > v,. If b, /b;< 1/2, then the
solution is stable in the range v; < v < vz, where v; = v, + 2b, (v, — v;,)/(b; —
2b,).
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Matrix eigenvalues for solution 3:

b
A = &[v—vl—Z(—l)(U—vz)], Ay = =l

(v —v;)
v b, '

v

If b,/b;<2 the solution is stable in the range v > v,, where v, = (v;b, —
2v,b;)/(b, — 2b;), otherwise the solution is unstable.

Solution 4 exists in the range v, < v < v3. Application of the Routh—Hurwitz
criterion makes it possible to establish that it is unstable.

Consider the sequence of changing modes with a constant amplitude of
oscillations, which is given by the constructed model, when the air flow velocity
changes, if the coefficients satisfy the condition b, /b,< 1/2. As long as the speed of
the oncoming flow does not exceed the critical speed of translational oscillations
v < v4, there are no oscillations. With an increase in the flow rate from v, to v,
there are translational oscillations, which, when the upper limit of v is exceeded,
are replaced by rotational ones. With a subsequent decrease in speed, the reverse
transition to translational oscillations is carried out at a flow rate v, < v;. With a
further decrease in the speed, the oscillations stop at a speed that is equal to the speed
of the oscillations v,. Thus, the model predicts hysteresis as the airflow speed
increases and decreases.

For some bodies, better predictions for pitching amplitudes are obtained by
approximating the normal force coefficient c,, mwith a higher order polynomial. For
example, for a prism with a square cross section, it was found that the best result is
obtained by approximating c, with a seventh order polynomial [59] in powers of the
angle of attack. At the same time, it was found that there may be one more hysteresis
in the region of the critical velocity of translational oscillations.

Let n = 7. Then the Krylov—Bogolyubov method in the first approximation

gives instead of the system of equations (4.7) and (4.8) the following system

] P G (Y + 20) + >4s (Y2 + 6Y0 + 30?)
—Hy v 44, 84,
354,
+ (Y3 4+ 12Y?%0 + 18Y0? + 403)|, (4.9)

644,
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. v (%
@=MZW®[1—§—b2(®+2Y)]. (4.10)

It is convenient to search for the steady oscillatory regimes of a body on an
elastic suspension by solving the system of ordinary differential equations (4.9) and
(4.10) numerically. We used the fourth-order Runge—Kutta method to solve the

system.
4.2. Experimental verification of the mathematical model

The above mathematical model was tested in the wind tunnel AT-12 of St.
Petersburg University on the example of testing a bridge segment model. One model
was made of wood. It had a width w = 100 mm and a length L = 700 mm. Another
model was made of metal with a width w = 110 mm and a length L = 780 mm.
Kaxmas moaens npeacTaBisieT co00i Tpu OaJIKK KPYTJIOTO CEYEHUs, COSTUHECHHbBIC
IICPCMbIYKAMH U ITOKPBITEIC HACTUIIOM. Cxema KOHCTPYKIHMH MOCTa ITPCACTABJICHA
Ha puc. 4.2.

Each model consists of three round beams connected by bridges and covered
with decking. The scheme of the bridge design is shown in fig. 4.2,

All experiments were carried out in the presence of round end plates having a
diameter of 200 mm or 220 mm. The purpose of the end plates is also to exclude the
overflow of air flow through the ends of the model. It was shown that in the case of
simulation of rotational oscillations of a thick plate, the aspect ratio of the plate L /w
should be greater than five [90]; this was shown earlier (see Section 3.2). The

proportions of our models satisfy this requirement.
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Fig. 4.2. Scheme of the bridge segment being tested.

Fig. 4.3. Experiment scheme. 1 — model, 2 — end plates, 3 — wind tunnel nozzle, 4 —
springs, 5 — semiconductor strain gauges, 6 — PC oscilloscope, 7 — computer.
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Fig. 4.4. Model with end plates in the working part of the wind tunnel.

The scheme of the experiment on oscillation of the bridge segment is shown in
fig. 4.3.

