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BBenenune

B teopun urp KoHMIUKTHI ¢ ydacTHEeM TPEX 1 OoJiee MPeCIeAYIOIMX COOCTBEH-
HBIC [IEJIM CTOPOH 10 MHOTHM IPHYHHAM CYHUTAIOTCS CYIIECTBEHHO 00JIee TPYIHBIMH
JUTsl MOJICIUPOBAHUS B CPAaBHEHUHU C KIACCUYECKMMU MapHBIMH MPOTUBOCTOSHUSIMHU.
Cpenu >TuX IPUYHH CleAyeT 0c000 MOTYEPKHYThH BIMSHUE, OKa3bIBAEMOE HA MX XOJ
uHbOpMallMOHHOW acuMMeTpHell. B urpax ¢ qByms ydyactHukamu e€ 3QQexT, B 1eJIoM,
CBOJIMTCS K TTOCJICACTBUSAM allPHOPHOM HETIOTHOTHI X 3HAHUH O MapaMeTpax KOH(IUK-
Ta ¥ OOBIYHO OTMCHIBACTCS IIPH IMIOMOIIH OaliecoBCKUX Mojeneh. [maréxnas GyHkmus
B TaKUX CIydYasX HE SBIIICTCS OONIUM 3HAHHUEM HTPOKOB, KaXKIBIM W3 HUX JEHCTBYET
UCXO/S U3 COOCTBEHHBIX, BOBMOXKHO, PA3IUYAIONINXCS MPEITOI0KEHIH, BRIPAKEHHBIX
B (hopme pacmpeesieHus BEpOsSTHOCTEN Ha TPOCTPAHCTBE BCEBO3MOXKHBIX TUIATEKHBIX
(GYHKIMNA ¢ 3aJaHHBIM MHOXKECTBOM CTpPATErHii.

Emé ogauM ncTouHMKOM WH(OPMAIMOHHON aCHMMETPUU B TTAPHOM KOH(IHK-
T€ MOXET BBICTYIIaTh IMPUCYTCTBHUE B JICHCTBUAX OIITOHEHTOB TAHHOW COCTaBIISIOIICH
B TE€X CIIy4asix, KOIJIa OH MPOXOJUT B HECKOJBKO CcTaauu. [Ipu 3TOM HEUCTBUSA, yXKE
COBEPIIEHHBIC UTPOKOM HA PAaHHHUX CTAJIUSIX, MOTYT OBITh MOJHOCTBHIO WJIM YACTUIHO
HEW3BECTHHI €T0 TPOTUBHUKY, BBIHYKJICHHOMY OCHOBBIBATh CTPATETUIO 00JIee TTO3THUX
CTaaui Ha TMPEANOJIOKCHHUIX. ITO €CTECTBEHHBIM 00pa3oM GopManu3yercs IpH Io-
MOIIIM WH(POPMAIIMOHHBIX pa3OUeHHI JIepeBa X0/I0B B pa3BEpHYTOM Gopme urpsl. Ilo
CYyTH, ABYMSI YIOMSHYTBIMH acCIleKTaMH{ HCUCPIBIBACTCS BIUSHUE WHOOPMAIMOHHOM
ACUMMETPUM Ha KOH(MIUKTHI ¢ IByMsi cTopoHamu. OJHAKO, YBEIMYECHUE KOJIUYECTBA
YYaCTHUKOB €I11€ XOTs Obl Ha OAHOTO MOPOXKIAET HOBBIM (DEHOMEH, 3aMEUCHHBIN eIIE
Po6eprom Aymanom B ctatbe [ 1], Tae BrepBbie ObUIO CPOPMYIUPOBAHO KOPPEITHPO-
BaHHOE PACIIMPEHHUE UTP B HOPMAIBHOU (opMme.

BripaxkaeTcs 3TOT peHOMEH B TOM, KakK JJISI OJHUX M T€X K€ UTP COOTHOCST-
Csl MHOXKECTBA paBHOBECHI 110 HaIIy B CMEIIAHHBIX CTPATETHSX M C UCIIOh30BaHUEM
BHEIIIHUX MEXaHU3MOB KOppessiiuu. s ciiydast 1ByX UTPOKOB BCE BEKTOpa mMarema-
TUYECKUX OKUJIAHUM BBHITUIAT B TOYKAX KOPPEIMPOBAHHBIX PABHOBECUM MPUHAIJICHKAT
BBITTYKJION 000JIOUKE MHOXKECTBA CMEIIIAaHHBIX PAaBHOBECHH, T. €. MEXaHU3MBbI KOPPEIIs-
UM MOXKHO pacCMaTpUBaTh MPOCTO KaK CIIOCOO MOJyUCHUS JTUHEHHBIX KOMOWHAITHA
KJ1accuuecKkux pemreHni. C MmosBIeHHEeM TPETheTro UTPOKa KapTHHA MEHSAETCSI — B HEKO-
TOPBIX UTPaX MPHUCYTCTBHE HEMyOIUIHOTO KOPPEISAIMOHHOTO MEXaHHU3Ma TO3BOJISICT

JOCTUYh TOYEK paBHOBECHs 10 Harny ¢ BeImiaTaMu 3a mpeiesiaMu BhITYKJIONH 0005104-



KM PEIICHUN B CMEIIAHHBIX CTpareTusix. DakTU4EeCKU, 3TO O3HAYAET, YTO ACUMMETPUS
3HAHUU MOXET OKa3bIBaTh CYIIECTBEHHOE BIWSIHUE HA MCXOJI MHOTOCTOPOHHETO KOH-
buKTa 1ake B TEX Clydasx, KOTja OHAa HE KacaeTcsl CYIIECTBEHHBIX IS CTPYKTYPhI
BbITIAT (hakTopoB. Ha30BEM UTphl, MOABEPKEHHBIE 3TOMY dPDEKTY, Uy8cmeunmenvHbi-
MU K OONOHUMENbHOU UHDOPMAYUOHHOU ACUMMEMPUU.

XOTsl ONUCaHHBIN (PEHOMEH M3BECTEH YX€ JIaBHO, MPU MOCTPOCHUU MOJEieH
OOJBITMHCTBO HCCIIEIOBATENCH OOXOMUIM €r0 CTOPOHOM, paccMaTpuBas CKOpee Kak
KypbE3HYI0O 0COOEHHOCTh HEKOTOPBIX UTP MHOTHX UI'POKOB. BaXKHBIM HCKIIOYEHUEM
IIPU 3TOM BBICTYIIACT, MOXKAIyH, HanboJiee 3HaYMMast U3 aKTUBHO MCITOJIB3YIOMHX (Pop-
MaJIu3M KOPPETUPOBAHHOTO PACHIMPEHUSI UTP B HOpMalbHOM (opMe 00J1aCTh TEOPUU
UTp — «IM3aiiH MexaHu3MoB» [2]Jleonnna ['ypBruua, Oprka Macknna u Pomxepa Maii-
epcoHa. VX moaxo CTaBUT CBOEM LENBIO CO3JAHUE SKOHOMHYECKUX MHCTPYMEHTOB,
CTUMYJIUPYIOIIMX 3TOUCTUYHBIX PAIMOHAIBHBIX ar€HTOB K MOBEACHHUIO, ONITUMAJIbHO-
MYy C TOYKH 3pEHHSI OONIUX IeJeBhIX (QYHKIMH, POpMaTU3YIOMUX PA3TUYHBIE COIU-
anpHbIe O1ara. byyun upe3BbpIuyaliHO TUIOJOTBOPHOM 00J1aCThIO UCCAEAOBAHUM, TU3aH
MEXaHU3MOB TTOPOIMII MHOKECTBO HAIPaBICHUN U OTBETBJICHUMN, OObETUHEHHBIX TEM
HE MEHEE PSIIOM HEOTHEMJIEMBIX OOIINX YePT, MTPOUCTEKAIOIINX U3 HHHOPMAITMOHHOM
CTPYKTYPBI UTP, JUISI KOTOPBIX JIOKA3bIBAKOTCS €r0 OCHOBHBIC IOJOKECHUA. TUNIHMYHAA
CXeMa B3aWMOJICMCTBUN BBINISIAUT TAK: UTPOKU-ATEHTHI, 3HAIOIIME CBOU MPEANOYTE-
HUSI 1 BOBMOXKHOCTH, HO HAXOISIIUECS B HEBEACHUN OTHOCUTEIBHO ATUX MapaMETPOB
y IPYyTUX YYaCTHUKOB, UHGOPMUPYIOT O HUX IIEHTP, (POPMUPYIOIINA Ha OCHOBE 3TOM
uH(popMaIuu Habop KOPpEeTUPOBAaHHBIX cTpaTeruil. Jlamee HeHTp peamusyeT ero AJis
KOHKPETHOTO CJIy4asi B BUie HaOOpa YUCTHIX CTPATErHil U HHCTPYKTUPYET KaKIOTO U3
AreHTOB, KOTOPBIEC B CBOKO OUYEPEh U MPUHUMAKOT OKOHYATEIIFHOE PEUICHUE O TOM WJIH
WHOM JIeicTBUU. [Ipr 3TOM nopazymMeBaeTcs, 4To areHThbl MOTYT JITATh HA IEPBOM 3Ta-
1€ U HE TIOJUYUHATHCS Ha IOoCieaHeM. [T1TaBHOM 3a1auen qu3aiiHa MEXaHU3MOB B 3TOU
IapaiurMe CTAHOBUTCS CO3JAHHUE TAKUX AJITOPUTMOB IMOBEAECHHUS LIEHTPA, YTO CTpATE-
TUU TIPaBAMBOCTHU U MOCIYIIaHUs 00pa3yroT AJII areHTOB paBHOBecue Homia.

He BnmaBasick B nmeranud, MOXKHO CKaszaTh, YTO JM3alH MEXaHW3MOB Oa3upyeT-
Cs Ha YaCTHOM cjydae WH(OPMAIMOHHOW aCHMMETPHH — CBOETO poja 3BE3MUaTOM
CTPYKTYpPE€ CBSI3€H, INI€ BBIICJICHHBIA IEHTPAJIbHBIM areHT MOXET B CBOMX HHTEpE-
cax pacropspKaThbesi OOITUM MEXaHU3MOM KOPPEJSINM, a MOAYMHEHHBIC €My areHThI
HaXOISTCA B MOJIHOW M30JBSIUMU KaK IPyr OT APYra, Tak U OT OCTajabHOro mmpa. Ha-
3BaHMUE 3/I€Ch IEMCTBUTEIBHO HEIUIOXO OTPAKAET CBOMCTBEHHBIW JJISI MOJAEIHU B3IV

Ha KOHQUIMKTBI — uepe3 e€ MPU3My CTOPOHBI PACCMATPHUBAIOTCS KaK B3aMMO3aMEHH-



MBI€E JIETAJIA €UHOTO PyKOTBOPHOTO MEXaHU3Ma, HE CBSI3AHHBIE HUYEM KPOME YUacCTHs
B HEM. XOTs MOJEIMPOBAHUE B paMKax MOJOOHOTO YIPOIICHUS BIOJIHE MOXET OBITH
MOJIE3HO MPHU KOHCTPYUPOBAHUU (POPMATIU30BAHHBIX CIIOCOOOB PEIICHUS] KOH(IIMKTOB,
OHO HUKaK HE MOXXET TIOMOYb B TE€X CIy4dasiX, KOrJa Ha HUX OKa3bIBAET CYIIECTBEHHOE
BIMsiIHUE MH(GOPMAIIMOHHAS aCUMMETPHS, CKJIaJIbIBAIOIIASICSI HE B pE3yJIbTaTe CO3Ha-
TEJIHHOTO JIU3aiiHa, a €CTECTBEHHBIM 00pa30M, IO MEepe CIIOHTAHHOTO B3aMMOICHCTBUS
AreHTOB B HEKOHTPOJMPYEMOW, BHEIIHEN C TOYKM 3peHUsI Moaenu cpene. K npumepy,
CJIOHO MEPEOLEHUTh 3HAYMMOCTb BIUSHUS KOPPYILMU HA TOJTUTUYECKUE U SKOHOMH-
YECKHE UHCTUTYTHI, & BEJlb OHA CKJIAJIBIBACTCSI UMEHHO U3 TAKUX HE3aIlIAHUPOBAHHBIX
UH(OPMAIMOHHBIX CBSI3€H, BHEITHUX MO OTHOIIEHUIO K CAMUM MHCTUTYTaM.

[To onricaHHOM TPUYKHE UCCICIOBAHNUE BIUSHUS JOTOJHUTEIHFHON HHPOPMAITH-
OHHOUM AaCUMMETPHUU Ha PEIICHUSI UTP MHOTUX UTPOKOB HUKAK HEJIb351 CBOAUTH TOJIBKO K
KOHCTPYKTUBHBIM MOJICJISIM. YBBI, HO 3a MpeJeaMH Ju3ailHa MEXaHU3MOB CIIOXKWIIACh
Tpaaullus UTHOPUPOBATh ITOT eHomeH. K nmpumepy, B crarse [3]dpro Oynendepra u
Opuka MackuHa MOXKHO HaWTH CleayIonyto cHOCKY: «Actually, if n > 3, the other
players may be able to keep player j’s payoff even lower by using a correlated strategy
against 7, where the outcome of the correlating device is not observed by j (...). In
keeping with the rest of the literature on repeated games, however, we shall rule out
such correlated strategies.»' A Benb Ka3anoch Obl, B KOHTEKCTE HOBTOPSIOLIMUXCS UTP €
JUCKOHTUPOBAHUEM MTPOOIEMaTHKA UCIIOJIb30BAHUS CEKPETHOCTH MEXaHU3Ma KOppes-
L[UU JIJIS1 YyCUJIEHUS CTPATETUH HaKa3aHUS JOBOJIBHO JIFOOOIBITHA — HABEPHOE B KAXKIOM
00J1aCTH UCCJIEI0BAHMM, MCIONB3YIOIIEH HapOAHYIO TEOpEMY, OT AHTPOIOJIOTHHU 0
MEKTYHapOJIHOM MOJUTUKHU, HECIIOKHO OTBICKaTh MPUMEPHI TOTO, KAK TPYIIIbI aT€HTOB
YCUJIMBAJIU CBOIO KOJIJIEKTUBHYIO JIOJIFOCPOYHYIO MO3UIUIO MPU MTOMOIIU HEO0XO0IUMO
TaHOT'O COIIACOBAHUS ACHUCTBUM. YBBI, HO PUXOJAUTCS KOHCTAaTUPOBATh, YTO TEOPUHU
UTP 10 CHX MOP MOYTH HEYETO MPEAJIOKUTh APYTMM HayKaM B KaY€CTBE MHCTPYMEHTA
aHaJM3a OMHUCAHHOTO (PeHOMEHA.

Heabo naHHOW PaOOTHI SBISICTCS CO3JIaHHE HOBOM MOJEIN MHOTOCTOPOHHHX
KOH()IMKTOB, YUYUTHIBAIOIICH BIMSHUE HA UX XOJ JOTOIHUTEIHHON MH(MOPMAITMOHHOM

ACUMMETPHH.

1«B cymmoctw, ecitu n > 3, ocTabHbIE HIPOKH MOTYYAIOT BO3SMOKHOCTB OMYCTUTh BBIILIATHI HTPOKA j ElIé
HUJKE, UCTIONB3YS POTHB HETO KOPPETHMPOBAHHYIO CTPATETHIO, B KOTOPOW UIPOK j HE MOXKET HaOMIo#aTh CUrHana
MexaHu3Ma Koppessiud (...). [IpuaepskuBasch CIOXUBIIEHCS B TOCBSIIEHHBIX TOBTOPSIIOLIMMCS UI'paM IyOJHKa-

quAax Tpaauluu, Mbl, BOPO4YEM, HE 6YZ[CM paccMaTpruBaTh TAKUEC KOPPEIIUPOBAHHBIC CTPATCTHUU.»



JInst moCTH KEHWs TTOCTaBICHHOM eI HeOOXOANMMO OBLIIO PEHIUTh CIEIYIONINe

3aJa4M:
1.

HccnenoBath opMann3M KOppEIUPOBAaHHOTO 0000IIEHNUS UTP B HOPMAJIbHON
dbopmMe ¢ TOUKH 3peHus NMPOOIEMaTUKHU pabOTHI.

Pazpaborare cnoco0 omnucanHusi HHGOPMAILIMOHHBIX CTPYKTYp, JAOCTAaTOUYHO
pa3zHooOpa3HbIM 00pa30M CBSI3bIBAIOIIUX YYAaCTHUKOB MPOU3BOJIBHOTO KOH-
¢ukra.

HccnenoBars BIMsIHUE AOMOJHUTEIHLHOM HHPOPMAITMOHHONW aCUMMETPUHU Ha
COOTBETCTBUE PABHOBECHI KPUTEPHUSIM KOJUIEKTUBHOM PAIMOHAIBHOCTH.
Pa3zpaboTaTh npuemiieMyl0 KOHLEMIHMIO PEIICHUs] ¢ YYETOM CBSI3€H MEXIy

areHTaMH JIJIS UTP C JOTOJHUTEILHON HH(POPMAITMOHHON aCHMMETPHEH.

Hayynasi HOBU3HA:

l.

BrieeHbl B KaueCTBE CaMOCTOSATEITLHOTO 0ObEKTa UCCIICIOBAHUS UTPHI MHO-
TUX UTPOKOB, MPOSIBIISAIONINE YYBCTBUTEIHHOCTD K JOTIOJHUTEILHON HH(OP-
MAI[MOHHOW aCUMMETPUH.

[Ipennoxken dopmannu3M MPOCTPAHCTBA 3arOBOPOB, CHEIHAIBHBIM 00pa3oM
CY)KaIOIUA B TEIAX MOJCIUPOBAHUS JOTOJIHHUTEIHLHON WHGOPMAIIMOHHOM
acUMMeTpUU (popMaTu3M MPOCTPAHCTBA KOPPEISALIUH.

ChopmynupoBaHa KOHIEMIUS CTPYKTYPHO COTJIACOBAHHOTO DPaBHOBECHSI,
MO3BOJISIFOIIAsE BO MHOTHMX CIIy4dasiX BBIJICNISITh CPEAW PEIICHUA WUIpP B
MPOCTPAHCTBAX 3arOBOPOB OTBEUAIOIIME MPUHIMIY KOJJICKTUBHOW palu-
OHAJIbHOCTH.

ITokazaHa BO3MOKHOCTb PAaCIIMPEHHUS MHOXECTBA COBEPIICHHBIX IOJIbIT-
POBBIX DPABHOBECHMU B TNOBTOPSIOIIMXCA WIPAX, YYBCTBUTEIBHBIX K
JOTIOTHUTEILHON WH(OPMAITMOHHON aCUMMETPUM, TPU TMOMOIIMN HHCTPY-

MEHTOB COBPEMEHHOU KpUNTOTrpaduu.

HpaKTI/I‘IeCKaﬂ SJHAYUMOCTD pa6OTBI IMPOHUCTCKACT H3 SIBHOM H606XOI[I/IMOCTI/I

YUYUTBIBATH IIPHU MOACIIMPOBAHUHN MHOI'OCTOPOHHHUX I(OH(bJ'II/II(TOB TOT (I)aKT, qTO COCTaB

WX YYaCTHUKOB HE SIBIIICTCS B OOJIBIIMHCTBE CIIy4aeB CIIy4allHOW BBIOOPKOM HHKAK

HE CBSA3aHHBIX JPYT C ApyroMm areHtoB. Knmaccumueckuil popmainu3m urp B HOpMaib-

HOU hopMe onupaeTcs Ha HESIBHOE JOMYIIIEHUE, COCTOSIIEE B TOM, YTO €TUHCTBEHHOM

3HAYMMOM XapaKTepHCTI/IKOﬁ KaXX10I0 UI'POKa ABJIACTCA MOPAAOK €ro HpGI[HO‘-ITCHI/Iﬁ

OTHOCHUTEJIBHO MCXO/Ia PO3BITPHIIIA, BbIpaXKaromuics B popMe miarékHONU (QyHKIIUH.

COBepH_IeHHO OYCBHUIHO ITPHU 3TOM, UTO PCAJIbHBIX J'HO,Z[Gﬁ, BCTyHaromux B IPOTHUBOCTO -

HHUC, 3a9aCTYIO CBA3BIBAIOT 3HAYUMBIC JJIA CTO UCX0/dd OTHOHICHHA, CTPYKTYPa KOTOPBIX



HE MOXET OBITh BBIPa)KE€HA MPOCTHIM COUYETAHHMEM IIATEKHbIX (QyHKIUN. B kauectse
HaITISAHON WIUTIOCTPALUU TaKOM CBSI3M MOXKHO CPaBHHUTH JIBE BOOOpakaeMble apTUH
B OpuIK Uiu pedepanc ¢ y4aCTHEM OJJMHAKOBO CHIJIbHBIX UTPOKOB, PA3IHYAIOIIAECS
TEM, YTO B OJJHOM CJIy4ae 3a CTOJIOM CUISAT HE3HAKOMIIbI, & B IPYTOM YacTh U3 HUX UI'pa-
10T BMECTE YK€ MHOTO JieT. JIto00# J0CTaTOYHO OMBITHBIN KapTEKHUK CKAXKET, UTO TPU
PaBHBIX HaBBIKaX (PAKTOpP «CHITPAHHOCTH» C MapTHEPOM HANEKHO OOECIICUMBAET pe-
HIaro1iee npeuMyuecTo. EctecTBeHHbIM 00pa3oM 3TOT (PeHOMEH MOKHO 000OIIUTH U
Ha OoJiee 3HAYMMbIC KOH(MIMKTHI: MOJUTHKA, OM3HEC, TUTIIIOMATHs — BE3e, 1€ UCXO
IIPOTUBOCTOSIHUS CYLIECTBEHHO 3aBHCUT OT COINIACOBAHHOCTHU M HENPEICKA3yEMOCTH
JENUCTBUM, B3aMMOIIOHUMAaHKE, HE TpeOyIolllee KOMMYHUKAIINH, 3a4aCTyI0 MOXKET Ipe-
BpaTUTh MOpakeHHE B moOexay. TakuM oOpaszoM, sl 0ojiee TOYHOTO IpEeACKa3aHMs
MCXOJIOB MHOTOCTOPOHHHMX KOH()JIMKTOB HACYITHO HEOOXOJUMBI MOJIENH, MO3BOJISIO-
M€ YYUTBIBATh ATOT (HaKTOP.

MeTtogos10rusi 1 MeToAbI HccaenoBanus. B paboTe ncnonb3yroTes METObI TEO-

pUU UTP, TEOPUHU BEPOSITHOCTHU, TOMOJIOTMU U KPUIITOTpaduH.

OcCHOBHBIC MOJIOKEHUS, BBIHOCUMbIE HA 3aIIUTY:

1. JlokazarenbCTBO Te€OpEMBbI 00 n30MOp(hU3Me MPOCTPAHCTB KOPPEIIALINH, OTIPe-
JEJSAIOIIEN JUIsl HUX KJIACChl DKBUBAJIEHTHOCTH, B KOTOPBIE BXOIAT TOJIBKO
HEPA3JIMYUMBbIE C TEOPETUKO-UTPOBOU TOUKH 3PEHUS POCTPAHCTBA.

2. Jloka3arenbCTBO TEOPEMBI O IMPOCTPAHCTBAX 3arOBOPOB OAHOM CTPYKTYPHI,
Onaroapst KOTOpOM CTPYKTYpy MPOCTPAHCTBA MOXKHO CUUTATh €r0 UCUEPIIbI-
BaIOLIMM OIHCAHUEM.

3. Jloka3aTeabCTBO YyBCTBUTEIBHOCTH K JOTOJHHUTEIHHON WH(DOpMAIIMOHHOM
ACUMMETPHUHU CUMMETPUYHOMN MpoOieMbl MIIaHUPOBAHMS 3a/laHUN C HEMOHO-
TOHHOM OTIAYEH.

4. Pemenne TpEXCTOPOHHEH CUMMETPUYHOM MTPOOJIEMBI TNIAHUPOBAHUSI C HEMO-
HOTOHHOM (DYHKIIMEW OTUIATHI 32 CPOUHOCTh B aCCUMETPUYHOM IIPOCTPAHCTBE
3aroBOPOB, YAOBJIETBOPSAIONIEE KPUTEPHUIO CTPYKTYPHOM COITIACOBAHHOCTH.

5. Monenb NOBTOPSOITAXCS UTP C YIETOM CTOMMOCTH BBIYUCIICHHUM, HEOOXOIH-
MBIX JJI BBIOOpA X0/1a Ha OYEepPEHON UTEPALIUU.

6. Kpuntorpaduueckue crpaTteruu Haka3aHUs JJIsl TOBTOPSIOMIETOCS TPEXCTO-
POHHETO YET-HEUETA, ITOMOIHAIOIINE MHOKECTBO COBEPILICHHBIX IMOABITPOBBIX
PaBHOBECUM TOUKAMH, HE JOCTUKUMBIMU O€3 MPUHATUS BO BHUMAHHUE CJIOXK-

HOCTH aJITOPUTMOB.



Amnpobanus padorel. OCHOBHBIE pe3yJIbTaThl pabOThI TOKJIaAbIBaIUCh Ha: Jlo-
MoHOcoBckuX uteHusix (2017, 2021 rr) [4; 5], IX MoOCKOBCKOW MEXITYHApOIHOMN
KOH(EPEHIUHU MO UCCICAOBAHUIO Oorepanuil [6] u kKoHDEpeHIIMU MOJIOABIX YUEHBIX T10
MaTeMaTU4eCKOM AKOHOMUKE U skoHOMuYeckon Teopunt (MEET-2021) [7].

JInunblii Bkyaa. Pe3ynbrarel, mpencTaBieHHbIC B JUCCEPTAIMOHHONW paboTe
TEOPEMaMH U JIPYTMMU BBIHOCHMBIMU Ha 3aIUTY MOJIOKEHUSIMU, MOJIYYEHbI aBTOPOM
camocTtosaTenbHO. [loaroToBKa K myOIMKaluy MOJTYyYEeHHBIX PE3yIbTaTOB MPOBOIMIIACH
0e3 COaBTOPOB.

IIyoauxanuu. OCHOBHBIE PE3YJIBTATHI 10 TEME TUCCEPTALUU U3JI0KEHBI B 7 T1e-
YaTHBIX paboTax, 3 u3 KoTopsix [8][9][10] u3nanel B mepruoINYECKOM HAyYHOM >KypHa-
ne, pekomengoBanHoM BAK n unnekcupyemom Web of Science u Scopus. LlenTpanbHas
paboTa UMEET MePeBO/l Ha aHITMUCKHUM s3BIK[ | 1]. 3 paboThI M3aHBI B T€3UCAX JIOKIIA-
JIOB.

O0bem u cTpykTypa padorthl. /luccepranus COCTOUT U3 BBEAECHUS, 3 IJIaB, 3a-
KitoueHus u 4 npunoxkenuil. [lonusiii 00bEM nuccepranuu cocrasisieT 91 crpanunmy,

BKJItOUas 2 pucyHka u 5 tTabiun. Cnucok JIUTepaTyphbl COAEPKUT 28 HAUMEHOBAaHUM.
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I'maBa 1. Moaesb 3aroBopoBn

1.1 KoppeiupoBaHHoe pacliMpeHHe UIPbl B HOPMAJILHOI dopme’

bazoBbiM (opmanu3MoM s OMHCAHUS JOMOJHUTEIHHOW WH(OPMAIIMOHHOM
ACUMMETPUHU B CJIOKUBILEWUCS HAyYHOU TPAJMUIIMKU BBICTYNAET KOPPEIHPOBAHHOE pac-
HIMpEeHHEe HOpMalibHOM (hopMBI UTp, TpennokeHHoe Podeprom Aymanom B [1]. s
yA0OCTBa €ro LEHTPAJIbHBIE IEMEHThl OyIyT HU3JI0KEHBI 3/1eChb B HOTAllUU, a/lallTH-
POBAHHOW K PYCCKOSA3BIYHOM cpene. PaccMoTpuM urpy B HopMaibHOU (opme ' =
(A, 5% u(s),a € A). KoHeuHoe MHOXECTBO MI'POKOB 3[eCh U Jajiee Be3le 0003Ha-
vaercs kak A = {1,...,m}, a KOHEYHOC MHOXXECTBO HAOOPOB YHCTHIX CTPATETUI —
S =81 x ... x S™. IloMuMO MHOKECTBA CTpaTeruii S¢, KaxIblil MTPOK OIpeeNseTcs
wiaréxHon pynkuuen u® @ S — R.

Tarxxe paccMOTpUM BEepOATHOCTHOE mpoctpancTBo[12] (2,5, P), B koTopom
peanusyeTcs HaO0JaeMO€ UIPOKAMH COCTOSIHHE MPUPOAbL. 311ech () — MHOXKECTBO
BCEBO3MOXHBIX TAKUX COCTOSHUH, B — o-anredpa nogMHoxkecTB 2, aP : B — Rog—
BEpOSATHOCTHAs Mepa. KaxkoMy Urpoky a € A mocTtaBUM B COOTBETCTBUE COOCHIGEH-
noe noonpocmpancmeso (2, 3% P) takoe, uro J* C B. Ilpu stom Habop o-anredp
J = (0% a € A) orpaxkaer HHOOPMHUPOBAHHOCTh MIPOKOB O COCTOSHHH HPUPO-
nbl. B onuceiBaeMoil cUTyaliuu 3TO COCTOSIHUE HE BIIMSAET HAa (DYHKLMU BBIUTPBIIIEH
HEMOCPECTBEHHO, BBICTyNAasi UCKIIOYUTENBHO KaK CIOCO0 CUHXPOHU3AIMH JIEUCTBHMA
UTPOKOB. DTO 3HAYUT, YTO O-airedpa B cama 1o cede He SIBIAETCS CYIIeCTBCHHBIM Ma-
paMeTpoM MOJIENHU, U U3MEPUMOCTb MO HeWl mia [P MOXKHO 3aMEHUTh U3MEPUMOCTHIO
mo J* Va € A.

OTnenpHO cleayeT 3aMeTUTh, YTO B OpPUTHHANE JUIsl COOCTBEHHBIX IMOAINPO-
CTPAHCTB UTI'POKOB AyMaHOBCKUH (popMaiv3M mpeanojarajl UHIWBUIYaIbHOCTh HE
TOJILKO 0-anre0p, HO U COOTBETCTBYIOIIUX UM MEp, YUUTHIBAS T€M CaMbIM BO3MOXK-
HYI0 CYOBEKTUBHOCTb OIICHOK BEPOSTHOCTH HACTYIUICHHUS TE€X WU UHBIX COOBITHIA,
YTO HEMAJIOBAXHO B CIIy4asiX, KOTJa B KaueCTBE MEXaHU3Ma KOPPEJSIIIUU BBICTYIAIOT
MPOLIECCHI, CIUILIKOM CJIOXKHBIE IS OObEKTUBHOIO aHaln3a (HampuMmep CIOPTUBHBIC

copeBHoBaHusA). OgHAKO, I LEJIEH TaHHOTO HMCCIIEAOBAHUS ATOT acHEKT HE WMEET

1Pa3;[en YTOYHSCT U JOMOJJHACT MAaT€pUaJjibl CTaTbU [8]
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OOJIBILIOTO CMBICIIA, TOCKOJIBKY B MOJIENU 3arOBOPOB MOJAPA3yMEBAETCA, YTO UX y4acT-
HUKJ MOTYT MPOHM3BOJIBHBIM 00Pa30M BBIOMpPATh MEXAHHW3M KOPPEISIUH, & B TAKOM
CUTYaIlMu Pa3yMHO OXKUAATh, YTO JIFOAX OyIyT UCIIOJIb30BATh MPOCTHIE UCTOYHUKH CITY-
YafHOCTH C U3BECTHBIM pacmpezesieHneM (pyJaeTKd, KOCcTH, xpebuit u T.1.). [1o sroit
IPUYXHE 37IECh U JJaJiee MOICIIb KOPPETHUPOBAHHBIX CTPATETHUI UCTIONB3YETCs B €€ yIpo-
mEHHON (opMe, ¢ OOIIEH I BCEX UTPOKOB OOBEKTUBHON BEPOSATHOCTHON MEpPOU B
IPOCTPAHCTBE COCTOSIHUN MPUPOJIBI.

Takum obOpasom, nonydaercs ¢ = (A, QT P,a € A)—wnabop nmapameTpos,
XapaKTEePU3YIOIINX HEKOTOPOE NPOCMPAHCMBO KOppeayuy JUIsl IPOU3BOILHON UTPHI C
MHOXECTBOM UTPOKOB A. OTMETHUM, 4TO B UTpax C OJHHUM MHOXXECTBOM HTPOKOB, HO
Pa3TUYHBIMUA MHOKECTBAMH YUCTBIX CTPATETUi M (DYHKIIUSIMHU BBIMTPHIIIA MOKHO TPH-
MEHSTBH OJTHO W TO K€ IMPOCTPAHCTBO KOppesiuu. [10ITHOCTRIO XKe Koppenuposanuoe
pacuuperue uepsl onpeaenseT mapa ['|P. OnuineM MonydeHHY0 HOBYIO UTPY B Tep-

MHHAX HOPMAaJbHOH (OpPMBI”:
L|® = (A, S u(s),a € A).

3nech MHOXKECTBO S? TOCTYIHBIX MUTPOKY @ KOPPEIHPOBAHHBIX CTpaTeruil co-
CTOUT U3 Bcex J*-u3mepuMbix QyHkiui s* : ) — S 0TOOpa)karlux MHOXECTBO
BO3MOKHBIX COCTOSIHHM TMPUPOBI HA MHOXKECTBO JOCTYITHBIX €MY YHCTBIX CTPATErHil.
CoOTBETCTBEHHO, (DYHKIUSI BBHIUTPHIIIA BHIYUCIACTCS MO (HOpMyJie MAaTeMaTHYECKOTO

OXKHUJIAHUS CIIYYaWHOW BEJIWYUHBI

u'(s) = ZP(S_l(s))u“(s), s !(s) = {w e Q|s"(w) = s Va € A},
seS
rae P(s71(s)) BeIcTynaror B pon ko3(p(HUIHMEHTOB PacIIpeIeICHHs Ha MATPHUIIE MIDHL.
B cBoeit crathe AymaH JAEMOHCTPHPYET CHIIy BBOAUMOrO (GopMmain3ma, mokKa-
3pIBasi HA MPUMEpPax, KaKk ¢ €ro MOMOIIBI0 B MIPaX MOXHO ITOJy4aTh HOBBIE TOYKH
paBHoBecus o Hamry. [TogOupast mapaMeTpbl MPOCTPAHCTB KOPPEISIIUN, MOXKHO KOH-
CTPYHpPOBaTh HE TOJBKO PEUICHUS C JIFOOBIMU BBIIJIATAMH M3 BBIMYKIOW OOOJOYKH
BCKTOPOB BBIIUIAT B TOYKAX KJIACCHYECKOTO CMEIIAHHOTO paBHOBecHs Hoamia, HO yist
HEKOTOPBIX UTP JaXKe PELICHUs], JISKAIIE 32 MPEJeIaMU TAaKOH BBIMYKIOH 000I0UKH.

DT0 MO3BOJISIET CPOPMYTUPOBATH KITIOUEBOE ISl JAHHOW paOOThI MOHSTHE:

Onpenenenne 1.1.1. [Tycts [' — urpa B HOpManbHOU (hopme ¢ m ydacTHUKaMH, a

U Q R™ — MHOXECTBO BCEX BCKTOPOB BLIILIAT, JOCTHUKUMBIX B €€ CMEIIaHHbIX

2Cremys HOTamy, BBEAEHHOH B [ 1], HAGOPHI CTPATernii 1 MHOKECTBA HCXOIOB KOPPETHPOBAHHOTO PACIIIH-

peHust uTpel 0003HAYAIOTCS YKUPHBIM MpU(TOM (S U S Tam, rie B 0a30BOH Urpe s u S).
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paBHoBecusx o Hamry. Urpa [' Ha3biBaeTcs uyscmeumenvHou Kk 00NOIHUMENIbHOU UH-
GopmayuoHHoU acummempuu, KOTAa CyleCTBYeT MPOCTPAHCTBO Koppesauu P Takoe,
uto B urpe ['|® Haiinércst koppenupoBaHHOE paBHOBecHe 110 Haliry ¢ BEKTOPOM BBITLIAT,

HC IIpHUHAJICKAIITUM BBIHYKHOﬁ o0osrouke MHOKecTBa U.

Kpome TOro, B 3TOi ke CTarbe JOKA3bIBAECTCS, YTO HAJIMYHUE B MPOCTPAHCTBE
KOpPEAIUY MyOIMYHON BEIICCTBEHHOW PYJIETKH, T.€. TOAMPOCTPAHCTBA COOBITHH C
PaBHOMEPHO pachpee/iEHHBIM BEIIECTBEHHBIM UCXOM0M B auamnasoHe [0, 1), Bieuér
BBINTYKJIOCTh KAK MHOXKECTBA JIOCTHKMMBIX BBITUIAT, TAK U MHOKECTBa paBHOBecui Ha-
mia B 000 urpe. KacarenbHo KOppenupoBaHHOTO PACIIUPEHUS UTP B HOPMaIbHOM
(opMe, BBIIIEU3II0KEHHOTO BITOJIHE JOCTATOUHO AJIs IOHUMAaHUS Uel JaHHOU paboThl,
OoJsiee mOPOOHO K€ COBPEMEHHOE COCTOSIHUE 3HAHUM Ha 3Ty TEMY MOXKHO MPOCIIEIUTh

no nmyOnuKausaM, ynoMsiHyTeiM B [Ipunoxkenun A.

1.2 H3oMopdu3M NpocTPAHCTB KOPPeIsHT’

Crnemyet OTMETHUTH, YTO MOJIEIIb TPOCTPAHCTB KOPPEIISIIIUU B HEKOTOPOM CMBICIIE
CYIIIECTBEHHO M30BITOYHA, MMOCKOIBKY KaK TaKOBBIE COOBITHS W3 COCTOSHUS MPUPOIIBI
3HAYEHHUS HE UMCIOT U UCIIONB3YIOTCS JUIITh B KAY€CTBE CUTHAJIOB /ISl CHHXPOHHU3AINT
cTpareruii urpokoB. UTOOBI OCMBICIICHHBIM 00pa30M pacCy’kJ1aTh O BIUSHHUH, OKa3bl-
BacMOM JOTIOJTHUTEILHON WH(DOPMAITMOHHON acCHMMETpPHUEH Ha MCXOJbI KOH(IMKTOB,
HEU30SKHO TPeOyeTCs YMEHHE a0CTParupoBaThCs OT KOHKPETHBIX €€ NCTOYHUKOB, (DO-
KyCUpysl BHUMaHUE Ha CTPYKTYPHBIX Pa3UYHsIX B OCBEIOMJIEHHOCTH OINIOHEHTOB.
Ecnu dopmansHO paznuuHbie TPOCTPAHCTBA KOPPEIAIMH OKA3bIBAIOTCS MOTHOCTHIO
B3aMMO3aMEHUMBI C TEOPETHUKO-UTPOBOM TOUKH 3PEHUS, TO OHU JIOJDKHBI OBITh OTHECE-
HBI K 00IIIeMYy KJIacCy SKBUBAJICHTHOCTH, YbE€ OMMCAHUE U SIBISICTCS B ICUCTBUTEIIHHO-
CTH CYIIIECTBEHHBIM MapamMeTpoM Moaenu. Cpaszy 3aMEeTUM, Y4TO 3TO KacaeTcsi HE TOJIBKO
TPUBUAIBHBIX 3aMEH MHOXKECTBA COCTOSIHUW TIPUPOJIBI HA JIPYTO€ MHOXKECTBO TOM XKe
MOIIIHOCTH C COOTBETCTBYIOIIEH OMEKINEH OCTaIbHBIX MTapaMeTPOB MIPOCTPAHCTBA, HO
u OoJiee CIOXKHBIX ciiydaeB. Hampumep, eciim B KOHTEKCTE HEKOTOPOI UTPBI TPYIITIA UT-

pPOKOB HaOirogaeT OOIIMK CUTHAN B BHUJIE KOJieca BELIECTBEHHOM pyJeTKH, OyAeT Ju

3Pasfen yTOUHSET U JOMONHAET MaTepUabl CTaThy [8].
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UMETh 3HaYeHHe HAOIIONeHNe UMH elll€ U Opocka MOHETKU? 3ApaBblii CMBICI MO/ICKA-
3BIBAET, YTO JIFOOYIO OOIIYIO CTPATETHIO C UCTIOIB30BAHUEM PYJIETKH U MOHETKH MOKHO
JIETKO ITPEBPATUTH B SKBUBAJICHTHYIO ISl OHOU TOJIBKO PYJIETKH, JJIsl YErO JOCTATOYHO
MOJIETIUTH KOJIECO TOIO0JIAaM M 0OTOOPa3UTh OT/IEIbHBIE BAPUAHTHI JJI OpJia U PELIKU Ha

MOJTyYeHHBIE JIBa cekTopa. Onuiiem 3ToT GeHOMEH B BUJIe n30Mopdu3Ma:

Onpenenenne 1.2.1. Paz6uenuem npocrpanctsa koppeasinuu ¢ = (A, Q7 P a €
A) 6 npouseonvroe Koneurnoe MHoHCeCmE0 ucxo0o6 (kodomen) X = X1 x ... x X™ na-
3piBaeTcs oToOpakenue [ : ) — X, cocrosmee u3 mabopa gynkumii (1, ..., f™), rme
kaxmgas f¢: () — X usmepuma B J°. [lanee pazOuenue f nmpocTpaHCTBa KOPPEISIHH
® Gynem cokpaménHo o6o3nauars [ = O.

B KoHTEKCTE KOppPEIMPOBAHHOTO PACIIMPEHHS MHOXKECTBAM MCXOJ0B X ¢ COOT-
BETCTBYIOT MHOXECTBA YHCTBIX CTpareruii S¢, a aneMeHtam pazouenus f* — koppe-
nupoBaHHble crparerun s®. Jlanee Takxke OyldyT HCIIONB30BAaThCs OTOOpakeHHs f 1 :

X — 29, obparHble K pa3OUEHUAM IPOCTPAHCTB KOPPETIALHY:

fH @) = ()97 @),
acA
Omnpenesenne 1.2.2. [IpoctpanctBo ¢ ¢ mepoii [P} Ha3biBaeTcst omobpazumvim Ha Poy
¢ mepoii Py (nanee &1 = P5), eciam ©1X MHOXKECTBA UTPOKOB COBIAIAIOT U JIJIS JIFOOOTO
pasouenus fi = @y cymectByet pa3dueHue fo = P9 ¢ TEM ke KOTOMEHOM TaKoe, YTO
Pyo f; ! = Pyo f; . B3aumHO 0TOOpasuMBbIe YT HA APyTra MPOCTPAHCTBA KOPPENIIUI

Ha3bIBAIOTCA Uzomoppuvimu (nanee ®; ~ P,).

DTO ompeeeHne JETKO MPOMILIIOCTPUPOBATE YIIOMSHYTHIM BBIIIE IPUMEPOM —
aust moboro pasouenust fi : [0,1) x {0, 1} — X mpoctpaHcTBa, COCTOAIIETO U3 Bele-
CTBEHHOM PYJETKH M CHUMMETPHYHON MOHETKH, MOKHO ITOCTPOUTH COOTBETCTBYFOIIUI

obpas fo : [0,1) — X B mpoCTpPaHCTBE M3 OXHOMN TOJBKO PYJIETKH:

20,0 0<
fo() = 51(20,0), )
<

fi(2—1,1), %

PedrexcuBHOCTH, CHMMETPUYHOCTD U TPAH3UTUBHOCTH BBOJAUMOTO ITPH TOMOIIIH
JAHHOTO OIpeAeseHUs] n30Mop(Hr3Ma OYEBU/IHBI, a 3HAYUT ITO ACHCTBUTEIBHO OTHO-
HIEHUE HPKBUBAJICHTHOCTH HAa MHOXKECTBE MPOCTPAHCTB Koppensuuu. [Ipu atom, xots
onpeseaeHue n3oMopdusMa 1aHO B OTPHIBE OT KOPPEITUPOBAHHOTO PACIIMUPEHUS UTD,

MOKHO C(POPMYIHPOBATh CIEAYIOUIYI0 TEOPEMY:
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Omnpenenenune 1.2.3. [lns urpet I' = (A, 5% u(s),a € A) MHOKECTBOM JOCTUXKHU-
MBIX BBITUIAT [0 OTKJIOHEHHSAM TPYIIBI HTPOKOB A, OT mpouist cTpareruii s Gymem

HAa3bIBATb
Ui(s)={a|3Is, € S:u(s,) =u,Vae A\ A,,s* = s},

Teopema 1.2.1 (O0 uzoMoppHBIX pocTpaHcTBax). [lycmo 1 ~ @y Tocoa ona no-
oot uepwvl 8 HopmanvHou gopme 1' ¢ KOHeuHbLIMU MHOJICECMEAMU CIMPAMe2Ull UCPOKO8
eé koppenuposannvie pacuupenus 1|1 u I'|®y obnaoarom crnedyrowum ceoticmeonm.
IIycmo 81— nexomopwiii npogune cmpameeuti uepvt I'|®q. Toeoa cywecmeyem so —

npoguns cmpamezuii uzpbi T|®y maxoii, umo U-: (s1) = Uf4 (S2) Onst 06Ol epyn-

@, |y
nol U2poKos A,.

Ora TeopeMa MO3BOJIAET CUUTATh H30MOpP(HBIE NPOCTPAHCTBA KOPPESALUU
HEPA3JUYUMbIMU B KOHTEKCTE IOMCKAa PAaBHOBECUM, YCTOWYMBBIX K KaK WUHAUBUIY-
aJbHBIM, TaK U TPYNIOBBIM OTKIOHEHUsIM. JloKa3aTenbCTBO, MPEACTABIIAIONIEE COOOM
yHpaXKHEHUE B TOIMOJIOTUH 0€3 TECHOM CBSI3U C IEHTPAIBbHBIMU HAECSIMH PaOOTHI, BbI-

HeceHo B [Ipuioxenue b.

1.3 TlpocTpaHcTBa 3aroBOpOB”

[TomyguB OCMBICIEHHBIN H30MOP(U3M 1T TPOCTPAHCTB KOPPEISAIUU, MOXK-
HO BBIJICTIUTH M3 BCEBO3MOXHBIX KJIACCOB 3KBUBAJICHTHOCTH T€, UTO MPEICTABISIOT
MHTEPEC C TOUYKH 3PEHUSI MOACIUPOBAHUS JOMOIHUTEILHOU NHHOPMAIIMOHHONW achM-
meTpun. Kak mokazan AymaHH, BBIXOJ] 3a TIPEENbl BHIMYKIIONH 000JOYKM MHOXKECTBA
pelIeHU B CMEIIaHHBIX CTPATErUsAX BOZMOXKEH, €CJIU YaCTh UTPOKOB (HE MEHEE JBYX)
UCIIOJIb3yeT KOPPEITUPOBAHHYIO CTPATErHIO, 3aBUCSIIYIO0 OT COOBITHS, O KOTOPOM HE
nporuH(OPMHUPOBAH XOTs OBl ONMH U3 OCTAJBHBIX UTPOKOB. [logo0HYI0 hopmy B3au-
MOBBITOJJHOTO TAHOTO COIVIAaCOBAHMSI JCHCTBUIN €CTECTBEHHO HA3bIBaTh 3d2080POM, A
MCTOJIB3YEMBIN JJI1 CAHXPOHMU3AIMU CUTHal — matinot. [lyCcTh B mpocTpaHCTBE KOppe-
s O = (A, Q, T4 P, a € A) umeercs TaiiHa, T.€. BEPOITHOCTHOE MOIIPOCTPAHCTBO
(Q, S, P). Uckomas acummeTpust HHYOPMUPOBAHHOCTH MPE/IONAraeT, YTO HEKOTOPhIC
UTPOKH HAOIIOMAOT COOBITHS U3 G (WK ApyTUe, KOPPEIUPYIOITUE C HUMH), @ HEKOTO-

PbIC — HCT. Xots TCOPCTUYICCKH MOKHO ITPCACTABUTL 3arOBOP, CTCIICHDb BOBJICYHCHHOCTHU

“Pa3fen yTOUHSET U JIOTOIHSET MaTepHaIbl CTaThH [8].
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B KOTOPBIA BapbUPYETCS OT UTPOKA K UTPOKY (KTO-TO MOXKET HAONIOIaTh COOBITHS U3
G 4acTUYHO WM OMOCPEOBAHHO, Yepe3 HAOIIONCHNUE IPYTUX KOPPETUPYIOIINX C HU-
MU COOBITHI), UMEET CMBICI B TIEPBYIO OYEPEIb PACCMOTPEThH MPOCTEHIINN CITydaid —
JICIICHUE BCEX MTPOKOB Ha «3aroBopmukoBy Ag C A, HaGmomarommx S 1eIuKoM, U
«aytcainepoB» A \ Ag, B 4b€M 1OJIE 3pEHUST TOJIBKO COOBITHSI, HE KOPPEITUPYIOIIHE
¢ aneMeHTamMu S.

Crnenyroniuii JIOTHYHBIA BOIIPOC — O CTPYKTYpe caMoOu TaiiHbl. BnojaHe MOHO
NPECTaBUTh, KAK 3arOBOPIIMKU HCIONB3YIOT B €€ POJIM CaMble pa3HbIE MCTOUYHUKH
Cily4aitHOCTH: OPOCKHU UTPaNIbHBIX KOCTEH, TACOBaHUE KAPTOYHBIX KOJIO, IOTepEHHbIC
PO3BITPHIIIN U T.J., TAK YTO HA MEPBBIM B3IVIsI HEOUEBUHO, MOKHO JIU OTPAHUYUTH-
Csl PACCMOTPEHHUEM KaKOTO-TO OJHOTO, €CTECTBEHHOI'O B KOHTEKCTE MPOUCXOJSIIETO
MexaHu3Ma. [10MoKUTeNbHBIM OTBET MOXKHO TMOTYYUTh, UCIIONB3Ys BBEIAEHHBIC BBIIIEC
0TOOpakKeHHs MPOCTPAHCTB Koppensuuu. Ecnu Mbl OyzieM cpaBHUBATh BCEBO3MOXKHBIE
IPOCTPAHCTBA, PA3IMYAIONINECS TOJBKO TalHAMU rpymnbl 3aroBopiirkoB A, C A, oT-
HOIIIGHHWE = BBOJMT HAa UX MHO)KECTBE YaCTHYHBIN MOPsAA0K. HKHEH rpaHbio 3TOTO
nopsiika OyZieT BBIPOXKICHHOE MPOCTPAHCTBO KOPPEISAIMU, B KOTOPOM TaliHa 3aro-
BOpa COCTOUT W3 €IMHCTBEHHOTO aTrOMapHOTO COOBITHS C BEPOATHOCTHIO 1 — Takoe
IIPOCTPAHCTBO OTOOPA3UMO Ha JII000€ IPYroe 1, OUEBUIHO, BOOOIIIE HE MOXKET OBITh HC-
MOJIb30BAHO JJIs1 KOPPEJSIUU CTpareruil. Bepxuss rpans nuntepecHee — B €€ THITMYHOM
IpeCcTaBUTENIe TallHaA 3ar0BOpa MPEACTABISIET COOOM MPOU3BOIBLHOE OE3aTOMUYECKOE
[13, c. 81] mpoctpancTso. [Ipomie Bcero npeacTtaBuTh TAKOM MEXAHU3M KOPPEJSLIMU B
BUJIE BEIICCTBEHHOW PYJIETKH, BpallleHHE KOTOPOW IeHepUpyeT PaBHOMEPHO paclipe-
NeNEHHYIO CIy4ailHyo BeJIMYMHY B eMHIYHOM noyunTepaie |0, 1). Habmonarommue
PYJIETKY 3aTOBOPILIMKU MOTYT, pa3fiessis €€ Ha CEKTOpa HeOOXOAMMBIX pa3MepoB, COTia-
COBATh JIIOOON HAOOP KOPPEIUPOBAHHBIX CTPATETUN B UTPAX C KOHEYHBIM MHOXKECTBOM
UCXO0A0B. B mepByro ouepenp Tako yHUBEPCAIbHBIA HCTOYHUK CIyYalHOCTH U UMEET
CMBICIT pacCMaTPUBaTh KaK MPEA0CTABISIOMINNA MAaKCUMYM CBOOO/IBI BEIOODA.

Hakowertr, ciieyeT nmomgymarb 0 IpOCTPAHCTBAX KOPPEISIIUN ¢ MHOKECTBEHHBIMH
TaiiHamu. [lo cyTu, HMYero He MelaeT UrpoKaM HaOIOIaTh Cpa3y HECKOJIBKO pyJe-
TOK, BBIOMpasi B 3aBUCUMOCTU OT CUTYallUH, C KEM M3 OINIOHEHTOB KOPPEIUPOBAThH
CBOIO CTpareruro. boiee Toro, cTparerus UTPoka MOXKET OJHOBPEMEHHO CYyIIIECTBEH-
HO 3aBUCETH OT OoJiee YeM OFHOM TalHbl. TakuMm 00pa3oM, eCTeCTBEHHBIM MIPEIMETOM
PacCMOTPEHUSI MOKHO CUUTATh MPOCTPAHCTBA KOPPEJNSIMH, COCTOSIINE W3 HAOOPOB
HE3aBUCHMBIX BEIIECTBEHHBIX PYJIETOK, KAK/asl U3 KOTOPBIX XapaKTepU3yeTCs MTOMHO-

YKECTBOM HTPOKOB, HMEIOIINX BO3MOXKHOCTh €€ HaOmomarb. OcTaércs 3aMeTUTh, 9TO
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IpY HAJIMYUHU B OJHOM IIPOCTPAHCTBE KOPPEIALMH ABYX U 0OJiee BEIIECTBEHHBIX PY-
JIETOK, MIPHUHAUIEKALIMX OJHOMY U TOMY K€ KPYry 3arOBOPIIUKOB, BCE KPOME OIHOM
MOXHO 0€3 yiep0a il MOJENIU BBIKHUHYTh, TaK KaK B UIPaX ¢ KOHEYHLIMU MHOMXKE-
CTBaMHU HCXOJOB TaKoe XyOIupoBaHMe, OYEBHIHO, Oecmose3Ho. Ilepeiiném Temneps K
6osee hopMaIbHOMY OIPEIEIEHHUIO TPEUIOKEHHON KOHIEIMH. JIJIst 3TOro paccMoT-
pUM TPOU3BOJILHOE MPOCTPaHCTBO Koppemsimu ¢ = (A Q73 P a € A). B atom
IPOCTPAHCTBE IS KaXKIOW HEIyCTOU Ipymibl urpokoB A, C A ompenenum ciemy-
FOIIEE CEMEHCTBO COOBITHUIA’:

Sy ={Ue (3" |PUNV)=PU)PV) YV eol | 39}

acA, acA\ A,

Taxum oOpazom, Gg* — MHOKECTBO BCEX TAKUX COOBITUI, UTO O HUX OCBEIAOM-
JICHBI BCE WICHBI A, M KaXJ10€ COOBITHE TOMapHO HE3aBUCHMO CO BCEMU COOBITHIMH,
W3BECTHBIMU HE WieHaM A, Jaxe npu oObeIMHEHMH WX 3HaHWH. [lockonbKy mepe-
ceueHue o-airedp obpazyer o-anredpy, U Tak KaK MOJIMHOXKECTBO HE3aBHCHUMBIX C
HEKOTOPBIM COOBITHEM COOBITHM O-alnreOpbl Takke oOpasyeT o-anredpy, To 6£* —
o-anredpa. DTo MO3BOJSIET TOBOPUTH O BEPOSITHOCTHOM MOAMPOCTPAHCTBE (€2, (‘5;1*, P),
KOTOPO€ W Ha3bIBaeTCs TaliHOW rpynmbl A,. Beimennm aBa ciydasi: TallHBI ¢ 0e3-
aTOMHUYECKMMHU MEpaMHu Mbl Oy/leM Ha3bIBaTh MONHbIMU, & TAaWHBI C TPUBUATIHHBIMH
aTOMUYECKUMHU MEPAMH C €MHCTBEHHBIM aTOMOM () — nycmoimu. ITO TAET BO3MOXK-

HOCTBH C(POpMYIUPOBATh CIIEAYIONIEE:

Omnpenenenune 1.3.1. TIpoctpancto koppessiun (A, Q2,3 P.a € A) HazoBém mpo-
CTPaHCTBOM 3aroBopoB cTpykTypsl A = {A;, ..., A,} C 24, korma

- {{a}[ac A}

— VA, € 2 raiina A, nonna;

— VA, ¢ 2 raitna A, mycra;

~ A* ~
-3 =o( U 6g), re. J*—HaumeHbImas o-anredpa, BKIIOYAIOMIAS BCE
acA, e
O-alreOphI TaH TPYII, B KOTOPbIE BXOAUT KaXK/IbI UTPOK .

[Iporie roBopsi, MpOCTpaHCTBAMH 3aTOBOPOB HA3BIBAIOTCS TaKWE MPOCTPAHCTBA
KOpPENAINY, B KOTOPHIX a) TaitHa J1000H TpyIIbl HTPOKOB JIKOO TOJIHA, THO0O0 IyCTa;
0) KaXIblil UTPOK B OTACIBHOCTH SIBJSICTCS TPYIIIION C MOJHON TaliHOM U B) Y UTPOKOB

HET HUKAKUX 3HAHUK O COCTOSTHUU MPUPOJIbI, KOTOPhIE HE OPOXKIAINUCH Obl TaHHAMHU

>3neck u nanee noA o(X) MOHUMaeTCs TIOMOTHEHHE ceMeiCTBa MHOKECTB X JI0 O-anreGphl
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IPYII, KOTOPBIM OHU IpUHaiexar. [locTpoum i MILTFOCTpAalUK ITPOCTEUILINM TTPHU-

MCPp TAKOTO ITPOCTPAHCTBA.

- A=1{1,2,3},

—Q=10,1)?

-l = ({[0,p1) x [0,1) | 0 < py )
-7

R}

— J° =
— [P—wmepa JleGera.

o({[ <1},
2= 0({[0,1) x [0,p2) | 0 < pa < 1}),
3= o({[0,p1) x [0,p2) | 0 < p1 < 1,0 < py < 1}),

B sToM mpumMepe mpocCTpaHCTBO KOPPEJSIIIMA COCTOUT M3 ABYX HE3aBHUCHUMBIX
BCIIIECTBEHHBIX PYJIETOK, MEPBBIM M BTOPOH HTPOKH HAOIIOAAIOT MO OJHOW W3 HUX,
a Tpetuil HaOmromaetr o6e. [Ipu >TOM BBIXODUT, YTO 6;[})1’3} coBmagaer ¢ J', 6;2’3}
coBnazaet ¢ J2, a s octaneHeIX rpymn A, C A cooTBeTCTByOIIAs 6;1* TPUBUAJIb-
Ha. CTpyKTypo# MpOCTpaHCTBA (MU cemeliCm8oM 3a2080p08) Ha3bIBAETCSI MHOXKECTBO
BCEX IPYMI UTPOKOB C MOJHBIMU TalilHaMu. B BeIIenpuBe1IEHHOM IPUMEPE CTPYKTypa
npoctpanctBa A = {{1,3},{2,3}}. C Touku 3peHus mpomycTuMbIX mpoduieii crpa-
TEruil 3TO O3HAYAET, UTO JII0OAasi TPyIna UTPOKOB, BXOMASIIAsl B CEMENCTBO 3arOBOPOB,
MOJKET UCTIOIB30BaTh OOIIYIO TalHy 1151 GOPMHUPOBAHUS KOPPEIUPOBAHHON CTPATETHH,
NPUYEM UTPOKH, HE BXOASAIIUE B ATY TPYIIILY, HE MOTYT NIPUCOEANHUTHCS K COTIIACOBAH-
HOMY TaKuUM 00pa3oM BbIOOpY cTpareruii. HanmpoTus, rpynibl UTPOKOB, HE BXOJSIIINE
B CEMEICTBO 3arOBOPOB, BBIIIEONUCAHHON BO3MOXKHOCTBIO HE pacrnofarator. CTpyKTy-
Py MPOCTPAHCTBA MOKHO CUYUTATh €0 NCUSPITBIBAIOIITUM KOHEYHBIM OIMCAHUEM B CHITY

UCTUHHOCTU CIEAYIOIIETO YTBEPKICHUS:
Teopema 1.3.1. Bce npocmpancmea 3a20860p06 00HOU CIMPYKMYPbl U30MOPPHDBI.

Jloka3aTenbCTBO 3TOM TEOPEMBI CHOBA MPEACTABIIAET COOON YIIpakHEHHE B TOTIO-
noruu 0e3 TeCHOM CBSI3U C OCHOBHBIMU UAESIMU pa0OThI U BEIHECEHO B MpUIIOKEeHHE B.
Tenepsp, Koraa yCTaHOBIIEHO, YTO MHOXECTBO BCEX IPOCTPAHCTB 3arOBOPOB pa3OMBa-
€TCs Ha KJIACChl IKBUBAJIECHTHOCTH, HETPYAHO MPEMJIOKUTH CIIOCOO KOHCTPYUPOBAHUS
CTaHJAPTHOTO MPEICTABUTEIIS KaXKI0I0 KJlacca MO COOTBETCTBYIOIEMY CEMENUCTBY 3a-

TOBOPOB:

Omnpenenenue 1.3.2. CtangapTHBIM IPOCTPAHCTBOM CTPYKTYphI 2 = { A1, Ao, ..., Ay}
Ha3bIBaeTCs POCTPaHCTBO Koppesiimu Py = (A, 2, T P, a € A) co cnenyrommumn

napameTpamu:

_A:UAia

=1
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- Q=10,1)",
- J3*=0({][0,pi) |if a € A; then 0 < p; <1 else p; =1}),

=1
— P—wmepa JleGera.

