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BBenenue

OjiHoiT U3 KJIIOYEBBIX 3ajad9 B 00JaCTH MATePHATOBEICHUS SIBJSICTCS N3T0-
TOBJIEHIE MaTepUaJsIoB ¢ yaydIleHHbIMI cBoiicTBaMu. [Ipu aTom OosibIlioe BHUMamme
yliesIgeTcsd M3YUYeHNI0 TOHKOIJIEHOUYHBIX TMOKPBITHH, MOCKOJBKY CEPbE3HbIE YCIeXH
B pa3paboOTKe W WMCCIEIOBAHNN TAKNX MAaTEPHUaJOB CTAJN KJIOYOM COBPEMEHHOTO
TeXHOJIOrmIecKoro mporpecca [55|. TLiéHouHble MOKPBITHS UCHOIb3YIOTCsI, HAIIPU-
Mep, MPU CO3JAHUU MUKPOIJIEKTPOHHBIX YCTPOUCTB, MUKPOIJEKTPOMEXAHNYECKUX
CUCTEM, ONTUYECKNX TMOKPBITUH, TEKOPATUBHBIX JeTajgeil 1 YIPOIHAIONIX MOKPHI-
THit it nHCTpyMeHTOoB [116]. OqHaKo, HecMOTps Ha 3HAYUTEJIbHBII yCIIeX TpIMeHe-
HUsI TAKUX CTPYKTYP, IpodJieMa pa3pylieHns IJIEHOK, UCITOJIb3YEeMbIX IIPU CO3aHUN
YCTPONCTB MUKPOIJIEKTPOHHON ITPOMBIIIJIEHHOCTH, OCTAETCS aKTYaJIbHOI.

Hanuvane ocTaTouHbIX HAIPSZKEHU B TJIEHKAX, HAHECEHHBIX Ha TMOJJIOKKH, 1
BJINSAHNE HAPSKEHHOTNO COCTOSIHUS Ha paccjanBalne U pacTpecKUBaHme ObLIo 00-
HapPY2KeHbI €lIE Ha 3ape UX MCIOoJb30BaHusd. Mexannuecknue MOBperKIeHUs U3/1e/ni
JaCTO ABJISIOTCA PE3YIBTATOM XPYIIKOTO pa3pyIieHus Win IIacTuueckoii jedpopma-
U, BBHI3BAHHBIX MOBEPXHOCTHBIMU JeDEKTaMI 1 HEOJHOPOIHOCTIMU, KOTOPbIE 00-
pasyioTcd B IPOIecce MPOU3BOACTBA U IKCILTyaTallnnd yCTpoiicTB. TakuM obpazoM,
TEXHOJIOTUs TTPOU3BOJICTBA MUKPO- U HAHOPA3MEPHBIX YCTPONHCTB TpedyeT, YTOObI
Hasin4ane JepeKToB B HUX OBLIO CBEJIEHO K MUHUMYMY, HHaUe UX pabodne XapaKTe-
pUCTUKE OY/IyT HEYIOBJIETBOPUTENIbHBIMIE [55].

OJiH U3 OCHOBHBIX IIPOIIECCOB, BEYINUX K (hDOPMUPOBAHUIO JIe(PEKTOB B TOH-
KOIJIEHOYHBIX ITOKPBITHAX, CBA3AH ¢ MOPQOJOTTIECKON HEYCTONINBOCTHIO, KOTOpasd
IPUBOJIUT K MIEPOXOBATOCTU MOBEPXHOCTHU IIJIEHKU BCJIEJCTBHIE TUMD@PY3UNOHHBIX MTPO-
IeCCOB BO BpEMs BBIDAIMBAHUS WM OT:Kura MI6HKN [15; 16], a Takxke mpu mpy-
rux ¢azoBeix u3Mmenenusx [117; 118]. Kpome Toro, ms-3a paccoryiacoBanusi mmapa-
MEeTPOB KPUCTAJLIMIECKUX PEMIETOK MaTePUAJIOB, B IJIEHOYHOM OKPBITUM BO3HUKA-
10T JIOCTATOYHO OOJIbIINE HAIPSXKEHNUs] HECOOTBETCTBHUSI, KOTOPhIE MOI'YT JOCTUTATH
1-2,5 I'la [57]. Oane n3 Mexamu3MOB NX PeTaKCAINH CBA3aH ¢ BO3HHKHOBEHHEM
JCTIOKAIH BOJTM3M pasjesa «IéHKa — moyiokkay (24|, OnHako, cymecTByoT u
JIpyrue MeXaHu3Mbl: HAIPUMED, Tepepaciipe/ie/ienne aToMOB CBOOOHON MOBEPXHO-

cTn b0 MeK@a3HOi IPaHuIlbl TOCPEICTBOM D@ Y3UOHHBIX TTPOIeccoB. B oTm-



Pucynok 1 — [I9M —u3obpazkeHnus 1momepedHoro ceueHmst
wiénkn Sig78Gegoe Tommuuoi 50 M (A),

V —obpasusiit gedekt (B), knunosuaneiit gedexr (C) [57;113]

que 0T MaKpOMAaCHITaOHBIX MaTepPHaJioB, B TOHKOILIEHOUHBIX MOKPBITUAX — CTPYK-
Typax ¢ OYeHb MaJIbIMU JINHEITHBIMU pa3MepaMi, BLICOKUMU HAIIPSYKEHUSIMU U TEM-
neparypamMu — JndQy3noHHbIE MTPOIECCHl OKA3LIBAIOT CYIIECTBEHHOE BJIUSHUE HA
9BOJIIOINIO TTOBEpXHOCTH cucTeMbl [55]. eiictrre nnddysun 3akmodaeTcst B mepe-
MeIIeHUN [TOBEPXHOCTHBIX aTOMOB, MOJIEKYJI M KJIACTEPOB, UTO MOXKET MPUBOJUTH
K M3MeHeHnIo pesbeda nmoepxuocTu. [lepoxoBaTocTh TOBEPXHOCTH U HAIPSXKEHUST
HECOOTBETCTBU IIPUBOJIAT K BOSHUKHOBEHUIO KOHIIEHTPAIUU HAllpszKeHUil, n3-3a Je-
ro BO BIaJIMHAX MOTYT 00pa30oBbIBaThcsd MuUKporpemunbl. Ha Puc. 1 nmpencrapieno
I0JIy YeHHOE MEeTOJIOM TIPOCBeUnBaroIeil 3/1eKTpoHHoi Mukpockonuu (IT9M) uzobpa-
JKeHHe IJIEHOYHOTO MOKphITust [57; 113], neMorcTpupytoiee 3apoxkierne 1eheKToB.

HeoOxomMo OTMETHTB, 9TO CYIIECTBYIOT W TOJOXKUTEIHHBIE CTOPOHDLI BOJI-
HOOOPA30BaHUS ITOBEPXHOCTH TBEPJILIX Tejl. [IlepoxoBaTocTh, BOZHUKAIONIAS Ha I10-

BEPXHOCTAX W IPAHUIAX HAHOCTPYKTYD, ABIAeTCA (PyHIaMeHTAJIbHON B psijie MPH-



Pucynok 2 — C9OM —uzobparkenune HaHOCTPYKTYp Zn(), N3roTOBJIEHHBIX HA
HEPOBHOII [IOBEPXHOCTH CBETOJMO/IA, BKJIFOUAsT MeTaJLINIecKuil 3/1ekTpos (A);

pesibed nosepxuocTy wieHKu ZnO Ha noioxkke InyOsSn (B) [87]

KJIaHbIX 3aja4d. Tak, Halpumep, pesbed IMOBEPXHOCTH OKa3bIBaeT CYLIECTBEHHOE
BJIMsTHAE Ha AHTHOJIMKOBBIE CBOHCTBa ONTHYECKUX yCTpoiicTB [77]. @opMuposaHue
pesibedba MOBEPXHOCTH MOXKET OBITH MCITOJIb30BAaHO MPHU ITPOM3BOJICTBE KBAHTOBBIX
TogeK [29;57], 0b1aIal0nX YHIKAIbHBIME 3JIEKTPUIECKUMI U ONTHIECKUME CBOIi-
crBaMu. JlaHHBIE CTPYKTYPBI SIBJIAIOTCS OCHOBOI JIJIsT pa3padOTKU MHOXKECTBa HO-
BBIX MUKPOJIEKTPOHHBIX YCTPOHCTB, TAKMX KaK OJIHO3JIEKTPOHHbIE TPaH3UCTOPHI,
KBaHTOBBIE IOJIYIIPOBOJHUKOBBIE JIA3€PbI, CBETOAUOBI U (DOTOIIEKTPUUIECKUE dJIe-
MeHTHl [43] (Ha Puc. 2 mpemcraBieHo MOJIYyUEHHOE METOJOM CKAHUPYIOIIEH 9JIeK-
TponHoit MuKkpockoriu (COM) nzobpazkenune rodprupoOBAHHOI TOBEPXHOCTH TTOKPbI-
THS CBETO/INO/IA, obecednBaroIieil yydientbiii BbiBoj ceta). [Ipu usrorosiernn
rUOKOI 9JIEKTPOHUKH ITOCPEJICTBOM CIENUATBHBIX METOI0B (DOPMUPYIOT OIIPeIeIEH-
HBIl peibed Ha TTOBEPXHOCTH OCHOBAHUS, JIJI YJIYUIIeHUs CIEI/IEHUsT KOMIIOHEHTOB
cxem [97; 144]. Bo3MoKHOCTB ympaBisiTh POCTOM peJibeda MOBEPXHOCTH TT03BOJISI-
eT co3J/ilaBaTh TI'UJPOMOOHBIE TTOKPBITHS, MOJYYUBIINE CETOJHS ITUPOKOE MPUMEHe-
HUEe B MalllMHOCTpoeHun u crpouresiberse [121]. [Ipu npoussojcree Gromarepua-
JIOB HEOOXOIUMO YUINTBIBATH, YTO MIUKPOPEJIbed IOBEPXHOCTU UI'PAeT BaXKHYIO POJIb
B OIIpeJIeJICHNH KJIETOYHOM aJIre3un, BJIusisi TaKUM 00pa3oM Ha OMOCOBMECTHMOCTH
MaTepuaJjoB. B HacTosiiee BpeMst 0coOblii MHTEPEC MPEJ/ICTABIAIOT TaKyKe MMILIaH-
TAITMOHHbBIE TIOKPBITUS, KOTOPbIE 38 CYET 33 JAHHON CITeNNaIbHBIMI METO/IaMU MIE€PO-
XOBATOCTHU MMO3UTUBHO CKa3bIBAIOTCS Ha IMPUKPEIJICHUN W JaJIbHeiIneM HapacTaHun

kietok [120]. Takum obpazom, mpobriemMa caMOOPraHU3aAINN TOBEPXHOCTH TBEP/IBIX



TeJI U IJIEHOYHBIX IOKPBITHUI IIpeJCTaB/IsieT KaK IMPaKTUIeCKNii, TaK u (PyHIaMeH-
TaJILHLIA UHTEpecC.

Cy1ecTByeT JiBa OCHOBHBIX ITOJIXOJIA JIJIsl OIIMCAHUST TEPMOJIMHAMUKHI TTOBEPX-
HOCTHBIX sBJIeHUIl: nuddy3ubIil nuTepdeiic n «peskasi» rpanuna. Mues o Tom, 4To
MerK(as3HbIil CJI0I IMeeT HeHYJIEBYIO TOJIIIIUHY, T.€. siBjsgeTcss Juddy3HbIM, UCIIOb-
3yeTcsl B TEOPUU HEPABHOBECHBIX (a30BBIX 1epexojioB Kana— Xwutapja. ['pannib!
IIPOMEYKYTOYHOM a3bl 3a/1al0T B 00/1aCTIX, B KOTOPLIX IJIOTHOCTH KaXKJI0N CpeJibl
COBIIQ/IAET C IIJIOTHOCTBIO ONPEJICJCHHON Ha OOIBIIOM YIAJEHUN OT I'PAHUIIBI pa3jie-
Ja. Ypasaenus Kamna— Xwuamapga UCHOJIb3YIOTCA TPU MOJETUPOBAHIN PA3JTITIHBIX
IPOIECCOB: CIMHOIAIBHOTO pactiaia [36;102], kpucrammsanuu [98], pocra n yKpyTi-
nenust 3épen [42; 145]. Kpome toro, reopusi Kana—Xujiapyia Halia npuMeHeHne
B MeJIUIINHE [IPU MOJIeInpoBannu pocta omyxon |79;146], a takxke B rpaduke npu
BOCCTAHOBJICHIN TTOBPEKJIEHHBIX OMHAPHBIX m300pakenuii [35; 136]. Takxke apyrue
npumenenns mojen Kana— Xuniap/a npejcrasienst B [86]. Oprako 6ostee mpocToii
IIO/IXOJ1 CJIEJIYeT 13 TePMOJMHAMUKH oBepxHocTH ['u66ca [58|, KoTopblil pecraBu
IpaHuIly pasjieia KakK cJI0il ¢ HyJIeBOil TOJIIIHOM, T.e. KaK «Pe3Kyioy IpaHuiry. Maj-
sima3 1 Cekepka ¢ UCIOJIb30BaHIeM TePMOINHAMIYIeCKOro moxoa ['nboca nccieno-
BaJin (peHoMeH MOP(OJIOrTIECKON HEYCTONUYNBOCTH TOBEPXHOCTEH TBEP/IBIX TEJT 01
neiicrBuem nosepxHoctHoit quddysun [107;108; 124]. B ux pabdorax paccmarpuba-
JIOCh MCKPUBJIEHE CBOOOJHBIX 1 MeyK(a3HbIX [TOBEPXHOCTEIl, CBA3aHHOE C U3MEeHe-
HIIEM XUMUYECKOro MOTEHIINAa/a BJI0JIbL HUX BO BPEMs POCTa MOHO- U TTOJIMKPUCTAJI-
J0B. IIpn 3TOM rpajimeHT XUMHUYEeCKOro MOTEHINAaIa, BhI3bIBAIONINI MaccollepeHoc,
OBbLIT CBSI3aH € KPUBU3HOI CBOOOIHOIM /MexKbaszHoil moepxHocTu. Mosens mMopdo-
Jjormdeckoil HeycroiunBocTn Masinaza— Cekepku Hallljia NpUMEHeHHe B pa3jind-
HBIX OOJ1acTssX Haykn. B paborax [112; 148] 661 mpeioyKen MOIX0 L, [T OTUCAHMUST
porecca MPOHNKHOBEHHsT PACIIABJICHHOTO KeJie3a (sApa 3eMJIi) B MaHTHUIO, [PU-
BOJIAIIETO K aHOMAJIbHBIM Meo(bU3MIeCKUM siBjieHusIM. Vlceie1oBasioch pa3pyiienne
SPUTPOIUTOB BCJICJCTBIE MEXaHIIECKOIO B3aNMOJEHCTBHUSA ¢ pacTYIINMU KPUCTaJ-
JaMu JibJa 1pu 3amopakuBanuu [80]. AHasorndHo MexaHU3My MOPQOIOrUIECKOi
neycroituusoct Masimmusa— Cekepku, B uccsegoatnu [119] npejyioxkena Mojiesib
JITsl OIUCAHNS HEYCTONYNBOCTH SMUTEINATbHON TKAHU IIPU POCTE OMyXOJIn. Takke
ObLINM TIPEJIIIPUHATHI IOIBITKNA CBS3aTh MEXaHU3M pOCTa BeTBeil jiepeBbeB ¢ (hop-

MUPOBAHKIEM CJIOXKHBIX CTPYKTYD IpH pocte Kpuctasios [53]. Cregyer orMeTuTh,



YTO PE3YJIbTATHI, MOJIyUIEHHBIE ¢ UCIOIb30BaHNeM Mojean Juddy3HON U «Pe3Koit»
I'PaHUIBl Pasjesia, XOPOIIo CONIACYIOTCs, KOrJla TOJIIIIHA TOBEPXHOCTHOIO CJIOSA B
mogte i indy3Hoit rpaHuIipl crpemMuTest K Hyso [99; 137].

Mopdosornyueckass HEYCTOHIMBOCTb B TBEPJBIX TeJaX MOYKET BO3HUKATH HE
TOJIBKO B TIporiecce ¢a3oBoro mpespaiienns. Vcroyib3yst Mojiesib «pe3Koii» TpaHu-
bl pasjena, Asapo n Twumwiep [30] obHADY KN, YTO TTOBEPXHOCTH TBEPJIOrO Tea,
10/IBEPYKEHHOI'0 OJIHOOCHOMY HaI'PYZKEHUIO, HEYCTONIMBa 110 OTHOIEHUIO K Juddy-
3MOHHBIM BO3MYIIEHISAM C JJIMHAME BOJIH, IPEBBIIIAIOIINMEI HEKOTOPOE KPUTHIECKOEe
3uadenne. [Ipu 3ToM 1MOTOK aTOMOB CUMTAJICS HMPOIOPIMOHAIBLHBIM I'PAJUCHTY XIi-
MUYIECKOTO MTOTEHIAJIa BJIOJIb ITOBEPXHOCTH. AHAJOTUIHBIN Pe3yJibTaT ObLI 11037Ke
nezapucumo nosyder ['pundensiom [69] u Cpososuiiem [133|. Hekoropbie Teope-
TUYECKIE PE3Y/IbTAaThl OTHOCUTE/IBHO YIIPYTOi dHEePrun JeopMaIiii, BbI3bIBaIOIIEei
MOPGOJOrTIECKy 0 HEYCTONINBOCTh MOBEPXHOCTU TeJIa, ObLIN MOITBEPK/ICHBI IKC-
nepuMeHTaIbHO. B pabore Topun u Bamubap [139] 6bL1a poBejieHa cepust SKCIep-
MEHTOB C HEI'MJIPOCTATUIECKH HAIPSZKEHHBIM KprcTa oM rejiust. OHu 0OHADYKIJIN,
YTO TIPU HAIIPSIZKEHUSIX, ITPEBBIIIAOIIIX HEKOTOPOe KPUTHIECKOe 3HaUYeHne, Ha I0-
BEPXHOCTH KPHUCTAJLIa 00pa3yroTcsa OOJbIIne KaHABKU. AHAJIOTMIHOE HAOJIIOIEeHNe
ObLIO cliesiano Beppexapom [32], KoTopblil 110Ka3a/1, 4TO MPH MPOJIOJIbHBIX HAIPSI-
JKEHUSIX, JICHCTBYIONIMX B TBEPJOM TeJIe ¢ IJIEHOYHBIM MOKPBITHEM, HA TTOBEPXHOCTH
IJIEHKN 00Pa3yioTcst KaHABKN WJIM KBA3UIIEPUOANIECKNE TPEIIUHBI. DKCIIEePUMEHThHI
TaKKe CBUJIETEJIbCTBYIOT O TOM, 9TO HAPsILy CO CJIaboil BOJHUCTOCTHIO [147], BO3MOXK-
HO 0Opa30BaHie OCTPLIX BBICTYIOB U BlajuH [83], & B HEKOTOPBIX CJIydasiX ILJIEHKA
MOZKeT pactajiarbest Ha octpoBku [50] (Puc. 3 qemoncTpupyer ob6pasoBaHie 0CTPOB-
KOB IIpu JytuTebHoM orkure [57;113]). Jpyrue pesysbrarbl 9KCIEPUMEHTAIbHBIX
UCCJIeIOBaHUT, TOCBANIEHHBIX (DOPMUPOBAHUIO PeJibedha TOBEPXHOCTH TOHKOILICHOY-
HBIX IIOKPBITHIT, MOI'YT OBITH HaiijieHbl B paborax Ilanuna, Ilyryposa, BerexTuna n
ap. |7;33;115].

B opurunasmsroit mogesn Aszapo—Tusnepa—I'pundensna (ATT) rpaguent
XUMUYIECKOI'0 TOTeHInaa ObLI CBSI3aH ¢ U3MEHeHHeM KPUBU3HBI U YIIPYTOil SHep-
run jiepopMaIy BJI0JIb UCKPUBIEHHOI 1ToBepxHOCTH. OTHAKO, CYIIECTBYIOT U JPY-
rue (paKTOpbI, BIUAIONINE Ha SBOJIONUI (POPMbI CBOOOIHBIX /MEK(Ma3HBIX TI'Da-
HUI, B TBEPJBIX Tejnax. Mopdosorudeckass HEYCTOWYNBOCTH MOBEPXHOCTHU, Bbi-

3BaHHAsI 9JIEKTPOCTATHIECKIMU CUJIAMIE, HCCefoBaiack B paborax [39;47;70|. B



Pucynok 3 — II9M — n306parkenus nomepevHoro ceueHus MIEHKN Sig 7sGep 22
tosuaoi 50 M mocse orkura npu 800 °C B Tedenue 20 munyT (A)

u B Tevyenne 1 gaca (B) [57;113]

[59; 60; 88] 6bL1a paszpaborana TeopeTndeckas MOJIE/b, OMUCHIBAIOIIAsT MOP(OJIOrU-
JeCKYI0 HEYCTONYINBOCTD I'PaHUIIBI COCIMHEHUs ABYX MaTEpPUaJIOB IIPU COBMECTHOM
JIEMCTBUN JIEKTPUIECKOTO TOKa U MEXaHWIECKNX HAITPAXKEHU, BOZHUKAIONINX M3~
3a UCKPUBJEeHUsl MexKdas3Hoil rpanuipl. Takke 1mcciae0BaaoCh BIMSIHAE CMadnBa-
FOITEro CJIOsi Ha MOP(QOJIONHYECKY0 HEYCTONUNBOCTD MJIEHOYHOrO MOKpbITust |[123].
B patorax [5;8;11;114;129] moMmumo MacconepeHoca BIOJIb MOBEPXHOCTH YIUThIBA-
JIOCh BJIMsTHUE O0ObEMHON M dy31n, CBI3aHHON ¢ KaIMJLISPHBIM 5 (MEKTOM, POJIb
KOTOPOIi BO3pacTaeT IIPU BBICOKUX TeMIlepaTypax.

Ha ceroppgammuii jenp paszpaboTaHO MHOXKECTBO IIOJIXOJIOB, PACHINPSIONIIX
ATT —mozenb Jijist ommcanusi 9BOJIONNN  pesibeda  CBOOOIHBIX /MeKMAZHBIX 110~
BEPXHOCTEHl B TBEPJIBIX TeJlaX € IIyCTOTaMU W MHUKPOKaHaJaMW, HEOTHOPOIHOCTSI-
MU IIJIMHJIPUIECKON 1 chepuieckoil (popMbl, I'eTepPOreHHBIMUA CUCTEMAMU PO —
000JI09Ka, MOHO- 1 MHOTOCJIONHBIMU TLJIEHOYHBIME MOKpbITUsiMu [28;40;41;49;54; 56;
85;130]. HeycToiitnBoCTh KOrEpEHTHBIX IPAHUIL COCJIMHEHNST MATEPUATIOB 00CY XK Ta-
Jach B [25-27;68;84]. O630p Apyrux nccae0BaHmil 1O 9TOi TeMaTHKe MPeCTaB/IeH
B [71]. OHaKO0, B GOJILIIMHCTBE EPEYNCIeHHbIX Bbillle pAbOT BINSHIEM [TOBEPXHOCT-
HOI 1 MexK(a3Hol ynpyrocTu npenedperagoch, Tak Kak CUNTaJI0Ch, 9TO OHO MaJo
10 CPaBHEHUIO ¢ OOBEMHBIM YIIPYIHM IOBejleHneM. TeM He MeHee, B HAHOCTPYK-

TYPUPOBaHHBIX MaTe€pHaJlaX OTHOIICHNE ITOBEPXHOCTHOCTU K O6rbéMy yBEJIIM49I1UBaCT-
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Cd, B CBSI3W C UeM BO3pacTaeT BJIMsSIHUE IOBEPXHOCTHBIX U MerK(a3HbIX HaIpsizKe-
muit [11;37;52;65;89;95;109;110].

Uccnemoanus B 06/1acT MOBEPXHOCTHON U MeK(a3HO yIIPYTOCTH ITPUBJIEK-
JIN 3HAYUTETbHOE BHUMAHUE B TTOC/IETHIE TO/IbI N3-3a PACTYIIET0 YUCIa NHKEHEPHBIX
IPUJIOYKEHNH, CBA3aHHBIX ¢ HAHOPa3MEePHBIMI CTPYKTYpPaMU, TAKIMI KaK TOTIOJIOTH-
YecKue 3JIeMEHThI MHTEerpaJibHbIX CXeM, KBaHTOBBIE TOUYKHU, ITOPUCTHIE TTOJIYITPOBO/I-
nuku. /s n3ydenus Bausnnus cBOOOJIHBIX U MeXK(a3HbIX MOBEPXHOCTEN B TBEPIHIX
TeslaX pa3paboTaH psiJ MATEMATUIECKUX I10JIX0JI0B.

Xeppunr n HlarTaBopT ycTaHOBUIN SIBHYIO CBA3L MEXK/Ty TOBEPXHOCTHLIM Ha-
NPsIZKEHUEM 1 TTIOBEPXHOCTHOM SHEPTHil, IPU 3TOM Ppa3HOCTh BEJIUYNH STUX XapaKTe-
PUCTHUK paBHa M3MEHEHUIO TTOBEPXHOCTHON SHEPTUH, CBIA3aHHOMY € YIPYToil gedop-
marnneit mopepxuoctu. B psiyie pabor [1;4;9; 38| npeamosaranock, 9To Takue u3MeHe-
HIs OYeHb MaJIbl, U TIOBEPXHOCTHOE HAITPSZKEHNE TPUPABHUBAJIOCH K TOBEPXHOCTHOIT
sHeprun. st yaéra yupyroro aedopMupoBaHus CBOOOIHBIX U MexK(a3HbIX I10BEPX-
wocreit, [éprun u Mépaok [73; 74| npeiokuin MojeImpoBaTh MOBEPXHOCTL TBEP-
JIOTO Tejia KaK yIpyrylo MeMOpaHy, aealbHO CBI3aHHYIO ¢ 00bEMHON dazoit. [Ipn
9TOM B Ka9eCTBE TTOBEPXHOCTHLIX HAIPSYKEHN TPUHUMAJIICH HAITPSYKEH NS, JIeHCTBY-
rorue B MeMbpane. Pesyiibrarst, nosyuentbie B [105] Ha ocHOBe HeIPEPbIBHOI MOj1e-
JI, BKJIIOYAIOIIEN ompe/iesionue cooTHotenns [ €pruna — Mépoka, cpaBHUBaAINCD
C pesyJbTaTaMi MOJIEKYJISIPHOIO MojiejinpoBanusi. [Ipu 3ToM ObLIO IIOKA3aHO, UTO
oba 10/1x0j1a XopoIo coryacytorcs. 1Tozxke monesnb I'épruna—Meépjoka Oblia pac-
mpena [Itermanom u OriaHoM, KOTOPBIE VUM BJIUSIHAE YKECTKOCTH TOBEPXHOCTH
wa u3ru6 [134; 135]. Tlpu pemenun 3aja4u 0 MI0CKO# JlehopMaliui rereporeHHoi
cTpyKTyphl Benpenncre n Mujiox paccmarpuba/in MexkKdasHyo 00/1acTh KaK TOHKUI
M30THYTBIN YIIPYIUil CJI0il, CBOMICTBA KOTOPOI'O OTINYAIOTCA OT OCHOBHBIX MaTepua-
708 [31]. Tak:ke oHu 1OKa3a/IM, YTO PU YMEHBIIIEHU TOJIIUHBI Me?K(BA3ZHOrO CJI0sT
UX TOJIXOJT JIAE€T Te »Ke pe3yJIbTaThbl, YTO U MPU HUCIOJb30BaHnn Mojeneit [€pruma —
Méppnoka un Illtermanna—Oraena. pyrue moaxonbl Jisd yaéTa BJIUSHUS ITOBEPX-
HOCTHOIT 1 MezkasHoit yrpyroctn MoyKHO HaiiTi B [38;48; 101;128|. Onako, B cuty
cBOeil TPoCTOTHI, MOJIes b [ €pruHa — Mépioka ocTaéres ojiHoit 13 Haubosiee MIUpPoOKoO
PUMEHSIEMbIX MOJIEJIEl,OIICHIBAIOIINX BIUSHIE TOBEPXHOCTU Ha 00IIee MOoBeIeHne

TBEPJIOTO TeJIa.
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Tax, momens I'épruna— Meépaoka ycrenno npuMeHsercsd i n3ydennsd BJId-
AHUA TTOBEPXHOCTHON / MerK@aszHOoil yIIPpYrocTn Ha MeXaHUUIeCKne CBOCTBa HaHOPAa3-
MEPHBIX TBEPJBIX TeJ U HAHOCTPYKTYPHPOBAHHBIX Marepuajon [23; 34;45;61; 63;
66; 127]. O630p wuccaemoBanuii mo sroit Teme mpejctasien B [51;81;82; 106; 143].
B [72;75;76;103| 6puin paspaboTaHbl T€OPETHIECKIE MOIXObI sl OIICAHUS TIe-
pPecTpoiiki ¢BOOOJIHBIX U Me¥K(a3HbIX TOBEPXHOCTEN TBEPJIOrO TeJa, IIPU 3TOM pac-
CMaTPUBAJIOCH COBMECTHOe JieficTBue Juddy3un u yupyroe B3anMojeficTBIE MeXK Ty
0OBEMHBIMU hasaMil 1 CBOOOIHBIME / Me2K(Da3HBIMUI [TOBEPXHOCTSIMU.

B nmanHOil pabore Tak:Ke paccMaTpUBACTCA I1€PeCTPOiiKa CBOOOJHBIX U
MeK@as3HbIX ITOBEPXHOCTEH, OJHAKO B OTJMYME OT BBINIEIEPEUYNCICHHBIX paboT,
3/1eCh TPOBOJIUTCA aHAJIN3 MOPQOJOTMIECKO YCTONINBOCTH Ha OCHOBE MOJIE/N
Azapo—Twunnepa—I'pundenpaa. Ilpn sToM ¢ ucnoab30BaHUEM COOTHOIIEHUI
[épruna—Mépyoka Oyjer y9IuThIBaTHCSI H3MEHEHHE [TOBEPXHOCTHOI /MexKbasHOi
SHEPIUu, CBsI3aHHOE ¢ jedopMmaliieil MaTepuaJioB. JTO MO3BOJUT ITPOAHAJIU3UPO-
BaTh, TOMUMO JIPYTUX TapaMeTPOB, BJIUSHUE YIPYTUX MOCTOSHHDBIX, XapaKTePU3YIO-
X MEeXaHIMIeCKoe MOBe/IeHIe CBOOOTHBIX / MeK(DA3HBIX MOBEPXHOCTEN.

AKTyaJbHOCTH TEMBI

DKCIepUMEHTaJIbHbIE JAaHHbIE CBUJIETEILCTBYIOT OT TOM, 4TO €Ié Ha CTaIuu
U3rOTOBJIEHUS TIJIEHOYHBIX MOKPBITUN Ha WX CBOOOJHBIX U MeyK(a3HbIX OBEPXHO-
CTSIX MOT'YT OOPa30BbIBATHCS IIEPOXOBATOCTHU, SBOJIOIMOHUPYIONINE [IPH JaJibHeil-
1ieit SKCIIyaTalun yCTpoiicTB, YTO HEraTUBHO CKAa3bIBACTCS Ha CPOKAX CJIYKOBI ITPU-
6opoB. Takum obpazom, nccjeoBaHe TOBEPXHOCTEN pasjiesa JBYX MaTephaJioB 1
CBODOJTHBIX MOBEPXHOCTEN CJIOUCTHIX CTPYKTYP SIBISETCA BayKHON TEXHOJIOTMYIECKON
3astadeil. CTOUT OTMETUTh, 9TO B OOJIBIIMHCTBE TEOPETUYECKUX PabOT, HAIIPaBJIEH-
HBIX Ha, M3Yy4YeHHe Ipoliecca (OPMUPOBAHUS TTOBEPXHOCTHBIX CTPYKTYD B TBEPIBIX
TeJlaX W CJIOUCTBIX CTPYKTYpax, BJIUIHUEM MOBEPXHOCTHON YIIPYTOCTH IpeHeOpera-
JIA, TTOCKOJIbKY OHO CUHUTAJOCh OTHOCUTETHLHO MAJBIM IO CPABHEHUIO C OOBLEMHDBIM
VIPYI'UM IIOBeJieHreM. B To »Ke BpeMst MHOTOUNCJ/IEHHbIE SKCIIEPUMEHTAJIbHbIE U T€O-
peTUYecKre Pe3ybTaThl MOKa3bIBAIOT, YTO BJIMAHIE TOBEPXHOCTHBIX HAITPSAXKEHUI
CTAHOBUTCS CYIIECTBEHHLIM B MeXaHUKe HAHOPA3MEPHBIX MaTepHaJIoB.

Iless paboThl 1 3aga49n

OcHoBHasI 1Ie/Ib UCCJIEJIOBAHUS — Ha OCHOBE COOTHOIIEHHUIl TepMOJIMHAMUIKN

U TEOPUU YIPYTOCTH pa3padoTaTh U MPOAHAIU3UPOBATH MaTeMaTUIECCKUE MOJIEJIN
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MOP@OJIOrMIEeCcKOil HeyCTONINBOCTH CBOOOIHBIX U MexK(Pa3HbBIX IIOBEPXHOCTEN TBEP-

JAbIX TEJI U IIJIEHOYHBIX HOKprTI/IfI.

B kadecTBe 0CHOBHBIX 3aJa9 MO2KHO BBIIAEJIUTDL CJICAYIOIIHEC:

BoiBecTn 3BOTIONNOHHBIE YpaBHEHUs, OMUCHIBAIONINE KUHETUKY Pa3BUTHS
pesbeda cBOOOTHON TOBEPXHOCTH TBEPJIOTO Teja U IIEHOYHOIO MOKPBITHS,
a TaKKe I'PaHUIbl COeJIMHEHUST MaTepuaJsoB 1pu Juddy3MOHHOM MaCcCoIe-
peHoce BJI0JIb PACCMaTPUBAEMBIX TOBEPXHOCTEI].

[TomyanTs ycoBus TepMOINHAMUYECKON YCTOMYMBOCTU TTOBEPXHOCTH PaC-
CMATPUBAEMBIX CHCTEM W OIPEJIENTH COOTBETCTBYIONINE UM KPUTHUIECKIE
3HAUYEHUs pa3Mepa TOMOJOINYeCKNX JeEeKTOB.

Uccnenosath BausgHne (hU3NIECKUX U T€OMETPUIECKUX MTapaMeTpPOB 3a1aun

Ha POCT pesibeda CBOOOTHBIX U MexK(Ma3HbIX MOBEPXHOCTEI!.

OcHoBHBIE IIOJIO2KEHUs, BbIHOCMMbIE€ Ha 3allluTy

Mojiens Mopdosiornieckoii HeyCTONINBOCTH TTOBEPXHOCTH MHOT'OCJIONHOTO
IJIEHOYHOTO TIOKPBITUS TIPU MOBEPXHOCTHON UM PYy3un ¢ yIETOM MOCTOAH-
HBIX [TOBEPXHOCTHBIX HaIIPAZKCHUIL.

Mojiesib MopdoJIOruYecKoil HeyCTONUYMBOCTI HAHOCTPYKTYPUPOBAHHOM I10-
BEPXHOCTH TBEPJIOIO TeJIa TP IOBEPXHOCTHOI Jndpy3un ¢ yIEToM MoBEPX-
HOCTHOH yIPYIOCTH.

Mogenb MOpdoIOrnIecKoil HEYCTONINBOCTH MOBEPXHOCTH YJILTPATOHKOTO
MJIEHOYHOTO MOKPBITUS TTPW TOBEPXHOCTHONH JndDy3un ¢ yIETOM OBEPX-
HOCTHOI 1 MeK(as3HOll YIIPYrocTH.

Moiesib MOpdoJiornuecKkoil HeyCTOMINBOCTI HAHOCTPYKTYPUPOBAHHOI I'pa-
HUIBI COEJIMHEHNUS JIBYX MaTepPUAJIOB IPHU MOBEPXHOCTHON T dy3un ¢ yueé-

TOM MeK(as3HOM YIIPYrocTH.

MeTtoapl nccjieJ0BaHUS

HpeﬂﬂaraeMble METOAbI 1 IIOJAXOJbI K U3YYCHNIO BJIMAHNUA IIOBEPXHOCTHOI'O Ha-

HpsI?KeHUsT Ha 00pa30BaHUe IMOBEPXHOCTHBIX J1e(DEeKTOB TBEPIBIX T€JI U TOHKOILIE-

HOYHBIX HOKprTI/IfI CBA3aHbI C ITIOCTPOECHUEM AaHAJIMTUIECCKOI'O pPEIICHUA COHpH?KéH—

HOIt 3aJJa91 MEXaHUKN 1 TEPMOANHAMUKN. B JaHHOM IIPOEKTE YIUTBIBaAE€TCs BJIMAHNE

MOBEPXHOCTHOMN yIIPYTrOCTH Ha OCHOBe cooTHoIenunit [€pruna— Mépjoka. Takum o0-

pa3oM, paszpaboTaHbl HOBbIE MaTeMaTUIeCKHIE MOJIEJIN, OIUCHIBAIOIINE IIPOIECC IBO-

JIIOTIU CBOOOJTHOMN MTOBEPXHOCTU TBEPJBIX TeJI, IJICHOUHBIX MOKPBITUI W T'DAHUIIBI
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coeJnHeHns MaTepuasoB. [Ipu BeBoie MnddepernmaabHOro ypaBHeHsd M3MeHeH st
pesibeba TTOBEPXHOCTH MCIIOJIb3YETCs TepMOJnHaMuIecKnii mojixo 1 ['uboca, Teopus
MOBEPXHOCTHON 1 OOBEMHON yIPYyTrOoCTH, METOJ BO3MYIIEHU, MaTeMaTUIeCKUil al-
napar Teopuu (QYHKIUI KOMILIEKCHOT'O MIepeMeHHOro u JnddepeHmaibHbIX yPaB-
HeHuii. YucieHHbIe pe3y/IbTaThl OJIYYeHbl B IpOrpaMMHOM KoMmiutekce Maple. s
BU3yaJIM3aluN pe3yJIbTaTOB UCIIoJIb3oBaJiach oubsmmoreka Matplotlib s3pika Python.
Hayunas HoBusHa
e DBriepBble IIpu aHaI3e TEPMOJIMHAMUYECKON HEYCTONIMBOCTH CBOOOJIHOI 110~
BEPXHOCTHU TIJIEHOYHOT'O TIOKPBITUSI U TPAHUIBI pa3jena JIBYyX MaTephaJioB
YVUTEHO BJIMsIHIE YIIPYTUX CBOWCTB CBOOOTHBIX U MEXK(PA3HBIX MMOBEPXHOCTEI.
e llcciienoBano BiusgHUe MOBEPXHOCTHON MU Py3un Ha SBOJIONUIO HAHO-
CTPYKTYPHUPOBAHHON TTOBEPXHOCTH TBEPIOTO TEA.
e [Ipoanasm3npoBaHO BANSAHNE TOJINHDBI IJIEHOYHOTO TTOKPBITHUS, JJTUHBI BOJI-
HbI HAYaJIbHOT'O peJibeda MMOBEPXHOCTH, YIPYTUX MOCTOSHHBIX, OIPEJIe/IsA0-
X MeXaHn4IecKoe MoBejienne 00 bEMHBIX 1 TTOBEPXHOCTHBIX (ha3 IJIEHOTHO-
IO TIOKPBITUS, OCTATOYHBIX TOBEPXHOCTHBIX HAIPSKEHUI, a TaKyKe Halps-
JKEHWIT HeCOOTBETCTBUS HA MOPQOJIOrHIECKYIO0 YCTONIMBOCTD MOBEPXHOCTH
IJIEHOYHOT'O MOKPBITHUS.
e llcciieoBano BMsgHME JITMHBI BOJHBI CUHYCOUIATBHOTO pesibeda IPaHUIIbI
pasjiesia IByX MaTepuaJsoB, YIIPYTUX MOCTOSHHBIX, OMPEIETTIONNX MeXaH -
JecKoe ToBejleHne MezK(a3Horo CJI0sI, OCTATOUYHBIX MeK(a3HbIX HallpszKe-
HUM, a TakKe HAIPsKEHUN HECOOTBETCTBUS B OOBEMHBIX (haszax Ha POCT
AMILIATYIBI peabeda MexK@a3HOi IpaHUIIbI
Hayunaga u npakTuydeckas 3HAYUMOCTb
B cumy Toro, uTo 3ajaduu (GOPMYIUPYIOTCA B JOCTATOUHO OOIEll TOCTAHOB-
Ke, Pe3yJIbTaThl MCC/IE0BaHNsT UMEIOT MHOXKeCTBO Ipuioxkenuit. Co3maHue KOMIIO-
3UTHBIX CTPYKTYP C 33 IaHHBIMU TOMOJIOTUYECKUMEI CBOWCTBAMU SBJIAETCS OJIHOM 13
OCHOBHBIX 3aJ1a4 B 3JIEKTPOHHOI MpOMBITIIIEHHOCTH. Hampumep, mpn npon3BoicTBe
rUOKOil 9JIEKTPOHUKH ITOCPEJICTBOM CIIENNATbHBIX METOI0B (DOPMUPYIOT OIIPeIeIEH-
HBIIl pe/ibedd Ha MOBEPXHOCTH OCHOBAHUS, JIJIsT YJIYUIIEHUs CIEIJIEHNd KOMITOHEH-
TOB cxeM. A IIpu U3roTOBJIEHNN OHOMaTepHaIoB MIKPOPeibed MOBEPXHOCTH UI'PAELT
BayKHYIO POJIb B OIIPEJIe/IEHNN KJIeTOYHON ajre3nn, BN TaKUM 00pa3oM Ha Ono-

COBMECTUMOCTDb MaT€EpHuaJioB. (DyH,ZLaMeHTa‘HbeIfI aCIIEKT aKTYyaJIbHOCTHU pa6OTbI 3a-
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KJII0YAETCs B TOM, 9TO UCCTCTOBAHUS CAaMOOPTaHI3aIlnN CBOOOTHBIX U MeyK(a3HbIX
IIOBEPXHOCTEI JIaI0T MHOI'O BayKHOM BayKHON MH(MOPMAINN O (DU3HKO-MEXaHIIECKOM
IIOBEJICHUN BCEr'O0 KOMIIO3UTA.
JlocTOBEpPHOCTH MOJTYYEeHHBIX Pe3yJbTAaTOB
JlocToBEepHOCTH pe3y/IbTaToOB obeciievdeHa KOPPEKTHOCTHIO TTOCTAHOBKY 3a/1a91
¢ y4€TOM COBPEMEHHBIX IIPEJICTABICHUI 0 MeXaHuKe JehOpMUPYEMOro Teja, a TakK-
»Ke obocHOBaHa IyOJIMKaIneil OPUTHHAIBHBIX PE3YJIbTATOB B HAYUHBIX »KypHaJax 1
00CYZKJIEHUEM Pe3yJIbTATOB Ha MEXKJYHAPOIHBIX KOH(MEPEHIINAX U HAyIHBIX CEMHU-
Hapax. KagecrBeHHble TeopeTHIecKHe pPe3ybTAThl COBIAIAIOT C M3BECTHBIMEI IKC-
HePUMEHTAJILHBIMEI, U B IIEJIOM OTParkKaloT aJIeKBaTHOE IIPeJICTaBIeHIe O TIOBEICHNN
MIOBEPXHOCTE HAIPSIKEHHBIX TBEPJIbIX Tes pu JudY3MOHHOM MaccolepeHoce.

