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BBE/IEHUNE

AkTyaJapHOCTb TeMbI. B j1ccepTallioOHHOII paboTe paccMaTpuBaeT-
cd 3aJiada IOCTPOEHMS OITHUMAJIbHOIO YIIPaBJIEHU, EPEBOISIIEr0 00bEeKT U3
HAYaJbHOTO COCTOSAHUS Ha HEKOTOPYIO IJIOCKOCTh. llomck yrpaienmit ocy-
IIECTBJISIETCS B KJIACCE KYCOUHO-TIOCTOSTHHBIX (byHKIMI. [Ij1sT ontucanust JuHaMu-
YeCKOI'0 TPOTIECcca UCIOIb3YETCs CUCTEMa OOBIKHOBEHHDBIX M depeHInaIbHbIX
ypaBHeHuit. KadecTBo yipaiieHnst OlpeIesieTcss 3HadeHneM JIMHEHHOrO Wi
KBa/IpATUIHOIO 11€JIEBOr0 (DYHKIIMOHAJIA.

Jlo Hadajia JMHAMHYECKOI'O IpOIecca olpeessercs (DYHKIMs yIIpaB/ie-
Hust (IPOrpaMMHOE YIPaBJIeHNE), BBITUCISIETCST TPACKTOPUST JBUKEHNST 00bEK-
Ta. B ciejicrBue pasmdHbIX BHYTPEHHUX M BHEIMHUX (PAKTOPOB, B IIpoIecce
JIBU2KEHUsT O0bEKT MOYKET OTKJIOHUTBCS OT HCXOJHOI TpaekTopuu. Torga Io-
SIBJISIETCSI CMBICJT 1I€PECTPOCHUs YIIPABJIEHUsI B PEKUME PeaJbHOIO BPEMEHH,
NCXO0JIdd U3 TeKylleil mosunuu. Takoe yrpaB/ieHle HA3bIBACTCA MTO3UITUOHHBIM.

[TojobHbIE 3aj@uM HUMEIT IIUPOKOE PACIPOCTPAHEHUE B PA3JIMIHBIX
cepax. Hanpumep, aBropom paboThl IIpeJicTaB/IeHHbIE AJTOPUTMbI ObLIN HC-
IBITAHBl HA CJIETYIONIIX MOJIEJISAX:

— YupaBjeHue BpamaTe/bHbIM JIBUKEHIEM BaJia JIeKTPOJIBUTATE/ .

— Ilepemertienne 6€CIMIOTHON TEJIEYKKI.

— Pacrpenenenne naBecTuInii B orpacaun SKOHOMUKH.

— Crabuimsanms IBUKEHUIT KBaJIPOKOIITEPA.

— Jemndupoanne KojgebaHUl MCKYCCTBEHHOT'O CIIYTHUKA.

— YiupapjeHne MaTeMaTHIeCKUM MasiTHUKOM.

— Jlemndupoanus KojebaHnii «CIIdIIero Bojukay Jlarpan:xa.

MHorue nporecchl ylpaB/aeHust TEXHUIeCKUMU 00beKTaMI UMEIOT 00beK-
TUBHO HEJMHEHHBII XapaKTep, CJIeI0BATeIbLHO JIJId UX TOYHOTO MOJIETNPOBAHNS
1, B TIOCJIEJICTBUM, YIIPaBJCHUS TPeOyeTcs allllapaT MOCTPOCHUST YIIPaBJICHUs

JJIA HEJINHENHBIX CHUCTEM.



B rteopunm 0OBIKHOBEHHBIX JuddepeHnnalbHbIX ypPaBHEHUI H3BECTHO
aHaJINTHYECKoe pelleHne 3aja4dn Ko s JuHeHbIX crcTeM JI000ii pa3mep-
HOCTH: BbIBeJIeHa (bopMyJsia KoI. DTo IpUBeIo K pa3BUTUIO METOI0B PEIIeHUsI
JINHEMHBIX 3a/a4 yipas/enns. OIHaKO, aHAJIUTHIECKIEe PeIeHns JJIsl HeJInHel-
HBIX cucreM jnddepeHnajlbHbIX YpaBHEHN CYIIeCTBYIOT JIMIIL JIJIT OYeHb
Y3KUX BUJIOB HEJUHEHHOCTEH, 9TO Jie/1aeT HEeBO3MOXKHBIM H300peTeHune TOdU-
HBIX METOJ0B HAXOXKJICHUS YIPaBJICHUS JJIsI CUCTEM C HEJUHENHOI IpaBoOi
yacTbio. B gaHHOil paboTe pazpadaTbiBaeTCs METOJ UNCJIEHHOI'O ITOCTPOEHUsI
yIpaBJIeHUs )i HeJIMHEHHBIX 110 (pa30BBbIM II€PEMEHHbBIM CUCTEM IIPU ITOMOIIN
UTepaTUBHON JIMHeapU3aIuu IIPaBoil 9aCTH CUCTEMbI U HAXOXKIEHUsT OITUMAIb-
HOT'O VIIPaBJIEHUs JJIsI JTUHEHHO! CHCTeMBbI.

Tak:ke 00 aKTyaJbHOCTH 3a/a9i FOBOPUT IyOJMKAIIMOHHAST aKTHUBHOCTD
110 JIAHHOM TeMaTHKe KaK B OT€UECTBEHHBIX, TaK 1 3apyOe:KHbIX U3/IaHUAX B I10-
caejiHue JecaTuierus. Kpome Toro, akTHBHO pa3padaThbIBAIOTCs U YJIyUIIa0TCst
IPOrPaMMHBIE KOMILJIEKCHI JIJI HOJI00HBIX 3aJad.

IHesm m 3amaam. OcHOBHOI Ie/1bI0 pabOTHI ABJIsSIETCsT pa3pabOTKa
YUCJIEHHOTO MeTOJa IIOUCKA IPUOJIKEHHOIO pPellleHrs B HeJIMHEHHON 3ajgade
onTuMaJsibHOro yipasjenus. [loj Henuneiinoit 3ajiadeil mOHMMAeTCs ylpaBJie-
HUE B cUCTeMe OOBIKHOBEHHBIX J(depeHIna bHbIX YPaBHEHNI, cojieprKalieit
HeJIMHeHHOCTH 110 pa30BbIM IlepeMeHHbIM. Heobxo 1Mo 1ocTponTh aaropuTMbl
IIOCTPOEHUSI IIPOTPAMMHBIX U ITO3UIIMOHHBIX yIIpapjeHuil. [IporpamMmmuoe ypas-
JIEHIIE€ BBIYHCJ/ISIETCS 11epeJi Hava/ oM JBUYKEHUs, 3aTeM OHO IePecUnThIBACTCH
UCXOJ/I U3 TEKYIIero II0JIOXKEHUS C yIeTOM BHYTPEHHUX U BHEIIHHX BO3MY-
mennit. [Ipejmnonaraercs, 9To yupapieHne KOPPEKTUPYETCsI CIIYCTs 3a1aHHbII
IIPOMEXKYTOK BPEMEHU C IOCJe/IHell KOPPEKTUPOBKM, IIPH 3TOM JIBUKEHIE
yIIpaBJisieMoro o0beKTa He MPEeKPaIlaeTcs, 9TO MM03BOJISIET FOBOPUTH 00 yIIpaB-
JIBHUII B PeXKUMe pPeaibHOI'O0 BPEMEHH.

st JocTuzKeHust el HeoOXOAMMO PEHINThb Psiji 3a/1ad:

1. N3yuuTh coBpeMeHHbIe HaydHble HAPAOOTKU B JAHHOM HallpaBJIEHHH,

OIIPpEAE/INTDL IIEPCHEKTHUBHBIC HallpaBJICHUI.



MccnenoBaTh MHOYKECTBO JOCTUZKUMOCTH U MHOXKECTBO YIIPABJISIEMO-
CTHU B JINHEIHOIT 3aJiade yIIpaBJ/IeHIs [P BLIOOPE YIIPaBJIeHUs B KJIACCe
KYCOYHO-TTOCTOAHHBIX (pyHKnit. Mudopmarus o0 9TUX MHOXKECTBaxX
nMeeT BayKHOE 3HAYCHHE ITPU PEIIeHUN HeJIMHEHHOM 3a/1a4u, MOCKOIb-
Ky OHa TaK NN MHa4Ye CBOJUTCHA K JIMHEIHOI.

PaspaboraTh MeToJ pelleHusl 3aJiadil ¢ JIMTHEIHONH CUCTeMOi U BbIOO-
POM yIIpaBJICHUS B KJIACCE KYCOUYHO-JIMHEHHBIX U KYCOUYHO-KBaJIpaTHU-
HbIX (yHKIUi. Paccmorpenne Takmx BUJIOB yIPaBJIEHHUS IO3BOJISIET
HAXOJIUTH PEIIeHHs ¢ JIYUIIIUM 3HaYeHUeM Ie1eBOi (PyHKINN 1 HaKJIa-
JIbIBATH OTPAHUYEHUSI 110 IVIQJIKOCTH Ha MCKOMOE yIIpaBJIeHHE.
[Ipopaborarh 10/X0/i K pEelIeHNIO JIMTHEITHON 3a/a49i ¢ JOIMOJTHUTEb-
HBIMU BBIIIYKJIBIMI U HEBBIIYKJBIMI OIPAHUYEHUSAMUI Ha, yIpPaBJIEHU
u daz0BbIe lIepeMeHHbIe. 3a/laHne OrpaHUYeHNT TAKOIO TUIIA TI03BOJI-
eT paccMaTpuBaTh 0OoJiee crenuduIHbIe KJIacChl 3a1ad.

Pazpaborarh 4nc/IeHHbII aJrOpuTM IIOCTPOCHUS ITPOrPAMMHBIX U 103U~
IIMOHHBIX YIIPaB/JIEHUs B HEJMHEHHOIT 3a/1ade IIPU BhIOOpE YIIpaBJIeHNsT
B KJIaCCE KYCOUYHO-TIOCTOSTHHBIX (DYHKITHIA.

UccnenoBaTh TeopeTudeckKne CBOMCTBa aJrOPUTMOB.

PeamzoBaTh ajropuT™ MOCTPOEHUs yIPaBJIECHU B HeJWMHEHHON 3a-
Jade B Bujie Habopa dyHKIMI Ha s3bike Python. Anpobupoparh

aJITOPUTM Ha pa3/IMYHLIX IIpHUMeEpax U CHCHapudx.

OcHoBHBIE IIOJIO2KE€HN s, BbIHOCHMMbI€ Ha 3allluUTy

1.

MeTto;1 mocTpoennst MHOYKECTBA JJOCTUZKUMOCTH U YIIPABJISIEMOCTH JIJIs
JIMHEIHON 3a/ladnl B KJlacCe KYCOYHO-IIOCTOAHHBIX YIIPpABJICHU IIpU
HAJIMIUN JABYCTOPOHHUX OIPAHUYEHUIl, CTPOroe TeopeTuydeckoe 000C-
HOBaHuEe METO/IA.

AJropuTMbl cBeJleHUs 3aJiadl ONTHUMAJILHOIO YIIPAaBJIeHUs K 3ajade
JIMHEHOT'O IpOrpaMMUPOBaHUs IS KYCOYHO-JIMHEHHBIX U KYCOYHO-

KBaJpaTUIHBIX KJIaCCOB praBﬂeHI/Iﬁ.



3. AJropuTmbl CBeJICHUS 381291 ONTUMAJIBLHOTO YIIPABJIEHUs ¢ KYyCOTHO-
[IOCTOSIHHBIM YIIPABJEHUEM U JIMHEHHbIM (KBaJIpaTUIHbIM) (DYHKIU-
OHAJIOM IIPU HAJUYIUN JIOIOJHHUTE/JIbHBIX BBIMYKJ/IBIX U HEBBITYKJIBIX
OrpaHUYeHnil K 3a/iade JaCTHIHO [eJOTNCIeHHOTO JIMHEHOrO (KBa/I-
PaTHIHOTO) TIPOrPAMMUPOBAHNSI.

4. AnropuTMbI IOCTPOEHUS] MPOTPAMMHBIX U MO3UIMOHHBIX YIIPABJICHUI
JIUIsl HeJIMHEeHOM 3a/1a9i OITUMAJILHOIO YIIPABJIEHUs ¢ KYCOYHO-II0CTO-
SIHHBIM yIIPaBJIEHIEM.

5. IlporpammHuast peajin3aiyst MpeJCTaBICHHBIX aJlOPUTMOB B BHJIE KOM-
ILJIEKCA TTPOTPaMM.

Metomosornsg u MeToAbl uccijeaoBanusa. OcHOBHasI Ujiesl PEIleHNsd
3aJ1ad OITHMAJILHOTO YIIPABJIEHUs B pa3/JIMUHbBIX IIOCTAHOBKAX COCTOUT B CBEJIE-
HUM K 3aJadaM MaTeMaTHIecKoro mnporpaMmmuposanus. ITocae dopmupoBanust
METOJIOB TOCTPOCHUs YIIPABICHUI MPOBOJUTCS UCCJIEI0OBAHIE TEOPETHIECKUX
CBOMCTB peIleHnii U HUCHbITAHHE aJI'OPUTMOB Ha TECTOBLIX Ipumepax. Mc-
IIOJIb3YIOTCsl METO/Ibl JINHEIHO aaredphbl, MaTeMaTHIecKoro aHajnsza, audde-
peHIMAIbHBIX yPAaBHEHUI, TEOPUN YIIPABJICHUs, JUHEHHOTO U KBAJPATUIHOTO
IIPOTrPaAMMUPOBAHHUSI.

Hayunas m mpakTmyecKas II€HHOCTb PabOThI COCTOUT B IIPej-
JIO’KEHHBIX KOHCTPYKTHUBHBIX aJI'OPUTMAaX pelIeHUs] II0CTABJIEHHBIX 3a/1ad.
IIpejicTaBieHbl METOJIBI TIOCTPOCHUs YIIpABICHUS JI/Isi HeJUHEHOH 3ajjaun B
IIPOrPaMMHOM U TTO3UIMOHHOM peKHMMaX, KOTOpbIe alpoOupOBaHbl Ha MHOKE-
CTBE IPUMEPOB U MOI'YT OBITH HCIIOJb30BAHbBI JIjIsI YIIPABJICHNUST KOHKPETHBIMI
YCTPOICTBaMU.

McxomgHas 3a1a4ua MOyKeT ObITh PACIIpPEeHa PACCMOTPEHUEM JIOIIOJTHITE b
HBIX KJIACCOB YIPAaBJIAIONINX (DYHKIUNA U JIONOJHUTE/JIbHBIX OI'DaHNYeHuil Ha
yrpaBJjeHus 1 ha3oBble mepeMennbie. PaccMoTpenne 3a/1aun B TAKUX TTOCTAHOB-
Kax MMeeT MPaKTUIECKU CMBIC/I, TOCKOJIbKY 3a4aCTYIO HPUKJIAHBIE MOJIEN
cojiepzKaT crenuduIHble OrpaHnydeHns Wik ClielinabHble TPeOOBAHMS K pellie-

HUIO.



Taxke TPaKTUIECKYIO0 3HAYNMOCTD TPEJICTAB/ISIET AJITOPUTM TTOCTPOEHUA
MHOYKECTB JIOCTUXKMUMOCTU U yIPaB/IsdeMOCTH. B pa3indHbIX MPUKJIaIHbIX 3a-
Jladax BayKHON mHMOpMaIeil CINTalOTCs CBEJIEHNA O BCEBOBMOXKHBIX OY/TYIIIX
cocTosgHUsIX 00bekTa. [IpeIoyKeHHbII aJropuT™M ABJIsIeTCsT KOHCTPYKTUBHBIM 1
MOZKeT OBITh JIEI'KO peaJin30BaH JIJIsl IIPUKJIaHON 3a1adu. Kpome Toro, goka3a-
TEJILCTBO, YTO TaKOI aJI'OPUTM I03BOJIsIET c(hOPMUPOBATH TOUHBIE MHOYKECTBA,
nMeeT COOCTBEHHYIO CYNIECTBEHHYIO HAyUYHYIO IIEHHOCTD.

Hakomner, peaan3oBaHHble aJrOpUTMbl COITPOBOXKIAIOTCH MPOTPAMMHBIM
KOJIOM, KOTOPBII MOYKET OBbITh HCIOJb30BaH KaK OCHOBA JIJISI CO3JIaHUS WM-
[IOPTOHE3aBUCUMbIX IIPOrPAMMHBIX IIPOJYKTOB, IIO3BOJISIONINX pellaTh 3a1a4u
ONTUMAJBLHOTO ylpaBjeHnsd. Takas 3ajiada IpeJICTaBIIeTCsd BayKHONH W aKTy-
aJIbHOIl ¢ HNPAKTUYECKONl TOYKHN 3PEHUS.

Hayuynasi HOBuU3Ha

1. PazpaboTtan aaropuT™ TOCTPOEHUS YIIPaBJIEHUS B IPOTPAMMHOM U
[IO3UIMOHHOM PpezKuMax I 3a/a49i OITUMAJILHOIO YIIPaBJICHUS C
HEJIMHETHON CUCTeMOll, TepMUHAJILHLIMU YCJIOBUAMU U OI'PAHUICHIUSI-
Mu Ha ynpasieHnne. CyTh ajJrOpUTMa COCTOUT B IIOCJIEI0BATE/IbHOM
JINHEeaPU3aIMi HeJIMHEITHONH (DYHKIINHE BOJIb TPACKTOPHUH JIBUYKEHUS 1
[IOCJIEYIOIINM BBIYUCACHUEM HOBOII TPACKTOPUHN C yIPaBJICHUEM, $IB-
JISTIOIMCSI OIITUMAJIbHBIM pelleHneM JIMHeapU30BaHHOI 3a/1a9N.

2. Jlng nmuHeiiHoi 3aja91, B KOTOPOI YIIPaBJ/IEHHE BLIOUPAETCA B KJacce
KYCOYHO-TTOCTOAHHBIX (DYHKIUI U UMEET JIBYyCTOPOHHUE OrpaHUIEHNUs,
[IPEJVIOZKEH METO/I IMOCTPOCHUS MHOXKECTB JIOCTUZKMMOCTU U yIIpaB-
JISIEMOCTH B BHJIE CHUCTEMbI JIMHEIHBIX ajreOpamvyecKux HEepaBEeHCTB.
[Tokazano, 9To maHHBIE MHOXKECTBA SIBJSIOTCSI MHOTOTPAHHUKAMU B
IIpOCTPaHCTBe a30BbIX IIEPEMEHHBIX, IIPUBEIEHO TeOpeTHIecKoe 000C-
HOBaHUE aJIrOPUTMA.

3. Pazpaboran wmeTo); HaxXoXKJIeHUS ONTUMAJLHOTO VIIPABJICHUS I
JIMHEHON 3a/laduil ¢ KYCOYHO-KBa/JIpaTUYHLIM YIIpaBJIeHUEM, TEpMU-

HaJIbHBIMUW YCJIOBUAMHN U IIPAMBIMUA OI'DAHUYCHUAMU Ha YIIPpaBJICHUA.
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KimoueBast 0cOOEHHOCTH METO/Ia COCTOUT B CBEJICHUN MCXOTHON 3a1a9u
K BBIYKJIOW 3ajiade MporpaMMUPOBaHUs ¢ KBaJPATUYHBIMI OI'PAHU-
YeHUAMU. AJITOPUTMBI pPeIIeHUs 33Jiad TaKoro KJacca HMeEIoT Kya
MEHBIIYIO CJIOYKHOCTD, YeM aJI'OPUTMBbI JIJIsI HEBBITYKJIBIX 3a/1a4.

4. IlpemiozkeH ajaropuT™M IIOCTPOEHHS OINTUMAJJILHOTO YIPABICHUS J1JIsT
JINHEHHOM 3aJa4i ¢ KYCOYHO-TIOCTOSIHHBIM YIIPABJICHUEM IIPU HAJIN-
YU BBITYKJIBIX U HEBBITYKJ/IBIX OTpAHIIeHII Ha (pa30BbIe TTepeMentble
(B 3a/laHHbIE MOMEHTHI BpDEMEHH) ¥ Ha yIpasieHus. HeBbImyKibie
OrpaHMYCHUs 3aJIaI0TC KAK COBOKYITHOCTH T'PYIIT HEPABEHCTB, B KarK-
JIOIT MOMEHT BPEMEHH JIOJIKHBI BBITOJHATHCS ONPAHUYEHUs] XOTs Obl
ojiHoit rpymmbl. [TokazaHa BO3MOKHOCTH CBEJIEHUsI 3a/a4l B TaKoOil
IIOCTAHOBKE K 3a/ja4e YaCTUIHO 11eJIOUNCIEHHOTO JIMHEITHOTO I KBa/I-
PATHIHOIO MTPOTPAMMUPOBAHMIS.

OB0oCHOBAHHOCTH U JOCTOBEPHOCTH 00ECIIEUNBACTCA KOPPEKTHOCTHIO
MOCTAHOBOK 3a/lad, IMOJIYUYEHHBIX W3 JINTEpaTypbl M B XOJl¢ CEMHHApPOB HA
dakybreTe NpuKJIaIHON MaTeMATUKN — IporieccoB yiipas/enus Cankr-Ilerep-
OYprcKoro rocylapCTBEHHOTO yHUBepcHUTeTa. V310yKeHHble pe3yabTaThl ObLIN
alpoOMpoBaHbl Ha MHOYKECTBE KOHMepeHInil, a IyOJUKAIUN, TOC/TY KUBIINE
OCHOBOIl JIUCCEPTAIIMOHHON Pa0OTHI, MPOILIN PEIEeH3UPOBAHUE 1 OBLIN OIyO-
JINKOBAHDBI POCCHUUCKUX W MEXKIYHAPOIHLIX W3JdaHusgxX. Bce mpejioykKeHHbe
AJITOPUTMBI OBLIN 3AITPOTPAMMIPOBAHBI W ITPOTECTHPOBAHBI HA PA3JINIHBIX 3a-
Jlavax.

JImanbrii BKaaa aBTopa. /Jluccepraiiust siBjisieTcsl CAMOCTOATETbLHBIM
TpyioM aBTopa. OCHOBHBIE TTOJIOYKEHUST, BHIHOCUMBbIE Ha 3aIUTY, IPEICTABISTIOT
JIMUHBIN BKJIaJla aBTOpa. Bee pesysinbrarsl, N3/I02KEHHbIE B JIUCCEPTAINN, OBLIN
JIOCTUTHYTHI aBTOPOM PabOTHI, 33 UCKJIIOUEHUEM TeX MECT, IJle 9TO OrOBOPEHO
SIBHO U yKa3aHa CChIIKa Ha MEePBOMCTOYHWK. Bosblias 9acTh pe3yabTaToB OC-
HOBaHa Ha IyOJIMKAIUgX aBTOpa B HAyJIHBIX W3aHUAX. [IporpaMMHBII KO/,

IPE/ICTABICHHBIN B NPUIOXKEHIH, ObLT PeaJm30BaH aBTOPOM.
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AmnpobGarust padoTbl. Pe3yibrarhl, U3/10:KE€HHbIE B JIAHHOM JuccepTa-

1Y, JOKJIAIbIBAINCH U OOCY?KIaINCh Ha KOH(EPEHIUSIX:

1.

XLV mexpynaponnass HaydHas KOH(EpPEeHIsS acIupaHTOB U CTYIeH-
toB «IIporeccnt ynpasienns n ycroitanoctby (CPS'14), 1-4 anpes
2014, Cankr-Ilerepbypr, Poccus.

MexxtynaposHasi KOHMEpPEHIUsT 110 KOMIIBIOTEPHBIM TEXHOJIOTHSIM
B dusndecknx u wuHkeHepHbix npuaokennsx (ICCTPEA-2014),
30 uronst — 4 mtosra 2014, Caukr-Ilerepbypr, Poccus.

XLVI mexrynapojinast HayIHas KOH(EpPEHIns aclnupaHTOB U CTY/ICH-
toB «[Ipotecesl ynpasienust u ycroitunsocrby (CPS’15), 6-9 ampesst

2015, Cankr-Ilerepbypr, Poccus.

. I mexk rynapojinast KondepeHIus « YCTONINBOCTD U MPOIECCHI YITPaB-

nenusi»  (SCP 2015), mocsstiieHHOiT 85-J1eTHIO €O JIHSA  POXKJICHUST
npodeccopa, wi.-kopp. PAH B. 1. 3ybosa, 5-9 okrsiopst 2015, Carkr-
[TerepOypr, Poccus.

International Workshop on Applications in Information Technology
(IWAIT—2018), 8-10 okrsiopst 2015, AujzyBakamairy, fmomust.

XLVII mextynapojinas HaydHas KOH(MEPEHITUs aCITUPAHTOB 1 CTY/IeH-
toB «IIporeccol ynpasienns u ycroitanoctby (CPS'16), 4-7 ampers
2016, Cankr-IleTrepOypr, Poccus.

XIII MexaynapogHasi KoH(MEpeHIUsl «YCTOWIMBOCTb U KOJIeOaHMs
HeJIuHeHbIX cucteM yrpasienus» (Koudepenius [lsraumkoro), 1-3
utonst 2016, Mocksa, Poccusi.

3rd International Conference on Applications in Information
Technology (ICAIT-2018), 1-3 wmosiopst 2018, AwuazyBakamarry,
Anonns.

IV MextyHapoHasi KOH(pepeHIns « YCTONUNBOCTD 1 IIPOIECCHI yIIpaB-
nernst»  (SCP 2020), mocssmennast 90-7eTHO €O JHI DPOXKJICHUS
npodeccopa, wi.-kopp. PAH B. 1. 3ybosa, 5-9 okrsadps 2020, Cankt-
[TerepOypr, Poccus.
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ITly6mukamum. Pe3yibrars! 110 TeMe JUCCePTAIMU U3JI0ZKEHbI B OJMHHA~
JATH HAayIHbIX MyOsmKkaiusx [1-11], u3 KOTOpbIX jBe cTaTbu OMyOJINKOBAHBI
B JKypHaJIax, BKJIIOUEHHBIX B epedennb u3ganuiit BAK [10;11], a cemb pabor —
B U3JIaHUSAX, HHJEKCHpyeMbIx B 6azax Scopus u Web of Science [2;4;7;8;10;11].
Takke Oblia 3aperucrpuposana nporpamma st 9BM «AdaptCopter» [12].

IToanep>kka. Pabora BbinosiHeHa 1pyr (buHAHCOBON o Iep:KKe Poccmii-
ckoro Gonta GyHIaMeHTaIbHbIX nccaeqoBanuii (mpoext Ne 19-31-90033).

O6beM u cTpyKTypa padoTbl. [uccepraliusi COCTOUT U3 BBEJIEHUSI,
JeTbIpex IJIaB, 3aKJII0UeHus W JAByX npuioxkenusinit. [Tomubrit 06bEM uccep-
Talnuu coctapiger 148 crpanuil, BKatodas 11 pucyukos n 4 tabymnbl. Crncox
JINTEPATYPhl COAEPXKUT 92 HanMeHOBaHUAA.

Kparkoe comepxkanme paboTbl. Bo BBeJieHUM IIpuUBeJieHa KpaTKasd
IIOCTAHOBKA 3aJiadu, 000CHOBaHa aKTyaJIbHOCTb, CCPOPMUPOBAHBI IEJIM U 33,14
U1 JINCCEPTAINN, TTPEICTaBIEHBI OCHOBHBIE TTOJIOYKEHN, BEHIHOCHMBbIE Ha, 3aINTY,
OIlCaHa Hay4Has U IIPaKTUIecKasl IeHHOCTb U HaydHas HOBU3Ha paboThl. Jla-
Jlee npuBejieHa nH(opMalus 00 arnpobalun padoThbl, OCHOBHBIX IIYOJIUKALINAX 1
puHanCOBOI TO/I/IEpKKE, TTPEJICTABIEHO KPATKOE COJlepyKaHe PadOTHI.

B nepBoii ryiaBe paccmaTpuBaeTcs 3ajiada ONTUMAJILHOTO YITPABIEHUS C
JINHEHOI cucTeMoii. 3a/iada TePMUHAJIBLHOIO YIIPABJICHUSI COCTOUT B II€PEBOJIE
yIPaBJIsieMOro 00beKTa U3 HAYaJIbHOI'O IOJIOYKEHUsT Ha HEKOTOPYIO ILJIOCKOCTh
3a 3aJlaHHOe BpeMsi. YIIpaBJieHle BbIONPAeTcs U3 KJIacca KyCOTHO-TIOCTOSIHHBIX
dyHKINMit ¢ GUKCHPOBAHHBIM [TEPUOJIOM JINCKPETU3AIINHI. 3a/IaHbl TPU I1E€JIEBBIX
KPUTEPHS, ONPEJIENAIONINX KadecTBO perenns 3ajaqn. [lepBolit pyHKIIMOHAT
SIBJISIETCS JIMHEIHBIM, BTOPOIl MOXKET ObITh CBeJleH K JIMHEHHOMY, TpeTwil —
KBaIpaTuIHbI. [ Kaxk/10fi KOHKPETHON 3a/1a41 BBIOMpPAETCS OJMH U3 STUX
QYHKIIMOHAJIOB WJIN UX JIMHEIHHAasT KOMOUHAIIHSI.

Ommcan MeToJi pelleHus JUHEeHHON 3a/a4ui, COCTOSINI B IIepexoje K
3ajade JIMTHEHHOTO MM KBaJIPATUIHOIO IPOrPAMMHUPOBAHUA C ITOC/IEILYIOIIIM

peleHreM TOJIYyYeHHON ONTUMU3AIMOHHON 3a1aun. Takke B 9TOM Iy1aBe IpHU-
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BeJleH 0030p METOJIOB PelleHns 3a/ad MaTeMATHIECKOTO MTPOrPAMMIPOBAHUS 1
cpaBHUTENbHBIN aHam3 11O g permenns Takumx 3a/ad.

HecmoTpst Ha To, 9TO paccmarpuBaeMast MOJIEb XOPOIIO U3yUeHa JINTepa-
Type, r/iaBa 1 mMeeT BayKHOe 3HadeHue B 001ell CTPYKType padOThI, TOCKOJIbKY
[IOJIyYEHHDbIC PE3Y/IbTaThl SBJIAIOTCA OCHOBOII, HA KOTOPYIO JeJIacTCs Olopa B
[IOCJIE/IYIONX TJIaBax.

Bo BTOpOI1 ryaBe ucciemyeTcss BOIMPOC MOCTPOEHUsST MHOYKECTB JTOCTH-
JKUMOCTH W yIPaBAsgeMOCTH /i JuHeitHoit mojenn u3 riasbl 1. [lokazano,
YTO 3a/1a49a MOCTPOEHUs 9TUX MHOYKECTB CBOJUTCA K 3aJlavue JIMTHEHHOIO 0TOOpa-
JKEeHNsT MHOTOMEPHOTO KyOa M3 OJHOTO MPOCTPaHCTBa B Jipyroe. B pesyibrare
HCcJIe0BaHs CBOVCTB MHOXKECTB JIOKa3aHO, YTO OHU SIBJISIIOTCA BBIITYKJILIMUI
MHOTOIPAHHUKAMHU ¥ MOTYT OBITH OINKUCAHbI CHCTEMOI JIMHEHHBIX HEPABEHCTB.
OCHOBHBIM PE3y/ILTATOM IJIABBI SIBJISAETCS KOHCTPYKTUBHBIN aJrOPUTM MOCTPO-
eHNsI MHOYKECTB 1 €r0 CTPOTOe JI0Ka3aTeIbCTBO. [IpoBesien aHam3 CI0KHOCTI
aJIroOpuTMa.

B Tperbeii ryiaBe paccMarpuBaeTcd JUHeHas 3a7a4da ¢ JIOTOJTHUTE b
HBIMI YCJIOBUSIME W OTpaHuYeHnsAME. B 1iepBoil yacTu riaBbl n3y4aeTcs BOITPOC
IIOMCKa, ONTUMAJILHOTO PeIleHns MPU BbIOOpE YIIPaBJeHUs B aJbTepHATUBHBIX
kjaaccax ¢yHkmuit. [lokazano, 4To JiMHelHas 3aja4da ¢ KyCOUHO-JIMHEITHBIM
yIpaBeHIeM U JIMHEHHBIM (KBaIpaTHIHbIM) (DYHKITMOHATIOM CBOJUTCS 331
JHeHOro (KBaJpaTHIHOTO) MpOrpaMMEUpOBaHust. B ciydae KycOUHO-KBaJI-
paTUYHOIO YIIpaBJICHUd IIPOJAEMOHCTPUPOBAH IIepexXo]] K BBIILYKJION 3ajiade
[IPOrpaMMUPOBAHUS C KBaJPATUIHBbIMU OIDAHNYCHUIMU.

Bo Bropoit qacTu riiaBbl 6a30Bast JUHEHHasT MOJIE/b JIOMOJTHSIETCS BhITYK-
JIBIMU ¥ HEBBITYKJIBIMU JIMHEHHBIMU OIpaHIYCHUSIMI Ha (Da30Bble TIepeMeHHbIe
B Y3JIOBBIX TOYKaX M Ha ylpaBjeHusd. /[yt BBITYKIIbIX OrpaHUYeHnil IpUBe/IeH
AJITOPUTM CBEJIEHNS K 3ajiade JIMHEHHOro (KBaJapaTHIHOT0) MPOrPaMMIPOBa-
HUd, & JJId MOJIEJIM C HEBBIIYKJIBIMU OIPAHUYCHUAMHN — K 33/a4e YaCTUIHO

EJI0YUCIEHHOTO JINHETHOTO (KBaIpaTHIHOr0) MPOrpaMMUPOBAHHUS.
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B deTrBepToii riiaBe npejcTaBiieH ajaropuTM IIOCTPOCHUsT YIIPaBJICHUSI
B HpOrpaMMHOM U IIO3UIIMOHHOM pexKuMax JJid HeJUHEHHON 3aJia4i OITHU-
MaJILHOTO yIIpaB/eHus. AJTOPUTM BBIUNCICHUS ITPOrPAMMHOIO YIIPABICHUSI
COCTOUT B UTEPATHBHOM Ilepecuere YIIPaBJIeHUs Ha OCHOBE TPAEKTOPUU O0b-
eKTa, HailJleHHo#l Ha npexblaylieM Inare. Haxonures jmHeliHoe npub/inzKeHne
HEeJTMHEHON (PYHKIINK BOJIb 3TONH TPAECKTOPHUH, 3aTeM OIPeieisieTcst OOHOBJICH-
HOE YIIPaBJIeHHe KaK ONTHMaJIbHOE pellleHune JuHeapu3oBaHHoi 3agaun. [locie
9TOI'0 BHIUUCJIAECTCSI PelleHne 3a1a9u Kol ncxoHoil CucTeMbl, 3aMKHYTO Hali-
JIeHHBIM ylpaBjienuneM. [lojydennoe perenne sBjsieTcsi HOBOI TpaeKTopueit
JIBUZKEHUA OOBEKTA.

Jlanee onmchIBaeTCs aJrOPUTM MOCTPOEHUS MO3UIIMOHHOIO YITPABICHUA.
B y3/10BBIX TOUYKax yIlpaBjcHUE MEePECUNTHIBACTCS, NCXOAd U3 TEKYIIEil MMO3HU-
UM WM IPOrHO3a MO3ULIKMKU o0bekTa. /s mepecyera MCHIOIb3YeTCS aJlOPUTM
[IPOrPaAMMHOI0 PeXKUMa, HO JIOMOJIHUTE/IbHOC BHUMAaHE YIe/IgeTCd BPDEeMeH! Bbl-
YUCJICHU.

M3ydennl TeopeTnvdeckne CBOMCTBA aJITOPUTMOB, BBIBEJIEHDI YCIOBUSA CXO-
JIUMOCTH K JIOIyCTUMOMY PEIIeHUI0 UCXOJHOM 3aja4un. PaboTa ajaropuTMoB
[IPOJICMOHCTPUPOBaHa Ha JIBYX TECTOBBLIX 3a/ladax.

B 3akirodyeHun 1epednc/ieHbl JOCTUTHYThIE Pe3YJIbTaThbl U IPUBEICHA,
OlleHKAa JIAJIbHEHIINX TIePCIEKTUB Pa3BUTHUA.

B npuaoxkenum A omnncaHa CTpyKTypa IHIPOIPAMMHOIO KOMILIEKCA,
JUIsl pelieHus JIMHEHOM 3ajjaun  ONTUMAaJIbHOIO yIpaB/eHus IIpu BbIOOpE
yIpaBJIeHUsd B KJIacCe KyCOYHO-IOCTOAHHBIX, KYCOYHO-JINHEHHBIX NN KyCOYHO-
KBaIpATUIHBIX (DYHKIIMIA.

B npunoxenuu B onmcana cTpyKTypa IporpaMMHOTO KOMILIEKCa, s
perienns HeJMHeHo 3a1a4il ¢ KYCOYHO-TIOCTOAHHBIM YyIpaB/IeHUEeM B IIPO-

I'paMMHOM 1 ITO3UIINOHHOM DpEKNMaX.
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I'JIABA 1. IUHENHAS 3AJAYA OIITUMAJIBHOT'O
YIIPABJIEHN A

[lepBag rnaBa saBisgeTcs BBOJHOI. B Heil paccmarpuBaeTcd JmHelinast
3a/lada ONTUMAJbLHOTO YIIpaB/IeHUs W J1aeTcsd HeoOXOAUMas TEePMUHOJIOTHS.
B naparpade 1.1 mpuBomuTcst 1IOCTAHOBKA 3aja4u B 00o0IenHoit ¢gopme. B
naparpade 1.2 npousBoauTcs 0030p JUTEpaTyphbl MO JIAHHONW TeMaTHKe, 000-
3HAYAETCS MeCTO TeKyleil paboThl. B maparpade 1.3 omuchiBaeTcs ajaropuTm
CBEJICHUST MCXOJIHOM 3ajadn K 3ajiade JIMTHEHHOIo IporpaMMupoBaHusi. B ma-
parpade 1.4 npuBe/ieHbl pacCyzKJIeHUsI O METOJaX PEHIeHUsI 3a/1a4d JIMHEIHOIo

IPOrpaMMUPOBAHUA U IPUMEHEHUU MTPOTPAMMHBIX ITAKETOB JIJIS 9TUX IeJIeil.

1.1 IlocraHoBKa 3aga4n

1.1.1 ImHaMuka o0beKTa

Paccemorpum uHeftnyto 3aj1a4uy yipasiaenust. [Ipeanosokum, 94To IBuzKe-
HUE YITPaBJISIEMOT0 00bEKTa OIUCHIBACTCS CUCTEMOIT OOBIKHOBEHHBIX U dhepeH-

IHaJIbHBIX ypaBHeHI/Iﬁi
& = A(t)z + B(t)u + d(?). (1.1)

31ech
e [ — HesaBUCHMas IlepeMeHHas (BpeMsl), IPUHUMAIOIIAs 3HAUCHUsT Ha
orpeske ot 0 1o 1", rne T — runepnapaMeTp MOJEN.
e ©r = x(t) — n-MepHas BeKTOP-(YHKINA (Pa30BbIX MEPEMEHHBIX. KoMm-

noHeHTs! ¥ ;(t) nenpepsisuel npu ¢ € [0,77].
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® & — BEKTOp MPOU3BOJHBIX OT (ha30BBLIX MEepEeMEHHBIX 10 Bpemenu. [loj
IIPOU3BOJHOI 3/1€Ch U JlaJiee IOHUMAaeTCsl IIPOU3BOIHAS CJIEBA.
e u = u(t) — r-meprasi BeKTOp-(DYHKIWsI yrpaBjieHuii. KoMmoneHTo

u;(t) HENpPEepPbIBHBI CJIeBA.

A(t) — marpuanast GyHKIUsT OT £ PA3SMEPHOCTH 1 X M.

e B(t) — marpuunast GyHKIWs OT ¢ PASMEPHOCTH 1 X T, COCTOSIIAS U3

cToJIoToB b;(1).

e d(t) — n-MepHas BEeKTOP-(DYHKIHSI.
Kpowme rtoro, npesnosaraercs, aro yukimun A(t), B(t) u d(t) HenpepbBHDI
wa orpeske [0, 7.

C HOMOIIIBIO 3aMEHDI IEPEMEHHDBIX MOYKHO J0OUTHCsT HCKIIOUEHUST BEKTOPA
d(t) u3 cucrembl. OJHAKO, €r0 HAJIMYNE BAyKHO JIjist OYJIyIIUX BBHIBOJIOB. B yacT-

HocTH, d(t) Oy/eT UCIOIb30BATHCS MPH JIMHEAPU3AIINE HEeJTMHEHHOH (DyHKIIIH.

1.1.2 TepMmuHaJibHbIE yCJIOBUS

[eJsiblo yIpaB/ieHusl SIBJISETCs 1I€PEBOJ] 00bEKTa U3 3aJaHHOI0 HaYa IbHO-
I'0 II0JIOYKEHUsI Ha HEKOTOpOe JIMHeltHoe MHOTrooOpa3ue 3a 3apaHee olpeieeHHOe

Bpems 1"
2(0) = 2., Ha(T) = g (1.2

riie H siBJsieTcs MaTpHIeH ITOJTHOTO palra H MMeeT pazMepHocTh mxn (m < n),
gO — M-MEPHbLIA BEKTOP.

BasKHBIM YacTHBIM CJydaeM ABJIfeTcda BapuanT m = n. Torma permaercs
3ajlada Tepesojia 00beKTa B 3ajannoe dbunagbHoe nooxenne r(T) = H1gY.

Hpyroit vactublit cay4dait: m = 0. [Ipn Takom ycmoBun TpaekTopus yIpaBJise-

MOI'0 00bEKTa MMeeT CBOOOIHBIN IIpaBblil KOHEI.
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1.1.3 OrpanuvyeHusi Ha yITPpaABJIEHUS

Ha KOMITOHEeHTBI BEKTODA YIIPABJIEHUIT HAJIOKEHDI TIPSIMbIe OIPAHUIEHUSI:
* . S
Li <ui(t) <7, i=1,r. (1.3)

CaenoBarebHO, B 6a30BOIT IOCTAHOBKE 3a/1a91 YIIpaBJICHIS BHIOUPAIOTC U3
r-MEPHOIO TIPSIMOYTOJIbLHUKA.
Bynem Beibupars yrnpasiennst u;(t) B Kjiacce KyCOUHO-TIOCTOSHHBIX (DyHK-

Uil ¢ 3aJlaHHbIM [IeprojioM juckperusanun h = T/N:
wt) =4 i=Tr. (1.4)

rie tp. = kh.

1.1.4 IleneBass pyHKIUSA

B nanHoit paboTe paccMaTpuBalOTCA TPU IeJIeBble (DYHKIMH: JBE JIMHEH-
Hble U OJHa KBaJpaTUdHasl.

duHaIbHOE MOJO0XKEHNE CUCTEMBI
Ji = c'x(T) — min. (1.5)

IlepBaga mesieBast byHKIus mnpejnoiaraeT MUHIMA3AINIO JTHHEIHON KOM-
OnHanun (hba30BBIX IIePEMEHHBIX B KOHEYHBIII MOMEHT BpeMeHH. Takum odpasom,
9TO yCJIOBUE Ha (pUHAJBHOE II0JIOKEHUE CUCTeMbI. 37eCh ¢ — HEeKOTOPbIi
n-mepHbiit BekTop. 3agada (1.1)—(1.5) asiagerca 3amaueit Maitepa [13]. Orme-
TUM, YTO PACCMaTPUBATh TAKylO IeJIeBYIO (PYHKIINIO UMECT CMBIC/ TOJIBKO 1IPH
He3a(pUKCIPOBAHHOM IIPDABOM KOHIIE, TO €CTb KOrja m < 1, U COOTBETCTBEHHO

matpuiia H B ycinosun (1.2) siBjsieTcst mpsiMOYTOJIBHOI.
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[Ipocreiimum puMepoM Takoro (pyHKIIMOHAIA MOXKET CJIYKUTh KPUTe-
puit :cj(T) — max, TpeOyonii MaKCIMU3AIII (PUHAIBHOIO ITOJI0YKEHUsT OJIHOI
13 KOMIIOHEHT (pa30BOr0 BEKTOPA.

Pacxon pecypca

Jg—o/u(t)h dt_o/;w(t) dt —> min . (1.6)

Bropasi neneBas (GyHKINA SBJIsIeTCS MHTErPAJOM OT HOPMBI BEKTOPA
yipasJiennii. B raHHOM ciiydae B KadecTBe HOPMbI OyJIeM pacCMaTpPUBATh «MaH-
X3TTEHCKOE PACCTOSIHUE», IMMOCKOJIbKY OHO sIBJIIeTCs HamboJiee YI0OHBIM JIJIsd
CBeJleHNs K JIMHEHHBIM ONTUMU3aIMOHHBIM 3a/ladaM.

KBanparuunblit pyHKITMOHAJ

T
/u ()" Qu(t) dt — min. (1.7)
0

Tperbsa neneBast GYHKIUS MPEJICTABIIET cOO0I MHTErpaI OT KBaJIpaTHd-
HOIT (pOpPMBI OT BeKTOpa ylpaBjeHuii. 3yech () — cCUMMeTpUYHAs MaTpPHUIlA
pasMEpHOCTH T X T, ee 3JIeMeHThl OyjileM 0003Ha4YaTh CUMBOJIOM ¢ i,. Dyaem
TaKzKe Mpe/iosararb, 9To () HeOTPUIATEIBLHO Ollpe/ieIeHHasT MATPHUIA. 3a/1ada
(1.1)—(1.4), (1.7) aBasercs 3amaqeit Jlarpamxa [13].

[IpymepoM MCIIOIb30BaHUsT TAKOM Ie1eBOil (DYHKIUU SIBJIACTCA MUIHH-
T

2 .
MU3allUsl HHTerpaja OT KBajpara HOpMmbl ynpasienust: [ ||u(t)||;dt — min.
0
DuU3MIECKIM CMBICIOM TAKOTO KPHUTEPUS SBJSETCH MUHIMU3AINA HCIOIB30-
BaHNS yIPABJSIONIIX BO3ACHCTBIN (MIHIMI3AIINSA PACXO/IA SHEPIHH) TT0J00HO

BTOPOIl 1eJIeBOil PYHKITUHU, HO B JPYTOM HOPMUPOBAHHOM MPOCTPAHCTRE.
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1.2 O0630p JuTEepaTypbl

OJiHuM U3 ocHoBaTeJiell MaTEeMATUICCKON TeoOpun yipaBjeHUs] PUHSITO
cuntath Pynonbda Kanivmana, BHecIero cymecTBeHHbI BKJIa)] B Pa3BUTHE STOI
objactu 3Hanumit [14].

KtaccnaecknM MeTOZOM peleHus 3aadu ONTUMAILHOTO YIIPAB/ICHUS STB-
nsiercs npuHimn MakcumyMma [lontpsiruna [15]. On 6611 copmytnposan B 1958
IoJly KOJIJIEKTUBOM YyUeHbIX 110J1 pykoBojicTBoM JI. C. TTonTpsirnna B Buje HeoO-
XOJUMBIX YCJIOBHIT onTUMaJIbHOTO pertenusi. Mero siBisiercs: 3dpdeKTUBHBIM
JIJIsT MHOYKECTBA YaCTHBIX CJIydaeB, HO He sIBJIsIeTCsl YHUBEPCAJIbLHBIM BBHLY HEOO-
XOAUMOCTH PeIleHnsl HeJIMHeHBIX ajaredpaniecKux ypaBHEHUI.

AJbTepHATHBON MPUHITUITY MAKCUMyMa SIBJISICTCST METOJI JIMHAMUYECKOTO
nporpamvupoBanus. OH OCHOBaH Ha IPUHITHIE ONTHMaTbHOCTH Besmvana [16],
KOTOPBIil rapaHTUPYeT BBIMOJIHEHNE JOCTATOUYHBIX YCJIOBHI ONTUMATbHOCTH.

Cy1ecTBeHHBIN BKJIaJl B PA3BUTHE TCOPUN YCTONIMBOCTH JIBUZKEHUS, T€O-
pUN aBTOMATUYIECKOI'O YIPABJICHUS U TEOPUU ONTHUMAJbHBIX IPOIECCOB BHEC
B. 1. By6os [17]. VM ObLT HpeiozKeH METOJ TOCJIeI0BATEIBHBIX MTPUOINZKe-
HUH )11 HAXOXKIeHNsT ONTUMAJIbHBIX TPOTPAMMHBIX JIBUZKEHUN 1 JIJI PEeITennst
3aJ1a9i CHHTe3a ONTHMAJIbHBIX yripasseruii [18]. OTaesbHble pe3yabTarhl ObLIN
MOJTYY€HbI JIJTA 38/1a491 C JIMHEHHOM CUCTeMOil 1 KBaIPATHIHBIM (DY HKITHOHAJIOM,
ONTUMAJILHOE CTAOUIN3UPYIOIee yIIPaBIeHe HaX0IUTCS KaK pellieHrne MaTput-
HOI'O ypaBHEHUsT PUKKaTH METOJIOM I10CJIe/I0BaTe/IbHBIX TPUOJIMZKEHUI.

Taxkxke 3ajada IMOCTPOEHNs CTAOWIM3UPYIONIETO YIpPABIEHUSA I JIH-
HeTHO-KBaApaTHIHON 3a/1a91 OCBEIeHa U BO MHOI'MX 3apPyOeKHBIX NCTOUYHNKAX
[19; 20]. Cpeir coBpeMeHHBIX pabOT MOXKHO BBIJETUTH MOJXO0J C TPUMEHEHH-
eM MATPUIHBIX HEPABEHCTB JIJI PEIIeHNs BBITYKJIOW JTUHEHTHO-KBaPATIIHON
sajaan [21] m asropuT™ MOCTPOEHUsT KyCOYHO-JIMHEHHOrO YIpaBIeHUs s

HEBBITYKJION 3as1adn [22].
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OT/e/IbHBIM - HAIIPABJIGHUEM B HUCCJIEJIOBAHUSX 3aJladl  ONTUMAJIBLHOTO
yIpaB/ieHns MOYKHO BBIJIETUTH a0CTPAKTHYIO TEOPHUIO ONTHUMAJJILHOTO yIIpaBJie-
HUsI, OCHOBOTIOJIOXKHUKOM KOTODOil siByistercst B. A. fdxy6osuu [23; 24]. Emy
yJ1a10Ch CPOPMYINPOBATEH YCIOBUS ONTUMATBHOCTU JIJI PA3JIMYHBIX KJIaCCOB
3a/1a4.

AKTyaJIbHBIM BEKTOPOM Pa3BUTHUsSI MPUOJIMZKEHHBIX METOJOB JIIsI 3a1a-
U ONTUMAJIBHOTO YIIPABJIEHHsI SIBJISIETCST METO[ «IIPEJINKTOP-KOPPEKTOP» [25],
CYTb KOTOPOT'O COCTOUT B ITOCTPOEHUN yIIPABJIEHNs HA HEKOTOPBII TOPUBOHT Bpe-
Mmenn Briepet. B 1960-1970-b1x rojtax ObL1 pazpaboTan aaropuT™ JIjisd JUHEHHBIX
cucteM |26|, 3aK/IOUAIONIHIICS B CBEJEHNN K 3ajade JIMHEHHOTO MTPOrpaMMIi-
posanusi. CoBpeMeHHbIe pabOThI MOCBSIINEHbI HEJTMHEHHBIM 3a/adaM [27; 28] u
MH/TyCTPHATBHBIM TIpIiozkenusiv [29; 30).

Ba3zoBoit ocHOBOIT JIJIsi JJAHHOT'O WUCCJIETOBAHUS TOCTY KN HApaOOTKH
KOJJIEKTUBA YYeHBIX 101 pykoBojicTBoM P. @. 'abacosa. Vmu ObL1 mipeiioxen
JIBYX3TAITHBIN aJrOPUTM HaXOXKJIEHUsT ONTUMAJIBHOIO YIIPaBICHUS JIJisl JITHE-
HBIX CUCTEM: CBeJIeHNe 3a/laul YIIpaBJeHus K MHTePBaJILHOI 3a/1ade JTUHEHHOTO
nporpamvuposanust (U3JIIT) [31], ¢ mociaemyomum perreHneM 3Toi 3a/1a49u
CIIeNIAJIbHO Pa3paboTaHHbIM aganTuBHbIM MeTogoM [32]. KosmekTiBoM ObLi
peJICTaB/IeH METOJT PellleHnsi HeJIMHEeNHO 3a/1a91 ONTHMAJILHOTO YITPaBJIeHNs,
0 HeM OyJieT pacckazaHo B maparpade 4.2.

Meton T['abacoBa g JmuHeiHOrO cjydas ObLI alrpoOMpPOBAH aBTOPOM
9TOI PabOTHI JIJIsI 3a/1a9i YIIPaBJIEeHNs BpaIllaTeTIbHBIM JIBIKEHIEM BaJia SJIeK-
TpojBuraressi 1|, yrnpapieHus JIBUYKEHHEM YETBIPEXKOJECHONW TesexKK |2,
pacipe/ie/ieHns NWHBECTUINIT B OTpac/i MHOTOIPOJYKTOBON 3SKOHOMUKH |[3].
s muHeapu30BaHHO MOJIE/IN KBAJIPOKOIITEpa OBLIO MMOCTPOEHO ONMTUMAIHLHOE

yIpasjenne B crarbe [4].
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1.3 Csesenue 3a/1a41 ONTUMAJILHOTO yIpaBJIeHUs K MHTEPBaJIbHOI

3a/ave JIMHEHOro IMMPorpaMMUPOBaHUSA

1.3.1 CsBenenne TepMUHAJJIBHBIX YCJIOBUIA

Orpanndenne Ha JIEBLIN KOHEI[ TPACKTOPUN OYET BLITOJTHATHCS aBTOMar-
TUYIECKH, TOCKOJIBKY SBJIsIeTCS HadaJIbHBIM yesaoBueM 3agadan Kormm. s Toro,
YTOOBI BBIPA3UTH KOHETHOE COCTOSTHUE 00beKTa KaK (DYHKIIMIO OT YIIpaBJIeHNUI,
seiruiem gopmyiy Kommn perennst cucrembr (1.1) ¢ Hada bHBIM YCJIOBHEM

z(0) = x, B Touke T"

+(T) = V(T + / Y(TYY L (8) (B(t)u(t) + d(t)) dt.

3aech n najee Y (t) — MATPHUIIAHT OJHOPOIHON cucTeMbl jinddepeHImaibHbIX

ypasHenuii ¢ marpureit A(t), Hopmuposanublii B Touke 0:

Samennm YIIpaBJIEHHNE Ha €ro Ipe€acTaB/JIicHUE B BHIE KyCO‘{HO—HOCTOHHHOﬁ

dbyuxiun (1.4):

2(T) =Y (T)x, + /T Y (T dt+zz / )by () wipdt.

1= 1k 1tk‘1

MozkeM BBIHECTH 3a HNHTEr'paJl 3Ha4YCHWA YIIpaBJIEHUA U;r Ha BPEMEHHBIX CCI-

MEHTaX, IIOCKOJIbKY 39TH 3Ha4YCHN:A HE 3aBUCAT OT BPEMECHU:

T

z(T)=Y(T)x, + /Y( ! t)dt + Z Z / )b (t) dtwg.

0 zlkltkl

B nynkre 3.1.3 OyjieT paccMOTpPeH BOIPOC BBIUKC/IEHUsST WHTEI'PAJIOB BU/JIA,

/ Y (T)Y " (6)bi(t)dt.

tk—1
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a TIOKa, K€ 3aMeTHUM, YTO 9TOT MHTerpasl He COACPKHUT MCKOMBIX IEePEMEHHBIX,
CJIeJIOBATEIHHO, €r0 3HaYeHNe SBJISIETCS TOCTOAHHON BEJIMIMHON, KOTOPYIO 000-

sHaunM 3a b
ty

boF = /Y(T)Y‘l(t)bidt, i=1,r, k=1,N.
tp—1
Ocrapiimecs: ciaraembie B paBoit gactu (opmysibl Koin Tak:ke He 3aBUCAT

oT U,. OBO3HAMIM UX CyMMY CHMBOJIOM d:
T
d’ =Y (T)x, + / Y(T)Y 1(t)d(t)dt,
0

a BOIIPOC BBIYUCJIEHUA dO OCBE€THUM II03/1HEC.
Takum 061)&301\/[7 MOZKEM BLIIINCATh IIPEACTaBJIECHNE KOHEYHOT'O COCTOAHMA

obbekTa (1) Kak JuHeHHy0 (PYHKIMIO OT MePEMEHHBIX Uj:

z(T) = d° + ZZbkuk (1.8)

i=1 k=1
Torpma rpanudnoe ycaosue (1.2) mpejcraner B BUJIe CHCTEMbI JIMHEHHBIX Orpa-
HUICHUI:
r N
§ ; § Hb M uy = ¢ — HA'.
i=1 k=1
[Tocyie BBesienNsT HOBBIX OOO3HAYEHMIT TTOJTYUNM:

r N
Z Z h' g, =g, 1=Tm. (1.9)

i=1 k=1
Bnech bk = Hb* a g = ¢ — Hd". B urore Tepymunanbusie yeiosus (1.2)

meperuin B m JnHeiiHbx paBencTs ¢ 7N nepemennabivu (1.9).

1.3.2 CsBenenne NpsMbIX OTPAHUYEHUII HA yITPpABJIEHUS

,ZLHH JaHHOI'O KJlaCCa praBﬂeHI/Iﬁ cBeaeHue ABJIFAETCA TPpHUBUAJIBHBIM.

[Ipsivbie orpanmdenust (1.3) o9eBUHBIM 00pa30M IepeiyT B JABYCTOPOHHUE
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OrpaHNYCcHUA Ha SHAYCHUA praBﬂeHI/Iﬁ Ha BPEMEHHDLIX CEeIrMeEHTax:

1.3.3 CBenenwne 1ejeBbIx QYyHKIINI

st cBesienust mepBoit 1eseBoit dyukimu (1.5) Bocmosb3yemes Haii-
JIEHHBIM IPEJICTaBJIEHNeM KOHEUHOro cocTosiHust o0bekTa (1.8). Torma moxkem

sanucarh Kpurepuil (1.5) Kak JmHeitHy0 (DYHKIUIO OT YIIPaBJIEHMII:

r N
J=cld + E g by, — min.
i=1 k=1

[TockobKy 11epBO€e ciiaraemoe sBJisieTcsl KOHCTaHTON, MOYKeM Y/IAJUTh €ro U3
1eJ1eBoit (PyHKINHU, MPU 9TOM HMes B BUJY, 9TO OT 3TOIO M3MEHWUTCS 3Hade-
e QpyHKInoHaJIA:

r N

Ji=) ) cipuy — min, (1.11)

i=1 k=1
e ¢ = ¢ b*F. Takum obpason, (1.11) npejcrapisger coboil IMHEAHbIH hyHK-
[MOHAJI OTHOCUTEILHO MEPEMEHHDBIX Ujf.

B ciyuae BrOpoit mesieBoit dyakmuu (1.6) st npeobpazoBaHust
CYyMMBI MOJyJICH B JUHEHHYIO (DYHKIHMIO BBEJIEM B MOJEIbL JBA TUIIA JOIOJ-
HUTEILHBIX I1€PEMEHHDIX:

Wiy = U — U, S -
Wk TR TN, =17 (1.12)
uj, = 0,u; >0,

Torna dyukmmonan (1.6) mepeiijier B cyMMy HOBBIX [EPEMEHHBIX:

r N
Jo=h> Y (uf +uy) — min. (1.13)

=1 k=1
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Ucxonst u3 Buga esesoit dbyuxiun (1.13), cymiecTByer cienyionias B3a-

NMOCBA3b MEXK/Y IIepEMCHHbIMM:

ecan w = 0, TO wip = uj,
ecmt Ui <0, TO U = —uy,.

[TosTomMy MOXKHO cKazaTh, UTO uj;v 0003HaYaEeT IMOJIOKUTEIbHYIO YacTh YUCTIA
Uik, & Uy — OTPHUIATETHHYIO.
[aJiee 1epeiijieM K TpeTbeMY KPUTEPUIO. 3aMEHIM B (1.7) yIpaBJjeHne

Ha ero IpeJICTaB/IeHIe B BUJIEe KYCOUHO-OCTOTHHON (byHKImn (1.4):

T

N r T
Jo :/u(t)TQu(t)dt:Z/ ZZuilkmeUiQk dt.