MHO0X€ECTBO COCTOSSHUN TPUPOABI MPEACTABISET COO0M n-MEpHBIN (110 YHCILy
3aroBOPOB, BXOSIIUX B CEMENCTBO) €IMHUYHBIN Ky0, a BEpOATHOCTHAsI MEPA COOTBET-
CTBYET HEIIPEPHIBHOMY pPaBHOMEpPHOMY pacnpezenenuro. [Ipu stom o-anredpa Kaxxaoro
UrpoKa OopesieBa B MPOEKIHUAX Ha OCH, COOTBETCTBYIOIINE 3aTOBOPaM B KOTOPHIE OH
BXOAWT, U TPUBHUAJbHA B MPOEKIMUAX HAa OCTaJbHBbIE OCU. BplieleHHe CTaHIApTHOTO
IPENCTaBUTENS JJIsl JIFOOBIX CEMENWCTB 3aroBOPOB MO3BOJISET MCIOIB30BAaTh HOTAIUIO
['|2(, mox xotopoit B mambheiimem Oynaer moHuMarbes 1'|Pg. Dta HOTaIwms moquép-
KMBAaeT TOT (PaKkT, YTO BBIOOP KOHKPETHOTO MPOCTPAHCTBA KOPPEINSILIMU CPEIU BCEX
IPOCTPAHCTB 3aTOBOPOB HEOOXOAMMOM CTPYKTYPHI 1JIsl HAC 3HAYEHUS HE UMEET, a CTaH-
JApTHOE NMPOCTPAHCTBO BBICTYNAET B POJIU MPOCTEMIIETO NPEACTABUTEINS, IPUTOJHOTO

AJI IIPAKTHYCCKUX BBIUMCJICHUH.

1.4 TpéxcropoHHMH Y€éT-HEYeT

B kadecTBe 3/eMEeHTapHOrO mpuMepa KOH(IIMKTA, YyBCTBUTEIBHOIO K JIOMOJI-
HUTEIHbHON HWH(POPMAIIMOHHOW aCHMMETPHUHM, MOXXET BBICTYNaTh «TPEXCTOPOHHUIMA
4yéT-HeueT». B 3Toil urpe kaxaplil U3 TpEX y4aCTHUKOB TalHO BBIOMPAET «OpPJIay WIH
«PELIKY» Ha CBOEH MOHETE M IPUKMUMAET €€ K CTOJy COOTBETCTBYIOLIEW CTOPOHOM
BBEPX, NOCJIE YETO0 BCE OJHOBPEMEHHO MOAHUMAIOT JIAJIOHA U B 3aBUCUMOCTH OT CJIO-
KUBILIEHCS KOMOMHAIIMY JIENAT PUKCUpPOBaHHBIN OaHK. Korjga Bce Tpu MOHETHI JiexaT
OIHOM Y TOW € CTOPOHOM, payHJ CUMTACTCS ChITPAHHBIM BHUYBIO U UTPOKH JICJIST
O0aHk mopoBHY. Eciu e coBmaiam TOJIBKO JBE M3 HHUX, TO OKA3aBIIMICSI B MEHbBIIIMH-
CTBE UTPOK CUUTAECTCS MPOUTPABIIMM M HE MOJydaeT NONU MpH Aenexe OaHka. B

MaTpU4yHON (HOpME ITO MOKHO OMUCATh TaK:

Tabmuua 1 — TpéxcTopoHHUN YET-HEUET

4,4,416,0,6 6,6,0 | 0,6,6

0,6,6 | 6,6,0 6,0,6 | 4,4, 4
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B Tabnuue | nepBblii UTPOK BBIOMPAET CTPOKY, BTOPON — CTONIOEI, a TPETU —
Mmarpuily. PemieHnem 3TOM UTpbl B YUCTBIX CTPATETUSIX SIBJISIOTCSA JIBa PAaBHOBECHUS
Hbhmra, cooTBeTcTBYyIOIIME CHHXPOHHBIM BHIOOpAaM OIMHAKOBBIX CTOPOH BCEMHU HUIPO-
KaMd. B cMemaHHBIX CTpaTerusix J00aBisSETCs €€ OIHO BBIPOXKICHHOE PEIICHHE,
KOT/Ia KaXJblii UTPOK JIeNIaeT CIy4alHbIi BHIOOP MEXIY OPJIOM U PEIIKOM ¢ paBHBIMU
BEPOSATHOCTAMU. Bce 3TH penienusi, O4eBUIHO, 1al0T MaTEMaTUYeCKOe OKUIaHNE T1a-
Texei paBHoe (4,4,4). B pamMkax KiacCHYeCKON TEOPHH UTP STHM aHAIU3 KOHIUKTA
U HCcUepnbiBaeTCs, OHaKo no0aBineHue Gakropa MHOOPMALIMOHHON aCUMMETpPUU Je-
JaeT CUTyallui0 MHTepecHee. PaccMOTpuM 3Ty ke Urpy B MPOCTPAHCTBE 3arOBOPOB
crpykrypsl {{1,2}}, T.e. B cutyaruu, koraa Urpoku 1 u 2 UMEIOT BO3MOXHOCTh HC-
[I0JIb30BaTh COIIACOBAHHbBIE BTAallHE OT UTPOKa 3 KOppeiaupoBaHHbIe cTpareruu. [lyctsb
o € [0,1) —3HaueHne COOTBETCTBYIOLICH CEKPETHOW PYJIETKU. 3arOBOPIIUKH MOTYT
ucnonb3oBatk crparerun Buga s',s? 1 [0,1) — Plhead tail}s TA€ TOX Phead tail} 1O-
HUMAIOTCSI BCCBO3MOXKHBIE BEPOSITHOCTHbIC Mepbl Ha MHOXecTBe {head,tail}, T.e.
MHOKECTBO KJIACCUYECKHUX CMEIIAHHBIX CTPAaTeruil paccMarpuBaeMoi Urpbl. AyTtcaii-

ACP K€ BBIHYKXIACH JOBOJIBCTBOBATLCA CTPATCTUAMU S3

€ Plhead,tail}> HOCKOJIBKY HE
UMeEeT JI0CTyna K pyJieTke 3aroBopa. s Toro, 4roObl oka3zaTbcsi B 0oJiee BBITOJHOM
[0 CPABHEHUIO C PABHBIM JEJIEKOM TOUKE PaBHOBECHS, UTPOKU |1 U 2 MOTYT BBIOpaTh
Ar00BIE CTpaTeruu, 00eCIeYrBalOIIe UM PABHOBEPOSITHBI CHHXPOHHBIN BBIOOP CTO-

POHBI MOHCTKH!

(1,0), «
X

(0,1),

VoA
N— NI

[Ipu 5TOM Jr00ast CMEIIaHHAs CTpPaTerusl UTPOKa 3 B CHUITYy HE3aBUCUMOCTH C PYy-
JIETKOM 3aroBopa o0OecreyruBaeT €My COBMAJEHHUE C OCTaJIbHBIMA POBHO B ITOJIOBHHE
Ciy4aeB. BpImaTel B CIOKHUBILIEUCS CUTyalluu PABHBI (5,5,2), IIPUYEM HU 11 OIHOTO

N3 UI'POKOB HCT BbI'OAHOT'O MHAWBUAYAJIbHOI'O OTKJIIOHCHUS.

1.5 Heo0xonnMas CJ10:KHOCTH MOJIeJIA 3aTOBOPOB

Knaccuueckuii popmMasin3m MaTpuyHON UTPhl B HOPMAJIbHON (hOpME OTOXKIECTB-
asieT IpouiIb YUCTBIX CTPATErHil U MUCXOJ PO3bITPhIIIAa — OHU SIBJIAIOTCS OyKBaJIbHO

OJHHMM H TEM XKC MAaTCMATHYCCKUM o0bekTOoM. IlouTH TO ke camoe MOKHO CKa3aTh U O



20

€r0 CMEIIaHHOM PAaCUIUPEHUH — IPOCTPAHCTBO MPOQuUIIeH CMEIIaHHBIX CTPaTeruii N30-
MOP(HO MPOCTPAHCTBY UCXOJIOB, COCTOSALIEMY U3 BEPOSTHOCTHBIX paclpeesieHuid Ha
MaTpUIIe UTPHI, COOTIONAIOIINX YCIOBHE HE3aBUCUMOCTH BHIOOpA CTPOK M CTOJIOIIOB.
VBBI, KOppPEIUPOBAHHOE paciiupeHue B GpopmyinupoBke Pobepra Aymana jomaet 3Ty
UIWIAYECKYI0 KapTUHY. [IpoCcTpaHCTBO MCXOMOB PO3BITPHILIEH B HEM Ja)e IMPOILLE,
YeM B CMEIIAHHOM CJIy4ae — pacrpeeieHue BEPOATHOCTEH Ha MHOKECTBE AJIEMEHTOB
UTPOBOM MATPUIBl MOXKET OBITH JIFOOBIM, 0€3 TOMOMHUTENbHBIX yciaoBuil. Ho BOT co
CTpaTerunuecKuMu npouiIsiMu BCE PE3KO CTAHOBUTHCS CIIOKHEE — CTPATETHsl KaXKI0TO
UTpOKa MpeACTaBIIsIeT cOO0M (PYHKIIUIO, 0TOOPaX)AIOIIYI0 MHOXECTBO COCTOSIHUM TTPH-
POJIbI B MHOXKECTBO €0 YHCTHIX CTPATeTui, MpU4YEM C COONTIOICHIEM H3MEPUMOCTH 10
o-anredpe ero nHpopmupoBanHocTu. O4eBHIHO, YTO O0OJI€Ee HU O KAKOM B3aMMHO OJI-
HO3HAYHOM COOTBETCTBUU MEXKAY MPOPMISIMU U UCXOAAMH HE MOXKET UATH U PEUU —
B 3aBUCUMOCTH OT [apaMEeTPOB MPOCTPAHCTBA KOPPEISAILUN HEKOTOPHIE UCXObI MOTYT
0Ka3aThCsl BOOOIIE HE IOCTUKUMBI, @ PABHOBEPOATHBIE COOBITUSI MOKHO 0€3 BIIUSHHUS
Ha MCXOJ MEHSTh MECTaMH B JIOMEHe cTpaTeruil. Bno6aBok, paboTtas ¢ KoppeaupoBaH-
HBIMH CTpaTeTUsMU B HOPMYIUPOBKE AyMaHa, MOKHO CTOJIKHYTbCS C MHOTOMEPHBIMH
MIPOCTPAHCTBAMH COOBITHI, OOPEIEBCKUMHU O-aiareOpaMu M IPyTMMH HETPUBHUAIBLHBI-
MU (peHOMEHaMU KOJIMOTOPOBCKOM TEOPUHU BEPOSITHOCTEN, YTO, BEPOSITHO, TOKE BHOCHUT
CBOI1 BKJIaJl B TO, CKOJIb HEOXOTHO CIIECLIMAIMCTHI TEOPUU UTP MPUOETraroT K 3TOMY HH-
CTPYMEHTY B OoJiee IPUKIIAIHBIX UCCIICTOBAHUSIX.

[IpennoxeHHas 371eCh MOJIETb 3aTOBOPOB CYKAaeT KOPPEITUPOBAHHOE pacIIvpe-
HUE, BBICISAS U3 KOHTHHYYMa BCEBO3MOXKHBIX MPOCTPAHCTB KOPPEISAIUN KOHEUHBIH
(s 1r000T0 KOHEYHOTO YKCJIa UTPOKOB) HA0OP, IO OMHOMY Ha KaXAYI CTPYKTYPY
3aroBopoB. Ha mepBblil B3I Takoe paguKaibHOE YIPOIICHHE MPOCTPAHCTBA Mapa-
METPOB JIaET HAACKTy Ha TO, UTO U MPHU MPAKTUUECKOM HUCIIOJIb30BAHUN MOJIETU YAACTCS
000HiTHCH 0€3 «I30TepUUYECKUX» aCTIEKTOB TEOPUHU Mepbl. B uaeae xorenock Obl, 4TO-
Obl B WUIpax C 3aroBOpaMH MOXHO OBUIO TEM WJIM HHBIM CIIOCOOOM OTOXKICCTBUTH
IPOCTPAHCTBO CTPATETUYCCKUX MPOPUICH U MHOKECTBO HMCXOJOB, TaK e, KaK ATO
MPOUCXOIUT B Kiaccudeckux (opmanusmax. Ecnu Obl MBI MOIVIH, TS TOJBKO Ha
pacrpeziesieHre BEPOSTHOCTEHN peanus3auu OTIEIbHBIX UCXOI0B B UTPOBOM MAaTpHIIE,
OTIpeAeNNTh, KaKoil Mpo(uiIs cTpaTeruil (1 J1000ii mpeacTaBUTENb CeMecTBa Hepas-
JUYUMBIX Tpo¢uieil) ObUT ChIIPaH UTPOKAMH, TO 3TO O3HAYANIO OBbI, YTO MbI MOXKEM
0e3 Morpy’>KeHUs B JIETajIl ayMaHOBCKON MOJEIIN KOPPENISIIMA HalWTH TaK>Ke U BCE pac-
NPEIEICHHS], JOCTHKUMBIC B T€X WJIM WHBIX OTKJIOHCHHUSX OT CBIFPAHHOTO MPOQHUIIS

CTpaTerui, MpoBepsisi TEM CaMbIM CUTYAIMIO HA PABHOBECHOCTb.
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VBBI, B 00IIEM CIIy4ae 3TO BPSA[ JIM BO3MOXKHO — HAIVISITHO ITOKA3aTh IOTEPIO
BKHON MH(OpPMALUK MPH MEpexoie OT HAOOPOB CTpaTEerHil K pe3ylbTaTy KoppeJs-
[IMM MOYXHO IPH TIOMOIIU TOTO € CaAMOT0 TPEXCTOPOHHETO YET-HEUeTa, OMMCAHHOTO
B npensiaymeM pasaene. [IpexcraBum cede, 4To urpa BeAETCS B IPOCTPAHCTBE 3aro-
BopoB {{1,2},{1,2,3}}, To ecth, urpoku 1 u 2 MOTYT KOPPEIUPOBATH CBOU JICHCTBHUS
KaK BTailHe OT MrpoKa 3, TaKk U BMecTe ¢ HUM. [[pOCTpaHCTBO KOPPEISILUY TIPH 3TOM

1,2,3

OKa3BIBAETCS COCTOSAIIMM M3 ABYX pyneTok och? m ol?3, HabironaeMbIX UrpoKaMHu, yKa-

3aHHBIMHM B BEPXHUX MHJEKCaX X 00o3HaueHHs. PaccMoTpuM /1Ba Habopa cTpaTeruid:

IIEPBbIA —
123 _ 1
s (o2, o123) = (a2, o1 23) = (1,0), o™ <3, 3(ah?3) = ( ’1)7
0,1), od23>1 :
) ) 27
U BTOPON —
1,2 1
s!(o?, al23) = 82(o2, ol 23) = (1,0), o™ <3, s3(al23) = (1’ 1)
0.1), o234 22

B 00oux ciaydasix Bce UTPOKH J€1al0T paBHOBEPOSTHBIN BBIOOP MEXKTy OPJIOM U
PEIIKOM, TPUYEM MEPBBIE IBA UTPOKA JETAOT €EM0 CHHXPOHHO, 4 TPETUH — HE3aBUCUMO
oT HUX. Ecin 3anmcare pacnpeneneHue BEpOATHOCTEN OTAECIbHBIX UCXO/IOB B MATPULIE

2 X 2 X 2, COOTBETCTBYIOLIEH UTPOBOM U3 TAOMUIIBI |, TO /17151 000MX HAOOPOB 3TO Oy-

1
110 15]0

1 1
013,103

coctaBisiioT (5, 5, 2). Tem He MeHee, €CITH IPUCMOTPETHCS, MOKHO 00OHAPYKHUTH, YTO B

JACT BBITTIAACTD TAK: . IlousiTHOC ACJIO0, INIATCIKU 3ACCh TAKKC paBHbI U

NEPBOM CIydae UTPOKHU 1 U 2 UCHONB3YIOT JJIsi CHHXPOHHU3ALKUK OOIIYI0 C UTPOKOM 3

1,2,3

PYJAETKY o¢“°, 4TO MO3BOJISIET €MY, U3BMEHUB CBOKO CTPATETHIO HA

1,2,3
1,2,3)

1
x <3

s®(« 2’
(0,1), ot23>1

NPUCOCIUHUTBCA K HUM M NEPEUTH B HCXOJ C PACHPEAECICHUEM BEpPOSTHOCTEHN

110l |0fo0

00| 0|2

Ka HC JABJIACTCA PABHOBCCHCM H»hma. Bo BTOPOM XK€ CJIydacC UTPOKHU Iu?2 HCIIOJIB3YIOT

, TJ€ BBIIIATBI COCTABIAOT (4,4,4). Takum oOpa3om, mepBasi TOY-

1S CMHXPOHM3aLlUM NPHBATHYIO pyneTky !, ucxoa KOTOpoi Mrpok 3 Habmronarh
He MoxeT. Kakyio Obl cTpaTeruio oH HM BBIOpA, COBNAAET CO CTPATErHsMH 3ar0BOP-

IMMKOB OHA POBHO B IIOJIOBHMHC CJIYYAaCB, 4 3HAYUT BbLIIIJIATBI HC U3MCHATCH. Tak kak
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y OCTaJIbHbIX UTPOKOB BBITOAHBIX OTKJIOHEHWH TOXKE HET, 3Ta CUTyalus yxke OyaeT
paBHOBecueM Hnrma.

Taxum 00pa3oM, Mbl TOCTPOUIIH IPUMEP, B KOTOPOM OJHOMY U TOMY K€ pacipe-
JIEJIEHUIO BEPOSTHOCTEW UCXOAO0B B MATPHUIIE UTPHI COOTBETCTBYIOT KAK MUHUMYM JIBa
HACTOJILKO pa3IMYHBIX HA0Opa CTPATEeTUi, YTO OAMH U3 HUX SIBJIsieTCA paBHOBecueM Ho-
ma, a BTopoil — HeT. OueBUIHO, YTO HUKAKUM Pa3syMHBIM CIIOCOOOM OOBEAMHUTH ITH
HAOOPBI B OTHOM KJIACCE SKBUBAJICHTHOCTH HENb34, & 3HAYUT OTOXKAECCTBICHUE UTPOBBIX
CUTyallui U UCXOJOB PO3BITPHIIIA B OOIIEM CIyyae HEBO3MOXKHO, KaK Obl MBI HU CTa-
panuck. Cienyert, BIpOYEM, 3aMETUTh, YTO B 00JIee MPOCTHIX CIy4asx, KOrJa KaKJIbIi
UTPOK MOKET BXOJIUTh HE 00Jiee UeM B OJIMH 3aroBOp, MOCTPOUTH TAKOW HATNISIAHBINA U
TPUBHAJIBHBIN KOHTPIPUMED YK€ HE TOJIYUUTCS — €CIIU KOPPEIISALMS, POSBIAIOIIASICS
B pacHpeeieHuH BEPOSTHOCTEM Ha MaTpULE UTPbI, MOTJIa Obl OBITH MOJTYY€HA TOJIBKO
OJTHUM CTIOCOOOM, TO MPU PEIICHUU MPAKTUUYECKUX 3a/7a4 HUYEro He MEIIAeT OINepH-
pOBaTh UMEHHO PACIIPEACICHUSIMU BEPOSTHOCTEH, @ HEe PYHKIHSIMHU, 0TOOpaX)aIOIUMU
CUTHAJIBI B UcX0obl. OHAKO, €CIIM paccMaTpUBaTh TEOPUIO 3arOBOPOB KaK CIIOCOO MO-
JEMUPOBAaHUS UHPOPMALIMOHHBIX aCUMMETPHH, CKIIAJIBIBAIOIIMXCS B XOJ€ PEaJIbHBIX
IIPOLIECCOB B3aMMOJICUCTBUS HE3aBUCUMBIX areHTOB B HEKOHTPOJIUPYEMOM CpelE, TO
noJ00HOE CaMOOTpaHUYEHHE, YBBI, 3arHAJIO Obl HAC B paMKH, HE UMEIOIINE €CTECTBEH-

HOIo 00OCHOBAHMSL.
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I'maga 2. KosuiekTUBHASI PAIIMOHAJILHOCTH B MTPAX C 3ar0BOPaAMU

2.1 Ilpo6aema NJaHUPOBAHMS 3a1aAHUII’

Konmnenmus paBHOBecus mo Hoamry, Oynyun QpyHIaMEHTOM KIACCHYECKUX MO-
nened TeopuM Urp, cama Imo cebde 3a4acTyr0 OKas3bIBa€TCS HEJOCTATOYHO CHIIBHBIM
dbopmanuzmom. [Ipu aHanM3e MHOTOCTOPOHHHUX KOH(MIMKTOB HEPEIKO BOZHUKAIOT CH-
Tyaluu, KOrJia MHOXKECTBO paBHOBeCHM Mo Hamly CIMIIKOM BEHUKO, YTOOBI CUUTATh
€ro IOJHOLIEHHBIM PENICHUEM UIPhl. B 3TOM ciy4yae Ha MOMOIIb HMCCIIEIOBATENSIM
MPUXOIAT KPUTEPUU KOJJIEKTMBHOM PallMOHAIbLHOCTH — BBIOMpas Cpelyd paBHOBEC-
HBIX TOYEK ontumalibHbie 1o Ilapero mnu CrelTepy, MHOTAA MOXKHO 3HAUYUTEIBLHO
CY3UTbh IPOCTPAHCTBO PEUICHUH 3a CUET BIIOJIHE €CTECTBEHHOTO UCKIIFOUEHUSI 3aBEIOMO
HEBBITOJTHBIX VISl BCEX YUaCTHUKOB. [I[pHCYyTCTBHE NOMOTHUTEIBHON HH(DOPMAITMOHHOM
ACHMMETPUH TIPU 3TOM CO3MAET JOMOJHUTEIbHBIE 3aTPYAHEHUS, TOCKOJIBKY Mpe/ia-
raeMasi MOJIeNIb TMOAPa3yMeBaeT HEM30EKHBIM DJIEMEHT aHTaroHM3Ma MHTEPECOB — B
HOBBIX TOYKAaX PABHOBECHS YBEIIMYEHUE BBIUTPHIIICH YYaCTBYIOIIUX B KOPPEISIUU
MIPOMCXOJIUT 3a CUET COKPAIEHHUS BBIIJIAT T€X, KTO HE MOXKET K HEW MPUCOECAUHUTHCS,
TE€M CaMbIM Jiejiasi HeMPOAYKTUBHBIMHU OOBIYHBIE KPUTEPUU KOJUIEKTUBHOM paIfioHaIb-
Hoctu. Jlyisi meMoHcTparuu 3Toro 3¢ dexra pacCMOTPUM TPHBHUAIBHOE 0000IIeHNE
KJIACCUYECKOM MPOOIeMbl TNIAaHUPOBAaHUS 3aAaHui [ 4], 3aHuMaromiel BaXKHOE MECTO
B KOHIIETITYaJIbHOM JaHamadTe Teopun urp. [Ipu momoiy 3Toro KoHMINKTa XOPOIIIOo
WUTIOCTPUPYIOTCSL TIOHSTUS YeHbl AHApXUU U YeHvl cmaduibHocmu, naBas BEPOSITHO
CaMbIil BBIPA3UTEIbHBIN MMPUMEP TOTO, HACKOJIBKO paBHOBecus H»aiia B ofHOU U TOM
K€ UTPE MOTYT Pa3IndaThCs B CMBICTIE UX T100abHON onTuMaibHOCTU. Ham, onHako,
HEOOXOAMMO B3[ISAHYTh Ha 3Ty UTPYy MOJ APYTHUM YIJIOM, TP KOTOPOM IOHSTHE IIEH
aHAPXHUH U CTAOMIIBHOCTH TEPSET CMBICH, YCTyIasi MECTO YyBCTBUTEIBHOCTH K JOTOJ-
HUTEJIbHON MHGOPMAIIMOHHOW aCUMMETPHH.

HaynéMm ¢ kmaccnueckoi MoJeNy IJIaHUPOBAaHUS 3aJaHui. B BEIUMCINTEIBHOM
IIEHTPE paboTaloT 17 COTPYAHUKOB, KAXKIOMY U3 KOTOPBIX TOPYUYEHO MPOU3BECTH HEKOE
BbIUKCIIEHUE. B X pacnopsiKeHUM HaXOASATCS N KOMITBIOTEPOB, Ha KaXKJI0M U3 KOTOPBIX
MO’KET OBITh 3alyIlleHa OJIHA WJIN HECKOJIBKO MPOTrpaMM, TPOU3BOASIIIMX BBIUUCICHUS

COTPYAHHKOB. MamuHbl OTIMYAKOTCS APXHUTCKTYPHBIMHU OCO6€HHOCTHMPI, 4TO 3a7a€T-

Pasnen yTounser u A0MOTHAET MaTepuais cTathu [10].
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csi Marpuiel koHcTtaHt t¢ > (0, 0003HayarOUIMX BpEMs BBIIOJIHEHUS MPOrPaMMBI
COTpPYIHMKA a = 1,...,m Ha KoMmIbloTepe ¢ = 1,...,n. Kaxgoe BEUMHUCICHUE MO-
KET MPOU3BOAUTHCSA TOJBKO OJHHUM YCTPOWCTBOM. HeECKOIBKO mporpaMMm Ha OJHOM
KOMITBIOTEPE BBIMOIHSIOTCS MOCIEA0BATENbHO, HO PE3YJbTaThl UX Pa0OTHl BBIBOJSATCS
OJTHOBPEMEHHO MOCJI€ OCTAHOBKH MOcIeaHeN u3 HUX. TakuM 00pa3oM, BBIro/1a COTPY/-
HUKa 3aKJIIOYAETCsl B BHIOOpPE TAKOTO KOMIBIOTEPA ISl CBOETO BBIYMCIICHHUS, YTO IS
HET0 OKa3bIBAETCS MUHUMAJIBHBIM CYMMapHOE BPEMS BBIIIOJHEHHUS BCEX 3aITYLIEHHBIX

nporpamMm. OnuieM MpoUcXodilee B TEPMUHAX UTPbl HOPMaIbHOU (OpPMBI

['= (A S5 u"(s),a € A) (2.1)
C mapaMeTpamH:
- A=A{1,...,m};
- Sl=...=85"={1,...,n}
— ut(s) = —tw(s), tme t;y(s) = >, th
a€ A s0=i

31€ech caeayeT 3a0CTPUTh BHIMAaHKE Ha ONpeae/icHiH (pyHKIMK BhIMIIat. Beiopas
u®(s) = —tsa($s), MBI MOZIETUPYEM CUTYAI[HIO, KOTIIAa BCE BBHIYMCIICHHS JJOJKHBI OBLTH
OBITH TOTOBHI €IIE BUEPA, K COTPYIHUKH HAIPAMYIO INTPA(YOTCS 3a KA IyTO JIUIIHIOK0
CEKYH]IY, IIOKa MX PE3yIbTaThl HE JATYT Ha CTOJ HavalbCTBy. OIHAKO, MOXKHO CMOJIE-
JIMPOBATh ¥ MEHEE HANpPsHKEHHBIA pabouMii MOMEHT, B3sIB, HAIPUMED, CTYIIEHUATYIO

(GYHKIIMIO BBITLIAT:

u(s) = utoops  tsa(8) <tbpaprine
U prps  tsa(S) 2 thpapLineg:

ITpu 3TOM mOJIy4YaeTCs, YTO Ul KaXXI0I0 UIPOKa ¢ Ha3HAYEH CPOK YCIIEHIHOIO
BBINIONIHEHMS 3aaHUA U p s pr N E> YAOKUBIINCH B KOTOPBIM, OH IOJIy4aeT (PUKCUPO-
BAHHYIO BBIILIATY U p (€ YYETOM IPEMHN), @ HE YIOKHUBIIMCh — U 475 (OOBIYHYIO
CTaBKy). MOXHO IpuIyMaTh U 00JIee CIOKHBIE CXEMBI ITOOIIPEHUS COTPYIHUKOB, TaK

9T0 c(HOPMYIUPYEM Cpa3zy B OOIIEM BHUJE:
u(s) = v(tsa(s)), (2.2)

e v°(t) — MOHOTOHHO HEBO3pacTarolias (DYHKIHMs OIUIATHI 32 CPOYHOCTH MO 33ja-
HUIO COTpYyAHUKA a. JItobast urpa B HOpManbHOU ¢opme, MOCTpOCHHAs 1o cxeme 2.1 ¢
maTé&xHON QyHKIMeH Buaa 2.2, B CYITHOCTH SBJISETCS MPOOJIeMON MIIaHUPOBAHUS 3a-

nad. [Ipu 3TOM yCIOBHE MOHOTOHHOTO HeBo3pacTaHus v”(t) HEOOXOAUMO, TTOCKOIbKY
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Ha HETO B SIBHOM BUJIE ONUPACTCA JOKA3ATEIBCTBO CYMUTAIONIETOCS BaKHBIM CBOKCTBA
3TOM UTPHI — PABEHCTBO 1 1I€HBI CTa0MWIbHOCTH [ | 5]. HanoMHUM, B ONTUMU3AIIMOHHBIX
3a/71a4ax C ATOMCTUYHBIMU areHTaMu I1eHa CTaOUJIBHOCTH MIPEACTABIIAET COO0M COOTHO-
[ICHUE %, rne tyasy — 3HAUEHHWE HAWJIYy4llIero u3 paBHoBecui Homua, a tppgr —
3HaY€HWE MI00ATBHO ONTHUMAJIBLHOTO PEHICHUS. DTO O3HAuYaeT, uTo B Ipolieme Iia-
HUPOBaHMS 3a7a4 CPeld BCEX CUTyallMil, MUHUMU3UPYIOIIUX BPEMSl 10 OCTAaHOBKH
MOCJIETHETO KOMITbIOTEpa, 00s3aTeIbHO HalAyTcsi paBHOBecus 1o Hamy. OnHako, B
JAHHOW paboTe mpejyiaraeTcs Ha BpeMs 3a0bITh 0 MUHUMU3AIUKA OOIIEH MPOAOJIKH-
TEJIbHOCTH BBIYUCIICHU M BMECTO 3TOr0 MPOaHAJIU3UPOBaTh, KAKME HOBBIE CBOMCTBA

MOJICJIN MOT'YT ITPOABUTBLCA B OTCYTCTBHUC TAKOI'O OI'PpaHUYCHUA HA MOHOTOHHOCTD.

2.2 Ilrpad 3a MHAUBHAYAIHU3M’

[IpencraBuM BBIUMCIUTENBHBIN HEHTP C KOMITbIOTEpAaMHU, TPEOYIOUTUMU CIOXK-
HOTO TEXOOCIY>KMBAaHUSI MOCIE CMEHBI, €CIIM Ha HUX 3alyCKald XOTs Obl OfHY 3a-
nagy. Ecnm moompsTh YKJIaIbIBAIONIUXCS B JEMJIAWHBI COTPYJHUKOB HEB3Wpas Ha
3TO, HECJIOKHO MPEICTABUTh CUTYAIMIO, KOT/Ia OHHU, B CTPEMJICHHH JIF000# 1IeHOH Ta-
paHTHpOBaTh cebe MpeMuio, OyayT pacKHUIbIBaTh 3aJa4d MO HEPa3yMHO OOJBIIOMY
KOJIMYECTBY KOMIbIOTEpOB. [lepen MuiioM Takoil mepcrneKTUBbl y PYKOBOJICTBA MOXKET
BO3HUKHYTbH COOJIa3H CTUMYJIUPOBATH CBOMX COTPYIHUKOB M30€TraTh CUCTEMATUYECKOM
HE/I03arpy3Ku MallvH MpU MOMOIIY MTPAPOB. ITO MOXKET ObITH CMOJEIIUPOBAHO CTY-

MeHYaTol (PyHKIIMEH OIJIaThl 32 CPOUHOCTH CIICIYIONIETO BUIA!

a a .
U AST t < UBREAKAWAY
a - a a a .
v'(t) = { uGoons UBrEAKAWAY S T <tDEADLINE
a a
UL ATE tpepapLiNeg St

3nech A KaXAOro COTPYIHHMKA « 3aUKCUpOBaH HE TOJBKO JAeAJaliH
thpAprINEs K KOTOpOMY TpeOyeTcs ycCleTh, 4TOOBI MOJIYYHMTh IIPEMHUIO, HO M MH-
HUMaJIbHAs 3arpy’>KEHHOCTb HCIOJIL3yEMOI0 KOMIBIOTEPA {%pp A A Ay> KOTOPOH
HY>KHO JIOCTUTHYTb, YTOOBI HE HapBaThCs Ha IITpad 3a HepalMOHAJIHLHOE PAacXoJ0-
BAHME BBIYHCIHUTENBHBIX PECYPCOB (IPHUEM UG 97 < UTare < Udopop)- Pasmep

MHUHUMAaJbHOMN 3arpy’KCHHOCTH MOXKCT YCTAHABJIMBATLCA, HAIIPUMCP, B 3aBUCHUMOCTHU

2Pa3/en yTOUHSET U JONOIHSET MaTepHaisl cratbh [ 10].
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OT BaXXHOCTH COOTBETCTBYIOLIEH 3a/1a4l — €CJIM CPOYHOE MOJyUEHHUE PE3yabTara OKy-
NAeT UCIOJIb30BAHUE JOMOJHUTEIbHBIX MAIIUH, TO €r0 MOYXHO CJEJIaTh MOHUKE WIH
BOBCE MPUPABHSATH K HYII0. Ecin ske Ha000pOT 3a/1aua HE TaK YK U BakKHa, TO OOJIbIIast
MUHUMaJbHas 3arpy>KEHHOCTb 3aCTABUT COOTBETCTBYIOILEIO COTPYAHHKA BCIIOMHUTD
00 nHTEpecax GUPMBI B CKOOIIEPHUPOBATHCS C KOJIJICTAMH.

Kak BHUIIHO, COTpyOHUKAM B JAAHHOM CJIy4ae€ MPHUXOJUTCA PYyKOBOACTBOBATHCS
HEMOHOTOHHOHM (PyHKIMEH OIUIaThl 32 CPOYHOCTh, YTO CO3MAET HEKOoTOpbie A dek-
Thl, HECBOMCTBEHHBIE ISl KJIACCHUYECKOW (DOPMYIUPOBKU MPOOIEMBI TUIAHUPOBAHUS
3aJlaHuii. Bo-nIepBhIX, IIPU TAKOM MOCTAHOBKE OKUAAEMO HE BO BCSIKOW UTPE LI€HA CTa-
OMIBHOCTH 00s13aHa paBHATHCA 1. JocTaTouHO paccMOTPETh UTPY C 2 COTPYAHUKAMHU
U 2 OAVMHAKOBBIMH KOMIIbIOTEpPAMU:

- t=t=s,

t=1t3=2;
~ thpaprive = theaprive = 9;
tsrpakaway = thrpakaway = 3;
— Upast < ULare < UGOOD:
Uirast < Uiare < Ugoop-

[TockonbKy TEpBBI MTPOK, 3aBEIOMO HE HUMEIOIIUNA MpPoOIeM C HeAo3arpys-
KOM, YKJIaJbIBAETCS B JCAJAiH TOJBKO €CIM KOMIbIOTEp OyneT B ero 6e3pas3iaenbHOM
MOJIb30BaHUU, TO OUYEBUAHO, YTO COUYETAHUSI CTPATETUM, B KOTOPHIX 00a UTPOKA BBI-
OMparT OJHY MalIuHy, paBHoBecusMu Homa ObiTh He MoOryT. [loxoxkum o0pazom,
IOCKOJIbKY BTOPOMY UT'POKY BBITOJJHEE OMO3/aTh C pacuéTaMy HEKelH ObITh HaKa3aH-
HBIM 32 HCMOJIb30BaHUE OTACIBHOIO KOMIIbIOTEpA JIsl HEAOCTATOYHO OOJIBIION 3a1a4u
(W asr < U7 47E), paBHOBecUssMH Hboiia He MOTYT OBITB U T€ CUTYallUH, I7€ KaXKAbIi
U3 COTPYAHUKOB MCIOJIb3YET CBOIO MalIuHy. [1o cTpyKType BBIIIAT UTpa OKa3bIBACTCS
HEOTJIMYMMA OT UTPHI B YET-HEUET, BOBCE HE UMEIOIIEH PEIICHUN B YUCTBIX CTPATEIrH-
X U C €UMHCTBEHHBIM paBHOBecreM Hbhia B TOUKe HE3aBUCHMMOTO PABHOBEPOSITHOTO
BbIOOpa MEXy ajbTepHaTUBaMH 000MMHU UTpokamu. [Ipu 3TOM MakcUMallbHO 3arpy-

’KEHHAsl MAlllUHA C BEPOATHOCTBIO + TpopaboTaeT nu6o 10 4acoB mpM COBMAAECHHU

2
uX BbIOOpa, MO0 8 MpH HECOBIAIECHUU, YTO AT MATEeMAaTUYECKOS OXKHJIAHHE IICHBI
CTa0MIBHOCTHU, PaBHOE %. ITo cyTu, mpu oTKa3e OT MOHOTOHHOCTH (DYHKITUU OILJIAThI
3a CPOYHOCTH BpSJ JIU MMEET CMBICI BOOOIIE pacCykAaTh O lleHaX CTAaOMJIBHOCTH U
aHapXUU, TOCKOJIBKY KJIACC UI'P TEMEPh HAYMHAET BKJIFOYATh U TAKUE, KOTOPHIE SIBHO HE

HMCIOT OTHOIICHUA K IIOMCKaAM MUHHUMYMaA ITPOAOJIKUTCIIBHOCTH BBIUMCIICHUM.
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2.3 Cmemannbie papHoBecust Urpol [2°

[TnanupoBaHue 3a1aHI C HEMOHOTOHHOM OT/Ia4eil IpeICTaBIsIeT COOOH TOBOJTb-
HO OOLIMPHBIN KJIACC KOH(IMKTOB, aHAJIU3 KOTOPOTO B OOIIEM BUE BBIXOAUT 33 PaMKH
JAaHHOU PaOoThl. J{J11 HAIIAIHONW JEMOHCTpAMU HEeo0XoauMoro 3¢ deKTa BIOJIHE J10-
CTaTO4YHO OY/IET CHENUAIEHO CKOHCTPYHPOBAHHOTO puMepa. Paccmorpum urpy I3 Toit
e OOIIeH CXEeMBbI, UTO B MPEbIAYIIEM pa3fiese, HO UyTh 00Jie CI0XKHYIO0, C 3 OTHOTHII-
HBIMU 33JIaHUSIMU U 12 2> 2 OJIMHAKOBBIMU KOMIIBIOTEPAMU:
—-t=t=t=2i=1n;
- t})EADLINE = t%)EADLINE = t%EADLINE =9,
thrEAKAWAY = BREAKAWAY = LBREAK AW AY = 35
~ Up a5 = UWhast = Uhast = 0,
UGoop = Uoop = Uoop = 35
UpaTE = Uiare = Uiarp = 2
IIpoime rosops, B urpe I BBITOIHEE BCETO HCIOIB30BaTh KOMIBIOTED BABOEM —
4 qaca cyMMapHOM NMPOAOIKUTEIbHOCTH PA0OThI OKa3bIBAIOTCS KaK pa3 B ONTUMAIbLHOM
MIPOMEKYTKE MEXTy TPAaHUIICH HEeorpy3a U AeaaaiHoM. Cleayomuil mo BbIrojie Bapu-
aHT — MCIOJIb30BaHUE OJTHOM MAILIMHBI BTPOEM, YTO MPUBOAMT K IITpady 3a orno3aaHue.
Haunmenee npuBnekareneH BEIOOP KOMITbIOTEPA, HA KOTOPOM 3ajJiada OKa3bIBACTCS OI-
Ha — 3a TaKO€ PacXofOBaHHE OOIIECTBEHHOTO pecypca MIPOK HE TMOJydaeT BOOOIIe
Hudero. Ha mepBblil B3MIsA 3Ta Urpa HE BBIVISAUT CIMIIKOM HEOObIYHO. B Helt Ge3
0co0oro Tpydaa HaxoAsATcs paBHOBecHs Hboima B 4HUCTBIX CTparerusix — Bce HAOOPHI
(4,4,1),7 = 1,n, IPUYEM OYEBHIHO U TO, YTO APYTHX PELIEHHUI B UUCTHIX CTPATEIHAX

OBITE HEe MOXKeT. CO CMEIIaHHBIMHA CTparcrusiMu ACJIO0O CTAHOBUTCS YYTh HHTCPCCHCC.

Jemma 2.3.1. ITycms S, C {1,...,n} —npouseonvroe nenycmoe nOOMHONCECMBO

1 _ 2

xomnviomepos. Tozoa 6 uepe I'3 nabop oounaxoevix cmewanuvix cmpamezuii s 5% =

§3 — [1€5,] [nesS,]
SIS [S

em OOHy U3 MAtur MHodIfcecnea S*, Asjislemci pasHosecuem no HSZ/L{y.4

), 20e Kaxicowli UZPOK He3AaBUCUMO U PABHOBEPOSMHO 8blOUPA-

,ZZOKCZSameJZbCWZGO. BOCHOJ’IBSY@MCH TCM, 4YTO JOCTATOYHO IIPOBCPUTH OTKIIOHCHMUA

TOJBKO B TIOJB3Y YHCTBIX cTpareruii. OG03HauYMM CHMBOJIOM S|; OTKIOHEHHE OT Habo-

3Paszien yTOUHSET ¥ JIOTONHSIET MaTepuabl crathi [10].
“3neck W manee IS YNpOIIEHMS M COKPAILIGHMs 3allMCH MCIONb3yeTcs HOTALMS «CKoOKa AffBepcoHan:

[TRUE| = 1, [FALSE] = 0.
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pa S UTPOKOM @ B MOJIb3y CTPATETUH 7 U 3aMETHUM, YTO

a : (‘S*|_1)2 |S>|<‘_1 1 >
u(sl?) =i e S, | ——————u% —u ——uf
= |1 € S,
L

Takum 06p&30M, A KAKAO0Ir0 UIrpoka MakKCUMyM OXXKHMJAaCMOI'0 BBIMI'PBIIIA HO-

CTHUTacCTCs IIPU OTKIIOHCHUH B I10JIB3Y J1F000T0 U3 KOMITIBHOTCPOB, BXOJAINIUX B S* []

CoOTBETCTBEHHO 0€3 OTKJIOHEHHI MaTeMaTHuecKOe OXHUIAHHE BBIUTPHIIIEH

" 6]S.|—4
npenctaér B Buae u’(s) = ||S e

HOBECHH I10 HC—)H_Iy B CMCIIAHHLIX CTpATCIrusgAX HCT, HaM HOH&I[O6$ITC$I ene rnapa JICMM:

a = 1,3. Jlns nokazarenbCcTBa TOro, 4YTo APYrUx paBs-

Jlemma 2.3.2. B uepe I'3 nabop cmewannwvix cmpamezuil s = (st s2. s3) moowcem 6oimo
n ) )

pasnosecuem no Hoauty monvko 6 mom ciyuae, ko2oa s' = s* = s°.

Joxazamenvcmeo. Tlycts s* = (p¢,...,p%),a = 1,3. Eciu cTparernu UrpokoB He
COBITQIAIOT, TO HAUAETCS KOMITBIOTED ¢, 1T KOTOPOTo (0€3 moTepu OOITHOCTH) BEPOSIT-
HOCTH BBIOOPA MEPBBIM M BTOPLIM MTPOKOM P! > p?. B CHIy DJI€MEHTapHBIX CBOKCTB
BEPOSATHOCTEM, HAUJETCS TAKXKE U KOMIBIOTED J, TAE p} < p?. Brimuimem maremaruue-
CKO€ OKHJIaHWE BBIUTPBIIICH TEX K€ UTPOKOB IIPH BHIOOPE UMHU -TO KOMIIbIoTepa (IJIs

j-T0 BCE COBMAAACT C TOUHOCTBIO JI0 MHJIEKCA, OUEBHUIHO):

1
Ul(s‘i) = (1—- P?)(l — p?)u}iAST + (pzz +p§’ — QPzzp?)ulaooz) _I’pz?p?ulLATE

= 3p; + 3p; — 4pp};

2
w?(s;) = 3p; + 3p; — 4p;p};

3
w’(s]7) = 3p; + 3p; — 4p;p;.

[po dyukimo f(x,y) = 3z + 3y — 4zy Ha obnactu onpenenenns 0 < = <
1,0 < y < 1 MOXHO 3aMeTHTh cieayromiee — eciu f(xo, yo) < 2, TO 1UIs 00X T1 >
T, Y1 = Yo WIH T1 = T, Y1 > Yo Beimomasiercst f (g, yo) < f(x1,y1). lpenmnonoxum,
4TO p? < p? (ecm pg’ = p?, pacCyXIeHUs aHAJIOTUYHBI C TOYHOCTHIO 10 MHJICKCOB).
PaccMoTpuM ciieayromye Cirydan:
- pr < p?. B cuny snemMeHTapHbIX CBOMCTB BEPOSTHOCTENH MBI MOKEM OBITh YBe-
peHsL, uto p? < 1 up} < i, otkyna ul(s]}) < 2, a3maunt u'(s|)) < ul(s|j)
[ockonbKy p; > p? > 0, NEPBBIil UTPOK BHIOMPAET HEONTUMAILHYIO CTPaTe-

THIO C HEHYJIEBOM BEPOSATHOCTHIO. |
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- pF > p?, W3 Yero ciemyer p; > p}, a 3HAYUT AHAJIOTUYHO MPEIbIIyIIEMY
3( |3 3( o|3 3 .
nyHkry u”(s[;) < u’(s[;). Ecnm p; > 0, T0 TpeTnii MTpOK BHIOMPAET HEONTH-
MaJIbHYIO CTPATETHI0 ¢ HEHYIICBOM BEPOSTHOCTHIO. |
— P} > P}, KaK U B OPEIbIIyIEM cIydae, Ho Teneps p; = p? = 0. U3 p; < p;
2( |2 2( |2 2 1
aHAJIOTHYHBIM 00pasom caenyet u”(s|;) < u(s[;), n moaromy p; > p; > 0
BJICYET BHIOOP HEONTHUMATBHON CTPATETUM C HEHYJIEBON BEPOSTHOCTBHIO yiKe
BTOPBIM UTPOKOM. L
Takum 06pa3om, MPEANOIOKEHUE O CYIIIECTBOBAHIN KOMITBIOTEPA, JJIsl KOTOPOTO
BEPOSITHOCTH BEIOOPA €T0 OTHUM HI'POKOM OTIIHYAETCSI OT BEPOSITHOCTH BBIOOPA IPYTHM,

B JIIOOOM ClIy4dac IMPpOTUBOPCUUT H€O6XOIIHMOMy YCIIOBHUIO PaBHOBCCHA Hbma. []

Jdemma 2.3.3. B uzpe 1> nabop oounaxosvix cmewannvix cmpame2uii Movxcem 6vimb
pasnogecuem no Hauy monvko 6 mom ciyyae, Koeoa 6ce KoMnviomepwl, 8bloupaembvie ¢

H€Hyﬂ€60ﬁ 6€POANIHOCNIbIO, 6bl5upa}0m0}l C PABHbIMU 6EPOAMHOCMAMU.

Lokaszamenbcmeo. Bo3bMéM 10001 HaOOp, COCTOSALIMI M3 ONMHAKOBBIX CTpaTeruit

(p1,..-,pn), e 0 < p; < pj. [lone3yscs GpopMyinoif BbIILIAT U3 NPEABIAYLICH JIeM-
a ayN _ ) - ) . l a a a a

ML, u’(s(;) = 2p;(3 — 2p;). Onats xe, u3 p; < 5 cnenyer u’(s|;) < u®(s|;), a sHaaut

BCE WUTPOKH BHIOPAIH HEONTUMAIbHYIO CTPATETHIO C HEHYJICBOM BEPOSTHOCTHIO, YTO

POTUBOPEUYUT HEOOXOJMMOMY YCIIOBHUIO paBHOBecHs 1o Hamry. ]

Jloka3aB, 4TO MPEIJI0KEHHBIE TOYKM PABHOBECHUS MCUEPIIBIBAIOT MPOCTPAHCTBO
pelIeHN B CMEIIAHHBIX CTPATErusX, Mbl MOXKEM CKOHCTPYHUPOBATh BBHIMYKIIYIO 000-
JIOYKY MHOKECTBA JTOCTHKMUMBIX BEKTOPOB BBIIIAT. [I0CKOIBKY MHOXECTBO IETUKOM
JIKUT Ha MPSIMON (u, U, u), JOCTATOYHO HANTH MUHHMYM M MaKCUMYyM O)KHIAeMBIX

BBIATPBILICH:

min — = 5
@cS.c{1,...,n} ]S*| n

max — Q9 = 2
ocS,.C{1,..,n} ‘S*|

Taxum 006pazom rckomast BEITyKIIast 000JI04Ka IPECTaBIsET COO0M OTPE30K, CO-

67};4, 67;;;4, 67;;4). Ecnm Ob1 paccMaTpuBaeMasl urpa He

eMHSIOINI ToukH (2,2,2) u (
ObLIa YYBCTBUTEIbHA K AOMOJHUTEIBHON HH(POPMAILIMOHHON aCHMMETPHUH, Ha 3TOM €€

aHaJIN3 MOYKHO OBIIO OBl 3aKOHYHUTE — BCE HUI'POKH HAXOOATCS B paBHOM ITIOJIOKCHUU U,
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JEUCTBYSI ONITUMAIBHO, MOTYT OXKHUJAaTh PaBHBIX BBIUTPHINICH U3 YKA3aHHOTO MPOMeE-
KyTka. OHAKO, B3IVISIT HA 3TOT KOH(IUKT Yepe3 MPU3My MOJEIU 3arOBOPOB JIETAeT

KapTUHY IMPOUCXOIAICTO Kyda MHTCPCCHECC.

3 5
2.4 KoppeaupoBaHHbIC PABHOBECHSI HIPbI | B IPOCTPAaHCTBE 3ar0BOPOB

[Ipoananu3upyem 3TOT k€ KOH(PIUKT ¢ MO3UIMI TEOPUHU 3aTOBOPOB, MEPEias K
urpe '3[{{1,2}}. IIpu stom urpa I'> nomomHsieTcss OMHON BEIIECTBEHHON DPYJIETKOM,
PE3yabTaT BpallleHUs KOTOPOH TMepe] BRLIOOPOM CTpaTeTruy y3HAIOT UTPOKHU 1 U 2, HO He
3. Iy mory4eHus: paBHOBECHOTO Ha0opa KOPPEIUPOBAHHBIX CTPATETH, BBIBOISIIETO
IUIATEX U 3a BBITYKIYIO 000JI0YKY MHOKECTBA PELICHUI B CMELIaHHBIX CTpaTerusx, 3a-
TOBOPIIMKAM JOCTAaTOYHO B35Th JIFOOYIO U3 KIIACCHUECKUX TOYEK paBHOBecHs 1o Haury
¢ |S«| = 2, Ho BMecTO TOrO, 4YTOOBI BHIOMPATh MEXKIY dnMemeHtamu S, C {1,...,n}
HE3aBUCHUMO, OHU JIOJDKHBI Pa3/IeuTh TAHHYIO PYJIETKY Ha | .S, | paBHBIX CEKTOPOB H Jie-
JaTh CBOM BBIOOP CHHXPOHHO, B 3aBUCHMOCTH OT BBIMABIIETO CEKTOpa. OMUIIEM 3TO

0onee popmaIbHO, UCIIONB3YS TPOCTPAHCTBO KOPPEISALIUU
O = (A0 TP ac A

B naHHOM cityyae MHOKECTBO coctostauit mpuposs 2 = [0, 1), o-anreOpbl uH-
(opmupoBannocTu urpokos J' = 72 —Gopenesckue, J° = {@,Q} u mepa P(X) =
| X|. Beimeonucannsle ctpareruy B urpe 12 |® MoxHO MpeacTaButh B BUue QyHKIIHUI,
0TOOpakaroIIMX MHOXKECTBO COCTOSIHUM MPUPOABI B MPOCTPAHCTBO CMEILIAHHBIX CTpa-

TETUH;

s'(w) = s2(w) = ([¢(w) = 1], .. [¢(w) = n]);

(1 es] [n € S,
)= (Sr M)

rae obmas 1yt urpokoB 1 u 2 dyukmus ¢ : ) — S, onpenensieT pa3OueHUE pyJIeTKH

Ha |.S.| paBHBIX CEKTOPOB.

Pa3jen yTOYHSET U JIOMOTHAET MaTeprais cratu [10].
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Brimiarel B 3TOM Habope yXe He CUMMETPUYHBI:

’S*|_1 a 1 a 3|S*’_1
ul(s) - U2(S) - ‘S | Ucoob + |S ‘uLATE - ’S | ;
3 ‘S*| —1 a 1 a 2

u (S) = ‘S*| UHAST+ |S*‘UJLATE = ‘S*|

[Ipy 5TOM cHUTyalMs JEMCTBUTENBHO SIBISAETCS paBHOBECHEM 110 Hamry, mockomib-
Ky TMEpBbIA M BTOPOW UTPOKH MOTYT B Kau€CTBE CTpPAaTErMil MCMOJIb30BATH JIFOOBIE
¢yHKIMH, oTobpaxkaromnye ) B MPOCTPAHCTBO BEPOSTHOCTHBIX Mep Ha {1,...,n}, a
BOT TPETUI UI'POK BBIHYKJIEH JOBOJBCTBOBATHCS TOJIBKO KOHCTAHTHBIMHU B BH]y TOTO,

YTO MEXaHU3M KOppeJsUuU He MHPOPMUPYET €ro O COCTOSIHUM MPHUPOIbI. 3aMETHB,
315,]—1
|5 ]
K JTOTIOJHUTENIbHON WH(OPMALMOHHOM aCUMMETPUU — B HOBBIX PEIICHUSIX WUTPOKH,

4TO > 2 npu |S,| > 2, MBI NOATBEpXkIaeM UyBCTBUTEIBHOCTH MIpHI 12
HaAOJIIOAIOIIIME HE CBS3aHHBIN HAMPSAMYIO C BHIIJIATAMU CIIy4YailHbIN SKCIIEPUMEHT, YBe-
JIMYMBAIOT CBOM BBIMTPHILI MO CPABHEHUIO C HAWIYUYIIUM PE3YJIBTATOM, 10CTHKUMBIM

B KJIIACCMYCCKOM CMCIINAHHOM CJIy4ac.

2.5 KoJ1eKTHBHas PAIMOHAJBLHOCTH PelleHmii’

[Ipy paccCMOTPEHHM MHOKECTBA PENIEHUH UIphl 1> B OOBIMHBIX CMEINAHHBIX
CTpaTerusx CieayeT oOpaTuTh BHUMaHKHE Ha TO, 4TO mpu |S,| > 2 mosydarommecs

TOYKHU PAaBHOBCCHUS I10 H3H_Iy JJUIICHBI OIITUMAJIBHOCTH HE€ TOJIBKO B CMBICJIC HapeTo,

HO u no Cneiitepy. B camom jene, BhIIIATHI BCEM UTI'POKaM B TOYKAX, I€ |S*\ =1
6|5, |—4
win |S.| = 2, paBHbI 2, a BOT mpH OOJBLIMX pa3Mepax MHOXKECTBa ﬁ < 2.

Takue o0OcTOATENHCTBAX HAAEINSAIOT PEUICHHUS C MCHOJB30BAHUEM OJHOTO WM JBYX
KOMITBIOTEPOB OCOOBIM CTaTyCOM — MOXKHO OXKUJATh, YTO areHThI, 3HAKOMbIE C MTPUH-
IIUIIOM KOJIJIEKTUBHOM paliOHaIbHOCTH, BCE K€ CYMEIOT JJOTOBOPUTHCS O TOM, YTOOBI
HE 0Ka3aThCA B CUTYallMH, KOTOPYIO APYTrO€ PEMIEHUE TOMUHUPYET IO BCEM ILIATEKAM.
EcrecTBeHHO cpa3y 3a1aTbCsi BOIIPOCOM, @ HEJb3s JIU U PELICHUS ¢ YUYETOM JOMOIHU-
TEJIbHOU HHPOPMAIITMOHHON aCUMMETPUHU OTPUIBTPOBATH MOX0KUM 00Pa30M, BBIJIEIIHB
U3 HUX YIOBJIETBOPSAIOIINE MPUHLIUIIAM KOJJIEKTUBHOM PAallMOHATBbHOCTH XOTh B KAKOM-

TO CMBICIIE?

Pasyen yTOUHSET M JIONOIHSET MaTepHasl crathi [10].
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[Ipu mobaBieHWH B WIPY MPOCTPAHCTBA 3arOBOPOB, COCTOSINETO M3 TPYIIIbI
{1,2}, cpazy GpocaeTcs B I1a3a TO, YTO KJIACCHYECKUE MPUHIIUTIBI KOJUIEKTUBHO pa-
[IMOHAJBHOCTH CTAHOBUTCS OECIoiie3Hbl. B HOBBIX TOYKaxX PAaBHOBECHS BBIUTPHIIIN
TIEPBBIX JIBYX MTPOKOB Terepb u!(s) = u2(s) > 2 u pacTyT ¢ pocToM k, a TpETHEro —
u3(s) < 2 W IajzaroT, 4TO TOBOPUT O IIPSAMOM AHTATOHM3ME MHTEPECOB. JTO Jela-
€T HEBO3MO)KHBIM KOJJICKTUBHO PAIMOHAIBHBIA BBHIOOP B OOBIYHOM CMBICIIC MEXKIY
CMEIIIAaHHBIM PaBHOBECHEM C |S,| paBHBIM | WK 2 U KOPPEITUPOBAHHBIMH PEIICHHUS-
MH C pa3iudHbIMU k. TeM He MEHee, MOXKHO IMOIBITATHCS MPUMEHHUTEL 00JIee TOHKHI
KPUTEPHI ONTUMAIBHOCTH, OIIMPAFOIIMICS HA CJIETKA PaCIIMPEHHYI0 HHTEPITPETAIIHIO
IPOUCXOJIAIIET0 B UIPE — HA30BEM ITOT (POPMAIIU3M CIMPYKIMYPHO CO2NACOBAHHBIM
pasHosecuem no Howy.

Nnest cTpyKTypHOU CONNIACOBAHHOCTH PAaBHOBECHM B UI'Pax C 3aroBOpPaMH J10-
BOJIBHO TPOCTa — €CJIM JOMYCTUTh, YTO BXOJSIIHE B CEMEWCTBO 3arOBOPOB TIPYIIIIBI
UTPOKOB O0BETUHSIET HE TOIBKO OO MEXaHNU3M KOPPEJISIIIUH, HO | B IIEJIOM OOJIbIIIHE
BO3MOXKHOCTH TSI COTNIACOBAHMUS JICHCTBHIA, TO Cpeid OOBIYHBIX paBHOBeCHH 1m0 Hamry
B KOPPEJIMPOBAHHBIX CTPATETMSIX MOYKHO 0CO00 BBIACIHUTH 00JIaJAIOIINE YCTOWIHBO-
CTBIO HE TOJIBKO K MHIUBHUIYaTbHBIM OTKJIOHEHHUSM, HO U K TPYIIIOBBIM, UMES B BHIY
MCKJIFOUHTENBHO BXOJSAIIME B CEMEHCTBO 3aroBopoB rpymmsl. Juis urpsr 3 [{{1,2}1,
HalpuMep, 3TO MOIIO ObI O3HAYaTh, YTO CTPYKTYPHO HECOTIACOBAHHBIMH OKa)KyTCS
TE PaBHOBECHSI, T KOTOPBIX HANIETCS OTKIOHEHHE, B KOTOPOM YYaCTBYIOT IIEPBBIN U
BTOPOM UTPOKH, 0OOIOIHO YBEIUYMBAsSK IIPH 3TOM CBOU BBIMTPHIIIH. B Hanboee o0mmx

TCPMHHAX 3TO MOKHO BBIPA3UTH TaK:

Omnpenenenue 2.5.1. B urpe ¢ 3aroBopamu ['|2 paBHOBecue o Homry s HasbiBaeTCs
CTPYKTYPHO COTJIACOBAaHHBIM, €CJIH JIJISl BCEX 3aroBOpoB A, € 2 OTCYyTCTBYIOT MPUEM-

JICMBIC OTKJIOHCHHA OT CUTYAallUH S.

