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BBEJIEHUE

AxTyaabHOCTb TeMbl. VcTopus 3apoz jieHust Teopun urp oeper Hadasio B XIX
BEeKe 1 TOJIIKOM K 3TOMY TOCJIYKIJIO Pa3BUTHE SKOHOMUUecKoit Teopuu. [lepsbie
MaTeMaTUdecKe MOJIe/N, UMeIOIe HelOCPeICTBEHHOE OTHOIIEeHNe K TEOpUH HUIP
KaCaJuCh TOJBKO TeX SKOHOMHYECKUX IPOIECCOB, KOTOPBIM BO3MOXKHO JIaTh KOJIU-
YeCTBEHHYIO OIIEHKY. DTO ObLT aHAJIM3 CIIPOCA 1 IIEH B 3aBUCUMOCTHU OT KOHKYPEHIIUN
Ha pbIHKe, KOoTopbiil nmpoBoamin A. Kypuo n nosjHee zK. Beprpan.

B cepenune XX Beka MHTepeC yUeHBIX K TEOPUU UT'D 3HAUYUTETHHO BHIPOC, PACIIH-
puInch 06JTaCTU MPUMEHEHNs ee MeTojI0B. Teopust UT'p HaIllIa MPaKTUIeCKOoe MpH-
MeHeHHUe B 9KOHOMUKe, OMOJIOrnN, KHOepHeTHKe, TeEXHUKE, aHTPOMOJIOTHHI U BOCHHOM
nesie. Ocoby1o posib B TEOPHUH UT'P 3aHUMAET TAaKOM pa3jie/ KK KOOIePATUBHBIE UT'DHI.
Ero zajaueit siBisieTcst HAX0XKIeHIE MHOYKECTBa PEIIeHuil KOHMIUKTHON CUTYAITNH,
KOTOpbIe OBbLIN OBbI BBITOJIHBI KaK OTJIe/IbHBIM UTPOKaM, TaK W I'pyIIaM HUTPOKOB,
HA3bIBAEMBIX KOAJIUIUAMU. TakzKe MeTOJIbl TEOPUN KOOTIEPATHUBHBIX UTD TTOMOTAIOT
pa3pabaThBATh KPUTEPUN ONTUMAJIHLHOCTH, 110 KOTOPBIM U3 MHOXKECTBa ITOJIyUeH-
HBIX PelleHuil MOKHO ObLIO Obl BIOpATH OJHO HAMJIyUIllee U CII0cOObl 0OecIeueHnst
BBITIOJTHEHUsI JIOTOBOPEHHOCTEN (KOOEepATUBHBIX COIIAIIEHIH) MEXKy UTDOKAMU B
JTMHAMIYECKIX Urpax (pasBUBAIOIINXCST BO BPEMEHN ).

OyHaMEHTAIBLHON KOHIENINEeH pelieHns HeaHTarOHUCTUYIECKUX UI'D sABJISIETCS
pasHoBecue 110 Hamury [37, 38|, coryiacho KOTOpOit UIPOKE BBIOUPAIOT ONTHMAIBHOE
noBe/jieHre (CTPaTeruio), OTKJIOHEHNE OT KOTOPOTO He BBITOJHO HUKOMY W3 yIaCTHI-
KOB KOH(DJTUKTA.

[Ipu paccmoTpennn JUHAMUYECKIX KOOMEPATUBHBIX UTP OCTPO BCTAET BOIPOC O

JUHAMNYECKONl 1 CUJIbHO-IMHAMNYECKONl yCTONYNBOCTHI (COCTOHTeﬂbHOCTI/I BO Bpe-



MEHI) TIOJIyY€HHBIX PEIIeHHii, TO €CTh BOIPOC O MOJJICPKAHIN KOOIIEPATUBHOTO CO-
IJIallleHls] B T€UEHUN BCEI'O UIPOBOTO IIPOIecca. SHAUYNTEIbHbIE PEe3Y/IbTAThl B 9TOM
HaITpaBJIeHNN ObLIN MOJTyYeHbl TPEJCTABUTEAMN OTE€YECTBEHHON HAYYHON ITKOJIbI
19, 10, 12, 13| u ap. OjHAKO, MONCK peleHnii KOOMepaTHBHBIX THHAMIIECKUX UTD
4acTO ObIBAET 3aTPYJAHEH B CJIEJICTBHE MX BBICOKOI BBIUMCJIUTEIbHON CJIOXKHOCTH,
YTO MeNIaeT MOJYIeHUIO pelleHuil B aBHOM aHaJuTu4IeckoM Buje. [loaromy Bompoc
0 PacCMOTPEHNH UTI'POBOTO IMPOIECCa B TAKOM BUJIE, KOTOPBIil ObI TTO3BOJIMIIN TIOJTY-
YUTH PelleHne B iBHOM BHUJIE, SIBJISIETCA IPE3BbIUYAHO aKTyaJ bHbIM.

C naugastom XXI Beka HabupaeT Moy IsipHOCTh PelieHne pa3InIHbIX 3a/1a4 C IPU-
MeHeHneM Teopun rpagoB. bypHO pa3BUBaIOTCsS CeTH BCEBO3MOYKHBIX BUIOB, TPAHC-
IIOPTHBIE CETHU, CETU CPEJICTB CBA3M, TOILJINBHBIE, SHEPreTUYeCKNe CeTH, HAKOHEI, Ce-
TI TOPrOBBIX B3AMMOOTHOIIEHUI 1 COMMaIbHbIe CeTH. ATEHTHI TAKNX CETell CBA3AHBI
JIPYT € JIPYTOM, a 3HAUYUT, OKa3bIBAIOT Ha JPYIUX areHTOB BJIMSHUE U I10JIBEPratoT-
cst emy [31, 32, 47|. OTmenbHO ciieyer OTMETHTh CONUATBHBIE CETH, KaK MOIHBIM
UHCTPYMEHT BJIMAHUSI Ha, IMUPOKUIT Kpyr Jinil. Pacnpocrpanenunio mHOpMAIUN 1
ne3uHbOPMAIUT B COIUATBHBIX CETSAX TMOCBsIIeHbl paborsl [17, 19, 30].

BoJibioe KoJmmaecTBO MPOIECCOB U sIBJICHUI, OIMCHIBAEMbIX IIPH ITOMOIIU CETH,
MOKHO PacCMOTPETh KaK COBOKYITHOCTD OTJIE/IbHBIX ITPOIECCOB, ITPOUCXOIATIIINX MEZK-
Jly areHTaMu, 00J1aJIaloluX CBA3bIO JPYT C APYTIOM, C TOUYKH 3PEHUsI OJ[HA CBSI3b —
onuH 1poruecc. Torma rimodabHbIN CI0XKHBII UTPOBOIT IIpolecc pa3dUBaeTCcs Ha ce-
MEHCTBO IIPOCTHIX UI'P. DTa KOHIIEHIIS HOCUT HAa3BaHUe IIONAPHOIO B3auMOIeHCTBIS
1 BIlepBble yroMsHyTa B paborax |25, 27|. [loucky pasroBecust o Hamry B Takoro
THIIA 33/[a9aX MOCBIIeHbl paboTel [20, 21].

B 1uccepramnuonHoii paboTe KOHIEIINS IOIapHOI0 B3aMMOJIEHCTBUST BIIEPBhIE
IIprMeHeHa K KOOIepaTUBHBIM JuHaMIIecKuM urpam. IToctpoena xapakTepuctmde-
ckasi PYHKIMSI, KOTOpasi, IIPU PacCMOTPEHUN UIPbI B (popMaTe MOIMapHOro B3aMO-
JleiicTBUsI, 00J1a[aeT 3HAUNTEILHO 00J1ee HUBKOM BBIUUC/IUTEILHON C/I02KHOCTDBIO, 110
CPaBHEHUIO C UT'PaMU, IJie UTrpa He pa3dMBAETCd HA COBOKYIIHOCTL UID, IOCKOJIBLKY

TpedyeT pelieHns TOJILKO MOJABITP ¢ MHOXKECTBOM UTPOKOB He OoJiee JByX. [Tomobnoe



pasbuenne Mmo3BOJISET MOJYIUTh aHAJIUTHIECKUE BbIpayKeHUs JIJIsT OCHOBHBIX BU/JIOB
pellieHnii HeaHTarOHUCTUIECKUX UrD, Takux Kak Bekrop [llermm [45], BekTop Tay
[46] u npyrue.

B jnucceprarmonnoil pabore BBEIEHO IOHSITHE KOOIIEPATUBHOI CETEBOI UI'PHI C
HorapHbIM B3auMmojielicTBrueM. OCHOBHOI 110J/IX0/1 K OIIPEJICJIEHNI0 XapaKTepUCTHIe-
CKOll (PYHKIIUN PacCMOTPEH C UCIOJIL30BAHUEM JIBYXIIArOBOIl UI'POBOI MOJIE/IN, IJIe
Ha [IEPBOM ITIare MPOMCXOJNT Iporiece (OPMUPOBAHNUST CBSI3eH MEK Iy UIPOKAMU (ce-
TH), & HA BTOPOM — HEMOCPEJCTBEHHO UIPA, MPEJCTABJISAIONAsi co0oii ceMeiicTBO
OJ/IHOBPEMEHHBIX OMMATPUUHBIX UTP MEXKIy HapaMi UT'POKOB, 3aHUMAIONINX Ha Ce-
TU TIO3UIUU B KOHIEBBIX BepIIMHAaX OJHOro pebpa. /lajsee Ha rnpumepe 3TOi MO-
JleJIn PACCMOTPEHbI OCHOBHBIE PEIIeHUsI M CIOCOObI UX YIIPOIIEHHOIO BbIYUC/IEHUS,
YUUTBIBAIOIIIE 0COOYI0 KOHCTPYKIIMIO XapakTepucTuieckoit dpyukimuu. ccemoBa-
HbI HEKOTOPBIE TUIIBI YACTHBIX ceTell, nMeroIe HanboJjiee IMIPOKoe pUMEHEHUE Ha
[IPAKTUKE, & TaKyKe BJINAHUE PCOMETPUN CETU Ha IIOCTPOCHUE PEeIIeHUs].

CiteLy1oIuM 3TaloM JUCCePTAIMOHHON paboThl CTAJI0 pacipoCTpaHeHe I0JIy-
YeHHBIX Pe3y/IbTaToB Ha OoJjiee OOIIMe caydand, a UMEHHO cjIydail MHOTOIIAroBbIX
UT'p U IIpUMEHeHNe KOHIEHINN TONapHOTr0 B3aNMOJICHCTBIA B MHOTOIIArOBbIX HeaH-
TarOHUCTUYECKUX CETEBBIX UI'Pax o0Imero Buja. Tak:ke ymaoch JI0Ka3aTh HEKOTO-
pble TI0JIE3HBIE CBONCTBA XapaKTEePUCTHIECKON (PYHKINN, 3HAUYUTEIbHO YIIPOIIAk0-
e ee InpuMeHeHne K PeleHUuIo KOOIEePaTUBHBLIX WUrP, & UMEHHO CYIIePMOJLYJIAP-
HOCTb XapakKTepucTuieckoit pyukimn. s pemennss MHOTOIIANOBBIX CETEBBIX UT'D
C IIOIApHBLIM B3aMMO/JICICTBUEM PacCMOTPEH BOIIPOC O JUHAMUYECKON U CUJIBLHO-
JMHAMIYECKON yCTONYMBOCTH, BBIJICJICHBl CUJIBHO-IMHAMUYCCKN YCTONYNBBIC I10/I-
muoxkectBa C-sjipa, Tak HaszBaeMoe [IPJI-sipo, npeaioxkenHoe B padborax [I. A.
Bosnda [7], O. JI. Ilerpocsna [39].

e n 3aa4qm ncciaegoBanus. [lebio qucceprainoHHOl PabOThI sIBJISIETCSI
dopMasn3aIys u 1ccjeloBaHue CeTEBbIX KOOIIEPATUBHBIX UT'P C ITONAPHBIM B3aMMO-
neiictBueM. [ljisi JOCTUKEHUS IIOCTABJIEHHON 1€/ CTaBSITCSI W PEIIaloTCsI CJIeTyIo-

e 3aJa4un:



[TocTtanoBka 3ajiaun. PaccmoTpenne JBYXINAroBoil ceTeBOil UTI'PHI ¢ MOTAPHBIM

B3auMOJICIICTBUEM.

[TocTpoenne xapakTepucTuieckoil (DyHKINN U UCCTICOBAHIE €€ CBOICTB.

VccnenoBanme pemeHnii 1By XIIaroBoil UTPhI.

UccnenoBanue cBOMCTB XapaKTepUCTUUIECKONW (PYHKITUN W PENIenuil JIJId Urp c

I[TOIIapHbBIM BSELI/IMOrZLeIL/,ICTBI/IeM Ha 9aCTHDBIX CeTAX.

O06001IeHNEe TTOIYIEHHBIX PEe3YJIbTATOB Ha CJIydail MHOIOIIATIOBBIX HUIP.

UccnenoBanue anbTepHATUBHBIX MOIX00B K MTOCTPOEHUIO XapaKTePUCTHIECKOI
dyHKIIIM B paccMarpuBaeMoil urpooit Mojenu. Omnucanue X JOCTOUHCTB U

HEJIOCTATKOB.

O0o0I1IeHIE TTOTyYeHHBIX PEe3YJILTATOB Ha UI'Pax 00IIero Buia ¢ UCII0JIb30BaHIEeM

NIPUHIATIA TTOITAPHOTO B3aNMO/JIeiCTBUS.

Anpobariis 1mo/IyIeHHbIX Pe3y/IbTaTOB Ha TEOPETHKO-UI'POBBIX MOJIEISIX.
Hayunas noBu3na padbOTHI.

1. BriepBble ornmcana KoorepaTuHas (poOpMa CETEBbIX UT'D C MTONAPHBIM B3anMO/1€eii-
CTBHEM, OllpejieJieHa XapaKTepucTuieckas (pyHKIINs, NCCIeI0BAHbI €€ CBOICTBa,
1 IIOJIy9YeHbI KOOIIepaTUBHBIE PeIeHus JJjisd JaHHOro Kjacca urp: C-sjpo, Bek-
top Iermu, BekTop 7. Jlokazana BBITYKJIOCTL JIBYXITArOBON UI'PHI C TOMTAPHBIM

B3alMOJICiICTBUEM.

2. JIns ocoboro Kjacca CUMMETPUUHBIX CeTeil — CeTb-3Be3ja — I0JIydeHa yIIPO-
IeHHas POPMYJIa BBIYUCICHUST KOMIIOHEHT BekTopa [1leriu, 1mojrydeHbl yCJa0BusI

JUUIsT CIJIBHOMN JIMHAaMITdecKoit yeroitunBoctn C-sijipa.

3. BrepBbie paccMOTPEHbI MHOTOIIIANOBBIE KOOIIEpATHBHBIE UTPHI ¢ TIOTTAPHBIM B3au-

MojieiicTBreM. [IpeiozkeH 1MoIxo/1 K olpee/IeHII0 XapaKTepUCTHIeCKoil (pyHK-



U U HCCJeJOBAaHbI €€ CBOMCTBA. ,H.HH JaHHOI'O KJlaCCa HUI'D IIOCTPOEH aHaJIor

C—smpa n JOKa3aHa €I'0 CHJIbHad JMHaMN4YeCKad YCTOﬁQHBOCTb.

4. PaccMOTpeHBbI aJibTepHATUBHBIE TTOJIXO0JIbI K ITOCTPOEHUIO XapaKTepUCTUIECKO
GyHKIUN JIId UIP ¢ HomapHbIM B3auMojieiicTBueM. OmucaHbl X JIOCTOUHCTBA U

HEJIOCTATKI.

5. JlJ1st HeaHTarOHUCTUIECKIX CETEBLIX UI'D Ha OCHOBE UI'D C IIOIAPHBIM B3aMO1eii-
CTBUEM IIOCTPOCHA HOBas XapaKTepucTumieckasd (PyHKINS, 00J1a1ao1nas MeHb-
el BBIYUCAUTEIbHON CJI02KHOCTBIO 10 OTHOIIEHUIO K KJIACCUYECKOM 1 JIOKa3aHa
ee cynepmoaynadaprocTh. [locrpoeno ITP/I-aapo n nokazana ero cuibHas JnHa-

MUIYecKasd YyCTONINBOCTD.

IIpakTuyeckass HeHHOCTh PadoOThI. [loydyennnie B iuccepraliun pe3yibTaThl
IPEJICTAB/IAIOT TPAKTUIECKIiT nHTepec. KoomepaTuBHbIe ceTeBbie UT'PHI C TTIONAPHBIM
B3aMMO/ICHICTBIEM, a TaKyKe UX Pa3/JnyuHble BapUalluu SBJSIOTCS Y00HBIM MaTeMa-
TUYEeCKUM WHCTPYMEHTOM JIJIsI ONUCAHWSA ITPOIECCOB, MPOUCXOIANINX B IKOHOMUKE,
JIOTUCTHUKE, MapKeTuHre, cpepe MacCOBBIX KOMMYHUKAINI W MTPOUNX OTPAC/IAX Ue-
JIOBEYECKOM JedTeJIbHOCTH.

Anpobamusi paboTbl: OCHOBHbBIE PE3yJIbTATHI JUCCEPTAIMOHHON PAabOThI ObI-
JIN TIPEJICTABIEHBI HA CJIEJIYIONINX HAYUIHBIX KOH(EPEHIUIX: MeXK/IyHapoiHast KOH-
dbepenIust «YCTOHINBOCTE U KOJIEOAHWsT HEJIMHEHHBIX CUCTEM YyIpaBjeHns» (KOH-
dbepennus nm. [larauikoro), Mocksa, 2016, 2018 rr.; MexyHApOIHAST KOH(DEPEeH-
must «Teopust urp n menemxments («Game theory and managements ), Cankr-
[TerepOypr, 2016, 2017 rr.; MexKJyHapOJHBII ceMHHApP II0 CETEBBLIM HUI'PaM HID
«Networking Games and Management», [lerpozaBojick, 2016 r.; MexkyHapOHAST
koHdepennusi «IIporecchr yupapienus u ycroianBocThby, Cankr-Ilerpoypr, 2015
I.; MexKryHapojiHas kondepenius «Constructive Nonsmooth Analysis and Related
Topicsy,  Camkr-Ilerepoypr, 2017  1.;  MexJayHapogHas  KOH(MDEPEHIHs
«GameNets 2018 - 8th EATI International Conference on Game Theory for Networks»,

2018 1., Ceyu, FOxxnast Kopest; MexkiyHapojiHasl HayIHONH KOH(EPEHIINN CTY/IeHTOB



n acrnupanToB «IIporeccol yripapienus u ycroitamBocThby, 2018, 2021 rr., Cankt-
[TerepOypr.

[To pesysbraTam jauccepranui omyOJIMKOBaHbI ciienyiornie paborst: [1]-[6], [22]-
23], [41]- [42]. U3z mux [1]-[4], [22]-|23], [41]-]42] omybimkoBaHbI B perieH3npyeMbIx
J)KypHaJsiax n3 crnncka BAK.

MeTtonosiornss m MeTOJZIbI WCCJe0BaHus. B mporecce mpoBeiennst nUccie-
JIOBaHWs aBTOP OMUPAJICT Ha HAYIHYIO METOJOJOTUIO TTPOBEJIEHNsT NCCIeT0BaHNUS,
o0TIenpu3HaHHble TPABIIa U TOIXO/Ibl K UCCIEI0BATETLCKON TedATeTbHOCTH B 0014~
CTU TPUKJIAIHON MAaTEMATUKN, METO/Ibl TEOPUU ONTUMUBAINN, TEOPUHU YITPABICHUS,
Teopun rpadoB u Teopun Urp. Ko Bcem yTBEpKICHUAM, JeMMaM 1 TEOPEMaM, Bbl-
JIBUHYTHIM B IIpOTlecce MCCJIeTOBaHNA, TPUBEIEHBI CTPOrne MaTeMaTUdecKue TOKa-
3aTeTbCTBA.

CTpyKTypa m OCHOBHOE cojiepkKaHue paborbl. /[luccepranmonnast pabora
BKJIIOYAaET B cebsd BBeJeHWe, YeThbIpe TJIaBbl, pa30UThie Ha pa3/iesibl, 3aKJII0UeHIe
U CIIMCOK WCIIOJIL30BAHHOI JuTeparyphl, BK/Iovatonero 49 nanmenosannii. Oobem
cocrapigeT 108 crpanul] MalmmHOMCHOTO TeKcTa. Pabora comep:kut 12 pucyHkoB n
8 TabJiuil.

B mepBoii rsjiaBe mpuBOINTCS TMOCTAHOBKA 3a/a4N MOTAPHOTO B3aNMOIEHCTBUS
Ha MpUMepe JBYXITAroBoil CeTeBOIl UTPHI, IJle Ha IepBOM IIare pOPMUPYETCs CETh,
BEPITUHAMI KOTOPOIl SIBJIAIOTCA UT'POKHU, & peOpaMu — CBA3W MexK 1y urpokamu. Ha
BTOPOM IIIare IPOUCXOJIAT OJHOBPEMEHHbIE OMMaTPUIHBIC UTI'PHI MEXKJIY COCEISTMU
110 CeTH, T.e. MeXKJIy KOHIIEBBIMU BepIUHAME OJIHOTO pedpa. Bo Bropom naparpade
CTPOUTCH XapaKTepucTuieckas pyHKIIS JIjIs KOOepaTuBHOM (pOPMBI JIBYXITATOBOI
UTPHI C TTIOMTaPHBIM B3aMMOJIENCTBIEM U MCCJIEIYIOTCS ee CBOcTBa. B TpeThem mapa-
rpade MOKa3bIBAeTCs, UTO XapaKTepucTuieckas (BYHKIIA /I MOJBIIPHI, HadIMHA-
IoIIeficss co BTOPOTO Iara, 00J1a/1aeT CBONCTBOM CYTIEPMOIYISPHOCTH, YTO MapaHTH-
pyer npunajyieskHocTh C-siipy BekTopa e, a cooTBeTCTBYIONAS UT'PA B TAKOM
caydae sBJsieTCs BBINTYKJION. B ¢BdA3M ¢ 9TUM, 3HAUYNTEILHO MOBBLIIAETCA EHHOCTH

Beropa Illemn Kak pemrenus st JaHHOTO KJiacca UIp. B derBeprom maparpade
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paccmaTpuBaeTcs BekTop Illerm u npUBOAUTCS HEKOTOPOE yIpoIieHne (GopMyJIbl
BBIUNC/IEHUSI €r0 KOMITIOHEHT. B 1siTtoMm naparpade paccMaTpuBaeTcs ajJbTepHATHB-
HOe pelenne, BEKTOP 7. ¥YIaJ0Ch BLIUNCINTD SBHOE 3HAUYEHNE BECOBOTO KO3 duIn-
eHTa A, & TaKxKe J0Ka3aTh, 4TO ATOT KOAMMUIUEHT HEe 3aBUCUT OT CTPYKTYPhI CETH,
KOJINYECTBa UI'POKOB M KOJIMUECTBA X B3AMMOJIEHCTBUI MEXK Iy JpyT JApyrom. B 1ie-
CTOM Iaparpade paccMaTpUBAIOTCs HEKOTOPbIE YacTHbBIE TUIIBI CETEl 1 0COOEHHOCTH
BJIMSIHUST TEOMETPHUI CeTH Ha IOCTPOeHNe XapakTepucTuideckoit dpyukimn. CTposT-
csl pelieHus sl TaKNX ceTeil n mceyeyorest ux coiictBa. B ceabmoMm naparpade
paccMaTpuBaeTCs JBYXINaroBast Urpa TpexX JIHIl, JiJIsi KOTOPO#l BBIBOJATCS YCJIOBHS
CUJIbHOM JinHaMu4ecKoil ycroitanBoct C-sijipa.

Bo BTOpOii Ty1aBe juccepTaiioHHONl PadOThI IPUBOIUTCA 0DODIIEHNE Pe3YJib-
TATOB, IOJYUYEHHBIX B IEPBOI IVIaBe JIjIsI Ccjydasl JIBYXIIAroBbIX MI'D Ha MHOT'OIIA-
ropeie urpbl. CTpouTCcs HOBasd XapaKTepucTHdecKast PYHKIMs, 00J1a/arolast CBOii-
CTBOM CYIEPMO/IY/IsIpHOCTH U OoJjiee yjoOHasT B PEIIeHN MHOIOIIATOBBIX UIP C 10~
HapHbIM B3anMojieiicTBrueM. HOBBIi PUHIINAIT ONITHIMAJILHOCTH, TIOJIyYeHHBI B Pado-
Te [8], ajantupyercs i cydas IMOMAPHOIO B3aUMOJIEHCTBHSI U JIOKA3BIBAETCS €ro
CUJIbHAs IMHAMIYEeCKasl YyCTORINBOCTD. IlocTpoenne XxapakTepucTudeckoit byHKIIn
1 IPUHIUINA ONTHMAIbHOCTH (moaMHO)KecTBa C-sijipa) HATVISTHO JE€MOHCTPUPYETCST
Ha YMCJIEHHOM IIpUMeEpe.

B Tperbeil ryiaBe paccMaTpuBalOTCA aJbTepPHATHUBHBIE CIIOCOOBI MOCTPOCHUSI
XapaKTepPUCTUIECKOH (YHKINKM U IIPUBOJNTCS UX CPABHUTELHBIH aHAIN3 ¢ Kjac-
CHYECKIM CIIOCODOM IIOCTPOEHMS XapaKTepucTudeckoin pyHKimn. Tak:Ke cTpOUTCs
1o iMHOzKecTBO C-s1jIpa ¢ NCIOJIB30BaAHUEM OJIHO U3 MPEJIIOKEHHBIX XapaKTePUCTU-
yecKux (DYHKIMI 1 JI0Ka3bIBAETCs €r0 CUJIbHAsl JUHAMUYECKas yCTONINBOCTh. Pas-
JIN4YKe B IOJX0JaX K IOCTPOEHUIO XapaKTePUCTUIEeCKUX (PYHKIUI U IIPernMyIIecTBa
KazKJIOro U3 HUX WJIJTIOCTPUPYETCS Ha IIPUMepe.

B dveTBepTOit ry1aBe pe3y/bTaThl, IOJYUYEHHbIE JIJIT MHOTOIIAIOBBIX CETEBBIX
UI'P C IONAPHBIM B3aUMOJIEHCTBIEM 0D0DINAIOTCS Ha Caydail HeaHTarOHUCTUIEeCKUX

urp. Ha ocnose IIPUHIUIIOB IIOIIapHOI'O BSaHMOILefICTBHH CTPOUTCA XapaKTEPpUCTN4E-
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cKast PYHKITIS CITOCOOOM, MMEIOINM 00Jiee HUBKYIO BBITUCIUTE/HHYIO CJI0YKHOCTD 110
OTHOTIIEHNIO K KJIACCHYECKOMY, U HMCCJIEIYIOTCS ee CBoiicTBa. B kKadecTBe mpunnuia
OIITUMAJILHOCTH PacCMOTPeHO mojMHoxKecTBO C-gpa, Tak HasbiBaemoe 1TP/I-siapo,
orpejiesernoe B paborax 7], [39] n mokazana ero cuiabHas AMHAMIYECKAS YCTONIN-
BOCTb.

B 3akJIro9eHuM 110/1BOJISITCS UTOIM ITPOBEJICHHOTO UCCJIE/IOBAHUS U ITPUBOISITCSI
OCHOBHBIE Pe3YJIbTAThI, OJIyYeHHbIE B paboTe.

B naucceprammonnoii pabore mcro/ib3oBaHa JiBoiiHasg HyMepalus dpopmy. Ilep-
Bagd Iudpa O3HaYaeT HOMEp IJIaBbl, B KOTOPOI BIEpBbLIE ONpeaesseTcs (hopmyJia,
BTOpas — HOMepP (hopMyJibl B IviaBe. st TeopeM, JieMM, yTBEp:KICHU, 3aMeUaHMii
U CJICJICTBUI TaK YKe MCIOJIb3yeTcs JIBOiiHAs HyMepallyd, rJie nepBasd nudpa o3Hada-
eT HOMep IJIaBbl, & BTopasi — HoMep (opMyJibl B IviaBe. Pasjiesibl IMEIOT JBOHHYIO
HyMepaIuio, rje neppas nudpa o3HavyaeT HOMEpD IJIaBbl, BTOpas — HOMEDP pasjielia
B raBe. Hekorophle pasjesibl UMEIOT CMBICJOBBIE MOJAINYHKTBI U HE HYMEPYIOTCSI.
HekoTopsie 1mojipasiesibl IMEIOT TPOIHYI0 HyMepallnio, Tje nepBasd nudpa o3Hada-
eT HOMep IJIaBbI, BTOpas — HOMEDP pas3jiesa, a TPeThbsd — HOMEpP IyHKTa B pasJiele.
[IpumMepbl TPUBOJIATCA B KOHIIE TVIaBbl U TakzKe He nMeioT Hymeparun. CIIICcoK Jiu-

TepaTypbl cOJEePKUT 49 HaMMEHOBAaHUI U IPUBEJIEH B ajdaBUTHOM IOPsiJIKE.

OcHoBHbIE pe3yJbTaThl, BBIHOCUMbIE Ha 3aIuTy. B Xojie auccepralinoH-
HOT'O UCCJICJIOBAHUS OBLIN MOJyYEHBI CJICIYIONINE PE3YIbTaThl, KOTOPhIE BHIHOCSTCS

Ha 3aIlUTY:

1. Onucana koorepaTuBHas (popMa CETEBBIX UI'D € MOMApPHBIM B3aMMOJICHCTBIEM,
olpejiesieHa XapaKTepucTuieckas (PyHKINs, UCCIeTOBaHbI ee CBOWCTBA W TIO-
JIy9eHbl KOOIEpPATUBHbIE PeIeHns i JaHHoro Kjiacca urp: C-gapo, BeKTop
[Term, BekTop 7. Jokazana BBITYKJIOCTH JBYXIIIAroBOI UT'PHI C TIOIMTAPHBIM B3a-

UMO/JICIICTBUEM.

2. JInst ocoboro Kjacca CUMMETPUUHBIX CeTeil — CeTbh-3Be3/a — I0JIydeHa YIIPO-
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IMeHHaAd (bopMyﬂa BBIYUCJICHUA KOMIIOHEHT BEKTOPA U_[emm, a TaKzKe€ YyCJIOBU:A

JIUIsl CUJIBHOMN JIMHAMITIecKoii ycroitunBoctn C-sijipa.

. PacemoTpennsr MuoromaroBble KoorepaTuBHbIE UTPHI ¢ TOTAPHBIM B3amMOeii-
crBueM. [IpejjiozkeH MoAXo/l K ONpPeJIe/IEHNI0 XapaKTePUCTUIeCKOH (DyHKIINT 1
HCCJIE/IOBANbI ee cBolicTBa. [l mannoro Kjacca Urp B KadecTBe MPUHITAIIA OIl-
TUMAJIBLHOCTI ITOCTpoeH aHasor C-siapa 1 JoKa3aHa ero CUJIbHAS JUHAMIIECKAsT

YCTONYNBOCTD.

. PaccmoTrpennl anbTepHaTHBHBIE TOAXOMBI K IMOCTPOCHUIO XapaKTEePUCTHICCKON
GYHKIMH I UI'P ¢ HOoapHbIM B3auMoeiicTBreM. OIUcaHbl UX JIOCTOMHCTBA 1

HEJIOCTaTKU.

. JIJ1s1 HeaHTaroHUCTUYECKUX CETEBBIX HI'D HA OCHOBE UI'D C IONAPHBIM B3aMMO-
JIeIiCTBUEM IIOCTPOEHA, XapaKTepucTrudecKas (pyHKIMs, 0bJiaiatomnast MeHbIeil
BBIYMC/IUTE/THHON CJIOYKHOCTHIO 10 OTHONIEHWIO K KJIACCUYIECKON W JIoKa3aHa ee
cynepmoyngpaocTs. [locrpoeno ITP/I-aapo u nokazana ero cuiabHas JTITHAMUI-

JecKasd yCTOMYNBOCTD.



13

I'1aBa 1;

JIByXmiaroBble OMMaTpuYiHble UTI'PHI C

IIOIIaPHBbIM BBaI/IMOﬂeﬁCTBI/IeM

B nanHoil riaBe OyayT paccMOTPEHbI KOOIIEpATUBHBIE JBYXIIAIOBbIE CETEBbIE UTI-
PbI € HOMMApHBIM B3auMoeiicTBueM. [J1aBHOI 0COOEHHOCTBIO TUX UT'D SIBJISIETCSI CIIO-
€00 B3aMMOJIEHCTBUST MEXK/Iy UTPOKAMU B X0j1e UI'POBOro Iporecca. CeTb MoyKeT ObITh
3ajiaHa, b0 chOPMUPOBATHCST Ha TEPBOM Iare Urpbl (HAIIPUMED, B IIPEJITOIOKE-
HUN MaKCHMU3AIUN CYMMapHOTO BBIMIbINIa UrpokoB). Ha Bropom miare (mepBom
UTPOBOM) TIPOUCXOJIAT OJHOBPEMEHHBIC OMMATPHYHBIE UTPHI MEXKY COCEJISIMIE 110
cetu. VIrpoKu MOI'yT KOOIEPUPOBATHCsI JAPYI' C JPYIOM, U IIOJy4YaTb B PE3yJIbTATE
TaKOl Koollepalni HeHYJIeBOIl BBIMI'PBIIL B CJIydae, €CJIi OHU CBsI3aHbI pedpaMu ce-
™. JlaHHYIO MOJIEIH ¢ HEKOTOPBIMI M3MEHEHUSIMI BO3MOYKHO OOOOIIUTD JI0 CJIydas

MHOT'OIIIarOBbIX UI'D ¢ KOHEYHbIM YMCJIOM IIaroB, 4YTO U 6y,ZLeT CZICJIaHO B I'JlaBe€ 2.

1.1 ITocTanoBKa 3aga4m

[Iycts N — KOHEYHOE MHOXKECTBO MI'POKOB, KOTOPBIE IPUHUMAIOT PEIIeHUsl B
nByx cocrostusix, |[N| = n > 2. Hepes z 0603HaueHO cocTostHne Urpbl. Vrpa Haun-
HAETCsI B COCTOSHUN Z1, B KOTOPOM KazKJblil Urpok i € N BeIOUpaeT cBOe MOBEICHUE
bl = (b}, ...,bl ) — n-MepHbBIi BEKTOP NPE/IOKEHHI CBsI3U JPYIUM UrpoKam |14].

Bynyr ucnosb3oBanbr cieytomne obosnadenust:: M; C N \ {i} — re urpoku,

KOTOPBIM UT'POK ¢ € N MOXKeT IpPeJIOKUTh CO3[4aTh CBA3b, IPU 3TOM 3HAUCHHE
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a; € {0,...,n — 1} paBHO MaKCUMAaJIbHOMY YHCJTy CBsi3eil, KOTOPbIE OH MOYKET IMOJI-
nep:kuBarh opHoBpemento. Ecmu M; = N\ {i}, 1o 910 03HAUaET, 4TO UI'POK § MOKET
MpeJIJIOZKUTL CBA3b BCeM UTpokaM. B ciydae, eciim a; = n — 1, UTPOK ¢ MOYKET TI0/I-
JIEPKUBATD JII0OOE YHCJIO CBA3EN.

JIJist KasKI0ro mosejieHust bl cymecTByeT Takoe HOJMHOMKECTBO Pean30BaHHbIX
npeiozKeHuit ¢ssi3u (; C M;, Jiist KOTOPOTO BBINOJIHSICTCs CJIEJIYIOIee yCJI0BUE

1, ecan J € @y,
bl = jeq (1.1)

ij
0, B IPOTUBHOM CJjydae,

nIpu AOIIOJIHUTEJIBbHOM OI'DaHUYCHNN
§ : 1

Yenosue (1.2) o3HagaeT, 9T0 YUCIO BO3MOYKHBIX CBsI3eH OIPAHUYEHO JIJI KasKJI0ro
nrpoka. Takzke, oueBnano, uro |@Q;| < a;.

CBsi3b 1) peajm3yercst TOrja 1 TOJbKO TOTJa, KOIJa bzlj = b}i = 1. Cdopmupo-
BaHHBIE CBSI3U 1] 00pa3yoT pedpa CeTH ¢, BepIIMHAMU KOTOPOIl ABJIAIOTCS UTPOKH,
T.e., ecjin bllj = b}i = 1, TO B ceTn g 1nosiBjsieTcst peOpPo ¢ KOHIEBBIMEU BEPITUHAMU 1

Yepes N;(g) 0b6o3HAUEHO MHOKECTBO cocejieli urpoka i B ceru g, T.e. N;(g) =
{j € N\{i} :ij € g}. Hanee nna kparkoctn unorna Bmecto N;(g) Oyaer Hammcano
N;. PesysibraroM BeI60pa UIPOKOB B IIEPBOM COCTOsIHIE siBjisiercst ceThb (b1, . .., bl).
[Tocte ee hopMupOBaHIst UTPOKH TEPEXOJISIT B COCTOsIHIE Z2(g), KOTOPOE 00YCI0BIII-
BAETCs CEThIO (OT CETU 3aBUCUT MHOZKECTBO cocejieit N; a cie/IoBaTe/IbHO, I TPABIIIO
B3aMMOJIeiCTBUST MeKIy UrpoKamu). Bo BTopoM cocTostHUEI 29(g), COCEIH MO ceTn
UIpaloT JIPYr C JPYyIOM B OJHOBPEMEHHbIE OMMATPUIHBIE UI'PHI, [TOCJIE Yero UIPo-
KU TI0JIy9al0T BBIUTPBIIIN, I UI'Pa 3aKaHunBaeTcs. JIpyruMu cjioBaMu, UMEET MECTO

naByxinarosas urpa ', (g), KoTopasi siBJISIeTCsl YACTHBIM CJIydaeM MHOTOIIATOBBIX

HEaHTArOHUCTUYIECKUX UID. AJANTUPYS K JaHHOMY CIydaro Olpeje/ieHne CTpaTe-
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ruit, OyJeT IPUHATO, 9TO B PACCMATPUBAECMOM CJIydae CTPATErHsl — 3TO IPABUIIO,
KOTOPOE JIJIsl KazKJ0I0 UI'POKa, OlpeeisieT MHOXKeCTBO ero "xkesaeMmbix" cocezeil B
IEPBOM COCTOSIHUE, & UMEHHO, BEKTOD b}, 1 IOBeJIeHIe B KazK10i GUMaTPUIHOI Hrpe
BO BTOPOM COCTOSIHUU B COOTBETCTBUU C CETHIO, KOTOpas c(hOPMUPOBAHA B IIEPBOM
cocrosinnn, — b?. Yepes u; = (b}, b7), i € N obo3HadeHa cTpaTerus Urpoka i B JIByX-
marosoii urpe I',,(¢). Bemrpeim urpoka ¢ obosnadaercs kak hi(z2), vie (21, 22) —
TPaeKTOpHs, peasn3oBaitas B curyarnn u = (u1(-), ..., u,(-)) B urpe I',,(g). Tak
KaK B IIEPBOM COCTOAHUY UIPOKH HE M0JIyYaIOT BLIUTPLIINT, TO (PYHKINA BLIUTPBIIIA

B urpe [',,(g) ¢ HAYaIbHOIT TTO3UIMETT 2] OIPEIENSIeTCs] CJIEIYIOMIUM 0OPA3OM:

Ki(z1;u) = Ki(zr;ui(¢)y - oo un(c)) = hi(22).

1.2 IlocTpoenne xapakKTepucTuiecKoit pyHKIINN

Bo BTOpOM cocTOogHUM WT'pa MPEeCTaB/IdgeT COOOi ceMefiCTBO TMOMapHBbIX OJIHO-
BPEMEHHBIX OMMATPUUHBIX UID {7} MEXKJy COCeJsIMHU 110 CeTU. A MMEHHO, IIyCTh
i€ N, j € N;. Torna i urpaer ¢ j B OMMaTpUIHYIO UIDY 7Y;j C MATPUIIAMU BLINIDbI-

et A;; u Cj; UIPOKOB 4 U j COOTBETCTBEHHO [1].

(af alh - il )

A, = a?jl a?‘é a?ﬂ}'{ | 13
\aigzl QG Ay
[ e )

Ciy = C%jl C%jQ ._ C%jé ; (1.4)
Cot Cmz 7 Co )

ap >0, ¢ >0, p=1,....m, [=1,... k.
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Koncrantel m n k onunaxosbl Juisg Beex ¢ 1 j. Korjga nmeer mecto urpa v;i, T. e.

KOI'JIa UTPOK 7 fABJISICTCsl BTOPBIM UI'PDOKOM, TO OH UIPAeT B OMMATPUUHYIO UIDY 7j;

T
1)

c marpuneit Cj;, KoTopasd paBHa A;:, a UTPOK j, KOTOPBIl Telephb ABJIACTCA HEPBBIM
HI'POKOM, UI'PaeT B UTPY Yj; C MaTpuUIleil BEINTPEIeit A j;, nim, 4To To 2Ke caMoe, C’g
Yepes Ffz (g) 6yzer obosHaueHa O IBIIPa UTPhI [, KOTOpast MPOUCXOAUT B COCTOSHIN
29. Takast UTpa MOXKeT OBITH PACCMOTPEHA B KOOTIEPATUBHOMN (hopme. XapaKTepuCTH-
qeckast QYHKIMST [T KayKI0ro moaMHoKecTBa (Koasmiun) S C N HaXoJUTCs Kak
HIKHee (MAKCUMUHHOE) 3HAYEHNE AHTATOHUCTUYIECKON WIPHI JIBYX JIUI KOAJUIIN
S u pononnurensHoit xoammuun N \ S, mocrpoennoit na octose urpst 'Y (g). Ilpu
9TOM BBIUTDBIIT KOAJUINN S PACCMATPUBAETCS KAK CYMMa BBIUIPBIIIEH HUTPOKOB,

Bxojsnux B S. CynepaInTUBHOCTL XapaKTePUCTHIECKON (PYHKIMHI CJIeIyeT U3 ee

onpeesnenusi. [Ipuanmarorcest ciemyrorie 0003HAUEHUsT

UJZ] = mgxmgin G,;Jé, p:177m, K:l)_”’k’ (15)
ng = m?XHgn cﬁ, p=1,....m; (=1,...,k. (1.6)

Obosnaunm Tak xe depes3 v(zo;S), S C N, — HUKHee 3HAUCHIE aHTATOHUCTIIE-

" S
ckoit urper I, (g).

Jlemma 1.1 @ynryus v(zg;S) onpedeasemes no caedyrowum Gopmyaam:
(225 {0}) =0, (1.7)

ol fih) = 3wl (18)

JEN;
1 i, i i
v(29; S):§ Z Z I%%X(a’pjﬂ + ) + Z Z Wi, S C N, (1.9)
icS jeN,NS i€S keN;\S
1 S
v(z9; N) = 3 Z Z maéx(ap‘z + ) (1.10)
ieN jeN; P

HokazarenbcrBo. @opmyna (1.7) odesmana. Popmysta (1.8) obocHOBBIBaETCSI
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caeytonmM obpasoM. [TockoIbKY UIpoOK 4, JeitctByst ipotus kKoajmiun N \ {i}, nr-
paer ¢ urpokamu j usz N N N; B He3aBUCUMbIE OUMATPUYHBIE UTPBI, TO B KAXKJIOM 13
9THX OMMATPUYHBIX UID OH MOXKeT cebe rapaHTHPOBATH HAHOOJIBIINIT BBIUIPBIIT W,
cJIeI0BATEILHO HANOOJIBIIIH BEIUIPLILI, KOTOPBII UI'POK 4 MOYKET TapaHTUPOBATD Ce-
Oe BO Beell urpe, ecTh CyMMa Y iy w;;. DTO U eCTh B JJAHHOM CITydae MaKCHMUHHbII
Beiurpbii ¢ mpotus N \ {i}. @opmysa (1.8) mokazana.