Anpobarust padboTbI

Pesynbrarsr guccepTammonnoil paboThl ObLIN MPEACTaBICHbl Ha HAYIHBIX Ce-
muHapax Kadeipbl BBIYHCIUTETBHBIX METOI0B MEXaHUKH J1ePOPMUPYEMOI0 TBEP,I0-
ro Tesia Cankr—IleTepOyprekoro rocyiapcTBEHHOIO YHUBEPCUTETA U Ha, CJIE/TY FOIIIX
MEYK Ty HAPOIHBIX KOH(DEPEHIIIAX:

e XLV wmexjyHapojiHast HaydHasi KOH(EpPEeHIUs aclupaHTOB U CTYJIEHTOB
«IIporecent ympasienusi 1 ycroitunpoctby (CPS'14), 1-4 ampens 2014,
Cankr-Ilerepoypr, Poccust;

o XLVI mexjyHapoiHasi HaydHasi KOH(EpPEHIUs aclUpaHTOB M CTYJIEHTOB
«IIporecenl ympasienusi 1 ycroitanboctby (CPS’15), 6-9 ampens 2015,
Cankr-Ilerepoypr, Poccust;

o Il mexxmynapoanas KoHpepeHIus «YCTONINBOCTL U MPOIECCHl yIIpaBJie-
HUST», MOCBSAIIEHHas 8H-JIETHIO €O JHS POKJIeHUs Mpodeccopa, UI.-KOpp.
PAH B. . 3y6osa (SCP), 5-9 okrs6pst 2015, Canxr-Ilerepbypr, Poccus;

o XLVII mexaynapojnas HaydHas KOH(pEPEHIUs ACIUPAHTOB U CTY/IEHTOB
«IIponeccer ympasmennst u ycroitunsoctby (CPS’16), 4-7 amnpens 2016,
Cankt-Ilerepoypr, Poccust;

o XXII mexnynapognaasi kondepennus: «IlerepOyprekue arenust 1mo mpobJie-
MaMm rpoanocTusy, 12-14 anpesns 2016, Cankr-Ilerepoypr, Poccusi;

e 44 mexxyHApO/IHasl JIeTHsIsI ITKosia — KoHpepennnst «Advanced Problems
in Mechanics» (APM 2016) , 27 utonst — 2 utosisgg 2016, Cankr-Ilerepbypr,

Poccus;
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o XLVIII mexxaynapojnas koudepennus «IIpormeccs! ynpasiienus u ycToian-
BocThy (CPS’'17), 3-6 anpesnst 2017, Cauxr-IlerepOypr, Poccnst;

o VIII mexrynapojnas mkoja «Pusmaeckoe MaTepuaaoBeeHues ¢ 3aeMeH-
TaMU HAy4IHOH MIKOJIBI JJIsT MOJIOJEXKHU, 3—8 ceHTsiopst 2017, TonbarTu, Poc-
CHSI;

e Mextynapojinast Kongepennust «llepcriekTuBHble MaTepuasbl ¢ Hepapxu-
YeCKON CTPYKTYPOI JIJI HOBBIX TEXHOJIOTUI M HAJEXKHBIX KOHCTPYKITUIT»,
9-13 okTrabps 2018, Tomck, Poccust;

e MexxiynapojiHast HaydHasi KoHdepenius 1o mexanuke «VIII ITossixoBekue
grennsi», 30 ssuBaps — 2 despads 2018, Cankr-Ilerepdypr, Poccust.

o XLIX mexmynapomnas xkondepennus «lIporecchl ympaBiaeHus n ycToiran-
BocTby (CPS’18), 2-5 anpens 2018, Cankr-Ilerepbypr, Poccus;

e 10 eBporeiickast KoHdeperiusa 1m0 Mexannke TBépaoro tesra (ESMC), 2-6
utosisg 2018, Bosonwst, Utanus;

o L mexxynapoganas kondepennus «lIporecchl yripaBienust u ycTOMIHBOCTD >
(CPS’19), 811 ampesst 2019, Cankr-Ilerepbypr, Poccus;

o LI mexaynapojnast KoHdepennus «lIIporecchl ynpapienus u ycroitau-
BocThy (CPS’20), 20-24 anpenst 2020, Cankr-Ilerepoypr, Poccust;

o IV mexynaposgnas KoHpepeHIus «YCTONYMBOCTDL U IMPOIECCHl yIIpaBJie-
HUsT», nocBsiiennas 90-yeTuro co JHS poxKJieHus mnpodeccopa, Ua.-Kopp.
PAH B. . 3y6osa (SCP), 5-9 okrs6pst 2020, Canxr-Ilerepbypr, Poccus;

e Mexynapojnast HaydHas KoHdepenius mo Mexannke «XIX IloysixoBckue
greHusi», 9 — 11 mapra 2021, Cankr-IlerepOypr, Poccus;

o LII mexxaynapomnasi koudepennus «lIporecchl ymupapjieHuss u ycroiidau-
BocThy (CPS'21), 5-9 anpens 2021, Cauxr-IlerepOypr, Pocenst;

ITy6aukanun

OcHOBHBIE PE3YJILTATHI 110 TEME JINCCEPTAIINN U3JI0YKEHBI B JIEBATHA/IIATH Ha-

yuaHbIx myosukarnmsx [9-13;19-22;90;91;93; 94; 129-132; 140; 141], Tpu u3 KOTOPBIX
U3/IaHbI B YKypHAJIaX, BKIOUYEHHBIX B nepeuenb BAK [11;131;132|, neBsatbs — B us-
nannsx unjekcupyembie SCOPUS u Web Of Science [90;93;94; 129-132; 140; 141].
JIm4aHbBIA BKJIAO
Jluccepranys sIBJIIETCA CAMOCTOSITE/IbHBIM HayIHbIM HCCJIe0BAHUEM, CBHJIE-

TeJILCTBYIOIIEM O MTpodeccHonaIbHON KBasnduKammn e€ apropa. [locranoska 3a/1a4
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npunaie;knt C. A. Kocreipko. Koncymprammm mo MmeTomam pernerns TPOBOIIINCH
M. A. I'pexkoBbim 1 C. A. Kocreipko. JImdHbI BKJIaJ COMCKATET 3aKII0YAETCS B
HEIOCPEJICTBEHHOM YYacTUU BO BCEX dTallaX JUCCEPTAIMOHHOIO MCCIeI0BaHus. AB-
TOP JINCCEPTAIUN OCYIIECTBIISA]I pean3aliio pa3paboTaHHbIX METO/IOB PEIIeHus T10-
CTaBJIEHHBIX 3aJla4 1 HallMCaHIe KOMIIbIOTEPHBIX Iporpamm. O0paboTka u aHaJMI3
MOJIYUEHHBIX PE3YJIbTATOB TaKyKe BBITIOJIHSIIUCH CONCKATEIEM.

Iloanepxkka

VcenenoBanue BBIIOJHEHO TTpu (prHAHCOBOI 1ojiepkke PODU B pamkax Ha-
yanoro npoexkta N¢ 19-31-90024 u PH® B pamkax npoekra N¢ 19-71-00062.

O0BbEM U CTPpYKTypa padoOThI

CrpyKTypa JuccepTalionHoil paboThl COCTOUT U3 BBEJICHUS, Y€THIPEX TJIaB U
3ak/ouenus. [Toablit 00bEM auccepraliun coctapiger 108 cTpanuty ¢ 22 pucyHkKamMu
n 11 Tabmunamu. CIECOK JUTepaTyphl colep:KuT 148 HanMeHOBaHMIA.

Conepxkanne padbOThI

Bo BBejieHUU TipejicTaB/IeH aHaIn3 COBPEMEHHOI'O COCTOSTHUS MCCTIETOBAHMIT
110 U3yJaeMoil TeMaTuKe, PacKphbiTa aKTyaJbHOCTb PA0OThI, €€ HaydHasi U [PaKTH-
yeckasi 3HAYNMOCTh. Takrke cchopMyJIMPOBaHbI 11e/Ib U 3aJla9l UCCIe0BaHNA, TPH-
BeJIeHbl OCHOBHBIE TI0JIOYKEHUSI, BLIHOCUMbBIE Ha 3aIlUTY, 1 METO/Ibl MccejoBannsd. B
KOHIIEe BBEJIEHUSI TTPUBOJIUTCS KPATKOE CojiepKaHne pabOThI IO KazK ol TJiaBe.

B I'maBe 1 nHa ocHOBe TepMOIMHAMIYECKOT0 110/1X0/1a I 'nb0ca, pazpaboraHa Ma-
TeMaTrudecKasi MOJIe/Ib CAMOOPraHU3aIui IIOBEPXHOCTH MHOI'OCJIONHOTO IJIEHOYHOI'O
nokpbiTusa. C ucnosb3oBanueMm coorHolnennit Xeppunra— [lartiBopra 1 0600IIEH-
Horo 3akoHna Jlamnaca—HOHra BBeIeHO B pacCMOTpEHNE MOBEPXHOCTHOE HAIIPSI?KEHUE.
Ha ocHose 1epBoro npu0O/nkKeHust B MeTOJie pa3jIoyKeHUsl 110 MAaJIOMYy IapaMeTpy
MPOBEJIEH aHaIN3 MOP(OJIOITIECKON YCTONUNBOCTHU ILJIOCKONH (POPMBI TTOBEPXHOCTH
JIBYXCJIOITHOTO TIJIEHOYHOI'O TIOKPBITUS MTPY UCIIOJIL30BAHUN YPaBHEHU, OMUCHIBAIO-
X BJIUSTHEE MMOBEPXHOCTHOM judbdy3un. [TocTpoena 3aBUCHMOCTb U3MEHEHUS OT-
HOCHUTEJIbHON aMILIUTY/Ibl OT JIJIMHBI BOJIHBI BO3MYIIEHUS IIPU PA3JIMIHBIX 3HATCHISIX
IreOMeTPUYIECKNX U (PUBNYECKUX TapaMeTPOB ILJIEHOUYHOI'O MOKPHITHS.

I'maBa 2 nocsgiena uccje0BaAaHII0 MOPQOJIOITIECKON YCTONINBOCTH HAHO-
CTPYKTYPHUPOBAHHON MMOBEPXHOCTU TBEPAoro Tesa. Ilpeamnonaransoch, aTo ymnpyrue
CBOIICTBA ITOBEPXHOCTU ¥ OCHOBHOI'O MaTepuaJia pa3/indtbl. C UCIOJIb30BAHIEM Tep-

MOJIMTHAMITYIECKOTo 1101x0/1a ['uboca, mogean Azapo—Tumnepa—I'pundensaa, coor-
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HOIIIEHUI ToBepXHOCTHOI ynpyroctn [ épruna—Meépmoka, MeTo1a BO3MYIIEHHU, KOM-
IJIeKCHBIX nToTenimaoB ['ypca—Komocosa un coornomennit MycxenumBuin oy de-
Ha dBHAasl 3aBUCHUMOCTb M3MEHEHUs] aMILIMTYIbl CHHYCOUIAJIHLHOIO BO3MYIIEHUST OT
BpeMeHH, (PU3NIECKUX U TeOMETPUIECKUX IIapaMeTPOB 3aaul.

B I'maBe 3 mopens Aszapo—Tumnepa—["pundenbaa pacimmpena [1jist aHAJIN-
38 MOPQOJIOrNIeCcKOl yCTONINBOCTI TTOBEPXHOCTH YJILTPATOHKOIO IJIEHOYHOI'O I10-
kpbiTusi. Kak n B ['1aBe 3, Ha ocHOBE MOJE/IN OBEPXHOCTHO yrpyroctu I épruHa—
Meépjioka yunThIBaeTCsI BAMsIHUE YIPYTUX CBOMCTB CBOOOJHBIX U MeyK(a3HbBIX I10-
BEPXHOCTH IIJIEHOYHOI'O TIOKPBITUsI. BBIIO 11OJIyYeHO 9BOJIIOIMOHHOE YPABHEHUE, OIIH-
chIBalOIee N3MEHEHNe aMILINTY/ bl pejibeda MOBEPXHOCTH cO BpeMeHeM. [lis pere-
HUs BOJIONMOHHOINO ypaBHEHUsI HEOOXOAMMO ObLIO HalTU paclpeescHue Hallpsi-
JKeHUi BJI0JIb UCKPUBJIEHHOI moBepxHOCTH. Ha ocHOBE IOJIy4eHHOTO pelleHust ObLI
MIPOBEJIEH aHAJIN3 BJIUAHUS (DUBNUECKUX U T€OMETPUYECKUX ITapaMeTPOB 3aa4ui Ha
MOPMOJOrNIECKYI0 YCTONIUBOCTL CBOOO/IHOM TOBEPXHOCTHU TIJIEHOYHOT'O ITOKPBITHSI.

B I'maBe 4 pa3paboTaH TeOpeTUIeCKHil OIX0/I JJIsl aHAJIN3a YCTONINBOCTH Ha-
HOPa3MEpPHOIo pejibedba I'PaHHUIbl COeMHEHNUsI IBYX MaTeprasioB ¢ yIETOM ee yIIpy-
rux cBoiicTB. C HCIIOJIb30BaAaHUEM TEPMOIMHAMUIECKOIO 110J1xX0/a ['nbbca 1mosrydeHo
nnddepennaIbHOe YpaBHEHNEe, OIUChIBaoIlee n3MeHeHne popMbl IIOBEPXHOCTU CO
BpemeneM. [Ipu aToM cKopocThb pocTa aedeKTOB 3aBUCUT OT IOJIA 00bEMHBIX U I10-
BEPXHOCTHBIX HallpsizkeHuil. [lis onpejiesieHust HalpsizkEHHO-1e(POPMUPOBAHHOIO CO-
CTOSHMST KOMIIO3UTA UCII0JIB30BAJICS aCUMITTOTUIECKUIT METO/I, OIUCAHHBII B paboTax
I'pexkoBa u Koctbipko. IIpoanajim3upoBaHo BusiHIEe OTHOCUTEIbHON »KECTKOCTU CH-
CTEMBbI, YIIPYTHUX ITapaMeTpoB MeyK(a3HON I'PAHUIILI, OCTATOYHOIO ITOBEPXHOCTHOI'O
HAIIPSAXKEHUs, JIeHCTBYIOMNX MPOAOJBbHBIX YCuinii, 1uddy3uoHHBIX KOIDPUIEH-
TOB Ha MOP(OJIOrIIECKYIO YCTONUNBOCTD I'PAHUITBI COSTUHEHUST MATEPUAJIOB.

B 3akirodyennn chopMyImpoBaHbl OCHOBHBIE PE3Y/IbTAThl PAOOTHI.
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I'maBa 1

Mopdoaorndeckasg yCTOMYNBOCTh MOBEPXHOCTU
MHOT'OCJIOHOI'O IIJIEHOYHOI'O HOKPBITHUSI

B janHoil r1aBe onmcaHa MaTeMaTHdecKash MOJIEb CaMOOPraHU3aInu CJ1abdo
HNCKPUBJIEHHOI ITOBEPXHOCTH MHOTOCJIOHOIO TOHKOILIEHOYHOIO TOKPBITHUSI, HAXOISI-
IIErocsi B YCJIOBUSX ILJIOCKOM JlepopMalini. DKCIEPUMEHTATBLHO OBLIO YCTAHOBJIEHO,
YTO B IPOIECCE CAaMOOPTaHM3AINN TTOBEPXHOCTH TTOKPBITHA HAPSILY CO CJIaDOI BOJI-
HICTOCTBIO [147] BO3MOKHO 06pa30BaHiie OCTPBIX BBICTYIIOB 1 BIAUH [83], a B HEKO-
TOPBIX CJIydasx IJIEHKA MOXKeT paclajarbcs Ha ocrpoBku [50]. B pamkax panHoi
paboOTHI TIPOIECC 00Pa30BaHMs TOMOJOIHIECKNX 1e(EeKTOB IJIEHOTHOIO MOKPBITHUSI
paccMaTpUBaeTCs KaK 9BOJIIOINUST EPHOMIECKOT0 pejibeda MOBEPXHOCTH MPHU yCJI0-
BIH, 9TO M3MEHSIETCS TOJIHKO €ro aMILIUTY/IA.

B cumny paccornacoBaHus nmapamMeTpoB KPHCTAIMIECKIX PEIIETOK MaTepra-
JIOB, TJIEHOYHAs CHCTEMa HAXOIUTCsI B HAIPSIKEHHOM cocTosinuu. Vexoss us3 npej-
MOJIOYKEHUsI, 9ITO JIJIsi MUHUMU3AIIK OJHOW SHEPIUU KOMIIO3UTA MOYKET MPOUCXO-
JINTH CAMOOPTraHM3allNsi CBOOOIHOI MOBEPXHOCTH IIyTEM MAacCCOIIEPEHOCa, B KaueCTBe
OCHOBHOI'O MeXaHM3Ma [0Tepru MOPMOJIOrNnIECKOl yCTONINBOCTH TOBEPXHOCTH ILJIEH-
KI paccMaTpuBaercs nosepxHoctHast auddysus [90]. Cauraercs, 4To MOTOK ATOMOB
BJI0JIb TIOBEPXHOCTH HPONOPIMOHAJIEH IPAJINEHTY XUMUUIECKOTO MTOTEHITa a. Y paB-
HEeHIe CMeIIeHIs MPAHUIBI TBEPIOro Tejia B HOPMAJIbLHOM HAIIPABJICHIN BBIBOIUTCSI

13 3aKOHa COXpPaHCHMHLA MaccC.

1.1 IlocranoBKa 3agad4n

Momenn MHOT'OCJIOIHOTO IJIEHOYHOIO [TOKPBITHUSI TOJIIIAHEI
N
hy = > hj, ocazKIEHHOrO Ha MOJJIOKKY TOJIIUHBL hg > hy N HAXOJSIIErOCs B

J=1
YCJIOBHSIX ILJIOCKO#T JledpopMaliim, IpeJICTaBUM B BUJI€ HEOIHOPOIHON YIIPYTOil 10JIy-
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Pucynox 1.1 — Mojiesib MHOTOCJIONHOTO TIJIEHOYHOTO TTOKPBITHS CO

CJ1aDOMCKPUBJIEHHON TTOBEPXHOCTDHIO 1101 JefiCTBUEM IIPOJIOJIbHBIX YCUJIHIT

N+1

mwiockoctn B = |J Bj ¢ KpuBoJmHeHON ¢BOOOAHOI rpanueil S 1 IpsiMOJINHel-
J=1

HBIMI MezKdasHbIMU IpaHuIaMu S

S1=Az: z=G =z +ilhy+e(n)f(z)]}, flz1) =acos(bzy),

Sj:{ZI ZECj:LU1+iHj}, ]:2,N+1, E(T):A(T)/a, <11)

B = {Z  Ho <29 < hf —|—6(7’)f(l‘1)},
(1.2)
Bj:{ZZHj+1<IC2<Hj}, jZQ,_N, BN+1:{ZZ$2<O}.

3JIECh 2 = X1 + 1T9 — KOMILJIEKCHasl [lepeMeHHasl, T1 U Ty OLPEJIeJIAI0T IPAMOYTOJIb-

HYTO CHCTeMY KOOpJAnHAT, hy — Tosmuaa N —T0 ¢J10s1 IJIEHOYHOTO TTOKPLITHsT (OTCUET
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CJIOEB BEJIETCs CHUZY ), @ — JJIMHA BOJIHBI NCKPUBJICHNA, b = 27T /a — BOJTHOBOE IHCJIO
u A(T) — aMILTITY/Ia TTEPUOITIECKOr0 pestbeda MeyKbasHOI MOBEPXHOCTH B MOMEHT
BPEMEHU T.

B coorBercTBum ¢ TepMognHAMITYECKUM M0x00M ['nb6ca [58] mpu permennn
3a/la49 YINTBIBAETCS ITIOBEPXHOCTHOE HAlIpsizKeHNe 0, KOTOPOe CUNTAeTCs TOCTOSH-
HBIM U He3aBucsimM ot Jedopmarun mosepxuoctu |67]. Torga yeioBue mexanntde-
CKOTI'0 PABHOBECHS MMOBEPXHOCTH MOT'YT OBITH 3aITCaHbl B BHJE 0O0OOIIEHHOTO 3aKOHA

Jlamaca—FOura, KoTopslil B JaHHBIM ciiydae umMeeT Buj [4; 38

O-nn(CI) — Ii(<1)0-87 Unt(Cl) = Ov Cl € Sla (13>

rjie Kk — JIOKaJIbHasl KPUBU3HA UCKPUBJIEHHONI I'PAHUIBI ST, Ty, Opt — KOMIIOHEHTBI
BEKTOpa HallpPsi>KEeHU, BbIUMCJIEHHbIE Ha ILIOIIAJIKE ¢ HOPMAaJIbio N B JIOKAJILHOM
IPSIMOYTOJIbHOI CUCTEeMe KOOpJAUHAT N, t.

Ha mexdasubix rpanuiax S; (j = 2, N + 1) oTcyTCTBYIOT Pa3pbIBbl BEKTOPA
epeMerennii 4 = 4y + iUy ¥ BeKTOpa HAlpsKeHuit o = 011 + io19 [11]:

Sule) = lm, u(s) =, u(z) =0

(1.4)

Aotz = _lim,, o)~ _lim, o) =0

rje u) U Ug — HepeMelleHnsd BJ0JIb COOTBETCTBYIOIINX KOODJAWHAT 1, XT2; 011 U
012 — KOMIIOHEHTDI BeKTOpa HalIPSXKEeHUT, BLIYNC/ICHHbIC Ha IIJIOIA/IKe ¢ HOPMAJIBIO,
napaJiieJIbHO ocu X7.

B pamkax jimHeiinoil Teopun yrpyroctu KOMIIOHEHTBI TeH30pa JeopMaluu € jj
BBIDAZKAIOTCST 4epe3 BEKTOP MEepeMeIeHnst 1 ¢ MoMOoIbio coorrHormennit Ko [18].

B ciydae mockoit 3a/1aqu 3aIuiieM:

aul 81@ 61&1 8UQ

€11 = 8_:U1’ €22 = (9_332’ €12 = 8_:1:2 3_1‘1 (1'5)

KommnonenTsl Tensopa JiledbopMaliuii €5 1 HaIPsZKeHUil 03, yIIPYToro TeJla Chd-

3aHbI 0000IIEHHBIM 3aK0HOM ['yKa. Jis1 H30TPOIIHOro JIMHEITHO—YIIPYTOro MaTepuaJa
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Oymem nmeTs |18]:

Jnn(z) — ()‘j + 2:uj)5nn(z) + )\jstt(z)a

on(2) = (Nj + 2u5)en(z) + Njenn(2),  ont(2) = 2pjen(2), (1.6)
0'33(25) = m [O'tt(Z) + O'nn(Z)] , R € Bj, ] = 1,N + 1,

371ech Aj, [t — Mojyiu yupyrocru Jlame cpenbt Bj.

[Ipemosaraercst, 9T0 W3—3a PACCOTTIACOBAHIS TAPAMETPOB KPUCTAIIITICCKIX
PENIETOK MaTePUaJOB, B IJICHOTHON cucTeMe JefiCTBYIOT MTPOOJIbHBIE HAIPSAZKCHIS
HECOOTBETCTBHsL. Toria Ha OeCKOHEYHOCTH HALpsiKeHus 0,5 (o, = {1,2}) n yron

IIOBOPOTa MaTepHaﬂbHOﬁ JaCTUIbI W HOJIZKHBI YJIOBJIETBOPATH YCJIOBUAM!

lim 099 = lim 0192 — lim w:O, lim 011 = ON+1- (17)
To—r—00 To—r—00 To—>—00 To—>—00

Bajaua 3aKII09aeTC B OIPeIeNeHI 3aBUCHMOCTH aMILINTYAbl A mcKpusiie-
HUST TOBEPXHOCTH ILI6HOUHOTO MOKphiTHsA (1.1), (1.2) oT Bpemenn 7 mnpu yuére 1o-
BEPXHOCTHOM JndDy3un u yrnpyroro jiebopMUpOBAHES TeJIa ¢ TOBEPXHOCTHBIM CJIO-
eM IIepeMeHHOil ToJuHbl. [Ipu 3ToM mpejmoaraeTcs, YTo0 CAMOOPTraHM3aIIsT Ha-
HPSIZKEHHON TTOBEPXHOCTU ILJIEHOYHOIO IOKPBITUS IIPOUCXOIUT BCJIEICTBUE JIeiCTBIA
MOBEPXHOCTHOMN JudDy3un, orpeieisieMoil TPOM3BOIHON XUMIIECKOr0 TOTEHIINAIA

BIOOJIb IIOBEPXHOCTH.

1.2 XumMundyeckKuii MOTEHINAJT U CKOPOCTh U3MEHEHUs TPAaHUIIbI

TBEPJOTO TeJia

[TonsiTHe XUMITYECKOTO MOTeHIIa a 66110 BBejieHO ['nbbcom [58| mpu pacemor-
PEHNU TEePMOJIMTHAMIYECKOr0 PaBHOBeCH: J1e(DOPMUPYEMOIO TBEPJOTO Teja, HAXO-
JISITIETOCST B KOHTAKTe ¢ TaKIM 2Ke MaTepuaJioM B pacTBOpeHHOi dopme. B reuenne
IOCJI€THIX HECKOJIbKUX JIECATUIIETH, JIAHHBIIT 110/IX0/1 MOy YN/ IPIMEHEHNE B psijie

JIpyTuX ncciaeoBanmii. B pamnoit pabore, kax u B [4;15;16;30;71], moj xuMudecKum
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MOTEHIINAJIOM ITOHUMAETCS YBeJnIeHne CBOOOIHOI SHEPrun Ha eJIUHUILY J00aBJisie-
MOTO 00bEMA.

B coorBercTBHE ¢ TI0X0/0M, Mpe/ioyKeHHbIM ['u66com [58], st yuéra mac-
COIlIepEeHOCa Ha, IOBEPXHOCTH TBEPJIOIO TeJja I0J JIeiiCTBIEeM IIOBEePXHOCTHOM Jud-
¢y3un, BbI3BAHHOI 110JIEM HallpPsl2KeHIil, OCHOBHOI MaTepHaJ/l 1 IIPUIIOBEPXHOCTHbI
cJI0fl paccMaTpUBaOTCSI KaK pasjndHble (pa3bl OJIHONO U TOrO »Ke MaTepuaJsa. [Ipu
9TOM, IIPUIIOBEPXHOCTHBIN CJI0I paccMaTpuBaeTcss Kak ylpyras MemMOpaHa, Kore-
PEHTHO CBA3aHHAA C OCHOBHBIM MaTEPUAJIOM.

[Ipu nocTosiHHOIT TeMIlepaType B KadecTBe CBOOOIHON SHEPIUU OCHOBHOT'O Ma-
TepraJsia yIUThIBACTCA YIIPyTrasd SHEPrus JedopMallii, u3MepsieMasd B eJIMHUIEe 00b-
éMa, U IMOBEPXHOCTHAS dHEPrus, u3MepsieMasi Ha, eJUHuIe ILIoma . Torma mosiHast

cBODOIHAST SHEPIUST MOYKEeT ObITh 3alliCaHa B BUJIE:

E(r) = [,UdB + [,U.dsS, 18

rjie B — 00bEM, 3aHATHIIT OCHOBHBIM MaTepuaJioM, S — MOBEPXHOCTH, COOTBETCTBY-
omas 3romy 0obéMy, Ug — moBepxHocTHast sHeprust u U — sHeprus yupyroii Jie-
dopMmalun, BeIUuC/IgeMas B IPUITOBEPXHOCTHOM CJIOE.

Bpewms, neodxomMoe it TOro, 4Todbl JepopMUpoBaHHasl CUCTEMa JIOCTUTIIA
MEXaHNYEeCKOT'0 PaBHOBECHS, KaK IIPABUJIO, OY€Hb MAJIO 110 CPaBHEHUIO CO BpEMEHEM,
XapaKTEePHBIM JIJI MEXaHU3MOB MacCOIIepeHoca, I03TOMY OYIeM CUUTATh, YTO B KarK-
JIbIIT MOMEHT BPEMEHH TeJIO HAXOJUTCS B MeXaHudecKoM paBHoBecuu. OHAKO Mpu
9TOM, TEJO HEOOSA3ATETHLHO HAXOIUTCS B XMMUYECKOM PaBHOBECHU, ONPECITEMOM
KaK COCTOsIHIE ¢ MUHHMAJIbHOI CBOOOIHON SHEPTHEil.

CoriacHO BTOPOMY 3aKOHY T€PMOJIMHAMUKHU CHCTEMa, He HAXOIANIAACS B XU-
MUYECKOM PABHOBECUU, CTPEMUTCSI K YMEHBIIIEHIIO cBoeit cBoboiHOI sneprun. Cko-
POCTb M3MeHeHHsI ¢BOOOIHOM SHEPIUN TeJia, OIUChIBaeMas JIOKAJIbHOI HOpMAaJIbHOI

CKOpPOCTBbIO V;, UBMEHEHMs I'PaHUIIbl, MOKET OBITH 3alicaHa CJICIYIOINIM 00Pa3oM:

b= [ ZYap s+ / UV,dS + / s g — / KUV, dS, (1.9)
B 87' S S 87' S

rje K — JIOKaJbHas KPUBU3HA ITOBEPXHOCTH.
DusnvecKnii CMbICJI PA3HBIX WIEHOB B BhipaykeHun (1.9) cieyroruit: mepBoe

cJlaraeMoe y9uThiBaeT U3MEHEHUE MTOJIHOM SHEPriy, BbI3BAaHHOE U3MEHEHUEM YIIPYTOil



23

sHeprun jecdopMmainn 00bLEMHONI dasbl O BpeMeHEeM; BTOPOe — BbI3BAHHOE IM3MeEHe-
HUIeM (POPMbI ITOBEPXHOCTH OOBEMHOI hasbl; TpeTuii 4jaeH OIUCHIBAaeT U3MEHEHNe
IIOJIHOI SHEPIruy 4yepe3 M3MeHEeHUe dHEPruu CBOOOJHOM MOBEPXHOCTH; a IOC/IeIHUIT
— depe3 NCKPUBJICHNE CBOOOIHON moBepxHOCTH [55].

Cunraercs, 4TO He IMPOMCXOJINT HUKAKOIO OOMEHa dHEprueil ¢ OKpyrKaroIei
cpejoit. Torja MrHOBeHHOE M3MeEHEHMe pabOThI, BBINOJIHSEMO B 00bEMHOM dase,
JIOJIZKHO OBITH paBHBIM, HO IPOTUBOIOJIOZKHBIM 110 3HAKY MI'HOBEHHOMY M3MEHEHUIO
pabOThI, BBITOJTHSIEMOI B TTOBEpXHOCTHOI (haze. JIpyrumu cjioBaMu, cyMMa MePBOTro
1 TPeTbero ciaraeMbix B (1.9) paBHa HYJIHO.

Torma ckopocThb n3MeHeHust CBOOOIHO SHEPIUN OIUCHIBACTCS CJIEAYIONINM 00-

pazoM:

E(r) = /S (U — kU,)V,dS. (1.10)

[Ipoussenenne V,,dS MO:KHO TOJIKOBATh KaK JIOKAJbHYIO CKOPOCTDH J100aBJICHUSI
(Vi, > 0) win yunasnenust (V,, < 0) marepuana. 13 (1.10) ciegyer Bbipazkenue Jijisi

XUMHIYECKOTO [TOTEHINAJA IPUITOBEPXHOCTHBIX aTOMOB:
x = (U — rUy)S2. (1.11)

Eciin xuMudecknii moTeHnuasa B HEKOTOPOil 00/1acTi MEeHbIIe YeM B COCeHell,
TO aTOMbI OYIYT JuMPYHIIPOBATH B 00J1aCTh O0Jiee HU3KOI'0 XUMUIECKOI'O TOTEH-
1uaJja, TeM CaMbIM CHIXKasi CBOOOJIHYIO SHEPIHUIO cUcTeMbl. VIHbIMU cjioBaMU, TIOTOK
ATOMOB BJI0JIb TOBEPXHOCTH MTPOTIOPIIMOHAIEH TPAJINEHTY XUMUIECKOTO TTOTEHITHAIA.

B takom ciaydaae mmeem [30;55]:
B D,C0x
k‘bT 837

riae Dy — koadduimenT noBepxHocTHOM auddy3un, Cy — KOHIEHTPallls TOBEpX-

J:

(1.12)

HOCTHBIX J1e(PeKTOB, kj, — mocTossHHas bosibiMana, T' — abcosroTHas TeMIlepaTypa.
Huddepennmposanue 1o napameTpy § o3HadaeT JuddepennupoBanne Mo Halpas-
JIEHUIO, KacaTe/JIbHOMY K ITOBEPXHOCTH.

OTMmeTnM, 9TO paBHOMEPHOCTL pacipeiesleHnsi XUMITIECKOTO MOTeHInaIa, TB-

JIAeTCA OAHUM N3 YCJIOBI/Iﬁ TEPMOINHAMIYIECKOI'O paBHOBECHUA CUCTEMDI.
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Pucynoxk 1.2 — JIuddysus B1oOJIb NPUIIOBEPXHOCTHOI'O 3JI€MEHTa

J1 711 BBIYHMCIEHNS CKOPOCTU CMEIIEHIA IPaAHUIIBI PACCMOTPUM ITOTOK 00bEMa, Ha,
MOBEPXHOCTH, KakK ToKazano Ha Puc. 1.2. V3 3akona coxpaHeHns MacChl BHIBOJIUTCS

CKOPOCTB CMElleHnsd I'paduIibl B HOPpMaJIbHOM HallpaBJICHUN

oJ
- 02 1.1
|74 P (1.13)

1.3 JluneitHblit aHaJM3 3BOJIONN pejbeda cBOOOIHOI MOBEPXHOCTHA

MHOTOCJIOITHOTO MJIEHOYHOTO MOKPBITUAS

Beipazkernue (1.13) moxkeT ObITH 3amucano B GopMe IBOJIONIOHHOTO ypaBHe-

HUST, OIICBHIBAIONIEr0 n3MeHeHue poduist rpanutbl Teja (1.1) co spemenem [11;90]

2
WNT) _ ke ) [0(G1) = sl UG G S,
(1.14)
2
9(371,7_) - Hl + 5(T)f($1)7 Ks - %7

riae h — merpudeckuit kosdbdurument [18|, s — jmHA 1yru KpuBoii Sj.
Kak oTmeuasoch BbIIIE, Ha MOBEPXHOCTH ILUICHKU JCHCTBYET IIOBEPXHOCTHOE
HalpsKeHe o°, KOTOpOe CBA3aHO C IIOBEpPXHOCTHOI sueprueii U, cooTHOIICHHEM

Xeppuara—larrasopra [1;78; 128§|

8U3(§1,’7’)

o’ (C,7) = Us(Cuym) + m'

(1.15)

Tak KaK M3MeHeHUs TOBEPXHOCTH MaJIbl, & MpoTiece AU y3un TpoTeKaeT Me/I-

JIEHHO, B JIAHHO{T Iy1aBe, Kak u B padore |4], 6yaem canrars, 910 Us TPAKTUTIECKT HE
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MEeHsIeTCs BJI0JIb moBepxHocTH mpu jedopmanun. Torma u3 pasencrsa (1.15) mosty-

HqaeM:

Us(Gm) = 0%, (G € S (1.16)

st Toro, 906l TpOMHTErpupoBaTh ypashenne (1.14), octaéres onpeaenThb
ylesibHy10 SHepruto jgecdopmarmu U. B cusy Toro, uto B pabore nccieryercs ciaadboe
u3MeHeHune peJibeda IMOBEePXHOCTH, KOMIIOHEHTHI TeH30pa HalpsiKeHuii u jgedopma-

U;I/Iﬁ OIIPEAEJIAIOTCA B IIEPBOM HpI/I6JH/DKeHI/H/I MeTOLa BOSMyHIeHI/Iﬁ

Oun(2,T) = €(T)0nn)(2),  Ont(2,7) = e(T)on(1)(2),
enn(2,7) = €nn) + €(T)Enn)(2),  ent(2,7) = e(T)em)(2), (1.17)

ou(2,7) = op) + (T)oumy(2),  eu(2,7) = eu) + &(7)enq)(2)-
OTMeTHM, 9TO 0pp(0)(2) = Ont(0)(2) = €nt(0)(2) = 0 B coorserctun ¢ (1.6) u (1.7).
Duepruto yrupyroit gedopmaru U onpejenum 1o dpopmyiie Kianeitpona

U(z,T) = %Oaﬁ(Z,T)Saﬂ(Z,T), (1.18)

rJie BeJETCsI CyMMUPOBAHEE O MOBTOPSIIOMNMCs nHjekcam «, § = {1,2}.
Breipazkenus 1 MeTpuiIecKoro kodgduimenTta h 1 KPUBU3HBI £ UCKPUBJIEH-
HOIl MOBEPXHOCTHU S7 TaKyKe 3aIlUIeM B MEPBOM MPUOIMZKEHUN METOJ/a BO3MYIIE-
Huit [129]
k(z1,7) =e(n)f"(x1), h(x1,7)=1. (1.19)

[Toxcrasisst Boipazkenust (1.17) n (1.19) B (1.14) mpuxomuM K 0OBIKHOBEHHOMY
"nbdepeHIaIbHOMY YPABHEHIIO, OINUCHIBAIONIEMY H3MCHEHNE aMILUIITY bl ICKPUB-

JICHU A ITOBEPXHOCTU CO BPEMEHEM:!:

dA(T) 1 d_2
dr N

(1.20)

+ou)Ew1) (1) + En0)or)(T1) — Usf”(xl)} :
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Kax ormedasoch Bbliie, jijis nHTerpupoBanus ypasuerust (1.20) HeoOXoqimmMo
OIPEJIETATD HAIIPSZKEHHO — jtecpopMupoBarHoe cocrostane Kommosnta (1.1), (1.2). Pe-
IeHNe COOTBETCTBYIONIEH MIJIOCKOI 3a/1a4n OBLIO MTpeIoykKeHo [ pekoBbIiM 1 KocThIp-
Ko [64]. B coorBeTcTBHE ¢ WX IMOJIXOJOM, DEIeHIe UCXOHON 3aadu Jjisi MHOIO-
CJIOMHOMN CTPYKTYPHI € MOJIOYKKOI TTPEJCTABIM B BUJIE CYMMBI PEIIeHNs 3a/1a4n JJTs
OJIYILJIOCKOCTH ¢ MCKPUBJIEHHON ¢BOOOIHOI I'paHumeil S; ¢ ynpyrumu cBoiicTBaMn
BEPXHETO CJIOS TOKPBITUS 1 perntennit N 3aj1a4 i JIBYXKOMIIOHEHTHBIX I1JIOCKOCTE
¢ upgMosinHeiinbIMu MexKbasubiMu rpanunamu S;, J = 2, N + 1. B nepsoil 3aza-
Ye Ha TpaHuIle JefiCTBYeT HeN3BeCTHAs HATPY3Ka, & B OCTAJbHBIX 3a/a9aX MMEI0TCs
HEU3BECTHLIE CKaYKN HAIIPSXKEeHUIl U IIepeMeIleHul IIPU IIepexo/ie OT OJHOI Cpe/ibl
K JIpYroOii.

Pemrernne nocrasennoii 3amaan (1.1) — (1.7), a "MEHHO KOMIUIEKCHBIE BEKTOPBI
IepeMeIeHnii 4 = Uy + iUy U HAIpsSxKeHuit 0 = o, + 10, B TOUKe KOMILIEKCHOI

IJIOCKOCTH 2 = X1 + 129, 3aIIUIIEeM B BHU/IE

GE(2) + GH2), 2z € By, k=1,N,

G(z) = (1.21)
G%i%(z% z € BN+1,
( of(z), n;=1
Gh(zm) = < -, . 2€B;, kj=IN+1, (122
u
| e T

rje B ciaydae 1iockoil gedpopmanun »; = 3 — 4v;; v; — xoaddunuent llyaccona
cpesbl B

B nepsoit 3ama1e (1.21), (1.22) npennosaraercsi, 9To Ha KPHBOJMHEHHO Tpa-
Huie S7 OJHOPOJHOI MOJYILJIOCKOCTH [ ¢ YIPYIUMHU CBOiicTBaMU cpejibl By Jieli-

CTBYeT HEM3BECTHAsI CaMOypaBHOBEIIEHHAsT HATPY3Ka p(z1):

+00

A =p@). [ ped=0 qes. (1.23)

oo
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1

Hanpskenus Jéﬂ (af € {1,2}) u yros moBopoTa w' MaTepuagbHON TACTHIIBI

YAOBJIETBOPAIOT CJICAYIOIINM YCJIOBUAM Ha OCCKOHEYHOCTH:

lim 0'1 = 0'1 lim 0'1 = lim 0'1 = lim wl = 0. (124)
11 1 22 12
To—r—00 Lo——00 Tog—r—00 To—r—00

k k

KomrurekcHble BEKTOPBI HAlIpsSyKeHU o n mepemenienuit u® — perienne 3a-

JIAdl O COBMECTHO jiedhopManiuit JIByX COeJAMHEHHBIX nostyiiockocreit D1 | Dy ¢
yIpyruMu coiicTBamu cpeji B u By, coorBercrBerno (k = 2,N + 1), BbI3BaHHOM
HEU3BECTHBIMH CKaukaMi Hampskenuit Ac® n nepemeniennit Au¥ Brosb mupsivo-

o o o o ok
JINHETHON Merkdas3Hoil rpaHunbl Sy 10 JeficTBUEeM IPOIOIbHBIX YCUIHi o B D;

Aok = " (2) — 0" (z), AuF = uFt(z) — uF (),

lim of =gk lim ok =gk
R 01 T O MO0 = O (1.25)
lim ok = lim of, = lim w*=0.
To—E00 To—E00 To—rE00

Cornacto [64], sesuuunnt of, of | of (k = 2)N + 1) B Boipaskenun (1.25)
ONPEJIEJISTIOTCS U3 PEKYPPEHTHBIX COOTHOIIEHHIH, KOTopble BbiTekatoT u3 (1.4) u pa-
percta Ac® = AuF = 0, uTo cooTBeTCTBYeT cydaro MISHOUHOTO MOKDPBITHS C

[IPAMOJINHENHON [TOBEPXHOCTHIO

Nt _ 4 oN-2r+1 IUN—27‘(1 + %N—2r+1) N-2r+1
N+l — OnNg1» On—2p = N—2r41>
' N -2r11(1 + s2n—2r) "
N—2r—1 __ MN—2r—1(1 =+ %N—Zr) N—2r+1 1.26
ON_9p—1 = ON_or (N —2r>1), ( )

pN—2r(1 + 2e5_9,—1)
oN ar=0nN o =0 (N=2r>0), r=0,1....

['pannanbie yeaosust (1.4), (1.23), sagannbie na Sy, npuBogar kK 2N + 1 ypas-
HEHIIO OTHOCHTEJILHO HemsBecTHOil narpysku p((;), ckaukos mHanpszkenmii Ac® u

nepementennit Au®



28

p(G1) +0*(G) = o (),
Ac?(2) + ol (p,z2) — o3 (Ac?,Au¥ 29) = 0,
AUQ(ZQ) + Ul(p,ZQ) T uS(Ao-SaAUS/7ZQ) - 07
(1.27)
Ao (zy 1) — oM (Ao Au™ zn4q) = 0,

ANt (2 1) + N (AN AuY 2y ) = 0,

Takum 06pazom, pereHre 3a/1a9n YIPYroCTH CBOJUTCS K DEIIeHUI0 CHCTEMBI
ypasrenuit (1.27).
B coorsercrsui ¢ [2;64], nanpsoxenns o (z) n nepementenns u® (z) MoryT 6bITh

onpeJie/ienbl Yepe3 KoOMILIeKcHbIe moTennunasibl ['ypea — Kostocosa, @f u T";

Gh (=) = @} () + B (wy) — (T(w) + @ ()

— (wg — wy) ‘bf'(wk)) e 2wy =z +i(ef(xr) — Hy), (1.28)

wy = 2z — 1Hy, j:{k—l,k}, k=2 N+1,

rjle  — YroJI MesK1y HallpaB/leHueM ILIOIIAIKI ¢ HOPMaJiblo 1 1 ocklo x1, @1 u 11 —
bynkuun, rotomopduble B obtactax Dy u Dy = {z :x1 € R, x> Hy —ef(x1)}
COOTBETCTBEHHO, 1 q)é? , Té‘? — dyHKImn, rojgoMopduble B nosyiockocTax Dy u D,
(r={k—1,k}, r # j) coorBercrerro. B cdbopmysie (1.28) yepra cBepxy o3HauaeT

KOMILJIEKCHOE COIIPSIzKEeHUE, IITPUX — MPOU3BOJHYIO 110 apI'yMEHTY.
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[Tosmarasg B (1.28) « = 0 w @ = /2 upn x9 — —o0 u yunrbBag (1.24) u

(1.25), Oyem uMeTh:

1

: 1 _ : 1 _ %0
Imu}llgl—oo (I)l(wl) - Imu}ir—?—i—oo Tl(wl) - 4 ’
ok
lim  ®%(wy) =L, wye€ Dy, j={k—-1k}, (1.29)
|Tmwyg|—o0 J 4
o
lim  THwy) =L, wpe€D,, r={k—1,k}, r#j.
[ Imwy, |—o00 J 4

B coorBercTBHM ¢ TEpBBIM HpUOMKEHHEM MeTojia BosMmylneHuit [2-6; 62,

k

npejicraBuM byHknn P i T? U p B CJHCJYIONIEM BUJE:

U(z) = Vpy(2) +e¥)(2). (1.30)

S| 1
['pannanble 3HavMenns QyHKIINIMT <I>1(n), Tl(n) U P(n) HPEJICTABUM B BUJE DsiJia
Teitnopa B okpectHOCTH TipsAMOit Imw; = 0, paccMaTpuBas BEIECTBEHHYIO TIepeMeH-

HYIO 1 Kak mapamMerp. B nepBom mpubiiimkeHrn MeToia Bo3MyeHuit mosryaum |129]

Wi (G) = Wiy (1) + e f (1) W (21), m = {0,1}, (1.31)

rjie W(,,) — Jodas u3 BbIIEYHOMSIHYTHIX (DYHKIUIL,
YunreiBast coornomnienne €f'(r1) = tga, MOXKHO 3alicaTh BbIparKeHne s
2i

dbyuknm e~ Bxojgieil B npaByio dacth (1.28):

e 2 =1 — 2ief(x1). (1.32)

[Ipurnmasi Bo BHHMaHHe rpaHudHoe yciaoue (1.23) ¢ y4éToM BbIparKeHuii
(1.28), (1.30), (1.31) u nmpupasauBas xosbdunuentsr npu €™ (m = {0,1}), npu-

XOJUM K CJIJIYIOIIEN TToc/IeJOBaTeTbHOCTH KPAaeBbIX 3a/1a4:

T%(m)(xl) - q)%(m)(xl) = —p(m)(ﬂﬁl) + F(%)(Sl?l), (1.33)
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rine
Fol(:cl) = 0,

Fi(z1) = —if(z1) [@ﬂm(m) + Yo (x1) + 2<I>%’(O)(a:1)} + (1.34)

20! (1) | @] (o) + Thy ()| = if ()b ()

B coorserctBun ¢ [64], pemenue kpaesoit 3agaqn (1.33), (1.34) MoxkHO 3amu-

caTb, UCHOJIb3Ys 3aMeHy

T}(m)(wl), Imw; > 0,
O (1) = (135
Cbi(m)(wl), Imw; < 0.

TakuM 00Opa3oM, B KaxKJIOM HPHUOJMKEHUH MbI IOJydaeM 3ajiady Pumana-

['mibbepra, rae nckombie (bYyHKIUI TPEJCTaBUMbI B Buje [4;5;8; 17]:
Om) = Oty + Oty + Clny, m = {01}, (1.36)

rie Cy = o1, C; = 0.

I[Tpu sToM dyHKINH @%ﬁl) 1 @%ffl) oIpejiesIeHbl CJISIYIONIM 00Pa3oM:

+00

@1u - _ 1 / pk‘(T) dr
2mi ) T —w;
(1.37)
+00 i
o= L [HO,
211 T — Wy

OTMmeTnM, 9TO MOCKOJIBLKY (pyHKImI F) (1m)(:cl) OIIPEJIEJIAIOTC 110 PEKYyPPEHT-
ubiM popmystam (1.34), To B KaykjioM HpUOIIYKEHIN (DYHKITHS @%ﬁl) U3BECTHA, a
dyHKIMIO @%ﬁl) HEOOXOIUMO OIIPEJIE/IUTD.

OyHKITNN <I>§ u Té? B 3aJla9ax O COBMECTHOI jedbopMalinn JIBYX OJIHOPOHBIX
HOJTY TLIOCKOCTE Tpu yesioBusx (1.25) Takske ompeIe/isiioTest U3 perenust 3a1a4 Pu-

MaHa — ['mipbepra
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Sk (h) — S () = Aok (=),
(1.38)
VER(ER) — VI (&0) = 2p-1pue A (2,),

mﬁaﬁ%i(fg):: lim Ek(u%),vﬁﬁ(fg):: lim  VF(wy).

z— 2,110 z— 2,110

CooTBercTByIOIIe Kpaesbie ypaBHeHus (1.38) MosydeHbl 03 TPAHUIHBIX YCIO-

Gt (Eh1) — GE(8.1) = Ac™ (=),
PG (&8, — wne1) — G (&5, — ki) = —2mpdut!(z), (1.39)

G () = lim  Gi(w,), & = wi(zx),

z—r 2 £10

1Ipn NUCIIOJIb30BaHNHM BCIIOMOT'aTEJIbHBIX (byHKIJ;I/Iﬁ

[ OF(wy) +TF_ (wy), Imwy >0,

YF(w,) = 4 1.40
() OF_ (wy) + Th(wy), Imwy < 0, (1.40)

\

)
pi—1PF (wi) — pkr—1 Ty (wy), Imwyg > 0,

VF(wy) = 4 (1.41)
ukif_lﬁuk)——uk,lkaf(u%), Imw;, < 0.