Octaércst copmMynupoBarh, UTO B paMKax JaHHOW MOJEIN MOXKHO CUUTATh OT-
KJIOHEHUEM, IPUEMJIEMBIM JIJIs TOTO WJIM MHOTO 3aroBopa. Eciu B3MIsIHYTh Ha 3TOT
BOIIPOC Kak Ha MpoOjeMy MHOTOKPUTEPHUAIBHOM ONTUMU3ALMU, TAE KPUTEPUSIMU SIB-
JISIFOTCS BBIMTPBIIIN OTJAEIBHBIX YYACTHUKOB, TO HAMPAIIUBAIOTCS J[BA BApHUAHTA:

1. OTKJIIOHEHHE NPUEMIIEMO, €CJIM OHO YBEINYUBAET BBIUTPBIII BCEX YYACTHUKOB

3aroBopa; (o Creiirepy)

2. OTKJIOHEHHE MPUEMIIEMO, €CIIM OHO YBEJIMYMBAET BBIUTPHILI XOTS Obl OJHO-

IO y4aCTHHUKa 3aroBOpa, MPU 3TOM HE YMEHbBIIAsl BHIUTPHIIIA OCTAIbHBIX. (110

[Tapeto)
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VBBI, 002 BapuaHTa HEJIb3s HA3BaTh MOAXOAIIMMH JJIs HAaIUX Lened. Pazym-
HO OBLIO OBl OXKHUAATh, UTO J0OaBIICHHE B 000K 3aroBop «OoyBaHa», T.€. UTPOKA C
€IMHCTBEHHOM YMCTOM CTpATerueil U KOHCTAHTHBIM BBIUTPHIIIEM, HE JOHKHO HUYE-
rO MEHSTh B pelieHuH Urpbl. OgHAKO, 3arOBOP C MOAOOHBIM «OOJIBAHOM» B COCTaBE
BOOOIIIE HE MOXKET UMETh MPUEMIIEMbIX OTKJIOHEHUH B cMbicie Creltepa, a 3HaYUT
€r0 YYaCTHHUKH TEPSIOT BO3MOXKHOCTb HCIIOJIb30BaTh KOJUIEKTUBHYIO PAllMOHAIBHOCTb.
OTO0 NenaeT MepBbIi U3 MPEeNIoKEHHBIX BAPUAHTOB, OYEBUIHO, CIUIIKOM ciadbiM. C
JPYToM K€ CTOPOHBI, PACCMOTPEHHE UTPBI B TPEXCTOPOHHUM U€T-HEUeT (cM. |.4) ¢ nBy-
Msl 3arOBOpaMiy MOPOKJIAeT HENPUITHYIO MpoOJeMy U AJig BTOPOro BapuaHrta. Ecnu
1-i1 UTPOK HAXOIMUTCSA B 3aroBOpPE CO 2-M, a 2-M ¢ 3-M, TO MOXKHO OXHUJATh MUCXOJ0B
C IUIaTeXamMu, 00pa30BaHHBIMHU JIIOOBIM cMenreHneM (5,5,2) u (2,5,5), mpuuém BbIOOD
IPOIOPLUU IPOUCXOAUT MO BOJE 2-TO UIPOKA. 3arBO3AKa B TOM, YTO MPUEMIIEMOCTD
B cMbiciie [lapeTo moOyskaaet 2-ro urpoka B cutyanuu (5,5,2) OTKIOHATBCS B paMKax
3aroBopa ¢ 3-M ISl yIy4IICHHs 4y)KOTO BBIUTPhINIA. AHAIIOTHYHO, B cUTyarmu (2,5,5)
2-My UTPOKY IPUXOJUTCS cnacath 1-ro. B mpoMeKyTOUHBIX K€ CUTyalusax 2-il UTPOK
MOXKET MOMOYb O0OOMM, a 3HAYUT MOJOOHBIM AJIBTPYyH3M BOOOIE MCKIIOYAET CyIlle-
CTBOBAaHHE CTPYKTYPHO COITIACOBAaHHOTO PABHOBECHSI B 3a/1a4€, JieJIasi BTOPOU BapHaHT
oTpezeNieHrs TPUEMIIEMOCTH CIIMIIKOM CHIIbHBIM. /{7151 06x0ona oboux mpoliiem cieny-
€T MPEUIOKUTh MPOMEKYTOUHOE OMPECICHUE OTKIOHEHUS, KOTOpOoe OyJeT CHIIbHEe

yeMm no Cneirepy, HO cinabee yem no Ilapero:

Onpenenenne 2.5.2. B urpe ¢ 3aroopamu I'|2 cutyamuio s, # s Ha30BEM OTKIIOHE-
HHUEM OT S, MPUEMJIEMBIM TSl 3aroBopa A, € 2, ecnu

—Vag¢ A, s"=sY

- Va € A, u®(s.) = u(s);

— Va:s®# st u(sy) > u’(s).

HecnoxHo 3aMeTuTh, YTO IpeIaraeéMblii KPUTEPUM ONTUMAIBHOCTH POJICTBE-
HEH KOHIIENIHUH CUJIIBHOIO paBHoBecus no Homy [16], mogpa3zymeBaronien ycTonuu-
BOCTb K BCEBO3MOXHBIM I'PYIIIOBBIM OTKJIOHEHUSIM, TPUHOCSIIUM BBITOJY BCEM CBOMM
y4yacTHUKaM. 110 cyTH, CTpyKTYypHO COTIIaCOBaHHOE PABHOBECHE MOYKHO CUUTATh MO/ -
(ukanuen CUIbHOTO, OTJIMYAIOUIEICS B IBYX aCIEKTaX, OAUH U3 KOTOPBIX €r0 3aMETHO
ocJa0IseT, a Apyroi HeMHOTro ycunuBaeT. OciaabiaeHue NpoucTeKaeT U3 Toro, 4YTo KoJj-
JIEKTUBHBIC OTKJIOHCHMS Pa3pelICHbl HE BCEBO3MOXKHBIM I'PYIIIAM UTPOKOB, a TOJBKO
BXOJSIIIUM B CTPYKTYpY 3aroBopoB. K yCHJIEHMIO k€ NPUBOAMUT TO, YTO KPUTEPUEM

ycrucexa il OTKIIOHCHUS CHUTACTCA ITOJITYYCHHUC HpI/I6BIJ'II/I HC BCCMHU YJICHAMM T'PVYIIIILI,
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a TOJILKO TEMH, KTO B OTKJIIOHEHHH aKTUBHO YYACTBYET, MEHSISI CBOK) CTPATETHIO, TOT/IA
KaK NaCCHBHbIE HAONFOATENM U3 TOH JKE TPYIIITBI MOTYT IOBOJIECTBOBATECS OTCYTCTBH-
€M YOBITKOB.

Ecii GbI MBI TOBOPUJIM TOJILKO O PaBHOBecHsX HoIa B 9MCTBIX M CMEIIAHHBIX
CTPATETHSAX, TAKE TAKOM KPUTEPHI ONITUMAIIEHOCTH OKA3aJICs ObI CIIMIIKOM CHITbHBIM —
JNEHCTBUTENBHO, OIHOBPEMEHHBIH BHIOOP MEPBBIM U BTOPHIM UIPOKAMH KOMITHIOTE-
pa 4, BHIOMPAEMOTO TPETHMM C BEPOSTHOCTHIO p? < 1, maér 06ouM Bemrpem (1 —
pHuloop + Pius 4rp = 3 — p? > 2, uto OTCEMBaeT BooOIIE BCe pelieHus B urpe s,

JIJist UTPBI € 3arOBOpaMHU K€ MOXKHO C(hOPMYTUPOBATH CIEAYIONIEE:

Teopema 2.5.1. B uzpe ¢ 3azoéopamu I'3 | cmpyxmypno coenacosannoe pasnosecue
Hrwa cywecmeyem npu nobwvix n u . [lpu nesviposicoennom 2, kaxcoomy 3a2o80py

us Oeyx YH4aCcmHUKoOe8 cooneemcnigyeni e0UHCMBEHHOe MAaKoe pasHoesecue.

Hoxazamenbcmeo. Bo3MOXHBI TPH CiTydasi B 3aBUCHMOCTH OT U
1. % = @. Ilpu mycToM ceMeicTBe 3ar0OBOPOB I'PYIIIOBBIC OTKIIOHESHHS HEBO3-
MOXHBI, TaK 4YTO JI000OC paBHOBecHe MO Hally B YMCTBIX WM CMEIIAHHBIX
cTparerusix OyIeT CTPYKTYPHO COIIACOBAHHBIM.
2. A = {{1,2,3}}. Ilpu BBIpO’KAE€HHOM CEMEICTBE 3arOBOPOB C OJJHUM ITyOJIHY-
HBIM MEXaHU3MOM KOPPEJSIIMK MHOKECTBO PEIICHUI MPEACTaBIsIeT cOOOn
BBIMYKIIYI0 00OJIOUKY BEKTOPOB IUIATEXKEW CMEIIaHHBIX PaBHOBECHMA, 4TO,

KaK ObUIO MOKa3aHO B pasnene 2.3, MaéT OTPEe30K, coeAauHsommi (2,2, 2)

6n—4 6n—4 6n—4
n2 i} n2 9 n2

i ( ). Ilpu 3TOM KpHUTEpHUil CTPYKTYPHOH COINIACOBAaHHOCTH,
OYEBHUJIHO, OTCEHUBACT BCE, KPOME TOUKH (2,2, 2), COOTBETCTBYIOIICH YHCTHIM
PaBHOBECHSIM C BBIOOPOM OJIHOM JIFOOO# OOIEH CTpaTerny Ha BCEX U CMe-
IIAaHHBIM PABHOBECUSIM C HE3aBUCUMBIM PaBHOBEPOSTHBIM BHIOOPOM U3 JABYX
JTHOOBIX OJHUX U TEX e CTPATETUN KaXKIbIM UTPOKOM.

3. A comepxur {1,2}, {1,3} wmm {2,3}. Kak 6bu10 mokaszano B paszaeine 2.4,
UCIIOJIb30BAaHUE TAaWHBIX MEXaHU3MOB KOpPpEISUUU AAET HOBBIE TOYKU PaB-
HOBECHSI C BbITJIaTaMU %T’l y4aCTHUKAM 3aroBopa u % ayTcainepy, rae k —
KOJIMYECTBO 3aJIeHCTBOBAHHBIX B HAOOpe cTpaTeruii MamwuH. [1o0CcKoIbKy mpu
k > 2 BBIMTPBILI KaXA0T0 U3 3arOBOPIIUKOB IPEBOCXOAUT HAWITYUIIHUH Kitac-
CUYECKHUI pe3ybTaT, HUKAKWE TOYKH CMEIIAHHOTO PABHOBECHUSI CTPYKTYPHO
corlacoBaHHBIMHU y3ke He OynyT. [IockoibKy ¢ poCTOM & pacTyT U BBIUTPBIIIH
3aroBOPIIMKOB, OTCEUBAIOTCA TAK)KE€ M BCE KOPPEIMPOBAHHBIE PAaBHOBECHS,

KpOME MaKCUMHU3HUPYIOLIUX JOXO/ JIF0OOW U3 Map 3arOBOPIIMKOB NpU k = n.
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Takum oOpazom, KaxxaoW rpymrne, BXOASIIEH B CTPYKTYpy 3arOBOPOB, COOT-
BETCTBYET OJHA (C TOYHOCTHIO A0 MEPMYyTalUi PYJIETOK) TOYKA CTPYKTYPHO
COIIACOBAaHHOTO PAaBHOBECHSI, B KOTOPOM UTPOKU BHIOMPAIOT PAaBHOBEPOSITHO
U3 BCEro JOCTYIHOIO Mapka MalllviH, IpU4€éM BbIOOp UYJIEHOB IPYIIbl BCEra
COBIAJAET MEXAY COOOM M HE3aBUCHUM C BHIOOPOM OCTABLIETOCS UTPOKA.

[]

JIs. HOBBIX CTPYKTYPHO COIIACOBAaHHBIX PABHOBECHM HECJIOXKHO IMOA00paTh
BIIOJIHE €CTECTBEHHYIO HWHTEpIpeTarnuio. Eciu mpenctaBuTh, 4TO JBa COTPYAHHUKA
MOTYT KOOPJIMHUPOBATH CBOU JCHCTBUSI BTallHE OT TPETHETO, TO HET HUYETO HEOXKHIaH-
HOTO B UX CTPEMJICHUHU BBIOpATh OJJMH KOMIIBIOTEP Ha JABOUX, YTOOBI n30exkarh mrpada
3a HeJl03arpy3, MUHUMU3UPYS MPU 3TOM HIAHC JJIsl TPEThETO UTPOKA HATKHYTHCSI HA HUX
0 BOJIE CITy4asi, TUIINB UX MPEMUU 32 CPOYHOCTH. JlocTUTaeTCs 3TO JIOTHYHBIM 00pa-
30M TOTIJIa, KOT/1a HauOoJIbIasi BEpOATHOCTh BHIOOpA KaX 0 U3 MAlllMH MUHUMAaJIbHA,
T.€. IPU PAaBHOBEPOSTHOM BBIOOPE M3 BCEX. AHAJIOTUYHBIM 00Pa30M, JIJIsI TPETHETO UT-
POKa IIeJIbI0 CTAHOBUTCSI MAKCUMU3AIMSI HAMMEHBIIIEH BEPOSATHOCTH BBIOOPA KaXKIOTO
U3 KOMIIBIOTEPOB, MOCKOJIbKY OH MOHHUMAET, YTO 3arOBOPIIMKHU JIEUCTBYIOT 3a0HO U
IBITAIOTCS U30€KaTh BCTPEUYH C HUM, M 3TO TOXKE IOCTUTAETCS B CUTyaIlid PaBHOBEPO-
SITHOTO BBIOOpA M3 BCETO Mapka MallvH.

Takum 00pa3oM UMEHHO OObEIMHEHHUE B 3arOBOpPax CIIOCOOHOCTH K IPYMIIOBO-
My OTKJIOHEHMIO C HaJUYMEM TAaWHOTO MEXaHU3Ma KOPPEJALMH MO3BOJISIET MOMy4aTh
B urpe 2|2l pemenus, oTBedarolue KPHTEPUSIM OJHOBPEMEHHO KOJUICKTUBHON M
WHJIUBUYAIBHON pPAallMOHATBHOCTH. 3aMETHUM, YTO B OTCYTCTBUE JOMOJHUTEIHHOMN
MH(OPMAIMOHHON aCUMMETPUH Urpa I3 He MMEET TaKWX PELICHUH JaKe HPH HC-
MOJIb30BaHUU 00JIe€ TOHKOTO U CJIOKHOTO MO CPAaBHEHUIO C CUIIbHBIMU PABHOBECHUSIMHU
dbopmanu3Ma KOATMIIMOHHO-YCTOMYUBOTO paBHOBecHs 110 Hamry [17]. D10 nemaet kpu-
TEpUN CTPYKTYPHOI COINIACOBAHHOCTH MOIIHBIM MHCTPYMEHTOM [IJISl MCCJIEIOBAHUS
KOH(JIMKTOB, TPOBOLUPYIOIIUX CBOMX YUACTHUKOB Ha TAWHOE COTTIaCOBaHUE JEHCTBUM.
BaxHo, Brpodyem, MOHUMATh, UTO CTPYKTYPHO COIIACOBAHHOE PAaBHOBECUE HAUAETCS
HE BO BCSKOUM UTPe C 3aroBOpaMu — OUEBUIHBIM ITPUMEPOM MOXKET CIIYKUTh KacCuye-
CKasl ujieMMa 3aKJIFOUEHHOTO, I71€ KOJIJIEKTUBHAS U MHIWBUAYaJIbHAS PAIlMOHATIBHOCTH
HAXOJATCS B HEIIPUMHUPUMOM ITPOTUBOPEUUH, KOTOPOE, KOHEUHO K€, HE CHUMAETCSI J10-

OaBJICHMEM MEXaHU3Ma KOPPEISILIHH.
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2.6 CoxpaHeHmue TaifH 3ar0OBOPOB B Mpolecce BLIPA0OTKH KOHCEHCYCA

Kak u3BeCTHO, B MaTpUUYHBIX UTPAaX HEPEIKO HAIMYECTBYIOT HECKOJIBKO TOUEK
paBHOBecusi o Homry (Hampumep, KOOpAMHALMOHHBIE UTPHI), MPUYEM HAOOPBHI, CO-
CTOAIIME U3 CTPATeTuil, MPUHAICKAIIUX K pa3HbIM TOUYKaM, CaMU PaBHOBECHUSMH HE
aBisitores. [Ipu nHTEprpeTauy TaKMX TOYEK PAaBHOBECHS B KAUECTBE PEIICHUNA UTPbI
NPUXOAUTCS OTOBAPUBATh, YTO BHIOOP UTPOKAMU PAaBHOBECHBIX CTPATETUil B CYITHOCTH
HE SIBJIAETCS] HE3aBUCUMbBIM — IIPEANOYTEHUE OJTHOM TOUKH PaBHOBECHS IPYToil JOIXK-
HO HOCHUTbH XapakTep KOHCEHCyCa Cpeu UIpOKOB. B KiaccMueckux Urpax ¢ moiaHOM
uH(dopmaiuen 3To He co3AaET OONBIINX TPOOIIEM, TOCKOIBKY MPOLEAYPa, TPUBOASILAS
K KOHCEHCYCY, BIIOJTHE MOXKET ObITh I1acHOU. OTHAKO, KOT/Ia PeUb 3aXOAUT O MOJACIUPO-
BaHMH KOH(JIUKTOB ¢ 3aroBOpPaMU, JAaHHBIM BOIIPOC HAUMHAET TpeOOBaTh Topasio oonee
OCTOpOXHOTO Toaxona. [lpu mosBiaeHun B Urpe HHPOPMAITMOHHONW aCUMMETPHH, CY-
IIECTBEHHO BIUAIONICH Ha €€ UCXOJ, ITPOKAaM MOXXET CTAHOBUTHCS BHITOAHO U3MEHSTH
KapTUHY 3TOW acCUMMETpHUU (OmoBenias, K npuMepy, 0 3HaY€HUU TailHOTO CUTHaja ur-
POKOB, KOTOPbIE€ HE JOJIKHBI €r0 3HAaTh B COOTBETCTBUU CO CTPYKTYPOM MPOCTPAHCTBA
KOPPENSIUKT), 17151 YETO MPU HETPABIIILHOM JU3aitHE MOTYT HCIIOJB30BaThCs T€ CaAMbIe
MEXaHU3Mbl BBIPAOOTKU KOHCEHcyca. [ TOro 4ToObl MOHSATh, YUTO MOXKET MONTH HE
TaK, UIMEET CMBICJI HA4aTh C KJIACCUYECKOTO Ciiy4as. Ecii npencTaBuTh IpOr3BOJIBHYIO
MaTPUYHYIO UTPY B BHUJIE PEAIBHOTO IPOLIECCa € )KUBBIMU UTPOKAMU IO YIPABICHU-
eM OecrnpUcCTpPacTHOTO BEAYLIETo, CIACASIIEr0 3a COOMIOACHUEM MPOTOKOJIA UTPHI, TO
JUTsl TIOJTy4eHUsI paBHOBecHs 1o Hairy MOXXKHO IPUMEHUTH YTO-TO BPOAE CIEAYIOIeH
IPOLEAYPHI:

1. Benyuuii oObsBASET MAaTPULLY BBIILIAT;

Urpoxku riacHo 00Cyk1at0T BEIOOP CTpaTeTHii;
Hrpokwu Braline apyr OT Apyra U3BEHIAOT BEAYILETO O CBOUX XO/1aX;

Benyuuii ornamiaer coOpanHblii HA0OP CTpaTErui;

e

Benymuit MoXeT ¢ HEHYJIEeBOM BEPOSATHOCTHIO BBIOPATH JT000T0 U3 UTPOKOB U
MPEIJIOKUTD EMY IIEPEXO/IUTD;

6. Benmymiuit BEIYUCIISIET U OOBSIBISET BHIMTPHIIIIH.

DTol npouenypsl BIOJIHE T0CTATOYHO, €CJIU Mbl TOBOPUM O KJIACCUYECKHUX PaB-
HOBecHsX Hpollla B YMCTBIX M CMENIAHHBIX CTparerusx. Bo BTopom ciywae ciemyer
TOJIbKO YTOYHUTH, YTO peau3alisi KOHKPETHOTO HCXOAa, ONPEAEIsIEeMOro Habopom

CMEIIIAHHBIX CTpaTerui, MO0 HE MPOUCXOIUT BOOOIIE (BeayIuii 0OBIBISET MaTeMa-
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TUYECKUE OKMJIAHUS BBIMTPBILIEH), JTUOO0 MPOUCXOAUT TOJIBKO Ha MOCIEAHEM JTarle.
Opnako, npu A00aBICHUH K MOJETH MPOCTPAHCTB KOPPEISAIUU CUTYAIUs] HECKOJb-
KO ycnoxkHsieTcsl. [10CKonbKy KOppEIMpPOBAHHBIMU CTPATETUSMH MOTYT OBITh JIFOOBIE
(GYHKIMH, 0TOOpaKaOIIKE MOTyYaeMbIe UTPOKAMU CUTHAJIBI B CMEIIAHHBIE CTPATEeTuu,
Ka)KeTCs €CTECTBEHHBIM MPEJCTABIATH ce0e, KaK UTPOKU CaMU BBIYHUCIISIIOT U30paHHbBIE
UMHU K€ (PYHKIIHNU, TOJTYYUB BCE PEIECBAHTHBIE CUTHAJIBL:

1. Benyuiuii oObSBIASET MATPUILY BBHITLIAT;

2. Urpoxku riacHo 00CyX1at0T BEIOOP KOPPETUPOBAHHBIX CTPATETUH;

3. Bemymmit reHepupyeT COCTOSTHUE TPUPOJIBI U U3BELIAET UTPOKOB O COOTBET-

CTBYIOIIUX COOBITUSIX U3 UX O-aJIre0p MHPOPMUPOBAHHOCTH;

4. Urpoku BrailHe IpyT OT Apyra BbIUMCISAIOT CMELIAHHBIE CTPATErVU U U3BEILA-

10T BEJYIIETO O CBOMX XOJaX;

5. Beayumii oraimiaetr coOpaHHbIM HAOOp CMEIIAHHBIX CTPATETUl;

6. Bemyiuii MOXXET C HEHYJIEBOI BEPOSITHOCTBIO BBIOPATH JIF0OOTO U3 UTPOKOB U

IIPEIOKUTD EMY MIEPEXO/IUT;

7. Benyuiuii BBIYUCISIET U OOBSIBIISIET BHIMTPHIIIIN.

K coxanenuto, Takoil HaMBHBIM MOAXOA OO0JIAJAaeT CYLIECTBEHHBIM HEIOCTaT-
KOM — OH paboTaeT OXKHAaeMbIM 00pa30M TOJBKO B CUMMETPUYHBIX IPOCTPAHCTBAX
KOppEJSLUY, TIe 0-anreOpbl THPOPMUPOBAHHOCTH BCEX UTPOKOB coBnaaaroT. Eciu xe
MBI TOBOPUM O MPOCTPAHCTBAX 3arOBOPOB, TO BO3SHUKAIOT Cpa3y JBe MpolieMbl. Bo-
NEPBBIX, MEXKIY 3TanaMu 3 U 4 y KOro-TO U3 UTPOKOB MOYKET BO3HUKHYTh UCKYILICHUE
pa3miacuTh 3HAYEHUE IPUBATHOIO CUTHAJIA, €CIIA 3TO MOYKET CITOJABUTHYTH HEOCBEAOM-
JEHHBIX 0 HEM UTPOKOB Ha BBIOOP O0Jiee BBHITOIHOM IS pa3IyIallaroIIero CTpaTeruy.
DTOT BOMPOC euI€ MOXKHO ObLIO OBl 3aKPBITh, I00ABUB B aJITOPUTM 3alpeT Ha KOMMY-
HUKALIMIO MEXAY UTPOKAMH, HAYMHAIOIIUKCS MOCIIE 3Tana 2, HO, YBBbI, 3TO TOJIBKO OJHA
U3 MpooJieMm.

Bo-BTOpBIX, UTO MOMPABUTh HECKOJIBKO CIOKHEE, TPU HAIMYUU UHPOPMAIIMOH-
HOI aCUMMETPUU BO3MOXKHOCTH OHOTO M3 UTPOKOB U3MEHUThH BEIOPAHHYIO CTPATETHUIO
Ha JTane 6 nepecTaér COOTBETCTBOBATh KOHUENINH paBHOBecus 1o Hamy. B cummer-
PUYHOM clTydae MeX/1y MepBOHaYaIbHBIM BHIOOPOM CMEIIaHHOW CTpAaTeruu Ha dTare 4
Y BO3MOYKHBIM OTKJIOHEHHEM OT HEE Ha ATare 6 UTPOK HE MOITy4aeT HUKAKOM JTOMOIHU-
TEJIbHON UH(POPMALINH, TOCKOJIbKY TyOIMYHOCTh CUTHAJIA U TaK IMO3BOJIET BHIYUCIIHUTD
n30paHHbIE IPYTUMU UTPOKAMU CMEIIaHHbIE CTpaTeruy — OIvialliasi ux, BeyInii, ¢pak-
TUYECKH, TOJIBKO (PUKCUPYET pe3yabTaT MyOaundHON JOTOBOPEHHOCTH, TOCTUTHYTON Ha

sTamne 2. ACHMMETPUYHBIC MPOCTPAHCTBA KOPPEIIALINH K€ COAEPKAT COOBITHSA, O KOTO-
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PBIX Ha 3Tane 3 OMOBEIMIAETCS TOJABKO YaCTh UTPOKOB. [Ipu 3TOM Ka)Iblii HTPOK MOYKET
JOCTOBEPHO BBIYMCIIMTH CBOK) CMELIAHHYIO CTPATETHUIO, HO HE CTPaTerny ONIIOHEHTOB,
3aBsI3aHHBIE HA CKPBITHIE OT HEr0 CUTHajbl. B 3TON cUTyanuu OrjameHue BeIyIIuM
cOOpaHHBIX CMEIIaHHBIX CTPATErwil Ha 3Tane 5 yBEIWYMBAET 3HAHUE UTPOKOB MEpea
OPUHSATUEM KEM-TO U3 HUX PEIICHHS 00 OTKJIOHEHHH, YTO MPOTUBOPEUYUT UJICE PaB-
HoBecud no Hamry. [[i1s1 mpuBeieHrs BBIIEONIMCAHHOW MPOLEAYPbl B COOTBETCTBUE C
MOJEIUPYEMbIM (POpMaTU3MOM €€ HEOOXOAMMO M3MEHUTh HECKOJIBKO MPOTHUBOpEYa-
UM UHTYUIIUA 00pa3oMm:

1. Benyumuii oObsIBISIET MATPUILy BBIILIAT;

2. Urpoku rmacHo 00Cyk1at0T BIOOP KOPPEIUPOBAHHBIX CTPATErUil;

3. WUrpokwu BTaiiHe IpyT OT JIpyra W3BEUIAIOT BEYIIETO O BHIOPAHHBIX KOPPEIIU-
POBaHHBIX CTPATETHSIX;

4. Benymuii orniamaeT coOOpaHHbIN HAOOP KOPPEIUPOBAHHBIX CTPATErHil;

5. Benymuii reHEpUPYET COCTOSIHUE MPUPOJbI U BBIUUCISAET CMELIAHHBIE CTpa-
TErUU UTPOKOB;

6. Benyuiuii MOXXET C HEHYJIEBOW BEPOATHOCTHIO BHIOpATh JHO0OT0 M3 UTPOKOB,
U3BECTUTDH €ro 000 BCEX PEATM30BABIIMXCS COOBITUIX U3 €r0 0-alureOpbl UH-
(OPMUPOBAHHOCTU U MPEIIOKUTh €My M3MEHUTh BBIYMCIECHHYIO BEIYIIUM
CMEIIAHHYIO CTPATEruIo;

7. Benyuiuii BBIYUCIISIET U OOBSIBISIET BBIMTPHILIN.

Takum o0Opa3om, B OTJIMUKE OT CUMMETPHUYHOIO CIydasi MOJEIb 3arOBOPOB HE
MO3BOJISIET CMOTPETh HAa KOPPEIUPOBAHHBIE CTPATETMH KaK Ha «YEPHbBIC SIIMKWA» B
rojoBaxX UIPOKOB, MPOCTO MOJACKA3bIBAIOIINE UM CHHXPOHHYIO PEaKIMIO Ha paspa-
KUTENU. 37eCh HA0OPbl KOPPETUPOBAHHBIX CTPATEr Ui IPUXOIUTCS UHTEPIIPETUPOBATh
KaK IMporoBapuBaeMbie U GopMaiIbHO (PUKCHpPyEeMble COTJIALIEHUS, TOCKOJIbKY KOHIIET-
uusl paBHOBecus 1o Hamry moapasymeBaeT BOZMOKHOCTh OTKJIOHEHHSI UMEHHO B TOT
MOMEHT, KOTrZia OOIIMM 3HAHHEM SIBJISIFOTCSI TOJIBKO HAMEPEHUs UTPOKOB PEarupoBaTh
TEM WJIM UHBIM 00pa30M Ha TaillHble CUTHAJIbI, HO €UIE HE KOHKPETHBIE UX PEaKIUu.

HNHTEepecHO TO, YTO MPHU MOIBITKE 000OMIUTH 3Ty MPOLEAYPY VIS MOIYy4YECHHUS
CTPYKTYPHO COITIaCOBaHHBIX PABHOBECHI B IPOCTPAHCTBAX 3arOBOPOB MbI CHOBA CTaJ-
KHUBaeMCsl ¢ oXoxkel rmpoOnemoit. Ha mepBblii B3I 10CTaTOYHO ObLIO Obl yTOYHUTD
TOJIBKO 3Tan 6, yTOObI BEAYIIUA MOT IpeajiaraTb OTKJIOHUTHCS OT BBIOPAHHBIX CTpa-
TEruil Kak OTAEJIbHbIM UIPOKaM, TaK W IEJNbIM IPyIaM 3aroBOpIIMKOB. OJHAKO, 3TO
cpabaThIBaeT OKUJAeMbIM 00pa30M TOJIBKO JJIsI HauOoJIee MPOCTHIX CEMENUCTB C HEle-

peceKaroluMucs 3aroBopamu. B ToM ke ciydae, Korma y JBYX 3aroBOPOB MOTYT
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ObITh OOIIME YYAaCTHHUKH, YK€ IPYIIOBBIE OTKJIOHEHHS MEPECTAIOT COOTBETCTBOBATH
dopManu3My — Belb €CliU Mepea uX o0CYKIEHUEM BEIYIIUNA OMOBECTUT KaXKIOTO 3a-
TOBOPIIMKA O pyJIETKaX BCEX 3arOBOPOB, B KOTOPBIE TOT BXOAMT, TO KTO-TO U3 HUX TOTAA
MOT Obl pa3MIACUTh TallHy JIPYroro 3aroBopa, TEM CaMbIM HEMPABOMEPHO YBEJIWYHUB
3HaHUS HE BXOJAILIMX B HETO UTPOKOB JI0 MPUHATHUA penieHus 00 orkinoHenuu. [Ipo-
1€ BCETO IMOIIPABUTh ATO C IIOMOIIBIO BEIHOCA IPYNIIOBBIX OTKJIOHEHUN B OTHEIbHBIN
ATall, MPEIIECTBYOIMN I'eHEpallui COCTOSHUS TPUPOBL:

1. Benyuuii oObSBASET MAaTPUILY BBITLIAT;

2. Urpoku rmacHo 00CyJ1at0T BIOOP KOPPEIUPOBAHHBIX CTPATErUil;

3. WUrpokwu BraiiHe Ipyr OT JIpyra W3BEUIAIOT BEYIIETO O BRIOPAHHBIX KOPPEIU-
POBaHHBIX CTPATETUSIX;

4. Benyumuii ornamiaer coOpaHHbIi HAOOP KOPPEIUPOBAHHBIX CTPATETHH;

5. Beayumii MOXET C HEHYJIEBOW BEPOSTHOCTBbIO BHIOpaTh JIFOOYIO W3 TPYIII
3aroBOPILMKOB U MPEJIOKUTh UM U3MEHUThH BbIOPAHHbBIE KOPPEIUPOBAHHbBIC
CTpareruy;

6. Benyuuii renepupyeT COCTOSTHUE MPUPOJIBI U BBIYKMCIISIET CMEILIAHHBIE CTpa-
TEruU UTPOKOB;

7. Benyiuuit MOXKET ¢ HEHYJIEBOM BEPOSTHOCTHIO BbIOpATh JIFOOOTO U3 UTPOKOB,
U3BECTUTH €r0 000 BCEX peaJIu30BaBLINXCS COOBITUSAX U3 €0 O-aireOpbl UH-
(OPMUPOBAHHOCTU U MPEIOKUTh €My M3MEHUTHh BBHIYMCICHHYIO BEIYIIUM
CMEILIAHHYIO CTPATErHIO;

8. Bemymiuii BEIUUCIAET U OOBSIBISIET BHIMTPHIIIIH.

3ameTum, yTo 3Tan 5 (00CYKIECHUE U YTBEPKIECHUE 3arOBOPIIUKAMU TPYIIIIOBO-

IO OTKJIOHEHMSI) — caM M0 cebe MHOTOCTaJAMMHBIN MPOIIECC, B KOTOPOM T€, KTO XOYET
YBEJIUYUTh CBOM BBIUTPBIII CMEHOM CTPATETHH, MPEJIaratoT MPOEKT OTKIOHEHUS, a
OCTaJIbHbIE YYAaCTHHUKHM 3aroBOpa MMEKT WHIWBHAYaJIbHOE MPABO BETO, €CIU 3TOT
IPOEKT NPUHOCUT UM YOBITOK. TakuM 00pa3oM, CTPyKTypHasl COIJIACOBAHHOCTh pPaB-
HOBECHSI MOJPa3yMEBAET, YTO I'PYIIIbI 3arOBOPIIUKOB MOTYT OTKJIOHSTHCA Ha CTAIUU
IUTAHUPOBAHUS, TIEpe]] MOJyYEHUEM UTPOKAMHU MH(POPMALMU O COCTOSIHUM HPUPOJIBI,
a WHIUBUIYyaJIbHbIE OTKJIOHEHUS BO3MOXHBI YXe MOCJe CpadaThIBaHUS MEXaHHU3MOB
KOppESLUH, HO 10 OIIALIEHUS KOHKPETHBIN CMEIIaHHBIX CTPATErHil, CHITPAHHBIX MTPO-

THUBHHUKAaMMH.
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2.7 HeMOHOTOHHAS 0TJAAa4a B APYrHX KOH(IUKTAX MJIAHUPOBAHUSA

[lpu moMomm urpsl > MBI DPOAEMOHCTPUPOBAIM, BO-TIEPBBIX, YTO ILIAHH-
pOBaHUE 3aJlaHUN C HEMOHOTOHHOW (PyHKIMEH OIIaTrhl 3a CPOYHOCTH MOXKET OBITh
YyBCTBUTEIBHO K JIONOJHUTEIbHON HHPOPMAIIMOHHON aCHUMMETPUH, U, BO-BTOPBIX, UTO
B MI'pax C 3aroBOpaMu, HECMOTPS Ha NPUCYIIMA UM YACTUYHBIA aHTArOHU3M HUHTEpe-
COB, BO3MO)KHBI PELIEHUs, OTBEYAKOLIUE TPUHLNITY KOJJIEKTUBHOM PALlMOHAIBHOCTH.
[TonuepkHEM MOJE3HOCTh ATUX PE3YNBTATOB, 3aMETUB, YTO MpoOIemMa TUIAHUPOBAHUS
3aIaHUI TOpa3/l0 IIKMPE PAaCCMOTPEHHOTO HAMM MPUMEpa, IPUUEM KaK B CMBICIIE BO3-
MOKHBIX 3Ha4eHMH mapameTpoB (MaTpuibl koddduuuentos (1) € R u Gynkuuit
ormaan v : Ryy — R,a = 1,m), Tak u B cMbIcie pa3sHOOOpa3us MPAKTUYECKHX
MPUJIOKEHUI MOJeNH. B KOHTEKCTe 3TON pabOThI HET CMBICIA 3aHUMATHCS CIIUIITKOM
noapOOHBIM pa30opoM OoJiee CIOKHBIX CIIydaeB, HO JUIsl TOTO, YTOObI MOKa3aTh BO3-
MOKHYIO CBSI3b MOJIENIU C peajibHbIM MUPOM 32 IpeeIaMH BHIYUCIUTEIbHBIX IIEHTPOB
CO CTPaHHBIMH CXEMaMH MOOIIPEHUN COTPYAHUKOB, TOMPOOyeM MOCTPOUTH Mapy MpH-
MEpOB ¢ 0oJiee COMMIHON MPEeIMETHOM 00IaCThIO.

Hauném ¢ 25KOHOMHKH, TTpE/ICTaBUB ce0e, KaK 171 KOMITAHUIN TOTOBATCS BBIUTH Ha
PBIHOK C MPEUIOKEHUSMH BBICOKOTEXHOJIOTUYHOTO TOBapa, U Mepes HUMHU BCTAET Bbl-
00p MeXay 1 pa3IMYHBIMU OTKPBITHIMHU CTAaHIAAPTaMU HAa OJUH U TOT )K€ €ro Ba)KHBIN
acnekT. K nmpumepy, 370 MOTYT OBITH pa3HOOOpa3HbIEC MPOMBIIUICHHBIE POOOTHI U CTaH-
JapThl MX UHTETPAIUK B «yMHbI» 1ex. Korma komnanust a € {1,...,m} BeIXOAUT Ha
pbIHOK cTangapra i € {1,...,n}, OHa TeM caMbIM OCYIIECTBIISICT BKJIAJl B €T0 Pa3BH-
THUE, XapaKTEPU3YIOIIUICS BEKTOPHON KOHCTAHTOM £ € R X ... X R5(, KOMIIOHEHTBI
KOTOPOI COOTBETCTBYIOT OTAEJIbHBIM HE3aBUCUMbBIM acleKTaM (Harmpumep, pyHKIUAM,
JUTSL UCTIOJTHEHUSI KOTOPBIX MpruodpeTatoTcst poboTsl). Eciu B cuTyauuu S OTHUM CTaH-
JAPTOM ¢ MOJIb3YIOTCSI HECKOIBKO KOMITAHU, TO TPOCTHIM CYMMHUPOBAHHEM KX BKJIAJ0B
MOXKHO MOCYMTATh OOIIMIA UHAeKe pasBuths 1;(s) = [s! = i|t] + ... + [s" = i]t". Ha
O’KMJIA€MBIH T0XOJ OT MHBECTUIIMM B KaX/IbII M3 CTAHIAPTOB CYIIECTBEHHBIM 00pa3oM
BJIUSIOT JIBa TUCKOHTUPYIOMIUX (hakTopa: ceTeBoi 3 (PEKT 1 HACKIIICHNE PhIHKA.

[Ton cereBbIM 3(pdeKTOM MbI MOHHUMAEM 3aBUCUMOCTH IMOKYHAaTE€IbCKOTO 3H-
Ty3ua3Ma OoT o0Ilero MHAekca pa3Butus cranmapra— ¢yskmmsa 0 < o’(t) < 1
XapaKTepU3yeT JI0JII0 MOKYIaTeNei, TOTOBBIX MPUOOpEeTaTh poOOTOB KOMIIAHUHU @, BbI-
MOJIHEHHBIX IO CTAaHAAPTy C OOLIMM HMHJIEKCOM pa3BuTHs t. bonee pa3BUTHIN cTaHIapT

BCer/Ia MPUBJIeKaeT OOJbIIIe MOTPeOUTENeH, Tak 4To PyHKIUU X (1) MOHOTOHHO HEYObI-
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Barorme, T.e. (1) < «“(t + A),Vt,A > (0,...,0). Haceienue pbiHKa, C APYyroi
CTOPOHBI, MTOJIPa3yMeBaET OTPAHUYCHHOCTh CIPOCa — MPU U30BITKE MHBECTUIIUN B JIIO-
00 U3 CTaHJAPTOB, TUIATEKECIIOCOOHOCTH MOKYMAaTeNeil mepecTaéT XxBararh Ha BCeEX,
LEHBI IPUXOJIUTCS CHUXKATh, & C HUMH MaJal0T U J0X0abl. COOTBETCTBEHHO, €1I€ O/1HA
dyrkust 0 < B%t) < 1 xapakrepusyer, Kakoil nojiell npuObUM NpUAETCS Orpa-
HUYUTHCSI KOMIIAHUM @ JIJIS1 COXPAHEHUsI KOHKYPEHTOCIIOCOOHOCTH CBOMX POOOTOB Ha
PBIHKE CTaHAapTa ¢ OOIMM MHACKCOM pa3BUTHs . DTa (YHKIIMS, IO TTOHITHBIM MPH-
YrHAM, MOHOTOHHO HeBo3pacraromas, T.e. () > Pt + A),Vi,A = (0,...,0).
[{enp0 KOMIAHWK @ TPU BEIOOPE CTPATETHH s SIBISIETCSI MAKCUMU3AINS KOMOMHAIINH
JUCKOHTUPYIOINX (GakTopoB u’(s) = &*(tsa(s))B(tse(s)).

MOKHO TPEACTaBUTh U NOJIMTHYECKYH0 HHTEPIIPETALUIO 3TOM ke Urpsl. [IycTs B
HEKUW KOJUIETHATbHBIA BEIOOPHBIN OPTraH MBITAIOTCS U30UPATHCS N KAHAUIATOB (CaMo-
CTOATEJIbHO, 0€3 TaPTUIHBIX CIUCKOB), a M 3P(PEKTUBHBIX MEHEKEPOB BHIOUPAIOT, 3a
KOTO M3 HUX Pa3BEPHYTh aruTallvio B TOJABEIOMCTBEHHBIX yupexaeHusx. Korna omm-
rapx a IpUHUMAET PEIICHHUE O OJACPKKE KaHAU1aTa ¢, TEM CaMbIM OH BHOCHUT BKJIA]l B
€r0 HOIYJIIPHOCTbD, XapAKTEPU3YIOIINIC BEKTOPHOU KOHCTAaHTON ] € R X. .. xXR>,
KOMITOHEHTBI KOTOPOH COOTBETCTBYIOT 3JIEKTOPAIBLHO 3HAYUMBIM JIeMOTpaduyecKuM
rpynnam. Eciu B cuTyanuu s kanaujaTa ¢ MOAAEPKUBAIOT HECKOIBKO OJUTapXOB, TO
MPOCTHIM CYMMHPOBaHUEM UX BKJIAJ0OB MOXHO TMOJTYYUTh OOIIUI WHIEKC MOMYIISIPHO-

™ = §|tI". Ha 0)HIaeMyO BBITOLY OT

ctu Kauaumara t;(s) = [s' = it} + ... + [s
MOJICPKKH TOTO MITM MHOTO KaHIHM/aTa BIMSIOT ABa IUCKOHTHPYIOMHUX (paKTopa: mo-
JIATHYECKOE BIMSIHUE U TOTOBHOCTBH K COTPYIHHUYCCTBY.

[TonuTrYeckoe BIUSIHIE KaHIHIaTa B BOIPOCAX, HHTEPECYIOLINX MOAICPKaBIIIe-
r0 €ro ONUrapxa, O4YeBHAHO, PACTET BMECTE C OOIIMM HHICKCOM €ro MOMY/ISPHOCTH,
uto BeIpaxkaercs Qynkimeit 0 < o’(t) < o’(t + A) < L,VE,A = (0,...,0).
TOTOBHOCTH e KaHIUIaTa K COTPYIHUYECTBY C KaXKIBIM U3 CBOUX CTOPOHHUKOB, Ha-
000pOT, MaaeT ¢ POCTOM €r0 CyMMapHO# MOMYISIPHOCTH, YTO BBIPAKASTCS (yHKIIHEH
1L > Bt) = Bt +A) = 0,vt,A = (0,...,0). Llenbto onurapxa a npu BbIOO-
pe cTparerun s” SBISETCS MaKCHMH3aLUs KOMOMHAIIMN AUCKOHTHPYOIINX (aKTOPOB
u'(s) = o (tsa(s)) B (tse(s))-

CaenéM onrcanne 000X KOH(PIMKTOB K MATPUYHOM UIPe B HOPMaJIbHOM (opMe:
I'= (A, 5" us),a € A);

A={1,....m},St=...=9"

u’(s) = & (ts(s))B"(tsn(s)), a

I
—

—_

3
—

I
E
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o, B Reg X ... X Ry — [0, 1];
0<a(t) < ax'(t+A) <1L,Vt,A > (0,...,0);
12 p(t) 2 B(t+A) > 0,vE,A = (0,...,0);

ti(s)=[st=it; +... .+ [s" =d]t"i=1n

HecnoxxHo 3aMeTUTh CXOJICTBO 3TOM UTPHI C MPOOJIEMON IJIAHUPOBAHUS 3a/JaHUM,
YTO MBI 3[I€Ch TOCTAPAIHCH TOTYEPKHYTh UCIIOJIb30BAHUEM TEX K€ CUMBOJIOB JIJIsl TIepe-
MEHHBIX ¥ KOHCTAHT. DaKTHYeCKH, €TUHCTBEHHBIM 3HAYUMBIM OTJIMYHEM OKa3bIBACTCS
TO, YTO B IUTAHUPOBAHHUH 3aJ]aHHA BpeMsi ¢ ObLIIO CKaJIsIpOM, a He BeKTOpoM. DYyHKIHSIM
OILIaThI 33 CPOYHOCTh B HOBBIX (POPMYIHPOBKAX COOTBETCTBYIOT v (t) = o(t)%(¢),
(opMa KOTOPBIX U ONpEAEIIsAeT HAIIM OKUJIAHUS OT ucxona KoH(mukTa. Panee Mbl yxe
TOBOPHWJIM, YTO aHAJIU3 MPOOJIEMBbI IIJITAHUPOBAHUS 3a/laHUI B OOIIEM BHJIE, IS IPOU3-
BONIBHBIX (1¢) 1 (v®) mpeacTaBiseT co00W YPE3BBIYAIHO CIAOKHYIO 3a/1aqy, H, KOHCYHO
e, Tepexo OT CKAIIPOB K BEKTOpaM B JOMeHEe (PyHKIUI OTIayM JesI0 HUCKOJIBKO
He ympomraet. Jlydiiee, 4To TyT MOXKHO CJIeNaTh — JaTh Ka4eCTBEHHBIM MPOTHO3 IS
HEKOTOPBIX HE(POPMaTIbHO ONMHMCAHHBIX MOJKIACCOB KOH(IIMKTA C OMOPOM Ha 3/IpaBblii
CMBICJI, HHTYMIIMIO M aHAJIOTHIO ¢ pa3oOpaHHbIM BBIILE YaCTHBIM clydaem 2.

Bo u3b6exxanue nepeyciokHEeHUs] OTPaHUYMMCS CITy4aeM KBa3UBOTHYTHIX (PyHK-
uuit ormaun v*(t) = «(t)B*(t), ecrecTBeHHBIM 00pa3oM 00OOIIMB ITO MOHATHE HA
MHOTOMEpHbIe 00acTu onpenencHus. [l Hadana 0003Ha4NM CUMBOJIOM 1'% MHOXe-
CTBO BCEX TaKuX t, uto t, < t = v(t,) < v*(t) Nt, € T'%. AHANOrN4HO, CHMBOJIOM

{ 0003HaYMM MHOXECTBO BCEX TaKHX ¢, 4TO ¢, > ¢ = v’(t.) < v*(t) At, € T . Oto0
OyayT 00JacTH HEMPEPHIBHOTO HEYObIBAHUS U HeBO3pacTaHus v (1) COOTBETCTBEHHO.
Ecnu 51 ABa MHOXKECTBa MOKPBHIBAIOT BCIO OOJIACThH OIpEEeHus, T.€. T} U TQ =
Rog X ... X Ryg, T0o dyHkuus v*(t) kBasuBornyra. st moqoOHBIX QYHKIHUI TaKKe
MOXHO 0003HaunTh «rpedenby 10 = T% N1, B OMHOMEPHOM Clly4ae COOTBETCTBY-
IOIUHA MAaKCUMYMY.

[Tonpobyem npeAacTaBUTh JOTUKY KOH(MINKTA AJI MPOCTEHIIEro ciayyas ¢ AByX-
3JIEMEHTHBIM ceMelcTBOM 3aroBopoB A = {4, A}, A, N A, = 9,4, UA, = A

COKpaTI/IM 3aIlIUCh C ITIOMOIIbIO CICAYIOUIUX 0003HAYCHUI:

Zt" VA, C A;

acA,

4 = min v*(t), 4" = max v"(t),Va € A.
1<i<n 1<i<n

~Q
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3nech tfl* COOTBETCTBYET CYMMapHOMY WMHJICKCY pPa3BUTHS CTaHAapTa (TIOMyJIsip-
HOCTH KaHJIMJ1aTa) ¢ MpHu ero Beioope rpymnmnoit urpokoB A, C A. Tak ke, Ui Kaxa0ro
UTpOKa a 0a30BBIM IIATEXKHBIM WHTEPBAJIOM HAa3bIBAC€TCSI MMPOMEXKYTOK OT U 10 U,
T.e. OT HAMMEHBIIIETO 70 HanOOIBIIETO BO3MOXKHBIX BBIUTPHIIICH TTPU €IMHOTIIACHOM
BBIOOpE 00I1IE€H CTpaTeruu BCEMU Y4aCTHUKaMU KOH(MIUKTa. PaccMOTpuM Urpsl, orpa-
HAYECHHBIC CIICAYIOIIUMU YCIOBUSIMMU:

—VYa € Ai = 1n, va(tf”u{a}) < 1°, T.e. HU OAUH MTPOK HE MOXKET JOCTHI-
HYTh HUKHEH TPaHMIIBI CBOETO 0a30BOT0 MIIATEKHOTO UHTEPBAJA, €CIH Ty Ke

CTpPATETHIO BRIOUPAET TOJIBKO TpyIia A,);
—Va € A,i = 1n, v“(t?qu{a}) > 1%, T.e. K&XKIbIi UTPOK MPEOMOIEBAECT HIDK-
HIOIO TPAHMITY CBOETO 0Aa30BOT0 TUIATEKHOTO WHTEpBaIa PU BHIOOPE JTHOO0H

CTpaTEruy COBMECTHO ¢ rpynmnoi A;
- Va € A, i =1, tf‘l € T¢, T.e. 114 Bcex 4iIeHOB Ipynisl A, BeIOOp 0O1miei
CTPATETHH BBIBOAWT CYMMAapHBIH WHICKC B 00JaCTh HEBO3pacTaHUs (QyHKITUU

OTJauH.

Takum 0Opa3oM MBI OYEPTHIIM KPYT CHTYAIlHi, B KOTOPBIX YYACTHUKHA KOH(IIHUK-
Ta MOJICJICHBI HA JIBE HETICPECEKAIOIINECS IPYTIITBI 3ar0BOPIIHKOB. Eciin paccMaTpuBaTh
HPOMUCXOJISIIEE C TOYKU 3PESHUS KaKJOr0 3aroBopa B MPEAIOIOKCHHIH, YTO ayTCaie-
PBI BOOOIIIE HE YJaCTBYET B UTPE, HECIOKHO 3aMETUTh, 4TO JIFOOOH CTpaTerndecKuit
Ha0Op, B KOTOPOM 3arOBOPILKKH BHIOUPAIOT OJIHY CTPATETUIO HA BCEX, OY/IET XOPOIINM
KaHJIUJIaTOM B paBHOBecHs 1Mo Hamry. DTo He o3HAyaeT, YTo JPYrMX paBHOBECHU HE
MOXET OBITh, HO MBI B IEJISIX HAIVISZTHOCTH CO3HATEIHHO OIPaHUYMMCS aHAJU30M Ha-
OOpOB, XapaKTEPUIYIOIIUXCS JBYMSI HE3aBUCUMBIMU PACIIPEICICHUSIMHA BEPOSTHOCTEH
p = (p1,....pn) mq = (q1,--.,qn), TAC YIACTHUKHU 3ar0BOpOB A, U A, CHHXPOH-
HO BHYTPHU IPYIII HO HE3aBHCHMO MEX/y IPYIIaMH BBIOMPAIOT CTPaTerdu i = 1,n
C BEPOSITHOCTSIMH D; M (; COOTBETCTBEHHO, MCITOIB3YysI COOTBETCTBYIOIIUNA TPUBATHBIH

MEXaHU3M KOppEeIsuU. BhITIaTel Ipu 3TOM CUUTAIOTCS IO popmyIie

u(p,q) = sz‘((l — C]i)Ua(tfp) + qiwa(tf)),Va € A,
i=1

u(p,q) = Z%’((l —pi)va(tfq) + p®(t1)),Va € A,
i=1

B cooTBercTBUU € YCIOBUSIMH, 3aroBop A, HEAOCTATOUHO BEIMK JAJS MAaKCHU-
MU3AIUM MPHUOBITIEH CBOMX YYaCTHHUKOB, TaK YTO KaXIbI M3 HHUX MPEANOYENT Obl

NPHCOEANHNUTBCA K CTpaTeruu, N30paHHOM 3aroBopoM A,. OqHaKo, MOCKOJIbKY TaiiHa
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Yy>KOr0 3aroBopa UrpoKaM HE JIOCTYMHA, OT CTPATETUH MPEANUCAHHON MEXaHU3MOM
KOPPEISLNU OHU MOTYT OTKJIOHUTBCS TOJIBKO B MOJIb3Yy APYrOMl YUCTOU cTpaTeruu. Ta-
KUM 00pa3oM, IS OJy4YeHUs MPUOBLIN B PE3YNIbTaTe MHINBUAYAIHBHOTO OTKJIOHESHUS
OT Tapsl pacnpeneneHuii (p, ), 3aroBopIMKy a € A, HEOOXOAUMO H JOCTATOYHO Haii-
TH Takue uHaeKkebl ¢ # j € {1,... n}, 9yro npu p; > 0 BBINOJIHAETCS HEPABESHCTBO

a4 a a/ia a /. AqU{a
(1= qi)v" (") + qiv (tz'A) < (1= qj)v"(t5) + gy (tj U }).

HecnokHO 3aMETUTh, YTO ¢ POCTOM JIIOOOIO ¢; MOCTENEHHO YBEIUYUBACTCH U
KOJI-BO MHJICKCOB %, JIJIs KOTOPBIX BBITTOJHSAETCS 3TO HEPABEHCTBO, a IIPU MPUOIMKEHUH
¢; K 1 OHO paHO WM IO3[HO HAYMHAET BBINOJIHATBHCA U BCceX ¢ # j. 3adukcu-
pOBaB IPOU3BOJILHOE PACHPENENCHUE ¢, MOKHO ISl KaXKJJOro 3aroBopuika a € A,
BBIUHMCJIUTH MHOKECTBO Sg C { 1,... ,n}, COCTOAIIIEE U3 CTPATETUM, JOMYCKAIOIIUX
o00HbIE MTPOIYKTUBHBIE OTKJIOHEHUs. [Ipu 3TOM, MOCKOJBbKY YYaCTHHKU 3aroBopa
Ay, OTKIIOHUBILUCH OT IPEAINMCAHHOM CTPATETUH, HEM30EKHO TEPIAT YOBITKH, I HUX
MPOBEPATH HUUYETO HEe HY)KHO. B pe3ynbrare, mpon3BoibHas napa pacrnpeaeicHui (p, q)

OIIKUCBIBACT PABHOBCCHUC 110 H3H1y TOrga U TOJBKO TOIrAa, KOrga

vie | ) Sipi=0.
acA,

Takum oOpa3om, eciii Mbl TOBOPUM O PAaBHOBECHSIX TOJIBKO B KJIACCHYECKOM
HbhmeBckoM cwmbicie 0e3 ydé€Ta KOJJIEKTUBHOM paIlMOHAIBHOCTH, TO B OMUCAHHOM
NPOTUBOCTOSIHUY YYaCTHUKaM OOJIBIIIOTO 3aroBopa BOOOIE HE MPUXOJUTCS TyMaTh O
BO3MOKHOM IPENATEIBCTBE CO CTOPOHBI COPATHUKOB, TOT/IA KaK MaJiblid 3aroBOp J10J-
’KEH BHUMAaTEJIbHO BHIOMPATh OOIIYIO CTPATErHIO TaK, YTOOBI y €r0 yYaCTHUKOB HE OBLIO
UCKYILIEHUS TOMBITAaThCs yTraJaTh CTPAaTeruto, n3dpanHyto OonpmmM. CTpeMiIeHHe Ke
YAOCTOBEPUTHCS B CTPYKTYPHOM COTIIACOBAHHOCTH 0003HAYE€HHBIX PEIICHHH 1al0T Uy Th
Ooyiee MHTEPECHYIO KapTHUHY.

Cpasy oroBopumcsi, 4TO B YCTAaHOBJICHHBIX OFPAHUYECHUSX CIOKHO TOYHO yOe-
JTUTHCA B CTPYKTYPHOM COINIACOBAHHOCTH JIaXe JJIsi y3KOT'O MHOXKECTBA paccMarpu-
BaeMbIX (P, q)-HaOOPOB, MOCKOJIBKY BIIOJHE BO3MOXKHBI, HAMPHUMEP, KOJUICKTHBHBIC
OTKJIOHEHUS], pa3JelsIole 3aropop A, Ha JBe IPyIIibl, BBIOUPAIOILUE pa3HbIe CTpa-
terur. OJHA TPU ATOM MOJNy4aeT NpUOBLIL B pe3yibraTre W30aBICHUS OT JIMIITHUX
YYaCTHUKOB (CM. OTpaHUYEHUE tfq € 1Y, T.e. IpUHALJIC)KHOCTh TOYEK E€IUHOIIIACHO-
ro BeIOOpa K 00MacTH HEBO3pacTaHUs (PyHKIMU OTAa4YM). Bropas ke moTeHIuaIbHO

YBEIMYMBAET J0XO], IPUCOEANHUBIINCH K CTPAaTEeruu, N30paHHOM 3aroBopoM A, eciau
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CYILIECTBYET AOCTATOUYHO OOMIBIIOE p;. MOKHO, KOHEYHO, MOMBITATHCS HAJIOKUTh HA Ma-
paMeTpbl KOH(IIMKTA TOMOJIHUTEIbHBIC OTPAaHUYCHHS, TPEAYIPEKAAIONTHE TOAOOHbIE
U Jaxke 060s1ee PK30TUUECKUE OTKIOHEHUS, OJTHAKO 3TO CHIIBHO YCJIOKHUT ITOCTAaHOBKY,
HE CJIMIIKOM J00aBJIsIs WIUTIOCTPATUBHOCTH.

BMecTo 3TOro Mbl OFpaHHYMMCS ITOUCKOM TOJIBKO TeX (p, q)-HAOOpOB, OT KO-
TOPBIX HE CYILIECTBYET YCIECIIHBIX KOJUIEKTUBHBIX OTKJIOHEHUM B TOJIb3Y JPYTrHUX
(p, q)-HabopoB. HaiineHHble TOUKKM paBHOBeCHs BCE €IE MOXKHO Oy/eT M0103peBarh B
OTCYTCTBHUH CTPYKTYPHOU COTIIACOBAHHOCTH, OTHAKO MBI XOTSI OBl HCKITFOUUM OOJIBITION
KJIaCC 3aBEJOMO HECOIIaCOBaHHBIX. MTak, AJis1 IpUOBUILHOCTU KOJUIEKTUBHOTO OTKJIO-
HEHHsI MAJIOTO 3ar0BOpa JOCTATOYHO HAWTH TaKue MHACKCHI ¢ # j € {1,...,n}, 4ro

npu p; > 0 a1 Kaxaoro a € A, BBIIOIHAETCS HEPABEHCTBO
AP AP
(1= ga)v(t;") + qiv (1) < (1 — g (") + g (t]).

AHaIOTUYHO, JJIsI OOJIBIIIOTO 3ar0BOpa OTKJIOHEHUE YCIICIIHO, €CIU €CTh TaKue
UHICKCHI © # j € {1, - ,n}, yTo npu ¢; > 0 1714 KOKIOTO a € Aq BBIIOJIHACTCS

HEPABEHCTBO
A A
(1 — v (E) + po(th) < (1 — py)o (1) + pjo(£D).

PaccmarpuBast 3T HEpaBEHCTBA B CBETE€ OTPAHUYCHHI, HAJTOKEHHBIX HAMHU Ha
napamMeTpbsl KOH(MIMKTA, HECIOXKHO 3aMETHTh, YTO KOJUICKTHBHASI PallMOHAIBLHOCTH
CTUMYJHpPYET 00e TPYNIbl UTPOKOB K MUHUMHU3AIIUN HAUOOJIBIITUX BEPOSTHOCTEH BBI-
0opa OTACNIBHBIX CTPATErHii, OJTHAKO 1O IIPOTHUBOIIOIOXKHBIM MMPUINHAM. Y 9aCTHHKAM
MaJjioro 3aroBopa BBITOJHO KaK IO OTACIBHOCTH, TaK M COOOINA MPUCOSAUHATHCS K
CTpaTeruu, BEIOPAHHOUW OOJBIIIMM 3aroBOPOM, BBHIIUIATHI WiIEHAM KOTOPOTO TaKOe COB-
najieHue CTpaTeruid 3aBeoMO yMeHbImaeT. [lepeBojs Ha SI3bIK YCIOBICHHBIX paHEe
WHTEpIpeTaIui, WIeHbl Cc1aboro KapTens ¢ yAOBOJIBCTBHEM BOCIIOIH30BATIUCH OBI
Pa3BUTOCTBIO CTaHAapTa (WM BIUATEILHOCTHIO KaHAMIATa) H30MPAecMOTo KpPYITHBIM
KapTeyeM, OJHAKO KPYITHOMY KapTeIo, HallPOTHB, COBEPIIICHHO HE yIbI0aeTCs ICUTh
OTpPaHUYCHHBIN CIIPOC Ha U 0€3 TOTro HACKIIIEHHOM PBIHKE (MJIM COPEBHOBATHCS 32 BHU-
MaHue U 0€3 TOro yBEpEeHHOTO B M30paHUU MOJIUTHKA) C JTUIITHUMHU KOHKYPEHTaMHU.