YT00B! 1OKa3aTh CIpaBeInBOCTL opmysibl (1.9), ee ciieyer paccMOTpeTh 17t
IpOU3BOJILHON Koammuu S. KaxKk il 13 UrpoKoB, BXOAMINIUX B S UIpaeT B He3aBU-
CHMBIE [IOIIapHbIe OUMATPUYHBIE UIPLI KaK ¢ UrpoKamit, xogdamumu B N; NS, Tak u
¢ urpokamu N; N{N \ S}. B nepsom cityuae urpoku, B3anMmo/ieficTByOIINe BHYTPH
S, Bcerja MOIyT BbIOpaTh CTPATEriio, MaKCHUMU3UPYIOMYIO UX CYMMApPHbBIA BbIUI-
DBIINI, T. €. Y maxp,g(a;@Jrcg). Bo BTOpOM ci1yuae Urpoku, B3auMo/IeiiCTBYIOIIe

JENNS
¢ urpokamu u3 N \ S MOryT rapaHTHpOBaTh cebe JIMIIb HUYKHEee 3HAYEHUE WIPbI,
T. €. BesmdauHy Y wl. TakuM 06pasoM, MAKCHMAJIBHbII CyMMAPHBIH BBIUTDHIIIL,

kGNZ\S
KOTOPBIT MOXKeT obeciednTh cebe Koaauius S, Oyrer paBeH

Y m Y Y i
€S jeN;NS €8 k'ENz\S

@opmyina (1.10) ciemyer us onpeesieHnst MAKCHMAJIBHOTO CyMMAPHOTO BBIUTPbI-
1118, UTPOKOB.

B dopmynax (1.9) u (1.10) koadpdpurment % HCKJIIOYAET IOBTOPHOIO CYMMUIPO-
BaHUs BLIMIPLIIIE 0 onHUM 1 TeM ke pebpam. Jlemma 1okazana.

Jasee Oymer paccMoTpeHa KoorepaTnBHasi GopmMa JByxXiaropoit urper 1, (g).
[IycTb npemosaraeTcst, YTo UI'POKKM BBIOUPAIOT CTpaTeruu i;, ¢ € N, KoTopble MaK-

CHUMUBHDPYIOT UX CyMMapHbIit Beiurpsii B urpe I, (g), T e.

ZKi(zﬁala NTES mgszi(Zl;U17 oy Up)

1eN 1eN

Curyarust u = (ﬂl, e ,ﬂn) Ha3bIBACTCA KOOIICPATUBHBLIM IIOBEJICHUEM, & COOTBET-
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CTBYIOIlasd TPaeKTOPUs (21, 22) — KOOIIepaTUBHON TpaeKTopueil, B JaHHOM CJiydae
CcoCTOdAIIasd U3 JABYX COCTOAHUIA.

Kak u panbiie, jis koaaunuu S C N Oyaer onpejeseHa XapaKTepucTindecKasl
dbyuximst v(Z;; S) Kak HUXKHee 3HaUeHIe B AaHTATOHUCTIHIECKON UIPe JIBYX JIUI MEK-
Jly KoaJiuuueii S, urpatonieii Kak rmepBblit (M&KCMMHBprIOHLHﬁ) UTPOK U JTOTIOJITHU-
TesibHOM Koastniueit N \ S, urpatorieii Kak BTOPOi (MUHUMHU3UPYIOINIHii) UIPOK. B
9TOM cJIydae, HaAaWIydIuM TIOBeJICHUEM Ha IIepPBOM Iare Jijisi MUHUMU3UPYIOIIEHTO
Urpoka OyeT He cOo3/laBaTh CBA3U C UTPOKAMU U3 KOAJUIUN S, TeM CaMbIM YMEHb-

i
Iasi BHIATPBINT KOAJUIAN S Ha BeJauduny » >, w).. CTOUT 3aMeTUTD, 9TO 3/1eCh
1€S k‘ENl\S
BBINTPBIIT KOAJTUINN S TaKzKe PaBeH CyMMe BBIUT'PHIIIEH ee yIaCTHUKOB U CTPATEI s
S — 3JIeMeHT JIeKapToBa IIPOU3BEICHNsT MHOYKECTB CTPATErnil U'POKOB, BXOJIANINX B
S.
Yepes v(z1;.5), S C N 6yger 0603HaUATHCST HUYKHEE 3HAYEHIE aHTATOHUCTHYE-

ckoit urpet I',,(g).

Teopema 1.1 Qynryus v(z1;.5) onpedeasemcs no caedyrowsum HopmyaAam:

v(z;{iy) =0,

v(z1;0) =0, (1.11)
Q) : o
v(z1;9) = max | o Z Z m,ax ot CJE) , S CN, (1.12)
’LES JEN;(g)NS
_ 1 ij | Jji
v(z1; N) =v(z9; N) = max | 3 Z HZI)%X(CLPJZ +a) |- (1.13)
ieN jeN;

oka3zaTeabcTBO. J[0Ka3aTebCcTBO aHAJOTMYHO JIOKA3aTeIbCTBY JeMMbl 1.1,
onHako 37ech B (1.12), B otimanme ot (1.9) orcyTerByer Bropoe ciiaraemoe. OHO paB-

HO HYJIO, TIOCKOJILKY MUHUMU3HpYIOlast crparerus bl urpokos uz N \ S B nepsom
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COCTOAHNN COCTOUT B OTKa3€ OT CBA3€H C NT'poOKaMM 13 S. 9ro CJIeAyeT N3 HEOTPU-

HaTe/JILHOCTU BbH/H’prLHef/’I BO BCEX UI'DaX. TeopeMa JOKa3aHa.

1.3 BBINIyKJIOCTh UTPHI

Heobxo/mmo TipuBecT onpe/ieieHne BbITYKJIOH UIPbI U CYTEPMOIYJIPHOIT Xa-
pakTepucTudeckoit Gyuximn [44].
Onpegnenenne 1.1 Xapaxmepucmuueckan PyHKUUA HA3DEAENCA CYNEPMOOYAAD-
HOt, @ COOMBEMCMBYIOUWAA €T UPa, BVNYKAOT, ECAU 0L AOOBLT NPOUSEONDHOLT KO-

aruyuli X C N uY C N svnosHaemcs HEPaseHCMBEo
v(XUY)>u(X)+oY)—v(XNY). (1.14)

S = &/
Teopema 1.2 [lodviepa I (g) asasemea evinyxkaot, a coomeemcmeyrowas et xa-

paxmepucmuveckan gyrnkyua (1.8)-(1.10) cynepmodyraprot.

HokazarenbcTBo. [Ij1s1 10Ka3aTE/IbCTBA TEOPEMbI HEOOXOMMO MPOBEPUTH Hepa-

BerctBo (1.14) mrst xapakrepucrtunaeckoii gynkmnnn (1.8)-(1.10). nst cokparenus
ij i

3aI1CH BMECTO maxpf(apg + pe) OyJleT HCIOJIb30BaThCsl 0003HadeHue m;;. Vmeror

MECTO CJIeJIYIOIINE BhIparKeHUs

1 ‘
V(X UY) = 5 E mi; + g Wi, (1.15)
i,jEXUY iEXUY
3;1}/ keN;\XUY

U(X):%Zmij-k > wh (1.16)

ijex icX
JEN: keN\X
]
v(Y) = w! —l—1 My (1.17)
ik 2 (Y :
iey ijey
keN;\Y jEN;

i#]
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v XNY)= Y m+ Y wh, (1.18)

1€ XNY €eXNY
JEXNY kEeN\XNY
i#]
JEN;

[Tocse Boranranus n3 (1.15) Beipaxenns (1.16), (1.17) u npubasmss (1.18), mosty-

JaeTCd HEPaBEHCTBO

ieX\Y
jGNi\X

KOTOPOE CJIeJlyeT U3 HEOTPUIATEIbHOCTHA BBIUTPBIIIEH, U, CJAe/I0BATEIBHO, BBIITOJJIH -

ercs B urpe ' (g). Teopema joxasana.

Teopema 1.3 /[syrwazosas uepa ¢ nonaprvim 63aumodeticmseuem Ffl (g9) asasem-
CA BUNYKAOU, @ COOMEEMCMEYWas el Tapakmepucmuieckas gynkyus (1.12)-

(1.13) cynepmodyraprod.

JlokazareabcTBO. /loKazaTe/ibcTBO JAHHONI TEOPEMbl IOJTHOCTBIO aHAJIOTMYHO J10-
Ka3aTe/bCTBY CyNEPMOIYISIPHOCTI XapaKTepUCTUIeCKOH (PYHKITUN JIJIsI TTOJIBITPhHI. B
CUJTy OTCYTCTBHUS B xapakrepuctudeckoil dpyukrun (1.12)-(1.13) monosHuTe bHbIX

CJIaraeMbIX W,

B IIPUBEJICHHBIX BBIIIE BBIKJIAJIKAX UX MOXKHO 3aMEHUTHL HA HOJIb U
MOJIYIUTH TaKO Ke pe3y/abTar. Teopema jgokazaHa.

Takum 06pasom, MocTpoeHHasi Xapakrepucrudeckas QyHKImsa v(z1;.S) B IBYX-
1aroBoil urpe Ffl (g9) cymepmogyisipaa. Dto rapantupyet wermyctory C-sijipa B ur-
pe Ffl (9) m nmpunaeskaocTh BekTopa e C-sapy. AHagormdHbIM CBOICTBAM

VJOBJIETBOPsIET XapaKTepucrudeckasi GyHKIms v(29;.S) B MOIBIIPE Fi (g9), Haunua-

IOIIIEIiCS CO BTOPOrO Iara.

1.4 BekTop lllensmu

B cmny onmcaHHBIX BBIIIE CBOMCTB, B JTaHHOM KJacce UT'P CYIIECTBEHHO IOBDI-
maeTcsd BaKHOCTH BekTopa [lemnn kak pemenmst KoomepaTuBHoil urpbl. [TosTomy

JaJiee B Ka4eCTBe peIleHnsl ABYXIIaroBoil KOOIepaTUBHON CeTeBOI NT'PHI C ITOITIAPHBIM
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B3anMo/lelicTBUEM Ffl (g) 6yzer pacemarpuBaThest BekTop ern. Criocob Beraucie-
HUsT Xapakrepuctudeckoii pyukiwu (1.12) mo3BosiseT mpenoaokKuTh, 9ro hopmMyIia
BBIUKC/IeHNsT KOMITOHEeHT BekTopa [llerin moxker ObITh yiporena [2|. Paccyxaenust
OyJIyT pasjie/ieHbl Ha, TPU CJIyvad:

a) TMOJTHASI CeThb, KOTJIA KAYKJIbIIl NI'POK MMEET CBsI3b € KazK/IbIM (TO eCTh Y KayKJI0ro

UrpoKa N-1 CBsI3b);
0) HeroJIHasl CeTh € TPOM3BOJILHBIM YHCIOM CBsi3eil y KayKJI0ro HIPOKA,;
B) cayuait mogprper 'S (g).
a) Iosnas cetwb. B srom cayuae, M; = N\{i} ais Bcex i € N. IIpu srom, nmpu

BBIUHC/ICHNN 3HadeHns v(S) Oyaer ucnosb3oBarbest dhopmymra (1.12). KommonenTa

BekTopa Lllermm jijist ¢-ro Urpoka BBIYUC/ISAETCS CJIeyIommM obpasom [45]:

(t—Dl(n—1)! ,
pilv] = > - [W(T) — (T ~4)). (1.19)
T|ieTCN
Crenyer 3ameruth, uro B (1.19), B ciaraemoMm ¢ (DUKCHPOBAHHON BeJMIHHOI

xoaymn (), caaraemoe max,¢(ay + ¢y) OyaeT BCTpeIAThCA POBHO C'2 pasza.

Kpowme Toro, ciaraemoe v(1") — v(T \ i) MOXKHO TIpeobpPA30BATH TaK:

o(T) —o(T N i) = 5 Z §n’;afx(api +ey) =5 Z rr;ax(api +oy) =
keT,jeT ’ jer\{i},keT\{i} ~
= Z mzzx(a;fé + C;Z)
jer

B pe3yJjibTaTe 110J1y49aeTCd BbIpazKCHUE!

(t—Din—t) i i
ol = > O Y ma(ay + o)
T|ieTCN ' jer
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U1, mocyie ynporeHust, moJ1ydaeTcst:

wilv] = Z mz}x(apjg +op) ) (1.20)
jen P 1=2

pilt] = 3 max(ay, + ) -

: n-(n—1)+n 2
jEN

Wrorosolit Bu1 hopMy/Ibl KoMIonenT BekTopa [llemmn ajs ¢-ro nurpoka:

wilv] = = - max(a”, + C;Z) (1.21)

6) Henousinas cers. Ilycth Tenepsb nrpoku He 0053aTeIHHO BCE CBSI3AHBI JAPYT €
JPYTOM, B MHOYKecTBa M; [7Tst pAa3JIMUHBIX UTPOKOB ¢ B OOIIEM CJIydae He COBIIAJIAIOT.
Torma wucyio coceneit myist Kazk0ro urpoka (Muoxkectso N;(g)) 3aBucut or i.

Bektop e B 3TOM cIydae IpUMeT BU/I:

"t —1Dl(n—1) P
goi[v]zz( )('” iy > max(ay +cy), TCN, |[T]=t (1.22)
—2 n Tsijen,nT U

(t—1)l(n—1t)!
n!
Hast GopMYyJIa SIBJISIETCsE 60JIee IIPOCTOI B CMBIC/IE OIIEPAIOHHON 1 BPeMEHHOM CJI0K-

HecmoTpst Ha HEOOXOIMMOCTEL BBIYUC/IATD KOIPMUITHEHT , JlaH-
HocTH 110 cpaBHennto ¢ (1.19), mocko/bKY He TpeOyeT BBIUNC/SITH 3HAUYCHUST XapaK-

TePUCTUYIECKO (PYHKINU, & TOJBLKO JIUITH 3HAUYEHUA maxp’g(agg + plg).

B) Cuiy4aii moabIirpbl FfQ (g). Yuporrenue dbopmysibl KoMmioHeHT BekTopa [1le-
W st caydas noabirper [ (g), HaMmMHAOmEHCs: CO BTOPOrO IIAra UIPbl TAKZKe
BO3MOZKHO TtocpesicTBoM Bbrancaennst pasuoctn v(1) — v(T N\ 7). Ucnombsys dhop-

MyJIBL LIS BBIMICIICHNS XapaKTepucrnieckoit dyukimn nogprpst I'S (g) (1.9)-(1.10),
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MO2KHO IIOJIYHIUTDL CJIEAYIOIICE BbIPazKCHUEC!

v(29;T) —v(29; T N i) = Z Z max(ag)k l + Z maX ‘7+C;fl)+

7l 7
25T hen iy reNinT
+ g g wl, + g Wy E E max(a’l + ) + g g Wl +
gk pl P il gk
JET keN,\T reN,\T yeT keN;,NT\{i} = JET keN,\T
J
+ D wh).
jer

[Tocae PaCKpPbITHA CKODOK 1 COKpalleHnd OJNHaKOBBIX CJlal'a€MbIX C IIPOTUBOIIOJIOZK-

HBIM 3HaKOM, IIOJIy4daeTCd CJIeYIOoIIee:

v(z9;T) — v(29; T N 1) Z maX o) + Z Wiy — Zwﬁl
reN;NT pi reN;\T jeT
B aroii ¢opMysie B paBoit 9acTu MepBbIe JiBa CJIAraeMX XapaKTepU3YIOT BKJIA HUI-
POKa 4, KOIJ[a OH $IBJIsIeTCsT YIaCTHUKOM Koauiun T') a cjiaraemMoe ¢ OTPHUIATe IbHbIM
3HAKOM — 9TO BeJIMUINHA, KOTOPYIO TIOJIydaeT Koasuiiusi 1', Korja UrPOK ¢ HAXOUTCs
B T\ {i} u urpaer nporus 7'
Torga urorosas dopmyna koMmnoneHT Bekropa Llerim st cydast mOABIIPEL

BBITVISIIAT CJICJIYIOIIIM 00Pa30M:

ol = > DS S st ¢ Y e Y]

t=2 T>i reN;,NT P reN,\T jET

IT|=t,T C N.

1.5 BekTop T

Tenepb B KauecTse perieHns AByxumarosoii urper I'S (g) Oyzer paccmarpusaTbes
BekTOp T [46], [48]. YauTsiBast 0co0y10 KOHCTPYKIMIO XapAKTEPUCTUIECKON DyHKIUN

B UI'pe Ffl (g), MOXKHO TIPEIIOJIOKUTD, 9TO KO huIneHT A B hopMysie KOMIOHEHT
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BEKTOPa T MOYKET OBITH BBIULCJIEH, YTO 3HAUUTEILHO YIPOCTHIO ObI IIOUCK JIAHHOI'O

pellenns B paccMaTpUBaeMOM KJacce Urp.

YrBepxkaenue 1.1 /Jlaa deyxrwazosoti cemesots uzpvl ¢ NONAPHHIM 83GUMOIETCNEU-
1

S .
em I (9), xospuyuenm X das svivucirenus KOMNOHEHM 6€KMOPA T PAGEH 5.

7i(N,v(z1, N)) = %[U<21:N) —v(z, N\ {i})]

Jloka3aTeJIbCTBO. 3HaueHUe XapaKTePUCTHIeCKON (DYyHKINK /I TPOU3BO./Ib-
HOIT Koaymiuu S B clydae JIBYXIIaroBoil ceTeBOil UIPbl ¢ IOIMAPHBIM B3aMMO/Ieli-

CTBHEM BBIYMCJIACTCA CJICAYIOIINM 06pa301v1:

v(zi;{i}) =0,  w(z;0) =0, (1.23)
1 g g
v(21:8) =5 > max(agy +¢,), S CN, (1.24)
i€S jeEN;NS P

JI1s1 yIpoIieHus 3alnuch BhIpazkeHuil jajee Oy1eT IpUHATO aHAJOTHIHOE ITyHKTY

ij . i -
1.3 obosnadenue — BMecTo max;, ¢(a, + cég) OyJer Hamucato 1pocro m;j. C yduerom
IPUHATOrO OOO3HAYEHMs, IIOJIydaeTCs CJelylonee 3HadeHne XapaKTepUCTHUeCKOIl

QYHKIUHU 1151 IIPOU3BOJIBHON KOAJIUIIH S':

U(Zl;S):%Z Z myj, S C N,

1€S jeN;NS

CDOpMyJIa BbIYUCJIEHNA KOMIIOHEHT BEKTOPa T HJIA BbIHyKJIOﬁ HT'DbI:

(N, v) = A(w(N) = o(N\ {i})) + (1 = A)v({i}),

riae KoapUuIimenT A onpeiesisgercss u3 ypaBHEHU

> AW(N) =o(N\ {5}) + (1 = Ao({5}) = v(N).

jEN

CornacHo 3HaveHUsiM xapakrepuctudeckoit gynknnn (1.23)-(1.24), ciaraemoe
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(1 = MNv({j}) pasuo mywo.
Takum 06pazoM, Jist ABYXIIATOBOI CETEBOf UIPBI ¢ ONAPHBIM B3aUMO/IEiiCTBIEM

2 (g) nonyuaercst caeayromas GopMysIa BbOIMUCIEHNs] KOMIOHEHT BeKTOPa T
7i(N,v(21, N)) = Av(21, N) —v(z1, N\ {i})) (1.25)
riae KoappuimenT A onpeesisgercs u3 ypaBHEeHUs

> Aw(z1, N) = v(z1, N\ {j})) = v(z1, N) (1.26)
jEN
Jasee HeOOXOMMMO BBIMUCINTD 3HaueHne pasuoctu v(z1, N) —v(z1, N\ {j}). Kak
yKe YIOMHUHAJIOCH paHee, B Cilydae JBYXIIAroBOi CeTeBOH UIPhI ¢ HOIAPHBIM B3au-
MOJIefiCTBIEM B CHILY CIIOCODOa OIpejIe/IeH s XapaKTePUCTHIECKONH (DYHKIIUE NTPOKAM
13 KOATUIN S BBITOJIHO He co3/aBaTh cBsizu ¢ Koasuiueit N \ S. [Tosromy, pasuuia
mexk iy koasunueit N u N \ {j} Oyzer jmmb B cBsi3six, 00pa3yeMbix UTPOKOM j U

ero cocegamu n3 N. I3 sroro ciemayer, 9To

v(z, N) = vz, N\ {j}) = Y my,
iEN]‘
Bosspamasice K ypasuenuio (1.26), u MOJACTaB/Isisi B HErO 3HAYEHUS XapaKTe-
puctudeckoit yHKIwN s Koaunun v(z1, N) ¥ BBIYUCICHHYIO BbIIIE PA3HOCTh,

MO2KHO IIOJIYIUTD

SN mi =5 3 S my (1.27)

JEN  i€EN; 1€N jeN;
Tak »Ke MOXKHO BBIHECTH A 3a 3HAK CyMMBI, ITOCKOJIbKY A He 3aBUCHT OT JeHCTBMIT

UTPOKOB U WX BBIUTPHIIIENL.

AY D my) = %szw (1.28)

JEN 1i€N; 1eN jeN;

Cokpanast oJJMHAKOBbIC COMHOYKUTE/N B IIPABOIl 1 JIEBOIl YacTAX ypaBHEHUsI, TTOJTY-
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qaeTCAd:

A= (1.29)

1
5

Taxum oOpazoM, B JIBYXIIaroBoii KOOIepaTHUBHOII ceTeBoil UT'pe ¢ IolapHbIM B3a-
nMojieificTBIEM Ffl (g9), koabdurmenT A B BEKTOpE T PaBeH %, 1 He 3aBUCUT HU OT

qucCJjia UTPOKOB, HU OT KOJIMYECTBa CBgA3eil MEXKAY HHMMM, HU OT CTPYKTYPbLI CETH.

YTBepKIeHHIE JIOKA3aHO.

YrBepxkaenue 1.2 B dsyxwazo6oti cemesoti uzpe ¢ nonaprvim 63aumodeticmsauem

Ffl (9) ma noanoti cemu 3navenue eexmopa T cosnadaem ¢ eexmopom Llenau.

oka3zaTeabcTBO. Panee Oblia moJiydeHa ymnpolneHHas popMysia KOMIIOHEHT
BekTopa [lermm a1 ABYyXIIAroBoit KoomepaTUBHON UI'PHI ¢ MOTAPHBIM B3aMMO,1eTi-

creueM 'Y (g) ma mosmoit cer:
1

1
pilv] = 2 E M.
jEN
MoxkHO TIOJTYUNTE BbIpaykKeHune JijIst BEKTOpa 7T Ha aHaJornvdHoil cetu. B mynkre
1 ObLIO JlIOKA3aHO, 9TO KOI(PPUIUEHT N = % JIJIs1 TakKoro Buja ceru. llomcraBisia
HallIeHHBIIT KO3 PuImeHT B popMyJTy BHIUNCIEHIA KOMIIOHEHT BEKTOPa T, MOJIyva-

€TCA:

1

(N, 0) = S (o(N) = o(N \ {i}) + (1 = S)u({i})

Panee 0Ob110 mOKa3aHo, uTo B aByxMarosoit urpe v(zy;{i}) = 0. C yderom sroro,

ImoJry4dacerTced:
H(N,0) = S (0(N) = o(N\ {i})).

B npenpiayinem myHKTe yrkKe ObLIO BBIYHC/IEHO 3HAUEHHE PA3HOCTH, YIIOMSHYTON B
dopmyite:

o(N) —o(N\{j}) = > mys.

iGNj

Tax Kak B 9TOM CJIydae pacCMaTPUBACTCs MOJIHAA CeTh, TO [V; — MHOXKECTBO cocejieil
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j—I"O HNT'PpOKa COBIIaJa€T CO BCEM MHOXKECTBOM HNI'DOKOB, 3a MCKJ/IIOYEHHEM CaMOI'O j

Tak kak m;; = 0, 6e3 MOTEPU TOUHOCTU MOXKEM HAIIUCATD:

1
TZ'(N, ?}) = 5 Zmﬂ,

JEN

9TO coBlajiaeT ¢ BekTopoM I[llermm. YTBep:KaeHne JOKa3aHo.

1.6 Ciyuait ocoboii ceTu: ceThb - 3Be3/1a

B nannom maparpade Oyjer mncciienoBaThed cliennduyieckasl CTPYKTypa CeTH, a
TaK K€ pelIeHne JIBYXIIaroBoil KOOIIepaTUBHOII UI'PHI C IIOIAPHBIM B3aNMO/ICICTBIEM
Ffl (g9) na sroit ceru. Paccmarpusaercs cerb [41], cocrosiiast u3 n UrpokoB, cpejiu
KOTOPBIX UT'POK 1 — IeHTpaJibHbIl UT'POK, UMeIoNuil n — 1 ¢Bs3b, a Bce ocTaibHbIe
n — 1 UrPOKOB COEAMHEHBI €IMHCTBEHHBIM PEOPOM C IEHTPAJLHBIM HUI'DOKOM M HE

UMEIOT CB#A3€ll ¢ JIPYTUMU UTPOKAMU.

1.6.1 BekTop Illenim

Ciegyer OTMETUTDh, 4TO KoollepaTuBHasi (hOpMa UIPhI Ffl (g) ObLTA paccMoTpe-
Ha JIJIsi OOIIero cjydasl MONaPHBIX B3aMMOJIEHCTBI, KOIJa Ha IIePBOM dTalle UI'DPbI
MOXKeT ObITh cOopMHUpOBaHa Jtobasi ceThb. /s 9Toro obdimero ciydasi, ObLIN Hali-
JICHBI AHAJIUTHYECKIE BBIDAYKEHUs [T XapakTepucTideckoil dyukimm (1.8)-(1.10),
(1.12), KOTOpBIE UCIIOIB3YIOTCS [T pacueTa KoMmIoHeHT BekTopa Illemmn mo dop-
myite (1.19). Tlockosbky Borancienue snadenns Llemin siBisiercst cioxKHOM 3a1adeit
JIIsE OOJIBITIOTNO KOJIMYECTBa UT'POKOB 1 ITPOU3BOJILHOM ceTH, jiajiee OyIeT MoKas3aHo,
Kak yrnpoctuthb (opmysy (1.19) st cern ocoboro Buja — ceTH-3Be3/[a, HPUIEM
Kak jy1s1 urpbt [ (g), Tak n st nogsirper I (), Haunatomeiicss co BToporo mara.
V1a/10ck MOJyIuTh aHAJIUTHIECKOe BhIpaykKeHue st 3HadeHns BekTopa [lemin, Ko-

TOpPOE HAMHOI'O JIerye HHTePIPeTHPOBaTh U aHaJm3npoBarh. CjiejlyeT OTMETUTh, YTO
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JTsT BBIIUCTeHIsT KoMIoHeHT BekTopa [lern o dopmyse (1.19) Heobxomnmo mepe-
YUCJIATH 3HAYEHUST XapaKTePUCTUICCKONH PyHKIMY JIJIst 2" HOAMHOKECTB MHOXKECTBA
UrpokoB IN; KpoMe TOro, st OOJILIINX ceTeil BLIYUC/IeHNe BECOBOIO KoM UIMEHTa
upejcTap/sier coboii KpaifHe TPyAHyIO 3aJady, T. K. 4UCJ0 n! MOKeT OLITh OYeHb
oosbimM. OTHAKO, JIJTsA CETH THIIA 3Be3j1a HaM oHa106uTcst Tosibko O(n) Bbranciie-
HUIl 1 HeT HEOOXOMMOCTH BBIYUCJIATDL BCE MTOJIMHOXKECTBA MHOKECTBA, [N, a TOJBLKO
JINIIDb [OJMHOYKECTBA MOIIHOCTBIO He OoJiee deM 2.

Cutesryer Tak »Ke OTMETHUTL, UTO, B CJIEJCTBUE CYIIEPMOJLYJIIPHOCTU XapaKTepu-
cruyeckoit pyukiuyn sekrop Ilemin B urpe Ffl (g9) Bceryma npunaiexut C-supy
(kak 1 B moapirpe I'2 (g)), 1 €ro 3HAMHMOCTD B JAHHOM KJIACCe 3aJat 3HATNTE/IBHO
BO3pACTACT.

Janee onmucbiBaeTca (bopMaN3alng ITIOCTPOCHUST CETH-3BE3/a Ha NEPBOM IIare
urpsl. [Ipurnmatores ciegyronme npeanosoxkennst. [lyers My = N\ {1}, a1 =n—1
u M; = {1}, a; = 1 gyna i # 1. Torma B mepBOM COCTOSTHUN WUIPBI, CIEIYsT KO-
OIIEPATUBHO TPACKTOPUN (Z1, Z2), B HEJIX MAKCHUMU3AINN CYMMAPHOTO BBIMTPHIIIA
UTIPOKH JIOJIZKHBI BLIOPATH CJICAYIONE [IOBEIeHNUS:

0,1,...,1), i=1,
b = ( ) (1.30)

(1,0,...,0), i#1.

[Tosesenne (1.30) dopMupyeT ceTb-3B€3/1y B IEPBOM COCTOSTHUH C IEHTPAIBHBIM UT-

pokom 1 (em. puc. 1), B koropoit |[N1| =n—1u |[N;j| =1, # 1.

@

Pucynoxk 1. Cerb-3Be3/1a ¢ IEHTPAJIbLHBIM UTPOKOM 1.

st ceTn-3B€3/1a XapaKTepucTuieckas (DYHKINs Ha BTOPOM Iare Urpbl, T. €. B
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1OJIbITPe F% (g) BBITHCIAETCS ¢ YIeTOM crelududeckoit crpyKTypbl ceti. [Ipeobpa-

soBanHble Bhipazkerns (1.8)-(1.9) ¢ yuerom mosrydeHHoit ceT:

v(z2;{0}) = 0, (1.31)
Z Wij, @ = 1,
v(z;{i}) = § 7 (1.32)
Wi1, 1 75 1.
> maxy(ay +c)+ Y wy, SCN, €S,
v(Zg; 5) = JENNS kENI\S (1.33)

0, i¢S.
AHaJIOrMYHO MOXKHO IIPOBECTH IIPE0OPA30BAHKIE BBLIPAXKCHUI /I BLIYUC/ICHIA
XapaKTepUCTUIecKoil PyHKINN B JBYXIIAIOBON UIpe Ffl (9) (1.11)-(1.12), ¢ yueTom

OrpaHUICHH, B CHJIy KOTOPBIX Hostydaercs garHas cetb: M; = N\ {1}, a1 =n—1

u M; ={1}, a; =1 nna i # 1.

v(zy; {i}) =0, v(z1;0) =0, (1.34)
> maijg(CL;é + cﬁ), SCN, 1€8,
v(z1;S) = JEMNS (1.35)

0, i¢S.
CeTb uMeeT HEeHTPAILHYIO CHMMETPHIO, KOTOPAs IO3BOJISICT PEJIIOI0KUTD, YTO
dbopmyna (1.19) MoxkeT ObITH YIPOIIEHA.
Teopema 1.4 [41] Jlasa cemu-36e3da ¢ yenmparohvim uepokom 1, 6 uepe th(g)

romnonenmo, sexmopa Ilenau plv(z)], t = 1,2, npedcmasumovt 6 sude:

2

\

1
Yo )+ Sy — oz )|, =1,

ple(z)l = | ° § ! (1.36)
2 [w(ze; {i}) +ma — wil 1 # 1.

HokazarenbcTBo. CHauaia TPUBOJANUTCS JI0KA3aTEILCTBO BbhipazeHus (1.36)
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JIJISI TIOJIBITPhI I’i(g). [Iyctb urpok @ € S, i # 1 3aduKkcupoBaH U paccMaTPUBACTCS
ero npeJiebHbIi BRI v(Z2; S) —v(Z; S\ {i}) B koamunuio S. [Ipunumas Bo BHIMA-
aust hopmysibt (1.31)-(1.33) st xapakrepucrudeckoit byHKum v(Zs; - ), moaydaem,

qTo

my; —wy, 1 €S,

W;1, 1 §é S.

v(Z2;S) —v(Z9; S\ {i}) =

[ToscraBiisis 3HAYEHHsT XapaKTePUCTHIECKONH (byHKIN v(Z2;.S), a Tak Ke BbIUNC-
JIEHHYTO BBIIIIE PA3HOCTD B (hopMy.ty KoMmioueHT BekTopa [Hlemmn (1.19), ayst urpoka

i # 1 moJiydaroTcst CJIe/IyIonine BbIpayKeHust

aloz) = 3 WD =IOl sy s\ i) =

n!
SCN;ieS

O O s 0 1) T w (o DLl 1
SCN;1ies " SCN;ieS;1¢5 n
(IS = D)!(n =[S ('n—2
(= 3 512"
15]=2
n—1
i1 (S| =D n— SN/ n—27Y _
+w; Z o 51 —
S|=1
— ‘S‘ —1 11 n — |S| 1 y
= (my; — wl)g:%n(n—l |§—: (n—1) [w + my; wl}_

Ciaenys cBoiictBy 3ddexTuBHocT Bekropa Ilemmu, cpa3y HaxoauM, ITO

e1|v(2Z2)] = v(Zo; N Z% = %Z Z m;j — %Z [wil + my; — wﬂ —

i#1 1€EN jEN; 1#1
1 1
:th—gz ’U) —i—mh—wﬂ:§Z[w1 —|—m12—w11]
1#£1 1#1 1#1

C yuerom Toro, uro v(ze; {1}) = > _icn, Wy wy! = S wi wv(zs{i}) =N w;j —
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w7 # 1, Boipakenus (1.36) crpaBe MBI IS TOJBIIPHI Fi (9).

Teneps Gyser npuseseno jokasaresascrso dopuysst (1.36) as urpsr 'Y (g).
AHaJIOTUYIHO TPeJIIoJIaraeTest, 9To Urpok i € S, i # 1 3aduKcnpoBaH 1 paccMaTpu-
BAETCS €10 MaKCUMAaJIbHbI BRI v(Z1; S) —v(Z1; S\{i}) B koamunuio S. Ucnonn3ys

Boipazkenusi (1.34)-(1.35) mist xapakrepuctudeckoit dyHkiwn v(Zy;S), nosydaercs

my;, 1e S,

v(z1;8) —v(z;; S\ {i}) =
0, 1¢85.

[Moncrasmsist ux B gopmyny st KomrnonenT Bekropa [lermmn (1.19), st urpoka

i # 1 uMeeT MeCTO CJIe/lyolee BhIpaKeHue

ol = 0 UEEDR T IO gy s i) =

SCN;ieS n!
(IS = 1)} (n — [S])! - (|5\—1)!(n—|5|)!(”—2>
— M1, Z — M1, Z =
SCNi1,ieS n! 15]=2 n |51 =2
" ‘S‘ —1 mai;
= my;
|§:2 n(n—1) 2

CuoBa, cienyst cBoiicTBy 3adpdexkTuBHOCTH BekTopa [lerm, MoXKHO Jierko HaiTh

KOMIIOHEeHTY BekTopa [llermm s neHTpaabHoOro urpoxa 1:

orlv(z)] = vz N) =Y @ilv(z)] = %Z S gy %Zm _

i#1 1€N jEN; 1#1
= mu; — 1 mi; = 1 mi;.
" 24 24
1#1 1#1 i#1

Crenyer nanomunts, aro mo (1.11)-(1.13), v(Z; {i}) = 0 mra moboro nrpoxa
i € N, ciemoBareibHO Bbipazkenue (1.36) crpaBeinBo JIjIs1 JABYXIIIATOBOH HI'PBI

I'2 (g). Teopema nokasaHa.
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ITpumep

Paccmarpuaercsa urpa derbipex s, N = {1,2,3,4}. C ydueroM NpUHATHIX
BBIIIIE TTPEJIITOI0KEHNIT, UT'POKAM B IIEPBOM COCTOSTHUU C I1E€JIBI0 MAKCUMU3AIIUN TTPHU-
ObLIM BHITOJHO BBIOpaTh moseienus bl = (0,1,1,1), b = bl = b} = (1,0,0,0).

[Tonygaercsa ceTb-3Be371a, IpUBeIeHHAA Ha PUCYHKE 2:

o p

PI/ICYHOK 2. CGTB—BBGS,ZL& HJI 9€ETBIPEX UT'POKOB C HEHTPAJIbHBIM NI'DOKOM 1.

3aJlaHbl CJIe/IYyIONINe MaTPUIThL:

ApCy = (3:2) (1;4) , A13C51 = (24) (1:3) ,
(2;0) (3;1) (2;3) (3;0)
AuCrr — (3;2) (1;4) |
5,0) (2;2)

SHaYEHUA Wi; U Myj:

mig =5, mi3 =6, myy = 5, wig = 2, wy = 1,

wiz = 2, w31 = 3, Wiy = 2, Wy = 2.

Boruncsienne xapakrepucruieckoil dyHKuun s noasirpet IS (g), ¢ nenonsso-
Bannem Boipazkernnii (1.8)-(1.10):

v(z0;{0}) =0, w(z;{1}) =6, wv(z;{2}) =1, wv(z;{3}) =3,

v(z2;{4}) =2, w(z;{12}) =9, ov(2;{13}) =10, wv(z;{14}) =9,
(22:{23}) =4, v(2:{34}) =5, wv(2;{24}) =3, w(2;{234}) =6,
v(z9;{123}) = 13, w(z9;{124}) =12, w(z9;{134}) = 13,
v(z9;{1234}) = 16.

4



33

Jasee omnpejesisiercss XapakTepucTudeckas (DYHKIHsI JIJI JIBYXIIANOBOIl UIPbI
2 (g), ¢ npumenennenm sbipaskenmuit (1.11)-(1.13):
v(z1;:{0}) = 0, v(z;{1}) = v(21:{2}) = v(21;:{3}) = v(22: {4}) = 0,
v(z1;{12}) =5, v(z1;{13}) =6, wv(z;{14}) =5,
(1 {23}) = v(en; {24)) = (e {34)) = 0,
v(21;{234}) =0, wv(z1;{123}) =11, w(z;{124}) =10, wv(z;{134}) = 11,
v(z1;{1234}) = 16.

e

Tenepb MOKHO BBIMHCJANTS 3HaueHne ekropa Lllemwm s mogerpst IS (g) u
aByxiarosoit urpet I'Y (g):

plv(z2)] = (8;2;3.5;2.5),

elv(z1)] = (8;2.5;3;2.5).

Hasturper IS (g), ¢ = 1,2 soKasana cynepMoLyIsIPHOCT XapaKTePACTHICCKOI
dbyukiwn, u3 dero ciaegyer, uro sekrop Ilemmu npunaiexxkur C-syipy. B camom

Jesie, corsacHo ompejesnennto, C-sjpo B urpe Fi (g) — 9TO0 MHOXKECTBO JiesIerKeit

r = (Z1,...,T,), KOTOPBIE YJIOBJIECTBOPAIOT YCJIOBUSIM:
in > v(z;S), mius Beex S C N, (1.37)
i€S
N

Zx — u(z; N). (1.38)

[Togcrassis snavenust xapakrepuctudeckoit pynkmnnu (1.9)-(1.10), (1.11)-(1.13)
n 3uadenns Bektopa Hlemm p[v(Ze)] n plv(Z1)] coorBercrBenno B yeaosus (1.37)-
(1.38), mosyuatorest Bepuble HepasencTsa n Bektop lertn ¢[v(Z;)] aefictBuTenbHo

npuna ekt C-aapy B Urpe Fft (9).
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1.6.2 /Ilnnamudeckass ycroiiuuBocTh BeKTopa lllersiu B ceTu-3Be3ga

Muozecrso genexeit B urpe I'S (g) Gyaer o6osnaueno uepes
n
Mp(z)] ={z = (z1,....20) 1 Y _x; =0(Z; N), 2 > v(%; {i}).i € N}.
i=1

B kadecTBe pertiennst Ha yKazaHHO{T ceTn paccmaTpuBaercs eexmop Hlenau (1.19)
@[U(gt)] - (901[2)(215)]7 R Qpn[v(zt)])a t=12.

Cureiyst KoolepaTUBHON T€OPUU UI'P, MAKCUMAJILHBII CyMMAapPHDII BHIUIPLIII BCEX
urpokoB v(Z1; V) 1pu Koomepaiuu JI0JIzKeH ObITh pa3JiesieH MeyKJly BCEMU UIPOKa-
MU II0CJI€ OKOHYAHUS UIPLL. UTOOBI 3TO ClEIaTh, UCIOIL3YETCsS XapaKTepPUCTUIe-
ckas yukuus v(z1;S), M0 KOTOPOil ompejesiercs Jeiexk Kak Bektop £[v(z1)] =
(&1]v(z1)], - - -, &n[v(Z1)]) KOTODBI, BO-IIEPBBIX, YIOBIETBOPACT yCIOBUIO 9D EKTHB-
HOCTH, T. €., Y ..n&[v(Z1)] = v(Z1; N) 1, BO-BTODBIX, YCIOBUIO HHJMBHTYaTbHOL
pannonaabHoCTH, T. €., &[v(Z1)] = v(Z1;{i}) s kaxmoro @ € N. Obosnadnm
MHOKECTBO BCEX JIeJIezKell B Urpe Ffl (9) kak MJv(Z1)]. Koomneparushoe perenne
Z[v(Z1)], 970 IpaBUIIO, KOTOPOE COTIOCTaBIIsIET MHOXKeCTBO M [v(Z])] KoomneparusHoii
urpe Ffl (9).

[Tepen nadatom urpst 'Y (g), HIPOKI 3aK/OMAIOT COMIALIEHNE O KOOIePATUBHOI
TpaeKTopui (Z1, Z3), T. €., TAKON TPAEKTOPUH, KOTOPas MPUBOIUT K MAKCHMAJILHOMY
CyMMApHOMY BBIUIDBIILY v(Z1; N ), U MPEJIIoIaraeTcs, IT0 U'POKN PA3IE/ISIOT STOT
BBIUTPBIIIT B COOTBETCTBUN C BBIODAHHBIM jies1eKoM & [v(Z1)] U3 MPUHATOrO Koomepa-
TuBHOrO pertenus Z[v(Z1)]. D1o osnauaer, aro B urpe I'? (g) kaxapiit urpok i € N
OXKHIJIAET, YTO ero BbIIpbIi OyjieT paser &;[v(Z1)]. Ecim urpokn nepecanraror pere-
Hue 1ocsie mara GopMUpOBaHUs ceTn (Ha BTOPOM Iare), 3T0 MPUBEIET K TOMY, 9TO
nepecunTanHoe MHOXKeCTBO Z[v(Zy)] OGymer omimuarbest or npessiayiiero Z[v(Zz)].
DTO IPOUCXOAUT MOTOMY, UTO XapakTepucTHieckas dynkuus B nogsrpe I'2 (g) or-
angaercst. Takum 06pa3oM, 3T0 U3MEHEHHE MOYKET PUBECTH K TOMY, YTO 4aCThb WI-

POKOB BbII'7IILeT N3 KOOIIEPpaTUBHOI'O COIVIall€eHMsdA M OTKJIOHUTCA OT KOOII€pPpaTHUBHDBIX
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crpareruii. [lasee Oymer HCIOIB30BaH MeXaHI3M, KOTOPBI obecredanBaeT ycmot -
60cmb MPOTUB OTKJIOHEHUST OT KootepaTuBHoro pernenust Z[v(z;)]. Kooneparnsroe
perenne Z[v(Z1)] B AByXIIAroBoii urpe sipjsiercst dunamusecky ycmotyusoim 9], ec-
m st aoboeo penexa E[v(z1)] € Mlv(Z1)] cymectsyer nenex E[v(Z2)] € Z[v(Zs)]
TaKOM, 4TO

E[v(z1)] = E[v(22)], (1.39)

OCKOJIbKY MIPOKK He IOJIyYaloT CBOU BBIMIPLIMN Ha Iare (hbOpMUPOBAHUS CETH.
B npoTuBHOM CIy4ae KOOIIEPATUBHOE PEIICHNE ABIACTCS JUHAMUMECKU HEYCTOtivU-
6oiM. B IepBoM cirydae, NIpPOKH CJIeIyIOT KOOIEPATUBHOMY COIVIAIICHNIO, HE OXKIIAs,
9TO KTO-TO U3 HUX OTKJOHHUTCA. BO BTOPOM Ciydae, 4TOObLI IIPeLylpeJuTh OTKJIO-
HEHIE UTPOKOB OT KOOIEPATUBHOIO COLJIAIICHH, OYIET MCIOIL30BATLCI Npouedypa
pacnpedeaerua deaeoca (IIPI), B = {8}, 8?}icn (Buepsbie npeyiozkena B [13]) aisa
nenexa E[v(21)] € Z[v(z)], nossomsiomast pas6uth ero Ha asa mara urpst ['Y (g), T.
e., &lv(z1)] = B+ B2 nnst kaskoro i € N. 3yech 3] MoxKeT ObITh HHTEPIPETHPOBA-
Ha KaK BbIILIATa UIPOKY 4 Ha mare popMUPOBAHUsA CeTH, U 37 — BbIILIATA HA BTOPOM
mare Urphbl, MCXO/As N3 KOOIEPATUBHOIO COIVIAIICHU. TaKiM 0Opa30M, 3TH BBIILIA-
Tol (ITP/]) cTuMymupyroT UrpokoB 0OCOZHAHHO MPUIEPKUBATHCA UX KOOIEPATHUBHBIX
crpareruii B redenun Beeit urpbl. Jdasee Oyier cunrarbest, aro [IP S s jgenexxa
£[v(z1)] obiagaer cBOWCTBOM JuHAMUYMECKOT YCMOTHUBOCU, KOTJIa OHA 3a/1aeTCsl

CJIEIYIOIIIM 00pa30M:

B = &lv(z)] - &lv(z)],
63 = 52'[”(52)]7 (NS N7 (140)

JJIsT HeKOTOpOro Jenexka &[v(Za)] € L v(Zs)].
[Tociie BBeienust unamudeckn yeroitunsoii [IPIT B (1.40) st penexka E[v(z1)] €
Z[v(Z1)], urpoku MOryT 6BITH YBEPEHbI, 4TO HUKTO U3 HUX HE OTKJIOHUTCS OT KOOTIE-

PATUBHOI TPaeKTOPUHU, CJIEJOBATEILHO OHa OyJIeT peajnm30Bala B UTPe U KarKJIbIit
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urpok ¢ € N nomyant &[v(z1)], T. e. cBoit O:KuTaeMbIii OT KOOIIEPATHBHOIO COTJIA~
IMEHHsT BBINTPDIIIL.