A photograph of the model in the working part of the wind tunnel is shown in
fig. 4.4. The model is fixed in the working part of the wind tunnel with the help of
eight steel springs and wire rods connecting the springs with the model. The model
thus installed could move with six degrees of freedom, but only translational
oscillations along the vertical axis OY and rotational oscillations around the axis OZ
were observed in the experiment.

Two C-50 semiconductor strain gauges register the tension of the two lower
springs. The Velleman-PCS500 PC oscilloscope converts the analog output signals
of strain gauges into digital ones and transmits them to the control computer. The

reading frequency is 1250 Hz. The duration of readings recording is 3.3 s.
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The calibration procedure and subsequent processing of the results make it
possible to relate the amplitudes of the output voltage oscillations of strain gauges

to the amplitudes of rotational and translational oscillations of the bridge segment.

4.3. Processing the results of an experiment with rotational

and translational oscillations.

The Fourier transform of the signal has been applied. It is established that
oscillations occur at two frequencies. One of the frequencies (low) corresponds to
purely translational oscillations in the vertical direction. Angular oscillations occur
at high frequency. There are also small translational oscillations with a high
frequency.

We assume that the displacement of the end of the spring is described by the
expression
Yij = Bjcoswit; + Cjsinwyt; + Dj cos wyt; + Ej sinw,t; + Fj + &5, (4.11)

B; = aj; cos @1, C; = ajy sin@jy, Dj = aj, cos @, Ej = a;; cos @y,
i=1,2,..n j=12

where yi; is the displacement of the end of the spring at time t;, j is the number of the
spring, n is the number of readings in the sample, a;1, aj; are the amplitudes of
oscillations of the ends of the springs with circular frequencies w; are constants, &
is a random variable corresponding to the experimental error. The coefficients in
formula (4.11) can be determined by the least squares method both for the entire
sample containing 4095 samples, and for some part of it. The coefficients in
expression (4.11) can be found by the least squares method, minimizing the sums of
squares S; = Y1, 612] Finding the coefficients in this case reduces to solving
systems of linear equations:

B; Y1 cos® wit; + C; Xivy sinwst; cos wyt; +D; Xy €OS wyt; oS wyt; +

+E; Y- sinw,t; coswyt; + F YL coswit; = Y, i cos wyt;,
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B; YL coswst; sinwyt; + € X7y sin® wt; + D; X7 cos wyt; sinwy t; +
+E; Yy sinwyt; sinwg t; + F YLy sinwy t; = YL, y;j sinw, t;,
B; Y11 cos w;t; cos wyt; + C; Yity sin wst; cos wyt; + Dj ity cos® wyt; +
+E; Y1 sinwyt; cos wot; + Fj YL, cos wyt; = YLy y;j COS wyt;, (4.12)
B; Y.~ coswyt; sinw,t; + G YT sinwt; sinw,t; + D; Y, €os wyt; sinw,t; +
+E; Y sin® wyt; + F Y sinw,t; = Y, vy sinw,t;,
B; Y-y coswit; + C; Yoy sinwyt; + Dj Y coswyt; + Ej Y-y sinw,t; + F; =
= Xi=1Vij-
In the case when both strain gauges register oscillations of a model moving strictly
translationally in the vertical direction, the phase shift of oscillations with frequency

w1 1S expressed by the formula @1 = @21 — @11 = 0. The dimensionless amplitude of
oscillations of the center of mass of the model is determined by the expression p,, =
(a;1 + ay;)w,/(2v). Consider the case of an arbitrary phase difference. The
expressions for the dimensionless amplitude of translational oscillations py; and the

amplitude of rotational oscillations pg with frequency w; have the form:

2 2
. Vaii + a3y +2a;1az; cos 9y @,
pyl - 217 )

2 2
. \/a11 + a3, — 2a4,0,1 COS @4
p91 - l '

The dimensionless amplitude of translational oscillations py, and the amplitude of

rotational oscillations pgy, with frequency w; are expressed by the formulas:

2 2
D, = \/a12 + a3, + 2a,,a5; COs P, W,
2 2v ’

2 2
_ \/a12 + a3, — 2a,,a,, cos @,
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4.4. Results of the experiment with rotational and

translational oscillations

One of the first experiments was carried out with a wooden model of a bridge
segment. Translational oscillations and rotational steady oscillations were observed
at small positive equilibrium angles of attack of 0.1 and 0.05 rad. On fig. 4.5 shows
the dependence of the displacement of the ends of the front and rear springs

depending on time. The oscillation frequency is 4.1 Hz.