Ha ypoBHE KOJIJIEKTUBHO pallMOHAIBHBIX PEIICHUH Urpa, TAKUM 00pa3oM, mpe-
BpaIaeTcs B Pa3HOBUIHOCTH JIBYXCTOPOHHHX MPATOK, TJI€ OJHA TPYIINA UIET BCTPEUH
C JIPYTOM, MBITAOIICHCS 3TOTO CTOJIKHOBEHMSI M30€KaTh, a 3arOBOPHI CIYXKaT JJIs T10-
Jy4YCHHs MPEUMYIIECTBA OT OOBCIUHEHUS YCHIMH NMPU MUHUMH3AIUA BEPOSITHOCTH
NIPUCOCIMHEHUS K JICJIeKY MPHUOBUICH HekeNnaTeNbHbIX nomyT4rnkoB. [lo cytu, dop-

MaJIn3M CTPYKTYPHO COITIACOBAHHOI'O PABHOBCCHA B UI'PAX C 3aroBOpaMu ABJIACTCA HC
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KAKOM-TO CJIOKHOM KOHOMHUYECKOW KOHIIEMIIMENW, a BCErO JIMIIb BOIUIOIICHUEM HWH-
TYUTHUBHOTO MPUHIIUIIA, MPUMEHSBIIETOCS, BEPOATHO, €HIE B JOMUCHMEHHYIO JIOXY.
BrniosiHe BO3MOXXHO, 4TO HAaKONH-HUOYIh OXOTHUK, 3aMETHB PAHEHHOTO MaMOHTA ITPH 00-
XOJI€ TUIEMEHHBIX YTOJUM, MPUKUHYI: «B OOWHOUKY s €r0, MOoXKallyld, HE 3aBajlt0, HO U
rieMst Bc€ 3BaTh cMbIciia HeT. LllenHy-ka s aydiiie Ha yIIko nape Ipy3ei — 3TO K CKOJIb-
KO TI0Y€Ta U CJIaBBI OYJET, BTPOEM CTOJIBKO Msica OOBITh.» C MOXOXKETO PacCy KICHUS

M MOITIa HAYaTbCA MHUPOBasA UCTOPHU 3arOBOPOB.
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I'maBa 3. BelunciaureabHas CJI0KHOCTb CTPATEruii B MNOBTOPAIOIIUXCS UTPaXxX ¢
AMCKOHTHPOBAHHUEM

3.1 «Hapoanasp» TeopeMa B IPOCTPAHCTBAX 3ar0BOPOB

J171s1 TOTO, 4TOOBI MOHATH, KAK MHOTOKPATHOE TTOBTOPEHUE BIUAET HA KOH(IIUKTHI,
YyBCTBUTEIBHBIE K JOTOJHUTEILHON WH(POPMAIIMOHHONW aCUMMETPHUHU, HEOOXOIUMO
criepBa MpoaHaIN3UPOBaATh TO, KaK «HAPOIHAs» TeopeMa MOXKET ObITh 0000IIeHa Ha
UTPBI B POCTPAHCTBAX 3aroBOPOB. PaHee 3Ty TeopeMy yxe JOKa3bIBaIu B Pa3IMUYHBIX
dbopmax 11 KOppeTUPOBAHHOTO pacuIupeHuss Uurp [3], co3HaTeabHO OTPaHUYMUBASCH
ClydaeM MyOJMYHBIX MEXaHM3MOB Koppeisiuu. Ham ke HeoOXxogumo crenaTh e
OIMH IIar, OTKAa3aBIIMCh OT ATOro orpaHndcHus. [lo CyTu, IIIaBHBIM H3MEHEHUEM
OKAa3bIBAETCS TO, YTO UCMOJIb30BAHME MMPUBATHBIX MEXAHU3MOB KOPPEIISIMH 3a4aCTYIO
MTO3BOJISIET JOTIOJTHUTEIIbHO YMEHBIIUTD PE3€PBHBIEC BHIUTPHIIIA UTPOKOB, HE UMEIOIIINX

K HUM JOCTYyIIA. HaHOMHI/IM, 4TO PC3CPBHBIM BLIMI'PBINICM UTPOKA a HA3BIBACTCA

u’ = minu®(s), S, = {5 € S | 5 € arg max u’(3]s")},

seS, seeSa

TO €CTh HAMMEHBIINM €T0 BBIUTPBIILI CPEIN BCEBO3MOKHBIX HCX0/10B, B KOTOPBIX OH UC-
MOJIB3YET CTPATEruio HamIy4Iero otsera. [1o cyTu, pe3epBHBIi BHIMTPHIIT 0003HAYAET
IPaHULly MOJE3HOCTH, HUXKE KOTOPOU ISl COOTBETCTBYIOLIETO UIPOKAa HEBO3MOXKHO
OMYCTUTh O’KUJIa€MbII BBIUTPHIILL, JaKE €CIIU BCE OCTAJIbHbIE UTPOKU OOBEANHATCS AJIs

JOCTHKEHUS 3TOM 11enu, HeB3upas Ha yuiepo cede. Habop cTpareruid, npuBoAsuiuil K

1 m)
9

TaKOMY HCXOJly, Ha3bIBACTCSI MUHUMAKCHBIM JIJIsl UTPOKa a. Bekrop u, = (u,, ..., ul

COCTABJICHHBIN M3 PE3EPBHBIX BBIMIPHILIEN KaXJI0r0 UIPOKA, HA3bIBAETCSI TOUYKON MH-
HUMAaKCa UTPpbl. AHAJIOTMYHBIM 00pa30M MOXKHO OIPENIEIUTh PE3EPBHBII PAaBHOBECHBIM

BBIMI'PBIII UT'POKaA a:

uy = minu®(s), rae S — MHOXECTBO PaBHOBECHBIX 10 Hairy HabopoB,
seS

M3 KOTOPBIX COCTABIAETCS BEKTOP iy = (@, ..., "), Ha3bIBAEMBIN TOYKOM PABHOBEC-

HOIO MHUHUMakKca Urpbl. OUEBUIHO TIPU ATOM, UTO Uy »~ Us.
[leHTpanbHOM HIEEH, CTOAIICH 3a 10Ka3aTeIbCTBOM OOJIBIIIMHCTBA «HAPOTHBIX)
TEOpPEM, SIBIIIETCS UCTIOIb30BaHNE MUHUMAKCHBIX HA0OPOB CTpaTEruil Jisl HaKa3aHUs

HUI'POKOB, OTKIIOHAIOIMIUXCA OT BaHHaHI/IpOBaHHOﬁ OCIIOYKN I[CI?ICTBHfI, OXKnJacMbIX OT
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HUX comepHuKamMu. JIrobast MoC/ie10BaTeIbHOCTh PO3BITPHIIICH (S;) C BBIIUIATAMH, CXO-
JSTIAMHECS (B CMBICIIE CPEIHETO WK C JUCKOHTUPOBAHUEM, B 3aBUCUMOCTH OT BEPCHH
TEOPEMBI) K BEKTOPY Uy = (ud, ..., ul"), CTPOTO JOMHHHUPYIOIIEMY TOYKY MHHHMAK-
ca urpsl (T.e. u¢ > u% a = 1,m), MOKET OBITh PABHOBECHBIM HMCXOOM (B CMBICIIE
oObruHOrO0 Hp1ta umm coBepiiieHHOro 1Mo MOJbIrpaM, B 3aBUCUMOCTH OT BEPCHH Teope-
MbI) TOBTOPSIOUIENCS UTPBl. ECIIM Ha UTEpauu ¢ UTPOK @& OTKIIOHSETCSA OT 0XKUIAAEMOM
CTpaTeruu s;, To Ha4YMHas CO CJIEAYIOIIEN NTepaly OCTaIbHble UTPOKU NEPEXOAST K
NPUMEHEHHIO CTPATETHH U3 MUHIUMAKCHOTO JUIsl 9TOTO UTPOKa Habopa, MpoIoinKas Je-
JaTh TO JOCTATOYHO JIOJITO (B HEKOTOPBIX BEPCHSX JOKA3aTEIbCTB O€CKOHEUHO) IS
TOT0, YTOOBI HAHECEHHBIM UMM UTPOKY @ yIIepO MPEeB30IIEN ero NpuobLIb OT OTKIIO-
HEHUS.

KoppenupoBanHble CTpaTeruy B KOHTEKCTE MOBTOPSIONIUXCS UTP MOHUMAIOTCS
OOBIYHO B OTPAHUYEHHOM CMBICJIE — PACCMATPUBAIOTCS TOJIBKO MyOIWYHBIC CUTHAIIBI,
YTO C TOYKH 3PCHHSI HAIICH MOJIEIIM COOTBETCTBYET MPOCTPAHCTBAM 3arOBOPOB CTPYK-
Typbl {A}, TO €CTh COCTOSIIMM U3 OJHOTO 3arOBOPA, OXBATHIBAIOIIETO BCEX MIPOKOB.
MHOXeCTBO IUIaTEXHBIX BEKTOPOB, TOCTKUMBIX B Hrpe I'|{ A}, npexcrasiser coboit
BBIMYKIIYI0O 000JI0YKY MHO>KECTBAa BEKTOPOB, BXOMASAIIMX B MATPUILy BBIILIAT UTPHI ['.
MHOXkeCTBO KOppenupoBaHHbiX paBHOBecuil mo Hamry urpsr I'|{ A} npencrasnser co-
00 BBRITYKITYI0 000JI0UYKY MHOXKECTBA CMEIIIaHHBIX paBHOBecuid urpsl ['. [1pu aTom, kak
OBLIO MTOKA3aHO B MPEBIIYIINX T1aBax, 00aBIECHUE K POCTPAHCTBY 3arOBOPOB TPYIIIL,
B KOTOpbIE BXOJST HE BCE UTPOKH, MOKET MOIOJIHATh MHOKECTBO KOPPEINPOBAHHBIX
paBHOBecuil o Haury Toukamu, JexamuMy 3a IpeaeiaMy BhITYKI0H 000JI0YKH MHO-
KECTBA CMEIIAHHBIX paBHOBecui. Kpome Toro, Omaromapsi MCIOJIB30BAaHUIO TAWHBIX
CUTHAJIOB MOTYT OBITh CHUKEHBI PE3€PBHBIC BHIUTPHIIIN UTPOKOB, HE UMEIOIINUX BO3-
MOKHOCTHA WX HaAOJIIONATh.

Jlns nokaszaTenbCTB OOJBIIMHCTBA BEPCUN «HAPOAHOW» TEOpEeMbl MEPEXol K
OoJsiee CIOXKHBIM MPOCTPAHCTBAM 3arOBOPOB, BEPOSATHO, HE MPEACTABIAET OOJBIION
pOoOJIEMbl — JIOTUKA PACCYKJIEHUN OCTAETCs MpEeXHEH, JOCTAaTOUHO NMPU HEOOXOAH-
MOCTH yUUTHIBaTh HOBbIE 3HAYCHUSI MUHUMAKCOB U KOPPEIUPOBAHHBIE PABHOBECHS 32
npeenamMu BBIMYKJIONW 00O0J0YKM MHOXKECTBA CMEIIaHHBIX. K cuacThio, B KOHTEKCTE
JTaHHOM pabOTHI Y HAC JTaXKe HET HEOOXOJUMOCTH B COBPEMEHHBIX €€ (hOpMYTUPOBKAX —

BITOJIHE AOCTATOYHO KJIACCHUYECKOI'0, OTHOCHUTCIIBHO cj1aboro YTBCPKACHUA:

Teopema 3.1.1. Ilycmo I' = (A, S u®(s),a € A) —uepa 6 Hopmanvhou gpopme ¢ Ko-

HEeYHbIM MHOHCECMBOM MCXO()O@, V—ebmyma;l 000/104Ka MHOCeCmBa NIAMENCHBIX
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gekmopog eé mampuynl, a A C 24 — npoussonvroe npocmpancmeo 3a2060pos. Ec-
a1 eekmop eviniam v € 'V cmpoeo domunupyem mouxy munumaxca uepvl I'|2A, mo
Hatioémces maxou koagguyuenm ouckonmuposanus 0 < 6 < 1, umo 6 beckoneuno
nosmopsioujetics uepe I'|2 6yoem cywecmeosams pasgnosecue Hawa ¢ sviniamamu,
cxooswumucs K v. Ecau srce 6ekmop v domunupyem ewé u mouky pagHo8eCHO20 MUHU-
Maxca moti sHce uepwvl, mo 8 OeCKOHeUHO NOBMOPAIULeUCs uepe ¢ 00CMAMOYHO OOTLULUM
KO3 uyuenmom OUCKOHMUPOBAHUSL OVOem Cyuecmeosams COBepUuleHHOe NoOblePo-

60¢€ paesHoeecue ¢ eblnjiamamu, CXO()}ZM/;MMMC}Z K.

Hokazamenvcmeo. Ecmu A € 2, TO mocnenoBareaIbHOCTh HAOOPOB C BBIMJIATAMH,
CXOISIIIIUMUCS K v, CTPOUTCS M3 KOPPEITUPOBAHHBIX CTPATETHil, OMUPAIOIIUXCS Ha
nyOIMYHBIA CUTHAT M HAMPSIMYIO CMENIMBAIOIIMX HA0OPHI YUCTBIX CTPATETUH B IMPO-
MOPIUSIX, 00ECIICYMBAIOIINX HEOOXOMMMBIH BekTOp Iuiatexeid. Ecim ke A ¢ 2, To
MOYKHO HCIIOJIb30BaTh MOCIEA0BATEIHLHOCTh HAOOPOB UHCTHIX CTPATErHM, CXOIAILYIO-
csl B Ipezelie K ToM ke Touke. IIpu oTKIOHEHUM JIH000r0 UrpoKa OT MpPEeaNnUCAHHOU
CTpaTeruii ocTajgbHbIC MEPEKIIOYAIOTCS HAa €r0 HaKa3aHHE COOTBETCTBYIOUIUMHU MH-
HUMaKCHbIMM Habopamu ctpareruid. [IpuObLIbr Urpoka a, OTKIOHSIOIIETOCS Ha i-i
UTEpAIINH B [10JIb3Yy CTPATETruu S7, KOHEe4Ha U cocTaBiseT u®(s;|5¢) —u®(s;), Tak uro npu
JIOCTATOYHO OOJBIIOM & yiepO OT BEUHOW Kaphl MUHMMAaKCOM Ha BCE IMOCIEAYIOIINE
uTeparuu OyaeT oueBuIHO Oosbie. HakazaHnue, ucnonb3yroriee OObIYHBI MUHUMAKC,
MOXKET BKJIFOUATh CTPATETUU HEONITUMAIbHBIE C TOUKU 3PEHHS KapaIoIUX UTPOKOB, TaK
YTO TOJYYaIoIUecs MPU STOM TOYKU PABHOBECHS B OOIIEM Clydae He SBIISIOTCS CO-
BEPIIICHHBIMU 110 TToAbIrpaM. Hakazanue ¢ ucroib30BaHNEM PaBHOBECHOTO MUHHUMAKCa
JUIIEHO ATOTO HEJOCTATKa, a 3HAYUT PaBHOBECHS HA €T0 OCHOBE YK€ OyIyT COBEpIIICH-

HBIMU T10 TTOABITPAM. []

JIyist HamMX 1eneit ATOro XBaTaeT, MOCKOJIbKY paccMaTpuBaTh MbI OyJeM MOBTO-
pEHUE WUIphl, y KOTOPOW TOYKHM OOBIYHOTO M PAaBHOBECHOIO MHUHHMAKCa COBHAAAOT
BO BCEX IPOCTPAHCTBAX 3aroBOpoB. TeM He MeHee, €clii BO3HUKHET Takas HeoO-
XOJIUMOCTh, HUYETO0 HE MeIaeT MoAoOHOMY 0000IieHHui0 u 0ojiee COBPEMEHHBIX,
yculieHHbIX (popmynupoBok [18]. UToObl He meperpyskars padoty Oosiee rpoMO3aAKHU-
MU PACCYXKICHUSIMU, KOTOPbIE MO (PakTy ObLIM ObI TOYTH JOCIOBHBIM IIUTHPOBAHUEM
JI0Ka3aTelIbCTB 3a aBTOPCTBOM BacuHa A.A., orpaHUYUMCSI KPaTKUM TIEPECKA30M UX
HeHTpajibHON ujen. Caenarh ydyacThe B HaKa3aHUU OOBIYHBIM MHUHHMAaKCOM IE€pPBO-
IO OTKJIOHMBILIEIOCSl OT IPEAIMCAHHOM CTPATETMHA UTI'POKA ONTUMAJIBHOU CTpaTeruen

JUTSl HAKa3bIBAIOIIMX MOKHO TMPH MOMOIIM YyTh 0oJjiee CI0KHOTO (opMara yrpo3bl.
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Nrpokam J0OCTaTOYHO TOTOBOPUTHCSA O TOM, UTO HAKa3aHUE MEPBOrO OTKJIOHUBILETOCS
OyZeT HE BEYHBIM, a MPEPHIBAIOIIUMCS B TOT MOMEHT, KOTJIa KTO-TMOO OTKa3bIBACT-
Csl IpUHUMAaTh B HEM yuactue. Kak TOIbKO OMH U3 HAKa3bIBAIOUIUX OTKIOHSETCS OT
IpeANnUChIBAEMON MUHUMAKCHBIM HAOOPOM CTpaTErvu, NPEAbI YN OTKIOHUBIIUNACS
IPOIIAETCS U BCE MEPEXOAAT K TAKOMY KE YCIOBHO BEYHOMY HAKA3aHUIO MOCJIEIHETO
«YKJIOHHCTa», B KOTOPOM YYacCTBYIOT BC€, BKJIFOUasl TOJIBKO YTO MPOIIEHHOTO UIPOKA.
Taxum 06pa3oM npoiiecc MpeBpaIlaeTcs B YTO-TO HAMOAOOUE «CanoueKy», co3nanas 3¢-
(PEKTHBHYIO yIpO3y OKa3aTbCs MOCIECIHUM HAaKa3aHHBIM, YTO PACHIMPSIET MHOKECTBO
COBEPILEHHBIX MO MOJBIIPaM PaBHOBECHUH /10 BCEX TOUEK, TOMUHUPYIOIIMX OOBIYHBIM
MUHUMAKC. J[o0aBieHre MPOCTPaHCTBA 3aTOBOPOB 3/1€CH, OISTH K€, HE CO3AAET 0COOBIX
npo0sieM — paccyKIeHUE MPOAOHKAET padoTaTh J1aXke MpHU UCIOJIb30BaHNUU B HaKa3a-

HUAX CMHXPOHHU3AIHUH TaWHBIMHM CUTHAJIaMU.

3.2 IloBTopsouuiicsi TPEXCTOPOHHUIA YET-HeUeT

[IponeMoHCTpUpOBaTh MPUMEHEHUE 0000IIEHNS «HAPOIHONY» TEOPEMBI Ha UTPbI
C 3arOBOpPaMH MOXKHO Ha IIpUMepe BCE TOTO K€ TPEXCTOPOHHETO YET-HedueTa (CM. Tad-
muny 1). 3aecy V' mpencrasnsier co6oit TpeyronsHuK ¢ BepmmuHamu (6,6, 0), (6,0, 6)
u (0,6,6). Y urpsl [Be TOYKU paBHOBecus 1m0 Hairy B 4HMCTHIX cTparerusx (CHHXPOH-
HBII BBIOOP OpJia WK PEIIKKA BCEMU UTPOKAMU) U OJTHA IOTIOJTHUTEIbHAS B CMEIIAHHBIX
(paBHOBEPOSATHBIN HE3aBUCHUMBIN BHIOOP MEXKY OpJIOM M PEIIKOW BCEMHU UTPOKAMH),
BJICKYIIIME OJIMH M TOT K€ BEKTOp Iiatexkeit (4,4, 4), ABIAIOMMNACS, K TOMY XKe, elié u
TOYKOW MHUHHUMAaKCa UTphl. JIeHCTBUTEILHO, yCTh MEPBBIN UTPOK M30pall CTPATETUIO
(p,1 — p), a Bropoii — (¢, 1 — ¢). Toraa BBIMIPHINIA TPETHETO MPU BBIOOPE YHCTHIX

CTpaTeruy COCTABIIAOT:

u(p,q, 1)
u?(p, q,0)

6(p + q) — 8py;
2(p +q) — 8pq + 4.
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HecnoxHo 3aMeTuTh, 4TO

2
p = 1—q>%;5u3(p,q,1) > 4;
q>p>%$u3(p,q,1) > 4;
q> 1—p>%éu3(p,q,1) > 4;
pa< 5= w02
p < 1—q<%:>u3(p,q,0) > 4;
q<p<%:>u3(p,q,0) > 4;
q < 1—p<%:>u3(p,q,0) >4

OTU BapuaHThI KCYEPIBIBAIOT BCE MPOCTPAHCTBO BO3MOXKHBIX CUTYAIlU, TaK YTO
HUKAKOE COYETaHWE CMEIIAHHBIX CTPATEeTHH JIBYX UTPOKOB HE MOXKET OBITh d3(DPEKTUB-
HBIM HaKa3aHUEM JUIsl TpeThero. TakuM 00pa3oM B OTCYTCTBUE MPUBATHBIX MEXaHU3MOB
KOppEISIMU HAPOIHASI TEOPEMA HUKAK HE PACIIUPSIET MHOKECTBO PELICHHUI TOBTOPSIIO-
nierocs yér-Heuera. O1HaKo, 100aBIEHUE B IPOCTPAHCTBO 3aTOBOPOB, HAIIPUMED, MAPHI
{1, 2} MeHsieT KapTUHY — B MTPE MOSBIISIOTCS KOPPEIUPOBAHHBIC PABHOBECHS C BBITLIIA-
tamu (5,5,2) B CUTyalluH, KOTJ]a BCE UTPOKH CHOBA JICNIAIOT PAaBHOBEPOSTHBIA BHIOOD
MEX/1y OpJIOM U PEILKO, HO MpU 3TOM OJaroiapsi CEKpeTHOMY MEXaHU3MY KOPPEIISILIUU
BbIOOP UTPOKOB | U 2 Bcerja CHHXPOHEH. JTO YMEHbIIAET pe3epBHbIE (B OOBIYHOM U
PAaBHOBECHOM CMBICJIaX) BBIMTPBIIIA UTPOKA 3, 1aBasi HAM HOBYIO TOUKY MUHUMAaKCa —
(4,4, 2). B coorBeTcTBIH € C(HOPMYITUPOBAHHOM BBIIIIE BEPCHEH «HAPOTHON» TEOPEMBI,
B TIpocTpancTBe 3aroBopos {{1,2}} y moBropstoerocss TpéXCTOPOHHETO YET-HEUeTa
HOSIBJISIIOTCSL HOBBIE COBEPILIECHHBIE TI0 MTOABIIPAM PAaBHOBECHUS B TPEYIOJIBHUKE C BEP-
muHamu (6,4,2), (4,6,2) u (4,4,4).

AHanorn4HsM 00pa3oM, B mpoctpancTse 3aroBopoB {{1,2}, {2, 3}} Touka mu-
HUMaKca Urphbl mepemeniaercs B (2,4,2), 4TO pacIIUpsieT MHOXKECTBO PEIICHHUH /10
TJIOCKOM Tpareluu ¢ BepiuuHamu (4, 6,2), (2,6,4), (2,4,6) u (6, 4, 2). Hakonen, rpo-
crpanctBo {{1,2},{2,3},{1,3}}, BkiIrouaromiee Bce MapHbIC 3arOBOPHI, AaET TOUKY
MHUHUMaKca (2,2,2), mpeBpaiias MHOKECTBO BBIMJIAT, JOCTHKUMBIX B COBEPIICH-

HBIX MOJBITPOBBIX PABHOBECHSIX, B TUIOCKHUI MICCTUYTOIbHUK C BepiunHamu (6,4, 2),
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(6,2,4), (4,2,6),(2,4,6), (2,6,4) u (4,6, 2). DTa WIUTIOCTPAIIUs HEIUIOXO COTIACYETCS
C UHTYMTHUBHBIM IIPEICTABICHHEM O TOM, YTO TPYIIEI ar€éHTOB, UMEIOIIUE BO3MOK-
HOCTb KOOPAMHHUPOBATH CBOU )IeﬁCTBHH BTallHE OT OCTAJIBHBIX, MOT'YT MUCITIOJIb30BATh 3TO
KaK yrposy B aJpec ayTcaiaepos, IPUHYKIAsd TEX COMIANIATLCS Ha UCXOABI KOH(IUK-
TOB, KOTOPBIE B OTCYTCTBHE TAWHBIX CTOBOPOB OBLIN OBI OTBEPIHYTHI KAK HEBBITOIHBIE.
OnHako, STMM BIIMSHUE YYBCTBHUTEIBHOCTH K JOMOJHHUTEILHOW HH()OPMAIIMOHHOM
aCHMMETPUHU Ha IOBTOPSIOIIUECS UIPHI HE UcueprbiBacTcs. Janee Oyler mokasaHo,
9TO JaKe MPH OTCYTCTBHM AIPUOPHON HMH(OPMALMOHHOM acCMMMETPHU (T.€. BHEII-
HUX N0 OTHOIIEHUIO K KOH(MIMKTY COOBITUH, O KOTOPBIX €r0 YUaCTHUKU OCBEIOMIICHBI
[I0-Pa3sHOMY) MIPOKH, OIPaHHYEHHEBIE B CIIOKHOCTH IPOU3BOJMMBIX UMM JIJIs BHIOOPA
CTpaTeruii BEIYMCICHNI, MOTYT MCITOJIb30BaTh YIPO3y UCKYCCTBEHHOTO CO3aHUS HMH-
(OpPMAIHOHHON aCHMMETPHH TIPU ITOMOIIH CIENHAIbHBIM 00pa30M OpPraHH30BaHHBIX

COBMCCTHBIX HY6J'H/ILIHBIX I[@ﬁCTBHfI.

3.3 Mopaeab NOBTOPSIOMIUXCH UTP € Y46TOM CTOUMOCTH BHIYHMCJICHU I

[TocTpoeHre MCKOMOI MOIEIHN MOoApa3yMeBaeT KOHKPETU3AIUIO crocoba, mpu
NOMOILM KOTOPOTO PalMOHAIbHBIE Ar€HThl BBIUUCISAIOT CTPATEruto nmoBeneHus. s
ATOW LeNu MOMOUAET JIF000H (hopmMaTn3M, MO3BOJSIOMNA aJTOPUTMUYECKH TIOJTHBIE
BBIYHCIICHUS C BEPOATHOCTHBIM BETBJIIEHHMEM. Kpome Toro, He00X0AMMBbI BO3MOKHOCTD
COXpaHEHUs MPOU3BOJILHOIO BHYTPEHHETO COCTOSIHUS B TAMSITH JJIsl UCIIOJIb30BAHUS Ha
NOCJENYIOIINX UTEPALMAX U, OUEBUIHO, METOJI YHCIIEHHOW OLIECHKH CIIOKHOCTH MPOU3-
BEAEHHOTO Ha Ka)K/I0M UTEpAIUy BBIYUCIICHHUS.

JHuarpamma Ha pucyHke 3.1 u3o0paxkaeT oOIIyI0 CXeMy B3aUMOJICHCTBUS areH-
TOB U CPEbl JIsl IBYX UTPOKOB (€CTECTBEHHBIM 00pa3oM 0000IIaroIIytocs Ha J1000e
KOHEYHOE UX YUCII0). B y31max, momedeHHbIX OyKBOi I, mponCcXoAsIT mocieioBaTebHbIe
PO3BITPBIIIH POU3BOIbHOM Urpel I = (A, S* u®(s),a € A). B i-M po3bIrpbliiie UTPOK
a BbIOMpAET CBOIO CTPATErHIo S), MIPUMEHSs BEPOSTHOCTHBIN anroputm M?, Haxons-
IIAHCS B COCTOSHUM ¢, K pe3yJbTaTy MPeabIAyIIero po3bIrpsia s;_; (€CIu TaKOBOM
ObUT) U 3allOMUHAs HEOOXOAUMBIE I OyAyHIMX UTEpalfil pe3yibTaThl BHIYUCICHUN
B HOBOM COCTOSHMU 7, ;. Y376l X9 H300paxaroT MOCIEJ0BATEIbHOE CyMMUPOBAHUE
pazHoCTel BRIMTPHIMA u”(s;) U 3aTpar Ha MPOM3BEAEHHOE BBIYUCIICHUE 10¢, ¢ yUETOM

SKCIIOHEHIIMATBHO YMEHBINAOIIErocs koG HUIIeHTa JUCKOHTUPOBaHUs &',
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Pucynok 3.1 — [ToBropsitomasicst urpa ¢ y4éToM CTOUMOCTH BBIYNCIIEHUN

[TocKkombKy MBI TOBOPUM O KOH(DIHMKTAX pallMOHATBHBIX areHTOB, UMEET CMBICIT
paccMaTpuBaTh TOJIBKO YHUBEPCAIbHBIC alTOPUTMBI M ¢, O3BOJISIFOIIUE 3aKOAUPOBATH
110001 Ha0OP BBEIUUCIUMBIX CTPATETHI TOBTOPSIONICHCS UTPHI B HAYAJIBHBIX COCTOSTHU-
ax namsaty \pg. Horanus M [g] OymeT 0603HAYATH CPEAHIO CTOMMOCTD BBIUMCICHHS
MIPOU3BOJILHOM (DYHKITMH ¢ TIPH €€ ONTUMaJIbHOU peanu3anuu nocpeacrsom M*. Kpome
TOTO, €CJIM 0003HAYUTHh CUMBOJIOM § HA0Op CTpATETUM MOBTOPSIOIIEHCS UTPHI C JUC-
KOHTHPOBaHUEM, TO HoTarms M “[s| momxoauT assi 0003HAYCHUSI CTOMMOCTH MOJTHOTO
00BbEMa BBIUHUCIICHUM, HEOOXOMMMBIX UTPOKY @ JIJISl BRIOOPA KaXKI0TO X0/[a ¢ Y4ETOM TO-
ro ke ko3 duruenta d. Takum 06pa3oM, B TOBTOPSIOMICHCS UTPE C YUYETOM CTOMMOCTH

BBIYMCIICHUH KaXIbIil ITPOK ¢ ONTUMU3UPYET HE MPOCTO u’(5), HO

u'(s) = u(s) — M“[s].

3.4 Kpunrorpadpuueckoe corjiacoBanve crparerui

XoTs, Kak OBbLIO MOKa3aHO paHee, B OTCYTCTBHUE JOMOJHUTEILHON HH(POpMALIH-

OHHOM ACUMMETPHUU TPEXCTOPOHHUN YET-HEYET HE JAET BOZMOKHOCTU JBYM UIPOKAM
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HaKa3bIBaTh TPETHETO, UCIOJIB3YS TOJIHKO JIMIIIb CMEIIAHHBIE CTPATEruu, J1aK€ B TOM
Cly4dae, Korjia UTPOKM HE MOTYT MCIIOJIb30BaTh TAHbIC MEXaHU3Mbl KOPPEIISIIIUU, YUET
CTOMMOCTH BBIYMCJICHUN MO3BOJISIET B MOBTOPSIONIUXCS UTPaX MPUMEHATH CTpaTeruu
HaKa3aHWs, OMMPAIOIIUECS Ha JIOCTHXKEHUS COBpeMeHHOHW kpunrtorpaduu. s ne-
MOHCTpAIMU 3TOT0 HaM TOHAA00ATCS ABa PaclpOCTPAHEHHBIX KpUNTOrpaduyeCcKux
IPUMUTHUBA.

Bo-miepBbix, HEOOXomuUM npomokon coemecmuol vipabomku kaoua [19]. B
KpUINTOTpauul 3TUM TEPMUHOM HA3BbIBAIOT MEXaHMU3M, MPH TIOMOIIM KOTOPOTo Anca
1 bo6 MoryT co3marh 00IYI0 CEKPETHYIO MOCIEA0BATeIbHOCTh OUTOB, AlPUOPHO 00-
Jajas TUIIb TyOTUYHBIM 3HaHHEM 00 yCTPOMCTBE U ITapaMeTpax caMmoro MeXaHu3ma, u
0OMEHMBAsICh COOOIIICHUSIMU Yepe3 HE3aIUIIEHHBIM OT MPOCIYIIIMBAHUS KaHa CBSI3H.
[Tpu stom Kapomn, obnagas TeM e anpuOpHBIM 3HAHUEM B UMEST BOBMOKHOCTh YUTATh
WX COOOIICHUS, HE MOKET BBIYMCIUTHh HCKOMYIO CEKPETHYIO MOCIE0BATEIbHOCTh OH-
TOB, MMOCKOJIBKY 3TO TPEOyeT pelieHrs aJrOpUTMUICCKH TPYTHOM 3a1a4u (TakoH, Jis
KOTOPOI HEOOXOAMMO KOJIMYECTBO OTEpaIvii, 3aBUCAIIEE OT JUIMHHBI KTI0Ya SKCIIOHEH-
IIMaJibHO). B KadyecTBe Takoro MexaHu3Ma MOXKET BBICTYIATh, HAIIPUMEP, CEMEMCTBO
npotokonoB Jluddu-Xenmmana (manee DH) Ha ocHOBe 3a1a4 (haKTOpH3AIIUH HETBIX Y-
CeJI WU TUCKPETHOTO JIorapuMUPOBAHUSA (B KOHEYHOU MYIbTHUIUTMKATUBHOMN TPYIINE
WM Ha JUTUNTHYECKON KpuBoif). OmHIeM o0IIyt0 cXeMy MpOU3BOJIBHOTO MPOTOKOIA
DH, He BmaBasich B TEXHUUYECKHE JCTaIH.

[Tycts mmeeTcs cemetictBo ouekuuid f,, : Noon <> N_on,n € N, obmamarommx
CBOWMCTBOM OJTHOCTOPOHHOCTH, T.€. I JTIOOOTO YHHUBEPCAIBHOTO BeIuncautest M ™ of-
HOBpeMeHHO BhInosusiercss M*[f,] € 0(2") (cToMMOCTh BHIYMCICHUS CaMOi (DYyHKIIUU
PacTéT ¢ pocTOM N MoJMHOMHUANBHO) 1 M*[f,71] € ©(2") (cToumocTh BeUHCIEHNUS 00-
paTHOM (GyHKIIMH PACTET C POCTOM 7 AKCIIOHEHIIUANIbHO). KpoMe 3Toro, mycTh nMeeTcst
ceMeincTBO ByXMeCTHBIX GyHKIUHU A, @ Noon X N_oon — N_on Takux, 4to

= Vo, y € Neow, by (f(2), y) = ha(z, fu(y));

— Va,y,2z € Negn, hy(hy(2,y), 2) = hyp(x, hy(y, 2));

— ho(21,91) = ha(22,92) = 11 = 22 Ny = Yo U1 # T2 N Y1 7 Y3

— M*[h,] € o(2").

Anuca BbIOMpaeT ciydaitHoe HarypaibHoe yucio 0 < x < 2", BBINONHSIIO-
Iee poiib €€ 3aKphITOro Kiro4a, u BbruucisseT X = f,,(x), BRIIOMHSIONIEE POJb e
OTKpBITOro Kitoua. Ha npyrom koniie boO aHaioruyHbiM 00pa3oM TeHEpHUpyeT mapy
kmouet y u Y = f,(y). Anuca u bo6 0OMEHHBAIOTCSI OTKPBITHIMH KJIFOYaMHU 4Yepe3

npociymuBaeMblii Kapon kanan cBszu. Tenepb Anuca, 3Hasi CBOW 3aKPBITBIMA KITHOY
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T W OTKPBITHIA K104 boba Y, moxer Bbrurciauth h,(x,Y’), a Bod, cOOTBETCTBEHHO,
h,(X,y). B cuiny cBoiicTB GyHKUIUH h,,, BEIYACICHHBIC UMH 3HAYCHHS MOXXHO CUH-
TaTh UCKOMBIM OOIINM CeKpeTHbIM KimtouoM K = h,(z,Y) = h,(X,y). IIpu atom
st Kapos, 3Harome ToJIbKO OTKPBITHIC KII0YH X M Y, BBIYUCICHUE OOIIETO CEKPeT-
HOTO KJo4a TpeGyeT Bhrumcienus mmbo f, (X)), 6o f, (V). bnaromaps pasuuie
MEXIy aCUMIITOTUYECKOM CIOKHOCTBIO IPSIMOM M 00paTHOM (DyHKIIMK BCETAa MOXKHO
nogo0parb Takoe 7, YTO CTOUMOCTHU BBIYUCICHUS f,, U h, OKa3bIBAIOTCS MPUEMIIEMBI,
TOIJIa KaK BBIYUCIIEHHE f,, T — HEMO3BOIUTEIRHO JOPOroi mpouecc. Takke 3aMeTuM,
YTO BCJIEJICTBUE ACCOLMATUBHOCTU (QYHKUUU h,, MOKHO CUMTaTh MHOTOMECTHBIMH, U
YJIEHBI TPYTIIBI aT€HTOB J000T0 pazMepa MOryT KOMOMHUPOBATH C MX IIOMOILBIO O0IIIHEe
CEKpETHBIC KJIIOUHU, €CIU KaXKIbld OMyOIMKOBAJ CBOM OTKPBITHINA KIIIOY — HAIIPUMED,
K = hy(x,Y,Z) = hp(X,y,Z) = hy(X,Y, 2) a0st TpEX CTOPOH.

Bropbim kpunrorpadpudeckuM NpUMHUTUBOM, HEOOXOIUMBIM IS CTPAaTErvy Ha-
Ka3aHMUsl, SIBISIETCSI KpUunmozpaguuecku cmouKull 2eHepamop ncegooCIyuatiHblx Yucer
[20], nanee HazpiBaeMblii CSPRNG. Ero MoxHO npeicTaBUTh B BUJE CEMEMCTBA (hyHK-
i G, : Negn X N — {0, 1}, nepBblif apryMeHT KOTOPBIX Ha3bIBAeTCs 3¢PHOM (HITH
seed), a BTopoit — no3urueit. [Iporpamma, Beraucisronias aisa 3agaHHoro K € N_on
nocnenoBarenbHbie 3HaueHus G, (K, 1),7 = 1,2, ..., TOKHA COBEPIIATh KaXIbIH 11ar
3a MOJIMHOMHAIIBHOE OT 1 4yMcio onepauuil. [Ipu 3ToM reneparop 00s13aH TPOXOAUTH
TECT Ha CJIEYIOLIUNA OUT, T.€. HE IOJDKHO CYILIECTBOBATH MOJIMHOMUAJIBHO CJIIOKHOTO OT
n aJlfOpUTMa, ClIocoOHOTo 0e3 3HaHMs /' 10 MEePBBIM ¢ OMTaM FeHEPHUPYEMOI MOCIIEI0-
BaTelbHOCTH yranarh G, (K, i + 1) ¢ BEpOSTHOCTBIO, OTIIMYHOM OT 3.

Teneps, CTIOIB3YS BHIICONMUCAHHBIE TPUMHUTHBBL, MO)KHO CKOHCTPYHPOBATh TPU
HOBBIX THIA CTPATEruid IJisl MOBTOPSIOLIErOCs TPEXCTOPOHHETO uéT-Heuera. [Ipencra-
BUM, YTO UTPOKHU CUASAT 3a KPYIVIbIM CTOJIOM TakK, YTO UTPOK | CUIUT cripaBa OT UTPOKa
2, UTPOK 2 — cIipaBa OT Urpoka 3, a urpok 3 — crapasa oT urpoka 1. HazoBém nepByro
M3 HOBBIX CTpaTerveil 52 «pykonoxkarue BIeBO»:

1. BeiOpath ciydaitHoe uncio © € N_on.

2. Boraucnuts X = f, () 1 IpeCcTaBUTh B BUIEC OUTOBOI MOCIIEI0BATEILHOCTH

(X;) € {0,1}".

3. Jnst kaxaoro ¢ = 1...m COBEPIIUTh OAUH XOJ UTPhI, BIOMpask PEIIKy Mpu
X; = 1 u opna B NpOTUBHOM ciydae. BeiOpaHHYI0 CUASIINM CI€Ba UTPOKOM
CTpATEruio (C TEM ke COMOCTABICHUEM) 3alIOMHUTh B KaU€CTBE OYEPETHOTO
aeMeHTa outoBoi nocnenosarensHoctu (Y;) € {0,1}", cooTBeTcTBYIOIICH

yuciy Y € Noon.
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4. Boraucnauts K = h,(z,Y).
5. Bce nmocnenyromue X0l COBEpIIATh, BHIOMpAsi CTPATETUI0 B COOTBETCTBUU
¢ nocnenoBarenbHo reaepupyeMbiMu CSPRNG 3uauenusvu G, (K, i),1 =
1,2,....
Crparteruio s «pykornoxarue BIIpaBo» CTPOMM aHAJOTHYHBIM 0OPa30M, 3aMe-
HSISL «CJIeBa» Ha «cChpaBa» M MeHsst mectamMu * € ¥, X ¢ Y u h,(z,Y) ¢ h,(X,y).
Takue mapHble cTpaTeruu ¢ paBHOU JJIMHOM KJIHOYa MO3BOJISIIOT JIFOOBIM JIBYM UTPOKaM
IPEBPATUTH MIEPBBIE 12 XOA0B UTPhI B CBOCOOPA3HBII «TaHel] CHHXPOHHU3ALMNY, BbIpada-
ThIBast 00IIIEe CEKPETHOE 3E€PHO /ISl TeHEpaTopa MCEeBIOCITyYaliHbIX OUTOB, Y€l BBIBOA
Ha MOCJEAYIOUIUX X0AaX MCMOIb3yeTCsl B KAUYeCTBE MeXaHu3Ma Koppensuuu. TpeTbe-
MY UTPOKY, IIPH ATOM, JJI MPUCOEAUHEHUS K COMIACOBAHHOMY BBIOOPY MPUXOAUTCS
HOPUMEHSATh CTPATETHUIO §, «B3JIOMM:
1. TlepBble . XOAOB UrpaTh CMEUIAHHYIO CTPATErHI0 PAaBHOBEPOSTHOTO BHIOOpA
Y 3a[IOMHHATH XOJIbI OMITOHEHTOB JJIS TIOJYUYEHUSI UX OTKPBITHIX Kitoueht X u
Y.
2. Beraucmuts K = h,(f,4(X),Y)wm K = h, (X, f,1(Y)).
3. Bce mocnenytouiye XoJpl COBEpILaTh, BRIOUpas CTPATErni0 B COOTBETCTBUU
¢ mocnenoBarenabHo renepupyembiMi CSPRNG 3nauenusimu G, (K, i),1 =
1,2,....
OG603HaYMM TaKXKe CTPATETHIO §7 «Iac», MPU MCIOIb30BAHUN KOTOPOH MIPOK
Ha KON UTEpaIluy MPOCTO BEIOMPAET MEXIY OPJIOM M PEIIKOM CIydaitHO U PaBHO-
BeposATHO. HecoxxHO 3aMeTUTh, YTO €CIIM Mbl OTPAHUYHMMCS] PACCMOTPEHUEM TOJIBKO
YeTHIPEX BBILIETIEPEUNCIICHHBIX KJIACCOB CTPATETHid, TO TOYTH BCE KOMOMHAIIMH JIFOOBIX
U3 HUX T10 BBITIJIATaM HEOTIMYHUMBI OT KJIACCHUECKON TOUKH PAaBHOBECHUS B CMEIIAHHBIX
crparerusix u(s?, 5%, 5%) = (4,4, 4). ETMHCTBEHHBIM HCKITFOYEHUEM OKA3bIBAIOTCSI CH-
Tyalluu, B KOTOPOH JTIOOBIE ABa UTPOKA MPUMEHSIOT IPYT Ha Ipyra COOTBETCTBYIOLIHNE
«PYKOIOXKATHS» C OTHUM UM TEM K€ 1, @ TPETUM UTPOK HE MPUMEHSIET «B3JIOMa» C TOU
Ke IUIMHOM Kimoua — Hampumep, u(sh sl 9) = (4 + §",4 + §",4 — 28"). 3necs
IEpBBIC JIBa UTPOKA MEPBBIC N XOIOB TPATIAT HA OOMEH KIII0YaMH, YTO C TOYKH 3pe-
HUS BBIIJIAT HEOTIMYMMO OT CIIy4ailHOTO BBIOOpA, a MOCJE 3TOrO MOJIb3YIOTCS OOLIUM
CSPRNG B kauecTBe MEXaHU3Ma KOPPEJSALUU, 3a0Upast Y TPETHETO MOJIOBUHY €T0 BbI-
urpbia. Eciau Obl TpeTuil He MOT OTBETUTh UM CTPATETUEH «B3JIOMay, TO, TPUMEHSS
HApOJHYIO TEOpEMY, HAOOPHI C IByMS «PYKOIIOKATUSMI» MOYKHO OBLIO OBbI UCITOJIB30-
BaTh JJI1 €ro paBHOBECHOTO Haka3aHus. [[0CkoIbKy B3aMMHOE PYKONOXKATHE BO3MOMXKHO

B JIFOOOM ITape UTPOKOB, 3aMPET B3IOMOB 00eCTey Obl TOW UTPE TOUKY PAaBHOBECHO-
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ro muaumakca (4 — 28", 4 — 28", 4 — 28™), uro npu 6" > % MI03BOJISUIO ObI, HAPUMED,
KOHCTPYHPOBAaTh COBEPIICHHBIC MIOIBIIPOBBIC PABHOBECHS C BEKTOPOM BbILIar (6, 3, 3),
HEIOCTMKUMBIM HU B OJJHOM paBHOBecuM MO Hpoiry ofHOKpaTHOro TPEXCTOPOHHETO
YET-HEeYeTa.

[Tokaxkem Temepb, Kak Y4ET CTOUMOCTH BBIYUCIICHHM TIO3BOJISIET MPABUIBHBIM
oI00POM JUTHHBI KITF0Ya 1. JOCTHYb HEOOXOIUMOTO 3allpeTa Ha CTPATETHIO «B3JIOMaY.
Boinumiem st Kaxa0i U3 NpeaoKeHHbIX CTPAaTeruil TMCKOHTUPOBAaHHbBIE 3aTpaThl Ha
BBIOOD XOJIOB:

— M“[s”] = 0, TOCKONBKY TS JTF0O0TO Pa3syMHO YCTPOCHHOTO BBIYHUCITHTEIHHO-
rO YCTPONCTBA OOBIYHBIC CMEIIAHHBIE CTPATErUH, OYEBUIHO, MOXKHO CUUTATh
OecIuIaTHBIMU WJIU TIOYTH OECIIIaTHBIMU;

— Mo[sE] = MO[sT] = (1=8)M[f,]+5"((1—8) M [, ]+ M,[G,]), nockonsiy
IUISL CTpaTeruil pyKomoxaTusi He00X0IMMO OJIMH Pa3 Mepe NEPBBIM XOJIOM CO-
3[1aTh Mapy KJIKOYel, O MPOIIECTBUH 7 XOI0B BHIYUCINUTH OOIINN CEKPETHBIH
KJTIOY, & TIOTOM KaK[IbIil X0 reHepupoBath 1o ogHomy outy CSPRNG;

— M4s*] = 6"((1 — &) (M*[f 1] + M*h,]) + M,|G,]), mockonbKy s cTpa-
TErWH B3JIOMa HEOOXOIUMO OJIMH pa3 IO MPOIIECTBUU 1. XOA0B, UMEs TOIBKO
napy myOJuYHBIX KITFOUEH, BRIYUCIUTh CEKPETHBIN KITFOU, a TOTOM KaXIbIM X0/
reHepupoBars 1o ogHomy o6uty CSPRNG.

IIpoBepum Teneps cutyanuio (52, s% 59) na pasHoBecue mo Homry ¢ yuérom
pacxofi0B Ha BeIUUCICHUS. JJis IEPBBIX JIByX UTPOKOB TpeOyercs, 4ToObl 3aTpaThl Ha
KPUNTOrpaQUUeCcKyr0 CHHXPOHHU3AIMIO HE MPEBBICHIN J0XOJl OT XBOCTa PO3BITPHIIIIA,
re. 22M[f,] + (1 — 8) M[h,] + M“[G,] < 1. HecnioxHO 3aMeTUTB, 4TO 0 TeX 1Op,
noka M*|G,] < 1, Bcerna MOXHO TI0100paTh & MOCTATOYHO OOJBIIOE JJIsi HUBEIIH-
POBaHMS Pa30BbIX MOATOTOBUTENBHBIX pacxofoB. i TPeThero ke Urpoka Ha0oOPOT,
OPUXOAUTCS MOAOUPATh JOCTATOUYHO OOJNBIIYIO0 OUTOBYIO AJMHY KIII0Ya, YTOOBI MpoIie-
Jypa ero B3JiomMa oKa3ajach JOPOXKe, UeM MOTSHIIMAIBbHBIN JJOXO/1 B XBOCTE PO3BITPHIIIIA,
Te. (1 — &) (M*[f 1] + M%h,]) + M,[G,] > 2. 3nech yxe B KadeCTBe INIABHOTO
KOMITOHEHTa BBICTYIAET IKCIOHCHIIUAIBLHO PACTyIas CTOMMOCTh OOpaIieHus OTHO-
croponneit pynkmun —npu MY f 1] > % IPHUCOEINHEHIE K KOPPEINPOBAHHOM

CTpaTeruu MOJHOCTHIO TEPSIET cMbICI. Takum 00pazom, 4ToObI paccMarpruBaeMasi TOUKa
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Obl1a paBHOBEcHEM 110 Hoaliry, 10CcTaTouHO BBHITIOTHEHUS CIEAYIOIIET0 Habopa YCIOBHUM:

’

(1= 8)(5 "M [f,] + M'[h]) + M[G,] < 1
S (1= 8)(5 ML) + M2[h,]) + M2[G,] < 1
(18 > 2

n

[TockonbKy peub UIET O CPAaBHEHHM NPOU3BOAUTEIBHOCTH aOCTPAKTHBIX BbI-
YUCJUTENbHBIX YCTPOUCTB € O€3pa3MEpHBIMH BEIMYMHAMH, XapaKTEPU3YIOIIHUMU
IPEANOYTEHUS] PallMOHATBHBIX areHTOB, MOMBITKU JI0Ka3aTelIbcTBa KaKux-1nbo ¢Gop-
MaJbHBIX YTBEPKICHUNW OTHOCUTEIBHO COBMECTHUMOCTH ITOW CHUCTEMBI HEPABEHCTB
IPEACTABISIIOTCA MaJONPOAYKTUBHBIMU. TeM He MeHee, Mbl BIIOJIHE MOXEM IIOIpPO-
O0oBaTh OTOOPA3UTH BBIJCICHHYIO HEPABEHCTBAMH 00JACTh JOIYCTUMBIX BEJIMYUH 1
U O Ha COOTBETCTBYIOLIME OOBEKTHI peasbHOro Mupa. Ha mpakTuke KpUNTOCUCTEMBI,
UCIIOJIb3YIOIIUE TUCKPETHOE JorapuMHUpPOBAHUE HA SJUIMITUUYECKUX KPUBBIX, CUUTA-
I0TCSl HATEKHBIMH yKe TIpu 256-0uTHbIX Kitodax (Curve25519 [21], nanpumep), T.e.
CTOMMOCTB MX B3JIOMa 3aBEAOMO IIPEBOCXOAHUT BO3MOKHOCTH, TOCTYIIHBIE YEJIOBEYE-
CKOM HMBWJIM3aLMM HA TEKYyLIEM 3Tare TEXHOJIOTMYECKOro pa3BUTHs. OIHOBPEMEHHO
C 3TUM CYUIECTBYIOT U IIMPOKO MCIONB3YIOTCA T€HEPATOPHI MCEBAOCITYYaHHbIX YHCEN
¢ 256-OutHbIM 3epHOM, cunTtaromuecs kpunrtorpapuuecku croiikumu (CTR-DRBG
[22], Hampumep). DTo 3a7a€T IS TUCKOHTUPYIOIIEro Ko puIneHTa Auana3oH Mmpu-

emiemMoctn 0 < ¢ < 1 —0 < MPUYEM, ITOCKOJIBbKY BBIUUCIICHUE f2_5é HA JIAaHHBIN

1
370°
MOMEHT CUMTAETCSd HEBO3MOXKHBIM, € MOXKHO CUHMTATh OECKOHEUYHO MaJbIM. TaKum
00pa3zoM, eciii UTPOKH, B PACIOPSKCHUH KOTOPBIX HAXOMATCS COBPEMEHHBIC BBIUHC-
JUTENIbHBIC YCTPOUCTBA, OyAyT UIpaTh C peajibHbIMM CTAaBKAMHU B IOBTOPSIOIIMICS
TPEXCTOPOHHUM YET-HEUET, TO MPOTHKEHHOCTU CEPUM OT HECKOJIBKUX COTEH PO3BITPhI-
el OKaXeTCs JOCTATOYHO, YTOOBI MPUMEHEHHE KPUITOTPA(PUIECKOTO COTIIaCOBAaHMS

CTpaTeruii CTajao peaJbHbIM CIIOCOOOM MOIYUYUTh MPEUMYIIECTBO.

3.5 Hapoanasi TeopeMa JJIfl UTP € Y4TOM CTOMMOCTH BbIYMCJICHUI

[Ipy moMoImM yTOYHEHHOTO BapHUaHTA «HAPOAHON» TEOPEMBI MPOAEMOHCTPH-
POBaHHBIM B TPEABIAYIIEM paszzaeie (POKyC MOXKHO OOOOIMIMTL JJis TOTOJHECHUS
MHOKECTBA COBEPIICHHBIX MOABITPOBBIX PABHOBECHUM JTFOOOH MOBTOPSIOIICHCS HUIPHI,

OTJEJIbHbIE UTEPALIUU KOTOPOI YyBCTBUTENbHBI K JOMOJIHUTEILHOU HH()OPMALIMOHHOM
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acummMmeTpur. C 3TOHN LENbI0 B KAaYECTBE HAaKa3aHWU ISl UTPOKA, OTKJIOHSIOLIETOC
OT MPEIINUCAHHOW CTpaTeruy, MOTYT HCIIOJIb30BAThCA HAOOPHI, KOPPEIUPOBAHHBIE B
IIPOCTPAHCTBE 3arOBOPOB, COCTOAIIEM U3 €IMHCTBEHHOM IPYIIbI, BKIFOYAIOIIEN BCEX
UTPOKOB KPOME CaMOTo Haka3biBaemoro. [I0CKOJIbKY MpH 3TOM CTPAaTeruy 3aBUCAT HE
0oJee yeM OT OJJHOTO KOPPESLUOHHOTO MEXaHU3Ma, MOKHO YIIPOCTUTh PaCCy KIEHHUS,
MEPEUISl K BEPOSITHOCTHBIM PaCHpPENCICHUSIM Ha IUIATEXHOM Marpulie. Paccmarpuas
urpy I' = (A, 5% u%(s),a € A) c MHOXecTBamH y4acTHUKOB A = {1,...,m} u

ucxonoB S = S x ... x S™ COOTBETCTBEHHO, BBEIEM 0003HAUCHHUS:

Po={u:5—1[0,11]) u(s) =1}

seS

Py = {1 e Pg|Vsy, 5 €5 5" €S u(si)i(sals”) = p(sa)p(si|s*)}.

3necy Pg npencrasiser codoii BCEBO3MOXKHBIE BEPOSITHOCTHBIE MEPBI HA MHO-
KECTBE UCXOJOB S, a Pga—BCG BEPOATHOCTHBIE MEPHI, TAPAHTHPYIOIINE MOMAPHYIO
HE3aBUCUMOCTH BbI60pa CTpaTcru UIpokKoM a C I[eI‘/IICTBI/IHMI/I BCEX OocTalbHBIX. Oye-

BHUAHO, BBIIIJIATHI ITPHX 9TOM BBIYHCIIAIOTCA 110 q)OpMYJIC MAaTEMAaTHYCCKOI'O OXKHNJaHMA:

u'() = > uls)u(s).
seS

Kpome Toro, mist ymoO6cTtBa 0003HAYMM JICBHALIMIO UTPOKA @ B TOJIB3Y YHMCTOM

CTpaTeruy S; aHAJIOTMYHBIM KJIACCUYECKOI HOTaluu 00pa3oM:

D sese H(slsY), 8" = s(;

uls5(s) =
0, s # s§.

Teneps MOKHO HaKOHEI] BBECTH YTOUHEHHOE ISl pACCMaTPUBAEMON MOJIEIIH T10-

HATHUC O PC3CPBHOM BBIMI'PBIIIC:

Omnpenenenue 3.5.1. CiiensiM pe3epBHBIM BBIUTPHIIIEM UTPOKA a B UTpe |’ Ha3pIBaeTCs
ero pe3epBHbIi Beiurpsim v ([1%) Burpe I'[{ A\{a} }, T.e. c 3aroBopom, 00beaAnHSIOIINM
BCEX UTPOKOB KPOME HEro:

i € argminu’(p),
peP

re P = {n e Py | u(1) > ut(ufs?),Vs" € S},

JIJ1s1 KImacCu4ueCcKor HapOAHOM TEOPEMBI PE3EPBHBIC BHIMTPHIIIN HAPSAMYIO OIpe-

ACJAIOT COOTBCTCTBYIOITYIO TOYKY MUHUMAKCA, OJJHAKO B HAIIICM CJIy4dac BCE HEMHOI'O
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cinoxHee. 11oCKoNbKy 11 CHHXpOHU3AalUU KaK NPEIIUCAHHBIX CTpaTeruid, Tak 1 Ha-
kazaHui ucnoibiyorcss CSPRNG, He0OXO0AMMO yUHUTHIBaTh CTOMMOCTh BBIUHCIICHUS
HEOOXOAMMOM JJis BbIOOpA CTpaTEerMuyeckoro Habopa MociaeqoBaTeIbHOCTH TICEBIO-
ciny4aiiHpix OutoB. O003HaunM cumBosioM b(i) € Ry cpenHee KONMMYECTBO OMT,
HE00X0AMMOe 17151 BEIOOpa KOPPEIUPOBAHHOTO HAbOpa CTpaTeruil Mo CiaeayroIeu mpo-
Heaype. 3aHymepyeM Bce UCXOMbI {S1, ..., Sp} C S, yyacTByOIIHE B |L C HCHYJICBOM
BEPOSITHOCTHIO, M TOCTPOUM B eAMHIUYHOM HHTepBaje [0, 1) ceTKy HeyObIBAOIINX K-
cenp = (po = 0,p1,.-.,Pk-1,Pr = 1) pa3sOHBaIOIIy0 €ro TaKuM 00pa3oM, YTO
0 — Pjo1 = u(s;),j = Lk
1. IMonoxum X,,;, = 0u X, = 1.
2. IIpoBepuM, HET JIM TAKOTO j, 4TO Pj—1 < Xpin < Xyper < Pj. Eciim ects,
OCTaHOBHM aJITOPUTM, MIPUHSB PEIICHHE O BBIOOpE CTpaTernyeckoro Habopa
Sj.
3. CreHepupyem odepeaHou OUT MCeBIOCIyYaiHON MOCIIeI0BATeIbHOCTH. 3Ha-

2

YEHUE 22 g ciydae () MPUCBOUM MEPEMEHHOM A, @ B ciiydyae 1 —

Xmm-

4. Ilepeliném K miary 2.

Ecnu Bce urpokn ncnonbs3yror CSPRNG ¢ ofHUM U TEM Ke 3€pHOM, OYEBH/I-
HO, YTO OHU BBIOEPYT OJIMH U TOT k€ HAOOp CTpareruii, UCIOJIb30BaB MPU STOM OJIHO
U TO € KOJIMYECTBO MCEBAOCTYYalHbIX OMTOB, B CPEHEM 3aBUCSIIIEE TOJIBKO OT pac-
npeneneHus BepossTHocTer . CrenoBaTenbHO, OKUAAEMBIN 10X0/ UTPOKA @ C YUETOM
CTOMMOCTH BBIYHCIIEHHH MOKHO TIPENCTABUTH Kak uy, (1) = u®(p) — b(n) M?[G],
rie M*|G,] — cTOMMOCTh TeHepallii OHOTO MCEBAOCTYYaiHOTO OuTa. 3aMETHM, YTO
MOJy4YE€HHOE 3HAYCHHE 3aBUCUT €IlE U OT N, T.6. OUTOBOM JUIMHBI UCIIOJIb3YEMOTO 3ep-
Ha CSPRNG, 4T0 npuBOAUT K HEOOXOIUMOCTH 3aMEHATH MOHATHE O TOUYKE MUHUMAKCa

0oJiee CIOXKHBIM OIIPCACIICHUCM!

Omnpenenenune 3.5.2. Pacnpenenenre BEpOSITHOCTEN |L HA MHOKECTBE UCXOJI0OB UTPHI B
HopMasbHOU popme ' = (A, S? u®(s),a € A) Ha3piBaeTcs M ,n-npueMIeMbIM, €CITU

ufy (1) > u®([*) anst Kaxaoro urpoka a € A.

3aMeTHhM, YTO MBI IMOKa TOBOPUIIA O TOM, KaK UTPOKH UCIIOIB3YIOT JIsl CHHXPO-
Huzanuu aerctBuii CSPRNG ¢ o0uiumM 3epHOM, HE YTOUHSISI, KAK UMEHHO ATO 00111ee
3€pHO BbIpadaThIBACTCsI. AHAJIOTUYHO MPUMEPY U3 TIPEABLIYIIETO pa3/ieia B 3TOM Kaue-
cTBE OyJIeM MCITOJIb30BaTh OOIIIME CEKPETHBIC KITFOUM, BEIYUCIsIEMbIe 10 poTokory DH.

OmnuieM mpouenypy A reHepaiuu u myonukanuu kiroden. Criepsa KaxKIblil UTPOK a
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BBIOMPACT CITydailHOE BEIICCTBEHHOE YHCIIO X, pABHOMEPHO paclpeeiéHHOE B IHa-
na3one [0, 2"). Okpyrienue storo yncna % = |x*| € N_on ucrosb3yercs UM jaajiee B
Ka4eCTBE 3aKPBITOro Kitoda. [Ipu moMoru ogHOCTOpOHHEH ()YHKIIMA UTPOK BBHIYHCIISI-
eT OTKpBIThIH K04 X = f(x*) € N_gn. JIyist 0OMeHa 3HaueHUsIMEA X * HTPOKH MOTYT

WCIIOIB30BaTh OO0 YCIOBICHHBIN MOMAlbHO CMeuaHHblli HA0Op CTpaTeTruii:

Onpenenenue 3.5.3. Habop cMmelmaHHbIX CTpAaTeTruii HA30BEM TOTAJILHO CMEIIIAHHBIM,

KOIJIa B €r0 COCTABE HET HU OJHOM YMCTOW CTPATErUH.