\
Cremysi [2;8;17], perenne obenx 3ajgad Pumana-I'nib6epra (1.38) nHaxonnm B

BUJIE
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271 T — W
(1.42)
—|—ooA s
VE(wy) = Mk MdT + v,
1 T — Wk

_ k—1 k-1 _ k k
rjie Sp = ak +ak 1 = ak 1+ak, Vp = Uk—1Qp, ~ —[pHp—10p_1 = MGy _q — [k—1750y,.

Beipazkenust Jis KOMILIEKCHBIX noTennuanos OF T onpenensiores us dop-
Myt (1.40), (1.41):
p; 20 (wy) — V¥ (wy)

P+ [

% (wy,) =
(1.43)
1130, 5" (wr) + V*(wy,)
ok [ 52, '

[Tocne wero [IpuxoguM K cCcHUCTeMe€ MHTEer'paJibHbIX ypaBHeHI/Iﬁ CDpe,HFO.HbMa

TH(wy) =

(CUY®) Broporo poja

AO f Kkl xl, )AO’ ( df—F f Kkg 5131, )AUk( )dT+

+00 +00
+ [ Kps(z1,7)Auf/(1)dE+ [ Kk4(:ﬁ1,7')Aufn’(7')dT:Hf(m)(xl),

(1.44)

Auk’ SL‘l f Kk5 1 T)AJ ( )dT+ f KkG(SCl, )Adk( )dT+

+00 +0 —
+ [ Kpr(z1,7)Auk/ (7)dr + | Kkg(xl,T)Aufj{(ﬁ)dT:Hé“(m)(azl).

CTouT OTMETHUTH, YTO CHCTEMa WHTErpaJbHbIX ypaBHeHuil (1.44) nmeer ejnn-
CTBEHHOE PeIleHre Ha KJacce HelPepBhIBHLIX (DYHKIMN Tpu JiI000# HelnpepbIBHON
npaBoil yacTu. Tak, pelieHue CUCTeMbl B HYJIEBOM PUOJINZKEHUN (Hf(o) = Hf(o))

nMeeT TpuBUaJIbHOE PpelIeHne
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Aafo)(a:l) = Aulfo) (1) =0, k=1,N, (1.45)

qTO cyeyeT 3 pu3nIeckux coobpazkennii [64).
13 Boipazkenmit (1.29), (1.42), (1.43) u (1.33) mosyunM KOMIIJIEKCHBIE MTOTEH-

[I1aJibl B HYJIEBOM HpI/I6JII/I}KeHI/II/II
O oy (wi) = Loy (@r) = 0 /4 (k=1N+1, j={k k—1}). (1.46)

,Z[aHHbIe I[oreHraJibl COOTBETCTBYIOT KYCOYHO—PaBHOMEDPHOMY HaHpH}KéHHO-

My COCTOSIHUIO KOMIIO3HUTa C IJIOCKOH MOBEPXHOCTDIO [64]:

o11(0)(2) = on41, 2 € By,

1.47
(L 540) (147

N i1 (1 + 32;)

o11(0)(2) = 0; ojs1, 2€Bj, j=1,N.
[TockosbKy bopma cBOOOIHOI MpaHUIIbL OlpeiessieTcs Beipazkenuem (1.1); pe-

IIeHNe 3a/1a91 B [I€PBOM MPUOJIMZKEHNN OYJIeM UCKATh B CJICJYIONIEM BHU/IE:

Aaé“l)(:rzl) = Pl sin(bay) + QF cos(bay),
(1.48)
Aué{l’)(xl) = Prsin(bz;) 4+ Q% cos(bxy).

Torna CUY® B Kark10M IPUOJINZKEHIN Ha OCHOBAHUU CBOWCTB MHTErpaJia TH-
ma Ko cBoures K cucreme JimHeliHbIX asirebpandeckux ypasaeruit (CJIAY) or-
HOCHTE/IbHO Hems3BecTHBIX Koadbdurmentos PF, PF QF, Q5 rie B xauectse cBo6oj-

HBIX YJIEHOB BBHICTYTAIOT KO3 puimenTsl Pypbe Cf(l), 05(1)7 D’f(l), D]f<1) N3BECTHBIX
byt Hf(l)(:zsl), Hé’(l)(azl):

Hf(l)(xl) = C’f(l) sin(bxy) + D]f(l) cos(bx1),

§ . § (1.49)
Hypy(21) = Cyy sin(bay) + Dyy) cos(bxy).

Ucnonbayst paznoxenns (1.48), (1.49), cucrema 2N —2 WHTErpaIbHBIX yPaBHE-

mmit (1.44) ceomures k CJIAY ornocuTenbno kosddummentos PX QF (r = {1,2}).
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SIBHbIE aHAMTHYECKHE COOTHOMEHN MexKIy Kodbdummentamu PF QF u Cf(m) ,
Df(m (r = {1,2}) nmosydvensl B nporpammuoM Komruiekce Maple u me mpuBoggaTes
371eCh B CIJIy TPOMO3JIKOCTH.

C YIETOM 10Ty YCHHOT'O peleHns CJIAY, BBIPaXKEHUST
(1.21), (1.22), (1.28), (1.35), (1.36), (1.37), (1.42), (1.43) mO3BOJISIOT OIpE/ETUTD
HAIIPSIZKEHHO — J1e(POPMUPOBAHHOE COCTOSIHIE MHOI'OCJIOMHOM IIJIEHOYHON CHCTEMbBI B
JIIOOOM TIPUOJIMZKEHUH, & CJIEJIOBATEIbHO, HANTH Y/IeJIbHYI0 SHEPIUIO YIIPYTOit j1edop-
marn U o dopmynam (1.17), (1.18).

1.4 YucisieHHble pe3yJbTaThl

NurerpupoBanne 5BOONUOHHOTO ypaBHenus (1.20) mpuBojnT K cJieyorei
3aBUCUMOCTHU aMILJIUTY/Ibl BOZMYIIEHNUS OT BpeMeHU, JIJTUHBI BOJTHBI HAUaJIHHOTO BO3-
MYIIEHHsI, TOJIINH IIJIEHOK, VIPYTHX IapaMeTPOB MaTepraJioB, 1ud@y3MOHHOIO KO-
s dunnenTa, IOBEPXHOCTHOIO HAIIPSZKEHUsI U JAefICTBYIOMIMX IPOIO0JIbHBIX HaIlpsi-

JKeHn

A(7)
Ay

In

=R (a, hl...hN, )\1...)\]\7, M1 AN, KS, O’S, O’o) T. (150)

Ormerum, 9To mpaBas dacTb Bbipazkenusi (1.50), ornpejiesieHa B sIBHOM BHJIE
COIJIACHO OIMUCAHHOMY BhIIe moaxoy. C 3Toil menbio pazpaboTraHa mporpaMma B Ia-
KeTe CUMBOJILHBIX Bbluncaernit Maple. OgHako, B ciry IpOMO3IKOCTH IOy Y€HHOI'O
BBIpayKeHUsI, B pabOTe OHO HE IMPUBOIUTCS.

B kauectBe mpuMepa paccMoTpuM JAByXcioiiHoe (N = 2) MI6HOYHOe MOKPbI-
Tre. YIpyrue napameTpbl BepxHeil miénku Ay = 58,17 I'lla mw puy = 26,13 I'lla
COOTBETCTBYIOT aIOMUHNIO. [IjIs IPOCTOTHI paccMaTpUBAeTCsl METaJInIecKast CH-
creMa, T.e. IIpejrnoJiaraercd, 4ro Koddgdummentnsl Ilyaccona marepuajioB cpej
B; (j = 1,3) pasnbl v; = 0,3 (j = 1,3). B kauecrBe Broporo He3aBUCHMOIO Mapa-
MeTpa M30TPOIHBIX YIPYTUX CPEJl PACCMATPUBAIOTCA MOy casura 1 (j = 1,3),
CBsI3aHHBIE CJICJIYIOMNM 00Pa3OM: L1/l = T1, fa/ps = To; T'1,T9 — OTHOIIEHHS

ZKECTKOCTE MaTepuaJosB.
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() (r)

Pucynok 1.3 — Basucumocts ornocuresnnhofi amminty st A(7)/Ag
IIEPUOJIITIECKOTO pesibeda MOBEPXHOCTH MHOTOCJIOHOTO MIJIEHOTHOTO TIOKPBITHSA
OT JUIMHBI BOJIHBI NCKPUBJICHUS @
npu hy = 50 M, he = 50 uM (a), hy = 50 uM, he = 100 HM (6), Ay = 100 HM,
ho =50 um (B) 1 hy = 100 um, he = 100 am (1)

Ha Puc. 1.3 npejicraBiiena 3aBUCUMOCTb OTHOCUTEIBHOM aMiuTy bl A(T) /Ay
pesibeba cBOOOTHOM MOBEPXHOCTH MHOTOCIOWHOTO TIEHOYHOTO TTOKPBITUS OT JIJINHBI
BOJTHBI BO3MYIIIEHUs @ TIPU Pa3/IMIHBIX 3HAYEHUAX IMapaMeTpoB cucTeMbl. [1po1oib-
HbIE ycu/ns B IIEHKe paBHbl 01 = 1 ['lla. YcToianBoMy COCTOSHHUIO COOTBETCTBYET
Takas JJTNHA BOJHBI @ = a., pu KoTOpoil In(A(7)/Ag) = 0. Ilpu a < a,, ammim-
Tysia pesibeba yObIBaeT cO BpeMeHeM, T. €. IPOUCXOJIUT CIVIayKUBaHUE MOBEPXHOCTH.

B cnydae a > a. aMIUIATY/Ia BO3MYIIEHNs YBEJTMINBAETCS CO BpeMeHeM. 3HavdeHne
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JUTHHBI BOJTHBL Uy, PN KOTOPOM In(A(T)/A() mocturaer ¢Boero HanOOJIBIIErO M0
JIO?KUTEILHOTO 3HAYEHNS, COOTBETCTBYET HAMOOJBINEH CKOPOCTH POCTa BOJTHUCTOCTH.
SHAYEHUS JUIUH BOJIH (e M Gppgy, COOTBETCTBYIOIINE PACCMOTPEHHBIM TapAMETPAM

CUCTeMBI, IipejicTapiedbl B Tadmmax 1.1, 1.2,

Tabmuma 1.1
Kpurnueckne 3HaU€HUST @ JJIMH BOJIH UCKPUBJIEHNsST MexK(a3HOI IpaHUIIb,

OlpeJIeJIEHHBIE TIPU PACTIATUBAIOIINX YCUJIUAX

1 0,3 0,3 3,0 3,0
Ty 0,3 3,0 0,3 3,0
hy, HM ho, HM e, HM
50 50 — 300 213 208
50 100 343 314 210 210
100 50 264 259 232 231
100 100 261 261 231 231
Tabsma 1.2

JITUHBL BOJTH (g, COOTBETCTBYIOINIE HANOOJIbIIE CKOPOCTH POCTa aMILIUTYIbI

penbeda MexKkdazHoil TPaHUIIbI, OIPEIE/IEHHBIC IPU PACTITUBAIOIINX YCUIISIX

1 0,3 0,3 3,0 3,0
ro 0,3 3,0 0,3 3,0

hy, M ho, HM Gmaz, HM
50 50 — 396 282 279
50 100 413 416 279 281
100 50 343 345 309 312
100 100 342 346 310 312

[ToydeHHbIE PE3yILTATHI TOKA3BIBAIOT, YTO C YBEJIMYCHIEM TOJIIIIMHBI BepXHEit
IUICHKU KPUTUYECKOE 3HAYCHUE JIJIMHBI BOJHBI BO3MYIIEHUA IS JABYXCJIOMHOTO ILIE-
HOYHOI'O IOKPBITUA CTPEMUTCA K 3HAYEHUIO, COOTBETCTBYIOIIEMY YCTONYUBOMY CO-
CTOSTHUIO TIOBEPXHOCTU TBEPJIOTO Tesia 6e3 MIEHOUYHOTO MOKPBITUS ¢ YIPYTUME CBOTi-
crBamu BepxHeil miénku [56|. Takzke, ¢ yBemueHeM TOJIIUHBL BTOPOTO CJIOsI, BJIHsI-
HUe TIOJIJIOKKHM CTAaHOBUTCS PEHEOPEXKMMO MaJIbIM, & KPUTHIECKNEe 3HaUeHUs CTPe-

MSATCST K 3HAUEHUSIM, COOTBETCTBYIOIINM OJJHOCTIONHOMY ILJIEHOUHOMY TTOKPBITHIO [4].
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Kpome Toro, BujiHO, 9TO yBeJUYEHNE 3HAUYEHUI OTHOCUTEIbHON KECTKOCTU IIPUBO-
JAT K YMEHBIIIEHIIO KPUTUIECKOTO 3HAYEHNUs JIJTHHBI BOJTHBI Bo3myTerust |11;129].
B miénounoii cucreme ¢ mapamerpamu hy = hy = 50 um, 11 = r9 = 0,3
MakcumasibHoe 3Hauenne In(A(7)/Ay) orpunaresbHoe, CJieI0BATEILHO MPU JIOOBIX
JUIMHAX BOJIH HAYaJIbHOT'O MCKPUBJIEHHUS [TOBEPXHOCTD ILJIEHOYHOI'O IIOKPBITHSI Oy/1eT

CIVIazKMBaTbCA CO BPpEMEHEM.

Tabyma 1.3
Kpurnueckne 3Ha4€HUsI G JIJIMH BOJIH UCKPUBJIEHUsT MexK(a3HOI IrpaHUIIbl,

OHpeﬂeﬂéHHbIG Ipn CKUMallOINX YCHUJINAX

1 0,3 0,3 3,0 3,0
r9 0,3 3,0 0,3 3,0
hy, HM ho, HM Q¢ , HM
50 50 331 276 205 201
50 100 299 286 203 202
100 50 244 241 221 221
100 100 243 242 221 221
Tabmuna 1.4

JITMHBL BOJIH Gyypqy, COOTBETCTBYIONINE HANOOJIbIIENH CKOPOCTH POCTA aMILIUTYIbI

penbeda MexKMa3HON IPAHUIIBI, OIPEJIEIEHHBIE TTPU CKIMAIOIINX YCHIISTX

1 0,3 0,3 3,0 3,0
Ty 0,3 3,0 0,3 3,0

hy, HM ho, HM Qer, HM
50 50 398 365 271 269
50 100 371 379 269 271
100 50 318 321 296 299
100 100 318 321 297 299

OrmeruM, 9T0 B jJaHHON pabore, B omimdne or [56; 85|, mpuHATO BO BHU-
MaHUe IOBEPXHOCTHOE HaIIpsizKeHUe. DTO IIO3BOJIIIO OINEHUTh BJIMSHUE 3HAKA IPO-
nosbHbIX yemsit. B Tabmunax 1.3, 1.4 npejcraBiieHbl 3HaYEHUsT JUIMH BOJIH Qg U
(ymaz, ONIPEJICJIEHHBIE [IPH JIeHCTBUN CKUMAIOMNX yeuinii. OTHOCHTeIbHbIE PA3HOCTU

lac, — agl/aq,

cr MEZKJY KPUTHUYCCKUMU 3Ha49CHUA JJIMH BOJHBI COOTBETCTBYIOIIMMU



38

Pa3HbIM 3HAKAM MPOJOJIBHBIX yCHIHi mpejcrasienbt B Tabsuue 1.5 (al coorser-

CTBYIOT PACTSITUBAIONINM YCUTHSIM, . — CKUMAIOIINM).

Tabanma 1.5
Bisinne 3HaKa IPOIOJILHBIX YCUINIT
1 0,3 0,3 3,0 3,0
r9 0,3 3,0 0,3 3,0
hy, M ha, HM lat —a_|/a,,
50 50 — 0,087 0,039 0,035
50 100 0,147 0,098 0,034 0,04
100 50 0,082 0,075 0,05 0,045
100 100 0,074 0,079 0,045 0,045

1.5 BniBoabl

B nannoii TyiaBe MpeJIozKeH TOJIX0/ K aHaIn3y MOpPQOJIOrHIecKoil ycToian-
BOCTU CBOOOJIHOMN IMMOBEPXHOCTU MHOT'OCJIOWHOIO TLJIEHOYHOI'O TMOKpLITHs. Ha ocho-
Be ypasuenuii [Hlarriasopra—Xeppunra u FOura—Jlamiaca y4TeHO OCTOSTHHOE I10-
BEPXHOCTHOE HAIIPSIZKEHNE, UTO IMO3BOJINJIO YUECTh BJINSAHNIE 3HAKA ITPOJIOBHBIX YCH-
smit. Ilpennosarasioch, 9To B Havda bHBLIIE MOMEHT BpeMmeHHu (opma cBOOOHOI 110-
BEPXHOCTHU OTJIMIHA OT TIJIOCKOI W ONMUCHIBAETC Tepuoinieckoit pynkimeit. Takxke
CIUTAJIOCH, YTO TJICHOYHAsI CUCTEMa HaXOJWTCs B HANPSKEHHOM COCTOSTHUU, O0Y-
CJIOBJIEHHOM HECOOTBETCTBUEM TapaMeTPOB KPUCTAJIMIECKUX PENIETOK MaTepua-
JIOB WJIM BHENTHUMM yCHJIUAMU. B Iporiecce penakcalun HalpszKeHUil pebed 1mo-
BEPXHOCTU MOYKET M3MEHSIThCsA B pe3yJsbTrare camondy3un MpUIOBEPXHOCTHBIX
aToMoB. lIpm 3TOM, MOTOK ATOMOB BJOJIb MOBEPXHOCTH TJIEHOYHOTO TTOKPBITUS BbI-
3BaH HEPABHOMEDPHBIM paciipejieieHneM HalpsizkeHuii. [[jis onpenesienns HanpsKeH-
HO — 1ecPOPMUPOBAHHOTO COCTOSTHUS TIOJIYUEHO PellleHre CTaTuIecKoil 3a/1a41 Teopun
YIIPYTOCTH C UCHOJIb30BaHueM mojxoa ['pekosa n Kocreipko [64]. Ha ocrose nepso-
ro NpUOIIKEHNsT B METOJIe PA3JIOKEHUs 10 MaJIOMY IapaMeTpy MoJydeHa 3aBUCH-

MOCTb M3MEHEHUS aMILIUTY/IbI TIePUOJINYECKOTo pesibepa OT BpeMeHM, (pU3NIeCcKux
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1 TeOMeTPUYECKUX IIapaMeTpoB 3ajadn. B KadecTBe IpuMepa pPacCMOTPEHO JIBYX-
cJI0iTHOE TIIEHOUYHOE MOKpbITHE. [locTpoeHa 3aBUCUMOCTD U3MEHEHHS aMILIUTY/IbI OT
JIJIMHBI BOJIHBI HAYAJIbLHOI'O BO3MYIIEHUSI CO BpEMEHEM IIPU PA3JIMIHbIX OTHOCUTEIb-
HBIX »KECTKOCTSX U TOJIIMHAX IJICHOK. Ha ocHOBe mOJIy9eHHBIX pEe3yIbTaTOB MOYKHO
caeNaTh CIedyIoNe BhIBODI:
® KpUTUYECKNE 3HA4YeHUsl JIIMHBI BOJIHBI BO3PACTAIOT € yMEHbIIIEHHEM
OTHOIIEHU »KECTKOCTEN BepXHeil 1 HIXKHE IJIEHOK, a TaKyKe HIKHEN I1I6H-
KN U TOJJI0XKKH;
® BJIMSTHUE OTHOCUTEJbHOM »KECTKOCTU Ha MOPMOJIOrHYecKyO yCTONINBOCTD
CBODOJIHOI ITOBEPXHOCTH MHOI'OCJIOMHOIO IIJIEHOUYHOI'O ITOKPBITHUSI BO3PaCTaeT
C YMEHbIIIEHUEM TOJIINH IIJIEHOK;
® B MHOI'OCJIOMHOIT IJIEHOYHOI cucTeMe ¢ yBeJMYEeHUEM TOJIIUHBI OJIHOTO U3
CJIOEB CHUXKAETCsI BIIMsIHAE HUKEJICXKAIINX CJIOEB;
® BJIMSTHUE 3HAKa, IMPOJOJIbLHBIX YCUJIUN YBEJIMINBACTCS C YMEHBIIEHUEM TOJI-
IIUHBI CJI0sI, B CJIydae KOI'Ja ero »KECTKOCTb MEHbIIEe »KECTKOCTU HUYKEJIerKa-
IETO CJI0M;
® BJIMSTHUE 3HAKA IPOJIOJIbHBIX YCUIUI CHIXKAETCS C YMEHbIIIEHHEM TOJIIIITHI
CJI0s, B CJIydae KOIJa ero »KECTKOCTb OO0JIbIE YKECTKOCTH HUKEJIeXKaIero
CJ1031.
OrmeTnM, 9TO B paMKax JaHHOM IJIaBbl IIOBEPXHOCTHOE Hallpsi?KeHHe CUuTa-
JIOCh TIOCTOSTHHBIM, HE3aBHUCSIIUM OT YIPYIUX CBONCTB MPHUIIOBEPXHOCTHOI'O CJIOSI.
B creayromux riaBax Ha OCHOBE MOJIEJH MOBEPXHOCTHOM /MexKMDA3HON yIIPYroCTH
['épruna— Mépaoka OyaeT y4TeHO BJIMAHUE YIPYTHX CBOWCTB CBOOOJHBIX U MEYK-

¢a3HbIX rpaHull Ha UX MOPQOIOrNIEeCKY0 yCTONINBOCTD.



40

I'maBa 2

Mopdosornieckas yCTONYNBOCTb HAHOCTPYKTYPUPOBAHHO
IIOBEPXHOCTU TBEPJOIO TeJja

B mannoil ryiaBe mpecTaBiIeH TEOPETUIECKUIT TOJIX0 M, TO3BOJISIIONINI ITIPOTrHO-
3UPOBATH 3apPOXKJIEHUE TOMOJOINIECKIX J1e(DEKTOB Ha MOBEPXHOCTU TBEPJOIO Teja
¢ yuéroM eé yupyrux cpoiicTs. IIpearosnaras, 9To npu OUPeIeSEHHBIX YCJIOBHUSIX
aTOMBI IIPUIIOBEPXHOCTHOT'O CJIOSI MOTYT JuddyHIMpOBaTh, 3/1eCh pacCMaTPUBAET-
cd caMoopraHu3aling pesbeda IMOBEPXHOCTH TBEPJIOrO Teja B ciydae Jnddy31oH-
HOI'O MacCCOIEPEHOCa, BbI3bIBAEMOI'0 HEOIHOPOIHBIM I10JIeM Hallpsizkennii. CKopocTh
u3MeHeHus pesbeda ¢BOOOIHOM MOBEPXHOCTU 3aBUCHT OT TOJIsS OOBLEMHBIX H IIO-
BEPXHOCTHBIX HAIPSZKEHUIT, a Tak»Ke TePMOJUHAMUYECKUX CBOWCTB IIOBEPXHOCTH.
st ompejiesieHnst HAIPSI?KEHHO — J1epOPMUPOBAHHOIO COCTOSIHUSI TBEPJIOTO  TeJa
CTPOUTCS PelleHne COOTBETCTBYIONIEH 3a/ a9 TeOPUH YIIPYTOCTU B IIEPBOM HTPUOJIH-
JKeHIU MeToJia Bo3MyleHuil. Jlajiee, 13 pelreHns JUHEAPI30BaHHOI'O 9BOJIIOIIMOHHO-
I'0 YpaBHEHUS OIPEJIEJIAIOTC YCJIOBUsA, IIPU KOTOPBIX HAOJIIOIAETCs POCT, CrUIa KIBar~

HUE WU YCTONYMBOCTH pesibeba MOBEPXHOCTU TBEPJIONO TeJia.

2.1 IlocranoBKa 3ajia4un

B kagecTBe MOIesM TBEPAOrO Teja, HAXOIAMICrOCAd B YCIOBUAX ILIOCKOM
nedpopMaIny, paccCMOTPUM OJIHOPOJHYIO HOJYILIOCKOCTE B KOMILIEKCHOI nepeMeH-
HOlt 2 = @1 + Q79 (i* = —1) ¢ KpuBosMHeiinoit rpanuneit S (em. Puc. 2.1). B coot-
BETCTBUU C MOJIE/IbIO TI0BEPXHOCTHOI yrpyroctu [épruna—Meépgoka [73; 74|, npej-
IOJIATAeTCA, YTO YIPYTUe CBOHCTBA MPUIOBEPXHOCTHOIO CJI0sA U OCHOBHOIO MATEPH-

aJia Pas3andHbl. [Ipn 9TOM NMPUIOBEPXHOCTHBIIN CJIOI paccMaTPUBaETCs KaK yIIpyTras
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MeMOpana S, KOTepeHTHO CBsI3aHHast ¢ B

S={z: z=(=xy+ie(r)f(r1)}, B={z: za<e(r)f(x1)},

(2.1)
A(r)
e(r) = < 1Vr, A(0)= A, f(x1)=acos(bzy),
a
rie b = 2m/a — BOJIHOBOE YHCJIO, G — JIJIMHA BOJIHBI MEPHOINIECKOTO peJibeda

IIOBEPXHOCTHU 1 A(T) — aMIJIUTyda UCKPUBJIEHHNA, KOTOPad MOXKET MCHATLCA CO BpE-

MCHECM.

Pucynoxk 2.1 — Mojiesib TBEPJIOTO TejIa co cJIabOMCKPUBJIECHHON IpaHuIeit

IO/ AefiICTBUEM HPOIOJLHBIX YCUJINN

J1s1t ommmcaHust yIpyroro noBeeHus TOBEPXHOCTH TBEPAOrO TeJia UCIIOJIb3YI0T-
cd YHPOIICHHBIE OIPEIe/IAIONNe COOTHOIIEHNST TCOPUHU MOBEPXHOCTHON YIIPYTOCTH
I'épruna — Mépaoka. [Ipenamnonaraercst, 4To moBepxXHOCTHAS SHEPTHUA 3aBUCAT TOJIHKO

OT MOBEPXHOCTHDLIX HAIPLAKEHUI U HE 3aBUCUT OT I'PAJUECHTA BEKTOPA IepeMelleHni

03(Q) ="+ (N +20)e(Q), 033(¢) ="+ (N +97)epn(C), €8S, (22)

rje o; — HOPMaJIbHOE TaHIeHIMAIbHOE IIOBEPXHOCTHOE HAlIpAKeHHe, €5, — HOpP-
MaJIbHas TaHTeHIMAIbHAs TTOBepXHOCTHaA necdopmanus, 7’ — ocTaTodHOE MOBEpPX-
HOCTHOE HampszKeHne, A* U (° — MOJLYJIM ITOBEPXHOCTHOM YIIPYTOCTH, aHAJIOTTIHBIC

ko punmentam Jlame.
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Bakon ['yka st 00bEMHOIT (basbl B ciaydae IJI0CKOI jtepopMallii 3alliilieM B

TEpMHUHaX IMOCTOAHHDBIX Jlame

Onn(2) = AN+ 2u)enn(2) + Aew(2), ou(z) = (A + 2u)en(2) + Aepn(2),

\ (2.3)

m low(2) + onn(2)], 2z € B.

ont(2) = 2uen(2), o33(2) =

351eChb Tpp, Oty Opt WU Epp, Ett, Ent — KOMIIOHEHTBHI TeH30pa jiecbopMmaliuii 1 TeH3opa

Hanpsizkennit Komm B JIOKaJIbHOI JIeKapTOBON MPAMOYTOJILHOI cucTeMe KOO IMHAT

n,t (och n HAIlpaBJIeHa 0 HOPMAJHM K I'paHuie S), A U ji — yHnpyrue mapaMerpbl
Jlame.

Ha Geckoneunoctn B obsactu B 1efiCTBYIOT TOCTOSHHDBIE TTPOJIOIbHbIE HAITPSI-

»xennd og. [Ipm 3ToM Bee ocTaibible HAIIPSXKEHHS, 8 TaKzKe YToJl TOBOPOTa MaTepH-

aJIbHOI YJaCTHUIIbI W Ha OCCKOHEYHOCTH paBHBI HYJIIO

lim 011 = 0y, lim 099 = lim 012 = lim w=0. (24)
To—>—00 To—r—00 To—r—00 To—>—00

CrouT OTMETHUTD, UTO IIpeiaraeMasl MOJEIb MOXKET HCIIOJIb30BaThCA IIPU PACCMOT-
PEeHNN IJIEHOYHOT'O MOKPBITHS, [P YCJIOBUHU, UTO II0/JI0YKKa He BJIUsIeT Ha JedopMma-
U0 IPUIIOBEPXHOCTHOTO CJI0sT (HAIIPUMED, B CIydae, KOT/ia TOJIIIMHA IEHKHI 00JIb-
1e JIJIMHBI BOJTHBI BO3MYIIEHNUsT). B TakoM cjrydae, B KadecTBe MPOJIOJIbHBIX HATIPSI-
JKEHUI 0 MOI'YT BBICTYIATh HAIIPAXKEHIS HECOOTBETCTBUSI.

YcJioBUs paBHOBeCHUs Ha I'paHuiie (hOPpMYIUPYIOTCA B TepMUHAX 0000IIEHHOTO
3akoHa FOunra — Jlamtaca n B pamMkax ynpoinéuuoit mojenn [épruna — Mépjioka MmoryT

OBITH 3alllCalbl B BHUIE

1 do
LdowlQ) s e Ces (2.5)

7(0) = w Q) = i L

rjie h u Kk — merpudeckuil KoaduIueHT U KPUBU3HA UCKPUBJIEHHONW I'PAHUIBI S
COOTBETCTBEHHO.
[Tocko/TbKY cunMTaeTcs, UTO MOBEPXHOCTHAS U 00bEMHAsS (ha3bl MIeaTbHO CB-

3aHbI, JIOJIZKHO BBIIIOJIHSTBCS YCJIOBUE paBeHCTBa jedopMmalinit Ha rpanuie S:

en(Q) = eu(C), (€5 (2.6)
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[Ipeamosaraercst, 9To B KazKIbIi MOMEHT BpeMeHn 7 cucrema (2.1) — (2.6) naxo-
JIATCST B MEXAHNTIECKOM PABHOBECHH, OJIHAKO [IPU ITOM OHa HeOOSI3aTeIHHO HAXONT-
Csl B COCTOSHIN TE€PMOJIMHAMIYECKOr0 paBHoBecus. OJIHUM U3 YCJIOBUIT TEPMO/UHA-
MUYECKOI'0 PABHOBECH JIJIs M30JIMPOBAHHOI CHCTEMBI IIPU [TOCTOSTHHO{ TeMIiepaType
SIBJISIETCS PABHOMEPHOCTD PACIIPEIEICHIs XUMUTECKOTO [OTEHITHAIA.

JIoKaJIbHBIN XUMUYECKIIT TIOTEHIAJT X CBODOJIHO TTOBEPXHOCTH S 3alliIleM B

caeytoreM Buje [93]:

X(67) = [U(G7) = w(CT)U(CT)]2, €5, (2.7)

rje {2 — aTomHbIil 00bEM, U — yiebHast SHeprus jgedopMalii BI0JIb TOBEPXHOCTH
S u Uy — yaenbHas OBepxHOCTHAs sHeprust. OTMeTHM, UTO 3/1eCh, B COOTBETCTBUN
¢ mojiesibio I'épruna—Mépjioka, B KadecTBe YJIEIbHOI TOBEPXHOCTHOM 9HEprum pac-
CMaTpUBAETCs HEprus jgedopManuu MeMOpaHbI.

Ananormano ['maBe 1, m3 3akoHA COXpaHEHMsI MacChl HAXOINTCS CKOPOCTH
IepeMeIneHnsi IpaHnuilbl S B HOPMAJbHOM HaIIpaBJIEHHN. JalldilleM ee B BHJE
9BOJIIOIIMOHHOTO YPaBHEHHUsI, OIMCHIBAIONIEr0 U3MeHeHre (HOpPMbl I'DAHUIILI Tesa
g(x1,7) = e(7) f(z1) co Bpemenem [93; 130]

0g(x1,7) 0? _ D,C,O?

o = Ko g5 UG = eV, K= =17, (2.8)

st Toro arobbl porHTErpupoBaTh jnddepeninaibioe ypastenne (2.8) u
OIIPEJIC/IUTh YCJIOBU, IIPU KOTOPBIX OYJIeT HaOII0AAThCS YCTONUYMBOCTD pejibeda 1o-
BEPXHOCTH, HEOOXOJIMMO HafTH pacupejesieHue yaeabHoit sueprun jgedgopmarun U
u yJeabHOi moBepxHOCTHON sHepruu Ug BIIOJIb MOBEPXHOCTU TBEpPIOro Tesa. Ilo-
CKOJIbKY B JIAaHHOII paboTe paccMaTpuBaeTcs cjiaboe m3MeHenne pebeda cBoOOTHOI
MIOBEPXHOCTH, YIUThiBasi orpannderne A(T) < a V7, HaK/IabIBA€MOe HA UCKPHB-
JIeHHe TOBepXHOCTH (2.1), KOMIIOHEHTBI TeH30POB HAIpsizKeHNi 1 gedopmanuii 06b-

€MHOII 1 TTOBEPXHOCTHO yIIPYTOCTH OIPEIETIAIOTCI B IEPBOM ITPUOJIMKEHITH METO/Ia
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BO3MYIICHUIL:

Tun(2,T) = €(T)0nn1)(2), Ont(2,7) = &(T)0n(1)(2),

Enmn(2,T) = Enn(o) T &(T)Enn(1)(2), Ent(2,7) = e(T)en(1)(2),
(2.9)

ou(z,T) = Ow(0) T+ e(r )Utt( )( 2), eu(z,1) = Ext(0) T 5(7')51515(1)(75)7

0(2,7) = 0y + €(T)ogy(2), ei(2,7) = ey + €(T)ER ) (2)-

OTMETHM, 9TO 0pp(0)(2) = Tpe0)(2) = €nr0)(2) = 0 B coorsercTsum ¢ (2.3) 1 (2.4).

YienbpHast HEprusi yupyroii gedopmarun ompejessercs mo gopmyie (1.18).
[ToBepxHOCTHAsT SHEPTHA B cjydae yHpomeHHoi Mojenn ['épruna—MeEpmoka nmeer
B [122]

1
U(7) =701+ € (2,7) + 5 (0 + 2° = 10)eif(z.7) (2.10)

Breipazkenust Jijisi MeTprieckKoro koddduimenTa h 1 KpUBU3HBI Kk UCKPUBJICH-

HOI IOBEPXHOCTH TaKyKe 3allUIIeM B IIePBOM IIPUOJIIIKEHII METOJ1a BO3MYIIICHUT
k(z1,7) = () f"(x1), h(x1,7) =1. (2.11)

[Toncrasiss Beipazkenns (1.18), (2.10) u (2.11) B ypasuenue (2.8), mpuxommm
K OOBIKHOBCHHOMY Jn(EpeHITATBHOMY YPABHEHUIO, ONUCBHIBAIONIEMY H3MEHEHHE

AMILIUTY/IbI HCKPUBJIEHUST TIOBEPXHOCTH €O BpeMeHeM [93]

dA(T) 1 d?
dr f(xl) - EA(T)KSCZ_IU% [Enn(O)O—nn(l)(xl) +
+ou0)Er)(T1) + )Ty (1) — (2.12)

—{70<1+s;(0)<z,7>>+§<As+2m—v>ett (2, >}f”< >]
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2.2 Jluneiinblii aHaJu3 3BOJIOIUA pejibeda CBOOOHOI MOBEPXHOCTH

TBEPJIOTO TeJia

[t Toro, 9To0BI IPOMHTErPUPOBATE IBOJIIOINOHHOE ypaBHeHue (2.12), Heob-
XOJIIMO PEIINTD TIOCKYTO 3aa1y Teopun yupyroctu (2.1) — (2.6). Ucmonb3yst mero
peIlieHns: COOTBETCTBYOIIEl 3ajadu [65], ompees MM KOMIIOHEHThI TeH30pa HaIlpsi-
JKeHnit u TeHzopa JjiechopMalinii 00bEMHOM 1 ITOBEPXHOCTHOI das.

B coorBerctBum ¢ [17;65], KOMILUIEKCHBINH BEKTOD HANPSAKEHUN 0 = 0y + 10,
Ha ILJIOIIAJIKE C HOPMAJIbIO N U KacaTe/bHOI t B TOUKe 2 OIPeJIe/IAI0TCs Yepe3 KOM-

m1ekcHble rnorennualibl ['ypea—Kosocopa & u Y 1o dopmyiie

o(2) = B(2) + B(2) — [T(z) FB(2) — (2 —7) cpf(z)} e e B, (213)

rjie (v — yroJl HaKJIOHA ILIOMA/IKNA ¢ HOPMaJIbio N OTHOCUTE/IbHO 1, @ 1 T — pyHK-
mun rojiomopdubie B B u B = {z: x9 > —ef(x1)} coorBercTBeHHO, UepTa CBEpXY
O3HavYaeT KOMILJICKCHOE COIPSIYKeHIE, IITPUX — IPOU3BOIHYIO M0 apPTyMEHTY.
SHaueHNsI KOMILIEKCHBIX IToTeHIa 0B ® u T Ha OECKOHEUHOCTH OIIPEIe/ISTIOT-
cst w3 yeqaosuit (2.4) u dopmyser (2.13), ecn ipusaTs o = 0 u v = 7/2
lim ®(z) = lim Y(z) = 00/4. (2.14)
To——00 To—400
B coorBercTBUM ¢ TI€pBbIM NPUOJINZKEHHEM MeTojia Bo3MylleHuil [65], neus-

BecTHble pyHkImu ® u YT ciegyer uckarh B BUJIC
(I)(Z) = (I)(O)(Z) + 8(13(1)(2), T(z) = T(O)(Z) + 8T(1)(Z), (2.15)

B cBoro ouepep, rpanuanbie snadennsa Gyukiuit @), T, u o)

1t(m) H& KpHI-

BOJIMHEITHON TpaHuiie S pack/aibiBaloTcs B psiji Teitjiopa B OKPECTHOCTU IPSIMOI
To = (0, IpU 3TOM BellleCTBeHHAas IlepeMeHHasl X1 paccMaTpUBaeTcs Kak IapaMeTp.
B cBsI3u ¢ Tem, YTO perrenne CTPOUTCS B MEPBOM MPUOIMKEHUN MeTOa BO3MYIIIe-

HIIi, B JAHHOM CJIydae paccMaTpUBaeTCsd TOJIBKO JIMHelinas JacTh psajga Leityiopa

qj(m)(C) = \Ij(m)(ajl) + iEf(ﬂjl)\I//(m)(l’l), m = {071}7 (216)
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re W,y o3navaer Jodyio U3 BhIMICYKa3aHHBIX (DYHKIHIL.

C yuaérom pasenctBa € f'(r1) = tga, MOJydnM clieyroliee BbhIpayKeHHe s
dbynkimn e~ %, pxonanieil B IpaByo 4acTb (2.12):
e 3 =1 — 2ief(x1). (2.17)

[Toncrasisst Beipazkenns (2.11), (2.13), (2.15)—(2.17) B rpanndnoe ycjioBue
(2.5) 1 npupaBHnBas KO3(MOUIMEHTHI IPU COOTBETCTBYIONIUX CTEIEHSIX &, TIPIXO/NM

K II0CJIeI0BaTe/IbHOCTH 3a1a49 Pumana —['nibbepra
Ezrm)(xl) — En(@1) = 1041y (T1) + Fop(21), m = {0,1}, (2.18)
rJie BeoMoraTe buble (YK Z(,y) u Fy, 3a1a10Tcs ceyomum obpasom [65]:

Tin(z), Imz >0,

E(m)(Z) =
,_‘:l: . —
=iy (@1) = z—1>}nl;rzlti0 =m)(2),

Fo(z1) = 0, Fy(a1) = —if (1) [@’(O)m) + Tl (1) + 287 (1) | +
(2.20)

+2if"(21) |Doy(21) + T(O)(l’l)} = (@)oo (@) = [ (z1)0t, ) (1)

Pemenne ypasuenuii (2.18) 3ammcbiBaeTcst B TEPMUHAX HHTEIPAJIOB THIIA

Komm [17;65] u onpejie/nisier MHTErpajbHyI0 3aBUCHMOCTb KOMILJIEKCHBIX TTOTEHIIH-

s/
tt(m)

oL [T (©) 1 [ Fu(9)
_(m)(z) = o / C_¢ d¢ + 57 / Z—fd£+0m’ (2.21)

—0o0 —00

aJsioB ['ypca— KosocoBa uepes HenspecTHbIe (DYHKIUN O

rie Cy = 0¢/4 u C; = 0 B cOOTBETCTBUU ¢ BbIpazkenuem (2.14).
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Ucnonp3yst onpeensdionme coornomiennst (2.2) n (2.3), mepemmimeM ycio-
BHE HEPA3PBIBHOCTH {ePE3 KOMIIOHEHTHI TEH30DOB MOBEPXHOCTHBIX 1 OOBEMHBIX

HallPAZKEHU I

5 B )\S+2lU/S

Bruipazkenus 17151 omnpejesieHnss KOMIIOHEHT TeH30pa HaIPsSKEHUH oy U Opy

(A =+ 20)0u(C) = Aomn ()] + Y0 (2.22)

HaxoATest u3 (2.13)

Onn(2) +ion(2) = ®(2) + P(2

~—
I
—
=
—~
I\
N—
_|_
K
—~
I
~—

I
—~
N
|
N
N~—r
oo
—~
N
N~—r
(I
('b‘

¥
R

ou(2) + opn(z) = 4Red(2).

[Toacraiss Boipaxkenns (2.15)—(2.17) u (2.23) B (2.22) n npupaBHuBas Ko-
s dunmenTsl pu oguHAKOBBIX crernensax €™, m = {0, 1}, nepemnuiiem rpaHnaHOe
yenosue (2.6) 4epes Hem3BecTHbIe KOMILIEKCHbIe TOTeHIHAMBL P (), Ty B KazKI0M

HMPUOJNYKEHUN METO/Ia PA3JIOYKEHHS 110 MAJIOMY TapaMeTpy

5 M
att(m)(:cl) = ﬂRe [%Cb(m)(xl) - T(m)(xl)] + Viu(x1). (2.24)

B Boipazkenun (2.24) IpUHATHI cieayrolne 0003HATICHNUST:

M= (N +2p%), sx=A+3u)/N+p), Vilzi)=1"
M . =
Vi(z1) = ZRG {Zf(l’l) [%q”(())(xl) — Tl (1) — 2@20)(5”1)} - (2.25)

2 f! () [cp(o)(xl) + T(O)(:cl)} } .

Perrervie 3aj1a1u B HyJleBOM IpUOJIMKEHNH MeTOja BosMmyIeruit (m = 0) co-
OTBETCTBYET OJIHOPOJHOMY HATIPSIZKEHHOMY COCTOSIHUIO TBEDJIOTO TeJIa ¢ MI0CKO 1o-

BepxHOCTHIO. Torya u3 yeiopuit (2.14) mosryanm

(I)(O)(Z) = T(O)(Z) = 0'0/4. (226)
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Hasee, u3 Beipazkenust (2.25) HAXOUTCs OBEPXHOCTHOE HATIPSI?KEHUE B HYJIe-

BOM IIPUOJINYKEHUN

M(1+ x)

. 2.27
5 (2.27)

o0 (€) =" +

KoMIoHeHTbI TeH30pa HAIPSZKEeHUIT orpeiesisiiorest o gopmyiie (2.23) ¢ yué-
Tom (2.26)

Ott(0) (Z) = 00, O_Hn(())(z) - 07 0nt(0)<z) = 0. (228>

[ToBepxHOCTHOE HAIpsZKEHNE B MEPBOM MPUOIMKEHUN METOJIa BO3MYIIEHUIT

(m = 1) GyaeM nckaTh B CJIEYIOMIEM BHIE:
0p1y(w1) = Psin(bzy) + Q cos(bxy). (2.29)

[Tosib3ysich cBoiicTBamu unTerpasios tuna Komn, ypasenue (2.24) B nepBoM
npubskennn (m = 1) ¢ yuérom (2.21) cBoguTest K cucreMe JUHEHHBIX aarebpa-
NYeCKUX ypaBHEHUI ¢ Hen3BecTHbIME Kodddunnentamu P u (), pelieHne KOTopoit

nmeet Bujt [65]:

p Mab? (¢ 4+ 1)Utt(0) + (5 — l)baft(o)}
o A+ M(sc+1)b ’

Q=0. (2.30)

[Togcrasnsst Beipazkenne (2.29) ¢ wmaitgenusivu koddbdunuenrtamu (2.30) B
(2.21), mosrydaemM KOMILJIEKCHBIE TTOTEHIINAJBI B TIEPBOM MPUO/IIZKEHIN METO/[a BO3-

MYIIIEeHUIT

~

Tay(z) =5 {P — ba(ow) — baft(o))} e ze B,
(2.31)
<I>(1>(z) = — [P — ba(att(o) + baft(()))} e—z‘bz’ z € B.

Jlannble KOMILJIEKCHBIE OTEeHIUAIIBI OLPEeIC/ISIOT U3MEHEHNEe OAHOPOIHOIO 110-
71 Hanpsikenuit (2.27), (2.28) BesencTBHe UCKPUBJIEHHsT CBOOOIHOM MOBEPXHOCTH

(2.1), onmcaHHOTO B TePMUHAX MEPBOTO MPUOJINKEHNUST
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(2.32)

Jtt(l)(z) + Jnn(l)(z> = 4Re<I>(1)(z), z € B.

B cienytomem pasjiesie Ha OCHOBE IIOJIyUE€HHOI'O pelieHus OyjaeT MpornHTerpu-
poBaHo jiuddepernuaibioe ypasaenne (2.12); onucbiBaoliee n3MeHeHNe aMILIITY-
bl A TeprogmIecKoro BO3MYIIEHUsI ¢CBOOOIHOM I'PAHUIILI HAIIPSIXKEHHOI'O TBEPIOrO

TEJIa CO BpEMEHEM T.

2.3 YucaeHHble pe3yJIbTAThI

Pemus 3ajiaty Teopun yupyrocru (2.1)—(2.6) u onpeie/nB 00bEMHYIO SHEP-
ruto jedopmaiinu U 1 nosepxaocTHyto sHepruio Us o dopmynam (1.18) u (2.10),
ONpeJIeJINM U3MeHeHne aMIINTY bl A pesibeda MoBePXHOCTH TBEPIOTO TeJia CO Bpe-
meneM 7. [Ipunnumasi Bo BHEMaHMe Bbipakenust (2.2), (2.3), (2.27), (2.31) u (2.32),

perenne ypasuenus (2.12) sanuiieMm B BHIe

In (Af(lz)) = R1 (RQO’O — R370) T, (233)

rie
oo K

Ry =
" 8a312((sc + 1) M7 + 21a)

Ry = 2M?3¢(5c + 1)?m% + Mmap(sc + 1)(356* + 63¢ — 5)+

+4a®(3 + 1) p2 (35 + 5),
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Ry = —16M 5¢(3¢ + 1) um® — 8amp*(3s6* + 63¢ — 5).