1 2
30
45‘4‘ H *\ l i
1 \ e ) ) i
15 1 \ j J R i
4 ul ! I £
E 0 ! i fll ‘ ) llI
- I i ! ! \ w
= 15 i | ' ' T
L | ¢ i i
fl ! ! / i
: iy of |
30 ‘ i) i | Wi/ "
| ] iy A ‘hl\‘ i
| ! | ! | ! | ! | ! | ! | ! | ! 1
0.0 02 04 06 08 1.0 1.2 14 16
Time, s

Fig 4.5. A typical dependence of the displacement of the ends of the springs on time
during translational oscillations, 1 and 2 — refer to the rear and front springs, respectively.

These two dependencies are close to each other. The oscillations are
progressive. Completely different dependences of displacements are shown in Figs.
4.6. The phase shift is close to z, but not equal to . Oscillations are rotational

oscillations with a small addition of translational ones.
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Fig. 4.6. A typical copy of the recording of rotational oscillations.

The steady oscillations of the bridge segment took place at small positive
values of the angle of attack a.

The following graphs (Figures 4.7 and 4.8) show the results of testing a wooden
model of a bridge segment at two equilibrium angles of attack of 0.1 and 0.05 rad.
The points on the graph were obtained by averaging over five measurements.

As the flow rate increases, the model goes through two different modes of
oscillation. At low speeds translational oscillations occur in the vertical direction
with a frequency of 4.1 Hz. Then these oscillations are replaced by translational
oscillations in the vertical direction with a frequency of 9.1 Hz and rotational
oscillations around an axis passing through the plane of symmetry of the model with
a frequency of 9.1 Hz. At an angle of attack of 0.1 rad, the ranges of the two modes
are separated. At an equilibrium angle of attack of 0.05 rad, the ranges of different

regimes overlap.
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Fig. 4.7. Dependence of the dimensionless oscillation amplitudes at 6o = 0.1 rad.
1 — translational oscillations, 4.1 Hz, 2 — translational oscillations, 9.1 Hz, 3 — rotational

oscillations, 9.1 'y
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Fig. 4.8. Dependence of the dimensionless oscillation amplitudes at 6o = 0.05 rad.
1 — translational oscillations, 4.1 Hz, 2 — translational oscillations, 9.1 Hz, 3 — rotational

oscillations, 9.1 Hz

Thus, in experiments with a wooden model of the bridge segment, the
predictions of the mathematical model about the change in flow regimes with a
change in the speed of the oncoming flow are qualitatively confirmed. At the same
time, the presence of a velocity range at an equilibrium angle of attack of 0.05 rad,
in which oscillations with two frequencies exist, we questioned, since the experiment
may have fixed oscillation modes in which oscillations with a constant amplitude
have not yet been established. The experiment also recorded the presence of
translational oscillations with a small amplitude accompanying rotational
oscillations, and the frequency of these translational oscillations coincides with the
rotational frequency. The existence of these translational oscillations is explained by
the fact that during rotational oscillations, a change in the angle of inclination of the
body leads to the appearance of a lifting force, which causes translational oscillations

with the rotational frequency. In the mathematical model for the analysis of
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oscillations, an approximate method is used, which does not take this effect into
account.

The following experiments were carried out with a metal model, the mass of
which is greater than that of a wooden model, the dimensions during manufacture
are maintained more accurately.

With the help of a three-component balance with a wire suspension, the
aerodynamic coefficients of drag cxa and lift c,, are determined depending on the
angle of attack a. The model was motionlessly fixed in the working part of the wind
tunnel. The normal force coefficient c, is calculated by the formula

Cy = Cyq COS(a@ — 6)) + ¢, sin(a — 6,).

