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BBenenue

Brawasie paccMOTpUM CTPYKTYPY JUCCEPTAIlMN: KPATKO U3JIOKUM €€ Co-
JIepyKaHNe 10 IylaBaM, CKaykeM O €€ IPaKTUYeCKOl 3HAYMMOCTH U pe3yJibrarax,
chopmysiupyem 1etn paborbl, €€ aKTyaJbHOCTh, HOBH3HY U I10JIOXKEHUS, BHIHOCH-
Mble Ha 3ammuTy. Jamree 6oee 0b6CTOATENILHO 00CYINM CBI3aHHbBIE ¢ HaIel paboToit
IPOOJIEMBbI MATEMATHIECKOTO MOJEIUPOBAHUS JTUHAMUIECKUAX MPOIECCOB M OCHOB-
HbIe [TPOOJIEMBI, PellaeMble B JICCEPTAINN.

B nepgoii riiase "Ceejienne jnud depernnaibHbiX YpaBHEHUil K TT0JNHOMEAJb-
HOft hopme" U3II0KEeHbI HEOOXOUMbIE TIOHSITUSI, 1 HPUBOJUTCS AJTOPUTM METoJa
JIOTIOJTHUTEIBHBIX [TEPEMEHHBIX I aJIlOPUTM CBejeHus MudbdepeHnajibHbIX YpaB-
HEeHUil K MOJIMHOMUAJBHOI (opMe, Meroj MPUMEHUM KaK Jjisi OOBIKHOBEHHBIX
nuddepeHIna bHbIX yPaBHEHU, TaK ¥ JIJIsI TTOJIHBIX cucTeM i depeHIaibHbIX
ypaBHEHUI B YACTHBIX IIPOU3BOJHBIX. PACCMOTPEHO JIeciATh IIPUMEPOB CBEIEHHs.

Bo Bropoit rmaBe "CxeMmbl 1 6bICTPOE BLIYUCICHHE CHCTEM MOHOMOB MHOI'HX
HepeMeHHbBIX TpeicTaBIeHbl HEOOXOMUMbBIE OIPeeIeHNs, CCDOPMYINPOBaHA 3a/[ada
OBICTPOrO BBIYKC/IEHHUs] CHCTEM MOHOMOB MHOTIHX I[E€PEMEHHbBIX, IIPEeJICTABJIEH aJiro-
PUTM pellieHust Mpob/ieMbl U IPUBEJIEHBI IPUMEPDI, TOKa3bIBatoIne 3(PQPEeKTUBHOCTD
paboThl AIropuTMA.

B Tperbeii riase "Meroapl psimos Teitsopa" onmcanbl Kiaccuueckuii MeTo
pagoB Teiijiopa, HECKOJIBKO CIIOCOOOB PEKYPPEHTHOIO HAXOXKJCHUS KO3(hDhUIneH-
toB Teitnopa, Meron ITapkepa — Coxankn u mpejcTaBieHbl aJrOPUTM PeasTi3alinm
MeTojia psijio Teityiopa, aaroput™ BeluncieHus kodguimenTos Teilopa, omeHKa
JIOKAJIHHOI TIOTPEITHOCTH, BCIIOMOTaTe/ IbHbIE AJITOPUTMbI 1 ODIIUIT aJIFOPUTM METO/a
psanos Teitropa.

B uerseproit riaBe "YucienHbie skcrepuMeHTH" MpencTaBiIeH UUCIEHHBII
aHaju3 3PPEKTUBHOCTH CXeM KaK Ha IPOU3BOJIbHOM Habope MOHOMOB, Tak U Ha
npumepe 3aja4u N Tejl B pa3/IMIHbIX [OJMHOMUAJBbHBIX (popMax. Takzke jaHo cpas-
HeHne Pe3yJIbTATOB UHCJAEHHOIO MHTerpupoBaHus MinddepeHnajbHbiX yYPaBHEHUT
aByMst pazsindanbivu Merogamu: TSMR (pu nomoru ajiropuTMa IoCTpOeHHsE CXe-
mbl [124]) n TIDES [25].

B nocrienneit rinase "Kareropuu dbyHKiuit" mnpejcraieHsl 1ecsITh KaTeropuit
yHKIMH, yI0BIETBOPAONINX cucTeMaM JuddepeHIalbHbIX yPaBHEHHN: SJIeMeH-

Tapubie pyHKnnn, dyukiun tuna beccenst, pyukmms ommbok, nurerpaant Operesist



1 NHTerpaJibHasd IOoKa3aTe/IbHasl beHKILI/IH7 HEeIIOJIHbIE I'aMMa U1 66'1‘&—(:1:)yHK]LHI/I7 rm-
nepreoMeTpudeckne (GyHKIUN, MOJUHOMBI, Marthe u cdeponganbiubie (yHKINN,
SJUINITHYECKIE WHTErPAJIbI, TPaHCIeHIeHThl [lerieBe, HessBHBIC DYHKIIN.

Iesnbro nanHoit paboTh! siBIsIETCsI Pa3paboTKa OOIIMX OJIXOJ0B, METO/OB U
AJITOPUTMOB MO/IE/INPOBAHUSI B CHMBOJIBHON U YKC/IeHHOi hopMax B 3aadax nHa-
MUKHI, OCHOBAHHBIX Ha IIpHMeHeHH: cucreM jnddepeHnnaibHbiX YpaBHEHNUI.

it nocTuykemnns MOCTABICHHON eIl HeOOXOAUMO OBLIO PENINTh CJIEAYIOINIIe
3aa4u:

1. Paspaborarh jerasiu mOCTPOEHUsI CXeM,

2. PeaJIMBOB&Tb AJITOPUTMBI ITIOCTPOEHUA CXeM JIJId ITIPOU3BOJIbHOI'O Ha6opa MO-

HOMOB,

3. Pazpaborarh KOMIIBIOTEDHBIE IIPOIPAMMBI, PEAIU3YIOMINE AJTOPUTMBI I10-
CTPOCHUS CXEM.

4. Pazpaborarb KOMIIBIOTEPHBIE IIPOrpaMMbl, peasusytorue ajropury TSMR
MeToJ10B psijios Teitjiopa u ux cpasHenue ¢ nporpammoii TIDES.

5. IlpoBecTn YmCIEHHDBIE SKCIEPUMEHTDI, MUCCACI0BATH I(MDMEKTUBHOCTL pas-
pabOTAHHBIX AJTOPUTMOB U IIPOIPAMM JJIsi GUCJIEHHOTO WHTErPUPOBAHIIS
nuddepeHIna bHbIX YPaBHEHMIL.

Hayumas wmoBusHna:

1. BIIepBble npeacTaB/ieHbl aJI'OPUTMbI ITOCTPOEHUA CXEM JIJIsI 6blC'l‘pOI‘O BbI-
YHCJIEHUs TPOU3BOJILHOIO HAOOPa MOHOMOB.

2. BuepBbie BBINOJHEHO WCC/IEOBAHNE, ITOKA3ABINEE BBICOKYIO (PdeKTuB-
HOCTH TIPEJICTABJIEHHBIX AJTOPUTMOB JJIsl YUCJIEHHOIO HWHTErPUPOBAHIIST
IPOU3BOJILHBIX MOJIMHOMHUAJIBHBIX CUCTEM UG PEPEHINAIBHBIX YPABHEHHUI.

IIpakTnieckasi 3HAYMMOCTB. YCKODEHHE HYHCJEHHOI'O HHTErPUPOBAHUA
nuddepennuaabHbIX yPABHEHUI B TOJHHOMUAAILHOI (hOpMe, ONMUCHIBAIOIINX KAK pe-
aJIbHbIE, TAK U CTATHCTUYIECKU CHOPMUPOBAHHBIE MOJIEJIN.

OcCHOBHBIE TIOJIOXKEHUSI, BBIHOCUMbIE HA 3aIUTY:

1. HOCTpOeHI/Ie U IIOJIHBIN aHaJIn3 AJI'OPUTMOB U COOTBETCBYIOHIUX KOMIIBIOTED-

HBIX [IPOIPAMM IIOCTPOEHUSI CXEM BBIYHCJIEHHs BCEX MOHOMOB ITPOM3BOJILHO-
ro Habopa MOHOMOB.

2. TlocTpoenne aaropuTMOB U COOTBETCBYIOMIUX KOMITBIOTEPHBIX ITPOrPAMM
TSMR, peanusytonmx MeTojbl psifioB Teitsopa it MOJHHOMUATBHBIX 32~

nag Kormn.



3. YucieHHbIe SKCIIEPUMEHTBI JIJIsl PEATBHBIX U CTATUCTHYECKH CPOPMUPOBaH-
HBIX Mogesielt Junamukn.

JocToBepHocTb. Bee pesysbrarhl fuccepTanui Moy IeHbl CTPOIUMI MaTe-
MATUIECKUMHU METOJAMH, [TPOBEPEHBI [IPU [MOMOIIHM MHOTOYHC/IEHHBIX BBIUUC/ICHUIT
U OIUPAIOTCS Ha IIeCTh IyOJMKAIMA B POCCUHCKHX U MEXKJYHAPOJHBIX DEIeH-
3UPYeMbIX KypHaJsiaX. Bce 3Tu pe3ysibTaThbl JO0KJIA/BIBAJINCH HA MHOMOYHCIEHHBIX
MEZK Ty HAPOIHBIX KOH(MEPEHIHAX.

Anpobanusi paborbl. OCHOBHBIE pe3y/bTaThl PabOTHI JIOKJIAIBIBAJINCH HA
MeKTyHapoiHOI Hay4uHOit KoHMepenun "[Iporecchl yipaBieHus: U yCTORIHMBOCTD"
(r. Canxr-Ilerepbypr, mapr 2016 1.), MexyHapojaHoit KoHpeperun "Yeroiun-
BOCTH U KosieGaHusl HeJIMHeHHbIX cucteM yrpasienust (koudepennus [Israunkoro)"
(r. Mocksa, nronb 2016 1.), va 14th u 15th "International Conference of Numerical
Analysis and Applied Mathematics" (r. Pogoc u r. Casonuku, I'penust, centsabpb
2016 r. u cenrsabpb 2017 1.), MeXKIyHAPOAHOH HAyYHOH KOH(MEPEHIUH 0 MeXa-
uuke "VIII TMossxosekue urenust" (r. Canxr-Ilerepbypr, despasns 2018 1.) u Ha
"International Multidisciplinary Scientific GeoConference Surveying, Geology and
Mining, Ecology and Management" (r. Codus, Boarapug, uiomns 2019 r.).

Jlugubrit BKJ1aa. ABTOp IIPUHUMAJ AKTUBHOE YIACTHE B Pa3pabOTKe I HMILIe-
MEHTAI[U aJI'OPUTMOB MOCTPOEHHsT CXeM U IPOBEJEHNN aHa3a 3PPEeKTUBHOCTH
IIPEJICTABJIEHHBIX AJrOPUTMOB. Bce pesy/ibrarhl, NpejcTaBIeHHbe B JINCCEPTAIIUN
[OJIyYeHbl JINYHO aBTOPOM.

ITy6omukamun. OcHOBHbIE DE3YJIBTATBHI 110 TEME JUCCEPTAINN U3JI0ZKEHbBI
B 6 MevaTHBIX U3AHUSX, D U3 KOTOPBIX U3JAHBI B JKypHAJIAX, PEKOMEHIOBAHHBIX
BAK.

O6beM U cTpyKTypa paboThl. JluccepTaliysi COCTOUT U3 BBEJCHUSI, TATH
[JIaB, 3aK/I0YeHns U JABYX npuiozkenuii. [lomabiit 00bEM puccepralimi cocTaBisieT
126 crpannt, Briodas 5 tabsunr. CHECOK JUTEpaTyphl cofep:kuT 127 HanmMeHo-

BaHMIL.



I'naBa 1. CBenenune quddpepeHnnaIbHBIX YPaBHEHNH K
OJIMHOMHUAJIBHOH hpopme

[Ipu Hammcanuu JaHHON IVIABBI MCIOJB30BAJKUC, MHOrMe ucrodnuku: [1 — 12, 22
26, 30, 39, 40].

Jlannas riaBa cOCTOUT U3 JABYX pa3nesioB. B mepBoM pasiere omnncama Teope-
THYECKas U aJITOPUTMITYECKast OCHOBA METOJIOB CBECHNUSI CHCTEM K MOJTHHOMUATLHOI
dopwme (cucrema jpuddepeHnnaibHbIX YPABHEHHIT IePBOro MOPsIKA ¢ IIOJTMHOMAMU
110 HEU3BECTHBIM B IIPABOIi 4aCTH ), JJIst IOJIHbIX crucTeM uddepeHIuaibHbIX ypaBHe-
nnit u cucreM yukimit. MeTom JOmoMHITENLHBIX TEPEMEHHBIX CBOUT MX K CHCTEME
nnddepeHnnaabHbIX ypaBHeHnit B mosnHoMuaabnoi gpopme. OTMETHM METOJ J10-
[OJTHUTEJIbHBIX [IePEMEHHbIX JIjIsl [IOJIHBIX cucTeM i depeHIajibHbIX YpaBHEHNUT
B YACTHBIX ITPOU3BOJIHBIX, HEOOXOMMMbBIE U JOCTATOUHDIC YCJAOBUS IIPUMEHUMOCTH U
UX peasiu3alg ObLIM [pejcTaBjeHbl B pabore [9], MeToj NONOJHUTEIbHBIX llepe-
MEHHBIX JIJIsT OOBIKHOBEHHBIX AN depeHInaabHbIX ypaBHEHN ObLT IpeIcTaBIeH B
pabore A. Ilyaunkape [105].

Bo BTOpOM pasjesie mpuBeeHbl IPUMEPBI CBEJCHUs CUcTeM JuddepeHImab-
HBIX ypaBHeHUil u cucreMm pyHKuumit: 3agada Komwm st OY, sazaua Ko st
cucrem OJ1Y, 3agaga Ko 1151 MOMHBIX CHCTEM, MATEMATHICCKIIT MasITHIK, Bpala-
TeIbHOe NBUZKEHNE CITyTHIKA BOKPYT CBOETO IEHTpa Macc, 3ajada [N Tes1, CBeJeHHast
K TPeM MOJHHOMHUAIBLHBIM (POpMaM: TISITOl, YeTBEpPTOil 1 TPeTheil CTEeNeH !, CUCTEMA,
n3 ABYX (byHKILI/IIU/I, IKB0THUYECKadA d)yHKILI/IH 1 MHOI'O9TazKHad 9KCIIOHEHTaA.

Kpowme Toro, B maroit rmase mpencrasiennl 10 karteropuit dyHKIMi, cooT-
BETCTBYIOIINE 3aMEHBI, HEOOXOAMMBIEC MJIST CBeNEeHHA UX K AudepeHnnaIbHbIM

ypaBHEHUsIM, U COOTBETCBYIOMIHE MithbepeHInaAIbHbIE YPABHEHNU.

1.1 Meroa AOMOJHUTEAbHBIX TTEPEMEHHBIX

Meros JIONOJHUTENILHBIX [E€PEMEHHBIX HAIPaBIeH Ha, ITPUBEJCHUE CUCTEM
dyuxmit u/mwmm auddepeHnnaIbLHbIX ypaBHeHuil (MoHbIX i depeHInaTbHBIX
ypaBHEHWH B YACTHBIX MPOU3BOJHLIX U, B YACTHOCTH, OOBIKHOBEHHBIX Jrche-

PEHIUAJILHBIX ypaBHeHuUil) K nojuHoMmuaubHoii dopme. Mnes meroma s OV



paccmorpena B pabore Ilyankape [105]. B mebechoil mexanuke sra ujest UCHOJIb-
30BaJIACh [IJId DPEIIeHUs 3aJa9i TPeX TeJl C WCIOJIb30BAHUEM CTEIEeHHBIX DPsIOB.
Heobxomumbie 1 1ocTaTouHBIE YCJIOBUST JJisi TOJTHBIX J(ubhepeHIaibHbIX YpaBHE-
HUII B YaCTHBIX IIPOU3BOJAHBIX, IIO3BOJIAIONIME KOMIILIOTEPU3UPOBaThL IIpUMEHEHNe
METO/Ia, OBbLIM HpPeyIozKeHbl B 9], a aJropuT™ MeTola U ero peaju3alius IpuBe-
nenbl B [11].

Paccmorpun ocHoBHBIE 0003HAYEHUS, KOTOPBIE OyIeM HCIOJIb30BATh B JIAJib-

HeiirreM. IlycTs
o= (21, 2p) €C™, t=(t1,...,t) €C°, a=(ou,...,x) €CY, fleC,

(y1,...,yn) € CN, g, € C, npexnonaras x dbyHKIMel nepemMerHoil ¢ 1 napamMeTpa
«, a y - byukueit nepemennoii * un napamerpa «. Cumsos C' obosznavaer mose
KOMILIEKCHBIX dncesi. OTMernm, 9To Besge cuMBosl C' MOXKHO 3aMEHUTH Ha CHMBOJI
R, xoToperit 0003HAYAET TI0JIE€ BEIIECTBEHHBIX THCEJI, TaK KAK BCE OIMUCAHHBIC HIZKE
AJITOPUTMbI CHMBOJIbHBIE.