B kadecTBe npumepa paccMOTPUM AJIOMUHUI ¢ OOBEMHBIMU YIPYTUMUI Mapa-
meTpamu Jlame A = 58,17 I'lla mw p = 26,13 I'lla. Yupyrue cBoiicTBa TOBEpXHOCTH
HEKOTOPBIX MATEPUAJIOB MOy Y€HbI METO/IOM MOJIEKYJITPHOTO MOJIEJINPOBAHUS B Psijie
pabor [104;105;126]. st amomunust ¢ Kpucrajiorpadguaeckoit opuentarumeii (111)
OCTaTOYHOE TIoBepXHOCTHOE Hanpsizkenne 70 = 1 H/M 1 nopepxHoCTHBIE IapaMeTphl
Jlame A* = 6,851 H/m u p® = —0,376 H/wm [105]. VIm coorBeTCTBYET TOBEPXHOCTHAST
npojiosibHast xkéctkocte M = A° + 2u° = 6,099 H/m. Ormernm, 9T0o yupyrue ma-
paMeTpbl, KaK U OCTATOYHOE IMOBEPXHOCTHOE HAIPSYKEHNe 3aBUCAT OT OpUEHTAIlUN
KPHUCTAJUIMIECKON PeréTKu u pyrux dhakTtopos [126], mosromy st uccieoBanus

BJIMAHNA JaHHBIX ITapaMETpPOB 6y,ZLeM N3MEHATDH NX B HEKOTOPOM JIMalla30HE.

(a) (0)
Pucynok 2.2 — BaBucumocts oTHOCHTE IBHON aminTy sl A(T) /A

IIEPUOINIECKOI0 pesibeda IMOBEPXHOCTH TBEPIAOIO TeJia OT JJINHBLI BOJIHBI

uckpusienust a npu 4° =1 H/m (a) n 4% = 0,1 H/m (6)

3aBUCIMOCTH OTHOCHTEIbHOM aMimTyiabl A(T)/Ap OT IJIHHBI BOJHBI BO3MY-
meHnst a npejctasieHa Ha Puc. 2.2 npu og = 1 I'lla, M = {6,099;60} H/m (xpac-
Hble U cuHue JuHunu coorsercrsento), 70 = 1 H/m (a) u 4% = 0,1 H/m (6). Pe-
3yJIBTATHI OKA3BIBAIOT PA3HbIE CKOPOCTH U XapaKTep M3MeHeHUs (DOCT U CLJIAXKI-
BaHIe) aMILIUTY/Ibl peibeda MOBEPXHOCTU TBEPIOrO TeJia JJIs PasHbIX JJIMH BOJIH
Bo3MyIIeHust. Kpuruieckue 3HaveHne JINH BOJIH BO3MYIIEHUS (gr, TIPH KOTOPBIX

pesbed yeroituus (T.e. In(A(7)/Ag) = 0), onpenessitorest U3 Ie€peceveHnst Kpu-
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BBIX C 0ChIO abcince. Penbed moBepXHOCTH ¢ JIJIMHON BOJIHBI MEHbBIIIE KPUTHIECKOTO
SHAYEHUST (o OYJIET CTIAXKUBATHCS MO JEHCTBIEM MOBEpXHOCTHOMN juddysun (T.e.
In (A(1)/Ap) < 0), Torga Kak aMILIUTY/Ia UCKPUBJIEHUs C JIJTMHON BOJIHBI GOJIbIIE
KPUTHIECKOTO 3HAUEHNUsT OYIeT YBeIMInBAaThCst co BpemeneM (T.e. In (A(7)/Ag) > 0).
MakcuMmyMbI KazK10#1 KpUBOIl COOTBETCTBYIOT IJIMHAM BOJIH Gy, IPU KOTOPBIX Oy-
JIeT HaDJII0IaThCsl HAMOOJIbIIAA CKOPOCTh POCTa aMILIATY/bI pejbeda. 3HaUTeHUs]
JUIMH BOJIH Gep U (g OLPENIEJIEHHBIE MIPH PACCMaTPUBAEMbBIX IIapaMeTpax CHCTe-
MBI 1ipejicTaBieHbl B Tabmumax 2.1, 2.2. Kpurundeckne 3Hav9eHns A/IMH BOJIH BBITIC-
nennpie npu 7Y = 1 H/m cnabo saBucar oT moepxHocTHON kéctkoctn M. s
HCCJIeIOBAHIS BJIMAHUS YIIPYTUX [TapaMeTPOB MOBEPXHOCTH, B JlajbHeliieM OyaeT

npunumath 70 = 0,1 H/wm.

Tabma 2.1
Kpurnueckue 3Ha4eHUs1 JJINH BOJIH (-, OIPEJIEIEHHDIE TIPU PA3JIMIHBIX

I[IapaMeTpax 3aJa4du

M, H/u 6,09 | 60
7Y, H/m A, HM
1 2532 261.6
0.1 26.1 32.9

Tabmia 2.2
SHadeHusI JIJIUH BOJIH (yq,, COOTBETCTBYIOIINE HANOOJIbIIE CKOPOCTH POCTa

AMILTUTY/IBI pesibeda IMOBEPXHOCTH TBEPJOTO Tesa

M, H/w 6,09 | 60
7Y, H/m pnaz, HM
1 3798 302.4
0.1 39.3 497

Ha Puc. 2.3 npeacrasien rpaduk pacupenejeHns XUMIYECKOro IOTEHIAIA
X(21) /X0 BIOJIb NCKPUBJIGHHON TOBEPXHOCTH TBEPJOTO TeJIa B IIPEJICJIAX OJJHOTO TIe-
pHoJIa, TJe Yo — XUMUUECKUIl MOTEHIMAJ B PABHOBECHOM COCTOSHUU. IlyHKTHpHAs
JIMHKA, COOTBETCTBYIOIIAA JIMHE BOJHBLI BO3MYIICHUSA I = (g, OTPAXKACT PABHO-

MEPHOE paclipedejiecHue XUMUIYECKOI'0 II0TeHIInaJla: B JaHHOM CJy4da€ IIOBEPXHOCTDb
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Pucynok 2.3 — Pacrpeenenne XuMmaecKoro moTeHIna a Y Ipu pasImIHbIX

JJIMHaX BOJIH IIEPUOJNYICCKOI'O NCKPHUBJICHM A

TBEPJOIO TeJla HAXOAUTCS B COCTOSTHUM TEPMOAMHAMUYECKOro paBHOBecust. OTMme-
TUM, YTO B CJIy4ae ILIOCKOH MOBEPXHOCTH XUMUYECKUI MOTEHIMAJ TAKAKE HPUHU-
MaeT MOCTOSIHHOE 3HaueHue. KpacHast KpuBas COOTBETCTBYET CAydalo a4 < ... Kak
BUJIHO U3 PUCYHKA XUMUYECKHUH MOTEHIMAJ] MMeeT MAaKCUMyM B 00JIACTH BBICTYIIA
(x1 = 0) u MuHEMYM BO BrajuHe (T1 = a), CJIEIOBATEJBHO, aTOMbI OyayT nnddyH-
JPOBATH U3 BLICTYIIA BO BIAJMHY, TeM CAMBIM BLIPABHUBAS IIOBEPXHOCTDL TBEPIOTO
Tejia. B ciydae a > ag. (CuHsig KpuBast), cucreMa TakKe He HAXOJUTCST B COCTOSTHUM
TEPMOIMHAMUIECKOIO PABHOBECH: IIOTOK aTOMOB OyjIeT HaIpaBjeH OT BIAIMHLI K
BBICTYILY, U aMILIATY/ia HCKPUBJIEHUsST OYIeT YBEIUINBATHCSI CO BPEMEHEM.

Ha Puc. 2.4 npejicrapien rpaduk 3aBUCIMOCTH KPUTUYECKOTO 3HAYCHUS JITN-
HBI BOJIHBI BO3MYIIECHUSA @ OT OCTATOYHOTO IOBEPXHOCTHOrO Hampszkennsa ~° mpn
M = 6,099 H/m (xpacubie smunn) u M = 60 H/m (cunme jsmunm). Pesyisrarsr
[OKA3bIBAIOT, YTO KPUTHUYECKOE 3HAUYEHHE JIJIMNHBI BOJIHBI BO3PACTAET C yBEJNIEHH-
eM OCTATOYHOTO MOBEPXHOCTHOTO Hampsizkenus . OTHOCHTEIbHASA Pa3HUIA MEZK-
1y KPUTHYECKUMU 3HAuYeHHAMU JJIMH BoJjiH, nojydennbiMu npu 0 = 0,1 H/m n
7% = 0,2 H/wm, cocrasuna 97% u 79% mpu M = 6,099 H/Mm u M = 60 H/m coot-
BETCTBEHHO.

['paduk 3aBUCUMOCTE KPUTHIECKOIO 3HAUCHUs JJIMHLI BOJIHBI BO3MYIICHUST
(e TIOBEPXHOCTH TBEPJOrO Tejla OT IMOBEepXHOCTHOH skéctkoctn M mpu Y =
{0,08;0,1;0,12} H/m (kpacHble, 3e/iéHble U CHHIE JIMHUH COOTBETCTBEHHO) U 0 =

1 I'lTa m300pazxén na Puc. 2.5 a. 13 rpacduka BuJIHO, UTO @, BO3PACTACT C yBeJIMIC-
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auem M. Kpurndeckne 3HaYeHus JIJIHH BOJIH, onpejesénnabie pu M = 6,099 H/m
u M = 60 H/m, ormuatores na 30%, 25% u 22% npu ~° = {0,08;0,1;0,12} H/m

COOTBETCTBCHHO.

(a) (6)

Pucynok 2.4 — 3aBucuMOCTb KPUTUIECKOTO 3HAUEHHsI JJTHHBI BOJIHDI
BO3MYIIEHUSI (g MOBEPXHOCTH TBEPJOIO TeJIa OT OCTATOYHOIO MOBEPXHOCTHOIO
nanpsizxenns 0 npu 40 € [0,05;1,0] H/m (a) u % € [0,05;0,2] H/m (6)

() (6)
PI/ICyHOK 2.5 — 3aBUCUMOCTD KPHUTHUYECKOI'O 3Ha4YCHNA AJIMHBI BOJIHBI BO3MYIIIEHNA

¢ TIOBEPXHOCTH TBEPJIOTO TeJIa OT MOBEPXHOCTHO! KécTkocTn M (a)

1 TIPOJIOJIbHBIX yeuuit aq (6)

Ha Puc. 2.50 npejicraBiena 3aBUCUMOCTb KPUTHUECKOT'0 3HAYEHUS JIJITHBI BOJI-

Hbl BOBMYIICHNA OT BEJIMYMHDBI IIPOJOJIbHBIX yCI/I.HI/Iﬁ 0y. HpI/I yBeJImdeHnun 11poJg0J1b-
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ubix yemwnit og ¢ 0,5 I'lla mo 1 I'lla xpurtwdeckune 3HaveHnus JIMH BOJH YMeHb-
matorcst Ha 74% u 69% npu M = 6,099 H/m u M = 60 H/m coorBercTBenHo,
13 9ero MOYKHO 3aKJIOYNTh, YTO BJIMSHUE MTPOJOJILHBIX YCUJINN Ha MOPQOJIOTHIe-
CKYIO YCTOIYNBOCTH MOBEPXHOCTHU TBEPJIOTO Teja HE3HAYUTEIHHO BBIIIE ITPU MEHb-
mux 3nadenngax M. B orsmrane ot [taBer 1, B KOTOPOIt yUIUTHIBATIOCH TOCTOSIHHOE
IIOBEPXHOCTHOE HAITPsI?KEHNeE, 3JIeCh BbISIBJICHO cjiaboe BJIMIHUE 3HAKA ITPOJI0JIbHBIX
yeuauit Ha MOPQOJIOrnIecKyIo yCTOMIMBOCTD CBOOOIHOI MTOBEPXHOCTH TBEP/IOTO Te-
Jla. B pasnbHeiinem mpeimnosiaraeTcs UCCae0BaTh BANSHIE 3HAKa, YCUINN TPUHAB BO

BHUMaHNE 00bEMHYTO i dysno, Kak 910 ObLIO cerano B [5; 115 114].

2.4 BrpiBoabl

B nipejicraBiienHoil riiaBe pa3paboTaH TeOPETUIeCKNii TOIX0/] K aHaInu3y MOp-
dosrormaeckoil ycTONINBOCTH MOBEPXHOCTU TBEPJIOTO Tejla ¢ YIETOM €€ YIPYyTHuX
CBOIICTB Ha ocHoBe Mojiesn ['épruna — Mépoka. JJanmbiii 1o1xo pa3padoTal nexo/is
3 TOT'O, YTO IBOJIIOINA HAPAZKCHHON KPUBOJUHEIHON MOBEPXHOCTU TPOUCXOINAT T10/T
JleficTBUEM TTOBEPXHOCTHOM udbdy3un, onpejensieMoil TpOM3BOIHON XIMUIECKOT0
notennuaja. [Ipum sToMm HepaBHoMepHoe pacupejeseHne XUMIIECKOr0 MOTeHIInaa
00yCJIOBJIEHO M3MEHEeHHeM YIIPYIoil SHEePrun ¢ IOBEPXHOCTHON dHepruu jgedopMa-
[IUU BJIOJIb IPPAHUIBI TeJIa.

OrmeTumM, 9TO B OTJINYUNE OT JIPYTHUX PA0OT 110 TeMaTHKe NCCIe0BaHuUsI, B KOTO-
PBIX IIOBEPXHOCTHAs SHEPIUs CUYUTAIACH ITIOCTOAHHOI, 3/1€Ch, B CUJIY PACCMOTPEHUI
HAHOPA3MEPHOT'0 pesibeda IOBEPXHOCTH, B KAUeCTBE IIOBEPXHOCTHO SHEPI UM TPIHH-
MaJiach HEPTus JedopMaIun MOBEPXHOCTHOIO CJIOsi, KOTOpasi HAPsLy ¢ 00bEMHOI
sHeprueil Jedpopmalneiil onpeessiiach U3 peneHns IOCKo 3a/a4un o JepopMaliun
TBEPJOTO TeJia ¢ MCKPUBJIEHHON TpaHuiieil. B kadecTBe OCHOBHOIO COOTHOIIEHUS 10~
JiydeHa siBHas 3aBUCUMOCTb aMILIATYIbI CHHYCOUJAJILHOTO peibeda MOBEPXHOCTH
TBEPJOrO Tejia OT BpeMeHU, JuM@PY3MOHHBIX TapaMeTPOB, MOBEPXHOCTHBIX U 00b-
EMHBIX YIPYTUX CBOICTB MaTepuaJa, OCTATOYHBIX ITOBEPXHOCTHBIX HAIIPAKEHUI 1

JEVCTBYIOMINX ITPO/IOJILHBIX YCUINI.
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B KadecTBe mpuMepa MPOBEACH aHAIN3 MOPQOJIOrTIECKO YCTONINBOCTH TIO-
BepxHoCTH asioMunnd. VcciaenoBano BiausHue (pU3ndecKnx MapaMeTpoB 3ajadn
Ha KpUTUYECKOEe 3Ha4YeHue JJINHBI BOJIHBI UCKPUBJICHUdA U IIOJYYEHBI CJIeIYIOINNe
pe3yabTaThl:
® KPUTHUYECKOE 3HAYCHUE JJIMHBI BOJIHBI UCKPUBJICHUS TOBEPXHOCTU TBEPIOTO
TeJla BO3pacTaeT C yBeJNWYEeHHEM OCTATOYHOI'O ITIOBEPXHOCTHOI'O HaIIpsrKe-
HUS U ITOBEPXHOCTHON NPOJOJILHON 2KECTKOCTHU, a TaKyKe C YMEHbIIECHUEM
IIPOJIOJILHBIX YCUJINIL;
® BJIMSHNE OCTATOYHBIX MOBEPXHOCTHLIX HAIPSIYKEHWIT HAa MOPQOJIOrNIecKYIo
YCTOMYMBOCTD NMPAKTUYECKN HE 3aBUCUAT OT IMOBEPXHOCTHOI KECTKOCTH;

® BJIMAHNE IIPOJIOJIbHBIX YCUINIT BO3pACTACT IIPU YMEHBIIIEHNN [TOBEPXHOCTHOI
JKECTKOCTU;

® BJINSHUE ITOBEPXHOCTHOI »KECTKOCTU YBEJIMYNBACTCA C YMEHBIICHIEM OCTa-
TOYHBIX HAIIPAYKEHUI U IPOJOJILHBIX YCUJINI.

OTMeTuM, YTO MOJIyUeHHbIE Pe3YJIbTaThl CIIPABETUBLI TAKKE J1JIsi HAHOCTPYK-
TYPUPOBAHHOIT MOBEPXHOCTU ILJIEHOYHOTI'O MTOKPBITHUS, IIPU TOJIIIAHE IJIEHKI HAMHOIO
OoTBITIEHT aMILTUTY IbI NCKPUBJIEHNs. B 9TOM ctydae To//I0yKKa He BIUIeT Ha pacipe-
JleJieHre HalpsizKeHnit BO/3u nosepxuocTr [89], a ciiejoBare/bHO U HA U3MEHEHUEe
XUMHUYECKOT'O IMOTEHIINAJIA BJIOJIb NUCKPUBJIEHHON ITOBEPXHOCTU CJAOUCTON CTPYKTYPbI.
Bimsinue TOMUHBI TIJIEHOYHOTO MTOKPBITHST HA MOPMOJIOTTIECKYIO YCTOINBOCTD €TI0

IOBEPXHOCTH OYJIeT PacCMOTPEHO B CJIEJLYIONIEH IIaBe.
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I'maBa 3

Mopdoaorndeckasg yCTOMYNBOCTh MOBEPXHOCTU
YJIBTPATOHKOI'O MJIEHOYHOI'O MOKPBLITUS

Kaxk oTMeuasoch Bbille, ¢ yBeINIeHneM TOMIIUHDBI IJIEHOUYHOTO TIOKPBITHS BJIN-
sTHUE TIOJIJTOZKKHM Ha, MOP(OJIOITIECKYIO YCTONINBOCTE TTOBEPXHOCTH TIJIEHKN CHIKA-
ercs. CrenoBaTe/bHO, 3aBUCUMOCTH OTHOCUTEIbHON aMILIUTY/IbI OT JIIMHBI BOJIHBI
BO3MYIIEHNS, TIOJTy9eHHas ¢ UCTIOIb30BAHIEM IT0JIX0/Ia, orrcanioro B [1ase 2, Oyaet
cIpaBe/I/InBa IIPU aMILINTYJIE U JIJINHE BOJIHBI BO3MYIIECHUSI, MEHBIIEH YeM TOJIIIHA
méaku. OjiHaKo, HAIIPUMED, B C/lydae TOHKOMN IJIEHKN, KPUTUIECKOE 3HAUYCHUE JIJIN-
HbI BOJIHBI UCKPUBJICHUs TOBEPXHOCTU MOYKET OBITH MEHBIIE TOJIIUHBI IIJIEHOYHOTO
MOKPBLITHA. B ¢BsA3M ¢ 4eM B JJAaHHOI TyiaBe OYJET MCCAeT0BAHO BIUSHIE TOJIINHBI
IJIEHKU Ha, YCTONIMBOCTE ee mopepxHocTH. C 3Toil 1eJIbio yupyras sHeprus jgedop-
Mallii U TMOBEPXHOCTHAA YHEPTU, BXOJAIINE B IBOJIOIUOHHOE ypaBHeHUe, OyIyT
OIPEJIETIATLCA U3 PEeIIeHrs 3a/a9i O COBMECTHOI jedopMalun MIEHKN U MOJJTOXK-
K. AHAJIOMMYHO MPEJIbIIYINe IyiaBe, ¢ UCIOJb30BaHIEe MOJIEIN MOBEPXHOCTHON 1
Mmezkdasnoit ynpyroctu ['épruna — Mépgoka OyaeT yaTeHo BJIUsSTHUE YIIPYTUX CBOWCTB
MOBEPXHOCTH IIJIEHOYHOTO TOKPBITUS, a TaKyKe T'PAHUIBI COeIMHEHUS MaTepPHUaJIOB.
st ynobeTBa auTaTesiss HEKOTOPbIE BhIPayKeHNs, 3allUCAHHbIE B MPEIbIIYIINX TJla-

BaX, OYJIyT MOBTOPATHCS.

3.1 IlocranoBKa 3ajJia4un

Mojiesib yJIbTpaTOHKOrO IJIEHOYHOIO HMOKPLITHA TOJIIUHON hy B JinalasoHe
1 — 100 1M, ocazkKJIEHHOIO Ha HOJJIOXKKY TOJIIUHBL hg > hy u Haxolgiierocs B
YCJIOBUSIX TLIOCKOI j1ecbopmMaliuu, mpejicTaBUM B BHUJE HEOIHOPOHON YIPYToil Mmo-
nymiockoctn B = By U By KOMILIEKCHOII HepeMenHoil z = x + ixg (i = —1) ¢
KPUBOJIMHETHON ¢BOOOIHOI rpanuiieil S7 u npsaMmosnHeiiHoi MexkdaszHoii rpaHuiei

S2
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Pucynok 3.1 — MoyieJib yJIbTPATOHKOIO IJIEHOYHOT'O TTOKPBITHS
CO CJIADOMCKPUBJIEHHON CBOOOTHON MOBEPXHOCTHIO

10/ 1efICTBUEM I[IPOIOJILHBIX YCUJINN

Si={z: z=Q = +i[hy+e(r)f(21)]},

(3.1)
A(T)

52:{2: ZECQle}a 5(7_): <<1VT7 A(O):A07

Blz{ZZ 0<$2<hf—|—€(7')f(331)}, BQZ{ZZ [132<0}. (32)

B coorBercTBHM ¢ MOJEIBIO  HMOBEPXHOCTHOM /MeKMAa3Hoii  ynpyrocrn
I'épruna—Mépnoka cBoboiHast n MekdaszHas I'PAHUIIBI IIPEJICTAB/IAIOTCS B BUJIE IIpe-
HEOPEZKIMO TOHKHUX CJIOGB, HJICAJTBHO CIEIJICHHBIX ¢ 00béMubIMI (hasamu [73; 74|
g onmcanns UX yHnpyroro HoBeJIeHHsd UCIIOJIb3YIOTCA YIPOUIEHHBIE OIIPeJe/Ifio-
M€ COOTHOUIEHUsI IOBEPXHOCTHOI YIIPYTOCTH B IIPEJIOJIOZKEHUH, YTO II0BEPXHOCT-

Had 9HEPTIrsA HE 3aBUCUT OT I'DaJUECHTa BEKTOPA HepeMeHLeHI/Iﬁ

0(Gi) =25 + (5 +205)e(C)s - 033(¢) =5 + (N +19)en(G), C €S (3.3)

rae o, — OKPYKHOEe IOBEPXHOCTHOE/Meyk(basHoe HAIPsKEHNe, €5, — OKPYXK-
Hasl IOBEPXHOCTHas /MexkdasHast gedopmarms, 7? — OCTaTOYHOE II0BEPXHOCT-
HOe / MezKazHoe HATPsIyKEHNE, A; U {47 — MOJYJIH IIOBEPXHOCTHOM (j = 1) u mex-

aszHoit (j = 2) yupyrocru, aHaJOTHIHbIE YIIPYTHM HapaMeTpaM Jlame.
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Hanpsizxennst u pecdopmariun B 00bEMHBIX dazax By u By CBsI3aHbI 32KOHOM

['yka, KOTOpHIil B cydae IJI0CKOi jjebopMaIiii IMEET BT

onn(2) = (Aj + 205)enn(2) + Ajeu(2),  om(z) = 2pjem(2),

att(z) = ()\j + Q/Lj)Gtt(Z) + )\jEnn(Z’), (34)
Aj
0'33(2) = m [Utt(Z) + O'nn(Z)] , R € Bj.

B dopmynax (3.4) 045 1 €43 — KOMIIOHEHTBI TeH30pa JlepopMaIiii 1 TeH30pa. Ha-
npsizkeHnit Komm cooTBeTCTBEHHO, ONpeIe/ICHHbIC Ha ILIOIMAJIKe ¢ HOPMaJblo N B
JIOKAJIBHOIT IIPSIMOYTOJIBHOI cucreMe Koopauuar (n,t), A; u f1; — napamerpst Jlame
cpeapl Bj.

Corytacio 06001ménHoMy 3akony FOnra—Jlamaca ycjaoBusi MeXaHUIECKOTO

paBHOBECHSA Ha CBO60rZLHI)IX n Me}K(baBHbIX I'paHrIlaX MMECIOT BH/]

1dog(x
(1) = Klz1)os(z1) — %%11), G €5, (3.5)
+ _ .de(xl)
Ao(C) =07(G) =0 (G) = g €% (3.6)
riae os(x1) = 05((1) — NOBEPXHOCTHOE HAIPsiyKEeHNe Ha KPUBOJIMHEHO rpamuie

S1, Ts(x1) = 03,(¢2) — mexdaszHoe HAIPsKEHNE Ha MPAMOJMHEHHON rpannie So,

O = Opp + 10, — BexTOp Hanpsizxkenuii, o= = lim o(2), h u kK — MerpudecKuii

2—Ca+i0
K09 UIIEHT 1 KPUBU3HA IPAHUIIBI S COOTBETCTBEHHO.
Hanpsikennst 0,5 (o, 5 = {1,2}) B 1eKapTOBOIl IIPSMOYTOILHOMN CHCTEME KO-
opamHAT (X1, T3) W yroJ MOBOPOTA MaTEpPUABHON YAaCTUIBI W HA OECKOHETHOCTH

YAOBJIETBOPAIOT YCJIOBUAM

lim 011 = 029, lim 099 = lim 0192 = lim w=0. (37)
To—>—00 To—r—00 To—r—00 To—>—00

OTrmeTnM, 9TO MPOJIOJIbHBIE HAIIPSIZKEHIST MOI'YT BOBHUKATH BCJIEJICTBUE PACCOTTIACO-
BAHUST KPUCTAJUIMIECKUX PENéTok Marepuasos [57]. XoTsa oHU TakyKe MOTYT ObITh
00YCJIOBJIEHBI JIDYTUMI (paKTOpaMU, HAIIPUMEDP MEXaHUYEeCKUMH PacTATUBAIONUMI

yemmsamu [14].
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B cuiy Toro, 4ro B paMKax HCIOJIL3yeMOrO IOAXO/a MPEIIoJaraeTcsd, 9To
OBEPXHOCTHAsT / MexKasHast 1 00bEMHBIE (ha3bl HIealbHO CBA3aHbl [55; 73|, Ha Tpa-

HHUITaX JOJIZKHBI CO6J’IIO,ZL&TBC5{ YCJIOBUA HEPA3PBIBHOCTU

e (C1) = eu(Cr), G € S,
(3.5)

Au(Ce) = u*(C) —u™(G) =0, (o € 5y,

rJe U = U + Uy — BEKTOP IepPeMeIleHNil, Uy U Uy — HepPeMeIleHnsI BJI0JIb JeKapTO-

BbIX oceil (71, m9) U ut = lim wu(z).

2—3(aEi0
[Ipu perakcarun HanpsizkeHuit pejibed cBOOOIHOI MOBEPXHOCTH IJIEHKUA MOYKET
MeHAThCA. TpedyeTcst olpe/IeTuTh 3aBIUCUMOCTh aMILIUTY/ bl pesibedpa A OT BpeMeH!
T NPHU y4€Te TMOBEPXHOCTHON juddy3un u ynpyroro JgedOpMUPOBaHUSA TBEPIOTO

TeJla C YJIbTPaTOHKHUM ILJIEHOYHBIM IIOKPBLITUEM HepeMeHHOﬁ TOJIIIIWHDBI.

3.2 JluHeiiHbIIl aHAJAN3 3BOJIONUN pejbeda CBOOOIHOI IMMOBEPXHOCTHU

ILJIEHKU

S/vpaBHeHI/Ie7 OIIMCBhIBaloIIee CKOPOCTb U3MEHEHNA CBO6OILHOI>1 I'PaHUIIbI Sl 1101

JieficTBIEeM MOBEPXHOCTHOMN Jndpdy3un, nMeeT TOT »Ke BujI, 4To u B [1aBe 2

W — Ksh(xlﬂ')% [U(C,T) — K(Q?l,T)Us(CaT)] )
(3.9)
oler7) =) ), K, = DO

Ormerum, uro B ypashenun (3.9) obbémuas sneprus jedopmannu U u 1mo-
BepxHocTHas sueprust Uy onpesensiorces mo gopmynam (1.18) u (2.10) u3 perenns
sajiaan (3.1) = (3.7) o coBMecTHOI 1ecbOpMATINI TTO/JIOKKH U TIEHOTHOTO MOKPBITHS.

Kak u B npeiblIymumx rjaBax, 3/JeCh UCCJIE/yeTcsT ¢J1adoe m3MeHeHne peJibeda
CBOOOJIHOM MOBEPXHOCTH, KOMIIOHEHTBI TEH30pa HAIIPSIZKeHHH 1 TeHsopa jedopMa-

Uit OOLEMHBIX U TOBEPXHOCTHBIX (pa3 OyIeM NCKATH B TEPBOM ITPUOINZKECHIT METOIA
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posmytenuit. Torya ¢ yaérom (1.18), (1.19), (2.9), (2.10) u ypasuenne (3.9) MOKIHO

3allliCaTb B BI/JE

dA(T) 1 d?
dr f(xl) = §A(T)st_$% [Enn(())o—nn(l)(xo +
Fouo)En)(T1) + En0yTu) (1) — (3.10)

- {70(1 ¥ el (5m) + 5 (A + 27 70>€§3(0)(z,7)} f”(sm] .

KoMITOHEHTBI TEH30POB HAIIPsIzKEeHNIT 1 JlepopMalinii 00bEMHBIX U TTOBEPXHOCT-
HbIX (Da3 B KayKJIOM HPUOJINKEHUU, BXOJSIIIE B MPpaBylo dacTb ypasHenus (3.10),
OMpEJIeJISTIOTCST 13 PelieHns KpaeByio 3aaady (3.1)—(3.8). st aroro Oymer ucmosib-
30BaTbCs MOJIXO/I, TIpejtoykerHblil ['pekoBbiM 1 Koctbipko [92].

B coorBeTcTBUN ¢ IPUHIUIIOM CyTieprno3uiiny |2; 92| mpejcTaBuM perieHne 3a-
JIaY’ JIJ14 TJIEHOYHOTO TTOKPBITUA, OCAZKJICHHOIO Ha MOJJIOZKKY, B BUJIE CYMMBbI pellle-
HU 3872491 I OJIHOPOJIHON MOJIYIIJIOCKOCTH C MCKPUBJIEHHON I'DaHUIE U ¢ yIpy-
I'IMU CBOMCTBAME TJIEHKN U 3aJ1a91 O JlepOPMAIIH JIBYXKOMIIOHEHTHO TJIOCKOCTN
¢ npsMoJImHeiHof rpanuneil pasjena. [Ipum sToM camTaercs, 9TO B IepBOil 3ajade
Ha ¢BODOOJIHO rpanuiie Sy JielicTBYyeT HeM3BEeCTHas HAIPY3Ka, a BO BTOPOIl Ha MEXK-
dazHoit rpanuie So UMEIOTCS HEN3BECTHbIE CKAUYKK HaIPsI?KEHHUI 1 I1epeMelneHmii.

Takum 06paszom, perenne mocTaBieHHol 3agaan (3.1) —(3.8), a UMEHHO KOM-
IJIEKCHBIE BEKTOPDI IepeMelleHnil u = u; + tuy U HalpsKeHuit ¢ = o, + 10y B

TOYKE KOMILJIEKCHOI IIJIOCKOCTU 2 = 1 + 1T9, 3aIlNIIeM B BUAJE:

G%(Zﬂ?l) + G%(Zﬂ?l)? S Bla

Glemy) = (3.11)
G%(Zﬂh)) S BZa
o"(z),n =1
G;(Zﬂb) = y < € Bj7 T,j :mv (312>
.dur
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rje B ciydae IUIOCKoi gedopmanun »; = 3 — 4v;; uq, Uy — LepeMelieHus BJI0JIb
COOTBETCTBYIOIINUX OCeil X1, Ta.

B nepsoit 3a1a1e (3.11), (3.12) npeanosaraercsi, 9To Ha KPUBOJMHEHHOM Tpa-
nure S1 oaHopoanoit mosymiockocrn D = {z: my < h+¢&(7)f(x1)} ¢ yupyru-
MU cBoiicTBaMU cpejibl B geiicTByeT HeusBecTHas caMOypaBHOBelleHHasd Harpy3Ka

p(21) 1 oBepxHOCTHOE HampsizKeHue v(z):

ol(z1) = p(z1) + s(x)vs (1) — z%m);—i:fl), / Oop(ﬁ)dﬁ =0, 2z €51 (3.13)

1

Hanpsikemust aéﬁ (cr, B € {1,2}) u yrost moBopora w' MaTepuabHON JaCTUIIBI

Ha OECKOHEYHOCTU paBHBI HYJIIO

lim o, = lim 03, = lim o{, = lim w'=0. (3.14)
To—r—00 To—r—00 To—r—00 To—>—00

2 2

BexTops!l HaNpsyKeHNit 0 1 IepeMenieHnit u° HaxXo/aTCs U3 Pellenns 3aa49n
o . o 2 . .
0 COBMECTHOIT /techopMAIli JIBYX COeMHEHHBIX MoJTyTiockocTeir D = {2z : x5 > 0}
u D3 ={z: x9 > 0} ¢ yupyrumu cgoiictBamu cpei; By u By COOTBETCTBEHHO.
Bionb npsiMoTHETHON MeKda3Hol IpaHuIlbl So NMEIOT MECTO HEH3BECTHBIE

CKAa4YKHI BEKTOPOB HanpsikeHuit Ao? u Au?

Ac? = lim o(z)— lim o2(2),
z—(a+10 z—(2—10
(3.15)
Au? = lim u?(2) — lim u*(z), (€ 5.

z—C2+10 z—(2—10
YesoBust Ha GECKOHETHOCTH B TOJIYILIOCKOCTSIX Dj2- (7 = {1,2}) moxno cop-

MYJUPOBATH CJIEIYIONINM 00Pa30M

: 2 _ : 2 _ _ e +1)
Jmochi=on lm oh=o o= TS gie (310
lim 03 = lim o}= lim w?=0.

Takum o6paszom, rpanndtbie yeaosust (3.5), (3.6) u (3.8), samanubie Ha S
u Sy, ¢ yaérom (3.11) mpuBOAAT K cHCTEMe ypPaBHEHUIT OTHOCHTEIHHO HEM3BECT-

HOII HArPY3KH P(z1), MOBEPXHOCTHOTO HAIPSI?KEHUST U, JAEHCTBYIONIErO Ha TI'DAHU-
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e TBEPJOro Tefda B 3aade o JgedopMalinn OJHOPOAHOI mosmyockocT (3.13),
(3.14), TOBEPXHOCTHOTO HAIIPSI?KEHUST O, JEHCTBYIONIErO B TIEHKE, U MeXK(PA3HOTO

HaIIPAZKEHUA Tg:

7'(G) = PG+ wlanoe) — iy T, (3.18)

Ao*(G) = i(G) — 01(G),  Au’(G) = —u'(C2), (3.19)
1 2 s 1do*(xy)

0 (Q) +0%(Q) = Klz1)o’(21) — i s (3.20)

v(C1) =W + (A + 20y, (3.21)

os(C1) =1+ (A + 2 [e4(G1) + €7 (G)] (3.22)

() = 7o + (N5 + 2u5)ey (3.23)

B urore, perrenue 3ajaun 0 HAXOXKJICHUN HAIPSIZKEHHO — 1eOPMUPOBAHHOTO
COCTOSIHHA YJILTPATOHKON IIJIEHKN OCAZKJIEHHOI Ha MOJIOZKKY, CBOJUTCS K PEHICHUIO
cucrembl ypasaeruit (3.18) — (3.23).

Cornacno [17;92;142|, nanpszxenus oF u nepementenus u”, BosHuKaomue B
YIIPYTOM TeJie 110/ JeficTBUeM HAIPY3KH, MOXKHO BBIPA3UTH Yepe3 KOMILIEKCHBIE 110

TerruaJgbl ['ypca— Kosocosa <I>§ , T?

Gh(zm;) = ik (wy) + B (wy) — (0 (w5) + B (wy) -
(3.24)

— (y =) @} ) ) €72

rje wy = z—thy 1wy = 2, @ — yro Mex/y HallPaBJIeHHEM ILIONIA KU ¢ HOPMAJIbIO
n u ochio x1; P1 u Y1 — dbynxuun, rosomopduble B obnacrsax Dy u Dy = {z : x5 >
h —eXf(x1)} coorsercrenno; ®F u T3 — byukuun, rojomopduble B obnactu D?,

u ®3 u T? — dbynxuun, rosomopdusie B obtactu D3,
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[Tosaras B (3.24) a = 0w @ = /2 put &9 — —00 1 yuuThiBas (3.7), MOTydInM

SHa4YeHAd KOMIIJIEKCHBIX ITOTCHIINAJIOB Ha OCCKOHEYHOCTI

lim ®}(z) = lim Y}(z) =0,

To—r—0Q To—r—0Q
(3.25)
lim ®(z) = lim YTi(z) = %
|zo|—00 |x2|—00 4

B cooTBeTcTBUN € IIEPBBIM HPUOINYKEHIEM METO/1a BO3MYIIEHU, HeNn3BECTHDIE

pyHKIIN v, @? " T;? Oy/eM ICKaTh B BUJIE
\I/(Z) = \I!(o)(z) + 8\11(1)(Z), (3.26)

rje W o3HadaeT JIo0YIo U3 MepeunCJIeHHBIX Bbillle PYyHKITI.
B cBoio ouepejib, rpanndnble 3HadeHus QYHKIEIE W, IpejicTaBuM B BUJe

JimHeiinoro nojunoMa Teftiopa B OKpecTHOCTH MPAMOil X9 = 0

W) () = Wy (1) + i f (20) W (21), m = {0,1}. (3.27)

[Toncrasnsst Beipazkenns (1.32), (3.24), (3.26)—(3.27) B ypasuenus (3.18),
(3.19) u npupaBHuBag KOIDOUIUEHTHI TIPH OJNHAKOBBIX CTENCHSX €, ITPHXOINM
K 3ajadam Prvana—I'uibbepra, n3 pereHns KOTOPBIX CJIEAYIOT BBIPAYKCHHS JIJIst

OIpeJIeJIeHNs] KOMILIEKCHBIX MOTeHIUAI0B [92)]

T}(m)(z) = Em(2), Imz >0,
(3.28)
(Di(m)(z) = E(m)(2), Imz <0,
q)%(m)(z) = —Tg(m)(z) +Xn(2) + Ok, Tmz >0,
(3.29)
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( Yim Vin
Tg(m)(z) _ 2 (2) + Vin(2) + 0?2, Imz >0,
1+ et
< (3.30)
Zm — Vm
03, (2) = HaXm(2) = Vinl2) 0%, TImz<0,
\ M2 + pi12e
rie
—+00 ., / “+00 —+00 1
- 1 ZU(m)(T) 1 Pm)(T) 1 / E l(m)(T)
= = d d d
m)(2) 27m'/ T—2z 7-4_2772'/ T—2z T+2m’ m——
17 it (t) 17 ol(t)
Y(z2) = dt — dt 31
(2) Qm/z—t 27m'/z—t ! (3:31)
1 ol)
Vin(2) = — dt,
(2) 271 / z —

Fy(z1) = 0, Fy(21) = —if(a1) [cp’(o)(xl) + Ty (1) + 20 (1) | +
(3.32)

+2if'(z1) | oy (1) + T(O)(fcl)} = f(@1)oig) (x1) — ["(@1) o5 (@1).
['paruanbie yemosus (3.20) — (3.23) ¢ ucnosb3oBanneM (3.24) BbIpayKaroTCs

yepe3 KOMILJIEKCHbIE TIOTeHIAaJIbl (I)é? : T?

Py (1) — W} (T1) + d0% 0 (21) = T (1) + @, (1) = Wi (21),

M
s (1) = 5 LR APl (@1) + Ty (@1)| = WE (@),

M
Os(m)(21) — 2_/L11Re [%1 {‘I’hm)(ﬂfl) + (I)%(m)(xl)} + (3.33)

+ {T%(m)(xl) + T%(m)(xl)}] = Wy (21),

M
(1) = 5 Re [s0® ) (00) + Xy ()] = Wi (),
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Iae VVO1 =0, WO2 - 7?7 Wg - 7?7 W(;l - ’787 W14:O; Wlla W127 W13 — dynkiumn,
3aBUCAIIIME OT HYJIEBBIX HpI/I6ﬂI/I}KeHI/If/i KOMIIVIEKCHBIX ITOTEHIINaJIOB, OHpeLLeJIéHHbIe
B |92].

[Ipunnmas Bo BEnMamue (3.25), 3anuiieM KOMIJICKCHBIE OTEHITHAJBI B HYJIe-

BOM IIPUOJINZKEHUN:

Pl(2) =Ti(2) =0, z¢€ By,
(3.34)
(=) = Ti(z) = L, zeB;, j={L2}.
[Togcrasiss B (3.24) yroJt MKy OChIO X1 U t CliepBa paBHBIM (v, 3aTeM v+ /2
U CyMMUPYs PE3YJIbTATHI, MOJYUYUM BbIPAYKEHUS JIJIsI ONpPE/Ie/IeHUsT KOMIIOHEHT TEeH-
30poB JiepopMalinii B KarKI0M HPUOJINKEHUN B 3aj1a49aX O JiepOPMAIH OJIYILIOC-
KOCTU ¢ UCKpuBJIEHHON rpanuteii (3.13), (3.14) u o coBmecTHOI tedopmanun IByxX

noJtytiockocreit (3.15)—(3.17)

Unn(z) + iont(z) = (I)j(z) + q)j(z)_

) — (2 —-z)<@;(z)] e (3.35)

|
2
ol
_|_
s

0u(2) + on(2) = ARe®;(2), z € B;, j={12}.

Torma u3 (3.11), (3.34), (3.35) ¢ yuérom (3.4) u (3.5), (3.6) cuemyer perire-
rue 3agadn (3.1)—(3.8) B HyseBOM HPUOJMMKEHUH METOjla BO3MYIICHHI, KOTOPOE
COOTBETCTBYET KYCOUHOOJHOPOJHOMY HAIIPSZKEHHOMY COCTOAHUIO ILJIEHOYHOI'O I10-

KPbITHUA C [IJIOCKOIA IIOBEPXHOCTDBLIO

M1 1 + 1
o (z) =05, z€ Bj; oy(z1) =+ %01,
(3.36)
Ms(1 4+ 522) (e + 1)
0 2 2 _ e
To(0)(22) = 79 + —8M2 g2, 01 —M(%l n 1)02,
rne M; = A; + 2u5, (j = {1,2}) — nosepxuocrnas/mexdaznas 1pojo/bHas

JKECTKOCTD.
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B nepBom npub/nzkeHnn MeTojia BO3MYIIEeHN Hen3BecTHbIe (DYHKIUN CJIeIyeT

HCKaTh B Buje |92]:

pay(r1) = Py cos(bxy) + Q sin(bxy),

vay(z1) = Py cos(bry) + Qg sin(bwy),
(3.37)

os1y(21) = Pycos(bxy) + Q3sin(bxy),

Ts(l)(fL‘1> =P COS(bQZ‘l) + Q4 sin(bxl),

rjie P; u (); — HensBeCTHBIE KOMILJIEKCHBIE KOI(DPUITUMEHTHI.

[Togcrasnss Bopazkenust (3.28)—(3.30) B cucremy (3.33), ¢ yuérom (3.31),
(3.32), (3.37) u cBoiicTB WHTerpaja Tuia Kol TpuxoauM K CHCTeMe JIMHEHbIX
asIredpanvyeckKux ypaBHEHUil OTHOCHTEIHLHO HEM3BeCTHLIX Koddduimentos Py u ;.
[Tocie omnpejeniennst 31X KO3(MMUIMEHTOB, KOMILJIEKCHBIE TTOTEHIINATBI B TI€PBOM
MPUOJIMZKEHIN METOJIa BO3MYIIEHIH HaxoaaTest 1o opmysam (3.28) —(3.30), (3.37).
3areM, HOJACTaBIIsAs HallJIeHHbIE KOMILIEKCHDBIE HMOTEHIMAJbI B 1IEPBOM IPUOIHIKE-
wHun B dopmyiy (3.35), npuaumas Bo BauManue (3.11), mojyauM BbIpazkKeHusl JIJist
KOMITOHEHT TeH30pa Halpsizkenuit B 3azgatde (3.1)—(3.8). KommonenTsr Tensopa jie-
opmanuii onpeensrores u3 cucteMbl (3.4). Crreyst H3/I02KEHHOMY aJIrTOPUTMY JIsT
olpejieeHs HaupsKenuii u gedopMaliii, HalcaHa IPOrpaMMa B CUCTEMe KOM-
nblorepHoit MaremaTuku Maple. B cury rpoMo3ikocTi oIy yeHHBIX BbIpasKeHU B

paboTe OHU He IIPUBOIATCS.