The dependence graph c, (a) is shown in fig. 4.9. The abscissa shows the

deviation from the angle of attack 8, = 0.1 rad. The OY axis is perpendicular to the

free stream velocity vector if the angle of attack is a — 6, = 0.
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Fig. 4.9. Experimental dependence of c,, on the angle of attack a — 8, and its

approximation by a 7th order polynomial.

The coefficients 4; (i=0, 1, ..., 7) in the expansion of ¢, in powers of the

angle of attack are given below:
(Ag, Ay, ..., A) =
= (0.253,—1.501,—-16.96,303,—120,—12066,10726,185574).

The profile of the bridge segment is not symmetrical, so the coefficients at even
degrees of angle of attack are not equal to zero.

The coefficients 4; (i=0, 1, 2, 3) were also determined for the case when the
expansion of the dependence of the normal force coefficient on the angle of attack
is limited to terms no higher than the third degree. The coefficients are given in table.
4.1.

Table 4.1. The coefficients Aj

6o Ao As Az Az

0.08 |0.278 |-045 |-34.5 |264
0.09 |0.268 |-1.06 |-26.0 | 296
0.10 ]0.253 |-1.50 |-17.0 | 303
011 ]0.234 |-1.76 |-8.06 |286
012 ]0.213 |-1.84 |0.01 248
0.13 ]0.193 |-1.78 |6.64 192
0.14 10.173 |-1.60 |114 122
0.15 |0.155 [-1.35 |139 |46

The parameter ¢ is determined in an experiment with rotational oscillations of
a model of a bridge segment made of metal. The model could only rotate around an
axis perpendicular to the velocity of the oncoming flow. The axis passes through the
plane of symmetry of the bridge. The tail holder is attached to the springs. Fixed in
this way, the model performed rotational oscillations with a constant amplitude in
the air flow. The experimental procedure is described in section 3.1. The algorithm

for processing the results of the experiment is described in section 3.2.
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The parameter ¢ is determined from the dependence of the squared amplitude
of steady-state oscillations on the Strouhal number Sh = fw/v, where f is the
oscillation frequency. This dependence is approximated by a linear function

p5=a+bSh, §&=4a.
On fig. 4.10 shows the experimental dependence of the squared amplitude on the
Strouhal number for several equilibrium angles 6.
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Fig. 4.10. Dependence of the squared amplitude of rotational oscillations on the Strouhal
number: 1 -6, =0.017,2-6, = 0.035,3-6, = 0.052,
4-6y=0.079,5— 6, = 0.105

Next, we present the results of measuring the oscillation amplitudes at the angle
of attack, which in the absence of oscillations was equal to a, = 0.1 rad. As the flow
rate increases, the model goes through two different modes of oscillation. At low
speeds, translational oscillations occur with a frequency of 2 Hz in the vertical
direction. Then these oscillations are replaced by rotational oscillations around the
axis passing through the plane of symmetry of the model. The frequency of
translational oscillations is much less than the frequency of rotational oscillations of

7.5 Hz. The ranges of existence of the two oscillation modes overlap.
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On fig. 4.11 shows the dependence of the squared amplitudes on 1/v. The
dependence is close to linear, as predicted by the mathematical model. You can find
the parameters b, = 65,1 u b, = 3,1

On fig. 4.12 shows the dependences of the dimensionless oscillation amplitudes
obtained in the experiment and as a result of a numerical calculation carried out by
the Runge—Kutta method. The following values were set as initial data in the

calculation: v =4.2m/sv, = 13.5m/s b, = 3.5.

The expansion coefficients c, in powers of the angle of attack o, used in the

calculation are given above.
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Fig. 4.11. Dependences of the squared dimensionless amplitudes of translational and rotational
oscillations on the reciprocal velocity of the oncoming flow: 1 - translational oscillations; 2 -

rotational oscillations.
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The parameter b, of a simple model, which takes into account in the expansion
of ¢, in powers of the angle of attack a, only terms not higher than the third order of
smallness, was 110.5. Right border of the hysteresis region v4, calculated by a
simple model is equal to 14.13 m/s. Left boundary v, = 13.65 m/s. n a more complex
model, the values of the boundaries of the hysteresis region differ from the
boundaries of a simple model by no more than 0.1 m/s.