0 k=1, \i=lip=1
Torna, yuntbsiBas, 91O tj, — t_1 = h, BbIIAIIIEM UTOTOBBIN B/ BHIPAYKEHUS:
r r N
Jo = hZquQZuilkuiQk — min. (114)
i1=1iy=1 k=1
[Monyunmn dynknmonasn (1.14) B Buze KBaapaTudHOil (HOPMBI OTHOCHTEIHHO

IepeMeHHbIX U;;. B mynkTe 3.1.2 mokaxkeM, 9TO 3TO HEOTPHUIATETLHO OIpeie-

JIeHHas KBaJipaTudHas hpopma.
1.3.4 Pe3yabTaThl cCBegeHUS

B urore smmneiinast 3aada ontumasbioro yrnpasienus (1.1)—(1.5) 6bura

cesiera K 3ajade (1.9)—(1.11):

T N
E E CikUil — min,

1=1 k=1

r N
Z Z hﬁkum =g, =

=1 k=1

—_

7m7

~ TN,

=

L <wuyp <5, =1,

obJ1aatomeil CaeyIoNIMI XapaKTePUCTUKAMIM:
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— rN nepeMeHHBIX,

— M JUHENHHbIX PABEHCTB,

— 2r N JINHEIHBIX HePpaBEHCTB,

— JmHeiinas 1esaeBas QyHKINs.
[TockobKY 71 BCeX TIepEeMEeHHbBIX 3a/IaHbl IBYCTOPOHHUE ONPAHIIEHUs, TaKyTO
3a/1a9y MOXKHO KJIacCU(DUITUPOBATH KaK HHTEPBAJILHYIO 3a/1a9y JIMHEHHOTO MPO-
IpaMMUPOBaHUs, KOTOpast, KPOMe KJIaCCHIeCKIX METOJIOB, TaAKKe MOYKET ObITh
3¢ deKTUBHA PellieHa U ¢ UCIOJIb30BaHNeM aJIAlITHBHONO MeToja [32].

[Ipu cmene pyHKIIMOHAIA HA MHTErPAJ OT CYMMBI MOJIeIell KOMITOHEHTOB

yipasienns, 3agada (1.1)—(1.4), (1.6) ceopures x (1.9), (1.10), (1.12), (1.13):

T N
hz E (u;; +ui_k) — min,
i=1 k=1
,

N
S Wrun =g, 1=Tm,

1=1 k=1

l*zguzkglja ZZW? ]{3:1, )

_ ot - . _ T
Uiy = Uy — Uy, 1= 1,7,

+ - -
up = 0,u;, =20, =1,

DTO 3a/1a9a JIMHEHHOTO TPOrPAMMUPOBAHUS CO CJIEIYIONTUMHI PA3MEPHOCTSAMIT:
— 3r N nepeMeHHBIX,
— rN + m JMHeIHbIX paBEeHCTB,
— 4r N nuHeilHbIX HEPABEHCTB,
— JmHeiinas 1esaeBas QyHKINs.
Haxomner, mpu ncrosb3oBannn (hyHKIMOHATa, Jlarpanrka 3a/1ada yrpasie-

mns (1.1)—(1.4), (1.7) mepeiiger B 3a/1a9y KBaIPATHIHOTO TPOrPAMMEIPOBAHIIS

(1.9), (1.10), (1.14):
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r r N
h E E Qivis E Ui, kUi, — Min,
=1

11=1149=1

T N
Z Z h;kuzk =g, l=

=1 k=1

—_

7m7

~T.N.

=

L Swuge <5, 1=1,r,

XapaKTepuCTUKN 9TOH 3aJa4l BbIINCAHbI HUXKE:
— rN nepeMeHHBIX,
— ™ JIUHENHbIX PaBEHCTB,
— 2r N JIuHeitHbIX HEePaBEHCTB,

— BBINYKJIasd KBajpaTudHas 1eseBast (PyHKITUS.

1.4 Penienue 3aga4m JMHEITHOTO M KBaJPATUIHOTO

MIpOrpaMMUPOBAHUSI

[Ipu perennn paszHooOpa3HBIX 3a/1a9 ONTUMAJIBHOIO yIIPABJICHIS BO3HU-
KaeT HeOoOXOJMMOCTDb MOMCKA ONTUMAJIbHBIX 3HAUEHWI JIJIs PA3INIHBIX 3a/ad
MaTeMaTHIeCKOro MpOrpaMMUpPOBaHus. B paMKax JaHHOW JuccepTalmoHHOi
pPabOTBI MBI CTOJIKHEMCS C HECKOJIbKUMHE KJIACCAMU ONTHMU3AINOHHBIX 3a,/1aM:
1. Jluneiinoe nporpammvuposanue (Linear Programming, LP),
2. Ksagparuunoe nporpammuposanue (Quadratic Programming, QP),
3. IlporpammupoBanue ¢ KBajparndabiMu orpanndenusivi (Quadrati-
cally Constrained Programming, QCP),
4. YacTudaHO TIeJI0YNCIeHHOe JinHeiiHoe mporpamvupoBanue (Mixed
Integer Linear Programming, MILP),
5. HactudHo 1e/09nc/ienHoe KBapaTudnoe mporpamMmvuposanue (Mixed

Integer Quadratic Programming, MIQP),
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6. YacTuuHOo MEIOYNCIEHHOE IIPOrpaMMHUpOBaHHE C  KBaJpaTHIHbI-
vu  orpanudenusivu  (Mixed Integer Quadratically Constrained
Programming, MIQCP).

Hecmorpst Ha TOT akT, 9TO OJHU 3aJa4U SIBJISIOTCS YACTHBIM CJIyda-
em sipyrux (cMm. puc. 1.1), sadpdexTuBHee OKA3BIBACTCS PACCMATPUBATH METOIBI
perrenns JJIsi KaKJ0ro KOHKPETHOro Kjacca. B jgannom maparpade omnuniiem
METO/IbI PEIIeHNsT KarKJI0r0 U3 IIPEJICTABIEHHBIX KJIACCOB U IIPUBEJIEM IIPHMe-
PhI CIEeNUaII3IPOBAHHBIX IIPOIPAMM, KOTOPBIMI MOYKHO BOCIIOJIB30BATHCS JJIsT

IIOUCKa OIITHMaJIbHBIX peH_IeHI/Iﬁ ITUX 3aJayd.

‘(\
MIQCP (MIQP MILP@ )QCP
<( ) 2

Pucynok 1.1 — CooTHollleHIEe TUIIOB ONTUMU3aIMOHHBIX 33,124

1.4.1 JIuneiiHoe mporpaMMupoBaHUE

Bajiaua JIMHEHHOro MPOrpaMMUPOBAHNUS SIBJISIETCsT KJIACCUIECKOM OITHUMIE-
3aIMOHHOI 3a/la4eil: CTaBUTCY 11eJIb HATU SKCTPEMYM MHOT'OMEPHON JIMHENHOI
QYHKIUU TpU JIMHEHHBIX OI'PaHMYeHUsX Ha IepeMmeHHble. C reoMeTpuyecKoil
TOYKH 3peHNd, JTNHEeIHbIe OrPpaHNYeHId ITOPOZKAAI0T BBIITYKJIBII MHOTOIDAHHUK
B MHOI'OMEPHOM IIPOCTPAHCTBe, a IejeBast (DYHKIUs OlpejesdeT Hallpab-

JIHIOLLLI/II;’I BEKTOD. OnruMaJIbHBIM peamicHueM < dBJIAETCA HEKOTOpasd BeplinHa
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MHOTOIPAHHHUKA, & B OTJIEJbHBIX CJIyYasiXx ONTUMAJbHBIMU PEIIeHUSIMUI MOI'YT
OBITHb BCe TOYKHU IIPUHA/IIEXKAIINE OIPeJIe/IeHHOMY Pedpy MM I'DaHU.

OCHOBOIIOJIO?KHUKOM JIMHEITHOIO IIPOIPAMMUPOBAaHUsT KaK OTJ/IEeJIbLHOIO
KJIacca ONTUMMU3aIMOHHBIX 3a/1a4 MPUHATO cuuTaTh JI. B. KanTopoBnya, Tak»ke
[IPEJIJIOXKUBITIEr0 METOJI PeIlleHHsI TTOCTaBIeHHOM 3a1aqu [33].

Cunnekc-meron. B 1947 romay, paboras Haj 3ajadeil 06 yiydiieHun
npoiiecca 1ianuposanust g BBC, Ixx. B. Hanmur cdopmyainpoBa CHUM-
mwieke-mMetost [34] — addexTuBHbI MeTO/ MONCKa ONTUMAJBHOIO DPEIIeHus,
CUNTAIONIUICS OJHUM 13 CaMbIX HMOIYJISIPHBIX IIOJIXOJI0OB JI0 CUX IIOP.

Meton BHyTpeHHeit Touku. Ajroputm Obli1 paszpadboran 60-bIx —
70-b1x rogax [35;36] st 38189 BBITYKJION ONTUME3AIN ¢ OpAHIYeHNsIMI. B
1984 romy crenuabHO I 332491 JIMTHEITHOrO IIPOrpaMMIPOBAHMSA ObLI aall-
THpPOBaH MeToj BHyTpeHHeil Toukn (Asnropurm Kapmapkapa [37]), pematoruit
3aJ1a9y 3a IOJIMHOMHAJILHOE BPEMs.

A manTuBHBIA MeTo,. B nagasie 70-x rojios P. @. ['abacoBbIM COBMECTHO
¢ @. M. KupuiioBoit ObLI MpejjioykeH U 000CHOBAH HOBBIM IOJXOJI K perire-
HUIO 3a/1a4 JIMHEITHOrO pOrpaMMUPOBAHUS. JTO IMOJ0XKIJIO HAYAIO KPYITHOMY
HAIIPABJIEHUIO, M3BECTHOMY KAK KOHCTPYKTHBHBIE METOJbI onrrumusarun [38].
PesyspraTsr 9TOr0 HampaBienus MMPOKOo HpuMensmch B 70-80-x rojgax mpn
pelieHnn MpUKJIaJIHBIX 3a/1a4.

OJIHUM M3 IPEUMYIIECTB aJIalTHBHOIO METOIa MOXKHO BbIJIEJIUTH TO, UTO
ero IpuMeHeHNe He BeJET K YBEJINUCHUIO Pa3MEPHOCTH 3a/1a491, YTO HEM30e2KHO
IIpU CBEJEHNN MCXOJIHON 3ajaun K KaHOHUUIeCKoi (opMme 3aja4un JTUHEHHOTO
IPOrPaMMUPOBAHMUST, TPUTOIHO JIJIsT PEIeHNsT CUMILIEKC-MeTo1oM [32].

Metoa DuaauncongoB. Cpeay MPOUYNX METOHO0B JIONOJHUTE/IHBHO MOK-
HO BBIJIEJINTH METOJ SJUIHNCOnI0B [39], cTaBImil mepBbIM MOJIMHOMUAIBHBIM
METOJIOM pellleHusl 3a/ia4ll JIUHEHHOIO IIPOrpaMMIPOBAHNSI, HO Ha IIPAKTHKE He

OKa3aBIINIICA JIOCTATOUYHO 3(PPEKTUBHBIM.
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1.4.2 KBajijpaTuviHoe MporpaMMHpPOBaHIE

B nureparype mpuHATO OTAETBHO pacCMaTpUBATH JIBa KJjacca KBaJpa-
TUYHBIX 3a/1a4:
1. Kagparuunoe nmporpamMmmupoBanne — 3ajiada ONTUMU3AINN C JITHEl-
HBIMU OI'DaHUYEHNsIMI U KBaJIpaTUYHOIl 11e/1eBOil (DyHKITHeIl,

2. llporpamMmupoBanme ¢ KBaJpPaTUYHBIMUI OTPAHUYEHUSIMHI — 3ajiada
ONITUMU3AINN C JINHEHHBIMI 1 KBaJAPATUIHBIMU OrPAHNYICHUSIMUI 1 JIN-
HeflHO# MM KBaApPaTUIHOI 1es1eBoil (pyHKIINel.

Bazxknoit xapaKTepucTUKON KBaIPATUIHBIX 3a/1a9 SBJIAETCH YCIOBUE BbI-
MYKJIOCTH OTpaHUYeHuil u 1esieBoil pyHKII. B BBITYKIOM cilydae MHOXKECTBO
JIOIIYCTUMBIX PeIIeHUil COAEPKUT €ANHCTBEHHDII OITUMYM, ABJIAIONIAIICA [JIO-
b6asibHbIM. CJI02KHOCTD pellleHts 3a/1a41 CYIIECTBEHHO 3aBUCUT OT BbIIIOJIHEHUS
9TOTO ycsioBus. B mannoit pabore Oy/ieM paccMaTpUBaTh ONTUMI3AIMOHHBIE 3a-
JIad’ TOJIBKO C BBITYKJIBIMI OTPAHMIEHUAME W 1EJI€BBIMI (DYHKITIIMIE.

g permennd 3a/1aqu KBaJIPATUIHOTO TTPOTPAMMUPOBAHUSA TTPUMEHSIIOT
MeTOJIBl aKTHBHOrO Habopa [40| m meromsl BHyTpenmeii Toukn [41]. Bamatda
C KBaJPATUYHLIMU OI'DaHUYEHUsIMU sABJgeTcsd Oojiee caoxkHoil. OObIYHO ee
paccMaTpuBalOT KaK YacTHBIN caydaii Oosiee obIeit 3a/1a9 KOHMIECKO ONTH-
vusanuu (Second-Order Cone Programming, SOCP) [42]. C nomoripio metojia
BHYTPEHHEll TOUKN ONTUMAaJIbHOE pellleHrne 9TO 3a/auil MOYKET ObITh HailJIeHO

38 TOJMHOMHUAJIbHOE Bpems [43].

1.4.3 YacTu4HO IIeJIOYNCJIEHHOE ITPOrpaMMIPOBAHNIE

BoJiee obmmM ciaydaeM JIMHEHHBIX U KBaJIPATUIHBIX 33184 ABJISIIOTCA dar-

CTHYHO »OeJIOYHCJIEHHbIE 3a/Ja4dll — KOIZla HEKOTOPbLIE II€peMEHHbIE ABJIAIOTCA
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OMHAPHBIMU WK 1IesiouncaeHHbIME. OtnuieM criocobbl perrenns 3agadn MILP,
opasymMeBas, 9To JJId YACTUIHO IEJTOUNCIEHHBIX KB IPATUIHBIX 38189 CIIPa-
BEJIJTUBLI AHAJIOTUIHDBIE TTO/IXO/IbI.
IlepeGop 3HauveHmii. [IpocreiimmMm MOIXOIOM K PEIICHUIO IIOCTABJICH-
HOIT 3a/1a9M sIBJISIETCS TIOJTHBIH 11epebop 3HaYeHUt OMHAPHBIX U 11€JIOUNCIEHHBIX
HepeMeHHbIX. JHAYeHNs] JTUCKPETHBIX IIePEMEHHBIX (DUKCUPYIOTCs, TAaKUM 00-
pa3oM, 3ajlada CBOJANTCA K 3ajJade JIMHEITHOTO MPOrpaMMHUPOBAHU, KOTOpPasd
pemiaercss craHjgapTHbIME MeTomaMu. Cpemau Bcex HADOPOB 3HaYEHUil, JI/Isi
KOTOPBIX CYIIECTBYET JOIIYCTHMOE PellleHle, BbIOMPAeTCcs TOT, Ha KOTOPOM JI0-
CTUTAETCA ONTUMYM TeJIeBOil (DYyHKITNN.
Metoa BeTBeit u rpaHuIl. AJiropuT™ ObLIT 1peiozkeH 1960-bIx rogax
[44| u B KaKOM-TO cMbIC/IE sIBJIsieTcst Oostee 3(h(DEKTUBHBIM TepebOPOM 3HaUe-
HII TUCKPETHDLIX IepeMennbIX. Ha mmepBom srale penraeTcs pelakKCupoBaHHasd
3aJlada — Bce OMHAPHBIE U IEJI0UNC/IeHHbIE TIePEMEHHbIE PACCMATPUBAIOTCS KaK
BemecTBeHHbIe. [locie pemenns, B ciydae CyIIECTBOBAHUS OINTHMAJIHLHOIO pe-
IIeHNs, BO3MOXKHBI JBE CUTYAIUN:
1. 3HavueHUsT BCEX JUCKPETHBIX MEPEMEHHBIX SIBIAIOTCA HEJbIMU UNC/Ia-
Mmu. Torja onTuMaJsbHOE pelleHne pelaKCupOBAHHON 3a/1a91 SIBJIAETCSA
ONTUMAJIBHBIM PeIleHneM UCXOTHOM 3a/1a91.

2. Ecnnm cymecTByer nuckpeTHas nepeMeHHast, IPUHIBIIasg He 1e10e 3Ha-

*
79

JeHne r; = X, TO HEOOXOJMMO MCXOJHYIO 3ajady pa3duThb Ha JIBe.
B nepBoit noxzagade OyaeT HATOKEHO JOMOJHUTEILHOE OIPAHIICHHE:
z; < |z}, Bo Bropoit — momosHHTEIBHOE OrpaHmueHne T; = [xf].
O6e mogzajadn pemraeTcs TeM »Ke aJrOPUTMOM, TakK 00pas3oM, ajro-
PUTM SIBJIETCA PEKYPCUBHBIM. B ciiydae CyIiecTBOBaHUs pelIeHni
JUIsT 00enx ToA3a/ad, peIleHrneM HCXOIHONW 3ajadn OylaeT pelleHne
10/13a/1a41 C JIYIIINM 3HaUeHneM eseBoii pyukinn. HecmoTpst Ha Teo-
peTnvuecKne IpenMyInecTBa MeToga — rapaHTHPOBAHHOE CXOXKIEHIE K
ONTUMAJILHOMY PEIIeHNIO, Ha IIPAKTUKE OH 3a9aCTyI0 ObIBAET CIUIIKOM

MeEIJINTE/IbHBIM.
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Mertoa BeTBeil u orcedeHuii. O iHuM U3 yJjiydIieHnii MeTo/ia BeTBel u
IpaHUIL BJIIETCS METOJI BeTBell U oTceveHnil, npeiioxKeHHblil B cepeune 90-bIx
[45;46]. TToMuMo BeTBJIEHHs, aJITOPUTM MIPEJIIIOIAraeT JIJIs KayK 101 110/ [3a/1a9m
OTCEKATh 3aBEJIOMO HETeJIOUNCIeHHbIE PEIIeHNs Iy TeM BBEIEHNS JOTOTHUTEb-
HbIX orpanmdennii. CymecTByeT MHOYKECTBO aJITOPUTMOB OTCEUEHU, OTHIM U3
CaMBIX MOIYJISIPHBIX sIBJIsteTCst ajroputy Lomopu [47;48).

Meton BetBeit um 1eH. Moaudukanug MeTona BeTBeil U T'DAHMII,
OCHOBaHHasl Ha Merojle reHeparuun crojonos [49]. Ha mepsom mmare dpopmu-
pyeTcs HeloJiHasg 3ajada, cojleprKalllast He Bce IepeMeHHbIe U OrpaHUuYeHUst
MCXOJTHOM 3a/laun. DTO JIeTaeTCd U3 MPEJIOJIOXKEHNsI, YTO JacTh MepeMeHHbIX
IIpUMeT HyJeBoe 3HaUYeHne, CJIeJ0BATeTbHO, WX MOKHO WCKJIIOUNTH U3 3a7a-
qu. OObIYHO 17 TIepedOPMYTUPOBAHUS 3a/1a9l UCTIOIb3YETCA JTEeKOMIIO3UIINS
Haunnura—Bynda [50]. [dasee, B TedeHune ajroputma BETBJIEHUsI, OIPEJIEJICH-
Hble TepeMeHHbIe MOT'YT BO3BPAIAThCA B MOJIE/Ib. 1aKON TOJIXOJ] MO3BOJISIET
COKpATUTh BPeMsI pactiera 1 UCIIOJIb30BaHue orepaTuBHOil mamsitu. CyiiecTByer
TaKyKe METOJ[ BETBeil, IeH n oTcedeHnit [51| — MOMONHUTEIBHO 3aK/1a/[bIBACTCSI
9TAIl OTCEeYeHUsT HENEeJOUNCTEHHBIX PeIleHnii.

OBpuUCTUKU. [[jis1 yCKOpEHUs ONTUMU3AINNA MOYKET OBITH OINpaBJAHHO
napaJijieJ;IbHO ¢ METOJIOM BeTBell U OTcedeHmil TaKxKe UCIOIb30BATh U 9BPUCTU-
gecKre ajropuT™Mbl. OCHOBHBIM MPEUMYIIIECTBOM TaKUX AJIOPUTMOB SIBJISI€TCSI
CIIOCOOHOCTH OBICTPO HAXOAUTH KadeCTBEHHBIE PEIIeHUs, OJHAKO, HeJOCTAaTOK
COCTOUT B OTCYTCTBUU rapaHTUU HAXOXKJCHUS PEIICHUs], I HEBO3MOYKHOCTD OIle-
HUTH UX ONTUMAJIBHOCTD. [IpumMeps 3BpucTHvIeCcKNX aJropuTMOB:

1. Temernveckuit amroputym |52,
2. Local Branching [53],
3. RINS (Relaxation Induced Neighborhood Search) [54].



32

1.4.4 UVcnoab30BaHHNE CHEIUAJIN3NPOBAHHOIO IIPOrPaMMHOIO

obecrieueHud

CyIecTBYIOT pa3HOOOpa3HbIe MPOrPaMMHbBIE KOMILJIEKCHI JIJIsi PEIeHUs 3a-
Jlad MaTEeMaTUIECKOTO ITPOrPAMMUPOBAHNsI, B KOTOPBIX PEAJIN30BAHbBI IIEPEIIC-
JIEHHBIE BBIIIE aJIFOPUTMBbI perieHns. Takne KOMILIEKChI OOBITHO MPEJICTABICHbI
B BHJIE IIPOI'PAMMHBIX OHOJINOTEK, UX IIPUHSITO HA3BIBATH PEIIATEIIMEI WU COJI-
BEpAMI.

[t BBIOOpa, KOHKPETHOT'O COJIBepa, HeOOXOAUMO YUIUThIBATh CIeNn(pUKY
perraemMoii 3aa49i U O0INYI0 apXUTeKTypy IpoekTa. Kak mpaBmio, MO:KHO Py-
KOBOJICTBOBATBHCSI CJIEJIYIOITMMU KPUTEPUSIMU:

1. Tunbl pemaembix 3a/1a4,

2. IlpousBojuresib, TUII JIMIIEH3UN, CTOMMOCTD JINIIEH3UN,

3. IIpousBojurenbHOCTL Ha OeHUMapKaxXx — HabOpe CTaHJIAPTHBLIX 3a-

mas |55,

4. Hammame ymo0HOrNO PyKOBOJICTBA, MOAAEP:KKa IIPOU3BOAUTEEH 1 cO00-

[IIECTBa MMOJIb30BATEJICH,

5. HWcnosib3oBaHue ¢ MOMOIIBIO SI3bIKOB TPOTPAMMUPOBAHIS U ITPOrPAMM-

ubix nakeroB (API),

6. Bo3morkHOCTB 3a/1aBaTh CTAPTOBOE PEIIeHe — UCII0/Ib30BaHIe Hada Th-

HOI'O peIeHNs [O3BOJISIET YCKOPUTH IONCK ONTHMYMA,

7. Bo3moxKHOCTD yIIpaBjieHnsa HaCTPOITKaMH COJIBEPA,

8. OyHKIMOHAJ aHAJIN3a HECOBMECTHBIX MOJIe/Ieil — B CJIydae OTCyTCTBUSA
JIOITYCTUMBIX PeNIeHuil, aJropuT™ HAXOJUT MHOXKECTBO IMPOTUBOPEYA-
IIIX OI'PAHIIEHHI.

9. Bo3MOKHOCTBH IIPUMEHEHHSI 110JIb30BATEILCKIX METOJI0B — IIOUCK pe-
IIEHNs C MOMOIIBIO AJTOPUTMOB, YUNTBIBAIOMINX CIENMUKY 3a1a491

IMapaJijieJIbHO ¢ OCHOBHBIMH METOJlaMM COJIBEPA.
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B 1a6. 1.1 npuseseno HeGOJBIIOE CpPaBHEHUE IIONYJISPHBIX COJIBEPOB.
PaccmoTpenbl  cambie m3BeCTHbIE KOMMepdeckue peraresn Gurobi [56] u
CPLEX [57|, Bemymennsiit 8 2019 romy COPT [58], u ux obuiemocryiitbie
anajorn SCIP [59] u CBC [60]. Takxke co cnmckoMm coJiBEpoB ¢ KJaccugpuKa-
yeil 10 TUIIAM PEeIIaeMbIX 3a/1a9 MOKHO O3HAKOMUTLCSI Ha CAHTE CHUCTEMbI JIJIs

MaremaTudeckoro mojemnposarus GAMS [61].

Tabmuma 1.1 — CpaBHenune coiBepoB

MeTpuku Gurobi CPLEX COPT SCIP CBC
Gurobi Cardinal .
IIpoussomu- o . Zuse Institute COIN-OR
Optimization, IBM, CIIIA Operation,
TeJb Berlin, I'epmanus Foundation
CIITA Kurait
CgobomHoe
HCII0JIb30BaHUE
Kommepueckast Kommepueckast Kommepueckast
JIJIsT UCCJIEIOBA~
Tun u GecrtaTHasI u GecrtaTHasI u GecrutaTHasT . CBoboHOE pac-
TEJIbCKUX I1eJIeit
JINTIEH3UHN aKaJIeMUIecKas | aKaJeMUdecKas | aKaJeMUIecKast IpOCTpaHEHNe
“JIeHAM
JTUTIEH3 ST JTUTIEH3 ST JTUTIEH3 ST
HEKOMMEPYECKUX
opranu3aluii
(MI)LP, (MI)LP, (MI)LP,
Kuaccst (MI)LP, (MI)QP,
(MD)QP, (MDQP, (MD)QP, (MDLP
3a7a4 (MI)QCP
(MI)QCP (MI)QCP (MI)QCP
C++,
C/C++, Java, C/C++, Java, C/C++, Python, Mathematica,
/ / C/C++/C#, / .
API .NET, Python, .NET, Python, Julia, MATLAB, MATLAB, R,
Java, Python .
MATLAB, R MATLAB Java Python, Julia,
Rust
Benumapku
LP (Cum- 1,43 — 1 44,9 9,52
ILJIEKC-METOI)
Benumapknu
LP (Merog,
. 1,33 — 1 — 77,8
BHYTPEHHEI
TOYKH)
Benumapku
1 — 2,34 8,39 10,2
MILP
Benumapknu
2,03 — 1 — —
QCP
Benumapku
1 — — 13,1 —
MIQCP

st GeHIMapKoOB yKa3aHO CpejiHee OTHOCUTEIHLHOE BPEMsI PEIIeHUs 3a-
Jlad, HOPMUPOBAHHOE IO Pe3yabTaTy Jujepa. [Ipomyckn B JaHHBIX 03HAYAIOT

OTCYTCTBHE I/IH(i)OpMaIJ;I/H/I 110 ITPOU3BOJUTEJILHOCTU Ha YKa3aHHDBbIX 6quMapKaX.
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B Tekyimeit padbore i penieHnsl ONTUMI3aINOHHbBIX 3a/1a9 ObLT BHIOPaH
cosiep COPT. O6painenne K cojiBepy IPOU3BOIIIOCH Ha sI3bIKE IIPOrPaMMIU-
posanust Python ¢ nomortpio 6ubnoTekun coptpy, mpegocTaBisgeMoil IIPOU3BO-

AUTEJISIMU COJIBEPA.

1.5 Ilpumep. demndpupoBaHnsa KoaedaHUl «CIAIIEro BOJTIKA»

Jlarpanxka

B kadectBe miuocTpany paboThl JITOPUTMa PACCMOTPUM 3aJ1a4dy JIEMII-
dbupoBanust Kosebanuit «crsiero Boadkay Jlarpamxa [62].
JIBuzKeHme BOTIKA, OMUCHIBAETCS CUCTEMOI OOBIKHOBEHHBIX Jud HepeHIim-

AJIbHDbIX ypaBHeHI/Iﬁ C ylIpaBJIECHUEM:

n_BE»_An:u%

rie &(t) un(t) obo3HaTAIOT KOOPIMHATHI BEPIITHHBI BOJTIKA; U1 (1), us(t) — 0606-
meHubie cuibl; A 1 B — mapamerpsl MOJIeH, XapakTepusyoime (hu3ndecKne
cBoiicTBa oObekTa. B mamroM mpumepe mosoxkum A = 1, B = 3.

TepMmuHa/bHON 3aja4eil sIBJIsIeTCsl IePeBOJ] 00bEKTa U3 OJIOKEHHSI

(£=-10, £=51n=6,1=28)

B HyJIEBOE TOJIOYKEHWe. TaKmM oOpa30M, B HaYaJbHBII MOMEHT BpeMeH! 00b-
ekT Haxonurcsa B Touke (—10, 6) m mMeer menyseByro ckopocTh. Heobxommmo
MOMECTHTb OOBEKT B COCTOsIHUE TIOKOSI.

Snauenne napamerpa 1’ ycranoBuM paBHBIM 20, TO ecTb OyleM paccMat-
puBath mnporiecc Ha orpeske [0, 20]. Pazobbem 3TOT BpeMeHHON OTpe30K Ha
50 paBHBIX y4dacTKOB. HurkHue rpaHuiibl yCTaHOBUM PABHBIMEU —2, & BEpXHUE
I'PAHUIIBI TIOJIOKUM paBHLIMU 2. YIpaBienne OyjieM NCKaTh B KJIacce KyCOIHO-

MOCTOSTHHBIX (DYHKITHII.
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B kadectBe ne/eBoit pyHKIN OyjgeM paccMaTpuBaTh HHTErPaJl OT KBaJl-
paTa HOPMbI BEKTOpa YIIPaBJIEHUII.

Torna mocse 3aMeHbl MTepeMeHHbIX
9U1:E.7 :EQZEn I3 =Tm, T4=T1,

[IOJIYyYNM 3a/1a49y OITUMAaJILHOI'O YIIPpaBJICHUS C JIMHENHON CUCTEeMOil 1 KBa/Ipa-
TUIHBIM (DYHKITTOHAIOM:

20

/ (w3 (t) + u3(t)) dt — min,

i 010 0 1 00
i 100 -3 2 10 Uy
= + ,
Zj;‘3 000 1 T3 00 U9
iy 031 0 24 01
[ 21(0) 10 21(20) 0
w(0) | | 5 w2(20) [ ] 0
23(0) 6 | | zs(20) 0l
\ 74(0) 8 24(20) 0
—2 up (T 2
<[ ") < . telo,20].
—2 Ug(t) 2

[Iponestypa cBenenns ObLia peajin3oBaHa Ha s3bike Python 3, a 3asa-
4a KBaIPATUIHOIO MPOrPAMMUIPOBAHUSI ObLIa PelleHa C MOMOIIBIO PerraTe/ist
COPT (cm. mpusoxkenme A).

Ob11ee BpeMst pabOTHI IporpaMMmbl coctaBmio 0,32 cekyH . 3HadeHne Iie-

JieBoit pyukiun papusiercs 92,80. PesysbraTsl npuBeaeHbl Ha puc. 1.2.
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ux(t), ua(t) OnTumanbHoe ynpasneHue
2 -
—— U1 | , JJ_
1 -
-1 4 '—l—l—\_
_2 L T T T T T
0 2 4 18 20 t
n(t) ®a30BbIV NOPTPET
10 A
0 -
_10 .
-20 -15 -10 -5 0 5 10 &(t)

Pucynok 1.2 — JlemndupoBanue Kojedannii «CIsimnero Boadkay Jlarpanzxa mpu

BBIOOpE yIpaBJieHns B KJIacce KyCOUHO-TIOCTOSHHBIX (DYHKITNI

1.6 BrniBoabsl mo riase 1

B rnaBe 1 ObLT onucan aJaropuT™ perieHus JTUHEIHON 3a/1aul ONTHMa b
HOT'O yIpaBJIEHUS, COCTOSIIIII U3 JIBYX OCHOBHBIX TAIIOB:

1. CBeneHnne kK 3ajilade MaTeMaTHUYECKOI'O IIPOrpaMMHUPOBAHMSI.
Taxoil 1mepexo]1 OCyIIECTBISETCS ¢ UCIOJIb30BaHneM Gpopmy/ibl Korm
1 BO3MOKEH OJ1arojiapsi BLIOOPY yIpaB/IeHnii U3 KJ1acca KyCOTHO-TIOCTO-
SIHHBIX (DYHKIIMIT. DTall CBeJIeHUs MOPOOHO omucaH B raparpade 1.3.
B 3aBucumocTu oT Buja 1eeBoil pyHKIMN GopMUpyeTcs 3a1ada, JIk-
HEITHOTO WJIN BBIMYKJIOT0 KBaIPATHIHOIO MPOTPAMMUPOBAHII.

2. Pentenue 3ajadm MaTeMaTUYeCKOro IIporpaMmMupoBaHud. [1o-

CKOJIbKY 3a/Ja4da JUHENHOTO I[IporpaMMuUpoOBaHud KW BBIIIYKJIagd 3ada4da
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KBaJIPaTUYHOIO MPOrPAMMHUPOBAHUS XOPOIIO HU3YYEHbI, JJid pellle-
HUS MOKHO BOCIOJIb30BATbCS OJHUM U3 CIEIUaJIU3UPOBAHHBIX I1PO-
IPpaAMMHBIX TIPOJYKTOB (cosiBepom). B maparpade 1.4 onncatbl ujien
OCHOBHBIX aJITOPUTMOB pelleHNs] TaKuX 3aJiad, IPUBEJIEH 0030p CyIIie-
CTBYIOIINX COJIBEPOB, OCYIECTBIEHO CPaBHEHNE CKOPOCTH WX PabOTHI

JJId Pa3/JIMYHbIX KJIaCCOB 3a/lad.

Mzi02keHHbIe B IyiaBe 1 pe3yJibTaThl OIUPAIOTCs Ha TeOPEeTUIecKyto 6asy,

copmupoBantyio HayuaHoil mikos0it P. @. ['abacosa [31;32;38|. C Touxu 3pe-

Hust 00IEelt CTPYKTYPbI JINCCEPTAIMOHHON pabOThI, TEKYIas IaBa SBJISAETCs

OCHOBOI1, Ha KOTOPYIO MBI OyJIeM OIUPATHLCA B MOCEAYIONNX pasjiesiax. bblio

Bbl6paHO HECKOJIbKO HallpaBJICHUA Pa3BUTHA, KOTOPBLIE ABJIAOTCA aKTyaJIbHbI-

MU, HO COJIepzKaT Hepa3pelleHHble BOIPOCHI, B CJAEJICTBUE YEro MPEACTABJISIOT

UHTEpPeC JJId UCCJIeJOBaHUI:

1.

[TocTpoeHne MHOXKECTB JIOCTUKIMOCTHU U YIIPAB/IsIEMOCTH JIjIsT 0230BOIt
sagaan (1.1)—(1.4).

Breibop yipapiieHust 13 ajJbTepPHATUBHBIX KJIACCOB (DYHKINI: KyCOUHO-
JINHEITHOI'O U KYCOYHO-KBAIPATHIHOTO.

JlobapjieHne B 6a30BYI0 MOJIC/Ib JIONOJHUTE/IBHBIX BBITYKJIBIX U HEBbI-
IIYKJIBIX OpaHUYEHUil Ha ylpaBJieHne u (a30BbIe IepeMeHHbIE,
SaMeHa JIMHEHHON cucreMbl OOBIKHOBEHHBIX i depeHInaIbHbIX
ypaBHEHUII Ha HEJMHEHHYIO.

[lepecrpoenne ymupapjieHust B pexKiuMe peajibHOIO BpeMeH! IIPU OTKJIO-

HEHUU OO'bEKTa OT TPACKTOPUU MPOTPAMMHOTO PEXKUMA.
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I''TABA 2. IIOCTPOEHVE MHO2KECTB JOCTN2KNMOCTU
n VIIPABJIAEMOCTHA

[IpakTnueckast peajn3anys pelieHnus 3a/ad ONTUMAJIbHOIO YIIPaBICHUS
C TepexoJIoM K JIMHEHTHOMY IIPOrpaMMUPOBAHUIO TIOKAa3a/ia TeOPEeTHYeCKYIO
BaXKHOCTbH 0OOCHOBaHMUS 11€J1eCO00PA3HOCTU PEIleHus 33J1a41, TO €CTh CYIIECTBO-
BaHUs ONTUMAJILHOIO PEHICHUA. DTO HPHUBEJIO K 3ajade aHajm3a MHOXKECTB
JIOCTHZKUMOCTH U YIIPaB/ISEeMOCTH HCXO/IHOM 3asadn. B raBe 2 pacemarpu-
BaeTCsi BOIIPOC O IMOCTPOEHNHU ITHUX MHOKecTB. B maparpade 2.1 npubejieHb
olpeJie/IeHUs MHOYKECTB JOCTUXKUMOCTHU U yIipaB/sieMocTu. B 2.3 nmokazano, 4To
3a/1a41 TIOCTPOCHUS STUX MHOYKECTB 9KBUBAJIECHTHI I MOI'YT ObITH CBEJICHBI K 3a-
Jlade JIMHEITHOro oToOpakeHnusi MHOromepHoro kyba. /lajee B maparpade 2.5
AHAJINBUPYIOTCS CYIIECTBYIOIIUE TOJIXO/Ibl K PEIIeHUIO MTOCTABICHHOM 3a/1aun.
[Tocko/IbKy OHEM Ype3MepHO TPYJIO0EMKHU, BOZHUKAET BOIIPOC O CO3JaHUU DoJjiee
apdexTuBHOTO anropuTMa. B 2.6 mpeIoyken aJropuT™ MOCTPOEHUS MCKOMBIX
MHOYKECTB KaK CUCTeMBbI JTUHEIHBIX HepaBeHCTB. B Bujie TeopeMbl JJoKa3zaHa Kop-

PEKTHOCTDL aJI'OpUTMa. ,Z[aﬂee oncHeHa CJO02KHOCTDL IIPEACTaBJIEHHOI'O IIOAXO/JA.

2.1 IlocTaHOoBKa 3aJa4n

Lenbio guccepTalimonHoil PabOTHI SABJISETC pelleHne 3aJaun ONTUMAa b
HOI'O YIpaBJIEHUS I Pa3JIMIHBIX KjaccoB cucteM. OJHAKO 3apaHee MOYKeT
ObITh He M3BECTHO, CYIIECTBYET JIM pelleHne MocTraBjieHHoil 3ajaqan. [ias or-
BeTa Ha 3TOT BOIPOC OYyJET MOJIE3HO OCTPOUTH JBA MHOXKECTBA: MHOXKECTBO
JJOCTU2KMMOCTHU — BCE BO3MOXKHBIE COCTOSTHUS 00BEKTA, B KOTOPBIE OH MOYKET
IIOTIACTh 3a OIpeJIeJIeHHOe BpeMs 110J1 BO3/IefiCTBIEM JOITyCTUMOTO YIIPaBJIeHNs,

U MHO2KECTBO YIIPABJIAEMOCTH — BCE Ha4daJlbHblE IIOJIO2KEHUA CHUCTEMbI, 13
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KOTOPBIX MOYKHO IIOIIACTh 38 YKa3aHHOE BPEMsl B 3aJaHHOE MOJIOYKEHIE C IIOMO-
IIBIO JIOIYCTUMOIO YIIPABJIEHUS.

Pacemorpum 3ajaay yipasienns (1.1)—(1.4). Ee M0XKHO JONOJTHATE JITO-
ooit m3 nesesbix dynknuit (1.5)-(1.7), ognako, oHm He OYIYT OKa3bIBATH
BJIUSHIE Ha CYIeCTBOBaHME JOIMYCTUMBIX yrpasienuil. [lostomy B Tekymiei
ryiaBe OyjIeT UATH pedb O 3ajade TePMUHAJIBHOIO yIIpaB/ieHusl 06€3 KaKoro-ando
KPUTEPHUS.

Teneps hopMain3yem MOHSITHsT MHOKECTBA JIOCTUKUMOCTH 1 MHOYKECTBA
YIIPABJIAEMOCTH,

Onpenenenne 1. [Tycrs B Moment £ (0 < £ < T') ynpabisieMblii 06beKT
HAXOIUTCST B COCTOAHUN Z. ByleM HasblBATh MHONCECTNGOM JOCTUNCUMOCTNAU
X, (t,t,2) 3anaun (1.1)—(1.4) MHOKeCTBO BeeBO3MOKHBIX cocTosumii 2V (1), re
t € (t, T], B kotopbie cucrema (1.1) MozKeT mepeiiT 3a Bpems ¢ —f TPy Haua/TL-
nom yciaosun x(t) = & u BuiGope yupasienus suja (1.3), yI0BICTBOPAIONIETO

orpannuenmnio (1.4):

X0 (t,4,2) = {20@) = 2(t) | i(7) = A(D)a(t) + B(t)u(t) + d(t),

Onpenenenue 2. [Iycrs B Moment £ (0 < ¢ < T') yupasisteMelii 06beKT
JIOJIZKEH TIONACTh B COCTOsIHUE Z. ByjieM Has3bIBATb MHOMCECTEOM YNPaGAAE-
mocmu Xo(t,t, %) sanaun (1.1)-(1.4) MHOXKECTBO BCEBOZMOMKHBIX COCTOSHHIIL
z?(t), rne t € [0, t), u3 xoropix cucrema (1.1) MoxKeT mepeiiTu 3a Bpems
t —t B cocrosuue x(t) = & u BebOpe yupasienus sua (1.3), yIoBIETBODS-

forrero orpaxmdennio (1.4):

~

Xo(t, t,2) = {z@(t) = 2(t) | 2(7) = A(T)z(T) + B(T)u(t) + d(T),
z(t) =2, T € [t, 1], u(T) ynosrersopser (1.3), (1.4)}.

Bajiata TeKyIeil IIaBbl 3aK/II0YAETCs B OIMICAHUN 9TUX MHOXKECTB B Y100~
HOM JIJIsI aHaJIn3a BUJIE.
HecmoTpst na To, 4TO paccMaTpuBaeTcsd JUHeHAs ylpaBdeMas CUCTe-

Ma, METOJbI PEIICHMN A HEJIMHEMHBIX 3aa4 3a49aCTyI0 COCTOAT B HCIIOJIb30BaHNN
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JIMHEAPU30BaHHBIX CHCTEM. HOSTOMy I[IpealoJjaracrcd, 4To II0JIYy4YE€HHbIC 31€Ch
PE3YJILTATBI 6YAyT IIPpUMEHEHBI B aJI'OPUTMaX IIONCKa OIITHUMaJIbHOI'O YIIPpaBJIie-

HUd B HeJIMHEHHOM cucreMax B rjiase 4.

2.2 0630p JuTEpaATYyPHI

3ajiaua MOCTPOEHNsT MHOZKECTB JIOCTHXKUMOCTH U YIIPABJIAEMOCTH OblLiIa
HEOJIHOKPATHO PAaCCMOTPeHa B KJIacCHIecKnx mncrodnukax [15;63;64], B gact-
HOCTU, B HUX IPEJCTaBJIeHbl KOHCTPYKTUBHbIE METO/Ibl IOCTPOEHUSI MHOZKECTB
JIOCTU?KUMOCTHU B BUJIE SJIJIUIICOUJIOB.

B coBpemenHnoii uTeparype MOXKHO HANTH PAOOTHI, TOCBAIIEHHBIE TOCTPO-
eHUI0 MHOYKECTB JJIsl JIMHeHol 3ajaun [65;66]. Takske cyiecTByOT MOIX0/IbI
K MOCTPOEHUIO MHOXKECTB JIOCTHZKUMOCTH JIJIsi HEJMHEHHBbIX cucteM |67-69),
OJIHAKO, OIUCBIBAEMbIE TIOJIXOJIbI MPEJACTABJIAIOT TPYJIOEMKHIE aJrOPUTMBbI, CO-
cTosue, HallpuMep, B PelleHnH 3a/iaui ONTUMAJIbHOTO YIIPABJIECHUSI.

Ormune 3710l paboOThl — aKIEHT Ha CIeNuaJbHOM BHUJE YIPABICHUS:
OHO BBIOMpAaETCS U3 KJacCa KYCOUHO-TIOCTOSIHHBIX (PYHKIINI, OJarogaps de-
My, KakK OyJleT MoKa3aHO HIXKe, MHOXKECTBA JOCTUKUMOCTH U YIIPABIIEMOCTH
SABJIAIOTCS BBITYKJ/JIBIMU MHOI'OI'DAHHUKAMU U ONKUCHIBAIOTCS CUCTEMaMU JIMHEl -
HBIX HepaBeHCTB. Llebio gBiserca peanns3alus KOHCTPYKTUBHOTO aJITOPUTMa
[IOCTPOEHUS ITUX MHOKECTB, C IIOMOIIBIO KOTOPOI'0 MOXKHO OIIEPATUBHO IIPOBe-
pUTh, TPUHAJIEIKUT JIU Ta WM MUHAs TOYKA MHOXKECTBY JOCTUXKUMOCTHU WJIN
YIPaBJISIEMOCTH.

Pesynbrarsr mnpejctaBieHible B TeKyIell rjiaBe ObL OmyOJIMKOBaHbI B

cratbe [11].
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2.3 Ilepexox K 3ajgade JUHEHHOTO OTOOpPaYKEeHMS

[Tokaxkem, uro 3ajaun nocrpoenns mMuoxects Xi(t,t, %) u Xo(t,t, 1)

ABJIAIOTCA 9KBUBaAJICHTHBIMA 1 MOI'YT OBITD CBeZICHbI K 3a/la4de JIMHEHOro 0T00-

pazKeHud BBIIIYKJIOI'O MHOT'OI'PaHHUKaA.

2.3.1 CsBeageHue JjisI MHOXKECTBa JOCTUXKMMOCTH

Brimmmenm g 3agauu (1.1) ¢ nagambaeiM yenosueM z(t) = & dopmyiy

Ko, 0603ua1uB Y () MATPUIIAHT CUCTEMbI, HODMUPOBAHHBI B TOUKe t:

() =Y |2+ / Y ()Y 7L (7) (Bu(t) + d(1)) dt (2.1)

t
1 BOCIIOJIb3YEMCsl TIpeJICTaBIeHneM yrpasienus B suje (1.3).
Cpean uncen 1, N naiienm ky taxoe, uro (k;—1)h < ¢ < kih. Ananoruano
TIOJTY9HM 9HCIO0 Ky TakuM obpasom, uto ubo t € [0, T), Toraa cpeau uuces 1, N

MOKEM OIPEIe/IUTh ko, Jjist KOTOpPOro (ko — 1)h <t < koh, mbo t = T, Tora

OJIOKUM k9 = N.
Baga M II0CJIEI0BATEHHOCTD

( ~

t upmk=~Fk —1,
(2.2)

S =9 kh upu k = ki, ko — 1,

¢ upu k = ko.



42

Teneps mepenurem (2.1), pacKpbiB CKOOKH U BOCIOJIb30BABIIICEH MPE/I-

crapjienneM yrpasienns B Buje (1.3) ¢ yaerom (2.2):

Sk

~

() :f/(t)ngz / Y ()Y H)bi(T)duy | +
o (2.3)

31ech b; obosnadaer i-ii cTosiber; MaTpunbl B.

[IpousBegem 3aMeHbI:

Uy = (U‘Lkl? U2, ks - vy Uprkyy UL ky+15 U2 k1 +15 - - - 7u7‘7k2)T )
1 ko o
b = [ Y)Y (1)bdr,
e (2.4)

)

(1) (1) (1) (1) (1) (1)
I U Uy S A P Y R B
A t A A
=Yz + [Y()Y !(t)d(T)dr.
t
Torna pasencTBo (2.3) ¢ yuerom (2.4) meperuinem cJeLyonmM 00pasom:
r = BiUi + qu. (2.5)

Sameuanue 2.1. Boobiie rosopsi, MaTpuna B U BEKTOp 1, a CJIeJI0Ba-
TeJIbHO, I BEKTOD & 3aBHCSAT OT mapaMmerpos t, t, 4. Bosee Toro, BblGop ¢ u t
BJIMsIeT Ha pa3Mmep BekTopa Uy un KoJmdecTBo cToionoB B By. Bynem cunrarh nux
3aUKCUPOBAHHBIME, U JIJISI IIPOCTOTHI OIYCTHM O0DO3HAYEHIST 3aBUCHMOCTEI.

Takum 0OpasoM, HMOJYININ CHCTEMY JIMHEHHBIX ajaredpandecKux ypaBHe-
HUil, B KOTOPBIX MaTpuiia By mMeet pasmepnoctsb n X R, tiae R = r(ko—k1+1).
Koneunoe smadenne R ompesessiercss BEIGOPOM TodUek ¢ W f, HAIpUMEp, IIPH
t=0ut =T umeem R = rN.

Brejem Lgl) u Lél) KakK [-MepHble BeKTOpBI, cocrodiue u3 ko — k1 + 1
nopropennit BekTopos (lu1, ..., L)t u (I,..., 1)1 coorsercrBento.

Torya npsiMble orpaHnydeHuss Ha KOMIIOHEHTHI BekTopa U] MOXKHO Tepe-

IIMcaTb B BHJE

V<o <. (2.6)
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Kax BuHO, 3a/1a9a [OCTPOEHsI MHOZKECTBA JJOCTUKUMOCTH COCTOUT B Ha-
XOKJIEHUU BCEX BEKTOPOB Z (1) Takux, 4To cyiiecTByer BeKTop Uy, KOMIIOHEHTHI
KOTOPOI'O YJIOBJIETBOPSIIOT JIBYCTOPOHHUM OrpaHudeHusiM (2.6), 1 BbIIOJIHSIETCs]
JIMHeliHoe paBeHCTBO (2.5).

Hewmuoro ympocrum Buj 3agaan (2.5), (2.6). Cuenaem 3aMeHy BeKTOpa

yIpaBJieHnil 1 BeKTopa (Pa30BBIX IEePEMEHHbIX:

22U, — (Lgl) + Lg)>

J
Vi —

, J=1LR,
L — (2.7)

L.j Lj
1
y=z—5B (1" + 1) —a

Taxeke BBesieM MaTpuily P pasmepa n X R, cOCTOSNIYIO U3 CTOJIOIOB

1 1 1
pi = 5B, (Léj) - LQ) :

rae By — j-it cronben marpunbl 5.
B noBbix mepemenubix (2.7) sagada (2.5), (2.6) mpumer Bu
y=Fo. (2.8)

-1<v;<1,7=1R.
Taknm 06pa3oM, JIJIst TOCTPOCHUsT MHOZKECTBA JOCTIZKIMOCTH HEOOXOIUMO PO~
M3BeCTH JmHeiiHoe orobpazkenne R-MepHOro Kyba B n-MEpPHOE MPOCTPAHCTBO.

B kauecrBe MaTpHIIbI JMHEHHOTO ollepaTopa BBICTyIIaeT Marpuiia P pasmep-

moctu n X R.

2.3.2 CsBezenue Ay MHOXKECTBA YIIPABJISE€MOCTH

AHaJIOrHYHBIM 00Pa30M CBeJIEM 3aJ1a1y HAXOXKJIEHUsT MHOYKECTBa YIIPaB-
nasiemoctn. Jlst 3amaqn (1.1) ¢ koHeuHbIM yesioBueM z(t) = & pacCMOTPHM

dopmysy Korm, Bbipa3us I:
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Cpemu uncen 1, N maiinem ki u ko Takue, uto (k; — 1)h < t < kh, n
mbo t € [0, T), Torna cymecrsyer ky Taxoe, uto (ky — 1)h < t < koh, m6o
t =T, torna ky = N.

SaJ1a/InM 10CJIeI0BATeILHOCTD

(

t mnpuk==Fk —1,
Sk = kh upu k = ki, ko — 1, (2.10)

~

¢ upu k = ko.

[Tepermriem (2.9), pacKpbiB CKOOKH U BOCIIOJIB30BABIINCH TPEJICTABICHN-

em yrupasierus B Buje (1.3) ¢ yuaerom (2.10):

T k‘g 5k
o) = V(0= 33 | [ YOV on @i | -
i=1 k=k,
. o (2.11)
_ / V()Y (t)d(1)d
t
Bsenem obosznauenus:
U2 = (ulkl, qul, N ,urkl, u1k1+1, u2k1+1, RN ,urk2)T ,
Sk R
0 = — [ Y)Y L (t)bidr,
Sk1
2) (2 2) (2 2 2 (2.12)
By = (b3 0 BB W02
. b
@ =Y {t)s— [Y()Y (t)d(t)dr.
t
Torna pasernctso (2.11) ¢ yuerom (2.12) mepenuinem Kax
r = ByU; + qo. (213)

Pasencrsa (2.5), (2.13) umeror oxmuakoByto dopmy. Torma ¢ yuerom
IPSAMBIX OPaHNYeHUil 3810491 IOCTPOCHUST MHOYKECTBA, JIOCTUZKUMOCTI U MHO-
YKeCTBa yIPAB/ISIEMOCTH MOTYT OBITH CBeJIeHBI K 3aj1ade (2.8). B sT1om cMmbicse

OHU SKBHUBaJICHTHDI.
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2.4 (CBolicTBa MHOXKECTB

3nech n jajee OyJeM paccMaTpuBaTh CBOWCTBA MHOYKECTBA JIOCTUKU-
MOCTH, TOJpasyMeBasg, UYTO OHU TakK:Ke CIHPaBeJJINBbI W JJIsi MHOYKECTBA
YIIPABJIIEMOCTH.

C ydeTom pe3ysibTaTOB CBeJleHUs B naparpade 2.3 BBeJeM JIBa MHOZKE-
CTBA.

Omnpenenenue 3. Byjaem Ha3bIBATDH MHOAHCECMBOM JONYCMUMDBLT YNPQG-
aenuti muoxkectso V = [—1; 1% a mmnoorcecmeom donycmumwviz cocmosmuti —
muoxectso ¥ = {y € R"| Jv € V: y = Pv}.

CsoiictBo 1. Y — HemycToe, orpaHIYeHHOE, 3aMKHYTOE, BBITYKJIOC MHO-
JKECTBO.

OnHo ciiejlyeT M3 TOro, 9TO MHOYXKECTBO V sIBJISIETCsl HEIYCTBIM, OI'pa-
HUYEHHBIM, 3aMKHYTBIM W BBIIYKJIBIM, a JUHEIHOe O0TOOparkKeHue COXpaHseT
BbIIIIENIEpEYNC/IEHHbIE CBOIICTBA.

CsoiictBo 2. Y — BbiIyK/aasg 000J04YKa TOYEK {pl,...,pQR}‘ 31ech
p¥ = Pv* a v* — Bepmmnbr V.

MuozkecTBo V, 09eBUIHO, ABJISIETCS BLITYKJIONH 000/I09KOI CBOUX BEPIINH,

2R 2R
T.e. Vo € V dA, k = 1,2R2 v = Z Akvk, rjie Z A =1, A 2> 0.
k=1 k=1

Torna Yy € Y dA, Takoii, 4To

2R 2R 2R
y=Y MPo" =D "N > =1 M20, k=12R
k=1 k=1 k=1
k

Culesi0BaTeIbHO, MHOZKECTBO Y — BBIIyKJas 060/1049Ka BeKTopos p* = P,

WV

CsoiictBo 3. Y — BBIIYKJIbII MHOMOIPAHHUK, BEPIIMHAMU KOTOPOI'O
R
ABJIAETCA HOAMHOMKeCTBO Habopa BekTopos {pl,...p* }, roe p* = Po* a
v* — Bepmmub! V.

Ono BbITEeKaeT U3 CBoiicTBa 2 U CBOHCTB BBIITYKJIBIX 000JI0Y€EK.

CsoiictBo 4. Ecm y € Y, Toun —y € Y.
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Ecmy € Y, 70dv € V: y = Pv. Hou —v € V, a ciieioBare/ibHO,
P(—v) = —y € Y.

CBoiicTBo 5. MHO)KecTBO Y OINCHIBAETCSI CUCTEMOIl HEPABEHCTB THIIA
—b < Ay < b.

DTO MHOYKECTBO SIBJISIETCSI BBIIMYKJIBIM MHOMOTPAHHUKOM U MOYKET OBbITh
OIMCAHO CUCTEeMO JTUHENHBIX HepaBeHCTB. [lo ¢BoitcTBY 4, ecin BBIIOJIHSIETCA
a;y < by, TO 9TO HepaBeHCTBO OyjeT crpaBeyinBo u it —y : a;(—y) < b;.

Torna —b; < a;y.

2.5 (O0630p aJropuTMOB

CyImecTByeT HECKOJIBKO MOJIXOJIOB K perternto 3aadn (2.8). Koporko omnn-
IeM UX HIZKe.

1) Hocmpoenue svnykaot obosouru. Kaxk ObLIO MoKazaHo B cBOicTBE 3,
MHOrorpanHuK Y ecTb BhIIyKJIas 060s104Ka Touek Pv”, rie v¥ — Bepmmub! Ky-
6a V. OjHaKo yKe P JIOCTATOYHO HEOOJIBINON pasMepHOCTH R TaKoii MoJIX0/1
BBITVISIINT HEPEAJM3YEMbIM, YIUThIBAsl BbIUYUCIUTEIbHYIO CJIOKHOCTD aJINOPUT-
MOB TIOCTPOEHUS BBINTYKJIbIX obosouek. Tak, nmpu R = 100 OyjeT mosydeHo
2100 ~ 10%0 pepmmn kyo6a.

2) Cymmo, Munroscroeo. Otnoxum B poctparctse R” R 0Tpe3KoB: OT
Toukn —p' 70 Touku p', oT TouKm —p? J0 Toukm p° m T.j. Torma maiinem
MHOYKECTBO Y| KaK NeOMETPHYECKOEe MECTO TOUYEK, IIPUHA/JIEXKAINX [T€PBOMY
orpesky: Y; = {y € R"| y = yp', —1 <y < 1}. Muoxecrso Yo onpe/ietnm

Kak cymmy Mumkosekoro [70] muozkecta Yi 1 BTOPOro oTpeska:

Yo={yi+1 €R" y1 € Yy, 1o =vp?*, -1 <y < 1}.
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HpOﬂOJI)KHM CTPOUTL CYMMDBI [AJid BCEX OTPE3KOB, M B KOHIE IIOJIyYUMM MHO-

JKECTBO Y

Y={y+p Ry €Yp, p=vp",-1<y <1}

K coxkasiennio, m Takoil MoJIXo/l TaKxKe MMeeT SKCIOHEHINAIbHYIO CJIOKHOCTD.
Ha rriepBom miare OyzeT mocTpoeH 0TPe30K, COeINHAIONINIT IBe TOUKH, Ha, BTOPOM
— MHOT'OYTOJIbHHUK C YeThIPpbMs BEPIIMHAMHU, a Ha MOCJIeIHEM — MHOIOI'DAHHUK,
KOTODBII MOXKeT cojepxKarb 27 Beprinm.

3) Aneopumm Dypve — Mouxuna. Bosiee 1epCreKTHBHBIME BBITJISAIAT AJl-
rOPUTMBI, paboTalolle He ¢ BepIIMHAMU MHOIOIpaHHUKA, a ¢ ero rpaHsMu. K
HUM OTHOCHTCsT MeTos synmMuaamn Pypbe — Morkuna [71]. Ero cyrs 3akioaa-
eTcd B UCKJIIOUEHNH IIepEeMeHHBIX U3 CHCTeMbl HepaBeHCTB. MeToj nrTeparuBHO
yAaJIgeT 10 OJHOI IepeMeHHOI M3 HepaBeHCTB. lTorma, ecin paccMOTPETh CH-
cremy (2.8) Kak cucTeMy HEPABEHCTB OTHOCUTE/ILHO MEPEMEHHBIX i 1 U, 3aj1a4a
CBeJIeTCs K MCKJII0YEHNI0 R IepeMeHHbIX v; U3 9TOl CUCTEMBI.

Tem He MeHee U y TaKOTO I0JIX0/Ia €CTh HEJIOCTATOK — IPHU MCKJIIOUYEHNN
IIEPEMEHHBIX T€HEPUPYIOTCs CJIMIITKOM MHOT'O M30bITOUHBIX OIPAHUYEHUI, U, eC-
JII He OTCenBaTh UX Ha KaxkKJOM Iare, B KOHILY aJlOPUTMa OYIeT IOJIydeHa

cucreMa n3 n - 2 nepasencrs.

2.6 Merox nmocTpoeHnss MHOXKecTB. Teopema

BajaguMcst 1eJiblo ocTpoenns 0Oojiee 3ddexTupHoro ajaropurma. Ha
[EPBOM IlIare HEOOXOIUMO YIAJUTH JIUIIHUE (JIUHEHO 3aBUCUMbBIE) MepeMeH-
HbI€ COCTOAHUA. ECHI/I PaHI' MaTPUIIbI P MEHbIIIE KOJIMYIEeCTBa CTPOK, BBLIJICJINM
n—rank P KOMIIOHEHT BEKTOPA 4 U BhIPa3UM MX depe3 ocTaJibHble. Takim odpa-
30M, OyJieT moJiydeno n — rank P orpanmdennii Tua paBeHcTB. B maibHelinem

OyeM IpeJIoaraTb, 9To TOT dTall IPOiiJeH, U B PACIOPSXKEHIN IMeeTCsl MaT-
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punia P nosiHoro panra: rank P = n < R. Kpome Toro, OyjieMm nojpa3yMeBarh,
aro n > 2 (npu n = 1 aJropuT™M MOCTPOEHUsST MHOYKECTBA JOBOJIbHO OUEBH/IEH ).