B sTom naparpade Oyner paccMaTpuBaThCs BOIPOC O JIMHAMIYECKON ycToidn-
Boct BeKTopa Lllertn B onmcannoii Bbiie KOHKpETHON cetn-38e3/1a [42]. Vexoms us
VIOMSIHYTBIX BBIIIIE OIPEJIeICHIi, MOKHO 3aKII09nTh, 110 Bekrop lerm ¢[v(Z)]

ABJIAdeTCA INHAMNYCCKU yCTOIL/'I‘II/IBbIM KOOIIEpaTUBHBLIM PCEIIEHUEM, €CJIN

plv(z1)] = plv(z)], (1.41)

YrBepxkaenue 1.3 /i cemu-36e3da ¢ yenmpaivrvim uepoxom 1, eexmop Ilenau

dunamurecku yemotivus, kozda wi' = wil daa mobozo uepoxa i # 1.

HokazareabcTBo. [lo ompegenennio, ¢BoiiCTBO AMHAMUYECKON ycTOIMBOCTH
BekTopa Lllemmn mogpasymesaer, 1o plv(z1)] = ¢[v(Z2)] (cm. 1.41). 3agano Boipa-
skenue 1715t Komnonent sekropa e (1.36) swist urpst IS (g) u ee nogpirpsr I (g),
HadMHAaroIeiics co Broporo mara. TpebyeTcss pacCMOTPETh Pa3Jjinins B 3HAUYCHUAX
Beropa [llemm 1y HEKOTOPOro NMPOM3BOJILHOIO UIPOKa ¢ # 1 B OJHOIIArOBOI 1

JIByXIIIaroBoil urpe:

‘ . . .
mi Wi My — Wy Wy — Wy

2 2 a 2

pilv(z1)] = wilv(z2)] =

Taxum o6pasoM, eciu wi, = wl st Joboro urpoka i # 1, Torma yenosue (1.41)

OyJIeT yIOBJIETBOPATHCs, YTO O3HAYAET JUHAMIIECCKYIO YCTOInBOCTh BekTopa [1le-
IJIA. Y TBEpKJIeHNe JT0Ka3aHo.

Veosus iMHaMIUecKolt yeroftunpoctn wi, = wi, i # 1, upusejennbie B YTBep-
Kaenun 1.4 11 ceTu-38e31a MOTYT OBITh HHTEPIIPETHPOBAHBI CJIEIYIONTIM 00PA30M:
UI'POK 1, IIEHTPaJIbHBIH JIJIsT ceTH, 1 JIF000i JpyTroit urpok ¢ # 1 J0/2KHBI UMETh OJT1-
HAKOBBIII MUHUMAJILHBI TapAHTHPOBAHHBII BBINTPHIIT (MAKCUMIHHOE 3HAYCHEE) B
OMMATPUYIHON UTpe 7y1; B KOTOPYIO OHU UTPAIOT, TaK KaK SBJIAIOTCS COCEJSIMU TI0

N : 1j 1
ceru. Eciiu 1o kpafineii Mepe i OJJHONO UTPOKA j UMeeT MecTo w’ # wj , TOTJIQ
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Bektop Ulerm Oyner auHamMudeckn HeycToidnBbiM. OJHAKO B MOCJIEJIHEM CJIydae
KOOIIepaTHBHOE corjialienne Moxker jgocrurarbest 3a caer [IPJ] (1.40) — npomuemypsbr

pacripejienieHust jienexka. CoracHo orpe/ie/IeHuIo,

Omnpenenenne 1.2 Qyuxyua (', i € N nasveaemca npouedypoti pacnpedeserus

deneorca (IIP)]) v € Mlv(Z] (em. [13]), ecau
v, =B+ B i€ N. (1.42)

Tenepb MOKHO cHOPMYINPOBATE CJICIYIONINI PE3YJILTAT.

YrBepxkaenue 1.4 /laa cemu 36€30a ¢ ueHMPAIbHOLM U2POKOM 1, QUHAMUYECKU

yemotivusan TP/ 8 = {B}, B }ien 0na eexmopa [lenau umeem 6uo:

1 S5 i -l i=1,
fi=43 " (1.43)
5l —wi'], AL

%Z [w}ivLmu —wz’fl] . 1=1,
B = i1 (1.44)

[wfl +my; — wﬂ , ) 75 1.

N | —

Jloka3aTeJbCTBO. Y TBep:K/IeHNe HEMEJIEHHO CIeTyeT U3 MPSIMOii TIOJICTAHOBKI
BeIpazkeruii Boitie B (1.40), u gomotHITEIbHOM HCno/ib3oBaann popmysst (1.36) ms
ceTu 3Be3j1a. Y TBEpXKJIeHNE JOKA3aHO.

C 9KOHOMMYECKON TOYKM 3PEHMUs, JIjIsi UI'POKOB MPEIIOUYTUTETIHbHO UMETh HEeOT-
punarenbabie [TP/]) Takme 9To B pesynbrare pasjoxkenus BekTopa Illemnn na jaBa
Irara Urpbl, KaKIbli NTPOK TOTyYaeT CBOM HEOTPHUIATE/THHBIE TIJIATEXKH Ha JTI0OOM 13
JIBYX maroB urpbl. OHAKO TPOIEypa pacipeeaennsa aeaexxa s Bekropa [lle-
T, YIOMSHYTasg B IMOCJEIHEM ITPEINOJOKEHN, MOXKET ObITh HEOTPHUIATEeTHHOIM

TOJILKO B Cilydae, Korja wi = wil jyis kaxoro ¢ # 1. To paBeHcTBO NPUBOJIUT K
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JUMHAMUYecKoil ycroitanBocTu BekTopa Illemm, KoTopast y2Ke 00Cy»K1a/1acCh.

ITpumep

Huzke OyayT mpuBesieHbl TPHU IIPUMeEPa, KOTOPhIE JIEMOHCTPUPYIOT, 9TO BEKTOP
[lemin, BLIOpaHHBI B KadecTBe jejierkKa B KOOIIEPATUBHOMN JABYXIIIAr0BOIl Urpe ¢ I1o-
[IAPHBIM B3anMOJeiicTBIEM F;?l (g) MOXKeT OBITH KaK JMHAMUYIECKH YCTONIUBBIM TaK
1 JIMTHAMUYECKHN HeycTOHUnBLIM. [lepBhie /iBa puMepa MoKa3bIBAIOT JUHAMIIECKYIO
ycToitunBocTh BekTopa Illemm B JByX BasKHEMIINX Kjaccax OMMATPUUHBIX UID, a
TpeTuii mpuMep — JANHAMUYCCKYIO HEYCTONYNBOCTD.

[Aunsemma 3akmarouennoro| Paccmarpusaercst ciiydaii, Korjga 1 UT'POKOB HUI-
paloT B OJMHAKOBYIO OMMATPUUHYIO UIDY 7y;; CO CBOUMH COCEAAMH 11O ceTu, T. €.,

Aij =A, Bjj =B nnascexi € N, j € N;, rae

A=BT = ., 0<a<hb.
a-+b a

3J1echb b — BBIUTPBIIT KaKJI0I0 13 CBSI3aHHBIX UTPOKOB, €CJIN OHI 00a BHIOpAJIN CTpa~
TEruio “COTpyJHNYATH , B TO BpeMsl KaK IIPU OJHOBPEMEHHOM BbIOOpE CTPATErHH “OT-
KJIOHUTBHCS  KayKJIBIH MoJydaeT a. B KadecTBe mpuMepa, MOXKHO PACCMOTPETDH ITPO-
OJieMy Tiepejladr JIaHHBIX B CETH, y3JIbl KOTOPOI JIOJ?KHBI “KOOPJMHUPOBATH CBOU
JEHCTBUST M MBITATHCA JOOUTHCST ONPEIeJICHHON TMPOM3BOUTETLHOCTH (HAIIPIMED,
KOJIMIECTBO OTIIPABJIEHHBIX MAKETOB, PUOBLIL OT OTIPABKU MAKETOB).

ﬂﬂﬂ ,[LaHHOfI HUT'PBbI UCIIOJIB3YETCA BbIpazK€HUE JIJId MaKCUMMWHA 1 MUHHMaKCa, U3

KOTOPBIX NOJTydaercs, 4to w;! = w; = a u

2b, ecyin @ U J ABJISIIOTCS COCEJISIMU,
mij =
0, wuHaue,

JIJIs JIIOOBIX JIBYX UI'POKOB 7, § € N.
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Yrober naiitn Bekrop e p[v(Zs)], mist Hadasa GyeT onpe/ieseHa Xapakre-

puctuveckas dbyakimst v(Za;.S) st Beex S C N. Crenyst (1.9), MOXKHO MOJTyIUTh:

( 2b(n — 1), S =N,
o(2: 5) = 20(|S|— 1)+ (n—|S])a, SCN,1€S8,
|S]a, SCN,1¢5,

\ 0, S=0.

Ucnonbayst dopmyiy st Bekropa e (1.36), mpeobpasoBaHHyto 1Jist BIJIA CETU-

3Be3a, MO2KHO IIOJITY9UTDb:

()] = a2 —a] = b(n - 1)
olo(z)] = plat2—a=b i#l

Ananoruvasno, arobbl HaiiTu 3Hadenue BekrTopa [lemmn [v(Z1)], onpenensiercs
xapakTepuctndeckast pyuknus v(z1;.S) aasa Becex S C N. Cuenyst (1.12), mMoxKHO

YCTaHOBUTD:

4

2b(n — 1), S =N,
v(z1;5) =4 2b(|S|—-1), SCN,1€5,
0, SCN,1¢S wm S=0g.

\

CuoBa, ucrnosib3yst (opmysy st Bekropa [lemmn (1.36), npeobpasoBaHuyto st

BH/Ta CETH-3BE3/1a, MOJIYIA0TCS CJIEIYIONNe BhIpazKenust st @[v(Z)]:

oz = 207D )
plo(@)] = 3 =b, i#1

CpasrauBast p[v(Z1)] n ¢[v(Z2)], MOXKHO 3aMETHTH, YTO OHU COBIAJAIOT W U3 ITOTO

cJIeJTyeT CBOMCTBO JUHAMUYECKON ycToitunBocTu s BekTopa [lenm. VuTepecabim
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IIPEJICTABJIAETCS TOT PaKT, UTO STOT PE3Y/IbTAT HE 3aBUCUT OT KOHKPETHLIX 3HAYEHUIT
a n b. EnuacTBeHHOE OrpaHnveHne, KOTOPOe JOJI?KHO BBIIOJIHATHCS, 3T0 0 < a < b,
1 OHO €CTeCTBEHHBIM 00Pa30M CJIeIyeT U3 OolpejeeHnst NIphl " mumaeMMa, 3aKI0eH-
Horo".

Huramndeckast ycroitanmBocTh BeKTOpa Illemmm Tak ke MOXKeT OBITh IOKa3aHa
C MCIIOJIb30BAHNIEM YTBEPXKIeHNs 1.2 BMECTO IMpUMEHEHHUsI IPAMbBIX BbhlancjaeHnii. B
caMoM Jiejie, ObLIO OTMEYEHO, YTO wfl = w%l = @ JIJIs KaxKJI0ro ¢ # 1, 9410 nojapasy-
MeBaeT ero JIMHAMIYECKYIO YCTONINBOCTD.

[Koopaunamumonnas urpa] Kak u panblie, npe/nojgaraercs, 9T0 n UrPOKOB

UTpatoT B OJUHAKOBYIO UI'DY 7y;; CO CBOUMU COCENAMU 110 CETU, HO TEIEPb OHU UI'PAIOT

B KOODAMHAIIMOHHYIO Urpy, T. e., A;j = A, B;j = B nna scex t € N, j € N; rue

(A, B) = (a , a,b,c,d>0, a+b>c+d.
(0,0) (e d)

Jlist maHHO# Urphl UCob3yeM Bbipaxkenus (2.3), (2.3), oTKy/a MoIydaercs, 9To

it
w; = w; = Omn
a-+b, ecamiu jeocenu,
mij =
0, nHauve,

JJTsT JIIOOBIX JIBYX UTPOKOB 4, j € N. Ilogcrasiss st 3nadenusi B (1.36), MoxKHO

I[IOJIYYHUTDb CJICAYIOIINE BbIpazKE€HUA IJId KOMIIOHCHT BEKTOPaA lenm

(n—1)(a+0b) P
oilo(2)] = ooz =4 T
= i1,

YTO B CBOIO 0UYepe/ib MoJIpasyMeBaeT AMHAMIYECKYIO yeToiiunBocTh BekTopa Ilemin
B KOOP/IMHAIIMOHHOI Urpe.

[IIpumep HeycroitumBocTu| B ciiejytommenm npumepe Oy/1er mpojeMOHCTPUPO-
BaHa JMHAMUYECKas HeycToiunBocTh Bekropa ey,

Paccmarpusaercst urpa derbipex Jii, ¢ N = {1,2, 3,4} B koropoit urpoku ¢op-
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MUDYIOT CeTh-3Be3Jly IpU KoomepaTuBHOM coryiaiiennn (cm. puc. 3). Ilyers ofHo-
BpeMeHHble OMMAaTPUUHbIC UIPBL Y12, Y13 U Y14 OYIYT 3aJaHbl IIyTeM OIIpe/le/IeHNUs

CJIeAyIOmnUX MaTpHUL BbIMI'DBLIIIA:
(A127 BIQ) =

(A147 Bl4) —

Pucynok 3. Cerb-3Be3/1a JIJIsT Y€ThIPEX UTPOKOB.

Yro6bl BbMHCINTH 3HaUeHHe KoMmmoHeHT BekTopa Lllermn p[v(Z1)] u plv(Z)],
MCIIOJIb3YIOTCs cooTBeTCcTBYOMMe (hopmylibl (1.8)-(1.10) st XxapakTepucTuaecKoit
dbyuknum v(zy; S) u v(2z1;.S), coorBercTBeHHO, N yrporerHast dopmysa (1.36). Ot-
CIOJIA TIOJTY JaeTCs:

w2 =2 wi=3 w'=4,
wit =1, wir=2, wi =3,
mip =6, mi3=28, my =12,

u, cJieJ0BaTeIbHO,

v(zi:{1}) =0,  w(z;{1}) =9,
v(z:{2}) =0, w(zs{2}) =1,
v(z1;{3}) =0,  v(z:{3}) =2,
v(z1;{4}) =0, v(%;{4}) =3,
v(z;; N) =26,  v(zo; N) =26
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Taxum obpaszoMm, MoydaloTcs cieyionue 3uadenns Bektopa [lemn

@[U(zl)] (1373747 6)7

olu(5)] = (29/2,5/2,7/2,11/2).

Moxuo 3amernth, uro Bekrop llemmn ¢[v(Z)] B AByXmaroBoit urpe oTinmdaet-
cst ot BekTopa Ulermn p[v(Z2)] B ofHOImAroBoil Urpe, HaAIMHAIOICHCS CO BTOPOTO
mara. 9To 03HaYaeT JUHAMUYECKYI0 HeycTofiunBocTh BekTopa [lemmi. TTockoabKy
walv(Z2)] = 5/2 < walv(Z1)] = 3, Urpok 2 MoXKeT pas’opBaTh KOOIEPATUBHBIE COIJIA~
IIEHUs, TIOCKOJIBKY TI0JIyYaeT MeHbIie (CjieyeT HAIOMHUTE, 9TO UTPOKH He MOJTyda-
0T BBIMIPBIIIEH Ha rmare GopMUPOBAHUS CeTH ). AHAJOIPUYHO, 3TO BEPHO JIJIs UIPO-
Ka 3: @3[v(Z2)] = 7/2 < p3[v(Z1)] = 4 murpoka 4: p4[v(Z2)] = 11/2 < @4[v(Z1)] = 6.
Onnako Beegenne nauaamudeckn ycrofiausoit [TPJI Bexropa e olv(Z;)] ompe-

nenennoit mo gopmyaam (1.43), (1.44), mo3BoJISET MOy IUTH:

Bt =29/2, PB3=5/2, Bi=T7/2, Bi=11/2

U CJIeJIOBATE/IbHO, Peain3ys ee, Koollepallusi UTPOKOB OyJieT ycroitunBoil. Takmm 06-
1 2 ; N ©

paszoM, mostydas [3; Ha MEepBOM IMare u [37 Ha BTOPOM Ilare, UrpoK i € yieT

nosiyuath @;[v(z1)] B 1Byx marax. To ecTh UMEHHO TOT BBIUTPBII, KOTOPBI MPeji-

IICBIBAET UI'POKY KOOIIEpPaTUBHOE peleHne, omnpeesennoe depe3 BekTop I[llernnm

plo(z1)].

1.6.3 C-aapo

B srom maparpade 6yzer pacemorpeno C-adpo Clv(Z1)] B KadecTBe KOOIIEpATHB-
woro perernst Z[v(Z1)], a Tak ke BOIPOC O HAXOXKJCHUN SIBHOTO BHJIA YCJIOBUIT J1st

ero auHammieckoit ycroftansocru. C-sapo Clu(Zz1)] urpst I'S (g) onpegensiercs kax
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MHOKeCTBO Takux jiesieskeii [v(Z1)] € M[v(Z1)], KoTopble yI0BIETBOPSIOT YCIOBUIO
KOJLIEKTUBHOI PaIlMOHAIBHOCTH, T. €., ¥ . ¢ &lv(Z1)] = v(Z1;.S) s Beex S C N.
B sToMm maparpade OyayT BbIBEIEHBI COOTBETCTBYIONINE YCJIOBUS ANHAMIYCCKOL
yeroitanBocTn Jist cetu-38e371a. [lyers cnoa My = N\ {1}, a1 =n—1u M; = {1},
a; = 1 nna i # 1. Kak ckazano panee, B HEJIsIX MaKCHUMHU3AIMUU OOIIEr0 BLIATIDDI-
1ma, UrpoKaM cjieyeT Boionparh mnosejerne (1.30) u ¢popMupoBaTh ceTb-3Be31y Ha
IIEPBOM IIIare ¢ IeHTPAJLHBIM UIPOKOM 1.
YrBepxkaenue 1.5 /laa cemu-3eeszda, eexmop Illenau, onpedesennoti kax (1.36)
npunadaeosrcum C-adpy 6 obeux uzpax — Fgl (9) u 6 noduepe F%(g), maxum 06pa-

gom, C-adpa Clv(z1)] u Clv(Z2)] He nycmaoL.

Jloka3aTebCcTBO. Y TBEPKJICHIE HEMEJJICHHO CJIeJIYeT U3 CYIIePMOIYISIPHOCTH Xa-
pakTepuctnaeckux GyHkiwii v(Zz; S) u v(Z1;S), 9T0 rapaHTUPyeT IPUHAJIEZKHOCTD
BekTopa lemmn C-sgapy. YTBep:KaeHue J0Ka3aHo.

Huzxe OyayT cdopMympoBanbl yCI0BUS AuHaMu4IecKoil yctoitanBoctn C-snpa

. . S
JUIs JIBYXIIATOBOM UTPBI € HONAPHBIM B3auMojeiicteuem ['2) (9).

Vrepxkaenue 1.6 C-adpo Clv(z1)] dsyzwazosot uzpu I'S (g) obaadaem ceoticmeom

< < i ] . .
duramuueckot ycmoudusocmu, €CAU wi] = 0 dan ecex Ueporos v u j.

okazareabcTBo. [[1g Hava a ciejlyeT OTMETUTh, UTO JIJId JIFOOOH KoauInum

S C N semoJasiercs v(Z1;5) < v(Z2;.5). D10 cpady mojpasyMeBaeT BKIIOTCHIE
Clv(z)] € Clv(z1)]-

Hannoe ycioue ozaadaet, 4To C-s/po UrPhI OYAET JUHAMUIECKN YCTONIUBBIM KO-
rjia JiBe XapakTepucTuieckue (pyHKIMA COBIAJIAIOT, T. €., Korja v(Z1;S) = v(Zs; S)
JUISE JIIOOBIX S 9TO B CBOIO OYepe/Ib M0JIPA3yMEBAET, UTO wf = (0 Jiy11 BCceX UTPOKOB
1 1 j. YTBepKJIeHNe JTOKa3aHo.

Korna ycioBue, ymoMsinyToe B yTBepzKaeHnn 1.6, He BuimosnsgeTcs, C-sapo Urpbl

MOKeT OBITH JIMHAMIYecKH HeycToitunBo. O 1HaKO UIrpa JOIyCKaeT JIPyroe pelieHne B
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Bujie anajora C-sjpa, KoTopoe Beerja 00J1aeT CBOMCTBOM JUHAMUYIECKONH YCTOMIN-
socrn. Ilyers Z{v(z1)] = Clo(z1)] NClo(22)] = Clo(z2)] B urpe u Z{v(2)] = Clv(2)]

B nojipirpe, u Clv(Zy)] # @. Torga MOXKHO MOJIYIUTD CJIEIYIONHI Pe3YJIbTAT.

VYreepxkaenue 1.7 Pewenue 6 gopme ananoza C-adpa Tlv(Zy)] asasemen duna-

MUHECKU yCTﬂOﬁ%UBbLJ\/L.

HoxkazarenbctBo. Ecmm Z[v(Z1)] = Z[v(Z)], Torma mis Kaxkaoro jeexka
¢v(z1)] € Zv(z1)] yenoBus munammdaeckoit yeroitamBocTi (1.39) BBITOIHSIOTCSL.

YTBepKIeHHIE JI0KA3aHO.

ITpumep

[Ansemma 3aksrouennoro| /s uimocTpanun MpUBEIEHHBIX BBIIIE PACCY K-
JleHunit oyeT paccMoTpeHa nrpa u3 npumepa " Inmemma 3akodennoro”. rpa nme-
er guHaMu4deckn — HeycroitumBoe  C-siapo  TakK  KaK  CYIIECTBYeT  JIeJIexK
¢[v(z1)] = (0,20,...,2b) € Clv(z1)] koropsiii we npunasexur C-siapy Clv(Zs)]
HOJIBITPEL, uTo nporusopednt (1.39). B camom nese, st xoamumuun S C N u 1l € S

ClIpaBe€aJINBO

> &Glu(z)] = 26(IS| = 1) <v(z:5) = 2b(IS| = 1) + (n — |S])a,

i€s
ripe a > 0. Junamudeckast neycroiunsocth C-siipa Tak »Ke MOKa3aHa HA PHUCYH-
Ke 4, Tje m306pazkeHo MHOKeCTBO jieieskeil 1 C-sijipo Jist urpbl Tpex Jiuil. MoxK-
HO 3aMETUTh, ITO JIst HEeKOTOPBIX jenexeit [v(Z1)] € Clv(Z1)] (kpacmas obmactn)
HEBO3MOXKHO HaiiTn jgenex E[v(Z2)] € Clv(Za)] (cumss obsacts) Tax, ITOOBI OHU

COBIIa,JIAJIN.



45

0 2 4 6 8 10 12 14 16

Nrnok 3
= M(o(2)]c 2 Mu(2)]

=aClv(z1)] =aCv(Z)]

Pucynok 4. Muozxkecrsa jgerexeit M(v(z1)], M[v(Z2)] u C-aapa Clv(z1)], Clv(Z2)]
B UI'pe Tpex JIuIl ~IujaeMMa 3aK/i09eHHoro”, rie a = 3, b = 4.

MoxkHO oTMeTHTh, uTO B 3ToM ciydae Clv(Z2)] # @ 1o yrBepxaennio 1.5, 3Ha-
qUT, MOXKHO obecriednTh jJuHamudeckn ycroiiuusyto [IPII B st jgenexka, Hampu-
mep, E[v(z1)] = (0,20,...,2b). Ilycrs BoiOpan genex E[v(za)] = ((2b — a)(n —

1),a,...,a) € Clv(Z)], ncnonn3ys (1.42) nmosydaercst:

;

(a—2b)(n—1), i=1,
\Qb—a, 1 #£ 1,

p

(20 —a)(n—1), i=1,
a, 1 # 1.

52 =

\

ITP]I B ne siBsteTcst HEOTPUIIATE/ILHOIM, TTOCKOJIBKY b > a. OiHaKO, MOYKHO TIOKA3aTh,

9TO M1 Apyroro aenexa us aapa [v(z)] = ((2b —a)(n —1),a,...,a) € Clv(z)]
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cymecTByer HeoTpuiarebias [IPJ] (3, 3aj1amnas ceLyonmM 06pasom:

B; =0, ieN,
(20 —a)(n—1), i=1,
a, 1 # 1.

3 =

[Koopaunamnmonnast urpal Panee yrBepK1a0ch, 4To 9Ta Urpa UMeeT iHA-
MUYECKH YCTOHUYNBOE sApo. B caMoM jiesie, BLIUNC/IUB 3HAUCHUSA XapaKTEePUCTHUe-
ckoit pyukiwm v(Zz1;.S) u v(Z; S), n ucnosb3yst Boipazkerus (1.9), (1.12) u nepeobo-

ij

3HaueHUsl W, = w;

0 st TIOOBIX JIBYX UTPOKOB 4, J € N, MOXKHO 3aKJIOUNTD,

qTo

(

(n—1)(a+0b), S=N,
v(z1;9) = v(Z;9) =9 (|S| = 1)(a+b), SCN, 1€S8,

0, nHaue.
\

[Tockombky v(Z1;S) = v(Z2;5) maa mobeix S C N, torga Clv(z)] = Clu(z)]
O3HAYAET JIMHAMIIECKYIO yeToiunBocTh C-sgpa. DTo mokazano ma pucynke b. n-

HaMu4IecKas ycroitunBoctb C-sijipa Tak »Ke ciejyeT u3 Y TBepxkjieHus 1.5.
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Nrook 3
B Mv(z1)] = Mv(z)]
=C[v(z1)] = Clu(2)]

Pucynok 5. Muozxkecrsa jgenexeit M(v(Zz1)], M[v(Z2)] u C-aapa Clv(z1)], Clv(Z2)]
B KOOPJMHAITMOHHON Urpe Tpex i c a =4, b = 1.

1.7 C-gaapo B AByXIIaroBoii UTpe TpexX JINII

B nannom naparpade 0yJieT paccMOoTpeHa ABYXIaropast urpa Tpex JIUIL ¢ morap-
e B3anmozeiicrsuem I'Y (g) na nponseosbnoit cetn g [22]. B kauectse pemenns
oyzner paceMmarpuBaTbes C-sapo.

Kak ynomnnanocs panee, C-aapo Clv(z)] € M[v(%)] B urpe I'S (9) B cuy

CyTIePMOJTY/IIPHOCTH XapakTepuctuaeckoit bynkmun v(z:;.S), t = 1,2 He gpisercs

ITYCTBIM.
C-ampo Clu(z)] B urpe T'(g) — 9T0 MHOKECTBO Takux Jesiezeil
r = (r1,...,2,) € M[v(Z)], KOTOpBIE VIOBIETBOPSIOT CJIEJIYIONIUM YCIOBHSIM

Z%ZU(Z&;S)a SCN7
€S

N

> i =v(z; N). (1.45)

1=1
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B nannom naparpade Gy/yT BbIBEIECHBI YCIOBUS CUIBHOM JIMHAMUIECKOH YCTOI-
ansoctu C-sijipa B ykasanuoit urpe. Cormacuo [10]:
Omnpeneserne 1.3 C-adpo Clv(Z1)] Asasaemes cusvro-0uHamMuvecky Yyemotuuuevim

6 uzpe I'3 (g) , ecau

1. Clu(z1)] # 0, Clv(z2)] # 0
2. Jlas xaotcdozo deseoca v € Clu(z1)] cywecmeyem maxas IIPJ] (1.42) f =

(Br, B2), wmo x = 1+ P2 u

Clo(21)] 5 1 @ Clo(2)].

3ech cumBost @ ornpeiensiercs kak a € R", B C R", rornaa®B = {a+b:b € B}.

JI1st HoABIrpEI I’i (g) mosygaroTest CieyIone 3HAYeHNsT XapaKTePUCTUIeCKOil
dbyuximn ¢ yaerom (1.9)-(1.10). Cremyer ormMeruTh, 910 (DOPMYJIbI IPUBEIEHDI JJIsT
cilydas IOJIHOM cern. B ciayuae, ecim Kakue-To u3 pebep OTCyTCTBYIOT B CETH (),

COOTBETCTBYIOIINE 3TOMY PeOpPy KOMIIOHEHTHI OY/IyT paBHbBI HYJIIO.
v(22;0) =0, w(zp;{1}) = wiz +wiy,  v(2;{2}) = wi + wis,
> . a0 3
v(Z2; {3}) = w31 + wis,

v(zo; {12}) = nr]lje}y;(a]lgl2 + b;ll) + wi3 -+ wgg,

v(z2; {13}) = max(ay + Up) + wiy + wy,

v(Z;{23}) = Hﬁx(a;? + b;?;lQ) + wh) + wsy,
v(zZ; N) = HZI)E%X(CLZI)ZZ + b?,ll) + I%E}X(a}?? + b;’,ll) + H}l)%}x(aﬁ? + b]?;lQ).

Henex x npunagyiexut C-syipy Clv(Z2)] , Korma cierytorine yeJIoBus BBITOTHSOT-
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cat: )
T1 + 19 > v(Z; {12})

T1 + 23 > v(Z; {13})
Ty + x5 > v(Z0; {23})
\ mzo(z{l})
z9 > v(22;{2})
r3 > v(Z2;{3})
& + 29 + 23 = v(Z; N)

(1.46)

HpI/IHI/IMaﬂ BO BHUMaHHNE BbIPazKEHU A (].46) 1 YKa3aHHbI€ BbIIIC 3HAYCHUA XapaKTe-

PUCTUYECKON (PYHKINU, TOTydaeTCs:

(21 + 20 > mzlxx(azl)l? + b))+ wiy + wiy
p

r1 + 3 > max(al? + b2 + wiy + w3,

oo P (1.47)

T + x5 > max(ay) + b)) + wiy + wiy
p

Ty + X9+ X3 ZU(ZQ;N)

Bgejienbl cieyrorie 0603HaUeHNs JIJIsi COKPAICHUST 3alliCH:
Ajg = n;zlxx(a}gl? + b;ll), Dy = w3 + wis,
Alg = rrﬁx(a;‘? + bg?;ll)ﬂ D2 = ’U}%Q + wg’g,
Aoz = Irﬁx(a]%? + bf,?), D3 = wiy + w3,

Torna cucrema (1.47), kotopast onpejessier ctpykrypy C-siapa Clv(Zs)] moxker

OBLITD Iepelrmcaia B BUIEC:

x1+x22A12+D1
r1+x3 > A3+ Do (1.48)
To+ x3 > Aoz + D3

| Z1+ T2+ 23 = v(Z2; N)

Hepasencrsa, onpenesnstormne Buj C-supa Cv(Z1)] AByXImaroBoii urpei ngl (9)
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71+ > 0(2;{12})
71 + 3 > v(21;{13}) (1.49)
Ty + 13 > v(21; {23})

\x’l + b + 25 = v(Z; N)

C yuerom Bbipakenuii (1.49) u 3HaYeHU XapaKTePUCTHIECKONH (DYHKIINH, TOJIYYa-

eTCA:

ITocae II0JCTaHOBKHN YKa3aHHBIX BBIIIE

U BUJI;

( / /
$1+$2

> max(
pl

> maX(

T+ x4
pl

(1.50)

> max(a,;

Th + xh
pl

by)
by)
by)
N))

nepeo0O3HavdeHuil, cucTeMa MPUMET CJIeTYT0-

':Ul + ZE2 + 5133 = U(Zl,

x) +xh > Aqo

o +xh > A
Lo =20 (1.51)

xh + x> Ao

2+ 2+ 2 = (2 N)

CusibHasg quHaMmuvecKas ycroituunsoctb C-siapa Clv(z)]

YUuThIBasl yKa3aHHOE BBIIIE OlpejeeHne CUIbLHOM NMHAMIYECKON yCTONYnBO-

CTU U B COOTBETCTBUHU C BbIpakerueM (1.51) MOXKHO HammcaTh, 9To:

(
BL+BY+ B+ 83> Ay

B4+ B+ B3+ 83> As (1.52)

\5%+5§+5?+5§2A23

s cnabHON AuHaMUYecKoil YCTOMYINBOCTU 3TN HEPABEHCTBA JIOJIKHBI YIOBJIETBO-
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PATBCA C YIETOM CJIEAYIOINX JOIIOJTHUTEJILHBIX yCJIOBI/Ifli

)
B3+ B2 > A1+ Dy
§ By + B3 > Az + Dy (1.53)
\522+5§ > Aoz + Ds

ITycts 31 3acbukcnpoBaHo, TOrAa /i CUJILHON JMHAMIYCCKON YCTONINBOCTH JTOJIK-
HbI BBITOJHATECsT yesaoBust (1.53) miusg Bo. Ilpu sTom [y J0/I7KHA JOMOTHATETHHO
yiossierBopsaTh yesosusaMm (1.52). Tax xke, u3 v(Z; N) = v(z1; N), caemyer, 9T0
B1 + B2+ B3 = 0. Ecou Boipazkenus (1.52) yjloBIeTBOPAIOTCs JIJIsi MHHUMAJIbHBIX
snauennii 31, 33, 5 us ycnosuit (1.53), Toraa OHM OYEBMIHO YIOBJIETBODPAIOTCA 1

JITs BCeX OCTaJbHBIX 3Hadennit. [loydalores cieyionine HepaBeHCTBA:

)
—B3 4+ A+ Dy > Agy

—B2 4+ A3+ Dy > Ay (1.54)

\—511 + Ags + D3 > Ay

7\

Taxum obpazom, OBLIN MOy IeHbl YCJIOBUS I CUIBHON TNHAMIIECKO yCTONINBO-

cru C-sipa Clo(21)] B urpe T2 (g).

Teopema 1.5 [Iycmuv caedyrousue ycio6us 6oinOAHAIOMCA:

)
B3 < Dy

q B < Dy (1.55)
\611 < Dy

(mo ecmsv cywecmeyem 1 komopaa ydosaemeopsem ycaosuro (1.55)), moeda C-

adpo Cv(z1)] obaadaem ceoticmeom cusvnoti QuUHAMUECKOT YCmoTUYUEOCTU.

ITpumep
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YUT06OBI TPOMJLIIOCTPUPOBATL PE3YJILTAT, OYIEeT PACCMOTPEH CJICAYIONIHI IpUMep
urpbl Tpex Jiuil, korna N; = N\ {i} s eex ¢ € N. Jljig makcumusanuu cyMMapHO-
'O BLIUTPBIIIA HIPOKAM CJIeJLyeT COCTABUTD IIOJIHBII Tpad IIyTeM BhIOOpa, CJ1e Iy IOITHIX
nosejieHuit B mepsom cocrosuun urpsl: b1 = (0;1;1), b = (1;0;1), b3 = (1;1;0)

[Tonmy4gaeTrcs ceThb ceIyIonero BUa:

Pucynok 6. CeTb BO BTOPOM COCTOSTHUU UI'PHI.

[aJjiee OyIyT BHIYUCIEHBI 3HAUEHIS XapPaKTePUCTUIECKOH (PYHKIIMI U TOCTPOEHO

C-snpo. Crenyroniye MaTPUIbI SIBJISIOTCS 3aaHHBIMU.

5 7 3 5
Ap = ;o C= ;o A= ; Cis =
4 §) 1 2
1 1
Ags = ; Cog =
6 5 6 5

ITo AdaHHbIM MaTpHUIaM BBIYMCJ/IAKOTCA CJICAYIOIINE 3HAYCHNA XapaKTEepUCTHUYe-

CKOM (pyHKITIH

wiy=3, wiz=4, wip=5,

w33=6, wiy=4, wiz=2

D,—6, Dy—11, D5—6
Ajg=maz,,(a'? + v*1)=15
Ajz=maz,,(a® + b*1)=11
Agg=maz,,(a* + b*?)=9

v(Zz1;{123}) = v(29; {123})=35

Torma C-sapo Clu(z1)] B urpe ' (g) onpenensiercst coiemymomedi cncreMoii Hepa-
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)+, > 15

xh +ah > 11
b (1.56)
xy+ x5 > 9

\x’1+x’2+x’3:35

C-sinpo Cv(Z2)] 71st TOABITPBL ngz (g), B CBOIO OUepejib, ONPEJIEJISETCsT CHCTEMOiT

HEpaBEHCTB BU/A:

T+ 29 > 21

T+ x3 > 22
s (1.57)

$2+I3215

x1+x2—|—x3:35
\

Heobxo/mmo B3Th BekTOp 1 KOTOPBIiT yosiaeTBopsier yeaoBusaMm (1.55), nanpumep

p1=(5; -10; 5). Orcroga mosydaerca cucrema (1.56) B COOTBETCTBHM € YCIOBUSIME

(1.57):

{

(
5—10+21>15

54+5422> 11 (1.58)

\—10+5+1529

JlaHHble HEPABEHCTBA SIBJISIFOTCS BEPHBIMIE, U 9TO O3HaUaeT, 9ro c-sipo Clv(Z)]

00J1a/1aeT CBONCTBOM CHJILHON JUHAMUYECKON YCTONIUBOCTH.
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I'1aBa 2:

Mmuoroimaropsle OnMaTpUYHbIe UTPHI C

IIOIIaPHBbIM BBaI/IMOﬂeﬁCTBI/IeM

B jannoit riase OyIyT pacCMaTpPUBATHLCA MHOTOIIATOBBIE UTPHI C TIOTAPHBIM B3a-
UMOJIEICTBIEM C KOHEYHBIM YHCJIOM IaroB. Pe3ysibTaThbl, 1OJyUYeHHbIE B IIPEJIbILy-
meit riaBe OyIyT pPacHpoCTpaHeHbI Ha CIydail MHOTOIIATOBBIX UID, & TaK yKe Pac-
CMOTPEH BOIIPOC O CUJILHON JUHAMNYIECKON YCTONYNBOCTU PEIICHUN B YCJIOBUAX MHO-
romarosoit Mozesnu. jist onpe/ieJIeHHOCTH B 9TOM Iaparpade OyieT paccMaTpiBaTh-
cd 3aJlaHHas CeTh B BUJIE TOJIHOTO T'pada. To ecTh Ha MEPBOM Iare He ITPOUCXOINT

dopMmupoBanue ceTu, a cpazy HAUMHACTCS UT'POBOIl Mporiecc.

2.1 ITocTaHoBKa 3a1a4n

Mogenb dopmanusyercs caemytomum obpasom [3]. Ilyers s3amano aberpakTHOE
IIPOCTPAHCTBO Z, KOTOPOE HA3BIBAETCS IPOCTPAHCTBOM cocTosiHUiT. B KaxK1oM cocTo-
SIHUU z € 7, 3aJlaHa HeaHTaroHucTudeckast urpa n-jiui ['(z) Ha mosHoit cetu g (To
ectb N; = N jyist Becex i € N), BepiImHAMU KOTOPOH SIBJISIFOTCSI HTPOKHU, & pedpaMu
— cBsi3u Mexk 1y urpokamu. Urpa ['(z) anasorndna urpe Ha BTOPOM IIiare B JBYXIIa-
roBoM cjydae (CM. TiaBa 1) U mpejcTaBiiseT coboil ceMeficTBO MOMapHbIX OTHOBDe-
MEHHBIX Oumarpudnbix urp {v;;(2)} Mexay cocemsmu no cern, ¢ € N,j € N,i # j.

IIycts @ € N,j € N,i # j. Torga ¢ urpaer ¢ j B Oumarpudnyio urpy v;;(2) ¢
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marpunamu seiurpsieit A;;(2) u Cj;(2), UIPOKOB ¢ 1 j, COOTBETCTBEHHO.

(ai(z) ai(z) - ali(e) )

alzjl(z) a%(z) alzjr(z)

Cii(2) = | | T (2.2)

a;]q(z)z()?ng(Z)ZO) pzla"'amn q:l,...,?", Z’]EN

15t IpoCTOThI HAIbHEANIINX BBIKIAL0K HPEIIOIAraeTcst, YT0 KOHCTAHTEL 70 U T
OJIMHAKOBBI I BCEX MIPOKOB 1 U j U Bcex cocrosnuii z. Korma uMeer Mecto urpa
7vji(2), T. €. UIPOK % SABJISIETCSL BTOPBIM UI'POKOM, TO OH nrpaet ¢ marpuieii Cj;(z) ko-
Topast paBHa Ag;-(z), a UT'POK j, KOTOPBIl Terephb sIBJISIeTCs EPBhIM UTPOKOM HI'PaeT
¢ MaTpuieit Berurpsiieit Aj;(%), uin, 4To TO JXKe camoe, Cg(z)

Crparerueii UIPOKA, i B nrpe ['(z2) SIBJIACTCSI BEKTOP
ui(z) = (ul(2),...,ul(2),...uM(2)), vae u] — mOBesEHMe HTPOKa i B GHMATPHIHO
urpe 7;;(z). To ectb crparerus urpoka ¢ — 3T0 HAOOP HOMEPOB BHIODAHHBIX UM CTPOK
(umereIX cTpareruit) B OuMaTpUUIHBIX Hrpax v, (2). Yepes u(z) = (ui(2), ..., un(2))
obosnauaercs cutyarst B urpe I'(2). Crparerns urpoka j — 910 HAOOP HOMEPOB BbI-

OPAHHBIX UM CTOJIOIIOB B COOTBETCTBYIOMINX OMMATPUYHBIX UrPax 7;;(z). Beiurpsiin

urpoka ¢ B urpe I'(z) onpejensiercst Cie Iy oM 06pa3oM:

J=Lj#i

Hausee urpa I'(z) paccmarpusaercst B Kooneparusroit ¢hopme. C 9T0ii 11€71b10 OTIpe/ie-
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JsieTcst Xxapakrepucrudeckast yakims v(z;S), S C N 1 KayKI0ro MOIMHOKE-
crBa (koasuiuu) S C N Kak HUKHee (MAKCHMUHHOE) 3HAUEHNE aHTArOHUCTUIECKOIT
UIPbI JIBYX JII KOATUIUNN S 1 JOMOJTHUTEIbHON Koammun N \ S, mocTpoeHHoil Ha
ocHOBe Urpbl ['(2), Mpu 9TOM BBIUIPBIIT KOAJUINE S ONPEIE/ISeTCsT KAK CyMMa BBIUT-
phiieit urpokos, Bxogdmux B S. CynepajJuTHBHOCTb XapaKTePUCTUIeCKOil (pyHK-
I CJIeAyeT U3 ee onpejeaeHnst. BBojasTces ciemyiomnme 0003HaUeHNsI, AaHAJIOTTIHbIe

YIIOMAHYTBIM B I'JlTaBE€ 1:

wfj(z) - mpaxmqin a;{](z), p=1,....,m; q=1,...,m
wfj(z) — m(?xr%ln a%fl(z) p=1, Cog=1,....r

Jlemma 2.1 Qynxuyusa v(z;S) onpedeasemcesa no caedyrowsum GopmyaiaMm:
v({z0}) =0, (2.3)

oz i) = ) wyl2), (2.4)

JEN,j#i
v(z;8) = Z Z max J(z) +al( ))+Z Z wj(z), SCN, (25)
ZGS JES,j#i pd i€S jeN\S
v(z; Z Z max 9 (z) +all(2)). (2.6)
Z€N JEN,jFi

HoxkaszaresibeTBo. Popmyia (2.3) oueBnna.