Pacemorpum mnosinyio cucremy JiudepeHaibHbIX yPABHEHHH B YACTHBIX

[IPOM3BOIHBLIX [IEPBOTO MOPSI/IKA, PA3PEIEHHYI0 OTHOCUTEIHHO Tpou3Bosoii. Takne

crcTeMbl A depeHImaabHbIX yPaBHEHN MOYKHO 3aIICATh B CICAYIONNX (hopMax:
81’; i . .
at? = fl(z,x), i€[l:m], j€[l:s4],
o (1.1)
5 = [, dv=f(z.0dt,
rae & = (x1,...,Tm) € C™, t=(t1,...,t;) €C* o= (a,...,x,) € C?,
do = (dxy, ... dxy), dt = (dty,...,dt,), %= g;;, =), flec

B ciyuae obbiknosennbix auddepennuaibibix ypasienuii (T.e. npu s = 1)

5TH (POPMbBI MOXKHO CBECTH K CJIEIYIOIIEit:

dx i
dt

d
= filw,), i€ lim), T = flr ). (12)
Takzke paccmoTpum cucTeMy (OyHKITHI:
yr = gr(z,0), r€[l:N], (1.3)

rie s,N € [0 : +o0) u (s,N) # 0. Cucremy (1.1) (mm (1.3)), mpaBasi 4acThb
KOTODOI{ SIBJISIETCsI [IOJIMHOMOM 110 HEM3BECTHBIM 1, . . ., Ly, HA3BIBAIOT HOJMHOMH-

aJIbHOII cucTeMoii.



PaCCMOTpHM OTACJIBbHO: METOJ[ JOIIOJHUTEJIbHBIX IMEePEMEHHBIX JIJId ITOJIHBIX
cucreM, METo[ JAOIOJIHUTE/IbHBIX TePpEMEHHbIX JIJIgd CUCTEM beHKL[I/IIL/'I u MeTos 10-

ITOJTHUTEJIBHBIX TIepeMEeHHbIX JIJIsd CMeIlaHHbIX CUCTEM.
MeTO,H JAOIIOJIHUTEJIbHBIX II€pEeMEHHbIX [IJId IIOJJIHBIX CUCTEM

[IycTh JOMONMHUTENBHBIE TEPEMEHHDBIE Ty i1, - - -, Ltk YAOBJIETBOPSIOT YCJIOBHSIM:
Ox .
Bee mponsofubie — (I € [1: k], 4 € [1 : m]) — HEKOTOPBIC HOTHHOMDI
2
Pos1i(1, -, Tyyk) 1O HEPEMEHHDIM X1, . - . , Typetk;
— BCe mpasble YacTu ypasHenuii (1.1) — moJMHOMBI Qj(x Tontk)
b . i\ &ly ey bmtk)s

TO T1,...,Tm4+k YAOBJIETBOPSIOT MOJMHOMHAJIBLHON cHCTEME:

8%

- QJ(Ilv"-ax7n+k)a (&S [1 : m]v .7 € [1 : SL le [1 : k]v
afcm
7“ ZQ (@15 s Tonl) P (X1, - -, Tint)-

MeTtoa AOMOJTHUTEIbHBIX TIEPEMEHHbBIX IJIsi CUCTEM (PyHKITHA

[TycTh JOMONMHUTENBHBIE TEPEMEHHDBIE Ty i1, - -+, Ltk YAOBJIETBOPSIIOT YCJIOBHSIM:
- azm+l . - .
Bee npoussogubie =52, (1 € [1: k], 4 € [1: m]) — nexoTopble HOJIMHOMBL
Poi1i(T1, - ., Typk) 1O HEPEMCHHBIM X1, . - . , Typetk;
— Bee dyukuuu g, (z,), r € [1 : NJ], — nommnoMbl R.(X1,...,Tmik), TO

Ty ..y Ttk Y/AOBJIETBOPSIOT MOJMHOMHUAJIBLHON CHCTEME:

Yr = Rr(xh e 7xm+k)> re [1 : N]a

ox +1 .
T’: = Poii(z1, .. Tmar), 1€ [1:m], Le[l:k]
J
HuddepeHnupyst 4, 110 NEPEMEHHBIM 1, . . ., Ly, MOYKHO MOJIYIUTH TTOJTHYIO
CUCTEMY:
yr
= — re€fl:N], i€[l:m],
a[L’Z‘ 8xl m+s, 1 m+5 [ ] [ ],
ame

o, m+z,z-(x17-~.,xm+k)7 lel:k.
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MBTO,Z[ AOIIO/THUTEJIBHBIX II€epEMEeHHbIX [JId CMeIllaHHbIX CHUCTEM

[IycTb nonomHUTENbHbIE TEPEMEHHDBIE Tyt 1, - - - s Lty YAOBJIETBOPSIOT YCIOBUSIM:

— BCe NPOU3BOJIHbBIE %, (Il €[1:k], i€ [l:m])— HekoTopble MOJUHOMbI

Pi1i(T1, - Typk) 10 HEPEMEHHDIM X1, . - - y Typetk
— Bce npasble Yacty ypauenuii (1.1) — mosmHoMbl Qf (1, oy Tintk)s
— Bee dyukuun g,(z,«), r € [1 : NJ], — nosmuombl R, (Z1,...,Tmik), TOTIA
T1, ..+, Tymak YJAOBIETBOPSIOT TOJMHOMUAIBHOIN CHCTEME:
axl

*Q](acl,...,:va), i€l:m], jel:s], l€l:k]

595 +1
- ZQ xh-‘~;x7n+k)Pm+l,i($17~-->$m+k)7

Yr = RT(:EI; o 7xm+k')7 re []- : N]u
npudeM, 1udGepeHnupysa ¥y, IO MEPEeMEHHBIM 1, . .., Ty, MOXKHO MOJIYYHTH II0J-

HYIO CHCTEMY:

at_::Qf(xl,...,x,,,+k), i€[l:m], je[l:s], Lel:k]

m

355 +z
- ZQJ xlw~'7xm+k)Pm+l,i(fL'17---7‘Tm+k)7

ayr 7‘ .
= m sz , T€[l:NJ|, i€|[l:m].
ow; axz ZS: oG [L:N], ie[l:m]

1.2 TIpumepsl

B mepBbIX Tpex u3 paccMaTpuBaeMbIX 3/I€Ch JAECATH MPUMEPaX UCIIOJIb3YIOTCs
dbyukiun Tuibbepra (Tpex apryMeHToB py, P2, P3).
3ameyanne. D1tu HyHKINN ObLIN BBeJEHBI B cBs3u ¢ 13 mpobiemoit ['wibbepra.
K momenty dopmymuposku ['uibbepTom 9Toil pobsieMbl ObLIO U3BECTHO TPeodpa-
30BaHIe, CBOJISAIIEE YpaBHEHHe N-0ff CTeleHu, B KOTOPOM CBOOOJIHBIN W€H paBeH
1, koapummenT mpu crapiieil crenenn paBeH 1, a KOIMOUIMEHTHI TPH CTEHEHIX
n—1, n—2, n— 3 pasubl nyswo. [Ipobiema I'masbepra: MOXKHO Jin peruTh obiiee
ypaBHEHHE CeJIbMOIl CTENeHN ¢ MOMOIIbI0 (DYHKITHIT, 3aBUCSIINX TOJBKO OT JIBYX Ie-

pemennbix? Kak ykasbIBajoch, ypaBHEHUE CEJIbMOil CTelIeHN MOYKHO PacCMaTpiBaTh
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KaK ypaBHeHHNe, penieHue KoToporo 3aBuCUT TOJILKO OT 'I‘péX KOSdf)(bI/HLHEHTOB.

[lepBolit U3 HUX ABJISETCS PElIeHHeM yDaBHEHIHs:

@1 (p1,p2,p3) + P393 (p1, P2, P3) + P29 (D1, P2, 3) + P1@1(P1, P2, p3) + 1 =0,

upu yeaosun @1(0,0,0) = —1, a Bropoii onpee/sieTcss paBeHCTBOM:

@a2(p1,p2,03) = (795 (p1, p2, 3) + 3p391 (p1, 2, P3) + 20291 (p1, P2, p3) + 1)~

Onu ynossersopsitor 3ajade Korrm:

0 j :
5}% = 7@{(027 ] = 172737
0 j . -1
a2 = (4207 + 6p31 + 202) @193 — j@1 @3,
(pl(ov 07 0) = 717 @2(07 07 0) = %
B YEeTBEPTOM U IIATOM IIpUMEpax pacCMaTpPUBaIOTCA JABC 3aJa9d JUHAMUKN

— MaTeMaTU4YeCKUil MasgTHUK U BpaliaTe/JIbHOE ABUZKCHUE CIYTHHUKa OKOJIO CBOEro

[HeHTpa Macc.
HpI/IMepr MeTOoJa AOIIOTHUTEJIbHBIX IIepeMEeHHbIX AJIA IIOJTHBbIX CHUCTEM.

IIpumep 1: Bamaga Komm gas OLY.

PacemorpuM ypasHeHue:

dz ; .
i asin @i (x, 2% ) + beos @1 (z, 2%, 2°)

u Havasbable yeaosns 2(0) = 0 (a, b - BelecTBEHHBIE TAPAMETPBI).

BBC,ZLCM JOITIOJIHAUTEJIbHBIE TIEpEMEHHDIC!

lbl = (pl(‘ralzwrs)? 11)2 = @2(x>$27$3)a 11)3 = Sin@l(£7$2:$3)a l-l)-/l = COos (Pl('ra'r23$3)
1 [OJIy4IUM HUX TIOJIHBIC TITPOU3BO/IHBIC TIO tB CHJIy 9TOI'0 ypaBHEHUL:

3
e

By~ (O
W - ; <67$j)z1::m To=a2, T3=0° JT dt

3

; . dx . ; dx
=Y (~jel o) e = STl iy -
- ( TP P2 T1=x, T9=12%, T3=103 Iz dt - JT 11)11])2 dt’
j=1 j=1
3

d"-b? _ a@2> . j71d$ o
dt - ng (8@ T1=1, To=12, r3=1° 1T dt -
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- ; e . iqdx
=> ((42<p‘i+6r3<m+2m)<p{<p§—J(p{ 1(0%) gl = =
= r1=x, To=12, r3=10 dt

3 ; dx
=3 jal 1( (420° + 62%, + 20 )Pipd — 2 )dt

j=1
d d 223 d
;l; — cos@1(z, 2% 7 )W —y, 20 11’1
d . deo(z, 2%, 23 d
% = —sm (01(1777527-773)% = —11’3 11)1

TOI‘,IL& MO>KHO 3alucaTb MCXOAHOE ypaBHEHNE M HavaJIbHbI€ YCJIOBUA B CbOpMe I10-

JIMTHOMUAJILHON 3aladn Kormu:

dat Cl,ll)g + b(P47 dt - Z ]rj 111’111)2 dt’
3

e — > jad~ 1((421p§+6x311>1 +207) i — jbi” 111)2) it
j=1

dbs ) Ay, dpy _lpgdlln

di 47t Tt dt °

2(0) =0, P1(0) = —1, Po(0) = £, P3(0) = —sin1, P4(0) = cos 1.

IIpumep 2: Bamaua Kormm s cucremsr OLY.

PacemorpuM  ypasHeHue:
dx; .
o = wsin @1(x, T2, x3) + b; cos @1(x, 2, x3)
u Hadanbible yeosud x;(0) =0, @ € [1: 3], (a; = ai(x, x9, x3), bi = b;(x,x2,x3) -
anrebpanIecKue MOJIMHOMBI).

BBC,ZLCM JOIIOJIHUTEJIbHBIE TIepEMEHHDBIE!

Il)l = (pl(za'r27'r3)7 11)2 = (p2(x7'r271:3)a 1b3 = Sin(pl('er??x?))a 1])4 = COS (Pl(xal"Zal’S)

U TIOJIYYUM KX IIOJIHbIE ITPOU3BOJHBIC 110 tB CUJIy 9TOI'O YpaBHCHUA:

dllh 0@ dr; dr; 3 . de
Z or, di 2@1(92 = ;x Pl 11)2
3 3
vl w2y 49 6 2 Jjo3 ) i
dt < Oz; dt Z (4207 + 6391 + 222) @193 — o] 03 dt

3
< N - d .
=7 (4207 + 6zawps + 20) 0l — ol 3) L,

=1
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d deq(xq, x9, x: d

% = cos %(%%Js)% = 11’4 Ibl
d . de1(xy, x9, T d
;124 = — Sl @1(.7),.7)2,1’3) (pl( ilt 2 3) = _ll)3 ll)l

Torja MOKHO 3almcaTh UCXOMHYIO CUCTEMY W HavasIbHbIE yCJIOBHA B dhopMe IoJn-

HomuasbHOi 3aaun Komm:

3 ¥ .
W= aps + by, i € [1:3], Dot = — S iy - B,
j=1
3

= 2 ((421|)? + 62301 + 229) W3 — jlbg_l‘b%) %7

dby ) dby - dby ll)gdlb‘

dt dt 0 dt T dt ?

2;(0) =0, i € [1:3], ¥1(0) = —1, P5(0) = 1, P3(0) = —sin1, Py(0) = cos 1.

IIpumep 3. 3apaua Komm /i1 1MOJTHOM CUCTEMBI.

Pacemorpum ypasuerue:

ox; )
# = a; jsin @1(x, 2, x3) + b; j cos @1(x, T2, T3)
j
n HagasibHble ycaosus z;(0) = 0, ¢ € [1 @ m|, j € [1 : 3], (a; =
a;j(x, ..., xm), bij =0bij(zx,... x,) — arrebpandeckie MOJMHOMBI).

BBe/Iel\'l JOIIOJIHUTEJIbHBIE TIePpEMEHHDIC!
Il)l = (Pl(IaIZaxii)» IJr’Z = (PZ(I7$27I3), II)S = Sin(Pl(I7$2»I3)a 11)4 = COS (Pl(xa'r?axi})

1 [HOJIYHIUM HUX IIOJIHBIC IIPOU3BOJIHBIC II0 t B CIJIYy 9TUX ypaBHeHHﬁI

3

dl-l)l 8([)1 a.%'k 8xk
Z dxy Ot g a5 T Zﬂ) 1|)2
dlI)Q 002 0 3 5 k3 r-1 2\ 0Tk _
Z Ory, 8t ; ((42(01 + 62301 + 222) QT @5 — k@ 2)87157 —
3 5 ot)3 512\ 0Tk
= > (4207 + 6 + 200} — k) 11,2)%’
= J
d 9 9, T
C;;l;g = COS (pl(xl’IQ’xS)(W 11)4811)1
d 1 8 “ )~ b 8
C;l: = —sin (Pl(x1,x2,x3)(pl(%7;2x3) = —; ‘I’l.
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TOI‘,]L& MOXKHO 3alliCaTh NCXOJAHYIO CUCTeMy M HadaJIbHbIE YCJIOBUA B cbopme I1OJIN-

HoMuAJIbHOI 3ajaun Kommm:

- . . . 3 A1
gi‘]‘ =a; ;W3 +0b @4, i€[l:m], je[l:3], %LI’T; = —];wlfllh : da%“,
f 3 .

B2 = 57 (4207 + Grbs + 22 — kbt 03) 2,

=1
Ny 1 O0gs 1
B = Wags @ = s
2(0,0,0) =0, i € [1:m], ¥1(0,0,0) = —1, bs(0,0,0) = L,
P3(0,0,0) = —sin 1, P4(0,0,0) = cos 1.

IIpumep 4. MaTemaTudecKuii MassTHUK.

[lycto 1 = x, X9 = &, TOrJa ypaBHEHHE MATEMATHICCKOTO MasiTHHKA,
.. 2 _
T+ ksinz =0
3aIMIIeM B BUJIE CUCTEMbI OOBIKHOBEHHBIX Ji(bDepeHIaJbHbIX yPaBHEeHHI
. _ . _ 2 . N
Ty = Ty, Ty = —k“sinz;.
BBoms gomomHuTENbHBIE TEpEeMEHHBIe X3 = Sin Xy, T4 = COS X1, MOIYydaeM MOJTTHO-
MUAJILHYIO (KBAJPATHIHYIO) CUCTEMY:
. . 2 . .
T = Tg, g = —k"x3, T3 = XToTy, T4 = —TaT3.

IIpumep 5. BpamarenbHoe JIBU>KEHUE CITy THUKA.

PacemoTpum JBUZKEHME CIYTHUKA BOKPYT CBOETO IEHTPA MACC B MPEJNOJIOKEHUN,
9TO caM I[EHTP MacC JIBUKETCS 110 KPyroBOi opOuTe ¢ YIVIOBOH CKOPOCTLIO (.
OObIYHO JBIZKEHHe CIIyTHHKA BOKPYT CBOEro IEHTPa MAacC OIMCHIBAETCH IIECTHIO
a30BBIMU TTEPEMEHHBIME, IIYCTh 9TO OYIYT Z1,...,T¢ LIpU yduere OCHOBHBIX BO3-
MyHIAINMX (PAKTOPOB OKA3BIBACTCs, KAK MPABUJIO, YTO YPABHEHUSI OTHOCUTEIHHO

9TUX IEePpEeMEHHbIX MMCKT BUJ:

&j = Pj(x1,...,x6,sin2y,...,sinze, cosay, . . ., coszg, sin wt, cos wt),
upudeM Pj - HOJIMHOMBI [0 BCeM CBOHM aprymentaM. Ilyers x; = sinay,...,
T13 = COSTY,..., & TAKKE T19 = SN WL, Ty = COS Wi, HOMyIaeM MOJTHHOMHATb-

HYIO CHCTEMY:

iy = Pj(x1,...,2%), T61; = T13+;Pj(21,. .., T20),

Bgr5 = —eyjPj(w1,. . 200), j=1,...,6, T19 = Wy, T99 = —WT1g.
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IIpumep 6. YpaBuenus llensese.