Tenepn OyeM 1epedupaTh cToJ01bl MaTpulibl P. Beibepem n— 1 jtmHeitHO
HE3aBUCUMBIX CTOJIOIOB U HaiigeM (yHIaAMEHTAJIbHYIO CUCTEMY PEIIeHIT OTHO-

CUTEJILHO BEKTOPa-CTPOKU @ JIJIsl ypaBHEHUSI

a(p,....p) =0. (2.14)

DTO oJHOIAapaMeTpUUIecKoe ceMeiicTBO perrennii. Bruibepem m3 Hero kakoe-
HubyIb 3Havenne. Hampumep, s e IMHCTBEHHOCTH PEIIeHns] MOYKHO JT0OaBUTH
orpanndenue ||a|| = 1. Ilo cyrn BekTOp @ sIBJISIETCS HOPMAJIBLHBIM BEKTOPOM
n & 1 n—1
IJIOCKOCTH B TpocTpancTBe R mocTpoennoit mo BekTopam p’t, ... pJn-1.
Tenepp ymHOXKUM @ Ha MaTpuily P n HaiijleM MaKCUMyM ITPOU3BEJIeHNUS

[IOJIYIeHHOI'O BBIPasKeHUsl Ha BeKTOp v € V:
R

= maxaPv = ap’ 2.15

p = may Z;\ P, (2.15)
j:

rjie a P npejicraBiisier coboit R-MepHYIO BEKTOP-CTPOKY, COJIEPKAIILYI0 3HAYEHHS]
IPOEKIHiT BeKTOpa @ Ha cTosioIbpl MaTpulpl P. [Ipudem 1o moctpoennio mpoex-
UK Ha BEKTOPbI Y1, ..., p/»=1 paBHbl HyMO. [I0CKOJIBKY KOMIIOHEHTBI BEKTOPA
v m3MensdAoTcs 0T —1 10 1 U He 3aBUCAT JAPYr OT JIPyra, TO MAKCHMAJIbHOE
3HAYEHNe cJaraeMoro ap’v; nocruraercs npu v = sgn(ap’) u pasuo |ap’|.
Bsejiem maTpuity A, cOCTOSINYIO U3 BEKTOPOB-CTPOK @, IIOCTPOCHHDIX JIJTs
Beex HAOOPOB JIMHEHHO He3aBUCHMBIX (JI.H.3.) CTOJONOB P/t . .., p/»~1 MaTpuIb!
P, 1 BeKTOD b, COCTOSIIII U3 1ICes [, COOTBETCTBYIONIX CTPOKaM d. Takuke

BBeJeM MHOXKeCTBO
Y={yeR" —b< Ay <b}.

Teopema 2.1. y € Y mozda u moavko mozda, xoeda y € Y.
HoxkazarenbcTBO. Heobxodumocms. Ilycth BekTop y € Y. 3Ha-
YUT, CYNIECTBYeT BeKTOp v Takoil, uro y = Pv m v € V. llokaxkem, 4TO

—-b < Ay < b
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[TojcTapiisist B 9TO HEPABEHCTBO BbIpaykKeHue Pv BMECTO ¥, JIJIst CTPOKH [

OJTY YHM
—B; < a;Pv < By,

WIN, 9TO TO K€,

R R
= | < apvy < |
j=1 j=1 j=1
A nockonbky v; € [—1;1], j = 1, R, HepaBeHCTBO, OYEBH/IHO, BBIIOJIHSETCH

s gmoboro | = 1.k, a 3naunr, y € Y.

Jocmamounocms.

[. Paccmorpum matpuity A, pasmeprnoctb kotopoit k X n, rie kK — Ko-
JINYECTBO PA3INIHBIX HADOPOB M3 1 — 1 JIMHEHHO He3aBUCHUMBIX CTOJIOIOB P.
st Hagasa mokaxkem, 4to k > n. Ilockonbky rank P = n, To B marpuue P
HaiijgeTcss n JI.H.3. cToyionoB. Torna m3 HUX MOYKHO COCTABUTH 1. HAOOPOB IIO

n — 1 JLH.3. cTOJIOLIOB B KaXKJIOM.

Teneps nokaxkem, uro rank A = n. CocraBum marpuiy P u3 n JLH.3
crosibios marpuiel P: P = (p/t, ... p™). Ilo nocrpoennio B marpurie A Haii-
JYTCST TAKHE M CTPOK @Gy, . .., Qy,, 9TO

alipjl:'”:alipjiil:alipjiJrl:"':a'lipjn:O? 7‘:17_”

CocraBum u3 stux crpok marpuiy A. Torma

a, P00 .- 0
. 0 a; pjz - 0
AP = ’
0 0 - a,pn
Jasee npenonoxum, urto a;p’ = 0. Dro oznHauaer, urto a;,P =
(00 ... 0), u3 4ero ciepyeT JuHEHHAs 3aBUCHMOCTD CTOIOIOB MATPHIL P, 4To

nporusopednt yeiaosuam. [lotomy a;p’t # 0 Vi = 1,n. Torga det(AP) # 0,

caemoBaresbio, det(A) # 0, win, ato To xe, rank A = n.
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Tak kak marpuma A cocrapjiena u3 cTpok Marpuibl A, To rank A > n.
Ho nockonbky A comep:kur n cTosonos, To rank A = n.

II. Tyt nokazaTeibeTBa JOCTATOYHOCTU CTOUT IIOKA3aTh: JIJId JII000H TOU-
ki y € Y HaifjleTcsa Takasg Touka v € V, uTo GyjeT crpaseuinso y = Pv. Jld
HauaJia JIOKAasKeM 3TO JIJTs BEPIIMH MHOKECTBA Y.

BribepeM Takyio TOUYKy ¢ u3 mpocrpaHcTBa R, 4UTO BBIIOJHAETCH
—b < Ay < b. [lpu sT0M Cpen TaHHBIX HEPABEHCTB CYIIECTBYIOT 1 TAKUX OI'Da-
HUYEHUA, YTO

1. Crpoku ay,, ..., a;, , HOPOXKJIAIOMINE STH HEPABEHCTBA, JI.H.3.

2. B Touke ¢ 9T HepaBeHCTBa NEPEXOJAT B PaBEHCTBa 110 OJIHOMY W3

nBycTOpOHHUX orpannmvenuii. He ymamsgsa obmaocTn, OyjneM CIUTATh,
4TO B PABEHCTBA IEPEXO/AT BePXHUE OrpaHudenus: a,j = By, = 1,n.
I[Ipn TaKNX YCJIOBUAX TOUKA 1§ OYIET ABJIATHCH BEPIINHOI MHOTMOIDAHHIKA Y.

[Tockosbky rank P = rank{ P, y} = n, cucrema ypasuenuii Pv = gy Oyjer
UMeTh 110 Kpaiineii Mmepe ojiHo penienne. Heobxommmo mokasaTh cyIliecTBoBaHme
perierus npu v € V.

[IpeamnosoKiuM OT TPOTUBHOTO: )Tl JTIOOOTO BEKTOPA v, ABJSIONIErOCs pe-

> 1.

neHneM cucreMel Pv = ¢, Hafijercs HoMep j*, 41O |vj-

ITI. Oupenenum BekTOop © : PU = ¢ Tak, 4ToObI OH 00JaJasl PAIOM
YAOOHBIX cBoiicTB. [Ij1s1 9TOr0 BBIOEPEM HEKOTOpPOE PAaBEHCTBO a1,Y = [3;,. ma
yjobcTea obosHaunMm @ = a, B = P,

Cros101bI MATPUIIBl P MOXKHO pas3ie/inTh Ha JIBa KJIacCa: OPTOrOHAJIbLHbBIE
1 HEOPTOrOHAJbHBIE cO CTPOoKoit a. Ilycrs umncio Ry obo3HagaeT KOJIMIECTBO
OPTOTOHAJIBHBIX CTOJIONOB. M3 CBOMCTB CTPOKMU G U MaTpUIlLl P cjieLyeT, UTo
R > n—1, HO 1pm TOM CyIIIeCTBYET MO KpaliHeil Mepe OauH HeOPTOrOHAIbHBII

crosibert. [Ijist IpoCcTOTHI epecTaBuM CTOJIONBI P TakuM 00pa3oM, UTo cHavdaa

6y,ZLYT UJTHU OpTOI'OHaJIbHBIE:!

dp]:()a j:17R17
ap' 40, j = B+ LR,
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Tenepn nomoxum, uro 0; = sgn(ap’), j = Ry + 1, R. B Takom ciyuae

paBeHcTBO ay = [ Oy/eT BBIIOJHITHCS BHE 3aBUCUMOCTH OT 3HAYEHUIT OCTa/Ib-

HBIX Uj:
R R R
aj = aP Z ploy= Y ap’sgn(ap’) = Y lap’| =B
j=1 j=Ri+1 Jj=Ri+1
Hamee 3aja/Mcst BOIIPOCOM HaXOKAEeHUs Ui, ..., 0g,. 1lo mocrpoennto

4 U3BECTHO, YTO CyIIECTByeT HaboOp u3 n — 1 JL.H.3. CTOJIOLOB MaTpuibl P,
OPTOrOHAJIBHBIX co cTpokoit a. Cremnosaressno, rank{p', ..., pf} = n — 1.
Torma MOXKHO BbIIEJIUTH N — 1 CTOIOIOB, KaK Oa3MC 9TOrO MOJIIPOCTPAHCTRA,

U BBIPA3UTh 4Uepe3 HUX OCTajibHbIe CTOJIONBI. [IycTh OasucHbIMU OYIyT CTOJIO-

uet pl .t
cLgpt " P =0, j=n R (2.16)

anee BBejieM 00O3HAUEHUA:

(azl\ ( Br, — 2= R1+1al po; \

R PN
B, — Zj:Rl—H ai,_, P’ 0;

R i~
i+1 [5l7,'+1 - Zj:RH—l ali+1pjvj

ay_,

0N
I
[l
I

aj

kaln/ \ Bl ] R1+1al p]U] /

Torna nmeer mecto cucteMa n3 1 — 1 ypaBHeHuil ¢ R HEN3BECTHBIMU:
A"y + -+ pfop ) =b 2.17
(p o1+ +pHig,) =0 (2.17)

Bynem HazpiBaTh 0a3UCHOIMU NEpeMENHbLMYU T€ Uj, KOTOPbIE CTOAT IIPU CTOJIO-
ax, BXOJAIIMX B GA3MC MOJNPOCTPAHCTBA, a pelieHne cucreMbl (2.17) 6asuc-
HbLM, €CJI 3HAYeHUs] HeDA3UCHBIX IIePEMEHHBIX PaBHbI HYJIIO. lOmoJHITE/IEHO
0003HAYNM MHOXKECTBO MHJIEKCOB 0A3UCHBIX IIePEeMEeHHbIX CUMBOJIOM B, a Heba-

3ucHbIx — INB.
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Jlemma 2.1. Ecau das ao6020 pewenus cucmemwvr (2.17) natidemesn

nomep j*, wmo |0j] > 1, mo cywecmeyrom maxoe basucroe pewenue U u
nomep j', umo |0y > 1437, npley il

HokasarenbcrBo. [ng npocrorel nycte B = {1,...,n — 1}, a
torqa NB = {n,n + 1,... Ry }. Beegem marpuiy P, coCTOAILYI0 U3 CTOJIO-
nos (pt,...,p" ).

ITockoubky Marprna AP umeer pasmep (n—1) X (n—1) u ee panr pasen
n—1, ro js 3aganHoro 6asuca cucreMa (2.17) UMeeT eIMHCTBEHHOE PeIlleH e,
Haiinem ero u obosnaduum o1, ..., 0, 1.

JTokazKkeM JIeMMy MeTOZ0M MHIYKIINU B 3aBUCUMOCTH OT KOJIMYeCTBa Heba-
3UCHDLIX CTOJIOIIOB.

1. Ilyctp Ry = n — 1. Ilo yciioButo jieMMBbl CyIIECTBYeT Takoe j*, 9To

> 1.

|05+
2. Ilycte Ry = s, s > n — 1 u cymecrsyior 6asuc {1,...,n — 1} u
. ~ s—1
Homep ji, uro [U;,| > 1+ 27 |ej, ;|. Heobxomumo nokasars, uro ecthb
~ a/ ~
Takoe Gasnchoe pererue O 1 HoMep j', uto [Oy| > 14 . np eyl

[Tepernumenm (2.17), nojcraBuB Oa3ucHOE peIIeHNUE:
A<p1@1 + -+ pn_lﬁn_l) = 6

B seBoit yactu paBeHCTBa BbIUTEM H IpHOaBUM Bbipaxkenune Ap°Ag, rme Ay —

HEKOTOPBINT TTapamMeTp:
A('or + -+ " M1 — P + pPA,) = .

Tenepb Jj1s1 BEIYUTAEMOM JacTy pejcTaBuM p° B BUJE JTUHEHHOH KOMOU-

Haruu crosi6nos pl, ..., p" ! cornacuo (2.16):

A (pl(fh + e hs) o P g+ eni16As) ps)\s) — ).
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Takum o6pasoM, MoJyduM HOBoe perieHue cucrembl (2.17), 3aBucsiiee
OT TapameTpa Ag:

2

U+ cjshs, J=1n—1,

;=4 0, j=n,s—1,

As, J=s.
\

Bynem paccmarpuBaTh Ag B npejiesiax ot —1 go 1.

ITo ycnoButo cymecrtByer Takoit HOMep ji, dro |v;,| > W, rue

=1+ 5"} |¢;,;]. Pacemorpum, uro mpomsofifier ¢ umcioM Oj mpH Ba-

H= Jj=n 1=72,71* pHuM, p a j 1P
poupoBannn Ag. He ymasas obmiHocTy, IpeanosokuM, 9To |0, | Bo3pacraer
npu yBesmdeHHu Ag, T.€. |U;, + ¢, 5| = |0;,| + |cj, s|. Torma BosmoxkubI B2
BapuaHTa;

a) IIpu ymenbienun Ay 1o —1 abcosoTHOe 3HAYEHUE U ocTaeTcst OoJIblie

> ~1
= |05, = lejsl > 1+ ijn cj, ;|- B Taxom

n. CuenoBaresbHo, |05, — ¢j, s
cilydae JieMMa JoKazaHa u j = jq;

6) Haitnercs wucsio AL B npenenax (—1, 0), uro |05, +Alcj, s| = . B arom
cJIydae 1o yCJIOBUIO JIeMMbL TIpu Ay = Al cylectsyer nomep ja, Jyist KOTOporo
cupaBenBo [0, + Alcj, s| > . Torga mocMoTpuM, B KAKOM HAIDABJIEHUN W3-
Mensiercst |0, npu crpemstennn Ay kK —1. Eciin ymenbInaercs, To 110 aHasjornm
¢ j1 mbo j = jp, mbo ectb uncio A2 (=1 < A2 < Al), a5 KoToporo BbIO/I-
HsIeTCsl PaBEHCTBO |0, + A2cj, s| = w. IIpu sToMm Haiifercs Homep j3 Taxoii, 4To
|0, + 7\§ch,5\ > W. [Ipogosmkas mo Toif Ke JIOTHKe, JIJIT HEKOTOPOro HOMEpPa Ji
OKazKeTCsl, 9To |U;, — Cj, 5| > W, CJAeJ0BATENbHO, ' = Jji.

Ecin ke 3naudenne |0j,| Bo3pacraeT upu yMeHbIIEHHH Ag, T.e€.
0, — Cjp.sl = |0j,] + |¢j,.5], TO ¢ yueTom HempepeiBHOI 3aBuCHMOCTH V), U Dj,
OT Ag MOXKHO OIIPEJIETUTE HEOOJIBINOE TOJOKUTEIHLHOE THCIIO0 €, JJIs KOTOPOTO

CIIpaBe€JinBa CHUCTEMa

|0, + AL+ €)cjps| = [0, ]+ (AL + €)lej, ] > n,
‘6]'2 + (7\; + E)CJQ,S‘ - ’{)Jél - (7\; + 6)‘Cj275| > W
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o
22 g mpubaBuUM K TIEPBOMY:

Torpa ymMHOXKUM BTOpOE HEPABEHCTBO Ha |-
12,5

_ Ciys | 1~ Ciy.s
55 + |2 Ivj2\>u<1+ f—). (218)

72,8 Cj?vs

Tenepsb HEOOXOIIMO TIEPECTPOUTH GA3UC — BHECTH CTOJOEI p° BMECTO P/2:
B, = B\[j2} U{s}, NB,=NBU{js}\{s}.

s sToro Hyzkno HaiiTu Takoe Ag, 4TO 0;, 00paruTcd B Hy/b. HoBoe bazucnoe

penicHrue MOXKHO BBIPpa3UTb 4Yepe3 cTapoe CJIedYIOIUM o6pa30M:

2

@j ] = BS\{S}7
6(3) — < c U]Q) j — S,
72,7
0. j=jeNB,

Tax>ke M3MEHNTC TTpeJIcTaB/Ienne HeOa3MCHBIX CTOIOIOB Yepe3 Da3nuCHbIE:

ST+ =0 VjeNB,

keB;
rie
[ 1y~ cpge, Whe BA{s) Vje NBA{j),
§) - _ PPN
e, vk € BA\s} = .
\ cj;g k=s, J = J2

CrenoBaTebHo, HEOOXOIMMO II0Ka3aTh: B 0A3MCHOM pelleHun 9; cyle-

(5 ‘

Cjr

cTByeT Takoil nomep j', 4aro |17§.,S)| > 142 N,

13 BBRIABUHYTBHIX paHee NPEJIOI0KeHUil U3BEeCTHO, 4To Ujcj, s > 0, a

05,Cj,s < 0. OTCIO,ZL& MOZKHO CJIeJIaTh BBIBOJI, YTO Uj, <C ) < 0, a noromy

7258

~(s); |~
0,7 = |05, — o Svl72 = |0;] + —fuj2 Ucnonpzys (2.18), nosyunm nepa-
BEHCTBO
s—1 s—1 c
~(s ) ) - )
5] > (145 el ) (14 ][22]) > 14+ |22 457 |y, 22
n J25] j?»] )
i Cja,s Cja,s ; Cja,s
j=n »S S j=n S
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nJin B APYyIrux 0003HAYCHUSIX:

5> 1+ el

s—1
DI EDIR L
Jj=n

JEN DL,
st sToro ciayuas j° = j;. Takum obpasom, jieMMa JoKa3aHa, U MOYKEM Bep-
HYTBHCS K J0Ka3aTe/ILCTBY OCHOBHOI T€OPEMBI. ]
JIJ1s1 IPOCTOTHI OIpee/iiM Oa3MCHBIMU [IepeMeHHbIMU U1, . . ., Up_1. 1aK-

JKe oJIoxKnM 7' = 1. a ¢/ ; 1epeobo3HAYNM KaK ¢;. Torma MoxKeM T00IPeIe/ INTh
y &Gy j j

BEKTOD O:

0> 14300 [ejl,
0; =0, j=n,R.
IV. Tlokazkem, 9TO cpeiu CTPOK MaTpHIlbl A CyIlecTByeT cTpoka a* Ta-
Kas, 9TO
1. a'p*=a*'p?=---=a*p
2. sgn(a*pt) = sgn(0y).
3. (a*p/)(ap’) >0 Vj=T1,R.
Ussecrro, uro rank{pt, p?,...p" 1} = n — 1. Iockonbky rank P = n, To
B 9TOi MaTpuIle Haiijiercs Taxoil crosben p*, uro rank{p!, p?,...p" 1, p*} = n,
a rorga rank{p* ...p" L p*} = n — 1.

[To mocTpoenmio B Marpure A cylecTByeT Takas CTPOKa @, UTO ap’ =

3 n—1

ap’> = --- = ap = ap® = 0, vo ap' # 0.

Braromapst Tomy, uTo HepaBeHcTBa —[3; < a;y < [3; MHBApWMAHTHBI OT-
HOCUTEJIbHO HYJIsI, B Marpuiie A MOXKHO 3aMEHUTb CTPOKY @; CTPOKO# —ay.
CJ1e/10BaTE/ILHO, MOYKHO JIOOUTHCS BBIIOJIHEHUS ap 0; > 0.

TaknM 0OpazoM MoKa3aHo CyIIeCTBOBAHNE BEKTOPA @, YIOBIETBOPSIONIETO
TpeboBanusaM 1 un 2. Boironnenne TpeboBanus 3 MOKayKeM 0 WHTYKITHH.

basa. nig 3 = 1,n — 1 BuIOJHSAETCA 0YEBUTHO, TOCKOIBKY ap’ = 0.

Hlaz undyryuu. Ilycrs (ap’)(ap’) > 0 mag j = 1,k—1, HO

kY (7 00k
(ap”)(ap”) < 0. Torma cyiecTByIOT [Ba HEOTPUIATENbHBIX YHCIA Y] U

Y2, JJId KOTOPBIX BBIIOJHIECTCS ylapk + ygdpk = 0. Bseumem cTpoKy
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a* = yia + Y2a, B aroM ciayuae a'p® = 0. IIocKOJIbKY @ OPTOrOHAJIBHA C
BekTOpaMu ', p?,...,p" 1, a, B CBOIO ouepeb, ¢ OPTOrOHAJbHA C BEKTOPAMH
p?,...,p" 1, p®, To cupaBemIBO

a'p) =(a+a)yp =0 Vj=2,n— 1.

[Ipu stom a*p'dy = ap'd; > 0. DTo 03HAYAET, YTO CTPOKA a* YIOBJICTBOPSIET
TpeboBaHusgM 1 u 2.

Kpowme toro, npu Vj = Lk
(a*p)@p’) = (viap’ +v2ap’)(@p’) = yi(ap’)(@p’) + va(ap’)(ap’) > 0.

Ocrajioch nokazarh, 4To a* BxojuT B Marpuily A. B marpuie A cymiecrByer

CTPOKa a;, IOCTPOEHHAasl KaK pellleHre CUCTeMbl U3 n — 1 ypaBHEHMUI:
2 n—1 k
ap”=---=aqp ~ =ap =0.

[TockobKy perieHre JJAHHON CHCTEMBI IIPEJICTaBJIsIeT coOON OIHOapaMeTpH-
JecKoe CEeMeNCTBO, W a* sBJseTcs e€ pelleHueM, TO a; W a* COBIaJaloT C
TOYHOCTBIO JI0O MHOXKHTeJI. Tak Kak MHOXKUTEIh He BJUSET Ha BLITOJTHEHUE
CBOMCTB (M CTPOKY BCErja MOXKHO YMHOXKUTH HA — 1), MOKHO TOBOPHUTH O TOM,
9TO a* SABJISIETCS CTPOKON MaTpHIbl A.

Takum 06paszoMm, O MHIYKIINH [TOKA3aHO, YTO HaliJIeTcs CTPOKa a*, yi1o-
BJIETBOPSIONIAsT TPEM TPeOOBAHMSM.

V. Haitniem, uemy pasusiercs 3* = max(a*Pv). Panee 66110 ormpe/iesieHo,

veV

Kak HeOa3UCHbIE CTOJIOIBI BhIparXKaloTcst depes Oasuchbie (2.16). Bocmosbsyemest

TeM dakToM, uTo a*p’ = 0 s j = 2,n — 1. Ymuoxkus pasencrsa (2.16) na

a™ cyieBa, MOJyINM PaBEHCTBA

a*p) = —c;a*p', Vj =n,Ry.
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Torna
R .
B* =a*p'sgn ( +Z —cja’p') sgn (—cja’p') + Y |a’p!| =
j=Ri+1
Ry R ‘
= }a*pl‘ 1—|—Z\cj| + Z |a*pj‘.
j=n j=R1+1
Tenepr maitnem snadenne a*Po. Ilockonbky a*p? = 0, j = 2n — 1,

0; =0, j=n,Ry, nd; = sgn(ap’), j = Ry + 1,R, H0oayuuM BblpasKeHue

R
a*Pb = a*p'o, + Z a*p’ sgn(ap’).
J=R1+1
[ockonbky (a*p?)(ap’) > 0, to sgn(a*p’) = sgn(ap’). Ilepenumem

pebIyIee paBeHcTBo ¢ yderom a*Pvp > 0:

R
a*Po = |a*p'| 01| + Z a*p| .

j:R1+1
Hakownern, onenum Bblpakenue a*Pv — [3*:

Ry
a*Po— B* = |a*p'| ]@1|—1—Z]cj\ > 0.

Jj=n

Cnenosarenbho, a* Py > 3%, a tak kak y = P, 1o a*y > *. Takum odpaszom,
nokazaHo nporusopedne: y ¢ Y. 3HauuT, cyiiecTByer U Takoe, 9To §j = P0 u
v € V.

VI. BrLo mokazaHo, 4To BepIIMHLI MHOTOIPAHHUKA Y ITPUHAJICYKAT MHO-
KectBy Y, obosHaumM Bepmmubl 4, ...,y

3BecTHO, 9TO MHOTOIPAHHUK MOXKET OBITH ONNCAH KaK BBITyKJas 000-

_ B .

JIOYKa CBOUX BEPIINH, T.e. y € Y TOIJa U TOJIbLKO TOIjia, Korja y = » . 4 Ay,

h . .
rae » . 4 A = 1,A; > 0. Tax xax ¢’ € Y, 1o cymecrsyer BekTop v € V, st

. . h . h .

KoToporo y' = Pv'. Suauut, y = Y Ay’ = > . A Pv' = Pu.

[Tockonbky V — BBINYKJIOE MHOYKECTBO, TO BBINYKJIasg 000JI0UKa TOYEK,

h i

IIPUHAJIEZKAIIIX eMy, BXOAUT B ero cocras. CiejoBaresbto, v =y ., v' € V,

nosromy y € Y. B pesynbrare nokasano, uto ecim y € Y, 10 y € Y. ]
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2.7 Awamu3 ajgropurma

B urore AJITOPUTM IIOCTPOECHM A MHOXKECTBa JOCTU2KNMOCTHU (praBﬂﬂeMO—

crn) 3agaun (1.1)—(1.4) cocront n3 cieyiomumx maros:

1.

ITepexos ot 3agaun nocrpoenus Muoxecrsa X (t, ¢, 2) wm Xo(t, 1, &)
K 3aJlade JIMHEHHOTO oToOpaykeHust [R-MepHOro Kyba B n-MepHOe IIPo-
crpaHcTBo (2.8).

Vckouenne JUHEHO-3aBUCUMBIX yPaBHEHNT 13 cucrembl y = Puv.
s 9Toro MOXKHO BOCIOJIB30BaThcsd MeTonoM laycca. B cioydae
rank P = nj, To Oyger MOJydeHO n — ny JUHEHHBIX yYPaBHEHUN OT-
HOCHUTEJILHO Y.

IIepebop Bcex coBokymnHocTeil U3 mq; — 1 JIMHEIHO HE3aBUCHUMBIX
cTosionoB MaTpuilbl P. [l KaxKjaoit Takoil COBOKYITHOCTH CTOJIOIOB
BBIUNCJISIETCST BEKTOP-CTPOKA @ — HEKOTOPOEe HEHYJIEBOE pelleHue O/I-
HOPOJTHOI CHCTEMBbI JIMTHEHHBIX ajaredpanieckux ypaBHEHMIT (CﬂAy) C
TPAHCIOHUPOBAHHON MaTPUIIEH, COCTOAIIEH 13 3TuX cTos010B (2.14).
JIJ1st HAXOXKJIeHUsT G MOYKHO BOCIIOJIB30BAThCs METOIOM [aycca i Jito-
ObIM pyruMm MeTogoM perenust CJIAY.

Brerauciienne 3HadeHuii B ist ctpok a (2.15). dasee dopmupyercst
maTpuna A, cocrosiasi U3 BCeX HallJIEHHBIX @, U COOTBETCTBYIONINI
sektop b u3 uncesn B. Cucrema nepasencrs —b < A < b sBistercs
pe3y/IbTaToM oTobpazkenus (2.8).

Bosspar or mepeMeHHBIX Yy K . B mTore MHOKECTBO JOCTHKIMOCTH
Xi(t,1,2) nam muOxkecTBO ympasisemoctn Xo(t,f,2) omuchiaercs
KaK cHCcTeMa U3 Ny JUHEHHbIX ypaBHEHWI U psijia JBYCTOPOHHUX JIU-

HEeMHBIX HEPaABEHCTB.

MakcumaabHO BO3MOYKHOE KOJIMIECTBO CTPOK B MaTpuile A — 4YuCIo co-

gerannit Cf'. HaiiTu ¢Tpokn @ MOXKHO Kak pemtenue cucreMsl (2.14) mim Kak

0000I1IeHe BEKTOPHOI'O IIPOU3BEJIEHUsT Ha Nni-MepHoe IpocTpaHcTBo. Harpu-
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MeD, JIJIsT TPEXMEPHOTO MTPOCTPAHCTBA CTPOKY @ JIJIsI CTOJIONOB P! 1 p’2 MOXKHO

HallTl KakK OIpeIeNTeb:

2o d1 . Je
[ S 4]

i vy
ko py

Sy
I

Takum obpasom, 3ajady MokKHO cBecTu K nojcudery Cj' ni-MepHBIX Olpejie-

JINTEJIen.

2.8 BrniBoabl mmo riiase 2

[IpeaiozKen ajJropuT™ HOCTPOEHUS MHOYKECTB JOCTHAKUMOCTH U YIIPABJIsi-
eMOCTHU JIJI JINHEHHOM 33124y yIPaBICHUs C JBYCTOPOHHUMU OIPAHUYCHUSIM.
Asropur™m cocrout B niepexojie ot 3agaun (1.1)—(1.4) k cucreme (2.8), mocTpoe-
HUU CHCTEMbI JIMHEHHBIX HEPABEHCTB OTHOCUTEILHO Y U O0OPATHOMY HEPEXOy K
nepeMeHHbIM Z(t). B pesysbraTte HallJIeHO MHOXKECTBO JOCTUKUMOCTH (yIIPAB-
ﬂﬂeMOCTH), 3aJIaHHOE CHUCTEeMOIl JIMHENHBIX OTPaHNYCHUIA.
Kpome HenocpeicTBeHHOr0 UCIIOIL30BAHUS 3TUX MHOKECTB, CYIIECTBYIOT
enie JBa I0JIE3HBIX [PUMEHEHHS:
1. B 3agaue ynpap/enust ¢ BHEIIHUM BO3MYIICHIEM, KOTOPOE MOXKET BHO-
CUTD CYIIECTBEHHDBIC KOPPEKTHUBBI B JIBIKCHUE YIIPABJISIEMOr0 00bEKTA,
a yIpPaBJICHUE B CBS3U C 3TUM IEPUOJUICCKH IIEPECTPAUBACTCA B pPe-
JKIME DeajibHOro BpeMeHH |7], MOXKeT ObITh IMOJIE3HO MPH KAXKJIOM
LEPECTPOCHNUN OICHUBATD, SIBJISICTCS JIM YKEJIAEMOE I0JIOYKEHUE CHCTe-
MBI JJOCTUZKIMBIM.

2. Henmneiinple 3a7a4u ONTUMAJILHOIO YIPABJICHUS MOTYT DPEIIATHCS C
HOMOIIBIO JIMHeapu3anuii cucrembl. Tak, B riase 4 Oyjer omnmca
AJITOPUTM [IOCTPOEHUSI YIIPABICHUs JJId HeJIMHEHO CUCTeMbl, COCTO-

AUl B 110CJ€/10BaTeIbHOI JIMHeapu3allli CUCTEMbl W ITOCTPOEHUU
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yIpaBJIeHUA yzKe Jjst JJuHeHoi cucteMbl. OJIHAKO N3-38 HETOYHOCTH
JIMHeapu3aluii B KaKOM-TO MOMEHT MOXKET OKa3aTbCd, YTO 2KeJaeMoe
puHaIIbHOE COCTOsIHNE He JIOCTUXKUMO. BeposiTHOCTH BO3ZHUKHOBEHMUS
9TOI MPOOJIEMBI MOXKHO MUHUMU3UPOBATH, €CJIN Ha, KaXKJIOM IIIare ore-
HUBaTh, KaK JajJeKo (DUHAJILHOE COCTOSTHNE HAXOAWTCS OT T'PAHUIIBI

MHOzKeCTBa JOCTUZKNMOCTH.
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TJIABA 3. IIOCTPOEHUE OIITUMAJIBHBIX VIIPABJIEHUIN
C YUETOM OI'PAHUYEHNIN

B nanHOI ri1aBe mocTaBuM 3a/a4y U3y INTh BO3SMOXKHOCTH yIeTa JIOTIOIHU-
TeJIbHBIX OIPaHMYEHUil Ha yIpaB/eHne n (pa3oBble lepeMEeHHbIE JJIs JIMHEHHOI
TepMunaabroil 3agaan (1.1)-(1.3) ¢ smueiinoit nesesoit dynkimeit (1.5) nm ¢
KBaJIpaTHIHbIM (DyHKImoHATOM (1.7).

B naparpade 3.1 OyaeT moJpodHO paccMOTPEH BOIIPOC BhIOOPA KJIacca J10-
yCTUMBIX yipasJennii. Kpome kiacca KycouHo-nocTosiHubIX GyHKiunii (1.4),
BBIOPAHHOTO OCHOBHBIM JIJIsl JMCCEPTAIIMOHHOI pabOThl, UHTEPEC TaKzKe IIPe/i-
CTaBJISIOT YIPABJICHUS B BUJE KYCOUHO-JIMHEHHBIX U KYCOYHO-KBaJIPATUUHBIX
dyukmuii. McnoabzoBanue OoJiee 00IIUX KJIACCOB IIPUBOJIUT K YCJI0XKHEHIIO Pe-
IIeHUsT 3a/a491, HO IIPU 9TOM MOYKHO HAKJIAJIbIBATh JOINOJHUTEIbHbIE YCIOBUSI
Ha HEIPEPBLIBHOCTL U TJIAJIKOCTh. Hampumep, Jjis 3aja4u yrpaB/eHns KOJiec-
HBIMU MOOUJIbHBIMU POOOTaMU, KOTOPBIE MPUMEHSIOTCs JIJIsT TPAHCIIOPTUPOBKI
Jojieit ¢ orpaHnYeHHBIMU (PU3TIECKUMEI BO3MOYKHOCTSIMM, TJIAIKOCTD YIIPaBJIs-
FOIMX BO3JICHCTBUN SIBJIsIeTCS BayKHEnM kKpurepuem [72].

B crarpe [10] 6611 mpeiozkeH METO YIPaBICHNsS B KJIacce KBaJpaTud-
HBIX cILIaitHoB. Pe3sysbraThl, IpeicraBieHHble B maparpade 3.1, sBJsSIOTCs
pasBUTHEM HU3JI0yKEHHOT'O IOJIXO/IA.

B nmaparpade 3.2 6yaer nusyuena 3ajiaua yupapJaeHUs ¢ JOIMOJHATEILHBIMI
OrpaHMYeHNAME Ha ylipaB/jeHus u ¢daszoBbie nepemertbie. CHavdasa OymnyT pac-
CMOTPEHBI JINHEHHbIE OTPAHUYICHUST Ha YIIPABJICHUSI, 32TEeM PACCMOTPEH BOIIPOC
IIOCTPOCHUST YIIPABJICHUS JIJIsT HEBBITYKJIBIX MHOYKECTB JIOIYCTUMBIX YIIpaB-
Jennii. Jlaysee Oyjer ocpelieHa 3ajada ¢ OrpaHUYEHUSIMHU Yy»Ke Ha (ha30Bble
nepeMentbie. OTMeTHM, 9TO 3aja4a IMOCTPOEHUsI YIIPaBJIEHUS IPU BBIITYKJIBIX
JINHEHHBIX OTpaHUYCHUSX Ha (pa30Bble TIEPEMEHHbIE B 3a/JaHHbIe MOMEHTBI Bpe-

MeHH ObLTa TpopaboTaHa B crarhbe |73
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3.1 OrpasndyeHnda Ha KJacC YIIPABJSOINX (DyHKIAI

B nannom naparpade paccMaTpuBaercst 3ajada yIpaBJIeHUs JIMHeHHO
CHCTEMO IIPU Pa3/IMYHBIX OIPAHUYEHNAX Ha KJIacce yupasienns. HanbosbImit
MHTEPEC IPEJICTAaBISIOT TPU KJacca:

1. YupapieHue B Bijie KyCOUHO-TIOCTOSTHHOM (DYHKITUN.

2. Ymupajenue B BUJe KyCOUHO-JTUHEITHON PyHKITNN.

3. YipapieHue B Bujie KyCOUHO-KBaIPATUIHON (DYHKIINNL.

Bribop Takux KjaccoB 0OyCJIOBJIEH yI0OCTBOM PeIleHUs 3aJiadi IPU CO-
xpaneann sddekruBnoct. Ilpu 3ToM paccMoTpeHne yiupaB/eHuss B OJIHOM
13 3aJIaHHBIX KJIACCOB IIO3BOJISIET JOOUTHCS KYCOUHOI HEIPepbhIBHOCTH, Helpe-
PBIBHOCTH WJIM TJIQJIKOCTH YIIPABJICHUIN, YTO 3a9acTyiO SIBJIAECTCS BarKHbBIM
TpeOOBaHIEM, BHITEKAIOIINM U3 (DUBNYECKUX CBOWCTB MCCJIEIYEMbIX IIPOILIECCOB.

Tax, BLIOOD yIIpaBJIeHHsI B IIEPBOM KJIacCe II03BOJIsIeT JOOUThCA KYCOTHOM
HEIIPEPLIBHOCTH, BO BTOPOM KJacce — KyCOYHOIl HEIpPepbIBHOCTH WJIM Helpe-
PBIBHOCTH, B TPEThEM KJACCe — KYCOUYHON HEIPEPbIBHOCTH, HEIPEPLIBHOCTU
WA 2Ke TJIaJIKOCTH.

Kirace kycouno-tnioctostHabix dyHKImin (1.4) 6bL1 MOAPOOHO OCBEIIEH B
rnape 1. Ceiidac cocpeoTOYMMCS Ha aJibTepPHATUBHBIX BapuaHTaX BbIOODA

pyHKINI yrpaBIcHUs.
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3.1.1 Jluneiinag 3ajijada c ynpaBJieHUEeM B BUJe KYCOYHO-JIMHENHO

dbyHKIUM

Pacemorpum ciydail, B KOTOPOM KOMITOHEHTBI BEKTOPa yIpPaBJIEHUIl sB-

JIAIOTCA KYCOUHO-JTUHERHBIMEI (DYHKITUSAMM:

W, . O
D O ey, t), |
wi(t) = ik P P (3.1)
E=TN,
rine t. = kh.
HOKa}KeM AJITOPUTM  CBEICHUA 3aJad9X OIITHUMAaJILHOI'O YIIPpaBJICHUA

(1.1)-(1.3), (3.1) ¢ mesesoit dyukiweit (1.5) mwm (1.7) x 3amade mMaremaTy-

YEeCKOT'O IPOTrPaMMUPOBAHU.

CBeneHne ycJjioBUiI HA HENPEPHIBHOCTH

Tak Kak ylnpaBJieHUs IIPeJICTaBJIEHbI B BUJIE KYCOTHO-HEIIPEPBIBHBIX (DYHK-
11T, Pa3spbIBbl BO3MOXKHBI TOJILKO B y3yax. [loaTomy HeoOXommmo J00aBUTH

yCJI0BUA Ha HEIIPEPbIBHOCTL Ha CTbIKaX BPEMEHHBIX CEI'MEHTOB!

Pt + 0 = Pt P, k=LN -1, i=T1r. (3.2)

Taxum 06pa3oM, yeJI0BUsI HA HENPEPBIBHOCTE ObLIN cBejieHbl K (N — 1) juneii-
0 1
HBbIM pPaBEHCTBAM OTHOCHUTEJbHO IepEeMEHHBIX pgk) 10} pgk).
Eciin o ycnoBuio 3aiaqu He TpedyeTcsi HelIPEPbIBHOCTb B y3JiaX, CTOUT

OTKJIIOYNTE orpammienus (3.2).
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CBezieHne TepMUHAJIBHBIX YCJIOBUIA

YeoBus 11 HAa9aIbHOTO COCTOSTHUST 00BHEKTa BCEryia BBIMOTHIIOTCS, O~
CKOJIbKY BJIAIOTCA YacThio 3ajadn Kommm. OmnpeesinM yclIoBus Ha KOHETHOE
COCTOSIHIE.

Boimumiem dopmyy Korm st cucrembr (1.1) B puHATBHbBIA MOMEHT

BpEMEHU:
o(T) = Y (T)a, + / Y(T)Y (1) (B(t)u(t) + d(t)) dt.

Pasnesum orpesok spemenu [0, T] Ha N cerMeHTOB OJIMHAKOBON JJINHbBI 1 [TPU-

MEHIM IPE/ICTAB/ICHUE YIIPABICHUS B BUJIE KYCOTHO-IMHEHHBIX QyHKImitl (3.1):

+(T) = Y(T)zs + / Y (7)Y (t)d(t)dt+

r N b b

> / V(T)Y bttt | ply) + / Y(T)Y 7 (O)bdt | pf)

=1 k=1
k—1 k-1

B nynkTte 3.1.3 paccMoTpuM BOIPOC BLIYKUCIEHNST WHTETPAJIOB BUJIA
tr ty
/ Y(T)Y (t)bdt, / Y(T)Y (t)bstdt,
te—1 tk—1
a IOKa Iepeo0O3HAUNM UX, UMesd B BHUIY, YTO OHU SIBJISIOTCSA KOHCTaHTaMIU:

bR = [ Y(T)Y " H(t)bi(t)dt,
tk;kl k= la—Na 1= 1_77“7
bRl = [ Y(T)Y H(t)bi(t)tdt,

t—1

ﬂOHOﬂHI/ITeﬂbHO BBeJICM obo3HAYEeHIE:

d =Y(T)x, + / Y(T)Y (t)d(t)dt.



65

Torma moxkem BoicaTh npejcrasienne (1) B Buje JnHeHOH (YHKIUT OT
(0) (1)

LHEPEMEHHDIX P U Py

r N
(D) =d"+3 3 (bi,k,opgg) 4 bz-,mpﬁ)) . (3.3)
i=1 k=1

[TogcraBum Boipazkenue (3.3) B rpanudnoe ycsiosue (1.2):

T N
Hdo + ZZ <Hbz,k70pz(2) + Hbl,k,lpgllf)> — gO’
i=1 k=1

1 BBEJIEM PsiJl HOBBIX OOO3HAYECHMIL:

hi,k:,O — Hbi,k,() L
. . ’ k - 17N7 7’ - 7T7
hz,k,l — ]_]bz,k,l7
g=4¢"— Hd"

Tenepb BBIIIMIIEM IIOJIYI€HHBIC YCJIOBHA:

r N
SO (MR 4 ) =g, =T (3.4)

1=1 k=1

Takum obpaszoM TepMuHaJbHBIE yeaoBust (1.2) meperin B m JUHEHHBIX pa-

BeHCTB (3.4) ¢ 2rN 1nepeMeHHbIMU.

CBeieHne NpsIMbIX OTPAHUYEHUIT HA YITPABJICHUS

B coorBercTBUM ¢ TpsiMbIMK orpaHndeHusivi (1.3) u mpejcTaBieHneM
yipassstormux dbyHKumit B Buge (3.1), J0JIKHBI BBITOJTHATHCS CJIEIYIOINIIE YCI0-

B

IV <pt+py) <PVt ), k=1N, i=1r.

HOCKOHbe JIMHEIHbIE CPYHKHI/H/I ABJIAIOTCA MOHOTOHHBIMM, JOCTATOYHO YY€CTb
JaHHbIC HEpaBE€HCTBa Ha KOHIIaX paCCMaTpHBacMbIX OTPE3KOB BPEMCHN:

lgl) < pz(.]i)tk—l +p§2) < lz@)v EL=1N. i=1r (3.5)
W<y <P T T |

7
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CrenoBatesibHO, TpsiMble orpanudenus (1.3) cegenbl K 4r N JinHEHBIM Hepa-

BencrBaM (3.5) or 2r N mepeMeHHbIX pz(.g) u pl(.,i).

CBenenune 1esieBbIX (pyHKITH

st cBesienns 1epBoii 11e1eBOil PYHKIINI BOCIIOIB3YEMCs T1PE/ICTAB/ICH -
eM dunaabHOrO coctosnust oobekTa (3.3). Torga mMoxkem 3armcaTh KpUTEpHii

(0) (1)

(1.5) xax JiHefiHy10 (YHKINIO OT IIEPEMEHHBIX Dy, U Py, :

r N
Jl = CTdO + Z Z (CTbi,k,Opgg) T CTbi’k’lpg;?) ‘
=1 k=1

[TockosIbKy TIepBOe CjaraeMoe siBJISeTCsl KOHCTAHTOM, MOYKEM YIAJUTH €ro 13
1e/1eBoil (PYHKIMU, TIPU 9TOM HUMesi B BUJLY, UTO OT ITOTO MOXKET TOMEHSITHCSI
3HaUYeHne (PYyHKITMOHAIA!
r N
J1 = Z Z (Ci’k’opgg) - ci’k’lpz(.]?> — min. (3.6)
i=1 k=1
B (3.6) ucmosb3yiorca obo3HadMeHNs

i,k,0 __ CTbZ’k’O,

| | k=1N, i=1r
k1 Csz,k,l7

Takum obpasom, (3.6) mpejcrabisier coboil JMHEHHbINH (DYHKIMOHAT OTHOCH-
(0) (1)
TEJILHO IePeMEeHHbIX D, U P .
Bropoit kpurepuii (1.6) He OymeT paccMOTpEH JIJIst JAHHOTO THIIA YIIPABJIe-
HUSI, TOCKOJIbKY HaXOXKJIEHNEe MOJLYJ/IsI OT KYCOUHO-JIMHENHO (DyHKIMKI TpedyeT
JIOTIOJTHUTEJIbHBIX BBIYUCJICHUIT, BBIXOJISIINX 38 PAMKH JIAHHOI paboThI.

[lepeiiiem K TpeTbeMy KpUTEPHIO. 3aMeHUM yipasieHue u(t) KycodHO-

muHeitabiMu byHKImsivu (3.1) B nesesoit dyuximn (1.7):

N r r Ly
_ (1) (0) (1) (0)
=303 [ (ol o) (ke + i)

k=1 1;=1 igzltk_l
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[Tocsie BerUMC/ICHUST MHTErPAJIOB U BBEJIEHUSI HOBBIX ODO3HAYEHMIT, 1OJIY-

(0) (1)

91UM KBaJApaTUdIHYIO (bOpMy OTHOCHUTEJIbHO II€epEMEHHDBIX plk n pzk .

Z Z Z ( 2112k‘p21kp12k +

k=1 i1=1iy=1 (3.7)

(2) (1),.(0) (0),.(1) 3) (1) (1)
+hi1’i2k (pllkplgk + pllkp22k> + hlllgkplll{?plzk‘> )

rie

B nynkre 3.1.2 mokaxkem, UTO IOCTPOCHHAA KBaJpaTudHasg (popMa SIBISCTCS

HEOTpUIaTeJIbHO OHpeﬂeﬂeHHOﬁ.

Nrorn

Bouto moxkazano, Kak IpHW BbLIOOpE yIpaBjeHus B BUjE KyCOUHO-JIMHEMH-
HOM (DYHKIIMKM MOYKHO CBECTH JIMHEHHYIO 3ajady OINTUMaJbHOIO yIIpaBJie-
st (1.1)—(1.3), (3.1), (1.5) k 3ajmaue JmHeitHOrO MporpammupoBanus (3.2),

(3.4)-(3.6):

@/—\

Dot pV . E=TN—1, i=1r

Z (h;-,k,opz(g) n h;',k,lpl(li)) —q, l=1m
1=1 k=1

< pﬁ)tm + pﬁ,? < 12(2), —

k=1N, i=1,r.
O <l <1

9

Jlannas 3aj1aua nMeeT cjejyionine XapaKTepuCTUKNI:

— 2r N mepeMeHHBIX,
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— (N — 1) + m JuHEeHHBIX PABEHCTB,

— 4r N JiuHeHbIX HEPABEHCTB,

— JINHelHag 1iejieBas (PyHKINS.

Takke BbIIe OBLIO MOKA3aHO, KAK 3a/ady ONTUMAJBLHOIO YIPABICHUS C
JIMHENHON cucreMoit n KBaaparndabiM dyrkimonasom (1.1)—(1.3), (3.1), (1.7)

MOYKHO CBECTH K BBIIYKJION 3aj1ade KBaIPATUTHOIO TPOrpaMMupoBanus (3.2),

(3.4), (3.5), (3.7):

N r r
1 0) (0 2 1) (0 0) (1 3 1), (1 :
SO (WL nE (PR + P + A pll)) — min
k=1 i1=1iy=1

p Pty +pY =) b+, k=TN—-1, i=Tr
T N ’ .
SO (MR ) =g, =T
=1 k=1
1Y < pPt o+ <1, -

k=1N, i=T1r.
1Y < plt ol <17,

Takas 3ajja4a UMeeT CJIeAYIONe XapaKTePUCTHKIA:
— 2r N nepeMeHHbBIX,

— (N — 1) + m JuHefHbIX PaBEHCTB,

— 4r N nuHeitHbIX HEPABEHCTB,

— BBIIIYKJIasd KBaJdpaTU4dHad HejIeBad CbYHKH;I/IH.

ITpumep. lemndupoBanue KojiebaHUll «CIISMIIETO BOJYKA»

Jlarpanxka

Permmm 3aj1a1y gemMidupoBaHus CIIAIIEro BOJTYKA, OMICAHHYIO B Iaparpa-
de 1.5, mocTpous ynpapjeHe B Kjaacce KyCOUHO-TNHENHBIX (DYHKITHI.

[Iponestypa cBejienust ObLIa peasm3oBaHa Ha s3biKe Python 3, 3ajada
KBaJIPATUIHOIO IIPOrPaAMMUPOBaHUs ObLIa PelieHa ¢ IOMOIIbIO TTaKeTa JI/Ist Oll-

tumusain COPT (em. npuioxkenne A).
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O611iee BpeMst pabOTHI HporpamMMmbl coctaBuyio 0,57 cekyH . 3HadeHue Iie-

JieBoit pyuKImN paBHsiercss 91,47. Pesysbrarsl npuBeieHbl Ha puc. 3.1.

ui(t), ux(t) OnTumanbHoe yrnpasneHue
2 .
—— U]_ (t) /-
1 2(t) V
0 -
/\
_2 L T T T T T
0 2 4 18 20t
n(t) da3oBbI NOpTpPeET
10 -
0 -
_10 .
-20 -15 -10 -5 0 5 10 &(t)

Pucynok 3.1 — [lemrcdupoBanue KojiedaHuil «Crsiiero Boaukay Jlarpam:xa mpu

BLIOOPE YIIPABJIEHUS B KJlacce KYCOTHO-JTMHENHBIX (DYHKITHIT

3.1.2 Jluneiinas 3ajjada c ynopaBJieHUEM B BUJe

KYyCOYHO-KBaJIPATUIHOU (hyHKIINN

Tenepnb MPeAIIONOKIM, YTO KOMIIOHEHTHI BEKTOPa YIIPABJICHUN ABJIAIOTCS
KYCOYHO-KBaIPATUIHBIMI (PYHKIUSIMU UM 9TO TO »Ke KBaJIPpaTUIHBIMU CILIali-

HaMWN:
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rae tp. = kh.
[TokazkeM aJrOpuTM CBEJCHHS 3491  ONTHMAJBHOIO  yIIPABJICHHS
(1.1)-(1.3), (3.8) ¢ menenoit dyuxrmeit (1.5) mn (1.7) K 3amade MaTeMaTh-

9ECKOIro 1porpaMMmUpOBaHUA.

CBesieHue ycJjioBuii Ha TJIaIKOCTh

[Tocko/IbKY yHpaBJieHHsI IPEICTaB/ICHBI B BUJIE KBaIPATHIHbBIX CILIAITHOB,
y HaC rapaHTHpPOBaHa TJIAJKOCTh MexK 1y y3jaamu. OHaKo, HeOOXOINMO JI0MOJI-
HUTEJIBHO 00€CIIeUnTh HEIIPEPBIBHOCTD U TJIAJIKOCTh B y3J1ax (TO‘{KaX rnepexoja
OT OJHOI KBaJIpaTHIHON (DYHKIUN K IprFOfI).

HenpepbIBHOCTD B y3/1aX I YIPABIAIONNX (PyHKITHIL:

9 1 0 9 1 0
pz(-k)ti + pgk)tk + pgk) = pz(k)ﬂtz + pz(k)ﬂtk + pz(/c)ﬂv

k=1N—1, i=1r.

(3.9)

HernpepbIBHOCTD B y3/1aX JI/Is1 TPOUM3BOIHBIX OT YIIPABISIONUX (DYHKITNIA:

(2) (1) _ 5, (2) (1) _ _

2p, e + 0y = 20tk Dy, K=1N -1, i=1r. (3.10)

Takum 06pa3oM, yeI0BHsT Ha MIAJKOCTh ObLIN cBeieHbl K 21 (N — 1) inHefiHbIM
pasercTBam orHocureabuo nepemennsix pV, pt) p@).

BaMeThM, UTO €CJIU 110 YCJIOBUIO 3a/a4i He TpedyerTcs IVIaJKOCTh B y3/1ax,

MbI MOYKEM OTKJI0UNTh orpanudenusi (3.9). Ecjin HenpepbIBHOCTL TakyKe He

TpebyeTcst, Hy»KHO K TOMY K€ OTKJIIOUNTh orpanndenust (3.10).
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CBezieHne TepMUHAJIBHBIX YCJIOBUIA

YeoBusg Ha HadaJbHOE COCTOsIHNE O0bEKTa BCErJia BBITOJIHSIOTCS, TO-
CKOJIbKY BJIAIOTCA YacThio 3ajadn Kommm. OmnpeesinM yclIoBus Ha KOHETHOE
COCTOSIHIE.

Boimumiem dopmyy Korm st cucrembr (1.1) B puHATBHbBIA MOMEHT

BpEMEHU:
o(T) = Y (T)a, + / Y(T)Y (1) (B(t)u(t) + d(t)) dt.

Pasnesum orpesok spemenu [0, T] Ha N cerMeHTOB OJIMHAKOBON JJINHbBI 1 [TPU-

MEHUM IIpEACTaBJICHNE YIIDpaBJE€HNsA B BUJIE KBaJAPaTUIHBIX CILJIaIIHOB (38)

+(T) = Y(T)zs + / Y (7)Y (t)d(t)dt+

r N b

=S| [ymyonea ) o+

1=1 k=1 th 1

s [y wnoa | oY+ | [ vy s | )

te—1 th—1

B nynkre 3.1.3 paccMOTpUM BOIPOC BBIYNC/IEHNUS UHTETPAJIOB BUIa,

tx

/tk Y(T)Y 1(t)bs(t)dt, /tk Y(T)Y‘l(t)bi(t)tdt,/ Y(T)Y 1 t)b;(t)tdt,

tr—1 th—1 tr—1
a IIOKa HepeO603Han/IM ux, qu/ITbIBaH YTO 9TO KOHCTaHTHBI:
ti

bR = [ Y(T)Y (t)bi(t)dt,

tr—1
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Anasormuno 1. 3.1.1 BBegeM mapamerp d:
T

& =Y (T)z, + / Y(T)Y ~(t)d(t)dt.

[Tocie aTOTO MOKeM BbItucaTh npejcrasienne (1) B Bujie JuHeiHON GyHKIUN

or nepemennsx pl, pM. p@):

r N
i=1 k=1
Tenepn mojcraBum Boipazkenue (3.11) B rpanutnoe yemosue (1.2):
r N
Hdo 4+ ZZ (Hbz,k,opgg) + Hbz,k,lpgl? + Hbakﬂpl(z)) _ gO’
i=1 k=1
1 BBEJIEM PsiJi HOBBIX OOO3HAYEHUI:
hi,k,() — Hbi,k,()
hi,k,l — ]_]bi,k,l7 k= 1’N, ] = 77
hi,k,Z — Hbi,k,Z
g=¢"— Hd.
Brimmmem 1oy 9eHHbIe YCIOBHUST:
(2) Lm. (3.12)

r N
i,k,0 (0 k1 (1 i, k,2
S5 (Y + Y + D) =g, 1
i=1 k=1
Takum obpaszoMm TepMuHaJbHBIE yeaoBust (1.2) meperin B m JUHEHHBIX pa-

BeHeTB ¢ 3rN nepemennbivu (3.12).

CBeieHne NMpsIMbIX OTPAaHUYEHUIT HA YITPABJJICHUS

B coorBercTBun ¢ mpsiMbiMu orpaHndenusivi (1.3) u mpejcTaBieHneM

yipassstormnux dbyHKmil B Buje (3.9), J0IKHBI BBITOJTHATHCA CJIEIYIONIIEe Orpa-

HUYCHUA:

< pDe 4 ple o) <1 vtelty, ty), k=T1,N, i=T1r
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Omnn MOryT OBITH 3aMCHEHBI SKCTPpEMaJIbHbIMHI YCJIOBUAMN

< inf (pE?t2 + Dt + p§2>) !
t€lty—1, tr) k=1 1=1,r

1P > sup (pﬁ)ﬁ +pt+ pﬁ,ﬂ)) ) o |
te[tkflv tk)

B Takom ciydae Ha KayKJIOM U3 OTPE3KOB [tg_1, tx) HEOOXOJNMO PACCMOTPETH

. _pH9,2)
JINIIB TPU TOYKH HOJ03PUTENIbHBIE Ha SKCTPeMyM: {1, tp 1 —D; /2D .
DTO UPUBOAUT K OrPAHUYCHUEM HA y3JIOBbIE TOUKU:

R I
)

0V <ot w4l <1

I _

k=1N, i=1r. (3.13)

Kyna 6ostee cioxknas cuTyalins ¢ BEPITTHON apadoJIbl —pgi) / Zp;?. bBoito
Obl HEIPABUJILHO CKa3aTh, YTO 3HAYEHHE SKCTPEMyMa JIOJZKHO YIOBJIETBOPATH
JIBYCTOPOHHUM OI'DAHUYCHUAM, IOCKOJILKY JAOIYCTUMO HapylllaTh IPAHUIIBI, €C-
JI APTYMEHT 9KCTPeMyMa HAXOJINTCS CIIPaBa MM CJIeBA OT CerMeHTa [tr_1, tf).

JI1st TPOCTOTHI M3JI0YKEHUSI TIePeoDO3HAYNM HEKOTOPbIe IIepeMeHHbIe:

(2)

,L' .

p = pz(.?, T =t 1, To:=tp, I[1:= lgl), Iy =1

I BBejieM oOo3HAUEHUST JIJIsl 3HAUEHUIT KBaJIPATHIHOIO IIOJIMHOMA B y3JaX:

2 1 0 2 1 0
v =D o DR ey F Ry = PR D b+

(1) (0)

Temnepb MOXKHO BBIDA3UTL II€PEMEHHBIC P, U P, H€Pe3 P, Y1 U Yo

1 Y2—U
Py, =

0 Y2 — U1
— p(T1 + T2), pz('k) =pTiTy — T+ Y1-

To — T To — T
[Tocsie 3TOrO MOZKEM HAWTH yCJIOBUs, IIPU KOTOPBIX BEPINNHA [TOJTMHOMA PaBHSI-
ercsl BepxHell rpanHuie lo:

2

Y2 — Y1 Yo — U

( - P(Tl + TQ)) —4p <pT1T2 — T+ Yy — l2> = 0.
To— T To — Ty

[Tocne pgnaa mpeobpaszoBanuii MOJTyINM KBaJIpaTHOE ypaBHEHNE OTHOCUTETHHO

IIepeMeHHOil p:

2
(To —T1)° P* + (—2(y1 + 1) +4lo) p + <y2 yl) =0,
To —T1
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Ono mmeeT JiBa pelIeHU:

p:_<\/52—y1i\/l2—92>2.

To — T

Takum 00pasom, ObLIa pelleHa CJAeAyIONas 3ajada; HalTu mapamMeTpbl
KBaJIPATUYHOIO MOJUHOMA B 3aBHCUMOCTU OT €ro 3Ha4YeHUil B ABYX 34/ aHHBIX
TOYKaX (y; B TOUKE Ty U Y2 B TOUKe Ty) U YCJOBUHU, YTO 3HAUEHUE IKCTPEMYMA
3apUKCUPOBAHO U PABHO HEKOTOPOMY 3apaHee 3ajanHomy unciy (lp). Anasu-
3Upysl OJIyUYEHHDBIC PE3Y/ILTATEI, MOKHO HOHATL, YTO PEIICHUE ¢ HAUOOJILIINM
abCOTIIOTHBIM 3HAYEHHEM COOTBETCTBYET Hapabosie, apryMeHT BePIIMHLI KOTO-
POl HAXOJUTCS MEKJTy JIByMsl 33 JAHHBIMI TOUYKAMHU (BHYTPH OTPe3Ka [Ty, Ta|).
OcraBiieecst peleHyne COOTBETCTBYeT mapaboJie, apryMeHT BepIIMHLI KOTOPOii
PACIIOJIOZKEH CJIeBa WM CIpaBa OT 33JIAHHBIX TOYEK.

Kak yzke ObLIO CKazaHO paHee, OrpaHMYeHHe Ha SKCTPEMyM KBaJpa-
TUYHOI'O MOJMHOMA HUMEET MEeCTO OBbITh TOJILKO, €CJIM OH PACIOJIOKEH BHYTPH
paccMaTpUBAEMOro OTpe3Ka. I103ToMy B JIAHHOM CJIydae HAC MHTEPECYET TOJIb-
KO peIlleHNe CO 3HAKOM <«ILIIOC» B YHCIUTEJIC:

_ (\/52—1914‘\/12—92)2
D= .