3.3 UYwuciaeHHble pe3yJbTaThbI

[TozmcraBiisist oIy 9eHHBIE BBIPAYKEHNUs /11 KOMIIOHEHT TeH30Pa, HAIIPSIZKEHNI 1
Tensopa jedpopmariuit B (3.10), moaydaem 06bIKHOBeHHOE T (hEPEHIIATBHOE YPaB-
HeHune. Pelierne 9Toro ypaBHeHUs JaéT CKOPOCTh U3MEHEHUsT aMILIUTYIbI [IePUOI-
4ecKoro pesibeda IMOBEePXHOCTU YIBTPATOHKOI'O IIJIEHOYHOT'O OKPBITHS CO BpeMeHEeM

KaK (PYHKIIIIO, 3aBUCAIILYI0 OT (PUBNIECKUX 1 NeOMETPUYUECKUX IIapaMeTPOB 3a/1aun
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A7)
Ay

=R (aa hfa >\17 M1, )\23 H2, Ta ,Ui’)/?, Sa M;’yga 02) T. (338>

B kagecTBe npuMmepa paccMOTPUM METAJINIECKYIO CUCTeMy. Bynaem cunTarh,
yT0o Kodpdunmentsl [lyaccona mMarepnasioB IJIEHKM W TOJJIOXKKH COBIIAJIAIOT, T.€.
V] = 1. Takoe TNpenrnosioKeHne MO3BOJUT TPOAHATU3UPOBATH BNUAHUE TIOJTONK-
KU BCErO JINIIb Yepe3 OJH MapaMeTp — OTHOCHTEIbHYIO YKECTKOCTb T = [i1/ o,
O6bémubie tapameTpnl Jlame Bepxueit miéHkn Ay = 58,17 I'lla u uy = 26,13 I'lla
COOTBETCTBYIOT alIOMUHNIO. [IJ1g ana/m3a BAUSHUS TTOBEPXHOCTHOM yIIPYTOCTH pac-
CMOTPHM II0BEPXHOCTHYO / MezKbas3HyIo kécTKocTh M) = )\‘;- + 2/[;- . IloBepxHOCTHBIE
mapaMeTpbl Jlame Jijist afOMUHNST ¢ OpUeHTarueli Kpucraaimdeckoil permérku (111)
OIpeJIeJIeHbI METOJIOM MOJIEKY/IIPHOIO MoJie/inpoBatust [105]: 1M cooTBeTCTBYET 1Mpo-
JOJIbHAST TOBEpXHOCTHAs »kécTKocTh My = 6,099 H /M. Crout orMeTnTh, 90 moBepX-
HOCTHBIE YIIPYTHUE MTOCTOSHHBIE 3aBUCAT OT OpUEHTAINN KPUCTAJINIECKO PeréTKN
1 ipounx dpaxTopos [126], B cBsa3u ¢ em 371ech OYIyT PacCMaTPUBATHC PA3IHIHBIE

3HAUEHNS TTOBEPXHOCTHOI /MexKdaz3HOil KECTKOCTH.

(a) (6)
Pucynok 3.2 — BaBucuMocTh H3MeHeHUsT OTHOCUTEIbHON aMimTyabl A(T)/Ag

HEPUOJIMTIECKOTO Pejibeda MOBEPXHOCTH YIBTPATOHKOIO IJIEHOUYHOI'O MOKPHITHS OT

JUINHBL BOJTHBL cKpuBJienns a npu My = 6,099 H/m (a) u My = 60 H/m (6)

Ha Puc. 3.2 npusejiena 3aBHCHMOCTb OTHOCHTEIbHOT aMIinTyibl A(T)/Aq 1e-

PUOANYIECKOTO pesibeda MOBEPXHOCTH YJIBTPATOHKOI'O IIJIEHOUYHOI'O ITIOKPBITHS OT JIJI1-



68

HbI BOJTHBI HCKPUBJICHUST @ TIPH OTHOCUTEIbHBIX KécTKoCTsX 1 = {0,3; 3} (KpacHbie
I CHHUE JINHUI COOTBETCTBEHHO), ToJmuHax wieHkn hy = {5; 15} uM (cruiontuele u
IYHKTUPHBIE JITHUH COOTBETCTBEHHO) U TIPOJOJIBHBIX KECTKOCTSX MOBEPXHOCTHOTO
ciaost My = 6,099 H/m (a) u My = 60 H/m (6). B cuy Toro, 1aro 31ech uccrey-
eTCsl BJIUSIHIE TIOBEPXHOCTHBIX YIIPYTUX [MAPAMETPOB, /I HALJISTHOCTH OCTATOYHOE
IOBEPXHOCTHOE HAIpsKeHne HpuHaTo pasHbiM ) = 0,1 H/m. Mexdasnas xéct-
KOCTB I OCTATOYHOE MezKaszHoe HampsizKeHre npuHaThl paBabivu My = 6,099 H /M u
v9 = 1 H/M coorsercTrento. Kpurnueckue 3HaUeHU Gy, IPH KOTOPBIX CUCTEMA, Ha-
XOJIUTCA B TEPMOJIMTHAMIYECKOM PABHOBECHH, COOTBETCTBYIOT II€PECEUEHUI0 KPUBBIX
¢ ocbio abcruce. B cimydae Kora a < . aMILIATYIa BO3MYIIEHNs Oy1eT yObIBATH CO
BpEMEHEM, TO eCTh OyJIeT IIPOUCXOJIUTE CIIaXKUBaHue pesibeda, B TO BpeMs Kak 1pu
JINHAX BOJIH GOJIbIIIe KPUTUIECKOTO 3HadYeHUs (T.e. @ > ) OyjeT HabJII0IaThCs
yBeJIMUEHNEe aMILTUTY/bl UCKPUBJIEHUS CO BpeMeHeM. [IJIMHbI BOJH G = Gz, 1PH
KOTOPBIX KPUBbIE JIOCTUTAIOT MAKCUMYMA, ONPEJIC/IAI0T COCTOAHNE TLIEHOYHOI CUCTe-
MBI, KOTJIa CKOPOCTL POCTa pesibeba HAnbObINast. SHAYEHUS Qe U Gypgy, OTIPEJIETEH-
HbI€ JIJIsi PACCMATPUBAEMBIX KOHMUIYPAIUil CUCTEMbI, IIPEJCTaBIeHbl B Tadsmiax

3.1, 3.2.
Tabmuna 3.1

KpMTquCKMe SHa4YCHUA OJINH BOJIH Ay, OHpe,ZLeﬂéHHbIe Ipn pa3JInIHbIX

napaMeTpax 3aJiadn

My, H/m 6,099 6,099 60 60
r 0,3 3 0,3 3
hy, 1M Qery, HM
5 29.6 22,6 37,1 28,6
15 26,6 26,1 33,6 32,1

PesysibraThl 1MOKa3bIBaIOT, YTO B CJIydae »KECTKON OTHOCUTEIBHO IJIEHKHU T10/I-
JOKKH (T.e. Tpu 7 < 1) KpUTHIeCKNe 3HAYEHUsI [[JTMHBI BOJTHBI OOJIBINE YeM B CIydae,
KOIJIa TIOJIJIOYKKa Msirde TIeHKu (T.e. 7 > 1). BujHo, 9T0 BJINSIHEE OTHOCHTEIBbHOI
JKECTKOCTH YBEJIMUINBACTCA 110 Mepe YBEJIMYEHU TOIIUHDBI IJICHOTHOIO MOKPBITHSI.
[Ipu My = 6,099 H/m u hy = 15 HM BiIHsIHIE OTHOCUTEIBHOE XKECTKOCTU HA KPUTH-
yeckoe 3HadYeHne JIJINHBI BOJIHBI BO3MYIIIEHHSI IIPAKTUYECKN He3aMeTHO. Tak ke CTOuT

OTMETHUTH, YTO 3HAUEHUS JJINH BOJIH (pq, OOJbINE B caydae Mp = 60 H/m.
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Tabnua 3.2

SHaYeHUsI JJIUH BOJIH (4., COOTBETCTBYIOIIIE HANOO/IbIIE CKOPOCTH POCTA,

AMILTUTY/IbI pesibeda MOBEPXHOCTU ILJIEHKN

My, H/m 6,099 6,099 60 60
r 0,3 3 0,3 3
Py, 1M maz, HM
5 42,6 33,6 53,6 43,1
15 39,1 40,1 50,6 49,6

Bimstnue cBoficTB Mexk(as3HOil I'PaHUIbI, 8 UMEHHO ITPOJIOJIBLHON YKECTKOCTH
M5 1 ocTaTOUHOTO HAITPSAZKEHN S 78, Ha MOP(OJIOrTIECKYIO YCTOWIMBOCTD CBOOOTHOIT
MOBEPXHOCTH ILJIEHKN TpejicTaBieno Ha Puc. 3.3. Bujano, 9to kputndeckoe 3nade-
HUE JIJINHBI BOJIHBI BO3MYIIIEHUS ITOBEPXHOCTU YABTPATOHKOI'O IIJIEHOYHOT'O ITIOKPBITHS
MPaKTUIEeCKN HE 3aBHCHUT OT paccMaTpUBacMbIX IapaMeTpoB. B ¢Ba3m ¢ stum, npu
JAJBHENIINX BRIYUCIEHUIX B TEKYIIel riaBe Mexkdasnast MpoIobHast JKECTKOCTD 1

OCTATOYHOE HalpszKeHue GyIyT NPUHATHI paBHbLIMU HyJI0: 9 = 0, My = 0.

() (6)
PI/ICyHOK 3.3 — 3aBUCUMOCTD KPUTHUYECKOI'O 3Ha4YeHnA JJJIMHbI BOJIHDBI

UCKPUBJIEHUS (g YABTPATOHKOTO TJIEHOYHOIO MOKPBITHS OT MEKMa3HOil

xécrkocTn My (a) u octatounoro MeskgaszHoro Hanpszkenus 9 (6)

Ha Puc. 3.4 npencraBiena 3aBUCHIMOCTh KPUTUUIECKOTO 3HAUYECHHUS JITUHBI BOJI-
Hbl UCKPUBJIEHUS (e IMOBEPXHOCTU YJABTPATOHKOIO IJIEHOYHOI'O TOKPBITUA OT IIO-

BEPXHOCTHOI KEcTKocT M7 1 OTHOCUTE/ILHOM YKECTKOCTH cucTeMbl r. V3 pucyHka
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(a) (6)
PI/ICyHOK 34 - SaBI/ICI/IMOCTb KPUTHUYIECKOI'O 3HaAY€HM 1 JIJIMHBI BOJIHDI

UCKPUBJICHUS (¢r YIBTPATOHKOTO IIJIEHOYHOI'O MTOKPBITUSA OT ITOBEPXHOCTHOM

xkécTroetn My (a) m oTHOCHTENBHOMN KECTKOCTH cucTeMbl 7 (0)

BU/IHO, YTO NPU YBEJUUYEHUN MOBEPXHOCTHON MTPOJIOJILHOMN KEcTKOCcT M7 KpuTude-
CKUe 3HavYeHUs JIJIMHBI BOJIHBI (o YBEJIUUUBAIOTCS, IIPU 9TOM BJIUSHUE TTOBEPXHOCT-
HOII »KécTKoCcTU My NpOSBIAETCS CUJIbHEE B CJIydae MATKONW OTHOCHTE/JIBHO IJICHKN
HOJIOZKKHY (17 = 3) ¢ yMEHbIIIEHHEeM TOJIIIUHBI TJIEHOYHOTO MOKPBITHSA. 3aBUCHMOCTh
OT OTHOCUTE/LHO »KECTKOCTH OOJIbINE B CIydYae MEHBIINX TOJIUHBI 1 TOBEPXHOCT-
HOIT »kécTKoCcTU ILIEHKU. OTMETHM, 9TO B CJIydae KOIJa »KECTKOCTH MaTepHaJioB
MIEHKN U TOJVIOKKH coBiagaioT (T.e. v = 1 wim aro to xke loggr = 0), Kpuru-
YecKue 3HaueHus JIJIMHbI BOJIHbI UICKPUBJIEHUSI HE 3aBUCST OT TOJIIUHbI IIJIEHOYHOI'O
MOKPBITUA. B 9TOM ciiydyae KpuTudeckue 3HaUYe€HUs JIJIMH BOJIH BO3MYIIEHUS COBITa-
JTaIOT ¢ pe3yabTaTaMu, MoJyuYeHHbIME B [1aBe 2.

3aBUCHUMOCTb KPUTUYECKOT'O 3HAYEHUSI JJIMHBI BOJHBI UCKPUBJICHUS (e YJIb-
TPATOHKOI'O IJIEHOYHOI'O MOKPBITUSI OT OCTATOYHOI'O OBEPXHOCTHOI'O HAIIPSIZKEHUSI
v) npeacrapnena na Puc. 3.5 npu r = 0,3 (a) ur = 3 (6). Kpurnueckue snauennst a.,
yBeJIMuuBaloTcst ¢ poctoM 7y, TIpu 9TOM 3aBUCHMOCTD OT HOBEPXHOCTHOIO OCTATOY-
HOTO HAIPSAYKEHUsI CIJIbHEE B CJIydae KECTKONH OTHOCUTETHHO IIEHKHI MOJTOKKH (T.€.
npu r = 0,3, Puc. 3.5a). Tak:ke B 9TOM cjiydae BJIUSHHE OCTATOUYHOTO TTOBEPXHOCT-
HOT'O HaIPSIKEHUS YCUJIMBAETCS ¢ yMEHbIIIeHneM TOJIMNHBI TIJIEHKN. B crydae Koraa

JKECTKOCTh MaTepuaJia IIOJJIOZKKHN MEHbIIC JKECTKOCTHU ILJIEHKU BJAUSIHUE OCTATOYHO-
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'O ITIOBEPXHOCTHOI'O HAIIPAZKEHM A ITPpaKTUNYIECKN HE 3aBUCUT OT TOJIIINHBI ILJIEHOYHOT'O

MMOKPBITUSA W TTOBEPXHOCTHON »KECTKOCTH.

(a) (6)
PI/IcyHOK 35 — BaBI/ICI/IMOCTb KPUTHUYECKOI'O 3Ha4YCHNA AJIMHBI BOJIHDBI

UCKPUBJICHUA Aqp YIBTPATOHKOI'O ILJIEHOYHOT'O IIOKPLITHUA OT OCTAaTOYHOI'O

IIOBEPXHOCTHOrO Hampsizkenust vy npu r = 0,3 (a) u r = 3 (6)

(a) (6)
Pucynok 3.6 — 3aBucumMocTh KPUTHIECKOI'O 3HAYEHIS JIJINHBI BOJIHbI

NCKPUBJIEHUA Q¢epr YJIBTPATOHKOI'O IIJIEHOYHOI'O IIOKPbLITHUA OT €ro TOJIIINHBI hf

pn M = 6,099 H/m (a) w My = 60 H/m (6)

Bimsgnne TOMMWHBI MIEHOYHOTO MOKPBITUS HA MOPQOJIOrTIecKyIo yCTOWYIN-
BOCTH €0 ITOBEPXHOCTU IpejcTaBieHo Ha Puc. 3.6. I'paduyeckue zaBucumMocTu

nojiyderbl pu 7 = 0,3 u r = 3 (cuHHe U KpacHbIe JIMHUU COOTBETCTBEHHO) U
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M, = 6,099 H/m (a) m My = 60 H/m (6). Pesyabrars! mokasbBaior, 9To ¢ yBe-
JIMYEHUEM TOJIIMHBL IEHOYHOTO OKPBITHSI, KECTKOCTh KOTOPOTO 0OJIBIIE / MEHBIITE
TTO/IJTOZKKHI, KPUTHIECKIE 3HAYECHUST [[INHBI BOJHBI YBEJIMIHBAIOTCS /Y MEHBIIAIOTCS 1
CTPEMATCS K 3HAUCHUSIM, OTIPEICTICHHBIM JIJIsT TOBEPXHOCTH TBEPJIOTO TeJIa ¢ yIpyTH-
M cBOMCTBAMIE TICHKH. OTMETHM, ITO HANOOJIBINEE BIIMSIHIE TOIIINHDI TIJIEHOTHO-
O MOKPBITHsI TIPOSIBJIsIETCsT IpH GoJIbIieil moBepxHocTHOI kécTrocTr M. Tosmuma
MJIEHOYHOTO TIOKPBITHS, TIPH [PEBBIMIEHNI KOTOPOH OTHOCHTE/IbHAST JKECTKOCTh CH-
CTeMBI TIepecTadT BJIUATH Ha KPUTHUIECKOE 3HAYCHNE JUIMHBI BOJHBI BO3MYIICHNUS,

Tak»kKe 00JIbIIIe B ciiydae 0oJibIleil ITOBEPXHOCTHOI »KECTKOCTH.

(a) (6)
PI/ICyHOK 3.7 — 3aBUCUMOCTD KPUTHNYECKOI'O 3Ha4YeHndA JJIMHbI BOJIHDBI

NCKPUBJICHUA Qe YIBTPATOHKOI'O ILJIEHOYHOT'O IIOKPLITHUA

OT MPOJOJIbHBIX yensuit oy pu r = 0,3 (a) ur = 3 (6)

Ha Puc. 3.7 npejcraBieHa 3aBUCUMOCTb KPUTHYECKOIO 3HAUCHUS JJIUHBI BOJI-
HBI HCKPUBJICHNST (¢ YIIBTPATOHKOI'O IIJIEHOYHOT'O OKPBITHS OT TPO0IBHBIX YCUJIHI
01 TIPH JKECTKOCTSX ToBepxHOCTHOTO cyosg My = {6,099; 60} H/m (cumme u kpacubie
JIMHIH COOTBETCTBEHHO), ToJIMHax 1WEHKNn hy = {5;15} HM (CIUIONIHBIE 1 ITyHK-
TUPHBIE JITHUW) U OTHOCHTEBbHBIX JK6écTKOCTAX cucreMbl 7 = 0,3 (a) u r = 3 (0).
13 pucyHKa BUJIHO, YTO C yBeJIMYeHNEM 0] KPUTHYECKNE 3HAYEeHNUs JIJINH BOJTH YObI-
BaloT. [Ipn 9TOM BIMSHNE IPOJOIBHBIX YCHJINN HanboJlee CUIBHO MPOSBIIAETCS DU
MEHBIINX TOJIIUHAX B CJIydae, KOIjla MOIoKKa »kécrie micukn (Puc. 3.7a) u npn
OOJIBIINX TOJIIIUHAX, €CJIN KECTKOCTh MaTepHuasa IOJIJIOKKN MEHbIIEe KECTKOCTH
IJIEHKN. Bimsinne moBepXHOCTHON TPOJIOJIBHON YKECTKOCTU BO3PACTAET C yBeJUe-

HUEM IIPOJOJIbHBIX YCI/IJII/Iﬁ.
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3.4 BriBoabl

B nanmoii rimaBe pa3zpadoTaH TeOPeTHIeCKU MOAX0 /I aHaIn3a Mopdoo-
I'TYEeCKOl YCTONYIMBOCTH TTOBEPXHOCTH YJIBTPATOHKOTO IJIEHOYHOIO MOKpbITHdA. Ha
OCHOBE MOJIEJIN MTOBEPXHOCTHOM /Mexkasnoit yrpyroctn ['épruna—Meépoka yareHo
BJINSHNE YIIPYTUX CBOMCTB CBOOOIHON MOBEPXHOCTU TIEHOYHOTO TMOKPLITHSA W I'pa-
HUIBI COeIMHEHNs <«IIJIEHKA — OJIJIOZKKay. [Ipentonaranioch, 9To 9BOIIONUS peJibe-
da MoBepxXHOCTU MJIEHOYHOTO MOKPBITUS MPOUCXOJNT MO/ JIefiCTBUEM TTOBEPXHOCT-
HOMt ndpdy3nn, BEI3BAHHOI HEPABHOMEPHBIM PACIIPe/IeIeHneM XUMIYECKOTro MTOTeH-
IuaJia BJOJIbL UCKPUBJIEHHON MOBEPXHOCTH HAIPIXKEHHOTO KommosuTa. [Ipm sarom
CYUTAJIOCH, YTO HEPABHOMEPHOCTDb PacIllpe/iesIeHNd XUMIUYEeCKOro IIOTeHIa a8 B10JIb
00yCJIOB/IeHA U3MEHEHNEM TI0JIsT HAIIPSZKEH W, TTOBEPXHOCTHON SHEPIUN U KPUBU3HbI
IIOBEPXHOCTH. DBOJIIOINS pesibeda MOBEPXHOCTH paccMaTpuBaIach KakK N3MeHEeHUe
AMILIATY/IBI TIEPUOINIECKOTO UCKpUBJIeHns. s perenns 3BOJIONMMOHHOTO yPaB-
HEHUs HEOOXOMMO ObLIIO OIpEJIeNTh HAIIPSIKEHHO — 1epOPMUPOBAHHOE COCTOSTHIIE
paccmaTpuBaemoit cuctembl. C 9T0il 1esibIo OblIa pelleHa IJI0CKas 3ajada Teopun
YIPYTOCTH O COBMECTHOI JiepopMaIluil MOJIYTIIIOCKOCTH W TIOJIOCHI ¢ MCKPUBJIEHHOMN
rpannieii. Perenne kpaeBoil 3a/1a4n OBLIO MOJTYYEHO B MIEPBOM MPUOIMKEHUN Me-
TOJIa BO3MYIIEHNU{T ¢ UCIIOJIB30BAHIEM TI0JIX0J1a, [IPEJJIOZKEHHOro B pabore [92].
VccnenoBaHo BiIHMSIHIE OTHOCUTEIBHON YKECTKOCTH CHCTEMBI, YIPYTIHX Ilapa-
METPOB I'PAHUIIBI COEIMHENNS «IIJIEHKA — [TOJJIOKKa» W CBOOOJIHO TPAHUITLI, TOJIIIIN-
HBbI TTOKPBITHS, OCTATOYHBIX MOBEPXHOCTHOIO M MeXK(Ma3zHOTO HAIPSZKEHNN U Mpo-
JoJIbHBIX yeusinii. [losydens ciemyronue pe3yibTaThl:
e MexkazHas MPOJI0JIbHAS KECTKOCTh W OCTATOYHOE HAIIPSIYKEHNE MpaKTHde-
CKM He BJIUSIOT Ha MOPQOJOrHIECKYI0 yCTONINBOCTL CBOOOIHOI TTOBEPXHO-
CTH ILJIEHOYHOI'O ITOKPBITHSI;

® KPUTHUYIECKOE 3HaUYeHHe JIJINHLI BOJHLI BO3PACTACT C YBEJINYEHUEM IIOBEPX-
HOCTHOI TPOJIOJIbHOI ZKECTKOCTH, IOBEPXHOCTHBIX OCTATOYHBIX HAIIPAZKE-
HUII U ¢ YMEHbIIIEHUEM IIPOJIOJILHBIX YCUJINKI U OTHOCUTEILHON IIPOJ0JIbHONI
KECTKOCTH;

® BJINAHNE IIOBEPXHOCTHOM KECTKOCTN YMEHBIIACTCA C YBEJIMICHIEM OCTATOY-

HOT'O IIOBEPXHOCTHOI'O HAIIPA2KCHNA M1 YMEHBIICHUEM IIPOAOJIbHBIX YCI/IHI/Iﬁ;
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® B Cilydae JKECTKOM /MATKONH OTHOCHTEBHO TIOIOZKKN TJIEHKH KPUTHIECKOE
SHAYEHUE J[JINHBl BOJIHBI YBEJNIUBAETCSI/YMEHBIIAETCST ¢ POCTOM TOJIIIIH-
HbI IJIEHOYHOI'O IOKPLITUS, IIPU 9TOM CHUKaeTCs BJIMsIHUE OTHOCUTEJILHOM
KECTKOCTU CUCTEMBbI;

® TOJIIUHA IIJIEHOYHOI'O MMOKPBITHS, ITPU KOTOPOIT MOYKHO HE YUYUTHIBATH BJIN-

AHNE ITOJIJIOZKKH BO3PaCTaCT C YBEJIMYECHUEM HOBerHOCTHOﬁ KECTKOCTH.

OTrmeTnM, 9TO 9BOJIIOIHS pesibeda BeaeacTBre uddy3UOHHBIX ITPOIECCOB MO-
JKeT TPOUCXOUTH HE TOJBKO Ha CBOOOJHBIX IOBEPXHOCTSX IJIEHOYHBIX MOKPBHITHIA,
HO U Ha IPAHUIAX COeMHeHnil AByX Mareprasios [68;96;132]. B cBs3u ¢ arum B cte-
JIyIOIIeit riaBe OyJIeT OMMCcaH TMOAX0/1 [/t aHaIim3a MOPMOJIOTTIECKON yCTONIYNBOCTH

MezK(as3HO ITOBEPXHOCTH.
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I'maBa 4

Mopdosornieckas yCTONYNBOCTb HAHOCTPYKTYPUPOBAHHO
rpaHUIbl COeAMHEHUS JIByX MaTepuaJoB

['1aBa 1oCBsiIIieHa UCCJIEIOBAHIIO MOPQOJIOrHIecKOil yCTONINBOCTH HaHO-
CTPYKTYPUPOBAHHOI T'paHUIbI COeIMHEeHNs MaTepuaJson. IIpuHuMas BO BHUMaHNe
TOT (haKT, YTO MIPU OIPEJICJIEHHBIX YCIOBUSIX aTOMbI BOJIN3U MeyK(a3HON HAXO/IATCs
B TEPMOJIMHAMIYIECKH HEYCTOMUMBOM COCTOSHUU, IIOJIYUYEHO yPaBHEHUE, OIMChIBAIO-
mee KNHETHKY obpasoBanus pesbeda. CrkopocTh pocra pesbeda MexkdasHoil rpa-
HUIbI 3aBUCUT OT MU3MEHEHUsI XUMUIECKUX ITOTEHIINAJIOB KazKJI0i cpejibl BJI0JIb HEE.
[Ipr 9TOoM XUMMYECKHil OTEHINAJ BhIPaykKaeTcsd depe3 YIPYI'YIo dHepruioo jedop-
MaI 1 MexKpasHyo SHepruoo. Pacipejesenne HapsizKeHUi BI0Ib MexKdas3HOi
I'PAHUIIBI HAXOJUTCS U3 PENIeHusl IIJIOCKON 3ajadil TeOPUU YIPYTOCTH O COBMECT-
HOIT JiechbopMali JIBYX IOJIYIJIOCKOCTEl ¢ MCKPUBJIEHHON TpaHuteil pasaena. [Ipn
9TOM HCIIOJIB3YIOTCS COOTHOIIEHHs TIOBEPXHOCTHOI /MeK(basHOil Teoprn yIpyrocTu
['épruna — Mépoka, B KoTopoii MexkdaszHas 001aCTh MPEJCTABIIETCS B BUJIE IIPe-
HEOPEXKUMO TOHKOI'O CJIOsI, KOP€PEHTHO CBA3AHHOIO ¢ 00bEéMHbIMU (azamu. C uc-
[10JIb30BaHUEM IIE€PBOTO NPUOJIMXKEHUsT METOJ[a IPAHUIHBIX BO3MYIIEHUI pelieHne
JINHEAPU30BAHHOI'O 9BOJIIOINOHHOIO YPaBHEHUS IIPUBOIUT K OIPEJIEIeHNI0 YCIOBUIA,
IIPU KOTOPBIX OY/IeT UMETh MeCTO MOpPQOJIorHdecKas yCTONINBOCTb MexK(Da3HOIl 110-

BEPXHOCTHU.

4.1 IlocTranoBKa 3aJia4un

PaccmoTpuM reTeporeHnyio cucremy, 0Opa3’oBaHHYIO COEIMHEHUEM JIBYX H30-
TPOIHBIX OJIHOPOJIHBIX MAaTEPHasIoB, HAXOJAAILYIOCT B YCJIOBUSX TLJIOCKOM JledpopMa-
muu. [Ipeanonaraercss, aTo dpopma IpaHUIbl COSJMHEHUS MaTePHaIOB MEHSIETCS C
TedYeHNeM BpeMeHU BeJiesIcTBHE UM @Y3NOHHOTO MacCoIepeHoca BIOJb MeyKdas-

HOIl rpanumbl. Takum oOpaszoM, NPUXOAUM K ILJIOCKON 3ajiade TEOPUHU YIIPYTOCTU
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Pucynok 4.1 — Mojiesib reTeporeHHOTrO TBEPJIOTO TeJia ¢ UCKPUBJIEHHOIT

MexKazHoil TpaHuIleil 1o, JeficTBUEeM IPOJIOIbHBIX YCUJINIT

JIUIst OeCKOHEUHOIT 110cKocT By U By KOMILIEKCHOI IIepeMeHHOl 2 = x1 + X9, Te
i? = —1, a ocu T, Ty ONPEIEIAIOT JEKAPTOBY IIPIMOYTOILHYIO CHCTEMY KOOD/U-
HaT. B cooTBeTCTBUN ¢ MOJIE/IBIO TIOBEPXHOCTHOI / MeKbasHoil yipyroctu [€pruHa —
Mépgoka [73; 74|, Mexkdasnast rpaHUIa PACCMATPUBALTCS KaK ylpyras MeMOpaHa

S, njeajabHO CBsi3aHHasi ¢ 00bEMHBIME (hazamu By u By

S={z: z=(=x+ic(r)f(z1)}, (4.1)

By ={z:xy>¢e(n)f(x1)}, Ba={z: 2y <e(r)f(x1)},
(4.2)

f(z1) = acos(bxy), b=2m/a, e(1)=A(T)/a, A(0)= Ay,

rje a — JINHa BOJTHBI CHHYCOUIAIbHOIO UCKpuBJIeHust, A(7T) — aMIUINTy1a NCKPUB-
JleHust MexK@a3Hoil MOBEPXHOCTH B MOMEHT BpeMeHu 7. B pamMkax JIMHeitHOro aHaJ -
38 MOPQOJOTNYIECKON YCTONIMBOCTH MeyK(a3HON TPpaHUIbI TPeOYeTCs ONPEIe/INTh
KPUTHYIeCKOe 3HAUYEHNE JITNHBI BOJIHBI BOBMYIIEHUS G, TTPH TPEBLIIEHITH KOTOPOTO
aMILIUTYAa pejbeda OyIeT yBeIndnBaThcs co BpeMmeHeM. [Ipn sTom mpejinosaraer-

cst, aro (1) K 1 V71 > 0.
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Hanpsokenust u gedpopmalnun yrpyroit rpaHuIbl COeIMHEHI MaTePUAJIOB CBsl-

3aHbl cooTHOMeHUsIMU [ épTina — Mépmoka |73; 74]:

03(Q) ="+ (N + 20 (Q), 033(¢) ="+ (N +97)e(C), (€8S, (43)

rjie €5, U 0y — KOMIIOHEHTbI TeH30pa MezKdasHbIx Jedopmaliuil 1 Tensopa Mezkdas-
HBIX HAIPSKEHNN COOTBETCTBEHHO; A® 1 (® — MOJY/IN yIPYTOCTH, aHAJOTUIHbIE T1a-
pamerpaM Jlame n 4° — ocrarounoe mexkdasnoe nanpszkenne. OTMETHM, YTO 376Ch
paccMaTpUBaIOTCA YIIPOIIEHHbIE COOTHOIICHUS HOBerHOCTHOI‘/’I/ MezkasHoit yupy-
IOCTU, B IPEJIIOJIOKEHNN, YTO MMOBEPXHOCTHAsI SHEPTUs HE 3aBUCUT OT T'pajeHTa
BEKTOpa MepeMeIeHnid.

O6001mEnHBI 3aK0H ['yKa /111 N30TPOIHOTO 00BEMHOTO MaTepHuaJia B CIydae

ILJIOCKOI JiechbopMaliiy NMeeT BU/I

omn(2) = (Aj + 2p15)enn(2) + Ajen(2),

o(2) = (Aj + 2p5)en(2) + Ajenn(2),  on(2) = 2p5em(2), (4.4)

Aj

7502 = 50, 1 )

[Utt(z) + Unn(z)] , Z€B;, j= {172}7
311€Ch Tpn, Oty Onpt U Enp,y Ett, Ept — KOMIIOHEHTBI TEH30pa HAIPSIZKEHUH U TeH30-
pa jgedopmaliuii COOTBETCTBEHHO, OIPeAeIEHHbIE B JIOKAJIbHON JIeKapTOBOIl IPsIMO-
YTOJIbHOI cucTeme KoopauHat (n,t) (n n t — HopMaJib 1 KacaresibHas MeyKasHoii
rpanuipl S), u A; u g — napamerpst Jlame o6bémubix das B;.

Ha 6eckoneunoctn nanpsoxennst 0,5 (o, 8 = {1,2}) B 11006a/ibHbIX KOO/ 1~

Harax (1, T2) U yroj MOBOPOTA MATEPUAJIbHON YaCTUIBI W 3aJAHbI CJIELyOIIUM

obpazoMm:
lim o9 = lim 9= lim w=0 lim o1 =o0; =41,2}. 4.5
To—rE00 To—Fo0 To—rF00 ’ To—s400 i J { ) } < )

OTrmeTnM, 9TO paccMaTpUBaeMble 3/1eCh MTPOJIOIbHbIE HAIIPSIYKEHIT MOTYT OBITDH CBSI-
3aHbI ¢ PAcCOrIacOBaAaHUEM KPUCTAIMIECKUX PEIIETOK MaTepHaJsioB.
YesioBue MEXaHNnIeCKOro PaBHOBECH S ICKPUBJICHHON MeK(a3HOi MOBEPXHOCTH

S B caydae ynpommgHHbix coorHormernit [éprura—Mépmoka (4.3) 3amnmceiBaioTcst B
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TepMuHax 00001méHHOrO 3akoHa FOHra — Jlammaca [89]

1 doj,
20(0) = Q) = 0 () = ~K(QOTHO +ipr ), es, (1o
e 0(2) = opn(2) + i0n(2) — BekTop Hampsxkenuit u o= = lim o(z), Kk u h

2—(+i0
— JIOKaJIbHasl KPUBU3HA U METPUIECKMIT KOOMMUIIMEHT NCKPUBIEHHON rpaHulbl S

COOTBETCTBEHHO.
Tak Kak cauTaeTcs, 9To MexK@a3HbIil CJI0 Uaea bHO CIETIEH ¢ 000UMHI 00 BHEM-
HBIMU MaTepuajaMi, Ha MexK(a3Hoil rpaHuIie JOJIZKHO BBIMOTHATHCS YCIOBHE HElTpe-

PBIBHOCTHU TEePEMeIeHUI i

Au(C) =u'(¢) —u () =0, (€S8, (4.7)

£ = lim wu(z), u; u uy — nepeme-
2—(+i0

[IEHUA BJIOJIb OCeil JIEKApTOBOI IIPAMOYTOJILHOI CUCTEMbBI KOOPIUHAT (xl, :132).

3JleCh U = U1 + tUy — BEKTOp IlepeMellleHuii, u

Y100bI MUHIMU3UPOBATH IOJHYIO CBOOOJIHYIO SHEPIHIO, pesibed Merkdas3Hoil
I'PAHUIIBI OYIET MEHSThCA BCIeacTBIE Mddy3noHHOTO Macconepenoca. [loTok aTo-
MOB MaTepuaJsa [ B10Jb I'PaHUIBI COEUMHEHIA MaTepHaJIoB IPOIOPIIOHAJIEH I'Da-

JAUEHTY XUMIYecKoro norennuata x; |30;88]

~D;C;0x;(¢T)

JJ(C7T) = ka 83 Y

(4.8)

rae Dj u C; — xoapdurment mexkdasznoil camonnddysun n Kosmdectso j1uddyn-
JUPYIONINX aTOMOB Ha €JIMHUILY ILIOIaN JIJIs cpejibl B cOOTBeTCTBeHHO, kp — IO-
crogaHasi bosibimana, 1" — abCoJII0THaAS TeMIlepaTypa.

JIoKaIbHBII XNMUYeCKnil MOTEHINAJ X ; ONpeJeIdeTcsd KaK yBeJudeHHe CBO-

OOJIHOfT SHEpPIUK HA eMHUILY J106aB/IseMoro obbéma [60; 88

Xi(Gr) = [U5(¢r) + (1) w(Cr)Us(C)] Q. C€8, j={L2}. (49)

B soipaxxennu (4.9) Q; n U; — aToMHbIi 00beM U IJIOTHOCTb SHEPrUn jiepopMAaIin

marepuasios B, Ug — miornocTb MexkdasHoil sHeprum.
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Vzmenenne npoduist rpaHullbl COeIMHEHNsT MATEPUAJIOB CO BPEMEHEM OITHChI-

BAETCsI CJIeIy oM ypaBaerneM |60); 88|

0g(x1,7) r 1
0 (CT) 1+TJ1(C}T)—

T (CT) (4.10)

re g(z1,7) = (1) f(x1), r = p1/pe — oTHOIIEHNE KECTKOCTEll MATEPUAJIOB.
Hudbdysuonnsie norokn J; onpeenstorcs 1o dbopmyse (4.8), npunuMas Bo
BHUMaHNe Bbipazkerue (4.9)

0 DG

Ji(¢m) = =Kig- (U6 ) + (1 R(CnUC ] K = =

5 (4.11)

4.2 JluHeliHBI aHAJJAN3 BOJIONUN pejibeda IPAHUIBI COeMHEHUS

MaTepuaJIoB

[TockoJIbKY B JIaHHOI paboTe paccMaTpuBaeTcs ciaboe NCKPUBJICHIE MexKas-
HOII IPAHUIIbI, KOMIIOHEHTBI T€H30POB HAIIPSIKEHII 1 IIepeMeIeHni oIpe e/ saioTcs
B IIepBOM IpubJinkennn Metona BosMyienuit (1.17). Mexdasuast sneprust ompejie-
asierest o dhopmyite (2.10).

Boipaxkenus Jijid TJIOTHOCTU yJIeIbHON 9Heprun yupyroil gedopMariun B0 b

mezkdasnoit rpannpl U; MoryT ObITh 3ancansl B Buje |94

1 i -
Us = 5 (o + 2 |7huy e + oo + o eno] ).
(4.12)
Lo _ o i
U2 = 5 (Utt(O)Ett(O) + ¢ _O-nn(l)gnn( ) + 0' #(0 )Ett( ) + 0' #(1 )Ett(O) ) )

JIokasbHast KpUBU3HA MOBEPXHOCTH K W MeTpuiecKuil Koaddunuent h, BXo-
agrie B hopmyitbl (4.6), (4.9), B mepBoM IpUOIIZKEHIN METO/Ia BO3MYIIEHUT HMEOT
By (1.19).

[Togcrasmsst Boipazkenust (1.19), (4.11) — (4.12) B (4.10), mosyanm OOBIK-

HoBeHHOe JuddepeHnalibHOe YpaBHEHHe, OIUChIBalolee H3MeHeHne peJibeda



80

MezKGa3HOl rpaHuIbl co BpemeneM [132]

dA(T)
dr

A(T)  d?
2(1+r)da?

flz1) =

{Kﬂ“ [U:n(l)gnn(o) + U:;(O)gtt(l)(xl) +
""01;(1)(%1)5%(0)} — Ko [Unn(l)snn(()) + 008 (T1) + Ott(1)($1)5tt(0)} + (4.13)

[0 i)+ 5O+ 20 =0 )| (Ko K ) |

Y100l iponHTErpupOBaThH ypasHenue (4.13), HeOOXOMUMO OIPEIEUTE BXOIsI-
II1e B ero IIPaByo 9acTh KOMIIOHEHTBI TEH30POB 00bEMHBIX U MeK(a3HbIX HAIIPsIzKe-
Huit u gecpopmarmii. /I 9T0ro HeoOXOMMO PEIINTh KPAaeBYIo 3a/1ady O COBMECTHOM
nedopmarun JByX mnosyockocreit (4.1)—(4.7).

B coorsercrBum ¢ [2;17;89], KOMIIOHEHTBI TeH30pa HAIPSZKEHUIT MOIYT OBIThH

BbIpazKeHbI depe3 KoMILIeKcHble norennualbl I'ypea—Komnocosa @5 u T

Onn(2) + iop(2) = Dj(2) + D;(2)—

- [Tj (2)+ B,(2) — (2 — ) W] e~ (4.14)

0(2) + onn(2) = 4Re®,(2), 2z € B;, j={1,2},

e ®;, Y1 nu Ty — dynkmun rosomopduse B B; (j = {1,2}), B, =
{z: 29> —ef(x1)}n By ={z: 23 < —£f(21)} COOTBETCTBEHHO 1 (v — YIOJI MeZK-
JIy KacaTeJbHOIl ¢ K KpuBOil S 1 0ChbIO 1.
Bnauenns dyukiuit ©; u Y; na rpanute S ciaenyior u3 dopmyi (4.5), (4.14)
lim @;(z) = lim Y;(2) =o0)/4.
R
Kowmmtexcnble norenrmanst 5 u Y; n Mezkdasnoe HalPsiZKeHHe 0, B IEPBOM

IPUOTIYKEHIN METOJ/Ia BO3MYIIEHHUIT TIPEJICTaBISIIOTCS B cyeyornieM Buje [131]:

D;(2) = Pj)(2) + Py (2), Tj(2) = Tj0)(2) +X 0)(2),
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[¥] i . S
['pannunbie snavenns Gyt ©;o,), i) 1 O41(m) PACKTIAILIBAIOTCA B BU/IE
paja Teitopa B OKpecTHOCTH TIpAMOit o = 0, paccMaTpuBasi BEIIECTBEHHYIO TTepe-
MEHHYIO X1 KakK IapameTp. B mepBoM NpuOIM:KEeHNN MeTojia BO3MYIIEHUil OyieM

NMETDb

Wiy () = Wy (1) + 82 f (1) Ul (1), 1= {01},

rjie W (,,) — Jmobdasd U3 BbIIEYTOMSHYTHIX (PYHKIUI,
Kommexcnpie norenmuanbl Dji,y, 1) OUPEIENAIOTCS U3 pelleHns 3ajad

Pumana—'mibbepra o ckadkax aHATUTHICCKIX QYHKINNA HA MPIMOit x9 = 0 [89)]

<I>1(m)(z) = —T2(m)(z) +Yn(2) + 0L, ITmz >0,

Ty (2) = =Py, (2) + Ein(2) + O, Tmz <0,

(4.15)
( im Vin
Ty () = 22 (2) + “>+0;1mz>a
p1 + pest
4
Zm - Vm
By (2) = 2 () =Vmlz) L2, <
\ o = 1322

rie

1[0y ,,() 1 [ FL() 1 [ F2()
tt(m

Ym(2) = — dt + — mdt,Vz:,/mdt,
m(2) / z—1 2772/2—75 m(2) 271 z—t
—00 —00 —0
»j = 4v; — 3, v; — koapdunment Ilyaccona cpejpr Bj; Og = 09/4; O{ =0; Fg =0,
Ff — u3BecTHBIE (DYHKIMN, KOTOPbIe MOTYT OBbITH HalijieHbl B [89].

Pemrenne 3a/1aum B HyJIeBOM TPUOJINYKEHIT METO/1a BOZMYIIEHU COOTBETCTBRY-
€T COBMECTHOI jiecpOpMAITIH JIBYX MOJIYILIOCKOCTEH ¢ TPAMOJIMHETHO Ipanutieil pas3-

aena S(g). B aToM ciyuae KOMILIEKCHbIC MOTEHIMA/BI HOCTOSHHBI B KazKI0il MmoJTy-

miockoctn. Torma ¢ yaérom (4.2) mosydum

CI)](O)(Z> = TJ(O)(Z> = O'j/4. (416)
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3Hast KOMILJIEKCHBIE IHoTeHInaJibl, MOXKHO 3allliCaTb ITOBEPXHOCTHBLIEC 1 00 BEM-

HbIC HallIPA2KCHNA B HYJIEBOM HpI/I6JII/I}KeHI/II/I MeTOda BOSMyH_[eHI/Iﬁ

s M(%Q + 1)0’2
Ty (T1) = 7+ 3113

)

(4.17)
(s + 1)

o9, z€B;, j5=112}.
'u2<%1_|_1)2 jsJ { }

011(0)(2) =05, 01 =
Mexxdaznoe HalpsizkeHne ¢° B 1IepBOM IPUOINYKEHUN MeTOj1a BO3MYIIEHUI

UIETCS B BUJIE

01y (@1) = Psin(bzy) + Q cos(bxy). (4.18)

[Ipunimast Bo BHIMamHMe cBoiicTBa nnTerpasa tuia Komm, u3 (4.15) naxomsrcs

ko3 dunuentol P u ()

Mab? |(Ly + Ly)(1 —r)os — (L1 — Lo)o,

b
p_ (0)

Ao + M(Ll + Lg)b ’

(4.19)
il D)

=2 =
! (r + s11) 2 (1 + r)

KowMILteKcHbIe TOTEHIUATBI B IEPBOM TPUOJIMKEHIe MPUHIMAIOT Bi [89]:

( rLyT .

iy = 71 P +ba{oy Ly + baft(o)}} e, Imz >0,
9

Ly 1 ,
| Ty = % P —ba{oyLs — baft(())}} e ™ Imz <0,
' (4.20)

( IqT .

Yoy = 71 P —ba{oy(1 —rLs) — baft(o)}} e, Imz > 0,
9

Lyt ,

b= 22 [P~ bafod(1 = 1) + b e mz <o




83

rjie

(ko + 1) (r’kg + 1 — K1 — 1)

Ly = —
3 (lﬁ—i—l)/ﬁg ’

I r(ke+1) K+ ko - r2(52+1)_1 I KT + Ko
4 k141 H1(1€2+1) ! k141 7 g /il(l'ig—i—l).

KoMITOHEeHTBI TEH30POB HallpsizKeHUil 1 jiepopMalliil B IIepBOM ITPUOJIMKEHIH

MEeTO/Ia BOBMYIIEHUST OIpeeaiorest o gopmynam (4.4) u (4.14).

4.3 YwuciienHble pe3yabTaThI

[Ipuanmas Bo BHUMaHUe (POPMY HAYAJILHOTO UCKPUBJIEHNS MeKda3Hoil Tpa-
HUIBI 1 HWHTErPUPYs JMHEAPH30BAHHOE SBOJIONUOHHOE ypasHenue (4.13), mosydanm
BbIpayKeHne, OMUCHIBAIONIEE IKCIIOHEHITUAIBHBIN POCT WM yMEHBIIEHIEe aMILTATY/ bl

A co BpemeHeMm

A
In < 14(17)> = Ri{(rKiRo1 + KyRa)og — (rK1Rg1 + KoRs2)'} 7, (4.21)
0

rje

0.3
9T

R — )
U 8a33((Ly + Lo)Mr + 2p0a) (1 + 1)

Ry = —MQTLQ(?)Ll + L2)7TQ(%2 + 1)2 —
— M?”,UQT(CL(%Q + 1){3(2 —2r + 2L4)L% + [(8 — 8r —2L3+ 6L4)L2 +
+ 3%2 + 4L6 + 3] L1 + [(—27’ — 2L3 + 2)L2 + 20 — 4L6 + 1] LQ} —

—drpsa®{[4(r — 1) Le + 3L4(5e2 + 1) Ly + [4(r — 1)Lg — L3(3e2 + 1)] Lo},
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Roy = —2M? L1 Lom® (560 + 1)* + Mapam(se + 1){2r(Ls — 1) L3+
—|—(27“(L5 — 1)L2 + 200 + 5)L1 — (3%2 + 7)L2} +

+4pda?{[(Lsses + Ly + 4)1 — 300 — 5] L1 + (3502 + 7) La(r — 1)},

R3 = 8MTW2MQL2(3L1 + LQ)(%Q + 1) +
+ 8rmusa{(4Lg + 320 + 3) L1 — (4Lg — 300 — 1) Lo},
Rs39 = 16M(%2 + 1>7T2L1L2;L2 —

— 87T/L%CL{(L1 — 3L2)%2 + 5L — 7L2}

Ormerum, ato ipu r = 0 Beipazkenue (4.21) Beipozkaercst B ypaBaenue (2.33),
OIMCBHIBAIOIIEee N3MEHEHNEe aMILINTYIbI pesibedba CBOOOIHOM TpaHUIbI TBEPIOTO TeA.