Cragasia 6yjer gokasana popmyiia (2.4). [TockobKy UIPOK ¢, IeficTBYsI IPOTUB
koasninu N \ {i}, urpaer ¢ urpokamu j u3 N B He3aBUCHMbBIC OUMATPUIHBIE UI'PHI,
TO B KazK I0il 13 9TNX OMMATPUUHBIX UI'D OH MOXKET cebe rapaHTUPOBaTh HANOOJIBITNIT
BBIMIPLIII W) ](z), CJIEJIOBATEJILHO HAMOOJIBINNI BBIMIPBIIT, KOTOPbIA UIPOK 4 MOYKET

. i
rapaHTHpOBaTh cebe BO BCell nrpe, ecTh CyMMa Y .oy w;;(2). DTO 1 ecTh B JAHHOM
cJIydae MAKCUMUHHBII BBIUTPBIII § TPOTUB JIOMOTHATE bHON Koamuiuu N \ {i}. D1o
o3HauaeT, 910 (opmyrra (2.4) crpasenBa.

Tenepn Oyyer nokasana dopmyia (2.5) st Mpou3BOILHON Koaumun S. Kax-
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JIbIIT 13 UTI'POKOB, BXOJSIIUX B S UI'PaeT B HE3aBUCHUMBbIE IONAPHbIE OMMaTPUUHbBIE
UIpbl KaK ¢ urpokamu, sxojsmammu B N NS, tak u ¢ urpokamun N \ S. B mep-
BOM CJIydae UI'POKM, B3aUMOJCHCTBYIONIME BHYTPU KOaJUIUU S U JIEHCTBYs B ee
MHTepecax, Bcerjia MOryT Bb16paTb CcTpaTernio, MaKCUMU3UPYIONLYIO UX CyMMAapPHbIil

BBIUTDBIN, T.€., D, Max(a; 7 (2 )+, (%)) Bo BTOPOM CIytae HIpOKI, B3anMOIeH-
JENNS

CTBYIOIINE ¢ UTPOKAMIE U3 JIONOJTHUTEIbHON Koauiu N \ S MOryT rapaHTHPOBATH
cebe JIMIIb HUYKHEE 3HAYEHUE UTPBI, T. €. MUHUMAJbHBIN rapaHTUPOBAHHBIN BBINT-

pein Y wi(z). Takum o6pasoM, MaKCHMAJIBHBIN CyMMAaPHBIl BBINIPBIII, KOTO-
keN\S
phIil MOXKeT obecreunThb cede Koayuius S, OyleT CKIaIbIBaThCAd U3 JABYX dacTeil u

pPaBHATLCA:

—Z > max(a D) F )Y wh(z

€S jeNNS €S keN\S

Dopmyita (2.6) cieyer u3 onpejieieHus MAKCHMATBLHOTO CYMMAPHOTO BBIUIPbI-
1118 UI'POKOB.

B dopmynax (2.5) u (2.6) koapdurment % HCITOJIL30BAH /ISl TOrO, YTOOBI HCKJIIO-
YUTh MOBTOPHOE CYMMUPOBaHUE BBIUIPHINIEH UIPOKOB 110 OJHUM M TeM Ke pedpaM.
JlemMa Jl0Ka3aHa.

Ciaegyer omnpeaeuTh MOPSIIOK IIePexoja OT COCTOSIHUSI K COCTOSIHUIO B JIAHHOI

muoromarosoit urpe. [lycrs B cocrosinun z € Z B urpe I'(z) urpokamu 6611 BbIOpa-

Hbl caeytonue crparerun: u;(z) = (u}(z),...,ul(2)). B pesyasrare Bbibopa 9THX
CTpaTeruii OCyIIeCTBIACTCA IIePeXo), B HOBOE COCTOSHUE 2, I/ie IPOUCXOIUT UIPa
['(2), cocrositmast 13 OMHOBPEMEHHBIX OMMATPUIHBIX UTD MEYKJIY COCEISAMI 10 CETH,
¢ MATPHUIAMHI BBLIUTPBINICH, 3aBUCSINUME OT CTPATErnii, BLIOPAHHBLIX B IIPEIbLIYIIEM
COCTOAHMN 2. TO €CThb COCTOSTHME Ha CJICIYIONIEM IIare UIPhl 3aBUCUT OT COCTOSIHIUSI
Ha TEKYIIeM IIare, U OT cTparernii, BLIOpAHHBIX Ha JaHHoM mare. Toraa MOXKHO

orpeieIuThL oTobpazkenue 1 : Z, — 7 110 dpopmyie:
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TakumM 0b6pas3oM, MHOrOIIArOBas Urpa, KoTopas Oyjer obo3nadaThest G(2) mpoucxo-
auT 1o cyeytomum npasmiaMm. Urpa G(z1) HaunHAeTCs B COCTOSHUU 21, Ha TI€p-
BoM Imare. B cocrositun z; mpoucxoaut urpa ['(z1), Urpokn BBIOHPAIOT CBOM CTPa-
terun ui(21), us(21), - - -, Up(21), 3aTEM, Ha 1Iare 2, MEPEXOAT B HOBOE COCTOsTHIE
29 = T(2z1;u1(21),u2(21), ..., un(21)). B cocrosinum zj Ha mare k UTpOKH UTparoT
B urpy ['(2x), croBa BbiOUpator crparerun uy(zg), uz(2x), . - ., Uy (25) 1 MEpEXOIAT B
caenytoree cocrosuue zg 1 = 1'(zk; ur(2k), u2(2k), - - -, un(2)) Ha mare k + 1. Urpa
3aKaHYNBACTCS Ha MOCeHeM Hare £ B COCTOSHIN zg. TakuM 00pa3oM, B pe3ysbTraTe
BLIOOpA CTpaTeruil Ha KayKJIOM IIAre UI'PBl PeATU3YCTCS IIYTh 21, 29, « « s Zhy - « - 5 20-
EcrecTBenHbIM 00pa3oM OLpeIe/IsieTcst IIOHATHE CTPATEIN B 0Ly YUBIIeiicss MHOIO-
marosoii urpe u(-) = u{(z)}, Kak HAOOP cTpaTernii Bcex UrpoKOB, OMPEJICICHHBIX B
KazKJIOM COCTOSIHUU z € Z. VI3 npuBeeHHOro BbIIle OIMCAHUS CJIEAyeT, 4TO Jiodast
curyarust u(-) = {uy(-),...,u,(-)} ogHO3HAUHO Ompe/EISeT MYyTh B UIPE, a CJIeJI0-
BATEILHO U BLIUIPBIII KAzKJI0T0 UIPOKA, KAK CYMMY €0 BLIUIPBIIIE BO BCeX UIpax,

peaJIn30BaHHbIX BJOJIb ITOJTYYUBIIECTOCA IIYTH.

y4 n
K;(u(+)) = E g a’. ().
k=1 j=1j#i
C.HezgyeT OTMETHUTDL, YTO MHOXKeCTBO BCEBO3MOZKHDBIX HyTeﬁ B MHOI'OIIATOBOM urpe

G(z) xoneuHo. A, ce0BaTeLHO, KOHEIHO U MHOYKECTBO BCEX BO3BMOYKHBIX COCTOSI-

HUIl B urpe. DTO MHOXKeCTBO Oysier obo3nadaTbest yepes Z C 7.

2.2 Cay4aii paBubix 3HadeHuii v(z; N)

st yupoleHnsa paccyKJAeHnii, B HadaJje paccMaTpUBaeTCs JaCTHBINA cirydaii,

korjia 3uadenne v(z; N) onmHakoBO Jisi Beex z € Z. B paccMoTpenne BBOJUTCS
nonosauTesbHas dyuknusg w(S), S C N:

w(S) = maxv(S; 2).

z
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Xapaxrepuctudeckas QyHKIUsT MHOTOMAroBoit urpsbl G(zx), HaTUHAIOMIEHCSI B CO-
CTOSIHUU Zj, Oyjier obo3HadaThest depe3 V(zy; S). @yuxiwst V(zy;S) Bbrancisercs

¢ TIOMOIIBHIO CJIEIYIONIEro aHaJjora ypasHenus beimana:

V(zk-1;5) = max|[ min ZKZ’“ “ug, .coupn) + V(S 21))] =

i, t€S u;,jeN\S 4

_ KZk 1 e Up V S,T _ ’ B ’
= max| min Z (ur, ) + V(S Tzt ulzi1)))]

V(ze;S) = v(zp;.9).

JonosauresbHas GYHKINS JJist MHOTOMATOBOI UI'PbI (G(21) ONpeIe/IseTcs CIeyto-

UM 00Pa30oM,

W(z;5) = (I = k+ Dw(S),

rae ¢ — unciio maros B urpe G(21).

Hanbueiimme paccy KaeHns UCIOIB3YIOT TOKa3anublii haxT o ToM (cm. [8]), waTo:

W(S, zk) = V(S,2), SCN.

2.2.1 IToctpoenue nipubamxkenusi C-sapa mo pyuimu w(S)

Ompeernm MHOKecTBO jiestexkeit MW (z1)] B urpe G(21) kax
MW ()] = {z = (21, . .. le = W(zi; N), x> W(x;{i}), ie N}

[To/1 TPUHINIIOM ONITUMAJIBHOCTH OY/IeT ITOHIMATHCS JIF0O0E MOJAMHOKECTBO Z|[-| MHO-
xecrsa MW (z1)].
B opnormrarosoit urpe I'(z) B KadecTBe pUHITUITA ONITUMATHLHOCTH OYIE€T BHIOpaH

anasior C-sjpa, MaoykecTBo Z[w(S)], cocrositee us Beex genexeii x = (xy,...,xy,),
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YAOBJIETBOPAIOIINX YCJIOBUAM

€S
N

in = w(N).

1=1

AnasiornanbiM 06pa3oM orpejiersiercs MHoxkecTBO Z[W (z;S)] B MHOrOMmAroBoi

urpe G(z), KAk MHOYKECTBO JIeJIezKeil, YIOBIETBOPSIONIIX YCIOBUSIM:

1€S

N
Z x; = W(z; N).
i=1

Teopema 2.1 Jlas awobozo v € TIW (2x;S)], v = (x1,...,2,) u wobozo k = 1,1,
CNPABEIAUBO PAGEHCMEGO:

v, = —k+ 1)z, edex,eZ(w(S)), i=1n

79

oxkazareabcTBo. /L1t mponsBosibHOTO k = 1, [ cJieiytonine HepaBeHCTBA OIIpe-

aenstior MHozkecTBO Z[W (255 9)].

in > Wi(z;S), SCN
€S

N
Z z; = W(zi; N)
i=1

Onuaxo o onpegenennio W(zg; S) = (¢ — k + 1)w(S). [osromy, mozxHo 3amu-

caTh, YTO

Y ai=(—k+1w(S), ScCN,
€S
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N
» ai=(t—k+1w(N).

[Toce nenenust Ha ({—k+1) 060X BbIpazKeHUil U BBIIOJTHSISI 3aMEHY TTePEMEHHbBIX

! __ X .
T = gy NOYHAIOTCA CIIYIONIe HePaBeHCTRA:

Y zi>w(S), Sch,

1€S

To ectb 2, € Z[w(S)]. Takmm 06pazoM, yIaI0Ch MPEJACTABUTH KOMIIOHEHTHI BEKTOPA

r € ZIW(z); S] Beune z; = (0 —k+ 1)z, rtnea € Z|w(S)], = 1,n. Teopema

79

JIOKa3aHa.

2.2.2 CusibHast auHAMU4YecKas ycroiwduBoctb Z[W (Z;); S|

[Iycts npepmnoaraercsi, 9To Urpoku Beibpasn crparerun 4(-) = (uy(+), ..., Uy(+)),

KOTOPBIE MAKCUMU3UPYIOT CyMMapHBIil BEIMTPLIIT B urpe G(21):

ZKi(zﬁﬂla oy lUp) = muaXZKi(Zl;Uh ey Up)

1eN 1eN

CoOoTBeTCTBYIONIAST STUM CTPATETUSIM TPACKTOPUst (Z1, Zo, . . . , Z¢) HA3BIBACTCST KOOTIE-
paTHBHOI TpaeKTopuei (3/7ech n janee z; = z).
Onpenenenune 2.1 Qyuxyus B', i € N nazvieaemea npouedypoti pacnpedeseHus

desaeorca (IIPJ]) dns x € MW (z1;S)] (em. [13]), ecau

l
k=1

Onpegnenenne 2.2 [Ipunyun onmumarvrwocmu — L[W (Z1;S)] asasemes cuavro
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dunamunecky yemotuusum 6 uzpe G(z1) (em. [10]), ecau
1LIW(Z:; 9] #0, k=10

2. [aa  waotcdozo Odenesica x €  I[W(z1;5)] cywecmsyem maras IIP/]
5 = (617627 cee 76@); Hmo

k
Zﬁj DLW (Zps1;9)) CZW(Z1;5)], k=1,0—1.
j=1

3decv cumeon ® oznanaem, umo ecaua € R", B C R", moeda a® B = {a+b:

b e B}.

YrBepxaenue 2.1 [Ipunyun onmumanvrocmu LW (Z1;5)] 6 uepe G(Z1) cuaviio

QUHAMUYECKU YCTNOTYUG.

HokazaresabcTBo. Ilycth nexoropwii genexk & = (&,...,&,...,&) €

€ Z[W (z; S)], Torma crpasenBo:

d G =Wz S), SCN

€S

» g =W(zm;N), n=IN|

Cornacho Teopeme 2.1, nenex 8 € Z[W(21; )] MOXKHO NPEJCTABUTD B CJIEJLyIO-

meM BHUJIE:

&' =183, tie e Iw(S).

AHaJIOrTIHBIM obpazom peJICTaBUM [IPOU3BOJIbHBIIT JIeJIezK

¢l e TIW (2413 9)] B Bue:

S = (0 —(k+1)+1)B = —kp, taeB e I[w(S).
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g .68 ,...,0 ) H CTPOUTCS BEKTOD:

—1
gee ey

B kauecrse [1P/] Beibupaercs 5 = (8

k . J—
¢ = ZBJ +ET =B+ (0~ k)B = kw(S) + (€ = k)w(S) = Lw(S).

Taxum obpazom, BEKTOP f ! npencrasiser coboit cymmy kommonent I1IP/I 3 1 mpons-
BosIbHOrO slenieska EF € Z[W (Zhi1; S)]. Bekrop €' € Z[W (z1; S)], uto nokasbisa-
eT CIJIBHYIO IMHAMUYIECKYIO YCTOHINBOCTD HpUHIMIA ontumaabroctn Z[W (Z1;.9)].

YTBep:KAeHIe JOKa3aHO.

2.3 Cayd4aii n1pon3BOJIbHBIX 3HAYEHUA v(2¢, V)

Teneps OyzeT paccMaTpuBaThest 00MIHil corydait, Korga 3uadennst v(z; V) #e 00si-
3aTeIbHO COBIAIAIOT JIJI PA3JIMIHBIX 2. BBo/MTCs B pacemoTpenne Benanta L(Z)
— CYMMAapHDII BLIUTPHIINT Koa i N B COCTOAHUN Zk € Z, TJIe Z — KOOIlepaTuBHASI

Tpaekropus B urpe G(z).

L(z) = > (d(z)+d' (%) (2.7)
1€EN,JEN
i#j
[Iycte mpeamonaraercs:, ato w(S) < ming, L(Z;), S # N. Takxke BBojuTCS
gonosnuresbiasd Gynkiws w(Zy; S), w(Zg; S) = w(S), w(Zg; N) = L(Z;). lycrs
T — HEKOTODbIi Jeex B urpe G(Z1). PaccMoTpnm B KatecTBe IPUHIIIA OIITHMAJ b-

wocru anayor C-sapa Z[W (Z); S] st urpsl G(Zg) cienytomero Buja:

Y ai > (U—k+Dw(S)=W(%:58), SCN, S#N

€8

N

Sori-

l
=1 t=k

[Tycrs npenonaraercs, ato LW (2;); S] # 0 nna mobwix k = 1, 4.
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Onpenenenne 2.3 [Ipunyun onmumanvrocmu LW (Z1); S| cuavro dunamunecku

yemotivus 6 uepe G(z1), ecau
1). I[W(z); S1 #0, k=10

2). Jas waosrcdozo desaesica x € LW (Z1);S] cywecmeyem makas npouedypa pac-

npedesenus denesica B = (P1,...,0), v = Zﬁzl Bj, wmo

k
Zﬁt DLW (zx41): 8]) C ZW(2): S]), k=1,7.

YrBepxkenue 2.2 [Ipunyun onmumanvrocmu LW (z1); S] cuavno dunamuvecku

ycmotvue.

Hoka3zaTeabCcTBO. /loKa3aTenbCTBO JAHHOTO YTBEPIK/IEHNS aHAJOTUYIHO JTOKa-
3aTeJIbCTBY YTBEepzKJIeHus 1.

[Iycte nmenex x = (x1,...,x,) € Z[W(21); S], Torna BeIIOIHACTCS:

> = W(z;S) =tw(S), SCN,
1€8

Z v =W(z;N)=>_ L(%).

it mpousBosibHOTO feeka Egr1 = (§pt11s- -5 Ehr1n) € LW (Zk41); S] crpa-

BEJIJIUBBI CJIEJIYIONINE HEPABEHCTBA:

Z€k+1’i > W(Zk_H; S) = (f — k)w(S), S C N,
€S

14

N
Z€k+1,i = W(Zpy1; N) = Z L(z).
i—1

t=k+1

Hust pmenexxa x € Z[W(z);S] B xauecrse IIP/]  Beibupaercs
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> af >w(S, m) =w(S), SCN (2.8)
€8

N

> af =w(N,z) = L(z) (2.9)

1 crpouTcst BEKTOP X CJIEIYIONIETO BHIA:

k k
=Y A= "al + > kw(S) + (€ — k)w(S) = tw(S).
j=1 J=1

Bekrop & mupejacrapisier coboii cymmy IIPIL S m mpousBosibHOrO jenexka u3
ZIW (Zpy1); S]. Uz (2.8)-(2.9) cienyer, uro Bekrop & € Z[W (Z;); S]), uro gokasbia-
er CUJIbHYIO JIMHAMIYECKYI0 YCTOHUINBOCTD NpuHIHIa ontuMaibroctu Z[W (z1); S].

YTBepKIeHHE JI0KA3aHO.

ITpumep

B kauecTBe mprmepa paccmarpuBaercss Tpexinarosas (kK = 3) urpa Tpex Jiuig
(N = 3), KoTopas HAaYMHACTCSI B COCTOSHNE 21. B cocrostnun z; 3ajano 6 MaTpwi,
3 U3 HUX YCJIOBHO Oy/IyT Ha3bIBATHCsI MATPHUIAMU [IEPBOIO THIIA, U TPU — BTOPOIO
Tiia. B coCTOsIHNM 2] BCe OUMATPUUHBIE UIPbI IIPOUCKOJAT ¢ MATPUIIAME [IEPBOIO
tuna. B cocrosHnm 2y Kaxkplit urpok i € N BbOUpaeT CBO cTpaTeruio u;(zy), eciiu
Bee ul(z1) = 1,4 € N, j € N\ {i}, Tora UrpoKn mepexojsT B COCTOSHIE 2y, B
KOTOPOM UT'PAlOT B OUMATPUYHBIE HI'PhI ¢ TEMHU YK€ MATPUIIAMU [I€PBOro THIA. Ec/im
xoTs 6Bl ojHa 13 KoMmonenT 1’ (z) = 2, i € N, j € N\ {i}, Torma B cocrosmmu 2
MTPOKN UTPAIOT B GUMATPUYHBIC UTPBI ¢ MATPUIIAME BTOPOTO THUIA. AHAJIOIMIHBIM

. j . . .
00PA30M OCYIIECTB/IAETCS IIEPEXO/] B COCTOSIHIE 23: €Cyln Bee u) (29) =1, i € N, j €

N\ {i}, roryia B UrpoKu B COCTOSIHIN Z3 UCIIOJIB3YIOT MATPUIIBI TIEPBOTO THIIA. Kciiu

xotrst Obl 0jIHA U3 KOMIIOHEHT u)(z2) = 2, i € N, j € N\ {i}, Torga B cocrosiiuu z3



66

UT'POKH MCIIOJIb3YIOT MaTpHUIblI BTOPOT'O THUIIA. ManI/ILLbI IIEPBOro TUlla UMEIOT BU/I:

9 0 91 10 1
A12(Z) = ) 012(2) = ) A13(Z) = )

1 1 01 2 7

8 0 16 2 10 1
013(Z> - ) AQS(Z) = , 023(2‘) =

07 1 1 1 0

MaTpuiisl BTOporo Tuma:

- 8 5 ~ 10 13 ~ 8 12
Aja(2) = . Cha(z) = . Aws(z) = ,
10 16 6 6 9 10
-~ 10 12 ~ 8 8 ~ 12 5
013(2) = ) AQS(Z) = ) 023(Z) -
11 5 13 9 6 9

B cocrosinnm zq 3ajiaHa ceThb, MPeJICTaBIsIoNass codoil MoTHbI rpad:

Pucynok 7. Cerb Ha 11epBOM II1are Urphbl.

OnruMaJsibHbIe CTpaTerun UrpokKoB:

u1(z1) = (0,2,1), w(z1) = (1,0,2), as3(z) = (2,2,0),

al(EQ) = (07 2, 1)7 ﬂ2(52) = (27 0, 1)7 713(22) (27 L, 0)7
ur(ug) = (0,2,1), we(2z3) =(2,0,1), usz(z3) = (2,1,0).

Suauenus wj;(z):

wip(z1) =1, wi(z) =1, wig(z1) =1, wi(z) =0, wy(z)=2,
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i (% i (% >

Suavenns w;;(Z3) OyyT cosuaats gmbo ¢ wi;(Z2), mbo ¢ w;j(21), TaK Kak Mat-
PUIIBI B UI'PE BCETO JIBYX TUIIOB.

BHaveHrsi XxapakTeprcTuaeckoit dbyukmun v(z;.S), w(zg;S), BBUUCIEHHBIE MO

dbopmymam (2.5)-(2.6):

S [ {1y [ {2} | {3} | {12} | {13} | {23} | {123}
v(zS) | 2 | 3 | 1 | 21 | 20 | 27 | 62
v(Z;S) | 19 | 15 | 16 | 40 | 40 | 36 | 66
v(Z;8) | 19 | 15 | 16 | 40 | 40 | 36 | 66
w(z;S) | 19 | 15 | 16 | 40 | 40 | 36 | 58
w(z;S) | 19 | 15 | 16 | 40 | 40 | 36 | 66
w(z3;8) | 19 | 15 | 16 | 40 | 40 | 36 | 66

Tabsuia 1. Snauennst xapakrepuctndecknx dbyukimit v(z; S), w(zx; S)

Urpa naunnaercd B COCTOSIHUN 21, B KOTOPOM UTPOKH BLIOMPAIOT CBOU CTPATETMH
1, B 3aBICHMOCTH OT 9TOT'0, IIEPEXOIAT B HOBOE COCTOsIHME. B KarKJI0M COCTOSHUN Y
UI'POKOB BCEI'O JIBE aJIbTePHATHUBLI: JINOO B pe3yJibTaTe BbIOOpa cTpaTeruii OHu OyayT
urpaTh MaTpuiaMu I Tuma B cjie/yioneM COCTOSHUH, JIM0O MepeiiiyT B COCTOSTHUE,

rjie OMMaTpUIHbIE UTPHI OYIYT MPOUCXONThL ¢ MaTpunamu I Tura.

7

1 2

1 ¥ N =2

Z2 Z2 5
2

s N N

1 3 4
Z3 Z3 Z3 Z3

Pucynok 8. JlepeBo Bcex BO3MOXKHBIX COCTOSIHUI UI'PHI.

[udpsr 1 1 2 Haj cTpesKaMi yKa3bIBAIOT, MATPUIAMI KAKOTO THITa, OY/IyT UTPaTh
UTPOKU B CJICJYIONIEM COCTOSAHUMN.

Snadenns gyHkiun L B y31ax zj:

L(z) =58, L(z) =058, L(23) =062, L(23)=66, L(z3) =66,
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L(z3) =62, L(z3) = 66.

Onrumanbias Tpaektopus B urpe G(z1): zZ = (21, 23, z3) = (21, 22, 23). XapakTepu-

crudeckast (OyHKINA MHOTOMAroBoii urpel G(21) BBIUHCIAETCS KaK:

S {1 {2} {3} {12} | {13} | {23} {123}
Vi(z:8) | 19 | 15 | 16 | 40 | 40 | 36 | 66
Vi(z:5) | 38 130 | 32| 8 | 80 | 72 | 132
V(z:S) | 40 | 33 | 33 | 101 | 100 | 99 | 190
Wi(z:;S)| 19 | 15 | 16 | 40 | 40 | 36 | 66
Wi(z:;S)| 38 30| 32| 8 | 80 | 72 | 132
Wi(z;S) | 57 | 45 | 48 | 120 | 120 | 108 | 190

Tabauma 2. 3Hauenns: xapakTepucTiHieckux GyHKInii MHOTOIAroBoii urpst G(21)

Yeaosue w(S, z;) < ming, L(zg), S # N BbimosHgercs:

max w(S, z;) = 40 < min L(z;) = 58.

2k

Pacemarpusaercs nenex x € Z[W (z;); 5]

e

r1 > 57
To > 45
T3 > 48
§ T+ a9 >120
x1 4+ 23 > 120
9+ x3 > 108

$1+$2+$3:190
\
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A Tak ke npousBoJibHbI jgenex & € Z[W(Z); S])

”

§1 > 38
§2 > 30
{3 > 32
§ & +& >80
&1+ & >80
§o+ &3 > 72
(Gt &8 =132

B kauecrse [TP/] 8 = (B4, 52, B3) Bolbupaercs nenexk o € Zlw(zy); S), B = o, k =
1,2.3.

a; > 19
oy > 15
ag > 16
§ o1 +ay>40
a1 + az 40
as + az > 36

a1+ as + a3 = 58
\
U crpoutesa nenex £ = a + &

)
T1 > 97

Tg > 45
T3 > 48
§ 1+ T2 >120
1+ 23 > 120
o 4+ 23 > 108

21 + T2 + 23 = 190
\
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I3 nocnieinero Hepasencrsa ciejyer, uto & € Z[W(zy); S], uro jokasbiBaeT Ciib-

HYO JINHAMIYECKYIO YCTORYMBOCTH HpuHIUIa ontuMaibnoctun Z[W (z1); S].
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I'1aBa 3:

AJbTepHaTUBHBIE CIIOCOOLI HOCTPOEHNS

xXapaKTepucTnieckoii (pyHKIn

B sT0ii T/1aBe OYIYT paccMOTpenbl aJbTepHATHBHbBIE TTOIXO0/IbI K TTOCTPOEHUIO Xa-
PAKTEPUCTUICCKON (DYHKIIUK JIJIsT MHOTOIIATOBOM UTPHI € MTOMAPHBIM B3aMMO,1€1CTBHU-

€M, a TaK 2Ke HCCJI€EJO0BaHbl BO3SMOXKHOCTH 1 IIPpEUMYIIECTBa, KOTOPBLIEC Aal0T TaKUE

I10/IXO/IbI.

3.1 ITocTpoenue xapakTepucTuieckoii (pyHKIINN KakK

MaKCUIMyMa MAaTEMATUYIECKOI'O O2KN/JIaHNA BbBIUT'PDBIIIA

PaccmaTpuBaercs opnorarosas urpa [', Ha Mpou3BOJILHON CETH g ¢ MHOYKECTBOM
BepimH (urpokos) N. BsanmoseiicTBue MexKy UIPOKAMU OCYIIECTBIISIETCST AHAJIO-
TUYHO MPEIBLIYINNM IJIaBaM: MEYKJIy JBYMs UIPOKaMU, COCTMHEHHBIX peOpPOM, TTPOo-
UCXOIUT OUMATPUYIHAS UTPa C 38 JaHHBIMU MATPUIIAMU BBIUTPBIIIIA.

Ilycts ¢ € N,j € N,7 # j. Torna ¢ urpaer ¢ j B OUMaTPHUIHYIO UTPY 7ij C

Marpuiiamu Beurpaimieiil A;; u Cjj, ITPOKOB ¢ U j, COOTBETCTBEHHO.

G g )
( app  agp ayp
ij g ij
a a/ o« . e a
21 Q22 2r
Aij = ; (3.1)

g g
aml amQ amr/
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0] ij ij
c51(2)  c(2) c5,.(2)
Cij(z) = : (32)
\ cii(2) cia(z) - di(e)
ag(2) > 0,¢5(2) >0, p=1,....m, qg=1,...,r, i,j€N.

Nrpa I' 6yger pacemarpuBarbest B (opMe ceMeiicTBa aHTarOHUCTUYECKUX UID
{vaii}s Mesky koammueit N\ 4, JeficTByiomeil Kak IepBblil (MaKCHMHU3HPYIOMIHIT)
UTPOK, U KOAJUIINEI, COCTOAIIC N3 OHOI0 UT'POKA {z}, JIefiCTBYIONIel KaK BTOPOIl
(MuHUMEBHpYOIINiT) HTpOK. Bomrpsii koasuiun N \ i B TAKOM C/Iydae paBeH CyMMe
BBIUT'PBIIIEi HIPOKOB 13 910 Koasmnui. [lyers (fiyy;, fi;) — CUTyallus paBHOBecHs B
CMEIIaHHBIX CTPATErUAX B UIPE YN \j ;- PaccmarpuBaercsd cutyanus i = (ﬂl, N ﬂn)

" olpeaesidercd cJaeAyromad BeJndnHa

W(S) = max » E;(us; fin\s), (3.3)
e €S

rie ps = {1 €S}, fins = {fi, i € N\ S} 1 Ei(ps; fin\s) — MaTeMaTHdecKoe
O’KHJIAHNE BBIUTPBIIIA UTPOKA § B curyannn (fs, iy s). W(S) — 910 MakcnMasibHbiil
BLIUTPBII, KOTOPBIA MOXKET obecrnednThb cebe Koajuius S, eC/iu OCTAJIbHbIC UIPOKIH
HCIIOJIL3YIOT CTPATEruil BTOPOTr0, MUHUMUBUPYIOIIErO UI'POKA B aHTAIOHUCTUYECKUX
urpax {yn\;i}. Bug dysknmm W (S) MOxKHO onucaTh CIepyomuM obpazoM. Yun-
ThIBas 0COOEHHOCTD [ONAPHOIO B3aUMOACHCTBIS, MOKHO BLIIEIUTE JIBa THIIA pedep,
10 KOTOPBLIM OCYIIECTB/IAIOTCA UIPhl ¢ YIACTHEM UIPOKOB U3 S:

e Takue pebpa, y KOTOPBIX 00¢ KOHIIEBbIE BEPIIMHDLI 3aHAThI UIPOKAME U3 KOAJIU-
nun S, T. e. pebpa (i,7),1 € S,j € S. Tak Kax 171 UTPOKOB B S — MAKCHMUI3a-
11 CYMMAaPHOI'O BBIUIPBIIIA, UTPOKU 4 U J BCErJa MOIYT 3TO OOECIICYUTh, Bbl-
OpaB cTpaTerun TakKuM 00pa3oM, 4TOOBI OJIYyYNTh MAKCUMAJILHDBIA CyMMapHbIii
BLIUIPBIII HA JAHHOM pebpe. DTa BeJIMUnHA eCTh maxp’l(az + cﬁ) Koasmmnust

N\ S 1pu 9TOM HUKaK He BJIUSIET Ha UTPY i C J;
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e Takie peOpa, y KOTOPBIX O/lHa KOHIIEBas BepIIMHA JIEXKNUT B S, a JApyrad Ipu-
HaJ[IeKuT urpokam u3 koasuruu N \ S, 1. e. pebpa (i,7),1 € S,j € N\ S.
MaKcnMaJIbHBIH BEINTPLII, KOTOPBIT MOKeT cebe rapaHTHPOBAThL UTPOK 4, KOTJIA
HTPOK j HUCIOJIB3YET CTPATErHIO fij — 9TO BBIATPBIII B CUTYAIIUI PABHOBECHS, T.

€. BHAYEHNE UT'Pbl W;;.

Taxmm obpazoM, UMeeT MeCTO CJIEJIYIoNee YTBEPKIeHNe.

Yr1BepxkKaenune 3.1 B cemesoti uzpe ¢ nonapHviM 63aumodeticmeuem 6blnoiHACM-

CA Pacercmaeo:

W(S) =wv(S), ScCN,

ede xapaxmepucmuueckan gynxyus v(S) svvucasemes no gopmyaam (1.9)-(1.10).

[Iponecc nmocrpoeHunst XapakKTepUCTUUECKON (PYHKINHT KJIACCUIECKIM CIIOCOOOM
UMeeT BBICOKYIO BBIYUCJIUTEBHYIO CJIOXKHOCTb, IMOCKOJbKY JJIs BBIYMCJ/IEHUS BCEX
3HAaYeHN{l XapaKTepHCTHIecKoil (DYHKINN HeoOXOMUMO pemnTh 2 anTaroHmcTIYe-
ckux urp (N — kosmaectBo urpokos). [lomxos, mpeioKeHHbIH B JTAHHOM ITYHKTE
B BBIUNC/UTEIBHOM CMBICJIE SBJIsIeTCs 0oJiee MPOCTBIM, TaK KaK BMECTO peIIeHUsT

AHTAlOHUCTUYECKOI HUTI'PBI UCIIOJIB3YETCs TOJILKO Ollepalild MaKCUMHU3aIlluN.

ITpumep

[Iycth n = 3 m ceTb g MMeeT BUJI, KaK MMOKa3aHO Ha pUCyHKe 9.

Pucynok 9. Cerb /10 Tpex UI'POKOB.

3a/1aHbl MATPHIIBL:
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A19Boy A13Bs1 Agz B3y
(4:8) (3;6)) [(46) (%3)) [(35) (2:3)
(33) 44)) \(22) 35/ \(1:4) (46

Cutyalrun paBHOBeCHsI B KayK/I0il OuMaTpuyHOil urpe:

11

- ) —
H12 (07 ) 27 2)7 ,u13 ( )

-

3
4’

MI»—\
[\DlH

)7 /L23 _(

er—\
NI =
Wl =
Ll o

e fii; = { i /Z;i}, W [i;; — PABHOBECHAsl CTPATErns i-1'0 UIPOKa B OMMaTPUIHOM
urpe v;;, a ,a;i — paBHOBECHAasi CTpaTerus j-ro UTpoka B TOI »Ke OUMaTpUIHOil Urpe
Vij-

SHauenud VHINBUAYAJIbHBIX BbH/IFpI)IHleﬁ HNI'POKOB B CUTyalllAX PpaBHOBECHA

Wiy = 3,5, Wiy = 3,75, wi, =4,

SHadeHnsd XapaKTepI/ICTI/I‘IeCKOﬁ (bYHKHMH, BbIYHCJICHHDbIC KJIaCCUYECKHUM CIIOCO-

oom 1o dopmysam (1.9)-(1.10), mmeror B

8 11 5
12 | 121 1 2 :
v(12) :II;%X (apl +pr) + wyg + Wiy = 12+§+ 1 :1712,

v(13) = max (a;j’ + b]?;ll) +wiy +wyy =10+ 3,5+ 4,5 = 18;
p7

v(23) = max (a3} +057) + wiy + wiy =10 + 4 4+ 4 = 18;

v(1) = wiy + wiz = 3,5+ 3,75 = 7,25;
v(2) = Wiy + wiy = 4+ 2,75 = 6,75;
v(3) = wiy + wyy =4+ 4,5 =8,5;
12 21 13 31 23 32
v(123) = H}l)%x (apl + bpl) + H]lf}x (apl + bpl) + HZI)%X (apl + bpl) = 32.

Temepb Oy/yT BbIUUC/IEHBI 3HAUYEHUsT XapakTepuctudeckoin dyuknun W(S) ¢
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npuMeHeHneM I110JX04a, OIIMCaHHOTI'O B IIYHKTE 3.1. CTpaTeFI/II/I KazKJI0T'0 UT'POKa 1=

1,2,3 B urpe YN\ i

H1 = (Mz; M13), Mo = (M21; M23), H3 = (,u31; ,U32),

rJie (412 — CTpaTerus urpoka 1 B Urpe ¢ UTPOKOM 2, (113 — UTI'POKa 1 B UTpe ¢ UTPOKOM

3 u T j. s HaXO0XKJeHUs ATUX CTpaTerunii HeoOXOIMMO PEIINTh COOTBETCTBYIOIINE

1 = 9o | M2 = 9797979 | M3 = 3a3a4a4 .

Taxum 06pasoM, HoTydaloTes cieayiomue snadenus gynknmn W (.S):

UTDBI:

— 8 11 ot
_ 12 | 121 1 2 _ _ :
W(12) = Hllf}x(apl + by ) +wyz +wyy =12+ 3 + 7= 175,

W(13) = ma}x(aﬁ + b)) 4 wiy + wdy =10+ 3,5+ 4,5 = 18;
p7
W (23) = max(ay; + b)) + wiy + wis = 10 + 4 4+ 4 = 18;

Dl

W (1) = wiy +wis = 3,5+ 3,75 = 7,25;
W(2) = w?y +wiy = 4+ 2,75 = 6,75;
W(3) = w?y +wis =44+ 4,5 = 8.5;
W(123) = HZISX(CL;ZQ +b) + n}fix(a})? +b3) + rr}ljjalx(azg’ + b)) = 32.
CpapnnBas nx co sHadennsamu v(.S), MoxHo 3aKkmounth, 9to v(S) = W(S) s

Bcex S C N.

3.2 IIpubamkeHne xapakKTepucTunieckoit pyHKIINN

MHOTOIITaroBO UTPbI

[IycThb Temepb paccMaTpUBaeTCst HeAHTATOHUTCHYECKas urpa obirero Buja [23).

[Ipenmnonaraercss, uro G 9T0 (-1m1aroBasi Urpa 1 JuIl, KOTOPasi IMPOUCXOIUT CJie-
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aytornm obpasoM. Urpa G(z1) HaUMHAETCS B MO3UIUNA 2] B KOTOPOii MTPOUCXOUT
urpa

D(z) =< N: X2, X3, XKD, KD >

3nech N 9TO MHOXKECTBO HTPOKOB, X' MHOKeCTBO crparernii u K' 910 GyHKImMSA
BLIUTDBIIIA UTPOKa 7 € N B COCTOSIHUN 2.

[Tepexos 0T COCTOSIHUSI K COCTOAHUIO B JAHHOI MHOIOIIAroBoii urpe Oyuer ocy-
ECTBJIATHCS CaeytomuM obpazom. [lyers B cocrostauu z € Z B urpe ['(z) urpo-
KaMu ObLIN BeIOpaHbI ciaeytomue crparernu: x;(z) = (x}(z),...,2M(z)). B pesynn-
Tare BLIOOPA STUX CTPATErUil OCYNIECTBIIAETCA MepPexoj B HOBOE cocTodHue 2', rie
npoucxoaut urpa I'(2"). To ecTb cocrostHne Ha cyieIyiommeM Iare urpbl 3aBUCHT OT

COCTOSIHUSI Ha TEKYITEM I1are, U OT CTpaTernii, BHIOPpaHHBIX Ha JaHHOM Irare. Torja

MOXKHO OIIpeaenTb orobpazkeuue 1’ : Z — 7. 110 dpopmyiie:

2 =T (z;21(2), 22(2), ..., 2,(2)).

Ha nepsowm mmare, B cocrosiinu z1, B urpe I'(21) Urpoku BEIOGUPAIOT CBOU CTpaTe-
run x1(21) € X{', ..., xi(z1) € X', ..., 2,(21) € X' u urpa nepexouT Ha BTOPOii
mar B cjiejryioniee cocrostane zo = T'(z1;x1(21), - - -, Tp(21)) = T(21;2(21)), rje mpo-
ucxoaut urpa I'(z9). Ha mare ¢ B cocrosinum zp = T'(zp; x(2p—1)) TpOUCXoauT Urpa
I'(2¢), mocse 1gero urpa G(21) 3akamanBaercs. B pesyibrare mostydaeTcs cietyionias
nocsesoBarebocTh urp: I'(z1), I'(z2), ..., T'(2¢).

Crparerust urpoka ¢ € N u(+), ¢ € N B urpe G(z1) — 910 QyHKIHUSI, KOTOpas
B KaxKJI0ii TekyIel ogHoBpeMenHtoii urpe I'(2) Boibupaer yipasijienue (CTpaTeruio)
UIpoKa ¢ B 9T0it urpe, T. e. u;(2) = xf € X7.

Oyuknus seiurpsima H;, i € N B urpe G(z1) onpejessiercs Cieyonmm 00-

pasom



T

¢
— 2t 2t z
= E Ki(zf, .z, . x).

Hasee urpa G(z1) Oyner paccmarpuBaThest B Kooreparushoit dopme. [Tycrs mpej-
110JIaraeTCsl, YTO CYIIECTBYET TaKoil Habop cTpaTeruit U(), MAaKCUMU3UPYIOMIAI CYM-

MAapHBI BBIUTPHIII, T. €.

n y4

ZHZ(ﬂl(), s Up(+)) =  max ()ZZKi(Ul(Zt)v s tn(21)) =

ul(')a-“aun : i=1 t=1

n Y4

SN Ki((z), .. ta(z). (3.4)

i=1 t=1
[TocnenoBarenprocts 21, 2o = T(u(z1)), ..., 2t = T(u(z)), - .., Zm = T(u(zm)) —
OyJeT  HasbBIBATLCA  Koonepamuenol — mpaexkmopueti 1 0003HAYATHLCS KAk
= (21, B Em).

Xapaxrepuctuideckas Gyukius v(z1;.5), S C N onpenessieTcss KIacCHIeCKIM
obpazom. 3HadeHne xapakTepucTuieckoit pyHKIwu v(Zy; S) BBIYUC/SIETCST KaK 3HaA-
YeHNe aHTArOHICTUYECKON UTPbl, OCHOBaHHOMN Ha urpe G(z1), Mexkty Koasuiueii S,
Urpaoleil Kak nepBbiil (MakcuMusupyroruil) urpok u koajmrmeii N\ .S, urparorreit
KaK BTOPOfi (MUHUMU3UPYIOIINii) UIPOK. 3J1eCh BBIMIPHIIT KOAJUIUN S 9TO CyMMa
BLINIPBINICH NTPOKOB, BXOAANINX B KOAJUINIO. AHAJIOTHIHBIM 0OPA30M OIIPEIC/IsIeT-
cst xapakTepuctnaeckast GyHkiws v(Z;, S) B nomsirpe G(Z;) ¢ HavagbHOIT mo3uIet
Ha KOOTIepATHBHON TpaekTopuu (Z; € Z).

Beogures nosast dyukuust: v(z1;.5), S C N. Cuenyst [8], ar0 npeobpasobatie

XapaKTEePUCTUIECKOi (pyHKINN U(Zl; S), OIIPeJIe/ICHHON KJIaCCUIECKUM 00Pa30M:

- T v(z8) S KW (), . (2
o) = 35 1) T K. ()

t=1

1 anasiornvano OyjieT NMpoBejIeHO TpeodpaszoBaHue Jijis XapaKTepUCTUIecKoi (DyHK-

mun HoAbIrphl G(2;) Ha MPOU3BOJIBHOM Iare ¢, B COCTOSHUU Z; € Z:
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m n _ — _ —

. v(z;.5) - D iy Ki((%), ..., un(Z))

(z;S) = Z*_ : (3.5)
2 i)

MozKkH0 nokaszarh, uro gyuxuust v(S; Z1) obnagaer BceMu CBOfiCTBAMI XapaKTe-

pucruveckoii dpyukipn B urpe G(z1), a UMEHHO:

JJIst TPOU3BOJIBHBIX S1, 8o C N, S1 NSy = () (31€ch ucnosnb3yercst cynepaiuTB-

HOCTB XapaeTpuctuieckoit dyuknnu v(Zz;.S).