To— T

[IposiesiaB To »Ke camoe Jiisi HUXKHEH I'paHUIlbI, HaiijieM JIByCTOPOHHUE
orpaHm4eHus Ha p:

_(\/52—y1+\/12—y2)2gp< (\/yl_l1+\/3/2_ll>2. (3.14)

~
To—T1 To— T

Tenepb BEpHEMCA K N3HaYaJIbHbIM O6O3H8}I€HI/IHM7 BBEIEM HOBBIC II€EPEMEHHDLIC

L 2 6B (4

Sii's Si1 s Sip > S;, W J0OABMM OrpaHMYeHUd Ha HUX:

s =D+ ot +ply) — 1Y,

s =8+ p e+l — 1Y,

s —1® _pPg Wy ), F=TN, i=Tr (3.15)
sy =17 = pl 2 — pi 't — iy,

sﬁ,) = 0, sgz) = 0, SEZ) = 0, 554) = 0,
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[Tocsie sroro meperuiem nepasenctsa (3.14):

2 2
vV 3(3) + V 3(4) (2) \V 5(1) + VvV 3(2) - .
<p < . k=TN, i=Tr
T/N T/N

Jlasee, pacKpbIB CKOOKH, TIOJIYYUM CJICAYIONINE HEeJIMHEHHbIC OrpaHuIeHHSs:

Ty < N (s 2D, _
k=1N, i=1r. (3.16)
Ty = - (o) sl 2S00,

7

DopMaibHO, MOXKHO ObLIO ObI OCTAHOBUTHCsI Ha orpanndenusx (3.16),
OJIHAKO, TaKWe HeJMHelHble HEePABEeHCTBA, COJeprKalllie KBaJPATHbIE KODHU,
Kpaiite Hey00HbIe Jijisl OUCKa ONTHUMAJILHOIO DPEIIeHHs, TOCKOIBbKY BHOCST
HEBBITYKJIOCTh B PACCIUTHIBAEMYIO MOJIC/Ib U CJIOZKHBI JIJIsT BOCIIPHUSITUST COJIBE-
pamit. [T09TOMy TOIMBITAETCST CBECTH X K BBIMYKJIBIM OTPAHITICHHSIM.

(1) (2)

BB@,ZL@M HeoTpunaTe/IbHbIE IIepeMEHHbIC Tik n Tik 1 BbIPpa3uM HEeJINHE-

Hyto [dactb (3.16) uepes Hux:

() < ass?,

(1) <asdsly, k=TN. i=Tr 317

i 20, >0,
OrmernM, 9TO OrpaHUYeHUs (3.17) IIpuHaIeXkaT KJjacCy KOHMYECKUX ypaB-
HEHU BTOPOIr'o 1nopdiakKa, MO2KHO [JOKa3aTb, 9YTO TaKHE€ OI'DaHUYCHUA HNMEIOT
BBIITYKJIO€ MHOYKECTBO periennii. /JJanublii (pakT cepbe3HO YIIPOIIAET ONTIMU3a-
INMOHHYIO 3a/1a4Y. STOT pe3yyibTaT ABJIACTCA I'NIaBHBIM JJOCTUZKEHUEM TCKYIICI'O

naparpada.

Haxomer BoimmuiemM oKoHIATEIbHOE TIPE/ICTaBIeHIe orpanndennii (3.16):

k=1N, i=T1,r. (3.18)

B urore nokazano, Kak npsmble JBycTOpoHnue orpanndenns (1.3) Obum
peobpas3oBanbl B JHeiiHble orpanndenus (3.13), (3.15), (3.18) u kBajgpaTmd-

Hble HepaBeHcTBa (3.17).
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CBenenne 1esieBbIX (pyHKITHA

st cBesienns epBoii 11es1eBOil PYHKIINI BOCIIOIB3YEMCs T1PE/ICTAB/IEH -
eMm dunasbHoro cocrosiaus oobekTa (3.11). Torga MoxkeMm 3anncarb Kpurepuit

(1.5) kax smneitnyio ¢ynximo or nepemennbix p0), pt p@)

r N
Ty =T+ Z Z (CTbi,k,opZ(Z) I Csz',mpZ(i) I CTbi,k,2p§2)> .
i=1 k=1

[Tocko/ibKy 11€pBOE Cjlaraemoe siBJIsieTCsl KOHCTaHTOW, MOYKEeM Y/IAJUTh €ro u3
1es1eBoit (byHKIUHU, [IPU STOM HUMesI B BUJLY, YTO OT ITOI'O MOXKET HOMEHSThCS
3HaYCHUE (DYHKIMOHAIA:

r N
J = Z Z (Ci,k,opl(g) +dhip® Ci,k,sz(lz)) — s min, (3.19)
i=1 k=1

rue

i,k,0 __ CTbZ’k’O,

Gkl — (Tpikl  k=1N, i 7

I
=

k2 — (Tpik?

Taxum obpasom, (3.19) npencrapisier coboil JIMHEHDIH (HDYHKIMOHAT OTHOCH-
tesbiio nepemennsx pl, p. p@),

Bropoii kpurepuii (1.6) He OyeT paccMOTpEH JIJIs IAHHOTO TUIIA yIIpaBJIe-
HUSI, TOCKOJIbKY HaXOXKJIEHNE MOJLYJ/Isi OT KyCOUHO-JIMHEHHOH (DyHKIMKI TpedyeT
JIOTTOJTHUTEJIbHBIX BBIYHCJICHU, BBIXOJSIIINX 38 pAMKH JTaHHOI paboThI.

[Tepeiiem K TpeTheMy KPUTEPHIO. 3aMeHUM ylipas/ienne u(t) KBaapaTud-

ubiMu crtafinamvu (3.8) B nenesoit dyuximn (1.7):

N r r b
_ (2) (1) (0) (2) (1) (0)
Joy = Z Z Z / Qiyiq (pilk;tZ + pilkzt + pilk) (pl-gth + pZ'th + D, ) dt.

k=1 1;=1 i2:1tk_1
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[Tocsie BerUMC/ICHUST MHTErPAJIOB U BBEJIEHUSI HOBBIX ODO3HAYEHMIT, 1OJIY-

) (1) (2)

YUM KBaJPaTU4HYIO POPMY OTHOCHUTE/ILHO IePeMEeHHbIX P, , D, 1 Pi

N r r 2 2
B=Y Y () (520
k=1 i1=1145=1 ;=0 xx2=0
rie
p

h;’ili;‘;‘f = qi1i2EN_ (kﬁ - (k - 1)[3) ) B = + xo + 1,

%

k=1N, i1=1r, i3=1r o =02,

o
N

[TockosbKy () — HEOTPUIATENLHO OIpeleIeHHasl MaTpuila, B TPHU IIara
MOKET ObITh JIOKA3aHO, 4TO KBajparndHast (opma B dopmyse (3.20) Takxke
SIBJISIETCSI HEOTPUIATEIHLHO OIIPEIe/ICHHOI:

1. WroroBast MaTpuIia siBjisieTcst OJI0UHO-AaroHaJIbHO MaTpuIieii, cocto-
stiiieit u3 N 6J10koB. [TosToMy HEOOXO0IMMO TIOKa3aTh, 9TO KaxKIbIi OJI0K
SIBJISIETCSL HEOTPUIATE/ILHO OIIPEIEICHHON MaTpHIeii.

2. Ecm st kaskjoro k sadukcupoBarh t, TO OKaykeTcs, 9To u;(t)
— JmHelHast (PYHKIMSA OTHOCUTEIHHO pz(k), pgi) u pik Haee MOK-
HO 10Ka3aTh, 4To cynepnosuius G(F(&)) saBasgercs HEOTPUIIATETBHO
OmpeJiesIeHHOl KBapaTiaHoii ¢hopmoii, eciin G(1) — HEOTpHUIIATETBHO
ompejesieHHas KBajparudnas Gopma, a F(&) — nuneitnas QyHKIws.
Orciofa MbI IIOJIyYaeM, 9TO IOJ UHTErPaJIoM CTOUT HEOTPHUIATEILHO

(0)

olpejiesieHHasl KBaJpaTudiHast (hopMa OTHOCUTEJIbHO [TepEeMEeHHBIX DL s
(1) (2)
D U P; JJI KazKJI0ro MOMeHTa t.

3. Jlasee ucnosib3yeMm TOT (pakKT, YTO PE3YJIbTATOM UHTEIPUPOBAHMS HEOT-
puIaTeIbHO OIIpeie/IeHHO KBaJIpaTudHOi (hOPMbI 110 Iapamerpy t
SIBJISIETCS HEOTPUIIATEIBLHO Ollpe/ie/IeHHast KBagpaTudHas hopma.

Samevanue 3.1. Tak Kak KyCOUHO-IIOCTOsIHHBbIE U KYCOUHO-JIMHEHHbIE (DYHK-
[N SIBJIAIOTCSI 9aCThIMU CJIydasiMi KyCOUHO-KBaAPATUIHBIX (DYHKIINIL, U3 9TOI0O

caeayet, ato B (1.14) u (3.7) TakxKe ObUIN MOJIYICHBI HEOTPUIIATEIBLHO OIIPE/Ie-

JIEHHble KBaJIPATHIHbIE (POPMBI.
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Nrorn

Bouio nokazano, Kak Hpu BBIGOpE YIpPaBJICHHs B BUJIE KyCOTHO-KBA/Ipa-
THIHON QYHKIMN MOXKHO CBECTH JIMHEHYIO 3a/1a9y ONTUMAJBLHOTO yIIPABJICHHS
(1.1)-(1.3), (3.8), (1.5) x 3asatIe MPOrpaMMUPOBAHIS C KBAIPATHIHBIMI OTDa-

mnaennamu (3.9), (3.10), (3.12), (3.13), (3.15), (3.17)—(3.19):

r

N
Z( zkoplk zklpz(k) 4 zk2p§k)) s min

=1 k=1
2 1 0 1 0 R
pz(‘k)tz +p§k)tk: +pl(k) — pgklltk +p§k)+1tk’ +p§k)+1? k=1N-1, i=1r.
2Pt + DY = 2P te + Py k=TN—1, i=1r

N
ZZ (hzkong n hzklpﬂi) I hzmpz(i)) — g, l=Tm.

1=1 k=1

1 <D bt <

0V <Pttty <1

s = P+ et +ply) — 1Y

" k=1N, i=1r.

1
)

Y

2 2 1 0 1
Sz(k) = pz('k)t% + pz(k)tk + pz('k) - lz( )v
s =17 —pe | —pts — bl k=1N, i=1Lr.

s =17 =Pt — Pt — iy

()" <l
2 N
(7“2(,3) < 4552)352), k=1N, i=1r
)

ol <N (e o),
s o (a4, T T

Jlannag 3a1a4a 00J1a0aeT CAEAYIONIMEI XapaKTePUCTHKAMU:

IlepemerHuvie
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) 1) (2)

1. 3rN OCHOBHBLIX BEIIECTBEHHDBIX IIePEMEHHBIX: P, , D s Py » B =1
i=1,r.
n 2 B

2. 6rN BelecTBeHHBIX HEOTPUIIATEIbHBIX IIEPEMEHHBIX: S; , S, ', S;

s W B e TN i =T

OzparuueHus

1. 6rN—2r—+m guneitanix ypasaenuii: (3.9), (3.10), (3.12), (3.15). Taknwm
06pa3oM, IHCI0 MEPEMEHHBIX MOYKeT ObITh COKPAIIEHO.

2. 6rN sjuneiineix HepasencTB: (3.13), (3.18).

3. 2rN xBajiparndsbix HepaBeHcTB: (3.17). Hecmorpst Ha TO, 9TO KBaJI-
paTHdIHble OTPAHNYEHUsI HEe IPeJICTaBJIeHbl HEOTPUIIATEIBHO OIpejie-
JIEHHBIMI KBaIPATHIHBIMI (DOPMaMI, OHU SIBJISIOTCS KOHUYIECKIMU
YPaBHEHUsIMI BTOPOTO TIOPsIKA. A TOTJIa MOYKeT OBITh JOKa3aHo,
9TO B CJIydae HEOTPUIATETHLHOCTH IePeMEeHHBIX 35?, SEZ), sgi), 35’?7
MHOYKECTBO PeIleHuil JiIsT 9TUX OIpaHUYeHUIl SABJISIETCS BBITYKJIBIM
MHOZKECTBOM.

CoOTBeTCTBEHHO, /TSI IAHHON ONTUMU3AIMOHHOI 381491 NMEeeT MECTO BbI-

yKJI0e MHOYKECTBO JIOTyCTUMBIX PEIIeHNI].
ITenesas ynruus
[enesast pyukuus (3.19) spisercs JuHeHO QyHKINE OT MepeMeHHbIX
P Py Pl k= TN, i =Tr

Bagady ontumMasbroro yipasiaenns (1.1)—(1.3), (3.8), (1.7) ¢ nuneiinoi
CHCTEMON 1 KBaJIPATHIHOM KPUTEPHEM MOXKHO CBECTH K 3ajia4de MPorpaMMupO-
BaHUsI ¢ KBajipaTuaHbiMu orpanmdenuamu (3.9), (3.10), (3.12), (3.13), (3.15),
(3.17), (3.18), (3.20).

JlanHast onTUMI3AINOHHAST 3a/1a9a UMEET Te YKe XapaKTePUCTUKH, ITO I
IPEJIBI YT BADUAHT 3a TeM HCKJIIOUeHHeM, 9TO 1eJIeBoil (PyHKIMe SBIIsieT-

st BbIyKJiast KBajpatuanas (yukmnus (3.20) oT nepeMeHHbIX pz(.,?;), pz(.]?, pz(.i),

k=1N,i=1r.
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ITpumep. lemndupoBanue KojiebaHUIT «CIISMIETO BOJYKA»

Jlarpanxka

Bephemcst K 3ajiade JjieMipupoBaHUsl CIISIIIErO BOJIYKA, OIMCAHHYIO B
naparpade 1.5, mocTpouB yrpas/ieHne B KJaacce KyCOUHO-KBaIPATHIHBIX (DyHK-
IHIA.

[Ipornietypa cBejienusi Oblia peajn3oBaHa Ha s3bike Python 3, 3anada
KBa/[PATHIHOIO IIPOIPaMMUPOBaHUs ObLIa pelieHa ¢ momolbio coasepa COPT
(em. mpusioxkenne A).

Ob1miee Bpemst paboThI porpaMmbl coctaBuio 1,11 cexkyn. 3HadeHne 1e-

JieBoii pyuKIN paBHsiercs 91,56. Pesysibrarsl npuBejieHbl Ha puc. 3.2.

ui(t), ua(t) OnTumanbHoe yrnpasneHue
2 -
— U]_ (t) \ / ,
1- 2(t)
0 -
/k
_2 L T T T T T
0 2 4 12 20 t
n(t) ®a30BbIV NOPTPET
10 A
0 -
_10 .
-20 -15 -10 -5 0 5 10 &(t)

Pucynok 3.2 — demmdupoBanne KoJjiedaHmil «CIIAIIEro BoJdKay Jlarpan:a mnpu

BBIOOpE yIpaB/ieHns B KJlacCe KYCOUHO-KBaIPATUUHBIX (PYHKITHIT
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3.1.3 UYwucaennasa peajmn3alus

NuTterpupoBanue O/1Y u BbIUMcIeHUE OIIPeeJIEeHHBIX MHTErPaJIOB

B X0Ze 9Talla CBEJACHHN BOSHUK BOIIPOC BBIYUCJICHUA MHTEI'PAJIOB THUIIa

t

/ Y(T)Y 1 (t)bs(t)dt.

tr—1
Jlnst Hauaaa onpeie/nMes co crocoboM Beraucaenus Marpuipl Y (T)Y ~1H(¢).

O6o3HauNM CcUMBOJIOM Y}, (1) MATpUIAHT OIHOPOJIHON CHUCTEMBI ¢ MaTpUIeil

A(t), HODMUDOBAHHDIT B TOUKE f1:
Yo () = A)Ys (1), Yi(h) = E.

Tenepn npeobpasyenm nponssesente Yo(T) Y, ' (1), BocnombzoBaBmmch CBOfCTEA-

MU MaTpuianTta |74]:
Yo(T)Y, (1) = Yo(T)Yi(0) = Yi(T) = Yy ' (¢)-
PaceMOTpuM CONPSZKEHHYIO CHCTEMY
. AT
Z=—A"(t)z. (3.21)

[lyctes Z;, (t) — MaTpumaHT 9Toil CHCTeMbl, HODMIUPOBaHHBII B t1. Ero ocHOBHOE

CBOWCTBO:

Z, (t) = Y ' (t)

Torma nofctapnss t; = T, moayunm cootnomenne Z4(t) = Y5 1(t). Cremosa-
TesibHo, MaTpuna Y (T)Y 71(t) saBisgercs TpaHCIOHUPOBAHHLIM MaTPUIAHTOM
cotpsizKeHHOM cucrembl (3.21), HopmupoBanubiM B TouKe 1. Jljist ero Beramc/ie-
HIIsT, HeOOXOIMO 1. pa3 permnTh 3a1ady Kot ¢ cucremoii (3.21) u pasinanbiMu

HadabHbIMI yesoBusiMu 2(1T) = €, j = 1,n. Ilpennonaraercs, 4ro perrenus
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OyIyT HaliJileHbl ducjienno. Hampumep, Tpu MOJArOTOBKE JaHHOM paboThl 11
9TUX Tiesiell NCIoJIb30Baaach (BYHKIMA odeint U3 makeTa scipy.integrate, 1mMoji-
KkaogaeMoro K Python.
[Tocie Boraucienus pyHkuit Z(t) octaHerTcst BBIYUCIUTD OIPEJIeIeHHbIE
ty
unrerpanbl [ ZF(t)b;(t)dt. VIX MOKHO paccunTaTh B KBaJPATypax HCIOJIb3YsT
th—1

pyHKIMIO quad W3 TOro YKe NakKeTa scipy.integrate.
tx ti

Unrerpanst tuna [ Y(T)Y " H)btdt w [ Y(T)Y H(t)bit*dt mox-
lg—1 lg—1
HO BBIYHCIUTH [0 aHAJOTHE JIMOO C HCIOJB30BAHUEM HalIeHHBIX 3HAUEHHI
2
[ Y(T)Y '(t)b;dt n dbopmys UHTErpUPOBAHNST TIO YACTSIM.
tk—1
Kpome BbIYKCIeHUsT BBIIIEYIIOMAHYTHIX UHTErPAJIOB, Ha dTalle CBEeIeHUs

BOBHUKacT Hp06ﬂeMa olpeaeJ/IcHrsd 3HaYCHU A
T
Y (T)x, + / Y(T)Y ~(t)d(t)dt.
0

st TOrO € 1oMoIIk0 OubMoTeKn odeint TpedyeTcs: BHIUUC/IUTD PElleHne 3a-

naqn Komm i cucremst (1.1) ¢ Hy/IeBbIM ylpaBieHHeM
T=At)z+d(t), z(0)=umx,

u Haiitn 3uadenne (7).

Cxema pelrieHUd

Pemtenine nocraByiennoil 3ajiaun ObLIO peajn3oBaHo Ha sg3bike Python 3.
Kox mporpamm j1ocTyIieH B IPUIOXKEHNN A, ceffdac ke IPUBeJeM BepXHEYPOB-
HEBYIO CXEMY DeIleHUs.
1. Baganue ycioBuit 3a1a4u onTuMasbHoro yipasienns (1.1)—(1.3) ¢ 1P
(1.5) mm (1.7).
2. Boibop kiacca ympassenusi: KyCOIHO-IIOCTOSHHBIN (1.4), Kycoumo-

qmHeitHbl (3.1) nim KycouHo-KBagpaTnaHblii (3.8).
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3. Borumcienne mapamMeTrpoB 3aJadi MaTeMaTHIeCKOro IPOIrpaMMUPOBa-
HUsI, B TOM YHCJI€ C UCIIOJIb30BaHueM
— aJIrOPUTMOB PeIIeHHsI CUCTEeM JIMHEHHBIX OObIKHOBEHHBIX TUd-
depeHnmaIbHbIX YpaBHEHUI ¢ TIOMOIIbIO (DYHKIINK odeint.
— (OopMYJI BBIUKCJIEHHUS OIPEJICJIEHHBIX HMHTEIPAJIOB C ITOMOIIIBIO
byHkIMM quad.
4. Pemenne 3ajaun MaTeMaTHIecKoro porpaMMUPOBaHUs IPU TOMOIIH
HaKeTa, sl OITUMUBAIII Coptpy.
5. @opmupoBanue GyHKIHA yIIpaBIeHus, ICX0/sI U3 PEIIeHNs 38 a9l Mar-
TEMATHIECKOIO IIPOIPAMMUPOBAHUSI.
6. Ilouck pemenust ucxojHoit cucrembl O/1Y, 3aMKHYTOI ONTHUMAJIBHBIM
yIIpaBJIeHUEM, IIPHU IIOMOIIU (DYHKIUKN odeint.

7. Ilocrpoenue rpacdukos perienus depe3 GyHKIUN nakera matplotlib.

3.2 OnrTumaJjbHOE ynmpaBJieHUe ¢ OrpaHmYeHuAMN Ha pa30Bble

IepeMeHHbi€ 1 KOMIIOHEHTbI YIIpaBJICHUA

B sTom naparpade paccMoTpuM 3a1a4y ONTUMAJJILHOIO YIIPABIECHUS IIPU
HAJTMYIUN PA3JIMIHBIX BBITYKJIBIX U HEBBITYKJIBIX OT'PAaHUYEeHIT Ha (pa30BbIil BEK-
TOp U Ha BEKTOD yIpaBJIEHUS.

Basopoit mozenbio Oyiaem cumrarh 3ajady yrupasienust (1.1)—(1.5) c
JINHEIHO cucTeMoil OOBIKHOBEHHBIX JnddepeHInalIbHbIX YPaBHEHNN, TePMI-
HaJIbHBIMU YCJIOBUSMU, NPSIMbIMU OI'PAaHUYEHUSIMU Ha yIpaBJeHUs, KyCOUHO-
MOCTOSTHHBIMY YIIPABJICHUSIMN 1 JIMTHEHHBIM 11€JIEBBIM (PYHKITHOHAJIOM.

Hannas 3ajada CBOAWTCA K 3aJade JIMHEHHOTO ITPOrpaMMUPOBAHN
(1.9)—(1.11). Bce BbIBejicHHBIE B JIAHHON TylaBe OIpAHUYEHUsI OYJIEM CUUTATH

JOITOJIHUTEJIbHBIMI K OCHOBHOI MO/JICJIN.



84

3.2.1 OrpaHnydeHus Ha KOMIIOHEHTHI yIIPaBJICHUS

BbIHYK.TIbIe JIMHEHbIE orpaHmneHmAamm

JomoymanM JinHEiHYI0 3a/a4y OITUMAJIbHOIO YIIPaBJIeHIsI HADOPOM OI'pa~

HIYEeHU OTHOCUTE/IbHO BEKTOpa YIIPaBJICHUN U:
Du < d.

31ech D — marpuiia pasMepa ¢ X r, COCTOsIIIas 13 CToJI010B d;, a d — g-MepHbIi
BEKTOD.
Torma MOXKeM CBeCTH 9TH OIpaHHMYeHus] K JIMHEHHbIM HepaBEeHCTBAM OT-

HOCHUTEJILHO IIEPEMCHHBIX Ujk:

Y dwg<d, k=TN. (3.22)
=1

Taxum obpazoMm mosyunin ¢N JIMHEHHBIX HEPaBEHCTB, KOTOPbIE HEOOXOINMO

T00ABUTH K 3aJiade JIMHEHHOTO (KBapATHIHOIO) MPOrPAMMIPOBAHUSI.

HeBbIHYKJIbIe JIMHEeITHbIe OorpaHUYeHUusAMMN

[IycTs Tenepb Ha ynpaBjeHNs HaJOXKeHbI orpanndenns tumna «VJIN»:

DWy < 4,
D@y < 4@,
(3.23)

YdauThIBast, 4TO yIpaBIeHIE UMEET JIBYCTOPOHHIE TPaHuIlb! (1.3), /aist Jiio-

O0Il CTPOKM Y MOXKeM HaiiTu Takoil mapamerp M, 9To 1pu JIFOOBIX JIOIMYCTUMbBIX
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yIPaBJIEHUSIX OYJIeT BBIOJTHATHCA HEPaBEHCTBO
yu < M.

Jl1st 3TOr0 JMOCTATOYHO OonpenesnTb M ciaeayronumM odpa3oMm:

r T
M = Z%’l*i + Z%’l;k-
i=1 i=1
v:i<0 vi>0
[Tog00HBIM 00pa30M MOXKEM OIIPEJIEINTH BEKTOP d(® JIJIST MATPHILBI D™ Torna

JUUTsl JTFOOOTO JIOIYCTUMOIO YIIPaBJICHUsT OYJIET BBITOJTHATHCS
DWWy <d®, «=T,s.

Toryia, yauTbiBas, 9To OJIOKH orpanmdeHuil u3 (3.22) He 00s13aTeIHHO
JIOJIZKHBI BCETJIa BBIIOJIHATHCs, BBejieM OnHapHbie (DyHKINN Oy (1), ABIAIONH-

€Cd MHIAuKaToOpaMMn TOro, KakKoii OJIOK & JOJIZKEH BLIIIOJIHATBHCA B MOMCHT t:

() JOJIZKHDBI BbITIOJIHATBCA,
X

6cx(t) =
() MOTYT HApPyIIaTbhCA,

1, ecom mepasencrsa D®u(t) < d
0, ecu nepasencrsa D®u(t) < d

rie o« = 1,s. Ilpu sTOM Beerga jgo/KeH ObITh OJMH aKTUBHBIN OJIOK:

i S (t) = 1. (3.24)

Torma MoxHO nepermcarsd (3.23) Kak CHCTEMY HEPABEHCTB:

(DWy < dWs () + dV(1 — 81(1)),
D@y < dP8y(t) + dP (1 — 85(2)),

<d
<d
4 (3.25)

DWWy < dWag(t) +dP (1 — 84(1)).

Temepp MoOkeM TepeiiTn OT AMHAMHUYECKHX OIpaHUMYeHWI K cTraThde-
ckuM. [lockosibKy yHpaBjieHne BbIOMPAeTcsd U3 KJacca KyCOYHO-IIOCTOsIHHBIX
hyHKIWI, He yMasisisi OOIHOCTH, MOXKHO PACCMATPUBATH U Oy (t) KAK KyCOIHO-

MOCTOSTHHYIO (DYHKIIHIO:

Solt) = ba, k=LN, o=Ls,
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rje dq, — OGunapnbie nepemennnie. Torma pasencrso (3.24) mepeiiger B N -

HEeIHBIX YpaBHEHUII:

» =1 k=1N. (3.26)
a=1

A cucremy (3.25) MOXKHO TIepericaTh B BH/IE:

> du < Ao +dV(1-8q), k=TN, a=Ts  (327)
1=1

Bnech d¥® — j-piit crosnber; D).
IIpumep

[IycTh aj11 HEKOTOPOI 3aja4un ylpaB/eHnus 3ajJaH JBYMEPHBI BEKTOp

pra,BJIeHI/HU/I CO cjeayrimuMn IIpAMbIMA OI'DaHUYCHUAMMN:
0 < u(t) <10, 0 < uy(t) < 10.
HpI/I 9TOM JOIIOJHUTEJILHO 3adaHbl IBa JIMHEHHBIX OI'paHUYCHUA:

ui(t) +ua(t) < 17,
Ul(t) - 2UQ(t) < 6.

KpOMe TOTI'O, YIIpaBJICHUA HE HOJIZKHbBI IPpUHaAJJICZKATDL IIPAMOYI'OJILHUKY,

OIINCbIBA€EMOMY CJICAYIOOIMMUN HEPABCHCTBAMUN!

5
7.
Ha puc. 3.3 MHOXKECTBO JIOIMYCTHUMBIX YIIpaBJIeHUI M300paykKeHO CUHUM

IIBETOM.
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Pucynox 3.3 — HeBbImyK10e MHOXKECTBO JIOMYCTUMBIX yITPABIEHNN

[TepeBenem TpeboBaHus Ha HE MPUHAJIEXKHOCTD YITPABJICHUI MHOYKECTBY

K deThIpeM orpanudenuam tuna <«VJIN»:

ult

(
uilt (3.28)
U9 (t

(

) <
) >
)
_UQ t)

JL1st ostygeHust COBOKYITHOCTH ypaBHEHUI BBejieM OnHapuble dyHKImn O1(t),

do(t), 83(t), 04(t), cymMMa KOTOPBIX paBHA €JIUHHUIIE:
O1(t) + d2(t) + 03(t) + d4(t) =

Temepb Mozkem mepenucarh (3.28) B Bujie
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B mTore, MHOYXKECTBO JIONMYCTUMBIX yIPaBJICHUIT Oy/IeT ONMMCHIBATHCA CJIEYIO-

el cucTeMoit:

—uy(t) < —5d(t),

us(t) < 283(t) + 10(1 — 85(t)),

— un(t) < —T4(1),

O1(t) 4 8a(t) + 03(t) + d4(t) = 1,
\61(75), do(t), d3(t), d4(t) € {0, 1}.

[Tocse aToro, HEOOXOMMO CBECTH TAKYIO CUCTEMY K CUCTEME JIMTHEITHBIX aJl-
rebpanvdecknux ypaBHEHHII 110 aJITOPUTMY, OIMCAHHOMY B IIPEJIBITYIITIX TYHKTaX.
[TockoJIbKY Takoii mepexo/1 JIOCTaTOYHO TPUBUAJIbHBIN, He Oy/IeM IPUBOJIUTH €ro

B JIAHHOM IIpUMepe.

3.2.2 OrpanndyeHunsa Ha (Ha30Bble IIepeMeHHbIe

[To anajorum ¢ mpeabLAYIIUM IIYHKTOM PAaCCMOTPUM BBIMYKJIbIE U HEBbI-
IyKJIbIEe OTPaHmYeHUs Ha (a30Bble IepeMEHHbIe B y3JlaX — TOYKaX CKAUYKOB
KYCOYHO-ITIOCTOSSHHBIX (DYHKIINI YIIPABICHMSI.

Tax>ke OT/IeJILHO YIE/IUM BHUMAHUE OrPaHUYCHUSIM Ha BCEM OTPE3Ke Bpe-
mern [0, T|. BeimosHenne Taknx orpaHudeHuil AB/sgeTcs GoJiee TPYIO0EMKOil

oneparmeii.
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Boeinykible JnHeliHbIe OTPAHUYEHUSMUI

[IycTb B KaxKJ0ii TOUKe tj MMEIT MeCTO JIMHeiHbIe orpaHnvyeHnst Ha da-

30BbI€ IIEpEMEHHbIC

Hix(ty) < g, k=1N. (3.29)

Takue orpaHdeHnsT CUJILHO HAIIOMUHAIOT TepMUHAJbHBIE yCaoBus (1.2).
Bynem npeobpa3oBbiBaTh UX TaKUM ke obpazom. Beinuirem dhopmyny Korrm
B TOYKEe {}:

173

o(ty) = Y (t)z, + / Y (£)YL(#) (B(t)ult) + d(t)) dt.

0
[TojcTaBuM KyCOTHO-TIOCTOSTHHYIO (DYHKIIUIO YIIPABJIEHMsT BMeCTO u(t):

2(ty) = Y (1), + / Y (4)Y "L (#)d(t)dt+
(3.30)

r L

k
+Y > Y )bi () dtuss,.

i=1 =1,

x—1

Brecem nostydennyto dhopmysy B HepapeHCTBO (3.29):

Sy, / V@bt <

=1 »x=1

J{ 1

tr
0 — H,Y (ty)x, — Hj, / Y ()Y (2)d(¢)dt.
0
HOCJIe 3aM€Hbl IIEPEMEHHDBIX IIOJIYYMM JUHENHbIE HepaB€HCTBa OTHOCHUTECJILHO

HHEPEMEHHDBIX Uj,,:

r k

DD hifun <gn k=T1N, (3.31)

=1 =1
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B urore yciosus (3.29) 6buti cBesienb! K JUHEHHBIM orpanndeHnsm (3.31).
Samevarnue 3.2. Takum ke criocobOM MOXKHO y4uecTh OrpaHudeHns Ha (a-

30Bble TIePEMEHHbIE B IIPOM3BOJIbHBIX TOUKax orpeska [0, T.

HeBbIHy'KJII)Ie JINHEHbIE orpaHniyeHmAaMm

Teneps paccmoTpum TpeboBaHUs Ha (pa30BbIe ITepeMEHHbIE, B KOTOPBIX

PUCYTCTBYIOT orpanmdenns tuna «JIM»:

" k=TN. (3.32)

Orpanndennsl TaKNX BHJIOB IOSIBJIAIOTCSA B HEBBINMYKJIBIX IIpOcTpaHcTBax. Ha-
puMep, KOrja 00beKT yIIpaBIeHUs JOJZKeH 0OOTHYTh HEKOTOPBI CTOPOHHMI
O00BEKT.

OCHOBHBIM OTJINYHEM JAHHOI'O CJIydasi OT HEBBIIYKJIbIX OI'DaHUYeHHil Ha
yIpaBJIeHUs SIBJIIETCA OTCYTCTBUE IPAMBIX OI'pDaHUYeHuil jis (ha30BbIX IIepe-
MeHHBIX. OTHAKO, MOYKHO OIIPEJIe/INTh I'PAHUIIBI Ha, IIePpEMEHHbIE OJIHIM U3 JBYX
CII0OCODOB:

— BBIYUCIUTDH aHAJTUTUIECKH, UCXO/s U3 HEKOTOPBIX JIOTHIECKUX [IPEJIIIO-

JIOZKEHU,
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— HafiTH MUHUMYM ¥ MAKCUMYM JiJIs KasKJOH KOMIOHEHTHI X (lj), BBIIIH-
caB ee IpeJICTaB/IeHUE YePe3 Uj,,, U IPUMEHUB 3HAHUSA O T'PAHUIAX JIJIsT

yIIpaBJIeHUIl.
Bynem cuntarh, 4TO yaa/0Ch HAlITH TaKie BEKTOPbI b,(f), YTO JJIsT JTF0OOTO
moJIoKeHus1 00bekTa & (t)), KOTOpoe MOYKHO JIOCTUTHYTH MPHU BBIOOPE JOMYCTH-

MOTI'O praBﬂeHI/IH7 BBITIOJIHAETCA
APpy <P k=1TN, p=To.

Teneps BBejieM OMHADHDIE HIEPEMEHHbIE Opj, CUTHAJIU3UPYIONHE, Y9TO B
MOMEHT tj, aKTUBHO OTpaHUYEHIE A,(f)a:(tk) < bgs). Torma nepeiigem or TpebO-

Banuil (3.32) K cucreMe orpaHUYEHUIL:

2

AWzt < bWy + 501 — o),

AP () < b o + 0P (1 — o),
) A elie) 2k b (L= o) k=T,N. (3.33)

AV w(t) < B0+ 57 (1L o)
[TogcraBus npasyto dactb dopmyssl (3.30) Bmecto z(t;) B (3.33), mosty-
qUM JIUHEHHbIe HepaBeHCTBa CJIEJIYIONIErO THIIA:

ZZCLZ%BUW\ )—f—b( )0[5]4;+E§€B)(1—0'(5k),

=1 =1

(3.34)

rie

o =AY (e, - AP [ Y0y e
0

[Tocnennee, 9T0 HYKHO CAeJdaTh — yKa3aTb, 9TO B KaxKJIbIif MOMEHT tj

JIOJKEH OBITh aKTHBEH OJNH OJIOK HepaBeHCTB (3.33):

d op=1 k=1N. (3.35)
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Takum 06paszoM OBLIO MOKA3aHO, KaK TpeboBamus (3.32) MOKHO CBECTH K

cucreme JIMHEHHBIX OorpaHndeHuii ¢ OuHapubiMu epeMenubivu (3.34), (3.35).

HenpepbiBHBIE OrpaHUYeHUS

Bosbimoit mpakTuieckKuii nHTepec MpeJICTaB/IdAI0T OrpaHundeHnd Ha (haz0-

BbIE TIEPEMEHHbIE HA BCEM OTPE3KE BPEMEHH:
Gz(t) <gq, telo, T).

Ho, k coxxaJjiennio, Takas 3ajiada KpaifHe cJoyKHa U B 00IEM CJIydae He MOYKET
OBITH CBejleHa K yJI0OHON 3ajiade MaTeMaTHdeCKOro ITPOrpaMMIPOBAHMS.

[Ipr 5TOM MOXKHO MPEIIOKUTH HECKOJBKO ITOIXO0JI0B, MO3BOJISIONINX T10-
BBICUTD IITAHCHI HA BBINTOJTHEHUE STUX HEPABEHCTB JJIsI JII0OOTro t:

— YBeJIUYNTb KOJNYECTBO MOMEHTOB BPEMEHU, Ha KOTOPBIX HAKJIA/bIBa-

I0TCdA OI'paHNYCHUA

_sT
=5

Grx(ts) < q, ts s=1,N;. N; — o0.

— Y4YacTuThb OI'paHNYICHUA Ha TEX CEIMEHTaX, B KOTOPLIX IIPEAIIOJIaracTCsd
CIJILHOE U3MEHEHIE COCTOAHUA OOBLEKTA.
- OHGHHTB MaKCIMaJIbHOE BO3MOYKHOE OTKJIOHCHIE COCTOSIHHIST OOBLEKTa

1 3aJIOZ2KUTDHb 9T OTKJIOHEHM A B OI'PaHUYCHUAX.

fffj(ts) —mj < z;(t) < x(ts) +mj, )€ ((t;) —m!)

m
j=1n, teltyy, t G (2(ts) +m?)

OrMmernM, 9TO 3ajia4a ¢ HEIPEPBIBHBIMU ONPAHUYEHUSIMEI TaK:Ke ObljIa MCCie-

noBata B pabote |75].
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3.3 BreBoanbl 110 riiase 3

B naparpade 3.1 ObLin npeJicTaBIeHbl METO/IbI CBEJICHNs 3aJ1a91 OTTHU-
MaJIbHOI'O YIIpaBJIeHUsl K 3a/ade OITHUMU3alui B cjaydae KyCOUHO-JINMHEHHDLIX
1 KyCOYHO-KBaJIPATUIHLIX yIpaBjeHnii. Takne kjacchl (DyHKIN paccMaTpu-
BaJIICh B Ka4eCTBE aJIbTEPHATUBLI K OCHOBHOMY KJIACCY KYCOYHO-IIOCTOSHHBIX
dyHKIUil, TpejcTaB/IeHHoMy B IiaBe 1.

[Ipu BBIOOpE yIIpaBjeHUs B KJlacce KyCOUHO-JIMHEIHBIX (PYHKIINIT, 3a/1a4a
C JIMHEHHON CUCTEeMON U JIMHEHBIM (KB&,ZLpaTI/I‘{HbIM> KpurepueM KadyecTBa MO-
JKeT OBITh CBeJIeHa K 3aj1ade JTMHEHHOro (KBaIpaTHIHOTO) TIPOrPAMMUPOBAHNS.
A 1ipu paccMOTpeHIH yIIpaB/IeHnsl B KJacce KyCOTHO-KBAIPATHIHBIX (DYHKIINI,
3aJlaua ¢ JIMHEHHON CHCTeMON u JIMHEHHBIM (KBAJPATUYHBIM) KPUTEPUEM Ka-
YeCTBa CBOJUTCA K BBIIIYKJION 3a/a4e IporpaMMUPOBaHusd ¢ KBaJpaTUIHbIMUI
OIl'paHUYCHUSIMN U JIMHEHHONI (KBa;LpaTHquﬁ) neseBoit gpyuknueit. Ormernm,
YTO JI7IT BAPUAHTOB C KBaIPATUIHBIM (PYHKIIMOHAJIOM P TIepexo/ie K 3a1adamM
MaTEeMaTIYEeCKOI'0 IIPOrpaMMUPOBaHIs COXPAaHSIETC BBITYKJIOCTD, €CJIN MaTpU-
na () sBJIgeTCs HEOTPUIATETLHO OIPeJIe/IeHHOiT.

Ha Bompoc, kakoil e KJacC yIpaBJIeHUs CTOUT BbIOpaTh, HYKHO OPH-
eHTUPOBATHCA Ha CBOICTBA M KPUTEPUH MCKOMOTO pelleHus. Tak, HarmpuMmep,
IJIaJIKOCTD YITPABJISIONIUX BO3AEHCTBUIT MOXKET ObITh BayKHBIM TPEOOBAHUSAM K
paspabarbiBaeMoii cucreMe. B ciryuae ¢cBobojibl B BBIOOPE KJjlacca, CKOpee BCEro,
CTOWT BOCIIOJIL30BaThCs HOJIee TTPOCTHIMU KJTaccaMi, MOCKOIBKY PeITenns J1J1s
HUX IMEIOT MEHBITYIO CJI0YKHOCTD, a YBeInInBas nmapaMerp N MOKHO JTOONTHCs
KQ4YeCTBEHHBIX PE3yJIbTaTOB 38 KOPOTKOE BpeMd.

Hanbueiitee ycaoKHenne Kjiacca yIpaBIeHnil peICTaB/IIeTcs HeolpaB-
JIAHHDBIM, IIOCKOJIBKY Be/eT K HEIPOIOPIIMOHAJILHOMY YBEJINYCHUIO CJI0XKHOCTHU
3aJladi. Y2Ke TP PacCMOTPEHUM KyCOUHO-KyOMYeCKUX yIpaBJIeHUi Oyaer
KpaiiHe 3aTpyAHUTEJbHO CBECTU IIPsIMbIC I'PDAHUILI K CTATUYCCKUM OTr'paHuYe-

HUAM.
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JIOIOJTHUTEIbHO CTOUT OTMETUTD, YTO IIePexXoJi K KjaccaM 00J1ee BbICOKUX
HOPSAJIKOB He 00s13aTe/IbHO NPUBOAUT K JIYUIIUM PEIIeHHsIM, IIOTOMY 9TO MOI'YT
JTI00ABJIATHCS JIOTIOJTHUTE/ILHBIE YCJIOBHS Ha IVIaJIKOCTh. Ha npumepe ¢ jieMr-
dupoBanmem KosiebaHnii BOJTIKA MOYKHO 3aMETHTDb, UTO HAUMEHbIIIee 3HaUCHIE
dyHKIMOHAA OBLIO MOJIYYEHO IIPU UCIIOJIB30BAHNN KYCOTHO-JIMHEITHOI'O Kracca.

B naparpade 3.2 ObL1a paccMoTpeHa JiMHeHas 3ajada OINTHMAaJIbHOTO
yIIpaBJIEHUs C yIIpaBJIEHIEM U3 KJIacca KyCOUHO-TIOCTOSTHHBIX dyHKImil. Ha a1y
3aJ1a9y HAKJIaJIbIBAJIICH JIONOJHUTE/IbHBIE OI'DAHIICHHSI.

— Bpinmykible orpaHUYeHns Ha ynpaBJieHUsi. Takue orpaHndeHusl

OYEBHJIHBIM 00PA30M CBOJISITCS K JIMHEHHBIM HEPABEHCTBAM OTHOCHTETh-
HO U;j U JIEMKO BCTPANBAIOTCS B 38149y JIMTHEITHOIO IIPOrPAMMUPOBAHUSI.

— HesBbllTykJyble orpaHuydeHuss Ha ynpaBjeHus. [l onucanns
HEBBIITYKJIOI'O MHOYKECTBA UCIIOJIb3YIOTCs JIMHEITHbIC OrpaHUYIEHUs THIIA
«NJIN» — n3 HecKOJbLKIX OJIOKOB YpaBHEHN HEOOXOIMMO BLITTOJTHUTD
XoTs ObI ojuH. [Ij1s1 Kark10ro 0J10Ka BBOAUTCS OMHApHAsI IepeMeHHas.
B urore B 3aj1a4y JUHEHHOrO MPOrpaMMIPOBAHUS BHOCATCS JIOTIOTHU-
TeJIbHBIE JINHETHbIEe OrpaHuYeHIsT ¢ OMHAPHBIME IT€PEMEHHBIMU.

— BpinmykJyble orpaHndeHns Ha pa30Bble IepeMeHHble. B Toukax
HEPEKJIIOUCHNS YIIPABICHUs t) 3a/1al0TCsd JIMHEITHbIE HEepaBEHCTBA 110
nepeMeHHbIM . 110100HO TepMUHAIBHBIM YCJIOBUSIM, JIaHHbBIE YCJIOBUSA
CBOJIATCSA K JIMHEHHBIM OIPDAHUYEHUSAM 110 U;i. TaKyKe TaKule OrpaHm-
YeHUsT MOTIYT ObITh 3aJlaHbl JIJIs JIIOOOI0 KOHEYHOrO YHCJIa 3apaHee
3aJIaHHBIX MOMEHTOB BpemeHu. TakuM oOpa3oM, YUCI0 OrpaHUYeHui,
JI00ABJISIEMBIX B MOJIEJIb, 3aBUCUT OT YNC/Ia PACCMATPUBAEMbBIX TOUEK 1
KOJIMIECTBa HEPABEHCTB B KayKJIOM M3 TOYEK.

— HeBbImykyble orpanmvdenusi Ha ¢pa30Bble IepeMeHHble. [[is
OIMCAaHUsl HEBBIINYKJIBIX MHOXKECTB B y3JaX tp 3aJai0Tcs JIMHEHbIe
orpannvenus: tuta «WJIN». IlogobHo orpaHmyeHusiM Ha yIpaBJIeHU
JUIST KaxKJI0ro OJIOKa BBOJUTCS OMHApHAs IepeMeHHas W B MOJCIb JI0-

OABJISIIOTCS JIMHEHbIe OI'paHMYCHUA, COACPzKalllue 9T IIEPEMEHHBIC.
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[Ipn mcnonb3oBannn BceX YeTbIpEX TUIIOB OMPAHUYEHN MCXOJHAs 3a/a-
ga OyJleT cBeJleHa K ONTUMU3AIMOHHON 3ajiavde, ONMUCHIBAEMOIl ypaBHEHUSIMU
(1.9)—(1.11), (3.22), (3.26), (3.27), (3.31), (3.34), (3.35). Ilo obmmenpunsTOM
KJIACCU(PUKAITINHT, TaKas MOJETb MPUHAIEKNAT KIACCY 3aJad YacTUIHO IeJI0-
qUCIEHHOTO JTHeHHoro nporpammuposatnsg (MILP) u moxer ObITh perreHa
IpU TOMOIIH Pa3INIHBIX coiBepoB (cM. maparpad 1.4). JlomomHuTebHo OT-
METHM, 9TO TIPH 3aMeHe JIMHEeHHol 1eseBoit dyukinu (1.5) Ha KBajpaTHIHYIO
(1.7) Gymer nosyuena 3ajiada YaCTUIHO [EJTOUNCIEHHOIO KBAPATUIHOIO MPO-
rpammupoBanus (1.9), (1.10), (1.11), (3.22), (3.26), (3.27), (3.31), (3.34), (3.35).

Bouta 3aTponyTa m TeMa ydeTa HEPaBEHCTB Ha (pa30BbIe NepeMeHHbIE Ha
Beem otpeske [0, T']. OmHaxo, Jyist MOIX0/a, PACCMATPUBACMOTO B JIAHHOMN JTHC-
CepTAIMOHHON paboTe, He MPEJACTABIAETCS BO3SMOMKHBI CBECTH 3TH YCJIOBHUSA K
CTATHYECKUM YpaBHEHUSIM /I JTOOABJICHUSA B 3aJady MaTeMaTHICCKOTO IPO-
IpaMMUPOBAHUSI.

Haxkomnerr, 3aTporeM TemMy 1OCTPOEHNsT MHOZKECTB JIOCTUKUMOCTHU U YIIPaB-
JISIEMOCTH TIPU JIOTIOJIHUTETHHBIX OTpaHMYeHnsax. B riase 2 3aja4a MOCTPOEHMs
MHOKecTB it 3ajaqdn (1.1)—(1.4) Oblia cBefeHa K 3ajade JIMHEHHOTO OTOO-
paxKeHus 7r-MepHOro Ky0a, MOCKOJIbKY ObLIN 3aJaHbl TOJHKO JIBYCTOPOHHIE
OrpaHNYeHns Ha 3JIEMEHTHbl BeKTopa yupasieHuil. [Ipm mammamm ke 1010JI-
HUTEJIbHBIX OrpaHuydeHnii OO HPU PacCMOTPEHUN YIIpaBJIeHHs B KJlacce
KYCOUHO-JTMHENHBIX (DYHKINI, 3aa49a Olpe/ie/ieHNusT MHOYKECTB OYJIET COCTOATH
B JINHEITHOM OTOOpaKeHNN MHOTOTIpaHHNKa. [Ipn ncrnop3o0Bannm KycoOqHO-KBa/I-
pPaATUIHOTrO yIpaBJeHud 3aja4da Oy/IeT ere OoJiee Tpyt0eMKoii. [ToaTomy Borpoc
MOCTPOEHNS MHOXKECTB JIJIST TaKUX CIy9aeB BBIXOJNUT 3a paMKN TeKyllell pa-

OOTHI.
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I'JIABA 4. HEJIMHEMHA S 3AJJAYA OIITUIMAJIBHOT'O
YIIPABJIEHN A

4.1 IlocTraHOBKAa 3aa4n

Bynem cauTaTh, 4TO MPOTECC OMUCHIBAETCS € TTOMOIIBIO CUCTEMBI T de-
peHIaIbHBIX yPaBHEHN, HEJIMHENHON 10 (pa30BbIM IEPEMEHHBIM U JIMHEWHOI

OTHOCUTEJILHO YIIPABJICHUI:

T = f(t,z) + B(t)u. (4.1)
[1peIo/I0sKIM, UTO CYIeCTBYIOT YaCTHBIE IPOH3BOHbIE 2L 3%@, a MaTpu-

na Axobu F(t,x) dyuxmun f(t,x) orpanudena:
|F(t,x)|| < M, te|0,T], zeR" (4.2)

[Ipn Takom orpanmdeHun OyjeT obecliedeHo BhINNOJIHEeHMe ycjosue Jlummmura.
CiieoBaTesIbHO, CYIIIECTBYET eIMHCTBEHHOE pellenre 3aadn Komm s cucre-
Mot (4.1) ¢ nagasbbivm yeaosueM (0) = @, /151 J1I060T0 38/IAHHOTO yIIPABJICHHS
u(t), ynosaersopsiorniero yeiaosusm (1.3), (1.4).

Hobasue TepMmuHajbHbie yesoBus (1.2) u orpaHnveHus Ha YIPABJIEHUsI
(1.3), (1.4), a Takske opun u3 kpurepuii kauecrsa (1.5)—(1.7), Mbl cchopmupyem
HeJIMHEHHYIO 3a/ady ONTUMAILHOTO YIIpaBJIeHNsI.

Samevarue 4.1. Ilo ymomdanuio B KadecTBe IejieBoil (pyHKIuU Oyjiem
paccMaTpuBaTh KOMOMHAIIO (ha30BbIX HMepeMeHHbIX (1.5), mojpasymesast mpn
9TOM, UTO ee MOXKHO 3aMEeHUTh Ha KpuTepuil pacxoja pecypea (1.6) wim ke Ha
KBaJipaTuyHblii dyrximonan (1.7).

[lesib rtaBel 4 — paspaboTarTh UUCTEHHBI METOJ HAXOMKJIEHHs YIIpaB/ie-
Hust it noctasiennoii 3ajaan (4.1), (1.2)—(1.5). Kak Oymer nokazano jasee,
yIIpaBJIeHne B HEKOTOPOM CMBICJIE MOYKET CUUTAThCsI CyOonTuMabHbIM. B ntore

OYyAYT MPEII0XKEHbI aJrOPUTMbI JIJIsI JIBYX PEXKUMOB:
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— IIpoepammmnoiti peotcum. Ileper HaUAIOM JIBUYKEHUST YIIPABJISIEMOro 00b-
eKTa 3a HEeCKOJIbKO HUTepalyil aJropuTMa HaXOMATCA HMPUOINZKeHHA
dbyuKImst yipasienns u(t) U COOTBETCTBYIONIAS eil TMHAMUKA H3MeHe-
HUst (PA30BBIX MEPEMEHHBIX X (1).

— Peotcum ynpasaenus 6 peasvHOM SPEMEHU (NO3UUUOHHBIT DEHCUM,).
Omnpejensiercss HadaabHasg GyHKIUA yipapiaeHus. OObeKT JIBUAKETCS
110/ BO3JIefiCTBIEM 3TOTO YIIpaBJIeHUs JI0 OJIMKaillieil TOUKH [epeKJIro-
YeHust t. 3areM ylpaBJieHHe IePecUnThIBACTCA NCXOJ/d U3 TeKyIlei
HO3UIHI 00'beKTa, YIUThIBasl OTKJIOHEeHUs B (pa30BOil TPaeKTOPUM, BO3-
HUKIIIE N3-3a HETOYHOCTHU AaIlIPOKCUMAINN HEeJUHEHHOH (PYHKIUN 1
BHeNIHNX Bo3MmyIenuit. /lo ciemyromeit TouKu tx1 00BHEKT JBUXKETCA

110/1 BO3/IEICTBUEM HOBOT'O YIIpABJICHUA.

4.2 (O0630p auTEPATyPHI

B upopoimkenne ob3opa, IpejcTraBieHHOro0 B Iaparpade 1.2, ommiinem
3J1eChb OCHOBHbBIE HAIlpaBJIEHUsI B PEIIeHUN HEJMHEHHBIX 3a/a4 ONTHMAJIbHOIO
yrpasjeHusi. YIOMSHYTble paHee KJaCCHYeCKHe IOXO/bI (IPUHIUIT MaKCH-
myma [lontpsiruna [15], auHamudeckoe mporpavmupoBanue [16] u meron
nocjieloBaTe/IbHbIX pub/keruit [18]) MoryT ObITh paclpocTpaHeHbl U Ha
HeJIMHEHHbIe 3219

B coBpemenHoii ”HOCTPAHHOI JIUTEpaType MOXKHO BBIJCJIUTD CJICILYIONIE
OCHOBHBIE aJIPOPUTMbl PelIeHNs] HeJMHEeHHON 3aaui ¢ KyCOYHO-IIOCTOSHHBIM
yipasiaenueM [27]:

1. Direct Single Shooting [76]. C yaerom Buja yupasienus (1.4) qucien-

HBIMU METOJIAMI HaXOJUTCs perienue 3aaqdu Ko ¢ cucremoii (4.1)
KaK CUCTEMbI OOBLIKHOBEHHBIX JnddepeHnanibibX ypaBHenuii ¢ napa-

MeTpaMu u;,. TakKiM 00pa30M OIpeie/isieTcs HeJlnHeliHasl 3aBUCUMOCTD
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nosioxkenust x(1") or 3Hadenuit ynpassenust. [locse sToro, 3amaqa (4.1),
(1.2)—(1.5) wamie Bcero CBOAUTCS K HEBBIMYKJION 3ajiade HEJMHEHHOTO
IPOrpaMMUpOBanusi ¢ NT° HEN3BECTHBIMU.

2. Direct Multiple Shooting |77]. PacemarpuBaercest 3aatia Ko ¢ cncre-

moii (4.1) na unTepBase [ty_1,ty):
0 = f(t,2®) 4> b, 2P () = sk, t € [ty ).
i=1

B aannom kontexcre z%) oBosmauaer perrernne yKa3aHHON 3a1adi.
OHo MOXKeT ObITHb HAaliJIEHO YMCJIEHHO KaK pelleHue 3aladu ¢ 1 + T

napaMeTpamu Sp u u;x. Jlasee 100aBIgI0TCA yCI0BUS HETPEPBIBHOCTH:

l'(k_l)(tk_l) =5Sg, k= 2,—N
[Tocsie aTOrO MCXOIHAA 3ajlada CBOAUTCA K 3aJjiade HEJMHEITHOro mpo-
rpammupoBatus ¢ N (n + r) HEM3BECTHBIMI.

3. Direct Collocation |78]. CemeiicTBo asropurtmoB, 6a3oBast muesi Ko-
TOPBIX COCTOUT B 3aMeHe (ha30BOil IMEepeMEeHHOI Ha IMOJMHOMBI. Tax,
HAIIPUMep, TI0JIb3YIOTCsI TOMYJISIPHOCTBIO peau3anuu ¢ 3aMeHoit x(t)
Ha KYCOUHO-JIMHENHYIO (PYHKIMIO MM HA KyOUUecKuil ciuiaiii.

4. Pseudospectral Discretization [79]. ®a30Bble epeMEHHbBIC 3aMEHSTIOTCS
JINHEITHON KoMmOuHalueil 6a30BbIX (DYHKINI, KOTOPhIE, B OTJIMYUE OT
PEeIBLIYIIETO TOJIX0/1a, He 00A3aTeTbHO ABISIOTCS MOJTMHOMAMI.

3ajada  MOCTPOEHUsT ONTUMAILHOIO yIpaBieHus: i 3ajgadn  (4.1),

(1.2)-(1.5) Obuta m3ydeHa B paborax HaydHOro KostekruBa P. @. [abaco-
Ba [38;80;81|. [IpeiozKeHbl aJrOPUTMBI JIJIs JBYX CJIyYaes:

1. Onmumusauus <6 MaAOM»: B ClIydae MaJIbIX OTKJIOHEHHH (DYHKINN
f(x) or cBoeil uHEApU3AIN B HAYATBHON TOUKE T, JIAHHAS HEJIH-
HeftHast PyHKINS 3aMeHsgeTcs JTUHEeHHBIM TPUOIZKEHNEM U PEliaeTcst
JIMHeltHAasA 3a/1a9a ONTUMAJILHOTO YITPaB/ICHUs, TIOC/Ie YeTo MOy YeHHOe

peleHne KOpPeKTUPYyeTCs.
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2. Onmumusauyus «6 60AbWOM»: B caydae OOJIBIINX OTKJIOHEHU HeJIH-
HeiiHO#l (PYHKIMKM OT CBOEro JIMHEHHOTO NpUOJINKEHHUsI, IIPOCTPaHCTBO
¢a30BBIX IIEpEMEHHBIX pa3duBaeTCss Ha 00JIaCTHU, U B KaxKJoi 00Ja-
cru yuknust f(z) ammpokcumupyercs JuHeitnoit dyuknueir. Torga
UCXo/Had HeJIMHelHad 3a/iava 3aMeHseTCd KYCOYHO-JIMHENHON 3a/ia-
Jeifl onTmMaJIbHOrO yupasieHusi. llociie pereHmnst OCyHnecTBISIETCsT
KOPPEKIIHS TI0JIyUYeHHOI'O yipaBJeHusd. [IpuMeps npuMeHeHnsT TaKOoro
TTO/IXO0/TA. OTIMCAHBI B CTaThsx [80;82].

Kpowme Toro, B pabore [83] omnucanbl yCJIOBHsI ONTUMAILHOCTH DEIIEHUST Pac-
CMaTpUBaEMOIl HeJIMHENHON 3a/adu.

Apropom jmcceprannortoii paborel B crarbe |7] Obun cdhopmynnpoBaH
MeTO/] ITO3UIMOHHOI0 yIIpaBJ/ICHNsT HEJIMHEHON CUCTEeMOll Ha OCHOBE I10CJIe/10Ba-
TeJIbHBIX JIMHeapU3alil HeJIMHEHOI CUCTeMbI, II0C/Ie Yer0 OH OBLI B IIOJIPOOHO
ocserriel B cratbe [8].

JIooIHUTEeIbHO OTMETHM KJIacC 3a/a9 ¢ OUIMHEHHBIMU CUCTEMaMK, 9TO
SIBJISIETCST YACTHBIM CJTydaeM HeJIMHeiHOCTH, rjie, B oTandne o cucreMbl (4.1),
JIOTTYCKAIOTCsI TIPOM3BeIeHIs (DPA30BLIX MEPEMEHHBIX 1 9JIEMEHTOB yIIPABJICHMS
w;(t)x(t). st Takux cmcTeM permaercs 3ajada CTabUIU3aul COBOKYITHOCTH
IPOrPaMMHBIX YIIpABJICHUH (MHOrOIpOrpaMMHast crabunsarsi) [84-86].

Hakonen, cymecrByer psig [IO st pereHust 3ajiadu ONTUMAaJIbHOIO
yIpaBJieHus. BbIJeuM HEeKOTOpbIe U3 HUX:

1. CasADI [87]. OTKpbITHII TaKeT Jyist PerieHns 3a1ad HeJTnHeiHoi
onTuMm3anun. B ToM 4mcie MOI'YT ObITb BBIMHC/IEHBI PEeIeHUs J1JIs
MoJjieiefl ONTUMAJIbHOIO YIIPpaBJIEHUsT 1 3aJiad THIIA «IIPEJIUKTOP-KOP-
pexTop». s HaxX0XK AeH s ONTUMAJIBHOTO YIIPABJIEHUsT NCIIOJIb3YI0TCsT
asiroputmbl direct single shooting, direct multiple shooting u direct
collocation. Ilaker mpejgocrapisiercss B Buje OMOJIMOTEKN HA sI3BIKAX

Matlab, Python u C++.
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2. ACADO [88]. Uucrpyment st paborsl Ha Matlab, B Kotopom pea-
JIN30BAHbI PA3/JINYHbIE aJrOPUTMbI ONTUMAJILHOIO YIIPABIEHUsI, B TOM
yuciie direct single shooting u direct multiple shooting.