[Tockonpky [ — Omekuusd, ciydaiiHas BenuunHa X'¢ = x® — 2% + X takxe
paBHOMEpPHO pacmpezeneHa B auanasone [0, 2"). J{is Toro, 4To0bl pacKphITh IPYrHM
UTpOKaM CBOE 3HaueHHE X ¢, KaXIbld UTPOK HUCIIONB3YET METOA «(PPaKTAIBHOTO» KO-
IUpOBaHUs yrciia X' B MOCIEA0BaTEIPHOCTHA COBEPIIAEMBIX UM XO0B, HEOTIUIUMBIX
T10 BEPOSITHOCTHOMY PaCIpe/IeNICHHIO OT CMELIaHHOM cTpareruu s§ = (pf, .. ., pf5a|) u3
YCIIOBJIEHHOTO TOTaJbHO CMELIaHHOTO Habopa sg. [locTpouM B eAMHUYHOM UHTEpBae

[0, 1) cerky HeyObIBatomux yncen p* = (pf = 0, pf, .. ., Plga_1: Plge) = 1) paz6uBaro-

LIYI0 ero Takum obpasom, uto pj — pf_; = pj, j = 1,|5%|. D10 1103BONSAET IPUMEHUTE
CJIEIYIOIINUIA aJITOPUTM KOJUPOBAHUS:
1. o coBepuieHHs: IEPBOrO XOAa APYTrM€ UTPOKH 3HAKOT, 4YTO X'“ paBHOMEPHO

pacnpeneneno B uarepsane [0, 2"). [Monoxum X%, =0u X% = 2".

min mazx

2. Ormacmrabupyem p* HauHTepBan (X%, X ), [OIy4YHB BIOKCHHYIO B HETO

cetky P* = (X7, (1 — p%) + X505, = 0,]5%)).
3. BbibepeM Ha 04epeiHON UTepaluy s; Takoe, 4ro Pl < X < Py,
4. Temeppb apyrve UTPOKHU 3HAIOT, UTO X'“ paBHOMEPHO PACIPEACICHO B HHTEP-

=P XL, = P

max

a

BaJje [ 1 73]“) BepHéMmcs k mary 2, mojioxus X}

min

OTOT aIrOpUTM MOKET BBIMOIHITHCS OECKOHEUHO, MOCTENEHHO YMEHbIIas Me-
Py HE3HaHUs APYTMX UIPOKOB OTHOCHUTENBHO BeaWM4MHBI X'“. IIpu 3TOM Ha KaxKI0Mn
OTIEJIbHON UTEpAIMK paclpeiesieHue BEPOATHOCTEN NCXOI0B HEOTIMUYUMO OT Habopa
CMEIIAHHBIX CTPATETui So. B TOT MOMEHT KOTJa HAYMHAET BBINOJIHATHCS HEPABEHCTBO
X< A < XY

a
e < e < X%+ 1, npyrue urpoku noay4arT yBEPEHHOCTh OTHOCHTEIBHO

3HaueHus X, U OTKPBITHIA KIIIOU UTPOKA @ MOYKHO CUMTaTh OMyOnuKoBaHHBIM. Eciun
BCE UTPOKU HAYMHAIOT MyOIMKAIUIO KIIIOYEe OJJHOBPEMEHHO, TO OKHUJAEMOE KOJInye-
CTBO UTEpaIMil 10 3aBEpIICHUS IMyOJUKALUU MOCIEIHEr0 U3 HUX 3aBUCUT TOJBKO OT
UCIOJIB3YEMOT0 CTPAaTErnuecKoro Habopa Sy U BEJIMYUHBI 17, TaK YTO €r0 MOXKHO 000-

3HAYUTH CUMBOJIOM t(sg,n) € N.
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[Ipesxie YeM MepexoauTh K aHAJIOTy HAPOJHOW TEOPEMBI ISl MOBTOPSOIIUXCS
UIP C y4ETOM CTOMMOCTHU BBIYUCIICHUH, HEOOXOUMO BBECTH €I OMHO 0003HAYCHHE.
Bekrop Au = (Au®,a € A) € RZ, rne

a a a _ a
Aut = seg{ls%}E{Sa(u (S|S*) ¢ (8)),

COCTOUT U3 MAKCHUMAJIBHBIX HOXOOOB, KOTOPBIC MOKCT IIOJIYYUTb K&)I(I[BIﬁ HUI'POK, OT-

KIIOHAACH OT CTPATCIUH U3 IIPOU3BOJIBHOTO ITPCAITMCAHHOTO Ha60pa.

Teopema 3.5.1. Ilycmo ' = (A, S u’(s),a € A)—npousgoivras mampuunas
uepa m Y4acmHuko8, umeruias xoms Obl 00OHO MOMANbHO CMEUAHHOEe DABHO8e-
cue sg. Ilyemv M = (M',... M™)—nabop ynusepcanbHblx 6bI4UCIUMENbHBIX
YCMPOoUCmas, KOmopbwle COOMEemcmayouue uepoxKu Mo2ym Ucnob308ams 0Jisi 8b100pa
ouepeonozo waza cmpamezuu 6 nosmopsiowetics uepe. Ilyemo (T')Y, — beckoneu-
HO nosmopsalowasica uepa ¢ umepayuetl 1, ouckonmupyrowum xodppuyuenmom d u
VUEMOM CIOUMOCIU IKCRIyamayuy evlyuciumenvuolx ycmpoticme M. Jlrooomy M n-
npUemieMomMy pacnpeodeieHur0 8eposmHocmell L Ha MHOdcecmee uUcxo008 uepvl 1’
MOdICHO nocmaeums 6 coomeemcmeue nabop cmpamezuti uepor (I')S, ¢ evinaramamu

KCZ.?!C@OZO ucpoka a, pasHovimu
(1 — 80 (s) + 80y () — (1= 8)(MO[f,] + 800" (m — 1) M[I]).

Ipu smom ona mozo, umobsl 5mom Habop oKaszaics paguogecuem no Hauy, oo-
CMAMOYHO BbINOIHEHUsL Ce0YIOWUX YCI08ULL OIS KaXCO020 a € A:

1 (1= 8)(MO[f,] + 840 (m — 1)M[h,]) < 80 (ug, () — u(i2"));

2. (1 8)Aur < 8(uf, (1) — u (i)

3. (1= 8)Maf 1] > 8Auc.

Hoxazamenvbcmeo. PaBHOBecHe, cOOTBeTCTBYIOIEe M ,n-nprueMIeMoMy pacipeerie-
HHIO BEPOSITHOCTEN L CTPOUTCS KaK TPEXITAMHBIA MIPOLIECC:

— Cunxponusayusi. CriepBa KaXIblii UTPOK a co34aéT mapy KIIOUeH IIHHBI 7,
TepIlsl IPU 3TOM YOBITOK paBHbIil (1 — ) M®[f,]. 3aTem, ucnonb3ys Bblle-
OMHMCAHHBIN aIrOPUTM (PPAKTATBHOTO KOAUPOBAHHS B TOTAJIBHO CMEIIAHHOM
PaBHOBECHUU S(), MyOJUKYET CBOM OTKPBITHIN KoY. DTa (ha3a mpoaoKaeTcs
710 TEX TOp, TOKa He OyIyT OMyOIMKOBAHBI BCE KJIFOUH, YTO B CPETHEM 3aiMET
t(s0, ) XO1OB, 1aBass cyMMapHsIi BRUTrps (1 — 540:™))y%(s)). 3aBepmaercs

cTaausa BbIYHMCICHUEM 06HICFO CCKPCTHOI'O KJIro4a, JJId 4YCT0 KaXK/IOMY HI'POKY
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HE00X0uMO m — 1 pa3 BBIYUCIUTH (QYHKIUIO Ay, YTO COOTBETCTBYET YOBITKY
pasmepoM (1 — 8)540™) (m — 1) M?[h,,].

— Poszwiepeiu. Ucnonb3ys CSPRNG, nnuimupyemoe oOIIUM CEKPETHBIM KJTIO-
YOM, UTPOKM HA KaXJOW UTEpaluu MCEeBAOCTYyYailHO BHIOMPAIOT B COOTBET-
CTBUU C pACTIPEIEICHUEM L HOBBIA HA0OP YUCTHIX CTPATETHI, TAK UTO KaX bl
UTPOK @ MOJydaeT MpH OECKOHEYHOM MOBTOPEHHUU OXKHMJIA€MbIl CyMMapHBIN
BEIMTPBIIIT 6“50’”>u§@[,n(u). Ecin a1 01uH U3 UTPOKOB HE OTKJIOHHUIICA OT IpeEJ-
MMCAHHOIO MMOBEJICHUS HU Ha MPEIbIAYILIEH CTaluU, HA HA 3TOM, TO UTOTOBbIE
BBIILJIATHI B IIPEJIENIE COOTBETCTBYIOT MPEJCKa3aHHbBIM B (DOPMYIUPOBKE TEOpE-
MBI.

— Hakazanue. Ecnu nmr000W W3 WTPOKOB HA CTAJAWU PO3BITPHIINIA BHIOHWpAET
YUCTYIO CTPATETHIO, HE COOTBETCTBYIOIYO npeanucanHoi CSPRNG, ocrainb-
HbIE UTPOKHU NEPEKIIOYAOTCA B PEXKUM €ro HakazaHus. To ke camoe mpouc-
XOUT Cpa3y MOCJE CTaud CUHXPOHU3AIUH, €CJIM Ha HEW KTO-TO U3 UTPOKOB
UTHOPHUPYET NPOLEAYPY CO3MaHUA KITtoueil. J[Jist 3TOro OHU BBIYUCIIAIOT HOBBIN
001K CEKPETHBIN KII0Y, HAa ATOT pa3 UCKIoYasi MyOIMYHbBIN KITI0Y HaKa3bl-
BaeMoro urpoka a. MaunuupoBaB CSPRNG 3TuM HOBBIM KJIOUOM, OHU Ha
KaXJI0W UTepaluy MCEBIOCIyYaifHO BHIOUPAIOT HOBBIM HAOOP YMCTHIX CTpa-
TETUHA B COOTBETCTBUU C PACIPEAECICHUEM [L”.

OT 3TO CcXeMbl NMPEAIUCAHHBIX JCHUCTBUN BO3MOMXHBI HECKOJIBKO BHUJIOB WH]IU-
BUJIyaJIbHBIX OTKJIOHEHUH. BO-nepBbIX, HA CTaANMM CUHXPOHU3ALMUU JHO00N UTPOK a
MOJKET MOMBITAThCSI CAKOHOMUTD MTyTEM OTKa3a OT CO3/JaHuUs Maphl KJIFOUYEH U BHIYUCIIE-
HUS 00111ero cekpeTHoro kitoda. [Tockonbky Habop g paBHOBeceH o Hamty, ymy4muThb
BBIMTPHIII 110 cpaBHeHHMIO ¢ (1 — 8'*0™)y%(s)) He MOMyYHTCA, HO MOXKHO MCIIONb3Ys
IPOCTYIO0 CMEIIAHHYIO CTpATeTrri0 M30eKaTh pacxoloB Ha KpUNTorpaduio B pazmepe
(1 — 8)(MO[f,] + 80™ (m — 1)M?h,]). Peakumeii Ha 3TO pelIeHHE CTAHOBHTCS
nepexo]i OCTAIbHBIX UTPOKOB K CTAJUM HAKa3aHUS UTPOKA @ Cpaszy MO 3aBEpPIICHUU
nyOIMKaluKl KIIOYeH, TaKk YTO BMECTO 6t(80’”)u%7n(u) B XBOCTE PO3BITPHIIIA UTPOK
MOJTy4aeT ZS‘(SO’”)u“(ﬁLa). Takoe OTKJIOHEHHWE JIeJIaeT HEBBITOAHBIM OTPaHUYCHHUE Ha O,
HaKJaJbIBaeMoe ycioBueM 1 GopMylIupOBKY TEOPEMBI.

Bo-BTOpBIX, HA OCHOBHOM CTaJIMM PO3BITPHILIA JIFOOON UTPOK @ MOXKET, BBIYUCIIUB
OYEpEHON TCEBIOCTYyYallHbIA HA0Op S; OTKAa3aThCAd UIPaTh MPEANUCAHHYIO CTpare-
THIO S B IOJb3Y OO0JE€ BBITOAHOM, IOIY4YHMB Pa30BbIi J0OXOA, HE NMPEBOCXOMALIMIA
(1 — 8)8"Au®. 3ameTuB 3T0, OCTalbHbIE MIPOKAU IEPEXONAT K CTAIMU HAKA3aHUS,

YTO YMEHBILIAET Er0 J0XOJ B XBOCTE PO3BIIPHIIIA C 6”1uf}mn(u) no 8 u(ji®). Ta-
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KO€ OTKJIOHEHUE JieJIaeT HEBBITOAHBIM OTPAaHUUYCHUE Ha O, HAKIIAJbIBAEMOE YCIOBUEM
2 (popMyIUPOBKU TEOPEMBI.

B-TpeTbux, MOCKOJIbKY CIICNbIE HAaKa3aHWs OINUPAIOTCS Ha TO, YTO HAKa3bIBa-
e€MbIi UTPOK a HEe MoxeT mnpenackazarb OuTbl CSPRNG, MHMIIMUPOBAHHOTO OOIIMM
CEKPETHBIM KJIFOUOM, BBIYMCIIEHUE KOTOPOrO MPOU3BOAMIIOCH O€3 MCIOIb30BaHUS €TO
cOOCTBEHHOM Maphl KIFOYEH, OH MOXKET MOMBITATHCS OCIA0UTh HAKa3aHUE, «B3JIOMAaBy
CEKpPETHBIN KIIt0Y MyTEM OOpalieHusi OJHOCTOPOHHEH (QYyHKIIMH HAa OHOM U3 OTKpPBI-
TBIX KJIFOUEW. ECIIM 3TO MPOUCXOAUT HA i-U UTEPALMUA UTPHI, TO OH JOJIKEH NTOTPATUTh
Ha 10 (1 — 8)8"M°[f, ], monyuns B pesynbrare He Gonee yem 571 Au® noxoma or
XBOCTa pO3bIrphila. Takoe OTKIIOHEHUE AENAET HEBBITOAHBIM OIpaHUYEHHE Ha J, Ha-
KJIaJIbIBAEMOE YCIIOBUEM 3 (DOPMYITUPOBKU TEOPEMBI.

Takum 0O6pa3zom mpeanurcaHHas Npoueaypa po3bIrphlina OECKOHEYHON MTOBTOPSI-
FOLIEVCS UTPBI (F)?M JNEUCTBUTEIBHO OKA3bIBAETCS PaBHOBECHEM 1O Halry ¢ nCkoMbIMHA

O KN JACMbIMHU BBIMI'PbIITIAMM. []

HecnoxxHo 3aMeTUTh, UTO I0Ka3aHHOE YTBEPKICHHUE SBIISIETCS aHAJIOTOM CKOpee
CaMbIX MEPBBIX (POPMYIUPOBOK «HAPOJHOI» TEOPEMBI, B KOTOPBIX peub eUlé He I11j1a O
PaBHOBECHSIX, COBEPIIEHHBIX IO MOABITPaM. YBbI, HO METOABI, IPHU MTOMOILHA KOTOPBIX
CTPOATCS COBEPILICHHBIE NOJIBITPOBBIE PABHOBECHSI B KJIACCUYECKOM ClIydae, Mo 00beK-
TUBHBIM MPUYMHAM CJIO)KHO MEPEHECTH Ha UTPbI C YUETOM CTOMMOCTH BBIYUCICHUM.
Kak yxxe ObUTO YIOMSHYTO B Hauyaje INaBbl, OOBIYHO JJI 3TOTO MCHOJB3YETCA CXema
OECKOHEYHOI0 HaKa3aHUs OCJIETHET0 OTKIOHUBILETOCS OT MPEANUCAHHON CTPAaTEruH,
IPUMEHSIONIASACSA B TOM YHCJIE U B MIPOLIECCE HAKA3aHUS IPEABIAYIIEr0 OTKIOHHBIIIE-
rocsi. 34€Ch XK€ TAaKOW HAUBHBIN MOJXOJ HATHIKAETCS Ha MPEMSITCTBUE — PACCMOTPUM
CUTYallMIO, B KOTOPOM UIPOK @ PEUINJI COIKOHOMHTHh Ha CO3JIAHUM KIIFOUEH U BMECTO
OpeANnUCcCaHHON MpOoUEaypbl HA CTAJWW CUHXPOHHU3ALUU MPOCTO UTPajl CMELIAHHYIO
CTPATETuIO Sj. 3aMETHB 3TO, OCTAJIBHBIE UT'POKHU IO 3aBEPIICHUU OOMEHA KIII0YaMH
HA4YMHAIOT €T0 CJIeTIOe HaKa3aHWe KOppelMpOBaHHBIM HabopoM cTpareruii [1°. [Ipeacra-
BUM TeNepb, 4TO Oy/IET, €CIIM OJIMH U3 HAKa3bIBAIOIIUX PELIUT HAa OYEPETHON UTEpaLUH
UCIIOJIb30BaTh CTPATETUIO O0Jiee BBITOJHYIO JIsl ce0sl, YeM MPEANUChIBAET B KaueCTBE
Hakazanust CSPRNG. Ilo knmaccuueckold cxeme Takoil UTpOK JOJDKEH ObITh caM Ha-
3HaY€H HaKa3blBA€MbIM HAYMHAs CO CJIEAYIOIIECH UTepaluuu, NpUu€M B €ro HaKa3aHUU
JOJIKEH MPUHUMATh y4acTHEe B TOM 4YHCIE U UTpoK a. OgHaKo, MOCKOJIbKY UTPOK a

COKOHOMMJI Ha CO3JaHUH CBOEH IMapbIl KJIIO‘-IGI‘/JI, OH IIPOCTO HE MMCCT BO3MOKHOCTH
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BBIYHMCIIATH OOIIUN CEKPETHBIM KITI0Y, TPEOYIONIUICS JJIsl 3TOTO, TaK 4YTO JIF0OOe Ha-
Ka3aHue, B KOTOPOM OH JIOJDKEH y9acTBOBATh, MepecTaéT ObITh AP HEKTUBHON YTPO30ii.

Emé omHrM 3aMEeTHBIM HEJOCTAaTKOM JOKa3aHHOW TEOPEMbI MOKHO CUHMTATh TO,
YTO OHA HESIBHO ONMMPACTCS Ha HAOIIOIaeMOCTh CTPATETHi, NCITOIh3yEMbIX HTPOKAMHU.
[TonxpasymeBaeTcsi, 4TO €AMHCTBEHHAs TaliHa, KOTOPYIO UTPOKH CKPBIBAIOT OT CBOUX
OTIMOHEHTOB - 3TO KOHKPETHBIC 3HAUCHUS KJIFOUEH, TOT/1a KaK MPUMEHSEMbIE UMU aJIro-
PUTMBI U3BECTHBI MyOInuHO. OTHAKO, YTBEPKICHHE MOTJIO OBl CTaTh HAMHOTO CHJIBHEE
U yoenuTeabHee, eclid Obl MBI CYMTATH ITyOJTMYHO H3BECTHBIMH TOJBKO KOHKPETHBIC UH-
CTBIC CTPATEruH, UTPaeMble YIaCTHUKAMH. DTO UMEET 3HAYCHHUE, HAIIPUMEDP, KOTJa MBI
TOBOPHUM, YTO HTPOK, PEIITUBIITNN CIKOHOMHUTH Ha CO3/IAaHUH KJTIOUYCH, Ha3HAYACTCs HaKa-
3bIBAEMBIM 110 OKOHYAHUH CTAIUU CUHXPOHU3ALMKU — BEJlb €CJIM UTPOKU MOTYT CYAUTh
0 TOM, CO37aBajl KTO-TO KJIFOYH HJIM HET, TOJIHKO TI0 COBEPIIAEMBbIM XOaM, TO B TeUe-
HUE HEKOTOPOTO KOJIMYECTBA MEPBBIX UTEPAIMM CTATUN PO3BITPHIIIA OTKIOHUBIIANCS
MOT OBl CIy4allHO yrajJplBaTh, Kakyto crpareruto npeanucsiBaetr CSPRNG, naxe 6e3
00IIIer0 CEKPETHOTO KIk0Ya, MPOCTO BBIOMpast Hanuboliee BEPOSTHYIO B COOTBETCTBHH C
pacrpeneneHueM L crpareruro. [Ipuuém, ecinu pacrpeneneHue L TakOBO, YTO B HEM
KTO-TO JOJKEH UTpaTh OAHY U Ty K€ YUCTYIO CTPATETHI0 C BEPOSTHOCTHIO 1, TO eMy
BOOOIIIE HE UMEET CMBICTIA CO3/IaBaTh KJIFOUU, MIOCKOIBKY OTKAa3 OT UX CO3/IaHUsI HUKO-
r1a He OyJeT pacKphIT.

DTy Ke ysI3BUMOCTh MOKHO UCIIOJIB30BaTh €IE 00JIe€ TOHKUM 00pa3oM, €CJIH J0-
XOJI ITPOKA @ OT CHHXPOHU3AIMOHHOTO Habopa CMEIIaHHBIX CTPATETHH S MPEBHIIIACT
€ro JIOXOJ] OT IIEJICBOTO pacrpeaesieHus (L. Eciu BMecTo ciydaiiHOTO BRIOOpa 3HaYe-
HUs X IPU CO3/ITaHUU KITIOUEH UTPOK OyZIeT «IMOAKPYUUBAThY» €ro APOOHYIO YacTh Tak,
9T0OBI OHA OblTa O67u3Ka K ) wiaK 1, TO TeM caMbIM OH MOKET MPOU3BOJIBHO YBEIUYH-
BaTh MPOJIOJDKUTEILHOCTD CTaANN CHHXPOHU3AIIUN U, COOTBETCTBEHHO, CBO MTOTOBBIMA
noxon. OnucanHble MPOOIeMbl, BOSHUKAIOIIKE IPU OTKa3€ OT HAOII0aeMOCTH UCTIONb-
3yEeMBIX UTPOKAMHU aJTOPUTMOB, BPSI JIM MOXKHO Ha3BaTh HEMPEOMAOIUMBIMH, OTHAKO
MOTIBITKH WX PEIICHHS B PaMKax JaHHOW paOOThI 3HAUUTEIBLHO YCIOKHIIHA OBl (hop-
MaJbHbIE PAacCyXKJEHHUs, HE MPUBHECS MPU 3TOM HUYETO IIEHHOTO TSI MMOHUMAaHUS
LHEHTPAJIbHBIX €€ UICH.

Kpome toro crnenyer oOpaTuTh BHUMaHHE Ha TO, YTO, MMOCKOJIBKY YCIOBHS TE€O-
PEMBI OTPaHUYIMBAIOT 3HAUCHHUE TMCKOHTUPYIONIETo KoddduimenTa d Kak CHU3Y, TaK U
CBEpXY, €€ HEBO3MOXKHO C(hOPMYTUPOBAThH B O0JIee U3SANTHOM PopMe ISt CKOIIb YTOTHO
MaJIbIX €-IPUOIIKEHHI K BEKTOPY BBIILIAT U/, (). OJHAKO MBI MOXKEM OTOOpa3HThH

e€ mapaMeTpbl Ha OOBEKTHI PEaTbHOTO MHUpPA, YTOOBI UMETh BO3MOXKHOCTH CYIUTH O
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e€ mpaktuueckux cienctusx. [IpencraBum cede, 4TO UCTONB3YyEMbIN UTPOKAMU Ha-
O0p BBIYMCIUTEIBHBIX YCTPOUCTB M —3TO COBpEMEHHBIE KOMIBIOTEPHL, a N = 256,
YTO COBMAJAET C Haubosee pacpoCTPaHEHHON B COBPEMEHHOUW KpunTorpaduu AIuH-
HOM KJTroueil. J{j1sl yauHo Mogo0paHHbIX | CMEIIaHHbIX PABHOBECHI S) MOKHO OKH/IATh,
YTO CPEIHSIS POAOIKUTSILHOCTD CTaANU 0OMeHa Kitouamu t(Sg, 1) MO MOPSIIKY Be-
JAUYMHBI Oy/leT COBNAAATh CO 3HAYEHUEM 7, TO €CTh U3MEPATHCS COTHAMM HUTEpalluil.
DTO0 3HAYUT, YTO B CEPUSX PO3BITPHIIIEH C XOTS ObI CTa ThICAYaMU 3HAUUMBIX UTEPALIHii
BKJIAJ] CTAJMK CHHXPOHM3AIMH Y>KE 3aBEIOMO HE OyJeT MPEeBbIIaTh OJHOTO MPOLICHTA
OT UTOTOBOIO pe3yibTara. Y YUThIBAsl, YTO, K IPUMEPY, CUCTEMBI JJIsI aBTOMATU3UPO-
BAaHHOI'O TpEHAMHIa Ha OUpXkKaX BIOJIHE MOTYT COBEpIIATh COTHU THICAY TPaH3aKIU B
J€Hb, JUISl MHOTUX MPAKTUYECKUX NPUMEHEHUN 3TO MOXHO CUMTATh HEIUIOXUM IIpH-
ONUKEHUEM.

Jlanee, cToUMOCTh BbIYMCICHUS (YHKIUH, HCTHONB3YIOMIMXCS MPU CO3AAHHUU
O0MIMX CeKPEeTHBIX Kitoue, T.e. M| fos6] u M“[hoss] XOTSI M HENb3sl cumMTarh Ipe-
HEOPEKUMO MAJION, HO Il €€ OLIEHKM MOXKHO 3aMETUTh, YTO KaXKJI0€ OTKPBITHE
UHTEPHET-CTPAHUIBI COBPEMEHHBIM Opay3epoM B IMOJABIAIONIEM OOJIBIIUHCTBE CIY-
4aeB MOAPA3YMEBAET I'E€HEPALIMIO HECKOJIBKUX KIIFOYEBBIX AP U COOTBETCTBYIOIIUX
oOLIMX CEeKpeTHBIX Kitouei. HakoHel, cToMMOCTh reHepaluu NceBA0CTydYaHbIX MO-
cnenoBarenbHocTeit coBpeMenHbiMiE CSPRNG, T.e. M?[(G954] Ha MaciiTabe B MUILIH-
OHBbI OUTOB YK€ MOXKHO CUMTATh MPEHEOPEKUMO MaJIOW, TaK Kak, CKaXeM, nepenadya
M300pakKeHUsI C BUIEOKAPThl HA MOHUTOP COBPEMEHHOTO KOMIIbIOTEpA MO0 HU(PPOBOMY
untepdericy HDMI noapasymeBaet muppoBaHue MoToka, M3MEPSAIOMIETOCs IeCITKaMU
TUrabuT B CEKyHY, a allTOPUTM, MCIOJIb3YIOLIUICS B MpOliecce 3TOro mudpoBaHus,
MOXKET UCITOJIB30BATHCS U JUISl TEHEPALUU IICEBIOCIYYanHbIX MOCIEA0BATEIIbHOCTEMN.

Hakownerr, octaércs 3aMeTuTh, 9T0 oOpaIieHue 0JHOCTOpOHHEH QyHKIHNH ¢ 256-
OUTHBIM apPTYMEHTOM CUMTAETCS Ha TAHHBIM MOMEHT HEBO3MOXKHBIM U MPEIoIaraeTcs,
YTO OHO OCTAHETCSl TAKOBBIM BIUIOTH JO CO3JaHUs (PYHKIIMOHUPYIOIIUX KBAHTOBBIX
KOMITBLIOTEPOB. DTO 03HAYAET, 4TO 3HaueHUue M [ fy-f] JUIS IPAKTUYECKUX IPUMEHEHUH
MOXXHO CUHMTaTh MOYTH OECKOHEYHBIM, UYTO MO3BOJISIET O MPUOIMKAThCA K 1 Ha CKOJIb

YTOJHO Mayioe (B CMBICIIE peajbHbIX KOH(IIUKTOB) PaCCTOSHUE.

1351ech moapasymMeBaeTcs, UTO HUKTO M3 UIPOKOB He BHIOMPAET OIHY M3 CBOUX YHCTHIX CTPATETHii C BEPOSAT-

HOCTBIO OJIM3KON K 1.
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3.6 OO000mIeHne pe3yabTATOB, NEPCHEKTUBBI U THIOTE3bI

J11s1 TOro, YTOOBI OLIEHUTH 3HAYEHHUE 3TOT0 (DEHOMEHA, CIIETyEeT OTCTYIUTh Ha Ma-
py LIaroB OT KOHKPETUKHU OMKMCAHHOW UTPHI U MOMBITATHCA OXBATUTh B3MISIIOM OoJjee
HIMPOKYI0 KapTuHY. Bo-mepBrix, O6marogapst 0000IIEHUI0 HAPOIHONW TEOPEMBI CTaHO-
BUTCS OYEBMJIHO, YTO caM MO ceOe TPEXCTOPOHHUN YET-HEUYET BBICTYHAECT B POJIM HE
Oosiee YeM OTHOCHUTENbHO MPOU3BOJIBHO CKOHCTPYHPOBAHHOTO MpPUMEpA UIPhI, UyB-
CTBUTEJBHOU K JIOMOJHUTEIbHON MH(GOPMALMOHHOW acUMMETpuU. BrllieonucanHbie
KpUITorpaduueckue CTparerud Haka3aHusl He UCIIONb3YIOT PaKTUUECKU HUKAKKX JIPY-
TUX CBOMCTB JAHHOTO KOH(DIWKTa WU HET MPUYUH AyMaTb, YTO OHU HE MOTYT OBIThH
0000111eHbl Ha MHOKECTBO JIPYTUX WIp, MPOSBISAIOLIMX TO ke cBoiicTBo. K mpume-
DY, €CJIM MBI BO3bMEM B KAa4eCTBE OT/ENBHON MTepaluu Mrpy 1> W3 BTOpOW IIaBbl
3TON pabOThl, TO OKAXKETCS, UTO MPHU €€ MOBTOPEHUHU MOXKHO aHAJIOTMYHBIM 00pa3oM
KOJMPOBATh OTKPBITHIE KIHOUU aji(haBUTOM, COCTOSIIUM U3 72 CUMBOJIOB 10 YHCITy KOM-
IBIOTEPOB B BBIYMCIUTEIBHOM LEHTPE, & MOTOM HUCIIOJIb30BaTh MOJYUYEHHBIN OOIIMIA
CEKpPETHBIN KIIIOU B KaUe€CTBE 3€pHA reHeparopa, MCEBAOCIyYalHO BBHIOMPAIOIIETO U3
OISATH JKE€ 7. AIEMEHTOB.

Bo-BTOpBIX, MMEET CMBICI 3a4aTbCsd BOIPOCOM O TOM, MCUEPIBIBACT JIU
ONMMCAaHHAsl CXeMa Kpunrorpaduyeckux CTpaTeruil Haka3aHUs BCE BO3MOXHOCTH
JUIsl TIOTIOJTHEHUST MHOXECTBA COBEPILIECHHBIX MOABITPOBBIX PABHOBECUH. 31paBblil
CMBICJI TIOJICKa3bIBAET, YTO HET XOTSI Obl MOTOMY, YTO 00a MCIOJIb30BAaHHBIX 3/€Ch
Kpunrorpapuueckux NpuMHUTHBA (M MPOTOKOJ COBMECTHOM BBIPAOOTKH KIIOYa, U
KpunTorpa@u4ecku CTOMKUM TreHepaTop MCEBAOCTYUYaMHBIX YUCEIT) HMEIOT HEMAJIO pe-
anu3anui, ONMUPaIOUINXCs HA caMble pa3Hble MareMaTudeckue (opMaau3Mbl, CIIUCOK
KOTOPBIX IOl OT To/la MONOJHseTCs Oaroaaps OypHOMY pa3BUTHIO COOTBETCTBYIOIIUX
oOnacteit 3HaHUs. boyee TOro, NOCTpOeHUE CTpATeruu HakazaHus U3 nporokosa DH
C MOCJIEAYIOMIUM UCIIOIb30BaHUEM MOJMYYEHHOTO Kitoua B KadyecTBe 3epHa CSPRNG
caMo 1o cebe JI0CTaTOYHO MPOU3BOJILHO — MBI UCIOJIB30BaIM MHCTPYMEHTHI, U3HA-
YaJbHO CO3JAaBaBIINECS B COBEPIICHHO MHOM KOHTEKCTE I JAPYTHUX LIEJIEH, MPOCTO
OTOMY, YTO OHHU YK€ €CTh U HMMEIOT JIOKa3aHHbIE CBOWCTBA, yAOOHBIE AJIs pelle-
HUs HaIlCW 3a/1a4u.

OTHU paccyXAeHUS MO3BOJISIOT 000CHOBAHHO MPEIOIOKUTh, YTO U CaM TPEXCTO-
POHHUI YET-HEYET, U MPEACTABIECHHbIE KpUNTOorpaduuecKkue CTparerud HaKa3aHus —

BCETO JIMIITbL Han0oJIee OYEBUIHBIC MTPEACTABUTEIN OOJIee IITUPOKOTO Kilacca MmokKa emié
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HE HCCJEIOBAaHHBIX MaTeMaruyecKux (opmanu3MoB. [0BOps MakCUMaibHO OOIIMM
SI3BIKOM, PAIlIOHAJILHBIE aT€HTHI, YYaCTBYSI B TOBTOPSIFOIINXCS KOH(MIMKTaX, MOTYT BbI-
pabaTbiBaTh CEKPETHBIE KOPPEIUPOBAHHBIE CTPATETUM MOBEACHUS, UCIIONb3Ys JIMLIb
crenralbHbIM 00pa3oM BbIOMpaeMble MyOJNMYHbIE JIEUCTBUS M HaOMoAas 3a aHajo-
TUYHO JIEUCTBYIOIIUM KOHTpareHTOM. CEKpeTHOCTh MpPHU 3TOM 0OecTeuuBaeTCs 3a
CU€T TOrO, YTO MPUCOEAUHEHUE K KOPPEJSILIMKU TpeOyeT OT HAOMIOJAIoEN Ty e Mo-
CJIEIOBATEIbHOCTh MyOIUYHBIX JNEHCTBUN TPEThel CTOPOHBI KOTHUTUBHBIX YCHIIMM,
IPEeBOCXOAAINX €€ BO3MOKHOCTU. KpoMe Toro, 0600111as CBsI3b MEXAY yAEIbHOM CTO-
UMOCTBIO BBIYMCIICHUI U TPEOYEMOU JITTMHOM KITFOUEH, MOYKHO MPEAIOI0KUTh, YTO YEM
OOJbIINE KOTHUTUBHBIE YCUJIUSI CLIOCOOHA MPUIIOKUTH CTOPOHA, OT KOTOPOM 3aroBOp-
IIMKY TBITAIOTCS CKPBITh CBOIO OOIIYIO CTPATErio, TEM CIIOKHEE 3TOT MPOLIECC U TEM
MEHBIINHI A0XO0/ (32 CYUET PacTyIIEro AUCKOHTUPOBAHUS B XBOCTE PO3BITPHILIEH) MTPH-
HOCHUT TakKasi CEKPETHOCTb.

B camom gerne, eciiu ipeacTaBuTh cebe OOBIUHBIX JIFOJEH, UTPAOIINUX B YYBCTBH-
TEJIbHYIO K JOMOJHUTEIbHON MH(POPMALIMOHHOW aCUMMETPUU UTPy 0€3 MPUMEHEHUS
CHEUUANIbHBIX TEXHUYECKUX CPEJICTB, MbI BPAJl JIU MOXKEM OXHUJaTh, YTO OHHU OYIyT
MIPOU3BOJIUTH B yME BhIUUCIICHUS, HeoOxoaumble 11 cBs3ku DH+CSPRNG. I1pu stowm,
BIIOJIHE BEPOSITHO, YTO MTOBCEMECTHO PACHPOCTPAHEHBI IPUMEPHI TOTO, KaK JIFOIA MO-
I'yT 10OMBAThCA HEOOXOIUMON TaHOW CHHXPOHHU3AIMK HEOCO3HAHHO, BOCIIPUHUMAS
pe3yabTaT KaKk caMOOYEBHIHBIN, HE TpeOyrolmuii o0bsicHeHul ¢akt. B manHom ciy-
yae MMEIOTCA B BUJY OMNBITHBIE KapPTEKHUKHU, CICHUATU3UPYIOUIUECS Ha CIIOXKHBIX
MHTEJUICKTYalIbHBIX UTpax, TaKUX Kak OpupK wiM npedepaHc. B ux cpege cuuraer-
Cs HEOCHOPHUMBIM, YTO MOMHMMO WHIMBHyaJIbHBIX HAaBBIKOB HA HCXOJ PO3BITPHILICH
CUWJIBHO BJIMSIET ONBIT IMEHHO COBMECTHOM UI'Pbl — Mapa UTPOKOB, 110 OTAEIBHOCTH HE
XBaTarOMIMX 3BE3] ¢ HEOEC, MOTYT OKa3aThCsl TPO3HBIMU CONIEPHUKAMHU, €CIIH Y HHUX 3a
IJie4aMd MHOTO MApTUN 3a OJHUM CTOJIOM. EcCiii BEpHBI BBIILIEU3IIOKEHHBIE MPEIIO-
JIOKEHUS O JIOCTAaTOYHO OOILEM XapakTepe MOCTPOCHHOW HaMH MOJENH, TO (PEHOMEH
TaKO! «CBHIFPAHHOCTHY» MOXET HAWUTHU yAOBIETBOPUTEIHHOE OOBSICHEHHE B €€ paMKax.

Crnenyer 3aMETHUTBh, YTO €CIIA Mbl 3aXOTUM HCCIIEIOBAaTh C 3TOM TOYKHU 3PECHUS
CTpaTerud UI'POKOB B YK€ CYIIECTBYIOIIME CaJIOHHBIE WIPHI, HA HAUIEM IYTH MO-
IyT BCTaTh 3aTPYAHEHUS, CBA3AHHBIE C TEM, YTO MPABHJIAa T€X U3 HUX, YTO MOXKHO
3aMoA03pUTh B UYBCTBUTEIBHOCTH K JIOMOJHUTEIBHOW MH()OPMAIMOHHON acUMMET-
pHUH, CIOXKHBI Jaxe 0e3 yuyéra 3Toro ux cBoicrtBa. CkaxkeM, OpuK Wi npedepaHc
OCTaHyTCs, OYEBUHO, BEChMa HETPUBUAIBHBIMH, JAXKE €CIIM UTPaTh B HUX OTACNb-

HBIMHU IIAPTHUAMMU, K&)KI[BIIZ pa3 noz[61/1pa>1 COCTaB aHOHMMHBIX YYaCTHUKOB cnyqaﬁHO
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13 OOJBIIIOTO MyJia KaHIuAaToB (YIaJI€HHO 1o ceTu, Hanmpumep). s obneruenus 3a-
nadn OyayImux HMCCIIeIOBATENIe HEII0X0 ObLI0 Obl CKOHCTPYHPOBATh CIICIIMAIBHYIO
KapTOUHYIO UTPY, B KOTOPOI UcIob3oBaHue 3((HeKTa «ChIrPaHHOCTU» ObLIO ObI HEOO-
XOAUMBIM 3JIEMEHTOM JIF000H ycrenHou cTpareruu. [TonbiTka co31aHust Tako HOBOM
urphl 1moj HazBaHueM «TeccepakT» BeiHeceHa B [Ipunoxenue | — Oynem HagesThCs,
YTO B OyIyIIEM OHA OKa)ETCs MOJIE3HA KaK B HAyYHBIX, TaK U B pa3BlIeKaTEIbHBIX IIe-
JISIX.

3aBepiuTh JaHHYIO pabOTy XOTENOCh Obl POPMYITHPOBKOM TOCTATOYHO CMEIOM
He(QOpMaTbHOM TUIIOTE3bI, MPOAOTKAIOIICH JIMHUIO PACCYKICHUHN MTOCIEIHEH TJIaBbl B

pycie NOnyJALUOHHBIX UIP:

I'unore3a 3.6.1. Ecnu B nomysisiiinu nepuoindecku (MHOTO pa3 Ha MPOTSKEHUU KU3HU
OJTHOM 0COOM) BO3HUKAIOT KOH(DIMKTHBIE CUTYaIlUH, MOJIEJIb KOTOPHIX UyBCTBUTEIbHA K
JOTIOJTHUTEIBbHON HH(GOPMALIMOHHOW aCHMMETPHH, U BEPOSITHOCTH IPOAOIKEHUS poAa
OTJICJIbHBIMU OCOOSIMU CYIIIECTBEHHO 3aBHUCUT OT HUX yCIi€Xa B 3TUX KOHQIMKTax, TO
JaBJI€HUE 0TOOpA 3aKPEIUISAET B MOMYIISIIIMU IPU3HAKU, CIIOCOOCTBYIOLIME YBEIUUECHUIO
KOTHUTUBHOTO MOTEHIMANA CIAEAYIOUUX MOKOJIEHUH (TIOHUMAeMOTro B O0IIEM CMBICIIE,
KaK CIIOCOOHOCTH MPOU3BOAUTH ThIOPUHT-TIOIHBIC BHIYUCICHUS HAJl TPOU3BOJIBHBIMHU

JTAHHBIMH ).

Ecnu 3ta rumoresa BepHA, TO YyBCTBUTEIBHOCTh UIP K JTOIIOJIHUTEIBHONW WH-
(dbopManMOHHONW aCUMMETPUU MOXKET OKa3zaTbcs «CBATHIM [paasem» 3BOIIOIMOHHON
TEOpUU UTP — (HAKTOPOM, ITOPOKAAOIINM HEOTPAHUYEHHYIO TOHKY BOOPYKEHHM B ce-
pe crnocoOHOCTEN K CIIO)KHOMY NMOBeAEHUI0. JIt0Oble Urpbl ¢ 3TUM CBOWCTBOM, J1aXKe
OyIy4d OYEHb MPOCTHI CaMU IO cede, MOOUIPSIOT KOTHUTUBHBIA MOTEHIIMA YYaCTHH-
KOB HEOOXOAMMOCTbBIO CTPOUTH M PACKpPbIBaTh 3arOBOPHI, TAK UTO €0 U3yYEHHE MOXKET
KaK 000raTUTh Hallle TOHMMAHKUE SBOJIIOIIMN UHTEJJIEKTa HAIIMX MPEJIKOB, TaK U CTaTh

HHCTPYMCHTOM COBCPHICHCTBOBAHMHA TEXHOJIOT Ui HCKYCCTBCHHOI'O pa3yMma.
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3akJaoueHue

OCHOBHBIE pe3yabTaThl pabOThI 3aAKIIIOYAIOTCS B CIEIYIOIIEM.

1. Ha ocHOBe aHanmm3a MOHSTHS KOPPEIMPOBAHHOTO PABHOBECHS B KOHTEKCTE
MHOTOCTOPOHHHUX KOH(IUKTOB OBLIO CPOPMYIUPOBAHO CBOWCTBO UYBCTBU-
TEJIBHOCTU UTP K TOTIOJHUTEIbHON NHPOPMATMOHHON aCUMMETPHH.

2. HccnenoBanue nzomMopdpusMa MpOCTPAHCTB KOPPEISIUHN TO3BOJIUIO BBECTH
CyXarolmui ux (Qopmann3M MPOCTPAHCTBA 3arOBOPOB, C MPUMEHEHHEM KO-
TOPOTO YIOOHO PacCyXIaTh O BIUSHUU JTOTIOJHUTEIBHON WH()OPMAIIMOHHOM
ACUMMETPHH Ha PEIICHUS UTP.

3. MopenupoBanue npoOneMbl IUTAHUPOBAHUS 33JaHUI TIPU TONYIIEHUN HEMO-
HOTOHHOCTH (PyHKUMH OTJayu MOKa3ajao, 4TO B MPOCTPAHCTBAX 3arOBOPOB
KOHIICTILIUS CTPYKTYPHOM COINIACOBAaHHOCTH PAaBHOBECHUN MOXKET HCIOIb30-
BaThCs KaK (DyHKIMOHAIBHBINA aHANIOT KIACCUYECKUX KPUTEPUEB KOJJICKTHUB-
HOW paIMOHaIBFHOCTH 10 OTHOIIEHHUIO K paBHOBeCHsIM Hpia B cMelIaHHbIX
CTpaTerusix.

4. Jlnga neMOHCTpaluy 3HAYMMOCTH (PEHOMEHA YYBCTBUTEJIBHOCTH UIP K JIO-
NOJTHUTENBHON HMH(OPMALIMOHHON acuMMeTpuH ObUla MOCTPOEHA MOJEINb
MOBTOPSIFOIINXCS KOH(IMKTOB C y4€TOM CTOMMOCTH BBIYUCIICHUS OYEPETHOTO
rara CTpareruu.

5. B pamkax mocTpoeHHOW Mojenu ObUIO MOKa3aHO, KaK B MOBTOPSIOUIUXCS
Urpax MOXKHO Jaxe 0e3 JOMOTHUTEIbHON MHGOPMAILIMOHHOW aCUMMETPUHU
KaK TaKOBOM HCITIOJIb30BAaTh COBPEMEHHbIE KPUNTOTpaUueCKre MPUMUTHUBBI
JUTSL KOHCTPYUpPOBaHUs 3P(EKTUBHBIX CTpATETUi HAKa3aHUSI, UCIIOb3YIOLIUX
YyBCTBUTEJIbHOCTh K HEH.

Xodercst HaJEsAThCS, YTO dTa paboTa MPUBICYET BHUMAHHUE CHEIUAIMCTOB K IIPO-
OjemMaTuke BIUSHUS JOMOJHUTEILHOM WH(DOPMAIMOHHON acMMMETPUU Ha HMCXOIbI
MHOTOCTOPOHHUX KOH(IUKTOB.

B 3axmrouenue aBTop BbIpaxkaeT O1aroJapHOCTh M OOJBUIYIO MPU3HATEIBHOCTD
Hay4HOMY pykoBoauTeno Bacuny A. A. 3a moaaep KKy, MOMOIIb, 00CYKACHHUE Pe3yilb-
TaTOB U Hay4YHOE pyKOoBOACTBO. Takke aBTop Onarogaput Mopo3osa B. B. 3a aktuBHOE
ydacThe B pabOTe HaJl I0Ka3aTelibcTBAaMU TEOPEM U aBTOpPOB mIabnoHa *Russian-Phd-

LaTeX-Dissertation-Template™ 3a momors B ohopMIeHUN AUCCEPTALINH.
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CioBapb TEpMUHOB

MPOCTPAHCTBO KOPPEJAUMH : [[ONOIHUTENBHBIN TaApaMETP KOPPEIUPOBAHHOTO
pacuIMpeHust urp B HopMalibHOM (hopMe, XapaKTEPU3YIOLIUN allpUOPHBIE 3HAHUS UTPO-
KOB O COOBITUSIX, HAMPSIMYIO HE BIMSIONIUX HA UCXOJl KOH(IUKTA

MPOCTPAHCTBO 3ar0BOPOB : [IpocTpaHCTBO KOPPENISILIUY CIIEUATBHON CTPYKTY-
PBI C POCTBIM KOHEYHBIM OIIMCAHUEM B BUJIE CEMENCTBA IPYII UTPOKOB, Ha3bIBAEMBIX
3aroBOpaMu

3arosop : [logMHOXeCTBO UTPOKOB, OOBEAMHEHHOE BO3MOKHOCTBIO HAOIIOIaTh
3a OOLIMM TaHBIM MEXaHU3MOM KOPPEISIMU, CUTHAJIBI KOTOPOTO HETIPEJCKAa3yeMBbl JJIsl

ayTcanepoB



72

Cnucok Juteparypbl

Aumann, R. J. Subjectivity and correlation in randomized strategies [Text] /
R. J. Aumann // Journal of Mathematical Economics. — 1974. — Mar. — Vol. 1,
no. 1. — P. 67—96.

Huxonenxo, C. Teopus 5JKOHOMUYECKIX MEXaHU3MOB: yueOHoe mocodue [Texcr] /

C. Hukomenko. — MockBa : MHTepHET-yHUBEpCUTET MH(OPMAITMOHHBIX TEX-
Hosnorut BMUHOM. JlaGoparopus 3nanuii, 2009. — (OCHOBBI 3KOHOMHUKU H
MEHE/IPKMEHTA).

Fudenberg, D. The Folk Theorem in Repeated Games with Discounting or with
Incomplete Information [Text] / D. Fudenberg, E. Maskin // Econometrica. —
1986. — Vol. 54, no. 3. — P. 533—554.

Casuenko, M. A. HacTH4HO KOppEIUPOBAHHBIC PABHOBECHS B UTPOBBIX MOJIEIISIX

koHKypeHruu [Texct] / M. A. CaBuenko, A. A. Bacun // JJoMOHOCOBCKHE UTEHUS
-2017.—2017.

Caguenko, M. A. BnusHue NONOIHUTENbHOU HHPOPMALIMOHHOW aCUMMETPUH Ha
pemienust urp [Tekcr] / M. A. CaBuenko // JlomoHocoBckue utenus - 2021. —
2021.

Casuenko, M. A. Axiomatic approach to conspiracy theory [Text] /
M. A. CaBuenko // IX MockoBckas MexAyHapoaHass KOH(PEpEeHUUs 10
uccinenoBanuto onepanuii (ORM2018): MockBa, 22-27 oxtsa6ps 2018 r.:
Tpyner. — 2018.

Casuenxo, M. A. Computational complexity of strategies in repeated games
sensitive to additional information asymmetry [Text] / M. A. CaBuenko //
KondepeHuus MoOJIONBIX yYEHBIX [0 MaTeMaTHYeCKOH DJKOHOMHKE U

AKOHOMUYECKOU Teopun. — 2021.

Caeguenxo, M. A. HopmaruBHas teopus 3aroBopoB [Tekcr]| / M. A. CaBuenko //
Marematuueckast Teopus Urp u e€ Ilpunoxenus. — 2020. — T. 12, Ne 1. —
C. 33—59.

Casuenxo, M. A. Kaprounas urpa «Teccepakt» [Tekct]/ M. A. CaBuenko // Mare-

marnueckas Teopust Urp u e€ [punoxenns. — 2021. —T. 13, Ne 3. — C. 58—74.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

73

Casuenko, M. A. IlnanupoBaHue 3aJaHuii ¢ HEMOHOTOHHOW oTxauei [Tekct] /
M. A. CaBuenko // Maremaruueckas Teopust Urp u eé€ [Ipunoxenus. — 2022. —
T. 14, Ne 1. — C. 85—101.

Savchenko, M. A. Normative Conspiracy Theory [Text] / M. A. Savchenko // Au-
tomation and Remote Control. — 2021. — Vol. 82, no. 4. — P. 706—721.

Konmoeopos, A. OcHOBHBIE TIOHATHS TeopuH BeposTHocTel [Tekct] / A. Kommo-

ropoB. — 2-e u3a. — M.: Hayka, 1974.

boeaues, B. OcuoBbl Teopun Mmepsl [ Tekcr]. T. 1/ B. boraues. — MockBa-IxeBck :

HUII «Perynspras n xaotnyeckas AuHaMuka», 2003.

Koutsoupias, E. Worst-Case Equilibria [Text] / E. Koutsoupias, C. Papadim-
itriou / STACS 99. — Berlin, Heidelberg : Springer Berlin Heidelberg, 1999. —
P. 404—413.

Agussurja, L. The Price of Stability in Selfish Scheduling Games [Text] / L. Agus-
surja, H. Lau //. Vol. 7. — 12/2007. — P. 305—311.

Aumann, R. J. Acceptable points in general cooperative n-person games [Text] /
R. J. Aumann // Annals of Mathematics Studies. — 1959. — Vol. 40. —
P. 287—324.

Bernheim, B. Coalition-Proof Nash Equilibria I. Concepts [Text] / B. Bernheim,
B. Peleg, M. D. Whinston // Journal of Economic Theory. — 1987. — Vol. 42,
no. 1. —P. 1—12.

Vasin, A. The Folk theorem for dominance solutions [Text] / A. Vasin // Interna-
tional Journal of Game Theory. — 1999. — Vol. 28, no. 1. — P. 15—24.

Boyd, C. Protocols for Authentication and Key Establishment [Text] / C. Boyd,
A. Mathuria. — Springer, 2003. — (Information Security and Cryptography).

Gutmann, P. C. Software Generation of Practically Strong Random Numbers
[Text] / P. C. Gutmann // USENIX Security Symposium. — 1998.

Bernstein, D. J. Curve25519: New Diffie-Hellman Speed Records [Text] /
D. J. Bernstein // Public Key Cryptography - PKC 2006. — Berlin, Heidelberg :
Springer, 2006. — P. 207—228.

Hoang, V. T. Security Analysis of NIST CTR-DRBG [Text] / V. T. Hoang,
Y. Shen // Advances in Cryptology — CRYPTO 2020 / ed. by D. Micciancio,
T. Ristenpart. — Cham : Springer International Publishing, 2020. — P. 218—247.



23.

24.

25.

26.

27.

28.

74

Myerson, R. B. Optimal coordination mechanisms in generalized principal-agent
problems [Text] / R. B. Myerson // Journal of Mathematical Economics. —
1982. — Vol. 10, no. 1. — P. 67—381.

Myerson, R. B. Multistage Games with Communication [Text] / R. B. Myerson //
Econometrica. — 1986. — Vol. 54, no. 2. — P. 323—358.

Aumann, R. J. Correlated Equilibrium as an Expression of Bayesian Rationality
[Text] /R. J. Aumann // Econometrica. — 1987. — Vol. 55, no. 1. — P. 1—18.

Dhillon, A. The Folk Theorem in Repeated Games with Discounting or with In-
complete Information [Text] / A. Dhillon, J. F. Mertens // Journal of Economic
Theory. — 1996. — Vol. 68, no. 2. — P. 279—302.

Hart, S. A Simple Adaptive Procedure Leading to Correlated Equilibrium
[Text] / S. Hart, A. Mas-Colell // Econometrica. — 2000. — Vol. 68, no. 5. —
P. 1127—1150.

Oueenvrune, P. O6mras Tononorus [Tekct] / P. Ourenskuar. — M. : Mup, 1986.



3.1

I.1

75

Cnmcok pucyHKoB
[ToBTOpSItOIIAsicst UTPa C YYETOM CTOUMOCTH BBIYUCIICHUN .

TeccepakT napHbIX KapT

53

86



76

Ipuiaoxkenne A

Kparkuii 0030p iuTeparypbl, NOCBAIIEHHON KOPPEJIHUPOBAHHOMY PACHIUPEHUIO
UI'P B HOPMAJIbHOU (popMe

Konnenuuys KoppelupoBaHHOTO PacIHIMPEHHs CTaja Ba)KHBIM 00IIEeynoTpeOu-
MBIM HHCTPYMEHTOM BO MHOTHX O0JIACTSX TEOPUH UTP, U B YACTHOCTU Ha HEE ONUPACTCS
3HAMEHUTBIN JU3alH MEXAHU3MOB. B CBSI3M C 3TUM HENB3S HE YIIOMSHYTh CTaTbio Pox-
xepa Maiiepcona «Optimal coordination mechanisms in generalized principal-agent
problemsy» [23]. B Helt popmynupyercss 00001EHHAs 3a/ja4a TPUHIIMIATI-aT€HTOB, B
KOTOPOW areHThl 00JaAaroT Kak TalHOW uMHMOpManuen, Tak U BO3MOXKHOCTBIO IPH-
HUMAaTh PEIICHUs, HEMOJKOHTPOIbHbIE TpuHIMNany. [loka3piBaeTCs, YTO MPUHIIUIAT
MOKET OTPAaHUYHMBATHCS 1IEJICHANIPABIECHHO MOOYXIAIOITUMHU MPIMBIMH MEXaHU3MaMHU
KOOPAWHAITUH, B KOTOPBIX areHTHI JOKIaABIBAIOT CBOIO HH(GOPMAIINIO TPUHITUTIATY, Pe-
KOMEHJYIOIIEMY B OTBET CTpaTeruu, o0pa3yrollne KOppeIupoBaHHOE paBHOBecue. B
KOHEYHOM CJTydae ONTHUMAIbHBIC MEXaHU3Mbl KOOPAMHAIIUN MOTYT OBITh HAalICHBI TIPH
MOMOILY JIMHEHHOTO mporpammupoBaHusi. Kpome toro oOcyxnaercs mpobiieMaruka
CHUCTEM C MHOTMMH MPUHIMIIAJIAMU, B KOTOPBIX MOXKET HE CYIIECTBOBaTh HEKOOIEpa-
THBHOTO PAaBHOBECHS, TAK YTO BBOJUTCS OTPE/ICTCHUE U MTOKA3bIBAETCS CYIIIECTBOBAHUE
KBa3W-paBHOBECHS.

KoppenupoBaHnHoe pacliMpeHue HalulO0 CBOE MECTO M NMPUMEHHUTEIBHO K HC-
CleoBaHUIO UTP B pa3BépHyToi ¢opme. EmeE omna crarbsi Pomkepa Maitepcona
«Multistage Games with Communication» [24] paccMaTpruBaeT MHOTOCTaAMIHBIE UTPBI
C KOMMYHHMKAIIMOHHBIM MEXaHU3MOM, (YHKIHOHUPYIOIIUM MO MPUHIMIY IEeHTpa-
JM30BaHHOTO TMOCpPEIHUKA. B KOMMYHMKallMOHHOM PaBHOBECHMH HU OJWH UTPOK HE
JIOJI’KEH UMETh BO3MOXKHOCTh B OJMHOYKY YBEIMYHUTH CBOW BBIMTPHIII, MAHUITYITHPYS
CBOMMH OTU€TaMH WM JercTBUsAMU. [locnenoBarenbHoe KOMMYHUKAIIMOHHOE PABHO-
BECHE — 3TO KOMMYHUKAIIMOHHOE PABHOBECHE C CUCTEMOU YCIOBHBIX BEPOATHOCTEU
IIpU KOTOPOW HHU OJWH UTPOK HE MOXKET TOJYYHTh BBITOIY OT IMOAOOHBIX MaHHITY-
JSUWNA, aKe €CJM CIy4daloTcsl COOBITHSI HYJEeBOM BeposATHOCTH. KomoMuHUpyeMmbie
JEHCTBUS ONPEIEISIIOTCS TAKUM 00pa3oM, YTo JIF000€ KOMMYHHUKAIIMOHHOE PABHOBECHE
MIOCJIEIOBATEILHO B TOM M TOJIBKO TOM CiTydae, Korjia HUKTO HE UCTIOIb3YEeT KOJOMHUHH-

pyembix nerictBuit. [Ipeobnanaroniee KOMMYHUKAIIMOHHOE PABHOBECUE OTNPEIEIICTCS
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KaK pEe3yJbTar MOCIIEI0BAaTEIbHOTO UCKIIOYEHHS KOIOMUHUPYEMBIX JEUCTBHUM, U TOKA-
3BIBAETCS €r0 CyLIECTBOBAHHUE.

Emé onnoit BaxxHoM Bexoit ctana craths «Correlated equilibrium as an expression
of Bayesian rationality» [25], B KoTopoil AymaH IOKa3aj, 4TO (opMam3M KOp-
PEIMPOBAHHOTO PABHOBECHUS CHUMAET MPOTHUBOPEUUE MEKIY «OalleCOBCKUM» U
«TEOPETUKO-UTPOBBIMY) B3TIsiIoM Ha mup. C 0aileCOBCKOW TO3WUIUM BEPOATHOCTH
MOT'YT OBITh COMOCTABJICHBI C YE€M YTOJIHO, JIaK€ C BO3MOXHOCTBIO JJIsl UTPOKA BbI-
OpaTh KaKyro-JI100 CTpaTeruio B HEKOTOpOou urpe. C TOUKU 3pEHHsI cCaMOil TEOPUU UTD,
HAIIPOTHUB, TPAAUIIMOHHO CUUTAETCS, YTO HEJIb3s1 TOBOPUTH O BEPOSTHOCTIX COOBITHH,
MIPOUCXOMSIINX IO BOJIE PALIMOHATIBHBIX ar€HTOB, HY’>KHO BMECTO 3TOT0 HMCIOJIb30BaTh
MOHSITUE PABHOBECHOCTHU (WM JPYTH€ TEOPETUKO-UTPOBBIE KOHCTPYKTHI). [Ipenso-
KEHHBIN (HopMaIU3M Ke OOBEAUHSET ABE 3TH TOUKH 3PEHUS — Ha KOPPEITUPOBAHHOE
PaBHOBECUE MOKHO CMOTPETh KaK Ha CIEACTBUE 0all€COBCKOM PallMOHAIBHOCTH, MO-
CKOJIBKY YCJIOBHUE€ PABHOBECHOCTH MPEJCTABIAECT COOOW MPOCTYH) MAKCUMU3AIUIO
BBITOJIbI KOKJIBIM M3 UTPOKOB C YUETOM M3BECTHON UM HHpopmalru. [Ipu TakoM moj-
Xo7e He TpeOyeTcs SBHOM paHIOMU3AlMHM B JIEUCTBUSIX WTPOKOB. Jlake eciu UTpok
BBIOMPAET KOHKPETHYIO YHUCTYIO CTpaTeruio 0e3 aIeMeHTa CIy9aiHOCTH, BEPOSITHOCT-
Has MIPUPOJA CTPATETUH OTpakaeT HEYBEPEHHOCTh OCTAIBHBIX UTPOKOB B €0 BRIOODE,
YTO U MOKAa3bIBACTCS HA MPUMEPAX.