3.3 O coocobe oleHKN siapa

B kadectBe kooneparuBHOro perenusi urpbl G(z1), Oyjer paccmarpuBaThest C-
SLIIPO.
MuozkectBo genexeii Mv(zy;S)] B urpe G(z1) omnpejessiercs: CieayommM 00-

pasom
Mlv(z1;9)] = {x = (xq, .. ., sz—v 21;N),x; > v(z1;{i}),i € N}.

C-sampo Clv(z1;S)] € Mlv(z1;5)] B urpe G(z1) onpenessieTcss Kak MHOKECTBO

takux jenexeit £ = (&1,...,&,), KOTOpBIE YIOBJIETBOPSAIOT CHCTEME HEDPABEHCTB

Z& > v(z; 5

€8

Zf@ =v(z; S

1EN

[Ipeanonaraercst, aro Clv(zy; S)] # 0, mst npoussosibHoTO t = 1, L.
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BynyT BBegeHbl cieyiolnye 0003HaueHs

1 JIOTOJIHUTEIbHAsT (DYHKITHS:

n

0(S;7) = Y AS) Y Ki(m(z), ... ().

t=1 1=1

Torna
v(z1;8) = A(S)v(z1; N).

Anastornuno jyist nogpirpst G(z;):

(25 5) = Alt; S)v(z; N) (3.6)

3nech A(t, S) = max M

. JIerko 3aMeTHUTD, YTO:
t<p<t v(Zp; N)

Tak ke, crrpaBe/JIMBO CJIEIYIONIEE PABEHCTBO

Torma, mia Becex Si, Se, Takux, 9rto S; C So M3 MOHOTOHHOCTU XapaKTE€PUCTHU-
JecKoi (PyHKINH U(Et; S) cJaeyeT MOHOTOHHOCTH XapaKTepPUCTHYECKON (DyHKINN
Q_J(Zt, S)

0(Z; S1) > v(Z;.52)
CBoiiCcTBO CyIepaINTUBHOCTI XapaKTepucTuieckoit hyuxiwm v(.S; Z),

t =1,...,m B obmiem ciaydae He BbinoHseTCsd. OHAKO MOYKHO J0Ka3aTh JIPYTroii

II0JIE3HBIN Pe3yJIbTaT.
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Jdemma 3.1 Caedyrouwjee Hepasencmeo 6umoAnAEMCH:
v(z1; S) > v(z; 9) (3.7)

HokazarenabctBo. [lo ompejenenno xapakTepucTinaeckoii byHKIwn 0+ ), MOXK-

HO IIOKa3aTb, 9TO CJICAYIOIINE HEPpAaBEHCTBa BEPHDLI:

v(Zp; ) v(Z;

0(z;;8) = A\t, S)v(z; N) = max v(Z; N) > v(Z; N)v_—

t<p<t v(Z,); N

Jlemma jgokaszaHa.
Yepes Clv(z; 5)] 6yner oboznadeno C-supo noasirpsl G(z;). lpumnnm onru-
vasbnoctn Clo(z; S)] asasercs ananorom C-siapa 1 OIPEAC/IACTC KAK MIOKCCTBO

perieHnii CuCTeMbl

> & >0(=:5), SCN,
€S

> & =0(z;N). (3.9)
i€N
[lycTs npeanonaraercsi, 1o Muozxectso C|o(zy; )] # 0, st Beex t = 1,..., L.
AnajiornunbiM o6paszom onpejiessiercst Muoskectso C[u(zs; S)], Kak perienust cu-

CTEMDbI

Y &G =0(2;8), SCN,
€S

Z@- =0(z; N). (3.10)

Teopema 3.1 Cuedyrowee srarouenue uinosHACMCA:
Cl6(z: 9)] C Clo(z; 8)] N Clo(z;.5)]. (3.11)

HokazarenbcrBo. Qopmyina (3.11) ciemyer u3 jgemmbl (3.1) u 13 BbIpaykeHUst
(3.8), T. e. m3 mepasencts v(21; S) < v(z1;5) nv(z;S) < wv(z;5), S C N. Teopema

JIOKa3aHa.
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TTockosbKy crpaseynso skimouenue C[(z; S)] € Clo(z; S)], To npusim orrru-
masbHocTH C [0(z;S)] obasiaer cBOHCTBOM CHJIBHON JIMHAMIYECKON YCTOWIMBOCTH,
tak Kak C[0(z; )] obnajaer takum e csoiictom (cu. [8]). U3 Teopembl Tax ke
CJleJlyeT, ITO Jleiexkn 13 MuozkecTsa C [0(z4;S)] nost Beex t = 1,..., ¢ npunajie-
xKar kiaaccudeckomy C-sapy urpsl G(2¢). Takum 06pasom, OBLIO TTOCTPOEHO CHIIBHO

JTMHAMUYIECKHN yeroitanBoe mojMuozkectBo C-sipa Clu(zy; S)| it KaxK10it mojibIrphl

G(z).

ITpumep

Y10oObI TPOUJLIIOCTPUPOBATH PE3Y/IbTAT, PACCMOTPUM CJICIYIONIUI TTPIMED ceTe-
BOII TpeXIIaroBoit UI'Pbl TpeX JINIL ¢ OMapHBIM B3anMo/eiicrBruemM. Ha mepBoMm mmare
21 Kaxkaplil urpok ¢ € N = {1,2,3} Buibupaer csoe nopejenue b, a UMEHHO, 7-
MEPHBIIT BEKTOP TPEJJIOKEHNI CBA3U C JAPYTUMU UTPOKaMU. Pe3yibTraTom 1mepBoro
mara gpJgercs ceThb ¢(21). Ha Bropowm mare B cocrosuuu 29(g(21)), KoTopoe 3aBHu-
CUT OT CeTH, BLIOPAHHON Ha TIEPBOM IIare, COCEJIN 110 CETH UTPAIOT B OJTHOBPEMEHHDbIE
He3aBUCUMble OMMATPUYIHbIe UTPHI JPYT ¢ JpyroM. Ha TperheM Iare urpoku urpa-
10T B OUMaTPUYHBIE UT'PBI, 3aBUCAIIIE OT CTPATErnil, BBIOPAHHBIX Ha MPEe/IbITyIIeM
are Urpbl B COCTOSTHIH 2. [loc/ie 9Toro NrpoKn mojrydaioT CBOW BBIUTPBININ U UTPa,
3aKaHINBAIOTCS.

st MaKCUMU3AIME CyMMapHOTO BBIMTPHIIIA UTPOKAM CJIeIyeT COCTaBUTH I10JI-
Hbli rpad myTeM BbIGOpa CrlelylomuX 1oBejennit Ha nepsomM mare: b = (0;1;1),

bl = (1;0;1), bl = (1;1;0). Tosyuaercst ceTh CJIELYIONIETO BUJIA:

Pucynok 10. Cerb Ha BTOPOM IIare Urphi.
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Jlajiee BBIUMC/IAIOTCS 3HAYEHHSI XapaKTepucTuieckoit dyHkimn u crpoutcss C-
siipo. Clieiytoniyne MaTpUIlbl BRIMIPBIIIE SIBJIAIOTCS 3alaHHbIMI. MaTpuibl Ha Tpe-
ThEM IIIare 3aBUCAT OT CTPaTEruil, BLIOPAHHBIX UIPpOKaMu Ha, 1mare 2. Ecianm urpokn
BRIONpAOT mapy crpareruii (1, 1) oHU HepexoisT Ha mar 3 ¢ MATPUIAME BBIUT-
poimeii (1). B nmporuBHOM citydae OHE HTPAIOT Ha Iare 3 B GUMATPUUIHBIE UTPHI C

IJIATEKHBIMI MaTpHUIaMi Tuia (2).

S Bropoit mar | Tpernit mar (1) | Tperuit mar (2)
1| (@5 @D) ] (62 <1;3>) (3 10))
(6;4) (5;3) (2;2) (0;3)
L3 (3;3) (5;4) (1;4) (1;1) )
(6;1) (2;2) (5:2) (2;3) ;7)
(2.3) (4;,7) (5:1) (1;1) (3;2) ;9) (4 )
o \@6) 35)) | \(132) (24) <11;o> (5,3>

Tabauma 3. Bo3MoxKHbBIE MaTPUII BLINTPHIIIA Ha, BTOPOM U TPEThEM IIarax B
3aBUCUMOCTH OT CTpaTernii, BEBIOpaHHBIX UTPOKaMu. B mepBoM cTos101e yKaszaHa

ITapa UT'POKOB, MEXKAY KOTOPbBIMHU IIPOUCXOINT 6I/IManI/I‘{HaH urpa.

[TonygatoTcss  ciepyronye 3HAYCHUS XapaKTEPUCTHUYECKON (YHKIUU, TIJIe
v(S; 2z, k) — 9TO 3HAUEHME XapAKTEPUCTUIECKON (DYHKIIMHN B TIOJBIIPE, HATMHAIO-

mieiicst ¢ MO3UIKMN 2, Ha Iare k:

S v(S;21,2) | v(S;21,3) (1) | v(S;21,3) (2)
{1,2} 15 8 13
(1,3} 9 7 15
(2,3} 11 6 19

{1,2,3} 35 21 40

Tabauma 4. 3HadyeHus: XapaKTepUCTUIECKON (DYHKIINK JIJIs OIBIIPbI,

HAYNHAIONICHCA B COCTOAHNN 21 U 3aKaHduBalolleiicsa Ha mare k.
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S v(S;29,2) | v(S; 22,3) (1) | v(S;29,3) (2)
(1,2} 22 12 24
{1,3} 20 11 22
(2,3} 17 1 23

(1,23} 35 21 40

Tabsmuria 5. 3HadeHnst XapakKTepUCTUIeCKoi (PyHKIUN JIJIsT TOJIBIIPHI,

Ha‘{I/IHaIOLLLeI?’ICH B COCTOAHUU Z9

SHadYeHIs KJIACCHIEeCKOM XapaKTepI/ICTI/I‘IeCKOﬁ beHKLLI/II/I BBIYUCJIAIOTCA 110 (bOp—

MyJI€e:

S
v(S;21) = gllaegujgfgjg\s Z Ki(us(z1), uns(21)) + v(S; 22)],

rie 2y = T'(z21;5us(21), unms(21)), us = {uili € S}, ups = {w;li € N\ S}.

S v(S;21) | v(S; 22)
1,2y |28 46
(3 | 24 42
(2.3 | 23 40

{1,2,3} 75 75

Tabanma 6. 3navenus: XapakTepucTHIECKOi (PyHKIIMKM B MHOTOIIAIOBOM UI'De.

Jlasiee BBIUUC/ISIIOTCST 3HAYEHUS XapaKTepUCTHIecKoi GyHKmun 0(S; Z1) ¢ UCHO/Ib-

3oBaHueM GopmyIbl (3.5):

28 46 24 7
o({12};21) = —-0 + =35 + 140 = 45,
24 42 22 3
o({13};21) = 0+ =35 + 540 = 41,
23 40 23 2



84

Haxkownerr, 3nadennst xapakrepuctiudeckoii pyHkun v(S; Z1) BEIYHCICHHBIE C TI0-

Mot hopmyiibt (3.6):
_ 46
v({12};21) = =75 =46
U({ }7 Zl) 75 )

_ 42
v({13}; z1) = %75 = 42,

_ 23 1
6({12}; 21) = 575 = 43

Teneps Heobxomumo noctpouts ananorn C-sapa Clo(z1:S)], Clo(ze; )] u
C[6(25; S)] ncnombsys xapaxrepucrideckne bynximu o(z; S), 7(z; S) u 9(z3; 9).
Jlerko noxasats, uro muozkectsa C[o(z1; S)], Clo(z2; S)] cosuagaior. Moyuaor-

csl cJieJlyIoIe CUCTEMBbI:

Cl5(z1: 9)]

,

x| + zh > 46
xhy + af > 42

1

|7+ ay+ay =75
Clo(zs; 9)]

T+ 19 > 24
$1+$3222

x2+x3223

$1+$2+$3:40
\

[Tycts BoiOpan jgenex r = (30;20;25) u3 C [0(z1;S)]. B kauecrBe mporierypbl
pacipejlesenus aenexa aara S = (7;7;17), % = (5;6; 10), 8 = (5;5;13). 1 Tak
e Gyzer BoiOpan nenex z' us C|0(z; S)], nanpumep 2/ = (15; 15; 10). Toayuaorcs

cjeyromue BEpHble HEPpaBCHCTBA!
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(144114 15+ 15 > 46
! 14410415+ 10 > 42

1
11+10+15+10 > 43¢
\

Yro m J0Ka3bIBaeT CHJILHYIO JIMHAMUYECKYIO YCTOHIMBOCTL anajora C-sipa
Clo(z1; 9)).

Eime oqnn He KjaccrndecKuii moaxolr K OIpEeJICJICHUIO XapaKTEePUCTUICCKOM (byHK—
I B CETEBBIX UI'PaX C IONAPHLIM B3auMoOJeiicTBIEM OyIeT pacCMOTPEH B CJIEIYIO-

el riase.
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I'1aBa 4:

Wrps1 obmiero Biujia Ha OCHOBE IIOHNapPHOTO

B3alMOJeCTBU S

PaccmarpuBaeTcss MHOTOIIArOBast HEAHTAIOHUCTHYECKAsS UI'Pa, B OCHOBE KOTOPOI
JIEXKUT TOTAPHOE B3aUMOJIeficTBUe, T. €. B3aUMOJeHcTBUe 110 pedpaMm CeTH MeXKLy
napamu urpokos [4]. Urpa umeer koneunoe wuciio maros. Ha mepsom mmare ¢hop-
MUDYETCsI CeTh MyTeM OJIHOBPEMEHHOTO BbIGOPA BEKTOPOB CBA3M, & HA MOC/IEILYIO-
HUX IIarax MPOUCXOJSIT OJHOBPEMEHHbIE HEAHTANOHUCTHIECKHUE UIPhI, BHIUIDBIIIH
B KOTOPBIX 3aBUCAT OT yIpPaBJEHUH, BHIOPAHHBIX Ha MPEJIbILYIIEM IIare, a TakzkKe
OT MOBEJICHUsT Ha TeKyleM Iare. VIrpoKu, Ha Bcex Imarax, KpoMe IepBOro, nMe-
IOT BO3MOKHOCTH BHJIOM3MEHSITH CeTh, YIAJIUB KaKyo-J11u00 u3 cBoux cBszeii. s
MOJIEJIN [IOCTPOEHA XapaKTepucTHIecKas (hbyHKIs He KJIACCHUECKUM CIIOCODOM, OC-
HOBAHHBIM Ha BBIYUCJEHUN ONTHUMAJIBHBIX yipasaenuil. st ciydast ojHomarosoit
IIOJIBIIPBI JIOKA3aHA CYNEepMOJLYJISIPHOCTD XapakTepucTuieckoil (yuknun. B kade-
crBe pemennst pacemorpen sekrop Ilemu, npuseaeno yupomnienne hopMyJIbl Bbi-
qUCIeHnsT KOMIOHEHT BekTopa [lenm i JanHoi XapakTepucTuIeckoi (hyHKIIHY.
Tak ke B KauecTBe perienns paccMorpeHo mnojmuozkectBo C-siapa (ITPI-s1po) (7,

38]. Jluist Takoro perienusi JOKa3aHa CUJIbHAS JIHHAMIYECKAs YCTOHINBOCTb.

4.1 Moagenb Urpbl

[IycTb 3a7aH0 abcTpaKTHOE IPOCTPAHCTBO Z, Ha3bIBaEMOE IPOCTPAHCTBOM CO-

croguuii. Ha nepBoM 1mmare, B Ha9aJIbHOM COCTOSIHUU Zg € 7, UTPOKU (DOPMUPYIOT



87

ceThb g(2p), BepIIMHAME KOTOPOil SBJISTIOTCS UTPOKH, & PeOpaMil — CBsI3U MEXK/Ly UT-
pokamu. B KazKJIoM MOC/Ie/IyIoNneM COCTOSIHUN 2, € 7 UIPOKKM MOTYT U3MEHUTDL CETh
yJlaJeHIeM KaKuX-J1M00 CBsA3eil, 1oc/ie 4ero MpoucxXouT HeaHTarOHUCTHIECKAs UT'Pa,
n-muat I'(z;) ma cetn g(zg).

[Ipasuio hopmupoBanist cetn g(2p) Ha MEPBOM Iare Oy/IeT OIPEIeJIeHO CJIe Ty I0-
M obpaszoM. [1oj106HO0 ToOMy, Kak OBLIO CJIeJIaHo B IV1aBe 1, B Ha4aJIbHOM COCTOSTHUN
20 Kaxkjplit urpok ¢ € N BoiOupaer coe nosejerne b;(zg) = (bi1(z0), - - ., bin(20))
— N-MEPHBII BEKTOP MPEJIOKEHUI CBSI3W JIPYTUM HUIPOKAM, KOMIIOHEHTHI KOTO-
poro MoryT npuHuMaTh 3HadeHuss 0 wiau 1. Bousires ciejyroriye 0OO3HAUCHUST:
M; C N \ i — Te UrpoKu, KOTOPbIM UTPOK ¢ € N MOXKeT MPeJJIOKUTh CBsI3b, 3Ha-
gerue a; € {0,...,n — 1} paBHO MakCHMaJLHOMY 9HCJy CBsideil urpoka ¢. Eciu
M; = N\ {i}, urpok i MoxKeT MpeJJIOKUTH CBI3b BCEM UIDOKAM, a eCJin a; = 1 — 1,
TO UT'POK ¢ MOXKET IOJIJIEPYKUBATD JII000€ TICJIO BOBMOXKHBIX CBaA3eil. Takum oopazom,
KayK/IbIil UTPOK OpaHMYeH YHCJIOM CBsI3el a;, KOTOPbIE OH MOYKET INPEII0KUTh, 1
MHOKeCTBOM M; UTPOKOB, JOCTYIHBIX JIJIsI CO3/IaHIs CBSI3H C JAHHBIM UTI'POKOM. Ta-
KM 00pa30M, Ha TIePBOM Iare yipasjieHneM y;(2g) sABIAETCS BEKTOD IIPeJJI0KeHNUT
cBst3eit b;(zp).

rpok i BuIOMpaeT MOIMHOXKECTBO UTPOKOB (); C M;, ¢ KOTOPBIMHI COOMPAETCSI
00pa30BaTh CBA3b.

Torna KOMITOHEHTBI BeKTOpa b;(2)) OMPENeIsiioTesT CIIeIYIOMUIM 00pa3oM:

b (20) 1, ectn j € @,
ij\f0) —
0, ecim j ¢ Q; win i = j,

IIpU YCJIOBUU

Zbij(Z()) S a;. (41)

JEN
Yeqosue (4.1) o3HadaeT, 9TO YUCIO BO3SMOMKHBIX CBsi3eil OTpaHWYEHO JJIsT KAayKI0T0
urpoka. Cieayer orMeTuThb, 970 |Q;] < a;. OueBHIHO, YTO CBSI3b TAKKe MOYKET OBIThH

peaim30BaHa JIMIIL ¢ UTPOKOM U3 IOJIMHOXKECTBa ();.
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JaJjiee mpe/iroiaraercst, 9To CBsI3b 1) YCTAHOBJIEHA TOTJIA 1 TOJBKO TOIJIA, KOIJIa
bij(z0) = bji(20) = 1, 1. e. i € Qj, j € Qi. ChopmupoBaHHble CBA3M ij 00pa3yIOT
pebpa cetit g(zp), BEPIIMHAME KOTOPOIl sABJISIOTCS UIPOKH, T. €., ecn bj; = by = 1,
TO B CETH ¢ MOSBJISIETCsI PEOPO ¢ KOHIEBBIMU BEPIIMHAMU § U j.

MuozkecTBO cocefieit urpoka i B cetu g(zg) obosnadaercst depe3 N;(g(2p)), T. e.
Nifg(0)) = {j € N\ {i} + i € ga0)}

[Tocsie hopmupoBanust cetn g(zy) UTPOKU MepexosT B coctositue z1(g(2g)), Ko-
TOpOE OIpe/IesisieTcst ceThio g(2g). B coctosnmm z1(g(zp)) urpokam mnpeocraBisiercs
BO3MOKHOCTD YJIAJISATh HEKOTOPbIE U3 paHee YCTAHOBJIEHHBIX CBsI3el, lepecTpanBast
TaknuM 00pa3oM ceTh g(zg) B g(z1) u popMupysi HoBble MHOXKecTBa cocejieii V;(g(z1)).
Ha cern g(z1) urpoku urpaior B urpy ['(z1), Koropast mpejcrasiisier coboii 0iHOBpe-
MEHHYIO HEAHTATOHUCTUIECKYIO UIPY MEXKJLy COCEJSIMU MO CETH.

ITak, Ha BTOPOM Ilare B COCTOAHUA 21 UTPOK 4, 4 = 1, n, BLIOUpAET yIpaB/ICHHe
yi(z1) = (bi(21), x;(21)) U3 MHOKecTBa Y;, U 9TO yIpaBJICHHE B OTJHUYINE OT T1€PBO-
o Iara COJEPyKUT JIOTOJHUTEbHYIO KOMIIOHEHTY x;(21) moBejenust B urpe I'(z1).
31ech b;(z1) — 910 BekTOp ¢ KOoMIoHeHTaMu () ujiu 1, MOy IeHHbII 110 CJIe/IYIOMeMY
IPABUILY:

1, coxpaHUTbH CBA3D 1],
bij(z1) = §
0, yIaJuTh CBA3D 17,
T. €. U'POK Ha BTOPOM Ilare MMeeT BO3MOXKHOCTB YJIaJisiTh CYIIECTBYIOIIUE CBSI3N,
OJIHAKO He 06/1a/1aeT BO3MOXKHOCTBIO co3/1aBaTh HOBbIe. KoMmonenTa ;(z1) yipas)ie-
aust y;(21) = (bi(21), x;(21)) upescrasisier coboit moseenne urpoka i B urpe I'(2)
1 BeIOUpaeTcst 13 MHOYKeCTBa X;(21), OIPEJIEIEHHOIO B COCTOSTHUN 21 .
[Iycts y(21) = (y1(21), - - -, Yn(21)) — curyarus B urpe I'(21). Borurpormn urpoka

i B urpe I'(z1) pacruceiBaeTcss TAKIM 00PA30OM:

Hi(z1) = Y hiyi(z1),95(21)),

JENi(g(21))

rie g(z1) — ceTb, BO3HUKINAs B Pe3y/ibrare CUTyanuu (21 ), KOTOpast IpelyCMaTpH-
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BaeT BO3MOXKHOCTL VJAJeHUsT HEKOTOPbIX pebep u3 certn ¢(zp), a QyHKIUI
hi(zi(z1),z;(z1)) > 0 samausl gast Beex ¢ € N u Bcex map 4, T. e. Bcex pebep
cetrt ¢(z1) U BCEX BO3MOXKHBIX COCTOsIHUIT 2 € 7.

[Iycts B cocrostiuu zp_y € Z B urpe ['(2x_1) urpokamu ¢ € N ObLIi BHIODAHBI
yipasierns (Y1(2k-1),---,Yn(2k—1)). B pesyiabrare BbIOOpA 9THX YIPABIEHU OCY-
IECTBJISICTCS [IEPEXO/] B COCTOSHUE Z), TJIe TTPONCXOuT urpa (2 ), ¢ BeIMTpBIaMu
hi(xj(zr), zi(21)), 3aBUCAIIIME OT yIPaB/IeHNil, BIODAHHBIX B COCTOSHUHU Zj—1. 10O
eCTh COCTOSTHIE Ha CJIEJYIOIIEM IIare UrPhl 3aBUCAT OT COCTOSTHUS Ha TEKYIIEM ITa-
re U OT YIpaBJIeHNUiT, BRIOPAHHBIX Ha JaHHOM Tare. MoxKHO MoTydnTh 0oTobpazkeHne

T:7ZxY, xYyx...xY, = Zuo dpopmyie

2 = T(zr-1;v1(26-1), Y2 (25-1), - - yn(26-1)), k=1, (4.2)

Taxum obpazom, orobpazkenue 1’ OJHO3ZHATHLIM 00PA30M ONPEJE/IsieT COCTOLA-
HIE 2, KOTOPOe CJIeJyeT 38 COCTOSIHUEM Zj_1, HIPH YCIOBUHU, YTO OBLIN BLIOPAHBI
yrpasyienns Y1 (2x-1), Y2(2r-1), -5 Yn(2k-1)-

Hastee pacemarpuBaeTcst MHOTOImMAaroBas urpa G(z), KoTopast IPOUCXONT CJIETy-
oM obpaszom. Urpa G (zy) HATMHATCS B COCTOSTHUY 2. B cOCTOSTHIM 2 TPOUCXO/INT

(bOpMI/IpOBaHI/Ie ceTn g(ZQ), IIOCJIE 9E€TI'0 UT'POKMU II0IIaJar0T B COCTOAHUE 2. B cocrosi-

HUN Zh_1, k = 1,0 -1 UTPOKI BLIOMPAIOT YIIPABJICHUST
y1(zk-1)s v2(2k-1), -, Yn(2k_1), urpator B urpy I'(zx_1) u mepexojsiT B COCTOsIHIE
2k =T (zk—1;v1(2k-1), Y2(2k-1), - - -, Yn(2k—1)). Urpa 3akanumBaercs Ha mare £+ 1 B

cocrostHun zp. Takum obpas3oM, B pe3y/ibTare BbIOOpa yIIpaBJICHHIT Ha KazKIOM Iare
UTPBI, PEASTUBYETCH TIYTh 20, 21y« « « 5 Zhy « « - 5 2

Cocrosinne z Ha3bIBACTCS JONYCMUMbBLM, €CJIN CYIIECTBYET OCIeI0BATE/IbHOCTD
yIIpaBJIeHNiT U TTOPOYKIeHHAs €0 MTOCIeI0BATEIbHOCTL COCTOTHUM 20, 21, . . . 2k, Kk <
¢, onipejienisiemast o opmyiie (4.2), Takasi, 9To 2 = 2.

EcrecTBeHHBIM 00pa30M BBOJIUTCS IOHATHE CTPATErUU B IOy YeHHO MHOIOIIIA~

ropoit urpe: y;(-), ¢ € N, — Kak HPaBUJIO, KOTOPOE KayKJOMY JOIYCTHMOMY CO-
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CTOSIHUIO Z UTPBI CTABUT B COOTBeTCTBHE KoMIioHeHTh! (b;(z),x;(2)) ynpasienus B
9TOM COCTOSTHUH, T. €. BBIOOD CBsI3eil, MOJIe/KAINX YIAJICHUIO, U BHIOOD MOBEICHMUST
x;(z) B urpe I'(z). U3 npuseieHHOr0 BBIIIE OMUCAHUSI CJIEYET, ITO JIF0OAs CUTYAIUST
y(-) ={wn("), ..., yn(-)} oaHO3HATHO ONpeEEIAeT MyTh B UTPE, & CJACIOBATEIbHO, I
BBIITPLIIT KazKJO0T0 MI'POKA KaK CYMMY €rO BBIUTDBINIEl B UIpax, peasn30BaHHbIX
BJIOJIb ITyTH:
14
Hi(y() =Y > hilyi(ze), y;(zr)).
k=1 jeN;(g9(2))

CiiejtyeT OTMETHTD, 9TO MHOYKECTBO BCEBO3MOZKHBIX IyTell B MHOTOIIATOBOI UT'Pe
G(z) KomedHo, n, TAaKNM 00PA30M, KOHETHO M MHOZKECTBO BCEX JIOIYCTUMBIX COCTO-
SHII B Urpe. DTO MHOMKECTBO Oyiier 0603HadaThCs depes Z C 7.

[TycTh mpejioiaraeTcst, 9To0 UTPOKH BHIONPAIOT yiipaByenus ¢;(z), i € N, KoTo-

pble MAaKCUMU3UPYIOT UX CyMMapHbIH Bbrpbiit B urpe G(z), 1. e.

¢ (
SN Hiii(z), - Gnlz) = myaxz > Hiyi(z), - yn(z). (43)
k=1 ieN k=1 ieN
Curyanus § = (gjl, ce ,y‘n) OyZeT Ha3bIBATHCS KOONEPAMUBHILM NOBEIEHUEM B
urpe G(z), a cooTBeTCTByIOIAast yrupasieHusiMm %;(z), @ € N, TpaeKkTopus
(20, Z1, - - -, Z¢) — KOONEPAMUGHOT Mpaekmopuet (2o = Z).
Pacemarpusaercst oHormarosast urpa I'(z) B mpon3BoJIbHOM COCTOSIHUE 2 € Z B
KOOIIEPATUBHOI (hopMe 1 OIpeIesisieTcs] ee XapaKkTepucrudeckast hyHkims v(z;.S),

S C N, st KazkJ1oro nojmMuozkectsa (koamuiwn) S C N 110 ¢jieyoneMy npaBuiy:

hi(Zi(2); 2;(2)) + hy(Z;(2); Zi(2)), ecm j € Ni(g(2)),
0, B IIPOTUBHOM CJIy4Yae,

(4.4)

v(z;{ij}) =
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v(z8) = Y hi(@i(2);7(2)),

€S jeN;(g(2))NS
vz N) =) Y hi(Ei(2);75(2)),
iEN jeN;(g(2))
rje T;(z), Z;(z) mosy4aioTcs coracHo paseHcTBY (4.3).
31ech, B ommane ot pabor |9, 10| u mepBoii rraBbl, B KOTOPBIX XapaKTepH-
crudeckasi (byHKIMsT CTPOUJIACH KAK MaKCUMUHHOE (HIZKHee) 3HaUeHHe UTPhl MEK-
Iy KoaJidnyeil S U JIOIOJHUTE/IbHOM Koasuiuein N \ S, mporiece MOCTPOEHUsT ITO
yHKIMN ocylecTBisieTcss nHade. dToObI BBIYUCUTDL 3HAUYEHHE XapaKTepPUCTHUe-
CKOfi (pyHKINN, HEOOXOIMMO OIPEJIeINTL KoollepaTiBHoe moejenne B urpe G(2),
3aUKCUPOBATH ONTHMABHBIE CTPATETHH W 3aTeM paccauTarh v(zx;S), k = 1,¢,
B IIPEJIIIOJIOKEHUN, YTO UIPOKHU U3 KOAJUIUMU S BHIOUPAIOT B KauyecTBE KOMIIOHEHT
yIIpaBJIeHUsT KOOIIEPATUBHOE TIOBEJICHUE.
asee cieyer HaiiTn XapakTepucTHIeckyo GyHKmo V (zy;.S) MHOrOmAaroBoit
urpbl G(z)), HAUMHAIOMIEHCST B COCTOSIHUU Z), KAK CYMMY BbIMIDBIIIeil Koajuiuii
S BioJib KooneparusHoit Tpaekropun (y(zo),y(z1),...,y(2)) 3a £ — k + 1 maros,

HaunHadg ¢ k:

4 l

V(z; S) = vz 8) =) > hil@i(z), 3(2),
(9(zr

r=k r=k i€S jGNZ ))ﬂS

V(S5 20) = v(z; 5).

4.2 CyrnepMoayJispHOCTb v(z;.S)

PaccmarpuBaercs Borpoc o cynepmosyssipuoctu dbyskimn v(z;.S) (em. (1.14)).
MozkHo chopMyInpoBaTh CJIEAYIONINI PE3yJIbTAT.
Teopema 4.1 Xapaxmepucmuueckas gynryus v(z;.S) 6 uepe I'(z) cynepmodyrap-

Ha.

oka3zaTeabcTBO. /15 10Ka3aTe/1bcTBa TeOPEeMbl HEOOXOIMMO IIPOBEPUTH CIIPa-
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BeUIMBOCTL HepasencTBa (1.14) s xapakrepucruueckoit dynkuun v(z; S) (4.4).
st cokparnenns sammucu BMecto hi(Z;(z), Z;(z)) OyaeTr uernoab30BaThbes 0603HatTe-
uue h;(Z;, Z;), a Bmecro N;(g(z)) — N;. B nannom ciydae 910 He IPOTHBOPEUUT
JIOTHIKE, MOCKOJIBKY PACCMATPUBAETCS TOJILKO OJIMH IIAT UIPBI, U MOBEJEHUsI, KAK U

MHOKECTBa cocesieil, He MeHsI0Tcd B Teduenne mara. Vmeer mecro ciejyiomee nepa-

BEHCTBO:

SY mEa)+ X mEa)+ Y @)+
ieX\Y jeN,N(X\Y) FJENN(Y\X) JEN;N(XNY)

+ Z ( Z hi(Zi, %) + Z hi(Zi, Z;) + Z hi(Zi, %)) +
i€EXNY  jeN;N(X\Y) JEN;N(Y\X) JEN;N(XNY)

+ 30 Y m@LE)+ Y k(@)Y hil@LE) >
i€Y\X jeN,N(X\Y) JEN;N(Y\X) JEN;N(XNY)

>N hi@L )Y Y h(@E) - Y > hil(@,3). (45)
ieX jeN;NX i€Y jEN;NY i€XNY jEN;N(XNY)

B steBoit u mpaBoit yact HepaBeHCTBa (4.5) MOXKHO 3aMETHTD 1M0I00HbIE CiaraeMble,

a IMEHHO
SN m@E)+ Y k(@ z)) +
iE€X\Y JENN(X\Y) JEN,N(XNY)
+ Y h@oE) A+ > k(@) =) > hi(T, ).
1I€XNY  jeN;,N(X\Y) JEN;N(XNY) i€eX jeN;,NX

[Toce nx cokpaltennst MoJydaeTcs BbIpaKeHue

Z Z hi(Zi, T;) + Z Z hi(Zi, &) +

i€X\Y jENN(Y\X) iEXNY jeN,N(Y\X)
+ Y () hlmsm)+ Y W@z 4+ Y (@) >
ieY\X  jeN,N(X\Y) JENN(Y\X) JEN;N(XNY)
S SDSNICEIND S SO
€Y jeN,NY 1€ XNY jeN;N(XNY)

ITocae I[IepeHoca oTpuuaTe/JIbHOI'O CJaracMOI'o M3 Hp&BOfI JaCT HepaBC€HCTBa B
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JIEBYIO IIOJIYyYa€TCsd:

Z Z hi(Z;, )+ Z Z hi(Z;, )+ Z Z

i€X\Y jENN(Y\X) i€XNY jeN;N(Y\X) i€XNY jEN;N(XNY)
+ (> h@moE) + > hil®LE) +
iEV\X  JENN(X\Y) FENN(Y\X)
oY @) =) Y ki@ E).
JEN,N(XNY) €Y jeN;,NY

MokHo BBIJIEIUTEH BTOPYIO IPYIITY TOJOOHBIX CaraeMbIX:

Z Z h (xz,xj + Z Z hz(fz,fj) +

IEXNY jeN;,N(Y\X) i€EXNY jeN;,N(XNY)

30 Y m@E)+ Y mEE) = > hilE.T).

iEY\X  jeN,NY\X) JEN,N(XNY) €Y jeEN;NY

[Tocjie ux COKpalleHNsd NTOI'0OBOE HEPABECHCTBO BBLITVIAINT TaK

Z Z h; (CI?Z,.IJ + Z Z h,(fl,fj) > 0.

1€eX\Y jeN,N(Y\X) €Y \X jeN,N(X\Y)

hi(i’i, ifj) +

(4.6)

B cuity neorpuiiaressnocTi BoIAphIeit h;(T;, T;), HOCIe/iHee HePABEHCTBO Bep-

Hoe. Takum 06pa3om, JoKa3aHa CIpaBeInBoCTh HepaseHcTBa (1.14), 1 mocTpoeHHast

xapakrepucrudeckas dyukrus v(S;z) B urpe ['(2) cynepmoyspHa.

4.3 BekTop Ilenan

B kauectse permennst urpsi ['(2) 6yaer pacemarpusarhbest Bektop Hlerm (1.19).

B cuy Toro, 4Tto ceThb MOXKeT OBITH c(hOpMUPOBaHA MPOU3BOJIBLHBIM 00pa30M, IO~

JIVIUTH SBHBINA YIPOIIEHHbBIN BUJ POpMYyIbl KOMIIOHEHT BekTopa [llerm ne mpej-

CTaBJIAETCA BO3MOXKHBIM. O,ZLHaKO MO2KHO cCeJIaTb YIIpOIleHue CJIEAYIOIEro BHUOa.:

BBIYNCJUTL PasHocTh v(z;S) — v(z;5 \ {i}). DT0 BO3MOKHO B CHIIYy CTPYKTYDDI

xapakTepuctnideckoit pynkmn (4.4).
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3HaueHne xapakrepuctuieckoii dyuknnu v(z;S), Korya i € S:

o(z8) = Y hy(@(2), T2+ Y a@i(2), Tp(2) Hhp(Tp(2), Ti(2))]
q€S reNy(g(z))NS pESNN;(9(2))

(4.7)

3/1ech 1epBoe CJaraeMoe — 3TO BBIUTPBININ UIPOKOB M3 Koauiuu S 0e3 ydera

UI'POKA 4, a BTOPOE CJIAraeMoe — TO, UTO MOJydaeT KOaJuIns (M UTPOK i B TOM

qucIie), 0T KOOIEepaIi ¢ UTPOKOM 1.

Buadenne xapakrepucrudeckoit dbyuxmun v(z; S\ {i}):

o(=z8) =3 D h(@(2),7:(2)) (4.8)

q€S reN,(g9(2))NS

Boraurast u3 (4.7) Beipakenue (4.8), mostydaeTcss UTOrOBOE 3HAYCHUE PA3HOCTH

0(z8) —v(zS\{i) = Y (hi(@i(2), 7(2)) + hy(35(2), 7i(2)))-

JEN;(g(2))NS

[TojcTaBisiss moJIydeHHOE 3HAYEHME Pa3HOCTH B (POPMYJIY KOMIIOHEHT BEKTOpa

Mlermn (1.19), moydaercs: ee ynpoIieHHbIH BU,T

o) = 3 ULZDMR=IS0E 5 32), 2402)) + hy(3(2), 24(2)

n!
SCN,ieS JEN;(g(2))NS

ieN. (4.9

HecmoTpst Ha HEOOXOAMMOCTDL BBIYUC/IATH BECOBOIM KOI(MDMUIIMEHT s KarK 101
KOAJINIINH, TaKOi B (DOPMYJIbI He TPeOYeT Olpe/Ie/IeHIs XapaKTepUCTHICCKON PyHK-
un Jj1s1 Beex Koasunuii S C N. UToObI BRIMUCINTD 3HAUEHIE KOMIIOHEHTBI BEKTOPA,

[lermm, 10CTATOIHO 3HATH CTPYKTYPY ceTu ¢(2) U CTPATErnu UrPOKOB.

4.4 T1TP/I-a1po 1 ero cujbHasi JUHaAMUYeCKas yCTONYNBOCTD

Yepes M[V (zx; )] Oymer 0603HATATHCA MHOYKECTBO Beex jiestexkeii B urpe G(2p).
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Onpepenenne 4.1 Oynuxyus 3; = (BY,...,8Y), i € N, nasvsaemcsa npouedypodi
pacnpedeaenus deaesica (IIP/]) dan & € MV (z;S)] (em. [9, 13]), ecau

l
=> B, Q€N
r=0

B kadecTBe NpHHIMIIA ONTUMAJILHOCTH PACCMATPUBACTCS HOAMHOKecTBO C-siapa
st urpbl G(Z,) — [PH-sampo (em. |7, 38|) Z[V (Zx; S)], T. e. muOo)kecTBO 1P/,

VJOBJICTBOPAIOIINX YCIOBUAM

14
S a2vEss) =YY Y h@(x).3(x), SCN, S#N.

ieS r=k i€S jeN;(g(z.))NS

ZBZ = Zk:a ZZ | Z hi(ji(ZT)vjj(ZT))v

rie 3 = (8, ..., 8%, ..., B)) YIOBIETBODSIET CJIEIYIONIUM YCIOBUSIM:

dBFzuEsS) =Y Y h(@(=), %), SCN, (4.10)

i€s i€S jeN;(g(z1))NS
N
SUETCIES DD DTS EURN Y
-1 i€N jeN;(g(z1))NN

[Ipeanonoxum, aro see Z[V (Zy; S)] # 0.

Onpenenenne 4.2 [Tpunyun onmumanvrocmu L[V (Zy; S)] # O cuavho dunamu-

wecku yemotuus 6 uepe G(zy) [10], ecau

1) IV (Z;8) #0, k=04

2) Jlas kaotcdoeo deaestca x € L[V (Zy; S)] cywecmeyem maras npouedypa pacnpe-
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deaenus deaeorca = (Bo, ..., P, & = Zﬁzo Bj, wmo

k
Zﬁr @I[V(Zk+1,5] CI[V(ZO;S)L k :W

Bdecv cumson @ oznanaem, wmo ecau a € R", B C R", mozda a® B = {a+b :

b e B}.

Yreepxkaenue 4.1 [punyun onmumarvrnocmu L[V (Zp; S)] curvho dunamuvecku

Yycmotiuus.

HokazarenbcTBo. [lycrs Hekoropsiii genex & € Z[V (Zg; .S)]. Torma cipase-

JINBO HEPaBEHCTBO

¢
Zfz’o > ZZ Z hi(zi(2),2i(%)), SCN, S#N,

€S r=0 i€S jeN;(g9(z.))NS

Xﬁwiﬁj > h@i(z), 7(2)).

r=0 ieN jeN;(g(z.))NN

[To onpenenennio, MOXKHO 3amnucarh Jenex & B Buae cymMmMmbr [TP/I:

l
=2 B BreClo(z):9), (4.12)
k=0

rie C(v(Zx); S) — C-smpo opnormaroBoit urper 1'(Z), mocTpoeHHOE MO XapakTepH-
crudeckoit byHkImn v(Zg; S).
AnajorngupiM - 06pa3oM  MOXKHO — IPEICTABUTL — HPOM3BOJILHBLIN  JIEJIeXK

i1 € Z[V (Zk+15 9)] Kak cymmy:

e J—
&= > B B, eCu(z:9)). (4.13)

r=k+1

B kauecrse IIPJI Bribupaerca sektop 3 = (B, . .. ,Bk,ﬁk 1>+, B) u cTpouTes
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HOBBLIIT BEKTOP:

k k ‘. 4
0= Bt&a=) B+ > B,=> > hi(ia). 75(2)
r=0 r=0 r=k+1 r=0 €S jeN;(g9(z.))NS

Taxkum 0OpazoM, BEKTOP é() siBJisieTcst cymmoit komronenT TP B u npousBosib-
Horo genesxa &gy € I[V (Zhi1; S)]. Bexrop & € Z[V (Zp; S)], 4T0 I0KA3BIBACT CILIb-
HYIO JINHAMIYIECKYIO YCTORYINBOCTD HpuHIuna ontumansnoct L[V (Zo;.S)]. Yreep-

JKJIeHIEe JIOKa3aHo.

IIpumep

Paccmarpusaercs ciydaii, 8 koropom N = 3, £ = 3, 1. e. urpa G(z) cocro-
UT U3 YeThbIpeX IaroB W HAUYMHAETCS B COCTOAHUU Zy. B 9TOM COCTOSTHUU 3a/1aHbI

MHOXKecTBa M; NTPOKOB, KOTOPBIM HI'POK ¢ MOYKET IIPEJJIOYKATD CBS3b
Ml — {273}7 MQ — {173}7 M3 — {17 2}7

a TaKzKe OI'paHN4Y€HNA Ha KOJIMYICCTBO CBHSGﬁ, KOTOpOEe MOZKeET IIoAJepzKNBaTh KazK-

JbIl UTPOK:

B cocrosinnu zy urpoku BeiGHpaioT BeKTOpa b;(2g), dbopMupyioT ceth g(2p) U Ie-
PEXOJIAT B COCTOSTHUE z1. B KaKJIOM M3 COCTOSHUi zg, kK > 1 UIPOKH BBIOHpAIOT
yupasienns y;(zp) = (bi(2k), zi(21)), rae kommonenta b;(z;) — BEKTOp perysmpo-
BaHns CBsizeil urpoka (¢ Bo3MokHbIME 3HadenusMu 1 u 0), a kommonenta ;(zy)

paBHA

w1(zn) = w1(2) € X1 = {21(2), 21(2)},

wa(2r) = 22(2) € Xo = {23(2),23(2)},  ws(ze) = w3(2) € Xa{wz(2), w3(2)}
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Takum 06pa3oM KazKIblii UTPOK ¢ MMeeT OJIMHAKOBOE MHOXKECTBO KOMIIOHEHT YIIPAB-
nernst X; BO BCEX COCTOSHUSIX Z.