3. DIDO [89]. MncTpymeHT Jijist perieHust 3a4a4i ONTHMAJIBHOTO YIIPaB-

Jnennsi Ha Matlab, B ocHOBe JiexkaT 11ceBJI0CIIeKTpaIbHbIE AJITOPUTMBI.

4.3 Metoa nocTpoeHus ynpaBJJIeHUS

B nannom naparpade onmcanbl OCHOBHBIE PE3YJIbTaThI IJIABbI — AJTOPUT-
MbI IIOCTPOEHUS YIIPABJIEHUSI B IMPOIPAMMHOM PEKHUME U PerKUMe PeaJibHOIO

BPEMEHN.

4.3.1 BcnomMmorarejgpHada JUHeHas 3aja4a

Pacemorpum wesmneitnyo yukiuo n + 1 nepemennoii f(t, x). Tlockosb-

af;(t,x .
Ky CYIIECTBYIOT IIPOU3BOJIHbIE %, B KadecTBe JIMHEIHOIO NPUOJIMKEHUSI

(byHKLLI/H/I OTHOCHUTEJIBHO IIEPEMEHHBIX ' MO2KHO B34Thb CYMMY IIEPBLIX IBYX YJIC-

HOB psijga Teitaopa:

flt,x) =~ f (t,x(0)> + F (t,x«») <a: — :z;(o)> ,

e F (t,200)) = 2{L0)

i . 3aMeTHuM, YTO B IIPABOIi YaCTU COAEPKUTCI PYHK-

U, TUHEeTHAS OTHOCUTE/IHHO & U HeJIMHeitHas OTHOCUTEIbHO . Fen e BMecTo
roukn z\°) mogcTAaBITH HEKOTOPYIO (BYHKIIIIO :c(0>(t), TO CBOICTBO JINHEHHOCTU

[0 T COXPaHUTCH:

flt,o) ~ f (t, x<0>(t)) R (t, x(o)(t)) (a: - a;(0>(t)> . (4.3)
Byjem HasbiBaTh npaByio dacrTb dopmysibl (4.3) JUMHEHHBIM TIPUOJINZKEHIEM

bynxmun f (¢, z) Boas Tpackropuu ().
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PaccMmoTpuM JIMHEIHYIO HEOHOPOJIHYIO CUCTEMY OOBIKHOBEHHBIX 1 de-

pEeHIIMAJbHBIX YPaBHEHMUII:

r=F <t, x(o)(t)> (x — z(0 (t)) + f (t, :U(O)(t)) + B(t)u. (4.4)

[To cpaBuenmio ¢ ypasuenuem (4.1) mesnmneiinast dyHius Oblia 3amMeHe-
Ha JIMHeHHBIM TpUO/IsKeHneM BjioJib Tpaekropun x(t) (4.3). Eciu nposoautn

anajornu ¢ ypasaerneM (1.1), TO MOXKHO COIOCTABUTD

Alt)=F (t, x<0>(t)) ,
ﬂﬂzf@w@@>—FGw@®>ﬁ@.

Takum obpaszom sicro, uro 3agada (4.4), (1.2)—(1.5) apisercs JuHeRHOI
3aJ1a4eil ONTHMAIBHOTO YIIpaB/ieHns. Perenne st Hee MOKeT ObITh HAIEHO ¢
IOMOIIBIO TTOJIX0/IA, OMUCAHHOTO B IiaBe 1. Byjgem HasbiBaTh 9Ty 3a7atdy BCIO-

MOTaTEIBHON 110 OTHOIIEHUIO K OCHOBHOM 3ajade (4.1), (1.2)—(1.5).

4.3.2 AJaropuTm IOCTpPOEHUS IMTPOTrPAMMHOTO pPeKnMa

[Iycrs 3ajana HeKoTopas HadabHas TPAEKTOPUA JIBUKEHUS a:(o)(t) TS

t € [0,T]. Ilpu sToM Jij1s1 Hee He TApAHTUPOBAHO BBHINOJTHEHHE TEPMUHAIBHBIX

yenoenit Hx(T) = ¢°.

I[MTar 1. 3amnumiem cucremy ¢ JUHEHHBIM TPUOJINYKEHIEM BJIOJIb TPAeK-

ropun 0 (t):
EV = F (1200) (8V = 200) + £ (6200) + Blyw.  (45)
HaJiozxum Ha uckomyio Tpaexropuio & (1) repmunanibubie yciosus:
eN(0) =a,, HEN(T) =" (4.6)
a B KauecTBe IeJIeBOi (DYHKIMI PacCMOTPHM

EWV(T) — min . (4.7)
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Torma 3amauaa ynpasienus (4.5), (4.6), (1.3), (1.4), (4.7) saBiseTcs aHaTIOTTIHOI
sagade (1.1)—(1.5) u Moxker ObITH peleHa MeTOJIOM, OIUCAHHOM B IyiaBe 1: cBe-
JeHIeM K 3aj1ade JIMHEHOTO MPOrpaMMUPOBAHNUS C TOCJIE/YIONNM pelleHneM
zajadn JIII cranmapTHRIMEI MeTOIaMMU.

O603HATIM OINTHUMAJILHOE DPEIIeHNe JAHHON BCIOMOTATEbHOM 3a/adu
civsostom uM (t). Tasee samkneM cicremy (4.1) 9THM yrpap/ienueM n Haiigem

pemtenne 3agaun Kormm:

Pemrenne x(l)(t) SIBJISIETCSI JIBUYKEHHEM YIIPaBJIsSIeMOro o0bekTa 1o Jieii-
CTBUEM yIIPaBJIEHUS u(l)(t). [Iporecc MOXKHO MPOJIOIZKUTH UTEPATUBHO.

IIlar s. Ilycrb mocie s — 1 urepamuil HalieHO JIBHXKEHUE x<8_1)(t).
3anuiieM BCIIOMOTATEIbHYIO JTUHEHHYIO 3a/1a9y OINTHMAJILHOIO YIIPABICHUS C

HeiinbM npubikenneM dyukmn f(t, ) Buoas Tpaekropun xY (1),

cTE)(T) — min,
£6) = F (1, 267V(t)) (E@ — 26D 1)) + £ (t, 27V (t)) + B(t)u,
£9(0) = 2., HEWN(T) =" (18)

L <w() <, i=Tr,

]

uz(t) = Uik, U E [tk—h tk), k= 1,N 1= 1,r.

[Tocste HAXOXK ICHUS ONTUMAJIBHOTO YIIpaBienus 3a1aan (4.8) — byHnkinn

ul®) (t), copMupyeM 3aMKHYTYIO CHCTEMY:

i) = f(t,29) + B(t)ul®(t),

23)(0) = .. 9)

Takum obpasom, umest Ha Bxoje BekTop-bymKmmio x*~Y(t), paccun-
TAHHYIO Ha TPeJIbIIYIIell nTeparun, HeoOX0IUMO CHadaja PelUTh JINHEHHYIO
3aJlady ONTUMAJLHOTO yipasjieHus (4.8), 1mOCTPOUB Jijisi Hee ONTHMAJIbHOE
yrpasienne u'®)(t), a 3areM BeraucInTh perrenne 3a1aun Komm (4.9) — dyHk-

o 2% (¢).
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HauvanbHas TpaekTopusd

B kavecTBe HavaJ bHON TPAEKTOPUH ZC(O)(t) MOYKHO B3AThH HEKOe TPUO./IN-
JKEeHHOe pellieHne, OCHOBaAaHHOe Ha M3BECTHBIX CBeJIeHui 00 mexo iHoit 3a1ade. B
cjlydae OTCYTCTBUSA TaKUX 3HAHUIT, MOXKHO IIPUHATH x(o)(t) = x,. Torna na mep-
BOM IlIare aJiropuTMa OyjeT paccMaTpuBaThCs JinHeiiHoe npudimxkenue f(z) B

HaYaJIbHO TOYKE Z,. AﬂbTepHaTI/IBHbIﬁ BapHunaHT COCTOUT B 3a/JaHNUN

2 O() = (& — 2,) % b,

rie £ — HeKoTopas TOYKa, yiaoBJerBopsiomas cucreme Hi = ¢°. B sToum coy-
qae tpaekropus ) (t) mpejcTaBisieT OTPE30K, MPOBEJEHHBIN 3 HAYATLHOTO
IOJIOZKEHNSI B 3aJIaHHYIO IIJIOCKOCTb, TaKUM 00Pa30M, JIJIsi Hee BbIIIOJIHSIIOTCH

TepMuHaJIbHBIE yeaoBus (1.2).

Kpurepuii octanoBa

B kadecTBe riiaBHBIX METPUK CXOAUMOCTU aJITOPUTMa, IIPeJjIaracTcs pac-

CMOTpPEThH JiBa (DYHKIIMOHAJIA!

Y

| Hz(T) — ¢°
T, — Jo .

(4.10)

[TepBoiit byHKIIMOHAT 0003HAYACT pacCcTOsiHUE (PUHAJIBHOTO ITOJIOXKEHU
06bEKTA, BLIMHCICHHOIO Ha $-0if urepamuu ajiropurma, z8(T) or miockocTn
Hzx = ¢°, Ha KoTOpOIl J0/I7KeH ObLII 0Ka3aThCsd 00bEKT COMTACHO TEPMUHAIBHO-
my yesosuio (1.2). Tem He MeHee, BOSMOXKHO HapyIIeHHe JTAHHOTO TPeOOBAHIsI
M3-3a OIMMOKN AIMPOKCUMAIMN HeuHedHolt dyukuun f(¢,z): yupasieHue
ul®)(t) rapanrupyer sbinosmenne (1.2) il BCIOMOIaTeJIBLHOH CHCTEMBI —

HEG(T) = ¢°, no ne s pemtenns 3amxmyToit cucremnl ) (T).
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B ciay4ae 0xKuJaeMOro CXOxKIeHus HH (T — gOH — 0 npu s — 00,
MOXKHO 33J1aTh KOHCTAHTY d7 M CYNTAThL TePMUHAJILHOE YCJIOBUE BLIITOJHEHHBIM

1pu CcoOJIIOJIEHNN OrpaHUYIEHUsT
HH:C(S)(T) — gOH < o7

TOpOii HKIIMOHAT B (4. o3HavYaeT M3MeHeHue 3HAUYeHus I1eJIeBO-
Brop y 4.10

ro (pyHKnuonajga MO CPaBHEHUIO C Pe3yJIbTATOM Ha MPEeJIbIIyINell nTeparun.
J, — 3uavenue nejesoit ¢yukimun s Tpaexropun *) () u GyHKINN yipas-

nemus u'® (t). Tax, pns xpurepus (1.5)

[Ty — Jeoa| = | T (28(T) — z-D(T)) .

CxoIMMOCTD K €INHOMY 3HAUCHUIO I1eJIeBOi (DYHKITMI MOXKET TOBOPUTH O
MOMAIAHNE B OITHMYM (BO3MOXKHO JIOKAJIbHBI ). [losToMy mpemyeMoTpiM ocra-

HOBKY aJI'OpUTMa IIPpW BBIIIOJIHEHNHN
|Js - 3—1‘ < 67

rje & — HeKoTopas 3apaHee 3aJlaHHasi KOHCTaHTa, 3HAUYEHNE KOTOPOIl 3aBUCHT
OT cHemmpuKN 3a/1a9l, pasMepHocTeil BenInt u TpebOBaHWIT K TOYHOCTH Pe-
3yJIbTaTa.
B wurore 3aBepiienne aJropuTMa MPOUCXOUT TPU BBITOJTHEHUH XOTS ObI
OJIHOI'O U3 TpeX YCJIOBUIL:
— ToNaJlaHne PeNIeHusT B «00JIacTh CXOUMOCTU», T. €. 3HaYeHUs KpHuTe-
pUEB HE IPEBBIIIAIOT 3aJaHHbIE IIPEIEIIb,
— JIOCTUZKEHHNE MaKCIMaJIbHOI'O 3apaHee OIPe/IeJIeHHOIO KOJIMYeCTBa UTe-
pamuii ajaropurMma, Sy,

— OKOHYaHNe BbLIACJICHHOI'O BpeMEHMN Ha BBLIIIOJIHEHNE pacYdeTa T}
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CymiecTBoBaHUE peNIeHUS

BazkHBIM $IBJIsIeTCST BOIIPOC CYIIECTBOBAHMS JIOIYCTUMBIX perernii. [Ipu-
“4eM OH MOXKeT ObITb PaCCMOTDEH B HECKOJIbKUX KOHTEKCTax:

1. CymecrByer sin permienne ucxoanoit 3amaqan (4.1), (1.2)—(1.5)7

2. CymiecTByeT Ji perenne BCIoMoraTebHoil nHefinoi 3aadn (4.8)7

3. Ecsim ma nekoropoii nrepanum § Jist BCoMoraTeabHoil 3amadn (4.8)

MHOZKECTBO JIOTYCTUMBIX DEIIeHnil MycTo, O3HaYaeT JIi 9TO, YTO He
cymiectByer pertennii u 3agadn (4.1), (1.2)—(1.5)7?

Jyist Hauasa 1ainM OTBeT Ha BOIpOoC 2. Jist TpOCTOTHI TPEIOIOZKIM, UTO
marpuiia H saBjsiercss KBaJpaTHOIl, TOria orpaHideHne Ha IpaBblil KOHEIl MOK-
HO TPEJICTABUTH KaK TpeboBaHUEe MONACTh B 3aanHoe nosoxkenne: x(1) = x*.
Torjia coriacHo BBIKJIAJIKAM, TIPUBEJICHHBIM B TJIaBe 2, MOXKHO [OCTPOUTH MHO-

2KeCTBO JOCTUZKMMOCTHN BHIa
b, < Az(T) < b". (4.11)

DTa cucTeMa HepaBeHCTB OIMCHIBAET MHOXKECTBO BCEBO3MOXKHBIX COCTOSI-
HUII, B KOTOpOe OOBEKT, JBUKEHIE KOTOPOI'O OIMCHIBACTCS BCIIOMOTaTEIbHOM
JIMTHEWHOI cHCcTeMOll, MOXKeT IONACTh M3 IOJOXKEHUs X, 3a BpeMs 1’ 1o neii-
CTBHUEM KYCOYHO-IIOCTOSTHHOTO yIIpaBJieHus, yaosaeTsopsitoriero (1.3), (1.4).

CiefoBaTe/IbHO, JIJIS NPOBEPKH CYIECTBOBaHUS JIOMYCTUMBIX PEIICHUIT
JIOCTATOYHO TIOJICTABUTH ToJIoyKeHne B cucremy (4.11). Kpome Toro, MmozkHO orre-

HATH OJIM30CTDH KEJIaeMOro ITOJIOYKEHNS K rpaHuie 1-TO OrpaHn4deHNA:
;—

min <&ix* — b, b dix*) . (4.12)

B ciyuae, ecoin rank H < n, To ecTb B MOMEHT I’ OObEKT JIOJI?KEH MTONACTD

Ha 3aJIJaHHYIO ILJIOCKOCTh, TO HEOOXOIUMO ITPOBEPUTH, CYIIECTBYET JIM pElleHue
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CUCTEMDbI HEPaBCHCTB:

b, < Ax < b7,
Hx =g",
OTHOCHTEJLHO HEM3BECTHOIO N-MEPHOIO BEKTOPA, X.

Tenepn zaiimemca Borpocamu 1 u 3. K coxkasiennio, mocrpoeHne MHOZKe-
CTBa JIOCTUZKUMOCTH HEJTMHEeHHON 3a/la9i PeCTaBISETCsT CAMITKOM CJIOXKHOI
3ajla4eil, MMO3TOMY OCTaeTCsl CYAUTh 00 3TOM TOJBLKO [0 HEKHM KOCBEHHBIM
IIPU3HAKAM, OJMH U3 KOTOPBLIX — OIEHUBATL MHOMKECTBO JIOCTUZKUMOCTH BCIIO-
MOTATEJILHBIX JIMHEHBIX 3a/aM.

Eciin Ha HEKOTOpOIl MTepaluy ajJropuTMa BeloMorarTesibHas JIMHeiHas
3a/1a9a 0Ka3a/1ach HECOBMECTHOM, TO HEOOXOANMO OLECHUTH 3HAYCHUE KPUTEPHs]
|Hz(T) — ¢°||. B cayuae, Korja snatenne okasaioch JOCTATOMHO GIM3KIM
K HYJIIO, MOXKHO 3aBepIINThL aJlOPUTM M BbIOpATL peIleHue, MOJydYeHHOe Ha,
IpeJIbLIyIeli uTepanny, B KauecTse JIydIero HaiiJleHHOTo (He ONTHUMAJIBLHOIO)
JIOITYyCTUMOTO pelnennst. Bean 3nauenne MeTpuKu Ha, BCeX IPOJEJAHHbIX HTepPa-
IUSIX TIPEBBINIACT 3aJaHHbI IOPOr, MOMKHO CIEJATh BBIBOJ, UTO JIOIYCTUMOE
perrenne He MoyKeT ObITh HaiiIeHo.

B ciayuae nesadukcupoBanHoro mpasoro kotra (rank H < n) MOXKHO
PEIIOJIOKITEL, YTO YeM JaJblie 3HaueHne (asoBLIX HEPEMEHHBIX PEIIeHIs
BCIOMOTATe/ILHOM 3aiaun B unaibubii MoMent spemenn &) (T) or rpamui
MHOKECTBA JOIIYCTUMBIX DPEIICHHH, TeM MeHbIIe OyleT OTKJIOHEHUE PEHIeHUs
3aMKHYTOl CHCTeMBbI HH x(s)(T) — gOH. Jlormka cocTouT B CJIEIYIONIEM: HaXOXK-
nenne Toukn ) (T) B 6IM30CTH TPAHMIBI MHOMKECTBA, OmIChBaeMoro (4.11)
POBOPHUT, O TOM, YTO JIJIsI JIOCTUYKEHKs TOH TOUKH yIpaBJIEHUE HCIOJIb3yeTCs
«Ha Tpejiesiey, T.e. IpU HeOOJIbIIOM U3MEeHeHUH ylpaBjieHus u(t), OHO MOXKeT
BeIiiTH 3a 1pesesnl (1.4). Torga npu mnepexojie 0T OJHOrO JIMHEHHOTO MPUOIU-
JKEHUsT K JIPYTOMY CYIIIECTBYET PUCK, 94TO napameTps! 3aga4du A(t) u d(t) OymayT
[IePeCTPOEHBI TaK, UTO HE YAacTesd HafiTu gomycerumoe pemenne. [1oaTomy MozK-

HO IIPpEAIIOJIOZKUTDL, 9TO «besoracHee» IIOJIYYUTD HpaBbeI KoHell 11oJaJibiie oT
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T2k

: 7 —

Pucynok 4.1 — leomerputiecknii cmbicst orpaandennii (4.13)

I'PAHUIBI MHOXKECTBA JIOIYCTUMbBIX PEIIeHuil. DTO MOXKHO CJIeJIaTh, BHECS Pac-
crostiue Jio rpanutl (4.12) B nesesyto dyukimo. st 9T0ro BBejieM B 3ajady
IICPEMEHHYIO 2 U HaJIOyKHUM Ha Hee OrpaHMYeHUsd:

¥ (A1) - b.)
¥ (8* — Az (T)) .

3/1eCh Y — BEKTOp YCJIOBHBIX BECOB HEPABEHCTB, B IPOCTEIIIeM ciydae, MOXK-

: (4.13)

<
z <

HO 3aJlaTh BCe Beca paBHbIMU ejunuie. TakuMm obpasom, orpanudenus (4.13)
rapaHTUPYIOT, YTO BeJINYUHA Z MeHbIe PACCTOAHUS OT x(s)(T) JI0 TPAHUIIBI

MHOXKECTBa, JIOIYCTUMBIX pelennii. ['eomMerprmdecknii ¢MbICT TaKOTo MOIX0/a
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npousiocrpupoBan Ha puc. 4.1. Crejytonuii mar: oOHOBUTD I1€JI€BYI0 (PYHK-
IIIO:

J*=J—puz — min. (4.14)

B dopmyre (4.14) J — oxna u3 nenesbix gyuknuii (1.5)—(1.7), @ — #eorpu-
HATeJIbHBII TTapaMeTp, PeryJaupyrolnnii HalIpaBJIeHHOCTb onTuMusanuu. [1pn
MaJICHbKIX 3Ha4YeHUsX W (oKyc Oyner Ha ImoJydeHun Oojiee OJIMBKUX K OIl-
TUMaJ/IbHOMY peIIeHuil, 1npu OOJIBIMNX 3HAYEHUSIX — Ha 00Jiee «HAJIeXKHBIX
3HAUEHUSAX», Korja 3uadenue (1) JIeXKUT JaleKo OT IPAHUIIBI MHOXKECTBA, J10-

IIYCTUMBIX PeIlIeHnil.

4.3.3 AjaropuT™m nocTpoeHms IMO3UIIMOHHOTO PEeXKMMa

[IpenmomoxKuM, 9TO JIBUMKEHUE YIPABISIEMOro 00beKTa HeTb3s MPeICKar-
3aTh 3apatee. Hampumep, 3To MOXKeT OBITH MPHU BO3JAEHCTBUHM CJIyYailHBIX

BHCEIIHUX BO3MyH_[eHI/H71:
= f(t,x) + B(t)u +n(t), (4.15)

N(t) — HEKOTOPBIl CIyYaiiHbIil TTPOIECC ¢ HYJEBbIM MATEMATHIECKUM OYKIUIa-
HUEM.

B TtakoMm citydae XOpOITUM BBIXOJIOM SABJISIETCS YITPABJIEHUE B PEXKUME Pe-
aJIbHOIO BpEeMEHU — IepecTpOeHue yIpaBJIeHUsl B XO/e Mpollecca JIBUKEHUS
obbekTa. Kpome Toro, Taxoil moJIXoj; MOYXKeT OKa3aThCA MOJIE3HLIM B CJIETYIO-
IIUX CJIyYasIx:

— Ilpn mocrpoenunm mnpoOrpamMMHOTO YIPaBJIeHUsS He YIaJ0Ch YIOBJIe-

TBOPUTL TepMUHAJbHBIE YCJIOBUS U W3BECTHO, YTO 0e3 Iepecuera

ylIpaBJjienust He OyjeT BbinosHeno Tpebosanne Hx(T) = g,
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— Mamennyioch caMo TepMuHajbHoe yeaoBre. Tenepb HeoOX0MMO BbITIO/I-
nnth orpanndenne Ha(T) = §°. Hanpumep, Takoe BO3MOKHO, €CIIH
CTABUTCA TEJb JOCTHIb JABUMKYIIIIICT 00BHEKT.

— [lo KaKuM-JI1O0 MPUUINHAM ITOMEHSIICST KPUTEPUil KauecTBa PEIIeHIS.

[Tocko/tbKy yIpaBjeHHe SBJISIETCA KYCOUHO-IIOCTOSIHHOM (QpyHKImel ¢ 1e-
PUOJIOM JIMCKpeTu3anuu h, TO ylpaBJieHHEe MOYXKET ObITh IEPECTPOEHO TOJIHKO
B TOYKax tj.

ITar 1. [Ipeamnosokum, 970 OBLIO MOCTPOEHO HEKOTOPOE ITPOrPAMMHOE
ynpasienue %) (t) u coorsercrayiomee emy apmxenne 7 (t). B moment t;
o6beKT okasascs B rooxkennn V. Tlo ompesesennbv npruannam Tpebyercs
[epeCcTPOUTh yIipaBjenue. B TakoMm ciydae HEOOXOIUMO PEIUTh CJISTYIONLYIO

HEeJIMHEHHYI0 3a/1a4y ONTUMAJIbHOIO YIIPaBJICHUSL:

ul(t) = Uk, t
KOTOpPYIO MOXKHO pelIuTb UTepaTUBHLIM aJrOpuTMOM, aHaJIOTMYHLIM, IIPE/JI0-

JKEHHOMY JIJIsT TPOrPAMMHOIO PEXKUMA:

cTEE(T) — min,
E6) = F (£, 26D (1)) (9 — 26=0(1)) + f (t,2057V(t)) + B(t)u,
E(t) = 2!, HEW(T) =4,

uz(t) = Uk, t e [tk’—la tk’)? k:27N7 7'21_77’

HauasbHoit TpaekTopueil jijisi mporecca Iepeciera yIpaBIeHUsT MOYKET
MOC/IYYKUTH TPAGKTOPUSI B IIPOIPAMMHOM pexknme x(t).

Samevanue 4.2. KonmmdecTBO uTepalyii aJropuTMa paBHsieTcs S7 u
OIIPeJIE/ISIETCST YCJIOBUSIMU BBIXOJA U3 AJIFOPUTMA MOCTPOEHHS MPOrPAMMHOIO

peKmnMa.
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Samevarue 4.3. [IocKOJIbKY BbIYHC/IEHNE HOBOI TPAeKTOPUN ITPOU30iiIer
He MT'HOBEHHO, OUEBHUIHO, TIOTPEOYETCs MePeCTPOUTH TPAEKTOPHUIO JI0 HACTYILIE-
HUs BpeMeHH t1. JlormaHo BIOpaTh BpeMeHneM HadaJia repeciera MOMeHT ¢ — 1],
rjie I} — JIMMUT BpeMeHHU Ha IOCTPOEHUE IIporpaMMHOro pexkuma. OIHaKo, B Ta-
KOM CJIyuae He OyIeT HaBepHsdKa H3BeCTHO T0JI0KEHIe 00beKTa &1 B MOMEHT 1.

[TosToMy TpaBHJIbHEE CKa3aTh, 4TO '

— IIPOI'HO3 IOJIOYKEHUsI 00bEKTa B MO-
MEHT t1, IOCTPOEHHBIII B TOuKe t1 — 1.

Obo3HauM HaliIeHHOe yIIpaBJIeHe CUMBOJIOM ﬂ(l)(t), a Gas30BYyIO TpaeK-
roputo — TN (t). IIpogosKuM 1Iporece JBUKEHs 00bLeKTa.

IMTar k. ITycts B MoMmeHT t; — I} nipeiriosiaraeTcst, 9To BO BpeMst tj 00b-

ekt oxaxkercs B nosurun ZF). [TocTponm 3ajady yrpaBieHHsT 00BEKTOM 13

STON MO3UIAN:

cfx(T) — min,
= [(t,2) + Bt)u +n(1),
z(ty) =W, Hax(T) = ¢°, (4.16)
L <u(t) <[

7

1=1,r,

uZ(t) = wirr, 1€ [tklfla tk’)a K = m; 1= 1,r

B nannom cioydae k£ = 1, N — 1. Henuneitnas 3aj1ada ONTUMAJIBLHOTO yIIpaB/ie-

aust (4.16) MoxkeT ObITH perlieHa, PH TOMOII UTEPATUBHOTO AJTOPUTMA:

CT£<S>(T) — min,
£ = F (£, 2670(1)) (£ — 2D (@)) + f (£, 2579()) + B(t)u,
E0)(ty) = 20, HEL(T) = ¢, (4.17)
La <wi(t) < U,

U/i(t):uikly t e [tk’—la tk')v k/:k+1aN7 2:1_77’

1=1,r,

CrapToBoii TpaekTopueil JiIs Hadaa UTePAIMOHHOIO aJIlOPUTMa MOYKeT
peicTynuTs (yukius 28D (), B3aras ma orpeske [ty, T). Haiinenneie yupas-
senme u tpaextopmio oboznaunm ©F) () u 2 (t) coorsercrsenmo.

Taxkum 006pas3oM, HOCTPOEHHOE yIIpaB/ieHne KaskKAblil pas OyJaer HCHO/Ib-

30BaThCsd Ha MHTEpBaJe JJIMHON h, 1ocje dero OyaeT IepecTpauBaThbCs B
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3aBUCUMOCTU OT IIO3UIINN 00bEKTa. alnIeM HNTOI'OBYIO pPe€aJjin3alnio YyIIpaB-

JIEHUST:
u(t) = uw(M e Tt 1), (4.18)
k=0 N—1,
Oyuknuio 4(f) Ha30BeM MMO3WIMOHHBIM yrpaieHneM 3ajadn (4.15),
(1.2)—(1.5).
Bamevwanue 4.4. ONTUMaNbHOCTL yrpaBjieHus @(t) 3aBHCHT OT ONTH-
MasibHOCTH 1porpaMMubix  yipapiennii ) (t). B ciaydae ecinm mokasana

ONTUMAJIBHOCTD (cybonTHMaIbHOCTL) pemtennii 3agad (4.16), nasoBeM QyHK-

o @(t) onTuMaTbHBIM (CYOOITUMAJIBHBIM ) TTO3UI[HOHHBIM YIIPABJICHIEM.

CYIJ_IGCTBOBaHI/Ie penieHmd

[TomuMO BOMPOCOB O CYHIECTBOBAHUU JIOMYCTUMOIO YIIPABJICHUA, 3aTPO-
HYTBIX B IyHKTe 4.3.2, HEOOXOIUMO 3aJyMaTbCs O IMOTepe yIPaB/sieMOCTH B
MOMEHTBI Ilepecuera yIpaB/IeHus: BO3MOXKHA CUTYaIlsd, TP KOTOPOil MHOKe-
CTBO JIOIyCTUMBIX perennii 3ajgaqu (4.16) Ha mare k— 1 OBLTO He yCTO, OJTHAKO,
Ha mare k£ oKa3aJjoch, 9TO JIOMYCTUMBIX peIeHUil He cymiecTByeT. Takoe MoxKeT
CIAYUIUTHCS B CJEJCTBUE CJIEIYIONNX (HaKTOPOB:

1. Omubka anmpoKCUMaIMK HeJUHEHHO! (PYHKIINN.

2. OTkJ/ioHeHne OT MPOrPAMMHOIO JIBUYKEHUs B CJIEJICTBUE BHEITHUX BO3-

MYIIEHUII.

3. M3menenue ycjioBuit 3a1a4m.

B kauectse obecrieuenus 6osiee «Oe30MaCHOTO» JIBIZKEHHST (C TOUKH 3pe-
HUST BBIXOJa U3 MHOYKECTBA YIPABJSEMOCTH) MPEJIAraeTCs BBECTH B 331N
(4.16) u (4.17) nepemennyio z u orpanndennst (4.13), a Takyke MOMEHATD TieJie-

ByI0 yHKiuo coryacuo (4.14).
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4.4 Teoperudyeckoe oOOCHOBaHUIE

4.4.1 CxoamMOCTh TPAEeKTOPHii B IPOTPAMMHOM PEXKNMeE

Berarem n3 nesmueiinoit cucremsr (4.9) BCIOMOraTe/IbHYIO JIMHEHHYTO CH-

cremy (4.8):
B0 _E6) — f (t’x@)) B (1) —
—FQ@W®@>@®—xW®@)—wi@®@>—B@Mwﬂ
= f (t, x<3>) —f (t, x(5_1>(t)> —F (t, x<3—1>(t)) (5,(3) — x<5—1>(t)) .

Beegem nepemennyio Al (t), 03nauaioNyo pasHoCTb PeIeHns HCXOIHOI

3aJ1a41 1 BCIOMOTATeILHOI Ha s-0if nreparun anropurma x(*)(t) — E()(¢). To-
/18, MOKEM BBINNCATE CHCTEMY JindepeHnnaabHbIX YPaBHEHIH OTHOCHTEIHHO

nepemennoit A (t):

AB) = f (t, £6)(¢) + A(s)) _f (t,xm)(t)) _

(4.19)
= F (42000 (890 -2t 0),
npu madaisioM yeaosun Al (0) = 2()(0) — £9)(0) = z, — 2, = 0.
Jlemma 4.1. ITycmo cywecmsyem npousdsodnas no 6pemen % U

02 f(t,x) 02 f(t,x)
ozt U 9m;,01

e6mopuvle HPOUSGOaH?)LG . Tozda omxaonenue pPewerUA HEAU-

J2
netinoll 3amknymot cucmemv, (4.9) om pewenus 3adauu ONMUMANLHO20
ynpasaenus (4.8) aeasemes beckoreuno maroti sesununoti omuocumenvio t2,
mo ecmv AP(t) = o (2).

HoxkasareuabcTso. Bomumem dpopmyiy Teiitopa dyukimn AL (1)
B Touke (:
2

N%w:NWm+NWW+A@@%+Mﬁ.
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[Tokazkem, 4TO HepBble TPH CaraeMbIX paBHbI HYJ0. JlJis OTKJIOHEHUsT B
craprosoit Touxe ouesnno Al (0) = z()(0) — £¢)(0) = x, — , = 0. [ozcra-

BuM 3Hadenue t = 0 B dopmyay (4.19):
AW(0) = f(0,2.) — £ (0,2,) — F(0,2.) (. — x.) = 0.
Hastee maiizeM BTOPYIO IMPOM3BOAHYIO OTKJIOHEHHs, MpoanddepeHimpo-

BaB 10 t dopmyiay (4.19).

(s) (s)
Ay = L LEO+AT0O) |

iR <t, £&) (1) + A(s)@)) <é(s><t) X A(s)(ﬂ) _
L Of (2 V()

_F <t, x(51)(t)> #D(1)—

ot
OF (t,27V(1)) <= OF (t,x)
B < (‘% + ; (9513]' .

ot
OF (t,l’(S—l)(t)) n oF (t,ﬂﬁ') (s) (s) (s—1)
‘( o D 1)) (9t = 2D ()

OF(tz) _ Of(tx) OF(t,z) _ Of(tx)
ot — Qxzot Or; —  Oxdx;

31ech 1 B JlaJibHERIIeM . Tenmepn moury-

YUM 3Ha4YeHHe B CTapTOBOﬁ TOYKE:

. . Of (t, ) Of (t,xy)
(5)(()) — (s) ortt,z)| 0y, z)
A9(0) = F (0,2.) AW(0) + = . |,
+(F(0,2,) — F (0,2.)) £(0)—
[0F (t,x) — OF (0, ) (s) -
( 615 t=0 + ; ax] T=XT4 x] (O)> (x* x*) N 0

Takum obpasom 1okazano, uro A (t) = o (£2). O
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MCCJIeﬂ;yeM 3aBUCHUMOCTb CXOAMMOCTH aJI'OPUTMa OT U3MEHEHUA BEKTOPA

yrpasjennii. BrejieM Bemanny

5. = max HB(t) <u(5)(t) _ u(51)(t)> H | (4.20)

KOTOpast mpeJicTapsier coboit Makcumasbaoe Ha orpeske [0, 1] orkionenne Te-
KYyIIero yrpaBjieHust OT YIIPABJIeHHsI Ha MPebIyIeM Iiare (IOMHOXKEHHOe Ha
B(t)). Ilpoanajmsupyem BJMsIHEE TOTO MAapaMeTpa Ha OTKJIOHEHUE pelleHust
HCXOHON 3aJ1aul OT pelleHus] BCIIoMOTaTe/IbHOI.

Jlemma 4.2. Omxaonenue pewenus 6Cnomo2amesvHotl Aunetinot 3ada-
YU OM PEUEHUA HEAUHETHOT CUCmemMdt, 3aMKHYMOU YNPasAeHUEM, TNONYHEH-

HOoLM HG NPedbldywem waze ar20pumma, Yyoosaemeopaem HEPABEHCMBY

HE(S)(t)—x(S_l)(t)H<%(6Mt—1)5s, Vs>2, te[0,T].  (4.21)

loxkasaTeysbcTBO. Boimumem cucremy uddepeHIma bHbIX ypaB-
menmit st ot w &£°:
V() = f (¢, 2570(t)) + B(t)ub (1),
() = F (t,27V(®) (E0() — 267V@)) + f (£, 257V (@) + Bt)ul(¢).
Brrarem nepBoe ypaBHeHUe U3 BTOPOLO:

EO@) — V) = F (t, x(s_l)(t)> (a<s>(t) ~ x(s_l)(t)> v
+B(t) (u(s)(t) - u<8—1>(t)) .

PapencrBo (4.22) — cucrema nnddepeHmaibibIX ypaBHEHUH OTHOCHTETBEHO

(4.22)

£ () — 267V (t) npu magamsnom yenosun E5)(0) — 257V(0) = 2, — x, = 0.

Torna MoxkeM HallTH pelieHne ¢ MOMONILIO (popMyJibl Korrm:

t

£9(t) — 2 V(t) = Y, (1) / Y (@) B(r) (u) (1) — w0 (1)) dr,  (4.28)

rie Yi(t) — marpunant cucremsl (4.22), HopmupoBantbiii B Touke 0. OreHum

HOPMY pasHOCTH B JieBoii dactu (4.23):

|e9) - D) < vl / v @l ||Be) () (0) = wt V(@) |
0
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Torma ¢ yaerom cBoiicTB MarpuiianTa u obosuadenns (4.20):

t

Hi(S)(t) — x(s—1)(t)H < eMt/e_MTéng _

0

1

M (eMt — 1) 65.

]

Jlemma 4.3. /lra paswocmu peusenuti HeAuHeTHot cucmemvt, 3aMKHY-
Mot YnNpPasAeHUAMU, HATOEHHBIMU HG MEKYWEM U NPedvdywem wazaxr an2o-

PUMMA, CNPABEIAUBO 02PAHUYEHUE
H:c(s)(t) - x(51)(t)H <—(M_1)5, V¥s>2 te0,T].  (4.24)

HoxaszarTenbcTBo. Pacemorpum pasmocts 23 (t) m 251 (¢):

i) — 2tV (@) =

= (t29@0) = £ (62570 W0) + B (u@) ). (4.25)

[Ipounrerpupyem Boipaxkenue (4.25) Ha orpeske [0,t] ¢ yueroMm HadaIbHOTO

yeaosus £9)(0) — 2657Y(0) = 2, — z, = O:

Bocrionbayemcsa Teopemoii Jlarpamxka o cpemaeMm:

£(ta0) = 1 (L2t 00) = F o) (o910 - 0.

riae w(t) — dynxmus, npunnMaomas suadenns ey 5V (8) u 2 (¢) mua

moboro t. danee, ouenum 2 (t) — 6~V (¢) no nopme:
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HﬂWﬂ—ﬂ“WMk§/WWLMﬂWﬂKﬂWﬂ—x“1 ()] det

+/Hm@<wwﬂ—uW®u»Wh<
0

<M ¥ (1) — 267V (1)) || dr + 8,4t
(e

Haxkowerr, BOCIOJIB30BABIIICE yeuaeHHON Jemmoii ['ponyosuta [90], momydanm

HEpaBEHCTBO!

[]
Jlemma 4.4. Hopma omKrAOHEHUA DEULEHUA HEAUNETHOT 3aMKHYMOT CU-
cmemvl (4.9) om pewenus coomeememsyowets 6CnoMo2amesbHotl MUHETHOU

3a0a4U ONMUMANDHO20 YNPasAeHUA (4.8) Moocem 6bimb 02paHUNERG CEPTY:

WM@—WWW<%@W—Q% Vs>2, tel0,T].  (4.26)

lokxaszaTtenbcTBO. Bocronb3yeMcsd HEPABEHCTBOM TPEYTOJTbHUKA

u coorHormenuamu (4.21) u (4.24):

[=9) = &9 = [[#90) = 2V @) + 2V - 90| <
<[]« e =0

eMt—l) o, = 3 eMt—l) ds.

Craenctue 4.1. Cywecmsyem seprHAL OUEHKG PACCTNOANUA PUHAALHO-

20 NONOKHCEHUA 00BEKMA OM NAOCKOCTU, 3a0AHHOT MEPMUHANLHOLM YCAOBUEM
Hx(T) = ¢°:
2HH I

HH:A _g H (M —1)5, s>2. (4.27)
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JokaszaTesbcTBO. 3aMETHM, ITO COIVIACHO YCJIOBHIM 3a1ax (4.8)

crpaseymso HES(T) = ¢°. Toraa, ¢ yuerom (4.27):
] (o)
2
<IH| - [[#9T) = £D)| < 1H] < (M7 = 1) 8,

[]

CaencrBue 4.2. [lycmv cywecmeyem npedes nocaedo6amesvHoCmu

1i£rn ul®) (t) = u(t), vt € [0,T]. Tozda pewenus 6cnomozamenvols AunetinlLr
S——+00

3404 ONMUMAALHO20 YNPABACHUA (4.8) U peweHus 3aMEHYMT HEAUHETHDIT

cucmem dudgepenyuarvror ypasuenut (4.9) crodames x edunomy npedeay:

lim £9(¢t) = lim 2®@) =x(t), te[0,T]. (4.28)

s—r+00 =400
IIpu amom ynryus x(t) asaaemesn donycmumovim peweruem 3adauu (4.1),
(1.2)-(1.5).

HJoxaszareuabcTBo. [IoCKOIbKY U3 CXOANMOCTH YIIPABJICHU CIIeTy-
er, uto 8y — 0 1pu s — +00, 10 pertenne %) (t) exomures x £ (t) cormacuo
(4.26) u x 7Y (¢) cormacno (4.24). TIpenen x(t) ABIACTCS NOMYCTHMBIM peliTe-

HIeM HCXOJHOM 331241, T. K. ¢ yueToM Hepasencrsa (4.27) Ha(T) = ¢V, O

4.4.2 CXOaAMMOCTH TPAEKTOPUil B MO3UIIMOHHOM pPeXKMMe

[Ipeplye BBIKIAJAKE OBLIN MOCBSAIICHBI MTPOIPAMMHOMY DEYKIMY.
Kochemes rerieph pexkiMa yIpaBjieHust B peaJbHOM BpeMeHH. BaykHoii xapakTe-
puctnkoii 3agaan yupasiaerns (4.15), (1.2)—(1.5) aBagercs KOJIHIeCTBO TOUYEK
nepeksodeHnst yiupasiaenns N. s yrnpasieHus B peKnMe pEaqbHOrO Bpe-
MEHI 9TO K€ UHCJIO TOKA3BIBACT KOJIMIECTBO TOUEK Iepectera yIIPaBJICHUs.
[Ipeanonozkum, aro qncao N siBJIsSIeTCsT THIIEPIAPAMETPOM MOJIEJIH 1 €10 MOYK-
HO Bapbuposarh. C ool cTOpombI, yBesndenne N IPUBEIET K YCIOKHEHHIO

3ajJadn. Tak, Ipu yIIpaBIeHn B PeXKUMe PeabHoro BpeMeH! MPHUJIeTC Jallle
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pemarh 3a7ady yrpasienus (4.16), u K ToMy ke cama 3aj1ada OygeT UMeTh
OOJIBIIYIO pa3MepHOCTDb, YeM mpu MaJibix IN. C Jpyroii cTOpOHBI, yBejuvYeHne
9TOrO TIapamMeTpa MO3BOJIUT JIOOUTHCST JIYUIIel CXOJINMOCTH.

Jlemma 4.5. ITycmo T(t) — pewenue cucmemnv, (4.15), 3amrnymoe no-
BUYUOHHDIM Yynpasaenuem (4.18), ¢ navarvrom yeaosuem T(0) = z,. Toeda

npu yseauvenuu N dunarvroe nosoowcenue T(t) cmpemumes x naockocmu
Hx = ¢"
NEEwHHjUU—g%p:Q

HoxaszareabcTBo. Pemenne 3amaan (4.15), (1.2)—(1.5) cocrour B
nocsieoBaresibiom pemternn N 3agad (4.16). Ha nocienmem mare Gyzer pe-
MAThCs 3a/[a9a HAXOXK/ICHUsT YIIPABJICHIs HA OJIyuHTepBaste [t 1, tx) WId 9TO
to ke [(N — 1)h, Nh). He TpyaHo mokasaTh, 9T0 /Il TAKON 3891 OrDaHU-
gernne (4.27) mpuMmer Bu

_2|H|

HHf(s)(T) — gOH S (e —1) &,

B nannom xontexcre Z(°) () — pelrenne 3aMKHYTOll CHCTEMBI

) = f(t, ) (t) + B(t)a'*)(t),
Z((N—=1)h) =zWV-1,

a yupasienue @°)(t) maiijzeno ma s-om mare pemrenns 3ajaun (4.17) npn
k = N — 1. Torma ¢ yaerom toro, uro M u ||H|| — mocTosiHubIe BeJUIHHBI, a

s cormacuo (4.20) u (1.3) orpanndeHa cBepxy, TO BbIPazKEHIE
|

crpemutcst K Hysio ipu b — 0. A nmockosibky h = T/N, 9101 e BBIBOJ CIIpa-
BeyB U ipu N — 4-00. []
Samevarue 4.5. JlokazaTegabcTBO JeMMbl 4.5 TPUBEJIEHO It CJIydasi
S > 2, 0JIHAKO, MOYKHO 1T0Ka3aTh, YTO YTBEPKJIECHUE CIIPABEIUBO 1 JIid § = 1.
Samevarue 4.6. Jlemma 4.5 cupaBeuBa TOJBKO IMPU OTCYTCTBUN BHEIII-

HuxX Bo3Mmyienuit: n(t) = 0.
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4.4.3 CxoamMOCTh yHpaBJIeHUI B IMIPOrPaMMHOM Pe>KNMe

Bazxknelmum gBJIsIeTCs BOITPOC CXOANMOCTHI YIIPABJIEHUI TPU TTOCTPOEHNN
IporpaMMHOTO yipaB/jenns. Kak OblLIo Mmoka3aHo B cjieJICTBUU 4.2, OT 9TOro
CBOIICTBa 3aBUCUT, CYIIECTBYET JIX IIPeJes II0C/IeI0BATEeIbHOCTI KOHCTPYUPYe-
MBIX PeIICHUIl 1 CONJAeTCd JIM aJlOPUTM K JIOIIYCTUMOMY PEIICHUIO MCXO/HO
sajiaqn. Bepremcst kK dopmysie (4.23), onuchiBaoliieil pasHOCTh MKy periie-
HUEM BCIIOMOraTe/IbHOI JIMHEHHON 3a/[a4i U perieHneM HeJNHENHON CUCTEMBI,
MOJTY9eHHBIM Ha IpenblayiieM mare ajaroputma. [logcrasum ¢ = T u yutem

TepMuHaabHOe yesaosne (1.2):
T

HENT) = Ha(0) + V(@) [ Y 0B (u0) - (o) dt ="
0

[ToobHO aropuTMy CBejleHUs TEPMUHAJBHBIX YCJIOBU, NpEJ/ICTaBJIEHHOMY B
ryaBe 1, TaHHOE PABEHCTBO MOXKET OBITH TPaHC(MOPMUPOBAHO B CUCTEMY JIMHET -

HbIX YPaBHEHUIA:

(s—1) (s)

3aech u;, W w; — 3HaYeHUd I-IO djIeMeHTa BeKTopa ylpabjeHuil Ha k-om
BpeMEHHOM MHTepBaJie Ha MPebIyIeM U TEeKYIIeM Iare ajropuTMa COOTBET-

crerno. Torya 3a1a4a (4.8) MozKeT ObITH Iepelcana B BUJIE 33191 JTUHEHHOTO

IIpOrpaMMHUPOBAHMSI:
r N
S5 @l s min,
=1 k=1
r N
s s s _ 4.29
Z hz(k:) (uz(k) - Uz(k U) = ¢" — Hz"(T), (4.29)

i=1 k=1

(s) *

709
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(s)

Yucna ¢;; MMEIOT BepXHUIT MHJIEKC S, ITOCKOJIBKY 3aBUCAT OT MaTpHIAHTa Y (t).
OTmernm, 9TO B OTJIMYHE OT JaHHOI T1es1eBoit (byukinu, kpurepun (1.6) u (1.7)
HEe 3aBUCAT OT TEKYIIEero JinHefiHoro npubsmkenus: dbyuknun f(t, ).

(s=1) (s)

IIpoanamsupyeM BO3MOZKHBIC CIICHAPUU B3AUMOCBS3U Uy~ W Uy .

(s—1)

1. u;, =~/ He sBIeTCs JONYCTHMbIM pellenneM 3aja4dn (4.29). B takom
caydae JIOJIZKHO OBITh HOCTPOEHO ONTHUMAJIbHOE pelleHne UE}?: OTJIM-
Jaloleecs OT yIpaBJIeHUs Ha IMpeblayieit nteparmuu. [Ipun stom ne
00sI3aTeIbHO TIPON30iiaeT npubimkenne K miockoctn Hx = ¢ nm
yIIydIIenne MeaeBoit pyHKInm.

2. ugz,_l) SBJISETCS JIOMYCTUMBIM, HO HE ONTUMAJbHBIM pellleHneM 3a/1adn
(4.29). Jlerko 3amMeTHTh, YTO yIpaBJIEHHE C TPEBIIYINEro mara Oy-
JIeT JIOIYCTUMBIM, TOJIBKO B ciayuae Hx™(T) = ¢°. Crenosarensho,
yIpaBJieHue u(s_l)(t) SBJIIETCS U JIOIYCTUMBIM YIIPaBJIEHUEM HCXO/I-
woit 3asaun (4.1), (1.2)—(1.5). Ograxo, cyIecTByeT Takoe ylpaBieHne

(s)

Uy, 9TO

r N
>3 (i —ui) <o

i=1 k=1
Torja HoBoe yhpasjeHue GyJeT CBA3aHO CO CTAPBIM COOTHOIIEHHEM
r N
SO A (0 — V) = 0, 1o Tem me menee me rapanTupoBato
2 2 e \ ik ik =Y p p ,
1= =
9TO TAKOE peleHne OyJIeT JOMyCTUMBIM PellleHIeM HeJTMHeHHOl 3a/1a-
au. BoJjiee, TOro, MOCKOJIBKY TieJieBast (DYHKIHsI 3aBUCUT OT TEKYIIeil
JIMHEAPU3AIUK, 3HAYeHIe KPUTEPUsl Ka4eCTBa MOKET OKA3AThCA XYiKe,
“eM Ha [PEeJIbIIYIIel HTeparim.
s—1
3. ugk ) ABJfeTCA JONYCTHMBIM U ONTHMAJIBHLIM DelIeHHeM 3aatn
(4.29). Haubosiee GuaronpusiTHblii crieHapuii. Kak u B mpeabiiyiem
ciyaae, u* V(1) aBisercs JOMYCTHMBIM YIPABICHIEM HCXOIHOMN 3a-
naun (4.15), no npu srom u'®(t) = ul~Y(t). Dro rapanrupyer, uro
Ha CJIEJIYIOIINX UTEPAIsiX OyJIeT MOCTPOCHO TAKOEe YK€ PEIleHHe, a COo-

IJIACHO KPUTEPHUSAM OCTAHOBA IMPOU30i/IeT BBLIXOJ M3 NUKJIa. MOXKHO
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YTBEP:K/IaTh, YTO HaJIEHO JOMyCTUMOe CyOONITUMAIBLHOE PEIeHre 3a-

maqn (4.1), (1.2)—(1.5).
4.5 IIpumepsnl paboThl aJropuTrMa

VcnbiTanne Ha psijie TECTOBBIX 3aJiad OKA3aJI0 CIIOCOOHOCTH AJITOPUTMa,
JIOMTHU JI0 JIOITYCTUMOI'O CyOOIITHMAJILHOIO pellleHust HeJinHeiinoi 3agaqu. I1po-
JIEMOHCTPHUPYEM CBOMCTBa AJIrOPUTMa Ha HECKOJbKIX IpHUMepax.

AJIropuTMBI IIOCTPOEHMS YIIPABJICHHS B IPOIPAMMHOM 1 ITO3UIIOHHOM pe-
KMax ObLIM peasim3oBaHbl Ha sizbike Python 3. [lis permenust 3amadan Ko
HCII0JIb30BaIach MYHKINA odeint, a JJisl BHIUNCICHUSI OIPEeIeIeHHBIX HHTEerPa-
JOB — quad, obe (DYyHKIUU IMPEJIOCTABIAIOTCA B OUOJMOTEKE Scipy.integrate.
[Torck onTUMaIBLHBIX PEIICHIH JIJIsd 3a/1a4d JUHEHHOro U KBaJIPaATUIHOIO IIPO-
IrpaMMHUPOBaHUsT OCYIIIECTBJISIICS C IIOMOINBIO OMOJIMOTEKN coplpy, obpaliaio-
meiics Kk conBepy COPT. Odopmitenne rpadukoB IIPOBOINIOCH € ITOMOIIBIO

naxera matplotlib. pyplot. Kox nporpamMMbl IpUBEJICH B NPUJIOKEHUN b.

4.5.1 CkangpHasi HeJIMHeTHas 3a1a49a

Pacemorpum crieyronyio 3aady ONTUMAIBHOTO YITPABIEHUS:

5
/ w?(t)dt — min,
0 u
1,
t= gt
2(0) =0, z(5) =8,

0<u(t) <2, N =10.
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CxonuMoCTh 11eN1eBOM (PyHKIIUU

T T T
1 2 3 4 5 6 7 8 9 10 11 12 1

T T T T T T S
3 14 15 16 17 18 19 20

|| Hz“(T) — ¢°)| CXOIUMOCTh (PUHATIBEHOTO MOJIOKEHHUS

T T T S

7 8 9 10 1

1 12 13 14 15 16 17 18 19 20

_.
N_
9%}
N
(o)
O\_

Pucynok 4.2 — CXoauMOCThb aJropuTMa

HerpyaHo npoBepuTh, 9T0 MPOU3BO/IHAS HEJIMHEHHON (DYHKIUN

d 1 2z
dr \2>+1) (224 1)

CYIIIECTBYET J1JIs1 JIFOOOT'O BEIIECTBEHHOTO 3HAUEHUS T 1 OIPAHIYCHA 110 MOJLYJIIO.

[IporpamMMHOe ylipaBjieHHe JIJIsl IIPeJICTaBJICHHON 3a/iadi ObLJIO ITOCTPOe-
HO C TIOMOIIBIO aJrOPUTMa, MU3JIOYKeHHOTo B IyHkTe 4.3.2. [l sxcriepumenTa
ObL10 mpoBeseno 20 urepaluii aaropurMa. Bpema pacdera coctaBmio 2,1 cek.
eneBast dpynkius npussia 3nadenue 10,3807,

PesynbraTsl npousuiocTpupoBanbl Ha rpadgukax. Ha puc. 4.2 nokazana
CXO/TMOCTB AJITOPUTMa ¢ TOYKH 3peHus: Kpurepues ocranoBa (4.10). puc. 4.3
JIEMOHCTPHUPYET cTpeMJjeHne (pYHKIMU YIIPABICHUs] Ha Pa3HBIX HUTEPAIUSIX aJi-
ropuT™Ma K eJuHOl (pyHKINH, a Ha puc. 4.4 mpejcraBieHa CXOIUMOCTh x(s)(t)

K EB)(t) npu ysemmuennn s.
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2.00 4
1.75 - '_,_1—’_'7
1.50 7 —
(1)
u'(t
1.25 1 (t)
— u? (1)
1.00 u® (t)
u(4)(t)
0.50 +
0.25 4
0.00 + : : : : t
0 1 2 3 4 5

Pucynok 4.4 — CxojumocTb a30Boil mepeMeHHoil



124

K wroram TecTmpoBanus aJropuT™Ma Ha BBHIOpaHHOI 3ajade MOTYT ObIThH
OTHECEHbI CJIeJIYIOIINe BbIBOJIbI:

1. B pesyabrare paboTsl ajropuTMa ObLIO TOCTPOEHO JIOIYCTUMOE CyOOTI-

TUMaJIbHOE pellleHne HeJIMHEIHO 3a/1au ONTUMAJIBHOTO yIIPaBJ/IeHUS.

2. Ilocse mecTn nrepanuit aJropuTMa OBLIN TOJYYEHbBI CJIEIYIONINE 3Ha~

YeHUs] KpUTEepPUeB OCTaHOBA!

HHx(S)(T) _ gOH — 1771075,

|J, — Je_1| = 8,71-1075,

Haee 3Tn moKazaTe/n 0CTaBaAJNChL MPUMEPHO Ha TOM YK€ YPOBHE, UTO
CBUJETEIHLCTBYET O JOCTUXKEHUH MPeAeIbHbIX 3HadeHnii. /lanbneiimmii
CILyCK /IO HYJIsI HEBO3MOXKEH I10 IpUYNHE HaJNYUs BBIYUCIUTEILHBIX
HETOYHOCTEI.

3. OyHKINA yIIpaBJIeHUs TPAKTUIECKH TIepecTala N3MEHAThC MMOCTIe TIe-
et nrepanuu. Hampmvep, 87 = 2,18 - 1074,

4. Hecmorpst Ha TOT pakT, 4TO Hada/bHOE HPUOJINKEHIEe OKa3a/0Ch
He OYeHb yJadHbIM U (DUHAJBHOE I0JIOYKEHHEe O00bEeKTa OTKJIOHIJIOCH
oT TpebyemMoro MmodTu B JiBa pa3a, pelleHrne 3aMKHYTON HeJTUHEHHOM
CUCTEMBI IIPAKTUYECKN COILJIOCH K COOTBETCTBYIOIEMY PEHICHUIO BCIIO-

MOF&TGHBHOﬁ‘HHHeﬁHOﬁﬁCHCTGMBI}WKGIHXHK}4IH8TOB aJITOPpUTMa.

4.5.2 VYnpaBjieHue MagTHUKOM

Paccmorpum 3agaudy jgemiidpupoBaHns KojedaHMil MaTeMaTUIeCKOI'O0 Ma-

ATHUKA.
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6
/ u(t)| dt —> min,
0 u
T +sinx = u,

—4 < u(t) <4,

Bajiada B Takoil mocraHoBKe Oblia paccMoTpeHa B pabore [8]. Cenaem HeCKO/Ib-

KO IIpeodpas3oBaHmil U 3amuineM 3aj1ady B OoJiee yI00HOM BHJIE:

6
/o (v1(t) + va(t)) dt — mvin,

Zi?l I9 0 0 1
= + ,
To —sin -1 1 Vo

0<ui(t) <4, 0<wm(t) <4,

21(0) =7, 22(0) =1, x1(6) = 22(6) = 0.
Boruucinm Sxobuan byukuun f(z1, v2) = (12, —sinzq)’:

0 1
F(x17 .',UQ) —

—coszy O

OueBuro, uro marpuna F(x1, o) orpanndena s JOObIX L1 U To.

Jns nagaJsia nmpoaHaJU3UpyeM Pe3YJIbTaThbl MOCTPOCHUSA YIIPABJICHHUS B
nporpaMmuoMm pexkume. CHadasia ObLIo 1poBegeHo 10 maroB ajaropuTma Ipu
N = 4. Bpems pacuera cocTaBuio 3,58 CeKyHJIbI. 3aTeM IIOCTPOEHO peIleHne
s N = 20. Ha 10 urepanmit 6pu10 3aTpadeno 7,42 cexkynjawl. [lisg obonx
BapuaHTOB OTKJIOHEHUE OT TEPMUHAJIBLHOI'O YCJIOBUS CTAOM/IN3UPOBAJIOCH Ha UeT-
BEPTOM 3HaKe I10CJjIe 3alsToil mocje 4-5 maros ajropurma. Takoe OTKJIOHEHNe
CB3aHO C 3aJIaHHOI TOYHOCTBIO BBIUMC/IEHHUs perieHuil jauddepeHInaibHbIX
ypaBHeHUii. [ToBbICHB TOYHOCTH, MOYKHO JTOOUTLCSA JIyUIeil CXOAUMOCTH, HO YBe-
JnanTcest obIee BpeMsi pacduera. 3Hadenue iesepoit pyukmun st N = 20
okazaJiach upumepno Ha 24% ayumnie. [lonpobuee ¢ nmokazaressiMu st Pas3/Iny-

HBIX S MOYKHO O3HAKOMUTBhCA B Tabd. 4.1.