Bornpockl cCOBMECTUMOCTH KOPPEIUPOBAHHBIX PAaBHOBECUM € Oosee CTpOoru-
MW MPUHLOHUIAMHU ONTUMAJIbHOCTU MOJHUMAINUChL B CTaTbe AMpPUTHI [[XWiioHa H
Kana ®pancya Meprenca «Perfect Correlated Equilibria»y [26]. B nHeit BBomauTcs
MOHATHE (€)-COBEPILCHHBIX KopesutipoBanHbiXx paBHOBecHil (PCE), 00ycioBIeHHBIX
(&)-COBEpIICHHBIM PAaBHOBECHEM HEKOTOPOTO KOPPENSAIMOHHOTO yCTpoiicTBa. [Toka-
3BIBACTCS, YTO «IPUHLMI BBISBICHUS» JJIsl 3TOM KOHUEHIUHA TEPSAET CHIIY — MPSIMOU
MEXaHU3M MOXET U He 00ecIeurBaTh COBEPIIEHHOro paBHOBecHs. Tak Ha3bIBacMbIe
NpUOIM3UTENIFHO COBEpIIeHHBIC KoppenaupoBaHHble paBHOBecus (APCE) oka3biBa-
1otrcsa npeaenamu €-PCE, u aBTOpbl JOCTUTAIOT JjIsi HUX IOJHOW XapaKTepHU3allvH.
B xone paccyxnennit o «apuemaeMoctu» APCE B HEKOTOpOM cMbIciie, TPUBOIATCS
OJIHAKO WJUTFOCTPUPOBAHHBIE JIOBOJBI B MOJIb3y TOro, 4To cpeau Hux uMeHHo PCE
MPEICTABIAIOTCS «XOPOLIUMI.

Junamuueckuid acnekt GopMain3Ma KOPpEeIUPOBAHHOIO PACIIMPEHUS TOXKE HE
ocTaBalica 0e3 BHUMaHUs uccienonareneit. [Ipepiaranocs HeMano npoueayp pasbir-
PBIBaHUS JIJIS1 UTEPATUBHBIX UTP, 00€CTICUNBAIONINX CXOIUMOCTh K KOPPEIUPOBAHHBIM

paBHOBecusM. Cpeny MHOXeCTBa paboOT Ha 3Ty TeMmy BblaenseTcs crathsi Cepmxuy
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Xapra u Auapey Mac-Konenna «A simple adaptive procedure leading to correlated
equilibrium» [27], B KOTOpO#l aBTOpPHI MPEMIOKIIA TaK HA3bIBAEMYIO TMPOIEAYPY
COIOCTABJICHUS MOTEPh. [IpuMeHsis €€, UTPOKU KaXK/IbIi pa3 OTKJIOHSIOTCS OT CBOUX Te-
KYIIIUX CTPATErHid MPOMOPIUOHAILHO Mepe MOHECEHHOTO UMK Ha MTPEIBITYIIUX X0/1aX
yiiepoa OT He UCTIOIb30BaHUsI UHBIX cTpaTeruil. [lokaspiBaeTCs, YTO Takast aganTHBHAS
npolieIypa rapaHTHPYET B TH000H UIPE CXOAMMOCTD C BEPOSTHOCTBHIO 1 IMITMPUIECKOTO

pacrpeneneHns pO3bIrphIIE K MHOXKECTBY KOPPEIUPOBAHHBIX PABHOBECHM.
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Ipuioxenue b

JloKa3aTe/IbCTBO TeopeMbl 00 H30MOpP(H3Me MPOCTPAHCTE KOppeIsinun’

[Ipexae uem mepelTH K JoKa3aTeIbCTBY OCHOBHOTO YTBEPKICHHUS MMOTPEOyeTCs

BBCCTHU I[OHOJ'IHI/ITGJII)HBII\/'I HHCTpYMGHT&prI:

Omnpenenenue b.0.1. M3menpueHreM MHOKECTBA UCXOI0B X = X L .. x X™ 10
KOHEYHOTO MHOKECTBA HcXoloB Y = Y1 x ... x Y™ HaspIBaeTcs 1060€ 0TOOpakeHue

p = (p},...,p™), e Kaxmas KOMIIOHEHTA P® oTobpaxkaer Y B X,

[Tpu momMoIM N3METFUYEHUH MOYKHO 3a7aBaTh CBSI3U MEXITy Pa30MCHUSIMU C pa3-
JUYHBIME KogoMeHamu. Ecim pasouenus f : 2 — X ug : ) — Y TakoBsl, 4TO
— -1 _ -1
f=pog 10 f(2) = Uyep1sy9  (y),Vo € X. Ilpu 5ToM [ MOXKHO Ha3bIBaTh
W3MEJIBYUMBIM JI0 ¢.

Pa30uenust ogHOTO M TOTO e MPOCTPAaHCTBA MOXHO KoMOuHHMpoBaTh. Hampu-

Mep, U3 pasbuennii g; : ) — Y; = V! x ... x Y™ i = 1,n MOXHO HOCTPOUTH HX
KOMOMHAILMIO g1 © ... ¢ gy @ ) — Y, rae Y(%) =Y'Xx...xY'u(gpo...0
gn) (W) = (¢%(w),...,¢%w)),Yw € Q,a = 1,m. I1a koMOuHanms pa3OUeHU CBS-

3aHa CO CBOMMH KOMIIOHEHTAMH M3MEIBICHUAMH-TIPOCKIUAME: §; = T4; © (g1 O ... ©
a a _ a
Gn), Tz, .. xl) = af.

n
AHaOrMYHO KOMOMHUPYIOTCS U U3MEIbYEH s ¢ 00IIMM KojoMeHoM. Hanpumep,
13 u3MenpdeHuit p; : Y; — X, i = 1,n MOKHO MOCTPOUTH KOMOUHAIMIO 1 ... 1 Py
Vg = Xome Y = {(vf,...,un) €Yy, | p1(y1) = ... = pi(yn)} @ = 1,m, npuaénm

Ha CBOEH 00JIaCTH OMPEAEIICHUs P1 { . . . { P, COBIIAJIAET CO BCEMU P; O 7T;. 3aMETHUM, YTO

f=picgni=1In < f=(p1l...00n)0(10...0gn).

Onpenenenne b.0.2. B npocrpanctse koppemsiiuu ¢ = (A, 0, T4 P a € A) cTpyk-
Typo# pazouenus f : () — X, mopoxaEHHON U3MenpdeHueM p @ Y — X, Ha3bIBaeTCs
MHOKECTBO Ho o(f) = {Pog™ | g = @, f = pog}, cocrostimee u3 mep L : Y — Ry,
Taoxe o6osHaunm Hy (1) = {f = @ | € Heo(f)}.

'Tutupyercsa no marepuanam cratsu [8].
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Jemma B.0.1. i ecex p : Y — X up: Y — Rogmuoocecmso qu}p(u) c X%

KOMNAaKnHo 6 nojiymempuke

dis(f1, f2) = Z HP) (fi P(f;l(x))’.

xeX
Hokazamenvcmeo. Ilepedopmynupyem H, qjj)(u) = po Hy'(u), onpenenus s 5T0ro
orobpaxenue Hy' (1) = {g = ® | Po g ! = u}. Jokaxem crepsa KOMIAKTHOCT
Hy'(w), BBoms dis(gy, g2) ananornuno dis(f1, fo). Ilomymerpuka dis BrionHe orpanu-
yenna, Tak kak dis(g1, ga) = d(u}, 1d), e i = Po g, ' k = 1,2, a npocTpancTBo
BEPOSATHOCTHBIX MEP Ha JTF0OOM KOHEYHOM MHOKECTBE BITOJHE OTPAHUYCHHO. 3aMKHY-
TocTh Hy' (1) ouesuano cneayer us dis(gy, g2) = 0 < Po g ' = Po g, ' Takum
o6pasom Hy'(p) komnaktHo B monymerpuke dis. JJokaskeM HeMpepbIBHOCTH 0TOGpa-

keHns p o : Y — X% BrIpasuB Ty ke MOTyMETPHKY MO-IPyrOMY:

dis(fi, fo) = 1= Y min [P(f ' (2)),P(f5 ' (2))] -

rzeX

[TycTts Teneps f1 = po g1 u fo = p o go:
dis(pogi,pogs) =1— Y min [Pg; " (o' (2))), Plg, (0" (2)))]

zeX
=1- Zmin Z P(g Z P(g

reX yep~H(x) yep_l (z)
<1=Y " )" min [P (), P(g; ()]

veX yeo (x)
=1-> min[P(g; (1), Plg, ' (v))] = dis(g1, g0)-

OroOpakeHre p o HEMPEePBIBHO, MOCKOIBKY dis(p o g1, p o g2) < dis(g1, go). Tak
KaK HEIPEPHIBHBIE OTOOPaKEHHs COXPAaHAIOT KOMIIAKTHOCTH[28, c¢. 199], Hy %(u) =

p o Hy' (1) xomnakTHO B otymetpuke dis. O

Omnpenenenune B.0.3. Pasouenue fo = P, Ha3bIBaeTCS TOYHBIM 00pa3oM pa3OHEHHs

= &) (manee f1 = fo), ecnm ux komoMensl coBmamarT (X; = Xo = X)wu
Hg, o(f1) € Ha,p(f2) s Bcex U3MENBYCHUH P C TEM K KOZOMEHOM. MHOXeCTBO
BCeX TOUHBIX 00pa3soB aaee OyeM 06osHadats o f1) = {fo = ©2 | f1 X fo).

OtHomienue f1 = fo MOXKHO MOHSATBH TaK — Ha KAKUE Obl K3MEPUMBbIC YAaCTH MBI HE
JICJTAITA KOMITOHEHTHI pa3oueHust f1, B pa3OMeHun fo COOTBETCTBYIONIUE KOMITOHEHTHI

BCCI'lda MOKHO Pa3aC/INTb HA paBHBIC UM 110 MCPC YacCTH.



81

3ameuanme b.0.1. OueBuano, uto f1 X fo A fo 2 f3 = f1 2 fs.

Jlemma B.0.2. Ilycmo 6 npocmpancmesax koppensyuu 1 u 9 pasouenus g : 0 — Y
ugs : Qo — Y maxoswl, umo g1 3 go. Tocoa p o g1 2 P 0 go 0151 8Cex uzMelbueHull
p:Y — X.

Hoxazamenvcmeo. Bo3pMéM modsle p, @ Y, — X up € Hg , (p o g1). ITo onpe-
JIEJICHUIO CTPYKTYPbI pa3OueHusi, 3¢, : P« © g1x = p o g1, Py o gl_*l = W, a J0Ka3aTh
TpeGyeTcs, T10 ONpeeeHII0 TOYHOTO 00pasa, uTo Jga, : P40 gax = POga, Progy = L.
PaccMoTprM KOMOMHAIAIO G141 = §1 O 14, TAC 1 = 7L O §14 H §14x = Tl O g14. 37EChH
giv S = Y VP =Y XY a= 1,m. o onpenenenuIo CTPyKTyphbl pa3OnueHus,
P o gy j € Hg, x(91), a 3HAUUT, HOCKONBKY ¢1 3 g2, CYWIECTBYET goi @ o — Y,
Takoe, uto Py 0 g} = Py 0 g5 € Hp,n(g2), T.€. L0 goy. = go. VI3 3TOTO C 04EBHIHO-
CTBIO CIIEMYeT, 9T0 U Py o (71, 0 goy )"t = Py o (71, 0 g14 )}, @ 3HAUMT go, = 7T, O g,

HCKOMOC. O

Jlemma B.0.3. Ilycmo 6 npocmpancmeax xoppensyuu 1 u ®o pasouenus f1: 2 — X
u fo: Qo — X makosol, umo fi 3 fo. Toecoa ons kasxcooeo usmenvuenus p : Y — X u
Kaxcoo2o pasouenus g1 : 1 — Y makoeo, umo fi = p o g1 cywecmsyem pasouenue

g2 : Q9 — Y maxoe, umo fo =pogougr 2 go.

Joxazamenvcmeo. ChopmynupyeM TpeOyemoe Kak Jgo € @2(g1) fo = pogm

BbIpa3uM Py uepes CTPYKTYpPbl pPa30OHECHHUIA:

Po(g1) = ﬂ Heg, e (W)-
VZ,.E:2—-Y ueHs, (1)

ITo nemme 5.0.1 maOM)eCcTBO P4 (g1 ) SIBIASICTCS IEPECCUCHUEM CEMEHCTBA KOMITAK-
ToB. Ciie10BaTeIbHO, )11 JOKA3aTeIbCTBA COJIEPIKAHUS B HEM DIIEMEHTA go : fo = POgo,
JOCTAaTOYHO J0KA3aTh, YTO TAKOU DJIEMEHT COACPIKUTCS B IEPECCUCHUH KaXKOI0 KOHEU-

HOTO HOI[CCMGfICTBa TEX K€ KOMITIAKTOB:

n
-1 . —
e (Ve () o= 0o
i=1
rne & : Z; — Y — Ipou3BOJIbHBIE U3MENIBUEHUS C MPOU3BOJILHBIMU JIOMEHAMU Z; U
W € Hgp, ¢,(g1) Taxke BBIOpAHBI IPOM3BOJIBHO.
[To onpeneneHuro CTpyKTyphl pazonenust 3hy ; = ®, : g1 = &;ohy,, Pohl_g = W.

[Toctpoum ux koMOMHauio hy = hyg ¢ ... ¢ hyy, tO€ hy; = 7; o hy, 1 0003HaYNM
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& = &1 ... L&, Tlo ompenenenuto TouHOro oToOpakerust 3hy = Py 1 fo = po o
hs, Plohfl = Pgohgl, a 3HAYUT MOXKHO B3ATh §o, = &0ho. Ilo mocTpoeHHIO fo = pogs,
ulPo hl_zl =Pio(mioh))t =Pyo(mohy)t =Pyo hiil, CJIE/I0BATENBHO (o, —

UCKOMOE. []

Caencrsue B.0.1. Eciu npocmpancmea xoppensiyuu 1 3 $o, mo ons kasxcooeo pas-

ouenus f1 = ®1 cywecmeyem fo |= ®o maxoe, umo fi 3 fo.

Caencrue b.0.2. Jlevmor 5.0.2, 5.0.3 u cnedcmeue b.(). | makaice 6eprbl 07151 CmMpo20oco
omnowenusi f1 < fo = f1 3 foN—(f1 5 fo).

Jlemma B.0.4. 1 2 fo & fi = fo Ons mobvix pazbuenuii 00no2o u mozo e npo-

CMpanHcmea KOppeiayuu.

loxazamenvcmeo. llpenmnonoxum o0parHoe — CylecTBOBaHUE [ < fo ¢ KOJOMEHOM
X. Tpusuanbraoe m3mensuerue 0(x) = (0,...,0),Vo € X oueBuano maér 0 o f; =
0 o fy. D10 mpotuBOpeunt O o f1 < O o fy, caemyromemy u3 emmbl b.0.2. []

CnencrBue B.0.3. f1 = fo & fi = fo o1 mobwix pasdouenuii uzomopgrvlx npo-

CMpaHcme KOppesyuu.

Llokaszamenbcmeo meopemwl 06 usomopghuvix npocmpancmeax. PaccMorpum B Urpe
['|®; mpousBonbHBINA TPOGIIL CTpareruit s;. DTOT MPOGIIb, OYEBUIHO, SIBISICTCS
pazouennem npoctpancTBa koppensauun ;. [To cneacTeuro b.0.1 cymecTByeT pa3ou-
CHHE Sy MPOCTPaHCTBa Koppessiiuu Py Takoe, 4To S; 3 So, IPUUEM, aHATIOTHYHO, So
siBisieTcst enié u npoduiiem crpareruii B urpe ['|P,. Jlokakem BiokeHHs: B 000UX Ha-

A

npasnenusx: 1. UL

F|<I>1(Sl) C Uﬁ’j{)Z(sz) u2. Uﬁjbl(sl) ) Uﬁ’j{)Z(sz) IS TI0OO0H TpyIIBI

UrpokoB A,:

1. PaccMOTpuM MPOM3BOIBHBINA POGHIB S, = Py, OTIHUarOIIHKiiCs OT S; CTpa-
TerusiMu rpymmbl A,. O003HAYMM S;; = S; © Sy4, IIE S| = T O S, H
S1+ = TI. 0 S14. Ilo onpexnenenuto TouyHoro oopasa Hg, (s1) C Hao, x(s2),
Te. dse, E Py @ Py osyy = Pyosy, 89 = 7o sy,. [lo nocrpoenuro
Sox = Tl OSo, OTIUYACTCS OT So XOJAMHU TEX JKE UTPOKOB, YTO OTIHYAIOT S1, OT
s, uP os; ! =Pyo s2_*1, a 3HAYUT aHAIOTHYHBIM 00pazoM u®(s1,) = u’(Sax).
B cuity npou3BOJIBHOCTH BBIOOpA S1. ATO BICUET Uﬁ’&)l(sl) C Uffl‘&)z(sg).

2. Tak Kak s; 77, Sp 1o cieAcTButo b.0.3, paccyKACHUS MPEIbIIYIIETO MyHKTA

IIPUMCHUMEI U B O6paTHOM HaIIpaBJICHUMU.
[]
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IHpuioxenue B

JI0Ka3aTe/IbCTBO TEOPEMbI 0 IPOCTPAHCTBAX 3ar0BOPOB OAHOM CTPYKTYpPbI'

Jnist nokaszaTenbecTBa TeoOpeMbl 00 n30MOp(H3Me MPOCTPAHCTB 3arOBOPOB TaK HKe

HOH&I[O6I/ITC$I HCCKOJIBKO JICMM.

Jlemma B.0.1. /{1 1106020 cuémmnoco cemeticmea MHOIICECME § HALLOEMCSL enb MHO-

arcecme ¥ maxast, umo o(F) = o(T).

Hoxazamenvcmeo. Ilycts § = {F1, Fy, . ..}. [TocTpOUM HHIYKTUBHO MOCIEAOBATEIb-
HOCTh 1enei (T;), rme Kaxaas Cleayromlas [elb BKIYaeT B ceOs MPeIblAyIIyo U
o(%;) = o({F1,...,F;}). B xadectBe 6a3bl Bo3pMéM Ty = {F}}. llar naaykouu:
nycts %, 1 = {T1,...,T,},Thy C ... C T,uo(%;_1) = o({F1,...,F,_1}). Pazno-
KM CIICIYIOIIUI SJIEMEHT § Ha HelepeceKaroluecs Tu3boHKTeL: F; = (F; N T) U
(ENTO\T)U.. . U(F,NT,\T,-1)U(F;\ T,). B aToi 3anucu j-ii TU3bIOHKT BIOKEH
B COOTBETCTBYIOILYIO Pa3HOCTh 1 \ T’;_1 coceqnux d>1eMeHTOoB Lenu. Clen0BarelbHo,
IJIS €r0 TIOPOXKIEHHS T0OCTaTOYHO MOMOAHUTB %1 MHOKECTBOM 1 = F;NT;UT) 4,
COXPaHSIOIUM CTPYKTYpy LienH, MockonbKy 11 C T C T);. Takum 006pa3zoM, 4T00bI

MOJIYYUTh F; IETUKOM,

(F;,N T, )
F,NTyUTh,
Ty=T, U - >
FNT,UT, 1,
LU )

[TokaxkeM, 4TO Tpeaen mocieaoBaTeapHOCTH (¥;) — HCKOMas 1ernb. B camom
nene, J000# ameMeHT U3 0(F) —3T0 cuéTHOE 00beUHEHNE KOHCUHBIX TIePEeCeUCHU

MHO)kecTB F;. [ToaTomy

o) =Jo{A.....F}) = Jo(T) = 0(T).

0 (0.}
i=1 =1

Tutupyercsa no marepuanam cratsu [8].
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Jlemma B.0.2. MaxcumanvHnas yenv usmepumvix MHOX*CECME 8 OE3AMOMUYECKOM NPO-

cmpancmee nopodcoaem 6e3amomuiecKyro o-aneeopy.

Hokazamenscmeo. TlycTh MaKCHMasIbHAS IETb T H3MEPUMBIX MHOXECTB Oe3aTOMHUUe-
ckoro npoctpanctsa (€2, B, IP) mopoknaer anredopy o(¥). Jlokaxem, 4To ajst 1r0060r0
B € o(%) mepsl P(B) > O Haiinéres B’ € o(%) takoe,uro B’ C BulP(B) > P(B’) >
0. JInst 5TOr0, 0O4EBUIHO, JOCTATOUHO J0KA3aTh, UTO B LIENH ‘¢ HAUAETCS MHOXKECTBO 1’

Takoe, uto 0 < P(7'N B) < P(B). PaccMoTpuM MHOXeCTBa

T= T u T= M T,
T_e%:P(T_NB)=0 T, eT:P(T,NB)=P(B)

1o nocrpoenuto Broxkennsie I C T tak, uro P(T) — P(T) > P(B). TlockonbKy Lemnb
Y MakcUMallbHa B 0€3aTOMHUYECKOM IPOCTPAHCTBE, CymIecTBYeT 1 € ‘T Takoe, 4To
T C 1Ty CT.TaKKaKZ C Tj :>P(T0mB) >0uly C T = ]P)(TomB) < IP)(B),

3HAUMT () UICKOMOE. [

Onpenesnenne B.0.1. JIna mo6sIx cemeiicTs m3mepuMbix MHOkecTB T C 2 nmep P :
T — R- onpenenum orobpaxenne mim (¥, P) : O — R, Ha3pIBaeMOe HAUMEHBIIICH

Mepoii BKJIFOUeHHUS U Bhrumcisiemoe 1o hopmyie mim (%, P)(w) = inf{P(T) | w €
T e %}

Jdemma B.0.3. Eciu T C 2 —yenw mHoocecms, noposucoarowas 6e3amomudeckyio

o-anzebpy, mo P o mim(T, P) ! cosnadaem c mepoii Jlebeza na ompesxe [0, P(2)].

Hoxazamenvcmeo. Tlockonbky ¥ —1enb, w € T < mim(%, P)(w) < P(T),YVw €
O, T € T. Tak kak ‘T BM0OABOK MOPOKIAET OE€3aTOMUIECCKYIO O-aJredpy, TO IS KaX-
noro 0 < t < P(Q2) maiinéres T' € ¥ taxoe, uto P(T") = t. CnenoBarenbHo, GyHKIUS
mim (T, P) orobpaskaer MHOxecTBa I € T Ha otpeskH |0, P(T")], aTo oueBUIHO BICUET

[IEJIb IOKA3aTeILCTBA. L]

Jlemma B.0.4. IIycmo (S, B, P) — moboe besamomuueckoe 6eposmHocmnoe npo-
CMPAHCMBO C O-an2eOpOoll, PAIONCUMOU HA N Oe3amMOMUYECKUX KOMNOHeHm B =
o(B1 U...UB,) marux, umo 6ce cobObimusi u3 pasHblX KOMNOHEHM COBMECTHO He3d-
sucumel, m.e. P(By N ... N B,) = P(By)...P(B,) 011 mobbix B; € B;,i = 1n.
Tozoa nmobas usmepumas Gyukyus ¢ koneunvim kooomenom | : €2 — X moocem 6vimo

1

npeocmasgiena 6 6ude [ = @ o, 20e v : Q) — [0,1]" makosa, umo P o v~ coenadaem

¢ mepoii Jlebeea, a @ : [0,1]" — X — bopenesckas.
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Hoxasamenvcmeo. Paccmorpum obparHyro pyskuuo f1 1 X — 9B. B cuny pasio-

JKUMOCTH ‘B e€ MOKHO INpCACTAaBUTh KaK IIPCACII ITIOCICAOBATCIIbHOCTH KOHBIOHKHHP'IZ

fHz) = OFf(x) N...NFi(x), Fl.j X — 9B,
j=1

O6o3HaunM cemelictBa MHOKeCTB §; = {F/(z) | j € Nz € X} u 3a-
MeTHM, 4To f m3MepuMa no o(F; U ... U §,). Ilo memme B.0.1, cymecTByrOT enu
MHOXeCTB ¥; C ‘B; Takue, uro 0(§;) = 0(%;). CoracHO MPHUHIKMITY MaKCUMyMa
Xaycmopha Kakaas Takas Lelb BIOKeHa B MAKCHMAIbHYIO ielb T; C B;, Mopox/a-
I0LIyI0 Oe3aroMuyeckyto o-anredpy no jgemme B.0.2. [Toctpoum uckomele GpyHKIUU:
t = (mim(T;,P),..., mim(T,,P)) u @ = for . Heobxonumsle cBoiicTBa cOOMONa-

I0TCSI TI0 TTIOCTPOCHHUIO. []

Loxazamenvcmeo meopemor [.3.1. Ilpumenum nemmy B.0.4 K mpoW3BOIBHOMY IIPO-
crpanctBy 3aroBopoB P crpykrypel A = {A;, ..., A,}, ucnone3ys B KauecTBe
KOMITOHEHT pa3ioxeHus B, . .., B, o-anreOpsl TalHBI COOTBETCTBYIOIIUX TPy 3a-
TOBOPIMHUKOB. DT0 HaéT [yist roboro pasduenust f; | P pasnoxenue f; = @ o t.
B m1r060M apyrom mpoctpaHcTBe 3aroBopoB Py TOM ke CTPYKTyphl 2l COOTBETCTBYIO-
mee pasouenue fo = P mocTpouM moxokuM obpasom: fo = @ o u. 3mech @ TO
ke camoe, a u = (mim(Wy, Py), ..., mim(2,,Ps)), rne 2, - npon3BoIBHBIC MaK-
CUMaJIbHbBIE 1I€TIH, BIOXKEHHBIE B 0-ajdreOpbl COOTBETCTBYIOIIUX TalH MPOCTPAHCTBA

1

3aroBopoB P,. ITockonbky u Py o t=1, u Py o u~! 06e coBmanaror ¢ mepoii Jlebera,

ToulP; o f; l=Pyo fa 1 a 3HaunT Teopema moKazaHa. []
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Hpuiaoxenue I'

Kaprounas urpa «TeccepakT»

Il TpaBuaa’

Th

S it N P
/ T* l// P \/\
///l I[& ,// I[Q? ///l

/ T<> \//\ l/l

A

Pucynok I'.1 — TeccepaxT nmapHbIX KapT

JlJist uTpBI B TECCEPAKT HEOOXOAUMBI:

— 4 urpoka;

npedepancHas koioa (4 MacTH ¢ JOCTOMHCTBAMU OT CEMEPKHU JI0 Ty3a, BCETO
32 KapThl);

— (PUILKYU WK HHOM c1IO0CO0 MOACYETA OUKOB;

— WrpoKaM, TOJBKO 3HAKOMSIIMMCS C UTPOH, MOHAYaIy MOXET OBbITh IOJie3Ha

pacrmedarka n1uarpamMmmel Ha puc. [ 1.

"Paszien yrounsieT 1 1OMONHAET MaTEpHaNbl CTaThH [O].
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Urpa coctout u3 modoro (3apaHee 0OroBOPEHHOTO W/WJIH MO TOCTUNKECHUH JH-
MUTA BBIUTPHIIICH/TIPOUTPHIIIEH) YKCIa HE3aBUCUMBIX pasfad. Pe3ynbraromM ogHOM
paszayu MOXKET CTaTh NepepacipenesieHue MEXAy WUIpoKaMu (C HyJIEBOM CyMMOM)
HEKOTOPOTO KOJIMUYECTBAa (PUKCUPOBAHHBIX CTAaBOK. HW OMH UTPOK HE MOXKET MPOUT-
paTh WM BBIMTPATh Oosiee 3 CTaBOK 3a pa3iauvy.

Pa3naua Haumnaercs ¢ aenenus konoasl Ha crapmmue (B, [, K, T) u mmagmme (7,
8,9, 10) xaptel.” Crapmias Kojoja HepeMEeIMBAETCA M CAAETCA HTPOKAM B OTKPBITYIO
(;TiiioM BBEpX), MO 4 KapThl KaKI0My. Mitanmias Kojioja pazgaércs 6e3 nmepeMeninba-
HUS (TyT MacTU U JIOCTOMHCTBA HE UMEIOT 3HAYCHHUS ), TAKXKe MO 4 KapThl HA UTPOKA.
[Tocne Toro kak Bce YBUJIEIH PACKIIa, KK bl UTPOK TOJOUPAET CAAHHBIE EMY CTap-
mKMe ¥ MIIaJUINe KapThl, 0ObeNUHAS UX B 3aKpbIToi pyke. [locne aToro HaunHaercs
PO3BITPHILI, COCTOALIUN U3 YETHIPEX KPYIOB.

B TedeHune kaxa0ro Kpyra Xo0B UTPOKH JOJKHBI B IPOU3BOJILHOM MOPSIIKE CO-
BEPILUTH MO J[Ba ACHCTBUS: &) ChIrpaTh OIHY KapTy nepea coboi pyOaikoil BBEpX U
0) cOpocuTh OJIHY KapTy B OOIyI0 CTONKY cOpoca pyOarikoit BBepX. [lociie Toro kak
BCE 3aKOHYAT, ChIIpaHHbIe (HO HE COPOIIEHHbIE) KapThl packpbiBatoTcs. [1o 3aBepiie-
HUU BCEX YETHIPEX KPYIOB y UTPOKOB HE OCTAETCS KapT B pyKax, Iepe]l KaXKIbIM JiexkKar
JIUIIOM BBEPX MO 4 ChITPAaHHBIE KAPThI, U MOABOAUTCS UTOT PO3bIrpbiiia. Kax st UTpok
JIOJKEH COCUMTATh BCKPBITHIE HEMApHbIE KAPThI U, COOTBETCTBEHHO, CBOU IITpad.

C TOUKM 3peHHUst KaXkA0ro Urpoka 16 crapimx kapT o CBOEMY pa30MBaIOTCS Ha
8 map. Criocod pa3OueHus ONpeaeNsieTcss B 3aBUCUMOCTH OT €r0 MOPSIKOBOTO HOME-
pa 3a CTOJIOM:

1. mapHbI BajeThl ¥ 1aMbl OAHOW MAcCTH, MAPHBI KOPOJIH U Ty3bl OTHON MacTH;

2. mapsbl Tpedbl U MUKUA OAHOTO TOCTOWHCTBA, MAPHBI YEPBHI U OyOHBI OJJHOTO

JIOCTOMHCTBA;
3. mapHbI MUKW U YEPBBI OJJHOTO JOCTOMHCTBA, ApHBI OYOHBI U Tpedbl OJHOTO
JIOCTOWHCTBA;

4. mapHbl BaJ€Thl U TY3bl OJHON MacTH, MApPHBI TaMbl H KOPOJIM OJHOM MAacCTH.

MOsKHO TIepeMeNInBaTh U Pa3aaBaTh KOJNOMY LETHKOM, HE Pa3Jelss, Mo 8 KapT KaxkJI0MY JHIIOM BBEpX, OI-
HaKO B TAKOM CIIydae OyayT HEPEIKO CIydaThCs PacKiIaabl, CyIIeCTBEHHO ONaroBOJISIINE OJHIM UTPOKaM B yIiepo
npyrum. Hanpumep, ecnu komy-mu6o OyAeT cjaHa pyka U3 OHHUX TOJNBKO MIIAIIINAX KapT, TO OH (DaKTUYECKH Tpe-
BparuTcs B OOJBaHYMKA, HE MMEIOIIETO BO3MOXHOCTH BJIMSATH HA UCXOJ MIPhI BooOIIe. Irpok ¢ omHOW crapiieit
KapToil B pyKe, XOTS U Oy[AeT HMETh BO3MOKHOCTh OJIMH Pa3 3a PO3BITPHIII MOBIHUATh HA HTPOBYIO CUTYAIHIO, HE
CMOJKET COBEpINATh TAHHBIX OT APYTUX UTPOKOB OCMBICIICHHBIX XOJIOB, UTO CIENIACT €T0 CTpaTerhto Ooee mpe-
CKa3yeMou, U T.1I.. Bripouem, eciu y4aCTHUKHU TOTOBBI MUPUTHCS C YCHIICHHEM DJIEMEHTA CIIYyJaifHOCTH B UTPE, TO

HOZ[O6HBII>1 «JIEHUBEII CIIOCO0 pa3gavun UCroJIb30BaTh HE BO36paH}leTC$I.
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Ha puc. [l mapHOCTb KapT Ajisi pa3HbIX UTPOKOB 0003HAUYE€HA JMHUSMHU pa3-
JAUYHOU ITPUXOBKU. [Ipy 3TOM Jerko 3aMeTuTh, 4YTo 16-TH CTApIIMM KapTam MOXHO
MOCTaBUTh B COOTBETCTBUE BEPIIMHBI YETHIPEX-MEPHOTO THUNEPKYOa (0TCIO/]a HA3BaHHE
«TeccepakTy) TakuMm 00pa3oM, UTO JUIsl KXKJIOIO UTPOKA OTHOILIEHHE MAPHOCTU COOT-
BETCTBYET CBOEMY HaOOpy mapasuieibHBIX pEdep.

B konTekcte moacuéra mTpadoB HemapHOW KapTOW IS WIPOKA CUYUTACTCS
BCKpBITasl cTapiuasi KapTa, He 00pasyrolas o ero rnpaBuiam Mapbl C IpyTUMU BCKPbI-
TeiMu Kaptamu. lItpad urpoka cuuraercs mo gopmyne |2/ — 8|, rae | — koau4IecTBO
HEMapHBIX C €ro TOYKU 3peHus Kaprt. XKenaromeMy nzodexars mrpada UTpoKy CIETyeT
XOIUTh TAKUM 00pa3oM, 4TOOBI K KOHILY pO3bITpbIlIa ObLIO ChITPAHO POBHO 4 Hemap-
HbIE JJI HErO KAapThl, TaK KaK Ka)/1as KapTa OTKJIOHEHHUS B OOJIBIIYIO WJIM MEHBIILYIO
CTOpPOHY yBenuuuBaeT ero mrpad Ha 2. Cpeanuil mrpad onpenensiercs: Kak cpeaHee
apudmeTrdeckoe mTpadoB Bcex UTPOKoB. [Ipu okoHUATEILHOM pacuéTe UTPOKH, Yeit
mrpad Oosbliie CpeHEero, BHOCAT B OaHK (PUILIKH KOJI-OM PaBHBIM Pa3HUILIE MEKTY CBO-
uM mrpadoM u cpenHuM. Te ke Urpoku, yer mrpad MeHblIe CpeaHero, HaooopoT,

3a0uparoT U3 0aHKa pa3HUILy MEXAY CPEIHUM M CBOMM IITpadamu.

I2 Tlpumep packiaaa’

[TockonbKy MIaamIve KapThl HE HCHOIB3YIOTCS TpHU moacuére mTpadoB, Ha-
yajbpHas pasjiaya OnpeAessieTcsl pacKiiaioM cTapiiux kapt (Tadnuna 2). JaneHennmii
MIPOIIECC Pa3bIrPhIBAHUS MOKHO 3alIMCHIBATh TaK, KaK 3TO JIEMOHCTPUPYETCS B TaOJIH-

e 3.

Tabmuna 2 — Packimag A

Hrpox Pyka

1 |BO & Ké Téh
K& KO K B
A6 BO JO N6
B& Té TO TO

W N

3Pasfen yTOUHSET U JOMONHAET MaTepUabl cTarbu [9].
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Tabnuia 3 — Poswirpeim Al packiana A

Hrpox Kpyru xonos
1 2 3 4
1| lde Té K& B
2 K& B& KQ | KO
3 | BO Ity ACQ | Iid
4 TO TS Té Bé&

3nech, ONAThH Ke, MIIAJIINE KapThl HE MOKa3aHbl B CHIIy UX HEPA3JIUUYUMOCTHU C
TOYKU 3pEHUS MPaBUJI, Ha Oes1oM (DOHE MOKa3aHbl ChITPAHHbBIE CTAPLINE KapThl, a HA Ce-
poM — cOpotieHHble. Hanprumep, nepBblil UrpOK Ha IEPBOM KpyTe Chirpai gamy Tped u
cOpocui Ty3a Tped, Ha BTOPOM KpyTre ChIrpall U cOpocuil o miaaiei kapre u T.1.. [o-
CUMTaeM HEMapHbIE KapThl C TOUYKU 3PEHUS KAXkKI0T0 U3 UTPOKOB, 3aMUCHIBas B CKOOKaX
COOTBETCTBYIOIIYIO COPOIICHHYIO MApHYIO KapTYy:

L. [ide (B), BO (1Y), TO (KD), IS (BGO), ik (BM)

2. K& (Kéb), BO (BS), IO (AD), Tl (Téh), K (KO)

3. K& (KQ), BO (B#), TO (Tdh), KO (Kéb), b (IO)

4. [l (K&), TO (BO), Th (Bb)

VY mepBoro urpoka u3 9 BCKphITHIX KapT 4 o0pazytoT mapsl: KO-T<O u Ké-Th.
OcraroTcst 5 HemapHbIX KapT, 4TO COOTBETCTBYET |2 - 5 — 8| = 2 oukam mrpada. [Tosro-
PHB Ty K€ MIPOLIEYPY AJI OCTATbHBIX UTPOKOB, MOKHO JOTIOJIHUTH TAOIUILYy CTOJIOLIOM

mTpadoB.

Tabnuia 4 — IlItpadsr po3pirpeima Al

Hrpox Kpyru xomoB [Tpad
1 2 3 4
1 Iide T K& B 2
2 Ké B KOQ | KO 2
3 | BOY Ity AC | s 2
4 TO TS Th Bé 2

[lITpads Bcex UTPOKOB paBHBI, @ 3HAYUT HUKTO HUKOMY HE TIJIATHT.




90

I'3 Bo3moxkHbIe HCXObI M MPOCTEMIIINE CTPATErNH

HNHTepecHO TO, 4TO B JTFOOOW MOMEHT HWTphl MTpadbl KAKIBIX ABYX YYaCTHHU-
KOB JINOO paBHBbL, JINOO pa3nnyaroTcs Ha 4. ITO HECIOKHBIM 00pa30M MOATBEPKIACTCS
nepe6opom 2'0 BCeBO3MOKHBIX MCXOJ0B PO3BITPHINIA, YTO C TOYKU 3PEHUS BBIIIAT
OCTaBJISIET BCEro 4 pa3MyMMBbIX KJlacca CUTYaIUN:

1. mTpadsl BceX UTPOKOB PaBHBI, BHITIIAT HET;

2. mTpad OJHOTO U3 UTPOKOB Ha 4 OOJIBIIIE, UYeM y OCTAIBHBIX TPOUX, OH IIATUT

KKJIOMY U3 HUX 1o 1 durike;
3. mTpadsl AByX Iap UTPOKOB pa3InYatoTCs Ha 4, KK U3 IPOUTPABIIUX T1J1a-
TUT 110 | (UIIKE KaKI0My U3 OOETUTEIICH;

4. mTpad OIHOTO U3 UTPOKOB HA 4 MEHBIIIE, YEM Y OCTATIbHBIX TPOUX, OHU IIATAT

emy 1o 1 ¢uIike KaxIbIi.

[TockonbKy KaxKIblil pa3, KOTJIa UTPACTCS CTapliasi KapTa, CONEPHUKHA PACKPBIB-
nero €€ Urpoka yMEHBIIAOT MEpPY CBOErO0 HE3HAHUS OTHOCUTEIBHO OCTaBIIErOCS
COEPKUMOI0 €ro pyKH, TO TAKTUYECKH PA3yMHEE UIrpaTh CTaplIMe KapThl MOCIE
miaamumx. Kpome Toro, jerko yoeauThes, 4To ISl TIOJy4YeHHUsS B KaueCTBE HCXOAa
PO3BITPHIIIIA TPEACTABUTES JIIOOOTO U3 BHIIIIENIEPEUNCIECHHBIX KJIACCOB JJOCTATOYHO HE
Oosee 4 ChITPaHHBIX BCEMU UTPOKaMu KapT. Takum o6pa3om, CIEAYIONIYI0 CTPATETHIO B
«TeccepakTey MOKHO Ha3BaTh 0a30BOI — HA MPOTSKEHUH MTEPBHIX TPEX XOO0B UTPAIOT-
Cs TOJIBKO MJIAJIIINE KAapThl, @ €AMHCTBEHHAS CTApILAsi UTPAETCS Ha IOCIEIHEM KPYyTeE.
Jlaxxe eciiu 3a CTOJIOM CUST TOJIBKO HOBUYKH, OTpaHUUMBAIOLIMECs 0a30BbIMU CTpaTe-
TUSIMU, TO UX PO3BITPHILIT MOYKET 3aKOHYUTCS UCXOI0M, MPUHAIICKAITUM K JTI000MY U3
BBIIIETIEPEYNCICHHBIX KJIACCOB.

[To cytu B pamkax 0a30BbIX cTpareruii B kauecTBe mojaenu «Teccepakra» mo-
KET BBICTyNaTh WIpa B HOPMaJIbHOW (OpME — e€ClIM KaXKIbli yYYaCTHHK 3HAET, UTO
OCTaJIbHbIE HE OyIyT UrpaTh CTAPIINE KapThl A0 MOCIEIHErO KPyTa, TO MPOUCXO/SIIEe
MPEBPALIACTCA B KJIACCUYECKYI0 MAaTPUYHYIO UTPY PA3MEPOM o X o X o X 9. Moxer
BO3HMKHYTH UCKYIIIEHHE MOABEPTHYTH « TeccepakT» B 0a30BBIX CTPATErUsAX aHAIN3Y Ha
oObIYHBIE paBHOBECHS TI0 Ha1iry, 0HaKO TP 9TOM MBI Cpa3y OKa3bIBAEMCS B TYTTHKE —
y TUIIMYHOTO PACKiIaJa OKa3bIBA€TCS CIMIIKOM MHOIO PENICHUH JTaK€ B YUCTHIX CTpa-
terusax. K npumepy, packnag u3 tabuuilsl 2 umeer 21 paBHoBecue o Hamry, mpuuém

KaXKaas CTPATCTug KaKJ0ro UHIrpokKa y4aCTBYCT XOTH OBl B OJHOM U3 HHUX.



Tabnuia 5 — PaBHOBecus o Hamry B 6a30BBIX cTparerusx packiaga A
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S1 82 83 84 S1 82 83 84
ul(s)| wP(s)| w’(s)| w'(s) ul(s)| wP(s)| w(s)| w'(s)
& %) & & T B IV Té
0 0 0 0 2 -2 2 -2
%) KQ N, TO T B& <o TO
-2 2 2 -2 2 2 -2 -2
Tl Ké J1& Bé T Ké J1& Té
-1 -1 3 -1 -1 -1 3 -1
Jd Ké J1é T T K¢ A5 T
-1 -1 3 -1 -1 3 -1 -1
L ) Ko J1é O T KO AQ Té
-2 -2 2 2 2 -2 2 -2
Il K®© e TO T KO JQ T
-2 -2 2 2 2 2 -2 -2
Il K®© N, TO T KO I TO
-2 2 2 -2 -2 2 2 -2
BO K& BQ Té K& Ko J& Bé
-2 -2 2 2 -2 2 -2 2
T B& %) Té K& Ko A0 T
2 -2 2 -2 -1 3 -1 -1
T Bé& & T Ké K®© N, TO
2 2 -2 -2 -2 2 2 -2
Té B& IRy Tk
2 -2 2 -2

Ha mpakTtuke, 0ueBUIHO, TAKOE MHOTOOOpAa3He pemeHuii HEeMHOTUM JIY4Ile HX
MOJTHOTO OTCYTCTBHS — PE3YJbTAaT HE IPUMEHUM JJa)K€ B KaU€CTBE MEPEUUCIICHUS BO3-
MOKHBIX COTJIALIIEHUH, MOCKOJIbKY 3TO TpeOoBano Obl oOIero ajsi Bcex 4 UTIPOKOB
3HAHMSI O TOM, KaKOoe COMIAlICHUEe MPUMEHSETCS IS KaXa0ro u3 ~ 63 MUJIMOHOB
BO3MOKHBIX packiiafioB. Eciiu oTBeprHyTh HJICI0 O pallMOHAIBHBIX areHTax ¢ CUHXPO-
HU3UPOBAHHOW TAMSTHIO Ha JCCSATKA MUUIMOHOB SIYEEK KaK SIBHO MCKYCCTBEHHYIO,
NoJy4aeTcs, 9To Jaxe B 0a30BbIX cTpaTerusix «TeccepakT» moapasymMeBaeT MCHOIb-
30BaHUE UTPOKAMHU IBPUCTHUK, MAPAMETPHUIYIOMIMXCS HE TOJIBKO IIIATEKHONW MaTpUIIeH
packnana. To ecTh, UCXOAS U3 HAMYKUS Y UTPOKOB HEKOETO BHYTPEHHETO COCTOSHUS,
BJIMSIIONIETO HA BEIOOP CTPATETUu B COOTBETCTBHH C HEKUM aJITOPUTMOM, MBI HEN30€XK-
HO OKa3bIBaeMCsl B CXEME C pUCYHKa 3.1, 4TO TO3BOJISET HAACATHCS HA IPUMEHUMOCTD

«TeccepaKTa» B HUCCIICAOBaAHUAX (I)GHOMeHa (CBII'PAHHOCTH.
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Introduction

In game theory, modeling of conflicts with three or more parties independently
pursuing own goals is, for many reasons, considered much more difficult comparing
to modeling of classical bilateral confrontations. Among these reasons one plays very
special part — the influence of information asymmetry exerted on course of a struggle.
For games with two participants its effect generally comes down to the consequences
of a priori incompleteness in their knowledge about the parameters of the conflict and
1s usually described with Bayesian models. Common knowledge in such cases leaves
out players’ payoff functions, so each of them acts according to their own, possibly
different assumptions, expressed in the form of a probability distribution in the space
of all payoft functions with a given set of strategies.

For multistage bilateral conflicts there can be another source of information
asymmetry — the presence of a secret component in the actions of opponents. If this
occurs, actions already performed by the player in the early stages may be completely
or partially unknown to his opponent, who is forced to base the strategy of later stages
on assumptions. Naturally, this is formalized through partitioning of the extensive-form
game tree into information sets. Effectively, this two aspects exhaust the impact of
information asymmetry on two-sided conflicts. However, addition of third participant
induces a new phenomenon, noticed by Robert Aumann in his article [ 1] introducing
now-familiar new formalism — correlated extension of normal form games.

This phenomenon reflects on comparison of the sets of Nash equilibria for the
same games, calculated using mixed strategies on one level and involving external
correlation mechanisms on the other. In case of two players, all vectors of expected
utility in the correlated equilibria belong to the convex hull of the set of mixed equilibria
utilities, 1.e., correlation mechanisms can be thought of simply as a way to obtain
linear combinations of classical solutions. With the advent of the third player, the
picture changes — in some games, the presence of a non-public correlation mechanism
allows reaching Nash equilibrium points with payoffs outside the convex hull of mixed
solutions’ utilities. Effectively, it means that asymmetry of knowledge can have a
significant impact on the outcome of a multilateral conflict even in cases when its
subject have no relation to the payout structure. Let’s call the games prone to this effect

sensitive to additional information asymmetry.



While the described phenomenon has been known for a while, most of the models
built by researchers bypassed it, as it is considered rather feature of curiosity in some
games of many players. An important exception worth noting is, perhaps, the most
significant area of game theory actively using the correlated extension formalism of
games in normal form — «mechanism design» [2] by Leonid Gurvitch, Eric Maskin, and
Roger Myerson. Their approach aims to create economic instruments that incentivize
selfish rational agents to behave optimally in alignment with common goal functions
that formalize various social goods. Being an extremely fruitful area of research,
mechanism design has spawned many directions and branches, united nevertheless by
a number of integral common features arising from the information structure of games
for which its main provisions are proved. A typical interaction scheme looks like this:
players-agents, knowing their own preferences and capabilities, but being ignorant of
these parameters for other participants, report their type to the central authority, which
coins a set of correlated strategies based on this information. Next, the center actualizes
it for an instance in the form of a pure strategies set and instructs each of the agents,
who, in turn, make the final decision on a particular action. This implies that agents can
lie at the first stage and disobey at the last. In paradigm of mechanism design the main
goal is about the creation of such algorithms for the behavior of central authority that
the strategies of truthfulness and obedience form a Nash equilibrium for agents.

Without diving into details, it can be said that mechanism design is based on a
special case of information asymmetry — a kind of star connection structure, where a
dedicated central agent controls the single correlation mechanism in his own interests,
while subordinate agents are in complete isolation both from each other, and from
the outside world. The name here accurately reflects the view of conflicts inherent
for the model — through its lens, the players are seen as interchangeable parts of a
single man-made mechanism, not connected by anything other than participation in
it. Although modeling within the framework of this simplification can be useful in
construction of formalized methods for conflict resolution, it doesn’t cover cases where
they are significantly affected by information asymmetries developing not as a result
of calculated design, but naturally, as spontaneous interaction occurs between agents
in an uncontrolled, external to the model environment. For example, it is difficult
to overestimate the significance of corruption’s influence on political and economic
institutions, and yet it is made up of precisely such unplanned information links external

to the institutions themselves.



For the reason described above, the study of the influence of additional
information asymmetry on the solutions of multilateral games shouldn’t be reduced
to purely constructive models. Alas, outside of mechanism design disregard for this
phenomenon became prevailing convention. For example, in the article [3] by Drew
Fudenberg and Eric Maskin, you can find the following footnote: «In essence, if n > 3,
the rest of the players get the opportunity to omit player j payouts even lower, using
a correlated strategy against him, in which player j cannot observe the signal of the
correlation mechanism (...). Adhering to the tradition that has developed in publications
devoted to repetitive games, however, we will not consider such correlated strategies.»
It would seem, however, that in the context of repeated games with discounting, the
topic of using the secrecy of the correlation mechanism to strengthen punishment
strategies is rather intriguing — examples of agent groups strengthening their collective
long-term position through necessarily secret coordination of actions seemingly isn’t
hard to find in every field of research that uses the folk theorem, from anthropology to
international politics. Disconcertingly, up to date game theory has very little to offer as
an analysis tool for the described phenomenon to other sciences.

This study is aimed toward development of new multilateral conflict model, that
takes into account how its course is affected by additional informational asymmetry.

To approach stated goal following tasks had to be addressed:

1. Analyze the correlated extension of normal form games model in scope of the

research.

2. Develop the notation aimed to describe the informational structures, that could

be tying together participants of the arbitrary conflicts in a variety of fashions.

3. Analyze the impact of additional informational asymmetry on the solutions’

conformity with the criteria of collective rationality.

4. Develop the reasonable solution concept for the games with additional

informational asymmetry, taking into account the inter-agent relations.

Scientific novelty:

1. The games of many players, which are sensitive to additional information

asymmetry, are singled out as an independent object of study.

2. A formalism of the conspiracy space is proposed, purposefully narrowing the

formalism of the correlation space in order to model additional information

asymmetry.



3. The concept of structurally consistent equilibrium is formulated, in many cases
allowing to single out among the solutions of games in conspiracy spaces those
that adhere to the principle of collective rationality.

4. The possibility of extending the set of perfect subgame equilibria in repeated
games sensitive to additional information asymmetry with the help of modern
cryptography tools is demonstrated.

The practical significance of the work stems from the obvious need to take
into account, when modeling multilateral conflicts, the fact that the composition of
their participants is not, in most cases, a random sample of agents that are not related
to each other in any way. The classical formalism of games in normal form relies
on the implicit assumption that the only significant characteristic of each player is
the order of preference regarding the outcome of the draw, expressed in the form
of a payoff function. At the same time, it is quite obvious that real people entering
into a confrontation are often connected by relationships, significant for its outcome,
the structure of which cannot be expressed by a simple combination of payment
functions. Such connection can be clearly illustrated by comparing two imaginary
games of bridge or preference with equally strong players, differing in that one table
is occupied by strangers, while at the other some have been playing together for
many years. Any sufficiently experienced card-player can confirm that, given equal
skill, the «cohesion» factor between partners reliably provides a decisive advantage.
Naturally, this phenomenon can be generalized to more significant conflicts: politics,
business, diplomacy — wherever the outcome of the confrontation depends significantly
on the coordination and unpredictability of actions, mutual understanding that does not
require communication can often turn defeat into victory. Thus, to improve accuracy
of predictions for the outcomes of multilateral conflicts, there is a compelling need for
models that take this factor into account.

Methodology and research methods. The study utilizes frameworks of game
theory, probability theory, topology and cryptography.

Defense positions:

1. Proof of the theorem on the isomorphism of correlation spaces, which defines
equivalence classes for them, demarcating indistinguishable from the game-
theoretic point of view spaces.

2. A proof of the theorem on conspiracy spaces of one structure, thanks to which

the structure of a space describes it comprehensively.



3. Proof of sensitivity to additional information asymmetry of the symmetric task
scheduling problem with nonmonotonic returns.

4. A solution to a three-way symmetric scheduling problem with a nonmonotonic
rush premium function in an asymmetric conspiracy space that satisfies the
structural consistency criterion.

5. A model of repeated games, that takes into account the cost of calculations
required to choose a move at the each iteration.

6. Cryptographic punishment strategies for repeated three-player even-odd,
widening the set of perfect subgame equilibria with points achievable only
by taking into account the complexity of the algorithms.

Work approbation. The main results of the work were reported on: Lomonosov
readings (2017, 2021) [4; 5], IX Moscow International Conference on Operations
Research [6] and Conference for Young Scientists in Mathematical Economics and
Economic Theory (MEET-2021) [7].

Personal contribution. The author independently obtained the results featured
in the dissertation work in the form of theorems and other provisions submitted for
defense. The obtained results were prepared for publication without co-authors.

Publications. The main results on the topic of the dissertation are presented
in 7 published papers, 3 of which [8][9][10] were published in a periodical scientific
journal recommended by the HAC and indexed by Web of Science and Scopus. The
central work has an English translation[11]. 3 papers were published in conference
abstracts.

Volume and structure of work. The dissertation consists of introduction, 3
chapters, conclusion and 4 appendices. The full volume of the dissertation is 86 pages,
including 2 figures and 5 tables. The list of references contains 26 titles.



Chapter 1. Conspiracy model

1.1 Correlated extension of normal-form game'

In the established scientific tradition additional information asymmetry is usualy
described by formalism of the correlated extension of the normal-form games proposed
by Robert Aumann in [1]. For convenience, its central elements will be presented here
in a notation adapted to the Russian-speaking community. Consider the normal-form
game I' = (A, 5% u%(s),a € A). The finite set of players from this point onward is
denoted as A = {1, ..., m}, while the finite set of pure strategy profiles is denoted as
S = St x ... x S™. In addition to the set of strategies S¢, each player is defined by
the payoft function u* : S — R.

Consider also a probability space [12] (€2,B,P) in which the state of nature
observed by the players is realized. Here (2 is the set of such states, ‘B is a o-algebra
of subsets of €2, and P : 8 — R is a probability measure. To each player a € A,
we assign their own subspace (€2,3% P) such that 3 C B. The tuple of o-algebras
J = (3% a € A) reflects the players’ awareness about the state of nature. In the situation
described, the state of nature does not affect the payoff functions directly and serves
solely as a means to synchronize the players’ actions. This means that the o-algebra ‘B
itself is not a significant parameter of the model, and the measurability with respect to
this algebra for IP can be replaced by the measurability with respect to 7%, Va € A.

Separately, it is worth noting that for the players’ own subspaces the Aumannian
formalism historically assumed the individuality of not only o-algebras, but also
their corresponding measures, thereby taking into account the possible subjectivity of
estimates regarding the probability of certain events, which is important in cases where
processes too complex for objective analysis (for example, sports competitions) act as a
correlation mechanism. However, for the purposes of present study, this aspect does not
make much sense, since the conspiracy model implies that conspirators can arbitrarily
choose the mechanism of correlation, and in such situation, it is reasonable to expect
that people will use simple sources of randomness with a known distribution (roulettes,

dices, lots, etc.). For this reason, hereinafter, the model of correlated strategies is utilized

'The section refines and elaborates the materials of the [11] article.
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in its simplified form, with an objective probability measure in the space of states of
nature shared by all players.

Thus, we obtain the parameter tuple ® = (A, Q3% P,a € A) characterizing
some correlation space for an arbitrary game with the set A of players. Note that one
and the same correlation space can be used in games with one set of players but with
different sets of pure strategies and payoft functions. However, a correlated game
extension is completely determined by the pair I'|®. Let us describe the resulting new
game in terms of normal form”’:

[|® = (A, S u(s),a € A).

Here the set S of correlated strategies available to a player a consists of all
J%measurable functions s* : 2 — S mapping the set of possible states of nature
onto the set of pure strategies available to this player. Accordingly, the payoff function
is calculated by the formula for the expectation of a random variable,

u’(s) = ZP(S_l(s))u“(s), s 1(s) ={w e Q|s"(w) =s"Vac A},
ses

where the P(s™1(s)) serve as the coefficients of the distribution on the game matrix.

In his article, Aumann demonstrates by examples how games can obtain new
Nash equilibrium points using the power of the introduced formalism. Depending on
the parameters of the correlation spaces, one can construct not only solutions with any
payoffs from the convex hull of the payoff vectors at the points of the classical mixed
Nash equilibrium, but for some games even solutions that lie outside such a convex
hull. This allows us to formulate the key concept of this work:

Definition 1.1.1. Let I' be a game in normal form with m players, and U C R be the
set of all payoff vectors achievable in its mixed Nash equilibria. A game I is said to be
sensitive to additional information asymmetry when there exists a correlation space P
such that for the game I'|® there is a correlated Nash equilibrium with a payoff vector
not belonging to the convex hull of the set U.

Additionally, in the same article it is proved that the presence of a public real-
valued roulette in the correlation space, i.e. subspaces of events with a uniformly

distributed real outcome in the range [0, 1), implies the convexity of both the set of

Following the notation introduced in [1], the sets of strategies and outcome sets of a correlated extension of
the game are denoted in bold (s and S where the underlying game has s and 5).
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attainable payoffs and the set of Nash equilibria in any game. Regarding the correlated
expansion of normal form games, the above is quite enough to understand the ideas of
this work, however the current state of knowledge on this topic can be traced in greater
detail through the publications mentioned in Appendix A.

1.2 Isomorphism of correlation spaces’

It should be noted that the model of correlation spaces is, in a sense, essentially
redundant, because events from the state of nature as such do not matter and are used
only as signals for synchronizing strategies. Talking about the impact of additional
information asymmetry on the outcomes of conflicts in a meaningful way inevitably
requires the ability to abstract from its specific sources, focusing on structural
differences in the awareness of opponents. If formally different correlation spaces
turn out to be completely interchangeable from a game-theoretic point of view, then
they should be assigned to the shared equivalence class, whose description is the
effectively essential parameter of the model. We note right away that this applies not
only to trivial replacements of the set of states of nature by another set of the same
size with the corresponding bijection of the rest of the space parameters, but also
to more complex cases. For example, if in the context of a certain game a group of
players observes a common signal in the form of a real-valued roulette wheel, will
their observation of a coin toss also matter? Common sense dictates that any general
roulette-and-coin strategy can easily be converted into a roulette-only equivalent by
dividing the wheel in half and mapping the individual options for heads and tails into

the resulting two sectors. We describe this phenomenon in the form of an isomorphism:

Definition 1.2.1. A partition of a correlation space ® = (A, Q7% P,a € A) into an
arbitrary finite set of outcomes (codomain) X = X' x...x X™isamapping f : Q2 — X
consisting of the tuple of functions (f1, ..., f™), where each f¢ : ) — X% is measurable
with respect to J%. In the sequel, a “partition f of a correlation space ®” will be written
in abbreviated form as f = .

In the context of correlated extension, the sets of outcomes X ¢ are associated with

the sets of pure strategies S, and the elements of the partition f are associated with

3The section refines and elaborates the materials of the [11] article.
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the correlated strategies s®. In what follows, we also use the mappings f~! : X — 2
inverse to the partitions of correlation spaces,
fH @) = () (=),
acA

Definition 1.2.2. A space ®; with a measure P; is said to be mappable onto ®, with
a measure Py (in the sequel, ®; = ®,) if their sets of players coincide and for each
partition f; = ®; there existsa partition f, = ®, with the same codomain such that
P, o f{' = Py o f;*. Mutually mappable correlation spaces are said to be isomorphic
(in the sequel, ®; ~ ).

This definition is easy to illustrate by the aforementioned example: for each
partition f; : [0,1) x {0,1} — X of the space consisting of a real roulette and a
symmetric coin, one can construct the corresponding image f» : [0,1) — X in the

space of a roulette alone,

20,0 0<
hlag = { OO0
<

fia—1,1), 3

The reflexivity, symmetry, and transitivity of the isomorphism introduced using
this definition are obvious, which means that this is indeed an equivalence relation on the
set of correlation spaces. Moreover, although the definition of isomorphism was given

in 1solation from the correlated extension of games, the following theorem can be stated.

Definition 1.2.3. For a game [' = (A, S* u“(s),a € A), the set of achievable payoffs
based on the deviations of a cabal A, of players from a profile s of strategies is defined

as
Ui(s)={a|Is, € S:uls,) =u,Vae A\ A,,s° = s°}.

Theorem 1.2.1 (on isomorphic spaces). Let Py ~ Po. Then for each normal-form game
[ with finite sets of players’ strategies, its correlated extensions I'|®, and I'| Dy possess
the following property. Let s be some profile of strategies of the game I'|®,. Then there
exists a profile so of strategies of the game I'|®y such that Uﬁ’&)l(sl) = Uﬁ’j{)Q(sz)for

each cabal A, of players.