Jljist BCex JIOMYCTHMBIX COCTOSTHUMN 2, Kk > 1, M BceX BO3MOXKHBIX CTpaTe-
ruit 3aganbl Borpbinm hi(Zi(2), T(2,)) ciaenylomux Bugos: hi(Zi(z),Z;(2,)) n
hi(i(zr), 2(2))-

B cocrosinun z; urpa I'(2;) npoucxoaut ¢ sbmrpsiuamu h(Z;(21), Z;(21)). B co-
CTOSTHUN 27 KaXKJIbIil UIPOK ¢ € N BBIOHpAET CBOIO KOMIIOHEHTY ylpaBjeHus x;(21),
u ecin Bee x;(21) = x1(21), 1 € N, Torjia UIPOKU MEPEXOJISIT B COCTOSIHUE 29, B KOTO-
pom urpator B urpy I'(23) ¢ Temu ke Bpiurpeimamu h;(Z;(22), Tj(22)). Ecin xors 661
ofHa u3 KoMiouent x;(z1) = x2(21), ¢ € N, TOrja B COCTOSIHUE 29 UTPOKU UTPAIOT
B urpy I'(2q) ¢ Bomrpsimamu h(Z;(22), Z;(22)). AHATOTHYHBIM 00PA30M OCYIIECTB-
JifleTcsl Iepexojl B cocTosgnue 23: ecan Bee T;(z1) = xi(z1), i € N, Torjaa Urpoku
B COCTOSIHUH %3 UCIOJIB3YIOT BhIUrpbin h;(Z;(23), Z;(23)), ecim xoTst Obl OjHA 13

2

KOMIIOHEHT ;(21) = x7(21), ¢ € N, — Buurpsiun h(Z;(23), Z,(23)).

Bowmrpsinn hi(Zi(z2,), Z;(2,)) 3amambr:

hi(@1,25) =4, h(z],73) =5, ha(Ty,73) =5,
hi(71,23) = 3, h(7,73) =3, hao(23,73) = 1,
hi(z},73) =5, hi(2],73) = 1, ha(23,73) = 4,
hi(z1,23) =5, hi(71,73) =2, ha(73,73) = L,
ho(Zh,21) = 4, h3(zi,71) =5, hs(zi,7d) =5,
ho(Z3,27) = 3, hy(73,77) =3, hy(z3,73) = 1,
he(Z3,71) =5, h3(z3,7l) =1, h3(z3,7)) =4,
ho(73,77) =5, h3(73,77) =2, h3(73,73) = L;

Borpoitn i (Z;(z.), T;(z)):



Wy(z1,25) =8, hi(Z1,73) =6, hy(Z3,73) = 12,
hy(T1,Ty) = 3, hy(Z1,73) =5, hy(T3,T3) = 10,
Wi(T1,23) =7, hi(31,73) =4, hy(Th,73) =5,
hll(j%j%) =4, hll(j%g_:%) =3, hé(f%,f%) =4,
hy(Th,T1) =8, hy(z3, 1) = 6, hj(Z3,73) = 12,
hy(Ty, 1) = 3, hy(Z3,7%) =5, hs(T3,75) = 10,
hé(i’%,f%) =7, hg(f%,f%) =4, hg(f%,f%) =5,
hy(Z3,77) = 4, hy(Z3,73) = 3, hy(T3,73) =4

B cocrosinun 20 UT'POKHA BbI6I/IpaIOT CBON IIOBeAeHN A C IEJIbIO MaKCUMHN3UPOBATh

CYMMAPHBIIl BBIUTPHIIT BCEX UTPOKOB:

bl(Z()) = (0,0, 1), bg(Z()) = (0,0, 1), bg(ZO) = (1, 1,0)

B pesysibrare obpazyercs ceTh BUjia, KOTOPYIO WJTIOCTPUPYET PUCYHOK 11.

Pucynoxk 11. CeTb Ha 11epBOM IIIare Urphbl.

Jljist MaKCUMU3AI[I OBIIEro BBIUIPBIIIA UTPOKAM BBITOJIHO TIOJIIEPKUBATH CBSI3H
CO BCEMHU COCE/IAMU B TeUeHHe BCeit Urphl, T. €. b;(zo) = b;(21) = b;(z2) = b;i(23), and

Beex ¢ € N. Kommonentst yipasiennii ¢;(2) U'POKOB MMEIOT BH/I:

573'3(21) = ZE:l)),

3HavYeHHsT XapaKTepucTHIecKoit pyHkinn v(z; S) BBIUUCISIOTCS BO BCEX COCTO-

AHUAX HA KOOIEPATUBHON TPAEKTOPUU, KPOME 2(, IIOCKOJIbKY Ha IIEPBOM IIare Ipo-
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NCXOAUT TOJILKO (bOpMI/IpOBaHI/Ie CETU U UT'POKU HE II0JIYH9alOT HUKaKNX BbII/IprILHeﬁi

S ({1} {2} ] {3} | {12} | {13} | {23} | {123}
v(S;z) 0l oo | 6 | 6 | 10 16
v(S;z)| 0 0| 0| 14| 12 20 | 32
v(S;z)| 0| 0| 0| 14| 12 20 | 32

Tabauna 7. Suadenus xapakrepuctudeckoit pyukiwm B v(z;.5).

B cocrosianm z; UrpoKn BEIOMPAIOT CBOH YIIPABJICHUS U B 3aBUCHMOCTH OT 9TOTO
[epexoJdT B HOBOE COCTOsAHUE. B KazKJI0M COCTOsAHHNHN Yy UT'POKOB BCET'O JIBE aJIbTED-
HATHBBI: JMOO B pe3yJibTare BBIOOpaA yIpaBienuii onn OyayT urpatsh B urpy ['(zx) ¢
Borpoiamu h;(Z;(2x), Z;(2)) B cieyiomem cocTosHIN, JIH00 HepefilyT B COCTO-

stime, rie urpa I'(zy,) Oyner npoucxoauts ¢ Bomrpbimamu by (Z;(2;), ,(zx)).

Pucynok 12. /lepeBo Bcex BOBMOYKHBIX COCTOSHUN UTPHI.

[udpst 1 u 2 Hag crpekamun (puc. 2) yKas3bIBaIOT, KAKNUE BBIUTPHIIIN OYIyT UC-
HOJL30BAHbl  UIPOKAMU B CJeAyIoleM —cocrogumu: nudpa 1 o3Hadaer
(), 35 (2)), rncbpa 2 — (30, 3.

OnrtumaibHas TpaekTopust B urpe G(zo): 2 = (20, 21, 25, 23) = (20, 21, 22, 23).

Pesysbrar Beraucienns xapakTepucTHIecKoil (DyHKITMH MHOTOIAroBoit urpst G(2):
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S {1 {2} ] {3} ] {12} | {13} | {23} | {123}
V(S;z)| 0| 0] 0 14 | 12 | 20| 32
V(S;z)| 0| 0 0| 28 | 24 | 40 | 64

V(S;z)| 0| 0| 0| 34| 3 | 50 | 80

Tadbauma 8. 3HaueHusT XapaKTePUCTHIECKON (DYHKIIMI MHOIOIIArOBOM UIPbI

G(Zo)

Hanee pacemarpuaercs jnenex q € Z[V (Z1); S]:

4

ry > 0,
x9 > 0,
x3 > 0,
y  x1+ 19 > 34,
r1 + x3 > 30,

To + T3 2 50,

T, + x9 + 3 = 80.
\

B xauecrse IIPII 3 = (B, 81, Bo, B3) ucnombsyercs nenex o € Z[v(z); S], yio-
BIeTBOpsitornuit Hepaserctsam (4.12), (4.13), B =, k=1,2,3;
Kowmriorenty [y ciieyer HoJ0KUTh PaBHON HYJIH0 (IIOCKOJIBKY UIPOKHU HE TI0JIYYaroT
BBINTPBIIIEH Ha [IEPBOM Iiare — miare (hopMUpoBaHust ceTn), a (1 OyjieT yj1oB/aeTBo-
PATH CUCTEMe
ap =0,
ay > 0,
az >0,
¢ al+as>6,
of + a3 > 6,

a3 + ai > 10,

al + aj + ai = 16,
\
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B2 1 B3 B cBOIO 0Uepe/ib OyJIyT YIOBJIETBOPATHL HepaBeHCTBaM, Tjie k = 2, 3:

§  oftag>14,
ok + ok > 12,

ok +af > 20,

af +ak + af = 32.
\

[Tocie cymmupoBanus JIeBOIT U MPaBoil YacTl HEPABEHCTB MOCIEHNX JIBYX CUCTEM

o k = 1,2, 3 nojydaercd cJielyionas CucTeMa;

q > 0,

g2 > 0,

g3 > 0,

\ @1+ G2 = 34,
q1 + g3 = 30,
g2 + g3 = 50,

| @+ G2+ g3 = 80.

I3 mocsienero mepasenctsa cieayetr, ato ¢ € Z[V(Z); S]. To ects mesex, mpu-
Ha texkamuii MaoxkectBy Z[V (Zp); S|, ynanoch pasioknTh Ha CyMMy Jesiexeii u3
muOoKecTB Z[v(Z); S], k = 1,2, 3, 910 J0Ka3bIBaeT CIIIbHYIO JUHAMUIECKYIO YCTOf-

YUBOCTH TpHUHIHIA onTuMatbrocTH L[V (Z)); S].
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SAKJIFOYEHUE

B Xole uccjaeaoBannd OBLIN I[IOJIYY€HbI CJIEIYIOIIUE HayIHbIC PE3YyJIbTaThl, BbIHO-

CUMBbIE Ha 3alllUTYy:

1.

Omnucana KoorepaTupHasi popMa CeTEBBIX UI'D € IMOMAPHBIM B3aMMO/ICHCTBIEM,
orpejiesieHas XapakTepucTuieckas (QYHKIUS W MOJy9YeHbl KOOIepATUBHBIE pe-
eHus Jiyisd janHoro kiacca urp: C-sapo, sekrop [emn, BekTop Tay. lokazana
BBIIIYKJIOCTh JIByXIIArOBOIl UI'PBI C MOMAPHBIM B3alUMOJCHCTBUEM, & TaK K€ OJl-

HOITIAroBOM TTOABITPHI.

. ﬂﬂﬂ 0cobOro KJjacca CUMMETPUYIHBIX cereil — ceTb-3Be3/a — IIoJIydeHa YIIpoO-

ImeHHaAd (bOpMYJIa BbIYMCJICHHA KOMIIOHEHT BEKTOPaA LHQHJH/I, I[10JIYy4€HbI YCJIOB1A

JIUIsl CUJIBHOMN JIMHAMITYIecKoii ycroitunBoctn C-sijipa.

. PacemoTpennr MuoromaroBbie KOorepaTUBHbIE UTPHI ¢ TOTAPHBIM B3amMOIeli-

crBueM. st maHHOTO KJtacca urp mocTpoeH aHajor C-sjipa M JloKa3aHa ero

CHJIbHad JUHaMW4YeCKad yCTOfI‘IHBOCTb.

. PaCCMOTpeHbI aJIbTEpHATUBHLIC IIOAXOAbI K ITOCTPOCHMHIO XapaKTepI/ICTI/ILIeCKOﬁ

dyHKIMN JI UTP ¢ TMoMapHbIM B3auMojielicTBueM. OmucaHbl UX JIOCTOUHCTBA U

HEJIOCTATKU.

. ,)__LHH HEaHTarOHUCTUYECKUX CETEBBIX UI'D Ha OCHOBE UI'D C ITIOIIapPpHbBIM BSaI/IMOﬂeﬁ—

CTBHUEM ITOCTPOEHA XapaTepucTuieckasd (PYHKIN 1 JJOKa3aHa ee CyIepMO/Ly/Isip-
HocThb. [locTpoeno IIP/I-ssapo n mokasaHa ero cujibHast JMHAMIYIECKAs YCTONIN-

BOCTbD.
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INTRODUCTION

Relevance of the research topic. The history of the emergence of game
theory dates back to the XIX century and the impetus for this was the development
of economic theory. The first mathematical models directly related to game theory
concerned only those economic processes that can be quantified. It was an analysis
of demand and prices depending on competition in the market, which was carried
out by A. Cournot and later J. Bertrand.

In the middle of the XX century, the interest of scientists in game theory has
grown significantly, the fields of application of this science as an applied discipline
have expanded. Game theory has found practical applications in economics, biology,
cybernetics, engineering, anthropology, and military science. A special role in game
theory is played by such a section as cooperative games. Its task is to find a set
of solutions to a conflict situation that would be beneficial to both individual
players and groups of players, called coalitions. Also, cooperative games are engaged
in the development of optimality principles, according to which from the set of
obtained solutions one could choose the best one and ways to ensure the fulfillment of
agreements (cooperative agreements) between players in dynamic games (developing
in time).

The fundamental concept of solving non-zero sum games is the Nash equilibrium
[37, 38|, according to which the players choose the optimal strategy of behavior,
deviation from which is not beneficial to any of the participants in the conflict.

When considering dynamic cooperative games, the question of time consistency
and strongly time consistency of the solutions obtained, that is, the question of

maintaining a cooperative agreement throughout the entire game process, arises.
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Significant results in this direction were obtained by representatives of the Russian
scientific school |9, 10, 12, 13]. However, the search for solutions to cooperative
dynamic games is often difficult due to their high computational complexity, which
interferes with obtaining solutions in an explicit analytical form. Therefore, the
question of considering the game process in such a way that would make it possible
to obtain an explicit solution is extremely relevant.

Since the beginning of the XXI century, solving various problems using graph
theory is gaining popularity. Networks of all kinds, transport networks, communi-
cation networks, fuel, energy networks, and finally, networks of trade relations and
social networks are developing rapidly. Agents of such networks have an connection
with each other, which means that they influence and are exposed to other agents [31,
32, 47|. Social networks should be separately noted as a powerful tool for influencing
a wide range of people. The dissemination of information and misinformation on
social networks is described in detail in [17, 19, 30].

A large number of processes and phenomena described using a network can
be considered as a set of separate processes occurring between agents that have a
connection with each other, from the point of view of one connection is one process.
Then the global complex gameplay is broken down into a family of simple games.
This concept is called pairwise interaction and was first proposed in [25, 27|. The
works [20, 21] are devoted to the search for Nash equilibrium in problems of this
type.

In the dissertation work, the concept of pairwise interaction was first applied to
cooperative dynamic games. A characteristic function is constructed, which, when
considering a game in the format of pairwise interaction, has a significantly lower
computational complexity compared to games where the game is not split into a set
of games, since it requires solving only sub-games with a set of no more than two
players. Such a partition allows one to obtain analytical expressions for the main
types of solutions of non-zero sum games, such as the Shapley value [45], the T-value

[46], and others.
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In the thesis, the concept of a cooperative network game with pairwise interaction
is introduced. The main approach to defining the characteristic function is considered
using a two-stage game model, where, at the first stage, the process of forming
connections between players (the network) takes place, and at the second, the game
itself, which is a family of simultaneous bimatrix games between pairs of players
occupying positions on the network at the end vertices of one edge. Further, using
this model as an example, we consider the main solutions and ways to optimize
their calculation, taking into account the special design of the characteristic function.
Some types of private networks, which are most widely used in practice, are investiga-
ted, as well as the influence of the network geometry on the construction of the
solution.

The next stage of the dissertation work was the extension of the results obtained
to more general cases, namely, the case of multistage games and the application of
the concept of pairwise interaction in multistage non-zero sum games on networks
of a general form. We also succeeded in proving some useful properties of the
characteristic function that greatly simplify its application to solving cooperative
games, namely, the supermodularity of the characteristic function. To solve multistage
network games with pairwise interaction, the issue of time-consistency and strongly
time-consistency is considered, strongly time-consistent subsets of the C-core, the
so-called IDP-core |7, 39|, are distinguished.

Goal and targets of the thesis research. The goal of the thesis research
is to formalize and to study dynamic cooperative network games with pairwise
interactions. To achieve this goal, there were determined the following handling
of the targets:

e Formalize the model. Considering pairwise interactions on the two-stage network

game.
e Construct the characteristic function and investigate its properties.

e Study solutions of two-stage network game with pairwise interactions.
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e Investigation of the properties of the characteristic function and solutions for

games with pairwise interaction on specific networks.
e Generalization of the results obtained for the case of multistage games.

e Investigation of alternative approaches to the construction of the characteristic

function in the considered game model. Description of their merits and demerits.

e Generalization of the results obtained for non-zero sum games of a general type

using the principle of pairwise interaction.
e Testing the results obtained on game-theoretic models.
Scientific novelty.

1. For the first time, a cooperative form of network games with pairwise interaction,
a defined characteristic function is described, its properties are investigated, and
cooperative solutions for this class of games are obtained: the core, the Shapley
value, 7-value. The convexity of a two-stage game with pairwise interaction is

proved.

2. For a special class of symmetric networks (for a star-network) - a simplified
formula for calculating the components of the Shapley value is obtained, and

conditions for strongly time consistency of the core are obtained.

3. For the first time multistage cooperative games with pairwise interaction are
considered. An approach to the definition of the characteristic function is propo-
sed and its properties are investigated. For this class of games, an analogue of

the core is constructed and its strongly time consistency is proved.

4. Alternative approaches to the construction of the characteristic function for
games with pairwise interaction are considered. Their advantages and disadvan-

tages are described.
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5. For non-zero sum games on networks based on games with pairwise interaction,
a new characteristic function is constructed, which has a lower computational
complexity in relation to the classical one, and its supermodularity is proved.

The IDP-core is constructed and its strongly time consistency is proved.

Practical relevance of the study. The results obtained in the dissertation
are of practical interest. Cooperative network games with pairwise interaction, as
well as their various variations, are a convenient mathematical tool for describing
the processes taking place in the economy, logistics, and other spheres of human
activity.

Approbation of work: The main results of the dissertation work were presented
at the following scientific conferences: internati-onal conference «Stability and oscilla-
tions of nonlinear control systemss (Pyatnickii’ conference), Moscow, 2016, 2018;
international conference «Game theory and management», Saint-Petersburg, 2016,
2017; internati-onal workshop on network games «Networking Games and Manage-
ment», Petrozavodsk, 2016; international conference «Stability and control processes»,
Saint-Petersburg, 2015; international conference «Constructive Nonsmo-oth Analysis
and Related Topics», Saint-Petersburg, 2017; international conference
«GameNets 2018 - 8th EAT Internati-onal Conference on Game Theory for Networkss,
2018, Seul, South Korea; international scientific conference of undergraduate and
graduate students «Stability and control processes», 2018, 2021, Saint-Petersburg.

Based on the results of the dissertation, the following works were published: [1]-
6], [22]-|23], [41]- [42]. Of them [1]-]4], [22]-[23], [41]-[42] published in peer-reviewed
journals from the list of the Higher Attestation Commission.

Scientific and information base of the thesis research. In the course of the
research, the author relied on the scientific research methodology, generally accepted
rules and approaches to research activities in the field of applied mathematics,
methods of optimization theory, graph theory and game theory. All statements,

lemmas and theorems put forward in the course of the research are provided with
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rigorous mathematical proofs.

Contents of the thesis. The dissertation consists of an introduction, four
chapters, divided into sections, conclusions and a list of used literature, including
49 titles. The volume is 103 typewritten pages. The work contains 12 figures and 8
tables.

In the first chapterthe formulation of the problem of pairwise interaction is
given on the example of a two-stage network game, where at the first stage a network
is formed whose vertices are the players, and the edges are the connections between
the players. At the second stage, simultaneous bimatrix games take place between
neighbors on the network, i.e. between the end vertices of one edge. In the second
section, a characteristic function is constructed for the cooperative form of a two-
stage game with pairwise interaction and its properties are investigated. In the
third section, it is shown that the characteristic function for the subgame starting
from the second step possesses the supermodularity property, which guarantees that
the Shapley value belongs to the core, and the corresponding game is convex.In
this regard, the worth of the Shapley value as a solution for this class of games is
significantly increased. In the fourth section, the Shapley value is considered and
some simplification of the formula for calculating its components is given. The fifth
paragraph discusses an alternative solution, 7-value and the coefficient at the his
components is calculated. The paper proves that this coefficient does not depend on
the structure of the network and the number of interactions of players between each
other. In the sixth section, some particular types of networks and the peculiarities of
the influence of the geometry of the network on the construction of the characteristic
function are considered. Solutions for such networks are built and their properties
are investigated. In the seventh section, a two-stage three-person game is considered,
for which conditions for the strongly time consistency of the core are derived.

In second chapter of the thesis, a generalization of the results obtained in
the first chapter for the case of two-stage games for multistage games is given.

A new characteristic function is presented that has the supermodularity property
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and is more convenient for solving multistage games with pairwise interaction.
New optimality principle obtained in work 8|, is adapted for the case of pairwise
interaction and its strongly time consistency is proved. The construction of the
characteristic function and the optimality principle (a subset of the core) is clearly
demonstrated by a numerical example.

In third chapter alternative methods of constructing the characteristic function
are considered and their comparative analysis with the classical method of construc-
ting the characteristic function is presented. A subset of the core is also constructed
using one of the proposed characteristic functions and its strongly time consistency
is proved. The difference in approaches to the construction of characteristic functions
and the advantages of each of them are illustrated with an example.

In fourth chapter the results obtained for multi-stage network games with
pairwise interaction are generalized to the case of non-zero sum games. On the basis
of the principles of trampled interaction, the characteristic function is constructed in
a way that has a lower computational complexity in relation to the classical one, and
its properties are investigated. As an optimality principle, we consider the subset of
the core, so-called IDP-core [7], [39] and its strongly time-consistency is proved.

In conclusion summarizes the results of the study and presents the main results
obtained in the work.

In the dissertation work, double numbering of formulas is used. The first digit
means the number of the chapter in which the formula is defined, the second - the
number of the formula in the chapter. For theorems, lemmas, propositions, remarks
and corollaries, double numbering is also used, where the first digit denotes the
chapter number, and the second denotes the number of the formula in the chapter.
Sections are numbered double, where the first digit is the chapter number, the second
is the chapter number in the chapter. Some sections have semantic sub-clauses and
are not numbered. Examples are provided at the end of the chapter and are also
not numbered. The list of references contains 47 titles and is given in alphabetical

order.
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Main results, submitted to the defense. In the course of the study, the

following scientific results were obtained, submitted to the defense:

1. For the first time, a cooperative form of network games with pairwise interaction,
a defined characteristic function is described, its properties are investigated, and
cooperative solutions for this class of games are obtained: the core, the Shapley
value, 7-value. The convexity of a two-stage game with pairwise interaction is

proved.

2. For a special class of symmetric networks (for a star-network) - a simplified
formula for calculating the components of the Shapley value is obtained, and

conditions for strongly time consistency of the core are obtained.

3. For the first time multistage cooperative games with pairwise interaction are
considered. An approach to the definition of the characteristic function is propo-
sed and its properties are investigated. For this class of games, an analogue of

the core is constructed and its strongly time consistency is proved.

4. Alternative approaches to the construction of the characteristic function for
games with pairwise interaction are considered. Their advantages and disadvan-

tages are described.

5. For non-zero sum games on networks based on games with pairwise interaction,
a new characteristic function is constructed, which has a lower computational
complexity in relation to the classical one, and its supermodularity is proved.

The IDP-core is constructed and its strongly time consistency is proved.
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I'maBa 1

Two-stage bimatrix games with pairwise

interactions

In this chapter cooperative two-stage games with pairwise interactions will be
considered.The main point of these games is way of interaction between players
during gameplay. The network may be given, or formed on the first stage of game
(for example, under the assumption that the total payoff of the players is maximized).
On the second stage (first stage with games) simultaneous bimatrix games between
neighbours by network take places. Players can cooperate with each other, and as
a result of such cooperation receive a non-zero payoff if they are connected by the
edges of the network. This model is easy to generalize later to multistage games,

which will be done in Chapter 2.

1.1 The model

Let N be a finite set of players, which make decisions in two stages, |[N| = n > 2.
Denote state of game by z . The game starts in state z;, where every player i € N

choose his behavior b} = (b}, ...,bl ) — n-dimensional vector of communication

offers to other players [14].
The following notations will be used: M; C N\ {i} — those players, whom player
i € N can offer a link, while the value a; € {0,...,n — 1} is maximal number of

connections, which he can support at the same time. If M; = N\ {i}, then in means,
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that player ¢ can offer links to all players. In the case, when a; = n — 1, player i can
support any number of connections.
For every behavior b} there exist such subset of realized link offers Q; C M;,

which satisfy following conditions

0, in other case,

under this additional restriction

jEN

Condition (1.2) means, that the number of possible links is restricted for every
player. Also, obviously, that |Q;| < a;.

Link ¢5 will be realized if and only if when b@lj = b}i = 1. Formed links 77 will
create edges of network g, which has players as vertices, i.e., if b}j = b}i = 1, then
network g will has an edge with vertices 7 u j.

Denote as N;(g) neighbours of player i in network g, i.e. N;(9) ={j € N\ {i}:
ij € g}. Further, for brevity, sometimes instead of N;(g) will be wrote N; . The
result of the choice of players in the first state is the network g(bi,...,b.). After
its formation, the players go to the state z9(g), which is determined by the network
(the set of neighbors depends on the network N; and hence the rule of interaction
between players). In second state z2(g), neighbors on the network play in pairs in
simultaneous bimatrix games, after which the players receive payoffs and the game
ends. In other words, a two-stage game I',,(g) is takes place, which is a special case
of multi-stage non-zero sum games. Adapting the definition of strategies to this case,
it is assumed that in the case under consideration, the strategy is a rule that for each

player determines the set of his “desired” neighbors in the first state, namely, the

vector b}, and behavior in each bimatrix game in the second state in accordance with
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the network that is formed in the first state, — b?. Denote as u; = (b},0?), i € N,
strategy of player i in two-stage game I, (g). Let’s calculate the player’s payoft i as
hi(z2), where (z1, z9) — trajectory realized be strategy profile u = (u1(-), ..., un(+))
in game I, (g). Since in the first state the players do not receive winnings, the payoff

function in the game I, (¢) with starting position z; is defined as follows:

Ki(Zl; U) = Ki(Zl; UZ(), Ce ,un()) = hZ(Zg)

1.2 Construction of characteristic function

In the second state, the game is a family of pairwise simultaneous bimatrix games
{7i;j} between neighbours by network. Namely, let ¢ € N, j € N;. Then player ¢
play with j in bimatrix game 7;; with payoft matrices A;; and Cj; of players ¢ and

j correspondingly:.

(ah ay o ah )
\aly ally o dl,
(oo e
Ciy = C%jl C%j? C%jé ; (1.4)
ot Cp C%k}

ap >0, ¢y >0, p=1,....m, [=1,... k.

Constants m and k are similar for all ¢ and j. When the game ;; is take place,
i.e. player 7 is the second player, then he plays with the matrix C}; which is equal

to AL

ij» and player j, who is now the first player to play with the payoff matrix Aj;,
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or, equivalently, C’% . Denote as FfQ (g) subgame of game I'; which happens in the
state z9. Consider such game in a cooperative form. Let us find the characteristic
function for each subset (coalition) S C N as the lower (maximin) value of the
antagonistic of two persons game in the coalition S and additional coalition N \ S,
game-based Ffz (g), in this case, the gain of the coalition S is considered as the sum
of the payoffs of the players included in S. The superadditivity of the characteristic

function follows from its definition. Following notations are assumed

ij

w;] = m;%XHlKln a;pg, p — 17 . e )m7 g — 17 ) k? (1 5)
wy = maxmin ¢ p=1...mi (=1...k (1.6)

and v(z9;5), S C N, — lower value of zero-sum game I'2 (g).

Lemma 1.1 Function v(zy;S) calculated by following formulas:
v(22;{0}) = 0, (1.7)

v(z9; {i}) Z wj, (1.8)

JEN;
v(z9; S Z Z maX c;jé)—kz Z w, S C N, (1.9)
ZES JEN;NS Pt i€S keN;\S
v(z9; N Z Z max apg ) (1.10)
ZEN JEN; Pt

Proof. Formula (1.7) ia obvious. Prove (1.8). Since the player i, acting against
the coalition N \ {i}, play with players j from N N N; into independent bimatrix
games, then in each of these bimatrix games he can guarantee himself the greatest
payoft w;;, hence the greatest payoft that the player ¢ can guarantee itself in the
whole game, there is an amount ) .y wj;. In this case, this is the maximin value 4

against IV \ {i}. The formula (1.8) is correct.



124

Prove the formula (1.9) for any coalition S. Every player from coalition S plays
independent pairwise bimatrix games as with players entering in N;N.S, so with the
players N; N {N \ S}. In the first case, the players interacting inside S, can always
choose a strategy, which maximize their total payoff, i.e., je%ﬂs maxpj(a;]é + 6;2)
In the second case players, who interacting with players from N \ S can guarantee
themselves only the lower value of the game, i.e. the value > w!, . Hence, maximal

k’ENZ\S
total payoft, which can get coalition .S, will be equal to

1 g g ,
52 2 max(ay )+ D wp
icS jeN,nS " i€S keN;\S

Formula (1.10) follows from definition of maximal total payoff of players.

In formulas (1.9) and (1.10) coefficient 1 need to exclude repeated summing of
payoffs over the same edges. Lemma is proved.

Consider the cooperative form of two-stage game I',,(g). Let it be supposed,

that players choose strategies u;,7 € N, which maximize their total payoff in game

[, (9),1 e
ZKi(Zl;’le, Ce ,ﬂn) = maXZKi(zl;ul, ce ,Un)

ieN ieN
Situation @ = (uy, . . ., u,) we will call cooperative behavior, corresponding trajectory
(Z1, Z2) — cooperative trajectory, which content two states in this case.

As previous, for coalition S C N define characteristic function v(z1;.5) as a
lower value in two player zero-sum game between coalition S, which plays as first
(maximizing) player and additional coalition N \ S, which plays as (minimizing)
player. In this case, the best behavior on the first stage for minimizing player is to
do not create connections with players from coalition S. This will reduce the payoff
of coalition S on a value Y. > w!. Let’s keep in mind that here the coalition

1€S keN;\S
S payoff also equal to summarized payoff of its members and the strategy of S —

element of the Cartesian product of the sets of strategies of the players included in

S.



125

Denote as v(z1;5), S C N, lower value of zero-sum game I, (g).

Theorem 1.1 Function v(z1;S) defines by following expressions:

v(z;{i}) =0, v(z1;0) =0, (1.11)
v(21;5) = max Z Z max a —I—cﬂ) , SCN, (1.12)
’LGS JEN;(g pt
_ 1 ij | ji
v(z1; N) =v(z9; N) = max | 3 Z Hll)agx(apjg +ay) |- (1.13)
ieN jeN; "’

Proof. The proof is similar to that of the lemma 1.1, but here in (1.12),in
a difference from (1.9) the second term is missing. It is equal to zero, because of
minimizing strategy b} of players from N\ S in the first stage is to do not connections
with players from S. It is follows from non-negativity of payofts in all games. The

theorem is proved.

1.3 Convexity of game

It is needed to give the definition of a convex game and a supermodular characte-
ristic function [44].
Definition 1.1 Characteristic function is called supermodular, and corresponding

game 1s called convex, if for any coalitions X C N andY C N holds the inequality
v(XUY)>o(X)+oY)—ov(XNY). (1.14)

Theorem 1.2 The subgame Ffz (g) is convex, and corresponding characteristic fun-

ction (1.8)-(1.10) is supermodular.

Proof. To prove the theorem inequality (1.14) should cbe checked for characteristic
function (1.8)-(1.10). To shorten the notation, instead of maxpj(a;fé + C;)Z) will be
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written m;;. Following expressions are take places

v(XUY) = Z mi+ Yy wh, (1.15)

i,jEXUY iEXUY
JjeN; kEN;\XUY
i#]

:%Zm’j—'_ Z wh, (1.16)

i,jEX 1€X
JEN; ke N\ X
7]
; 1
i€y 1,j€Y
keEN;\Y jeN;
i#]
v(XNY) E mi; + E wl)., (1.18)
ieXnNY e XNY
JEXNY keN\XNY
i#]
JEN;

Subtracting from (1.15) expression (1.16),(1.17) and adding (1.18), we will get an

inequality

iexX\Y
which follows from the non-negativity of the payoffs, and, therefore, holds in the

game I'Y (g). The theorem is proved.

Theorem 1.3 Two-stage game with pairwise interaction Ffl (g) is convex, and cor-

responding characteristic function (1.12)-(1.13) is supermodular.

Proof. Proof of this theorem is completely similar to the proof of supermodularity
characteristic function for subgame. Due to the absence in the characteristic function

(1.12)-(1.13) additional terms w’;, n the above calculations, they can be replaced by

Zj7
zero and get the same result. Theorem is proved.

Thus, constructed characteristic function v(z1;S) in two-stage game 'Y (g) is
supermodular. This guarantees that the core in game Ffl (g) is nonempty that the

Shapley value belongs to the core. Similar properties are satisfied by the characteristic
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function v(zy;.5) in subgame FfQ (g), which starts from the second stage.

1.4 The Shapley value

Due to the properties described above, in this class of games the importance
of the Shapley value as a solution to a cooperative game is significantly increases.
Therefore, further as a solution of two-stage cooperative network game with pairwise
interaction Ffl (g) the Shapley value will be considered. Method for calculating the
characteristic function (1.12) suggests that the formula for calculating the components
of the Shapley value can be simplified.

The reasoning will be split into three cases:

a) complete network, when every player has a connection with all other players

(every player has n-1 connections);
b) incomplete network with any number of connections for every player;
¢) the case of subgame I'S (g).
a) Complete network. In this case, M; = N \ {i} for every i € N. Moreover,

when calculating the value v(S) will be used formula (1.12). Component of the

Shapley value for player i calculated as follows [45]:

P s its LN G UG SN (119

n!
T|ieTCN
[t should be noted, that in (1.19), in term with fixed number of members in

coalition (t), the term maxpf(a;]é + 0;2) will meet exactly C'~% times. Furthermore,

difference v(T") — v(T \ 7) can be transformed as this:

N 1 ki gky L ki jk
o(T) —o(T i) = 5 Z —mz}x(api +ac)y) — 5 Z max(ay; +c,) =
keTjer < P jer\{iykeT\ (i}
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= max(ay + G).
jer

The following expression will be occurred as a result:

= 1) —t)! B
ol = Y ( )n(, Lo max(ay + o).
TlieTCN ' jer P

And, after simplification, it turns out:

3

bl = Somax(af + ) - (120
JEN t=2
Tl = iy gy L Ly (-1
@ilv] —ZI%%X(%WLC&) (n =1 + n) 5

jJEN

The final form of the formula for the Shapley value components for player ¢:

oilv] = = - max(aij 4 Cﬁ). (1.21)

b) incomplete network. Now the players are not necessarily all connected to
each other, and sets M; for different players ¢ in general case is not coincide. Then
number of neighbours fro every player (set N;(g)) depend from i.

Formula of components for the Shapley value in this case takes form:

%[U]:Z(t—l)!(n—t)!- Z max(a;]échéZ), TCN, |T|=t (1.22)

n! i
=2 TsijeN,nT

(t—1)l(n—1)
n!
simple in terms of operational and time complexity compared to (1.19), because

Despite the need to calculate the coefficient , this formula is more

of does not require calculating values of characteristic function, but only values

)

c) The case of subgame I'? (g). Simplification of the formula for the components
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of the Shapley vector for the case of subgame FfQ (g), starting from the second stage of
the game is also possible by calculating the difference v(7T") —v(T'\ 7). Using formulas
for calculating the characteristic function of the subgame I'J (¢) (1.9)-(1.10), you can

get the following expression:

T T i
U(Z27 ) (227 N Z Z Z m%X(a + C l + Z maX l+ )—i-

257 keN,T\(i} renr P
+ wl + W max(a’l 4+ ) + w! +
Jjk ol P Pl Jk
j€T keN\T reN\T jET keN,NT\{i} jeT keN\T
J
+ E cujz.).
jer

After expanding the brackets and cancelling identical terms with the opposite

sign, the following is obtained:

v(z9;T) — v(29; T N 1) Z max w )+ Z Zwﬂ
reN;NT pi re N\T jeT
In this formula, on the right-hand side, the first two terms characterize the
contribution of player ¢, when he is a member of coalition 7T, and the term with
negative sign — is a value, received by the coalition 7', when player ¢ is a member
of coalition T\ {i} and acted against T
Then the final formula for the components of the Shapley value for the case of

subgame is as follows:

t—1l(n—1t)
gpi[fu]:z( )n(' Z Z max +c”l + Z Zwﬂ

t=2 T>i reN;,NT pi re NA\T jeT

7| =t,T CN.
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1.5 The 7-value

Now consider as a solution of two-stage game I'Y (g) the 7 value [46], [48]. Taking
into account the special form of the characteristic function in the game Ffl (9), it
can be assumed that the coefficient X in the formula of components of 7 value can be
calculated, which would greatly simplify the search for this solution in the considered
class of games.

Proposition 1.1 For two-stage network game with pairwise interactions Ffl (9),

coefficient \ for calculation components of T value is equal to %
1 :
Ti(Na U(Zl, N)) - 5 [U(’Zl) N) - U(Zla N \ {Z})]

Proof. The value of characteristic function for any coalition S in case of two-

stage network game with pairwise interactions calculate in following way:

v(zi;{i}) =0,  w(z;0) =0, (1.23)
1 g g
v(21;8) = 5 > max(ayy +¢,), S CN, (1.24)
i€S jEN;NS P

To shorten the writing of expressions, further will be adopted a similar to the
paragraph 1.3 notation — instead of maxp,g(a;%vcg@) will be written just m;;. Taking
into account this notation, following value of characteristic function for any arbitrary

coalition S can be obtained:

U(Zl;S):%Z Z mij, S C N,

1€S jeN;NS

The formula of calculating components of 7 value for convex game:

Ti(N,v) = A(w(N) = o(N\ {i})) + (1 = A)v({i}),

when coefficients A are determined from the equation
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> AW(N) = o(N\ {5}) + (1 = Ao({5}) = v(N).

jEN
According to the values of characteristic function (1.23)-(1.24), term (1—-\)v({j})
is equal to zero.
Thus, for two-stage game with pairwise interactions Ffl (g) we obtain the following

formula for calculating components of 7 value:
Ti(Na U(Zln N)) - )\(U(Zl, N) - U(Zla N \ {Z}))v (125)

when coefficients \ are determined from the equation

> " Aw(z1, N) = v(z1, N\ {j})) = v(z1, N). (1.26)

jEN
Next, it is needed to calculate the value of the difference v(z1, N) — v(z1, N \
{j7}). As mentioned earlier, in the case of a two-stage network game with pairwise
interaction, due to the method of defining the characteristic function for the players
from the coalition S it is beneficial not to create connections with the coalition
N\ S. Therefore, the difference between the coalition N and N \ {j} will be only
in connections, created by player j and his neighbours from coalition N. It is follow

from this that

o(a, N) = vz, N\ () = 3 mji

iENj
Returning to the equation (1.26), and substituting into it the values of the
characteristic function for the coalition v(z1, V) and the differs calculated above,

it can be obtained that

S m) =5 my (1.27)

JEN  i€EN; 1€N jEN;

Also coefficient A can be take out for a sign of sum, because coefficient A does not
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depend from players’ actions and their payoffs.

A m) =5y (1.25)

JEN 1€N; 1€N jEN;

Canceling the same factors on the right and left sides of the equation, it turns out:

A= (1.29)

1
5

Thus, in a two-stage cooperative network game with pairwise interaction Ffl (9),
coefficient A in solution 7 value is equal to %, and does not depend on the number of
players, or on the number of connections between them, or on the structure of the

network. The statement is proved.

Proposition 1.2 In two-stage game with pairwise interactions Ffl (g) on complete

network the T value and the Shapley value are coincide.

Proof. Earlier, a simplified formula for the components of the Shapley value
was obtained for a two-stage cooperative game with pairwise interaction Ffl (g) on

complete network:

pilv] = %Z mij.

jeEN
An expression can be obtained for 7 value on similar network. It was proved
above, that coefficient A = % for all type of networks. Substituting the found

coefficient into the formula for calculating the 7 value, it can be received:

1

RN, ) = S((N) —o(N\ {i}) + (1~ Do({i}).

It was shown earlier, that in two-stage game value of characteristic function for

single player v(z1;{i}) = 0. Taking this into account it turns out the following:

(N,0) = S(o(N) = o(N \ {3}),
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In the previous paragraph, the value of the difference mentioned in the formula

has already been calculated:

o(N) = u(N\ {7}) = Y ms
1EN;
Since in this case a complete network is considered, then N; — set of neighbours
of player j is similar to set of all players, except j. Because of m;; = 0, without loss

of accuracy, one can write:

’U) = %Zmﬁ,

jJEN

which coincide with the Shapley value. Proposition is proved.

1.6 The case of special network: star-network

In this section, the specific structure of the network will be explored, as well as
the solution of a two-stage cooperative game with pairwise interactions Ffl (g) on
this network. Let consider the network, consist from n players, where player 1 is a
hub, with n — 1 connections, and all others n — 1 players are satellites, which have

only one connection with a hub, and have no connections between them.

1.6.1 The Shapley value

It should be noted, that cooperative form of game I'Y (g) was considered for
the general case of pairwise interactions, when at the first stage of the game any
arbitrary network can be formed. For this general case, analytical expressions were
found for the characteristic function (1.8)-(1.10), (1.12) which are used to calculate
the components of the Shapley value by the formula 1.19. Since calculating the

Shapley value is a difficult task for a large number of players and an arbitrary
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network, it will be shown below how to simplify the formula 1.19 for special type of
network — star-network, and as for the game Ffl (g), as for subgame Ffz (g), started
from the second stage. It was possible to obtain an analytical expression for the
value of the Shapley value, which is much easier to interpret and analyse. It should
be noted that to calculate the components of the Shapley value by the formula (1.19)
it is necessary to list the values of the characteristic function for 2" subsets of set
of players N; in addition, for large networks, calculating the weighting coefficient
is an extremely difficult task, because of number n! can be very big. However, for
a star-network needs only O(n) calculations and there is no need to calculate all
subsets of the set N, but only subsets of cardinality no more than 2.

It should also be noted that, since the Shapley value in the game Ffl (g) always
belongs to the core (also as in subgame Ffz (g9)), because of convexity of games then
its importance in this class of problems increases significantly.

Next, we describe the formalization of constructing a star-network at the first
stage of the game. The following assumptions are made. Let My = N\{1}, a; = n—1
and M; = {1}, a; = 1 for i # 1. Then in the first stage of game, following the
cooperative trajectory (Z1, Z2), in order to maximize the total payoff, players should
choose the following behaviors:

0,1,...,1), i=1,
b = ( ) (1.30)

(1,0,...,0), i# 1.

Behavior (1.30) formed star-network on the first stage with player 1 as a hub (fig.
1), where |[N1| =n—1u |[N;| =1,14 # 1.

N

Figure 1. Star-network with player 1 as a hub.
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For star-network characteristic function on the seconf stage of game, i.e. in
subgame ng (g) calculated taking into account the specific structure of the network.

Transformed expressions (1.8)-(1.9) taking into account the received network:

v(z2;{0}) = 0, (1.31)
Z wlj, 1= 1,
v(a{i}) = { 7 (1.32)
W;1, 1 75 1.
> maxpj(a]ljz + Cﬁ) + > wy,SCN, i€S,
1}(22; S) = JENINS keN1\S (1.33)

0, i¢S.

Similarly, one can transform the expressions for calculating the characteristic
function in the two-stage game I'Y (g) (1.11)-(1.12), taking into account the restric-
tions due to which this network is obtained: M; = N\ {1}, a; =n—1u M; = {1},
a; =1 for i # 1.

v(zy; {i}) =0, v(z1;0) =0, (1.34)
> mavag(CL% + cﬁ), SCN, 1€,

v(z1;8) = ¢ JEMNS (1.35)
0, i¢S.

The network has a central symmetry, which suggests that the formula (1.19) can

be simplify.

Theorem 1.4 [41] For star-network with player 1 as a hub in game I'S (g) compo-
nents of the Shapley value p[v(Z)], t = 1,2, representable in the form:

2

1
Yo )+ Sy — oz )|, =1,

ple(z)l = | ; ! (1.36)
B [w(ze; {i}) +mai — wiil i # 1.