Pacemorpum tmrects ypasuenuii [lennese Pr — Pyy.

d2
Pr: d——6w2+z (1.4)
d?
Prr: d—w—Qw + 2w+ o (1.5)
1dw ow? + P
Prir ( _ldw  ow P +yw® + — (1.6)
zdz z w
d2 dw\? 3 . B
Pyr: — = — w® + 4 = .
VIt g2 w(dz) +2 A +2(Z o +w (1.7)
d*w 1 1 dw\?2 ldw (w—1) B
P —=(—+——) ———+—5— —
Vi a2 (2w+w71>(dz) zdz+ 22 (ocw+w)+
5 1
Pw 1,1 1 1 dw\2 /1 1 1 \dw

Py —==-—+—— — ) — |- —

VIt g2 2(w+w—1+w— )(dz) (z+z—1+w—z>dz+
w(w —1)(w — 2) Bz v(z—1) bz(z—1)
_— — 1.

T aG oy (ot +( 1) (wfz)z) (1.9)

Hauasbuble pannbie: w(zg) = wy, w (Zo) = wj, r1e ®, P, Y,d — mpou3BosIbHBIE
nocrostuubie. Pemenust Py — Py Ha3bIBaloT TpaHcIieHienTamu [lenese.
Pacemorpum nepsoe ypasuenue Ilensiese (Pr) u cBelieM ero K MOJMHOMHAJILHOI

dopwme. IIpoussesiem 3aMeHy epeMeHHBIX:
Ti=w, Ty =w', 13 =2,
HPUXOIUM K
’_ r_ 2 ’_
Ty = T, Ty = 627 + a3, 5 =1, (1.10)
— — o — '
71(20) = wo, w2(20) = wp, 3(0) = 20.

Pacemorpum Bropoe ypasuenne Ilemnese (Prp) u cBelleM ero K HOJMHOMHAJILHOI

dopwme. IIpoussesiem 3aMeHy epeMeHHBIX:
!/
1 =W, Ty =W, T3 ==~
MIPUXOUM K

Ty =1, Th =22+ myxs + o, 7y =1,
: (1.11)
21(20) = wo, @2(20) = wp, x3(x0) = 2.
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Pacemorpum tperbe ypasuenue [lensiese (Prpp) u cBelieM €ro K HOJMHOMHAJILHOI
dopme. [Ipoussenem 3aMeHy epEeMEHHBIX:

, 1 1
T =W, o =w, T3 = —, T4 ;7

IIPpUXOANUM K

/ 2 2 3
T] = T, Ty = THT3 — ToXq + XT1T4 + Pry + ya] + d23,
/o 2 o 2
Ty = —ox5, Ty = —Ty, (1.12)
, 1 1
961(20) = Wo, 962(20) = Wy, 965(350) = T4 = —

Wo 20 '

Pacemorpum yerséproe ypasuenue [lensese (Pyy) u cBejieM ero K HOJMHOMUAJILHOI
dopme. [Ipoussenem 3aMeHy TEPEMEHHBIX:

1
/
T =w, g2 =w, 3= —, T4 = 2%,

IIPpUXOAUM K

3
Ty =19, b= §x§r3 — §$‘I’ + 4zt + 21125 — 20001 + Bas,
/ 2 !
Ty = —x9xy, Ty =1, (1.13)
p 1
z1(20) = wo, 22(20) = Wy, x3(70) = —, T4 = 2.

Wo

Paccmorpum msitoe ypasrenue [lensese (Py) u cBejieM ero K MOJTHHOMUAIBHON (hop-
me. [IpousseseM 3ameny mepeMEeHHBIX:

/
T =W, T2 =W, T3 = —, T4 = y s = =,
w w—1

1
z

IIpUuxoanumM K

!
Ty

1 .

11 2 2 3,2 2, ,.2 2
To, Ty = §x2x3 + T34 — Toxs + axiTs + Privsr; — 202175
2 2 2
— 2Bx1x37;5 + axx1 Ty + Pasx; + Yr1xs + Y124, (1.14)

’ 2 ’ 2 2 !
Ly = —Taky, Ty = —Laky, L5 = —Is,
1 1 1
/
21(20) = wo, w2(20) = wy, x3(v0) = —, T4 = —, 75(20) = —.
wWo woy — 1 20

Pacemorpum mecroe ypasuenue Ilensiese (Pyy) u cBejieM ero K HOJMHOMHAJILHOI
dopme. [Ipoussenem 3aMeHy EpEeMEHHBIX:

, 1 1 1
I =W, T2 =w, r3=—, Ty = = =
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IIpUXoAM K
1 9 +1 +
IL‘ = IL' = =Xy Tyl
! 22 2 273 2 2 2

+ oy (21 — 1) (2 — w8)waw? + B2 — 1) (21 — 28) T32675+

mer ToXs — Tolg — Lo+

+ vy (z) — xg)x4x6x7 + b1 (21 — 1)wgxgrr,

Th = —wox3, Ty = —wox], wh = —a2(vy — 1), (1.15)
vh = —ad, o = —a, xy =1,
21(20) = wo, T2(20) = W} x(z):i :1:4(2):#12 !
0 0, 0 0 3\<0 wou 0 'U\]()_l, 5 wo — 20
1 1
wo(20) = — w1(20) = —7 2s(20) = 20
0 0~

IIpumep 7. Bamaua N Test.

Juddepennmanbabie ypapuenns 3aga4dn N Tel B OTHOCUTETHHBIX KOOPMHATAX:

gy _ 2 —3
—r =~k (mo + mi)gi,jroﬂ; +
di (1.16)
+ K Z ms(9s.j = 9ij)Ts; = s, 0sl;
se[l:],s#i
3
rie r?; = > (gs;—gij)% k — nocrostunas Daycca, my, . .., my — Macchl MaTepuaib-
i A

HbiX Touek My, ..., M, Il=N—-1,s<i,s€[0:1],i€[1:1], j€1:3],

MOYKHO CBECTH K TOJTMHOMUAJBHOM (hopMe TITOM, 1eTBePTOi NN TpeTheil cTereHn.

3agada N Tejl B MIOJIMHOMUAJIBLHOUN popMe IATO# cTerneHu

BBeném 10mosIHATeNbHbIe IEPEMEHHBIE: P; j = g;] , HOJIy9UM CHCTEMY:
dgi,j dpi,j
L) ) 2 -3 2 -3 -3
G =P g =~k (motmi)gigre;+k Y mal(gej = 9i)rsl — gm0 ),
se(l:l],s#i

-1

sareM BBelleM dy; = Ty,

[HOJIYIUM 3ada4vy N TeJyl B IOJMHOMUAJILHOM cbopMe II1-

TOW CTENeHu:

dp; ; :
= R mo+ migdi + K mul(gu — 05— gw il
we[1:l],wi
3
dg; dd
dt] = Pij, dt = 7d§7 Z(gﬁj - gs.j)(pis] 7psj) (117)

J=1
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3amaga N Tea B mosimHOMHUAJIBHOM opMe UeTBepToil cTeneHn

Ceejiem mnojiyuenHyto 3agady N Tesl B HOJMHOMHUAJBHON (hopMe ISATON CTeleHn K
MOJINHOMMAJILHOI CUCTEME YeTBEPTOil CTelleHN.

Beeaém IonosmuTesibible IepeMeHHbIe Vg = djg

) IIOJIYyYUM CHUCTEMY':

dp; ; . .
e —k(mo +ma)gisdo; + K Y mal(guy — 9i5)d5 ;= guidi ),
we[l:],w#i
dgi ; dd; 3
;l;’J = Dijs WW = Vs ;(gi,j = 9s.4)(Pij — Psj),
dvg ; 3 |
d;,l = *3d§,¢7}s,i Z(gi.j - gs,j)(pi,j - ps,j)v
=1
3
3aTeM BBeIEM Ws; = » (Gij — Js;)(Pij — Dsj), HOMYINM 3azgad1y N Tel B IOJIHHO-
j=1

MHUAJIBHOI (DOpMe deTBepToil cTereHn:

dpi,
# = 7'1{:2(7”'0 + Wli)gi,jvo,i + kQ Z mw[(gw,j - gi,j)vw,i - gw,jUO,w]v
we[l:d],w#i

dg; i dd ; dvs

d;] = Dij» d;ﬂ = —Us,iWs4, d;ﬂ = *3d§,ivs,iws,ia

dws ; 3

S0 2 2
Ty (5 = o) + K015 = 925) (118

X ((mo + M) s jV0.s — (Mo + M) g; jV0,i+

+ Z mu[(guj _gi,j)vw,i_gw,jv(),w_ Z mw[(gw,j _gsﬁj)vw,s_gw,sUO,w]):| .
we[l,l],w#i well,l],w#i

3amaga N Tea B IOJMHOMUAJIBHOUN popMe TpeThbeil CTerneHn

Ceejiem nojiyuenHyto 3ajady N TeJl B HOJMHOMEAJBbHON (hOpMe YeTBepTOoil CTereHu
K IIOJIMHOMMAJIBHOI cucTeMe Tperbeil crenenu.

BBeném JonoHUTeNbHbIE IIEPEMEHHBIE (s = d?.

S,17

noJIyduM 3a1a4dy N Tes B HOJIH-

HOMHUAJILHO popMe TpeThel cTermeHu:

dp;
ﬁ = —k*(mo + mi)gijvo; + K Z Muw[(Guwj = Gij)Vwi = GuwjV0.w]s

we[l,l],w#i
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dgi,j dd,; . dqs.i — _9d dvs _ _3
dt — Vg dt Us,iWs,i dt = T40s,iVs i Ws s dt = —9(¢5,iVs i Ws i,
dw” 5 9 9
prai Z [(Pi,j = Psj)” + k(g0 — 5,5) %
j=1 (1.19)

X ((mo + M) s ;00,5 — (Mo + M) gi jvo,+

+ > (e = 9 Ve = Gwitow— D Ml(Gug = 96V = GursVo.u] )} ~
we[l,l],w#i well,l],w#i

HpI/IMepr MeTOoJa AOIIOJTHHUTEJIbHbIX II€epEeMEeHHbIX [1Jid CUCTEM (byHK]_[PIﬁ.

IIpumep 8. Cucrema u3 AByX (byHKIIHUIA.

Cucrema byHKITHIL:

y1 = i "’OS(“"”)(axl + bag) "y sin(wsy),
Yy = In"?x1 (Aawows cos® (wag) + coth(cdd) sin(wy))?,

rne Ty, To, T3 - HEpeMeHHble, a a, b, ¢ d, W - mapamerpsl,

BBeJ/IeHUEeM I[IepeMeHHbIX
@1 = sin(wry), @2 = cos(wmry), @3=Inz, Qi=2z;', @5=a cos(waz)
CBOAUTCA K IIOJINHOMHUAJIBHOI CcUCTEeMeE:
y1 = (ax1 + bz2) 230105, 1o = @3 (Pr1202303 + coth(cd)1)?,

IJle @ - pelieHue IoJIHOI cucTeMbl:

001 _ o 001 _ yp, 901 _ O002_ 002, O02_,
8x1 o 83)2 B P2 afl"; o 8961 o aCCQ B P, 8%3 o
%_ %_ %_0 %_f 2 %_0 %—O

or, P4, dry | Oxs | Om P4 dxy | Oxs
D5 D5

0@s
= 5, —— = —(WI: 395, —— = 3Q5.
o1, T2P2@4@ O T3P1P3Q O D230

ITpumep 9. dk30TUYecKasT DYHKIIAS.

Paccmorpum dyukimo:

t sin(t+b)

sint

t) = dt - tg(t+b cos(t+b) ft 4 |.

o) =,| [ Todte [ (talt+b)+ e+
1 a
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Yrobbl nosyunrs cucremy OY i @(t), BBegeM [IOMOJHUTEbHDIE IePEMEHHbIE

t sin(t+b)
1 sint
= @(t), r2=—x, 3= dt, 4= tg(t +b) + )= Hat,
=0l m= o v [ w= [ sy o
1

a

1 o
Ty = t+a xg =sint, a7 =cost, xg= (tg(sin(t+b)+b) + C)wb(Sln(Hbe)’
a
1
= sin(t +b = cos(t+b -
xg =sin(t +b), z19=cos(t+b), rn tg(sin(t +b) +b) + ¢’
1

212 = In(tg(sin(t + b) + b) +¢), x13 = o mE LD )’

x14 = sin(sin(t + b) + b), x15 = cos(sin(t + b) + b).
[IposuddepernupyeM ux 1o t, moyInM:

— = =X\ Ty—— T3—— ) = =X\ T4X5T T3T8x
dt 2 2 4dt 3dt 2 2\ L4546 3484105

1 .
= *xzﬁ = *5953(1545651'6 + x378%10),

dxs dxy dxs 5 dxg dxy
- — = X8r10, —— = Xy, —/— =Ty, —— =
at a Y S A
dx1a dx1s 2
5—— + = 23(X15212T73T10 — L12T14T10 ),
ar + Z12 ar ) (1571273710 12714710)

deg o odro o odrn oo din
a " @ Y Tqt 30, =y

dl‘lg 9 d$15 2 Cl$14 d.%‘15
—, = T3, = T13T14T10, —5, = T15T10, —,
dt B 13 Codt Codt

— g,

2
= T11213710,

= —Z14710-
IIpumep 10. MHOrosTakHast SKCIIOHEHTA.
[Ipu noCTOAHHBIX @Gg, ...,a; U m € [l,+00) pacemorpum byHKIUM Uy =

e(@m-1, am,t), .. um = e(ag,...,an,t) aprymenta ¢, 3aJaHHbIC PEKYDPDPEHTHBI-

MU COOTHOHICHUSIMMU:
€(am,17 Am, t) = amflexp(amt% 6((17,1,1', <oy Ay, t) = amfiexp(e(amf#rly sy Ay, t))

Huddepennupyst 5Ti paBeHCTBA 110 t, MOJYIaeM HOJTHHOMUAIBHYIO CHCTEMY:

duq dus du,,
— = QpUi, E = ApuUIU2, ..., = QU1 * ... Up-

dt dt
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I'imaBa 2. CxembI n GBICTpOQ BblHucCJieHue CucCreM MOHOMOB MHOI'X
IIepeMeHHbIX

[Tpu Harmucanuy JJAHHOI MIABBI UCIIOJIB30BAIMCH MHOTHE HCTOYHIKH: 3, 8, 22, 30, 35].

JlaHHas rjiaBa cCOCTOUT U3 TPeX pas/iesioB. B nepBoM pasjiesie onmcanbl OCHOB-
Hble OIpeNeIeHNnsI, BBeJIeHHbIE /I (POPMYJUPOBKU IIPOOJIEMbBI MOCTPOCHUS CXEMbI
I e¢ aJropuTMma.

BO BTOPOM pazjie/ie IIpeJicTaB/IeHbl aJI'OPUTMbI ITIOCTPOCHUA CXeM JIJigd ITPOU3-
BOJILHOTO HabOpa MOHOMOB: JIO TPETheil CTENeHN W BBIIIE.

B Tpetbeit paz;iese npejictaBiienbl TPUMEPBI TOCTPOEHUS CXEM JIJIst YPaBHEHM

[lennese u 3aadn N Ten B Pa3JIMIHbIX ITOJIMHOMUAJIbHBIX cbopMax.

2.1 OcHoBHBIE OITpe/ieIeHUs

BBC,ZLCM HCO6XO,Z[I/IMBIO ompeziesieHust n 0003HAYEHS].

Monom — dbyukius, onpejiessieMast GOPMYJIONt:

Ly

n
r = Hmi’“ =gl i >0, ke[l n].
k=1

Ha6op T = (2'®, ..., 2! /0D i)Y oromos paceMoTpuM Kak yiio-

b

pH/LO‘leHHbIﬁI Ipu ycJoBuUHM, YTO

2 < li(n+1)| < li(n +2)| < ... < [i(M)] < L,

i(n+1) L

u 00CYIUM 3ajady BBIYUCICHIS MOHOMOB T’ yenn ) mabopa T B TpeyIOIO-

JKEHUHU, YTO M3BECTHDBI MEPBBIC 7 M0 MOHOMOB, TO €CThb MOHOMbI
" .
2V =gy, 2 =g,

Borancsnres T' (T0 ecTb MOHOMBI gt (M) g T') MOZKHO Beerjia, Tak Kak
KazKJIbI M3 MOHOMOB MOKHO IOJIYUYHTh, IIEPEMHOKUB COOTBETCTBYIOIIEE YKC/IO pas3
HICXOJTHBIC BeJTUYHHBI T, ..., Ty, HAPUMED, T2T503 = 171 T9T9ToT3. FICHO, 4TO 3TO He
caMblii 9 PeKTUBHBIN c110c0ob BuIancaeHns 1. BeIaucisis MOHOMBI MOCIeI0BATEIHHO

CJIeBa HallpaBO B T7 MOZKHO JIJIsI ITOJIyYeHHsd Ovepe/JHOT'O MOHOMa MCIIOJIb30BaTh B
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KayecTBe COMHOXKUTeeit yzKe BblYUCJICHHbIC paHee MOHOMDI, €CJIM TaKOBbI€ €CTb.