B kaudecTBe mpuMepa pacCMOTPUM ITOJII0YKKY, TOKPBITYIO TJIEHOTHBIM TTOKPbI-
THEM, TOJIINHA KOTOPOI'0 HAMHOTO TPEBLINIAET aMILJIUNTY/Iy BO3MYIIEeHNUs MeyKdas-
HOI rpaHuIbl. /{11 MPOCTOTHI paccMaTPUBAETCI CTPYKTYPa «MeTaJLI-MeTaslI» C PaB-
HbIMI KO3 durmenTamu [lyaccona marepuasioB, T.e. ¥y = Vy. IJTO IPEJITOI0KEHNE
1I03BOJISIET AHAJU3UPOBATL BJIUSHUE MOJJI0KKU C TOMOIIBIO €TUHCTBEHHOIO Tapa-
MeTpa — OTHOCUTEJILbHOM KécTkocTr 7. OO6bEMHBIE TapaMeTpbl JlaMe HUZKHEro cJios
COOTBETCTBYIOT aJIOMUHUIO: Ay = 58,17 I'lla u puo = 26,13 I'lla. IloBepxmnoct-
HbIe yIPYrHe MOCTOstHHBbIE Jyist ajomunnsg A° = 6,851 H/m, p* = —0,376 H/m
(Te. M = 6,099 H/m) 6butin omnpejieieHbl METOIOM MOJIEKY/IIPHOIO MOJIEJINPOBa-
aust [105]. Heobxomumo orMeTuTh, 9TO yrupyrue cBoicTBa MOBEPXHOCTHOIO CJIOs 3a-
BUCAT OT KPUCTALIOTpapUIecKOil OpUEHTAIINN TTOBEPXHOCTHU, a TaKyKe JPYTUX (PaK-
topoB |126]. Takxke mousiTHO, 9TO CcBOMicTBA MHTEpdEiica JOMOJTHUTETHLHO JTOJIKHBI
3aBUCETH OT CBOHCTB 0O0MX CBS3aHHBIX MATEPUAJIOB, U U3MEHEHWe OJIHOI0 U3 HUX
NPUBEJIET K U3MEHEHUIO YIIPYTUX MapaMeTpoB MexKkdaszHoit rpanuiibl. Onnako cpe-

AW aBTOPOB, M3yYdalolINX YIIpYI'HE II0JIZd B KOMIIOSUTHBIX MaT€pHhaJiax IIPpU yqéTe
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MerkasHoil MexkdazHOoil YIIPYrocTu, CJI0XKIIACh IPaKTUKa IPUHIMATH B KadecTBe
napaMeTpoB MexK@a3Hoil I'paHHUIbl COOTBETCTBYIOIINE IapaMeTPbl CBOOOJIHOI IT0-
sepxuoctu [63;89; 106; 111;125;127;131; 138]. Koneuno, cyiiecTByer 1 JApyroii mo/-
X0/, B KOTOpPOM Me:KasHasi IpaHUIla PacCMaTPUBAETCs KaK COBOKYIIHOCTH IBYX
MOBEPXHOCTHBIX (a3, MPUHAJIEKAINX CBA3aHHBIM Marepuaiam [44;46]. Coorset-
CTBEHHO, cBoOficTBa MHTepdeiica ONMMCHIBAIOTCS YIPYTUMU TapaMeTpaMu, YIUThIBa-
IOIMIMMU YVIIPYT'Oe ITOBeeHNe JIBYyXKOMIIOHEHTHOro unrepdeiica. B cuiy Toro, 4ro B
JIaHHOI paboTe 4Ymc/IeHHbIe pe3yJibTaThl UMEIOT KadeCTBEHHbBI XapakTep, BJIMSHIe
MerK(a3HOIO CJI0sI aHAJM3UPYETCs ITOCPEJICTBOM U3MEHEHHsSI OTHOCUTE/IbHON YKECT-

KOCTH MATEPUAJIOB U YKECTKOCTH MexK(aszHoii rpanuiisl [94; 132].

(a) (6)
Pucynox 4.2 — 3aBUCHUMOCTb OTHOCUTEILHON AMILIUTYIbI A(T) /AO

IEePUOINIECKOT0 pestbeda MexK(a3HOil ITOBEPXHOCTH OT JITUHBI BOJTHBI

nckpusienns a upn M = 6,099 H/m (a) mw M = 60 H/m (0)

Ha Puc. 4.2 npejicraBiiena 3aBUCUMOCTb OTHOCUTE/ILHOM aMiiuTy bl A(T) /Ay
peibeda MexKdazHoll MOBEPXHOCTU OT JJIMHLI BOJIHLI BOBMYIIEHUS ¢ IIPH OCTATOY-
noM Mexkaznom nampazxennn 70 = 0,1 H /M, pasmm4HbIx oTHOCHTELHBIX 1uddy-
snouHbIX Koddduimentax K = {0,5;2} (kpacHble U CHHIE JUHUN COOTBETCTBEHHO),
OTHOCHUTEIbHBIX sKécTKOCTAX cucreMbl 7 = {0,1; 0,3} (cruiommHble u myHKTHPHbIE JIH-
HUI COOTBETCTBEHHO) U MeK(Pas3HbIX MPOJ0JIbHBIX kécTkocTax M = 6,099 H/m (a)
u M = 60 H/m (6). [Ipomosbubie yenmus B nopiokke oo = 1 ['Mla. Touku nepe-
CEYEHNUsI KPUBBLIX C OCHIO aOCIUCC ONPEIIAIOT KPUTHICCKIE 3HAYCHUA JIJIMH BOJIH

BOSMYIIEHUS Qpp, B 9THUX CIIYyHasdAX DaCCMaTpHBacMad CUCTEMa 6y,ZLGT HaXOIUTHCA B
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TepMOJIMHAMUYECKOM paBHOBecuu. Peyibed MerxkdasHoil moBepxHOCTH OyleT cria-
JKIBaTHC CO BpeMeHeM IpH JIMHAX BOJH a < a.-. B ciaydae, ecim (popma MexKbas-
HOIl TpaHUIIbl OMUCHIBACTCA MEPUOANIEcKOl (PYHKIUEH ¢ JTMHON BOJHBI G > g,
AMILIATY/a Oy/IeT yBeJINInBaTbhCs CO BpeMeHeM. J[JTMHBI BOJH @z, TPU KOTOPBIX
KPUBbBIE JOCTUTAIOT MAKCUMyMa, OIPEJIE/ISIIOT COCTOSHIE ¢ HAMOO/IbIIell CKOPOCTHIO
pocTa aMILINTYAbI pesibeda. SHAUEHUST JIJIUH BOJH (e U (ypgy, COOTBETCTBYIOIIIE

PacCMOTPEHHBIM ITapaMeTpaM CUCTEeMBbI IIpejicTaBiienbl B Tadbaunax 4.1, 4.2.

Tabsma 4.1

Kpurnueckne 3HaUEHUSI G JIJIMH BOJIH UCKPUBJIEHUsT MexK(a3HOIl rpaHUIIbl,

OHpe,ILeHéHHbIe I[IpM pa3/IMYHbIX ITapaME€Tpax 3alda4dl

LLHI/IHBI BOJIH Qypq4, COOTBETCTBYIOIINE HanOoJIbIIe CKOPOCTH PpOCTa aMILJINTYAbI

pesibeda MexKda3HOoil IPaHIIbI

M, H/wm 6,099 6,099 60 60
r 0,1 0,3 0,1 0,3
K e, HM
0,5 59,9 115,5 67,3 124,7
1,0 70,9 161,5 78,9 172,77
2,0 96,7 322,5 105,9 340,5
Tabnua 4.2

M, H/m 6,099 6,099 60 60
r 0,1 0,3 0,1 0,3
K maz, HM
0,5 89,9 173,1 101,1 187,1
1,0 106,5 2423 118,5 259.1
2,0 145,1 483,7 158,9 510,9

Kak 1moxasnIBaoT pe3yibTaThl, KpUTHIECKIE 3HAUCHUsI J/INH BOJIH YBeJININBa-
I0TCsl € YBeJIMUEeHEeM OTHOCUTE/ILHOM YKECTKOCTH 1, OTHOCUTEIbHBIX AP Y3NOHHBIX
ko dunmentax K u mexkdazHoil 1pogo/ibHOI kécTtkocTu M. Bojee 1moapoOHbIit
AQHAJII3 BJINSAHNST PACCMATPUBAEMbBIX IIAPAMETPOB IIPEICTABICH HIZKE.

Biausinne wmexxkdasHoii 1npogosbHoil kécTkocTn M Ha MOpPdOIOrmYecKyio

YCTOﬁqHBOCTb I'PaHMIibl COCAMHEHNA MaTEpUaJIOB IIPU Pa3/IMYHBIX OTHOCHUTEJ/IbHBLIX
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(a) (6)
Pucynoxk 4.3 — 3aBucuMocTb KPUTHIECKOIO 3HAUEHUS JIJINHBI BOJIHDI

UCKPUBJICHUS (g TPAHUIIBI COCTMHEHUS JIBYX MaTepHUaJoB OT MexK(as3HOil

xkécrtrkoctt M (a) n oTHOCHTEBHOM KécTKOCTH 7 (0)

xécrkocrsix = {0,1;0,3} (KpacHasi U CuHSIA JIMHUK COOTBETCTBeHHO), K = 1 n
oy = 1 I'lla nmpencraneno na Puc. 4.3a. Kak Bujgno m3 pucynka, KpUTHIECKHe
3HAYCHUS JIMHEITHO BO3PACTAIOT € yBEJIUYEHHEM OTHOCHTETbHON KécTkocTu. Ilpm
yBesmaennn kectokoct B 10 pa3 (¢ 6 H/m g0 60 H/m), kpurndeckue 3HadeHns
yeesmunnch #a 20% upu r = 0,1 u 11% upu r = 0,3, oTHOCHTE/IbHAS PA3HOCTD
MeXKJIy KPUTUYECKUMU 3HAYEHUSIMU a.,. cooTBeTcTByomumMu r = 0,1 u r = 0,3
ymenpimiach ¢ 98% o 84%. Takum obpasom BiaustHue MexK(asHoil MpoJI0ILHOM
JKECTKOCTHU CUJIbHEE BBIPAYKEHO TP MeHbIell OTHOCUTEILHON KECTKOCTH.

Ha Puc. 4.30 npejcrapien rpadpuk 3aBUCUMOCTH KPUTUUIECKOI'O 3HAUYEHUS
JUIMHBI BOJTHBI BO3MYIIEHUS O OT OTHOCUTEIbHON YKECTKOCTU 7 TPU PA3JIUIHBIX
oTHOCUTETBHBIX M dysnonubx kKoabdunnentax K = {0,5;1;2} (kpacubie, 3e/1é-
Hble W CHHUE JINHUU COOTBETCTBeHHO). OOHAPYKEHO, UTO C YBEJNIEHHEM OTHOCH-
TeJIbHOM YKECTKOCTH KPUTHIECKNEe 3HAUEHUST JJTUH BOJIH Bo3pacTaioT. [1pu sTom Bin-
sIHUE OTHOCUTEJILHON »KECTKOCTH KOMIIO3UTa, CTAHOBUTCS CUJIbHEE MPU YBEJIMYCHUN
oTHOCHUTEIbHOrO b dy3unonHoro koddduimerta. OTMeTnM, 4TO IPU CTPEMICHUN
OTHOCUTEJILHON »KECTKOCTH CUCTEMBI K HYJIIO0 KPUTHUIECKNE 3HAYEHUS CTPEMSTCH K
3HAYEHUSIM, COOTBETCTBYIOIIUM YCTONUNBOMY COCTOSHUIO CBOOOJHON ITOBEPXHOCTH

TBEpIOTO Tesa (eM. [nasy 2).
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3aBUCHMOCTb KPUTUYECKOTO 3HAYCHUs JTUHBI BOJHBI BO3MYIIEHUsT MezKdas-
HOII TIOBEPXHOCTU OT BEJTMIMHBI OCTATOUHOTO MeK(a3HOT0 HANPSKEHNS U TPOI0JIb-
ubix yeuauit mpu r = {0,1;0,3} (cruiomHbie 1 yHKTUPHbBIE JINHUH COOTBETCTBEHHO)
npejicTaB/iena Ha pucynke Puc. 4.4. Kputndeckne 3nadenus JJIMH BOJIH BO3PACTAIOT
PN YBEJTUIEHIH OCTATOIHOTO MeXKMA3Horo HAIPSIXKEeHUs U YMEHBITEHIH TPOI0/Ib-

HBIX YCUJINIA.

() (6)
PI/ICyHOK 4.4 — 3aBUCUMOCTD KPUTHUYECKOI'O 3Ha4YeHnA JJIMHbI BOJIHDBI

NCKPUBJICHUA G 'PaHUIBI COEAMHEHNA ABYX MaTe€pHuaJiOB OT OCTaTOYHOI'O

MezkdaszHoro Hanpsizkenust 70 (a) M IPOAOJILHBIX yeuuil o (6)

4.4 BpIBOIbI

B nannoit ryraBe ObLT IpejicTaB/IeH TeOPETUICCKIIT MTOIXO]T /I aHAIN3a yCTOM-
YUBOCTH HAHOPA3MEPHOIo pesibeda I'PaHUIIbI COeJMHEHNs JIBYX MaTepra/oB. HoBus-
Ha MCCJIE/IOBAHUS 3aK/II0UAETCA B TOM, UTO IPU aHam3e MOP(MOJIOrnIecKoil yeToii-
YUBOCTU T'PAHUIBI COEJIMHEHNA JIBYX MaTEPHUAJIOB OBLIO YUTEHO BJIUIHUE YIIPYTUX
CBOMCTB MexKda3HOil OBEPXHOCTH Ha OCHOBE COOTHOIIEHUII MOBEPXHOCTHON YIIPY-
roctu ['éprura—Mépnoka. B kadecTBe Momen reTeporeHHoil CHCTeMbl PacCMOTpe-
Ha JIBYXKOMIIOHEHTHAS IIJIOCKOCTL, IPH 9TOM MerKdas3Has I'paHuIla OIIChIBaJIach

cunyconiaabioit dynkiueir. C ucrnojb30BaHUEM TEPMOJIMHAMUYECKOIO I0JIX0/a
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['u66ca nosydeno nuddepeHiajlbHOe ypaBHEHIE, OlNChIBalollee n3MeHenne hop-
MBI TIOBEPXHOCTH €O BpeMmeHeM. lIpm 5ToM cKOpocThb pocTa pejibeda 3aBUCUT OT
110JIs1 OOBEMHBIX 1 IIOBEPXHOCTHBIX HalpsiKenuil. s onpeesienns: HaIPSIKEHHO —
J1e(OPMUPOBAHHOI'O COCTOSIHUST KOMIIO3UTa HCIIOIB30BAJICS aCUMIITOTUYECKUN Me-
Toj1, omucanHeiii B padore ['pekoBa 1 Kocteipko [89]. UaTerpuposatme 3BoJONH-
OHHOT'O YPaBHEHUSI ¢ YIETOM IMOJYIEHHBIX BhIPAYKEHUIT JI/IsT KOMIIOHEHT T€H30pa Ha-
HPSIZKEHII TT03BOJINIIO OLIPEJIEJINTD YCJIOBHSI, IIPU KOTOPBIX Oy/IeT IIPOUCXOIUTD JIa/Ib-
HeMIIuil POCT WK criaykKuBaHue pesbeda I'PaHUIlbl COeMHEHNsST MATEePUAJIOB.
Ha ocHoBe 1oJ1y4eHHOTO pelleHusl MPOBEJIEH aHaJIN3 BJIMAHUS (DU3NICCKUX
1 PeOMETPUUIECKIX apaMeTpPOB 3ajadu Ha MOPQOJOrHIECKYI0 YCTONUNBOCTD I'pa-
HUIIBI COeIMHEeHNsI ABYX MaTepuaJjoB. [Ipoanajin3npoBaHo BMsiHIE OTHOCUTE/ILHOM
JKECTKOCTHU CHCTEMBI, YIPYIHUX IapaMeTpoB MexK@a3Hoil IpaHUIlbl, OCTATOYHOIO I10-
BEPXHOCTHOT'O HAIIPsIzKEHUsI, JEHCTBYIONIUX MTPOJAOJIbHBIX YCUINi 1 JudDy3n0oHHbIX
kKo dunrenToB. B pesysibTare cesanbl CJIeIyIoNnne BbIBOJIbI:
® KPUTHUYECKOE 3HAUYEHHUE JIJIMHBI BOJIHBI BO3PACTAET C yBeJImIeHneM MerxKdas-
HOIT IIPOJIOJIBHOM KECTKOCTH, MexK(a3HBIX OCTATOYHBIX HAIIPAXKEHUIT, OTHO-
CUTEJILHOTO PP Y3MOHHOTO KOIPDUIIMEHTa U OTHOCUTEIHLHON KECTKOCTH,
a TaKKe C YMEeHbIIeHIEM IIPOJI0JIbHBIX YCUINIL;
® BJIISIHIE OTHOCUTEJIbHON KECTKOCTU Ha MOP(MOJJIOrHYecKyO yCTONINBOCTD
Merkas3HOil IpaHUIlbl YBeJIMYNBACTCS [PHU YBEJIUYEHUN OTHOIINEHUS Jud-
py3UOHHBIX KO3(DDUITNEHTOB;
® BJIISIHIE OCTATOYHBIX MEK(a3HbIX HAIPSIXKEeHUN yBEJINYNBAETCS IIPU yBe-
JINYEHUM OTHOCHUTE/ILHOI »KECTKOCTU CHUCTEMBI, U CJIab0 3aBUCHUT OT IIOBEPX-
HOCTHOI1 »KECTKOCTH;
® BJIMSTHUE IPOJOJILHBIX YCUJINN CTAHOBHUTCHA 0OJiee CYNIeCTBEHHBIM IIPU YBe-
JINUEHUN OTHOCHUTEJILHOM »KECTKOCTH;
e BJIsTHIE MeK(a3HOIT IPOI0ILHOI YKECTKOCTH BO3pACTAET 110 Mepe yBeInde-
HUSI TIPOJIOJIbHBIX YCUJINN U YMEHbBIIEHUs] OCTATOYHbIX MeyK(a3HbIX HaIIPsi-

JKEHUI.
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SaKJII0uYeHue

[IpeacraBienHas JuccepTallioHHas pabOTa SIBJISIETCs JAJIbHEHIIINM PAa3BUTHU-
eM HCCJIe/IOBAaHNI, HAIIPABJICHHBIX Ha U3YYEHUE HPOIECCOB, MIPUBOJISIIIX K 00pa30-
BaHUIO TOIIOJIOTMYECKIX J1e(DeKTOB Ha CBOOOIHBIX 1 MexK(a3HBIX ITOBEPXHOCTAX CJIO-
HCTBIX cpel. B pamkax JaHHOTO MCCJIeIoBaHUs 9BOJIONNS pesibeda MOBEPXHOCTEH
paccMaTpuBaach Kak U3MEHEHHe aMILIUTY/Ibl HAUaJIbHOIO MIePUOINIECKOI0 BO3MY-
mennsd. [Ipenosaraaoch, 9To Jijid MUHUMUA3AIIME CBOOO/IHON SHEPIUU MTPUITOBEPX-
HOCTHBIE aTOMbI MOT'YT IIepeMellaThcst BA0Jb HoBepxHocTu. [Ipu arom auddys3non-
HBIIl TIOTOK aTOMOB IPOIOPIIMOHAJIEH I'PAJNEHTY XUMHUYECKOI'O IOTEHIInasa, KOTO-
PhIil JTOJIZKEH UMeTh paBHOMEPHOE PacCIIPe/ie/IeHNe B COCTOSTHUN TEPMOINHAMITIECKO-
ro paBHoBecusi. VI3MeHeHne XUMIIECKOro MMOTEHINAJA BJIO/Ib TTOBEPXHOCTH CBA3AHO
C MU3MEeHEeHHeM II0JIsl HAIIPS»KeHUi, a TakyKe KPUBU3HBI U IIOBEPXHOCTHOI dHEPIUH.
[Ipu onpejiesieHnn HAIPSXKEHHO — J1e(POPMUPOBAHHOI'O COCTOSIHUS PaCCMATPUBAEMbIX
Cpe/l KCII0JIb30BAJICS TI0JIX0/1, OIMCaHHBIN B paborax [64;65;89;92]. B nanuoii pabore
PEIIEéH PsiJi HOBBIX 3a/1ad:

e paszpaboTaH MOJXO /I aHaan3a MOPQOJOrnIecKoil HeyCTONIYNBOCTH CBO-
O0HOIT TTOBEPXHOCTH MHOI'OCJIONHOTO IJIEHOYHOI'O TOKPBITUS C YYETOM
IIOBEPXHOCTHOI'O HAallpsi2KeHUsi Ha ocHoBe cooTHoinexus: [IlaTTiBopra—
Xeppunra;

® I[0JIyUeHa dBHAsS 3aBUCUMOCTH U3MEHEHHsI aMILINTY/Ibl HAHOPa3MepHOIro pe-
Jbeba TMOBEPXHOCTU TBEPJIOTO TeJia OT JJIMHBI BOJIHBI MCKPUBJICHUS, PO-
JIOJTBHBIX YCUJIUiL, JefCTBYIONUX BJAJM OT IMOBEPXHOCTH, YIIPYIUX CBOWCTB
00bEMHOIT 1 TOBEPXHOCTHOI (has3 MaTepuaJia;

® TIPE/IJIOYKEH TIOIXO0/T JIJIA MCC/IeIOBAHNs BIUSHUS TOJIIUHBI YIBTPATOHKOTO
IJIEHOYHOTO MOKPBITHUST U JIPYTUX (PU3NIECKUX U F€OMETPUICCKIX TTapaMeT-
POB T'€TEPOreHHON CUCTEeMbl Ha 00pa30BaHKUE YCTOWUUBBLIX MEPUOINIECCKUX
CTPYKTYP Ha IIOBEPXHOCTHU ILJIEHKU;

® I[I0JIyUeHa sIBHAs 3aBUCHUMOCTb M3MEHEHUsI aMILIATY/Ibl UCKPUBJIEHUs] I'pa-
HUIBI COEJUHEHUST JBYX MaTepHasioB OT JJIMHBI BOJHBI IEPHOITIECKOTO

NCKPUBJIEHUS, OTHOIIEHUS TUPPYy3NOHHBIX KOIPMUIIMEHTOB MaTepHasioB,
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VIIPYTAX CBOICTB MaTepUaJioB, JENCTBYIOUX HATPY30K, a TaKKe OT MerK-

a3HBIX OCTATOYHBIX HAIPAXKEHUI 1 MexK(Ma3HON KECTKOCTH.

OTMGTI/IM, 4qTO IIpn aHaJInu3€e MOpCl)OﬂOFI/IquKOfI YCTOﬁQMBOCTM ITOBEPXHOCTHU

MHOI'OCJIOITHOI'O ILJIEHOYHOI'O IIOKPbLITHA IIOBEPXHOCTHaA SHEPI'UA CHHTaJIaChb IIOCTO-

sgunoit. OHaKo Ha HaHOMACIITaAOHOM YPOBHE HEOOXOINMO yYUTLIBATL M3MEHEHWe

MOBEPXHOCTHON 3Heprun. Tax, MnMpu paccMOTpPeHNN HAHOCTPYKTYPUPOBAHHBIX CBO-

O0THBIX 1 MeyK@as3HbIX 1MmoBepxHocTell B [1aBax 2 —4 moBepxXHOCTHAS SHEPTHS OIIPe-

JeJISIACh € UCIIOJIB30BAHIEM MOJIEJN TTIOBEPXHOCTHOI /MexkdasHoil yipyrocru [€p-

tHa — Mépioka. B paMkax 9Toro mojaxoa MoBEepXHOCTH MEYK/Iy CpeJaMu paccMaT-

puBaJiach Kak yrpyras MeMOpaHa, 1jieaJbHO clelieHHasd ¢ 00bEMHbIME hbaszamu. [1o

pesysibTaTaM UCCJIea0BaHA CACIaHbl CJIEAYIOIINE BbIBO/bI:

KPUTHYIECKIe 3HAUEHNE JJINH BOJIH UCKPHUBJIEHUS CBOOOIHOI /MexkdazHOi
OBEPXHOCTH IJIEHOYHOTO  TOKPBITUS  BO3PACTAIOT €  YBEJUYEHUEM
OCTATOYHOIO MOBEPXHOCTHOIO/MeK(MDA3HOIO HAIPSZKEHUsT W TTOBEPXHOCT-
HO1 / MezK(a3HON TIPOOIBHON KECTKOCTH, & TAKZKe C yMEHBIICHHEM IIPO-
JIOJIBHBIX YCUJINII;

BJIMSTHIE TTOBEPXHOCTHOM /MexK(Da3HON yIpyrocTu Ha MOPQOIOrUIECKYTO
VCTOIINBOCTL CBOOOTHOM / MezK(DA3HON TTOBEPXHOCTH BO3PACTAET C YMEHb-
MeHNeM BeJIMIUHBI OCTATOYHBIX HAIIPSAYKEHNN U yBeJTMIEeHUEM MTPOI0ILHBIX
YCUJINIA;

KPUTUYECKOEe 3HAYeHNe JIJIMHBI BOJTHBI NCKPUBJIEHUS CBOOOIHON TTOBEPXHO-
CTU IJIEHOYHOT'O MOKPBITUA NPAKTUYECKN He 3aBUCUT OT MPOJIOJIBHON YKECT-
KOCTHU U OCTATOYHOT'O HAIIPSI?KEHUs Ha I'PAHUIE COeJIUHEHUS «IJIEHKA — IOJI-
JIOKKa» |

BJINSIHIE HIZKHIX CJIOEB Ha MOP(OJIOTUIECKYIO YCTONIMBOCTEH CBOOOTHOI 110~
BEPXHOCTH ILJIEHKU YMEHbIaeTcsd IPU YBEJIUYEHUN TOJIUHDI IJIEHOYHOIO
MOKPBITUS;

TOJIIUHA TJIEHOYHOTO TOKPBITUS, TP KOTOPOI MOYKHO He YYUTHIBATH Jle-
dopMaIuio HIKHUX CJI0EB, BO3PACTaeT C YBEJMYEHUEM ITOBEPXHOCTHOM
JKECTKOCTH M OCTATOYHBIX HaIlPIZKEeHUIT;

BJINSIHAE OTHOCHTEIBLHOM KECTKOCTH MATEPHAJOB Ha MOPQOJIOrNIeCcKYIO
YCTOMYIMBOCTD TPAHUIIBI UX COEJINHEHNS YBEJININBAECTCS ITPU YBEJTMIEHUN OT-

HOCUTEJIbHBIX JINPPY3NOHHBIX KOIDPUITUECHTOB.
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B nanbneitiem mpeanoiaraeTcsi pacimpuTh pa3padoTaHHbIe MO JIId aHa-
JIN3a CAMOOPTAHM3AINI CBOOOHBIX 1 MeXK(Ma3HbIX TTOBEPXHOCTENH B MHOTOC/IOIHBIX
VJIBTPATOHKUX IIJIEHOYHBIX MOKPBITUAX. TaKyKe MPU BBIBOJE SBOJIONNOHHOTO ypaB-
HEHUS TIAHUPYETCS Y9IeCTb YKECTKOCTH MTOBEPXHOCTHOTO CJIOS Ha, U3TUO, JJIs 9TOTrO
pu (POPMYIUPOBKHU KPAEBbIX YCJIOBUIT OYIET MUCIOIb30BATHCS MOJETh TTOBEPXHOCT-
woit yupyroctu IlItermanna—Orgena. CTouT 3aMeTUTh, YTO FeOMETPUIECKN JIMHET-
HBII aHa/ M3, IPOBEJIEHHDBIN B JJAHHON padoTe, He MO3BOJISIET TTPOC/IE T N3MeHeHne
dopmbl TpoduIs moBepxHocTn. YToOBI MPpOaHATM3UPOBATH JIMHAMUKY PA3BUTHUS Pe-
Jbeda, HeOOXOMMO YIeCTh HeJNHeHbIe caraeMble B 9BOTIONNOHHBIX YPaBHEHUSIX.
st sToro OyjieT yuTeHo BTOpOe NMPpUOJIUKEHUE B METOJIe Pa3JI0yKEHUs 110 MaJIoMy

napaMeTpy.
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Introduction

The development of materials with improved properties is an important
material science problem. The priority is given to the research of thin-film coatings
because the great achievements in the development and study of such structures
are the key to modern technological progress [55]. For example, thin-film coatings
are used to create microelectronic devices, microelectromechanical systems, optical
instruments, decorative elements and special protective coatings [116]. Nevertheless,
there is the possibility of the failure of films used in the microelectronic devices,
which is a significant barrier to improving their functional properties.

The effect of a stress state on their debonding and fracture was detected at the
very beginning of the use of film coatings. Mechanical damages to products are often
the result of brittle fracture or plastic deformation caused by surface defects and
heterogeneities that are formed during the production or further operation of devices.
Thus, it is necessary to minimize the number of defects in micro and nanosized
structures otherwise their performance will be insufficient [55].

One of the main processes leading to surface defect formation is the mechanism
of morphological instability. This results in the formation of roughness on the film
surface due to diffusion processes during film growth or annealing [15;16] as well as
other phase changes [117;118]. Due to the lattice mismatch, misfit stresses arise in
the film-substrate system and can reach values of 1-2.5 GPa [57]. One of the stress
relaxation mechanisms is associated with the nucleation of dislocations near the
interfacial boundary [24]. However, there are other stress relaxation mechanisms,
for example, diffusion of atoms along free or interfacial surfaces. In contrast to
macroscale materials, in thin-film coatings — structures with very small linear size,
large stress and temperatures — diffusion processes have a significant effect on the
evolution of the film surface. [55|. Surface diffusion involves the motion of atoms
and atomic clusters along the film surface, which can lead to a change in surface
profile. The surface roughness and misfit stresses lead to the stress concentration
and cracking. The Fig. 1 shows transmission electron microscopy image (TEM) of

the film coating, demonstrating the nucleation of defects.
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Figure 1 — Cross-section TEM image of 50-nm-thick a Sig7sGeg2o (A),
V-shaped defect (B), wedge-shaped defect (C) [57;113]

It should be noted that there are also positive aspects of surface patterns
formation. The roughness of the free surface and interphase is fundamental in
some applications. For example, the surface relief has a positive effect on the anti—
reflective properties of optical devices |77]. Formation of surface relief can be used
in the production of quantum dots [29;57], which have unique electrical and optical
properties. These structures serve as a foundation for developing a plurality of new
microelectronic devices such as single-electron transistors, quantum semiconductor
lasers, light-emitting diodes (LED) and photoelectric elements [43] (Fig. 2 shows
the scanning electron microscopy image (SEM) of the patterned surface of the LED
coating, which allows to improve the light output). To fabricate flexible electronic
devices, a special relief is formed on the substrate to improve the adhesion of the
circuit components [97; 144]|. Control of surface relief formation allows to produce
the hydrophobic coatings, which are widely used in engineering and construction

[121]. The microrelief of the surface plays an important role in determining cell
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Figure 2 — SEM images of ZnO nanopatterns fabricated on the uneven
LED surface including metal electrode (A)
and tilted view of ZnO corrugations on In,Os5Sn layer [87]

adhesion and affects the biocompatibility of materials. Recently, special coatings
with predetermined relief were used for improving cell adhesion [120]. Thus, the
surface evolution problem has interest from both applied and fundamental points of
view.

There are two main approaches to describe the thermodynamics of
surface /interface phenomena: diffuse interface and sharp interface model. The idea
that the interfacial layer has a non-zero thickness is used in the Cahn—Hillard
theory of non-equilibrium phase transitions. The boundaries of the diffuse interface
are determined in the constant density areas of each material. This approach was
widely used to study solidification [36;102|, solid phase transformation [98|, grain
growth and coarsening [42; 145]. Moreover, the Cahn—Hillard theory was used for
modeling tumor growth [79; 146] as well as in the recovery of corrupted binary
image [35;136]. Some other applications of the Cahn—Hillard model can be found
in [86]. Another approach follows from the Gibbs surface thermodynamics [58]. Gibbs
considered the material boundary as a layer with a zero thickness. Based on Gibbs
thermodynamics, Mullins and Sekerka [107; 108; 124] investigated the phenomenon
of morphological instability in solids controlled by surface diffusion. They examined
the surface and interface perturbations during growth of mono- and polycrystals
considering the variation of chemical potential along the curved boundaries. Thus,
the chemical potential gradient driving the mass transport process was associated
with the surface/interface curvature. Later, the Mullins—Sekerka model of the

morphological instability was applied in different fields of science. In [112;148|, the
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approach was proposed for the description of the process of molten iron penetration
into the mantle leading to extraordinary geophysical phenomena. Destruction of red
blood cells was also investigated due to mechanical interaction with growing ice
crystals during freezing [80]. Similarly to Mullins —Sekerka morphological instability
mechanism, in [119] there is a model proposed to describe the epithelium instability
during tumor growth. Also, the mechanism of branch growth in plants was considered
similar to the formation of structures during the crystal growth [53]. It is worth to
note that the results of diffuse and sharp interface models are in a good agreement
if the interface thickness in the diffuse interface model is sufficiently small [99;137].

Morphological instability in solids may occur not only during the phase
transitions. Based on sharp interface model, Asaro and Tiller [30] found that
the surface of a solid subjected to uniaxial stress is unstable against diffusional
perturbations with wavelengths larger than a critical value. In their model, the
flow of atoms was considered proportional to the gradient of chemical potential
along the surface. Later, their result was replicated independently of each other
by Grinfeld and Srolovitz [69; 133]. The theoretical results were confirmed by a
number of experiments. Torii and Balibar [139] made a series of experiments with a
nonhydrostatically stress crystal helium. They found that when stress reaches some
critical value, large grooves are formed on the crystal surface. The similar study was
conducted by Berrehar [32]. It was shown that the grooves or quasi-periodic cracks
are formed on the film surface under uniaxial tension. Experiments also showed that
in addition to slight waviness [147|, the sharp cusps and valley are formed on the
film surface [83] and in some cases the film can decay into the islands [50] (Fig. 3
shows the island formation during annealing). Some other results of experimental
studies devoted to the formation of thin-film coatings surface relief can be found in
the works of Panin, Shugurov, Betehtin and others |7;33; 115].

In the original Asaro-Tiller-Grinfield (ATG) instability model, the gradient of
chemical potential, additionally to surface curvature, was associated with the stress
variation along the perturbed surface. However, there are other factors affecting the
evolution of free/interfacial boundaries in solids. The morphological instability of
the solid surface caused by electric current was studied in [39;47;70]. In the works
[59;60;88], a theoretical model was developed describing the interfacial morphological

instability under the electric current and a non-uniform field of mechanical stresses.
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Figure 3 — Cross-section TEM image of 50-nm-thick a Sig7sGeg.oo
annealed at 800 °C for 20 min (A) and 1 h (B) [113]

The effect of the wetting layer on the morphological instability of the film coating
was also investigated [123]. In [5;8;11;114;129], the influence of the volume diffusion
associated with the capillary effect was taken into account in addition to mass
transfer along the surface.

To date, extensive studies have been carried out extending ATG model
to describe the surface/interface morphological evolution in solids with voids
and microchannels, inhomogeneities of cylindrical and spherical shape, core-shell
heterostructures, mono- and multilayered film coatings [28; 40; 41; 49; 54; 56; 85;
130]. The instability of coherent interfaces between two joined materials were
discussed in [25-27; 68; 84|. Other references on this topic could be found in [71].
However, most of these works have ignored the effect of surface/interface elasticity,
assuming that it is relatively small in comparison with the bulk elastic behavior.
Nonetheless, the impact of surface/interface stress becomes significant in mechanics
and thermodynamics of nanostructured materials [11;37;52;65;89;95;109; 110].

The research works in the field of surface/interface elasticity have attracted
considerable attention in the recent years due to the increasing number of
engineering applications involving nanoscale structures, such as, topological elements
of integrated circuits, quantum dots, porous semiconductors. Several mathematical
methods and techniques have been developed to study the surface/interface

phenomenon in solids. Herring and Shuttleworth found that the difference between
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the surface stress and surface energy is equal to the change in surface energy
associated with the elastic deformation of the surface. In the works [1;4;9; 38|,
it was assumed that such changes are very small and surface stress was taken equal
to surface energy. To take into account the elastic deformation of free and interfacial
surfaces, Gurtin and Murdoch |73; 74] developed a model in which surface domain
was presented as elastic membrane ideally adhering to the underlying bulk phase.
The stress resultants acting in membrane were defined as surface stresses and the
constitutive relations were formulated coupling surface stress tensor and the surface
strain measure. In [105], the results, derived on the basis of the continuum model
including the Gurtin—-Murdoch constitutive equations, have been compared with
atomistic simulations based on the embedded atom method. The comparison showed
a good agreement between both modelling approaches. Later, Gurtin-Murdoch
model was expanded by Steigmann and Ogden, taking into account the influence
of the surface/interface bending stiffness |134; 135]. Considering the deformation of
the heterogeneous structure, Benveniste and Miloh modeled the interfacial region
as a thin elastic layer with the properties different from the bulk materials [31]. It
was also shown that with a decrease in the thickness of the interfacial layer, this
approach gives the same results as Gurtin-Murdoch and Steigmann—Ogden models.
Other approaches to study the effect of surface and interfacial elasticity can be found
in [38;48;101;128]. Nevertheless, due to its simplicity, the Gurtin—-Murdoch’s model
remains one of the most widely used models describing the influence of the surface
on the overall behavior of a solid.

Recently, the Gurtin-Murdoch (GM) model has been successfully applied
to study the effect of surface/interface elasticity on the mechanical properties
of nanosized specimens and nanostructured materials [23; 34; 45; 61; 63; 66; 127].
Comprehensive review of research literature on this subject is given in [51;81;82;106;
143]. In [72;75;76;103], the theoretical frameworks, which described rearrangement
of solid surface/interface coupling diffusion and bulk-surface/interface elastic
interactions, were developed.

The current work is also devoted to the rearrangement of free and interfacial
surfaces. However, in contrast to the above works, here we investigate morphological
stability based on ATG-model. Using GM-model, the change in surface/interfacial

energy associated with the deformation of materials will be taken into account. This
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allows to analyze the effect of the elastic constants characterizing the mechanical
behavior of free/interfacial surfaces, among other parameters

Relevance of the topic

Experimental studies have shown that roughness can be already formed on

free surfaces and interfaces of film coatings at the stage of fabrication. Later, in the
process of exploitation, these defects evolve resulting in a deterioration in the quality
of devices created on their basis. Therefore, investigation of the processes leading
to the growth of surface and interfacial defects in film coatings is an important
technological problem. It should be noted that in most of the theoretical works
which have been aimed to understand the surface pattern formation in solids, the
surface elasticity effect was neglected since it was believed to be relatively small in
comparison with the bulk elastic behavior. However, numerous experimental and
theoretical results demonstrate that the impact of surface stress become important
in the mechanics and thermodynamics of nanostructured materials.

The aim and objectives of the research

The main aim of this study is to develop and analyze mathematical models of

morphological instability of free and interfacial surfaces of solids and film coatings
based on constitutive equations of thermodynamics and the theory of elasticity.

To achieve this aim, the following objectives were set:

e Derive evolution equations describing the kinetics of the self-organization of
the surface/interface of the solid and the film coating during diffusion mass
transfer along the surface/interface.

e Obtain thermodynamic stability conditions of the surface/interface and
determine the corresponding critical size of topological defects.

e Examine the effect of physical and geometric parameters of the problem on
the roughness growth on surface/interface.

Thesis statements to be defended

e A model of morphological instability of the multilayer film surface coating
during surface diffusion taking into account constant surface stresses.

e A model of the morphological instability of a nanostructured solid surface
under surface diffusion taking into account the surface elasticity.

e A model of the morphological instability of the ultrathin film surface under

surface diffusion taking into account the surface and interface elasticity.
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e A model of the morphological instability of a nanostructured interface
between two materials under surface diffusion taking into account the
interface elasticity:.

Methods of research

The proposed methods and approaches for studying the effect of

surface /interface stress on the formation of surface defects in solids and thin-
film coatings are related to the construction of an analytical solution of the
coupled problem of mechanics and thermodynamics. Based on the Gurtin — Murdoch
constitutive equations, the influence of surface/interface elasticity is taken into
account. New mathematical models describing the process of self-organization of
the free surface of solids, film coatings, and the interfacial boundaries are developed.
To derive the evolution equation giving the velocity of topological defect growth,
we use the Gibbs thermodynamic approach, the theory of surface/interface and
bulk elasticity, the boundary perturbation method, complex variable method and
differential equations. Numerical results are obtained in the Maple software package.
Visualization of the results is carried out using the Matplotlib library of the Python
language.

Scientific novelty

e For the first time, the influence of the surface/interface elastic properties is
taken into account in the analysis of the thermodynamic instability of the
free surfaces and interfaces in layered materials.

e The effect of surface diffusion on the evolution of the nanostructured solid
surface is investigated.

e The influence of film thickness, initial surface undulation wavelength,
surface/interface and bulk elastic parameters, longitudinal stress and the
residual surface/interface stress on morphological stability of film surface is
analyzed.

e The impact of the wavelength of interface undulation between two materials,
elastic of interphase and bulk domains, residual interface stress and
longitudinal stress on the growth of the interfacial topological defects is
studied.
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Theoretical and practical significance of the work

Due to the fact that the problems are formulated in a general formulation, the
results of the study have many applications. The production of composite structures
with specified topological properties is one of the main directions of development
in the electronics industry. For example, a special relief is formed on the substrate
to improve the adhesion of the circuit components for the fabrication of flexible
electronics devices. Also, the microrelief of the implant surface plays an important
role in determining cell adhesion and affects the biocompatibility of materials. The
fundamental aspect of the significance of the work is that the studies of the self-
organization of free and interfacial surfaces of film coatings give many important
information on the physicomechanical behavior of the composite.

Reliability of the results

The reliability of the obtained results is ensured by the correctness of the
problem formulation taking into account current concepts of solid mechanics. It is
also confirmed by the publication of new results in scientific journals and discussion
of the results at international conferences and scientific seminars. The qualitative
theoretical results are in good agreement with the known experimental ones and,
in general, show an adequate behavior of the stressed solid surfaces under diffusion
mass transfer.

Approbation of work The results of the work were presented at the seminars
of the Department of Computational Methods in Continuum Mechanics of Saint
Petersburg State University and international conferences:

e The XLV annual international conference «Control Processes and Stabilitys

(CPS’14), April 1-4, 2014, St. Petersburg, Russia;

e The XLVI annual international conference «Control Processes and Stability»
(CPS’15), April 6-9, 2015, St. Petersburg, Russia;

e The III international conference «Stability and Control Processes
Conferences in memory of Prof. Vladimir Zubov, October 5-9 2015,
St. Petersburg, Russia;

e The XLVII annual international conference «Control Processes and
Stability» (CPS’16), April 4—-7, 2016, St. Petersburg, Russia;

e The XXII international conference «Saint Petersburg readings on strength

problemss, April 12—14, 2016, St. Petersburg, Russia
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e 44 International Summer School — Conference «Advanced Problems in
Mechanics» (APM 2016), June 27— July 2, 2016, St. Petersburg, Russia;

e The XLVIII annual international conference «Control Processes and
Stability» (CPS’17), April 3—6, 2017, St. Petersburg, Russia;

e The VIII International School “Physical Materials Science” with elements of
a scientific school for youth, September 3-8, Tolyatti, Russia, 2017;

e International Conference «Advanced Materials with Hierarchical Structure
for New Technologies and Reliable Structures», October 1-5, 2018, Tomsk,
Russia;

e International scientific conference on mechanics «The Eighth Polyakhov’s
Reading», January 30—February 2, 2018, St. Petersburg, Russia;

e The XLIX annual international conference «Control Processes and
Stability» (CPS’18), April 2—8, 2018, St. Petersburg, Russia;

e The 10" European Solid Mechanics Conference (ESMC), July 26, 2018,
Bologna, Italy;

e The L annual international conference «Control Processes and Stability»
(CPS’19), April 8-9, 2019, St. Petersburg, Russia;

e The LI annual international conference «Control Processes and Stability»
(CPS’20), April 20—24, 2020, St. Petersburg, Russia;

e The IV international conference «Stability and Control Processes
Conference» in memory of Prof. Vladimir Zubov, October 5-9 2021,
St. Petersburg, Russia;

e International scientific conference on mechanics «The Ninth Polyakhov’s
Reading», March 9—-11, 2021, St. Petersburg, Russia;

e The LII annual international conference «Control Processes and Stability»
(CPS’21), April 5-9, 2021, St. Petersburg, Russia.

Publications

The main results related to the dissertation topic are presented in 19 papers [9—

13;19-22;90;91;93;94;129-132;140; 141], 3 of which are published in journals included
in the list of the Higher Attestation Commission [11;131;132], 9 indexed by SCOPUS
and Web Of Science [90;93;94; 129-132; 140; 141].
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Structure and scope of work

The work consists of the introduction, four chapters and conclusion, and
contains 98 pages, 22 figures and 11 tables. The list of references contains 148 items.

Content of the work

The introduction presents the analysis of modern research on the subject
matter. The relevance of work, its scientific and practical significance is discussed.
Also, the aim and objectives of the research are formulated. The methods of research
as well as thesis statements are given. At the end of the introduction, a summary of
work on each chapter is given.

In Chapter 1 a mathematical model of self-organization of the surface of
a multilayer film coating has been developed based on the Gibbs thermodynamic
approach. Using the Herring—Shuttleworth and Young-Laplace equations, the
constant surface stress is taken into account. Based on the first-order approximation
of boundary perturbation technique, the morphological stability of the multilayer
film coating surface was studied. The dependence of amplitude change on
perturbation wavelength for different geometric and physical parameters is obtained.

Chapter 2 is devoted to the study of the morphological stability of the
nanostructured solid surface. It was assumed that the elastic properties of the
surface and the bulk material are different. Using Gibbs thermodynamic approach,
Asaro—Tiller—Grinfield model, Gurtin—-Murdoch surface elasticity theory, boundary
perturbation technique, Goursat—-Kolosov complex potentials and Muschelishvili
representation, the explicit dependence of the amplitude change of sinusoidal

perturbation on time, physical and geometric parameters of the task is obtained.
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In Chapter 3 Asaro—Tiller-Grinfield model is extended for the analysis of
the morphological stability of the surface of the ultrathin film coating. Similarly to
Chapter 2, the influence of the elastic properties of the free and interfacial surfaces
in ultrathin film coating are taken into account using the Gurtin-Murdoch model
of surface elasticity. An evolution equation describing the change of surface profile
amplitude with time is derived. To solve this equation, it was necessary to find
out the stress distribution along the undulated boundary. Based on the obtained
solution, the effect of the physical and geometric parameters on the morphological
stability of film surface coating is analyzed.