\

Proof. First, a proof of the expression (1.36) for subgame Ffz(g). Let player ¢ €
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S, 1 # 1is fixed and his marginal contribution in coalition S v(Zs; S) —v(Z2; S\ {i})
is considered. Taking into account formulas (1.31)-(1.33) for characteristic function

v(Z2;-), we get that

my; —wy, 1 €S,

v(Z2; ) —v(Z; S\ {i}) = o 1¢s

Substituting the values of the characteristic function v(Zzs; S), as well as the difference
calculated above in the formula of the components of the Shapley value (1.19), for

player ¢ # 1 the following expressions are obtained

ooz = Y BV IS sy~ u(zn s fi))] =

n!
SCN;ieS

(151 = Dln =[S _

n!

= (my; — wl) Z (151 = 1)!(n — |S])! + ! Z

n!
SCN;1:€e8 SCN;ieS;1¢8

_ i ([ST=Dn =[S n—2
el 2 n! (\S\ - 2>+

15]=2

A= (S =Dl — ISPt =2 _
+w; Z o (‘S‘ B 1) _

|S]=1

n n—1
_ L 15| -1 il n— |5 e i
= (mlz wy )|Sz_:2 n(n—l) + wj; Pt n(n— 1) =3 [wz + may; wl}.

Following the efficiency property of the Shapley value, we immediately find that

p1[v(z2)] = v(z2; N) — Z wilv(z2)] = %Z > mij - %Z [wi' 4+ my — wy'] =

i#1 1€EN jEN; 1#£1
1 : : 1 ‘ .
— . my; — 5 Z [wzﬂ —+ muy; — w%l] — 5 Z [w%z —+ my; — ’U};l] .
i#£1 i#£1 1#1

Considering that v(z2;{1}) = >_cn, wy = D it wi' wu(Z; {i}) = Xien, w;] =
wit, i # 1, expressions (1.36) fair to subgame I'? (g).
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Now a proof of the formula (1.36) for game I'J (g) will be given. Similarly, it
is assumed that the player ¢ € S, ¢ £ 1 is fixed and his maximum contribution is
considering v(Zz1;.S) —v(z1; 9\ {i}) into coalition S. Using expressions (1.34)-(1.35)

for characteristic function v(z;;.9), it turns out

mai;, 1e S,

v(z1;8) —v(z; S\ {i}) =
0, 1¢85.

Substituting them into the formula for the components of the Shapley value

(1.19), for player i # 1 the following expression holds

P ) [ e e G 1 Y B E R 3

SCN;ieS n!
(ST =1)!(n — |S])! - (IS!—l)!(n—ISI)!(n—2>
= M1 Z = M1 Z =
SCN:LicS n! =2 n! S| -2
- ‘S‘ —1 mai;
e mli = .
|§:2 n(n—1) 2

Again, following the efficiency property of the Shapley value, one can easily find
the component of the Shapley value for hub:

pilv(2)] = v(z; N) = ) pilv(z)] = %Z N iy - %th _

i#1 1€N jEN; i#1

:Zmu—%Zmu:%Zmn-

i#1 i#1 i#1
[t should be noted, that taking into account (1.11)-(1.13), v(zy; {i}) = 0 for any
player i € N, hence the expression (1.36) holds for two-stage game Ffl (9). Theorem

is proved.
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Example

The game with four players, N = {1, 2, 3,4} is considering. Taking into account
the above assumptions, it is advantageous for the players in the first state to choose
the behavior b} = (0,1,1,1), b = bl = b} = (1,0,0,0).

It turns out the star-network shown in the figure 2:

Figure 2. Star-network for four players with player 1 as a hub.

The following matrices are given:

ApCop — (3;2) (1;4) AuCy — (2;4) (1;3) |
(2;0) (3;1) (2;3) (3;0)
A14C41_ (3,2) (1’4> )
50) (2;2)

Values w;; and m;;: mip = 5, myg = 6, mig = 5, wiz = 2, wo = 1, wiz = 2,
w3p = 3, Wy = 2, wy; = 2.

Calculation of the characteristic function for the subgame Fi (g), using expres-
sions (1.8)—(1.1()):
(22:{0}) = v(z;{1}) =6, w(z:;{2}) =1, wv(=;{3}) =3,
(22:{4}) =2, w(2:{12}) =9, ov(2;{13}) =10, wv(z;{14}) =9,
(22;{23}) =4, wv(29;{34}) =5, wv(2;{24}) =3, wv(z;{234}) =6,
(
(

()

4

e

v(22;{123}) = 13, w(zg;{124}) =12, w(z9;{134}) = 13,
v(z9;{1234}) = 16.
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Next, the characteristic function for the two-stage game is determined Ffl (9),
using expressions (1.11)-(1.13):
v(z1:{0}) = 0, v(z1; {1}) = v(215{2}) = v(21;{3}) = v(z2; {4}) = 0,
v(z1;{12}) =5, wv(z;{13}) =6, wv(z;{14}) =5,
(213 {23}) = v(=1; {24}) = v(z1; {34)) = 0,
v(21;{234}) =0, wv(z1;{123}) =11, w(z;{124}) =10, wv(z;{134}) = 11,
v(z1;{1234}) = 16.

e

Now one can calculate the value of the Shapley value for the subgame FfQ (g) and
two-stage game 'Y (¢):

plv(z2)] = (8;2;3.5;2.5),

elv(z1)] = (8;2.5;3;2.5).

For game Fft (9), t = 1,2 proved supermodularity property of characteristic
function, from which it follows, that the Shapley value belongs to the core. Indeed,
by the definition, the core in game I'J (g) — is a set of imputations z = (z1, ..., z,),

which satisfy conditions:

in > v(z;S), mius Beex S C N, (1.37)
i€S
N
> i = v(zN). (1.38)
i=1

Substituting values of charcteristic function (1.9)-(1.10), (1.11)-(1.13) and compo-
nents of the Shapley value ¢[v(Z2)] and ¢[v(z1)] corresponding in conditions (1.37)-
(1.38), we obtain the correct inequalities and the Shapley value p[v(Z;)] really

belongs to the core in game Fft (9).
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1.6.2 Time-consistency of the Shapley value in star-network

Denote the set of all imputations in game I'J (g) as
Mv(z)] ={x = (x4, ..., le—v Ziy N, > v(Z;{i}),i € N}

As a solution on the specified network, will be considered the Shapley value (1.19)
Po()] = (aaloE)] -l (), £ = 1,2,

Following cooperative game theory, the maximum total payoff of all players
v(Z1; N) in case of cooperation, it must be divided among all players after the end
of the game. To do this, the characteristic function v(z;;5) is used, according to
which the imputation is determined as a vector [v(z1)] = (&1[v(Z1)], - -, &[v(Z1)])
which, firstly, it satisfies the efficiency condition, i.e., > ..y &[v(Z1)] = v(Z1;; N)
and, secondly, the condition of individual rationality, i.e., &[v(Z1)] = v(Z1;{i}) for
every i € N. Let us denote the set of all divisions in the game I'? (g) as M{v(z1)].
Cooperative solution Z[v(Zz;)], is a rule, which maps the set M{v(Zz1)] cooperative
game I'Z, ().

Before starting the game Ffl (g9), players enter into a cooperative trajectory
agreement (Zp, Z»), i.e., such trajectory, which leads to the maximum total payoff
v(z1; N), and it is assumed that the players share this payoff in accordance with
the chosen imputation £[v(Z;)] from the adopted cooperative solution Z[v(z)]. It
means that in game Ffl (g) every player i € N expects his payoff will be equal to
&ilv(Z1)]. If the players recalculate the solution after network formation stage (at the
second stage), this will lead to the fact that the recalculated set Z[v(Zz)] will differ
from the previous Z[v(Zz1)]. It happens because the characteristic function in the
subgame I'2 (g) is different. Thus, this change may lead to the fact that some of the
players will leave the cooperative agreement and deviate from cooperative strategies.
Next, a mechanism will be used that provides consistency against deviation from

cooperative solution Z[v(Z;)]. Cooperative solution Z[v(z;)] in two-stage game is
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time consistent 9], if for any imputation £[v(z1)] € M[v(Zz;)] there exists imputation

¢[v(Z2)] € Z[v(Z2)] such, that

E[v(z1)] = E[v(z)], (1.39)

since the players do not receive their payoffs at the network formation stage. Other-
wise, the cooperative solution is time inconsistency. In the first case, the players
follow the cooperative agreement without expecting any of them to deviate. In the
second case, to prevent players from deviating from the cooperative agreement,
we will use imputation distribytion procedure (IDP), 8 = {8}, 82}ien (introduced
firstly in [13]|) for imputation {[v(z1)] € Z[v(Z1)], allowing to break it down into
two game stages I'J (g), i.e., &[v(z1)] = B} + B2 for every i € N. Here 3} can be
interpreted as a payout to the player ¢ on the network formation stage, and 37 —
payment at the second stage of the game, based on a cooperative agreement. Thus,
these payments (IDP) stimulate players to consciously adhere to their cooperative
strategies throughout the game. IDP f for imputation £[v(z1)] will called time

consistent, when it is given as follows:

Bi = &lv(z2)] - &lv(z),
B = &v(z)], i€ N, (1.40)

for any arbitrary imputation £[v(2s)] € Z[v(z2)].

After the introduction time consistent IDP 8 (1.40) for imputation &[v(Zz1)] €
Z[v(z1)], players can be sure that none of them deviates from the cooperative
trajectory, therefore it will be implemented in the game and every player ¢ € N
will receive &;[v(z)], i.e. its expected payoff from the cooperative agreement.

In this section, we will consider the question of time consistency of the Shapley
value in the particular star-network described above.

Based on the above definitions, we can conclude that the Shapley value p[v(Zz1)]



142

is time consistent cooperative solution, if

plo(z1)] = elv(z)], (1.41)

Proposition 1.3 For star-network with player 1 as a hub the Shapley value is time

consistent, when wi’ = wi for any player i # 1.

Proof. By definition, the time consistency property of the Shapley value implies
that p[v(z1)] = ¢lv(Z2)] (see (1.41)). An expression for the components of the
Shapley value is given (1.36) for game Fgl (g) and its subgame F%(g), started from
the second stage. It is required to consider the differences in the Shapley value for
some arbitrary player ¢ # 1 in single-stage and two-stage game:

. ) ) .
my wy +my —wy Wy — wh
2 2 2

wi[v(z1)] — wilv(z)] =

Thus, if w]; = w} for any player 7 # 1, then condition (1.41) will be satisfied, what
means time consistency of the Shapley value. Proposition is proved.

Conditions of time consistency w;, = w!, i # 1, given in proposition 1.4 for star
network can be interpret in following way: player 1, who is a hub, and any another
player i # 1 must have the same minimum guaranteed payoff (maxmin value) in
bimatrix game 7;; which they play, because of they are neighbours by network. If
at least for one player j holds w}j =+ w?l, then the Shapley value will be time
inconsistent. However, in the latter case, the cooperative agreement can be achieved

at the expense of IDP (1.40) — imputation distribution procedure. By the definition,

Definition 1.2 Function B¢, i € N is called imputation distribution procedure

(IDP) x € M[v(z] (see [13]), if
T, = f} + B2, i€ N. (1.42)

Now the following result can formulated.
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Proposition 1.4 For star-network with player 1 as a hub, time consistent IDP

B = {ﬁll, ﬁ?}ieN for Shapley value has form:

_E ll_wl Zzl,

B = e (1.43)
2 [w}Z — wﬂ , 1 #£ 1,
u
—Z wi +m11—w§1] , 1=1,
57 = i#1 (1.44)
2[w +m11—wﬂ, 1 # 1.

Proof. This proposition immediately follows from direct substitution of the
expressions above in (1.40), and additional using formula (1.36) for star-network.
Proposition is proof.

From an economic point of view, it is preferable for players to have non-negative
IDP, such that as a result of the expansion of the Shapley value into two stages
of the game, each player receives his non-negative payments at any of two stages
of the game. However, the imputation distribution procedure for the Shapley value
mentioned in the last assumption can be non-negative only in the case when wi’ =

w! for every i # 1. This equality leads to the time consistency of the Shapley value,

which has already been discussed.

Example

Below are three examples that demonstrate that the Shapley value chosen as
an imputation in a cooperative two-stage game with pairwise interaction I’gl (g) can
be both time consistent and time inconsistent. The first two examples show the
time consistency of the Shapley value in the two most important classes of bimatrix
games, and the third example shows the time inconsistency:.

[Prisoner’s dilemma] The case is considered when n players play the same

bimatrix game 7;; with their network neighbours, i.e., A;; = A, B;; = B for all
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1 € N, j € N; where

A=DB"= b 0 0<a<b.
a+b a

Here b — the payoff of each of the connected players if they both choose the strategy
“cooperate”, while while choosing a strategy “deviate” every player get a. As an
example, consider the problem of data transmission in the network, the nodes of
which must “coordinate” their actions and try to achieve a certain performance (for
example, the number of packets sent, the profit from sending packets).

For this game, the expression for the maximin and minimax is used, from which
J

it turns out that wZ” — w'

; = aq and

2b, if 2 and 7 are neighbours,
mij =
0, other,
for any two players i, 7 € N.
To find the Shapley value p[v(Z)], first, we define the characteristic function

v(Zy; S) for all S C N. Following (1.9), one can get it:

[ ob(n — 1), S—N.
o(2: 5) = 2b(|S|— 1)+ (n—|S|)a, SCN,1eS,
19)a, SCN,1¢58,

0. S=g.

Using formula for the Shapley value (1.36) transformed for the star-network type,

you can get:

e1lv(z0)] = ngl[a-i-Qb—a]:b(n—l),
pilv(z2)] = %[a+2b—a)]:b, i # 1.
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Similarly, to find the Shapley value @[v(Z;)], characteristic function v(z;.S)
should be defined for all S C N. Following (1.12), can be establish:

;

Zb(n—l), SZNa
v(z;5) =4 2b(|S|-1), SCN,1€S,
0, SCN,1¢85 or S=2.

\

Again, using formula for the Shapley value (1.36) converted to a star network, the

following expressions are obtained for ¢[v(Zz;)]:

ooz = 202D _p ),
olo(@)] = 3 =b i#1

By comparing [v(Zz1)] and ¢[v(Z2)], it can be seen that they coincide and this
implies the property of time consistency for the Shapley value. It seems interesting
that this result does not depend on the specific values a and b. The only limitation
that must be met is 0 < a < b, and it naturally follows from the definition of the
game "prisoner’s dilemma".

The time-consistency of the Shapley value can also be shown using the statement
1.2 instead of using straight calculations. Indeed, it was noted, that w!' = wi’ = a
for every ¢ # 1, what means its time consistency:.

[Coordination game| As previously, it is assumed that n plyers play a similar

game 7y;; with its neighbours by network, but now they play coordination game, i.e.,

Aij:A, Bij:BforaHiEN,jENi where

(a,b) 0
(A, B) = , a,b,c,d>0, a+b>c+d.
0,0) (e d)

For this game, we use the expressions (2.3), (2.3), where does it come from, that



146
w;! = wj =0 and
a—+b, ecauiu jeocenu,

mij =
0, nHauve,

for two any players i, 5 € N. Substituting these values into formula of components for
the Shapley value (1.36), one can obtain the following expressions for the components

of the Shapley value

(n—1)(a+0b) P
pilv(2)] = @ilv(2)] =<, g 2 ’ ’
;b, i #1,

which in turn implies the time consistency of the Shapley value in the coordination
game.

[Example of inconsistency]

The following example will demonstrate the time inconsistency of the Shapley
value.

Consider four person game N = {1,2,3,4} in which players formed a star
network under cooperative agreement (see fig. 3). Let simultaneous bimatrix games

Y12, 713 and 14 will be given by following payoff matrices:

(A12, Bia) = (2.2) (3,0) , (A3, B13) = (3,1) (4,2) ;
(5,1) (1,2) 6.2) (2.3
(A14, Buy) = (1,3) (3,2)
(6,6) (4,1)

Figure 3. Star-network for four players.
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To calculate components of the Shapley value p[v(z1)] u p[v(Z2)], use correspon-
ding formulas(1.8)- (1.10) for characteristic functions v(z2;S) and v(z;.5), and
simplified formula (1.36). We will get from here:

wit =1, wi=2 wi =3,

mip =06, m3=28, my =12,

and therefore

v(zi:{1}) =0,  w(z;{1}) =9,
v(z:{2}) =0, w(zs{2}) =1,
v(z1;{3}) =0,  wv(Z:{3}) =2,
v(z1;{4}) =0, v(%;{4}) =3,
v(zZ1; N) =26, v(Zo;N) =26

Thus, the following values of the Shapley value are obtained

@[U(zl)] - (137 3,4, 6)7

olu(5)] = (29/2,5/2,7/2,11/2).

One can see that the Shapley value ¢[v(z1)] in two-stage game differs from the
Shapley value p[v(Z2)] in one-stage game, started from the second stage. This means
the time inconsistency of the Shapley value. Because po[v(Z2)] = 5/2 < polv(Z1)] =
3, player 2 can break cooperative agreements because they receive less (it should
be recalled that players do not receive payoffs at the stage of forming a network).
Analogously it is true for player 3: @3[v(Z2)] = 7/2 < @3[v(z1)] = 4 and player 4:
w4lv(Z2)] = 11/2 < @4v(Z1)] = 6. However, the introduction of a time consistent

IDP for the Shapley value ¢[v(Zz1)] defined by formulas (1.43), (1.44), allows to get:

Bt =29/2, pBy=5/2, [5=7/2, pi=11/2,
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and therefore, realizing it, the cooperation of the players will be stable. Thus, getting
B} on the first stage and 37 on second stage, player i € N will get ¢;[v(z;)] in two
stages. That is, it is precisely the payoff that prescribes to the player a cooperative
solution defined through the Shapley value ¢[v(Zz;)].

1.6.3 The core

In this paragraph will be considered the core C[v(Z1)] as a cooperative solution
T[v(z1)], as well as the question of finding an explicit form of conditions for its time-
consistency. The core C[v(z1)] of game I'S (g) defines as a set of such imputations
(v(z1)] € MJv(z)], which satisfy condition of collective rationality, i.e.,
Y ies&ilv(z)] =2 v(z;S) forall S C N.

In this section, the corresponding time consistency conditions for the star network
will be derived. Let again My = N \ {1}, a1 = n —1 and M; = {1}, a; = 1 for
t # 1. As stated earlier, in order to maximize the overall payoff, players should choose

their behavior (1.30) and form a star network at the first step with player 1 as a hub.

Proposition 1.5 For star network, the Shapley value, defined as (1.36) belongs to
the core in both games — in game 'S (g) and in subgame TS (g), thus, cores C[v(z1)]

and Clv(Z2)] is not empty.

Proof. The assertion immediately follows from the supermodularity of the characte-
ristic functions v(z1;.5) u v(z1;.5), which guarantees that the Shapley value belongs
to the core. Proposition is proved.

Below we will formulate conditions for the time consistency of the core for a

two-stage game with pairwise interaction Fjgl (9).

Proposition 1.6 The core C[v(z1)] of two stage game I'S (g) has the property of

time consistency, if w;” = 0 for all players i and j.
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Proof. To begin with, it should be noted that for any coalition S C N holds

v(z1;S) < v(Z2;5). This immediately implies the inclusion
Clo(z)] € Clu(z)]-

This condition means that the C-core of the game will be time consistent when
two characteristic functions coincide, i.e., when v(Zz1;S) = v(Z; S) for any S which
in turn implies that wZ” = 0 for all players ¢ and j. Proposition is proved.

When the condition mentioned in the proposition 1.6, is not executed, the core of
the game may be time inconsistent. However, the game allows another solution in the
form of an analogue of the core, which always has the property of time consistency.
Let Z[v(z1)] = Clv(z1)] N Clv(Z2)] = Clv(Z2)] in game and Z[v(22)] = Clv(Z2)] in
subgame and C[v(Z2)] # &. Then one can get the following result.

Proposition 1.7 Solution in the form of an analogue of the core Z[v(z,)] is strongly

time consistent.

Proof. 1If Z[v(z)] = T[v(Z)], then for every imputation
¢[v(z1)] € Z[v(Z)] conditions for time consistency (1.39) are hold. Proposition is

proved.

Example

Prisoner’s dilemma. To illustrate the above reasoning, we will consider the
game from the example "Prisoner’s dilemma". The game has time inconsistent core
since there is an imputation £[v(21)] = (0,2, ..., 2b) € C[v(Zz;)] which is not belongs
to the core Clv(Z2)] of subgame, which is contradict with (1.39). Indeed for coalition
SCNule S holds

> Glo(z)] = 26(S| = 1) < v(z; ) = 2b(1S| = 1) + (n — |S))a,
ieS
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where a > 0. Time inconsistency of the core also shown on figure 4, where the set
of imputations and the core are depicted for three person game. In can be noted,
that for some imputations £[v(z1)] € Clv(Z1)] (red area) it is impossible to find an
imputation £[v(2;)] € C[v(Z2)] (blue area) so that they match.

0 2 4 6 8 10 12 14 16

Plaver 3
'Z'M[v(zl)]"' [v(22)]
=3Clv(z1)] =2Cv(2)]

Figure 4. Set of imputations M|v(z;)], M[v(Z2)] and the core C[v(z)], C[v(Z2)] in
three players game "prisoner’s dilemma where a = 3, b = 4

[t can be noted that in this case C[v(Z2)] # @ by proposition 1.5, means you can
provide time consistent IDP g for imputation for example, &[v(Z1)] = (0,25, ..., 2b).
Let an imputation &[v(Z2)] = ((20 —a)(n — 1),a,...,a) € C[v(Z2)] will be chosen,
using (1.42) we get:

(

(a—2b)(n—1), i=1,
% —a, i1,

Bl = X

(

(20 —a)(n—1), i=1,
a, 1 # 1.

\

IDP S is not non-negative because b > a. However, it can be shown that for another

imputation from the core &[v(z;)] = ((2b — a)(n — 1),a,...,a) € Clv(z)] there
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exists non-negative IDP 3 given as follows:

B =0,

3 =

i €N,

(20 —a)(n—1), i=1,
a, 1 # 1.

[Coordination game] It was previously claimed that this game has a time

consistent core. Indeed, calculating the values of the characteristic function v(z1; S)

and v(Zy; 5), and using expressions (1.9), (1.12) and denotations w? = w =0 for

i J

two any arbitrary players ¢, 5 € N, we can conclude that

v(z1;S) = v(29;5) = <

(

\

(n—1)(a+b), S=N,
(15| = 1)(a+0b), SCN, 1S5,
0, other.

Because of v(Z;; S) = v(Zy; 5) for any S C N, than C[v(2;)] = C[v(Z2)] means time

consistency of the core. It is shown on figure 5. Time consistency of the core also

follows from Proposition 1.6.
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Player 2 4 Player 1

Plaver 3
B M(v(z1)] = Mv(z)]
=2Cu(z)] = Clu(2)]

Figure 5. Set of imputations M|v(z)], M[v(Z2)] and the core C[v(Zz;)], Clv(Z2)] in
three players coordination game with a =4, b = 1.

1.7 The core in two-stage three person game

In this section, we will consider a two-stage game of three persons with pairwise
interaction FZ (g) on arbitrary network g. As a solution the core will be considered

As was mentioned earlier, the core Clv(z)] C Mv(%)] in game I'S (g) is not
empty due to the supermodularity of the characteristic function v(z; S),t = 1, 2.

The core Cv(%)] in game I'J (g) — is a set of such imputations z = (z1,...,x,) €

M{v(Zz)], which satisfy following conditions

in >v(z;S5), SCN

1€8

N
ZJ:Z- =v(Z; N) (1.45)

In this paragraph conditions for the strongly time consistency of the core in the

indicated game will be derived. Due to [10]:



153

Definition 1.3 The core Clv(z1)] is strongly time-consistent in game I'S (g) , if
1. Clu(z)] # 0, Clo(z)] # 0

2. For every imputation x € Clv(21)] there exists such IDP (1.42) B = (b1, 2),
that x = 1 + B9 and

Here symbol & defines as a € R", B C R", thana® B ={a+0:b € B}.

For subgame Fi (g) the following values of the characteristic function are obtained
taking into account (1.9)-(1.10). It should be noted that the formulas are given for
the case of a complete network. If some of the edges are missing in the network g,

he components corresponding to this edge will be equal to zero.
v(z2;0) =0, w(z{1}) = wiz +wiy, V(2 {2}) = w3 + ws,
v(Z2; {3}) = w3 + wi,
v(z2; {12}) = max(ay + bp) + wiy + wiy,
o(z; {13}) = max(a, + b)) + wiy + why,
v(2; {23}) = max(ay + bp) + win + w,
v(Z9; N) = rr;%x(a;l? + b;ll) + H})%X(a;? + b]?;ll) + I%%X(a?’? + b]?;lz).
An imputation x belongs to the core Clv(Z3)], when following conditions hold:

’

T1+ 19 > v(Z; {12})

Ty + w3 > v(Z2; {13})

To + w3 > v(Zo; {23})

< x1 2 v(Z; {1}) (1.46)
z2 2 v(Z2; {2})
r3 > v(Z2;{3})

|21 + 29 + 23 = v(Z; N)
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Taking into account expressions (1.46) and mentioned above values of characteristic

function, will be get:

(
1+ X9 > ma}x(aﬁ + bgll) + w35 + wiy
p
T+ x3 > max(all)? + b]?;ll) + wiy + wis
pl (1.47)
T3 + w3 > max(ay) + b)) + wiy + wiy
p

\ T1 + 22 + 23 = v(Z; N)

The following denotations have been introduced to shorten the writing of expres-

sions:

_ 12 4 121 2 1
Ajg = Hﬁx(apl +byy), D1 = wis + wys,

_ 13 4 131 _ ol 3
Az = I%E}X(apz +b37), D2 = wyy + wss,

— 23 32 a2 3

Then system (1.47), which defines the structure of the core Cfv(Z2)] can be

rewritten in form: )

x1+ 29> A1g+ Dy

I —|—333 Z A13 -+ DQ (1 48)
Ty + 23 > Ngg + D3

\xl + X9 + X3 = ’U(ZQ;N)

Inequalities, which defines the core Clv(z)] of two-stage game I'J (g) have

following view:

rh+ah >
/ />
1’1—'_-173_7]

L (1.49)
xh + x4 > v(Zz1; {23}

\x’l + b 4+ 25 =v(Z; N)

Taking into account expressions(1.49) and values of characteristic functions, we will
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get:
)
xh + b > rr;elxx(aﬁ + %))
oh + 25 > max(al? + b2
1 3 = ol ( l pl) (150)
xh + xf > rr;elxx(aﬁ + %)
| 21 + 2% + 23 =v(Z; N))

After substitution of the above denotations, the system will take the following

form: )

.fEll —|‘.CC/2 2 Alg

x + Z Z Alg
. ,1 f’ (1.51)
Ty + g Z A23

2+ 2+ 24 = o(2: N)

Strongly time consistency of the core C|v(z)]

Considering the above definition of strongly time consistency and in accordance

with the expression (1.51) we can write that:

,
Bt + B3+ BE+ B3> A
$BH+ B3+ B+ B3 > Aus (1.52)
BT+ B3+ 51+ B3 = Aa

For strongly time consistency, these inequalities must be satisfied subject to the

following additional conditions:

)
By + B3> Ap+ Dy
{ By + B3 > Az + Dy (1.53)
\522+5§ZA23+D3

Let 31 was fixed, then for strongly time consistency must satisfy conditions (1.53) for

Ba. Wherein 5 must additionally satisfy the conditions(1.52). Also from v(Ze; N) =
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v(z1; N), following that 81+ 8%+ 33 = 0. If expressions (1.52) satisfied for minimum
values 31, 33, 53 from conditions (1.53), then they are obviously satisfied for all other

values. The following inequalities are obtained:

4

—B3 4+ A1 + Dy > Agy
§ =B+ A+ Dy > Ay (1.54)
\—511 + Aoz + D3 > Ags

Thus, conditions for strongly time consistency of the core C'[v(Z;)] were obtained in

game IS (9)

Theorem 1.5 Let following conditions are hold:

)
B} < Dy
§ 32 < Dy (1.55)
Kﬁll < Dy

(i.e. there exists such IDP By which satisfy condition (1.55)), the the core Clv(z)]

15 strongly time consistent.

Example

To illustrate the result, the following example will be considered. It will be three-
person game, when N; = N \ {i} for all i € N. In a goal of maximizing total payoff
players should make a complete graph by choosing following behaviors in the first
state of game: b} = (0;1;1), b3 = (1;0;1), b2 = (1;1;0)

It turns out a network of the following type:
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Figure 6. Network on the second stage of game.

Next, the values of the characteristic function will be calculated and the core

will be constructed. The following matrices are given.

3 8 5 7 3 5
A = ;. Ca = A ;A = ; Ciz =

7 1
Aoz = ; Coz =
5

The following values of the characteristic function are obtained

wig=3, wiz=4, wi,=5,
w336, wiy=4, wiz=2
Dy—6, Dy—11, D56
Ajg=mazx,(a'? + b*1)=15
Ajz=maz,,(a® + b*1)=11
Agg=maz,,(a* + b>?)=9
v(Z1;{123}) = v(Z9; {123})=35

Then the core Clv(z;)] defines by following system of inequalities:

;

) +xh > 15

o)+ 25 > 11
b= (1.56)
rh+ah>9

\x’1+x’2+x’3:35
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The core Cv(Z2)], in turn, is determined by a system of inequalities of the form:

(

T+ a9 > 21

r1 + 3 > 22
;T (1.57)
To+ x3 > 15

$1+JJ2—|—IC3:35
\

[t is necessary to take a vector 51 which satisfy conditions (1.55), for example

vector £1=(5; -10; 5). The system (1.56) from this in accordance to conditions (1.57):

4

5—10+21> 15

¢ 54+5422>11 (1.58)
~10+5+15>9

\

These inequalities are true, and it means, that the core Clv(Zz1)] is strongly

time-consistent.
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Chapter 2

Multistage bimatrix games with pairwise

Interactions

This chapter will consider multi-stage games with pairwise interaction with a
finite number of stages. The results obtained in the previous chapter will be extended
to the case of multi-stage games, as well as the issue of strong time consistency of
solutions under the conditions of a multistage model is considered. For definiteness,
this section will consider a given network in the form of a complete graph. That is,
at the first stage, the formation of the network does not occur, but the game process

begins immediately.

2.1 The model

The model is formalized as follows. Let an abstract space be given Z, which is
called the space of states. In every state z € Z given a non-zero sum game of n
players I'(z) on complete network ¢ (in other words N; = N for all i € N), the
vertices of which are the players, and the edges are the connections between the
players. Game I'(2) is similar to the game at the second stage in the two-stage case
(see chapter 1) and is a family of pairwise simultaneous bimatrix games {7;;(z)}
between neighbours by network, : € N,j € N,i # j.

Let i € N,j € N,i # j. Then ¢ play with j bimatrix game 7;;(2) with payoft
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matrices A;;(z) and Cj;(2), for players 7 and j, correspondingly.

[ ai(z) ail(z) - ali(e) )

alzjl(z) a%(z) alzjr(z)

aly(z) aly(z) o al(2)

((di2) dhe) o i) )

ij ij ij
ci1(2) () - ()
Cijlz) = , o . ! (22)
\ 0%1(2) C%z(z) e (2) )
ag(2) >0,¢0(2) >0, p=1,....m, ¢q=1,...,r, i,j€N.

For simplicity of further calculations, it is assumed that the constants m and r
similar for all players ¢ and j and all states z. When the game vj;(2) is takes place,
i.e. player i is the second player, then it plays with the matrix C};(z) which is equal
Ag(z), while the player j, who is now the first player to play with the payoff matrix
Aji(z), or, similar, Cf;(z).

Strategy of player ) in game [(z) is a vector
ui(z) = (u}(2),...,ul(2),...u"(2)), where u/ — behaviour of player 4 in bimatrix
game 7;;(2). That is, the player’s strategy ¢ — it is a set of numbers of lines chosen
by him (pure strategies) in bimatrix games 7;;(2). As u(z) = (w1(2),...,un(2))
the situation in the game is indicated I'(z). Strategy of player j — this is a set of

numbers of the columns chosen by him in the corresponding bimatrix games ~;;(2).

Payoff of player ¢ in game I'(2) is defined as follows:

Next game I'(2) viewed in a cooperative manner. For this purpose, the characteris-
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tic function is determined v(z;5), S C N for each subset (coalition) S C N as
the lower (maximin) value of the zero-sum game of two persons in the coalition S
and additional coalition N \ S, game-based I'(z), while the coalition payoff S is
defined as the sum of the payoffs of the players included inS. The superadditivity
of the characteristic function follows from its definition. The following designations

are introduced, similar to those mentioned in Chapter 1:

wZZJ(Z) - mpaxmqln apq(z) p=1,....m; qg=1,...,r,
W(z) = maxmin (=), p=1l...m g=1L...r

Lemma 2.1 Function v(z;S) defined by following formulas:
v({z:0}) =0, (2.3)

> wi(2), (2.4)

JEN,j#i
v(z;S) Z Z max 2) + al( ))+Z Z wi(z), SCN, (25)
IES JES,j#i - 1€S jeN\S
Z Z max )+ aly(2)). (2.6)
zEN JEN,jFi bd

Proof. Formula (2.3) is obvious.

First, we will prove the formula (2.4). Because of player i, acting against the
coalition N \ {i}, play with players j from N into independent bimatrix games,
then in each of these bimatrix games he can guarantee himself the greatest payoff
wjj(z), hence the greatest payoff that the player ¢ can guarantee itself in the whole
game, there is an amount Y .y wj;(2). In this case, this is the maximin payoff i
against additional coalition NV \ {i}. It means that the formula (2.4) is true.

Now the formula will be proved (2.5) for an arbitrary coalition S. Each of the
players included in S plays independent pairwise bimatrix games as with the players

in N NS, so with the players NV \ S. In the first case, the players interacting within
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the coalition S and acting in its interests, they can always choose a strategy that

maximizes their total payoff, i.e., >  max,(a pz( z) + c;fg(z)) In the second case,
jeENNS

the players interacting with the players from the additional coalition N \ S can
guarantee themselves only the lower value of the game, i.e. minimum guaranteed

payoff >~ w! (z). Thus, the maximum total payoff that the coalition can provide
keN\S
for itself is .S, will consist of two parts and equal:

_Z Z maX C;)Z(Z))—FZ Z wfk(z)

i€S jeNNS i€S keN\S

Formula (2.6) follows from the definition of the maximum total payoff of the
players.

In formulas (2.5) and (2.6) coefficient § is used to exclude the repeated summation
of the players’ payoffs over the same edges. The lemma is proved.

The order of transition from state to state in a given multi-stage game should
be determined. Let in state z € Z in game I'(z) the players chose the following
strategies: u;(z) = (u}(2),...,u?(2)). As a result of the choice of these strategies,
a transition is made to a new state z’, where is the game I'(z'), consisting of
simultaneous bimatrix games between neighbors on the network, with payoff matrices
depending on the strategies chosen in the previous state z. That is, the state at
the next stage of the game depends on the state at the current stage, and on the

strategies chosen at this stage. Then one can define the mapping T' : Z — Z by

formula:

2 =T (z;u1(2),u2(2),. .., un(2))

Thus, a multi-stage game that will be denoted G(z) occurs according to the
following rules. The game G(z;) starts in state z1, on the first stage. In state z;
game going on I'(z1), players choose their strategies ui(21), u2(21), . .., u,(21), then,
at stage 2, they move to a new state zo = T'(21;u1(21), u2(21), . .., un(21)). In state z

on stage k players play game [I'(z;), then again choose strategies
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uy(zr), ua(zk), - -y Un(2) and pass to the next state
Zkr1 = T'(zk; ur(zx), u2(2k), - - -, un(zr)) on stage k+1. Game ends on the last stage ¢
in state zy. Thus, as a result of the choice of strategies at each stage of the game, the
path zq, 20, ..., 2k, ..., 2. The concept of strategy in the resulting multi-stage game
is defined in a natural way, namely, strategy u(-) = u{(2)}, is a set of strategies of
all players, defined in every state z € Z. From the above description it follows that
any situation u(-) = {ui(-),...,u,(-)} uniquely defines the path in the game, and
hence the payoff of each player, as the sum of his payoffs in all games realized along
the resulting path.

S Y ) ()

k=1 j=1,j#i

[t should be noted that there are many different ways in a multi-stage game G(z)

is finite. And, consequently, the set of all possible states in the game is finite. This

set will be denoted by Z C Z.

2.2 The case of equal values v(z; V)

To simplify the reasoning, at the beginning we consider a special case when the
value v(z; N) is equal for all 2 € Z. An additional function w(S), S C N is
introduced into consideration:

w(S) = maxv(S; 2).

z

Characteristic function of multi stage game G(z;) denote as V' (zy;.S), started in
state zj. Function V' (z; .S) is calculated using the following analogue of the Bellman

equation:

V(zk-1;5) = max[ min ZKZ'“ YU, u) + V(S5 21))] =

;€S uj,jEN\S 4
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= max| min (Z K (uy, ..o up) + V(S; T (251 U(Zkfl))))],

ui7i€S Uj,jEN\S icS
Vi(ze;8) = v(2;5).

Additional function for multi stage game G(z1) defined in following way,
Wi(z; S) = (I — k+ Dw(S),

where ¢ is number of stages in game G(21).

Further reasoning uses the proven fact that (see [§]):

W (S, z) > V(S,2), SCN.

2.2.1 Construction of approximation for the core by function w(S)

Define the set of imputations M[W (z1)] in game G(21) as
MW (z)] ={x = (x4, ..., le— (z1; N), x> W(z;{i}), i€ N}

The optimality principle will be understood as any subset Z|-| of set M[W (z1)].
In single stage game I'(z) as the principle of optimality will be chosen, an
analogue of the core, namely the set Z[w(S)], consistes of all imputations = =

(x1,...,x,), which satisfy conditions

€S
N
in = w(N
i=1

In the same way will be defined the set Z[W (z; .S)] in multi stage game G(z), as
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a set of imputations satisfying the conditions:

1€8

N
Z x; = W(z; N).
i=1

Theorem 2.1 For any x € Z[W (zx; S)],x = (x1,...,x,) and arbitrary k = 1,1,
the following equality holds:

ri=W—-k+ 1)z, edez,eZ(w(S)), i=1,n
Proof. For arbitrary k = 1,1 the following inequalities define the set Z[W (z1; S)].

in > Wi(z;S), SCN
€S

N
Z z; = W(zi; N)
i=1

By the definition it is true that W (zy; S) = (¢ — k + 1)w(S). Therefore, we can
write that

d iz (t—k+1w(S), SCN,
€S

» ai=(t—k+1w(N).

After dividing by (¢ — k + 1) of both expressions and performing the change of

variables z/, = ( the following inequalities are obtained:

z
(—k+1)°

Yz >w(S), Sch,
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That is 2, € Z[w(S)]. Thus, it was possible to represent the components of the
vector © € Z[W (z;); S] in form z; = (¢ — k+ 1)z}, e x) € Z[w(S)], i=1,n.

79

Theorem is proved.

2.2.2 Strongly time consistency of Z[W (z;); 5]

Let it be assumed that the players have chosen strategies @(-) = (a1(-), ..., u,(+)),

which maximize the total payoff in the game G(z):
E Ki(z1;4q,...,U,) = max g Ki(z1;u1, ... up)
u
teN 1eEN

The trajectory corresponding to these strategies (21, 2o, . . . , Z¢) called the cooperative
trajectory (hereinafter z; = z;).

Definition 2.1 Function 3%, i € N is called imputation distribution procedure

(IDP) for x € M[W (z1;5)] (see [13]), if

¢
=Y B, i€N.
k=1
Definition 2.2 Optimality principle Z[W (z1; S)] is strongly time consistent in game
G(z1) (see [10]), if
LIW(z:8)]#0, k=11

2. For every imputation x €  ZI[W(z;95)] there exists such IDP
6 — (617 627 ceey 6@); that

k
Zﬁj DLW (Zp41;9)) C IIW (%1;5)], k=1,0-1.
j=1
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Here symbol & means, that ifa € R", B C R", thena® B={a+b:b € B}.

Proposition 2.1 The optimality principle Z[W (z1; 5)] in game G(z1) is strongly

time consistent.

Proof. Let some imputation &' = (¢f,...,&, ..., &) € Z[W(z;S)], then it is
true that:
> &=2WES), ScN

€S

N
Zf} =W(z; N), n=|N|.
i=1

According to the theorem 2.1, an imputation ¢! € Z[W (z;; S)] can be represented

as follows:

¢ =18, rtne B € I[w(9)).

Similarly, we represent an arbitrary imputation

¢t € IW (2,413 S)] in form:
S = (0—(k+1)+1)B=({—k)B, rae B e I[w(S).

—1 —k =k+1 =
As IDP choose g =(6,...,8,6 ..., ) and construct vector:

k . J—
£ = ZBJ + & =B+ (0~ k)B = kw(S) + (€~ k)w(S) = Lw(S).

Thus vector él is sum of IDP components 3 and arbitrary imputation &' €
ZIW (Z11; S)]. Vector €1 € Z[W (z1; S)], which proves the strongly time consistency
of the optimality principle Z[W (Z1;S)]. Proposition is proved.

2.3 The case of arbitrary values v(z;, N)

Now we will consider the general case when the values v(z; N) not necessarily
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the same for different states z. The value L(Z) is introduced into consideration and
it means total payoff of the coalition N in state z, € z, where z — cooperative

trajectory in game G(Z1).

L(z)= > (d(z)+d (%) (2.7)
1€EN,JEN
i#]
Let assumed that w(S) < minz, L(Z), S # N. An additional function is also
introduced w(zx; S), w(zk; S) = w(S), w(zZx; N) = L(Z). Let x is an arbitrary
imputation in game G(Z;). Consider as optimality principle an analogous of the core

Z[W (zx); S] for game G(Zj) of the following type:
Y > (U—k+Dw(S)=W(%:58), SCN, S#N
i€S
(

N
> =) L(z) =W(z;N)
=1 t=k

Let assumed that Z[W (z;); S] # () for any k = 1, 7.
Definition 2.3 (10) the optimality principle Z|W (Zy); S| is strongly time consistent
in game G(z1), if

1). IW (2): S| £ 0, k=1,

2). For every imputation v € Z|W (Z,); S| there exists such imputation distribution

procedure 5 = (By,...,0), © = Zﬁ:l B; that

k
Zﬁt DLW (zx01): 8]) © ZIW(2): S]), k =1,7.

Proposition 2.2 Optimality principle Z]W (z1); S| is strongly time consistent.

Proof. The proof of this statement is similar to the proof of Statement 1.
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Let an imputation x = (21,...,x,) € Z[W(z); 5], then it runs:

> > W(z;8) =tw(S), SCN,

€8
N
in = W(Zl; N) = Z L(Zk)
i=1 t=1

For arbitrary imputation k41 = (§k41.15 - -+, Epr1n) € Z[W (Zk41); S| the following

inequalities are true:

D &iri = W(z1: S) = ((— k)w(S), SCN,

i€s
N ¢
> G =W(E N) = ) L(%).
i=1 t=k+1
For imputation =« € IZ[W(z);S] as IDP will be chosen
Bk:ak:(alf7 70457 7057]2)61-[20(2/6);5]7]{:?
> af >w(S 7)) =w(S), SCN (2.8)
i€S
N
Z Q; = w(N7 Zk) - L(zk) <2 9)
=1

And construct vector z of the following type:

k k
=Y B =Y "al + > kw(S) + (€ - k)w(S) = tw(S).
j=1

j=1

Vector & represents the amount IDP [ and arbitrary imputation from
Z[W (Zk41); S]. Tt is follows from (2.8)-(2.9) that vector & € Z[W (z1);S]), which is
proved the strongly time consistency of optimality principle Z[W (z;); S]. Proposition

is proved.
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Example

As an example, a three-stages (kK = 3) game of three persons (N = 3), which
starts in position z;. In state z; six payoff matrices are given, three of them conditio-
nally will be called matrices of the first type, and three - of the second type. In state
z1 all bimatrix games are played with matrices of the first type. Capable of z; every
player i € N chose his strategy w;(z), and if all u/(2;) = 1,i € N,j € N\ {i}, then
players pass to a state z5, in which bimatrix games are played with the same matrices
of the first type. If at least one of the components ui(zl) = 2,9 € N,j € N\ {i},
then in state zo players play bimatrix games with matrices of the second type. The
transition to the state is carried out in a similar way zs: if all u/(25) = 1,4 € N, j €
N\ {i}, then the players are able to z3 use matrices of the first type. If at least
one of the components u!(z) = 2,7 € N,j € N \ {i}, then in state z3 players use

matrices of the second type. Matrices of the first type are as follows:

90 9 1 10 1
A12(Z) = ) 012(2) = ) A13(Z) — )
11 01 2 7
8 0 16 2 10 1
Ci3(z) = , Ag(z) = , Oy(z) =
07 1 1 1 0
Matrices of the second type:
~ 8 5 ~ 10 13 ~ 8 12
A12(Z) = ; 012(2) = ) Als(Z) = )
10 16 6 6 9 10
- 10 12 ~ 8 8 ~ 12 5
Cis3(z) = , Ag(z) = , CO(z) =
11 5 13 9 6 9

Capable of z; a network is given that is a complete graph:

Figure 7. Network on the first stage of game.
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Optimal strategies of players:

a(z) = (0,2,1), @(z)=(1,0,2),

(%) = (0,2,1), (%) = (2,0,1),

ur(ug) = (0,2,1), a2(z3) =(2,0,1),

Values wj;(z):
15y _ 2 1=\ _ 1 (= _ 3 2\ _ 2 o\ _
wip(z1) =1, wy(z) =1, w(z) =1, wy(z1) =0, wy(z) =2,
wip(21) =1, wiy(2)
Values wj;(z3) will be coincide or with wj;(%) or wij(Z1), because of payoff
matrices in our game have only two types.