Hanpunmep, 122323 MOMKHO BBIMHCINTS Kak (v213)73 wmm Kax 22 (2373), ecim MOHOM

23r3 wim MoHoMbl Thr3 m 2% panee ObLIN BLIYHC/ICHDI.

Ecim ouepenoii monom (") B Habope MOZKHO BBIMHCINTD KAK TPOM3BEICHIC
panee BeIMHCICHHBIX MOHOMOB '), 219 10 510 03HAMACT, uTo i(r) = i(p) + i(q),
mpraem 1 < p <7, 1< ¢ < 7. Eeom npn [i(r)] > 3 Bee monomsr 2) moxno Bbi-
YUCJUTD TAKUM 00Pa30M MOCJIEI0BATENBHO (MOHOMBI B T YIIODPSIOUEHBI), TO MOYKHO

BBECTH B PACCMOTDEHIE CTemy — YIOP:AI0YeHHbI HAOOD

S(T) = ((p(n +1),q(n +1)),....(p(M),q(M)))

u3 M — n nap narypanbhbix duces ((p(r), q(r)), yI0BJIETBOPSIONMX YCJIOBUIO
r > p(r),q(r) mig mobuix r € [n+ 1, M].
Habop T MoKeT He MMeTh CXeMBI, a4 MOXKET HMETh OJHY HJIH HECKOJBKO

4 457}’

exem. Harrpumep, na6op {x, 22, 2%, 27} ne nmeer cxembl, a nabopnt {z, 22, x4, 25 x

{z, 22, 23, 1, x7} UMCIOT OJIHY U JIBE CXEMbl cooTBeTCcTBeHHO. Ecym T' umeer cxemy,

ee MOKHO HCroub3oBarh npn Bbrancienmn T : /) /M) gyrapcnsiiores ciesa
HAIIPABO B 9TOM IOPSIJIKE, TPIYeM ouepeHoi MoHoM x'(") BBIMIC/ISETCS KAK TPOH3-
Begenne yxxe Borancaennnix 2% u 1@, Ecau naGop T He uMeeT CXeMbl, TO €ro
BCErJIa MOYKHO JIOIOJHUTE /10 Habopa T, mMeIomero cxeMy. 9TO OUeBUJIHO, TaK KakK
060l Habop 7' MOHOMOB CTelleHH He Bblllle L MOXKHO JONOJHUTEL J1o0 Habopa 17,
COJIEPZKAIIEr0 BCE MOHOMBI CTelleHn He Bbite L — 1.

[Iycte T, T' — ynopsijiouentbie Habopbl MOHOMOB. Bysem tmears T C T” uin
T’ D T B TOM cIy4ae, Korga Bee MoHOMBI Habopa T cogepxkarcanu s 1”. Eemm T" D T
u T umeer cxemy, 1o Oyjem HasbiBarh 1" o6oaowkot nus T @ T' = span(T).
HaGop 1" ¢ MUHMMAJILHBIM KOJMYIECTBOM JIOGABJIEHHBIX MOHOMOB OyJieM Ha3blBaTh
MUHUMAABHOT 000a0uKk0T 1 06o3Havarh 1" = mspan(T). Ecian Mbl xoTHM BbI-
IUCaATh 1 HA OCHOBE HEKOTOPO#T cxeMbl, a ' He IMeeT CXeMBbI, TO CJIEIYeT BhIIHCIATD
ne T, a ero o6osouky 7', npuueM 9eM MEHDIIE JOMOJHATEIBHBIX MOHOMOB B 17,
TeM ObIcTpee, BOOOIE TOBOPs, OyieT mpore/ypa Bbraucsenus: Habopa 1. B To xe
BpeMst JIjIs1 JIaHHOTrO Habopa T’ MOI'yT CylecTBOBaTh pasjindHble 0O60JOYKN C OJMHA-
KOBBIM KOJIIMIECTBOM MOHOMOB (Hampnmep, y Habopa {z,x% 2% 27} ectb obosoukn
{z, 2%, 23 2% 27}, {x, 2%, 2%, 2%, 27}, {z, 22, 2% 20, 27}).

i(n+1)

Uexomupit nabop T0 = ('MW, .. 2t 2 xi(ﬂlo>)

ey MOXKHO 3a/1aTh

cootsereTBytonmM nabopom unexcos 10 = (i(1),...,i(n),...i(n+1),...,i(M?)).

Habop MOHOMOB, WMHJEKCOB ¢ KOJUYECTBO 3JIEMEHTOB O0O0JOUYKN 0ODO3HAUNM
b #L
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T I", M". Dri 7Ke BeIMIMHBI Ha TeKyIeM 1mare airoputa obosaadnm T, I, M (s
Hagage u B Komme aaroput™a omn pasuet 170, 10 MO w T, 1", M").

HepaBeHcrBa jijist HHJIEKCOB O3HAYAIOT, YTO OHU BBIIOJHEHBI JIJIsI BCEX KOM-
[IOHEHTOB UHJIEKCOB, Hampumep, i(v) = (i1(v),...,i,(Vv)) > 0 o3Hauaer, 9ro
i;(v) 20, j=1,...n. Eam i —k > 0(¢ — k > 0), To OyneM roBopuTk, 4TO %
COAEPKUT (CTPOrO COAEPKUT) K, Wik 4TO Kk COIEpKUTCs (CTPOro CONEPKUTCs) B i
(Gymem roBopUTD elle, 4To k ABJISETCs HOAUHICKCOM 4, a 4 — HAJAUHIEKCOM k).

Bennuuny s = |i| = ¢ + -+ + 4, Oy/JeM HasblBaTb cmMenenvro underca
i, npudeM 1pu s = 1,2,3,...,m OyJIeM TOBOPUTb O JIMHEHHOM, KBaJIPATUIHOM,
KyOUuecKoM MHJEKCe U M — HHjleKce (WM HHJEKCe CTEHeHH ).

Hesmmeiinprit unexc i(v) € 19 6yjeMm HasbiBaTh CO24ACO6AHHBLM LTI HECO-
2aacosarnvLm B Habope IV, ecam OH HpeACTABIACTCS WM HET CyMMOI IBYX
nugexcos u3 I°. Bee KBajpaTHUHBIE MHJEGKCHI ¢ COITIAacoBaHBI. VcXomHbIl HAGOD
ungekcos 10 = (i(1),...,i(n),...i(n + 1),...,i(M")) pasgesnm na jpa nabopa,
1Y = (i(1),...,i(n),...i(n+ My)), I° = (i(n+7),...,i(n),...i(n + R), uepsbiit
U3 KOTOPBIX COCTOUT U3 JINHEHHBIX M CONJIACOBAHHBIX HEJMHEHHBIX UHIEKCOB, & BTO-
poii — U3 HECONTACOBAHHBIX UHJIEKCOB. [Ipejmosaraercsi, 910 B HaOOpax MOPSIOK
CJIeJIOBAHNS MHJIEKCOB TOT ¥Ke, uTo y Hux 6bu1 B 10, OueBnjno, uto neiste 7, R, M,

JOJIZKHBI  YJIOBJIETBOPATDL HEpaBEeHCTBaM
0<r<R<M’—n, n+1<M<M.

Hust i(k) € I, npumenm Takxke n obosHavenue i(s, 1u(s)), rue s = |i(k)| = i1(k)+

+- 4 k), ap(s) =1,2,...,m(s) — HOpsIKOBBL HOMED MHJEKCA B MHOXKECTBE
I(s) = {i(v) € I]}i(v)| = s},

KaK 1 COOTBETCTBYIOIIETO MOHOMa B
T(s) = {o'™ € T[Ji(v)| = s}

(ecsn I(s) mycroe MHOXKeCTBO, TO noaraeM p(s) = m(s) = 0).

2.2 DBpicTpoe BbIYUCIEHUE CUCTEM MOHOMOB MHOTHUX INEPEMEHHBIX

Janubiit pazgen pasbur Ha JiBe 4acTu. B 1epBoii 4acTu onucaH ajropuT™ pe-

IIeHuA leO6JIeMbI [ocTpoOeHuA MUHIMAJILHOI 000J109KI JJI IIPOU3BOJILHOI'O Ha60pa
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MOHOMOB J10 TpCTbCﬁ CTEIIEHN BKJIIOYUTEILHO. Bo BTOpOI71 JaCTU olliCaH aJI'OpUTM
JJIgl BbIYMCJICHU S 000JI0UKI JUJI TIPOU3BOJIBHOT'O Ha6opa MOHOMOB HpOI/ISBO.HbHOfI

CTelleH!n.

2.2.1 CucreMbl MOHOMOB [I0 TPEThEH CTeneHNn

B jannom pasjiesie onmcana u perieHa pobJieMa OCTPOCHUsT MUHUMAJBHOIT
000JIOUKI 1 CXEMDI JIsT Habopa MOHOMOB JI0 TPETheil cTeneHn BKJIOIUTEe/NbHO. Ma-
Tepuas B3AT u3 [3, 22, 26.

DopMysIMpoOBKa TPOBJIEMBI: 3aJ[ada COCTOUT BO BBEJIECHUE MEHBIIEr0 KOJIMYe-
CTBA TAKUX KBaJPATHUHBIX HHJEKCOB (MOHOMOB BTODOH CTEleHH), 4T0 JIOGOi

HECOTJIACOBAHHBIN KYOMIeCKUN NHICKC (HecomacosaHHblﬁ MOHOM TpeTbheil C’I‘elleHI/I)

i(3,11(3)), ..., i(3, Lm(3)) ucxoamoro Habopa COMEPAKHUT XOTsA OBl OJUH U3 HUX.
Kaxpiit u3 KyOMYeCKUX WHJEKCOB COJEPXKUT JIO0 TpeX KBaJIpaTud-
ubix. Hanpumep, «kybudeckuii wumgexkc (3,0,0, ... 0) comep:KuT —ouuH
kBagparnunbii  (2,0,0, ...,0), wuHmekc (2,1,0, ...,0) comepxkur JBa
(2,0,0, ...,0), (1,1,0, ...,0), a (1,1,1,0, ...,0) — rpu (1,1,0, ...,0),

(1,0,1, ...,0) u (0,1,1, ....0).

Kpaaparumbiii mogmmieke nugerca k™ obosmauny kY, a MX KOMIECTBO —
o(r) € [1 : 3]. Bee pasmmunpie nomunaexcer kf j € [1 @ o(r)], © € [L : m]
PACCMOTDPHM B BHJIE YIOPSLIOUEHHOro Habopa i', ..., 4, a Kask/pli TO/IH/IEKC K
sarmmem kak ¥ 7). Conocrasus Kaxoil Besndmnne iU HepeMeHHyIo dy, KOTopast
MOZKET TPUHIMATE [Ba 3Hadennst — 0 U 1, IpuxomuM K 3ajade:

npu usBectHbix o(r) € [1: 3], v(i,7) € [1 : ]

HalTh 1enbie di, ...,d;, YAOBIETBOPSIOINIE HEPABCHCTBAM:
o(r)
D dyiy =1, 0<dy <1, vel:l], rell:m,
j=1

1 MuHEME3UpOBaTh cymmy L(dy, ...,d) = di+ -+ d;.

Pemenue npo6/ieMbl MUHUMU3AIUNT KOJIMUECTBA KBaJIPATUUHBIX I10UHEKCOB
cBeJeHa K 3aJade OMHAPHOTO JIMHEHOrO NpOrpaMMUPOBaHus. Pelns Moy 9eHnyIo
3ajlady OMHAPHOTO IPOrpaMMUPOBaHMs, MOJYIHM ONTHMAJbLHOE pernenne chopMy-

JINPOBAHHOMN TTPOOJIEMBI.
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2.2.2 CucreMbl MOHOMOB TPeTheil CTENEeHU U BBIIIIE

B nanHOM pasjiesie ormcaHa u perieHa mpodjiemMa oCTPOeH s 060JIOUKH U CXe-
MBI JIJIsT HabOpa MOHOMOB IIPOU3BOJILHON cTerenn. Marepuast B3sIT u3 [43].
DopmympoBKa mpobdaeMbl: Pacemvorpum #abop T MOHOMOB JI0 CTEIIEHI S BKJIIO-
YUTEJbHO. 3aada COCTOUT BO BBEJEHUU, IO BO3MOYKHOCTHU, MEHBIIErO KOJIMIECTBA
JOMIOJIHUTEILHBIX MOHOMOB [ijist nocTpoenus obosiouxu span(T) u cxembr S(T).

Paccmorpun yiiopsijiodeHsbliii Habop MOHOMOB T CTENeHH § U3 MCXOJHOIO Ha-
oopa T : Ty C T u paccMoTpuM TIpobJeMy: HaHTH MUHUMAJbHDLIIT HAOOp MOHOMOB
D(Ty), cocrosiuuii n3 MOHOMOB § — 1 cTerenu, Takoii, 4To J1060il MOHOM 13 HabO-
pa T MOXKHO BBIYUCIUTD yMHOKeHHEeM MoHOMa u3 Habopa D(Ty) u ogHOro MOHOMA
[IepPBOIl CTEeleHN.

BBeﬂeM pPeKypCuBHBIC 0603Ha‘I€HH§II
TEYD = D(T) U Ty, T2 = D(TE N UTL ., ..., T = D(T*) U T,
MbI OyJIEM HCIIOJIB30BATH CJICAYIONIYIO SBPUCTUICCKYIO (hOPMYILY:
span(T) =TH U ---uTE VU Ty

Kpowme Toro, bymem ncrmomb30BaTh 0003HAYMEHNsT, BBEICHHBIE BBIIIE, I 0003HAUCHNST:
m(s) = card Ty — xosnndectBo unjuexcos B Ty;

Ers)(r € [1:m(s)]) — r — wiit nigexc B Ty;

G(r,s) € [1 : s] — komuaecTso MOMHICKCOB 5 — 1 crenenn B mijexce k%),

ki (r € [l:m], jell:G(rs)], G(rys) € [1:s]) — j — piit nogunzexe s — 1

crenenn umniekca k),

G(r,s).(r,

l(s) = card U:,":(i) Ujfl"g)k](-r's) KOJINYECTBO PA3IMUHBIX IOAUHIEKCOB § — 1 cTenenn
78).

11st Beex unecos k%)

it, ..., i — ynopsiouennslii Habop card U:":(;) UJG:(?S)IC](-T’S);

v(r, s, ) — Takag dbyHKIUA, KOTOpPast k;hs) = {V(ns.a),

CasasbiBasg ¢ KazKI0il 1epementoii i¥ 6unapuyio nepemennyio dy (d, = 0 wiu d, =

1), BosHuKaeT cJieyiomast npobsieMa GHHAPHOIO JIMHEHHOIO POrpaMMUPOBAHHUSL:
upu usBectHbIx m(s), 1(s), u o(r,s) € [1:s], v(r,s,7) € [1:1(s)]
MuHIMHBHPOBATh L(dy, ..., dig)) = di + -+ + dyy

upu orpannyennax: 0 < dy <1, ve [1:1(s)], >  dypsy =1
1<<G(r,) '
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,H.HH penrennsd TaKuxX 3a/iaq HUCII0JIb30BaJlaChb COOTBETCTBYIOHIad IIpOorpaMMa

na Wolfram Mathematica (IIpuioxenne A).

2.3 Ilpumepsl NOCTPOEHUS CXEM

B nanmom pasjene paccMOTpeHBI miecTh ypaBHenueil [lemsieBe B mosmHO-
muasibhoii dopme (Itasa 1; Paspen 1.2; Ilpumep 6), 06os10uKy Jyist JIAHHBIX
[OJTMHOMUAJIBHBIX CHCTEM M COOTBETCTBYIOIINE CXEMbI [T 9THX 000si04ueK. TakxKe
paccMOTpeHa 3aada b Tesl B MOJMHOMUAIBHOM (hopMe IATOM, YeTBEPTOil I TPeTheil
crenensx (Dumasa 1; Pasuen 1.2; Tpumep 7). Tlocrpoena 060J10uKa jjist 9TUX [HOJIH-
HOMUAJIBHBIX CUCTEM U COOTBETCTBYIOIIHME cXeMbl jiisd Hux. [Toctpoenue obosiouxn
I CXeMbl TPOM3BOJINIOCH TIPU MOMOIIH MIPOrpaMMbl, mpejcTasiernoit B [Ipuiorxke-

nun A.

2.3.1 VYpasuenus IlensieBe

Pacemorpum mecrs ypasuennit [lenseBe B nosmnomunasibhoii gopme (1.10 —
1.15) u nocTpouM Jjijist HUX 00OJIOUKY U CXEMY, COOTBETCTBYIONLYIO 9TOH 060JI0UKe.

IlepBoe ypaBHenme IlenJsieBe:
!
Ty = T2,
/o 6 2 + .
Ty = 627 + T3,
zy=1.
Habop momnomMoB, cTosniux B mpaBoii qactu auddepeHuajibibiX YPaBHeHUil, COCTO-

UT N3 MOHOMOB HepBOfI u BTOpOfI CTEIICHH, ITIO3TOMY CXeMa CTPOUTCA aBTOMATHICCKU.

Ha6op mononmos: T(Pr) = {x1, w9, 3, 1}, Cxema: S(Pr) = {(1,1)}.
Bropoe ypasuenue Ilensese:
T = 29,

Qxf + r173 +

&
Sk
I

I
r3 =1
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Habop monomos: T'(Prp) = {1, 9, 23, 23, 1123}
JobasumM ojrH MOHOM {27}, nostydanm o6o/IouKy:
T'(Prp) = {x1, @9, a3, 23, 23, 2123}
CxeMma jyist 110JIy4eHHON 000JI0UKH:
S(Pr) ={(1,1), (1,4), (1,3)}.
Tpetrbe ypaBaenue Ileniese:

Ty = T2,

2 2
Th = ¥3w3 — woxy + iy + By + YIS 4+ S3,

/ 2
Xy = —Tal3,

I 2
Ty = —Ty.