This theorem permits one to deem isomorphic correlation spaces indistinguishable
in the context of searching of equilibria stable under both individual and group
deviations. The proof, which is an exercise in topology without close connection
to the central ideas of the study, is in Appendix b.
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1.3 Conspiracy spaces’

Now, having obtained a meaningful isomorphism for correlation spaces, from
all possible equivalence classes we can isolate those that are of interest with regard to
modeling additional information asymmetry. As Aumann showed, going beyond the
convex hull of the set of solutions in mixed strategies is possible if some of the players
(at least two) use a correlated strategy that depends on an event about which at least one
of the other players is not informed. It is natural to call such a form of mutually beneficial
secret coordination of actions conspiracy, and the signal used for synchronization —
secret. Let there be a secret in the correlation space & = (A, Q2,73 P,a € A), ie.
probability subspace (€2, &, P). The desired information asymmetry suggests that some
players observe events from G (or others that correlate with them), and some —do
not. Although theoretically one can imagine a conspiracy, the degree of involvement in
which varies from player to player (someone can observe the events from & partially or
indirectly, through the observation of other events correlated with them), it makes sense
to first consider the simplest case — dividing all players into «conspirators» Ag C A,
who observe G as a whole, and «outsiders» A\ Ag, in whose field of view only events,
not correlated with & elements.

The next logical question is about the structure of the secret itself. It is quite
possible to imagine how the conspirators use various sources of randomness in its role:
dice throws, card deck shuffling, lottery draws, etc., so it is not obvious at first glance,
if we can confine ourselves to consideration of single natural in the occurring context
mechanism. A positive answer can be obtained using the correlation space mappings
introduced above. If we compare all possible spaces that differ only in the secrets of the
cabal A, C A, the relation = induces a partial order on their set. The lower bound of
this order will be a degenerate correlation space in which the conspiracy secret consists
of a single atomic event with probability 1 — such a space is mappable to any other and,
obviously, cannot be used at all for strategy correlation. The upper bound’s samples are
more interesting — quintessentially, their conspiracy secrets are an arbitrary atomless
[13, c. 81] spaces. Such a correlation mechanism can be easily imagined as a real-value
roulette whose rotation generates a uniformly distributed random variable in unit half-
interval [0, 1). By dividing it into sectors of the required sizes, the conspirators observing

the roulette can agree on any profile of correlated strategies in games with a finite set

4The section refines and elaborates the materials of the [11] article.
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of outcomes. Such a universal source of randomness provides maximum freedom of
choice, thus making sense as first consideration.

Finally, one should think about correlation spaces with multiple secrets. In
fact, nothing prevents players from observing several roulettes at once, choosing the
opponents to correlate their strategy with depending on the situation. Moreover, a
player’s strategy can be tangibly dependent on more than one secret at the same time.
Thus, correlation spaces consisting of distinct independent real-value roulettes, each
characterized by a subset of players who can observe it, can be considered a natural
subject of consideration. It remains to note that if there is two or more real-value
roulettes belonging to the same circle of conspirators in the same correlation space,
all but one can be discarded without damage to the model, since such duplication is
obviously useless in games with finite sets of outcomes. Let us now turn to a more
formal definition of the proposed concept. To do this, consider an arbitrary correlation
space & = (A,Q,73% P,a € A). In this space, for each non-empty group of players
A, C A, we define the following family of events’:

&y ={Ue [3"|PUNV)=PU)PV), YW eol |J 3}
a€A, acA\A,

Thus, Gjé* is the set of all events such that all members of A, are aware of them,
and each event is pairwise independent of all events known to nonmembers of A, even
with their knowledge combined. Since an intersection of o-algebras is a o-algebra and
the subset of events in a o-algebra independent of a given event is again a o-algebra,
it follows that 6;}* is a o-algebra. This allows one to speak of the probability subspace
(Q, 6£*, IP), which can be logically called a secret of the cabal A,. We single out two
cases: we say that secrets with atomless measures are complete and secrets with trivial
atomic measures with a single atom €2 are empty. This permits one to give the following

definition.

Definition 1.3.1. A correlation space (A, €2, 3% P, a € A) is called a conspiracy space
of the structure A = {A;, ..., A, } C 24 if

- {{a}|ae A} 2

— VA, € 2 the secret A, is complete;

— VA, ¢ 2 the secret A, is empty;

-7 = of U ng*), i.e. J is the least o-algebra containing all secret
acA,.e
o-algebras of cabals that each player a belongs to.

Here and below, o(X) means the explement of the family of sets X up to o-algebra
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Simply put, conspiracy spaces are correlation spaces such that a) the secret of
any cabal of players is either complete or empty; b) each player is the cabal of his own
with a complete secret; ¢) the players do not have any knowledge about the state of
nature other than that generated by the secrets of the cabals to which they belong. For
illustration, let us construct the simplest example of such a space:

- A=1{1,2,3},

- Q=10,1),

- J3'=0({[0,p1) x [0,1) |0 < p; < 1}

- 32 =0({[0,1) x [0,p2) | 0 < ps < 1}

— 3 =0({[0,p1) x[0,p2) |0 <p; <1

— P is the Lebesgue measure.

),
),

7O<p2< 1})7

In this example, the correlation space consists of two independent real roulettes,
players 1 and 2 observe one of these each, and player 3 observes both. In this case, it
turns out that &5 coincides with %, &1*! coincides with 32, and for the other cabals
A, C A the corresponding GS* 1s trivial. The structure of a space (or the conspiracy
family) is the set of all cabals of players with complete secrets. In the above example, the
structure of the space is A = {{1,3},{2,3}}. From the point of view of feasible strategy
profiles, this means that any cabal of players in the conspiracy family can use a common
secret to form a correlated strategy, and players outside this cabal cannot join the choice
of strategies agreed in this way. In contrast, cabals of players outside of the conspiracy
family do not have the above-described opportunity. The structure of the space can be

viewed as its exhaustive final description, because the following theorem holds.
Theorem 1.3.1. All conspiracy spaces of the same structure are isomorphic.

Once again, proof of this theorem amounts to exercise in topology without close
connection to the central ideas of the study and can be found in Appendix B. Now that
it has been established that the set of all conspiracy spaces is divided into equivalence
classes, it is not difficult to suggest a way to construct a standard representative of each

class from the corresponding conspiracy family.

Definition 1.3.2. The standard space of a structure A = {A;, Ay, ..., A,} is the
correlation space ®g = (A, 2, T P, a € A) with the parameters

i=1
- Q=10,1)",

— J3=0({]][0,p;) | if a € A; then 0 < p; < 1 else p; = 1}),
i=1
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— P is the Lebesgue measure.

The set of states of nature is the n-dimensional (according to the numbers of
conspiracies in the family) unit cube, and the probability measure corresponds to the
continuous uniform distribution. In this case, the o-algebra of each player is the Borel
algebra in the projections onto the axes corresponding to the conspiracies they are
part of and is trivial in the projections onto the other axes. The choice of a standard
representative for any conspiracy families allows one to use the notation ['|2, by
which we will understand I'|®g. This notation emphasizes the fact that the choice of
a particular correlation space among all conspiracy spaces of the required structure is
irrelevant for us, and the standard space serves as the simplest representative suitable

for practical calculations.

1.4 Three-player even-odd

The game of «three-way even-odd» can serve as an elementary example of a
conflict sensitive to additional information asymmetry. It starts with each of the three
participants secretly choosing «eagles» or «tails» on their coins and laying them on the
table under their palms with the appropriate sides up. After that everyone simultaneously
take off their hands and, depending on the combination, divide the fixed bank. When all
three coins lie on the same side, the round is considered a draw and the players divide
the pot equally. If only two of them matched, then the short-handed player is considered
the loser and does not receive a share in the pot division. In matrix form, this can be

described as follows:

Table 1 — Three-player even-odd

4,4,46,0,6 6,6,0 | 0,6,6

0,6,6 | 6,6,0 6,0,6 | 4,4, 4

In the table 1, the first player chooses a row, the second —a column, and the
third — a matrix. The solution of this game in pure strategies is two Nash equilibria
corresponding to the synchronous choices of the same sides by all players. In mixed
strategies, another degenerate solution is added, with each player making an equally
probable random choice between heads and tails. All these solutions obviously give the
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expectation of payments equal to (4,4,4). In the framework of classical game theory,
this would be the end of conflict analysis, but the addition of information asymmetry
makes the situation more interesting. Consider the same game in the conspiracy space
of structure {{1,2}}, i.e. in a situation where players 1 and 2 have the opportunity
to use correlated strategies arranged in secrecy from player 3. Let « € [0, 1) be the
value of the corresponding secret roulette wheel. Conspirators can use strategies of the
form s',s : [0,1) = Pjhead tail}> Where Phead tainy denotes all possible probability
measures on the set {head, tail}, i.e. the set of classical mixed strategies of the
game under consideration. The outsider, on the other hand, has to be content with the
s3 € Pihead taily Strategies, since he has no access to the conspiracy roulette. In order to
find themselves at a more favorable, comparing to an equal division, equilibrium point,
players 1 and 2 can choose any strategies that result in an equiprobable synchronous
choice of the coin side:

(1,0), «
(0,1), «

Y

s'(a) = s*(x) =

VoA
NI~ N

Moreover, any mixed strategy of player 3, owing to independence from the
conspiracy roulette, ensures that it coincides with the others in exactly half of the cases.
The payouts in this situation are (5,5,2), and there is no profitable individual deviation
for any of the players.

1.5 Necessary complexity of the conspiracy model

The conventional formalism of the matrix game in normal form identifies
the profile of pure strategies with the game outcome —they are literally the same
mathematical object. Almost the same can be said about its mixed extension — the
space of profiles of mixed strategies is isomorphic to the space of outcomes, consisting
of probability distributions on the game matrix that adheres to independence in the
choice of rows and columns. Alas, the correlated extension as formulated by Robert
Aumann messes up this rosy picture. Its space of game outcomes is even simpler
than in the mixed case —any probability distribution on the set of elements of the
game matrix goes, without additional conditions. But with strategic profiles, everything

sharply becomes more complicated — the strategy of each player is a function, which
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maps the set of states of nature into the set of his pure strategies, reckoning with
observance of measurability in its awareness o-algebra. Obviously this prevents any
possibility of one-to-one correspondence between profiles and outcomes — depending
on the correlation space parameters, some outcomes may not be achievable at all, while
equiprobable events can be swapped around in the strategy domain without affecting the
outcome. On top, when working with correlated strategies in Aumann’s formulation,
one can encounter multidimensional event spaces, Borel o-algebras, and other non-
trivial phenomena of Kolmogorov probability theory, which probably also contributes
to how reluctant game theorists are about resorting to this tool in more applied research.

The conspiracy model proposed here narrows the correlated extension by
extracting from a continuum of possible correlation spaces a finite (for any finite
number of players) set, one for each conspiracy structure. At first glance, such a radical
simplification of the parameter space gives hope that in the practical use of the model it
would also be possible to do without the «esoteric» aspects of measure theory. Ideally,
we’d like to identify in one way or another the space of strategic profiles with the set
of outcomes in games with conspiracies, just as it happens in conventional formalisms.
If we could, looking only at the probability distribution of the individual outcome
realization in the game matrix, determine which strategy profile (or any representative
from the family of indistinguishable profiles) was selected by the players, this would
imply ability to also find all distributions achievable in certain deviations from the
played strategy profile, thereby checking the situation for equilibrium without diving
into the details of the Auman correlation model.

Alas, in the general case it is hardly possible — the loss of important information
in the transition from sets of strategies to the result of correlation can be made clear,
using the same tripartite even-odd described in the previous section. Imagine that the
game is played in conspiracy space {{1,2},{1,2,3}}, that is, players 1 and 2 can
correlate their actions both secretly from player 3 and together with him. The correlation

1,2,3

space then turns out to consist of two roulettes o> and o}? observed by the players

indicated in the superscripts of their designation. Consider two sets of strategies: first

1,2,3 1
(170)7 x < 2 11

1,12 12,3 2,12 123 3/.1,2.3
s (%, 00%?) = s (a ", o077 = s*(ax ™) = (2, 2),
(0,1), ol23>1 22
and second
12 1
81(061’2, “1,2,3) — SZ(OCLQ, “1,2,3) — 170)7 x < 2 S3<“1,2,3) — (1’ 1)
0,1), ol?>1, 22
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In both cases, all players make an equally probable choice between heads and
tails, provided that the first two players make it synchronously, while the third —
independently of them. The probability distribution of individual outcomes in the

1 1
21011210

2 x 2 x 2 matrix from the table 1, can be expressed for both sets like this: é - é —.
4 4

Of course, the payments here are also equal and amount to (5, 5, 2). However, on a closer

look, it can be seen that in the first case, players 1 and 2 for synchronization use the ol:*3

roulette that they share with player 3, which allows him by changing his strategy to

(1,0), o <L

(07 1)7 061’2’3 2 %7

53(061’2’3)

DO =

, Where the

.. : e e e 0] 100
to join them for the outcome with the probability distribution :

0/0] |0
payouts are (4,4, 4). Therefore the first point is not a Nash equilibrium. In the second

\}

case, players 1 and 2 use for synchronization the private roulette oc'?, which outcome
player 3 cannot observe. Whichever strategy he chooses, it would coincide with the
strategies of the conspirators exactly in half of the cases, meaning that the payments
can not change. Since the other players also do not have favorable deviations, indeed,
this situation is a Nash equilibrium.

Thus, we have constructed an example in which the same distribution of outcome
probabilities in the game matrix corresponds to at least two sets of strategies so
different that one of them is a Nash equilibrium, and the second is not. Obviously,
it is impossible to combine these sets in one equivalence class in any reasonable way,
which means that in the general case it is impossible to identify game situations with
outcomes of the game, no matter how hard we try. Anyway, it should be noted that
in simpler cases, when each player can’t participate in more than one cabal, there is
no way to construct such a clear and trivial counterexample — when solving practical
problems, if the correlation manifested in the probability distribution on the game matrix
could be obtained in only one way, nothing prevents us from working directly with
probability distributions, and not with functions that map signals to outcomes. However,
if we consider conspiracy theory as a modeling tool for information asymmetries that
independent agents interactively develop in an uncontrolled environment, then such

self-restraint, alas, would limit our framework without natural justification.
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Chapter 2. Collective rationality in conspiracy games

2.1 Task scheduling problem'

The concept of Nash equilibrium, being the foundation of conventional game
theory models, often turns out to be an insufficiently strong formalism in itself. Analysis
of multilateral conflicts often breeds situations when the set of Nash equilibria is too
large to be considered a proper solution for the game. In such case, the collective
rationality criteria come to the researchers’ aid — cherry-picking the equilibrium points
for strong or weak Pareto optimality in many cases significantly narrows the space of
solutions due to the quite natural exclusion of obviously unfavorable for all participants.
The presence of additional information asymmetry creates new difficulties, since the
proposed model implies an inevitable element of motivation antagonism — at new
equilibrium points, the increase in the payoffs of those participating in the correlation
occurs at the expense of reducing the payoffs of those who cannot join it, thereby
making the usual criteria of collective rationality unproductive. To demonstrate this
effect, consider a trivial generalization of the canonical task scheduling problem [14],
a prominent mark in the conceptual landscape of game theory. This conflict commonly
illustrates the prices of anarchy and prices of stability concepts, giving perhaps the most
telling example of differences between same game Nash equilibria in terms of their
global optimality. However, we need to look at this game from a different angle, in
which the notions of the anarchy and stability prices lose their meaning, making room
for sensitivity to additional information asymmetry.

Let’s start with the canonical task scheduling model. The computer center has
m employees, each of which is assigned to perform some calculation. They have n
computers at their disposal, each being able to run one or more programs that perform
employee calculations. The machines have architectural differences, expressed by the
matrix of constants ¢{ > 0, each denoting the execution time of the employee’s program
a = 1,...,m on the computer ¢ = 1,...,n. Each calculation can be performed by
only one device. Several programs on the same computer run sequentially, but the
results of their work are produced simultaneously after the last one is stopped. Thus,

the employee’s benefit comes from choosing such a computer for his calculation that

'The section refines and elaborates the materials of the [10] article.
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total execution time of all programs running on it turns out to be minimal. Let us describe

what is happening in terms of the normal form game

I'=(A, 5" u"s),a € A) (2.1)
parametrized with:
- A={1,...,m};
- Sl=...=85"={1,...,n}
— u?(s) = —tw(s), where t;(s) = > t%.
acA,s0=i

Here we should focus on the definition of the payout function. By choosing
u’(s) = —tsw(s), we simulate a situation where all calculations should have been
completed yesterday, and employees are directly penalized for every extra second until
their results land on boss’s desk. However, it is possible to simulate a less stressful

working moment by taking, for example, a stepwise payout function:

ui(s) = UGoops  tse(8) <thpaprinve:
UT ATES tsa(s) = tDEADLINE

In this case, we assign for each player a the deadline t,; 4 p; 75 5> meeting which
implies the successful completion of the task rewarded by a fixed payment u¢ o
(including the bonus), and not meeting — u} 4, (regular rate). One can come up with
variety of more complex incentive schemes for employees, so let’s formulate it in a

general way:
u’(s) = v"(tsa(s)), (2.2)

where v%(t) is a monotonically non-increasing promptness reward function assigned
by employee a. Any normal form game built according to the scheme 2.1 with a
payoff function of the form 2.2 is essentially a task scheduling problem, with the
condition of monotonic non-increase of v%(t) being necessary, since the proof of
property widely considered important for this game explicitly relies on it — the cost of
stability being equal to 1 [15]. Let us recall that in optimization problems with selfish
agents, the cost of stability is the ratio gﬁ, where t v 457 18 the value of the best Nash
equilibria, and t3ps7 — the value of the globally optimal solution. This means that in
the task scheduling problem there are bound to be Nash equilibria among all situations
minimizing the time until the last computer stops. However, in this study, we propose
to temporarily forget about minimizing the total computation time and instead analyze

new properties of the model appearing in the absence of such a monotonicity constraint.
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2.2 Individualism penalty’

Imagine a data center with computers requiring complex maintenance after a shift
if at least one task was run on them. If employees who meet deadlines are rewarded
regardless of that, it’s not hard to imagine a situation where they, trying to guarantee
themselves a bonus at any cost, will scatter tasks over an unreasonably large number of
computers. Faced with such a prospect, to avoid systemic underutilization of machines,
management might be tempted to incentivize its employees through fines. This can be
modeled by a step promptness reward function of the following form:

a a .
U AST t <UBREAK AW AY
a _ a a a .
v"(t) = < uGoon, UBrEAK AW AY S U <tDEADLINE
a a
UL ATE> UppapLine St

Here, for each employee a, along with the deadline %, 47 ;v > Which must be
met in order to receive the bonus, we also fix the minimum workload of the utilized
machine t% p 5 4 i aw 4y» Which must be reached in order not to run into a fine for wasting
computing resources (whereby u%; 47 < U 47p < U¢oop)- The size of the minimum
workload can be set, for example, depending on the importance of the corresponding
task — if an urgent result pays for the use of additional machines, then it can be made
lower or even equated to zero. If, on the contrary, the task is not so important, then a
large minimal workload will force such employee to mind the interests of the company
and cooperate with colleagues.

As you can see, employees in this case have to act on a non-monotonic promptness
reward function, creating some effects unusual for the canonical formulation of the task
scheduling problem. First, in such a scenario, it is expected that not for every game
the cost of stability will be equal to 1. It suffices to consider a game with 2 employees
and 2 identical computers:

-t =t =3,

t] =15 =2
~ thEADLINE = t2DEADLINE =9,
thrEAKAWAY = UBREAK AW AY = 3
— Upasr < Upare < UGooD:
uirast < Uiare < Uoop-

The section refines and elaborates the materials of the [10] article.
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Since the first player, definitely not having problems with underloading, fits into
the deadline only by using the computer solo, obviously, strategy combinations of both
players choosing the same machine cannot be Nash equilibria. Similarly, since it is more
profitable for the second player to be late with the calculations than to be punished for
running an insufficiently heavy task on a separate computer (u%; 4 gr < U7 475), no Nash
equilibria can be found among situations where each employee uses his own machine
too. In terms of the payoft structure, the game turns out to be indistinguishable from the
even-odd game, which has no solutions in pure strategies at all, having the only Nash
equilibrium point with both players making independent equiprobable choice between
the alternatives. Note that the most loaded machine will work either 10 hours if their
choices match, or 8 if they do not match with the probability %, which gives the expected
value of stability equal to %. In fact, when the monotonicity of the promptness reward
function is abandoned, it hardly makes sense to talk about the prices of stability and
anarchy at all, since games clearly not related to the search for a minimum duration of
computations are now included in the class.

2.3 Mixed equilibria of I'> game’

Task scheduling with nonmonotonic returns is a fairly large class of conflicts,
the analysis of which in general terms is beyond the scope of this work. For a
compelling demonstration of the desired effect, a specially designed example will be
quite sufficient. Let’s consider the game I'} of the same general scheme as in the
previous section, but slightly more complicated, with 3 tasks of the same type and
n > 2 identical computers:

- t})EADLINE = t%)EADLINE = t?l))EADLINE =9,
tleREAKAWAY - tQBREAKAWAY - t%REAKAWAY =3
— U asT = Uhast = Uast = 0,
UGoop = Utoop = Usoop = 3
ulLATE = U%ATE = U%ATE =2
Simply put, in the game F% it is most profitable to use a computer a deux —4
hours of total work time are just in the optimal gap between the underload limit and the

3The section refines and elaborates the materials of the [10] article.
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deadline. The next most profitable option is to use one machine in threes, which results
in a late fee. The least attractive is the choice of a computer running no other tasks — the
player does not receive anything at all for such an expenditure of a public resource. At
first glance, this game does not look too unusual. Nash equilibria in pure strategies are
easy to find — all profiles (4,4,7),7 = 1,n, and it is also obvious that no other solutions

in pure strategies are possible. With mixed strategies, things get a little more interesting.

Lemma 2.3.1. Let T C {1,...,n} be an arbitrary non-empty subset of computers.

Then in the game T3 the set of identical mixed strategies s' = s> = s =
<[1|€TT], ey [n%ﬂ), where each player independently and equiprobably chooses one of

the machines in the set T', is a Nash equilibrium.4

lokaszamenvcmeo. We take advantage that it suffices to check deviations only in favor
of pure strategies. Having symbol s| stand for deviation from s by player a in favor of

strategy 7, we note that

N (71 = 1)° 7] -1 1 )
u(sl)) =i eT —uf + 2———uy + —u9
6|7 —4
_end—4
7|

Thus, for each player, the maximum expected payoft is achieved by deviating in
favor of any computer in 7. ]

As such, without deviations, the mathematical expectation of payoffs amounts

afcy — 617]-4
to u’(s) = TR
exist, we need a couple more lemmas:

a = 1,3. To prove that no other Nash equilibria in mixed strategies

Lemma 2.3.2. In the game '3, the set of mixed strategies s = (s, s°, s3) can be a Nash

equilibrium only if st = s = 3.

Jloxazamenvcmeo. Let s° = (p{,...,p%),a = 1,3. If the strategies of the players
do not coincide, then there is a computer ¢ for which (without loss of generality) the
probabilities of choosing by the first and second players are p; > p?. Due to the
elementary properties of probabilities, there is also a computer j, where p} < p?. Let
us write down the mathematical expectation of the same players’ payoffs when they

*Hereinafter the «Iverson bracket» notation is used to simplify and shorten the formulas: [TRUE] = 1, [FALSE] =
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choose the computer ¢ (for the j everything coincides up to an index, obviously):

ul(s]}) = (1 —p2)(1 = pd)ulpagr + (07 + 0} — 20203 utoon + PIPiUL ars

= 3p} + 3p? — 4pp};

2) = 3p} + 3p} — 4pip?;

1

u?(s;
3
w’(s]7) = 3p; + 3p; — 4p;p; .

About the function f(x,y) = 3z + 3y —4xy onthe domain0 <z < 1,0 <y < 1
one can notice the following —if f(xo,v0) < 2, then f(zg,y0) < f(x1,y1) is true for
any 1 > o, y1 > Yo OF Z1 > To, Y1 > Yo. Suppose p; < p? (if p} > p?, the arguments
are similar up to indices.) Consider the following cases:

- pr < p?. Due to the elementary properties of probabilities, we can be sure that

p? < §and p? < 3, whence u'(s|;) < 2, which means that u'(s];) < u'(s[)).
Since p} > p? > 0, the first player chooses a non-optimal strategy with non-
zero probability. |

— p} > p?, which implies p; > pj, and hence u3(s|§’) < u3(s|?) similarly to the

previous point. If p;)? > (), then the third player chooses a non-optimal strategy
with non-zero probability. L

— p} > p5, as in the previous case, but now p} = p} = 0. pj < p; similarly
j2) < u¥(s[?), and so p? > p} > 0 implies the choice of a non-
optimal strategy with non-zero probability by the second player this time. |

implies u?(s]

Thus, assumption that the existence of a computer for which the probability
of being chosen by one player differs from the probability being chosen by another,
contradicts the necessary condition of the Nash equilibrium in every case. []

Lemma 2.3.3. In the game 13, a set of identical mixed strategies can be a Nash
equilibrium only if all computers chosen with non-zero probability are chosen with

equal probabilities.

Hoxazamenvncmeo. Take any profile of identical strategies (py, - . ., pn), Where 0 < p; <
p;. Using the payoff formula from the previous lemma, u®(s|;) = 2p;(3 — 2p;). Again,
pi < % implies u’(s|}) < u’(s;), and so all players have chosen a non-optimal
strategy with non-zero probability, which contradicts the necessary condition of Nash

equilibrium. ]

Having proved that the proposed equilibrium points exhaust the mixed strategy
solution space, we can construct the convex hull of the set of attainable payoff vectors.
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Since the set lies entirely on the line (u,u,u), it suffices to find the minimum and

maximum expected payoffs:

: 6|7|—4 6n—4
min 57— = 5
@CTC{1,....,n} ]T\ n
6|7 —4
max -———s— =

ocTC{l,.n}  |T)?

2.

Thus, the desired convex hull is a segment connecting the points (2,2,2) and

( 6’;‘1;4, 67}154, 6’7‘;4). If the game under consideration was not sensitive to additional

information asymmetry, then its analysis would be completed —all players are in an
equal position and, acting optimally, can expect equal payoffs from the indicated
interval. However, through the lens of the conspiracy model this conflict looks much

more interesting.

2.4 Correlated equilibria of the I'> game in the conspiracy space’

Let’s analyze the same conflict from the standpoint of conspiracy theory by
moving on to the game I'?|{{1,2}}. Now, the game I"? is supplemented by one real-
value roulette, which result is known before choosing a strategy to players 1 and 2, but
not 3. To obtain an equilibrium set of correlated strategies that extricate payoffs from
the convex hull of the solution set in mixed strategies, it is enough for the conspirators to
take any of the classical Nash equilibrium points with | 7’| > 2, but instead of choosing
between the elements of 7" C {1,...,n} independently, they must divide the secret
roulette into | 7’| equal sectors and make their choice in unison, depending on the sector

hit. Let us describe this more formally using the correlation space
O =(A,Q TP ac A

In this case, the set of states of nature is {2 = [0, 1), player awareness o-algebras
J' = 32 are Borel, 3° = {@, Q} and the measure is P(X) = | X|. The above strategies

in the game I'?|® can be represented as functions that map the set of states of nature

>The section refines and elaborates the materials of the [10] article.
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into the space of mixed strategies:

(@) = () = ([e(w) = 1], [c(w) = n))
3 — [1eT] n €T
o) = (S P

where the function ¢ : {2 — T common for players 1 and 2 determines the partition

of the roulette into |7°| equal sectors.

The payouts in this profile are no longer symmetrical:

-1, L, 3[7-1
u'(s) = u’(s) = WUGO()D + muLATE = |—T];
3( ) |T| —1 a + 1 a 2
U\S) = ———U —U = —.
|T‘ HAST ‘T‘ LATE ‘T‘

In this case, the situation is indeed a Nash equilibrium, since the first and second
players can use as strategies any functions that map () into the space of probability
measures on {1,...,n}, while the third player has to be content only with constant
ones, since the correlation mechanism does not inform him about the state of nature.
Noticing that % > 2 for |T| > 2, we confirm the sensitivity of the I'} game to
additional information asymmetry — in the new solutions, players observing a random
experiment not directly related to payoffs increase their payoff compared to the best

result achievable in the canonical mixed case.

2.5 Collective rationality of decisions®

When considering the solution set of the game I'? in ordinary mixed strategies,
one should pay attention to the fact that for || > 2, the resulting Nash equilibrium

points lack not only strong Pareto optimality, but even weak too. Indeed, payouts to all

players at points where |T'| = 1 or |T'| = 2 are equal to 2, but for larger sizes of the
set S — 2. Such circumstances endow solutions using one or two computers with a

35
special status — we can expect agents familiar with the principle of collective rationality

to agree not to end up in a situation totally dominated by the other solution. The question

naturally follows, is it possible to filter out in a similar way the solutions, that both

The section refines and elaborates the materials of the [10] article.
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take into account the additional information asymmetry, and satisfy the principles of
collective rationality in at least some sense?

When you add a conspiracy space, consisting of the group {1, 2}, to the game
it catches the attention that the classical principles of collective rationality become
useless. At the new equilibrium points, the payoffs of the players 1 and 2 are now
u(s) = u*(s) > 2 and grow with the growth of &, while the utility of the third is
u3(s) < 2 and declines, which indicates a direct antagonism of interests, making it
impossible to agree on a collectively rational choice in the usual sense between a mixed
equilibrium with |7’| equal to 1 or 2 and correlated solutions with different k. However,
one can try applying a more subtle optimality criterion based on a slightly extended
interpretation of what is happening in the game — let’s call this formalism structurally
coherent Nash equilibrium.

Structural coherency of equilibria in games with conspiracies is the quite simple
idea — if we assume that the groups of players included in the family of conspiracies
are united not only by a common correlation mechanism, but also, in broader terms,
great opportunities for coordinating actions, then among the usual Nash equilibria in
correlated strategies it is possible to single out those that are resistant to deviations not
only individually, but also collectively, bearing in mind exclusively the groups included
in the conspiracy family. For the game I'? |{{1,2}}, specifically, equilibria allowing a
deviation by players 1 and 2, mutually increasing their payoffs, will be structurally
incoherent. In the most general terms, this can be expressed as follows:

Definition 2.5.1. In a conspiracy game ['|2l, a situation s is a structurally coherent
equilibrium if for all conspiracies A, € 2l there exist no acceptable deviations from
the situation s.

There remains to formulate what, within the framework of this model, can be
considered a deviation acceptable for various cabals. If we look at this question as a
problem of multi-criteria optimization, where the criteria are the payoffs of individual
participants, then two options arise:

1. Deviation is acceptable if it increases the payoff of all conspirators; (weak

Pareto)

2. Deviation is acceptable if it increases the payoff of at least one conspirator

without decreasing the payoft of the others. (strong Pareto)

Alas, for our purposes suitability of both options is questionable. It would be

reasonable to expect that the addition of «dummy» to any conspiracy, i.e. player with
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a single pure strategy and constant payoff, should not change anything in the solution
of the game. However, a conspiracy with such «dummy» in the lineup cannot have
acceptable deviations in the weak Pareto sense at all, which means that its participants
lose the opportunity to use collective rationality. This obviously makes the first of the
proposed options too weak. On the other hand, considering the three-way even-odd
game (see 1.4) with two cabals creates an unpleasant problem for the second option
as well. If player 1 is in a cabal with player 2, and player 2 with player 3, then we
can expect outcomes with payments formed by any mixture of (5,5, 2) and (2,5, 5),
with the choice of proportion at the behest of player 2. The catch is that strong Pareto
acceptability encourages player 2 in the (5,5,2) situation to deviate conspiring with
player 3 to improve the other’s payoff. Similarly, in the (2,5,5) situation, player 2 has to
help player 1. In intermediate situations, player 2 can help both, which means that such
altruism rules out the existence of a structurally coherent equilibrium in the problem
at all, making the second version of the acceptability definition too strong. To bypass
both problems, an intermediate definition of deviation should be proposed, which will

be stronger than weak Pareto, but weaker than strong Pareto:

Definition 2.5.2. In the conspiracy game ['|2l a situation s, # s is called a deviation
from s acceptable for the cabal A, € 2 if

—Va¢ A, s"=sy

—Vae A, u(si) = u’(s);

— Va:s*#s? u’(s.) > u’(s).

It is easy to see that the proposed optimality criterion is related to the concept
of strong Nash equilibrium [16], which implies resistance to all kinds of group
deviations that benefit all its participants. In fact, structurally coherent equilibrium can
be considered a modification of the strong one, which differs in two aspects, one of
which noticeably weakens it, and the other slightly sharpens it. The weakening stems
from the fact that collective deviations are not allowed for all possible groups of players,
but only for those included in the conspiracy structure. What leads to sharpening is that
as the success criterion for deviation we consider profit not for all members of the group,
but only for those who actively participate in the deviation, changing their strategy,
while passive observers from the same group can be content with the absence of losses.

If we were talking only about Nash equilibria in pure and mixed strategies, even
such an optimality criterion would turn out to be too strong — indeed, the simultaneous
choice by the first and second players of the computer ¢, chosen by the third with
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probability p? < 1, gives both payoffs (1 — p?)ubpop + Piulary = 3 — p} > 2,
which eliminates all solutions in the game I'? For the game with conspiracies, however,
the following can be formulated:

Theorem 2.5.1. In the conspiracy game I'3|2 a structurally coherent Nash equilibrium
exists for any n and 2. For non-degenerate 2, each two-participant cabal corresponds

to an unique equilibrium like that.

Jloxazamenvcmeo. Three cases are possible depending on 2:

1. A = ©. With an empty family of conspiracies, group deviations are
impossible, so any Nash equilibrium in pure or mixed strategies will be
structurally coherent.

2. A = {{1,2,3}}. For a degenerate family of conspiracies with one public
correlation mechanism, the set of solutions is a convex hull of mixed
equilibrium payoff vectors, which, as shown in 2.3, gives a interval connecting

(2,2,2) and (94,824 504 In which case, the criterion of structural

coherency, obviously, filters out everything except the point (2,2,2),
corresponding to pure equilibria with the choice of any single shared strategy
for everyone and mixed equilibria with an independent equiprobable choice
of any pair of same strategies by each player.

3. A contains {1,2}, {1,3} or {2,3}. As shown in the 2.4 section, the use of
secret correlation mechanisms yields new equilibrium points with payofts of
?’]“T_l for conspirators and % for outsider, where £ is the number of machines
involved in the strategy profile. Since for £ > 2 the each of the conspirators’
payoff exceeds the best conventional result, no points of mixed equilibrium
will be structurally coherent. Since with the growth of & the conspirators’
payoffs also increase, we filter out all correlated equilibria too, except for those
that maximize the income of any couple of conspirators at k& = n. Thus, each
cabal in the structure of conspiracies corresponds to one (up to permutations of
roulettes) point of structurally coherent equilibrium, in which players choose
equiprobably from the entire available computer pool, with the choice of cabal
members always coinciding while being independent from the choice of the
remaining player.

]

For new structurally coherent equilibria, it is easy to find a fairly natural

interpretation. If we imagine that two employees can coordinate their activities
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unbeknownst to a third, then it is not surprising that they tend to choose one computer
for two in order to avoid an underload penalty, while minimizing the chance for a
third player to stumble upon them coincidentally, depriving them of their promptness
bonus. Logically, this is achieved when the highest probability of choosing each of the
machines is minimal, i.e. with an equiprobable sweeping choice. Similarly, the goal
for the third player is to maximize the smallest probability of choosing each of the
computers, since he understands that the conspirators are acting together and trying
to avoid meeting him, and this is also achieved in a situation of equiprobable choice
from the entire computer pool.

Thus, it is the combination in conspiracies of the group deviation ability with
the presence of a secret correlation mechanism that produces I'? |2 solutions meeting
the criteria of both collective and individual rationality. Note that in the absence of
additional information asymmetry, the game I'3 does not have such solutions even
with the coalition-proof Nash equilibrium formalism [17], which is more subtle and
complex than strong equilibrium. This makes the criterion of structural coherency
a powerful tool for the study of conflicts that provoke their participants to secretly
coordinate actions. It is important, however, to understand that a structurally coherent
equilibrium will not be found in every game with conspiracies —an obvious example
is the classic prisoner’s dilemma, where collective and individual rationalities are in
irreconcilable contradiction, which, of course, is not removed by the addition of a

correlation mechanism.

2.6 Preservation of conspiracy secrets amid consensus building

As is known, matrix games frequently have several points of Nash equilibrium
(like coordination games), with profiles of strategies from different points being not
equilibria themselves. Interpretation of such equilibrium points as game solutions
requires stipulation that the players essentially choose equilibrium strategies not
independently —the preference for one equilibrium point over another must be
universal among the players. In canonical games with complete information, this
does not create big problems, since the procedure leading to consensus may be wholly
transparent, but when it comes to modeling conflicts with conspiracies, this issue begins

to require a much more careful approach. When information asymmetry appears in
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the game, significantly affecting its outcome, it may become beneficial for players
to change the configuration of this asymmetry (for example, notifying of the secret
signal players who should not know it according to the correlation space structure), for
which, in case of bad design, the same consensus mechanisms can be used. In order to
understand what can go wrong, it makes sense to start with the canonical case. If we
imagine an arbitrary matrix game as a real process with live players under the control
of an impartial host who monitors the game protocol, then something like the following
procedure can be used to obtain a Nash equilibrium:

1. The host announces the payout matrix;
Players publicly discuss the choice of strategies;
Players secretly inform the host about their moves;

The host announces the aggregated strategy profile;

A

The host can choose any of the players with a non-zero probability and offer
him to retract the move;

6. The host calculates and announces the winnings.

This procedure is quite sufficient if we are talking about canonical Nash equilibria
in pure and mixed strategies. In the second case, it should only be clarified that
the implementation of a specific outcome, determined by a set of mixed strategies,
either does not occur at all (the host announces the mathematical expectations of the
payoffs), or occurs only at the last stage. However, when correlation spaces are added
to the model, the situation becomes somewhat more complicated. Since any functions
mapping the signals received by the players into mixed strategies can serve as correlated
strategies, it seems natural to imagine the players themselves calculating their own
functions upon receiving all the relevant signals:

1. The host announces the payout matrix;

2. Players publicly discuss the choice of correlated strategies;

3. The host generates a state of nature and notifies the players about the

corresponding events from their awareness o-algebras;

4. Players secretly calculate mixed strategies and inform the host about their

moves;

5. The host announces the aggregated mixed strategy profile;

6. The host can choose any of the players with a non-zero probability and offer
him to retract the move;

7. The host calculates and announces the winnings.
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Unfortunately, such a naive approach has a significant drawback — it works as
expected only in symmetric correlation spaces, where the awareness o-algebras of all
players coincide. If we are talking about conspiracy spaces, then two problems arise at
once. Firstly, between steps 3 and 4, some of the players may be tempted to divulge
the private signal value, if this can induce players who are not aware of it to choose
a strategy more profitable for the leaker. While this issue could be fixed by adding to
the algorithm a ban on communication between players starting after stage 2, but, alas,
this is only one of the problems.

Secondly, which is somewhat more difficult to correct, in the presence of
information asymmetry, the ability of any player to change the chosen strategy at stage
6 ceases corresponding to the concept of Nash equilibrium. In the symmetrical case,
between the initial choice of the mixed strategy at stage 4 and the possible deviation
from it at stage 6, the player does not receive any additional information, since the
publicity of the signal already allows calculating the mixed strategies chosen by other
players — by announcing them, the host, in fact, only fixes the result of the public
agreement reached at stage 2. Asymmetric correlation spaces, on the other hand, contain
events about which only a part of the players are notified at stage 3. In this case, each
player can reliably calculate his own mixed strategy, but not the strategies of opponents
tied to signals hidden from him. In this situation, the announcement by the host of the
aggregated mixed strategies at step 5 increases the knowledge of the players before one
of them decides to deviate, which contradicts the idea of Nash equilibrium. To bring the
above procedure in line with the modeled formalism, it must be changed in a somewhat
counterintuitive way:

1. The host announces the payout matrix;

Players publicly discuss the choice of correlated strategies;
Players secretly inform the host about their chosen correlated strategies;
The host announces the aggregated correlated strategy profile;

The host generates a state of nature and calculates mixed strategies of players;

A

The host can choose any of the players with a non-zero probability, notify
him about the realized events from his awareness o-algebras and offer him to
revise mixed strategy calculated by the host;

7. The host calculates and announces the winnings.

Thus, in contrast to the symmetrical case, the conspiracy model disallows
looking at correlated strategies as «black boxes» in the players’ heads, that simply

prompt synchronous responses to stimuli. Here, sets of correlated strategies have to
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be interpreted as spoken and formally fixed agreements, since the concept of Nash
equilibrium implies the possibility of deviation precisely at the moment when only the
intentions of the players to respond in one way or another to secret signals are generally
known, but not their specific reactions yet.

Interestingly, when we try to generalize this procedure to obtain structurally
coherent equilibria in conspiracy spaces, we again run into a similar problem. At first
glance, it would be enough to clarify only stage 6, so that the host could propose
deviations from the chosen strategies both to individual players and to entire groups of
conspirators. However, this only works as expected for the most simple families with
non-overlapping cabals. In the case, where two cabals share participants, now group
deviations cease corresponding to the formalism — because if, before discussing them,
the leader informs each conspirator about the roulettes of all the cabals he is included
in, then one of them could divulge the secret of another cabal, thereby improperly
increasing the knowledge of non-participants before deviation decision. The easiest way
to fix this is by moving group deviations into a separate stage, preceding the generation
of the state of nature:

The host announces the payout matrix;

Players publicly discuss the choice of correlated strategies;

Players secretly inform the host about their chosen correlated strategies;
The host announces the aggregated correlated strategy profile;

A A

The host can choose any of the cabals with a non-zero probability and offer
its members to revise chosen correlated strategies;

6. The host generates a state of nature and calculates mixed strategies of players;

7. The host can choose any of the players with a non-zero probability, notify

him about the realized events from his awareness o-algebras and offer him to
revise mixed strategy calculated by the host;

8. The host calculates and announces the winnings.

Note that stage 5 (discussion and approval of group deviation by the conspirators)
1s itself a multi-stage process in which those who want to increase their gain by changing
strategy propose a deviation project, while the remaining conspirators can individually
impose a veto if this project brings them a loss. Thus, the structural coherence of the
equilibrium 1mplies that cabals can deviate at the planning stage, before the players
receive information about the state of nature, while individual deviations are possible
after the correlation mechanisms comes into action, but before the announcement of

actual mixed strategies played by opponents.
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2.7 Nonmonotonic returns in other scheduling conflicts

Using the Fi game, we demonstrated, first, that task scheduling with a
nonmonotonic promptness reward function can be sensitive to additional information
asymmetry, and, second, that in conspiracy games, despite their inherent partial
antagonism of interests, it is possible for solutions to meet the principle of collective
rationality. We emphasize the usefulness of these results by noting that the task
scheduling problem is much broader than the example we have considered, both in the
sense of the possible values of the parameters (the matrix of coefficients (tf) € RZ;"
and reward functions v® : R>y — R, a = 1,m), and in the sense of a variety of practical
applications models. In the context of this work, it makes no sense to go into too much
detail on more complex cases, but in order to show the possible connection of the model
with the real world outside of data centers with strange employee incentive schemes,
we will try to build a couple of examples with a more substantial application domain.

Let’s start with economics by imagining how m companies are preparing to enter
the market with high-tech product offerings, while facing the choice between n different
open standards for the same important aspect of it. For example, it can be a variety
of industrial robots and standards for their integration into a «smart» shop. When the
company a € {1,...,m} enters the market of the i € {1,...,n} standard, it thereby
makes a contribution to its development characterized by the vector constant ¢! € R X

. X Ry, the components of which correspond to separate independent aspects (for
example, purposes which robots are fulfilling). If in the situation s several companies
use the same standard ¢, then by simply summing up their contributions, we can calculate
the overall development index t;(s) = [s' = ]t} + ... + [s™ = i]t!. The expected
return on investment in each of the standards is significantly affected by two discounting
factors: the network effect and market saturation.

By network effect, we mean the dependence of consumer enthusiasm on the
general development index of the standard — the function 0 < «“(¢) < 1 characterizes
the share of buyers who are ready to purchase company a robots made according to the
standard with a common development index of ¢. A more developed standard always
attracts more consumers, so the functions «”(t) are monotonically nondecreasing, i.e.
a’(t) < o“(t + A),Vt,A = (0,...,0). Market saturation, on the other hand, implies
limited demand — with an excess of investment in any of the standards, the buyers’

solvency is no longer enough for everyone, prices have to go down, and revenues go
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down with them. Accordingly, one more function 0 < (3%(¢) < 1 characterizes what
fraction limits the company a profit, making possible to maintain the competitiveness
of its robots in the market of the standard with a common development index ¢. This
function, for obvious reasons, is monotonically non-increasing, i.e. B*(t) > p%(t +
A),Vt,A > (0,...,0). Company a’s goal in choosing strategy s” is to maximize the
combination of discount factors u®(s) = a®(tsa(s))B*(tsa(s)).

One can imagine a political interpretation of the same game. Let n candidates try
to be elected to some collegiate elective body (independently, without party lists), and
m tycoons choose which of them to campaign for in subordinate institutions. When
oligarch a decides to support candidate ¢, he thereby contributes to his popularity,
characterized by the vector constant ¢y € Ry x ... x R>y, whose components
correspond to electorally significant demographic groups. If in the situation s candidate
1 1s supported by several oligarchs, then by simply summing up their contributions, one
can obtain the overall popularity index of the candidate ¢;(s) = [s! = ]t} +... +[s" =
i|t!". There are two discounting factors that influence the expected benefit of supporting
a particular candidate: political influence and willingness to cooperate.

The political influence of a candidate in matters of interest to the oligarch who
supported him obviously grows along with his overall popularity index, which is
expressed by the function 0 < () < a(t + A) < 1,VE,A = (0,...,0). The
willingness of a candidate to cooperate with each of his supporters, on the contrary,
decreases with the growth of his total popularity, which is expressed by the function 1 >
B(t) = B*(t+A) > 0,Vt,A > (0,...,0). The goal of oligarch a in choosing strategy
s® is to maximize the combination of discount factors u®(s) = &*(ts(s))B*(tsa(s)).

Let us reduce the description of both conflicts to a matrix game in normal form:

['= (A, S5 us),a € A,
A:{l,...,m},Sl:...:Sm:{l,...,n};

u'(s) = o (L (5))B (£ (5)). 0 = Tom:

a’, B Ryg X ... x Ryg — [0, 1];

N

0 <

O(a(t) < o(a(t+A) < 1,\V/t,A ~ (07-'-70);
12 6a(t) 2 6a(t+A) 2 O,Vt,A i‘ (0770)7

ti(s)=[s' =it; +... + [s" =]t i = 1,n.
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It is easy to see the similarity of this game to the task scheduling problem, which
we have tried to emphasize here by using the same symbols for variables and constants.
In fact, the only significant difference is that in task scheduling, time ¢ was a scalar,
not a vector. The promptness reward functions in the new formulations correspond to
v2(t) = o*(t)B*(t), the form of which determines our expectations from the outcome
of the conflict. Earlier we said that the task scheduling problem analysis in general, for
arbitrary (t7) and (v*) is an extremely difficult problem, and, of course, the transition
from scalars to vectors in the domain of reward functions doesn’t make things any easier.
Here, the best we can do is to give a qualitative forecast for some informally described
subclasses of conflict based on common sense, intuition and analogy with the special
case of I} analyzed above.

To avoid overcomplication, we restrict ourselves to the case of quasiconcave
reward functions v*(t) = o%(¢)R%(f), naturally generalizing this concept to
multidimensional domains. First, denote by 7% the set of all ¢ such that ¢, < ¢ =
vi(t) < v'(t) At € T%. Similarly, by T¢ we denote the set of all ¢ such that
te = t = vi(ty) < Vt) Nt € T{. These will be regions of continuous non-
decreasing and non-increasing of v%(t), respectively. If these two sets cover the entire
applicable domain, i.e. 7% U TU = Ryg X ... x Ry, then the function v*({) is
quasiconcave. For similar functions, we can also denote «ridge» T =T } NT¢, which
in the one-dimensional case corresponds to the maximum.

Let’s try to depict logic of the conflict for the simplest case with a two-element
family of plots A = {A4,, A,}, A, N A, = @, A, U A, = A. We shorten the formulas

using the following notation:

= VA, C A
aEA*

4% = min v®(td), 4% = max v*(t1),Va € A.
1<i<n 1<i<n

Here ¢ corresponds to the ith total standard development (candidate’s
popularity) index when it is chosen by the group of players A, C A. Also, for each
player a, the base payoff interval is the interval from @® to 4%, i.e. from the smallest to
the largest possible payoffs from the unanimous choice of a common strategy by all
conflict participants. Consider games restricted by the following preconditions:

-~ VYa€ Ai=1n, v“(tiA”U{a}) < 1%, 1i.e. no player can reach the lower bound of

their base payoff interval if only the group A, chooses the same strategy:;
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—VaEAz—lnv(AU{a})

limit of his base payment interval when choosing any strategy together with

> 1%, 1.e. each player overcomes the lower

the group A;

~VYa € A, i = 1,n, tiA“ € T¢, i.e. for all members of the group A,, the choice
of a common strategy brings the total index into the region of non-increasing
of the reward function.

Thus, we have outlined the range of situations in which the participants of
the conflict are divided into two non-overlapping groups of conspirators. From the
viewpoint of each conspiracy, assuming that outsiders are not involved in the game
at all, it 1s easy to see that any strategy profile in which the conspirators choose one
joint strategy will be a good candidate for Nash equilibrium. This does not mean
that there cannot be other equilibria, but for the sake of clarity, we will deliberately
restrict ourselves to the analysis of sets characterized by two independent probability
distributions p = (p1,...,p,) and ¢ = (q1, . . ., ¢»), where participants in the A, and 4,
conspiracies choose strategies 7 = 1,n synchronously within groups but independently
between groups with probabilities p; and ¢;, respectively, using the appropriate private

correlation mechanism. In this case, payments are calculated according to the formula

sz MY + g (th),Va € A,

=" Gi((1 = p)() + p®(th), Ya € A,

According to the preconditions, the A, cabal is not large enough to maximize
the profits of its participants, so each of them would prefer to join the strategy chosen
by the A, cabal. However, since the secret of the hostile conspiracy is not available
to the players, they can only deviate from the strategy prescribed by the correlation
mechanism in favor of another pure strategy. Thus, to make a profit as a result of an
individual deviation from the distribution pair (p, q), it is necessary and sufficient for
the conspirator @ € A, to find such indices i # j € {1,...,n} that for p; > 0 the

inequation holds
a Ap a a A a
(1 — g0 (6") + gt (t1) < (1 — g0 (%) + qyoo(t!™1).

It is easy to see that with growth of any ¢;, the number of indices ¢ for which this

inequation holds also gradually increases, and as ¢; approaches 1, sooner or later it starts
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to hold for all ¢ # j. By fixing an arbitrary distribution g, for each conspirator a € A,
one can calculate the set S5 C {1,...,n}, which consists of strategies that allow such
productive deviations. At the same time, since the participants in the A, conspiracy,
deviating from the prescribed strategy, inevitably suffer losses, nothing needs to be
checked for them. As a result, an arbitrary pair of distributions (p, ¢) describes a Nash

equilibrium if and only if

vie | ) Sipi=0.
acA,

Thus, if we are talking about equilibria only in the classical Nash sense without
taking into account collective rationality, then in the described confrontation, the
members of a large cabal do not have to think about possible betrayal on the part of
comrades-in-arms, while a small cabal must carefully choose a common strategy so
that its participants were not tempted to try guessing the strategy chosen by the big
one. The desire to ascertain the structural coherency of the indicated solutions gives a
slightly more interesting picture.

Let us make a reservation right away that, within the established constraints,
it 1s difficult to accurately verify the structural coherency even for a narrow set of
(p, q)-profiles under consideration, since, for example, collective deviations, dividing
the A, cabal into two groups choosing different strategies, are quite possible. At the
same time, one receives profit as a result of getting rid of unnecessary participants
(see the constraint tfq € T¢, i.e., the unanimous choice points belonging to the non-
increasing area of the recoil function). The second one potentially increases the income
by joining the strategy chosen by the A, cabal, if there is a large enough p;. Of course,
one can try to impose additional restrictions on the parameters of the conflict, preventing
such and even more exotic deviations, but this will greatly complicate the formulation
without adding too much demonstrativeness.

Instead, we restrict ourselves to searching for only those (p, ¢)-tuples from which
there are no successful collective deviations in favor of other (p, ¢)-tuples. The found
equilibrium points can still be suspected of the lack of structural coherency, but we will
at least exclude a large class of obviously inconsistent ones. So, for the profitability of
the collective deviation of the small cabal, it suffices to find indices i # j € {1,...,n}
such that, for p; > 0, for each a € A, the following inequation holds:

(1— q)o(£7) + gt (1) < (1 — gyv® (") + g (t1).
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Similarly, for a large cabal, the deviation is successful if there are indices ¢ # j €
{1,...,n} such that for ¢; > 0 for each a € A, the inequation holds

(1= pa)o™(£)") + pa® () < (1 — pv™(t") + pu’(th).

Considering these inequations in the light of the constraints we have imposed on
the parameters of the conflict, it is easy to see that collective rationality encourages both
groups of players to minimize the highest probabilities of choosing individual strategies,
but for opposite reasons. It is beneficial for the members of a small cabal to either
individually or jointly adhere to the strategy chosen by the large cabal, the payments to
whose members such an overlap of strategies obviously reduces. Translating into the
language of the preestablished interpretations, a weak cartel participants would gladly
take advantage of the standard development (or the candidate standing) selected by
a large cartel, but a large cartel, on the contrary, does not relish at the prospect of
sharing the limited demand in an already saturated market (or compete for attention
of a politician already confident about his election) with unnecessary competitors.

At the level of collectively rational decisions, the game thus becomes a kind of
two-sided hide-and-seek, where one group seeks to meet another who is trying to avoid
this collision, and conspiracies serve to take advantage of the combined efforts while
minimizing the likelihood of undesirable companions joining the profit carve-up. In
fact, the formalism of structurally coherent equilibrium in conspiracy games is not some
complicated economic concept, but only the embodiment of an intuitive principle that
probably had applications even in the preliterate era. It is quite possible that some hunter,
noticing a wounded mammoth while walking around the tribal lands, guesstimated:
«Seemingly [ won’t overwhelm him alone, but it makes no sense to call the whole tribe.
I’d rather whisper in the ear of a couple of friends — how much honor and glory it will
be to hunt so much meat for only three of us.» The world history of conspiracies could

begin with a reasoning similar to this.
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Chapter 3. Computational Complexity of Strategies in Repeated Games with
Discounting

3.1 «Folk» theorem in conspiracy spaces

In order to understand how repetition affects conflicts that are sensitive to
additional information asymmetry, it is necessary first to analyze how the «folk»
theorem can be generalized to games in conspiracy spaces. Previously, this theorem
has already been proved in various forms for the correlated expansion of games [3],
deliberately restricted to the case of public correlation mechanisms. We need to take
one more step away from this limitation. In fact, the main change is that the use of
private correlation mechanisms can often further reduce the reserve payoffs of players
who do not have access to them. Recall that the reserve payoff of player a is

u? = minu’(s), S, = {5 € S| 3* € argmax u(s]s")},

SES, seefSa

that is, his smallest payoff among all possible outcomes in which he uses the strategy
of the best response. Essentially, the reserve payoff denotes an utility margin below
which the expected payoff of the respective player is impossible to lower down, even
if all other players unite to achieve this goal, regardless of the damage to their own

profits. The strategy profile leading to such an outcome is called minimax for player
1

x) °

a. The vector u, = (uy,...,ul"), composed of the reserve payoffs of each player, is
called the minimax point of the game. The reserve equilibrium payoff of player a can
be defined similarly:

i = minu(s), where S is the set of Nash equilibrium profiles,
ses

1

*)

which form the vector @, = (a,,...,u”"), which is called the equilibrium minimax
point of the game. It is obvious that u, > wu,.

The central idea behind the proof of most «folk» theorems is the use of minimax
sets of strategies to punish players who deviate from the designated chain of actions
expected of them by their opponents. Any draw sequence (s;) with payoffs converging
(in the mean or discounted sense, depending on the version of the theorem) to a vector
ug = (ug, . .., up') strictly dominating the minimax point of the game (i.e., u¢ > u%, a =

1,m), can be the equilibrium outcome (in the ordinary Nash or subgame perfection
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senses, depending on the version of the theorem) of a repeated game. If at iteration
player a deviates from the expected strategy s¢, then, starting from the next iteration, the
remaining players proceed to apply the strategy from the minimax profile for this player,
continuing to do so for a sufficiently long time (in some versions of the proofs, infinitely)
so that the damage they inflict on player a exceeds his profit from the deviation.

Correlated strategies in the context of repetitive games are usually understood in
the limited sense — only public signals are considered, which, from our model’s point
of view, corresponds to conspiracy spaces of the structure { A}, that is, consisting of
one cabal involving all players. The set of payoff vectors attainable in the game I'|{ A}
is the convex hull of the set of vectors entering into the payoff matrix of the game I'.
The set of correlated Nash equilibria of the game I'|{ A} is the convex hull of the set of
mixed equilibria of the game I'. At the same time, as was shown in previous chapters,
adding to the conspiracy space cabals that do not include all players can enrich the set
of correlated Nash equilibria with points lying outside the convex hull of the set of
mixed equilibria. Also, through the use of secrecy, the reserve payofts of players can be
additionally reduced if they do not have the opportunity to observe every signal.

For the proofs of the most «folk» theorem versions, the transition to more complex
conspiracy spaces is probably not a big problem, as the logic of the reasoning remains
the same — it is enough, if necessary, to take into account new minimax values and
correlated equilibria outside the convex hull of the mixed set. Fortunately, in the context
of this work, we do not even need its modern formulations — the classical, relatively

weak statement is quite sufficient:

Theorem 3.1.1. Let ' = (A, S* u®(s),a € A) be a normal form game with a finite set
of outcomes, V be the convex hull of the payoff vectors set of its matrix, and A C 24 be
an arbitrary conspiracy space. If the payoff vector v € V strictly dominates the minimax
point of the game I'|2, then there is a discount factor 0 < & < 1such that in the infinitely
repeating game U'|2 there will be a Nash equilibrium with payoffs converging to v. If
the vector v also dominates the equilibrium minimax point of the same game, then in an
infinitely repeated game with a sufficiently large discount factor, there will be a perfect

subgame equilibrium with payoffs converging to v.

Hoxkazamenvcmeo. If A € 2, then a sequence of sets with payoffs converging to v
is constructed from correlated strategies based on a public signal and directly mixing
pure strategy profiles in proportions that provide the required payoff vector. If A ¢ 2,

then we can use a sequence of pure strategy profiles that converges at the limit to
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the same point. If any player deviates from the prescribed strategies, the rest switch
to punishing him with the corresponding minimax sets of strategies. The profit of
player a, who deviates at the :-th iteration in favor of the strategy s¢, is finite and
amounts to u(s;|87) — u”(s;), so that for a sufficiently large & the damage from the
eternal punishment by the minimax for all subsequent iterations will obviously be
greater. Punishment by the ordinary minimax may include strategies that are not optimal
from the punishing players’ point of view, so that the resulting equilibrium points are
generally not subgame perfect. Punishment by the equilibrium minimax does not have
this disadvantage, which means that the equilibria based on it will indeed be subgame

perfect. []

For our purposes, this is enough, since we consider a repetition of the game,
for which the points of the ordinary and equilibrium minimax coincide in all plot
spaces. However, if the need arises, nothing prevents a similar generalization for more
modern, strengthened formulations [18]. In order not to overload the work with more
cumbersome reasoning, which in fact would be an almost word-for-word citation of the
proofs authored by Vasin A.A., we confine ourselves to a brief retelling of their central
idea. Participation in the ordinary minimax punishment of the first player deviating from
the prescribed strategy can be made optimal strategy for punishers using a slightly more
complex threat format. It is enough for the players to agree that the punishment of the
first divergent will not be eternal, but interrupted at the moment when someone refuses
to take part in it. As soon as one of the punishers deviates from the strategy prescribed by
the minimax set, the previous divergent is forgiven and everyone proceeds to the same
conditionally eternal punishment of the last «evader», in which everyone participates,
including the just forgiven player. Thus, the process turns into something like a «tag-
gamey, creating an effective threat of being the last to be punished, which expands the
set of subgame-perfect equilibria to all points that dominate the usual minimax. Adding
a conspiracy space here, again, doesn’t pose much of a problem — the reasoning keeps

working even when synchronization with secret signals is used in punishments.
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3.2 Repeated three-way even-odd

You can demonstrate the application of the generalization of the «folk» theorem
to games with conspiracies using the example of the same three-way even-odd (see
table 1). Here V is a triangle with vertices (6, 6, 0), (6,0,6) and (0, 6, 6). The game has
two Nash equilibrium points in pure strategies (synchronous choice of heads or tails
by all players) and one additional point in mixed strategies (equiprobable independent
choice between heads and tails by all players), entailing the same payoff vector (4, 4, 4),
which is also the minimax point of the game. Indeed, let the first player choose the
strategy (p,1 — p), and the second — (¢, 1 — ¢). Then the payoffs of the third player
when choosing pure strategies are:

w(p,q,1) = 6(p + q) — 8py;
u?(p,q,0) = 2(p+ q) — 8pg + 4.