In Chapter 4 a theoretical method for analysis of heteroepitaxial interface
stability is developed taking into account its elastic properties. Based on Gibbs
thermodynamics, we derive the evolution equation, which describes the change of
interface profile with time. In this study, the change of interface relief is driven
by bulk and interface stress fields as well as interface curvature. To find the stress
distribution along the boundary, we use the asymptotic method described in the
works of Grekov and Kostyrko. The effect of coating-to-substrate stiffness ratio,
interface elastic parameters, residual interface stress, longitudinal stress and diffusion
coefficients on the interface morphological stability is investigated.

In conclusion, the main results of work are given.
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Chapter 1

Morphological stability of multilayer film surface

This chapter describes the mathematical model of the morphological instability
process associated with the multilayer thin-film coating loaded under plane strain
conditions. The experimental results show that surface morphology can form a range
of configurations including a weak undulation [147|, sharp hills and grooves [83] and
islands [50]. In this study, the process of formation of topological defects in the
multilayer film coating is considered as the evolution of the periodic surface relief
under the assumption that only its amplitude changes.

Due to the lattices mismatch, the film structure subjects to misfit stress. It is
assumed that the free surface can change the shape due to mass transfer in order to
minimize the total energy. Surface diffusion is considered as the main mechanism of
the morphological instability of the film surface [90]. It is supposed that the atomic
flow along the surface is proportional to the gradient of the chemical potential. The
equation describing the movement of the solid boundary in the normal direction is

derived from the mass conservation law.

1.1 Problem formulation

Consider an isotropic multilayer film coating of a total thickness
hy = é\g h;, which consists of N dissimilar layers and deposited on a substrate
under ]pZI;ne strain conditions (see Fig. 1.1). This system is modeled as an elastic
inhomogeneous half-plane B = Nle B; with undulated boundary S; and rectilinear
boundaries S -
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Figure 1.1 — A model of multilayer film coating with undulated surface

Si={z: z2=G=z1+1i[hs+e(r)f(x1)]}, f(x1)=acos(bry),
Sj={z2: z2=¢=x1+iH;}, j=2N+1, <(r)=A(1)/aq, (1.1)

Hi=Hi1+h;, 1=1N, Hy=hy, Hyxy1 =0, Hi=hy,

By ={z: Hy<zo <hy+e(r)f(x1)},
(1.2)
Bj:{ZZHj+1<ZC2<Hj}, jZQ,_N, BN_|_1:{ZZ£C2<O},

where z = x1+1x9 is a complex variable, x1 and xy are axes of Cartesian coordinates,
hy is thickness of the N-th layer, a is the undulation wavelength, b = 27 /a is the
wavenumber, and A(7) is the amplitude of the periodic relief of the surface S; at
time 7.

In accordance with the Gibbs thermodynamics [58], we take into account

the surface stress ¢*, which is assumed to be constant and independent of the
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surface deformation [67]. The condition of the mechanical equilibrium of the surface
is formulated in terms of the generalized Young—Laplace low. In the case of the

constant surface stress, it has the following form [4; 38|

Unn(cl) = /{(gl)O'S, O_Ht(gl) =0, Cl € Sla (13)

where & is a local curvature of the boundary .Sj.

The conditions at interfaces S; (j =2, N + 1) are as following [11]

AU(ZJ) B z—>1zi-r—&l:liH- U(Z) N z—>le£le U(Z) =0,

(1.4)

Aole) = lim, o) = _m, o(2) =0

where u = uy + tus, 0 = ou, + 10, Up,ug are displacements along corresponding
axes of Cartesian coordinates x1, xo; opn, 0t are components of the stress vector o
at the area with unit normal n in the local Cartesian coordinate system (n,t) (vector
n is perpendicular to the boundary Sy and the interface S; in n Eq. (1.1));
In linear elasticity theory, the components of the strain tensor e, and the
displacement u are related by the Cauchy relations [1§]
ouq Ouy ouq N Ous
E1 = =, €99 =——, E19=—+—.
DT 0x TP axy T x| Oy (1.5)
The components of the strain tensor €, and the stress tensor o, of an elastic

body are related by the generalized Hooke’s law

Onn(z) — ()‘j + 2Mj)5nn(z) + Ajgtt(Z%

ou(2) = (Nj + 2p5)eu(2) + Njenn(2),  om(2) = 2p58m(2), (1.6)
o33(2) = m low(2) + opn(2)], z€ B, j=1,N+1,

where A;, p1; are the Lame constants of the phase B;.
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It is assumed that due to the lattice mismatch between different layers the

film structure is stressed. Then, the conditions at infinity are as following

lim 099 = lim 0192 = lim w:O, lim 011 = ON+1, (17)
To—r—00 To—r—00 To—>—00 To—>—00

where w is the rotation angle of a material particle.

It is necessary to determine the dependence of the amplitude change A of the
film coating relief (1.1) and (1.2) on time 7 via surface diffusion. It is assumed that
the morphological evolution of the stressed film surface occurs due to the surface
diffusion caused by the non-uniform distribution of the chemical potential along the

surface.

1.2 Chemical potential and growth rate of topological defects

The concept of chemical potential was introduced by Gibbs when he
investigated the chemical equilibrium of a deformable solid in contact with the same
material in a dissolved form. Later, this approach was applied in a number of other
studies. In the presented research the chemical potential is considered as an increase
in free energy per unit of added volume, as in the works [4;15;16;30;71].

In accordance with the Gibbs [58] approach, the bulk material and its surface
are considered as different phases. Specifically, the solid surface is modeled as an
elastic membrane that is coherently connected to the bulk material.

Considering constant temperature, the total free energy is equal to the sum of

the elastic strain energy and the surface energy

E(r) = [pUdB + [, UdS.
(1.8)
In Eq. (1.8) , B is the volume of the bulk material, S is the surface

corresponding to this volume, U is a strain energy and Uy is surface energy calculated

on the surface.
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It is assumed that the solid is in mechanical equilibrium at any moment of
time. However, it is not necessarily in thermodynamic equilibrium, which is defined
as a state with minimal free energy.

According to the second law of thermodynamics, a system that is not in
thermodynamic equilibrium tends to reduce its free energy. The rate of free energy
change, described by the local normal rate V,, of the boundary movement, can be
written as follows:

ou

E(r) = —dB+/UVndS+
() BaT S

oU;
S (97

s — / KUV, dS, (1.9)
S

where k is the local curvature of the surface.

In Eq. (1.9), the first term is the change in the total energy caused by the
change in the elastic strain energy; the second term is associated with a change
in the boundary of the bulk phase; the third term is related to the change in the
energy of the free surface, and the last one is associated with the curvature of the
free surface [55].

Since we consider an isolated system, the sum of the first and third terms in
(1.9) is equal to zero.

Then the rate of free energy change can be written as follows:

E(r) = /S (U — kU,)V,dS. (1.10)

The term V,,dS can be interpreted as the local rate of adding (V,, > 0) or
removing (V;, < 0) material. Following Freund [55|, the local chemical potential for

the surface can be defined as

x = (U = rUy)Q, (1.11)

where €2 is the atomic volume.

If the chemical potential in some region is less than in the neighboring one, the
atoms diffuse into the region of the lower chemical potential, thereby reducing the
free energy of the system. Thus, the flow of atoms along the surface is proportional

to the gradient of the chemical potential [30;55]
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_D.Cyix
ka 0s 7

where D, is the surface sel-diffusivity, C is the number of diffusing atoms per unit

J:

(1.12)

area, kp is the Boltzmann constant and T is the absolute temperature. Differentiation
by the parameter s means differentiation in the direction tangent to the surface.
It should be noted that the uniformity of the chemical potential distribution

is one of the conditions of the thermodynamic equilibrium.

Figure 1.2 — Diffusion along the surface element

To determine the rate of boundary displacement, consider the volume flow
near the surface, as it is shown in Fig. 1.2. Due to the conservation of mass, the
velocity in normal direction of the surface element is proportional to the atomic flux

divergence

V, = —Q—". (1.13)

1.3 Linear analysis of surface morphological evolution

Equation (1.13) may be rewritten as the evolution equation which gives the
change of surface profile (1.1) with time [11;90]

2
WNT) _ g ) [0(G0) = sl UG G S
(1.14)
2
(1) = Hy + () f(zy), K= %

where h is the metric coefficient [18] and s is the length of the arc along S;.



129

The surface stress o* is related with the surface energy U by the Herring -
Shuttleworth relation [1;78;128]

8U5(Cl,7')

o”(C1,7) = Us(Gr,7) + m

(1.15)

Since we consider a weak change in the surface profile and assume that diffusion
in solids is a slow process, it is expected that the surface energy Uy does not change
along the surface during deformation in this chapter, as in [4]. Then the Eq. (1.15)
gives

Us(Gi) =0°, G € St (1.16)

In order to integrate the equation (1.14), the strain energy U should be found.
Since we study a weak change in the surface relief, the components of the stress and
strain tensor are seeking in the first-order approximation of boundary perturbation

technique

Oun(2,7) = e(T)0nn)(2), oni(2,7) = (T)on)(2),
Enn(2,T) = €nn(o) + €(T)Enn)(2),  ent(2,7) = €(T)en)(2), (1.17)

O'tt(Z,T) = O_tt(O) + E(T)O'tt(l) (Z), €tt(Z,’7') = Ett(O) + E(T)gtt(l) (Z)

It should be noted that o,,0)(2) = on0)(2) = €nt0)(2) = 0, according to (1.6)
and (1.7).
The elastic strain energy U is found by the Clapeyron formula

Ulzr) = %aaﬁ(z,f)gaﬂ(m), (1.18)

where is the summation by repeated indexes a5 = {1, 2} performed.
The expressions for the metric coefficient A and the local curvature k of
the undulated surface S are also written in the first-order approximation of the

boundary perturbation method [129]

k(z1,7) =e(n)f"(x1), h(z1,7)=1. (1.19)
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Substituting (1.17) and (1.19) into (1.14), we obtain an ordinary differential
equation describing the change of the surface amplitude profile with time:

dA(T) 1 d?

dr f(xl) - éA(T)KSd_I'% [5nn(0)0nn(l)($l)+

(1.20)

+0tt(0)5tt(1)(331) + Ett(O)Ott(l)(xl) - Usf”(xl)} .

As noted above, to integrate the equation (1.20), it is necessary to find the
stress—strain state of the system (1.1)—(1.7). The corresponding boundary value
problem was considered by Grekov and Kostyrko [64]. In accordance with [64], the
solution of the original problem for a multilayer structure is represented as the
sum of the problem solution for a half-plane with a undulated boundary S; and
the solutions of N problems for two-component planes with rectilinear interfaces
Si, 7= 2, N + 1. In the first problem, the boundary is subjected to an unknown
load, and in the other problems, there are unknown jumps in the stress and
displacement vectors.

In accordance with the superposition technique [2; 64], the solution of

formulated problem of linear elasticity (1.1)—(1.7) is represented as

G (2) + Gi(2), 2 € By, k=1,N,

G(z) = (1.21)
G%I%(Z)a z € BN+17
( o (2), n =1
G (zm)) = S ) . z€B;, kj=TN+L (122
du
| g T

Here, k; = 3 — 4v;; v; is Poisson’s ratio of the Bj, o¥ and u* are the stress and
displacement vectors in the problem with number k, similar to o and w; k,j =
1,N + 1. The derivative is taken along the area with normal n, i.e. in the direction

of the axis t.
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In the first problem (1.21) and (1.22), it is supposed that unknown self-
balanced periodic load p is applied to the periodic curvilinear boundary S; of the

homogeneous half-plane

+00

A =p@). [ ped=0 aes (1.23)

(0.9]
The stress tensor components o, (af € {1,2}) and the rotation angle of a

material particle w! is specified as follows:

li L =0, [l = i L=l L=0. 1.24
Jm oh=ol lim oh= lm o= lim o'=0. (129

In the problem k (k = 2,N + 1), the coupled deformation of two dissimilar
half-planes Dy | Dy with elastic properties of the corresponding phases By_; and
Bj, is caused by the unknown jumps of stresses Ac* and displacements Au* at the

rectilinear interface Sy under longitudinal remote load Jf inD; (j=k—1,k)

Ao = 0" (z) — 0" (z), AuF = uF () — uF (),

lim o = oF lim oFf =gk
o B 01T Oy 01 = O (1.25)
lim of, = lim of,= lim w*=0.
To—rEt00 To—rE00 To—F00

According to [64], quantities o1, of |, of (k = 2,N +1) are found from
recurrence relations which follow from conditions (1.4) in the case of the coating
with the flat surface

UN+1 — g 0_N72r+1 o MN—2T(1 + %N—2r+1) N—-2r41
N+1 — 9N+10 IN-2 = N—2r+11
" pUN—2r+1(1 + sen—_2;) "
N—2r—1 __ MN—2r—1(1 + %N—2r) N—2r+1 1.26
ON_9p—1 — ON—_2p (N —2r>1), ( )

pn—2r(1 4 sen—2r—1)

oN S =0oN o, =0 (N=2r>0), r=0,1....
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Boundary conditions (1.4) and (1.23) at Sy lead to the system of boundary

equations for unknown functions p, Ac* and Au*.

p(G1) +0*(G) = a(C),
AO_Q(ZQ) + O-l(paz2) T 0'3(A0'3,AU3/722) - 07
Au?(z2) + ul(p,22) — u3(Ac?,Au¥ 29) = 0,
(1.27)
AN (zr) — 0V (AY. A 2y ) = 0,

AuN T 2y 1) + uN (AN, Au? 2y, ) = 0.

Thus, the solution of the elasticity problem is reduced to solving the system
(1.27).
According to [64], the stresses o*(z) and displacements u*(z) are related to

Goursat—Kolosov complex potentials @? and T? by the equality

Gh(zm;) = myh(wn) + P(uw) — () + P (wy)—

J

— (wy — wy) ®§/(wk)) e ¥ wy =z +i(ef(x) — Hy), (1.28)

wp = z — 1Hy, j:{]{i—l,k}, k=2 N+1,

where « is the angle between axis ¢ of the local coordinates n,t and axis z;; 1
u T% are functions that are holomorphic in domains D; and l/)vl ={z:1 €
RY, x9 > Hy—cf(x1)}, respectively; CID;? , T? are are functions that are holomorphic
in half-planes D; and D,, (r = {j — 1,7}, r # j), respectively; the prime denotes

differentiation with respect to the argument.
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Substituting & = 0 and o = /2 in (1.28) for x9 — —oo and taking into

account (1.24) and (1.25), we get the values of complex potentials at infinity

01

. 1 _ . 1 _ %1
Imu}llgl—oo (I)l(wl) - Imu}ir—?—i—oo Tl(wl) - 4 ’
o"
lim  ®%(wy) =L, wye€ Dy, j={k—-1k}, (1.29)
|Tmwyg|—o0 J 4
o
lim  THwp) =L, wpe€D,, r={k—1,k}, r#j.
[Imwy, |—o00 / 4

In accordance with the first-order approximation of the boundary perturbation

method [2-6; 62|, we represent the functions @;‘7 , Tg? ., and p in the following form:

Boundary values of functions ®}  T1 and p, at I'; are expanded into Taylor
series in the vicinity of the line Imw; = 0, i.e. 2z = @H;, considering x; as

parameter [129]

Wy (C1) = Uny (1) + e f(21) Wiy (21), m = {0,1}, (1.31)

where W, is any of the above functions.
In view of relation e f’(x1) = tga, one can write the following linearization of

an exponential function from (1.28):
e 2 =1 — 2ief'(x). (1.32)

Taking into account the boundary condition (1.23) and Egs. (1.28), (1.30)
and (1.31) and equating the coefficients of e, we come to the following sequence of

boundary value problems:

Ty (21) = Pp ) (1) = =Dy (1) + Fy (1), (1.33)
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where
Fy(x1) =0,

Fl(21) = —if(21) [CID}’(O)(xl) + Tiioy (1) + 2@%’(0)(%)} + (1.34)

20 () [ @) () + Ty (a0)] = if e0pi(an)

According to |64], the solution of the boundary value problem (1.33) and (1.34)

can be written using the substitution

Thm)(wl), Imw; > 0,
Oy (w1) = (1.35)
@%(m)(wl), Imw; < 0.

Thus, in each approximation of boundary perturbation technique, we get
the Riemann—Hilbert problem, where the unknown functions are represented
as |4;5;8;17]:

where C() = O'%, 01 = 0.

The functions @%ﬁl) and @%ﬁl) are defined as follows:

“+00

1 pk(T)
lu
= — d
Ok 271 / r—w
(1.37)
+oo 1
Qld — 1 /Fk(T)dT
Fomi | or—wy

It should be noted that since the functions F(lm)(xl) are expressed by the
recurrent formulas (1.34), the function @%% is known and the function @%}j@) should
be defined in each approximation.

The functions @f and T? related to the problems of joint deformation of two
homogeneous half-planes under the conditions (1.25) are also found from the solution

of the Riemann — Hilbert problems
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Sk (h) — S () = Aok (=),
(1.38)
VER(ER) — VI (&0) = 2p-1pue A (2,),

where SFE(EF) = lim YF(wy), VEE(ER) = lim VF(wy).

z—> 2,110 22—z, £10

The corresponding boundary value relations (1.38) are obtained from the

following boundary conditions

GEt(E1) — GE(gh,1) = Aok (z),
MzGﬁil(é}’i, — Kg-1) — ,ule_(ﬁfj, — Rj) = —2M1M2Auk,(2k), (1.39)

GFE(Eh) = lim  Gi(w,), & = wi(z),

vz i/

using auxiliary functions

( OF(wg) + Th | (wy), Imwy >0,

Y (wy) = < 1.40
(i) @’,Z_l(wk) + T’,Z(wk), Imwy; < 0, ( )

\

k1 PF (wi) — pekp—1TE_(wy), Imwyg > 0,
VF(wy) = (1.41)

,ukq)];j_l(wk) — ,uk_kag(wk), Im w;. < 0.
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According to [2;8;17], the solution of both Riemann-Hilbert problems (1.38)

is found in the following form:

+oo
1 Ac*
SF(wy) = — / ? (Zk)dT + Sk,

271 T — Wy
(1.42)
—|—ooA s
VE(wy) = Mk MdT + vy,
1 T — Wk

1 k—

— k— 1 k-1 __ k
where S = CL —|— ap 1 = ak 1 + ak, Vg = HE—10ay — MEHp—10_ = HEpQp 1 —

Mk—1%ka£-
The complex potentials ®% T% are found from the Eqgs. (1.40) and (1.41)

pEF (wg) =V (wy)
M+ [

% (wy,) =
(1.43)
w2t (wr) + V(@)
ok [ 22, '

15 (W) =

The problem is reduced to a system of Fredholm integral equations of the

second kind

Aok f K (z1,m) A0t (T)dE + f Kio(z1,7 )Aa"“( YdT+
+o00o +0oo
+ [ Kps(z1,7)Auf/(1)dE+ [ Kk4(x1,T)Au’;n’(T)dT:Hf(m)(ajl),
(1.44)

+00

Aul!(z7) f Ks(z1,7)Ack (7)d7 + [ Kie(z1, )Aak( YdT+

400 400
+ [ Kpr(z1,7)Auk/ (7)dr + [ Kkg(xl,T)Auﬁ{(ﬁ)dT:Hf(m)(xl).
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[t should be noted that the system of integral equations (1.44) has a unique
solution on the class of continuous functions for any continuous right-hand side.

So, in the zero-order approximation (H¥ , = H% o)) the system (1.44) has a trivial

1(0) 2(
solution

Aoy (x1) = Aufy(z1) =0, k=1,N, (1.45)

that follows from physical considerations [64].
Taking into account (1.29), (1.33), (1.42) and (1.43), we obtain complex

potentials in the zero-order approximation of boundary perturbation method:

OF oy (wi) = Loy (@r) = 0 /4 (k=1N+1, j={kk—1}). (1.46)

These potentials correspond to the piecewise uniform stress state of a

composite with a flat surface [64]

o11(0)(2) = ON41, 2 € By,

(1.47)

= Mj(l(_;fj+1;0j+1, z€ Bj, j=1N.
Hj+1 7

011(0)(Z) =0j

Since the boundary profile is defined by (1.1), the solution to the problem in
the first-order approximation of boundary perturbation method can be found in the

form

Aaéﬂ)(ajl) = Pfsin(bxy) + QF cos(bxy),
(1.48)
Auéﬂl')(xl) = P¥sin(bzy) + Q5 cos(bxy).

Taking into account the properties of the Cauchy integral, the system of
Fredholm equations in each approximation of the boundary perturbation method is
reduced to a system of linear algebraic equations with respect to unknown coefficients
PF. PF. QY Q% where the free terms C’f(l), C’§<1), D]f<1), D]f(1) are the Fourier
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coefficients of known functions Hf(l)(xl), Hg(l)(ajl)

Hf(l)(:rl) = Cf(l) sin(bz) + D]f(l) cos(bxy),
(1.49)
Hf(l)(xl) = 05(1) sin(bzy) + Dlg(l) cos(bxy).

Using the expansions (1.48) and (1.49), the system of 2N —2 integral equations
(1.44) is reduced to a system of linear algebraic equations with respect to the
coefficients P*, QF (r = {1,2}). Explicit analytical relations between the coefficients
P* QF and Cff(m), Df(m) (r = {1,2}) are obtained using the Maple Software, and
are not given here due to enormous size.

Taking into account the obtained solution of the system of algebraic equations,
the Egs. (1.21), (1.22), (1.28), (1.35)—(1.37), (1.42), (1.43) allow us to define stress—
strain state of a multilayer film composite in any approximation, and hence, find

the elastic strain energy U by the formulas (1.18).

1.4 Numerical results

The solution of the evolution equation (1.20) leads to the following
dependence of the perturbation amplitude on time, initial perturbation wavelength,
layer thicknesses, elastic parameters of layers, diffusion coefficient, surface and

longitudinal stresses

In (Af(lz)-)) =R (a,hy...hy, A1 AN, p1- iy, K, 0%, 00) T (1.50)
Note that based on the described approach, the right-hand side of the
expression (1.50) is defined explicitly. However, due to the enormous size of the
resulting expression, it is not given in the work.
As an example, consider a two—layer (N = 2) film coating. The elastic
parameters of the top layer \y = 58.17 GPa and pu; = 26.13 GPa correspond
to aluminum. For simplicity, we consider a metal-on-metal system, i.e. it is assumed

that the Poisson coefficients of the media materials B; (j = 1,3) are equal to each
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other v; = 0.3 (j = 1,3). As the second independent parameter of isotropic elastic
solid, we consider the shear modules p; (7 = 1,3), related as follows: u/ps = 7y,

2/ ks = T9; T1, 79 are stiffness ratios.

(c) (d)

Figure 1.3 — The dependence of normalized amplitude change A(7)/Ag
on the perturbation wavelength a
for hy = 50 nm, he = 50 nm (a), Ay = 50 nm, hy = 100 nm (b),
hy = 100 nm, hy = 50 nm (c) and h; = 100 nm, hy = 100 nm (d)

Fig. 1.3 shows the dependence of normalized amplitude change A(7)/A, on the
perturbation wavelength a of free multilayered film surface for different parameters.
The longitudinal stress in top layer is equal to o1 = 1 GPa and surface stress
0® = 1 N/m. The wavelength a = a,, corresponds to the equilibrium state when rate

of growth is equal to zero, i. e. In(A(7)/Ap) = 0. When a < a,, the relief amplitude
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decreases with time, i.e. the surface is smoothed out. In the case of a > a.., the
perturbation amplitude increases with time. The wavelength @, corresponds to
the maximum amplitude change. The wavelengths a.,. and a,,,, are presented in the
Tables 1.1 and 1.2.
Table 1.1
The critical wavelength a., of multilayered film coating under tension for various

geometrical and physical parameters

r1 0.3 0.3 3.0 3.0
Ty 0.3 3.0 0.3 3.0
hy, nm ho, nm Qer, DM
50 50 — 300 213 208
50 100 343 314 210 210
100 50 264 259 232 231
100 100 261 261 231 231
Table 1.2

The wavelength a,,q, of multilayered film coating under tension for various

geometrical and physical parameters

1 0.3 0.3 3.0 3.0
Ty 0.3 3.0 0.3 3.0

hq, nm ho, nm Amaz, NM
50 50 — 396 282 279
50 100 413 416 279 281
100 50 343 345 309 312
100 100 342 346 310 312

The results show that the critical perturbation wavelength of multilayered
film surface tends to a value corresponding to the equilibria state for a solid without
a film [56] when the top layer thickness increases. With increasing of the second
layer thickness, the effect of the substrate is negligible, and the critical wavelength
corresponds to the case of a monolayer film coating [4]. In addition, it can be seen
that increasing of stiffness ratios leads to decrease of the critical wavelength [11;129].

In the considered system with the parameters hy = hy = 50 nm, r; =ry = 0.3

for any undulation wavelengths film surface smoothing with time.
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Note that in this paper, in contrast to [56;85], surface stress is taken into
account. This allowed us to estimate the effect of the character of longitudinal
stress. The Tables 1.3 and 1.4 show the wavelengths a.. and a,,,,; corresponding

to compression.

Table 1.3
The critical wavelength a.,. of multilayered film coating under compression for

various geometrical and physical parameters

The wavelength a,,,, of multilayered film coating under compression for various

geometrical and physical parameters

1 0.3 0.3 3.0 3.0
ro 0.3 3.0 0.3 3.0
h1, nm ho, nm Qer, NN
50 50 331 276 205 201
50 100 299 286 203 202
100 50 244 241 221 221
100 100 243 242 221 221
Table 1.4

1 0.3 0.3 3.0 3.0
ro 0.3 3.0 0.3 3.0

hy, nm ho, nm Qer, NN
50 50 398 365 271 269
50 100 371 379 269 271
100 50 318 321 296 299
100 100 318 321 297 299

The relative differences between the critical wavelengths, calculated for
different characters of the longitudinal stress, are presented in the Table 1.5

(aZ corresponds to tension/compression, respectively).
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Table 1.5
Effect of the longitudinal stress sign
r1 0.3 0.3 3.0 3.0
To 0.3 3.0 0.3 3.0
hy, nm hy, nm lat —a_|/a,,
50 50 — 0.087 0.039 0.035
50 100 0.147 0.098 0.034 0.040
100 50 0.082 0.075 0.050 0.045
100 100 0.074 0.079 0.045 0.045

1.5 Chapter conclusions

This chapter is devoted to the analysis of the morphological stability of the
free surface of a multilayer film coating, taking into account the constant surface
stress. It was assumed that at the initial moment of time, the shape of the free
surface is different from the flat one and described by a periodic function. It was
also considered that the film system is stressed due to the lattice mismatch of
different layers. During stress relaxation, the surface relief may change due to surface
diffusion. The flow of atoms along the surface of the film coating is caused by a
nonuniform stress distribution. To find the stress—strain state, the solution of the
static problem of elasticity is obtained using the approach developed by Grekov and
Kostyrko [64]. Based on the first-order approximation of the boundary perturbation
method, the dependence of perturbation amplitude change on time, physical and
geometric parameters of the problem is obtained. As an example, a two-layer film
coating is considered. The dependence of the normalized amplitude change on the
initial perturbation wavelength for different stiffness ratios and layers thicknesses is
plotted. Based on the obtained results, the following conclusions can be formulated:

e the critical wavelength increases with decreasing of stiffness ratios;

e the effect of stiffness ratio on the surface morphological stability of a

multilayer film coating increase with decreasing of layers thicknesses;

e the impact of the bottom layers decreases when the thickness of top layers

increases;
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e the difference in critical wavelength under compressive and tensile stresses
increase with decreasing of top layer thickness in the case of a stiff layer,
and, vice versa, decrease in the case of a soft layer.

It should be noted, that in this chapter the surface stress was considered
constant, i.e. independent of the elastic properties of the surface layer. In the
following chapters, the effect of the elastic properties of free and interfacial
boundaries on their morphological stability are taken into account based on the

Gurtin — Murdoch surface/interface elasticity model.
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Chapter 2

Morphological stability of nanopatterned solid surface

This chapter presents a theoretical approach that allows to predict the
nucleation of surface topological defects under the mechanical loading taking
into account the thermodynamic and elastic properties of solid surface as well
as its geometrical characteristics. Assuming that the surface atomic layers are
thermodynamically unstable under certain conditions, we obtain the evolution
equation which describes the kinetics of the relief formation in the case of diffusion
mass transport activated by the nonuniform stress field. The rate of growth of surface
defects depends on the field of bulk and surface stresses, which vary with the shape
and size of the considered defects. To find the stress state, we use the first-order
perturbation solution of a 2D boundary value problem formulated in the terms of
the constitutive equations of bulk and surface elasticity. The solution of linearized
evolution equation gives the critical values of the perturbation wavelength and the

initial level of stresses which stabilize surface profile.

Figure 2.1 — The model of solid with curved surface under longitudinal stress
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2.1 Problem formulation

Considering solid with a slightly perturbated surface under the uniaxial
tension, we arrive at a 2D boundary value problem for a half-plane of the complex
variable 2 = x; + ize (i* = —1) and x1,20 € R!) with a boundary S (see
Fig. 2.1). According to Gurtin-Murdoch model of surface elasticity [73; 74|, the
elastic properties of surface domain differ from those of the bulk material and it

is represented as a negligibly thin layer S adhering to the bulk phase B without
slipping:

S={z: z=(=x1+ie(r)f(r1)}, B={z: za<e(r)f(x1)},
(2.1)
Alr) < 1Vr, A0)= Ay, f(x1)=acos(bxy),

a

e(r) =

where b = 27/a is the wavenumber, a is the perturbation wavelength, and A(7) is
the perturbation amplitude, which can change over time.

To describe the elastic behavior of surface layer, simplified constitutive
equations of the Gurtin —Murdoch model of surface elasticity are used. It is assumed
that the surface energy depends only on surface strains and does not depend on

displacement gradients

o5 () ="+ X +21°)e5(Q), 035(0) ="+ (N +0)eR((), ¢es,  (22)

0is residual

where o7}, is the normal surface stress, €, is the normal surface strain, ~y
surface stress, \* and p® are surface Lamé constants.

Hooke’s law for bulk material in the case of plane strain can be written as

Unn(z> — ()‘ + 2“)5nn(2) + )‘Ett(z)a Utt(z) = ()\ + 2,“)51616(2) + Agnn(z)a

, (2.3)

A+

ont(2) = 2uen(2), o33(2) = [0(2) + onn(2)], 2z € B.
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Here 0,,,,,04.,0n and .4, are the components of bulk stress and strain tensors,
respectively, defined in the local Cartesian coordinates (n,t), and A and u are the
Lamé constants of the bulk phase B.

At infinity, the stresses 0,5 (o, = {1,2}) in coordinates (z1,x2) and the

rotation angle w are specified as

lim o1 = oy, lim o9 = lim opp= lim w=0. (2.4)
To—r—00 To—r—0Q To—r—0Q To—r—00

It is important to note that the proposed model can be used to analyze the
morphological stability of the film coating when the elastic properties of the substrate
do not affect the deformation of the near-surface layer (for example, when the film
thickness is larger than the perturbation wavelength). Then the longitudinal stress
o can be considered as misfit stress.

A kinematic boundary condition is formulated in the terms of the generalized
Young-Laplace equation and, in the case of simplified constitutive equations of

Gurtin-Murdoch model, can be written as

_ . 1doy(Q)
h dilj'l ’

O'(C) = /{O-ft(C) 0 = 0Opn+10nt, CES, <25>

where h and x are the metric coefficient and the curvature of the undulated boundary
S, respectively.
Since we assume that the surface and bulk phases are coherent bonded, the

inseparability condition can be defined as follows:

en(Q) = eu(), (€5 (2.6)

It is assumed that each time 7 the system (2.1)—(2.6) is in mechanical
equilibrium but it is not necessarily in a state of thermodynamic equilibrium. One
of the conditions of thermodynamic equilibrium for an isolated system at a constant
temperature is the uniform distribution of chemical potential.

The local chemical potential y for the surface S can be defined as [93]

X(67) = [U(¢7) = w(CT)U(CT)]2, €5, (2.7)
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where (2 is the atomic volume, U; is the strain energy density along the surface S,
and Uy is the surface energy density.
Similarly to Chapter 1, we determine the normal rate of moving the boundary

from the mass conservation law. It can be written in the form of evolution equation
as follows [93;130]:

0g(x1,7) 0? D,C,Q?

5 = Ksh(xl,'r)@ U(¢,7) — k(x1,7)Us(C,7)], K= T (2.8)

To integrate the partial differential equation (2.8) and derive the stability
conditions, the elastic strain energy U and surface energy U along the surface
of solid should be determined. In this paper, our attention is focused on a slight
change of a surface profile amplitude, so, considering the limitation A(7) < a V7 in
Eq. (2.1), we seek the components of stress and strain tensors of bulk and surface

elasticity in the first-order approximation of boundary perturbation method

Tun(2,7) = €(T)0nn)(2), oni(2,7) = (7)) (2),

Enmn(2,T) = Enn) T (T)enn)(2), ent(2,7) = (T)en)(2),
(2.9)

ou(2,7) = Ott(0) + €(T)Utt(1)(2), en(z,7) = Ext(0) T E(T)Ett(l)(z)a
op(2,7) = Oy T S(T)Uftu)(z)a e(z,T) = o) T 5(7)5ft(1)(2)7

where 0,,,0)(2) = Tpi0)(2) = €nt(0)(2) = 0 according to Egs. (2.3) and (2.4).

The specific energy of the elastic deformation is determined by the formula
(1.18). Surface energy in the case of the simplified Gurtin — Murdoch model take the
form [122]

1
Uy(:7) = 721+ i (7)) + 500 + 200 = 10)eib(z7). (2.10)

The linearization in the space of the parameter € for the metric coefficient h

and the curvature s can be written as

k(xy,7) = () f"(x1), h(x,7)=1. (2.11)
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Substituting Eqs.(1.18), (2.10) and (2.11) into Eq. (2.8), we obtain an ordinary
differential equation that gives the amplitude change of surface perturbation with
time [93]:

dA(T) 1 d?

dr f(xl) - §A(T)st_$% [Enn(O)O—nn(l)(xl) +

+ou0)E11)(T1) + Er0)Tu(1) (1) — (2.12)

1
- {70(1 F ey (5)) + 500+ 2" = v0>e§3(0)<z,7>} f”(fm)] .
2.2 Linear analysis of surface morphological evolution

In order to integrate Eq. (2.12), we use the solution of the corresponding
boundary value problem of plane elasticity (2.1)—(2.6) derived in [65] and define
the components of stress and strain tensors for surface and bulk phases.

Based on Muskhelishvili’s representation [17], the complex stress vector o =
Onn+10p in the area with normal n at the point z is related to the Goursat—Kolosov

complex potentials ® and T:

o(2) = B(2) + B(2) — [T(z) 1 B() — (2 —7) cpf(z)] e L e B, (2.13)

where « is the angle between axes t and x1, a bar over a symbol denotes the complex

conjugation, the prime denotes differentiation with respect to the argument, ® and

T are the functions holomorphic in B and B = {z : x5 > —&f(x1)}, respectively.
At infinity, the values of complex potentials® and T are determined from the

conditions (2.4) and the representation (2.13), taking « =0 n v = /2

lim ®(z) = lim Y(2) = 0y/4. (2.14)

To—r—00 To—r+00
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In accordance with the first-order approximation, the unknown functions ¢

and T take the following form:
D(2) = ) (2) +ePy(2), T(2) =T()(2) +eL)(2). (2.15)

The values of the functions ®(,,), T, and th(m) on the curvilinear boundary
S are presented by the linear Taylor polynomial in the vicinity of the line x5 = 0,

treating the real variable z; as a parameter

qj(m)(C) - qj(m)(xl) + Z.‘gf(ﬂjl)\ljl(m)(371)7 m = {071}7 (216)

where W, could be any of the above-listed functions.
Taking into account an equality ef'(z1) = tga, we derive the following

linearization of an exponential function:
e M =1 — 2ief(ry). (2.17)

Substituting Eqs. (2.11), (2.13), (2.15)—(2.17) into boundary condition (2.5)
and equating the corresponding coefficients of €, we arrive at a sequence of Riemann—

Hilbert problems:
E?—m)(xl) - E(_m)(xl) = Z"7125151(m)(5’31) + Fo(z1), m={0,1}, (2.18)
where the auxiliary functions Z,,) and F},, are defined as follows [65]:

T (2), Imz>0,

(I)(m)(z), Imz <0, (219)
Zimy(#1) =, 1 Zm (2),

(2.20)
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The solution of Eq. (2.18) is written in the terms of the Cauchy-type integrals

[17;65] and gives the integral dependencies of Goursat—Kolosov complex potentials

st
tt(m)

_ 1 [0 (©) 1 [ F()
S =5 | i+ on [ v, e

—0oQ —00

on the unknown functions o

where Cy = 0¢/4 and C; = 0 in accordance with Eq. (2.14).
Using the constitutive relations (2.2) and (2.3), we rewrite the inseparability

condition (2.6) in the terms of surface and bulk stresses

)\S+2,U/S

o (C) = Ot )

(A +2)04:(C) — Adun ()] + 0. (2.22)

The expressions for the stress tensor components oy and o,, can be found
from Eq. (2.13)

Onn(2) +iop(2) = ®(2) + @(2

~—
|
—
;_%
—
N
~—
+
K
—~
N
~—
|
—
N
|
N
N——
2
—~
N
N——
[E——
ml
&
R

01(2) + opn(2) = 4Red(2).

Substituting Egs. (2.15)—(2.17) and (2.23) into (2.22) and equating
corresponding coefficients of €, we rewrite the boundary condition (2.6) in terms of
the unknown complex potentials ®,,), T(,,) in each approximation of the boundary

perturbation method

M
Tpymy(T1) = e (5@ iy (1) + Ly (21)] + Vin (1) (2.24)
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The expression (2.24) uses the following notations:

M= (N +2u%), se=A+3p)/A+p), Vilz)=1"

M :
ViGer) = 5 Re {if (1) [@{y (o) = Yoy o) =28 (0] = (225)
— Zif/(xl) [CI)(O)(xl) + T(O)(afl)} } .
In the zero-order approximation (i.e. m = 0), solution of the problem

corresponds to a homogeneous stress state of a solid with a flat surface. Then,

taking into account (2.14), we obtain
(I)(O)(Z) = T(O)(Z) = 00/4. (2.26)

After that, we define surface stress in the zero-order approximation from the

Eq. (2.25) Mt
+
81t

The stress tensor components are defined taking into account (2.23) and (2.26)

Ty (C) = 7+ 0. (2.27)

Utt(())(z) = 0y, Unn(o)(z) =0, Unt(O)(Z) = 0. (2-28)

For the first-order approximation (m = 1), we seek the surface stress in the

following form

0p1y(w1) = Psin(bzy) + Q cos(bry). (2.29)

According to the properties of Cauchy-type integrals, we reduce Eq. (2.24) to
the linear system of algebraic equations for the unknown coefficients P and @), the

solution of which is derived as follows [65]:

b Mab? | (5 + L)ooy + (52 — 1)b‘7§t(0)}
o A+ M(sc+1)b 7

Q =0. (2.30)
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Substituting Eq. (2.29) with the defined coefficients (2.30) into Eq. (2.21), we

obtain the complex potentials of the first-order approximation:

1 _ -
T<1)(z) = E [P — ba(att(o) — bdft(o))} €sz, z € B,

(2.31)
<I>(1)(z) = = [P — ba(att(o) + baft(o))] e*ibz’ » € B.

They correspond to the modification of the stress field from the uniform state
(2.27) and (2.28) due to undulation of the surface profile (2.1) described in the terms

of the linear perturbation technique:

oo

P
Utt Zb_: COS bkxl (es,
k=1

(2.32)

att(l)(z) + ann(l)(z) = 4Re<1>(1)(z), z € B.

Based on the obtained solution, the differential equation (2.12), describing the
amplitude change of solid surface perturbation over time 7, will be solved in the

following section.

2.3 Numerical results

Since the elasticity problem (2.1)-(2.6) is solved, we can determine the

amplitude of surface perturbation as a function of time. Taking into account Egs.
(2.2), (2.3), (2.27) and (2.31), (2.32), the solution of Eq. (2.12) is written as

In (Ajflz)) = Ry (Reoy — Ryyo) 7 (2.33)
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where

oo K

R pu—
YT 8a32 (s 4+ 1)Mm + 2p10a)

Ry = 2M?5¢(5¢ + 1)?7% + Mrau(se + 1)(35% + 63c — 5)+
+4a*(sc + 1)p? (35 + 5),

Ry = —16M (3¢ + 1) pum? — S8amp®(35¢* + 63c — 5).

As an example, we consider aluminum with the elastic Lame parameters
A = 5817 GPa and p = 26.13 GPa. Surface elastic properties of some
metals are obtained by molecular modeling in [104; 105; 126]. For aluminum with
crystallographic orientation (111) the residual surface stress is v = 1 N/m and
Lame parameters are A* = 6.851 N/m and p® = —0.376 N/m [105]. It corresponds
to the surface longitudinal stiffness M = A* 4 2u° = 6.099 N/m. It should be noted
that the elastic parameters, as well as the residual surface stress, depend on the
orientation of the crystal lattice and other factors [126]. Therefore, to study the
effect of these parameters, we will change them in some range.

The normalized amplitude change A(7)/Aq as a function of wavelength a is
plotted in Fig. 2.2 for o9 = 1 GPa, M = {6.099,60} N/m (red and blue lines,
respectively), 7° = 1 N/m (a) and 4° = 0.1 N/m (b). The results shows different
rates of amplitude change for different perturbation wavelengths. The intersection of
lines with abscissa gives the critical wavelength values a.,. which stabilize the initial
surface profile (i.e. In (A(7)/Ap) = 0). Surface relief with wavelength smaller than a,,
is smoothed via surface diffusion (i.e. In (A(7)/Ap) < 0), whereas perturbations with
longer wavelengths grow unstably (i.e. In (A(7)/Ap) > 0). The maximum amplitude
change occurs at a wavelengths a,,,, which define the maximally unstable modes.
The wavelengths a.. and a,,,, defined for the considered parameters of the problem
are presented in Tables 2.1 and 2.2. When the surface residual stress is equal to

7% = 1 N/m, the critical wavelengths a.. are weakly dependent on the surface
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stiffness M. In order to investigate the effect of elastic surface parameters, we take
7% =0.1 N/m.

(a) (b)

Figure 2.2 — The dependence of normalized amplitude change A(7)/Ag on the
perturbation wavelength a for ¥ =1 N/m (a) and 4° = 0.1 N/m (b)

Table 2.1
The critical wavelength a.,. for various system parameters
M, N/m 6.099 \ 60
7Y, N/m (e, NN
1 253.2 261.6
0.1 26.1 32.9
Table 2.2

The wavelength a,,,, for various system parameters

M, N/m | 609 | 60
7Y, N/m gz, DM
1 379.8 392.4
0.1 39.3 49.7

Fig. 2.3 shows the distribution of the normalized chemical potential x(z1)/xo
along the perturbated solid surface within the period, where y calculated for

thermodynamic equilibrium state. The dashed line corresponds to the critical
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Figure 2.3 — Distribution of chemical potential y for various wavelengths a

wavelength a = a., and demonstrates the uniform distribution of chemical potential.
It should be noted, that in the case of a plane surface, the chemical potential also
has a uniform distribution. Red line corresponds to wavelengths a < a... As can be
seen from the figure, the chemical potential has a maximum in the peack (z; = 0)
and a minimum in the valley (z7 = a), which means that it is preferable for atoms
to move from the peacks into the valleys smoothing the surface. When a > a,,. (blue

line), atoms diffuse towards a peak and the relief amplitude is increases with time.

(a) (b)
Figure 2.4 — The dependence of critical undulation wavelength a., on residual

surface stress " for 4% € [0,05;1,0] N/m (a) and 7° € [0,05;0,2] N/m (b)

The dependence of the critical perturbation wavelength on the residual surface
stress 70 for different surface stiffness M = 6.099,60 N/m (red and blue lines,
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respectively) is plotted on Fig. 2.4. The results show that the critical wavelengths
increases with increasing residual surface stress 4°. The relative difference between
the critical wavelengths calculated for 4% = 0.1 N/m and 4° = 0.2 N/m is 97% and
79% for M = 6.099 N/m and M = 60 N/m, respectively.

(a) (b)
Figure 2.5 — The dependence of critical undulation wavelength a.,. on surface

stiffness M (a) and longitudinal stress oq (b)

The dependence of the critical perturbation wavelength a.. on the surface
stiffness M for different surface residual stress v° = {0.08;0.1;0.12} N/m (red,
green, and blue lines, respectively) and longitudinal stress oy = 1 GPa is presented
in Fig. 2.5a. The critical wavelengths, calculated for M = 6.099 N/m and
M = 60 N /m, differ from each other by 30%, 25% and 22% for v° = {0.08;0.1;0.12}
N /m, respectively.

The Fig. 2.5b shows the dependence of the critical wavelength a.. on the
longitudinal stress o¢. With an increasing of oy from 0.5 GPa to 1 GPa, the critical
wavelengths decrease by 74% and 69% for M = 6.099 N/m and M = 60 N/m,
respectively. This allows us to conclude that the effect of longitudinal stress on the
morphological stability of the solid surface is slightly higher at lower values of M.
In contrast to Chapter 1, where constant surface stress was taken into account,
significant dependency of critical wavelength on the longitudinal stress sign has not
been revealed in the current chapter. In prospect, to analyze the effect of longitudinal

stress sign, the volume diffusion is planning to be taken into account.
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2.4 Chapter conclusions

In this chapter, we have presented a theoretical approach for the analysis of
morphological stability of solid surface taking into account its elastic properties
based on the Gurtin-Murdoch model. It was assumed that the evolution of the
curvilinear surface was caused by surface diffusion determined by derivative of
chemical potential. The nonuniform distribution of chemical potential is associated
with a change in the elastic deformation energy and surface energy along a solid
surface.