Habop momnomos:
T(Prrr) = {x1, x2, 3, T4, Toky, CL’Z, 1’%4, .T%Ig, IQI?), 1’?}
Jlobasnm jBa MoHOMa {Xox3, T3}, MOTYHIM 06OIOUKY:
T'(Prrp) = {x1, ©2, T3, T4, ToT3, TaTs, xf, xz, x%:m, x%xg, xzxg, x‘f}
Cxema JiJIsI TIOJTyIEHHONH 0OOJTOTKMI:
S(Prr) ={(2,3), (2,4), (1,1), (4,4), (4,7), (2,5), (3,5), (1,7)}.

YereépToe ypaBHenue Ilensese:

/
Ty = T2,
L= L2y = 208 4n2ey 4 2010? — 2 + B
Ty = 2$2$3 2(E1 T4 X1y i Zs,
/ 2
Ty = —TaT3,
) =1

Habop monomos:
2 2 2 2 3
T(Pry) = {x1, o2, 3, T4, T1T4, T1T], ToX3, THT3, T7}.
6 , 0. 2 Ty GOJIOUKY:
HobaBum Tpu MOHOMa {Z1Z4, Tox3, T}, HOIYUNM ODOJIOUKY:

y 2 9 2 2 2 3
T'(Prv) = {z1, x2, @3, T4, T124, Tok3, X7, T4, T1T], Toky, THT3, T7}.
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CxeMa Jisl 110JIy4eHHON 000JI0UKH:
S(PIV) :{(174)7 (273)’ (171)7 (175)7 (475)7 (376)7 (276)7 (1’7)}'

IIaroe ypaBuenme Ilensene:

/
Ty = 22,

r_ L, 2 3,2 2. 2 2.2
Ty = 3T + 2524 — XoT5 + owixy + Prixsrs — 20T —

2 2 2
— 2Bxwax; + axyws + Prsrs + Yr1T4 + YT1T4,
/ 2
1’3 = —3321’3,
/ 2 2
Ty = —TTy, Ty = —Tx.

Habop monomoOB:

2 2 2
T(PV> = {xla To, T3, T4, T5, T1T4, T1T5, T2X5, T1T4, ToT3, Ty,

2 2 2 2 2 2 2 22 2 3.2 2. 2
TIT4, THT3, THT4, Tols, Toly, T1T5, T3y, Tixg, T1T3TZ, T3T5, TIT3TE).

JoGaBumM Tpu MOHOMA {ZoX3, ToZy}, HOJYIUM OBOJIOUKY:
T'(Py) ={ 2 2 2
V) = 1%1, T2, T3, T4, T, T1T4, T1X5, T2X5, T2X3, T2X4, T1T4, ToX3, Ty,
2 2 2 2 2 2 2 2.2 2 3.2 .2 2
TIT4, TRT3, TyTy, ToX3, ToTy, T1T5, T3Ts, TiTs, T1T3T5, TiT5, T1T3T5).

Cxema JiJisI TIOJTyIEHHON 0OOJTOUKMI:
S(PV) = {(]"4)’ (]‘75)7 (275)7 (273)7 (274)7 (1’6)’ (279)7 (575)7 (176)7

(2,9), (2,10), (3,9), (4,10), (5,7), (3,13), (7,7), (3,19), (1,21), (3,21)}.
IITectoe ypaBHenue Ilensese:

/

€Ty = T,

/ 2 L, L,
Ty = 5:162963 + 5:1023:4 + 5962:65 — X9X5 — TaZe — ToX7+

2 2 2
+ oaxy (21 — 1) (21 — as)xger + Bar — 1) (z1 — xs)wszers+ 2.1)
2

+vai(z — @s)xgxger + dxy(x — 1)xgxery,

/ 2 / 2 / 2
Ty = —woxy, Xy = —xoxy, Ty = —xz(r2 — 1),

/ 2 / 2 /
Tg = —Tg, Ty = —T7, Tg = 1.

Habop monomoOB:

2 2 2
T(Pyr) = {z1, ©2, @3, T4, X5, Te, T7, Ty, Tols, Talg, Tol7, TF, Tg, L7,
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2 2 2 2 2 2 2 2
ToT3, TyTyg, TyTs, Toly, TaXy, Tols, T1T5TeX7, T1T3TEL7, T3TET7Ls,
2 2,22 2,2 2 2 2 2 2 2
T1T5T6L7, T1XgL7, T1LL7Xg, T1X3LeL7, TIX3TEL7X8, T1L4TgI7,
2 3.2.2 2.2 2
TN\TATET7Tg, TITELT, TITETTg ).

JlobaBuM J1ecsTh MOHOMOB:
2 2 2,2 2
{$1$57 XT1X7, ToT3, Toly, T3X7, Tel7, Tel7, T3TeL7, T1Tgly, «T1$4£L"69€7}7
MOJTyIHM ODOJIOUKY:

!
T(PVI) = {xla To, X3, T4, T5, Tg, T7, T8, T1T5, T1X7, T2T3, T4, T3T7,

2 2 2 2 2
Tel7, T2s5, Talg, T2X7, T5, Tg, T7, Tgl7, T3,

2 2 2 2 2 2 2,2 2
I2I4, I2I5, I2$37 I2I4, I2I5, I3$61‘7, I1IGI7, T1X5T6X7, 1’1$3$6I7,
2 2 2 2,22 2,2 2 2 2 2
T3TeT7T8, T1X4TgL7, T1T5T6L7, T1Tgly, T1Tgl7Xy, T1X3TEL7, T1TITEL7IY,
2 2 2 3,.2,.2 2,22
TIT4TeT7, T1X4TgXTT8, T Ty, x1x6x7x8}.

Cxema JiJIsI TIOJTyIEHHONH 0OOJOTKMI:
S(PVI) = {(135)3 (11 7)7 (273)7 (274)7 (337)3 (637>a (275)1 (276)7 (277)7 (575)7

(6,6), (7.7), (2,11), (2,12), (2,13), (3,11), (4,12), (5,13), (6,18),
(10,18), (17,18), (1,10), (8,30), (1,29), (15,28), (9,28), (1,34),
(8,34), (1,31), (8,31), (1,35), (8,35)}.

2.3.2 3agaya N Tea B pa3jIMYHBIX ITOJUHOMUAIbHBIX popMax

PaccMoTpum rnipumMepbl MOJTMHOMUAJBHON cucTeMbl 381891 N TeJT B pa3JInUHbIX
MOJIMHOMHUABHBIX (pOpMax: IMATOM, YeTBEPTOl U TpeTheil CTeneHn cOOTBETCTBEHHO
(1.17 — 1.19). Huxe npejcrasieda Ttabjuna CO CTATUCTUKON MO ITUM 3ajadaM:
KOJINYECTBO TeJI, KOJIMYECTBO HE3aBUCUMBIX II€PEMEHHBIX CHCTEMbl, KOJUYECTBO
YHUKAJbHBIX MOHOMOB, CTOSIINX B IIPABOI YACTH STUX CUCTEM, U ONTUMAJIHLHOE KOJTH-
YECTBO MOHOMOB, HCOOXOIMBIX U JIOCTATOYHBIX JIJIsT IOCTPOCHHST OOO0JTOUKI/ CXEMB.

B Hpe,ELCTELBﬂeHHOﬁ HUZKe Ta6mx1ue NCHOJIB3YIOTCHA 0003HAYEHUSI:
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N — KOJIMY€eCTBO TeT;
)
1 — 3aja4a N Tesl B OJIMHOMUANLHOM popMme ¢ crenenu, ¢ = 5, 4, 3;
i . .
15 ) — KOJINYeCTBO HEe3aBUCHUMbIX IIepeMeHHbIX ITOJIMHOMUAJIbHON CUCTEMbI 7 CTEIIeHU;
i 7}
N,(,L) — KOJIMYECTBO YHUKAJIBHBIX MOHOMOB, CTOAIINX B IPABON YACTH MOJTMHOMHUAIb-
HOI CHCTEMBI ¢ CTEreHu;
i)+
an> ONITHMAJIHLHOE KOJIMIECTBO MOHOMOB, KOTOPOE HEOOXONMO 1 JIOCTATOTHO JIO-

0aBUTh JLJIg TIOCTPOEHU S 000JI0UKH (,JJIH [TOJIMHOMUAJBHON CHCTEMBI % CTeHeHI/I).

TEL6I[HLLEL 1 — Crarucruka 110 MOHOMAM JJId 3a1a491 N e B Pa3JIMIHbIX

IIOJIMHOMMaJIbHBIX (i)opmax

N | NI ND TN NSO NS N NO | ND | N
3 15 24 6 21 50 3 24 51 0
4 24 63 12 36 126 6 42 129 0
5 34 120 20 54 252 10 64 258 0
6 45 195 30 75 440 15 90 450 0
7 57 | 288 42 99 702 21 120 | 717 0
8 70 | 399 56 126 | 1050 28 154 | 1071 0
9 84 | 528 72 156 | 1496 36 192 | 1524 0
10| 99 675 90 189 | 2052 45 234 | 2088 0

Hike paccMorpum mpuMepbl MOCTPOEHHs ODOJIOUKH M CXEMBI JIJIS 3a/a9d D TeJ

B Pa3JINYHBIX IMOJIMHOMHAJBHBIX (hOPMaX: IMATOH, YeTBEPTOil U TpeTbeil CcremeHax
COOTBETCTBEHHO.

3amada N Tea B MOJMHOMHUAJIBHONW POpMeE HATOM CTereHn

Cucrema jnddepeHnuanbublX ypaBuenuii jijist 3aja9u N Tes B HOJINHOMUAJLHOI

dopwme nsroit crenenn umeer suj (Iasa 1, 1.2 pumepst, IIpumep 7):

dp; ;
= = B (mo + m)gijdy, + K mul(Gug — i) — gudy ),

dt )
we[1:1],w#i
dg; ; dd,; ’
L2V st 3 o ) R .
a Pij, a ds,i ;:1 (915 = 95.5)(Pij — Ds,j)- (2.2)

HyCTb N = 5. Boiuiiem crmcoxk IIepEMEHHbIX N COOTBETCTBYIOMIUE 3aMEHbI JIJIs1

y1006CcTBA PabOTHI ¢ MOHOMAMH.
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Cumcok 1epeMenHbIX:

{91,17 91,2, 91,3, 92,1, 92,2, 92,3, 93,1, 93,2, 933, 94,1, 942, 94,3,

P11, P12, P1,3, P2,1, P22, P23, P31, P32, P33, P41, P42, P43,
doi, dog, dos, doa, dip, dig, dog, dia, doy, d3as}

3aM€IIa HGPGMGIIIILIXI
{91,1 — T1, §12 = T2, g13 —7 X3, 21 — T4, §22 — T, G2.3 — T¢,

931 — T7, g32 —7 Xy, 933 —> L9, g41 — T10, Y42 — T11, G4,3 = T12,
P11 —> %13, P12 — T14, P13 — T15, P21 — T16, P2,2 — T17, P2,3 — T18,
P31 — 19, P32 =7 X20, P33 > T21, Pa1 —> T22, Pa2 —7 T23, P43 — T24,
do1 — w25, do2 — W26, doz — T2y, dog — Tas,
di2 — x99, d1,3 — T30, da3z — T31, d1,4 — T32, doa — T33, d3,4 — T34, }
[Hosrydenubiii HAOOP MOHOMOB SIBJISICTCS BXOJIHBIM apryMEHTOM JIJIs TPOrPAMMBI U3
[Mputoxkenust A:

{m1255, 21759, 1175, T1T59, Talys, Talhy, TaTy), TaTsy,

3 3 3 3 3 3 3 3
$31’25, I31’29, I31’30, I3I32, I4l’26, I4I29, $4I31, I‘4I33,
3 3 3 3 3 3 3 3
1’5I26, 1’5I29, 1:51'31, 1:51'33, 1:61'26, 1:61'29, $61’31, 1:61733,
3 3 3 3 3 3 3 3

33’7.1?27, $7$30, $7$31, 33'7./1734, 33'8./1727, $g$30, 3383731, 3383734,

3 3 3 3 3 3 3 3
T9Tg7, T9X3p, LT9T31, L9T34, L10L9g, L10L32, L10T33, 10234,

3 3 3 3 3 3 3 3
T11T9g, L1139, T11T33, T11T34, T12T9g, L12T39, T12T33, T12X34,

3 3 3 3 3 3 3
T1T13T95, T1X13T99, T1L13T30, LT1L13T39, T1T16Tog, T1T19T30, T1T22T39,
TX14T 95, TaX14T9g, T2TX14T3y, T2X14T39, T2T17Tgg, T2X20X3), T2T23T39,

3 3 3 3 3 3 3
T3T15L95, L3L15L9g, L3T15L30, L3L15L39, L3L18Tog, L3L21T3), L3T24L39,

3 3 3 3 3 3 3
X4X13T99, T4T16Log, L4L16Log, T4T16T31, T4T16T33, TaT19X31, T4T22T33,

3 3 3 3 3 3 3
T5T14L99, T5X17L9g, L5X17X9g, L5XL17T31, T5L17T33, T5L20TL31; T5L23T33,

3 3 3 3 3 3 3
Lel15L99; LTeL18Log, LeL18Log, L6L18T31, L6L18T33, L6L21L31; LeL24L33,

3 3 3 3 3 3 3
T7T13%30, L7X16L31, L7L19L7, T7L19X 30, L7L19L31, L7L19L34, T7XL22T 34,
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3 3 3 3 3 3 3
TL14T 30, L8L17L31, LL20Ly7, T8L20L3y; LL20L31, LL20L3g, L8L23T 3y,
3 3 3 3 3 3 3
T9T15T3p, L9L18L31, L9L21L97, L9L21L3y, L9L21L31, L9L21T3y, TYL24L3y,
3 3 3 3 3 3 3
T10T13L39, L10L16L33, L10L19L34, L10L22L9g, L10L22L39, L10L22L33, L10L22L34,
3 3 3 3 3 3 3
21121439, T11T17T33, L11T20T34, T11X23Tog, L11T23T39, L11L23T33, T11X23T34,
3 3 3 3 3 3 3
L12715T39, T12L18T33, L12T21T34, T12X24Tog, L12T24X39, T12L24T33, $12$24$34}

Pegysibrom perenust 3ajadn JIMHEHHONO IIPOrPAMMUPOBAHUS SIBJISETCH  JIOMOJ-
HUTEJbHBI HAOOD MOHOMOB, KOTODBIN HEOOXOIMMO U JOCTATOYHO JODABUTH K
UCXOJHOMY Ha0OPy, 4TO0BI MOJyIUTH 000JI0UKY JjIs 9TOro Habopa. Huzke mpuse-

JIeH 9TOT HabOp MOHOMOB:
2 .2 .2 2 2 2 2 92 92 9
{235, 36, Tz, T35, Tag, T3g, T3y, T3z, T3z Tay

3 3 3 3 3 3 3 3 3 3
Losy Lagy Loy, Logy Lag, T3p, L31, L32, L33, 1’34}

PeSyﬂbTaTOM pa6OTbI IIporpaMMbl ABJIAETCsA CXeMa.:
{(25.25), (26,26), (27,27), (28,28), (29,29), (30,30), (31,31), (32,32),

(33,33), (34,34), (25,35), (26,36), (27,37), (28,38), (29,39), (30,40),

(31,41), (32,42), (33,43), (34,44), (1,45), (1,49), (1,50), (1,52)
(2,45), (2,49), (2,50), (2,52), (3,45), (3,49), (3,50), (3,52),
(4,46), (4,49), (4,51), (4,53), (5,46), (5,49), (5,51), (5,53),
(6,46), (6,49), (6,51), (6,53), (7,47), (7,50), (7,51), (7,54),
(8,47), (8,50), (8,51), (8,54), (9,47), (9,50), (9,51), (9,54),

10,48), (10,52), (10,53), (10,54), (11,48 2), (11,53), (11,54

12,48), (12,52), (12,53),

)

16,56), (19,57), (22,58), 14,60

)

24,66), (13,68), (16,67), 16,69

)

14,72), (17,71), (17,72), 17,74

)

); (
): (
): (
); (
): (
12,54), (13,55
); (
); (
); (
): (
); (

(10,48), (10,52), (10,53), ( ), (11,52), (11,53), (11,54)
(12,48), (12,52), (12,53), ( ), (13,56), (13,57), (13,58)
(16,56), (19,57), (22,58), ( ), (14,61), (14,62), (17,60)
(20,61), (23,62), (15,63), (15,64), (15,65), (15,66), (18,64), (21,65),
(24,66), (13,68), (16,67), ( ), (16,70), (19,69), (22,70)
(14,72), (17,71), (17,72), ( ), (20,73), (23,74), (15,76)
(18,75), (18,76), (18,77), ( ), (24,78), (13,80), (16,81)

18,75), (18,76), (18,77), 21,77

)
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(19,79), (19,80), (19,81), (19,82), (22,82), (14,84), (17,85), (20,83),
(20,84), (20,85, (20,86), (23,86), (15,88), (18,89), (21,87), (21,88),
(21,89), (21,90), (24,90), (13,92), (16,93), (19,94), (22,91), (22,92),
(22,93), (22,94), (14,96), (17,97), (20,98), (23,95), (23,96), (23,97),
(23,98), (15,100), (18,101), (21,102), (24,99), (24,100), (24,101), (24,102)}

3amaga N Tea B mOJIMHOMUAJIBHON POpME YeTBEPTOil CTeneHun
Cucrema jnddepernuaibHbIX ypaBHeHuii jijist 3ajia9n N TeJl B [OJUHOMUAJILHOI

dopme UYeTBepTOil CTEIEHN UMEET BU/I:

dpi;
d;] = —k*(mo + m;) g jvo,; + k* Z Mu[(Gwj = 9i.j)Vwi = GujVou];
we[l:],w#i

dg; ; ddy ; dvg ;

d:f’] = Dijs dt’l = —Us Wy 4, dtvt = —3d2 v s,
3

dw 5,1 2 2

= ; [(pm = Psg)” k(g0 — 95.4)% (2.3)

X ((mo +my)gs,jvo.s — (Mo +m;)gi jvoi+

+ Z mu[(gu1 _gi,j)vw,i_gw,jv(),w_ Z mw[(gw,J _gsﬁj)vw,s_gw,svo,w})} .
we[Ll],wi welLl],w#i

[Tycte N = 5. BpinuieM CIIHCOK II€PEMEHHBIX U COOTBETCTBYIOIIME 3aMeHbI JIJIsI
yob6CcTBa pabOTHI ¢ MOHOMAMH.