It is easy to see that

1
p=q>==upql) >4

2
1
P> 1—q>§$u3(p,q,1) > 4
1 3
qzp=g=u (p.q, 1) > 4
1
q> 1—p>§:su3(p,q,1) > 4;
1
1
p < 1—q<§:»u3(p,q,0) > 4;
1
1
q < 1—p<§=>u3(p,q,0) >4

These options exhaust the entire space of possible situations, so that no
combination of two players’ mixed strategies can be an effective punishment for
the third. Thus, in the absence of private correlation mechanisms, the folk theorem

does not expand the set of solutions of the repeated even-odd in any way. However,



45

adding to the conspiracy space, for example, the pair {1,2} changes the picture —
correlated equilibria with payoffs (5,5,2) appear in the game in a situation where
all players again make an equiprobable the choice is between heads and tails, but
due to the secret mechanism of correlation, the choice of players 1 and 2 is always
synchronous. This reduces the reserve (in the ordinary and equilibrium sense) payoffs
of player 3, giving us a new minimax point — (4, 4, 2). In accordance with the version
of the «folk» theorem formulated above, in the conspiracy space {{1,2}}, a repeating
three-way even-odd has new subgame-perfect equilibria in a triangle with vertices
(6,4,2), (4,6,2) and (4,4,4).

Similarly, in the conspiracy space {{1,2}, {2, 3}} the minimax point of the game
moves to (2,4,2), which expands the solution set to a flat trapezoid with vertices
(4,6,2),(2,6,4),(2,4,6) and (6,4, 2). Finally, the space {{1, 2}, {2, 3}, {1, 3} }, which
includes all pairwise plots, gives the minimax point (2, 2, 2), turning the set of payoffs
attainable in perfect subgame equilibria into a flat hexagon with vertices (6,4, 2),
(6,2,4), (4,2,6), (2,4,6), (2,6,4) and (4,6, 2). This illustration goes well with the
intuitive notion that groups of agents that have the ability to coordinate their actions in
secrecy can use this as a threat to outsiders, forcing them to agree to conflict outcomes
that, in the absence of collusion, would be rejected as disadvantageous. However, the
effect of sensitivity to additional information asymmetry on repetitive games is not
limited to this. Further, it will be shown that even in the absence of a priori information
asymmetry (i.e., events external to the conflict, of which its participants are informed
differently), players, limited in the complexity of the calculations they can make to
select the strategies, can use the threat of artificial creation of information asymmetries

with the help of specially organized joint public actions.

3.3 Model of repeated games accounting for the calculation costs

The construction of the desired model implies the specification of the method by
which rational agents calculate the strategy of behavior. Any formalism that allows
algorithmically complete calculations with probabilistic branching will do for this
purpose. In addition, we need the ability to store an arbitrary internal state in memory
for use at subsequent iterations and, obviously, a method for numerically estimating the

complexity of the calculation performed at each iteration.



46

—to)  Ful(sg) —dmi +dul(sy) —8%wl +8%ul(sy)

21
g { Uk [ ) ] Uk
> ML > M1 > M1 >
. 0 S0 3N ./ sV
r r r
E 5 R s & 5,
=2> M? . ¥ M2 > > M2 > >
0 ‘ Uk [ V3 ‘ P3
22

—t3  Fu®(sg) —domw? +du*(sy) —8%toi +8%u(s9)

Figure 3.1 — Repeated game accounting for the calculation costs

The diagram in the figure 3.1 depicts the general scheme of interaction between
agents and the environment for two players (naturally extensible to any finite number
of them). At the nodes labeled with the letter I, successive plays of an arbitrary game
['= (A, S u"(s),a € A) take place. In the i-th draw, player a chooses his strategy s¢
by applying the probabilistic algorithm A/, which is in the {{ state, to the result of the
previous draw s; 1 (if there was one) and storing the results of calculations necessary for
future iterations in the new state 1§, ;. The >J* nodes represent the successive summation
of the difference between the payoff u®(s;) and the cost of the calculation tv?, taking
into account the exponentially decreasing discount factor &'

Since we are talking about conflicts between rational agents, it makes sense to
consider only universal M“ algorithms that allow us to encode any set of computable
strategies for a repeated game in initial memory states Pp{. The notation M?[g]
will denote the average cost of computing an arbitrary function g for its optimal
implementation by M®. In addition, if s denotes a set of strategies for a discounted
iterative game, then the notation M“[s] is suitable for denoting the cost of the total
amount of computation required by player a to select each move, taking into account

the same coefficient d. Thus, in a repetitive game, taking into account the cost of
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calculations, each player a optimizes not just u®(s), but

u'(s) = u’(s) — M“[s].

3.4 Cryptographic strategy synchronization

Although, as shown earlier, in the absence of additional information asymmetry,
the three-way even-odd does not allow two players to punish the third using only mixed
strategies, even in the case when players cannot use private correlation mechanisms,
accounting for the cost of calculations allows in repeated games application of
punishment strategies based on the achievements of modern cryptography. To
demonstrate this, we need two common cryptographic primitives.

First, distributed key-agreement protocol [19] is needed. In cryptography, this
term refers to a mechanism by which Alice and Bob can create a common secret
sequence of bits, a priori having only public knowledge about the configuration and
the parameters of the mechanism itself, through exchanging messages over an insecure
communication channel. At the same time, Carol, having the same a priori knowledge
and being able to read their messages, cannot calculate the desired secret sequence of
bits, since this requires solving an algorithmically difficult problem (one that requires
the number of operations that depends exponentially on the key length). For example,
the family of Diffie-Hellman (hereinafter DH) protocols based on integer factorization
or discrete logarithm (in a finite multiplicative group or on an elliptic curve) problems
can act as such a mechanism. Let us describe the general scheme of an arbitrary DH
protocol without going into technical details.

Let there be a family of bijections f, : N_oon <> N_on,n € N that have
the one-wayness property, i.e., for any universal computing device M* holds both
M*[f.] € o(2™) (the cost of calculating the function itself grows polynomially with n)
and M*[f71] € ©(2") (the cost of calculating the inverse function grows exponentially
with n). In addition, let there be a family of binary functions /,, : Nogn X N_on — N_gn
such that

— Va,y € Negn, b (fu(2),y) = ha(z, fo(y));

— Vz,y,2 € Negn, hyy(hy(x,y), 2) = hy(z, ha(y, 2));

— hp(z1,91) = hn(22,y2) = 21 =22 Ny1 = Y2 Uz # 22N Y1 # Y25
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— M*[h,] € o(2").

Alice chooses a random natural number 0 < x < 2" as her private key and
computes X = f,,(x) as her public key. At the other end, Bob similarly generates a pair
ofkeysyand Y = f,(y). Alice and Bob exchange public keys over the communication
channel that Carol is listening to. Now Alice, knowing her private key x and Bob’s
public key Y, can calculate h,(z,Y’), and Bob, respectively, h,(X,y). Due to the
properties of the function A, the values calculated by them can be considered as the
desired shared secret key K = h,(z,Y) = h,(X,y). In this case, for Carol, who
knows only the public keys X and Y, the calculation of the shared secret requires the
calculation of either f,1(X) or £, 1(Y). Due to the difference between the asymptotic
complexity of the direct and inverse functions, it is always possible to choose n
such that the cost of calculating f,, and h,, is acceptable, while calculating f,! is
prohibitively expensive. Also note that due to the associativity of h,, functions can be
considered polyadic, and arbitrary sized groups of agents can combine shared secret
keys with publishing each member’s public key — for example, K = h,(z,Y,Z) =
ho(X,y,Z) = h,(X,Y, 2) for three sides.

The second cryptographic primitive required for the punishment strategy is
cryptographically strong pseudo-random number generator [20], henceforth referred
to as CSPRNG. It can be represented as a family of functions GG, : N_on x N — {0, 1},
whose first argument is called the seed, and the second — position. A program that
calculates for a given K € N_o. the successive values of G, (K, i),i = 1,2, ..., must
perform each step over a polynomial in n number of operations, while the generator
must pass the test for the next bit, i.e. there must not exist an algorithm polynomially
complex in n that can, without knowing K and having the first ¢ bits of generated

L
5

Now, using the primitives described above, we can construct three new types

sequence, to guess G, (K, i + 1) with a probability different from

of strategies for repeating three-way even-odd. Imagine that the players are sitting at
a round table so that player 1 sits to the right of player 2, player 2 —to the right of
player 3, and player 3 — to the right of player 1. Let’s call the first of the new strategies
sl «left handshake»:

1. Choose a random number x € N_ox.

2. Calculate X = f,(x) and represent it as a bit sequence (X;) € {0, 1}".

3. Foreach ¢ = 1...n play one round of the game, picking tails if X; = 1 and

heads otherwise. Store the strategy chosen by the player sitting on the left (with
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the same comparison) as the next element of the bit sequence (Y;) € {0,1}"
corresponding to the number Y € N_on.

4. Calculate K = h,(x,Y).

5. Play all subsequent rounds choosing a strategy in accordance with the

sequentially generated CSPRNG values G,,(K,i),i = 1,2, .. ..

We build the strategy s* «right handshake» in a similar way, replacing «left»
with «right» and swapping = with y, X with Y and h,(z,Y) with h,(X,y). These
paired strategies with equal key length allow any two players to turn the first n rounds
of the game into a sort of «synching dance», producing a shared secret seed for a
pseudo-random bit generator whose output on subsequent rounds is used as a correlation
mechanism. The third player, if this occurs, has to use the s, «cracking» strategy to join
the agreed upon choice:

1. For the first n rounds, play a mixed strategy of equiprobable choice and

memorize opponents’ moves to get their public keys X and Y.

2. Calculate K = h,(f, 1(X),Y) or K = h,(X, f,1(Y)).

3. Play all subsequent rounds choosing a strategy in accordance with the

sequentially generated CSPRNG values G,,(K,i),i = 1,2, .. ..

We also denote the strategy s «fold», when using which the player at each
iteration simply chooses between heads and tails randomly and equiprobably. It is easy
to see that if we confine ourselves to considering only the four above-listed classes
of strategies, then almost all their combinations are indistinguishable in payoftfs from
the canonical equilibrium point in mixed strategies u(s°,s?,s9) = (4,4, 4). The only
exception is when any two players apply the corresponding «handshakes» to each other
with the same n, and the third player does not apply the «cracking» with the same key
length — for example, u(sZ %, 57) = (4 + 8", 4 + 8", 4 — 28"): Here, the first two
players spend their first n rounds on a key exchange, which is indistinguishable from
a random choice in terms of payoffs, and after that they use the common CSPRNG as
a correlation mechanism, taking away half of his winnings from the third. If the third
could not answer them with a «crackingy strategy, then, applying the folk theorem,
profiles with two «handshakes» could be used as his punishment equilibrium. Since a
mutual handshake is possible in any pair of players, cracking prohibition would provide
this game with an equilibrium minimax point (4 — 26",4 — 28",4 — 28"), which for
delta™ > % would allow, for example, to construct perfect subgame equilibria with the
payoff vector (6, 3, 3), which is unattainable in any single three-way even-odd Nash
equilibria.
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We now show how taking into account the cost of computations allows us to
achieve the necessary ban on the «cracking» strategy by choosing the key length n
correctly. For each of the proposed strategies, we write out the discounted costs of
strategy selection:

— M®[s°] = 0, since for any reasonable computing device, the basic mixed

strategies can obviously be considered free or almost free;

— MO[sk] = M°[sE] = (1 — 8)MO[f,] + 8"((1 — 8)M?[h,] + M,[G,)), since
for handshake strategies it is necessary to create a pair of keys once before the
first move, after n moves calculate the shared secret key, and then generate one
CSPRNG bit each round;

— M9s*] = 8"((1—=8)(M°[f ]+ M?[hy])+ M,[G,]), because for the cracking
strategy it is necessary to calculate the secret key once after n» moves, having
only a pair of public keys, and then generate one bit of CSPRNG every round.

Let us now check the situation (sZ, 52 57) for Nash equilibrium, taking into
account the cost of computations. For the first two players, it is required that the costs of
cryptographic synchronization do not exceed the income from the tail of the rounds, i.e.
22 el f, ]+ (1= 8) M[hy, ]+ M°[G,,] < 1.1tis easy to see that as long as M*[G,] < 1,
you can always choose 6 large enough to level out one-time preparatory costs. For the
third player, on the contrary, it is necessary to select a sufficiently large bit length of the
key so that the procedure for cracking it turns out to be more expensive than the potential

income in the tail of the rounds, i.e. (1 — 8)(M?[f, '] + M?[h,]) + M,[G,] > 2. Here,

2
1-8°

joining the correlated strategy completely loses meaning. Thus, for the point under

the exponentially growing cost of inverting the one-way function — for M“[f"1] >

consideration to be a Nash equilibrium, it is sufficient that the following set of conditions

be satisfied:
(

(1= 8)(5 "M [f] + M'[ha]) + M'[G,] < 1
$ (1= 8)(E ML) + M) + M[G,] < 1
(- 9011 > 2

n

Since we are talking about comparing the performance of abstract computing
devices with dimensionless quantities characterizing the preferences of rational agents,
attempts to prove any formal statements regarding the compatibility of this system of
inequalities seem unproductive. Nevertheless, we may still try to map the range of
admissible values n and d marked out by inequations onto the corresponding objects of

the real world. In practice, cryptosystems that use discrete logarithms on elliptic curves
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are considered secure already with 256-bit keys (Curve25519 [21], for example), i.e. the
cost of breaking them certainly exceeds the capabilities available to human civilization
at the current stage of technological development. At the same time, pseudo-random
number generators with 256-bit seeds exist and are widely used, while being considered
cryptographically secure (CTR-DRBG [22], for example). This gives the discount factor
ﬁ, and since the calculation of fy is
currently considered impossible, € can be considered infinitely small. Thus, if players

an acceptability range of 0 < ¢ < 1 — 0 <

who have modern computing devices at their disposal play repeated three-way even-
odd with real stakes, then the length of the series starting from several hundred rounds
will be enough for the use of cryptographic strategy syncing to become a real way to

gain an advantage.

3.5 Folk theorem for games considering the cost of computation

Using a refined version of the «folk» theorem, the trick demonstrated in the
previous section can be generalized to expand the set of perfect subgame equilibria of
any repeated game, individual iterations of which are sensitive to additional information
asymmetry. To this end, sets correlated in a conspiracy space consisting of a single
group including all players except the one being punished can be used as punishments
for a player who deviates from the prescribed strategy. Since, in this case, the strategies
depend on no more than one correlation mechanism, we can simplify the reasoning
by passing to probability distributions on the payoff matrix. Considering the game
[' = (A, 5% u(s),a € A) with sets of participants A = {1,...,m} and outcomes

S = 81 x ... x S™ respectively, let’s introduce the notation:
Po={n:S—1[0,1]]> n(s) =1}
ses

Py = {1 € Pg| Vs, 50 € S,5" € 5% plst)p(sels®) = p(sa)p(si|s*)}.

Here Pg represents all possible probability measures on the set of outcomes
S, and Pga—all probability measures guaranteeing the pairwise independence of
the strategy choice between player a and everyone else. Obviously, the payouts are
calculated according to the expectation formula:

ut(w) = 3 wls)u(s).

ses



52

In addition, for convenience, we denote the deviation of the player a in favor of

the pure strategy s{ in a similar way to the classical notation:

ZSQESG },L(S‘Sf:), st = 58;
0, s* # 5.

Now we can finally introduce the notion of reserve payoff refined for the model

ulso(s) =

under consideration:

Definition 3.5.1. The blind reserve payoff of player a in the game I' is his reserve payoff
u®(11*) in the game I'|[{A \ {a}}, i.e. with a conspiracy uniting all players except him:

i € arg minu’(p),
peP

where P = {i € P\ | u(1) > u®(1|s?),Vs® € S},

For the classical folk theorem, reserve payoffs directly determine the
corresponding minimax point, but in our case, things are a little more complicated. Since
CSPRNGs are used to synchronize both the prescribed strategies and the punishments,
the cost of calculating the sequence of pseudo-random bits required to select the
strategy profile must be taken into account. Let b(p) € R~ denote the average number
of bits required to select a correlated set of strategies using the following procedure. We
enumerate all outcomes {s1, ..., s} C S participating in p with nonzero probability,

and construct a grid of non-decreasing numbers p = (pg = 0, p1,...,Pr_1,Px = 1) in

the unit interval [0, 1) splitting it so that p; — p;_; = u(s;),j = L,k.
1. Let X,,,;, =0and X,,,,. = 1.
2. Check if there is j such that p; 1 < X, < X < pj. If there is, we stop
the algorithm by settling on the choice of the strategic profile s;.
3. Generate the next bit of the pseudo-random sequence. The value W in
the case of 0 is assigned to the variable X,,,, and in the case of 1 —to the
Xonin.

4. Move back to step 2.

If all players use a CSPRNG with the same seed, it is obvious that they will
end up in the same strategy profile utilizing the same number of pseudo-random bits,
depending on the average only on the probability distribution . Therefore, the expected
income of player a, taking into account the cost of calculations, can be represented as
ufy (1) = u(p) — b(n)M?|G,], where M?[G,] is the cost of generating one pseudo-
random bit. Note that the value obtained also depends on n, i.e. the bit length of the
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used CSPRNG seed, which begs to replace the concept of a minimax point with a more

complex definition:

Definition 3.5.2. A probability distribution i on the set of outcomes in normal form
game I' = (A, 5% u’(s),a € A) is called M,n-acceptable if uj,, (n) > u®(p) for
each player a € A.

Note that we have so far talked about how players use CSPRNGs with a common
seed to synchronize their actions, without specifying how exactly this common seed is
generated. Similar to the example from the previous section, in this guise we will use the
shared secret keys calculated using the DH protocol. Let us describe the procedure for
generating and publishing keys. First, each player a chooses a random real number x*
uniformly distributed over the range [0, 2"). The rounding of this number x* = |x?| €
N_o» 1s used by him as a private key. Using a one-way function, the player calculates
the public key X* = f(z%) € N_on. To exchange X values, players can use any
distinctive totally mixed strategy profile:

Definition 3.5.3. A mixed strategy profile is said to be totally mixed when it does not

contain a single pure strategy.

Since f is a bijection, the random variable X* = x* — 2% 4+ X is also uniformly
distributed in the range [0, 2"). In order to reveal his value of X to other players, each
player uses the «fractal» method of encoding the number X'* in the sequence of moves
he makes, indistinguishable in probability distribution from a mixed strategies sj =
(pf,... >p|asa|) from the distinctive totally mixed profile s,. Let us construct in the unit
interval [0, 1) a grid of non-decreasing numbers p* = (p§ = 0, p{, . . ., pfsa‘_l, pT‘Sa‘ =
1) splitting it in such a way that p$ — pj_; = p%,j = 1,[S“|. This allows the following
encoding algorithm to be applied:

1. Before making the first move, other players know that X* is uniformly

distributed in the interval [0,2"). Let X, = 0and X . = 2"

2. Letus scale p® over the interval [X¢. X" ), getting the embedded in it mesh
P (X%m(l—p?)—l—)(;%axpj,j :O7|Sa|)'

3. At the next iteration, choose sj such that 73;‘_1 <X < 73;‘.

4. Now the other players know that X'* is uniformly distributed over the interval
[Pe 1 77“) Let’s go back to step 2 by setting X7, = P/, and X7, = P;.

This algorithm can be executed indefinitely, gradually decreasing the other

players’ lack of knowledge about the value of A'“. Moreover, at each individual
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iteration, the distribution of outcome probabilities is indistinguishable from the set of
mixed strategies sg. At the moment when the inequality X < X%, < &A% < X4 1
begins to hold, other players gain confidence about the value of X“, and the public key
of player a is reputed as published. If all players start publishing keys at the same time,
then the expected number of iterations until the publication of the last one is completed
depends only on the utilized strategy profile sy and the value of n, so it can be denoted
by the symbol t(sp,n) € N.

Before proceeding to the analogue of the folk theorem for repeated games, taking
into account the cost of calculations, it is necessary to introduce one more notation. The
vector Au = (Au®,a € A) € RY,, where

Au® = max_(u"(s|s) —u’(s)),
s€8,s¢e85e

consists of the maximum income that each player can receive by deviating from a

strategy out of arbitrary prescribed profile.

Theorem 3.5.1. Let I' = (A, S* u’(s),a € A) be an arbitrary matrix game of m
players that has at least one totally mixed equilibrium sg. Let M = (M, ..., M™)
be a collection of universal computing devices that the respective players can use to
select the next step of a strategy in a repeated game. Let (I')3, be an infinitely repeated
game with I iteration, b discounting factor and taking into account the cost of operating
computing devices M. Any M n-acceptable probability distribution |1 on the set of the
game T outcomes can be associated with a strategy profile for the game (I')3, with the

payoffs of each player a equal to
(1= 80 )u(s9) + 80 ug () — (1= 8) (M [f,] + 80 (m — 1) M [hy]).

Upon that, in order for this profile to be a Nash equilibrium, it is sufficient to
satisfy the following conditions for each a € A:

I (1= 8)(M[f,] + 80 (m — 1)Ma[h,]) < 8607 (ud, (1) — u(5));

2 (1= 8)Au” < 8(uf, (1) — u(i));

3. (1 =3d)M[f 1] > dAu~

Proof. The equilibrium corresponding to the M n-acceptable probability distribution
u is constructed as a three-stage process:

— Synchronization. First, each player a creates a key pair of length n, incurring a

loss equal to (1 —08)M*“|f,]. Then, using the fractal coding algorithm described

above over a totally mixed equilibrium s, he publishes his public key. This
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phase continues until all keys have been published, which takes t(s(, n) moves
on average, giving a total payoff of (1 — §'*¢™)y%(s;). The stage ends with
the calculation of the shared secret key, for which the function £,, needs to be
calculated m — 1 times by each player, which corresponds to a loss of (1 —
5)8450m) (m — 1) M?[hy,).

— Playout. Using a CSPRNG initiated by a shared secret, the players at each
iteration pseudo-randomly choose a new pure strategy profile according to the
distribution w, so that each player a gets on infinite repetition the expected
total payoff ZS{(SO’”)uf,Q?n(u). If none of the players deviated from the prescribed
behavior either at the previous stage or at this stage, then the final payofts in
the limit correspond to those predicted in the statement of the theorem.

— Punishment. If any of the players in the playout phase choose a pure strategy
that does not align with the prescribed by CSPRNG, the other players
switch to his punishment mode. The same thing happens immediately after
the synchronization stage, if through it one of the players ignores the key
generation procedure. To do this, they calculate a new shared secret key, this
time excluding the public key of the penalized player a. Initiating the CSPRNG
with this new key, they pseudo-randomly select a new pure strategy profile at
each iteration according to the 1 distribution.

Several kinds of individual deviations are possible from this scheme of prescribed
actions. First, at the synchronization stage, any player a can try to cut corners by
forgoing creation of a key pair and calculation of a shared secret key. Since the profile
so is a Nash equilibrium, it is not possible to improve the payoff comparing to (1 —
5t(s0m))%( ), but you can use a simple mixed strategy instead to avoid cryptography
costs of (1 — 8)(M?[f,] + 8'0™ (m — 1)M?[h,]). The reaction to this decision is the
transition of the other players to the stage of player a punishment immediately after the
publication of the keys is completed, so that instead of §0-") u?wn(u) at the end of the
round, the player receives 6"(50’”)14“(;1“). Such a deviation is made unfavorable by the
restriction on 6 imposed by condition 1 of the statement of the theorem.

Secondly, at the main stage of the playout, any player a can, having calculated
the next pseudo-random profile s;, refuse to play the prescribed strategy s{ in favor of a
more profitable one, receiving a one-time income not exceeding (1 — )&’ Au®. Noticing
this, the rest of the players go to the punishment stage, which reduces his income in the
tail of the draw from 8w}, (1) to 8" u®(f1*). Such a deviation is made unfavorable

by the restriction on d imposed by condition 2 of the statement of the theorem.
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Third, since blind punishments rely on the fact that punished player a cannot
predict the bits of a CSPRNG initiated by a shared secret that was computed without
using his own key pair, he can try to weaken the punishment by «cracking» the secret
key by invoking a one-way function on one of the public keys. If this happens at the
i-th iteration of the game, then he must spend (1 — §)5°M[f,!] on it, receiving at most
51 Au® of income from the playout tail. Such a deviation is made unfavorable by the
restriction on 6 imposed by condition 3 of the theorem statement.

Thus, the prescribed procedure for playing the infinitely repeated game (I)3,

actually turns out to be a Nash equilibrium with the required expected payoffs. [

It is easy to see that the proved assertion is rather analogous to the very first
formulations of the «folk» theorem, in which the subgame-perfect equilibria were not
yet discussed. Alas, the application of methods by which perfect subgame equilibria are
constructed in the conventional case becomes difficult for objective reasons, when we
start taking into account the cost of calculations. As already mentioned at the beginning
of the chapter, a scheme of endless punishment of the last deviant from the prescribed
strategy, which is also used in the process of punishing the previous deviant, is a most
common method. Here such a naive approach runs into an obstacle — consider the
situation in which player a decided to cut corners on creating keys and instead of the
prescribed procedure at the synchronization stage, he simply played the mixed strategy
s3. Noticing this, the other players, upon completion of key exchange begin his blind
punishment with the correlated strategy profile 1. Now imagine what happens if one
of the punishers decides at the next iteration to use a strategy that is more beneficial
for himself than the CSPRNG prescribes as a punishment. Such a player must himself
be punished starting from the next iteration, and player a should also take part in his
punishment. However, since player a saved on creating his key pair, he simply does not
have the ability to calculate the shared secret key required for it, so any punishment he
must participate in ceases to be an effective threat.

Another noticeable drawback of the proved theorem is that it implicitly relies on
the observability of the strategies used by the players. It is understood that the only
secret that players hide from their opponents is the specific values of the keys, while
the algorithms they use are publicly known. However, the claim could become much
stronger and more convincing if we considered only the specific pure strategies played
by the participants to be publicly known. This matters, for example, when we say that
a player who decides to cut corners on creating keys is subject to punishment at the end
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of the synchronization stage, because if players can judge whether someone created
keys or not, only by the moves they make, then during some number of first iterations
of the playout stage, the deviant could randomly guess which strategy the CSPRNG
prescribes, even without a shared secret key, by simply choosing the most probable
strategy according to the p distribution. Moreover, if the p distribution is such that
someone must play the same pure strategy in it with a probability of 1, then it does
not make sense for him to create keys at all, since forgoing their creation will never
be disclosed.

The same vulnerability can be exploited in an even more subtle way if player a’s
income from the synchronizing mixed strategy profile sy exceeds his income from the
target distribution w. If, instead of randomly choosing the value of x“, when creating
keys, the player will «tamper» with its fractional part so that it approaches 0 or 1,
then thereby he can arbitrarily increase the duration of the synchronization stage and,
accordingly, his total income. The described problems arising from the rejection of
the algorithms’ observability by the other players can hardly be called insurmountable,
however, attempts to solve them within the framework of this study would significantly
complicate the formal reasoning, without adding anything valuable to understanding
its central ideas.

In addition, one should pay attention to the fact that since the conditions of the
theorem limit the value of the discount coefficient & both from below and from above,
it cannot be formulated in a more elegant form for arbitrarily small e-approximations
to the payout vector uys,(pn). However, we can map its parameters to real world
objects in order to be able to judge its practical implications. Let’s imagine that the
collection M of computing devices used by the players consists of modern processing
units, and n = 256, which coincides with the most common key length in modern
cryptography. For well-chosen' mixed equilibrium sy, we can expect that the average
duration of the key exchange stage t(s¢, n) will coincide in order of magnitude with the
value of n, that is, measured in hundreds of iterations, which means that in a series of
draws with at least one hundred thousand significant iterations, the contribution of the
synchronization stage will certainly not exceed one percent of the final result. Given
that, for example, systems for automated stock trading can easily make hundreds of
thousands of transactions per day, for many practical applications this can be considered

a good approximation.

I'This assumes that none of the players selects one of his pure strategies with a probability close to 1.
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Further, about the cost of calculating the functions used to generate the shared
secret keys, i.e. M?[fos] and M?[hoss] — although it cannot be considered negligible,
but as an estimate it can be noted that each opening of a web page by a modern browser
in the vast majority of cases implies generation of several key pairs and corresponding
shared secret keys. Finally, the cost of generating pseudo-random sequences by modern
CSPRNG, i.e. M?GGa56] on a scale of millions of bits can already be considered
negligible, since, say, rendering an image from a video card to a modern computer
monitor via the digital HDMI interface implies encryption of a stream measured in tens
of gigabits per second, while the algorithm used in this encryption process can also be
used to generate pseudo-random sequences.

Finally, it remains to note that the inversion of a one-way function with a 256-
bit argument is currently considered impossible and is expected to remain so until the
creation of functioning quantum computers. This means that the value of M¢[f,{] for
practical applications can be considered almost infinite, which allows & to approach 1

by an arbitrarily small (in the sense of real conflicts) distance.

3.6 Generalization of results, prospects and suppositions

In order to appreciate the significance of this phenomenon, one should drop back a
couple of steps from the specifics of the described game and try to glance over the larger
picture. First, by generalizing the folk theorem, it becomes clear that the three-way
even-odd itself is nothing more than a relatively arbitrarily constructed example of
a game that is sensitive to additional information asymmetry. The cryptographic
punishment strategies described above use virtually no other properties of a given
conflict, and there is no reason to think that they cannot be generalized to many other
games that exhibit the same property. For example, if we take the game I'® from the
second chapter of this work as a single iteration, then it turns out that when it is repeated,
it 1s possible to encode public keys in a similar way with an alphabet consisting of n
characters according to the number of computers in the computer center, and then use
the resulting shared secret key as the seed of the generator, pseudo-randomly choosing
from same n elements.

Secondly, it makes sense to ask whether the described scheme of cryptographic

punishment strategies exhausts all possibilities for expanding the set of perfect subgame
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equilibria. Common sense suggests that it is not, at least because both cryptographic
primitives used here (the distributed key-agreement protocol and the cryptographically
secure pseudo-random number generator alike) have many implementations based on
a variety of mathematical formalisms, the list of which is replenished year by year due
to the rapid developments in the relevant areas of knowledge. Moreover, building a
punishment strategy from the DH protocol followed by utilizing the resulting key as a
CSPRNG seed is itself quite arbitrary — we used tools that were originally created in a
completely different context for other purposes, simply because they already exist and
have proven properties convenient for solving our problem.

These considerations allow us to reasonably assume that both the three-way
even-odd itself and the presented cryptographic punishment strategies are just the most
obvious representatives of a wider class of mathematical formalisms that have not yet
been explored. In the most general terms, rational agents, participating in repeated
conflicts, can develop secret correlated strategies of behavior, using only specially
selected public actions and observing a similarly acting counterparty. The secrecy
is ensured due to the fact that joining the correlation requires cognitive efforts that
exceed capabilities of any third party observing the same sequence of public actions.
In addition, generalizing the relationship between the normalized cost of computation
and the required key length, it can be assumed that the more cognitive effort the party
from which the conspirators are trying to hide their shared strategy can apply, the more
difficult this process is and the less income (due to the growing discounting in the tail
rounds) brings such secrecy.

Indeed, if we imagine ordinary people playing a game sensitive to additional
information asymmetry without the use of special technical means, we can hardly expect
that they will perform the mental calculations necessary for the DH+CSPRNG routine.
At the same time, it is likely that there are ubiquitous examples of how people can
achieve the necessary secret synchronization unconsciously, perceiving the result as a
self-evident, self-explanatory fact. In this case, we think of experienced gamblers who
specialize in complex intellectual games, such as bridge or preference. Among them, it
1s considered undeniable that, in addition to individual skills, the outcome of the draws is
strongly influenced by the joint playing experience — a pair of players who individually
are no great shakes can turn out to be formidable opponents if they have many games
at the same table behind them. If the above assumptions about the rather general nature
of the constructed model are correct, then the phenomenon of such «cohesion» can find

a satisfactory explanation within its framework.
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It should be noted that while aiming to analyze from this point of view the
strategies of players in already existing parlor games, we may encounter difficulties
related to the fact that the rules of those that can be suspected of being sensitive to
additional information asymmetry are complex even without taking into account this
property. For example, bridge or preference will obviously remain very non-trivial, even
if you play them in separate draws, each time choosing the composition of anonymous
participants randomly from a large pool of candidates (remotely over the network, for
example). To facilitate the task of future researchers, it would be nice to design a special
card game in which the use of the «cohesion» effect would be a necessary element of
any successful strategy. An attempt to create such a new game called «Tesseract» is
in the Appendix I'— hopefully in the future it will be useful for both scientific and
entertainment purposes.

It would be fancy to complete this work by formulating a rather bold informal
hypothesis that continues the line of reasoning of the last chapter in line with population

games:

Conjecture 3.6.1. If conflict situations, the model of which is sensitive to additional
information asymmetry, periodically (many times during the life of one individual) arise
in a population and the probability of the genus proliferation by individual specimens
significantly depends on their success in these conflicts, then evolutionary pressure on
the population fortifies traits that contribute to an increase in the cognitive potential of
the next generations (understood in a general sense as the ability to perform Turing-
complete calculations on arbitrary data).

Ifthis hypothesis is correct, then the sensitivity of games to additional information
asymmetry may turn out to be the «Holy Grail» of evolutionary game theory — a factor
that generates an unrestrained arms race in the field of complex behavior abilities. Any
games with this property, even being very simple on its own, encourage the cognitive
potential of participants with the need to build and unravel conspiracies, and therefore
its study can both enrich our understanding of the intelligence evolution in our ancestors,

and become a tool for improving artificial intelligence technologies.
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Conclusion

The main results of the work are as follows.

1. Based on the analysis of the correlated equilibrium concept in the context
of multilateral conflicts, the sensitivity of games to additional information
asymmetry property was formulated.

2. The study of the correlation spaces isomorphism made it possible to narrow
them through introduction of the conspiracy space formalism, with the use of
which it is convenient to argue about the influence of additional information
asymmetry on game solutions.

3. Modeling the task scheduling problem under the assumption of non-
monotonicity of the returns functions showed that in conspiracy spaces
the concept of structurally coherent equilibria can be used as a functional
substitute for the application of the conventional collective rationality criteria
to Nash equilibria in mixed strategies.

4. To demonstrate the significance of the game sensitivity to additional
information asymmetry phenomenon, a model of repeated conflicts was
built taking into account the cost of calculating the next step of the strategy.

5. Within the framework of the constructed model, it was shown how in repeated
games even without actual additional information asymmetry it is possible
to use modern cryptographic primitives to construct effective punishment
strategies that use sensitivity to it.

Hopefully, this work will draw the attention of specialists to the problem of the influence
of additional information asymmetry on the outcomes of multilateral conflicts.

In conclusion, the author expresses his gratitude and great appreciation to the
research advisor Vasin A. A. for support, assistance, discussion of the results and
scientific guidance. The author also thanks Morozov V. V. for active participation in
the work on proofs of theorems and the authors of the template *Russian-Phd-LaTeX-

Dissertation-Template* for their contribution in preparing the dissertation layout.
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Glossary

correlation space : An additional parameter of the correlated extension of normal
form games, characterizing the players’ a priori knowledge about events that do not
directly affect the outcome of the conflict

conspiracy space : Correlation space of a special structure with a simple finite
description as a family of player groups called conspiracies

conspiracy : A subset of players united by the ability to observe a common secret

correlation mechanism whose signals are unpredictable to outsiders
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Appendix A

A brief review of the literature on the correlated extension of normal form games

The concept of correlated extension has become an important tool commonly
used in many areas of game theory, and in particular the famous mechanism design
relies on it. In this regard, one cannot fail to mention the article by Roger Myerson
«Optimal coordination mechanisms in generalized principal-agent problems» [23]. In
it, a generalized principal-agent problem is formulated, in which agents have both secret
information and the ability to make decisions beyond the control of the principal. It
is shown that the principal can be limited to incentive-compatible direct coordination
mechanisms, in which agents report their information to the principal, who recommends
in response strategies that form a correlated equilibrium. In the finite case, optimal
coordination mechanisms can be found using linear programming. In addition, the
problems of systems with many principals in which a non-cooperative equilibrium may
not exist are discussed, so that a definition of a quasi-equilibrium is introduced and its
existence is demonstrated.

Correlated extension has found its place also in relation to the study of
expanded form games. Another article by Roger Myerson «Multistage Games with
Communicationy» [24] deals with multi-stage games with a communication mechanism
that operates on the principle of a centralized intermediary. In a communication
equilibrium, no player should be able to single-handedly increase their payoff by
manipulating their reports or actions. Sequential communication equilibrium is a
communication equilibrium with a system of conditional probabilities under which
no player can benefit from such manipulations, even if events of zero probability
occur. Codominated actions are defined in such a way that any communication
equilibrium is sequential if and only if no one uses codominated actions. The prevailing
communication equilibrium is defined as the result of the successive exclusion of
codominated actions, and its existence is demonstrated.

Another important milestone was the article «Correlated equilibrium as
an expression of Bayesian rationality» [25], in which Aumann showed that the
formalism of correlated equilibrium removes the contradiction between «Bayesian»
and «game-theoretical» world-view. From a Bayesian perspective, probabilities can be

assigned to anything, even the chance for a player to choose some strategy in a certain
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game. From the viewpoint of game theory itself, on the contrary, it is traditionally
believed that one cannot talk about the probabilities of events occurring at the will
of rational agents, so one must instead use the concept of equilibrium (or other
game-theoretic constructs). The proposed formalism combines these two stances —
correlated equilibrium can be viewed as a consequence of Bayesian rationality, since
the equilibrium condition is a simple profit maximization by each of the players, taking
into account the information known to them. This approach does not require explicit
randomization in the actions of the players. Even if a player chooses a specific pure
strategy without an element of chance, the probabilistic nature of the strategies reflects
the uncertainty of other players in his choice, which is shown in the examples.

Questions of compatibility of correlated equilibria with more stringent principles
of optimality were raised in the article «Perfect Correlated Equilibria» [26] by Amrita
Dhillon and Jean Francois Mertens. It introduces the notion of (¢)-perfect correlated
equilibria (PCE) resulting from (¢)-perfect equilibrium of some correlation device.
It is shown that the «revealing principle» for this concept is no longer valid — the
direct mechanism may not provide perfect equilibrium. The so-called approximately
perfect correlated equilibria (APCE) turn out to be the limits of e-PCE, and the authors
reach for them for a complete characterization. In the course of reasoning about APCE
«acceptability» in a certain sense, however, illustrated arguments are given in favor of
PCE seeming to be «good» among them.

The dynamic aspect of the correlated extension formalism also did not go
unnoticed by researchers. Many procedures have been proposed for playing iterative
games that ensure convergence to correlated equilibria. Among the many works on this
topic, the article by Sergiu Hart and Andreu Mas-Colella «A simple adaptive procedure
leading to correlated equilibriumy [27] stands out, in which the authors proposed the so-
called regret-matching procedure. Applying it, the players each time deviate from their
current strategies in proportion to the extent of the damage they suffered on previous
moves from not using other strategies. It is shown that such an adaptive procedure
guarantees in any game the convergence with probability 1 of the empirical distribution

of play to the set of correlated equilibria.
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Appendix b

Proof of the theorem on the isomorphism of correlation spaces’

To prove the theorem on isomorphic spaces, we have to introduce additional tools.

Definition B.0.1. A refinement of a set X = X! x ... x X™ of outcomes to a finite
set Y = Y1 x ... x Y™ of outcomes is any mapping p = (p!,..., p™), where each
component p* takes Y* to X“.

Using refinements, one can specify connections between partitions with different
codomains. If partitions f : 2 — X and g : €2 — Y are such that f = p o g, then
fH@) = Uyepry 9 ' (y), Vo € X In this case, f is said to be refinable to g.

Partitions of one and the same space can be combined. For example, of the
partitions g; : Q@ — Y; = Y;! x ... x Y™ i = 1,n, one can construct their combination
gro...0gn & = Vi), where Y = Y" x ... x Yand (g1 0...0¢,)"(w) =
(9f(w), ..., g% (w)),Vw € Q,a = 1,m. This combination of partitions is related to its
components via refinement-projections: g; = 7; 0 (g1 ¢ ... gp), (2], ..., x%) = z7.

Refinements with a common codomain can be combined in a similar way. For
example, from the refinements p, : Y; — X, ¢ = 1,n, one can construct a combination
P 2Pn ¢ Y — X, where Yo = {(yf, ..., up) € Y, [ p1(y]) = ... = 05 (yp)},a =
1,m, and p; ? ... p, coincides on the domain of itself with all p; o 71;. Note that

f=piocgii=1n < f=((P1l...0p)0(g1¢...09).

Definition B.0.2. In a correlation space ® = (A, Q, 3% P,a € A), the structure of
partition f : 2 — X generated by a refinement p : Y — X is the set Hg ,(f) =
{Pog™ | gk @ f = pog} consisting of the measures i : Y — R-(. We also set

Hyo(w) ={f E @ | pne Hop(f)}

Lemma B.0.1. Forallp : Y — X and u : Y — Ry, the set H(Ij})(u) C X%is

compact in the semimetric

dlS f1 f2 Z UP) f1 P(f;l(x))’ :

xeX

'Quoted from the article [11].
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Hokazamenvcmso. Let us restate Hy (1) = p o Hy'(u) by defining Hy'(n) =
{g E ® | Pog™! = u}. First, we prove the compactness of Hy' (i) by introducing
dis(g1, g2) by analogy with dis(f1, f2). The semimetric dis is completely bounded,
because dis(g1,g2) = d(W, 1), where il = Po g, ',k = 1,2, and the space of
probability measures is completely bounded on any finite set. The closedness of H Y(w)
follows in an obvious way from the equivalence dis(g;,92) =0 < Po g, I—Po Gy L
Thus, Hy '(W) is compact in the semimetric dis. Let us prove the continuity of the
mapping p o : Y — X by differently expressing the same semimetric,

dis(fi, fo) = 1= Y min [P(f ' (2)),P(f5 ! (2))] -

reX

Now let f{ = pog;and fo = p o go:

dis(po g1, poge) =1— Y min [P(g; ' (p(2))).P(gy (0 '(2)))]

zeX
=1- Zmin Z P(g Z P(g
reX yep~l(z yEp—1 (z)
=> ) min[P(g (1), Plg ()]
veX yep (x)
=1-> min[P(g; (1), Plg, ' (v))] = dis(g1, g0)-

The mapping p o is continuous, because dis(p o g1, p © g2) < dis(g1, g2). Since
continuous mappings preserve compactness[28, ¢. 199], it follows that H (Iji)(u) =po
Hy' () is compact in the semimetric dis. O

Definition B.0.3. A partition f5 = @, is called an exact image of a partition f; = &,
(hereinafter f1 3 fo) if their codomains coincide (X; = Xy = X) and Hg, ,(f1) C
Hg, »(f2) for all refinements p with the same codomain. The set of all exact images will
be denoted in the sequel by ©o(f1) = {fo = ©2 | f1 2 fo}.

The relation f; = f; can be understood as follows: no matter into what
measurable parts we divide the components of the partition f;, the corresponding

components in the partition f5 can always be divided into parts equal to them in measure.

Remark B.0.1. ObViOllSly, f1 j f2 AN f2 fj f3 = f1 fj f3.
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Lemma b.0.2. Assume that partitions g, : {2y — Y and g, : () — Y in correlation

spaces O and o are such that g1 = go. Then p o g1 3 p o go for all refinements
p:Y — X.

Hokaszamenvcmeo. Take any p, : Y, — X and p € Hg, , (p © g1). By the definition
of the structure of partition, g1, : p. 0 g1. = po g1, o g;,' = W, and we need to
prove, by the definition of the exact image, that 3go, : px 0 gox = po g9, Py 0 g;} = W
Consider a combination g,y = g; ¢ g1, Where g = o gy, and g1, = 7, 0 g1.. Here
G+ 1 = Y, Y =Y*xY" a =1,m. By the definition of the structure of partition,
Py o g1 j € Hg, (g1), and hence, since g1 3 go, there exists a goy : {29 — Y, such
that Py o g j =Pyo0g, j € Hg,r(go). This obviously implies that Py o (71, 0 go ) ™! =

P, o (7, 0 g14) ! as well, and hence g, = 71, 0 g9, is the desired partition. ]

Lemma b.0.3. Assume that partitions f, : 0y — X and fy : Q9 — X in correlation
spaces ®1 and ®y are such that i 3 fo. Then for each refinement p :' Y — X and each
partition g1 : 1 — Y such that fi = p o g1 there exists a partition g, : o — Y such
that fo = p o gy and g1 3 go.

Hokazamenvcmeo. Let us state the desired assertion as Jgo € EI\DQ(gl) : fo = p o gy and

express CTDQ via the structure of partitions as

Po(g1) = m Hg, (W),
VZ,E:Z—Y ueHo, £(g1)

By Lemma 5.0.1 the set CTDQ(gl) is the intersection of a family of compact sets.
Consequently, to prove that it contains the element g, : fo = p o g9, it suffices to prove
that such an element is contained in the intersection of each finite subfamily of the same
compact sets,

n
3gax € ﬂHq:;gi(W) : f2 = P o gas,
i=1
where &, : Z;, — Y are arbitrary refinements with arbitrary domains Z; and the u; €
Hg, ¢,(g1) are chosen arbitrarily as well.

By the definition of the structure of partition, 3h; ; = 1 : g1 = &;0hy,;, Po hle =
w;. Let us construct their combination hy = hy; ¢ ... ¢ by, where hy; = 7; 0 hy, and
denote & = &; 1 ... L &,. By the definition of the exact mapping, Jhy E P : fo =
poé&ohy Po hl_1 =Pyo0 h;l, and hence we can take g9, = & o hy. By construction,
fo = pogs,and Py o hl_ll = Pio(mioh)™t = Pyo(mohy) ™t = Pyo h;}; consequently,
go« 18 the desired partition. ]
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Corollary B.0.1. If correlation spaces satisfy &1 = O, then for each partition f, = &4
there exists an fy |= ®o such that f1 3 fo.

Corollary Bb.0.2. Lemmas 5.0.2 and F.0.3 and Corollary 5.0.1 remain valid for the
strict relation f1 < fo = f1 2 foN=(f1 Z fo).

Lemma B.0.4. One has fi 2 fo < fi1 7= fo for any partitions of one and the same

correlation space.

Jloxazamenvcmeo. Assume the contrary: there exists an f; < f, with the codomain X.
The trivial refinement 6(z) = (0,...,0),Vz € X obviously yields 6o f; = 0o fs. This
contradicts © o f; < 0 o f,, which follows from Lemma 5.0.2. ]

Corollary Bb.0.3. One has fi1 = fo < fi1 2 fao for any partitions of isomorphic

correlation spaces.

Proof of the theorem on isomorphic spaces. Take an arbitrary profile s, of strategies in
the game I['|®;. Obviously, this profile is a partition of the correlation space ®;. By
Corollary 5.0.1, there exists a partition s, of the correlation space @ such thats; = so,
and in a similar way, s, is also a profile of strategies in the game ['|®5. Let us prove the
embeddings in both directions: (1) Uf4|fi>1 (s1) C Uﬁ&)Q(SQ) and (2) UFA‘jI)1 (s1) 2 Uﬁfpz(sQ)
for each cabal A, of players:

1. Consider an arbitrary profile s;, = ®; different from s; by the strategies of the
cabal A,. Denote s;, = s1 9814, Where sy = mos;, and s;, = 7, 0s1,. By the
definition of exact image, we have Hg, (s1) C Hg, x(S2); 1.e., oy = Do :
P os1y =Py089,,89 = o sy.. By construction, so, = 71, 0 59 1s different
from s, by the moves of the same players that distinguish s;, from s;, and
P, os;! = Pyos,}, and hence, in a similar way, u®(s;,) = u®(sy.). By virtue
of arbitrariness of the choice of s1,, this implies that Uf‘4|i1>1 (s1) C Ulflljp2 (s2).

2. Since s; =~ sy by Corollary 5.0.3, the reasoning in the previous item is

~Y

applicable in both forward and backward directions.
]
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Appendix B

Proof of the theorem on the conspiracy spaces of the same structure'

To prove the theorem on the isomorphism of conspiracy spaces, we need several
lemmas.

Lemma B.0.1. For each countable family § of sets, there exists a chain ‘T of sets such
that o(F) = o(%).

Hoxazamenvcmeo. Let § = {Fy, Fy,...}. Let us construct by induction a sequence
of chains (F;) where each next chain incorporates the previous one and o(%;) =
o({Fi,..., F;}). For the base case we take T; = { F] }. The induction step is as follows:
let %,y = {T,...,T,},Ty C ... C T,,and 0(%;,_1) = o({F1,...,Fi_1}). We
decompose the next element § into disjoint disjunctions, F; = (F; NT1) U (F; N1y \
TU...U(FNT,\T,-1)U(F;\T,). In this notation, the j-th disjunction is embedded

in the corresponding difference 7 \ 7j_; of neighboring chain elements. Consequently,

to generate it, it suffices to augment ‘T;_; with the set 7, = F; N T; U T;_;, which
preserves the chain structure, because 7;_; C T;_ C Tj. Thus, to produce the entire I,
we set
(F,N T, )
F,NTyUT,
=T 1UQ --- 4
FENT,UT, 1,
(iU, )

Let us show that the limit of the sequence (%;) is the desired chain. Indeed, each
element of o(§) is a countable union of finite intersections of the sets F;. Therefore,

o(F) = U o({F,....F}) = U o(%;) = o(%).

[]

Lemma B.0.2. The maximum chain of measurable sets in an atomless space generates

an atomless o-algebra.

'Quoted from the article [11].
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Joxazamenvcmeo. Let the maximum chain ¥ of measurable sets of the atomless space
(2,8, P) generate an algebra o(%¥). Let us prove that for each B € o(%) of measure
P(B) > 0 there exists a B’ € o(%) such that B* C B and P(B) > P(B’) > 0. To
this end, obviously, it suffices to prove that in the chain ¥ there exists a set 7" such that
0 < P(T'N B) < P(B). Consider the sets

T = U T u T= ﬂ T.,
T_eT:P(T_NB)=0 T, €X:P(T,NB)=P(B)
which are nested T C T by construction, so that P(T) — P(T) > P(B). Since the
chain ¥ 1s maximal in the atomless space, it follows that there exists a 7y € ‘X such that
TCcTycT.SinceT CTy=PTyNB)>0andTy C T = P(TyN B) < P(B), we
conclude that 7§, i1s the desired set. ]

Definition B.0.1. For any families of measurable sets ¥ C 2 and measures P : T —
R>, we define a mapping mim (%, P) : QO — R referred to as the least measure of
inclusion and calculated by the formula mim(¥, P)(w) = inf{P(T) | w € T € T}.

Lemma B.0.3. IfT C 2% is a chain of sets that generates an atomless o-algebra, then

P o mim (%, P)~! coincides with the Lebesgue measure on the interval [0, P(€2)].

Hokazamenvscmeo. Since ¥ is a chain, we have w € T < mim(T, P)(w) <
P(T),Vw € Q,T € %. Since, in addition, T generates an atomless o-algebra, we
conclude that for each 0 < ¢ < P() there exists a T" € T such that P(T) = t.
Consequently, the function mim (¥, IP) maps the sets 7' € ¥ onto the intervals [0, P(7")],
which obviously implies the desired assertion. []

Lemma B.04. Let (Q2,B,P) atomless probability space with a o-algebra
decomposable into n atomless components B = o(B1 U ... U B,,) such that all
events from different components are jointly independent; i.e., P(By N ... N B,) =
P(By)...P(B,) for any B; € B;,i = 1,n. Then any measurable function f : Q — X
with a finite codomain is representable in the form f = @ ot, where v : 0 — [0,1]" is
such that P o v™1 coincides with the Lebesgue measure and ¢ : [0,1]" — X is a Borel

function.

Jloxazamenvcmeo. Consider the inverse function f~! : X — B. By virtue of the

decomposability of ‘B, it can be represented as the limit of a sequence of conjunctions,

fHz) = UFf(x)ﬂﬂF,Z(a:), F X — 9B,
j=1
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Consider the families § = {F/(z) | j € N,z € X} of sets and note that f is
measurable according to o(§; U ... U §,). By Lemma B.0.1, there exist chains of sets
T; C B, such that o(§;) = o(%F;). According to the Hausdorff maximum principle, each
such chain is embedded in a maximal chain T; C 9B; generating an atomless o-algebra
by Lemma B.0.2. Let us construct the desired t = (mim(%;,P),..., mim(%,, P)) and

@ = f ot l. The necessary properties are observed by construction. [

Proof of theorem 1.3.1. Let us apply the previous lemma to an arbitrary conspiracy
space ®; of the structure A = {A;,...,A,} using the secrets of the cabals of
conspirators for the respective components of the decomposition B, ..., B, of the
o-algebra. This yields a decomposition f; = ¢ o t for each partition f; = ®;. In
any other conspiracy space ®, of the same structure 2, the relevant partition fo |=
®, is constructed in a similar fashion as fo = ¢ o u. Here ¢ is the same, and
u = (mim(W, Py), ..., mim(2,, Py)), where the 20, are arbitrary maximal chains
embedded in the o-algebra of the corresponding secrets of the conspiracy space Ps.
Since both P; o t~! and P, o u~! coincide with the Lebesgue measure, we conclude that

P, o f{1 =Py 0 f, ! as well, and this completes the proof of the theorem. [
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Appendix I

Card game «Tesseract»

I.1 Rules'
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Figure I.1 — Tesseract of matching cards

To play Tesseract you need:

— 4 player;

— preference deck (4 suit with values from seven to ace, total 32 cards);

— chips or other method of scoring;

— for players just getting to know the game, a printout of the diagram in fig. ['.]

may be helpful at first.

The game consists of any (pre-negotiated and/or upon reaching the win/loss limit)

number of independent dealings. The result of one dealing may be the redistribution

I'The section refines and elaborates the materials of the [9] article.
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among the players (with zero sum) of a certain number of fixed bets. No player can lose
or win more than 3 bets per dealing.

The dealing begins by dividing the deck into court (B, [, K, T) and minor (7,
8,9, 10) cards.” The court deck is shuffled and dealt to the players openly (face up),
4 cards each. The minor deck is dealt without mixing (here the suits and ranks do not
matter), also 4 cards per player. After everyone has seen the spread, each player picks
up the court and minor cards dealt to him, combining them in a closed hand. After that,
the playout begins, consisting of four rounds.

During each round of turns, players must perform two actions in no particular
order: a) play one card in front of them face down and b) discard one card into the
common discard pile face down. After everyone has finished, the played (but not
discarded) cards are revealed. At the end of all four rounds, the players have no cards left
in their hands, 4 cards played face up in front of each, and the dealing result is summed
up. Each player must count the upturned unpaired cards and, accordingly, his penalty.

From the each player’s point of view, 16 court cards are divided into 8 pairs in
their own way. The splitting method is determined depending on its position number
at the table:

1. matching jacks and queens of the same suit, matching kings and aces of the

same suit;

2. matching clubs and spades of the same rank, matching hearts and diamonds

of the same rank;

3. matching spades and hearts of the same rank, matching diamonds and clubs

of the same rank;

4. matching jacks and aces of the same suit, matching queens and kings of the

same suit.

On fig. '] the pairing of cards for different players is indicated by lines of
different hatching. Notably, it is easy to see that 16 court cards can be assigned to the
vertices of a four-dimensional hypercube (hence the name «Tesseracty») in such a way

that for each player the pairing relation corresponds to its own set of parallel edges.

2You can shuffle and deal the entire deck without dividing it, 8 cards face up per player, however in this case,
it won’t be uncommon for hands to significantly favor some players at the expense of others. For example, if a hand
of only minor cards is dealt to someone, then he will effectively turn into a dummy who does not have the ability to
influence the outcome of the game at all. A player with one court card in his hand, while having the opportunity to
influence the game situation once per play, will not be able to make meaningful moves in secret from other players,
which will make his strategy more predictable, etc. However, if the participants are ready to put up with an increase

in the element of chance through the game, then such a «lazy» way of dealing is not forbidden.
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In the context of calculating penalties, an unpaired card for a player is the upturned
court card that, according to his rules, does not form a pair with other upturned cards.
The player’s penalty is calculated according to the formula |2/ — 8|, where [ is the
number of unpaired cards from his point of view. A player who wants to avoid a penalty
should play in such a way that exactly 4 unpaired cards has been played by the end of
the dealing for him, since each card of deviation up or down increases his penalty by 2.
The average penalty is defined as the arithmetic average of the penalties of all players.
At the final settlement, players whose penalty is greater than the average deposit chips
into the bank equal to the difference between their penalty and the average. On the
contrary, the players whose penalty is less than the average take the difference between

the average and their penalties from the bank.

I2 Dealing example’

Since minor cards are not used in calculating penalties, the initial hands are
determined by the layout of court cards (table 2). The further process of playing can

be recorded as it is shown in the table 3.

Table 2 — Dealing A

Player Hand

L |BO e K& T
2 K& KO K¢ Bé
3 | Ae BO N0 OO
4 B& Ta TO TO

Table 3 — Playout A1 of dealing A

Player Rounds
1 2 3 4
1 | & T K& B
2 Ké B KO | K&
3 |BY A AQ | I
4 TO TO T Bé

3The section refines and elaborates the materials of the [9] article.
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Here, again, the minor cards are not shown due to their indistinguishability by
the rules, the played court cards are shown on the white background, and the discarded
ones are shown on the gray. For example, the first player on the first round played the
queen of clubs and discarded the ace clubs, on the second round played and discarded
the minor cards, etc.. Let’s count the unpaired cards from the each player’s point of
view, writing in brackets the corresponding discarded paired card:

1. [i& (B&), BO (IQ), TO (KO), A (BO), b (BM)

2. K& (K&), BO (BO), A (AQ), Th (Tdh), KO (KO)

3. K& (KQ), BO (B#), TO (Téh), KO (Keb), b (ID)

4. ide (Kb), TG (BO), Th (B#)

The first player has 4 of 9 upturned cards that form pairs: KO-T<> and Ké-Té.
There are 5 unpaired cards left, which corresponds to |2 -5 — 8| = 2 penalty points.
By repeating the same procedure for the rest of the players, you can complete the table
with a penalty column.

Table 4 — Penalties of playout Al

Player Rounds Penalty
1 3 4
1 I T K& B 2
2 Ké B KO | K& 2
3 |BV Ity AC | s 2
4 TO TO Th Bé 2

Penalties of all players are equal, which means no one pays anyone.

I'.3 Possible outcomes and simplest strategies

It is interesting that at any moment of the game the penalties of each two
participants are either equal or differ by 4. This is easily confirmed by enumeration of
216 possible playout outcomes, which allows only 4 distinguishable classes of situations
in relation with payoffs:

1. the penalties of all players are equal, there are no payments;

2. the penalty of one of the players is 4 more than the other three, he pays each

of them 1 chip;
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3. the penalties of the two pairs of players differ by 4, each of the losers pays 1

chip to each of the winners;

4. the penalty of one of the players is 4 less than the other three, they pay him 1

chip each.

Since every time a court card is played, the opponents of the player who upturned
it reduce their measure of ignorance about the remaining contents of his hand, it is
tactically more reasonable to play court cards after the minor ones. In addition, it is
easy to verify that to get a representative of any of the above classes as an outcome
of the playout, no more than 4 cards played by all players are sufficient. Thus, the
following strategy in the «Tesseract» can be called basic — during the first three turns,
only minor cards are played, and the only court card is played on the last round. Even
if only beginners are sitting at the table, limited to basic strategies, then their playout
may end with an outcome belonging to any of the above classes.

In fact, within the framework of basic strategies, a «Tesseract» can be modeled
as a normal form game — if each participant knows that the others will not play court
cards until the last round, then what happens turns into a classic 5 X 5 X 5 X 5 matrix
game. It may be tempting to subject «Tesseract» in basic strategies to the ordinary Nash
equilibria analysis, but in this case we immediately find ourselves in a dead end — the
typical dealing has too many solutions even in pure strategies. For example, the dealing
from the table 2 has 21 Nash equilibria, and each strategy of each player participates
in at least one of them.

In practice, obviously, such a variety of solutions is little better than none at all —
the result is not applicable even as a list of possible agreements, since this would require
common knowledge among all 4 players about which agreement applies to each of ~ 63
millions of possible dealings. If we reject the idea of rational agents with synchronized
memory of tens of millions of cells as clearly artificial, it turns out that even in basic
strategies «Tesseract» implies the use of heuristics by players that are parameterized not
only by the payoff matrix of the layout. That is, based on the players having a certain
internal state that affects the choice of strategy in accordance with a certain algorithm,
we inevitably find ourselves in the scheme from the figure 3.1, which allows us to hope
for the applicability of the «Tesseract» in the study of the «cohesion» phenomenon.
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Table 5 — Nash equilibria in the basic strategies of layout A

ul(s)| wP(s)| w’(s)| w'(s) ul(s)| wP(s)| w’(s)| w'(s)

& & & & T B )1V T

0 0 0 0 2 -2 2 -2
%) K®© a0 TO T Bé IV T

-2 2 2 -2 2 2 -2 -2
Jld Ké /1 Bé T Ké /1 Tk

-1 -1 3 -1 -1 -1 3 -1
/1 Ko /1 Té T K ICY; T

-1 -1 3 -1 -1 3 -1 -1
Tl K /1 T Tée KO JAQ Tk

-2 -2 2 2 2 -2 2 -2
Tl KO T TO T KO NV, TO

-2 -2 2 2 2 2 -2 -2
i K® N\ TO T K®© N\ TO

-2 2 2 -2 -2 2 2 -2
B Ké BO T Ké& K¢ J1é Bé

-2 -2 2 2 -2 2 -2 2
Tée B& ) Té K& K¢ A5 T

2 -2 2 -2 -1 3 -1 -1
T B& & TO Ké K®© I\ TO

2 2 -2 -2 -2 2 2 -2
Té B& IIEY: Té

2 -2 2 -2