Tabmuna 4.1 — Cxomumoctsb ajaropurMma it N =4 u N = 20

126

N | s Jo | ||HsO(T) = g°|| | N | s Jo | ||HsO(T) = ¢°||
4|1 | 840579 4,067779 20| 1 | 7,39461 4,194625
4| 2| 4,97461 0,774187 20 | 2 | 4,20623 0,930559
4|3 | 426182 0,054745 20| 3 | 3,22596 0,005873
4| 4 | 4,22590 0,000955 20| 4 | 3,22113 0,000569
4|5 | 4,22529 0,000424 20| 5 | 3,22107 0,000614
4|6 | 4,22524 0,000376 20| 5 | 3,22113 0,000680
4| 7 | 422527 0,000393 20| 7 | 3,22108 0,000633
4| 8 | 4,22521 0,000321 20| 8 | 3,22102 0,000562
419 | 422528 0,000362 20| 9 | 3,22110 0,000559
4 10| 4,22526 0,000387 20 | 10 | 3,22103 0,000585

Ha puc. 4.5 npejcrapiienbl ¢a30Bble TPACKTOPUU HEJTUHEHHBIX U BCIIO-
MoTaTe/TbHBbIX JIMHeHHbIX cucteM nipu N = 4. VI3 rpadukoB BUJHO, YTO MPH
s = 1 pernienne HeJIMHEITHON cUCTEeMbl B (PUHAJBbHBIII MOMEHT BpPEeMEHU 3Ha4U-
TeJIbHO OTKJOHMUJIOCH OT Hada/a KoopauHat. OHako, mpu s = 4, TpaeKTOPHUIO
HEJTMHEITHON CHCTeMBbl yKe HEBO3MOXKHO 3PUTEIBHO OTJIMYUTL OT TPACKTOPUN
COOTBETCTBYIOIIEH JINHEHHON CUCTEMBI.

st TecTupoBaHus yIpaBIeHIs B PE2KIME PeaIbHOI'O BPEMEHHU ITPOBEJIEM
9KCIIEPUMEHT: IPEJIIIOJIOXKIM, 9TO U3-3a OIPpAHUYEHHS 110 BPEMEHU BO3MOXKHO
OCYIIECTBJ/ISITH JIMIIh 110 OJHON HTepalui aJropuTMa B Hadaje JABUYKEHHUS U B
TOYKaX TEePEeKJIIOUeHns yIpaBaeHus. PaccauraeM TPAeKTOPUIO JIBUKEHUs J1J1s1
no3uInonHoro ynpasjiennd. Ha puc. 4.6 mpejcraBiienbl (pazoBble TPAEKTOPUN.
Ha rpaduke cieBa mokasaHbl TPACKTOPHUH, TOCTPOEHHBIE B PA3JIMYHBIX TOUKAX
10 XO/y JBMXKeHusi o0bekTa. Tak, npu ¢ = 0 OblLIa paccunTaHa TPACKTOPUS
zW(t). Tlo 9T0ii TpaeKTOpHN OOLEKT JBHraJCs 0 MOMeHTa t = 1,5, mocie
uero Gbl1a copmuposana Tpackropus (2 (t). B Touke t = 3 06beKT neperet
na Tpaexropmio (1), a ma orpeske [4,5;6] o Hepemernacs 1O COIIACHO

pyHKIIN f(4)(t). HToroBas TpaeKTOpHsl JIBUKEHUS 00beKTa n300parkeHa Ha
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PI/IcyHOK 4.6 — da3oBbIe TPaCKTOpUN JId PEXKUMa YVIIpaBJIEHUA B PEaJIbHOM

BpeMenn tpu N =4 u S; =1
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rpaduke crpaBa. B pe3ynbrare, OTK/IOHEHNE (PUHATHLHOTO MOJOKEHIA OT HYJIst
cocramwio 0,0163, a nesieBasi pyHKIUs HpuHsiIa 3HadeHne 4,4667.

[To cpaBHeHUIO ¢ TMPOTPAMMHBIM PEXKIMOM, OTKJIOHEHWE HH z(T) — gOH
0Ka3aJI0Ch JIydllle, YeM Ha MEPBBIX TPeX Iarax aJropurma, a 3nadenne 11D obo-
IIJI0 Pe3yJIbTaT IMepBbIX JBYX ureparuii. Ciie1oBaTebHO, MOXKET ObITH CJeIaH
BBIBOJI, UTO IPU «OTPAHWUIEHHBIX pecypcaxs (HeOOJIbIIe 3HAUEHUs TUIIePIIa-
pameTpoB S; u N), pelieHnio B MPOrPAMMHOM DPEKHUME yIaJ0Ch HECHIBHO

OTKJIOHUTBCSA OT TEPMUHAJbHOIO OIpaHUYeHUsi, HO cPOPMUPOBAHHOE IIO3UIIN-

OHHO€ YIIpaBJIEHNE OKa3aJIOCb HE OIITHUMaJIbHbIM.

Tabsuia 4.2 — CxoJIuMOCTb B pexKUMe peajbHOro Bpemenu rpu S; = 1

N S J |Hz(T) — ¢°|
4 1 4,4667 1,63-102
10 1 3,4952 1,62-107°
20 1 3,2475 8,07-107°
40 1 3,2162 1,45-1076
60 1 3,2130 4,42-1077
100 1 3,2093 1,87-1076

Uccnemyem 3aBUCHMOCTH CXOJMMOCTHU PEIIEHUt OT 3HAYeHWil Turepra-
pamerpa N. B Tab. 4.2 npejpcraBieHbl pe3yabTaTbl pabOThl aJrOPUTMa JIJIst
pasyimunbix 3HadeHuit N npwm dukcupopanHom S; = 1. Croutr OTMETUTD,
YTO TNpU TaKoil KoHMUrypamun (pUHAJILHOE IOJIOYKEHHEe O0bEeKTa OKa3aJI0Ch
OJII2Ke K YKeJTaeMOMY, 9eM TIPH YIIPABIEHUN B IIPOIPAMMHOM PEKNMe, UTO MOXK-
HO OOBSICHUTH MEPecYeToOM YIpaB/IeHUs Ha MOCTETHIX YIacTKax JIBUKEHUSA B
nenocpecrsennoit 6imsoctn or Toukn (0,0)T. C apyroit cTropons!, 3HadeHue
1esIeBOi (PYHKITNN 0Ka3aJI0Ch HECKOJIBKO XYK€ Pe3y/JbTaTOB B MPOrPAMMHOM
pexkume npu 6oabmmx s. Tak, upu N = 4 pemenue npoceso na 9,8%, a npu
N = 20 pesyabTaT IpOrpaMMHOIO pexKuMa ObL1 npesbinen seero Ha 0,8%.
[Iprunna maHHONW HEONTUMAJIHLHOCTH KPOETCsA B HETOYHBIX AITPOKCHMAIIAAX

HeJIMHENHON (QYyHKIMU B HadaJje IIpolecca JBUXKeHus. TeM He MeHee, MCXO/Ist
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13 JIAHHOTO SKCIEPUMEHTA MOYKHO MPEJITONOKITH, YTO OTKJIOHEHNE MOYKHO HU-
BeJINPOBATH yBeJINYEHNEM TOYeK Iepecuera. Hakoner, MOXKHO 3aMETUTh, UTO
3HaUeHue 1eieBoil (pyHkun yaydmaercd npu yseandenuun N BiaoTh jgo 100

TOYEK IICPEKJIIOYECHUA.

Tabmuna 4.3 — CxonuMoCTh B pexKnMe peasibHOro Bpemenu mpu N = 4

N Si J |Hz(T) — ¢°|
4 1 4,46672 1,63-1072
4 2 4.30173 1.38-107°
4 3 4.23098 1.34-107°
4 4 4.22538 1.39-107°
4 5 4.22534 1.41-107°
[IpoBapbupyem Tenepnb napamerp S; upu N = 4 u 3amnuiieMm pe3y/ib-

tatbl B Tab. 4.3. EcTecTBeHHBIM BBIBOJIOM SIBJISIETCs TOT (DAKT, UTO Iepecdyer
yIIpaBJIeHNs B PEXKNMe PealbHOIO BPpeMeHU T03BOJIAET YIYUIINTL Pe3Yy/IbLTaThI
10 CpaBHEHMIO C yIIPaBJIEHHEM B IIPOIPAMMHOM PeKIMe C¢ aHAJOTMIHBIMHI 3Ha-
yenusamn S;. g S; = 1 npupocr cocrasiger 47%, ana S; = 2 — 13.5%,
Jlajiee 1pojIoJKaeT CHUXKaThcd. Haunnas ¢ S; = 5 He MPOUCXOAUT YJIydIleHIsd
B CJIEJCTBHUH TOI'O, YTO aIlIPOKCUMAIINA HeJIMHERHON (DYHKIUN B IIPOIPAMMHOM
peKrMe TOUHA 1 He TPUBOJIUT K OTKJIOHEHHAM. KpoMme Toro, BbIYucacHuEe YIIPaB-
JIEHHSI B peXKMMe peaslbHOTO BPEMEHH CIIOCOOCTBYET YMEHbLIIEHUIO OTKJIOHEHUS
OT YKeJaeMOr'0 IOJIOKEHNS O0bHEKTA.

[To mToraM mpoBeIEHHOIO SKCIEPUMEHTa MOXKHO CPOPMYTUPOBATH BHIBO-
JIBI JIJIS aJITOPUTMa YIIPABJIEHUS B PEXKNMe PeaJbHOIN0 BpEMEH! B JIONOJIHEHNE
K BBIBOJIAM 110 TIPOIrpaMMHOMY, ITPUBEJIEHHBIM B ITyHKTe 4.5.1:

1. YmpapjieHue B PpeKUMe PeaJlbHOIO BPEMEHH II03BOJISET CIUIaIuTh
OMINOKY aIIPOKCUMAIUN HeJIMHeHHOH (DYHKINN, BO3HUKAIOIIYIO U
IIOCTPOEHNN ITPOrPaAMMHOI0 YIIpaBJIeHHsI.

2. Eciin n3nagaibHO OBLIO MOCTPOEHO TOYHOE PEIieHne (¢ TOUKH 3PeHNUsT

kputepues (4.10)), mepecder yrnpaB/aeHns B PesKIMe PeATbHOTO BpeMe-
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HU He NIPUBEJIET K CYIEeCTBEHHOMY YTy dIIeHnnio. Bo3aMoxken HeOOIbITIOM
BBLINTPBII, HO, B II€JIOM, OYJIET TIOJIyIEeHO TO YK€ caMoe pellleHue.

3. Ilpu HaIUYIUM BO3MOXKHOCTHU, 0OJiee NMPaBUJIbHBIN TOJXO0J COCTOUT B
N3HAYAJHLHOM BBIUMC/IEHUN TOYHOI'O PEIIeHUs] IyTeM YBeJndeHusd Sj,
HezKeJIu MOCTPOeHe HETOYHOI'O IIPOrPaAMMHOTO yIIpaBJIeHus ¢ JlaJibHeli-
IIAM TI€EpECYETOM.

4. YBenuueHne TOYEK IMepPEKJIIOUEHN 1 TiepecdeTa yupasieHus N 1m03B0-
JISIeT YAYYIIATH 3HadYeHre TeIeBoi (PYHKIUN W YMEHBITUTH OTKJIOHEe-

HHE OT TEpMHUHaJIbHOI'O YCJIOBHA, HO IIPUBOAUT K 3aMEIJIEHNIO pacdeTa.

4.6 BpiBoabl mo riase 4

Paccmorpena 3ajiada onTHMaJILHOIO YIpaBJeHUs, B KOTOPOIl cucreMa
OOBIKHOBEHHBIX U pepeHInaabiblX ypaBHEHU, OIKMChIBAIOMIAsl JIMHAMUKY
JIBUZKEHUST YIIPaBJ/ISIeMOI0 00beKTa, COAEPXKUT HEJMHEHHOCTHL OOINero BUja 110
dazoBbIM NepeMeHHBIM. Takas 3ajia4ua Tpy/IHa JJIsi pACCMOTPEHUS 110 JIBYM IPHU-
YUHAM:

— He cymecrByer anajuTuaeckoit popMysibl perierus 3aga4dn Ko st

CHUCTEMBI TAKOr'o Buja. B ciiecTBre 3Toro, HEBO3MOXKHO CBECTH HCXOJI-
HYIO 33Jla4y K HEKO 3a/iaye MaTeMaTUYeCKOTr'o MpOorpaMMUPOBAHULI,
KaK 3TO OBLLJIO CJIeIaHo B IyiaBe 1 JyIst JIMHEHHO cucTeMbl.

— OrcyreTBy1oT 9 HEKTUBHBIE A/ITOPUTMBbI IIOCTPOECHUST MHOYKECTB JO0CTH-
JKIMOCTH U YIIPABJIAEMOCTH JI/Is Takoil 3aja4un. [loaTomy He mpeacTan-
JIFA€TCS BO3MOXKHBIM ITPOBEPUTH CYIIIECTBYET JIM JIOIIYCTUMOE pPelleHue
331491 110J00HO aJIrOPUTMY U3 TJIaBbl 2 s JIMHEHHOM 3a1adi.

Boimn npejioxkensl TpuOIMZKEHHbBIE UTEPATUBHBIE aJrOPUTMBI ITOCTPOE-
HUs YIIPaBJIEHUs] B IPOrPAMMHOM U IO3UIMOHHOM pexkuMax. OCHOBHAs Ujiest

TUX AJIFOPUTMOB 3aK/I0UAECTCS B JINHEAPU3AINT HEeJIMHEHHON (DYHKIINK JINHE-
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HBIM IPUOJINYKEHUEM BJIOJIb TPAEKTOPUM JIBUYKEHUsI 00beKTa. Takoii 1oJixo/l
[I03BOJIFET N30exKaTh OIMIMOKM AIllIPOKCUMAIIUN IIPU JBUKEHIUU B OKPECTHOCTU
3aJIAHHON TPAEKTOPUU. AJITOPUTM ITOCTPOCHUSA ITPOIPAMMHOIO PEXKIMa COCTO-
UT B IIOCJIEI0BATE/IHLHOM TepecdeTe TPAeKTOPUN JBIZKEHNA 00beKTa Ha OCHOBE
nHOpMalln O TPAeKTOPUHU, TOJIYYeHHON Ha MpeabayineM urepaiun. I[lepe-
CTpOEHUE YIpaBJeHNUs B PEXKUMe peabHOI'O BPEMEHHM OCHOBAHO Ha TeX »Ke
HMPUHIAIIAX, HO ITPOUCXOIUT IO XOAY JBHUXKEHUS, UCXOJd U3 TEKYIIEero I0JIo-
JKeHUsT 00beKTa.

B Buje jiemm ObLin ¢cpOpMYyIMPOBAHbBI U JIOKA3aHbl HEKOTOPbIE I10JIe3HbIE
CBOMCTBa aJrOpUTMOB. Tak, JJIg TPOrPAMMHOIO PEXKNMa ObLJIO TOKa3aHO, UTO
IpU cTpeMJieHnt (PpYHKIII yIpaB/IeHns, BIUYNC/IAeMbIX Ha pa3HbIX NTePaINIX,
K 00IIeMy Ipejiely, TPaeKTOPUs JIBUXKEHUsT 00bEKTa CXOJUTCH K JIOMYyCTUMOIT
TpaekTopun. [l MO3UIMOHHOIO peXKUMa JJOKAa3aHO, UYTO IOCTPOEHHOE MTPHUO.JIN-
JKEHHOE PeIleHre CXOJUTCA K JIOIYCTUMOMY PEIICHUIO IIPU yBEJMIEHUN TOYeK
nepecyeTra yipaBJIeHusl.

AnropuTMmbl  OBLIM  NIPOTECTUPOBAHBLI Ha, JBYX HpuMmepax. IIposejen-
Hble YKCIIEPUMEHTHI MOKa3aJIl XOPOIIYIO CXOAUMOCTL aJropuTMoB. Jlaxke mpn
HEYJIA9HOM BbIOOpE HavaJIbHOI TpaeKTopuu, (popMuUpyeMble penieHusi ObICT-
PO CTPEMIJINCH K JONMYCTUMBIM. Takxke OblIa INOKa3aHa CXOJIUMOCTH IEJIEBOI
QYHKIIHU, 9TO TOBOPUT, KAK MUHUMYM, O CyOOIITUMAaJIbHOCTH pemieHus. J[ormoJi-
HUTEJIHHO IIPOTECTUPOBAHO IIOBEJECHHE aJrOPUTMa IMOCTPOEHUSI O3UIIIMOHHOIO
peknMa Mpu pa3IndHOM YnC/ie UTepalil aJrOpUTMa U Pa3InIHOM KOJIMIeCTBE
TOUEK TIepecdeTa yipapjeHus. Ha TecTOBLIX NpuMmepax IpoJIeMOHCTPUPOBAHA
CXOJINMOCTBH TPAeKTOPUU, ¢POPMUPOBAHHON TPHU YIIPABJIEHUN B TO3UIIMOHHOM
peknmMe, K JOMYCTUMON TPAeKTOPUH IPU yBeJNMYeHnn napamerpa V.

[lepcrieKTuBBI JlabHENRINEro U3ydeHnsl 3aJladil MOI'YyT OBITh CBA3aHBI C
JlaJibHelIeit mpopaboTKo TeopeTuIecKoii 6a3bl aJIFOPUTMOB, C PACCMOTPEHNEM

yCJIOBI/Iﬁ CXOAMMOCTHU ynpaBﬂeHI/Iﬁ n KpurepuenB OIITUMaJIbHOCTH.
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SAKJIFOYEHUE

B pabotre mpejicTaB/ieHbl METO/bI PEIIeHUs 3a/1a9l OINTHUMAJJIBLHOIO YIIPaB-
JIEHHSI B Pa3/ITYHbIX IHocTaHOBKax. OOIell ujieeil siBJIsSIeTCsl CBEJIEHIE MCXOIHOM
3aJadl K HEKOTOPOil 3ajiade MaTeMaTHIeCKOro IIporpaMMHUpPOBaHus. Tak,
OazoBasi MOJe/Ib, ONHMCAaHHAd B IJlaBe 1, pelraercs B JBa dTalla: CHaJaJa
OCYIIECTBJISIETCST TIEPEXOJl K 3ajade JUHEHHOTo (KBaJpATHIHOTO) MTPOTPAMMII-
pOBaHNsA, 3aTEM BLIIIOJIHACTCH I[IOUCK ONTUMAJBLHOIO PelIeHnus I0JIyYeHHOI
3atadn. Takoii MoJIXo/1 sIBJIsIeTCsl OOOCHOBaHHBIM, IOCKOJIbKY CTATHYECKUE OIl-
TUMUA3AIUOHHBIC 3a/1a9i C OIPAHUYCHUAMN XOPOIIO M3YYEHDI: I HEKOTOPBIX
KJIACCOB BBIBE/ICHDLI aJITOPUTMBI PellleHns C IMTOJNHOMUAJIBHOIN CJIO?KHOCTLIO, CY-
[IECTBYET MHOXKECTBO IPOrPAMMHDLIX KOMILJIEKCOB JIJISI PEIICHU.

[ToaBojist nTOrKM NMPOBEJEHHON PabOThI, BBIIEJIMM OCHOBHBIE JTOCTHKEHUSI:

1. PaspaboTanbl ajropuTMbl HAXOXKJIEHIS IPOIPAMMHOIO U IIO3UITMOHHO-

ro yIpaBJeHud i 3a/ia91 ONITUMAJILHOTO YIIPABJICHNS ¢ HeJNHEHOM
CUCTEeMON " KYCOYHO-IIOCTOAHHLIM VyIIpaBJIeHueM, Ha KOTOpoe Ha-
JIO’KEHbI JIByCTOpoHHHUE orpanudenusi. Oba ajropuTMa COCTOSIT B
IIOCJIeIOBATEILHOM PEIIeHNN JIMHeapun30BaHHOI 3aJadn. Peam3oBan
IpOTrpaMMHBIN KO/ aJITOPUTMOB.

2. IIpescraBiieHbl aJaropuTMbl IOCTPOEHUsT OITUMAJIBHOIO YIIPABJICHHSI B
JINHEIHOM 3ajiave TpU BbIOOpE yIIpaBJIeHUsT B KJlacce KyCOUHO-JIMHEH -
HBIX 1 KYCOYHO-KBaJIpaTHIHbIX PYHKIMUI. B 1iepBoM ciydae 1mokaszaHo
CBeJIeHNE K 3ajiade JIMHEHOro (KBaJpaTiHIHOr0) MpOrpaMMIpPOBaHS,
BO BTOPOM — K 3a/ia4e IpOorpaMMUPOBAHUs C KBaAPATUIHBIMUA OT'PaHU-
JeHnsiMu. PeamzoBan mporpaMMHBIH KO/ Pelienus JTUHeHoi 3a/1aqe
C KyCOYHO-ITOCTOAHHBIM, KYCOUYHO-JINHEHHBIM NJIM KYCOYHO-KBa[PATUY-
HBIM yIIPpaBJICHAEM.

3. Jlnga nmuneiinoit 3aj1a9m ¢ KyCOYHO-ITOCTOSIHHBIM yIIpaBJIeHUeM TIpU Ha-

JIMYNUMW BBIIIYKJIBIX W HEBBIITYKJIbIX OFpaHI/I‘{eHI/Iﬁ OIIMCaH aJI'OPHUTM
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epexojia K 3aj1ade 4acTHIHO [eJI0UNCIeHHOTO JINHEHOTO (KBaipaTmd-
HOT'0) MPOIPAMMEIPOBAHHUSI.

4. TlpenmoxeHn MeTOJ TOCTPOEHNUST MHOYKECTB JIOCTUXKIMOCTHU U YITPABJIS-
€MOCTH JIJIsl JIMHENHON 3a/1a49i ¢ KYCOUHO-IIOCTOSIHHBIM YIIpaBJ/IeHUEeM U
HPSIMBIME OT'PaAHUYEHUSIMU Ha Hero. [IpuBejieHO TeopeTnyueckoe 000C-
HOBaHIe METO/A.

[IpenoxkeHHble aJrOPUTMBI 1 UX pean3aliisd B BUAC ITPOIPAMMHOIO KO-

Jla, MOT'YT OBITH NPUMEHEHBI JIJI pa3JINIHbIX TPUKJIAIHBIX 38/1a4, & TaKKe JJId
CO3/IaHus TTPOTPAMMHOI0 KOMILJIEKCA, PENIAIONIEro O0IIe 3a/1a91 OITUMAJIHLHO-
ro ylpaBJIeHU.

Breriennm cieytonine 3a1a9n B Ka9ecTBe HAITPABJIEHNIT Ta/IbHENRTIero pas-

BATHS IO JTAHHOU TeMaTHUKe:

1. Paccmorpenne OoJiee MMPOKUX KJIACCOB HEJIMHEHOCTEH B IIpaBoii da-
cTU cucTeMbl JnddepeHInalbHbIX YPaBHEHIIT, B TOM Ync/e: PyHKINN
¢ HeorpanmvdeHHoi marpureit Axobu n GyHKIUN ¢ HeTMHEHTHOCTAME 110
YIIpaBJICHUIO.

2. JlokazaTe/ibcTBO ONTUMAJILHOCTHA BBIUNC/IAEMBIX YIIPABIEHUI B HEJIU-
HEIHOI 3aja4e.

3. IlocTpoenne aJropuTMOB HaXOXKJICHWUS VIIPaBIeHUd B HeJMHEHHOM
3ajia4e IIpu BbhIOOPe yIpaBJeHUsl B KJIacce KyCOUHO-JIMHEHHBbIX U KYy-
COYHO-KBa/IpaTUUHbIX (pyHKIMil. Jlornunoe nampas/ienne, MOCKOJIbKY
AJITOPUTM peIlleHUs] COCTOUT B IIOCJIeIOBATE/ILHBIX JIMHEApU3alluaX, a
JIJTsl IMHEHHBIX MOJIeJIell y7Ke BbIBEJIeHbI METO/bl PeIICHUs JIJI YKa3aH-
HBIX KJIACCOB.

4. UccnenoBanme MHOXKECTB JOCTHKUMOCTH U YIIPABJIAEMOCTH HEJINHEi-

HOIl 3a1a4Mu.
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ITPNJIOZKEHVE A

IIporpamMMHBIA KOa pelleHus JIMHEHOM 3a/JJa9i ONTUMAJILHOI'O

YiipaBJ/iIeHHU:A B PAa3/IM9YHBIX KJIaCCaX YyIIPpaBJICHUA

B jaHHOM HPUJIOXKEHNN IIPEJICTABICHO OINCAHKIE CTPYKTYPhI IPOrpaMM-
HOT'O KOJIa aJITOPUTMA PeIIenns JUHEHHON 3a/1a91 ONTUMAaJILHOTO YIIpaB/IeHns B
KJIACCe KYCOTHO-TIOCTOSIHHBIX, KYCOTHO-TMHEIHBIX NI KyCOTHO-KBaIPATIHIHBIX
dyuxmuit. Ko BbLIOYKEH B IyOJIMIHBIH perio3uTopuii [91].

[IporpaMMHBIN KOMILJIEKC COCTOUT U3 CJICTYIONNX CKPHUIITOB:

— run.py: GYHKINS 3allycKa aJropuTMa, B Hell OCyIIeCTB/ISIeTCsS BBIOOD
KJIaCCa yIIPaBJICHMS.

— problem/ProblemStatement.py: TmocTaHOBKA 3aJadil  ONTHMAJBHOTO
yIIpaBJeHnus ¢ JIMHEHON CUCTEeMOIl, 3a/aHne IapaMeTpoB MOJIEIIN.

— control/PiecewiseConstantControl.py: mocTpoeHne ONTHMATBHOIO KY-
COYHO-TIOCTOSTHHOTO yIipaB/jieHus. Vcexogaas 3a/iada CBOJUTCA K 3a/1a1ue
JIMHEITHOTO WJIM KBaIPATUIHOIO MPOrPAMMUPOBAHUs. 3aTEM BBHITIC-
JISIeTCsl pelleHre IoJIydeHHo# 3ajadu ¢ nomoripio cosisepa COPT
(6ubstoreka coptpy).

— control/PiecewiseLinearControl.py: TOCTpoeHHE ONTUMATHHOTO KY-
couHo-anneitnoro ynpasiaenud. cexoanas 3ajgada cBOANTCS K 3ajade
JIUHEHTHOTO WM KBaIPATUIHOTNO MPOrPAMMUPOBAHUA. 3aTEM BBITHC-
JIIeTCs pelieHre IMoJIydeHHoi 3ajadu ¢ nomoribio coyisepa COPT
(6ubsmoreka coptpy).

— control/QuadraticSplineControl.py: mocTpoeHre ONTUMATLHOTO KY-
COYHO-KBa/IpATUIHOrO ylpaBjieHus. VlcxomgHast 3ajada CBOJAUTCA K
BLIITYKJION 3ajiade MporpaMMUPOBAHUS € KBaJIPATUIHBIMU OrpaHuve-
HUSMU. 3aTeM BBIUNC/SIETCS PeleHne Moy IeHHO i 3a/1a91 ¢ TIOMOIIHIO

comsepa COPT (6ubsmoreka coptpy).
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movement,/PCCObjectMovement.py: BbIYNCIIEHNE TPACKTOPUH JIBUKE-
HIsI 00bEKTa KaK pelleHus ciucTeMbl JuddepennnaabHbIX ypaBHEeHNI,
3aMKHYTOI KYCOYHO-IIOCTOSIHHBIM YIIPABJICHIEM.
movement/PLCObjectMovement.py: BbIIHUCIEHIE TPACKTOPUN JBUKE-
HUsT 00bEKTa KaK pelieHus cucTeMbl JuddepeHnnaibHbIX ypaBHEHUI,
3aMKHYTOIl KYCOYHO-JINHEIHBIM YIIpaBJICHUEM.
movement,/(QQSCObjectMovement.py: BeIYUCIEHIE TPAEKTOPUN JIBUKE-
HUsI 00bEKTa KaK pelleHus cucTeMbl JuddepennnaabHbIX ypaBHEeHNI,
3aMKHYTOI KyCOYHO-KBaIPATHIHBIM YIIPABICHUEM.
numerical/DefiniteIntegral.py: pemenne 3anadn Ko ¢ nHeitHON 0/1-
HOPOJIHOI CHCTEMOil ¢ HCIoJib30oBaHueM (MYyHKINU odeint W3 IakeTa
scipy.integrate.

numerical /Differential Equation.py: BeIYUCIeHIE ONPEIETEHHOTO HHTE-
rpaJjia ¢ IOMOIIbI0 (DYHKIUN quad U3 akeTa scipy.integrate.
numerical /Interpolation.py: uaTepnoIsins TabJIUIHO 3aaHHOM (yHK-
UM KyOM4YeCcKUMHU CILIafiHaMu ¢ IoMoIbio (yHKIun nterpld us
nakera scipy.interpolate.

plotting/Plotting.py: dyHKINM noctpoenus rpadukos. Vcmnoab3yoTest

cpeacTBa oubanoreku matplotlib.pyplot.
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ITPNJIOZ2KEHUE B

IIporpamMMHBIi KOO pellleHns HeJIMHEHOM 3a/ja9i ONTUMAJILHOI'O

YiipaBJ/iIeHAAd B IIPOIr'paMMHOM U ITIO3UIINMOHHOM pPexKHnMaXxX

B panHOM HPUIOYKEHNHN IPEICTABICHO OIICAHNIE CTPYKTYPBI IPOIPAMMHO-
ro KoJla aJropuTMa PeIieHust HeJIMHeHHOM 3a/1aui ONTHMAJILHOIO YIIPABJICHUS
B KJIaCCe KYCOUYHO-TIOCTOSIHHBIX (DYHKIUI B IIPOIPAMMHOM U TO3UIIMOHHOM pe-
xumax. Ko gocrynen B mybsmanom perosuropun [92].
[IporpaMMHBIIi KOMILJIEKC COCTOUT U3 CJIEYIONUX CKPUIITOB:
— run_ program__control.py: dyHKIUS 3allyCKa aJropuTMa pacdera Mmpo-
I'PAMMHOIO yIIPaBJIeHUA JIJIsi HEJUHEHHON 3ajadn. 3J1ech 3a/1aeTcst
YUCJI0 UTEPAIii ajaropurMa ;.

— run_ positional_ control.py: dyHKIMS 3allycKa aJrOpUTMa pacdeTa 11o-
3UIMOHHOTO YIPaBJIeHUs JIJIsi HeJuHeiHoi 3ajadn. Oupejessiercs
YUCJI0 UTepaluil aaropurma Sj.

— task/Task.py: Kjacc, B KOTOPOM OCYIIECTBJISIETC 3a/laHie HeJTMHEeiHOI
331491 OITUMAJILHOIO YIIPABJIEHUS U OCHOBHBIX IIAPAMETPOB MOJIEJII.

— task/nonlinear_scalar_task.py: peanusaius knacca Task B Buje Hen-
HeliHO# Mojie/in, IpejicTaB/eHHON B IyHKTe 4.5.1.

— task/pendulum_ control.py: peanmusanus knacca Task B Buje Moje/n
MasgTHUKH, [IPUBEJIeHHON B 1MyHKTe 4.5.2.

— problems/NonLinearProblem.py: knacc i pabOThl € HEJUHEHHOI
MOJIEJIbIO. 3J1eCh peaJin30BaHbl (DYHKIUN JIMHeapU3alul HeJIMHeHO
IpaBoil 4acTu U pacdeTa TPAEKTOPUN JIBUXKEHUs] 00bEKTa KakK pelre-
Hus 3aja4n Ko ¢ HeJmHeiHOM cucTeMoil, 3aMKHYTON HafilIeHHbIM
VIIPABJICHUEM.

— problems/LinearProblem.py: kiacc 1jist pabOThI ¢ JTMHEHHOI MOJIEIBIO.

B,Her OCyHIECTBJIACTCA CBEACHNE K 3ada4€ JIMHEITHOI'O WJIN KBadpaTn4-
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HOTO IporpaMMupoBanust. st Toro peaan3oBaHbl (DyHKIUN PEITEHNsT
cucrembl auddepeHnnaIbHbIX ypaBHeHuit (scipy.integrate.odeint), Bbl-
QUCJIEHNs OIPEJIeIEHHOrO uHTerpasa (scipy.integrate.quad) u mocTpoe-
HUsT MATPUILIAHTA.

— lin_prog_task/LPTask.py: xjaacc, B KOTOPOM XPAHSITCS MapaMeTphl
MHTEPBAJIbHOI 3a/1a91 JTUHEITHOrO MM KBaAPATHIHOIO IIPOrPAMMIPO-
BaHIA.

— lin_prog_model/LPModel.py: xnacc, paboraioniuii ¢ 3agadeil JnHeii-
HOrO (KBAPATUIHOrO) mporpaMmupoBaiisi. C MOMOIIBI0 GHOJINOTEKH
coptpy MHUIUATU3UPYETCS MOJIC/h, 3aJIal0TCsI TIepeMeHHbIe, OrpaHde-
Hust 1 1esieBas pyHkIims. 3arem cpencrsamu coBepa COPT ocyrecTs-
JISIETCST TTOMCK ONTUMAJIBLHOTO PEIeHUSI.

— common,/common.py: Pl BCHOMOTATEIbHBIX (DYHKIUI.

— plotting/plotting. py: nocTpoerne rpadpuKOB JIJIst JEMOHCTPAIN pabOThHI

aJICOPUTMAa C UCIIOJIb30BaHneM makera matplotlb.pyplot.
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INTRODUCTION

Relevance of the topic. In this dissertation we consider the problem
of constructing an optimal control, which transfers the object from the initial
state to some plane. The search for controls is performed in a class of piecewise
constant functions. A system of ordinary differential equations is used to
describe the dynamic process. The quality of control is determined by the value
of linear or quadratic objective functional.

Before the dynamic process begins, the control function (program control)
is determined and the trajectory of the object is calculated. Due to various
internal and external factors, the object may deviate from the original trajectory
during the motion. Then there is a sense of real-time realignment of control
based on the current position. Such control is called positional control.

Such problems are widespread in various fields. For example, the author
of this paper tested the presented algorithms on the following models:

— Rotary motion control of a motor shatft.

— Moving an unmanned cart.

— Distribution of investments in sectors of the economy.

— Quadcopter motion stabilization.

— Damping of an artificial satellite.

— Control of a mathematical pendulum.

— Damping of a sleeping Lagrange top.

Many control processes of technical objects are objectively non-linear in
nature, therefore, for their accurate modelling and, subsequently, control it is
necessary to have a control construction apparatus for non-linear systems.

In the theory of ordinary differential equations the analytical solution of
the Cauchy problem for linear systems of any dimensionality is known: the
Cauchy formula is derived. This led to the development of methods for solving

linear control problems. However, analytical solutions for non-linear systems of
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differential equations exist only for very specific kinds of non-linearities, which
makes it impossible to invent exact methods of finding control for systems
with non-linear right-hand sides. This paper develops a method of numerical
construction of control for non-linear systems in terms of phase variables by
means of iterative linearization of the right part of the system and finding the
optimal control for the linear system.

The relevance of the problem is also demonstrated by the publication
activity on this topic in both national and foreign journals in recent decades. In
addition, software packages for such tasks are being actively developed and
improved.

Aim and objectives. The main aim of the work is to develop a numerical
method for finding an approximate solution in a non-linear optimal control
problem. A non-linear problem is understood as a control in a system of ordinary
differential equations containing non-linearities with respect to phase variables.
It is necessary to construct algorithms for the construction of program and
positional controls. The program control is calculated before the beginning of
motion and then it is recalculated based on the current position taking into
account internal and external disturbances. It is assumed that the control is
corrected after a given time interval since the last correction, while the motion
of the controlled object does not stop, which makes it possible to speak about
real-time control.

To achieve the goal it is necessary to solve a number of tasks:

1. Study modern scientific developments in this direction, identify

promising directions.

2. Research the reachability set and the controllability set in a linear
control problem when choosing a control in a class of piecewise constant
functions. Information about these sets is important when solving a
non-linear problem, because it is one way or another reduced to a

linear one.
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3. Develop a method for solving the problem with linear system and
choice of control in the class of piecewise linear and piecewise quadratic
functions. Consideration of such types of control makes it possible to
find solutions with the best value of the objective function and to
impose smoothness constraints on the sought control.

4. Develop an approach to solving a linear problem with additional convex
and non-convex constraints on controls and phase variables. Setting
constraints of this type allows us to consider more specific classes of
problems.

5. Develop a numerical algorithm for constructing program and positional
controls in a non-linear problem with control selection in a class of
piecewise constant functions.

6. Explore the theoretical properties of algorithms.

7. Implement the algorithm for constructing controls in a non-linear
problem in the form of a set of functions in Python. Test the algorithm
on various examples and scenarios.

Thesis statements to be defended

1. A method for constructing sets of reachability and controllability for
a linear problem in the class of piecewise constant controls in the
presence of two-sided constraints, a rigorous theoretical justification
of the method.

2. Algorithms for reducing the optimal control problem to a linear
programming problem for piecewise linear and piecewise quadratic
classes of controls.

3. Algorithms for reducing the problem of optimal control with piecewise
constant control and linear (quadratic) functional with additional
convex and non-convex constraints to the problem of mixed integer
linear (quadratic) programming.

4. Algorithms for the construction of program and positional controls for

a non-linear optimal control problem with piecewise constant control.
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5. Software implementation of the presented algorithms in the form of a

set of programs.

Methodology and methods of the research. The main idea of
solving optimal control problems in various formulations is to reduce them
to mathematical programming problems. After forming the methods of control
construction, the theoretical properties of solutions are studied and algorithms
are tested on test examples. Methods of linear algebra, mathematical analysis,
differential equations, control theory, linear and quadratic programming are
used.

Theoretical and practical significance of the work consists in the
proposed constructive algorithms for solving the stated problems. Methods of
constructing control for a non-linear problem in program and positional modes
are presented, which are tested on a set of examples and can be used to control
specific devices.

The initial problem can be extended by considering additional classes of
control functions and additional constraints on controls and phase variables.
Consideration of the problem in such formulations makes practical sense, since
often application models contain specific constraints or special requirements
to the solution.

Also practical significance represents the algorithm for constructing the
sets of reachability and controllability. In various applied problems information
about all possible future states of the object is considered important. The
proposed algorithm is constructive and can be easily implemented for an applied
problem. In addition, the proof that such an algorithm allows to form exact
sets has its own significant scientific value.

Finally, the implemented algorithms are accompanied by the program
code, which can be used as a basis for creating import-independent software
products to solve the problems of optimal control. This task seems important

and relevant from a practical point of view.
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Scientific novelty

1. An algorithm for control construction in program and positional modes
for the optimal control problem with a non-linear system, terminal
conditions and control constraints has been developed. The idea of the
algorithm is the consecutive linearization of the non-linear function
along the motion trajectory and the subsequent calculation of a new
trajectory with the control, which is the optimal solution of the
linearized problem.

2. For a linear problem in which the control is chosen in the class of
piecewise constant functions and has two-sided constraints, a method
for constructing the sets of reachability and controllability in the form
of a system of linear algebraic inequalities is proposed. It is shown
that these sets are polyhedrons in the space of phase variables, the
theoretical justification of the algorithm is given.

3. A method for finding the optimal control for a linear problem with
piecewise quadratic control, terminal conditions and direct constraints
on controls is developed. The key feature of the method consists in
reducing the original problem to a convex programming problem with
quadratic constraints. Algorithms for solving problems of this class
have much less complexity than algorithms for non-convex problems.

4. An algorithm for constructing an optimal control for a linear problem
with piecewise constant control in the presence of convex and non-
convex constraints on phase variables (at given time moments) and
on controls is proposed. Non-convex constraints are defined as a set
of groups of inequalities, at each time moment the constraints of at
least one group must be satisfied. The ability to reduce the problem in
such formulation to a mixed integer linear or quadratic programming
problem is shown.

Reliability is ensured by the correctness of problem statements obtained

from the literature and during seminars at the Faculty of Applied Mathematics
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— Control Processes of St Petersburg State University. The presented results
have been tested at many conferences, and the publications that served as
the basis for the thesis have been peer-reviewed and published in Russian and
international journals. All proposed algorithms have been programmed and
tested on various tasks.

Personal contribution. The thesis is an independent work of the
author. The main statements, which are to be defended, represent the author’s
personal contribution. All results presented in the dissertation were achieved
by the author of the work, except for those places where it is explicitly stated
and reference to the primary source is indicated. Most of the results are based
on the author’s publications in scientific journals. The program code presented
in the appendix was implemented by the author.

Approbation of the work. The results presented in this dissertation
have been presented and discussed at conferences:

1. XLV International Scientific Conference on Control Processes and

Stability (CPS’14), April 1-4, 2014, St Petersburg, Russia.

2. International Conference on Computer Technology in Physical and
Engineering Applications (ICCTPEA-2014), June 30 — July 4, 2014,
St Petersburg, Russia.

3. XLVI International Scientific Conference on Control Processes and
Stability (CPS’15), April 6-9, 2015, St Petersburg, Russia.

4. IIT International Conference Dedicated to the Memory of Professor
Vladimir Zubov, October 5-9, 2015, St Petersburg, Russia.

5. International Workshop on Applications in Information Technology
(IWAIT-2018), October 8-10, 2015, Aizu-Wakamatsu, Japan.

6. XLVII International Scientific Conference on Control Processes and
Stability (CPS’16), April 4-7, 2016, St Petersburg, Russia.

7. XIII International Conference «Stability and Oscillations of Nonlinear
Control Systems» (Pyatnitskiy’s Conference), June 1-3, 2016, Moscow,

Russia.
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8. 3rd International Conference on Applications in Information
Technology (ICAIT-2018), November 1-3, 2018, Aizu-Wakamatsu,
Japan.

9. IV International Conference Dedicated to the Memory of Professor
Vladimir Zubov, October 5-9, 2020, St Petersburg, Russia.

Publications. The results of the thesis are presented in eleven scientific
publications [1-11], of which two articles were published in journals included
in the list of editions of the Higher Attestation Commission [10;11], and
seven works — in the journals indexed in the Scopus and Web of Science
databases [2;4;7:8;10;11]. A computer program «AdaptCopter» [12] has also
been registered.

Support. This work was supported by the Russian Foundation for Basic
Research (project N 19-31-90033).

Contents and structure of the work. The thesis consists of an
introduction, four chapters, conclusion, and two appendices. The total volume
of the dissertation is 141 pages, including 11 figures and 4 tables. The reference
list contains 92 titles.

Overview of the dissertation. In the introduction there is a brief
statement of the problem, the relevance is justified, the aim and objectives
of the thesis are formed, the main provisions of the thesis are presented, the
scientific and practical value and scientific novelty of the work is described.
Next, the information about the approbation of the work, the main publications
and financial support is given, and a brief summary of the work is presented.

In the first chapter the optimal control problem with a linear system is
considered. The terminal control problem consists in transferring the controlled
object from the initial position to some plane for a given time. The control
is chosen from a class of piecewise constant functions with a fixed sampling
period. Three objective criteria, which determine the quality of the solution of

the problem, are set. The first functional is linear, the second can be reduced
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to linear, and the third is quadratic. For each specific problem one of these
functionals or their linear combination is chosen.

A method for solving a linear problem is described, which consists in
the transition to a linear or quadratic programming problem with subsequent
solution of the resulting optimization problem. This chapter also gives an
overview of methods for solving mathematical programming problems and a
comparative analysis of software for solving such problems.

Although the model in question has been well studied in the literature,
Chapter 1 is important in the overall structure of the paper, since the results
obtained are the basis on which the following chapters are based.

In the second chapter the question of constructing reachability and
controllability sets for the linear model from Chapter 1 is researched. It is
shown that the problem of constructing these sets is reduced to the problem
of linear mapping of a multidimensional cube from one space to another. As
a result of research of properties of the sets it is proved that they are convex
polyhedrons and can be described by a system of linear inequalities. The main
result of the chapter is a constructive algorithm for constructing sets and its
rigorous proof. An analysis of the complexity of the algorithm is carried out.

The third chapter considers a linear problem with additional conditions
and constraints. The first part of the chapter studies the problem of finding the
optimal solution when choosing a control in alternative classes of functions.
It is shown that a linear problem with piecewise linear control and a linear
(quadratic) functional reduces to a linear (quadratic) programming problem. In
the case of piecewise quadratic control the transition to a convex programming
problem with quadratic constraints is demonstrated.

In the second part of the chapter, the basic linear model is supplemented
by convex and non-convex linear constraints on the phase variables in the
nodal points and on controls. For convex constraints there is an algorithm for

reduction to a linear (quadratic) programming problem, and for a model with
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non-convex constraints — to a mixed integer linear (quadratic) programming
problem.

The fourth chapter presents an algorithm for constructing control
in program and positional modes for a non-linear optimal control problem.
The algorithm for computing the program control consists of an iterative
recalculation of the control based on the trajectory of the object found at
the previous step. A linear approximation of the non-linear function along this
trajectory is found, then the updated control is determined as the optimal
solution of the linearized problem. After that, the solution of the Cauchy
problem of the original system closed by the found control is calculated. The
obtained solution is the new trajectory of the object.

The following describes the algorithm for constructing the positional
control. At the node points, the control is recalculated based on the current
position or the predicted position of the object. The program mode algorithm
is used for recalculation, but additional attention is paid to the calculation time.

The theoretical properties of the algorithms have been studied, and the
conditions of convergence to an admissible solution of the original problem have
been derived. The work of the algorithms is demonstrated on two test problems.

In the conclusion the achieved results are listed and an assessment of
further development prospects is given.

Appendix A describes the structure of the software package for solving
a linear optimal control problem for the choice of control in a class of piecewise
constant, piecewise linear, or piecewise quadratic functions.

Appendix B describes the structure of the software package for solving
a non-linear problem with piecewise constant control in the program and

positional modes.
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CHAPTER 1. LINEAR OPTIMAL CONTROL PROBLEM

The first chapter is introductory. It considers a linear optimal control
problem and gives the necessary terminology. In Paragraph 1.1, the formulation
of the problem in a generalized form is given. In Paragraph 1.2, a review of the
literature on this topic is conducted, the place of the current work is indicated.
Paragraph 1.3 describes the algorithm for reducing the original problem to a
linear programming problem. In Paragraph 1.4, considerations about methods
for solving linear programming problems and the use of software packages for

these purposes are given.

1.1 Problem Formulation

1.1.1 Object Dynamics

Consider a linear control problem. Let’s assume that the motion of a

controlled object is described by a system of ordinary differential equations:
T = A(t)x + B(t)u + d(t). (1.1)

In this expression
e {is an independent variable (time) that takes values on a segment from
0 to T', where T is a hyperparameter of the model.
e r = x(t) is an n-dimensional vector-function of phase variables. The
components x;(t) are continuous at t € [0, 7.
e 1 is a vector of derivatives of phase variables with respect to time. Here

and below the derivative is understood as the left derivative.
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e u = wu(t) is an r-dimensional vector-function of controls. The
components wu;(t) are left continuous.
e A(t) is a matrix function of ¢ of dimension n X n.
e B(t) is a matrix function of ¢ of dimension n x r, composed of
columns b;(t).
e d(t) is an n-dimensional vector-function.
In addition, the functions A(t), B(t), and d(t) are assumed to be continuous
on the segment [0, T7.
By replacing variables, we can achieve the exclusion of the vector d(t)
from the system. However, its presence is important for future calculations.

Particularly d(t) will be used in the linearization of a non-linear function.

1.1.2 Terminal Conditions

The goal of control is to transfer the object from a given initial position

to some linear manifold in the predetermined time 7"
z(0) = z,, Hzx(T)=g", (1.2)

where H is a matrix of full rank and has dimension m x n (m < n),
¢" is an m-dimensional vector.

An important special case is when m = n. Then the problem of
transferring the object to a given final position z(T) = H1¢" is considered.
Another special case is when m = 0. Under this condition, the trajectory of

the controlled object has a free right end.
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1.1.3 Control Constraints

Direct constraints are imposed on the components of the control vector:

Consequently, in the basic formulation of the problem controls are selected
from the r-dimensional rectangle.
We will choose the controls wu;(¢) in the class of piecewise constant

functions with a given sampling period h = T'/N:

Wik, te [ty ) t ) .
wt)y=4 " R (1.4)
k=T,N,

where t, = kh.

1.1.4 Objective Function

This paper considers three objective functions: two linear and one
quadratic.

Final System Position
Ji = c'x(T) — min. (1.5)

The first objective function assumes minimization of the linear
combination of the phase variables at a finite point in time. Thus, it is a
condition on the final position of the system. Here ¢ is some n-dimensional
vector. Problem (1.1)-(1.5) is the Mayer problem [13]. Note that it makes sense
to consider such an objective function only when the right end is not fixed, that

is, when m < n, and accordingly the matrix H in condition (1.2) is rectangular.
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The simplest example of such a functional is the criterion x;(T) — max,
which requires maximizing the final position of one of the phase vector
components.

Resource Consumption

T T
JQZO/u(t)ldt=!;|u(t) dt —s min. (1.6)

The second objective function is an integral of the norm of the control
vector. In this case we will consider «Manhattan distance» as a norm, because
it is the most convenient for reduction to linear optimization problems.

Quadratic Functional
T
/u ()" Qu(t) dt — min. (1.7)
0

The third objective function is an integral of the quadratic form from the
vector of controls. Here () is a symmetric matrix of dimension r x r, its elements
will be denoted by the symbol ¢;,;,. We will also assume that () is a non-negative
definite matrix. Problem (1.1)—(1.4), (1.7) is the Lagrange problem [13].

An example of use of such objective function is minimization of integral
T

from the square of control norm: [ ||lu(t)||5dt — min. The physical meaning
0

of such criterion is minimization of use of control actions (minimization of

energy consumption) similar to the second objective function, but in another

normalized space.

1.2 Literature Review

One of the founders of the mathematical theory of control is considered

to be Rudolf Kalman, who made a significant contribution to the development

of this field of knowledge [14].
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The classical method for solving the problem of optimal control is the
Pontryagin’s maximum principle [15]. It was formulated in 1958 by a team
of scientists under the guidance of L. C. Pontryagin in the form of necessary
conditions for optimal solution. The method is effective for many particular
cases, but it is not universal due to the necessity of solving non-linear algebraic
equations.

An alternative to the maximum principle is the method of dynamic
programming. It is based on the Bellman principle of optimality [16], which
guarantees that sufficient conditions of optimality are met.

A significant contribution to the development of the theory of motion
stability, the theory of automatic control, and the theory of optimal
processes was made by V. 1. Zubov [17]. He proposed a method of successive
approximations for finding of optimal program motions and for solving the
problem of optimal control synthesis [18]. Separate results were obtained for
the problem with a linear system and a quadratic functional, an optimal
stabilizing control is found as a solution of the matrix Riccati equation by the
method of successive approximations.

Also the problem of constructing a stabilizing control for a linear-
quadratic problem is covered in many foreign sources [19;20|. Among modern
works, we can highlight the approach using matrix inequalities to solve
the convex linear-quadratic problem [21] and the algorithm for constructing
piecewise linear control for the non-convex problem [22].

The abstract theory of optimal control, the founder of which is
V. A. Yakubovich [23;24], can be singled out as a separate direction in the
research of the optimal control problem. He managed to formulate optimality
conditions for various classes of problems.

A relevant vector of development of approximate methods for the problem
of optimal control is the model predictive control (MPC) [25], the idea of which
is to construct a control for some horizon of time ahead. In the 1960s and 70s,

the algorithm for linear systems [26] was developed, which consists in reducing
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it to a linear programming problem. Modern works are devoted to non-linear
problems [27;28] and industrial applications [29; 30].

The basis for this study was the work of a team of scientists under the
leadership of R. F. Gabasov. They proposed a two-stage algorithm for finding
the optimal control for linear systems: reduction of the control problem to an
interval linear programming (ILP) problem [31], with a subsequent solution
of this problem by a specially developed adaptive method [32]. A method for
solving the non-linear optimal control problem was presented by the team and
will be described in Paragraph 4.2.

Gabasov’s method for the linear case was tested by the author of this
paper for the problem of controlling the rotational motion of the electric motor
shaft [1], controlling the motion of a four-wheeled cart [2|, and allocating
investments in industries of a multi-product economy [3]. An optimal control

was constructed for the linearized quadcopter model in [4].

1.3 Reduction of Optimal Control Problem to Interval Linear

Programming Problem

1.3.1 Terminal Conditions Reduction

The constraint on the left end of the trajectory will be automatically
fulfilled as the initial condition of the Cauchy problem. In order to express the
final state of the object as a function of the controls, let’s write out the Cauchy
formula for the solution of system (1.1) with the initial condition x(0) = x,

at the point T

#(T) = Y (T, + / Y(T)Y () (B(t)ult) + d(t)) dt.
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Hereinafter Y (t) is a state-transition matrix of the homogeneous system of

differential equations with the matrix A(¢) normalized at the point 0:

Let’s replace the control by its representation as a piecewise constant

function (1.4):

o(T) =Y (T)x, + /TY t)dt + ZZ / )bi (t)urdt.

zlkltkl

We can take the control values u;; on the time segments beyond the integral,

since these values do not depend on time:
T

J:(T):Y(T):IJ*+/Y( )Y~ dt—l—ZZ/ Vb (t) dtwgg.

0 zlkltkl

Section 3.1.3 will address the issue of calculating integrals of the form
23
[ vy anae
te—1
but in the meantime, note that this integral does not contain the variables we
are looking for, so its value is a constant, which we denote by b**:
(23
bk = / Y(T)Y Yt)bidt, i=T1,r, k=1,N.

tr—1

The remaining items in the right-hand side of the Cauchy formula also do not

depend on ;.. Denote their sum by the symbol d:
T

& =Y (T)z, + / Y(T)Y ' (t)d(t)dt,

and the question of calculating d° will be covered later.
Thus, we can write out a representation of the final state of the object
z(T) as a linear function of the variables w;:

r N
T)=d"+ ) > b ugy. (1.8)

=1 k=1
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Then boundary condition (1.2) appears as a system of linear constraints:

>N Hbuy = ¢° - Hd.

T N
=1 k=1

After introducing the new notations we get:
r N
S5 Htus =g, =T (19
i=1 k=1

Here hi* = Hb* and g = ¢° — Hd". As a result, terminal conditions (1.2)

have turned into m linear equations with N variables (1.9).

1.3.2 Reduction of Direct Constraints on Controls

For this class of controls, the reduction is trivial. Direct constraints (1.3)
will evidently turn into two-sided constraints on the values of the controls on

the time segments:

L <up <, i=1,r, k=1 N. (1.10)

77

1.3.3 Objective Functions Reduction

To reduce the first objective function (1.5), we use found
representation of the final state of the object (1.8). Then we can write

criterion (1.5) as a linear function of the controls:

T N
J=cld + E E by, — min.
i=1 k=1

Since the first item is a constant, we can remove it from the objective function,

keeping in mind that this will change the value of the functional:

r N
Ji =) cirug —> min, (1.11)

1=1 k=1



170

where ¢, = cb**. Thus, (1.11) is a linear functional with respect to the
variables w;.

In the case of the second objective function (1.6) we introduce two
types of additional variables into the model to convert the sum of modules

into a linear function:

uh —u, _
Yk =k e TN, =T (1.12)
ub > 0,u; >0,

Then functional (1.6) will change to the sum of the new variables:

hzz (uf, + u;,) — min. (1.13)

=1 k=1

Based on the type of objective function (1.13), there is the following

relationship between the variables:

: o+
if , then w, = u;j,

>0
if ug, <0, then uy = —u,.

Thus, we can say that u;z denotes the positive part of the number wu;;, and
u;,. denotes the negative part.
Next, we proceed to the third criterion. Let’s replace in (1.7) the control

by its representation as piecewise constant function (1.4):
T b roor
/u Qu t)dt = Z / <Z Z uilkqi1i2ui2k> dt.
4 k=1, \i1=lis=1
Then, given that t; —t;_1 = h, we can write out the final form of the expression:
=h Z Z Qiyis Z Wi,k Wink — Min . (1.14)

Zl—]. ZQ—].

We got functional (1.14) as a quadratic form with respect to the variables wy.

In Section 3.1.2 we will show that this is a non-negative definite quadratic form.
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1.3.4 Reduction Results

As a result, linear optimal control problem (1.1)—(1.5) was reduced to

problem (1.9)—(1.11):

r N
E E CikUil — min,

=1 k=1
T N
>3 = =T
i=1 k=
L <ugp <I, i=1,r, k=1,N,

with the following characteristics:

— rN variables,

— m linear equations,

— 2rN linear inequalities,

— a linear objective function.
Since two-sided constraints are given for all variables, this problem can be
classified as an interval linear programming problem, which, in addition to
classical methods, can also be effectively solved using the adaptive method [32].

When the functional is changed to an integral of the sum of control
component models, problem (1.1)—(1.4), (1.6) is reduced to (1.9), (1.10), (1.12),
(1.13):

1=1 k=
r N
& _
Zzh; Ui = 41, [ = 170,
=1 k=1
l*zguzkglja ZZW; k:LNu
uzk_u:]; ui_k;a 2277 kzlaNa
gz 0u, >0, i=1r, k=1 N.

This is a linear programming problem with the following dimensions:
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— 3rN variables,

— rN + m linear equations,

— 4r N linear inequalities,

— a linear objective function.

Finally, using the Lagrange functional, control problem (1.1)—(1.4), (1.7)
will become quadratic programming problem (1.9), (1.10), (1.14):

r r N
k=1

11=11,=1
T N

The characteristics of this problem are written out below:
— r N variables,
— m linear equations,
— 2rN linear inequalities,

— a convex quadratic objective function.

1.4 Linear and Quadratic Programming Problem Solution

When solving a variety of optimal control problems, it becomes necessary
to find optimal values for various mathematical programming problems. In this
dissertation we will encounter several classes of optimization problems:

1. Linear Programming (LP),

. Quadratic Programming (QP),
. Quadratically Constrained Programming (QCP),

2

3

4. Mixed Integer Linear Programming (MILP),

5. Mixed Integer Quadratic Programming (MIQP),
6

. Mixed Integer Quadratically Constrained Programming (MIQCP).
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Despite the fact that some problems are special cases of others
(see Fig. 1.1), it turns out to be more efficient to consider solution methods for
each particular class. In this paragraph, we will describe methods for solving
each of the presented classes and give examples of specialized programs that

can be used to find optimal solutions of these problems.

‘\
MIQCP (MIQP MlLP@ ) QCP
<< ) 2

Figure 1.1 — Relation between Types of Optimization Tasks

1.4.1 Linear Programming

The LP problem is a classical optimization problem: the goal is to find an
extremum of a multidimensional linear function under linear constraints on the
variables. Geometrically, the linear constraints generate a convex polyhedron in
multidimensional space, and the objective function defines a direction vector.
The optimal solution is some vertex of the polyhedron, and in some cases
optimal solutions can be all points belonging to a certain edge or facet.

The founder of linear programming as a separate class of optimization
problems is considered to be L. V. Kantorovich, who also proposed a method
for solving the problem [33].

Simplex Method. In 1947, while working on the problem of improving

the planning process for the Air Force, G. Dantzig formulated the simplex
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method [34], which is an effective method of finding an optimal solution and is
considered one of the most popular approaches to this day.

Interior Point Method. The algorithm was developed in the 60s and
70s [35;36] for convex optimization problems with constraints. In 1984, the
interior point method (Karmarkar’s algorithm [37]) was adapted specifically
for the linear programming problem, solving the problem in polynomial time.

Adaptive Method. In the early 1970s, R. F. Gabasov together with
F. M. Kirillova proposed and substantiated a new approach to solving linear
programming problems. This initiated a major trend known as constructive
optimization methods [38]. The results of this direction were widely used in the
70-80s in solving applied problems.

One of the advantages of the adaptive method is that its use does not lead
to an increase in the dimensionality of the problem, which is inevitable when
reducing the original problem to the canonical form of the linear programming
problem, suitable for the solution of the simplex method [32].

Ellipsoid Method. Among other methods, the ellipsoid method [39] can
be additionally mentioned, which was the first polynomial method for solving
the linear programming problem, but in practice has not proved to be effective

enough.

1.4.2 Quadratic Programming

In the literature it is common to consider separately two classes of
quadratic problems:
1. QP, which is an optimization problem with linear constraints and a
quadratic objective function,
2. QCP, which is an optimization problem with linear and quadratic

constraints and a linear or quadratic objective function.
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An important characteristic of quadratic problems is the convexity
condition of the constraints and the objective function. In the convex case,
the set of admissible solutions contains a single optimum, which is global. The
complexity of solving a problem depends significantly on the fulfilment of this
condition. In this paper we consider optimization problems only with convex
constraints and objective functions.

To solve the QP problem, the active-set |40] and interior point [41]
methods are used. The problem with quadratic constraints is more complicated.
It is usually considered as a special case of the more general Second-Order
Cone Programming (SOCP) problem [42]. Using the interior point method, the

optimal solution of this problem can be found in polynomial time [43].

1.4.3 Mixed Integer Programming

A more general case of linear and quadratic problems are partially integer
problems — when some variables are binary or integer. Let’s describe ways
to solve the MILP problem, assuming that similar approaches are valid for
MIQP problems.

Brute-Force Search. The simplest approach to solving the problem is
a brute-force search of the values of binary and integer variables. The values of
discrete variables are fixed, thus the problem is reduced to a linear programming
problem, which is solved by standard methods. Among all sets of values for
which there is an admissible solution, we choose the one at which the optimum
of the objective function is reached.

Branch and Bound. The algorithm was proposed in the 1960s [44] and
is, in a sense, a more efficient brute-force search of discrete variables. In the

first step, the relaxed problem is solved — all binary and integer variables are
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treated as real variables. After solving, in case the optimal solution exists, two
situations are possible:

1. The values of all discrete variables are integers. Then the optimal
solution of the relaxed problem is an optimal solution of the original
problem.

2. If there is a discrete variable that took a non-integer value x; = 7,
then the original problem must be split into two. In the first subtask
we impose an additional constraint z; < |zf], in the second — an
additional constraint x; > [z}]. Both subtasks are solved by the same
algorithm, so the algorithm is recursive. If there are solutions for both
subtasks, the solution of the original problem will be the solution of
the subtask with the best value of the objective function. Despite the
theoretical advantages of the method, guaranteed convergence to the
optimal solution in practice is often too slow.

Branch and Cut. One of the improvements of the branch and bound
method is the branch and cut method proposed in the mid-1990s [45; 46].
In addition to branching, for each subproblem the algorithm involves cutting
off solutions that are known to be non-numerical by introducing additional
constraints. There are many cutoff algorithms, one of the most popular being
the Gomory algorithm [47;48|.