Crmcok mepeMeHHbIX:
{gl,h 91,2, 91,3, 92,1, 92,2, 92,3, 93,1, 93,2, 933, 94,1, 94,2, 943,

P11, P1,2, P1,3, P2,15 P22, D235 P31, P32, P33, P41, P42, P43,
dog, doo, dos, doa, dip, dis, dag, dia, doa, d3a,
Vo,1, V0,2, V0,3, Vo4, V1,2, V1,3, V23, V14, V24, V34,
wo,1, Wo,2, Wo,3, Wo4, W12, W13, W23, Wi4, W24, w3,4}
SaMeHa IIepeMEeHHbIX:

{91,1 — X1, §12 — X2, g13 — X3, G211 — T4, G22 — T5, §2,3 — T,

931 — T7, g32 —7 X8, 933 —> L9, g41 — T10, Ja2 —7 T11, G4,3 —> T12,
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P11 —> %13, P12 — T14, P13 — T15, P21 — T16, P2,2 — T17, P2,3 — T18,
P31 — T19, P32 —7 20, P33 > T21, Pa1 —> T22, P42 —7 T23, P43 — T24,
dog — o5, dop — Tas, doz — Tor, dog — Tog,
dio — x29, di3 — x30, do3 — X31, dig — X32, dog —> 33, d34 — T34,
Vo,1 — T35, Vo2 —* T36, V0,3 —> T37, Vo4 —* I38,
V1,2 = T39, V1,3 = T40, V2,3 —2 41, V14 — T42, V24 — T43, U3 4 —2 T44,
Wo,1 — T35, Wo,2 — 36, Wo,3 — T37, Wo4 —7 T38,
W12 = T39, W13 — T40, W23 —> T41, W14 —7> T42, W24 —> T43, W34 — 3644}
Honyqennmﬁ Ha6op MOHOMOB fABJIAETCA BXOAHLIM apr'yMEHTOM JIJIsI IIPpOTPaMMbl U3
[Mpuwioxkenust A:

{CK1$357 T1239, T1X40, T1T42, T2X35, L2X39, L2X40, L2L42, L3L35, T3L39,

T3T40, T3T42, T4T36, T4L39, T4T41, T4T43, T5T36, T5T39, T5T41, T5T43,
T6T36, T6L39, L6L4l, LTeL43, L7T37, T7XT40, T7T41, T7T44, TYT37, TYT40,
TgL41, TgL44, T9XL37, L9L40, L9L41, L9T44, L1038, L10L42, T10T43; L10T44,

2
T11T38, T11L42, T11T43, T11T44, L1238, L12L42, T12X43, T12T44, LT13, T13T16,
2 2
L1319, T13T22, T14, T14T17, T14X20, T14T23, L5, T15T18, T15T21, T15T24,
2 2 2 2
T1g, T16L19, L16L22, Ti7, L17L20, L17X23, Lig, L18T21, T18T24, Ty,
2 2 2 2 2 2 2
T19T22, Toy, T20X23, Loy, T21T24, Tog, T3, Loy, Loy, Tog,
2 2 2 2 2 2 2 2
To7, Tog, Tog, T3, X317, T39, L33, T34, T35T45, T36T46,
L3747, T38T48, T39T49, T40T50, L4151, L42T52, T43T53, T44T54
2. 2,0, 2. 2. R, e . )

T1T35, T1T39, T1T40, T1T42, T1T4T35, T1X4X36, T1T4T39, T1T4T40,
T1T4T41, T1T4L42, T1T4T43, T1X7L35, T1T7T37, T1T7T39, T1TTL40, L1LTL4L,
T1T7T42, T1T7T44, L1T10T35, T1T10T38, T1T10L39, T1T10L40, T1L10L42, T1T10T43,

2 2 2 2
T1T10T44, ToX35, T9l3g, Tol40, Tol42, T2T5T35, T2T5L36, L2L5T39,
ToT5T40, T2T5L41, L2T5X42, L2X5L43, T2X8L35, ToTYT37, T2LIL3Y, L2LILL0,
L2Lglal, L2X8T42, L2X8L44; L2X11L35, L2T11L38, L2X11L39, L2X11L40; L2TL11]L42,

2 2 2 2
TaX11T43, T2X11T44, x3x357 [1731'397 1'31'407 1'31'427 T3TeL35, L3TEL36,
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T3TeT39, T3TEL40, L3TeL41, TL3T6L42, T3TLeT43, TITYT35, T3TYL37, L3TYL3Y,
L3L9L40, L3L9T41, T3LYL42, L3L9T44, T3T12T35, T3L12L38, L3L12L39, L3L12L40,
2 2 2 2
T3X12T42, T3T12X43, T3X12T44, T4T36, LyT39, TyT41l, TyT43, T4T7L36,
TyT7T37, T4T7T39, TALTL4), T4T7T41, T4T7T43, T4T7T44, T4T10T36, T4T10T38,
2 2 2
T4T10T39, T4L10T41, L4L10L42, T4L10T43, T4T10T44, L5L36, TyL39, L5L4l,
2
T5l43, T5X8X36, L5L8L37, T5L8X39, L5X8L40, T5T8X41, L5X8T43, T5T8T44,
2
T5T11236, T5T1138, T5X11L39, T5L11T41, T5T11T42, T5T11T43, T5T11T44, TT36,
2 2 2
Tel39, Telal, TeTa3, TeL9L36, LL9L37, LeL9L39, LL9L40, LeL9LAL,
TeL9Tq3, L6LYL44, TeL12L36, LeL12L38, LeL12L39, L6L12X41, L6L12T42, L6L12T43,
2 2 2 2
L1244, T7X37, T7X40, T7T41, T7l44, T7T10T37, T7T10T38, T7T10T40,
2 2 2 2
T7X10L41, T7L10L42, T7L10L43, T7L10L44, LTL37, LL40, LgT4l, Lgl44,
2
TgT11L37, TL11X38, L8L11L40, L8TL11T41, L8T11T42, T8L11L43, TL11L44, L9X37,
2 2 2
Tol40, Tolal, LoXad, T9X12X37, LT9X12X38, L9T12T40, L9T12T41, T9L12T42,
2 2 2 2 2 2
T9T12X43, T9T12X44, T19T38, T19T42, T10L43, TigT44, T11T38, T11T42,
2 2 2 2 2 2
L1143, L1144, L9738, L19T42, T19T43, T19T44,
2 2 2 2 2
To5L35L45, LogL36Lda6, Lo7X37lar, Log3g8T4g, Logl39X49,
2 2 2 2 2
T30T40T50, L31L41T51, L39L42L52, L33L43L53, 95349544$54}
Pesynbrom perienusi 3ajiaun  JIMHEHHOTO TPOIPAMMUDPOBAHUS  SIBJISICTCA  JIOTIOJI-
HOTEILHBI HAOOp MOHOMOB, KOTOPBIH HEOOXOAMMO M JOCTATOYHO J00aBUTL K
UCXOJIHOMY HabOpy, UTOOBI MOJIYUIUTH 000JI0UKY Jijisd 9Toro Habopa. Hinke mnpuse-
JIEH 9TOT HADOP MOHOMOB:
2 2 2 2 2 2 2 2 2 2
{35, w36, w37, T3g, W39, T3, T3y, T3a, T3, Tae)
Pesynbrarom paboThl MPOrpaMMBbL SIBJISIETCS CXEMA!
{(1,35), (1,39), (1,40), (1,42), (2,35), (2,39), (2,40), (2,42),
(3,35), (3,39)7 (3,40), (3,42), (4,36), (4, 39), (4,41)7 (4,43),
(5,36), (5,39)7 (5,41), (5,43), (6,36)7 (6,39), (6,41)7 (6,43),
(7, 37), (7,40), (7741), (7,44), (8,37)7 (8,40), (8,41), (8744),
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(9,37), (9,40), (9,41), (9,44), (10,38), (10,42), (10,43), (10,44),
11,38), (11,42), (11,43), (11,44), (12,38), (12,42), (12,43), (12,44),
13,13), (13,16), (13,19), (13,22), (14,14), (14,17), (14,20), (14,23),
15,15), (15,18), (15,21), (15,24), (16,16), (16,19), (16,22), (17,17),
17,20), (17,23), (18,18), (18,21), (18,24), (19,19), (19,22), (20,20),
20,23), (21,21), (21,24), (22,22), (23,23), (24,24), (25,25), (26,26),
27,27), (28,28), (29,29), (30,30), (31,31), (32,32), (33,33), (34,34),
35,45), (36,46), (37,47), (38,48), (39,49), (40,50), (41,51), (42,52),

(43,53), (44,54), (1,55), (1,56), (1,57), (1,58), (4,55), (1,67),

(1,68), (4,57), (1,69), (4,58), (1,70), (7,55), (1,79), (7,56),
(1,80), (1,81), (7,58), (1,82), (10,55), (1,91), (10,56), (10,57),
(1,92), (1,93), (1,94), (2,59), (2,60), (2,61), (2,62), (5,59),
(2,71), (2,72), (5,61), (2,73), (5,62), (2,74), (8,59), (2,83),
(8,60), (2,84), (2,85), (8,62), (2,86), (11,59), (2,95), (11,60),
(11,61), (2,96), (2,97), (2,98), (3,63), (3,64), (3,65), (3,66),
(6,63), (3,75), (3,76), (6,65), (3,77), (6,66), (3,78), (9,63),
(3,87), (9,64), (3,88), (3,89), (9,66), (3,90), (12,63), (3,99),
(12,64), (12,65), (3,100), (3,101), (3,102), (4,67), (4,68), (4,69),
(4,70), (7,67), (4,79), (7,68), (4,80), (4,81), (7,70), (4,82),
(10,67), (4,91), (10,68), (10,69), (4,92), (4,93), (4,94), (5,71),
(5,72), (5,73), (5,74), (8,71), (5,83), (8,72), (5,84), (5,85),
(8,74), (5,86), (11,71), (5,95), (11,72), (11,73), (5,96), (5,97),
(5,98), (6,75), (6,76), (6,77), (6,78), (9,75), (6,87), (9,76),
(6,88), (6,89), (9,78), (6,90), (12,75), (6,99), (12,76), (12,77),
(6,100), (6,101), (6,102), (7,79), (7,80), (7,81), (7,82), (10,79),
(7,91), (10,80), (10,81), (7,92), (7,93), (7,94), (8,83), (8,84),
(8,85), (8,86), (11,83), (8,95), (11,84), (11,85), (8,96), (8,97),
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(8,98), (9,87), (9,88), (9,89), (9,90), (12,87), (9,99), (12,88),
(12,89), (9,100), (9,101), (9,102), (10,91), (10,92), (10,93), (10,94),
(11,95), (11,96), (11,97), (11,98), (12,99), (12,100), (12,101), (12,102),
(133,143), (134,144), (135,145), (136,146), (137,147), (138,148), (139, 149),
(140,150), (141,151), (142,152)}

3amaya N Tea B MOJIMHOMUAJIBHON pOpMe TpeTheil CTerneHn
Cucrema nuddepennuaababiX ypaBHeHuit 1y 3agadu N Tejl B MOJHHOMUAILHOI

dopMe Tperbeil CTeleHN UMeeT B

dp; ;
d;’J = —k*(mo + mi)gi jvo + K Z Mw[(Guw,j = 9ij)Vwi — GuwjVowls
we[l,l],w#i
dgivj =P %:—v AW s dq“ = —9d. V. W @:_361 Ve W
dt 5,79 dt 5,iWs,iy dt 5,iVs,iWs, iy dt 5,iVs,iWs.i,
dws, 3 2 2
T > {(p” = Dsj)” +k(gij — gs.5)%
j=1 (2.4)

X <(m0 + M) s ;00,5 — (Mo + M) gi jvo,i+

+ Z mw[(gw,j _gi,j)vw,i_gw,jv(),w_ Z mw[(gw,J _gsﬁj)vw,s_gw,svo,w})} .
we[Ll],wi welLl],w#i

[Ilycrb N = 5. Beinminem CHUCOK MEPEMEHHBIX M COOTBETCTBYIOIINE 3aMEHbI Jist
yI00CTBa pabOTHI ¢ MOHOMAM.

CHI/ICOK IIepeMEHHDIX:
{91,1> 912, 91,3, 92,1, 922, 92,3, 93,1, 932, 933, 941, 94,2, 943,
P11, P12, P1,3, P2,15 P22, D235 P31, P32, P33, P41, P42, P43,
d(],la d(),27 d0,37 d0,47 dl,?a d1,37 d2,37 dl,4a d2,47 d3,47
40,1, 90,2, 90,3, 90,4, 41,2, 91,3, 42,3, 91,4, 42,4, 434,
Vo,1, V0,2, V0,3, V0.4, V1,2, V13, V23, V14, V24, U34,
Wop,1, Wp,2, Wo,3, Wo4, W12, W13, W23, W14, W4, w3,4}

Bamena IepeMeHHbIX:

{91,1 — T1, 912 — T2, 913 —7 X3, §21 — T4, §22 — T, G2.3 — T¢,
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931 — T7, g32 —> Xy, 933 —> L9, g41 — T10, Y42 — T11, Ga4,3 — T12,
P11 —7 Z13, P12 —7 T14, P1,3 —7 T15, P21 — Ti6, P22 — T17, P23 —7 T18,
P31 — T19, P32 — T20, P33 — T21, P4,1 — T22, P42 — T23, P43 — T24,
do,y — x5, doo — X6, doz — Tar, dos — Tag,
dio — xa9, di3 — T30, do3 —+ X31, dia — T3p, dog —> T33, d34 — T,
qo,1 — X35, o2 —* 36, 40,3 —7 T37, 0.4 —7 T3,
Q12 — T39, 1,3 = T40, §2,3 — T41, 14 = 42, 2.4 — T43, (34 —7 T4,
V0,1 = T45, V0,2 = T46, V0,3 —> T47, Vo4 —7 T48,
V1,2 = T49, V13 — T50, V23 — T51, V14 — Ts2, V24 — T53, U3 4 —7 Ts4,
Wo,1 — Ts5, Wo,2 — Ts6, Wo,3 — Ts7, Wo4a — Ts8,
W12 — X9, W13 — Teo, W2,3 — Tel, W14 — T62, W24 — Te3, W34 —7 I64}
[onydenuplii HAOOP MOHOMOB SIBJISIETCS BXOJHBIM apryMEHTOM /IS TPOTPAMMBI 13
[Tpunoxkennst A:

{1’19645, L1749, T1T50, T1T52, T2T45, L2T49, T2X50, T2T52, T3T45, T3T49,

T3T50, T3T52, T4T46, T4L49, T4T51, L4T53, T5T46, T5T49, T5T51, T5T53,
TeT46, TeL49, TeTs1, TeTs3, T7X47, T7X50, T7TH1, L7T54, T8L4T, TIL50,
TgT51, TgLs4, L9XL47, T9L50, L9L51, L9L54, L10L48, L10L52, L10L53, L10L54,

2
T11T48, L1152, T11T53, T11T54, L1248, L12T52, T12X53, L1254, L13, L13T16,
2 2
L1319, T13T22, Ti4, T14T17, T14X20, T14T23, L5, T15T18, L15T21, T15T24,
2 2 2 2
T16, T16T19, T16X22, Ti7, L17T20, T17T23, T1g, T18T21, T18T24, Tqg,
2 2 2 2 2
T19T22, Tyy, L20T23, Loy, L21T24, Loy, T3, Loy, L45T55, La6Ls56, L47L57,
2 2
L4858, L4959, T50L60, T51L61, T52L62, L53T63, L54Led, T1T45, T1L49,
2 2
T1T50, T1T52, T1X4T45, T1T4T46, T1T4X49, T1X4T50, L1L4T51, LT1X4T52,
T1T42T53, T1T7T45, T1T7T47, T1XT7X49, T1T7T50, T1T7T51, T1T7T52, L1T7L54,
2
T1210L45, T1X10L48, T1L10T49, L1L10T50, L1T10T52, L1L10L53, L1L10L54, LoX45,
2 2 2
Tol49, ToXs0, Lol52, L2L5T45, L2T5T46, L2T5L49, T2T5T50), T2X5L51,