It should be noted that, in contrast to other works, surface energy is
determined taking into account the deformation of the surface layer here. The
dependence of the perturbation amplitude on time, diffusion parameters, elastic
properties, residual surface stresses and longitudinal stress was obtained. As an
example, an analysis of the morphological stability of the aluminum surface has
been carried out. The influence of the physical parameters of the problem on the
critical value of the curvature wavelength is investigated and the following results
have been obtained:

e the critical wavelength of the solid surface increases with increasing of
residual surface stress and surface longitudinal stiffness, as well as with
decreasing of longitudinal stress;

e the effect of residual surface stress on morphological stability is marginally
dependent on surface stiffness;

e the influence of longitudinal stress increases with decreasing of surface
stiffness;

e the effect of surface stiffness increases with decreasing residual surface stress
and longitudinal stress.

It should be noted that the obtained results are also valid for the
nanostructured surface of the film coating, with a thickness larger than perturbation
amplitude. In this case, the substrate does not affect the distribution of stresses near
the surface [89], and consequently, on the change in the chemical potential along the
curvilinear surface of the layered structure. The effect of the film thickness on the

surface morphological stability will be considered in the next chapter.
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Chapter 3

Morphological stability of ultrathin film surface

As previously noted, an increase in the thickness of the film coating leads
to a decrease in the influence of the substrate on the morphological stability of
the film surface. Therefore, the derived in Chapter 2 dependence of the normalized
amplitude on the undulation wavelength is correct for a wavelength smaller than
the film thickness. However, the critical wavelength may exceed the film thickness,
for example in the case of the nanosized film coating. Therefore, this chapter is
devoted to the influence of film thickness on the stability of its surface. To this end,
the elastic strain energy and the surface energy contained in the evolution equation
should be found from the solution of the problem for joint deformation of the film on
the substrate. Similarly to the previous chapter, using the Gurtin — Murdoch model
of surface/interfacial elasticity, the effect of the elastic properties of the free surface
as well as the film —substrate interface will be taken into account. For the reader’s
convenience, some of the expressions presented in the previous chapters are given

again.

Figure 3.1 — The model of an ultrathin film coating with slightly undulated surface
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3.1 Problem Formulation

The model of an ultrathin film coating of thickness hy in range 1 — 100 nm
deposited on a substrate of thickness hg > hy under plain strain conditions is
represented as an inhomogeneous elastic half-plane B = B; U By of the complex
variable 2 = x1 + imy (i* = —1) with a curvilinear surface S; and a rectilinear

interface So

Si={z: z=Q =z +ilhy+e(r)f(21)]},

(3.1)
So={z: 2= =11}, 5(7’):?<<1V7’, A(0) = Ay,
Blz{ZZ 0 < x9 <hf—|—€(7')f($1)}, BQZ{ZZ X9 <O} (32)

In accordance with the Gurtin—Murdoch surface/interface elasticity model,
the surface and interphase domains are represented as negligibly thin layers adhering
to the bulk without slipping [73;74|. The constitutive equations of surface/interface
elasticity model are used in the assumption that the normal component of the surface

gradient tensor in the constitutive equation is neglected:

o (G) =5+ X+ 205 (G), 035(8) =) + (N +D)en(&), G e s;, (33)

where o7, is tangential surface/interfacial stress 7, is tangential surface/interfacial
strain, fij residual surface/interfacial stress, A% and pf are the Lame parameters for
surface/interface domain.

The elastic behavior in the bulk phases of By and B, is related by Hooke’s

law, which in the case of plane deformation take the form

Gun(2) = O + 20)em(2) + Nzul(2) - 0u(2) = 2piu(2),

on(z) = (>‘j + 2:“]')5#('2) + Ajem(z), (3.4)

A.
0-33(2) - s _:Iu [Utt(z) —|—0'nn(2)], S B]"
J ]
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In Eq. (3.4), 04 and €45 are the components of bulk stress and strain tensors,
respectively, defined in the Cartesian coordinates (n,t) (n is a normal to S;), and
Aj and p; are the Lamé constants of the bulk phase B;.

The conditions of mechanical equilibrium is formulated in the terms of the
generalized Young-Laplace equation and in the case of simplified constitutive

equations of Gurtin—-Murdoch model can be written as

(@) = nlea)oulen) — i o), G e s 35
Ao(G) = o* (&) — 0 () = i) e g, (3.6)

dxry
where o4(z1) = 03,(¢1) is the surface stress, 75(x1) = 0§,((2) is the interfacial stress,
0 = Opn + 10, is the complex stress vector, & = z_l)i(l;rjl[ioa(z), h and k are the
metric coefficient and local curvature of 57, respectively.

At infinity, o, (o, 5 = {1,2}) in Cartesian coordinates (z1, x2) and the

rotation angle of the material particle w are specified as

lim 011 = 029, lim 099 = lim 0192 = lim w=0. (37)
To—>—00 To—r—00 To—r—00 To—>—00

It should be noted that the longitudinal stress can be a result of the lattice mismatch
between the film and substrate materials [57]. Although it may also be caused by
other factors, such as mechanical loading [14].

Since the surface/interface and bulk phases are assumed to be coherent, the

boundary conditions are as follows

e (C1) = eu(Cr), ¢ € S,
(3.5)

Au(Ce) = u*(G) —u (G) =0, (2 € Sy,

where u = uy + tuy is complex displacement vector, u; and wus are displacement
along axes (71, 22) and u® = lim u(2).
2ol
During stress relaxation, the relief of the film surface may change. It is
necessary to define the dependence of the relief amplitude A on the time 7 taking

into account the surface diffusion and elastic deformation of film coating.
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3.2 Linear analysis of surface morphological evolution

The equation describing the shape change of the free boundary S; under

surface diffusion has the same form as in Chapter 2

w — Ksh(xlﬂ')% [U(C,T) — /‘6(371,7')[]8(677-)] )
(3.9)
oo 7) = <)), K= DO

In the Eq. (3.9), the surface energy Uy and the elastic strain energy U are
definded by the formulas (1.18) and (2.10) using the solution of the problem (3.1) —
(3.7) related to the joint deformation of the half-plane By and strip Bj.

As in the previous chapters, we study a weak change of the surface relief,
therefore, the components of the stress and the strain tensors of the bulk and surface
phases are definded using the first-order approximation of the boundary perturbation
method. Taking into account (1.18), (1.19), (2.9) and (2.10), the Eq. (3.9) can be

represented as

dA(T) 1 d?
Ir f(xl) = —A(T)st—x% [Enn(O)O-nn(l)(ml) +
+ouw0)Er1)(T1) + Er0) (1) (1) — (3.10)

- {70(1 F e (2) + 5 (0 2 - vo)effm)(w)} f”(:m)] .

The components of the stress and strain tensors of the bulk and surface
phases are determined from the solution of the boundary value problem (3.1)—(3.8)
considered using general formulation in [92].

In accordance with the superposition principle [2;92|, we find the solution of

the original boundary value problem as the sum of the solutions of the problem for
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a homogeneous half-plane with a curved boundary and the problem for deformation
of a two-component plane with a rectilinear interface.
Thus, the solution to the problem (3.1)—(3.8) can be written as [2;92]:

G%(Zﬂ?l) + G%(Zﬂh)a PSS Bla

Gley) = (3.11)
G%(Zﬂh)? PSS BQ;
o"(z),n =1
G;(zﬂnj) = y R S B]n T,j :Hv (312>
du”

—2Hi s M = T

where in the case of plane strain s; = 3 — 4v;.
In the first problem (3.11) and (3.12), it is supposed that unknown self-
balanced periodic load p and surface stress v are applied to the periodic curvilinear

boundary S of the homogeneous half-plane D} = {2 : xy < h 4+ &(7) f(z1)}

1dv’(z oo
o'(z1) = p(z1) + k(x)v (1) — iy dilﬁ’ / p()dE =0, 2z €51. (3.13)
The components o, 5 (o, 8 € {1,2}) of the stress tensor and the rotation angle

w! of the material particle at infinity are equal to zero

li =i o = i b=l L=o. 14
e T = 02, 7 = 0 00 = fim =0 (814
In the second problem, the coupled deformation of two dissimilar half-
planes D} = {z: x5 >0} and D3 = {z: x5 > 0} with elastic properties of the
corresponding phases By and B, is caused by the unknown jumps of stresses Ac”
and displacements Au” at the rectilinear interface Sy and longitudinal stress o;:

Ac? = lim o(z)— lim o2(2),
z—(2+10 z—(2—10

(3.15)

Au? = lim u?(2) — lim u*(z), (€5
z—C2+10 z—(2—10
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The conditions at infinity can be specified as follows

,ul(%Q —+ 1)

lim % = o lim o¢% =09, 0= 09 3.16
To—+00 1 ’ To—>—00 1 ’ MQ(%1+1) ’ ( )
lim 0%, = lim o¢% = lim w?=0. 3.17
To—r+00 22 To—+00 12 To—+o00 ( ' )

Taking into account (3.11), the boundary conditions (3.5), (3.6) and (3.8) we

derive a system of boundary equations for the unknown function p(z1), v, o5 and 7

' (G) = pl) + o (o) — i o (3.1)

Ac*(G) =il(6) — 01(G),  AuP(G) = —u'(&), (3.19)
1 2 s 1 do®(z1)

0 (G) +0°(Q) = Kl(z1)o’ (1) — iy i, (3.20)

v(C1) =2+ (A + 209)eyy, (3.21)

0s(C1) = W+ (N 4219 [e4(G1) +€5(C)] (3.22)

To(Ga) = 9 + (A5 + 203)er. (3.23)

As a result, the solution of boundary value problem is reduced to the solution
of the system of boundary equations (3.18) — (3.23).
According to [17; 92; 142|, the stress tensor components o and the

displacements u* can be expressed in terms of the complex potentials Gursat —

Kolosov @?, Tf

Gh(zm;) = i@k (wy) + B (wy) — (Ch(w5) + B (wy) -
(3.24)

— (=) &} ) ) €72
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where wy = z — thy and wy = 2z, o where « is the angle between axes ¢ and z;
1 and Y1 are the functions holomorphic in D; and Dy = {z 129 > h—cAf(x1)},
respectively; ®3 and Y3 are the functions holomorphic in D?; ®3 and Y3 are the
functions holomorphic in D3.

Assuming @ = 0 and o = 7/2 in Eq. (3.24) for x9 — —o0o and taking into

account (3.7), we get the values of the complex potentials at infinity

lim ®1{(z) = lim Yi(z)=0,

To—r—0Q To—>—0Q
(3.25)
lim ®(z) = lim Ti(z) = %
|z2|—00 |x2| =00 4

According to the first-order approximation of the boundary perturbation

method, the unknown functions v, <I>§f and Té‘? are represented as follows
U(z) = Vig)(2) +e¥)(2), (3.26)

where W means any of the above listed functions.
Boundary values of the functions W, are represented as a linear Taylor

polynomial in the vicinity of the line x5 = 0

‘lf(m)(C) = \I/(m)(l'l) + z'éf(xl)\lf’(m)(xl), m = {0,1}. (327)

Substituting the Eqgs. (1.32), (3.24), (3.26)—(3.27) into the (3.18), (3.19) and
equating the coefficients for the same powers of ¢, we arrive to the Riemann — Hilbert

problems. The complex potentials are found in [92]

T}(m)(z) = E(m)(2), Imz > 0,
(3.28)
@%(m)(z) = E(m)(2), Imz <0,
@i >(z) = —Tg(m)(z) +Xn(2) + Ok, Tmz >0,
(3.29)
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( Yim Vin
Tg(m)(z) _ 2 (2) + Vin(2) + 0?2, Imz >0,
1+ et
4 (3.30)
Zm — Vm
03, (2) = HaXm(2) = Vinl2) 0%, TImz<0,
\ M2 + pi12e
where
—+00 ., / “+00 —+00 1
- 1 W (T) 1 Pm)(T) 1 / Fyy(7)
= = d d d
m(2) 27Ti/ T—2z T+2m’/ T—2z T+2m’ F_z
L) . 1 [ ol@)
Y(z) = dt — dt 31
(2) 27Ti/z—t 2m’/z—t ’ (3:31)
1 ol)
Vin(2) = — dt,
(2) 271 / z —

Fy(z1) = 0, Fy(21) = —if(a1) [cpf(o)(:cl) + Ty (1) + 20 (1) | +
(3.32)
+2if (1) |0y (@) + Ty (1) | = F (@130 (@1) = f"(@1)0 (1),

Taking into account (3.24), the boundary conditions (3.20)—(3.23) are

represented in terms of the complex potentials @f : T;?

P(m) (1) = 1y (1) + 107 (1) — T%(m)(xl) + q)%(m)(xl) =W, (21),

M
s (1) = 5 FRe 5Pl (@1) + Ty (@1)| = WE (@),

M
O-s(m)(xl) - 2_/L11Re [%1 {(I)hm)(xl) + (I)%(m)(xl)} + (3.33)

+ {T%(m)(:cl) + T%(m)(fl)}] = Wy (z1),

M.
Tsm) (1) — 2—/j2Re [%2@3(@(1’1) + T%(m)(xl)] = sz(xl)a
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where Wi = 0, Wg =10, W3 =4, Wit =48, Wit=0; W, W2, W3 are functions
that depend on zero approximations of complex potentials [92].
The complex potentials for the zero-order approximation of the boundary

perturbation technique follow from the Eq. (3.25)

Pi(2) =Ti(2) =0, z¢€ By,
(3.34)
. . O' .
PI(z2) = Ti(2) = Zj, z € Bj,j={1,2}.

Substituting @ = 0 and a = 7/2 in Eq. (3.24) and summing the results, we
obtain following relation for stress tensor components in the problems (3.13), (3.14)
and (3.15)—(3.17)

. [Tj (2) + B,(2) — (2 — ) (D;(z)} e (3.35)

ou(2) + opn(2) = 4Re®;(2), 2z € B;, j={1,2}.
Taking into account (3.4)—(3.6), the Eqgs. (3.11), (3.34) and (3.35) lead to the

solution of the problem (3.1)—(3.8) in the zero-order approximation of the boundary
perturbation method. This solution describes the piecewise uniform stress state of

a film coating with a flat surface

Mi(1+ s
ou)(2) = 05, z€ By oy0)(21) = ’y? + 1(8M1 1)01,
(3.36)
M(1 + 519) p1 (50 + 1)
0 2 2 1(222
() =9+ ——— 2oy o= gy
T. (0)( 2) V2 8115 02, 01 Mz(%l n 1)02

where M; = AT+ 2u5, (j = {1,2}) is surface/interface stiffness.
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In the first-order approximation of boundary perturbation method, the

unknown functions are seeking in the following form [92]:
py(r1) = Py cos(bxy) + Q sin(bxy),

vay(z1) = Py cos(bry) + Qg sin(bwy),
(3.37)
os1y(21) = Pycos(bxy) + Q3sin(bry),

Ts1)(21) = Pycos(bry) + Q4sin(bxy),

where P; u (); are unknown complex coefficients.

Substituting Egs. (3.28)—(3.30) into the (3.33), and taking into account Egs.
(3.31), (3.32) and (3.37) and the properties of the Cauchy-type integral, we arrive
at a system of linear algebraic equations for unknown coefficients P; and ();. After
solving the system, the complex potentials in the first-order approximation of the
boundary perturbation method are found from the Egs. (3.28)—(3.30), (3.37). Then,
substituting the obtained complex potentials in (3.35), we find the stress tensor

components. The components of the strain tensor can be found from the Eq. (3.4).

3.3 Numerical results

Substituting the obtained components of the stress tensor and strain tensor
in (3.10), we derive an ordinary differential equation. The solution of this equation
leads to the amplitude of surface perturbation as a function of time, physical and

geometric parameters of the problem

AT
In < 11(10)> =R (CL, B, A1y s Ag, paos AL s Y, ;;MZ,WS,UQ) - (3.38)

As an example, consider a metal-on-metal system. We assume that the Poisson
coefficients of the film and substrate materials are equal, i.e. 1 = 1n. This

simplification allows us to analyze the effect of the substrate through the only one
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parameter, coating-to-substrate stiffness ratio r = py/uo. The bulk Lame parameters
of the film coating correspond to aluminum and are equal to Ay = 58.17 GPa and
pa = 26.13 GPa. To analyze the effect of surface/interface elasticity, we consider
the surface/interface stiffness M; = A7 + 2p%. The surface Lame parameters for
aluminum with the crystal lattice orientation (111) are obtained by molecular
modelling in [105] and corresponds to the longitudinal surface stiffness M; =
6.099 N/m. However, the surface elastic constants depend on the crystallographic
orientation and other factors [126], therefore, different values of surface/interface
stiffness are considered below.

The Fig. 3.2 shows the dependence of the normalized amplitude change
A(1)/Ap of the film surface relief on the perturbation wavelength a for different
stiffness ratio r = {0.3;3} (red and blue lines, respectively), film thickness
hy = {5;15} nm (solid and dashed lines, respectively) and surface stiffness M; =
6.099 N/m (a) and M; = 60 N/m (b). As it was shown in the previous chapter, it is
necessary to take an underestimated value of the residual surface stress to conduct
qualitative analysis of the influence of the surface elastic parameters. Thus, the
residual surface stress is assumed to be equal to 79 = 0.1 N/m. The interface stiffness
and residual stress are equal to My = 6.099 N/m and 79 = 1 N/m, respectively. The
critical wavelength a.. corresponding to the thermodynamic equilibrium are found
from the intersection of the lines with the abscissa. When the initial wavelength is
less than the critical wavelength (i.e. a < @) the perturbation amplitude decreases
with time and the relief is smoothed out with time. If the initial wavelength is greater
than the critical wavelength (i.e. a > a,,), the undulation amplitude increases with
time. The maximum amplitude change corresponds to a wavelengths a,,,, which
define the maximally unstable modes. The wavelengths a., and a,,,, are presented
in the Tables 3.1 and 3.2.

The critical wavelength is greater when the substrate is stiffer than the film
(i.e., at 7 < 1). As it can be seen from the Fig. 3.2, the effect of stiffness ratio
increases when the thickness of the film coating decreases. When M; = 6.099 N/m
and hy = 15 nm, the influence of stiffness on the critical perturbation wavelength is

insignificant. The wavelengths a,,,, increase with increasing surface stiffness M.
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(a) (b)
Figure 3.2 — The dependence of normalized amplitude change A(7)/Ag
on the perturbation wavelength a for M; = 6.099 N/m (a) and M; = 60 N/m (b)

Table 3.1
The critical wavelength a.,. of film coating for various physical and geometrical
parameters
My, N/m 6.099 6.099 60 60
r 0.3 3 0.3 3
hy, nm Qer, NN
5 29.6 22.6 37.1 28.6
15 26.6 26.1 33.6 32.1
Table 3.2
The wavelength a,,q, of film coating for various physical and geometrical
parameters
My, N/m 6.099 6.099 60 60
r 0.3 3 0.3 3
hy, nm Qaz, DM
5 42.6 33.6 53.6 43.1
15 39.1 40.1 50.6 49.6

The effect of the interface stiffness My and residual interface stress 9 on

the morphological stability of the film surface is shown in the Fig. 3.3. The
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results indicate that the critical wavelength of the film surface undulation is almost
independent from interface parameters. In this regard, in further analysis in the

current chapter, the interface stiffness and residual stress is assumed to be zero:
’)/g = 0, M2 = 0.

(a) (b)
Figure 3.3 — The dependence of critical undulation wavelength a., on interface

stiffness My (a) and interface residual stress 49 (b)

(a) (b)
Figure 3.4 — The dependence of critical undulation wavelength a., on surface
stiffness M; (a) and stiffnes ratio r (b)

The dependence of the critical surface perturbation wavelength a.. on surface
stiffness M (a) and coating-to-substrate stiffness ratio r (b) is shown in the Fig. 3.4.

The critical wavelength a.. increases with increasing of surface stiffness M;. The
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effect of surface stiffness on morphological stability of ultrathin film surface with
increasing film thickness is more significant when substrate softer than film (r = 3).
The impact of the stiffness ratio is greater for smaller film thickness and surface
stiffness.

The critical wavelength do not depend on the film thickness when the stiffness
of the film and substrate materials are equal to each other (i.e., 7 = 1 or, equivalently,
logsr = 0). In this case, the critical perturbation wavelengths correspond to the

results obtained in Chapter 2.

(a) (b)
Figure 3.5 — The dependence of critical undulation wavelength a., on residual

surface stress 7{ for r = 0.3 (a) and r = 3 (b)

The dependence of critical undulation wavelength a.. on residual surface stress
7Y for r = 0.3 (a) and 7 = 3 (b) is plotted on Fig. 3.5. The critical wavelength a.,
increase with increasing of 4{. In addition, the effect of residual surface stress on the
morphological stability of the film surface is greater when the film is stiffer than the
substrate (i.e., when r = 0.3). Also in this case, the impact of the residual surface
stress increases with decreasing of film thickness. If the substrate stiffness is less than
the film stiffness (i.e. 7 > 1), the influence of the residual surface stress on critical
wavelength is marginally dependent on film thickness and the surface stiffness.

Fig. 3.6 demonstrates the dependence of critical undulation wavelength a.,
on its thickness hy for different stiffness ratio r = {0.3,3} (blue and red lines,
respectively) M; = 6.099 N/m (a) and M; = 60 N/m (b). The results show

that the critical wavelength increase/decrease and tend to the critical wavelength
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corresponding to solid surface (see Chapter 2) with an increasing thickness of the
film coating, which stiffness is greater /less than the substrate stiffness. The influence
of the film thickness increases with an increasing surface stiffness M;. The threshold
thickness, exceeding which we can ignore the impact of a substrate, increases with

increasing surface stiffness.

(a) (b)
Figure 3.6 — The dependence of critical undulation wavelength a., on its thickness
hy for My =6.099 N/m (a) and M; =60 N/m (b)

(a) (b)
Figure 3.7 — The dependence of critical undulation wavelength a.,. on longitudinal
stress o1 for r = 0.3 (a) and r = 3 (b)

The dependence of critical undulation wavelength a.. on longitudinal stress
oy for different surface stiffness M; = {6.099;60} N/m (blue and red lines,
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respectively), film thickness Ay = {5;15} nm (solid and dashed lines, respectively)
and stiffness ratios r = 0.3 (a) and r = 3 (b) is shown in Fig. 3.7. The figure shows
that with increasing oy, the critical wavelengths decrease. The impact of surface

stiffness increases with increasing of longitudinal stress.

3.4 Chapter conclusions

In this chapter, a theoretical approach to the analysis of the surface
morphological stability of the film coating is developed. The impact of the
surface /interface elastic properties is taken into account based on the Gurtin-—
Murdoch surface/interface elasticity model. It was assumed that the surface
evolution of the film coating occurs due to surface diffusion driven by a nonuniform
distribution of the chemical potential along the undulated surface. It was also
postulated that the nonuniform distribution of the chemical potential along surface
is caused by changes in the stress field, surface energy and surface curvature. The
evolution of the surface relief was considered as a change in the amplitude of
the periodic undulation. To solve the evolution equation, it was necessary to find
the stress—strain state of the system under consideration. To this end, the plane
elasticity problem of the joint deformation of a half-plane and a strip with a curved
boundary is solved. The solution of the boundary value problem was found in the
first-order approximation of the boundary perturbation method using the approach
proposed in [92].

The effect of coating-to-substrate stiffness ratio, elastic parameters of surface
and interface, film thickness, residual surface/interface stress and longitudinal stress
were investigated. The following results was obtained:

e the interface stiffness and residual interface stress do not affect the

morphological stability of film coating surface;

e the critical perturbation wavelength increases with increasing of surface

stiffness, residual surface stress as well as with decreasing longitudinal stress

and coating-to-substrate stiffness ratio;
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e the effect of surface stiffness decreases with an increasing of residual surface
stress and a decreasing of longitudinal stress;

e the critical perturbation wavelength increases/decreases with increasing of
film thickness when the film is stiffer /softer than substrate;

e the impact of substrate decreases with increasing of film thickness;

e the threshold coating thickness, exceeding which it is possible to ignore
the substrate, increases with an increasing of surface stiffness and surface

residual stress.

It is important to note that the relief changes due to diffusion processes can
also occur at the interfaces [68;96;132]. In this regard, the next chapter is devoted

to the analysis of the morphological stability of the heteroepitaxial interface.
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Chapter 4

Morphological stability of a nanostructured interface

The chapter is devoted to the study of the morphological stability of the
nanostructured interface between materials. Taking into account the fact that
the atomic arrangement of solid-solid interfaces is thermodynamically unstable
under certain conditions, the evolution equation describing the kinetics of the
relief formation is obtained. The growth rate of interface roughness depends on
the variation of the chemical potential along the curved interface, which is a
function of interface and bulk stresses. To define the stress distribution along
the curved interface, we use constitutive equations of bulk and surface/interface
elasticity modeling the interphase domain as a negligibly thin layer adhering to the
bulk phases. Using the the first-order approximation of the boundary perturbation
method, the solution of the linearized evolution equation leads to the conditions of

the interface morphological stability.

4.1 Problem formulation

We consider an isotropic bimaterial elastic body under plane strain conditions,
the interface of which has a small periodic undulation (Fig. 4.1). It is assumed
that the interface relief changes over time due to the diffusion mass transfer along
the interface. Taking into account the plane strain conditions, we come to the 2-D
problem of morphological instability for the two-phase infinite plane By U By of the
complex variable z = 1 + iy, where i> = —1 and (x1,x2) are the global Cartesian
coordinates. According to the Gurtin-Murdoch model of surface/interface elasticity,

the interface region is considered as a negligibly thin layer S between the bulk phases
B1 and BQZ
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Figure 4.1 — A model of a bimaterial with slightly perturbated interface under the

uniaxial tension

S={z: z=(=x1+is(7)f(21)}, (4.1)

By ={z:xy>¢e(r)f(x1)}, Ba={z:z2<e(1)f(z1)},
(4.2)
f(z1) = acos(bxy), b=2nm/a, e(r)=A(r)/a, A(0)= Ay,

where a and A are the perturbation wavelength and amplitude, respectively.
Linear stability analysis aims to define the critical wavelength a.. above which a
perturbation amplitude will grow with time 7.

The stress and strain of the elastic interface are related by the Gurtin-—
Murdoch relations |73;74]:

oy () ="+ N +21°)e5(Q), 030 ="+ (N +N)eR((), ¢S, (4.3)

where ¢}, and o}, are the components of the interface strain tensor and interface
stress tensor, respectively; A\s and ps are the interface Lamé constants, and -y
is residual interface stress. It should be noted that simplified surface/interfacial
elasticity relations are considered here, assuming that the surface energy does not

depend on the gradient of the displacement vector.
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Hooke’s law for bulk isotropic materials in the case of plane strain can be

written as
Onn(z) — ()‘j + 2Mj)5nn(z) + )\jgtt(z)7
on(z) = (A +205)en(z) + Ajenn(2),  ont(2) = 2u5Em(2), (4.4)
A, .
o33(2) = m low(2) + onn(2)], z€ B, j={12},

where 0,,,,04,0, and €64, are the components of bulk Cauchy stress and strain
tensors, respectively, defined in the local Cartesian coordinates (n,t) (n and t are
normal and tangential to the interface), A; and p; are the Lamé constants of the
bulk phase B;.

At infinity, the stresses on5 (o, 5 = {1,2}) in the global coordinates (z1, x2)
and the rotation angle w are specified as follows:

lim o9 = lim 9= lim w=0 lim o1 =o0; =41,2}. 4.5
To—£00 To—rE00 ZTo—rE00 ’ Ta—rFoo jsJ { ) } ( )

It should be noted that the longitudinal stresses o; may be related to the lattice
mismatch between materials of the considered system.
According to the generalized Young—Laplace law, the conditions of mechanical

equilibrium of undulated interface S are represented as [89]

_ () — s 1 doj(¢)
80(0) = 7(¢) = 7 (0) = ~R(OA() + i L ges. (4o
where 0(2) = 0,,(2) + i0,4(2) is the stress complex vector and o* = _l}gil.oa(z), K

and h are the local principal curvature and metric coefficient on the curved interface
S, respectively.

Since that the interphase layer and the bulk materials are assumed to be
coherently bonded, the complex displacement vector u = uq + tu9 is continuous at

the interface:

Au(¢) =u"(¢) —u () =0, (€S, (4.7)
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t = hgnil’o u(z), uy and ug are the displacements along axes of the Cartesian
z— 7

coordinates (x1, z3).

where u

In order to minimize the total free energy, system change the relief shape via
diffusion mass transfer. The diffusion flux in phase B; is proportional to the gradient

of the chemical potential yx; along the curved interface [30;8§]

~D;C;0x;(¢T)
ka Js 7

Ji(C,7) = (4.8)

where D; and C; are the interface self-diffusivity coefficient and the number of
diffusion atoms of material per unit area for the phase Bj, respectively; k; is the
Boltzmann’s constant, T is the absolute temperature, and s is arc length along S.

The chemical potential x; is defined as the increase of free energy per unit of
added volume [60; 88]

Xj(C;T) = [Uj(<77_) + (_1)j+1/€(C7T)Us(<77)} ij C € Su ] = {17 2} (49>

In the Eq. (4.9) ©; and U, are an atomic volume and the strain energy density along
the interface, respectively, for material B;, Us is the interface energy density.

The change in the interface profile over time is described by the following
equation [60;88]

dg(z1,7) 0 r 1

o h(Cﬂ')& 1+7“J1(C’T) - 7“—}-—1J2(C’T) : (4.10)

where g(x1,7) = e(7) f(x1) and r = p1/us is a stiffness ratio.
The diffusion fluxes J; are obtained from (4.8), taking into account the
Eq. (4.9)

0 , D,C;Q?
Jj(CﬂT) - _KJ'% [Uj(C7T) + (_1)]+1H(C7T)US(C7T)] ) Kj - # (411>
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4.2 Linear analysis of interface morphological evolution

Since we consider a slightly perturbated interface, the components of stress
and strain tensors of bulk and interface elasticity are specified in terms of the first-
order approximation of boundary perturbation method (1.17) in this chapter. The
interfacial energy is given by the formula (2.10).

The strain energy density along the interface U; can be expressed as [94]

1 -

U2 = 5 <O-:1;(0)€tt(0> + e _Jnn(l)gnn(o) + O-:t_(o)gtt(l) + 05(1)57575(0) ) ,

(4.12)

1 - i .
U2 = 5 (Utt(o)gtt(O) + £ _Onn(l)gnn(o) + Utt(O)Ett(l) + Utt(l)gtt(O) ) .

The local curvature x and the metric coefficient h included in the formulas
(4.6) and (4.9) in the first-order approximation of boundary perturbation method
take the form (1.19).

Substituting the Eqs. (1.19), (4.11) — (4.12) into (4.10), we obtain an
ordinary differential equation describing the amplitude change of interface relief
with time [132]

dA(T) B A(T)  d?
dr S 2(1 +r) da?

{Klr [U:n(l)gnn(O) + Ug(o)gtt(l)(xl) +
+0§(1)($1)5tt(0)} — I [Uﬁn(l)gnn(O) + T8 (X1) + O-t_t(l)(xl)gtt(o)] + (413)

b P+ e i) + 500+ 20 = 2P| B+ K e}

In order to solve the Eq. (4.13), we need to define the components of stress and
strain tensors for surface and bulk phases. to this end, it is necessary to solve the

boundary value problem of two-component elastic plane with perturbated interface
(4.1)—(4.7).
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According to [17;89], the stress tensor components are expressed through the

following representations:

O (2) +iop(2) = ©i(2) + (%) —

) — (2 —%) cpg.(z)] e~ (4.14)

|
2
ol
_|_
s

0(2) + onn(2) = 4Re®,(2), 2z € B;, j={1,2},

where ®;, T and Ty are the functions holomorphic in B;, Bi={z: 2> —cf(z1)}
and By = {z: my< —cf(z1)}, respectively, and o is the angle between
axes t and 7.

The values of ®; and T, at infinity are follows from Eq. (4.5) and (4.14):

lim ®;(z) = lim 7T;(z) 209/4.

To—>—00 To—400

The complex potentials ®; and T'; and the interfacial stress oy, are represented
as follows [131]:

D;(2) = @j0)(2) +ePja)(2), Tj(2) = L0 (2) + T (2),

on(¢) = th(o)(c) + 50;5(1)(()-

We expand the boundary values of the functions ®;(,,), T, and aft(m) into
the first-order Taylor polynomial in the vicinity of the line x5 = 0, considering x;

as a parameter

Wiy (€) = Wiy (1) + i&f(a:l)\lf’(m)(xl), m = {0,1},

where W, is any of the above mentioned functions.

Based on the solutions of the Riemann—Hilbert problems on the jumps of
analytical functions at the line x9 = 0, the complex potentials are obtained as it
follows [89)]:
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Dy (2) = =Ty, (2) + Ein(2) + O, Tmz >0,

Ty (2) = =Py, (2) + Enn(2) + O, Imz <0,

4.15)
, . (
Ty(z) = 2D D 4 02 s,
f1 = pore
{
Em - Vm
Dy (2) = H22m(2) () + 0%, Imz<0,
\ o + 1362

where

1 107 () (1) 1 70 EL () 1 ]O F2(t)
Ym(z) = dt T odt, Vi(z) = — T dt,
(2) 211 / z—1 +2772' z—t (2) 271 z—1
»j = 4v; — 3, v; is the Poisson ratio of elastic domain Bj; Og = 0?/4; O{ = 0;
Fg = 0, functions Ff = 0 are known and can be found in [89].
The solution of the problem in the zero-order approximation of the boundary
perturbation method corresponds to the joint deformation of two half-planes with

a planar interface S(p). In this case, the complex potentials are constant in each

half-plane. Then, taking into account (4.2), we arrive to

®j0)(2) = Tj)(2) = /4. (4.16)
Then, we can write the surface and bulk stress tensor components in the

zero-order approximation of the boundary perturbation method

s M(%Q + 1)02
o) (T1) = 7+ 8113

Y

(4.17)
,LLl(%Q + 1)

oo, z€B;, 7={1,2}.
,u2<%1—|—1)2 jsJ { }

on)(2) =05 o1 =
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For the first-order approximation, the interfacial stress o® is derived in

trigonometric form
041y (w1) = Psin(bzy) + Q cos(bay). (4.18)

Taking into account the properties of Cauchy-type integrals, we define the
unknown coefficients P and @ from the Eq. (4.15)

M ab? (Ll + Lz)(l — 7“)02 — (L1 — LQ)Uft(O)b

b= . Q=0
Ao + M(L1 + Lg)b @ (4 19)
1 Vo0
L= [y= 2
YT+ ) T (14 rm)
The complex potentials take the form [89]:
( Ly ‘
Qy(p) = % _P + ba{oY L, + ba,ft(o)}} e Imz >0,
.
TLQ [ S —1ibz
\ Tl(l) = T _P — ba{O_ng - batt(o)}} € b s Imz < 0,
(4.20)
( T _ Ll -P b 0 s 1bz
2 =5 | P - a{oy(1 —rLs) — batt(o)}} e, Imz >0,
<
Lo .
\ Py(1) = 72 P — ba{ag(l —r)+ baft(o)}} e ™ TImz <0,
where
I.— _(HJQ +1)(r?ke +7 — K1 — 1)
’ (k1 + 1)Ko ’
r(ke + 1) KT + Ko r?(kg + 1) KT + Ko
L4 - - Hl —_— — 1’ L5 =
K1+ 1 K1(ke + 1) K1+ 1 K1(ke + 1)

Then, one can obtain the components of stress and strain tensors from Eqgs.
(4.4) and (4.14), respectively.
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4.3 Numerical results

Taking into account the form of initial interface undulation and integrating
linearized evolution equation (4.13) over the time, we obtain the governing equation

which gives the exponential growth or decay of amplitude A with time:

AT
In ( 14(10)> - Rl{(TKlRﬂ + K2R22)0'0 - (TKlel + KQR32)’YO}7', (421)

where

oo’

~ 8a33((L1 + Lo)Mr + 2ppa)(1 + 1)’

Ry

Ro1 = —M?*rLy(3L1 + Lo)m2(360 + 1)?—

—Mrusma(se, + 1){3(2 — 2r + 2L4) L3 + [(8 — 87 — 2L3 + 6L4) Lo+
+3500 +4Lg+ 3] Ly + [(—2r — 2L3 4+ 2) Lo + 30 — 4Lg + 1] Lo} —
—4rp3a®{[4(r — 1)Le + 3L4(560 + 1)] Ly + [4(r — 1)L — L3(3e2 + 1)] Lo},
Ryp = —2M?* L1 Lom® (30 + 1) + Mapom (52 + 1){2r(Ls — 1) Li+
+(2r(Ls — 1)Ly + 500+ 5) L1 — (350 + 7) Lo }+
+4pda®{[(Lysey + Ly + 4)r — 200 — 5] L1 + (3200 + 7) La(r — 1)},

R31 = 8Mrm?usLo(3Ly + La) (505 + 1)+

+8T7T,UJ%CL{<4L6 + 319 + S)Ll — (4L6 — Mo — 1)L2},

332 = —|‘16M(%2 + 1)7T2L1L2,LL2—

—8mpsa{(Ly — 3Lo) s + 5Ly — TLo}.
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It should be noted, that the Eq. (4.21) reduces to the (2.33) describing the free solid
surface amplitude change when r = 0.

As an example, we consider a substrate covered by a film coating whose
thickness is much greater than the interface undulation wavelength. For simplicity,
the metal-on-metal heteroepitaxial structure is considered with the equal Poisson’s
ratios, i.e. v;1 = 1. This assumption allows us to analyze the effect of the substrate
through the only one parameter, coating-to-substrate stiffness ratio r. The bulk
elastic parameters of the lower layer correspond to aluminum: Ay = 58.17 GPa and
t2 = 26.13 GPa. The interface effect is presented by the parameters A* = 6.851 N /m,
p® = —0.376 N/m (i.e., M = 6.099 N/m), which were determined for free aluminum
surface by atomistic simulations based on the embedded atom method in [105].
It should be noted, that surface elastic properties depend on the crystallographic
orientation of surface as well as other factors [126]. It is recognized that the
interface properties additionally should depend on properties of both bonded
materials, and varying one of these materials will lead to varying of the interface
properties. However, authors studying elastic fields in composite materials with the
interface effect generally assume that the corresponding interface parameters could
be specified by surface parameters [63;89; 106; 111;125; 127;131; 138|. According to
another approach, the interface is considered as the assembly of two surface phases
belonging to bonded materials [44;46]. Consequently, the interface parameters are
treated as the effective parameters of the assembly of these two surface layers. Since
the numerical results in the presented work are qualitative and the effect of interface
elasticity is analyzed through variation of coating-to-substrate stiffness ratio and
interface stiffness |94;132].

The normalized amplitude change A(7)/Ay as a function of wavelength a
from Eq. (4.13) is plotted in Fig. 4.2 for different coating-to-substrate mobility
ratios K = K /Ky = {0.5;2} (red and blue lines, respectively), coating-to-substrate
stiffness ratios r = {0.1;0.3} (solid and dashed line, respectively) and interface
stiffness M = 6.099 (a), and M = 60 (b). The longitudinal stress in substrate
is taken equal to 69 = 1 GPa. The intersection of lines with abscissa gives
the critical wavelength values a.. corresponding to the state of equilibria. The
amplitude of interface undulation decrease with time when 0 < a < a... Undulations

with wavelengths a > a.. are unstable and their amplitude increase with time.
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The maximum amplitude change occurs at a wavelength a,,,, which defines the

maximally unstable modes. The corresponding values of a., and a,,,, are given in
the Tables 4.1 and 4.2, respectively.

(a) (b)
Figure 4.2 — The dependence of normalized amplitude change A(7)/Aj on the
perturbation wavelength a for M = 6.099 (a), and M = 60 (b)

Table 4.1
The critical wavelength a.,. for various system parameters
M, N/m 6.099 6.099 60 60
r 0.1 0.3 0.1 0.3
K Qer, NIN
0.5 59.9 115.5 67.3 124.7
1.0 70.9 161.5 78.9 172.7
2.0 96.7 322.5 105.9 340.5
Table 4.2
The wavelength a,,., for various system parameters
M, N/m 6.099 6.099 60 60
r 0.1 0.3 0.1 0.3
K Amag, I
0.5 89.9 173.1 101.1 187.1
1.0 106.5 242.3 118.5 259.1
2.0 145.1 483.7 158.9 510.9
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One can see from presented results, the increasing of interface stiffness M,
stiffness and mobility ratios r» and K, respectively, lead to increasing of critical

wavelength a... Below, we analyze the effects of these parameters more carefully.

(a) (b)
Figure 4.3 — The dependence of critical undulation wavelength a., on interface

stiffness M (a) and coating-to-substrate stiffness ratio r (b)

Effect of the interface stiffness M of interface in heteroepitaxial system for
different stiffness ratio r = {0.1;0.3} (red and blue lines, respectively), K = 1
and 09 = 1 GPa is shown in the Fig. 4.3a. As it can be seen from the figure, the
critical values increase linearly with increasing of relative stiffness. When increasing
the interface stiffness M from 6 N/m to 60 N/m, the critical values increased by
20% for r = 0.1 and 11% for r = 0.3; the relative difference between the critical
wavelength a., corresponding to » = 0.1 and r = 0.3 decreased from 98% to 84%.

The Fig. 4.3b demonstrates the dependence of critical wavelength a.. on
coating-to-substrate stiffness ratio r for different mobility ratios K = {0.5;1;2}
(red, green and blue lines, respectively). It is found that the critical wavelengths
increase with increasing of stiffness ratio. Thus, the influence of the coating-to-
substrate stiffness ratio increases with an increasing the mobility ratio.

It should be noted that the critical wavelength tends to the value corresponding
to stability of nanopatterned free solid surface (see Chapter 2), when the coating-
to-substrate stiffness ratio r tends to zero.

The dependence of critical undulation wavelength a.. on interface residual

stress 4* and longitudinal stress oy for different stiffness ratio r = {0.1;0.3} (solid
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and dashed lines, respectively) is shown in the Fig. 4.4. The critical wavelengths
increase with an increase of the residual interfacial stress and a decrease of the

longitudinal stress.

(a) (b)
Figure 4.4 — The dependence of critical undulation wavelength a., on interface

residual stress 4 (a) and longitudinal stress oy (b)

4.4 Chapter conclusions

This chapter presents a theoretical approach to morphological instability
analysis of the coherent interphase boundaries in strained heterostructures. A novel
feature of the present study is the implementation of constitutive equations of
interface elasticity, in the framework of which the interphase domain is modelled
as a negligibly thin layer adhering to the bulk phases. A two—component plane is
considered as a model of a heteroepitaxial system and the interphase boundary is
described by a sinusoidal function. Taking into account the fact that the atomic
arrangement of solid-solid interfaces is thermodynamically unstable under certain
conditions, the evolution equation describing the kinetics of the relief formation
is obtained. It was assumed that the rate of relief growth depends on the field of
elastic strain energy and surface stresses. To define the stress—strain state of the

heteroepitaxial system, the asymptotic approach of Grekov and Kostyrko [89] is
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used. The solution of the evolution equation, taking into account the stress state,

allowed us to fined the parameters for which the interface relief is stable.

Based on the obtained solution, the influence of the physical and geometric

parameters of the problem is analyzed. The influence of stiffness ratio, interface

stiffness, residual surface stress, longitudinal stress and mobility ratio is investigated.

The following conclusions are formulated:

critical wavelength of initial interface perturbation increases with increasing
of interface stiffness, coating-to-substrate stiffness and mobility ratio, as well
as with decreasing of longitudinal stress;

the influence of coating-to-substrate stiffness ratio on critical wavelength
increases with increasing of mobility ratio;

the effect of longitudinal stress on critical wavelength increases with
increasing of parameter;

the influence of residual interfacial stress increases with increasing of
coating-to-substrate stiffness ratio, and marginally depend on the interface
stiffness:

the effect of coating-to-substrate stiffness ratio on the interface
morphological stability increases when the mobility ratio increases;

the impact of interface stiffness increases with increasing of longitudinal

stress and with decreasing of residual interface stress.
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Conclusion

The presented thesis is a further development of research aimed at the study
of the processes leading to the formation of topological defects on the free and
interfacial surfaces of layered structures. In this study, the evolution of the surface
relief was considered as a change in the initial undulation amplitude via diffusional
mass transport. It was assumed that to minimize the free energy, the atoms on the
surface can move along it, and the atomic flux is proportional to the gradient of the
chemical potential. The uniform distribution of the chemical potential is used as a
condition for the thermodynamic equilibrium of the surface. The variation of the
chemical potential along the surface is related to the variation of the stress field,
as well as the curvature and surface energy. To find the stress— strain state, the
approach described in [64;65;89;92] was used. In this dissertation, a number of new
problems have been solved

e the approach for analysis of the morphological instability of a multilayer
film surface is developed, where surface stress are taken into account based
on the Shuttleworth-Herring relation,

e the explicit dependence of nanopatterned solid surface amplitude on
perturbation wavelength, the longitudinal stress and bulk and surface elastic
properties is obtained;

e the method for analyzing the influence of the film thickness as well as other
physical and geometric parameters of the film coating on the formation of
stable periodic structures at the film surface is proposed;

e the explicit dependence of heteroepitaxial interface undulation amplitude
change on initial undulation wavelength, mobility ratio, elastic properties of
the bulk and interface domains is derived.

It should be noted that in the analysis of the morphological stability of
the surface of a multilayer film coating in Chapter 1, the surface energy was
considered constant. However, it is necessary to take into account the change in
surface energy due to deformation at the nanoscale. Therefore, in the study of
nanostructured solid surfaces/interfaces in Chapters 2-4, the surface energy was

calculated using the Gurtin—-Murdoch surface/interface elasticity model. According
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to this approach, the surface layer and interphase domain were modeled by elastic

membranes, coherently coupled with the bulk phases. According to the present study,

the following conclusions are formulated:

the critical wavelength of initial interface perturbation increases with
increasing of surface/interface stiffness and residual surface/interface stress,
as well as with decreasing of longitudinal stress;

the impact of surface/interface elasticity increases when the residual
surface/interface stress decreases and the longitudinal stress increases;

the morphological stability of the film surface almost independent of the
interface film—substrate elastic parameters;

the impact of the lower layers on the morphological stability of multilayered
film surface decreases with an increasing of top film thickness;

the film coating thickness, exceeding which it is possible to ignore the
substrate, increases with increasing surface stiffness and surface residual
stress;

the effect of the stiffness ratio on the morphological stability of

heteroepitaxial interface increase with increasing mobility ratios.

In the future, it is planned to expand the developed models for studying the

self-organization of surface and interfaces in multilayer ultrathin film coatings. Also,

it is planned to take into account the surface bending stiffness in the evolution

equation. For this purpose, the Stegman—Ogden surface elasticity model will be

used to formulate the boundary conditions. It should be noted that geometrically

linear analysis does not allowed us to analyze the change in the shape of the surface

profile in this study. To study the dynamics of surface rearrangement, it is necessary

to take into account the nonlinear terms in the evolution equations. To do this, the

second approximation the boundary perturbation method will be taken into account.
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