Branch and Price. A modification of the branch and bound method
based on the column generation method [49]. At the first step an incomplete
problem which does not contain all variables and constraints of the original
problem is generated. This is done on the assumption that some of the variables
will take on a null value, hence they can be excluded from the problem. Usually,
the Dantzig—Wolfe decomposition [50] is used to reformulate the problem.
Then, during the branching algorithm, certain variables can be returned to the
model. This approach reduces computation time and the use of RAM. There is
also a branch-price-and-cut algorithm [51], where an additional step of cutting

off non-integer solutions is included.
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Heuristics. To accelerate optimization, it may be justified to use
heuristic algorithms in parallel with the branch and cut method. The main
advantage of such algorithms is the ability to quickly find quality solutions,
however, the drawback is the lack of guarantee of finding a solution and
impossibility to evaluate their optimality. Examples of heuristic algorithms are:

1. Genetic Algorithm [52],

2. Local Branching [53],

3. RINS (Relaxation Induced Neighborhood Search) [54].

1.4.4 Use of Specialized Software

There are various software packages for solving mathematical
programming problems in which the above solution algorithms are
implemented. Such complexes are usually presented in the form of software
libraries, they are commonly referred to as solvers.

To select a solver, you need to consider the specifics of the task to be
solved and the overall architecture of the project. As a rule, you can be guided
by the following criteria:

1. Types of problems to be solved,

2. Manufacturer, license type, license cost,

3. Performance on benchmarks, i.e. on a set of standard tasks [55],

4. Availability of a user-friendly manual, manufacturer support6 and user

community;,

5. Application Programming Interface (API),

6. Possibility to specify a starting solution — the use of the initial solution

allows you to accelerate the search for an optimum,

7. Possibility to manage solver settings,
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8. Analysis of incompatible models — if there are no admissible solutions,
the algorithm finds a set of conflicting constraints,

9. Possibility to use custom methods — finding a solution using
algorithms that take into account the specifics of the problem in
parallel with the basic solver methods.

Table 1.1 gives a small comparison of popular solvers. We consider the

best known commercial solvers Gurobi [56] and CPLEX [57], released in 2019
COPT [58], and their publicly available counterparts SCIP [59] and CBC [60].
You can also find a list of solvers with classification by type of problem at the

GAMS website for mathematical modelling [61].

Table 1.1 — Solver Comparison

Metrics Gurobi CPLEX CcorPT SCIP CBC
Gurobi Cardinal
Zuse Institute COIN-OR
Developer Optimization, IBM, USA Operation, . )
. Berlin, Germany Foundation
USA China
Free use for
Commercial Commercial Commercial
research purposes
) and free and free and free o
License Type ] ] ] by members of Free distribution
academic academic academic
nonprofit
license license license o
organizations
(MI)LP, (MI)LP, (MI)LP,
Problem (MI)LP, (MI)QP,
(MDQP, (MDQP, (MDQP, (MDLP
Types (MI)QCP
(MI)QCP (MI)QCP (MI)QCP
C++,
C/C++, Java, C/CH++, Java, C/C++, Python, Mathematica,
/ / C/C++/C#, / .
API .NET, Python, .NET, Python, Julia, MATLAB, MATLAB, R,
Java, Python
MATLAB, R MATLAB Java Python, Julia,
Rust
LP
Benchmarks
1.43 — 1 44.9 9.52
(Simplex
Method)
LP
Benchmarks
(Interior 1.33 — 1 — 77.8
Point
Method)
MILP
1 — 2.34 8.39 10.2
Benchmarks
Cp
Q 2.03 — 1 — —
Benchmarks
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MIQCP

Benchmarks

1 — — 13.1 —

For benchmarks the average relative time to solve problems is given,
normalized by the result of the leader. Gaps in the data indicate a lack of
performance information on the specified benchmarks.

In the current work we chose COPT to solve optimization problems. The
solver was accessed through the Python programming language using the coptpy

library provided by the solver manufacturers.

1.5 Example. Damping of Sleeping Lagrange Top

As an illustration of how the algorithm works, consider the problem of
the damping of sleeping Lagrange top [62].
The motion of the top is described by a system of ordinary differential

equations with control:

TI_BE,—AT]:UQ;

where &(t) and n(¢) denote the coordinates of the top of the wave; uy(t), us(t)
are the generalized forces; A and B are the model parameters characterizing
the physical properties of the object. In this example we assume A =1, B = 3.

The terminal problem is to transfer the object from the position
(&=-10, £=5,1=06,1=8)

to the zero position. Thus, at the initial moment the object is at (—10, 6) and
has a non-zero velocity. It is necessary to place the object at rest.
We set the parameter T' to 20, that is, we will consider the process on the

interval [0, 20]. Let’s divide this time interval into 50 equal sections. Set the
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lower bounds equal to —2, and set the upper bounds equal to 2. We will search
for the control in the class of piecewise constant functions.

As the objective function we will consider the integral of the square of
the norm of the control vector.

Then after changing the variables

xl:((ﬂ 1172:((,, Tr3 =m, x4:ﬁ7

we obtain the problem of optimal control with a linear system and a quadratic

functional:

T 010 O 1 00
To 100 =3 X9 10 uq
— + ,
£'3 000 1 X3 0 0 U9
Ty 031 0 Xy 01
x2(0) B 5) x2(20) B 0
23(0) 6 | | z3(20) 0l
x4(0) 8 x4(20) 0
—2 uq(t 2
<[ W) < . telo, 20].
—2 Ug(t) 2

The reduction procedure was implemented in Python 3, and the quadratic
programming problem was solved using the COPT solver (see Appendix A).
The total running time of the program was 0.32 seconds. The value of the

objective function is 92.80. The results are shown in Fig. 1.2.
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Figure 1.2 — Dumping of Sleeping Lagrange Top in Case of Control from Class
of Piecewise Constant Functions

1.6 Chapter 1 Conclusion

In Chapter 1, we described an algorithm for solving the linear optimal

control problem, which consists of two main steps:

1. Reduction to a mathematical programming problem. This
transition is performed using the Cauchy formula and is possible due
to the choice of controls from the class of piecewise constant functions.
The reduction step is described in detail in Paragraph 1.3. Depending
on the type of the objective function, a linear or convex quadratic
programming problem is formed.

2. Solving the mathematical programming problem. Since a

linear programming problem and a convex quadratic programming
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problem are well studied, we can use one of the specialized software
products (solvers) to solve them. Paragraph 1.4 describes ideas for
basic algorithms to solve such problems, gives an overview of existing

solvers, and compares their speed for different classes of problems.

The results presented in Chapter 1 are based on the theoretical basis

formed by the scientific school of R. F. Gabasov [31;32;38|. In terms of the

overall structure of the thesis work, the current chapter is the basis on which

we will rely in the following sections. Several directions of development have

been chosen, which are relevant, but contain unresolved issues, in consequence

of which they are of research interest:

1.

Construction of reachability and controllability sets for basic
problem (1.1)—(1.4).

Choice of control from alternative classes of functions: piecewise linear
and piecewise quadratic.

Addition of more convex and non-convex constraints on control and

phase variables to the basic model.

. Replacement of a linear system of ordinary differential equations with

a non-linear one.
Real-time control restructuring when the object deviates from the

program mode trajectory.
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CHAPTER 2. CONSTRUCTION OF REACHABILITY AND
CONTROLLABILITY SETS

Practical implementation of optimal control problems with the transition
to linear programming has shown the theoretical importance of justifying the
feasibility of solving the problem, that is, the existence of the optimal solution.
This led to the problem of analyzing the sets of reachability and controllability
of the original problem. Chapter 2 considers the construction of these sets.
Paragraph 2.1 contains definitions of the sets of reachability and controllability.
Paragraph 2.3 shows that the problems of constructing these sets are equivalent
and can be reduced to the linear mapping problem for a multidimensional cube.
Then, in Paragraph 2.5, we analyze the existing approaches to the solution of
this problem. Since they are excessively labor-intensive, the question of creating
a more efficient algorithm arises. In 2.6 we propose an algorithm for constructing
sought sets as a system of linear inequalities. The correctness of the algorithm
is proved as a theorem. Further the complexity of the presented approach is

estimated.

2.1 Problem Formulation

The purpose of this dissertation is to solve the optimal control problem for
various classes of systems. However, it may not be known in advance whether
the solution of the problem exists. To answer this question it will be useful to
construct two sets: the reachability set is all possible states of the object that
can be reached in a certain time under the action of an admissible control, and
the controllability set is all initial positions of the system from which it is

possible to achieve the final position in a given time by an admissible control.
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Let’s consider control problem (1.1)—(1.4). It can be supplemented with
any of objective functions (1.5)—(1.7), however, they will have no effect on the
existence of admissible controls. Therefore, the current chapter will deal with
the terminal control problem without any criterion.

Now let’s formalize the notions of reachability set and controllability set.

Definition 1. Let the controlled object be in the state  at the moment
t (0 <t <T). We call the reachability set X,(t,t, &) of problem (1.1)-(1.4) as
a set of all possible states (M (t), where t € (£, T, to which system (1.1) can
move in time ¢ — ¢ under the initial condition z(#) = # and the selection of a
control of form (1.3) satisfying the constraint:

X (t,t,2) = {zW () = 2(t) | #(1) = A(T)z(T) + B(T)u(Tt) + d(T),

~

x(t) = &, T € [t, t], u(T) satisfies (1.3), (1.4)}.

Definition 2. Let at time (0 < £ < T) the controlled object be in
the state 2. We call the controllability set Xo(t,t, &) of problem (1.1)-(1.4) as
a set of all possible states #(?)(¢), where t € [0, #), from which system (1.1)
can move in time £ — ¢ to the state x(f) = 2 by selecting a control of form

(1.3) satisfying constraint (1.4):

Xo(t, t,2) = {zP(t) = 2(t) | (1) = A(T)z(T) + B(t)u(t) + d(T),
w(t) =, T € [t, 1], u(T) satisfies (1.3), (1.4)}.

The purpose of the current chapter is to describe these sets in a convenient
form for analysis.

Although a linear controllable system is considered, methods for solving
non-linear problems often consist of using linearized systems. Therefore, it is
assumed that the results obtained here will be applied to algorithms for finding

optimal control in non-linear systems in Chapter 4.
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2.2 Literature Review

The problem of constructing sets of reachability and controllability has
been repeatedly considered in classical sources [15;63;64], in particular, they
present constructive methods for constructing sets of reachability in the form
of ellipsoids.

In the modern literature one can find works devoted to the construction of
sets for the linear problem [65;66]. There are also approaches to the construction
of reachability sets for non-linear systems [67-69], however, the described
approaches represent labor-intensive algorithms consisting, for example, in
solving the optimal control problem.

The difference of this work is the emphasis on a special type of control: it
is selected from a class of piecewise constant functions, due to which, as will be
shown below, the sets of reachability and controllability are convex polyhedrons
and are described by systems of linear inequalities. The goal is to implement a
constructive algorithm for constructing these sets, which can be used to quickly
check whether a point belongs to a reachability or controllability set.

The results presented in the current chapter were published in [11].

2.3 Transition to Linear Mapping Problem

Let’s show that the problems of constructing the sets Xl(t,f, z) and
Xg(t,f, z) are equivalent and can be reduced to the problem of linear

representation of a convex polyhedron.
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2.3.1 Reduction for Reachability Set

For problem (1.1) with initial condition 2 () = & we write out the Cauchy

formula, denoting Y(t) as a state-transition matrix of the system normalized

~

at t¢:
(1) (Bu(T) +d(7)) dt

8
=
I
<
=
=>
+
~
=
~5

and use the representation of the control in form (1.3).
Among the numbers 1, N we find k; such that (ky — 1)h < & < kih.

Similarly, we obtain a number ko such that either ¢ € [0,7T), then among the

numbers 1, N we can find ky for which (ko — 1)h < t < koh, or t = T, then

we assume ky = N.

Let’s set a sequence

(7 k= 1,

Sk =9 kh ifk=Fky,ky—1, (22)
¢ k=

Now rewrite (2.1) by expanding the brackets and using the representation

of the control as (1.3), taking into account (2.2):

S
T ]{72 k

o) = V(i3S / V()Y ()b (1) drus s | +
(2.3)

=1 k:kl k1
t

+/Y@?1@ﬂﬂﬁ.

Here b; denotes the i-th column of the matrix B.
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Let’s make substitutions:

Ul — (ul,k‘ly u?,k‘lv cee 7u7“,k‘17 ul,k‘l—i—lv u?,k‘l—‘rla cee 7u7“,k‘2)T ’
Sk N
b = [ Y)Y (1)bdr,
Sk—1
2.4)
© © L0 W (
B, — <blvk1,62,kl, S blk B bk> ,
t
@ + [Y( (T)d(T)d.
t

Then we rewrite equation (2.3) with (2.4) as follows:
Tr = BlUl + qi. (25)

Remark 2.1. Generally speaking, the matrix By and the vector ¢, and
hence the vector = depend on the parameters ¢, £, and &. Moreover, the choice
of t and t affects the size of the vector U; and the number of columns in
Bi. We assume that they are fixed, and for simplicity we omit the notation
of dependencies.

Thus, we obtained a system of linear algebraic equations in which the
matrix B; has dimension n x R, where R = r(ky — k1 + 1). The final value
of R is determined by the choice of points ¢ and £, for example, for t = 0 and

= T we have R = rN.

Let’s introduce Lgl) and Lél) as [R-dimensional vectors consisting of

L

g ooy lp

ko — k1 + 1 repeats of vectors (L,1,...,L,)" and ([} )T respectively.
Then the direct constraints on the components of vector U; can be

rewritten as
V< <Ly, (2.6)

As we see, the problem of constructing a reachability set is to find all
vectors x(t) such that there exists the vector U; whose components satisfy

two-sided constraints (2.6), and linear equation (2.5) is satisfied.
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Let’s simplify the form of problem (2.5), (2.6). We replace the vector of

controls and the vector of phase variables:

1 1
Wy - (Lg,;. + Lé})

Vi = 2 1 ) ] — L_Ra
Lg,} - Lﬁ} (2.7)
1

We also introduce a matrix P of size n X R, consisting of columns

1

1 1
pf:§BM<L2“‘L8)v

where B ; is the j-th column of the matrix D;.

In new variables (2.7), problem (2.5), (2.6) will look like

y = Pu,

_ (2.8)
—1<Uj<1,]:1,R

Thus, to construct the reachability set it is necessary to perform a linear
mapping of an R-dimensional cube into an n-dimensional space. The matrix of

the linear operator is the matrix P of dimension n x R.

2.3.2 Reduction for Controllability Set

Similarly, let’s reduce the problem of finding the controllability set. For
problem (1.1) with finite condition x(f) = # we consider the Cauchy formula
by expressing I:

A

F=Y 7 (t)x(t) + /Y_l(’t) (B(T)u(T) +d(1)) dT. (2.9)

Among the numbers 1, N, find k; and ky such that (ky — 1)h <t < kyh,
and either ¢ € [0, T), then there exists ko such that (ky — 1)h < t < kyh,
or t = T, then ks = N.
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Let’s set a sequence

(¢t ifk=k -1,
sv=1< kh if k=T ks — 1, (2.10)

i if k= k.

We rewrite (2.9) by expanding the brackets and using the representation
of the control in form (1.3), taking into account (2.10):

Sk

—V(i-Y Z / V()Y (1)bi (1) drrug,

i=1 k=hy \’ |
{ (2.11)
_ / V(Y (t)d(1)d
t
Let’s introduce a notation:
U2 — (u1k17 U’le) AR 7u7”k17 ullirl) u2k1+17 AR 7u7“k2)T 9
Sk R R
B = — [ V()Y (1)bdr,
Sk—1
2.12)
(5@ @ @ @ O ) (
By = (b1k17 b2k17 R brk17 blkl—i—l’ b2k1+17 cee brk2> ;
. L
@ =Y ()T — fY(t)Y_l(T)d(T)dT.
t
Then we rewrite equation (2.11) with (2.12) as
T = BQUQ + qs. (213)

Inequalities (2.5), (2.13) have the same form. Then, taking into account
the direct constraints, the problems of constructing the reachability set and
the manageability set can be reduced to problem (2.8). In this sense they are

equivalent.
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2.4 Properties of Sets

Here and below we will consider the properties of the reachability set,
implying that they are also true for the controllability set.

Taking into account the results gained in Paragraph 2.3, let’s introduce
two sets.

Definition 3. We call the set V = [—1; 1]% as a set of admissible controls,
and the set Y = {y € R"| Jv € V:y = Pv} as a set of admissible states.

Property 1. Y is a nonempty, bounded, closed, convex set.

It follows from the fact that the set V is nonempty, bounded, closed, and
convex, and the linear mapping retains the above properties.

Property 2. Y is a convex hull of points {p!, ... ,pQR}. Here p* = Pv*,
and v* are vertices of V.

The set V Ls evidently a c%nvex hull of its vertices, i.e. Vv € V dAp,
k = 1,?: v = 22:7\;@1)’“, where i?\k =1, Ay = 0.

Then Vy éZIY JA; such t]flza%c

2R 2R 2R
y=> MNP =3 At Y M=1 A0, k=12
k=1 k=1 k=1

Hence, the set Y is a convex hull of vectors p¥ = Pv*.

Property 3. Y is a convex polyhedron whose vertices are a subset of the
set of vectors {p!,... ,p2R}, where p* = Pv¥, v* are vertices of V.

It follows from Property 2 and the properties of convex hulls.

Property 4. If y € Y, then also —y € Y.

If y e Y, then Jv € V: y = Pv. But also —v € V, and therefore
P(—v) = —y € Y.

Property 5. The set Y is described by a system of inequalities like
—b < Ay < b.
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This set is a convex polyhedron and can be described by a system of linear
inequalities. According to Property 4, if a;y < b; holds, then this inequality is
also true for —y : a;(—y) < b;. Then —b; < a;9.

2.5 Algorithms Overview

There are several approaches to solving the problem (2.8). We briefly
describe them below.
1) Construction of Conver Hull. As shown in Property 3, the polyhedron

¥ are vertices of the cube V. However,

Y is a convex hull of points Pv¥, where v
even with a sufficiently small dimension R, this approach looks unrealizable,
given the computational complexity of algorithms for constructing convex hulls.
Thus, if R = 100, we obtain 2% ~ 103" vertices of the cube.

2) Minkowski Addition. In the space R", we define R segments: from
the point —p' to the point p', from the point —p? to the point p?, etc. Then
find the set Y; as the geometric place of points belonging to the first segment:
Y, = {y € R"| y = yp', =1 < vy < 1}. Define the set Y, as the Minkowski

sum of the set [70] and the second segment:

Yo={yi+1 € R" y1 € Yy, 1o =vp?*, -1 <y < 1}.

Continue constructing the sums for all the segments, and at the end we

get the set Y:
Y={yi+p Ry € Yr, yo=7p", -1<y <1}

Unfortunately, this approach also has exponential complexity. The first step
will construct a segment connecting two points, the second step will construct
a polygon with four vertices, and the last step will construct a polyhedron that

can contain 2% vertices.
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3) Fourier — Motzkin Elimination. Algorithms that work not with vertices
of the polyhedron, but with its faces, look more promising. They include the
Fourier — Motzkin elimination |71|. Its main idea is to exclude variables from the
system of inequalities. The method iteratively removes one variable each from
the inequalities. Then, if we consider system (2.8) as a system of inequalities
with respect to variables y and v, the problem is reduced to the exclusion of
R variables v; from this system.

Nevertheless, this approach also has a disadvantage — when excluding
variables, too many redundant constraints are generated, and if you do not
eliminate them at each step, the end of the algorithm will result in a system

of n - 2% inequalities.

2.6 Set Construction Method. Theorem

We set the goal of building a more efficient algorithm. The first step is to
remove unnecessary (linearly dependent) state variables. If the rank of matrix
P is less than the number of rows, we select n —rank P components of vector y
and express them through the rest. Thus, we will obtain n —rank P constraints
of the equation type. Further on, we will assume that this step is passed and
there is a matrix P of full rank: rank P = n < R. Besides, we will assume that
n > 2 (at n = 1 the algorithm of construction of the set is rather obvious).

Now we will go through the columns of the matrix P. We select n — 1
linearly independent columns and find a fundamental system of solutions with

respect to the vector-row a for the equation

a(p,....p ) =0. (2.14)

This is a one-parameter family of solutions. Let’s choose some value from it.

For example, we can add the constraint ||a|| = 1 for uniqueness of the solution.
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In fact, vector a is a normal vector of the plane in the space R", constructed
by vectors p’t, ..., pin1.
Now we multiply a by the matrix P and find the maximum product of

the resulting expression by the vector v € V:

B = maxan = Z ap’|, (2.15)

where aP is an R-dimensional vector-row containing the values of projections
of the vector a to the columns of the matrix P. By construction, the projections
to vectors p’t,...,p/»1 are equal to zero. Since the components of the vector
v vary from —1 to 1 and do not depend on each other, the maximum value of
the item ap/v; is reached when v = sgn(ap’) and is equal to |ap’|.

Let’s introduce a matrix A consisting of vector-rows a constructed for all
sets of linearly independent columns p’*, . .., p/»! of the matrix P, and a vector

b consisting of numbers B corresponding to rows a. We also introduce the set
Y ={yeR" —b< Ay < b}.

Theorem 2.1. y € Y if and only ify € Y.

Proof. Necessity. Let the vector y € Y. Then there exists a vector v
such that y = Pv and v € V. Let’s show that —b < Ay < b.

Substituting the expression Pv instead of y in this inequality, for the

row [ we obtain

—B; < aPv < By,

or, the same,

R

R R
=D lap!| < Y aplv; < lap].
j=1 | =

Since v; € [—1;1], j = 1, R, the inequality is obviously satisfied for any [ = 1.k,
SO Y € Y.
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Sufficiency.

I. Consider a matrix A whose dimension is k X n, where k is a number of
different sets of n — 1 linearly independent columns of P. First, let’s show that
k > n. Since rank P = n, we can find n linearly independent columns in the
matrix P. Then we can make n sets of n — 1 linearly independent columns
in each.

Now let’s show that rank A = n. We construct a matrix P of n linearly
independent columns of matrix P: P = (p’,...,p»). By construction, the

matrix A contains n rows aj,...,a;, such that

ap' = =apt =Pt = =aqpt =0, i=1n

We make a matrix A from these rows. Then

allpjl 0 . 0
L 0 a.piz ... 0
AP=| lz_pi
0 0 - aph

Next, we assume that a;p’t = 0. This means that a;, P = (00 ... 0),
which implies linear dependence of the columns of the matrix P, which
contradicts the conditions. Therefore a; p’ # 0 Vi = 1,n. Then det(AP) # 0,
hence det(A) # 0, or the same, rank A = n.

Since the matrix A is composed of the rows of the matrix A, then
rank A > n. But since A contains n columns, then rank A = n.

I1. To prove sufficiency it is necessary to show: for any point y € Y there
is a point v € V such that y = Puv is true. Let’s start by proving this for
vertices of the set Y.

Choose a point ¢ from the space R™ such that —b < Ay < b is satisfied.
Among these inequalities there exist n such constraints that

1. the rows ay,...,a;, generating these inequalities are linearly

independent,
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2. at the point g these inequalities become equal by one of the two-
sided constraints. Without limiting the generality of the foregoing,
we assume that the upper constraints transform to equations:
a,y = B, i = 1,n.

Under these conditions, the point ¢ will be the vertex of the polyhedron Y.

Since rank P = rank{ P, ¢y} = n, the system of equations Pv = g will have

at least one solution. It is necessary to show the existence of a solution at v € V.

Suppose the opposite: for any vector v that is a solution of the system

> 1.

Pv = g, there is a number j* that |v;

ITI. We define vector © : Pv = ¢ so that it has a number of convenient
properties. For this purpose, we choose some equation a;,y = [3;,. For
convenience we denote @ = a;,, B = Py,

The columns of matrix P can be divided into two classes: orthogonal
and non-orthogonal with row a. Let the number R; denote the quantity of
orthogonal columns. It follows from the properties of the row @ and the matrix
P that Ry > n — 1, but there is at least one non-orthogonal column. For

simplicity, let’s rearrange the columns of P so that the orthogonal ones go first:
ap) =0, j=1,Ry,
ap’ #0,j=Ri+1,R.
Now suppose that 9; = sgn(ap’), j = Ry + 1, R. In this case, the equation
ay = B will be fulfilled regardless of the values of the other 0

R R R
aj=aPi =Y apt;= » apsgn(@p’)= Y _ l|ap’|=p.
J=1 J=R1+1 J=R1+1
Further, we wonder about finding 91, ..., Ug,. By the construction of a we

know that there exists a set of n — 1 linearly independent columns of matrix P
orthogonal to the row a. Hence, rank{p®, ..., pf} = n — 1. Then we can select
n — 1 columns as the basis of this subspace, and express the other columns

through them. Let the basis columns be the columns p', ..., p" !

Cl,jpl _I_ e + Cn—l,jpn_l +p] e 0’ ] = n’ R]_ (216)
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Next, we introduce a notation:

R i A
( ar, \ ( B, — Zj:Rl—H ay, P’ \
R N
ap_, Bli—l T Zj:R1+1 ali—lpjvj

R i A
ar; Blz‘+1 — Zj:RH—l al¢+1pjvj

Kazn ) \ B = T )

Then there is a system of n — 1 equations with R; unknowns:

Aoy + - -+ pfog,) = b. (2.17)

We will call those ©; which are at the columns included in the subspace basis
as basis variables, and a solution of system (2.17) as a basis if the values of the
non-basic variables are zero. In addition, we denote the set of indices of basis
variables by the symbol B, and of non-basic variables by N B.

Lemma 2.1. If for any solution of system (2.17) there is such a

number j* that |0;-

> 1, then there exist a basis solution © and number j'
such that |0y > 1+ > cnpleyjl

Proof. For simplicity, let the set of indices of basis variables equals
B =A{1,...,n—1} then NB = {n,n+1,... Ri}. Let’s introduce a matrix
Py consisting of columns (p!,... p" 7).

Since the matrix AP, has size (n — 1) x (n — 1) and its rank is n — 1,
system (2.17) has a single solution for the given basis. Let’s find it and denote
by v1,...,Un_1.

We will prove the lemma by induction, depending on the number of non-
basic columns.

1. Let Ry = n — 1. By the condition of the lemma, there exists j* such

2. Let Ry = s, s > n—1 and there exist a basis {1, ...,n—1} and number
J1 such that |0; | > 1+ Zj;ll |cj, ;|- It is necessary to show that there

is a basis solution ¥ and number j such that |0y > 1+, ypleyjl.
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We rewrite (2.17) by replacing the basis solution:
121 (plf)l —+ +pn_1@n_1) = ZA)

On the left side of the equation, we subtract and add the expression flpsks,

where A, is some parameter:
A(p'or+ -+ p" Mt — pUA + POAS) = b

Now for the subtractable part, let’s represent p*® as a linear combination

of columns p', ... p" ! according to (2.16):

Thus, we obtain a new solution of system (2.17), depending on the

parameter Ag:

(

77]' + Cj,s}\& J=1n-— 17

V=4 0, j=n,s—1,

As, ] =Ss.
\

We will consider A; in the range from —1 to 1.

By the problem condition, there exists a number j; that |9,,| > p, where
u=1+ Zj;ll |cj, j|. Let’s consider what happens to ©; when A is varied.
Without limiting the generality of the foregoing, we assume that |0, | increases
as Ag increases, i.e. |U;, + ¢, s| = [0;,] + |¢j,s|- Then two variants are possible:

a) When Ay is reduced to —1, the absolute value of ¥; remains greater
than pw. Hence, |0;, — ¢j, 5| = |0;,] — |¢js] > 1+ Zj;i |cj,.i]. In that case the
lemma is proved and 7' = ji;

b) There is a number A} within (—1, 0) that |0;, + Alc¢j, 5] = . In this
case, by the lemma condition when A, = Al there exists a number j, for which
it is true that |0;, + Alcj,s] > p. Then we look in which direction |9;,| changes
as As approaches —1. If it decreases, then by analogy with j; either j' = j, or

there is a number A2 (=1 < A2 < Al) for which the equation 0, + ?\g%s\ =u
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holds. There is a number j3 such that |0, + Acj, 5| > p. Continuing by the
same logic, for some number jj, it turns out that |9, —c¢;, s| > W, hence j' = ji.

If |0,,] increases as Ay decreases, i.e. |0, — ¢j,.s| = |05, + |¢j,.s], then
given the continuous dependence of ¥;, and ©¥;, on A; we can determine a small

positive number ¢, for which the next system is valid

10, + AL+ €)cjps| = [0, ]+ (AL + &)l ] > n,
‘6]'2 + (7\; + E)CJQ,S‘ - ’{)Jél - (7\; + 8)‘Cj278| > W

Then we multiply the second inequality by ZL and add to the first one:
7258
=~ Cj17s ~ Cj175
|Uj1‘ + ) |’Uj2‘ > U (1 + - > . (218)
J2,8 72,8

Now we need to rebuild the basis, i.e., add the column p® instead of p’2:
By = B\{j2} U{s}, NB;=NBU{js}\{s}.

To do this, we need to find A4 such that ©;, is zero. The new basis solution can

be expressed through the old one as follows:

2

U = =0, € BA\{s},
6(3) — < _ﬁij]Q? ] — S,
o, j=j€ NB,.

The representation of the non-basic columns through the basis columns

will also change:

ST+ =0 VjeNB,

keB,
where
,
Ckj — Cjz,jc%;a Vk € BS\{S} Vj € NBS\{jQ}a
W) “omimn k=so o VieNBA{R)
kg Ck s . .
e vk € BA\(s}, j =
1 _ .
[ S’ k=s, J = Jo-
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Consequently, it must be shown: in the basis solution ©; there exists a

number j’ such that |@](.‘,9)\ > 14+ icns, )|

From the earlier assumptions we know that v;c¢;, > 0 and

04,¢j,.s < 0. From this we can conclude that v, ( — Sﬁj2> < 0, and therefore
72,8

|17j1 = |0 = 2% = |0;,| + ‘—vjz Using (2.18), we obtain the inequality
s—1 . C
j=n 72,8 J2,8 j= J2,8

or in other notations:

77> 1+ | il

>

JEN B,

s—1
(s)
+ 2|
j=n
In this case j° = 71. Thus, the lemma is proved, and we can return to the proof
of the main theorem. ]

For simplicity, we define v1,...,0,_1 as the basis variables. Also we

assume j° = 1, and re-define ¢j ; as ¢;. Then we can refine the vector

01> 1+ 30 e,
0; =0, j=n,Ry.

IV. Let’s show that among the rows of the matrix A there is a row a*
such that

l. a*'p? =a*p’=---=a'p

2. sgn(a*p') = sgn(0y).

3. (a*p/)(@p’) 20 Vj=T1R.

It is known that rank{p',p? ...p" '} = n — 1. Since rank P = n, there
is a column p® in this matrix such that rank{p', p?,...p" 1, p*} = n, and then
rank{p?, ...p" L p°} = n—1.

By construction, there exists a row a in the matrix A such that ap? =
ap® = -+ = ap” ! = ap® = 0, but ap' # 0.

Due to the fact that the inequalities —3; < a;y < [3; are invariant with

respect to zero, one can replace the row a; with the row —a; in the matrix A.

Consequently, it is possible to achieve ap'd; > 0.
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Thus we have shown the existence of the vector a satisfying requirements
1 and 2. The fulfillment of requirement 3 will be shown by induction.

Base case. For j = 1,n — 1 it is obvious that ap’ = 0.

Induction step. Let (ap’)(ap’) > 0 for j = 1,k — 1, but (ap®)(ap”*) < 0.
Then there exist two non-negative numbers <vy; and <vys for which
viap® +veap* = 0 holds. Let’s introduce the row a* = yia + V2@, in which
case a*p¥ = 0. Since @ is orthogonal with vectors p',p?,...,p" ! and, in turn,

a is orthogonal with vectors p?,...,p" !, p®, it is true that

a'p) =(a+a)py’ =0 Vj=2,n— 1

Thus a*p'd; = ap'®; > 0. This means that the row a* satisfies requirements
1 and 2.
In addition, in the case of Vj = 1.k

(a*p’)(ap’) = (yriap’ +vaap’)(ap’) = vi(ap’)(@p’) + va(ap’)(ap’) > 0.
[t remains to show that a* enters the matrix A. In the matrix A there exists a

row a;, constructed as a solution of the system of n — 1 equations:
ap® = = ap" = ap’ = 0.

Since the solution of this system is a one-parameter family, and a* is its solution,
then a; and a* coincide up to the multiplier. Since the multiplier does not affect
the properties (and the row can always be multiplied by —1), we can say that
a* is a row of the matrix A.

Thus, by induction it is shown that there is a row a* that satisfies the
three requirements.

V. Let’s find what B* = Iilezg((a*Pv) equals. Earlier we defined how
the non-basic columns are expressed through basis columns (2.16). Let’s take
advantage of the fact that a*p’ = 0 for j = 2,n — 1. By multiplying equations

(2.16) by a* on the left side, we obtain the equations

atp’ = —cja*pl, Vi =n,R;.
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Then

R
B* =a'p'sgn (a'p') + Z —cja*p') sgn (—¢;a’p') + Z a*p’| =

Jj=Ri+1
R
p'| (1+ch‘|> + ) Ja]
j=n Jj=Ri+1

Now let’s find the value of a*Po. Since a*p’ =0, j =2n—1, 9; = 0,

j = n,Ry, and 9; = sgn(ap’), j = Ry + 1,R, we get the expression

R
a*Po = a*plo; + Z a*p’ sgn(ap’).
Jj=Ri1+1
Since (a*p’)(ap’) > 0, then sgn(a*p’) = sgn(ap’). Let’s rewrite the

previous equation taking into account that a*Pv; > O:

R
a*Po = |a*p*| 04| + Z la*p| .

Jj=Ri+1

Finally, let’s estimate the expression a*Pv — *:

Ry
a* Py — B* — |a*p1’ <61| —1- Z Cj) > 0.

j=n
Hence, a*Pv > %, and since y = Pv, a*y > 3*. Thus, a contradiction is
shown: § ¢ Y. So there exists © such that § = P9 and © € V.

VI. It has been shown that the vertices of the polyhedron Y belong to
the set Y, denote the vertices as 3, ..., 3"

It is known that a polyhedron can be described as a convex hull of its
vertices, i. e. y € Y if and only if y = Z?Zl Aiy’, where Z?Zl A=1,A >0
Since y* € Y, there exists a vector v* € V for which 3 = Puv’. So,
y=35S" Ay =" \Pui = Pu.

Since V is a convex set, the convex hull of points belonging to it is part
of it. Hence, v = Zle v' €V, s0y €Y. As a result, it is shown that if y € Y,
then y € Y. ]
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2.7 Algorithm Analysis

As a result, the algorithm for constructing the reachability
(controllability) set of problem (2.8) consists of the following steps:

1. Transition from the construction problem of the set Xl(t,f, T) or
Xo(t, t, z) to linear mapping problem of R-dimensional cube to
n-dimensional space (2.8).

2. Excluding linearly dependent equations from the system y = Pv. To
do this, we can use the Gauss method. If rank P = nq, the result will
be n — n; linear equations with respect to y.

3. Iterating over all sets of ny — 1 linearly independent columns of the
matrix P. For each such set of columns, a vector-row a is calculated
as a non-zero solution of a homogeneous system of linear algebraic
equations (SLAE) with a transpose matrix consisting of columns
(2.14). To find @, we can use the Gauss method or any other method
for solving SLAEs.

4. Calculating B for rows @ (2.15). Then matrix A, consisting of all found
a, and corresponding vector b of numbers [~3 are formed. The system
of inequalities —b < A < b is the result of mapping (2.8).

5. Return from variables y to x. As a result, reachability set Xi(t,%, 1)
or controllability set Xy(,%,2) are described as a system of n; linear
equations and series of two-sided linear inequalities.

The maximal possible number of rows in matrix A is the number of

combinations C'. One can find the rows a as a solution of system (2.14) or as a
generalization of the vector product on the ni-dimensional space. For example,

for three-dimensional space, the row @ for columns p’* and p’?> can be found
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as the determinant:

p]11 pj2
p.;l pj2 .

g1 J2
P3s D3

Q
I
T S Sy

Thus, the problem can be reduced to the calculation of C' n;-dimensional

determinants.

2.8 Chapter 2 Conclusion

An algorithm for constructing sets of reachability and controllability
for a linear control problem with bilateral constraints is proposed. The
algorithm consists in the transition from problem (1.1)—(1.4) to system (2.8),
the construction of a system of linear inequalities with respect to y, and
the transition back to the variables x(t). As a result, the reachability
(controllability) set given by the system of linear constraints is found.

Besides the direct use of these sets, there are two other useful applications:

1. In a control problem with an external perturbation that can make

major corrections to the object’s motion, and the control is therefore
periodically real-time rebuilt [7], it may be useful to assess at each
realignment whether the desired position of the system is reachable.

2. Non-linear optimal control problems can be solved by system

linearizations. Thus, in Chapter 4, we will describe a control
construction algorithm for non-linear systems, which consists of a
consecutive system linearization and construction of control for the
linear system. However, due to the inaccuracy of linearizations, it may
turn out that the desired final state is not reachable. The possibility
of this problem can be minimized by assessing, at each step, how far

the final state is from the boundary of the reachability set.
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CHAPTER 3. CONSTRUCTION OF OPTIMAL CONTROL
SUBJECT TO CONSTRAINTS

In this chapter we set a problem to study the possibility of taking into
account additional constraints on control and phase variables for the linear
terminal problem (1.1)—(1.3) with the linear objective function (1.5) or with
the quadratic functional (1.7).

In Paragraph 3.1, the question of choosing a class of admissible controls
will be considered in detail. In addition to the class of piecewise constant
functions (1.4), which was chosen as the main one for this dissertation work,
controls in the form of piecewise linear and piecewise quadratic functions are
also of interest. The use of more general classes leads to a complication of
the problem solution, but for all that, additional conditions can be imposed
on continuity and smoothness. For example, for the problem of controlling
wheeled mobile robots, which are used to transport people with disabilities,
the smoothness of control actions is the most important criterion [72].

In [10] a control method in the class of quadratic splines was proposed.
The results presented in Paragraph 3.1 are a follow-up of the outlined approach.

In Paragraph 3.2 the control problem with additional constraints on
controls and phase variables will be studied. First, linear constraints on controls
will be considered, then the question of constructing controls for non-convex sets
of admissible controls will be considered. Further the problem with constraints
on phase variables will be covered. Note that the problem of control construction
under convex linear constraints on phase variables at given moments of time

was studied in [73].
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3.1 Constraints on Class of Controlling Functions

In this paragraph, we consider the problem of controlling a linear system
under various constraints on the control class. Three classes are of the greatest
interest:

1. Control as a piecewise constant function.

2. Control as a piecewise linear function.

3. Control as a piecewise quadratic function.

The choice of such classes is caused by the convenience of solving the
problem while preserving the efficiency. At the same time, consideration of
control in one of the given classes makes it possible to achieve piecewise
continuity, continuity or smoothness of controls, which is often an important
requirement resulting from the physical properties of the processes under study.

Thus, the selection of controls in the first class allows to achieve piecewise
continuity, in the second class — piecewise continuity or continuity, in the third
class — piecewise continuity, continuity or smoothness.

The class of piecewise constant functions (1.4) was covered in detail in

Chapter 1. Now we will focus on the alternative choices of the control functions.

3.1.1 Linear Problem with Piecewise Linear Control

Let’s consider the case in which the components of the control vector are

piecewise linear functions:

(1) (0)
Dt e p® t ey, t), .
ui(t) = Pig T Pay -1, t) i=1,r. (3.1)

k=T1,N,

where t, = kh.
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We will show an algorithm for reducing the linear optimal control problem
(1.1)-(1.3), (3.1) with the objective function (1.5) or (1.7) to a mathematical

programming problem.

Continuity Conditions Reduction

Since the controls are represented as piecewise continuous functions,
discontinuities are possible only at knots. Therefore it is necessary to add

continuity conditions at the junctions of time segments:

Pt + B = Pt + P, k=LN -1, i=Tr. (32

Thus, the continuity conditions have been reduced to (/N — 1) linear equations
with respect to the variables pgg) and pﬁ:).
If the problem does not require continuity in the knots, it is worth

disabling the constraints (3.2).

Terminal Conditions Reduction

The conditions for the initial state of the object are always satisfied since
they are part of the Cauchy problem. Let’s define the conditions for the final
state.

We write out the Cauchy formula for the system (1.1) at the final moment

of time:

2(T) = Y(T)z. + / Y (T)Y =1 (t) (B(t)u(t) + d(t)) dt.
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Let’s divide the time segment [0, T'] into N segments of equal length and apply

the representation of the control in the form of piecewise linear functions (3.1):

2(T) = Y(T)z, + / Y (T)Y " (£)d(t)dt+
0

r ty tr

DY / Y(T)Y " (0)bi(t)tdt | ) + / Y(T)Y ' (t)bdt | ply)

1=1 k=1
k-1 k—1

Section 3.1.3 will address the issue of calculating integrals of the form

/ ' Y(T)Y (t)bdt, / ' Y(T)Y " Ht)btdL,

tk—1 tk—1

but in the meantime let’s re-define them, having in mind that they are

constants:
133
pR0 = [ Y(T)Y (t)bi(t)dt,
t’“;,j k=1TN, i=1r,
bRl = [ Y(T)Y H(t)bi(t)tdt,
te—1

In addition, we introduce a notation:
T

d =Y (T)x, + / Y(T)Y Y t)d(t)dt.
0

Then we can write out the representation of x(7") as a linear function of the

variables pz(.,g) and pf.;):

r N
o(T) = a4 303 (040 + 0 ) 33
1=1

k=1

Let’s substitute the expression (3.3) into the boundary condition (1.2):

r N
Hd -+ ZZ <Hbi,k,0p§2) I Hbz‘,k,1pz(;)> .y
i=1 k=1
and introduce a series of new notations:
hi,k,O — Hbi,k,o,
ikl — Fpido

k=1N, i=1r,

g=¢"— Hd.
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Now we write out the resulting conditions:

r N
Z Z (hg,k,opgg) n h;,k,lpﬁ)) =g, l=T1m. (3.4)

1=1 k=1

Thus, the terminal conditions (1.2) have turned into m linear equations (3.4)

with 2r N variables.

Reduction of Direct Constraints on Controls

According to the direct constraints (1.3) and the representation of the

control functions in the form (3.1), the following conditions must be met:

W <pDe+pW <1 Ve[, tr), k=1N, i=T1r

Since linear functions are monotonic, it is sufficient to consider these inequalities

at the ends of the considered time intervals:

S A (3:5)
W<l <@, |

i
Hence, the direct constraints (1.3) are reduced to 4rN linear inequalities (3.5)

with respect to 2rN variables pz(.g) and pz(.,?.

Objective Functions Reduction

In order to reduce the first objective function, we use the representation
of the final state of the object (3.3). Then we can write the criterion (1.5) as

a linear function of the variables pgg) and pgi):

r N
J = cld + Z Z (CTbi,k,opz(g) n CTbi,k,1p§;)> .
1=1 k=1
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Since the first item is a constant, we can remove it from the objective function,

keeping in mind that this may change the value of the functional:
r N
— Z Z (c”k’opgg) + cz’k’lpﬁ)> — min. (3.6)
i=1 k=1

In (3.6) we introduced notations

ik0 _ Tpik0
Y = ¢t hhY,

Cz,k,l — CTbZ’k’l,

Thus, (3.6) is a linear functional with respect to the variables pz(.,g) and pz(.,i).

The second criterion (1.6) will not be considered for this type of control
because finding the modulus from the piecewise linear function requires
additional calculations that are beyond the scope of this paper.

Now let’s proceed to the third criterion. We replace the control u(t) by a

piecewise linear function (3.1) in the objective function (1.7):

Z Z Z / Giriy (pzlkt + 1} ;1) (pg,lt + p(O,l) dt.

k=1 11=11o= 1121671

After calculating integrals and introducing new notations, we obtain a

quadratic form with respect to the variables pgg) and pgi):

N r r
= 30> (hihariinlh +
k=1 i1=1iy=1 (3.7)
h (0 o08) + i)

where

In Section 3.1.2 we will show that the constructed quadratic form is non-

negative definite.
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Results

It was shown how by choosing the control as a piecewise linear function,
the linear optimal control problem (1.1)—(1.3), (3.1), (1.5) can be reduced to a
linear programming problem (3.2), (3.4)-(3.6):

r N
S (4 + 4 pl) i
=1 k=1

p P+ =pP) b+ k=TN—1, i=Tr

ZZ( PR+ ) =g =T

=1 k=1

i <pite ) <1, —

k=1N, i=1r.
1Y < pi e+l <1,

This problem has the following characteristics:

— 2r N variables,

— (N — 1) + m linear equations,

— 4r N linear inequalities,

— linear objective function.

It was also shown how the optimal control problem with a linear system
and a quadratic functional (1.1)—(1.3), (3.1), (1.7) can be reduced to a convex
quadratic programming problem (3.2), (3.4), (3.5), (3.7):

(2) (1), (0) (0) (1) 3) (1) (1) :
Z Z Z < legkpllk zzk + hlllgk (pzlkpZQk +pzlkp22k) + hzlzgkpzlkpz k:) — min
k=1 ’Ll 122 1

1 0 1 0 S ) -
pz(k)t +pz('k) = pgklltk +p§k)+1, k=1N-1, i=1r

ZZ( zk() Zk +hzk1p£}1)) — g, lzl,_m

=1 k=1

S
<Pt + ) <1, N |

This problem has the following characteristics:
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— 2r N variables,
— (N — 1) + m linear equations,
— 4rN linear inequalities,

— convex quadratic objective function.

Example. Damping of Sleeping Lagrange Top

Let’s solve the damping of the sleeping Lagrange top, described in

Paragraph 1.5, by constructing a control in the class of piecewise linear

functions.
ui(t), ua(t) Optimal Control
2 -
—— U1 t /-
1 - >(t) \
0 -
/\
_2 L T T T T T T
0 2 4 10 18 20 t
n(t) Phase Portrait
10 A
0 -
_10 _
—|20 —|15 —|10 —I5 (I) é 1|0 &(t)

Figure 3.1 — Dumping of Sleeping Lagrange Top in Case of Control from Class

of Piecewise Linear Functions
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The reduction procedure was implemented in Python 3, and the quadratic
programming problem was solved using the COPT optimization package
(see Appendix A).

The total running time of the program was 0.57 seconds. The value of the

objective function is equal to 91.47. The results are shown in Fig. 3.1.

3.1.2 Linear Problem with Piecewise Square Control

Now suppose that the components of the control vector are piecewise

quadratic functions or, what is the same, quadratic splines:

PP+t te [t t), .

w;(t) = i=1,r. (3.8)
E=T.N,

where t, = kh.
Let’s show an algorithm for reducing the optimal control problem
(1.1)-(1.3), (3.8) with the objective function (1.5) or (1.7) to a mathematical

programming problem.

Smoothness Conditions Reduction

Since the controls are represented as quadratic splines, smoothness
between knots is guaranteed. However, it is necessary to additionally ensure
continuity and smoothness at the knots (the transition points from one
quadratic function to another).

Continuity in knots for the control functions:

9 1 0 9 1 0
pﬁ-ﬁi + pgk)tk’ + pgk) = pz(k)ﬂtz + pz('kirltk + pz('k:)+17

k=1N—1, i=1r.

(3.9)
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Continuity in knots for the derivatives of the control functions:

2+ o) =200 e+, k=TN—-1, i=Tr (3.10)

Thus, the smoothness conditions have been reduced to 2r(N — 1) linear
equations with respect to the variables p(®, p(), p(2),

Note that if the problem does not require smoothness at the knots, we
can disable the constraints (3.9). If continuity is also not required, we should

also disable the constraints (3.10).

Terminal Conditions Reduction

The conditions for the initial state of the object are always satisfied since
they are part of the Cauchy problem. Let’s define the conditions on the final
state.

We write out the Cauchy formula for the system (1.1) at the final moment

of time:
z(T)=Y(T)x, + /Y(T)Yl(t) (B(t)u(t) 4+ d(t)) dt.
0

Let’s divide the time segment [0, T'] into N segments of equal length and apply

the control representation in the form of quadratic splines (3.8):

Y(T)Y " Ht)d(t)dt+

2
=
I
=
3
= F
_|_
St~

+ZZ /Y(T)Y_l(t)bi(t)tht pz('/?"‘

tr tr

s [y ouoa | )+ | [ vy anod ) )

tr—1 Tk—1
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Section 3.1.3 will address the issue of calculating integrals of the form

/ YTy (bt / V@Y bt / YT o),

tk—1

but in the meantime let’s re-define them, given that they are constants:

. tk
bR = [ Y(T)Y 1 (t)b(t)dt,
th—1
‘ tr R
voRl = [ Y(T)Y ' (t)bi(t)tdt, k=1,N, i=1r,
tk—1
ty
b2 = [ Y(T)Y L (t)bi(t)t2dt,
tr—1

Similar to 3.1.1, we introduce the parameter d°:
T

& =V (T)z, + / Y (7)Y (t)d(t)dt.

After that we can write out the representation of z(7") as a linear function of

the variables p@, p()  p®.
r N
2(T) = 4+ Z Z (bi,k70p§2) + bi,k,1p§;) + bz’,k,2p§§)> . (3.11)
i=1 k=1

Now substitute the expression (3.11) into the boundary condition (1.2):

r N
Hd® & ZZ (Hbi,k,opz(_g) 4 Hbi,k,lpﬁ;) 4 Hbi,k,Qpl(z)) —
i=1 k=1

and introduce a series of new notations:

Rik 0 — frpisk0
hi,k,l — Hbi’k’l, k= 1,N, 1= 77
}lﬂkh2 ::_[[biJ;Z

Let’s write out the obtained conditions:

r N
SO (WM )+ h ) =g 1=Tom. (3.12)
1=1 k=1

Thus, the terminal conditions (1.2) have turned into m linear equations with

3rN variables (3.12).
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Reduction of Direct Constraints on Controls

According to the direct constraints (1.3) and the representation of the

control functions in the form (3.9), the following constraints must be satisfied:

< pP 4 pPt 0 <1 vie [ty t), k=1N, i=Tr.

They can be replaced by extreme conditions

t€lty—1, tr) Ek=1 1=1,r
@S (2)42 (1) (0) Y -
= sup (ptt ot )

tG[tk,h tk)
In that case, on each of the intervals [t;_1, 1) it is necessary to consider only
three points suspicious of an extremum: t;_;, t; and —pgi) / QpEi).
This leads to a constraint on the knot points:
1 2 1 0 2
<P ot +ply) <1,

0 <P ot p) <17

7

k=1,N, i=1r. (3.13)

The situation with the vertex of the parabola —pﬁv) / ng) is much more
complicated. It would be wrong to say that the value of an extremum must
satisfy two-sided constraints, since it is permitted to violate the bounds if the
extremum argument is to the right or to the left of the segment [t;_1, tx).

For simplicity, let’s re-define some variables:

(2)

pi=py, Ti=lpe, Toi=tg, b= lgl), ly = 12

i

Let’s introduce a notation for the values of the quadratic polynomial at the

knots:

2 1 0 2 1 0
v = Dt Pt e = D oy

Now we can express the variables pgi) and pgg) using p, y1, and ys:

1 __ Y2— U

(0) Y2 — 41
Dy =

—p(T1 +7T2), p;. =pTiTe —
To — T To — T

T+ Y1-
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Then we can find the conditions under which the top of the polynomial equals

the upper boundary I:

2
Y2 — Y1 Y2 — U1
— (T T —4 T1To — T — 1 | =0.
(TQ—Tl p(T1 + 2)) p(p 1T2 E—— 1+ Y1 2)

After a series of transformations we obtain a quadratic equation with respect

to the variable p:

2
(T2 —1)° P> + (—2(y1 + y2) +4b) p + <y2 y1> =0,
To — T1

It has two solutions:

P <\/12_yli\/l2_92>2.

Ty — Ty
Thus, the following problem was solved: to find the parameters of the
quadratic polynomial depending on its values at two given points (y; at Ty and
Y2 at T9) and provided that the extremum value is fixed and equal to some
predetermined number (l3). Analyzing the obtained results, we can understand
that the solution with the largest absolute value corresponds to a parabola,
whose vertex argument is between two given points (within the interval [Ty, T3]).
The remaining solution corresponds to a parabola whose vertex argument is to

the left or to the right of the given points.
As mentioned earlier, the constraint on the extremum of a quadratic
polynomial occurs only if it is located inside the segment in question. Therefore
in this case we are interested only in the solution with «plus» sign in the

numerator:

p:_(\/lz—yﬁr\/lz—yz)%

To— T

Doing the same for the lower boundary, we find two-sided constraints on p:

_(\/52—y1+\/lz—y2)2<p< (\/yl—l1+\/y2—l1>2

To— T To— T

(3.14)
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Now let’s return to the original notations, introduce new variables sﬁv), SZ(-?,

352) : SZ(-:) and add constraints on them:

si) = ol oy + e+ = 1,

s =P 6+ ot +py) =1,

s =1 e W = pl), k=TN, i=17r. (3.15)
s =17 = i~ p e —

s 20, sy 20, sy >0, sy >0,

After that let’s rewrite the inequalities (3.14):

V0 41/ NZONRVACAS S
T/N <pi < T/N

Then, expanding the brackets, we obtain the following non-linear constraints:
2
T2 < N? < Wt s +2y/sy) z(k:)>

1) > - (o) o) 2y

) k=1N, i=1r. (3.16)

Technically, we could have stopped at constraints (3.16), but such non-
linear inequalities containing square roots are extremely inconvenient for finding
the optimal solution, since they introduce non-convexity into the calculated
model and are difficult for solvers to perceive. Therefore we will try to reduce
them to convex constraints.

Let’s introduce non-negative variables rﬁ) and rg) and express the non-

linear part (3.16) through them:
2
()" <l
(T@))Q <4sPsW  k=TN, i=Tr (3.17)

iy 20, 20,

Note that the constraints (3.17) belong to the class of conic equations of second
order, we can prove that such constraints have convex set of solutions. This fact
greatly simplifies the optimization problem. This result is the main achievement

of the current paragraph.
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Finally, let’s write out the final representation of constraints (3.16):

Tof? < 8 (sl o +lP).

k=1N, i=1r. (3.18)
12 5 N2 (o0 4 off 112,

As a result, it is shown how direct two-sided constraints (1.3) were
transformed into linear constraints (3.13), (3.15), (3.18) and quadratic
inequalities (3.17).

Objective Functions Reduction

In order to reduce the first objective function, we use the representation
of the final state of the object (3.11). Then we can write the criterion (1.5) as

a linear function of the variables p(®, p(M), p(2):

T N
J = cTd® + Z Z (CTbi’k’Opgz? n CTbi’k’lpz(z? n Csz',mpl(z)) .
i=1 k=1

Since the first item is a constant, we can remove it from the objective function,

keeping in mind that this may change the value of the functional:

r N
J = Z Z (Ci,k,opl(g) 4 Cz‘,k,lpz(li) X Ci,k,2p§i)) — s min, (3.19)
i=1 k=1
where
G0 — (Thik0,

¢kl — Tkl k=1N, i=T1r.

k2 = (Tpik2,

Thus, (3.19) is a linear functional with respect to the variables pO pM) p@),
The second criterion (1.6) will not be considered for this type of control
because finding the modulus from the piecewise quadratic function requires

additional calculations that are beyond the scope of this paper.
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Let’s proceed to the third criterion. We replace the control u(t) by
quadratic splines (3.8) in the objective function (1.7):

Z >y / G, (P2 + Pt + ) (pEAe2 + plit + p(0)) .

k=1 i1=1 1= 1t,1

After calculating integrals and introducing new notations, we obtain a

quadratic form with respect to the variables pgg), pg,i) and pgi):

SYYYY Z (hseplsnls?)) (3:20)

k=1 i1=114=1 ;=0 o=

where

Since () is a non-negative definite matrix, it can be proved in three steps

that the quadratic form in formula (3.20) is also non-negative definite:

1. The final matrix is a block-diagonal matrix consisting of N blocks.
Therefore it is necessary to show that each block is a non-negative
definite matrix.

2. If we fix t for each k, then it turns out that u;(t) is a linear function with
respect to pgg), pgi) and pl(.,z). Then we can show that the superposition
G(F(&)) is a non-negative definite quadratic form if G(n) is a non-
negative definite quadratic form and F'(§) is a linear function. Hence
we obtain that under the integral there is a non-negative definite
quadratic form with respect to the variables pz(.,g), pgi) and pl(.z) for each
moment ¢.

3. Next, we use the fact that the result of integrating a non-negative

definite quadratic form over the parameter ¢ is a non-negative definite

quadratic form.
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Remark 3.1. Since piecewise constant and piecewise linear functions are special
cases of piecewise quadratic functions, it follows that in (1.14) and (3.7) also

non-negative definite quadratic forms were obtained.

Results

It was shown how by choosing the control as a piecewise quadratic
function, the linear optimal control problem (1.1)—(1.3), (3.8), (1.5) can be

reduced to a programming problem with quadratic constraints (3.9), (3.10),
(3.12), (3.13), (3.15), (3.17)-(3.19):

r N
S () + Y ) i

i—1 k=1
P28+ Pt 4+ = p@ 2+ otk + 0, k=TN—1, i=T1r
%$m+é?=%ﬁhm+@ﬂp k=TN-1, i=1r
ZZ sz hzkl (1) hzk2 2\ o
lk‘ + pzk + plk. = g[, l = 1,m.
1=1 k=1
1 9 1 9
lz( ' < pﬁk)ti_l +pz('k')tk*1 +p§k) < lz( ) F_ 1IN, i—To
IV < pP8 oty <1,
1 9 1 0 1
Sz(k) = pgk)t%—l + pgk)tkfl + pz('k) lz( g

S = P B+ P e+ oy — 1
s =17 = pP8_ — Pt —plY), k=TN, i=1r.

s =17 = o6 — ot — piy,

() <aifif
2 _
(7"@(13) < 431(2)52(2), k=1,N, i=1r
)



This problem has the following characteristics:

Variables

1. 3rN basic real variables: p(k), pgk) pgk) k=1N,i=1r.

2. 6rN real non-negative variables: 3(,1), sgk), Ek), Eé), Z(k), z(k), k=1N,
1= 1,r.

Constraints

1. 6rN —2r+m linear constraints: (3.9), (3.10), (3.12), (3.15). Thus, the
number of variables can be reduced.

2. 6rN linear inequalities: (3.13), (3.18).

3. 2rN quadratic inequalities: (3.17). Although the quadratic constraints
are not represented by non-negative definite quadratic forms, they are
conic equations of the second degree. And then it can be proved that
if the variables SZ(.,?, sgz), SEZ), sgi) are non-negative, the set of solutions
for these constraints is the convex set.

Thus, for this optimization problem there is a convex set of admissible

solutions.

Objective Function

The objective function (3.19) is a linear function of the variables p§2)7

P P k= LN, i = Tr
The optimal control problem (1.1)—(1.3), (3.8), (1.7) with a linear system
and a quadratic criterion can be reduced to a programming problem with
quadratic constraints (3.9), (3.10), (3.12), (3.13), (3.15), (3.17), (3.18), (3.20).
This optimization problem has the same characteristics as the previous
version except that the objective function is a convex quadratic function (3.20)

of the variables pgg), pz(.,i), pgi), k=1N,i=1r.
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Example. Damping of Sleeping Lagrange Top

Let’s return to the damping of the sleeping Lagrange top problem,
described in Paragraph 1.5, by constructing the control in the class of piecewise
quadratic functions.

The reduction procedure was implemented in Python 3, the quadratic
programming problem was solved with the COPT solver (see Appendix A).

The total running time of the program was 1.11 seconds. The value of the

objective function is 91.56. The results are shown in Fig. 3.2.

ui(t), ua(t) Optimal Control
2_
— u1t "\ / \/"
1 2(t)
0 /\/
_1-
_2_ T T T T /k T T
0 2 4 10 18 20 t
n(t) Phase Portrait
10 -
0_
_10_
—20 -15 -10 -5 0 5 10 W

Figure 3.2 — Dumping of Sleeping Lagrange Top in Case of Control from Class

of Piecewise Quadratic Functions
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3.1.3 Numerical Implementation

Integrating ODEs and Calculating Definite Integrals

In the course of the reduction phase, there was a question of calculating

integrals of the type

/ Y (T)Y 1 (t)b;(t)dt.

ti—1

First, let’s define the way to calculate the matrix Y (T)Y ~1(¢). Denote by the
symbol Yy, (¢) the state-transition matrix of a homogeneous system with matrix

A(t) normalized at the point t;:
Y (t) = A1), (1), Yi(h) = E.

Now transform the product Yy(T)Y; '(t) using the properties of the state-

transition matrix [74]:
Yo(T)Yy (1) = Yo(T)Yi(0) = Yi(T) = Y '(1).
Consider a conjugate system
= —AT(t)z. (3.21)

Let Z;, (t) be the state-transition matrix of this system normalized in ¢;. Its

main property is:
Z,(t) =Y, (1)

Then by substituting ¢; = T we obtain the equation ZZ%(t) = Y '(t). Hence,
the matrix Y (T')Y ~1(t) is the transpose state-transition matrix of the conjugate

system (3.21) normalized at T". To compute it, it is necessary to solve n Cauchy
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problems with the system (3.21) and different initial conditions z(7) = €j,
j = 1, n. It is assumed that the solutions will be found numerically. For example,
in this paper, the function odeint from the package scipy.integrate was used in
Python for this purpose.