ToT5T52, ToT5T53, L2XL45, L2X8L47, T2X8T49, T2TYT50), T2TYL51, L2LIL52,



39

T8y, T2T11T45, TaX11T48, T2X11T49, T2X11T50, L2T11T52, T2T11X53, T2X11T54,
2 2 2 2
T3ly5, T3T49, T3T50, T3T52, T3TeL45, L3T6L46, T3TLeT49, T3TeT50,
T3TeT51, T3TEL52, L3TeL53, L3T9L45, T3L9T47, T3T9T49, T3TYL50, L3TYL51,
T3T9T52, T3TYT54, L3T12T45, T3T12T48, T3T12T49, T3T12X50, T3TL12X52, T3T12T53,
2 2 2 2
T3T12T54, TyT46, TyT49, TyT51, Tyl53, T4TTT4G, T4L7T47, T4T7T49,
T4T7T50, T4T7T51, T4LTT53, T4T7T54, T4T10T46, T4T10T48, L4L10T49, T4L10T51,
2 2 2 2
TyT10T52, T4T10T53, T4L10T54, T5L46, L5L49, TrTs51, TrT53, T5T8T46,
T5T8Ty7, T5T8T49, T5T8L50, L5T8T51, L5T8T53, T5T8T54, T5T11T46, T5T117T48,
2 2 2
T5T11049, T5T11T51, T5X11T52, T5L11T53, T5T11T54, TeTa6, LTel49, Telsl,
41?693037 Tel9X46, L6L9LAT, TeL9T49, LT6LIT50, LeL9XL51, LeLI9L53, TeL9Ts4,
2
Tel12046, LeL12X48, LeL12T49, L6L12T51, L6L12T52, TeL12L53, LeL12X54, L7X47,
$75€ 05 967$ 15 5U7$ 4y L7T10T47, T7T10T48, T7T10T50, L7L10L51, L7L10T52,
2 2 2 2
L7T10T53; T7L10L54; TgLAT, TYL50, LgL51, LgLsd, L8L11T47, L8L11T48,
TgT11T50, T8X11T51, T8L11T52, L8L11T53, TT11X54, 96936477 1’935507 1’936517
2
LoTs4, TYL12XL47, TYL12L48, L9T12X50, L9L12T51, L9T12T52, L9L12L53, T9L12L 54,
2 2 2 2
1‘103348, 35103652, $1033537 331033 4; L11748, 931133527 L1153, 33’119654, L1948, T19T52,
2
L1953, 1’123554, To5X45T55, L26L46L56, L27T47T57, T28T48L58, L29T49T59, T30T50L60,
T31T51T61, T32T52T62, T33L53L63, L34L54L64, L35L45L55, L36LA6L56, L3TLATLET,
T38L48T58, T39L49L59, T40T50T60, L41L51L61, L42T52L62, LT43T53L63, =T44-T54-T64}-

B jiannom npumepe ner HeEOOXO[UMOCTH U J[ODABICHHS JONOJHUTEILHBIX MOHO-
MOB, TaK KaK MCXOJHBIN HaOOp yzKe sBiisieTcst 0001049Koi. Pesyibrarom paboTh

IIPOIPAMMBI SIBJISIETCH CXEMA!
S ={(1,45), (1,49), (1,50), (1,52), (2,45), (2,49), (2,50), (2,52),

(3,45), (3,49), (3,50), (3,52), (4,46), (4,49), (4,51), (4,53),

(5,46), (5,49), (5,51), (5,53), (6,46), (6,49), (6,51), (6,53),

)

(7,47), (7,50), (7,51), (7,54), (8,47), (8,50), (8,51), (8,54),

): (
): (
): (
): (

(
(9,47), (9,50), (9,51), (9,54), (10,48), (10,52), (10,53), (10,54),



(11,48), (11,52), (11,53), (11,54), (12,48), (12,52), (12,53), (12,54),
(13,13), (13,16), (13,19), (13,22), (14,14), (14,17), (14,20), (14,23),
(15,15), (15,18), (15,21), (15,24), (16,16), (16,19), (16,22), (17,17),
(17,20), (17,23), (18,18), (18,21), (18,24), (19,19), (19,22), (20,20),
(20,23), (21,21), (21,24), (22,22), (23,23), (24,24), (45,55), (46,56),
(47,57), (48,58), (49,59), (50,60), (51,61), (52,62), (53,63), (54,64),
(1,65), (1,66), (1,67), (1,68), (4,65), (1,77), (1,78), (4,67),
(1,79), (4,68), (1,80), (7,65), (1,89), (7,66), (1,90), (1,91),

(7,68), (1,92), (10,65), (1,101), (10,66), (10,67), (1,102), (1,103),
(1,104), (2,69), (2,70), (2,71), (2,72), (5,69), (2,81), (2,82),
(5,71), (2,83), (5,72), (2,84), (8,69), (2,93), (8,70), (2,94),

(2,95), (8,72), (2,96), (11,69), (2,105), (11,70), (11,71), (2,106),
(2,107), (2,108), (3,73), (3.74), (3,75), (3,76), (6,73), (3,85),

(3,86), (6,75), (3,87), (6,76), (3,88), (9,73), (3,97), (9,74),

(3,98), (3,99), (9,76), (3,100), (12,73), (3,109), (12,74), (12,75),
(3,110), (3,111), (3,112), (4,77), (4,78), (4,79), (4,80), (7,77),
(4,89), (7,78), (4,90), (4,91), (7,80), (4,92), (10,77), (4,101),

(10,78), (10,79), (4,102), (4,103), (4,104), (5,81), (5,82), (5,83),
(5,84), (8,81), (5,93), (8,82), (5,94), (5,95), (8,84), (5,96),
(11,81), (5,105), (11,82), (11,83), (5,106), (5,107), (5,108), (6,85),
(6,86), (6,87), (6,88), (9,85), (6,97), (9,86), (6,98), (6,99),
(9,88), (6,100), (12,85), (6,109), (12,86), (12,87), (6,110), (6,111),
(6,112), (7,89), (7,90), (7,91), (7,92), (10,89), (7,101), (10,90),
(10,91), (7,102), (7,103), (7,104), (8,93), (8,94), (8,95), (8,96),
(11,93), (8,105), (11,94), (11,95), (8,106), (8,107), (8,108), (9,97),
(9,98), (9,99), (9,100), (12,97), (9,109), (12,98), (12,99), (9,110),
(9,111), (9,112), (10,101), (10,102), (10,103), (10,104), (11,105), (11,106),
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(11,107), (11,108), (12,109), (12,110), (12,111), (12,112), (25,143), (26,144),
(27,145), (28,146), (29,147), (30,148), (31,149), (32,150), (33,151), (34,152),
(35,143), (36,144), (37,145), (38,146), (39, 147), (40,148), (41,149), (42,150),

(43,151), (44,152)}.
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I'nmaBa 3. Metoas! psasos Teitiopa

[Ipu HammcaHuu JAHHOM IVIaBBI UCIOJIB30BAINCH UCTOUHUKY: [4, 5, 8, 98].

Hacrosiias ryiaBa cocToUT U3 1s1TH pa3jieos. B nepBom pasjese onmcan K/iac-
cuaeckmit MeToj| psijoB Teiiiopa.

Bo BropoM pasfese mpeicTaBIeHbl HECKOJIBKO CIIOCOO0B PEKYPPEHTHOrO Ha-
xoxenns Kodddunuenros Teitopa.

B rperbem paspesne npejcrasied Meron [apkepa — Coxarku.

B derBeprom pazjesie mpeicTaBIeHO IMOJHOE ONUCAHUEe MeTona psijaoB Tefi-
Jiopa B IMOJMHOMHUAILHON (opme. BoiBegennt popMy/ibl mojcieTa Ko3hdUIneHTon
Teitnopa, cdopmymupoBan MeTon pAIOB Teiljiopa st HOJMHOMUAILHONR CHCTEMBI,
[Ipe/ICTaBJICHbl OIEHKU JIOKAJILHON MONPEIIHOCTHU JJIsl JIMHEMHON U HeJIMHEeTHO 3a/1a-
. OuuncaHbl BCIIOMOraTe/IbHbIE AJITOPUTMbI, OCHOBBIBAsICh Ha KOTOPBIX, CTPOHTCSI
caM aJIropuT™M MeTojia pAoB Teisiopa B nosmmHoMuasbaoi dopue. B nociennem mos-
pazjiesie BToporo pasiesia (3.2.5) ajiropuTsM mpeicTaBieH B olepaTopHoil dopme.

B nsarom paszesie ommcana cTpyKTypa peaH3alliil PEICTABICHHOIO METO/Ia
(13 werBepTOro pasjese JAHHON IJIABbI) € OMUCAHMEM OCHOBHBIX (DYHKIUH U IO

[IpOrpaMM.

3.1 Kuaaccuyueckuii meton psigoB Teitsiopa

Pacemorpum obbikHOBeHHOE JidbdDepeHIaIbHOe YpaBHEHHeE:

dx

— = f(z,t 3.1

(] (31)
YAOBJIETBOPAIONIEr0 Ha1a/JIbHOMY YCJIOBUIO:

[Ipepnonozkum, aro npapas dactb f(z,t) auddepenimansioro ypasaerns (3.1)
nmMeeT HelIpePbIBHBIC YaCTHbIE ITPOU3BO/IHBLIC /10 ITOPLAIKa S. TOI‘,JL& NCKOMOE€ pelieHue
x(t) uMeer HenpepbIBHbIE POU3BOJHbIE 0 (s + 1) - 10 HOPsJIKA BKIIOYUTENILHO.
Tounoe 3HaUCHUE DEleHNs B y3iie ¢y 3amumieM 1o GopmMyie:

h2 hs (s) hls+1)

x(ty) = xo + haly + ?xg ot o+ mx“’“)(&% (3.3)
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rie
I(()k) = l’(k>(t0)7 h=1t -1y, to<&<t.

MozkeT 0Ka3aThCs, 94TO Jisl MOJIYIeHUsT PEIIEHMHsI ¢ HY>KHOI TOYHOCTBIO He TpebyeTcst
HCIOJIB30BaTh Bee wieHbl (hopmylibl (3.3). IIpousBojiHbIe, BXOJISAIIIE B IPABYIO YaCTh

dopmyubt (3.3), MOryT ObITH aKTHICCKN HafieHbI:
zg = f(xo,t0),

zg = {f, + ffo}o,
a = {fu+2f frn+ FPhow + (i + F£) foo-

3.2 HeckoJibKO CIOCOGOB PEKYPPEHTHOTO HAXOXK/ICHUS
KoaddurmentoB Teitsiopa

[Ipn HaIMCAHUE JAHHOTO Dasjie/ia HCIOIb30BAJICA NCTOUHHK: [4].

MCTO,ZLI)I IoraroBoro 4ucJ/JIeHHOro MHTErpupoBanud 3aJavdnu Komn

dx

— = f(z,t) € R", (3.4)

dt
[O3BOJISIIOT, OTIPABJIsASCh OT 3HaueHusl (ty) pelieHnsi B HAYaJbHBIH MOMEHT fp,
[OCJIEJI0BATEILHO [OJIydaTh HpubsnzKennble 3nadenus T(ty), ..., T(ty),... pelie-
Hug B TOUKax t1 = to + hy,... by = tm—1 + b, ... Hucaa hy, ... (0Bbrabo oHu

BBIOHPAIOTCsI [IOJIOKUTEJILHBIMU) HA3BIBAIOT IaraMu uHTerpuposanus (R, — m-it
[ar UHTEIPUPOBAHU ), YUCHa t1,tg, ... — y3JaMu TabJUIbl UM CETKU YUCICHHO-
IO UHTErPUPOBAHMUSI, COBOKYITHOCTD y3JI0B HA3BIBAIOT CETKOIl U, HAKOHEI], BeJINUNHBI
Z(t1),Z(t2), ... HA3BIBAIOT 3HAYEHHUSIMH DelleHHsl Ha y3JlaX CeTKU WJIM 3HAYCHUSMU
TAOINIBI IUCACHHOr0 nHTerpuposanns. Ecim hy = hg = ..., TO TOBOPAT O paBHO-
MEpHOH ceTKe Wi 006 WHTEerPUPOBAHUN C TIOCTOSTHHBIM IIATOM.

Bygem npejmosiorars, 4To npasas 4dacTh ypaBHenud (3.4) rojgomopdHa 1o
nepeMeHHbIM (2,1) = (x1, L2, ..., Ty, ) B OKPECTHOCTU HAYAJIBHON TOUKH (Zg,t)) =

(210, 20, - Tno, ). Kax usBecTHO, B 9TOM Cilyuae eJMHCTBEHHOE DelleHue 3ajadu
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(3.4), (3.5) B HeKoTOPOIi 06JIACTH HAYAJIBLHOIO MOMEHTA lj IPEJICTABIACTCS PsiIOM

Teiisopa ¢ HeHyseBbIM pajuycoM cxopumocti R(tg, xo). Beegem obosnadenust:

= 2t — 1)’

Ty (t, to, x0) = Z —

=0

d'z
2@ = 202y, zo) = 7>
X T (Oaxo) (dtl t:to7

O4(b) = {t € C||t — b| < a}.

(3.6)

Takum obpasom, R(tg,zo) - paguye cxomumoctu paga xTine(t, to, zo), a Opr(b) -
ero kpyr cxogumoctu. Meron psagos Teitsopa UnmcaeHHOr0 MHTErpUpOBaHUs 3a/a-

an (3.4), (3.5) 3axi09aercss B HOCTPOEHUH TaGJNIBI IPUOJINKEHHBIX 3HAYeHM T

%(t1) = xT]\/fl (th tO: $0)7
f(tm) = a1, (tma tm-1, f@?rl—l)): (3.7)

rie My, Mo, ... - HaTypasbHble uncia, t; = to+hy, to = t;+hq, ..., a TOJTOKUTETLHBIE

yucia hi, Rg, ... YIOBIETBOPSIOT HEPABEHCTBAM
hi < R(tg—1, T(tg-1)). (3.8)

Bemmauna M), nmaseiBaercst mopsiakom metoga na k — oM mare. st Toro, aTo6ni
porancants Ty (¢, T, 2%), myxuo serancants semannbl o0(t,2%), 1 = 1,..., M,
T.e. 3HAUEHNs NepBbIX M MPOU3BOJHBIX pelleHnst ypasHeHust (3.4) B MOMeHT t = T
[pU yCJOBHH, ITO BeqamunHa z(T) = z¥ = (%) ., msBectHa. Jls yenentioro npu-
Menenust Merona psios Teitiopa K 3amade (3.4), (3.5) HCHOIB3YIOT CJIEAYIONLYIO
cxemy (meron Creddenca B Hebecoit Mexannke [114, 115]): ypasaenust (3.4) Bejie-
HUEM JIONOJHUTE/IbHBIX [EPEMEHHBIX MPUBOJST K BHUJLY MOJUHOMUAILHON CHCTEMbI
- JIydIlle BCEro aBTOHOMHOM, a 3areM Koddduiments Teitiopa o« = % HAXOJIST
PEKYPPEHTHO METOIOM HEOIPEICJEHHBIX KO3 MUIMCHTOR.

PaceMoTpuM JiBa, crocoba peKyppeHTHOro HaxXoxKeHus Kosddumuentos Teitiopa
BeKTOP-(YHKIUH, YIOBJIETBOPAIONIEil IOJIMHOMUAIBHON cucTeMe.

[epsoriii criocod. Pacemorpum 3aady Kormm

% = Xi ({aelil}, 21, ... ), (3.9)

xk(ﬁo) = C, k= 1, o, n, (310)
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rie
L
_ 1 .01 i
X = E E agli)xy - ..o, (3.11)
m=04€el, (m)
t,ty, cx € C'; L — HATYypaJIbHOE THCJIO;
Iy(m) = {i = (i1, ... in) € Z™i1 + .. + iy = M5 i1, ..y iy 2 0}
ak[i] — KOMILJIeKCHO3HATHBIE (DYHKIIUU apryMeHTa t, roJoMopgHble B OKPECTHOCTI
TOYKH Tg.
[Iycrs {x1 ;}°2, — mociaenoBarenbuocTn Kosddunnentos Teitmopa dyHKium x; B €€
71 5=0

pasyozKeHnn 1o crenensamM ¢t — to, a {ay ; [Z]}?i() aHAJIOIMYIHAST [I0C/IEJI0BATE/TbHOCTD

Juist byHkuun aglé]. Beegem obosHaueHus:
ol =Y it —to), apli] = > ayli](t — to)’. (3.12)
j=0 j=0

CumsoJiom
<Xk({a2}7 1, xn)> (3.13)

oboznauator Koadduiment upu (¢ — to)" mosMHOMA

Xk({aﬂl]}v Ig, vI::) (3'14)

o crernensM t — ty. Beraucyienue 3Toro noJmHOMa COCTOUT M3 YMHOXKEHUN 1 CJIOYKe-
HUi TOJIMHOMOB; JIJIsl 1I0JIyYeHHs ero 4JIeHOB JIO T — 'O [0Ps/IKa BKJIIOUUTEIbHO 1IPU
BBINOJIHEHNN 3TUX Ollepaluil J0CTaTOYHO YJep:KUBaTh KaK/Iblil pa3 B pe3y/ibrare
4JIEHBI JIO T — I'0 1OPs/JIKa BKJIOYUTEIbHO.