Thus, the pattern of changing modes of oscillations is qualitatively described
by the proposed mathematical model. Some quantitative discrepancy between the
results predicted by the model and the experimental data can be explained by
experimental errors and the imperfection of the model describing rotational

oscillations.
4.5. Transverse oscillations of the spring suspension rods

In a number of experiments, the process of oscillations included transverse

oscillations of one of the springs with a wire rod. Under natural conditions, when



144

the bridge vibrates, this phenomenon may correspond to oscillations of one of the
cables of the cable-stayed bridge. The reason for such oscillations is parametric
resonance, which is caused by oscillations in the tension of the spring with thrust
with a frequency approximately twice the natural frequency of the transverse
oscillations. Let us assume that these transverse oscillations can be described by
representing them approximately as oscillations of a stretched string in the mode
when half the wavelength of transverse oscillations fits in the length of the string.
As is known, such oscillations are described by the Mathieu equations [80]. We
added an additional term to the Mathieu equation to limit the amplitude of the string's
oscillations.

Thus, the system of equations describing the translational oscillations of a body
in an air flow (4.13), rotational oscillations (4.14), was supplemented by one more

equation of transverse oscillations of a spring suspension (4.15):

v v, A, v A Az (N2 As /3 A
ji+wfy=u1;[1——1+—zz—2—29+—3(%) —3—3(X>9+3—302]

v Av Aq A A \v Ay
v? A, Asg

-y — 9——92+—93)+T : 413

. 2 . 2 A

. v . W 0

b+ w26 =uzwl1—592 —5(%) +259% x <9 +%y> - v,
+T,, (4.14)
Z+ w5z = —u30z — u,zz2, (4.15)

where z is the transverse displacement of the string center divided by its length.
Transverse oscillations of the string cause an additional periodic change in
tension due to the fact that oscillations are accompanied by changes in the length of
the string. Therefore, the terms T,,, and Ty, are added to the equations of translational
(4.13) and rotational (4.14) oscillations, which describe the periodic change in the
vertical force and moment of forces associated with transverse oscillations of the

string.
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We will solve the system of equations (4.13, 4.14, 4.15) by the Krylov-
Bogolyubov method. Let's introduce new variables.

0 = pg cOsY,, Py = Wyt + @y, 2 = p, cosY3, Y3 = w3t + @3,
Wy, = 23 + Aw, wy = 2w5.

The term T,,, is a periodic function with a slowly changing amplitude and a
frequency close to w,. Therefore, the term will not affect the result of applying the
Krylov-Bogolyubov method to equation (4.13).

The term Ty, has the form
Ty, = apZ cos 2153 = ap? cos(P, + Ap) = ap?(cosp, cos Ap — sin, sin Ag).

Assuming the frequency shift Aw is small compared to the frequency w, we
transform equation (4.14):

2 .

. v y . (1)2
0+ wi0 = —20ww,0 +‘HZW[1 — 56 —6(%) +269% X (9 +%y>
0 N
— Uy Uy w + ap?(cos, cos Ap — sinp, sin Ag). (4.16)

When solving equation (4.15) by the Krylov-Bogolyubov method, the slope
angle 6 is represented as

0 = pg costhy = pg cos(2h3 — Ap) = pg (cos? P — sin? P5) cos Ag +
2pg Sinz cosP; sinAg.

The Krylov-Bogolyubov method leads to equations for slowly changing
amplitudes and phase shifts of oscillations:

. Uy U v, O 2 a )
=2 _pl1-—=-= 2p2)| + = pZ sin Ag,
Po pre[ — — 2 Pa +2py) +2w4pz sinAg

5, = 43 sinAp — =% p3
Pz 4(1)3'09'02 @ 8,02'

. a
PoPs = Awpy — 2—0)4/)22 cos A,

Dy = s cos A
PzP3 40)3 Po Pz Q.
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From the last two formulas we obtain an expression for the derivative Ag. Let
us add to the system of equations the equation of translational oscillations, the

equation obtained from (4.13) by the Krylov-Bogolyubov method.

pr= "=y [1 == (o} + 209)], (4.17)

po =2 py[1-22 - 2 0E+ 209)| + 5 PEsindp, (4.18)
pr = 4H_(j3p9pz sin Ap — %pﬁ, (4.19)

polp = cos A (zu—alpé + 2%4;)3) — Agpy. (4.20)

We accept that the processes described by equations (4.19, 4.20) occur faster
than the processes described by equations (4.17, 4.18), that is, u; and u, are much
less than uz /w3, us/w; and a/w?.