After calculating the functions Zp(t) we are left to calculate the definite
integrals jlf ZE(t)b;(t)dt. They can be calculated in quadrature using the

tr—1
function quad from the same package scipy.integrate.

t 23
Integrals like [ Y(T)Y ' (¢)bitdt and [ Y(T)Y '(t)bit’dt can be

th—1 th—1

173
calculated by analogy or using the found values of [ Y(T)Y !(t)b;dt and
tk—1
the formulas of integration by parts.

In addition to calculating the above integrals, at the stage of reduction

there is a problem of determining the value of
T
Y (T)a, + / Y (7)Y (t)d(t)dt.
0

To do this, we need to use the library odeint to calculate the solution of the

Cauchy problem for the system (1.1) with zero control
T=At)Z+d(t), =(0)=u=x,

and find the value of (7).

Solution Scheme

The solution to this problem has been implemented in Python 3. The code
of the programs is available in appendix A, but now here is the upper-level
scheme of the solution.

1. Setting the conditions of the optimal control problem (1.1)—(1.3) with

the objective function (1.5) or (1.7).
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2. Selecting the control class: piecewise constant (1.4), piecewise
linear (3.1) or piecewise quadratic (3.8).
3. Calculating the parameters of a mathematical programming problem,
including the use of
— algorithms for solving systems of linear ordinary differential
equations using the function odeint.
— formulas for calculating definite integrals with the function
quad.
4. Solving a mathematical programming problem with the coptpy
optimization package.
5. Forming control functions based on the solution of the mathematical
programming problem.
6. Finding the solution of the original ODE system, closed by the optimal
control, using the function odeint.

7. Plotting solutions through functions of the package matplotiib.

3.2 Optimal Control with Constraints on Phase Variables and

Control Components

In this section we consider the problem of optimal control in the presence
of various convex and non-convex constraints on the phase vector and on the
control vector.

The basic model will be the control problem (1.1)-(1.5) with a linear
system of ordinary differential equations, terminal conditions, direct constraints
on controls, piecewise constant controls, and a linear objective functional.

This problem is reduced to a linear programming problem (1.9)—(1.11).
All constraints obtained in this chapter will be considered additional to the

main model.
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3.2.1 Control Components Constraints

Convex Linear Constraints

We supplement the linear problem of optimal control with a set of

constraints with respect to the vector of controls wu:
Du < d.

Here D is a matrix of size ¢ xr, consisting of columns d;, and d is a g-dimensional
vector.
Then we can reduce these constraints to linear inequalities with respect

to the variables w;:

» dwg<d, k=1N. (3.22)
i=1
Thus we obtained ¢gN linear inequalities, which should be added to the linear

(quadratic) programming problem.

Non-Convex Linear Constraints

We now assume that constraints of the «OR» type are imposed on the

controls:

(3.23)

Dy < d),
Given that the control has two-sided bounds (1.3), for any row y we

can find a parameter M such that for any admissible control the inequality
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will be satisfied
yu < M.

To do this, it is sufficient to determine M as follows:

M = ZYZ *Z+Z%l*

yz<0 yz>0

Similarly, we can define a vector d® for the matrix D®. Then for any

admissible control the following will be true

Then, given that the constraint blocks from (3.22) need not always be
executed, we introduce binary functions 4 () that are indicators of which block

o must be executed at the moment t:

1, if the inequalities D™®u(t) <
dal(t) = o

d® must be satisfied,
0, if the inequalities D®u(t) < d

(%) can be violated,

where o = 1,s. At the same time, there must always be one active block:

i d(t) = 1. (3.24)

Then we can rewrite (3.23) as a system of inequalities:

DWy < dW(t) +dV(1 — 81(t)),

D@y < dPsy(t) + dP (1 — 85(2)),
) 2(t) (1= 02(1)) (3.25)

D¥u < d¥5,(t) + d¥ (1 — 8,(1)).

\

Now we can move from dynamic constraints to static ones. Since the
control is selected from the class of piecewise constant functions, without
limiting the generality of the foregoing, we can also consider 84() as a piecewise

constant function:

Sot) = a, k=LN, o=Ls,
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where 84 are binary variables. Then the equality (3.24) will transform to N

linear equations:

» =1 k=1N. (3.26)
=1

And the system (3.25) can be rewritten as:

Zdi’(xuik < d((x)(scxk + j(“)(l —bui), k= 1,—]\/', x=1,s. (3.27)

1=1

Here d“* is the 4-th column of D(®.

Example

Assume that for some control problem there is a two-dimensional vector

of controls with the following direct constraints:

In addition, there are two linear constraints:

ui(t) +ua(t) < 17,
Ul(t) — QUQ(t) < 6.

Moreover, the controls must not belong to the rectangle described by the
following inequalities:

2 < 5

2 < 7.

In Fig. 3.3 the set of admissible controls is shown in blue.
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Figure 3.3 — Non-Convex Set of Admissible Controls
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Let’s convert the requirements for not belonging to the set to the four

constraints of type «OR»:

(3.28)

To obtain a set of equations, we introduce the binary functions 81(t), 82(%),

03(t), 04(t) whose sum is equal to one:

61(75) + 52(t) + 63(t) + 54(t) =1.

Now we can rewrite (3.28) as

up(t) < 281(t) + 10(1 — 81(2)),
—ui(t) < —582(1),

) us(t) < 283(t) + 10(1 — 83(1)),
| —un(t) < —78,(0).
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As a result, the set of admissible controls will be described by the following

system:

—ui(t) < —58(t),

us(t) < 285(t) + 10(1 — 85(t)),

— uy(t) < —T84(1),

51(t) + 8a(t) + 85(t) + 8a(t) = 1,
51(1), 8a(t), 83(t), Bu(t) € {0, 1},

After that, it is necessary to reduce such a system to a system of linear
algebraic equations by the algorithm described in the previous paragraphs.

Since such a reduction is rather trivial, we will not give it in this example.

3.2.2 Phase Variables Constraints

Similarly to the previous section, we consider convex and non-convex
constraints on phase variables in the knots — jumps discontinuity of piecewise
constant control functions.

We will also pay special attention to the constraints on the entire time
interval [0, T]. The execution of such constraints is a more time-consuming

operation.
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Convex Linear Constraints

At each point tj, let there be linear constraints on the phase variables

Hx(ty) <§), k=1N. (3.29)

Such constraints strongly resemble terminal conditions (1.2). We will
transform them in the same way. Letss write out the Cauchy formula at the
point t:

173

;mw:wm@+/ywwﬁwumm@+amm.

We replace the piecewise constant control function with u(t):

:Ww:ﬂmm+/Y@W”@WMH

0 (3.30)

T k L

£0Y [ vy onodu,

i=1 =1,

Let’s include this formula into the inequality (3.29):

r k 12
S5 [ iy and, <

t;{fl
Ly

0
After replacing the variables, we obtain linear inequalities with respect to the
variables wu;,,:

T k

DD hifun <gn k=T1N, (3.31)

=1 =1
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with the notation

12

hi” = H / Yty Ot

t%—l
ty

e = Gy — HyY (te)z. — Hy, / Y (t)Y 7 (t)d(t)dt.
0

As a result, the conditions (3.29) have been reduced to linear constraints (3.31).
Remark 3.2. Similarly, the constraints on phase variables at random points

on the segment [0, 7] can be taken into account.

Non-Convex Linear Constraints

Now let’s consider the requirements for phase variables with constraints

of the «OR» type:

k=T1,N. (3.32)

Constraints of these types appear in non-convex spaces. For example, when the
control object must bypass some third-party object.

The main difference between this case and non-convex control constraints
is that there are no direct constraints on the phase variables. However, it is
possible to define bounds on the variables in one of two ways:

— Calculate analytically, based on some logical assumptions,

— Find the minimum and maximum for each component x(¢;) by writing

out its representation using wu;,, and applying knowledge of the

boundaries for the controls.
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7(B)

We assume that we have found such vectors b, that any object position

x(t)), which can be achieved by choosing an admissible control, satisfies
APty <o, k=T N, p=Tu

Now let’s introduce binary variables opj signaling that the constraint
A](Cﬁ)x(tk) < b,(f) is active at time ?;. Then we proceed from the requirements
(3.32) to a system of constraints:

’

Az t) < bWoyy, + 00 (1 — o),
AP (ty) < b oo, + 0P (1 — on), _

A 2(t) < b o + 57 (1 = o),

\
By replacing the right-hand side of (3.30) with z(¢;) in (3.33), we obtain
linear inequalities of the following type:

Z Z CLZ%BUZ% + b( )Gﬁk + [;](f)(l — O'Bk),
1=1 =1 (3.34)

where
122
AP [ Yy s,
(298]
tg
o® = —APY ()2, — AP / Y (t)Y " ($)d(t)dt.
0

The final thing we need to do is to indicate that at each moment ¢; one

block of inequalities (3.33) must be active:

d op=1 k=1N. (3.35)

Thus, it was shown how the requirements (3.32) can be reduced to a

system of linear constraints with binary variables (3.34), (3.35).
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Continuous Constraints

The constraints on phase variables over the entire time interval are of

great practical interest:
Gz(t)<gq, telo, T].

Unfortunately, such a problem is extremely complex and generally cannot be
reduced to a convenient mathematical programming problem.

In this case, several approaches can be proposed to increase the chances
of these inequalities being satisfied for any t:

— Increase the number of points in time at which constraints are imposed

Gzx(ts) <q, ts= s=1,N;. N; — oc.

— Increase the constraints on those segments in which a strong change in
the object’s state is expected.
— Estimate the maximum possible deviation of the object’s state and put

these deviations in the constraints.
x;(ts) —my < xj(t) < x(ts) +m3, G (z(ts) —m') <
=
j=1n, tE€ts 1, t G (z(ts) + m?) <

¢ S = 1,N1.
q

Note that the problem with continuous constraints was also studied in [75].

3.3 Chapter 3 Conclusion

Paragraph 3.1 presented methods for reducing the optimal control
problem to an optimization problem in the case of piecewise linear and piecewise
quadratic controls. Such classes of functions were considered as an alternative

to the basic class of piecewise constant functions presented in Chapter 1.
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When considering control in the class of piecewise linear functions, the
problem with linear system and linear (quadratic) criterion of quality can
be reduced to the linear (quadratic) programming problem. Moreover, when
considering the control in the class of piecewise quadratic functions, the
problem with the linear system and linear (quadratic) criterion of quality is
reduced to the convex programming problem with quadratic constraints and
linear (quadratic) objective function. Note that for options with a quadratic
functional, convexity is preserved when passing to mathematical programming
problems if the matrix () is non-negative definite..

The question of which class of control is worth choosing should be
answered by focusing on the properties and criteria of the sought solution. For
example, the smoothness of control actions may be an important requirement
for the system being studied. In the case of freedom in the choice of class, most
likely, it is worth using simpler classes, because solutions for them have less
complexity, and by increasing parameter N one can achieve qualitative results
in a short time.

Further complication of the class of controls seems unreasonable, since
it leads to a disproportionate increase in the complexity of the problem. Even
when considering piecewise cubic controllers it will be extremely difficult to
reduce direct bounds to static constraints.

Additionally, it is worth noting that the transition to classes of higher
orders does not necessarily lead to better solutions, because additional
conditions on smoothness may be added. Using the example with damping
of Lagrange top one can notice that the minimal value of the functional was
obtained by using the piecewise linear class.

In Paragraph 3.2 a linear optimal control problem from the class
of piecewise constant functions was considered. Additional restrictions were

imposed on this problem.
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— Convex constraints on control. Such constraints are obviously
reduced to linear inequalities with respect to w;. and are easily
incorporated into the linear programming problem.

— Non-convex constraints on control. To describe a non-convex set,
linear constraints of type «OR» are used — at least one of several
blocks of equations must be satisfied. For each block a binary variable
is introduced. As a result, additional linear constraints with binary
variables are introduced into the linear programming problem.

— Convex constraints on phase variables. At the control switching
points ¢, linear inequalities on the variables x are given. Like terminal
conditions, these conditions are reduced to linear constraints on
u;r. Also, such constraints can be given for any finite number of
predetermined points in time. Thus, the number of constraints added
to the model depends on the number of points under consideration and
the number of inequalities in each of the points.

— Non-convex constraints on phase variables. To describe non-
convex sets in knots #j, linear constraints of type «OR» are set.
Similarly to constraints on controls, for each block a binary variable is
introduced and linear constraints containing these variables are added
to the model.

If all four types of constraints are used, the original problem will be
reduced to an optimization problem described by the equations (1.9)—(1.11),
(3.22), (3.26), (3.27), (3.31), (3.34), (3.35). According to the generally accepted
classification, such a model belongs to the class of mixed integer linear
programming (MILP) problems and can be solved using various solvers (see
Paragraph 1.4). Additionally, let’s note that if we replace linear objective
function (1.5) with quadratic one (1.7), we obtain mixed integer quadratic
programming problem (1.9), (1.10), (1.11), (3.22), (3.26), (3.27), (3.31), (3.34),
(3.35).
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The topic of taking into account inequalities on phase variables on the
whole interval [0, T'] was also mentioned. However, for the approach considered
in this dissertation work, it does not seem possible to reduce these conditions
to static equations in order to add to the mathematical programming problem.

Finally, let’s consider the construction of reachability and controllability
sets under additional constraints. In Chapter 2, the problem of constructing sets
for the problem (1.1)—(1.4) was reduced to the linear mapping of a r-dimensional
cube, since only two-sided constraints on the elements of the control vector were
given. In the presence of additional constraints or when considering the control
in the class of piecewise linear functions, the problem of determining the sets
will consist in a linear mapping of the polyhedron. When piecewise quadratic
control is used, the problem will be even more laborious. Therefore the question

of construction of sets for such cases is beyond the scope of the current paper.
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CHAPTER 4. NON-LINEAR OPTIMAL CONTROL PROBLEM

4.1 Problem Formulation

We assume that the process is described by a system of differential
equations, non-linear with respect to the phase variables and linear with respect

to the control:

= f(t,z) + B(t)u. (4.1)

Let’s suppose that there are partial derivatives afé'gﬁx) and that the
J

Jacobian matrix F'(t,z) of the function f(¢,x) is bounded:
|F(t,x)|| <M, te]l0,T], zeR"™ (4.2)

Under this constraint, the Lipschitz condition will be satisfied. Consequently,
there exists a single solution of the Cauchy problem for the system (4.1)
with the initial condition z(0) = xz, for any given control u(t), satisfying the
conditions (1.3), (1.4).

By adding terminal conditions (1.2), control constraints (1.3), (1.4), and
one of the quality criteria (1.5)—(1.7), we form a non-linear optimal control
problem.

Remark 4.1. By default, we will consider the combination of phase
variables (1.5) as the objective function, implying that it can be replaced by
resource consumption criterion (1.6) or by quadratic functional (1.7).

The goal of Chapter 4 is to develop a numerical method for finding the
control for the given problem (4.1), (1.2)-(1.5). As will be shown later, the
control can in some sense be considered suboptimal. As a result, algorithms
for two modes will be proposed:

— Program Mode. Before the controlled object moves, in several iterations

of the algorithm, the approximate control function w(t) and the
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corresponding dynamics of changes in the phase variables x(t) are
found.

— Real-Time Control Mode (Positional Mode). An initial control function
is defined. The object moves under the force of this control up to the
nearest switch point ¢;. Then the control is recalculated based on the
current position of the object, taking into account deviations in the
phase trajectory caused by inaccurate approximation of the non-linear
function and external disturbances. Up to the next point ¢;,1 the object

moves under the new control.

4.2 Literature Review

As a continuation of the review presented in Paragraph 1.2, we will
describe here the main directions in solving non-linear optimal control problems.
The classical approaches mentioned earlier (the Pontryagin’s maximum
principle [15], dynamic programming [16] and the method of successive
approximations [18]) can be extended to non-linear problems.

In modern foreign literature the following basic algorithms for solving a
non-linear problem with piecewise constant control [27] can be distinguished:

1. Direct Single Shooting |76]. Taking into account the type of control

(1.4), we numerically solve the Cauchy problem with the system (4.1)
as a system of ordinary differential equations with parameters w;.
Thus, the non-linear dependence of the position z(7") on control values
is determined. After that, the problem (4.1), (1.2)—(1.5) is most often
reduced to a non-convex non-linear programming problem with Nr

unknowns.
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2. Direct Multiple Shooting [77]. We consider the Cauchy problem with
the system (4.1) on the interval [tj_1, tx):

0 = fa™) > b, a W (tor) = sk, tE o1, th).
=1

In this context, *) denotes the solution of the said problem. It can be
found numerically as a solution to the problem with n + r parameters

si and wu;;. Then the continuity conditions are added:

x(k_l)(tk—l) = Sk, k= 27 N.

After that the original problem is reduced to a non-linear programming
problem with N(n 4 r) unknowns.

3. Direct Collocation [78]. A family of algorithms whose basic idea is
to replace the phase variable with polynomials. For example, there
are popular implementations with replacement of x(¢) by a piecewise
linear function or by a cubic spline.

4. Pseudospectral Discretization |79]. The phase variables are replaced
by a linear combination of basic functions, which, unlike the previous
approach, are not necessarily polynomials.

The problem of constructing an optimal control for the problem
(4.1), (1.2)—(1.5) has been studied in the works of the research team of
R. F. Gabasov [38;80;81|. Algorithms for two cases were proposed:

1. Local Domain Optimization: in case of small deviations of the function

f(x) from its linearization at the initial point z,, this non-linear
function is replaced by the linear approximation and the linear
optimal control problem is solved, after which the obtained solution is
corrected.

2. Global Domain Optimization: in the case of large deviations of the
non-linear function from its linear approximation, the space of phase
variables is divided into regions, and in each region the function f(z)

is approximated by a linear function. Then the original non-linear
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problem is replaced by a piecewise linear optimal control problem.

After solution, the correction of the obtained control is carried out.

Examples of such an approach are described in the articles [80;82].
In addition, in [83] the optimality conditions for the solution of the considered
non-linear problem are described.

The author of the thesis in the article | 7| formulated a method of positional
control of a non-linear system based on successive linearizations of the non-
linear system, after which it was covered in detail in the article [8].

Additionally, we note the class of problems with bilinear systems, which
is a particular case of non-linearity, and, unlike the system (4.1), the products
of phase variables and controls w;(t)z(t) are allowed. For such systems,
the problem of stabilization of a set of program controls (multiprogram
stabilization) is solved [84-86].

Finally, there are a number of software programs for solving the optimal
control problem. Let’s highlight some of them:

1. CasADI [87]. Open package for solving non-linear optimization
problems. Solutions for optimal control models and model predictive
control problems can be computed as well. Direct single shooting,
direct multiple shooting, and direct collocation algorithms are used
to find the optimal control. The package is provided as a library in
Matlab, Python, and C++.

2. ACADO [88]. A Matlab tool that implements various optimal
control algorithms, including direct single shooting and direct multiple
shooting.

3. DIDO [89]. A tool for solving the optimal control problem in Matlab,

based on pseudospectral algorithms.
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4.3 Method of Control Construction

This paragraph describes the main results of the chapter — algorithms

for constructing control in the program and real-time modes.

4.3.1 Auxiliary Linear Problem

We consider a non-linear function of the n+1 variables f(¢, ). Since there

exist derivatives %, the sum of the first two items of the Taylor series can be
J

taken as the linear approximation of the function with respect to the variables x:

flt,x) =~ f (t,x(0)> + F (t,x(0)> <x — x(0)> :

where F (t,x(o)) = o) . Note that the right-hand side contains a

ox x:x(())

function linear with respect to x and non-linear with respect to t. If we

replace the point (¥ with a function z(°)(¢), then the linearity property of

x is preserved:

flt, o)~ f (u;x®>ao) +—P’<t¢xm)aj) (a:-aﬁm(t)). (4.3)

We will call the right-hand side of formula (4.3) the linear approximation of
the function f(¢,z) along the trajectory z(®(t).
Let’s consider a linear inhomogeneous system of ordinary differential

equations:

izF@ﬁ@@>@—x@@)+fG@@@)+B@w (4.4)

Compared to equation (4.1), the non-linear function has been replaced by

a linear approximation along the trajectory z°(¢) (4.3). If we draw an analogy
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with equation (1.1), we can compare
Alt)=F (t, x<0>(t)) :
ﬂﬂzf@w@@>—FGw@®>ﬁ@.

Thus it is clear that the problem (4.4), (1.2)—(1.5) is a linear optimal
control problem. The solution for it can be found using the approach described

in Chapter 1. We will call this problem an auxiliary problem with respect to

the main problem (4.1), (1.2)—(1.5).

4.3.2 Algorithm of Program Mode Construction

Let some initial trajectory of motion z(%)(¢) be given for ¢ € [0, T]. In this
case, it is not guaranteed that the terminal conditions Hx(T') = ¢ are satisfied.
Step 1. We write the system with a linear approximation along the

trajectory z(0)(t):
ém:ﬁ(aﬂ%w)@m—x@@)+fgw@@)+3@w (4.5)
Let’s impose the terminal conditions on the desired trajectory &M (¢):
£N0) = ., HEW(T) =g, (4.6)
and as a objective function consider
EWV(T) — min . (4.7)

Then the control problem (4.5), (4.6), (1.3), (1.4), (4.7) is similar to the problem
(1.1)—(1.5) and can be solved by the method described in Chapter 1: reducing
to a linear programming problem followed by LP problem solving by standard

methods.
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Let’s denote the optimal solution of this auxiliary problem by the symbol
uM(t). Then we close the system (4.1) with this control and find the solution

of the Cauchy problem:

ﬂ”:f@wm)+B@MWm

21(0) = z,.

The solution 2™ () is the motion of the controlled object under the
control u(V)(t). The process can be continued iteratively.

Step s. Let 571 (¢) be found after s — 1 iterations. We write an auxiliary
linear optimal control problem with a linear approximation of the function

f(t,x) along the trajectory (=1 (¢).

cT'E)(T) — min,
£6) = F (1, 2679(t)) (E© — 26D (1)) + £ (t, 27V (t)) + B(t)u,
ED(0) = w., HEW(T) =4, (4.8)

Ly < uz(t) <l =1,

]

uz(t) = Uik, U E [tkfl, tk), k = 1,N 1= 1,r.

After finding the optimal control of the problem (4.8), the function u(®)(¢),

we form a closed system:

i) = f(t,2)) + B(t)u)(t),

28)(0) = x,. 49

Thus, having as input the vector-function x*=Y(¢) calculated at the
previous iteration, we must first solve the linear optimal control problem (4.8)
by constructing the optimal control u(®)(¢) for it, and then calculate the solution

to the Cauchy problem (4.9) — the function 2 ().
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Initial Trajectory

As an initial trajectory z(°)(t) an approximate solution based on known
information about the original problem can be taken. In the absence of such
knowledge, we can take 2(%(t) = z,. Then the first step of the algorithm will
consider the linear approximation f(x) at the starting point x,. An alternative

option is to set

O) = (&~ 22) 7+,

where  is some point satisfying the system H# = ¢". In this case, the trajectory
20 (1) represents a segment drawn from the initial position to a given plane,

so it satisfies the terminal conditions (1.2).

Stopping Condition

As the main convergence metrics of the algorithm we propose to consider
two functionals:

10 - . "
|Js — Js—1] -

The first functional denotes the distance of the final position of the object
calculated at the s-th iteration of the algorithm, 2*)(T) from the plane Hx =
¢", where the object should have been according to the terminal condition
(1.2). However, it is likely that this requirement deviates due to approximation
error of the non-linear function f(¢,z): the control u(*)(¢) ensures that (1.2) is
satisfied for the auxiliary system — HE®)(T) = ¢°, but not for the closed-system
solution x(*)(T).

In the case of the expected convergence HH:U(S)(T) — gOH — 0 when

s — 0o, we can set a constant 67 and consider the terminal condition satisfied



246

if the constraint is met
HHJU(S)(T) - gOH < O7.

The second functional in (4.10) means the change in the value of the
objective function compared to the result in the previous iteration. J, is the
value of the objective function for the trajectory z(*)(¢) and control u'®)(t).

Thus, for the criterion (1.5)

Jy = clxbN(T),
T — Jea] = | (z8N(T) — x579(T))|.
The convergence to a single value of the objective function may indicate
that it is in an optimum (possibly local). Therefore, let’s consider stopping the

algorithm when the
|Js - Js—l‘ < 67

where 0 is some predetermined constant, the value of which depends on the
specifics of the problem, the dimensions of the values and requirements for the
accuracy of the result.
As a result, the completion of the algorithm occurs when at least one of
the three conditions is met:
— the solution is in the «area of convergences, i. e. the values of the criteria
do not exceed the given limits,
— reaching the maximum predetermined number of iterations S; of the
algorithm,

— the end of the allotted time 7} to perform the calculation.

Existence of Solution

The question of the existence of admissible solutions is important. It can

be considered in several contexts:
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1. Is there a solution to the original problem (4.1), (1.2)—(1.5)7
2. Is there a solution to the auxiliary linear problem (4.8)7
3. If at some iteration s of the auxiliary problem (4.8) the set of possible
solutions is empty, does this mean that there are no solutions to (4.1),
(1.2)—(1.5) either?
First, we answer the second question. For simplicity, suppose that the
matrix H is square, then the constraint on the right end can be represented as
a requirement to get to a given position: z(7') = x*. Then, according to the

calculations given in Chapter 2, we can construct an reachability set of the form

~

b, < Ax(T) < b*. (4.11)

This system of inequalities describes the set of all possible states to which
an object whose motion is described by an auxiliary linear system can get
from a position x, in time T under the action of a piecewise constant control
satisfying (1.3), (1.4).

Consequently, to check the existence of admissible solutions, it is sufficient
to substitute the position in the system (4.11). In addition, it is possible to

estimate the closeness of the desired position to the boundary of i-th constraint:

min <€Li3}* — by, b — dix*) : (4.12)
If rank H < n, i.e., at the moment 7' the object has to get to the given
hyperplane, then it is necessary to check whether there exists a solution to the
system of inequalities:
b. < Ax < b,
Hx =g’
with respect to an unknown n-dimensional vector x.
Now let’s deal with questions 1 and 3. Unfortunately, the construction of
the reachability set of a non-linear problem seems too complicated, so it remains
to estimate this only by some indirect signs, one of which is to estimate the

reachability set of auxiliary linear problems.
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If at some iteration of the algorithm the auxiliary linear problem turned
out to be incompatible, it is necessary to estimate the value of the criterion
|Hz(T) — ¢°||. In case the value turned out to be close enough to zero, you
can terminate the algorithm and choose the solution obtained at the previous
iteration as the best found (non-optimal) admissible solution. If the value of the
metric at all performed iterations exceeds the given threshold, we can conclude
that an admissible solution cannot be found.

In the case of an unfixed right-hand end (rank H < n) we can assume
that the further the value of phase variables of the solution of the auxiliary
problem at the final time &(*)(T) from the boundaries of the set of admissible
solutions, the less the deviation of the closed-loop system HH x(s)(T ) — gOH will
be. The logic is as follows: finding a point 2(*)(T) near the boundary of the set
described by (4.11) suggests that the control is used «at the limit» to reach this
point, i.e., if the control u(t) changes slightly, it may go beyond (1.4). Then,
when moving from one linear approximation to another, there is a risk that
the parameters of the problem A(t) and d(t) will be rearranged such that an
admissible solution cannot be found. Therefore, we can assume that it is «safer»
to get the right end away from the boundary of the admissible solutions set.
This can be ensured by introducing the distance to the bounds (4.12) into the
objective function. To do this, we introduce the variable z into the problem

and impose constraints on it:

2 <yl (flx(s)(T) — Z;*) ,
vT (13* _ Ax<s>(T)) .

Here vy is a vector of conditional weights of inequalities, in the simplest case,

(4.13)

NN

z

we can set all weights equal to one. Thus, the constraints (4.13) ensure that z
is less than the distance from z*)(T") to the boundary of the set of admissible
solutions. The geometric meaning of this approach is illustrated in Fig. 4.1.

Next step: update the objective function:

J"=J—pz — min. (4.14)
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T2k

(& / xl
Figure 4.1 — Geometric Meaning of Constraints (4.13)

In formula (4.14) J is one of the objective functions (1.5)-(1.7), p is a non-

negative parameter governing the optimization focus. With small values of u

the focus will be on obtaining solutions closer to the optimal one, with large

values the focus will be on more «reliable values», when the value of x(7T) lies

far from the boundary of the set of acceptable solutions.
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4.3.3 Algorithm of Positional Mode Construction

Let’s assume that the motion of the controlled object cannot be predicted
in advance. For example, this may be the case when a random external

disturbance is applied:
= f(t,x) + B(t)u +n(t), (4.15)

n(t) is some random process with zero mathematical expectation.

In such a case, real-time control — realignment of control during the
process of object motion — is a good way out. In addition, this approach can
be useful in the following cases:

— While constructing a program control, the terminal conditions could
not be met, and it is known that without recalculating the control the
requirement Hz(T) = ¢g" will not be met either.

— The terminal condition itself has changed. Now the constraint
Hz(T) = §° must be satisfied. For example, it is possible if the
goal is to reach a moving object.

— For some reason the criterion for the quality of the solution has changed.

Since the control is a piecewise constant function with sampling period h,
the control can only be realigned at points ;.

Step 1. Suppose that some program control a(o)(t) and its corresponding
motion Z()(¢) were constructed. At the moment ¢; the object is in the
position (). For certain reasons, the control needs to be rebuilt. In such a

case, it is necessary to solve the following non-linear optimal control problem:
cT'x(T) — min,

i = f(t,z) + B(t)u+n(t),
z(t)) =z, Hx(T) = ¢°,
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which can be solved by an iterative algorithm similar to the one proposed for

the program mode:

'ESNT) — min
£ = F (t,2679()) (8 — 267V@)) + f (£, 257V(®)) + B(t)u,
EN(t) = &', HEW(T) =g,
Li <u(t) <Ilf, i=1,r,
ui(t) = wip, tE€[ty1, tw), k=2,N, i=1r.

The initial trajectory for the control recalculation process can be the
trajectory in the program mode x(t).

Remark /.2. The number of iterations of the algorithm is equal to S;
and is determined by the conditions of exit from the algorithm to construct
the program mode.

Remark 4.3. Since the calculation of the new trajectory will not occur
instantaneously, it will obviously be necessary to recalculate the trajectory
before the time t;. It is logical to choose the moment ¢; — 7T as the time when
recalculation begins, where T; is the time limit for constructing the program
mode. However, in this case the position of the object Z! at time #; will not be
known for certain. Therefore, it is more correct to say that z! is a prediction
of the object’s position at the moment ¢, constructed at t; — 1j.

Denote the found control by the symbol
baruM(t) and the motion by Z(1)(¢). Let’s continue the process of the object’s
motion.

Step k. Let at the moment £, — T; assume that at the time ¢ the object
will be in the position #*). Let’s construct the problem of controlling the object

from this position:
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z(ty) = 2%, Hx(T) = ¢°, (4.16)

In this case k = 1, N — 1. The non-linear optimal control problem (4.16) can

be solved using the iterative algorithm:

cTEBS(T) — min,
E0) = F (1 0(0) (69— 0(0) + £ (1,2 0) + B
— k) H&(S)(fp) = ¢", (4.17)

The initial trajectory to start the iterative algorithm can be the function
z#=1(t), taken on the interval [t;,T]. We denote the found control and
trajectory by @™ (t) and ¥ (t), respectively.

Thus, the constructed control will be used each time on an interval of
length h, after which it will be reconstructed depending on the position of the
object. Let’s write the final implementation of the control:

a(t) = af)(t), te€ [ty tp+1), (418)
k=0,N—1,

The function u(t) is called the positional control of the problem (4.15),
(1.2)—(1.5).

Remark 4.4. The optimality of the control u(¢) depends on the optimality
of program controls @*)(¢). If the optimality (suboptimality) of the problem
solutions (4.16) is shown, then we call the function «(t) as the optimal

(suboptimal) positional control.
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Existence of Solution

In addition to questions about the existence of an admissible control
mentioned in Section 4.3.2, it is necessary to think about the loss of
controllability at moments of control recalculation: there is a possible situation
when the set of admissible solutions of the problem (4.16) at step k — 1 was
not empty, however, at step k£ it turned out that there were no admissible
solutions. This can happen due to the following factors:

1. Error of approximation of non-linear function.

2. Deviation from the program motion due to external disturbances.

3. Change of problem statement.

In order to ensure safer motion (in terms of exiting the controllability
set), it is proposed to introduce the variable z and constraints (4.13) into
problems (4.16) and (4.17), and to change the objective function according
to (4.14).

4.4 Theoretical Justification

4.4.1 Convergence of Trajectories in Program Mode

Let’s subtract auxiliary linear system (4.8) from non-linear system (4.9):
#0) g6 — ¢ (t,xw) + BHu (t)—
—F (L2070(0) (69 = 2t0@0)) — £ (1at00) - Bou() =
—f (t, x<5>) —f (t, x(SI)(t)) —F (t, x<51>(t)) <a<5) — x<51>(t)) .

Let’s introduce variable A®)(¢) denoting the difference between the

solution of the original problem and the auxiliary one at the s-th iteration
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of the algorithm x®)(t) — £()(¢). Then, we can write a system of differential

equations with respect to variable A®)(¢):

AB) — f (t, £6)(¢) + A(s)) _f (t,x(51)(t)> _
_F (t, x(s—l)(t)) (5(8)(15) _ x(s—l)(t)) ’

under the initial condition A®)(0) = 2*)(0) — £#)(0) = z, — 2. = 0.

Lemma 4.1. Let there be a time derwative %

821;%?) and %. Then the deviation of the solution

of non-linear closed-loop system (4.9) from the solution of optimal

(4.19)

and second

derivatives

control problem (4.8) is an infinitesimal value with respect to 2,
ie. AU(t) = o ().
Proof. Let’s write out the Taylor formula for the function A®)(¢) at
the point O:
2

AD(E) = AD(0) + AW (0) + A<s>(0)% Lo(f).

We will show that the first three items are zero. For the deviation at the
starting point it is obvious A®)(0) = z)(0) — £5)(0) = x, — 2, = 0. Let’s
put the value t = 0 into formula (4.19):

AB0) = £(0,2.) — f(0,2,) — F(0,z,) (z, — x.) = 0.

Next, find the second derivative of the deviation by differentiating by
t formula (4.19).
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ot
~[OF (t,207N()) z”: OF (t,x)
8t =1 a.fl?j z

r=x(=1(¢

Hereinafter 6F§i’x) = agg(c%f), and 81:;(;;@ = %J; %fj). Now we get the value

at the starting point:

AD(0) = F(0,z,) AW (0) + 22 2L Ao
(0) (0, z.) A¥(0) + at |, ot

+(F(0,2,) = F (0,2.)) £2(0)—

t=0

OF (t,x.) "L OF (0,z) " )
( ot t=0 " ; 0r; |, Ly (0) | (24 —24) =0
Thus, it is shown that A(S)(t) — 0 (t2), -

Let’s study the dependence of the algorithm convergence on the change
of the vector of controls. We introduce

5, = max HB ( <>()—u<sl>(t))H, (4.20)

t€[0,T)

which is the maximum deviation of the current control from the control at
the previous step on the interval [0, 7] (multiplied by B(t)). Let’s analyze the
effect of this parameter on the deviation of the original problem solution from

the auxiliary problem solution.
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Lemma 4.2. The deviation of the auxiliary linear problem solution from
the non-linear system solution, closed by the control obtained at the previous

step of the algorithm, satisfies the inequality

[e0) — 2t < 1 (M - 1) 5, Vsz2 rel0T] @)

Proof. Let’s write out a system of differential equations for *~! and &°:

BV = F (L2l 0(0) + BEut (@),
E0(E) = F (£,2079(0) (E0(0) — 70 (8)) + f (£,2079(0) + B)ul(@).

Subtract the first equation from the second:

E0(t) — i 0(t) = F (20700 (E9() — 200(1)) +

(4.22)
+B(t) (u(s)(t) - u(s_l)(t)) .

Equality (4.22) is a system of differential equations with respect to
£6)(t) — 27D (¢) under the initial condition &) (0) — 2=V(0) = 2, — 2, = 0.
Then we can find the solution using the Cauchy formula:

t

e@w—w“wzm@/nﬂﬂmﬂ@Wﬂ—w”uom (4.23)

0

where Y;(t) is the state-transition matrix of the system (4.22) normalized at 0.

Let’s estimate the norm of the difference in the left part of (4.23):

Hg(s)(t) — x(sl)(t)H < VS| / HYsil(T)H . HB(T) ('U,(S)(T) _ U(Sl)(’t)) H dt.
0

Then, taking into account state-transition matrix properties and
notation (4.20):

t

Ha<8>(t) - x<3—1>(t)H < Mt / e M, dt =
0

(1),
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Lemma 4.3. For the difference of solutions of the non-linear system,
closed by the controls found at the current and previous steps of the algorithm,

the constraint is valid:

Hx(s)(t) - x<s—1>(t)H <L (M _1)s, Vsz2 teln,T]. (424

Proof. Let’s consider the difference of 2(*)(t) and 2= (¢):
i) — 26V (@) =

—f (t, x<8>(t>) .y (t, a;<s—1>(t)) + B(#) <u<8>(t) _ u<8—1>(t)) .

Let’s integrate expression (4.25) on the interval [0, t] taking into account initial

condition 2(*(0) — z6~V(0) = 2, — 2, = O:

2 () — 26 (¢) = / (f (T,x<5>(T)) - f(T,x(Sl)(T))>dT+

(4.25)

Let’s use the Lagrange mean value theorem:

F(t290) = £ (£200)) = F 6 u) (e — 2.

where p(t) is a function taking values between (=D (¢) and ) (t) for any t.

Next, we estimate 2(9)(t) — (=Y (¢) by the norm:

SCRE / IF (- | (766) - 0w s
+/HB(T) (u(x) — w1 )Hd’t
et [ () - ) 8

Finally, using a strengthened form of Gronwall’s lemma [90], we obtain the

inequality:
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[]
Lemma 4.4. The norm of deviation of the non-linear closed-loop system
solution (4.9) from the solution of corresponding auziliary linear optimal

control problem (4.8) can be bounded from above:
Hx(s)(t) - a<8>(t)H <= (M —1)s, ¥s=2 te[0,T].  (4.26)
Proof. Let’s use the triangle inequality and relations (4.21) and (4.24):
[e@ = £9@) = [20) =2tV + 20 - D) <
s« e -]

(eMt — 1) 0y = — (e ) ds.

Sis

O
Corollary 4.1. There is an upper estimate of the distance of the final
object position from the plane given by terminal condition Hx(T) = ¢°:

OH < 2|/ H |

HHx(S)(T) — 7 (e

ME_1)8, s>2. (4.27)

Proof. Note that according to the conditions of the problem (4.8)
HEST) = ¢° is valid. Then, given (4.27):

= [[# (= ~em)] <

<] - [#9T) — e < 11 7 (e VT 1) s,

HH:U(S) (T) — ’

[

Corollary 4.2. Let there exist a limit of the sequence liELn ul) (1) = u(t),
S—+00

Vt € [0, T]. Then the solutions of auziliary linear optimal control problems (4.8)

and the solutions of closed non-linear systems of differential equations (4.9)

converge to a single limit:

lim £9() = lim z®) =x(t), te][0,T]. (4.28)

S——+00 S——+00

Moreover, the function x(t) is an admissible solution to problem (4.1),

(1.2)-(1.5).
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Proof. Since the convergence of the controls implies that 6, — 0 at
s — 400, the solution z(*)(t) converges to £(*)(¢) according to (4.26) and to
25~ (t) according to (4.24). The limit x(t) is an admissible solution of the
original problem since Hz(T) = ¢°, based on inequality (4.27). [

4.4.2 Convergence of Trajectories in Positional Mode

The previous statements were devoted to the program mode. Let’s now
consider the real-time control mode. An important characteristic of the control
problem (4.15), (1.2)—(1.5) is the number of control switching points N. For
real-time control, the same number shows the number of control recalculation
points. Assume that the number N is a hyperparameter of the model and
can be varied. On the one hand, increasing N will make the problem more
complicated. So, for real-time control we will have to solve the control problem
(4.16) more often, and the problem itself will have a larger dimension than for
small N. On the other hand, increasing this parameter will make it possible
to achieve better convergence.

Lemma 4.5. Let Z(t) be the solution of system (4.15) closed by positional
control (4.18), with initial condition T(0) = x.. Then as N increases, final
position T(t) tends to plane Hx = g

lim ||Hz(T) - ¢°|| =0.

N—+o0

Proof. The solution of problems (4.15), (1.2)—(1.5) consists in the
consecutive solution of N problems (4.16). The last step will solve the problem
of finding the control on the half-interval [ty_i,tx) or what is the same
[((N — 1)h, Nh). It is not difficult to show that for such a problem constraint
(4.27) will be
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In this context, z(*)(¢) is the solution to the closed system

(s)

f(t,29)(t) + B(t)a(t),
(N = 1)n) = &Y,

8l

and the control @®)(¢) is found at the s-step of problem (4.17) at
k = N — 1. Then, given that M and ||H|| are constants, and 8, according to
(4.20) and (1.3) is bounded from above, the expression

e

tends to zero at h — 0. And since h = T'/N, the same conclusion is true for
N — +o0. []
Remark 4.5. The proof of Lemma 4.5 is given for the case s > 2, but it
can be shown that the statement is also true for s = 1.
Remark 4.6. Lemma 4.5 is valid only in the absence of external

perturbations: n(t) = 0.

4.4.3 Convergence of Controls in Program Mode

The most important question is the convergence of controls when
constructing program control. As was shown in Corollary 4.2, it depends on this
property whether there exists a limit to the sequence of constructed solutions
and whether the algorithm converges to an admissible solution of the original
problem. Let us return to formula (4.23) describing the difference between the
solution of the auxiliary linear problem and the solution of the non-linear system
obtained in the previous step of the algorithm. Substitute ¢ = T" and take into

account terminal condition (1.2):

HEO(T) = HalV(t) + Y,(T) / VOB (w0 — ut V() di = o,
0
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Similar to the algorithm for the reduction of terminal conditions presented in

Chapter 1, this equality can be transformed into a system of linear equations:

Zzhlk ( Ui, _uzlsc 1)> :gO_H:U(S_l)(T)a
=1 k=1
tx
p?) = [ HY(T)Y '(t)b(t)dt, i=T,r, k=1,N.
tk—1

Here ul(.zfl) and uz(,? are the values of 7-th element of the vector of controls at

the k-th time interval at the previous and the current step of the algorithm,
respectively. Then problem (4.8) can be rewritten as a linear programming
problem:

r

N
Z C( —) mln

i=1 k=1
r N
Zhl(k ( Ui, — z(k 1)) :gO_H:C( 1)(T)7
i=1 k=1
Li<ul) <1r, i=Tr, k=T1N.

The numbers CEZ) have an upper index s because they depend on the state-

transition matrix Ys(¢). Note that unlike this objective function, criteria (1.6)
and (1.7) do not depend on the current linear approximation of function f (¢, x).
Let’s analyze possible scenarios for the relationship between controls at

neighbor steps ul(.z_l) and UZ(Z)

1. ug}i_l) is not an admissible solution of problem (4.29). In such a case,

the optimal solution ug,‘? must be constructed, which differs from the
control in the previous iteration. In this case there will not necessarily
be an approximation to the plane Hx = ¢° or an improvement of the
objective function.

2. ugz_l) is an admissible, but not optimal solution of problem (4.29).
It is easy to see that the control from the previous step will only be
admissible if Hz®*~(T) = ¢°. Hence, the control u*~(¢) is also an

admissible control of original problem (4.1), (1.2)—(1.5). However, there
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exists a control ufz) such that

ZZC“C ( Uy —ulk )> < 0.

1=1 k=1

Then the new control will be related to the old relation
Z Z hzk ( u;,, — EZ 1)) = 0, but nevertheless it is not guaranteed
fchla]f: sluch a solution would be an admissible solution to the non-linear
problem. Moreover, since the objective function depends on the current
linearization, the value of the quality criterion may be worse than in
the previous iteration.

3. ungl) is an admissible and optimal solution of problem (4.29). The
most favorable scenario. As in the previous case, u(*"V(t) is the
admissible control of original problem (4.15), but u{®)(t) = ut=1(¢).
This guarantees that the same solution will be constructed in the next
iterations, and, according to the stopping criteria, an exit from the loop

will occur. It can be stated that an admissible suboptimal solution to

problem (4.1), (1.2)—(1.5) is found.

4.5 Applications of Algorithms

Testing on a number of test problems showed the ability of the algorithm
to reach an admissible suboptimal solution to a non-linear problem. We will
demonstrate the properties of the algorithm using several examples.

The algorithms for control construction in program and positional modes
were implemented in Python 3. The function odeint was used to solve the
Cauchy problem, and quad was used to calculate definite integrals, both
functions are provided in the library scipy.integrate. The search for optimal

solutions for linear and quadratic programming problems was performed with
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the library coptpy that accesses the COPT solver. The graphs were drawn using
the package matplotlib.pyplot. The code of the program is given in Appendix B.

4.5.1 Scalar Non-Linear Problem

Consider the following optimal control problem:

5
/ u2(t)dt — min,
O u
1
241
z(0) =0, z(5) =S8,

T = + u,

0<ult) <2, N=10.

We can easily verify that the derivative of the non-linear function

d 1 2z
dr \2>+1) (224 1)

exists for any real value of x and is bounded modulo.

The program control for the presented problem was constructed using the
algorithm outlined in 4.3.2. Twenty iterations of the algorithm were performed
for the experiment. The computation time was 2.1 seconds. The objective
function took a value of 10.3807.

The results are illustrated in the graphs. Fig. 4.2 shows the convergence
of the algorithm in terms of stopping criteria (4.10). Fig. 4.3 demonstrates
the tendency of the control function in different iterations of the algorithm to
converge to a single function, and Fig. 4.4 shows the convergence of z(*)(t) to
£6)(t) as s increases.

The results of the algorithm testing on the selected task may include the

following conclusions:
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Figure 4.4 — Phase Variable Convergence

1. As a result of the algorithm, an admissible suboptimal solution to the
non-linear optimal control problem was constructed.
2. After six iterations of the algorithm, the following values of the

stopping criteria were obtained:

HHx(s)(T) _ gOH —1.77-107,

|Jy — Je_1| = 8.71-107F,

Further these values remained approximately at the same level, which
indicates that the limit values were reached. A further descent to zero
is impossible due to the presence of computational inaccuracies.

3. The control function practically stopped changing after six iterations.
For example, 87 = 2.18 - 1074,

4. Despite the fact that the initial approximation was not very good
and the final position of the object deviated from the required by

almost two times, the solution of the closed non-linear system almost
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converged to the corresponding solution of the auxiliary linear system

already after 4 steps of the algorithm.

4.5.2 Pendulum Control

Consider the problem of damping of a mathematical pendulum.

6
/ u(t)| dt —> min,
0 u
T+ sinx = u,

—4 < u(t) < 4,

The problem in this formulation was considered in [8]. Let us make some

transformations and write the problem in a more convenient form:

[ o)+ a0t — i

i) 0 O (%
— + 7
—sin —1 1 V9
0 < Ug(t) < 4,

0 < Ul(t) < 4,

55'1(0) = TT, .CCQ(O) = 1,

Calculate the Jacobian of the function f(x1,z3) = (29, —sinzy)?

0 1

F([Cl,xg) = 0
— COS I1

Obviously, the matrix F'(z1,z2) is bounded for any z; and xs.

First, let’s analyze the results of control construction in the program
= 4. The

mode. First, 10 steps of the algorithm were carried out at N
= 20 was

computation time was 3.58 seconds. Then the solution for N
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constructed. The 10 iterations took 7.42 seconds. For both variants, the
deviation from the terminal condition stabilized at the fourth decimal place
after 4-5 steps of the algorithm. This deviation is related to the given accuracy
of calculating the solutions of the differential equations. If we increase the
accuracy, we can achieve better convergence, but the total computation time
will grow. The value of the objective function for N = 20 turned out to be about

24% better. For more details on the performance for different s, see Table 4.1.

Table 4.1 — Convergence of the algorithm for N =4 and N = 20

N|s Jo | ||HEO(T) = g°|| | N | s Jo | ||Hs(T) = ¢°||
4|1 | 840579 4.067779 20 | 1 | 7.39461 4.194625
4| 2 | 4.97461 0.774187 20 | 2 | 4.20623 0.930559
4|3 | 4.26182 0.054745 20| 3 | 3.22596 0.005873
4| 4 | 4.22590 0.000955 20| 4 | 3.22113 0.000569
4|5 | 4.22529 0.000424 20| 5 | 3.22107 0.000614
4|6 | 4.22524 0.000376 20| 5 | 3.22113 0.000680
4| 7 | 4.22527 0.000393 20| 7 | 3.22108 0.000633
4| 8| 4.22521 0.000321 20| 8 | 3.22102 0.000562
419 | 4.22528 0.000362 20| 9 | 3.22110 0.000559
4 10| 4.22526 0.000387 20 | 10 | 3.22103 0.000585

Fig. 4.5 shows the phase trajectories of the non-linear and auxiliary linear
systems at NV = 4. The graphs show that at s = 1 the solution of the non-linear
system at the final moment of time has significantly deviated from the origin
of coordinates. However, at s = 4, the trajectory of the non-linear system can
no longer be visually distinguished from the trajectory of the corresponding
linear system.

To test the real-time control, let’s perform an experiment: assume that,
due to time constraints, it is possible to perform only one iteration of the
algorithm at the beginning of motion and at the control switching points. Let’s

calculate the trajectory of motion for positional control. Fig. 4.6 shows the
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phase trajectories. The graph on the left shows trajectories plotted at various
points along the path of the object. Thus, at ¢t = 0, the trajectory M (t) was
calculated. The object moved along this trajectory until the moment ¢ = 1.5,
after which the trajectory z(®)(¢) was formed. At ¢ = 3 the object moved to
the trajectory z®)(t), and on the segment [4.5,6] it moved according to the
function Z(¢). The final trajectory of the object’s movement is shown in the
graph on the right. As a result, the deviation of the final position from zero
was 0.0163, and the objective function took a value of 4.4667.

Compared to the program mode, the deviation HHj(T) — gOH was better
than in the first three steps of the algorithm, and the value of the objective
function surpassed the result of the first two iterations. Consequently, it can
be concluded that with «limited resources» (small values of hyperparameters
S; and N), the solution in the program mode managed not to deviate strongly
from the terminal constraint, but the generated positional control appeared to

be non-optimal.

Table 4.2 — Real-time convergence at S; = 1

N S J |Hz(T) — ¢°|
4 1 4.4667 1.63-1072
10 1 3.4952 1.62-107°
20 1 3.2475 8.07-107°
40 1 3.2162 1.45-1076
60 1 3.2130 4.42-1077
100 1 3.2093 1.87-1076

Let’s explore the dependence of the convergence of solutions on the values
of the hyperparameter N. Table 4.2 shows the results of the algorithm for
different N with fixed S; = 1. It is worth noting that in this configuration the
final position of the object was closer to the desired one than in the program
mode control, which can be explained by the recalculation of control in the last

sections of motion in the proximity of the point (0,0)7. On the other hand,
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the value of the objective function turned out to be slightly worse than the
results in program mode at large s. Thus, at N = 4 the solution dropped by
9.8%, while at N = 20 the program mode result was exceeded by only 0.8%.
The reason for this non-optimality lies in inaccurate approximations of the
non-linear function at the beginning of the motion process. Nevertheless, based
on this experiment, it can be assumed that the deviation can be leveled out by
increasing the conversion points. Finally, it can be observed that the value of the

objective function improves when the N increases up to 100 of switching points.

Table 4.3 — Real-time convergence at N = 4

N Sy J |Hz(T) - ¢°|
4 1 4.46672 1.63 102
4 2 4.30173 1.38-107°
4 3 4.23098 1.34-107°
4 4 4.22538 1.39-107°
4 5 4.22534 1.41-107°
Let’s now vary the parameter S; at N = 4 and record the results

in Table 4.3. The obvious conclusion is that real-time control recalculation
improves the results compared to the program mode control with similar values
of S;. For S; = 1 the gain is 47%, for S; = 2 — 13.5%, then continues to decrease.
Since S; = 5 there is no improvement due to the fact that the approximation
of the non-linear function in the program mode is accurate and does not lead
to deviations. In addition, the real-time computation of the control contributes
to the reduction of the deviation from the desired position of the object.

As a result of the experiment we can formulate conclusions for the real-
time control algorithm in addition to the conclusions for the program mode
control given in 4.5.1:

1. Real-time control allows us to smooth out the approximation error of

the non-linear function arising during the construction of the program

control.
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2. If an exact solution was originally constructed (in terms of criteria
(4.10)), real-time recalculation of the control will not result in a
significant improvement. A small gain is possible, but, in general, the
same solution will be obtained.

3. If possible, the more correct approach is to initially calculate the exact
solution by increasing S, rather than constructing an inexact program
control with further recalculation.

4. Increasing the number of control switching and recalculation points N
improves the value of the objective function and reduces the deviation

from the terminal condition, but leads to a slower calculation.

4.6 Chapter 4 Conclusion

We considered an optimal control problem in which the system of ordinary
differential equations describing the dynamics of motion of the controlled object
contains non-linearity of the general form in phase variables. This problem is
difficult to consider for two reasons:

— There is no analytical formula for solving a Cauchy problem for a
system of this kind. As a consequence, it is impossible to reduce the
original problem to some mathematical programming problem, as was
done in Chapter 1 for a linear system.

— There are no effective algorithms for constructing sets of reachability
and controllability for such a problem. Therefore, it is not possible to
check whether there exists an admissible solution to the problem like
the algorithm from Chapter 2 for the linear problem.

Approximate iterative algorithms for control construction in program

and positional modes were proposed. The main idea of these algorithms is

to linearize the non-linear function with a linear approximation along the
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trajectory of the object. This approach makes it possible to avoid approximation
error when moving in the proximity of a given trajectory. The algorithm for
constructing the program mode consists in the consecutive recalculation of the
object trajectory based on the trajectory information obtained at the previous
iteration. Real-time control rebuilding is based on the same principles, but
occurs as the motion progresses, based on the current position of the object.

Some useful properties of algorithms were formulated and proved in the
form of lemmas. Thus, for the program mode, it was shown that when the
control functions computed at different iterations tend to a common limit,
the trajectory of object motion converges to an admissible trajectory. For
the positional mode, it is proved that the constructed approximate solution
converges to an admissible solution when the control recalculation points
increase.

The algorithms were tested on two examples. The experiments showed
good convergence of the algorithms. Even with an unsuccessful choice of the
initial trajectory, the generated solutions quickly tended to be acceptable.
The convergence of the objective function was also shown, which indicates,
at least, the suboptimality of the solution. Additionally, the behavior of the
positional mode construction algorithm was tested with different numbers of
iterations of the algorithm and different numbers of control recalculation points.
Test examples demonstrate the convergence of the trajectory generated under
positional mode control to an admissible trajectory when the parameter N
is increased.

Prospects for further study of the problem may be associated with further
elaboration of the theoretical basis of algorithms, with the consideration of

convergence conditions of controls and optimality criteria.
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CONCLUSION

This paper presents methods of solving the optimal control problem
in various formulations. The general idea is to reduce the initial problem to
some mathematical programming problem. Thus, the basic model described in
Chapter 1 is solved in two stages: first, the transition to a linear (quadratic)
programming problem is performed, and then the search for the optimal
solution of the resulting problem is carried out. This approach is reasonable
because static optimization problems with constraints are well studied: solution
algorithms with polynomial complexity have been derived for some classes, and
there are many software packages for solution.

To summarize the results of this work, let’s highlight the main
achievements:

1. Algorithms for finding program and positional control for the optimal
control problem with a non-linear system and a piecewise constant
control subject to two-sided constraints have been developed. Both
algorithms consist in the consecutive solution of the linearized problem.
The program code of the algorithms is implemented.

2. Algorithms for construction of optimal control in a linear problem are
presented for the choice of control in the class of piecewise linear and
piecewise quadratic functions. In the first case the reduction to a linear
(quadratic) programming problem is shown, in the second case — to a
programming problem with quadratic constraints. The program code
of solution of linear problem with piecewise constant, piecewise linear
or piecewise quadratic control is implemented.

3. For a linear problem with piecewise constant control in the presence of
convex and non-convex constraints an algorithm for the transition to

a mixed integer linear (quadratic) programming problem is described.
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4. A method for constructing sets of reachability and controllability for a
linear problem with piecewise constant control and direct constraints
on it is proposed. A theoretical proof of the method is given.

The proposed algorithms and their implementation in the form of program
code can be applied to various applied tasks, as well as to create a software
product that solves the general problem of optimal control.

Let’s highlight the following tasks as areas for further development on
this topic:

1. Consideration of wider classes of non-linearities in the right-hand
side of a system of differential equations, including: functions with
unbounded Jacobi matrix and functions with non-linearities on control.

2. Proof of optimality of calculated controls in a non-linear problem.

3. Construction of algorithms for finding control in a non-linear problem
when selecting control in the class of piecewise linear and piecewise
quadratic functions. This is a logical direction, since the solution
algorithm consists of consecutive linearizations, and solution methods
for linear models have already been derived for the mentioned classes.

4. Research on the reachability and controllability sets of a non-linear

problem.
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APPENDIX A

Program Code for Solving Linear Optimal Control Problem in

Different Classes of Control

This appendix presents a description of the program code structure of

the algorithm for solving a linear optimal control problem in the class of

piecewise constant, piecewise linear, or piecewise quadratic functions. The code

is uploaded to public repository [91].

The software package consists of the following scripts:

run.py: a function that starts the algorithm, here the control class is
selected.

problem/ProblemStatement.py: formulation of the optimal control
problem with a linear system, setting the parameters of the model.
control/PiecewiseConstantControl.py:  construction  of  optimal
piecewise constant control. The initial problem is reduced to a linear
or quadratic programming problem. Then the solution of the resulting
problem is calculated using the COPT solver (coptpy library).
control/PiecewiseLinearControl.py: construction of optimal piecewise
linear control. The initial problem is reduced to a linear or quadratic
programming problem. Then the solution of the resulting problem is
calculated using the COPT solver (coptpy library).
control/QuadraticSplineControl.py: construction of optimal piecewise
quadratic control. The original problem is reduced to a convex
programming problem with quadratic constraints. Then the solution
of the resulting problem is computed using the COPT solver (coptpy
library).
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movement,/PCCObjectMovement.py: calculation of the trajectory of
object motion as a solution of a system of differential equations closed
by piecewise constant control.

movement/PLCObjectMovement.py: calculation of the trajectory of
object motion as a solution of a system of differential equations, closed
by piecewise linear control.

movement,/QSCObjectMovement.py: calculation of the trajectory of
object motion as a solution of a system of differential equations closed
by piecewise quadratic control.

numerical/DefiniteIntegral.py: solution of the Cauchy problem with a
linear homogeneous system using the function odeint from the package
scipy.integrate.

numerical /Differential Equation.py: calculation of a definite integral
with the function quad from the package scipy.integrate.
numerical/Interpolation.py: interpolation of a table-defined function
with cubic splines using the function interpld from the package
scipy.interpolate.

plotting/Plotting.py: functions for plotting graphs. Tools of the
matplotlib.pyplot library are used.
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APPENDIX B

Program Code for Solving Non-Linear Optimal Control Problem in

Program and Positional Modes

This appendix presents a description of the structure of the program code

of the algorithm for solving a non-linear optimal control problem in the class

of piecewise constant functions in the program and positional modes. The code

is available in public repository [92].

The software package consists of the following scripts:

run_ program__ control.py: a function that starts the algorithm for
calculating the program control for a non-linear problem. Here the
number of iterations of the algorithm S is set.

run__ positional_ control.py: a function that starts the algorithm for
calculating the positional control for a non-linear problem. The number
of iterations of the algorithm .5; is determined.

task/Task.py: a class in which the non-linear optimal control problem
and the main parameters of the model are specified.

task/nonlinear _scalar_task.py: implementation of the Task class as
the non-linear model presented in 4.5.1.

task/pendulum__ control.py: implementation of the Tusk class as the
pendulum model given in 4.5.2.

problems/NonLinearProblem.py: a class for working with a non-linear
model. The functions of linearization of the non-linear right part
and calculation of the trajectory of object motion as a solution of
the Cauchy problem with the non-linear system, closed by the found
control, are implemented here.

problems/LinearProblem.py: a class for working with a linear model.

Here the reduction to a linear or quadratic programming problem is



289

carried out. For this purpose, the functions of solving a system of
differential equations (scipy.integrate.odeint), calculating a definite
integral (scipy.integrate.quad) and constructing a matrizant are
implemented.

lin_prog_task/LPTask.py: a class in which the parameters of the
interval linear or quadratic programming problem are stored.
lin_prog_model/LPModel.py: a class that works with a linear
(quadratic) programming problem. With the library coptpy the model
is initialized, variables, constraints and objective function are set.
Then, using the COPT solver, the optimal solution is searched for.
common,/common.py: a number of auxiliary functions.
plotting/plotting.py: plotting using the matplotlib.pyplot package in

order to demonstrate how the algorithm works.
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