Characteristic function values v(z;.S), w(zx;S), calculated by formulas (2.5)-

(2.6):

S {1} {2} | {3} | {12} | {13} | {23} | {123}
v(zS) | 2 | 3 | 1 | 21 | 20 | 27 | 62
v(Z;8) | 19 | 15 | 16 | 40 | 40 | 36 | 66
v(Z;8) | 19 | 15 | 16 | 40 | 40 | 36 | 66
w(z;S) | 19 | 15 | 16 | 40 | 40 | 36 | 58
w(Zy;S) | 19 | 15 | 16 | 40 | 40 | 36 | 66
w(z3;8) | 19 | 15 | 16 | 40 | 40 | 36 | 66

Tabular 1. Values of characteristic functions v(z;.5), w(zx; S)

The game starts in the state z1, in which the players choose their strategies and,

depending on this, move to a new state. In each state, the players have only two
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alternatives: either, as a result of the choice of strategies, they will play with type I
matrices in the next state, or they will move to a state where bimatrix games will

take place with type IT matrices.

Figure 8. Tree of all possible states in game.

The numbers 1 and 2 above the arrows indicate which type of matrices the
players will play in the next state.

Values of function L in nodes z:
L(z) =58, L(z) =58, L(z3)=062, L(23)=66, L(z3)=66,

L(23) =62, L(z3) = 66.
Optimal trajectory in game G(21): zZ = (21, 23, 23) = (21, 22, 23).

Characteristic function of multi-stage game G(2;) calculates as:

S {1} ] {2} | {3} | {12} | {13} | {23} | {123}
V(z:8) | 19| 15 | 16 | 40 | 40 | 36 | 66
V(%:;5) | 38|30 |32 8 | 80 | 72 | 132
V(z;S) | 40 | 33 | 33| 101 | 100 | 99 | 190
Wi(z:S)| 19 | 15 | 16 | 40 | 40 | 36 | 66
Wi(z:S) | 38 |30 | 32| 8 | 80 | 72 | 132

W(z:S) | 57 | 45 | 48 | 120 | 120 | 108 | 190

Tabular 2. Values of characteristic functions of a multistage game G(z;)
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Condition w(S, z;) < minz, L(2), S # N is hold:

mgxw(S, 2r) = 40 < min L(z;) = 58

2k

Consider an imputation x € Z[W (z,); 5]

(

r1 > 57
T9 > 45
r3 > 48
{1+ 29>120
T+ x3 > 120
To + x3 > 108

r1+ 9+ xr3 = 190
\

As well as arbitrary imputation £ € Z[W(z); S])

p

§1 > 38
§2 > 30
{3 > 32
¥ &1 +8& >80
&1+ &3 > 80
§2+ &3 > 72
\§1+§2+§3:132

As IDP g8 = (f4, B2, B3) choose imputation a € Z|w(Z1);S], Bk = «,

k=1,2,3.
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a; > 19
s > 15
az > 16
§  ap+as>40
oq+oz3240
a9 + ag > 36

a1+ as + a3 = 58
\
And construct an imputation & = a + £

2

1 > 57
Fo > 45
G > 48
@144 > 120
1+ &5 > 120
Go + &3 > 108

1 + 22 + T3 = 190

\

It follows from the last inequality that € Z[W(Z;);S], which proves strongly
time-consistency of optimality principle Z[W(Zz); S].
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Chapter 3

Alternative ways of constructing the

characteristic function

This chapter will consider alternative approaches to constructing a characteristic
function for a multi-stage game with pairwise interaction, as well as explore the

possibilities and advantages that such approaches provide.

3.1 Construction of the characteristic function as the

maximum of the expected payoff

Consider one stage game I', on arbitrary network g with set of vertices (players)
N. The interaction between the players is carried out in the same way as in the
previous chapters: between two players connected by an edge, a bimatrix game with
given payoff matrices takes place.

Let « € N,j € N,i # j. Then i play with j bimatrix game ~;; with payoff

matrices A;; and Cj;, for players ¢ and j, correspondingly.

i il i)
( arp Qo alr
ij ij ij
a a o o o a
91 Qg9 o
Aij = , (3.1)

ij
\ ml am2 amr/
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(i) ) - ) )
o | HO S e | 5
CACK ORI ey
ag}(z) > 0,022(2) >0, p=1,....m, ¢q=1,....r, i,7€ N.

Game I' will be considered in the form of a family of zero-sum games {yn\;;},
between coalition N \ 7, acting as the first (maximizing) player, and coalition, consist
of one player {i}, acting as second (minimizing) player. Payoff for coalition N \ ¢
set equal to the sum of the payoffs of the players from this coalition. Let (fin;, fi;)
— equilibrium situation in mixed strategies in a game yy\;;. Consider situation

g = (fi1, ..., in) and the following value is determined

W(S) = max Z Ei(ps; ivys), (3.3)

s
> ies

where pus = {p,i € St pinms = {fii € N\ St u Ei(us; fins) — expected
payoff of the player i in situation (i, fiz\s)- W (S) — this is the maximum payoff
that the coalition can secure S, if the rest of the players use the strategies of the
second minimizing player in zero-sum games {7yy\;;}. Function type W(S) can be
described as follows. Taking into account the peculiarity of pairwise interaction, two
types of edges can be distinguished along which games with the participation of
players from S:

e such edges where both end vertices are occupied by players from the coalition S,
i.e. edges (i,7),1 € S,j € S. Since the goal of the players in S — maximization
of the total payoft, players ¢ u 7 can always ensure this by choosing strategies in
such a way as to obtain the maximum total payoff on a given edge. This value
is maXpJ(az + cﬁ) Coalition N \ S it does not affect the game in any way i

with 7;

e such edges, in which one end vertex lies in S, and the other belongs to the
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players from the coalition N \ S, i.e. edges (i,7),7 € S,7 € N\ S. Maximal
payoff, which player 7 can guarantee to itself, when player j use strategy pm; —

this is payoff in equilibrium situation, i. e. value of game w;;.

Thus, the following statement holds.

Proposition 3.1 In a network game with pairwise interaction, the following equality

holds:

W(S) =v(S), SCN,

where characteristic function v(S) calculated by formulas (1.9)-(1.10).

The process of constructing the characteristic function in the classical way has
a high computational complexity, since to calculate all values of the characteristic
function it is necessary to solve 2%V zero-sum games (N — number of players). The
approach proposed in this paragraph is computationally simpler, since instead of

solving the zero-sum game, only the maximization operation is used.

Example

Let n = 3 and network ¢ has form, as depicted on figure 9.

Figure 9. The network for three players.

The following matrices are given:

A28y A13B31 As3 B3y
(4:8) (3:6)) [(46) (23)) [(35) (23)
(3:3) 44)) \@2) 35/ \(114) (46)



178

Equilibrium situations in each bimatrix game:

11

P o — —
12 (07 ) 27 2)7 :u13 ( )7 /L23 ( )

-

3
4’

er—\
N | =
el =
Wl Do
MI»—\
[\DlH

where fi;; = {;zgij, ﬂgi}, u ﬂfj — equilibrium strategy of player 7 in bimatrix game
Vij, and ,a?z} — equilibrium strategy player j in the same bimatrix game ;.

Values of individual payoffs of players in equilibrium situations

wiy = 3,5, Wiy = 3,75, wi, =4,

The values of the characteristic function, calculated in the classical way by the

formulas(1.9)-(1.10), have the form

g 11 5
v(12) = max (ap +051) +wiz +wyy =12+ st =1

v(13) = max (ap; +03}) + wiy +why =10+ 3,5+ 4,5 = 18,

v(23) = nﬁx (aﬁ‘;’ + b]?;?) +wly +wiy =10+ 4+ 4 = 18,

v(1) = wiy +wis = 3,5+ 3,75 = 7,25,
v(2) = wi, + wiy = 4+ 2,75 = 6,75,
v(3) = wiy +wi; =4 +4,5 =85,

v(123) = max (ap; +b2) + max (ap; +b3)) + max (a3} + 037) = 32.
Now the values of the characteristic function will be calculated W (S) using the
approach described in paragraph 3.1. Strategies of every player ¢ = 1,2, 3 in game
YN\ i
p1 = (pag; p13),  p2 = (pans pe3), 3 = (ps1; p32),

where 19 — strategy of player 1 in game with player 2, ;3 — strategy of player 1
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in game with player 3, etc.

To find these strategies, it is needed to solve the corresponding games:

B 0.1'1'1 (1 111 (1231
H1 = 77272 3 M2 = 2727272 ) 3 = 3737474 .

Thus, the following values of the function are obtained W (S):

— 8 11 o}
W(12) = n}ﬁx(a]l)l2 + b)) + Wi + wiy = 12 + 3 to= 175,

W(13) = ma}x(a;? + b)) + wiy + wiy =10+ 3,5+ 4,5 = 18,
b,

W (23) = me}x(af,? +03) +wiy +wly =10+ 4+ 4 =18,
p7
W (1) = wiy +wiz = 3,5+ 3,75 = 7,25,
W(2) = wi, + wis = 4+ 2,75 = 6,75,
W(3) = wiy +wi, =4 +4,5 =285,
W(123) = Hﬁ (a}l,l2 + b;ll) + Hllf}x(a}l,? + b]?;ll) + H;%X(CLZQ)? + 613,12) = 32.

Comparing them with values v(S), we can conclude that v(S) = W(S) for all
S CN.

3.2 Approximation of characteristic function for multistage

game

Let us now consider a general non-zero sum game.
Let G is (-stages game for n person, which happens as follows. Game G(z1)

starts in position z; in which the game

D(z) =< N; X2, X3, XK, K2 >
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takes place. Here N is a set of players, X" is set of strategies and K" is payoff
function 7 € N in z;.

The transition from state to state in this multi-stage game will be carried out
as follows. Let in a state z € Z in game I'(2) players choose following strategies:
7i(2) = (2}(2),...,27(2)). As a result of the choice of these strategies, a transition
is made to a new state 2/, where is the game I'(2’). That is, the state at the next

stage of the game depends on the state at the current stage, and on the strategies

chosen at this stage. Then one can define the mapping 17" : Z — 7Z by formula:
Z/ — T(Zv xl(Z)a x2(2)7 S 7‘7771('2))

On the first stage in state 21, in game I'(z1) players choose their strategies
r1(z1) € X{' ..o, xwi(z1) € X' .o wp(21) € X' and the game passes on the second
stage in state zo = T(z1;21(21), .-, 2n(21)) = T'(21;2(21)), where game ['(2y) is
appears. On stage ¢ in state zp = T'(z¢; (z¢—1)) game I'(z¢) going on, after that game
G(z1) ends. The result is the following sequence of games: I'(21),'(22), ..., I'(2¢).

Strategy of player i € N u(-),7 € N in game G(z1) is function, which in every
continuous simultaneous game I'(z) choose control (strategy) of player ¢ in this game,
ie. ui(z) =27 € X7.

Payoff function H;, ¢ € N in game G(z1) defines in following way

Hi(ur(4), oy wi(4)y ooy un (1)) = Z Ki(u1(z)), ooy wi(2e)y ooy un(21)) =

t=1

1

_ 2t 2t 2t
= g Ki(xf', ..ozt x).

t=1

The game G(z1) will be considered in a cooperative form. Let it be assumed that
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there is such a set of strategies u(-), that

n y4

ZHZ(ﬂl(), ,ﬂn()) = max )ZZKZ(UI<Zt)7 ,Un(Zt)) =

u1(-),...,un(- i=1 t—=1

n

> Ki(@(z), ... (). (3.4)

i=1 t=1
Consequence 21, 2o = T(u(21)), ..., 2t = T(u(z)), . .., Zm = T(u(zy,)) — will called
cooperative trajectory and denoted as
Z="(Z1y s 2ty Zm)-

Characteristic function v(z;5), S C N defined by classical way. Values of
characteristic function v(Z1;.S) calculated as value of zero-sum game, based on a
game G(z1), between coalition S, plays as first (maximizing) player and coalition
N\ S, plays as second (minimizing) player. Here payoff of coalition S is a sum of
payoffs of coalition members. The characteristic function v(Z;, S) in subgame G(Zz;)
with starting position on cooperative trajectory (z; € Z) is determined in a similar
way .

Introduce new function: v(z1;.5), S C N. Following 8|, this is the transformation

of the characteristic function v(Zz;.5), defined by classical way:

vz 8) S KW (), . (2
o55) = 3 2080 T i), ()

t=1

And analogously for characteristic function of subgame G(z;) in arbitrary stage t,

in state z; € Z:

55 5) = Z v(ze; S) - Do Ki(ui (%), . .. ,ﬂn(z_t)). (3.5)

— v(z; N)

[t can be shown, that function ©(S; Z;) has all the properties of the characteristic
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function in the game G(z1), namely:

?7(21; St U SQ) > ?7(21; Sl) + 77(21; Sl)a

for any S1,S2 C N, S1NSy = 0 (the superadditivity of the characteristic function

is used here v(2y; 5).

3.3 On the method of evaluating the core

As a cooperative solution of game G(z1), will be considered the core

Set of imputations M{v(z1;S)] in game G(z;) defines in following way
Mlv(z1;9)] = {x = (x1,...,x,) : le =v(z1; N),z; > v(z1;{i}),i € N}.
i=1

The core Clv(z1;S)] € Mv(z1;S)] in game G(z1) defines as a set of such

imputations £ = (&, . .., &,), which satisfy following system of inequalities

Z&' > v(z1;9),

Z& = v(z1; 9).

1EN

Suppose that Clv(zg; S)] # 0, for any t = 1, .

Introduce following notations

A(S) = max :g: f[)),
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and additional function:

/ n

0(S;7) = Y _A(S) Z Ki(uy(z), ..., tn(2)).

Then

Similar for subgame G(z):

0(Z; S) = At; S)v(z; N)

. g
Here A(¢,S) = max U(fp’ ) . It is easy to notice that:
e

It is also clear that

Then for all 51,S5,, S1 C Sy from monotonicity of characteristic function

v(Z; S) follows monotonicity of characteristic function v(Z;.5):
?7(215, Sl) 2 ?7(215, SQ)

Superadditivity property of characteristic function v(S; z),

t =1,...,m in general is not holds. However, the following result can be proved.

Lemma 3.1 Following inequality is hold:

0(z; S) > v(z; S)
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Proof. Following inequalities are true

=/ - U(ZP;S) - -
. — . — . > .
U(ZZ,S) )\<t7 S)U(ZtJN) gﬁév(gp)’NU(ZbN) - U(ztvN)v(Et;N) =
Lemma is proved.
Denote as Clv(z;S)] subset of the core for game G(z;). Optimality principle

C[v(24; S)] is an analogue of the core and defined as the set of solutions of the

system

» & >0(=:5), SCN,
€S

> & =T(z; N). (3.9)
1EN
Suppose that set C[(z;5)] # 0, forall t =1,. .., L.

In similar way set C[v(2; S)] defines as a solution on system

fo‘ > 9(2;8), SCN,
€S

D> _& =0z N). (3.10)

Theorem 3.1 The following inclusion is hold:
Cl6(z: 9)] C Clo(z; 8)] N Clo(z; 5)]. (3.11)

Proof. Formula (3.11) follows from lemma (3.1) and from expression (3.8), i.e.
from inequality ©(z1;5) < 0(Z;9) u v(z;S) < v(Z;5), S € N. Theorem is
proved.

Because of C[o(z; 9)] C Clo(z; )], C[o(z; S)] is strongly time consistent, since
Clv(z;S)] is also time consistent (see [8]). It is also follow from theorem, that
imputations from C [0(z;S)] for all t = 1,..., ¢ belong to the classical core of game

G(z¢). Thus, we construct strongly time-consistent subset of the core Clv(z; .S)] for
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every subgame G(z;).

Example

To illustrate the result, consider the following example of three stage three person
network game with pairwise interactions. On the first stage z; every player i €
N = {1,2,3} choose his behavior b}, namely, n-dimensional vector with offers of
connections with other players. The result of the first stage is a network g(z;). On
the second stage in state z5(g(z1)) which depend from network, chosen on the first
stage, neighbours by network play simultaneously independent bimatrix games to
each other. At the third stage, the players play bimatrix games depending on the
strategies chosen at the previous stage of the game in the state zo. After that, the
players receive their payoffs and the game ends.

To maximize the total payoff, players should compose a complete graph by
choosing the following behaviors at the first stage: bf = (0;1;1), b3 = (1;0;1),
bl = (1;1;0). The following network will be got:

Figure 10. Network on the second stage.

Next, the values of the characteristic function are calculated and the core is
constructed. The following matrices are given. The matrices in the third stage depend
on the strategies chosen by the players in stage 2. If players choose pair of strategies
(1, 1) then they pass to the stage 3 with matrices (1). In other case the play in stage

3 in bimatrix games with payoff matrices (2).
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S Second stage Third stage (1) | Third stage (2)
| (@5 @D) ] (2 (1;3)) (7:1) (3;10>)
(6;4) (5;3) (2;2) (0;3) (8:3) (47)
AN CRRCTN R <1;1>) 3:4) (1 >>
(6;1) (2;2) (5;2) (2;3) (87) (62)
(2.3) (4;7) (51) (1) (3;2) (3;9) (44)
(2;6) (3;5) (1;2) (2;4) (11;0) (5;3)

Tabular 3. Possible payoff matrices at the second and third stages, depending on
the strategies chosen by the players. The first column shows the pair of players

between whom the bimatrix game is taking place.

The following values of the characteristic function are obtained, where v(S; 2, k)

is the value of the characteristic function in the subgame, starting in state z;, on

stage k:
S| v(S521,2) | v(S;21,3) (1) | v(S;21,3) (2)
{1,2} 15 8 13
(1,3} 9 7 15
(2.3) 11 6 12
{1,2,3} 35 21 40

Tabular 4. The values of the characteristic function for the subgame starting at

the position z; and ends on stage k.

S v(S;29,2) | v(S; 22,3) (1) | v(S;29,3) (2)
(1,2} 29 12 24
(1,3} 20 11 29
(2,3} 17 11 23

{1,2,3} 35 21 40

Tabular 5. The values of the characteristic function for the subgame starting at

the position zs.
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The values of the classical characteristic function are calculated by the formula:

S

v(S;21) = giaggujgéijg\s[i:l Ki(us(z1), uns(z1)) + v(S; 22)],

where zp = T'(21;us(21), un\s(21)), us = {ugli € S}, upg = {ui € N\ S}.

S v(S;21) | v(S; 22)
1,2y |28 46
(3 | 24 42
2.3y | 23 40
{1,2,3} 75 75

Tabular 6. Values of characteristic function in multistage game.

Next, the values of the characteristic function are calculated ©(.S; z1) with using

formula (3.5):

28 46 24 7
({12} 21) = Z-0+ 85 + 540 = 45,

24 42 22 3

23 40 23 2

Finally, write values of characteristic functions v(S; z1) calculated by formula

(3.6):
5({12}: 7)) %75 — 46,

_ 42
v({13}; 1) = %75 = 42,

_ 23 1
o({12};2) = 575 = 435,

Now construct analogues of the core C[i(21:5)], C[o(z2;5)] and

C[5(23; S)] using characteristic functions o(z;; S), 7(Z2; S) n 9(Z3; S).
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It is casy to show, that sets C[5(z1;S)], C[(z2; S)] are coincide. The following

systems are obtained:

Clo(z155)]

;

x) + xh > 46
x) + x> 42

1
xh 4+ h > 43§

|71+ xy+ a5 =75
Clo(z3: 9)]

$1+$2224
$1+$3222
$2+$3223

T+ x9 + 23 = 40
\

Let the imputation be chosen z = (30; 20; 25) from set C[T(z1; S)]. As imputation
distribution procedure took 8! = (7;7;17), 8% = (5;6;10), 8% = (5;5; 13). And also

the imputation 2’ will be chosen from set C[3(z3; S)], for example 2’ = (15; 15; 10).

One can get following true inequalities:

\

(14411415 + 15 > 46
14410 + 15 + 10 > 42

1
11+10—|—15—|—10243§
\

Which proves the strongly time consistency of the core C[T(z1; 5)].

Another non-classical approach to defining the characteristic function in network

games with pairwise interaction will be considered in the next chapter.
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Chapter 4

(General form of network games with

pairwise interactions

A multistage non-zero-sum game is considered, which is based on pairwise interac-
tion, i.e. interaction along the edges of the network. The game has a finite number
of stages. At the first stage, a network is formed by the simultaneous choice of
communication vectors, and at subsequent stages, simultaneous non-zero-sum games
take place, the payoffs in which depend on the controls selected at the previous stage,
as well as on the behavior at the current stage. Players, at all stages, except the first,
have the opportunity to modify the network by removing any of their connections.
For the model, the characteristic function is constructed in a non-classical way based
on the calculation of optimal controls. For the case of a single-stage subgame, the
supermodularity of the characteristic function is proved. As a solution, the Shapley
value is considered, a simplification of the formula for calculating the components
of the Shapley value for a given characteristic function is given. Also considered as
a solution is a subset of the core (IDP-core) |7, 38|. Strongly time consistency has

been proven for such a solution.

4.1 The model

Let an abstract space be given Z, and called space of states. On the first stage
in starting state zy € Z, players formed a network g(zg), where players are vertices,

and connections between players are edges. In every following state z; € Z players
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can change the network by removing any connections, after which a non-zero-sum
game ['(z;) with n players takes place on network g(zy).

The rule of network formation g(zp) in the first stage will be determined as
follows. Similar to how it was done in chapter 1, in the initial state z; every player
i € N choose his behavior b;(29) = (b;1(20),---,bin(20)) — n-dimensional vector
with connection offers to other players, with components 0 or 1. Introduce following
notations: M; C N \ i — those players, whom player ¢ € N can offer a connection,
value a; € {0,...,n — 1} is equal to maximal number of connections for player i.
If M; = N\ {i}, player i can offer a connection to all players, and if a; = n — 1,
than player ¢ can support any number of possible connections. Thus, each player
is limited by the number of connections a;, which he can offer, and by set M; of
players, available to create a connection with this player. Thus, at the first stage,
the control y;(29) is a vector with connection offers b;(zp).

Player i chose subset of players ); C M;, with whom he want to crate a
connection.

Than the components of vector b;(2g) defines in following way:

bij(z20) =
’ 0, if j¢ Q;ori=j

under condition

jEN
Condition (4.1) means that the number of possible connections is limited for each
player. It should be noted that |@Q;| < a;. Obviously, the connection can also be
realized only with a player from the subset @);.
Further, it is assumed that the connection ¢j created if and only if b;;(29) =
bii(20) = 1,1. e. i € Q;, j € Q;. Formed connections ¢j form the edges of the
network g(zp), when players are vertices, i. e., if b;; = b;; = 1, than in network g an

edge with end vertices 7 and j appears.
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The set of neighbours for player 7 in network g(zp) notes as N;(g(zp)), i. e.
Ni(g(=0)) = {7 € N\ {i} :4j € g(20)}.

After network formation g(zp) players pass to a state z1(g(zp)), which defines
by network g¢(zp). In state 21(g(z0)) players are given the opportunity to remove
some of the previously established connections, thus rebuilding the network g(zo)
in g(21) and forming new sets of neighbors N;(g(z1)). On network g(z;) plyers play
game ['(z1), which is a simultaneous non-antagonistic game between neighbors on
the network.

So, on the second stage, in the state z; payer i, ¢ = 1, n, choose control y;(z1) =
(bi(21),xi(21)) from set Y;, and this control, unlike the first stage, contains an
additional component x;(z1) of behavior in game I'(z1). Here b;(21) — is a vector

with components 0 or 1, obtained by the following rule:

1, save connection 17,

bij(#1) = o

0, delete connection %7,
i. e. the player in the second stage has the ability to remove the existing connection,
but does not have the ability to create new ones. Component z;(z;) of control
yi(z1) = (bi(21),x;(21)) represents player behavior i in game I'(z1) and is selected

from the set X;(z1), determined in a state 2.

Let y(z1) = (y1(21),---,yn(21)) — is strategy profile in game I'(z1). Payoff of

player i in game I'(z;) signs in this way:

Hi(z1) = Y hi(yi(z1),55(21)),

JENi(g(21))

where g(z1) — network which has arisen as a result of the strategy profile y(z1), which
provides the ability to remove some edges from the network g(zp), and functions
hi(zi(z1),z;(z1)) > 0 given for all players ¢ € N and all pairs ij, i. e. all edges of

network g(z1) and all possible states z € Z.
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Let in state zp_1 € Z in game ['(z;_1) controls (y1(2zk-1),---,Yn(zx_1)) was
chosen by players ¢+ € N . As a result of the choice of these controls, a pass is made
to the state z;, where game I'(2;,) appears, with payoffs h;(x;(z), zi(2x)), depending
on the controls selected in the state z;_1. That is, the state at the next stage of the
game depends on the state at the current stage and on the controls selected at this

stage. Can get mapping T': Z x Y1 x Yo x ... x Y,, = Z by formula

2t =T (zp—1;91(26-1), Y2 (Zk—1)s - - s Yn(2k-1)), k=1,¢ (4.2)

Thus, mapping T" uniquely identifies the state z;, which follows the state zp_1,
provided that the controls y1(zx_1), ¥2(2k-1), - - -, Yn(2x—_1) have been selected.

Next, a multi-stage game is considered G(z), which happens as follows. Game
G(zp) starts in state zp. In state zg a network is being formed g¢(zg), after which
the players enter the state z;. In state z;,_;, kK = 1,¢ — 1 players choose controls
y1(zk-1),y2(2zk-1), - - -, Yn(2k—1), play game TI'(zx_1) and pass to a state
2k = T(zk—1;91(2k-1), Y2(2k-1), - - -, Yn(2k—1)). Game ends on stage ¢ + 1 in state
z¢. Thus, as a result of the choice of controls at each stage of the game, the path is
realized 29, 21, ..., Zk, . - ., 20

State z is called admissible, if there is a sequence of controls and a sequence of
states generated by it zg, 21, ... 2k, k < {, which defines by formula(4.2), such that
2 = 2.

The concept of a strategy in the resulting multistage game is introduced in a
natural way: y;(+), ¢ € N, — as a rule, which to each valid state z of game matches
components b;(z),z;(z) of controls in this state, i. e. choice of connections to be
removed and choice of behavior x;(z) in game I'(2). From the above description it
follows that any strategy profile y(-) = {y1(-),...,yn(-)} uniquely determines the
path in the game, and, consequently, the payoff of each player as the sum of his
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payoffs in games realized along the path:

Z Z hi(yi (), y3 ()

k=1 jeN;(g9(=))

Note that the set of all possible paths in a multistage game G(z) is finite, and,
therefore, the set of all admissible state in game is also finite. Denote this set as
ZCZ.

Let it be assumed that the players choose controls g;(2), i € N, which maximize

their total payoff in game G(z2), 1. e

4
DO Himi(z), - Galz) maXZZH (2, un(z). (4.3)

k=1 ie N k=1 ie N

Strategy profile 4 = (91,...,7,) will be called cooperative behavior in game
G(z), and corresponding to controls g;(z), i € N, trajectory (2o, z1, ..., 2¢) — will
be called cooperative trajectory (zg = Zp).

Single stage game I'(z) is considered in arbitrary state z € Z in cooperative
form and its characteristic function is determined v(z;.5), S C N, for every subset

(coalition) S C N by following rule:

v((; 2) =0,
v({i};2) =0,

o(z: {if}) = hi(Zi(2);Z;(2)) + hi(Z;(2); Zi(2)), if 7 € Ni(g(2)), (4.4)

0, other,

:Z Z hi(zi(2); 2j(2)),

i€S jeN;(g(2))NS
=3 Y ha(@i(2);75(2)),
ieN jeN;(9(z))

where 7;(2),Z;(z) are obtained according to the equality (4.3).



194

Here, unlike works |9, 10|, in which the characteristic function was constructed
as the maximin (lower) value of the game between the coalition S and additional
coalition N \ S, the process of constructing this function is carried out differently.
To calculate the value of the characteristic function, it is necessary to determine the
cooperative behavior in the game G(zy), fix the optimal strategies and then calculate
values of characteristic function v(z;; S), k = 1, ¢, in assumption, that players from
coalition S choose cooperative behavior as a control components.

Next, you should find the characteristic function V(z;;S) of multistage game
G(zr), which starts in state zj, as the sum of the payoffs of the coalitions S along

the cooperative trajectory (y(z0),4(21),--.,9(z)) in £ — k + 1 stages, starts from k:

14

Vi(z 8) =) wv(z:8) =) hi(Zi(2), 2(z)),

12
r=k r=k 1€S jeN,(g(z,))NS

V(S5 20) = v(z; 5).

4.2 Supermodularity v(S;z)

Here the question about supermodularity of characteristic function v(z;.S) will
be considered (see (1.14)).

Theorem 4.1 Characteristic function v(z;S) in game U'(z) is supermodular.

Proof. To prove the theorem, it is necessary to verify the inequality (1.14) for
characteristic function v(z;.S) (4.4). To shorten notation instead of h;(Z;(z), Z;(2))
will be used notation h;(Z;, Z;), and instead of N;(g(z)) — notation IV;. In this case,
this does not contradict logic, since only one stage of the game is considered, and the
behavior, like the set of neighbors, does not change during the stage. The following
inequality holds:

Z( Z hi(Zi, Tj) + Z hi(%;, ;) + Z hi(Zi, &) +

i€X\Y  jEN,N(X\Y) JEN,N(Y\X) JEN;N(XNY)
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+ 3 (> hmna)+ Y h@sa)+ Y hil@n ) +

i€XNY  jeN;N(X\Y) JENN(Y\X) JEN;N(XNY)

+ (Y @)+ Y hmLz)+ Y hi(#,3))) >
ieY\X jeN;N(X\Y) JEN;N(Y\X) JEN;N(XNY)

>N hi@L )Y Y h@E) - Y > hi(@,3). (45)
i€eX jeN;NX i€Y jEN;NY i€XNY jeN;N(XNY)

On the left and right sides of the inequality (4.5) one can see similar terms, namely

Z( Z hi(Zi, Z;) + Z hi(Zi, 7)) +

ieX\Y jeN,N(X\Y) JEN;N(XNY)
+ (Y @)+ > h(@nm) =) > hi(T, ).
1E€XNY  jeN;,N(X\Y) JEN;N(XNY) i€eX jeN;,NX

After reducing them, we get the expression

Y m@nE)+ Y Y hi(@,T) +

i€X\Y jEN,N(Y\X) iEXNY jEN,N(Y\X)
+ Z ( Z hl(f“ﬂ_}]) + Z hi(z;, 53']') + Z hz(fz,f]>) >
iEY\X  jJENN(X\Y) FENN(Y\X) JENN(XNY)
Y Y b Y Y he)
€Y jeN,NY 1€XNY jeN;,N(XNY)

After transferring the negative term from the right side of the inequality to the
left side, we get:

>y hmaa)+ > > hl@Ea)+ Y. > hil@na) +

i€eX\Y jeNN(Y\X) 1€XNY jeN;,N(Y\X) 1eXNY jeN;N(XNY)
+ (> h@mEm) + > hil®,E) +
iEV\X  JENN(X\Y) FENN(Y\X)

+ Z IZ,IJ Z Z hi(Z;, z;).

JEN;N(XNY) €Y jeN;,NY



196

There is a second group of similar terms:

Z Z hi(Ti, T;) + Z Z hi(Zi, Tj) +

i€EXNY jeN,N(Y\X) i€EXNY jEN,N(XNY)
1€eY\X jeN,N(Y\X) JEN,N(XNY) €Y jeN;,nNY

After reducing them, the final inequality looks like this

S>> @)+ Y Y hil(@ ) >0 (4.6)

i€X\Y jEN,N(Y\X) i€V \X jEN,N(X\Y)

Due to the non-negativity of the payoffs h;(Z;,Z;), the last inequality is true.
Thus, we have proved the inequality (1.14), and constructed characteristic function

v(S; 2) in game I'(2) is supermodular.

4.3 The Shapley value

As a cooperative solution of game I'(z) the Shapley value (1.19) will be considered.
Due to the fact that the network can be formed in an arbitrary way, it is not possible
to obtain an explicit simplified form of the formula for the Shapley value components.
However, a simplification of the following form can be made: calculate the difference
v(z;S) —v(2;5 \ {i}). This is possible due to the structure of the characteristic
function (4.4).

Values of characteristic function v(z;5), when i € S:

=3 Y h@ =) @)+ Y i@(2), T (2) Fhy(p(2), Ti(2))]

q€S reNy(g(z))NS pESNN;i(g(2))
(4.7)

Here the first term — these are the payoffs of the players from the coalition S
excluding player 4, and the second term is what the coalition gets (and player i

including), from cooperation with player 1.
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Values of characteristic function v(z; S\ {i}):

o(zS) =) Y he(T(2).7:(2)) (4.8)

q€S reN,(g9(2))NS

Subtracting from (4.7) expression (4.8), the final value of the difference is obtained

o(z8) —o(zS\ (i) = Y (h(@i(2),75(2)) + bj(#5(2), 2:(2))).

JENi(9(2))NS

Substituting the obtained value of the difference into the formula for the compo-

nents of the Shapley value (1.19), its simplified form is obtained

o= 3 WD S (0, 2,0)) + hya,2).202))
SCN,ieS ' JEN;(g(2))NS

ieN. (4.9

Despite the need to calculate the weight coefficient for each coalition, this type
of formula does not require the determination of the characteristic function for all
coalitions S C N. To calculate the value of the component of the Shapley value, it

is enough to know the structure of the network g(z) and strategies of players.

4.4 IDP-core and its strongly time consistency

Denote as M|V (z; 5)] set of all imputations in game G(zp).
Definition 4.1 Function 3; = (87,...,5¢),i € N, is called imputation distribution
procedure (IDP) for & € M[V (zx; 5)] (see [9, 13]), if

14
&=Y B, €N
r=0

As optimality principle will be considered a subset of the core for game G(z;) — an



198

IDP-core (see |7, 38|) Z[V (zx; S)], i. e. such set of IDP, which satisfy conditions

12
Y 52vE) =3 3> h@(z).3(z), SCN, S#N.

ieS r=k i€S jeN;(g(z,))NS

Z@_ N =33 Y k@) ),

where 8; = (8i,..., 8., ..., 3}) satisfy following conditions:

Y BizeEsS) =) > h(@(=),5(=), SCN, (4.10)

€S i€S jeN;(g(zx))NS
N
Z v(E N =D > hi(®i(a), 25(2)- (4.11)
=1 ieN jeN;(g(zr))NN

Let be supposed that all Z[V (zx; S)] # 0.

Definition 4.2 Optimality principle [10] Z]V (Zy; S)] # 0 is strongly time consistent
in game G(Zzy), if

1)ZIV(Z;S)] £ 0, kE=0,¢

2) For every imputation x € Z[V (Zy; S)| there exists such imputation distribution

procedure 8= (Bo, .., ), € = Xy B, that

Zﬁr@l (Zre1; 8] C IV (20;9)], k=0,0.

Here symbol @ means, that ifa € R", B C R", than a ® B={a+b:b € B}.

Proposition 4.1 Optimality principle Z[V (Zo; S)] is strongly time consistent in
game G(Zp).
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Proof. Let some imputation & € Z[V(Zy; S)]. Then following inequality is true

14
=D > Y h(@i(z).7(2), SCN, S#N,

€S r=0 i€S jeN;(g(z-))NS

Zgzo = ZZ Z hz(jz(zr)7jj(zr))

r=0ieN jeN;(g(z))NN

By definition, one can write the division &, as a sum of IDPs:

=SB B eC(z):S), (4.12)

where C(v(Zzx); S) — the core of single-stage game I'(Z},), constructed by characteristic
function v(zx); S).
In a similar way, one can represent an arbitrary imputation

Ekr1 € Z[V (Zrs1; S)] as following sum:

14

1= By By €C(2):8). (4.13)

r=k+1

Took as IDP vector 3 = (B, .., By, Ekﬂ, ..., B,) and construct new vector:

k k 1 14
6= 8n=3 R D AYY S heehae)
r=0 r=0 r=k+1 r=0 i€S jeN;(g(z))NS

Thus, the vector fo is the sum of the components IDP  and arbitrary imputation
Er1 € IV (Ze41:S)]. Vector & € Z[V(%;S)], which proves the strongly time
consistency of the optimality principle Z[V (2y; S)]. Proposition is proved.

Example

Consider the case, with N = 3, ¢ = 3, i. e. the game consists of four stages and
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starts in the state zp. In this state sets M; are given. Remind, that they are sets,

whom player ¢ can offer a connection
My ={2,3}, Mp={1.3}, M;={1,2},
as well as restrictions on the number of connections that each player can support:
a1 =1, ay=1, az3=2.

In state zy players choose vectors of behaviors b;(zy), after that the network g(zg)
is formed and players pass to a state z;. In every state z;, £ > 1 players choose
controls y;(zx) = (bi(zx), xi(2x)), where b;(z;) — vector of regulation of connections

of the player (with values 1 and 0), and x;(z) is equal to
wi(z) = 21(2) € X1 = {21(2), 21(2)},

va(2r) = w2(2) € Xo = {23(2),23(2)},  ws(a) = ws(2) € Xa{w3(2), 35(2)}

I. e. every player ¢ has the same set of control components X; in all state zy.

For all admissible states z;, k& > 1, and all possible strategies payoffs are given
hi(Zi(2r), Z;(2)) in two types: hi(Z;(2,), Z;j(2)) and hi(Zi(2,), Z;(2)).

In state z; the game happens with payoffs h(Z;(z1),Z;(21)). In state z; every
player i € N chose his component of control z;(z1), and if all z;(21) = x}(21), i € N,

then player pass to the state zo, where play game with similar payoffs h;(Z;(22), Z,(22)).
2

If at least one of components x;(21) = x7(21), @ € N, then in state z, players play

game with payoffs h(Z;(22), Z;(22)). The transition to the state is carried out in a

similar way 23: if all 7;(21) = x}(21), ¢ € N, then players pass to a state 23 where
use payoffs h;(Z;(23), T;(23)), if at least one of components x;(z1) = z7(z1), i € N,
— then payoffs will be h(Z;(23), Z;(23)).

Payofts h;(Z;(2), z,(2)):
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of all players:

bg(ZQ) = (1, 1,0)

= (07 07 ]‘)7

bQ(Z())

= (07 07 ]‘)7

b1 (Zo)

As a result, a network is formed, which has the form shown on the figure 11.

Figure 11. Network on the first stage.
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To maximize the overall payoff, it is beneficial for the players to keep in touch
with all neighbors throughout the game, i. e. b;(29) = b;(21) = bi(22) = b;(z3), for

all i € N. The components of controls ;(z) of all players

Ti(n) =i, To(n) =33, T3(21) = a3,

51(23) = x%, fg(Zg) = ZC%, .f’g(Zg) = .iC:lg)

Values of characteristic function v(z;.S) calculate in all states on cooperative
path, except zy, because on the first stage only network is formed and players do

not receive any payofts:

S| {1} {2} | {3} | {12} | {13} | {23} | {123}
v(S;z) 0l oo | 6 | 6 | 10 | 16
v(S;iz)| 00| 0| 14| 12 20 | 32
v(S;z) 00| 0| 14| 12 20 | 32

Tabular 7. Values of characteristic function v(z;.5).

In state z; players choose their controls and, depending on this, they pass into a
new state. In each state, the players have only two alternatives: either, as a result of
the choice of controls, they will play the game I'(z;) with payoffs h;(Z;(2x), Z,(2x))
in the next state, or pass to the state, where the game will take place with payoffs

hi(Zi(zr), Z(2k))-
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Figure 12. Tree of all possible states in game.

Numbers 1 and 2 above arrows (fig. 2) show, what payoffs will be used by players
in the next state: 1 means h;(Z;(2x), Z;(21)), 2 means hj(Z;(2x), Z;(2k))-

Cooperative path (optimal trajectory) in game G(zg): z = (20, 21,23, 23) =
(Zo, 21, 22, 23). The result of calculating characteristic function of multistage game

G(Z())Z

S {1 | {24 ] {3} ] {12} | {13} | {23} | {123}
V(S;z)| 0| 0| 0| 14| 12 | 20 | 32
V(S;z)| 0| 0| 0| 28 | 24 | 40 | 64

V(S;z)| 0| 0| 0| 34 |3 | 5 | 80

Tabular 8. The values of characteristic function for multistage game G(z).

Consider an imputation ¢ € Z[V (2;); S|:

4

r1 2 0,
x9 > 0,
r3 > 0,
y  x1+ 129 > 34,
r1 + x3 > 30,
T9 + x3 > 50,

r1 + x9 + x3 = 80.
\

As IDP B = (B, B1, B2, f3) an imputation of € Z[v(z); 5] is taken, and it is
satisfy conditions (4.12), (4.13), Br =, k=1,2,3;

Po set equal to zero (since the players do not receive payoffs at the first stage - the
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network formation stage), and [ satisfy following system

al + a3 + a3 = 16,
\

By and (B3 — satisfy inequalities, where k = 2, 3:

(

aj > 0,
af >0,
af >0,
{  of+ak>14,
oy +ak > 12,
a§ +O/§ > 20,

ok + ok + o = 32.
\

After summing the left and right sides of the inequalities of the last two systems

with respect to k = 1, 2, 3 the following system is obtained:

¢ > 0,

g2 > 0,

g3 > 0,

\ @1+ G2 = 34,
q1+ g3 = 30,
g2 + 43 > 50,

| @1+ G2+ g3 = 80.
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It is follows from the last inequality, that ¢ € Z[V(Z);S]. In other words, an
imputation from the set Z[V'(Zy); S], can be decomposed by sum of imputations from
sets Z[v(zx); S|,k = 1,2,3, which proves strongly time consistency of optimality
principle Z[V (2y); S].
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CONCLUSION

In the course of the study, the following scientific results were obtained, submitted

to the defense:

1.

For the first time, a cooperative form of network games with pairwise interaction,
a defined characteristic function is described, its properties are investigated, and
cooperative solutions for this class of games are obtained: the core, the Shapley
value, 7-value. The convexity of a two-stage game with pairwise interaction is

proved.

. For a special class of symmetric networks (for a star-network) - a simplified

formula for calculating the components of the Shapley value is obtained, and

conditions for strongly time consistency of the core are obtained.

. For the first time multistage cooperative games with pairwise interaction are

considered. An approach to the definition of the characteristic function is propo-
sed and its properties are investigated. For this class of games, an analogue of

the core is constructed and its strongly time consistency is proved.

. Alternative approaches to the construction of the characteristic function for

games with pairwise interaction are considered. Their advantages and disadvan-

tages are described.

. For non-zero sum games on networks based on games with pairwise interaction,

a new characteristic function is constructed, which has a lower computational
complexity in relation to the classical one, and its supermodularity is proved.

The IDP-core is constructed and its strongly time consistency is proved.
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