Then we can assume that during the establishment of oscillations with
amplitude p, and phase shift Ag, described by equations (4.19, 4.20), the amplitudes
of translational p, and rotational pg x oscillations of the body remain constant. We
restrict ourselves to the case of a very small frequency shift, which corresponds to a
small value of cosAg, and the difference between sin® Ag and unity can be

neglected. We get that

2 2#3

Pz = Pe

sinAg. 4.21
Uy 4 ( )

We substitute this expression into equation (4.18), while considering sin? Ap ~

Making small transformations and introducing the notation v, = 4wus/
(u,pusws), We obtain that the system of equations (4.17, 4.18) coincides with the
system of equations for translational and rotational oscillations of the body without
taking into account the transverse oscillations of the spring suspension, in which the

speed v, is replaced by to a lower speed v5:
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. H1 V
Py = __PY [1 ———by(p§ + 2p9)] (4.22)
, = H2¥ _ﬁ__z z

Thus, the proximity of the natural frequency of the string, which is part of the
suspension, to half the natural frequency of the rotational oscillations of the structure
leads to a decrease in the critical speed at which the transition from translational
oscillations of the body to rotational occurs.
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Chapter 4 conclusions

A mathematical model is proposed that describes the translational and
rotational oscillations of a bluff body in a gas flow. The well-known quasi-stationary
model was taken as the basis for the model of translational galloping, and the model
of oscillations of a small elongation cylinder was taken as the basis for modeling
rotational oscillations, which, as it turned out, is suitable for describing rotational
oscillations of thick plates and segments of bridges equipped with end plates. When
modeling, it is taken into account that the instantaneous angle of attack is the sum of
the inclination of the body and the angle, the tangent of which is equal to the ratio
of the vertical velocity of the body to the horizontal velocity of the body relative to
the medium. When the dependence of the normal force coefficient is approximated
by a third-order polynomial, the body motion equations are reduced to differential
equations coinciding with the Lotka—Volterra equations originally obtained to
describe the competition of two animal species eating the same food. The predictions
of the model were confirmed in a wind tunnel experiment. The model correctly
describes the change in oscillation modes, including the hysteresis associated with
an increase and subsequent decrease in the air flow velocity. The model parameters
were determined in separate experiments.

It is found that the natural frequency of the string, which is part of the
aerodynamic suspension, when approaching half the natural frequency of the
rotational oscillations of the structure, will lead to a decrease in the critical speed at

which the transition from translational oscillations of the body to rotational occurs.
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CONCLUSION

Based on the research, the following results were obtained:

The results of a study of end plates on bottom pressure and an increase in the
recirculation zone of rectangular plates oriented perpendicular to the oncoming flow

velocity vector depending on the adjustment are obtained.

The results of the study of end plates on the sensitivity of plates sensitive to
thick plates on the Strouhal number are obtained. It turned out that to describe the
pathological oscillations of the plate, including or equal to the fivefold mathematical
model proposed earlier to describe the pathological oscillations of a large-caliber

cylinder.

A mathematical model is proposed that describes the sampling and
competition between two oscillation modes, translational and rotational. The model
has been tested in experiments on segments of a bridge limited by end plates. The
influence of the string, which is part of the suspension, on the critical rate of change

of translational oscillations to rotational oscillations is excluded.

When approximating the dependence of the normal force coefficient by a
polynomial of the average order of the equation of motion of the body with a
dependence to differentiated equations coinciding with the Lotka-Volterra equations

estimated to describe two animal species eating a common food.

Reliability of the obtained results of comparison of the results of the
mathematical model and data on profits and losses. Due to the wide prevalence of
objects of high morbidity in low-income conditions, the results obtained can be used
in the analysis of the behavior of poorly streamlined structures, for example,

segments of bridges.
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