Eciin nogerasuts B ypasuenus (3.9) pasjoxenus Tefiiopa byHkuum xq, ..., T,
MIPUBECTU TMOJ00HBIC YJICHBI U MPUPABHATH HYJIIO BCe KOIDDUIUEHTHI 0Ty I€HHOTO
CTEIeHHOTO Pgijia (COVIACHO MPUHIIUILY eIMHCTBEHHOCTH JIsl AHAJIUTHIECKUX (DYHK-
i, e aHaauTHIeckas (DYHKINS paBHa HYJIO B HEKOTOPOH OKPECTHOCTH TOYKH
ty, TO Bce €€ KO3 PUIMEHTHI TEHIOPOBCKOTO PA3JIOXKEHNUS IO CTeleHn ¢ — ty pABHBI
HYJII0), TO U3 IOJIyYEHHBIX TAKUM 00PA30M yPaBHEHUH MOXKHO MOJYUYUTH CJIEIYIO-

e pexkKyppeHTHbIe COOTHOIICHUS:

theen = — = (X({all), af, o)),

r+1
rro=cp k=1,..,n r=0,1,..

(3.15)
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3ameyanmus.

1. ®opwmyust (3.15) Beprbl it ipu L = +00 B (3.11), T.e. OHI BepHBI U B C/Iydae
aHAJINTUYECKOH (a He 00s3aTesIbHO OJMHOMUAJILHOIT) cucreMbl (3.9).

2. Hna peanusanuu dopmys (3.15) 1enecoobpazio uMerb B CBOEM PAaCIo-
DSKEHUI HPOLEAypbl ajrebpandeckux (Kpome [ejieHus) olepaiuil Hajl
HOJIMHOMAMHE OJIHOT'O apryMeHTa A = t —1 C yJIepKaHIeM BO BCEX [IPOMEKY-
TOYHBIX BbIKJIa/IKaX YJIEHOB TOJIBKO JO 7" — I'0O IIOP«AJIKa. IL)I?{ HaXOzK/IeH1A
kovadunnentos Teiiyopa perreHns MpoON3BOILHON AHAJIUTHYUECKON 3a adn
Ko (3.9), (3.10) o dopmysianm (3.15) MoxKeT OBITH COCTABIEHA CIIEIHAb-
Hasl [POIEIypa, KOTOPOl MOYXKHO ObLIO ObI MOJIB30BATHCS B MPUKJIAIHBIX
3a/1auax 1pu yCJI0BUHM, 4TO pasioxkenue (3.11) uspecrHo.

Bropoit criocod 3ax/ovdaeTess B HAXOKJICHUN SIBHBIX PEKYPPEHTHBIX (HOPMYJ JIJIs

BeJIMYUH Tj;. PaccMorpuM KBajpaTudnylo 3ajady Komm:
kj

day n n
ﬁ = ar + Z ag x; + Z Ak, jTiTj, (316)
=1 i,j=1
xr(to) = ¢, (3.17)

to, Ck, Qk, Ak, Qkj ) — KOMILIEKCHBIE IIOCTOSIHHBIE, & ¢ — KOMILJIGKCHAs IepeMeHHasl.

[Mopcrapnss B ypasaenus (3.16) pasiiozkenust

Ty = Z Ik,m(t - tO)ma (318)
k=0

oJtyyaeM
. n o
Z(m + 1)Il<:,m+1(t - tO)m B (ak + Z Qg1 Z xlﬂ”(t - to)m+
m=0 ., 0 m - - (3.19)
S0 S =0
ij=1 m=0 p=0

HpI/IBOLLSI HO,HO6HBI€ YJIeHbl 1 IIpUpaBHUBas BCe KOBCI)('I)I/ILH/IBHTBI IIOJIY4YE€HHOT'O CTe-

[IEHHOT'O Dpsla HYJIIO, ITOJIydaeM HCKOMbIE (bOpMy.}IblZ

1 n n m
Thm+l = = [6mak + § Ak 1T]m + § Ak i.j § xi,pl,j,mfp} ;
m+1 =

ij=1 p=0

(3.20)
Tro=cr, k=1,..,n, m=0,1,..,

e 6g = 1, 67 = & = ... = 0.
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3ameyanmus.

1. He npencrassier 60/IbIIOINO TPy/ia BBIBECTH aHAJIOTUYHbIE (DOPMYJIBI JIJIst
ciydas IepeMeHHBIX KOI(DPUIMEHTOB Ay, dy1, Gk ;j TOJTOMOPGHLIX 10 t B
OKPECTHOCTH .

2. ®opmyubl (3.20) 1 anasorudmbie GOPMYJIbL [Jid CIydas IePeMEeHHbIX KO3]h-
pUIIEHTOB MOI'YT ObIThH UCIOJIB30BAHBI JIJIsT HAXOXKIEHUsT KOIPPUITTEHTOB
Teitsiopa pentenus o61eil mosmHOMuaIbLHON cucreMbl (3.9), (3.11), Tak Kak
oHa npuBoANT K BuAy (3.16) BBeleHHEM JONOJHUTEILHBIX [IEPEMEHHBIX
xfit, oy in) = xﬁl, i pn iy <0, dy <05 Gy 4o+ > L

Brimre 6b11a paccMoTpeHa KBaJpaTudnas 3agada Komm. BoiBemeM pekyppeHTHBIE

dOopMyJIBI JJIst OOIIEro CIyyast:

Im—1

m=1i1=1 im=1
Ik(to) = Ik’,0~

HO,ZLCT&BIIFIH B ypaBHCHUS BbIIIEC PaA3JI0OZKCHU S

o0
Tp = Z Thq(t —t0)?,
q=0

IIPUBOJA HO,ZLO6HIDIC YJICHBI 1 IIpUPpaBHUBas BCE KOS(b(bI/IL[I/ICHTbI IIOJIy9€HHOT'O CTe-

IIEHHOI'O peJia HYJIIO, IHOJIydaeM HNCKOMbIE CbOpMy.HbIZ

Im—1

Thgt1 = [6 ak+z Z Z .oy Z Tiyg - xzmqi| q=0,1,

m=1i;= im=1 @+t gm=q
1, =0,
rae &, = q
0, ¢#0.

3.3 Meton ITapkepa — Coxariku

Pacemorpum 3amaay Kommu st cucrem juddepeHmaibHbIX ypaBHEHHI I€PBOTO

HOPSAIKA
dx

= F).
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Paznoxxum B pajg Makinopena nepeMeHHbIE CHCTEMBI:

x(t) = Z xpt?,

p=0

rae 2o = 2(0), 21 = 2/(0), a9 = 1”2(!0) U Tak jaJee.

BaruieM IepByI0 MPOU3BOJHYIO JIJIA Psjia:

o0 o0
2'(t) = Zw},t” = Z(p + Dz prnt’
p=0 p=0

[IpupaBHuBasd, HOJIYUUM:
I;) = (p+ Dz(pi1),

Torja (DOPMYJIBI JJIsl BhIUncseHus koadduiueHTos psjia Makiopena:

p+1

3ameuanne: He CMOTPA Ha TO, UYTO OIIMCaHHbIE BBIIIE METOABI JIETKO 3allporpaMMu-

Tp+1

poBaThb, OHI YyCTyHaloT METOHdaM, B KOTOPbLIX HCHOJIbL3YIOTCA CXCMBbI.

3.4 Meroa psaos Teilsiopa 1Jisi TOJMHOMHUAJIBHBIX CUCTEM

[Tpu HanMCAHUU JAHHOIO pasjielia UCHoJIb30Baauch uerodnuku: [8, 10].
B nanHOM pasjesie paccMaTpuBaKOTCST TPH (POPMBI 3a/IaHUsT TIOJIMHOMEIAbHOM
zajadu Korrm, dopmyssl mjis koaddunuentos Teitopa n pasaundHble OIEHKH JI0-

KaJIbHBIX pemelmﬁ.

3.4.1 Koadbdbumnuenrs: Teitnopa

Pacemorpum aBTonommyio 3agady Kormm

dx

pri f(x), x(ty) = o, (3.21)
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vie f = (f1,. [n), = (21,...,20), o = (T10, .-, Tno) € R™, t, ty € R. Pemenne
ee obozHaunM x(t, ty, o), x(t), mm x. HosmHOMEAIBHON HasbBAIOT cucTeMy (3.24)
(n samaay Komm), B Koropoit Bce dyHKInu f; — ajgreGpandecKne MOJIMHOMbI IO
X1y ey Ty Jasiee ucrosbaytorest jige hopMbI 38/ 1aHUs TOJIMHOMUAIBHON CHCTEMBbL.

Ilepsas gopma nipejicTaBieHns TOJINHOMUAJBHOI 3a1aun Korm nmeer But:

L+1
,z
E =a+> > alila’, x(ty) =, (3.22)
m=14el(m)
rie
i = (1, in), i1,.yin € Z, LE€[0:00), I(m)={i € Z"i1,....40, = 0, |i] = m},
‘Z| =4 +..+ Z.n, xr = (Z’l, ...,.In) (S Rn J) 33’11 et .Z‘i;”, Ty = (.’L‘lo, ...,.7,‘”0) =
= (z1(tg), ..., zu(to)) € R", a = (ay,...,a,) € R, ali] = (a1[d], ..., an[i]).
Bmopas hopma npejcrasienus 3agadu (3.24) cieyroras:
dx; .

j Za] pe'® ai(te) = a0, j € [1:n], (3.23)

e 20 =1, . 2/ = g, a /D21 - pee pasinumble HesMHEHHbIE MOHOMbI

B IPaBbIX YacTaxX ypasuenuit (3.25).

Tpemwvsa opma — nepapxudeckasi, OHA MPEJCTABIISIETCA (POPMYIAMU:

u(1)
ZGSJkyl ) ] € [1 : n]? (324)

ur+1
ylrd) = Z 4y TP e Lim(r)], rels—1], (3.25)

B KOTOPBIX HCIIOJIb30BaHbI 0003HaYECHUSI:

Yr = (yr,h ~'-7yr,m(r))7 e [1 : 5]7 Ys =T, T.€. Ys1 = X1, ~--7ys,m(s) = Tnp, m(s) =n;

y;i(no) = 17 yi(r.,l) =Yr1, - yi(r,m(s)) = y'r.,m(s)v e []- : S];
npu KazkjoMm 1 € [1 @ s] BesquunHbl ym mE) yf-(r’u<r)) — pasIMYHbIe HeJMHeiiHbIe

MOHOMBI 110 Yp.1, -+, Yp,m(r) (B YACTHOCTH, IPH 7" = § 9TO MOHOMBI 110 T1, ..., Tp,).

B dopmyiax (3.27), (3.28) Besuuuna s — j1060e HUKCHPOBAHHOE HATYPAJILHOE
qucno. BygeM HazbBaTh ero umciaoMm yposHeil Tpetheil opmbl. [Ipn s = 1 Tperbs
dbopma cornajiaer co Bropoii. [Ipu s € [2 : 00) Tperbst popma siBsIsieTcs: 0600IeHneM

BTOpOIL/i. Bwmecre ¢ Tem IIPOCTBIM IIepeMHOzKeHNEeM TTOJIMHOMOB TPETbIO (bOpMy BCer/ia



MO2KHO CBECTH K (hOpMe C MEHBIIIM YHCJIOM YPOBHEIl U B KOHIIE KOHIIOB — KO BTOPOIi.
HeobGxopmmocts B Tperbeii (hopMe MOXKET BO3HUKHYTH MO DA3HBIM [PUIMHAM, HO
BaskKHO, 9TO K Takoil opMme MOJMHOMUAJBHOIN cucTeMbl CBOJATCA cuctembl OJLY
B pe3yJibTaTe IMPUMEHEHUsI K HUM MeTOJa JIONOJHUTEIbHBIX [IePEMEHHBIX B CAMOM
obIieM ciiydae B aBTOMATH3UPOBAHHOM DPEXKUME.

HormosnanM, eciu Heo6XouMo, Habop MOHOMOB T’ (MOHOMBI CTOSIIIIIE B [IPABOi

vactu guddepeniuaibHoro ypastaenus) 1o o6osouku T co exemoii

S(T) = ((p(n+1),q(n +1)),...,(p(u), q(w)))

u obparumes K ypastenusm (3.26) ¢ Tem, 4To0bI Oy YUTh KCKOMbBIE (DOPMYJIBI J1/1st

ko dunnentos Teitopa. [logcrasus
2 =N ", (t—t)?, ke [0:ul, (3.26)

B PaBEHCTBO
2/ = i e®) . i) ke [+ 1,0), (3.27)

u B ypasuenusd (3.26), naxouum
s P
D Ty = D T ol (E = o)’ =0, (3.28)
p=0

=0

S P+ Dwjp — Zajkxkp](t—to) = 0. (3.29)

p=0 k=0
[Tpupasuusas nyso koadduimentst npu (¢ — t)P B paBencrsax (3.31), (3.32)

U BCIIOMUHAZ HadaJlbHble yeiioBus x(ly) = xo, HojlydaeM pacuertbie popMyIibl

xko = 2i(to), k € [1:n], (3.30)
»
Thp = D Tyl Tattyp—ts K €+ 1], (p=0,1,..);
=0 (3.31)

Tkp+l = p+1 Zakl‘r/p» [1:n], (p:0717)7

Dopmyisl (3.33), (3.34) MO3BOJIAIOT BBIYHCJATH MOC/AEJI0BATEILHO BCe KO-
urmentsl i, pasaoxennit (3.29) BEJHUHI 1, ...,Tn, Ti(n + 1),...,2;(u) B pax
Teitsopa. st TOro 4To6bl UCIOIB30BATH 3TU GOPMYJIbL, JIOCTATOYHO UMETh B CBOEM

paclopsizKeHUU:



— HavaJbHbIe JlaHuble: Tk (ty) mpn k € [1 : n],

— Kosbdurmenter: ax; upu k € [1:n], 1 € [0: ul,

— coorsercrsytomyio cxemy: S(T') = ((p(n + 1),q(n + 1)), ... ,(p(u), q(u))).
BazKHO, UTO TeMU 7Ke BeJIMINHAME 38/1a€TCsl U caMa [OJMHOMUa/bHAs 3a1aua Ko,
1 TaKoil crocob 3aanus MOZKeT ObITh IIPEAHOUTHTENIBHBIM HE TOJIBKO P €€ IIOIIAro-
BoM uHTerpnpoBannn (MerogoM panos Teilnopa, merogom Pynre - Kyrra u T 1.), Ho

U [IPU PEIIeHNN JPYIUX 334, CBSI3aHHBIX ¢ M (epeHIalbHbIMU YDABHEHISIMI.
3.4.2 ®opmynupoBka mMeTojia pssaoB Teiisiopa

B pammom mompasene paccMarpuBaercst OpMyINPOBKa MeToIa psiioB Teitao-
pa 1 UCIOJIb3yeMble B ero pean3allii OLCHKN PaJnyca CXOJUMOCTH U OCTATOYHOIO
YileHa JJid JIMHeHHON 1 HeJlnHeilHoil 3a/1a4.

BseneM obosnadeHusd:

oF
20 =L k)

k
= o % =2(t), o] = max 2], Opto) = {t € Cllt —to| < p},
M (t —t )m
T]\I-r(t> th -7;0) = Z IS)T")T'O’ 5T]\1x(t7 tOv 1‘0) = l’(t, th 33'0) - T]\/fx(t7 t07 $0)7
m=0 ’

e Ty u 8Ty — oneparopsl, Kotopele pernennto (¢, ty, o) 3agaun (3.24) conocras-

Jssttor nosmnoM Teiisiopa Thx(t, to, o) 1 ocrarounstii wien 8Ty (t, by, xp) coorser-

creenno. Pagnyc exomumoctu psiia Toox(t, t0, 20) oboznaunm yepes R(to, zo).
Meron panos Teiisopa pemenns 3anadu Koru (3.29) 3akiodaercs B H0CTPO-

eHun Tab/uIbl TPUG/IZKEHHIX 3HaYeHuil Ty, = Z(t,) 110 dhopmyaiam
o1 = T x(ty, to, o), oo Tw = Top, @(tw, tw—1, Tw—1), -y

rne My, My, ... — Harypajabnble qncia, t;1 = tg + hy, to = t1 + ho, ..., hy, ha, ...

YAOBJIETBOPAIOT HEPaBEHCTBaM
‘hw| < R(twflw%wfl)

Boruncsienue Kaxioro 3uadenus Z(t,) HA3BIBAIOT MIATOM METOJA, a UUCI0 hy, —

BEJIMYNHON I1ara.



3.4.3 OrneHKHN JIOKAJIBHON MOTPEITHOCTH

B nmannoM mospasjiene paccMaTpUBAIOTCS OINEHKH JIOKAJIBLHOM MOIPENTHOCTH,
9TOObI ABTOMATH3NPOBATEL BBHIOODP TOpsijika My 1 BeJUYUHBI mara Ay, MOXKHO BOC-

LOJIb30BaThCA ouenKaMu Bejudut R(tg, xo) u dTyx(t, to, xo).
OrnieHKN [JId JTUHEHHON 3aaa4qmu.

Pacemorpum 3amaay Kormm

dx
ik + Az, z(ty) =z, © = (21,..., T,) € R", (3.32)
Ty = (‘Tloa "'7x7L0) € an a = (ala ...,(ln) € Rna A= (ai,j)a ta t07ai,j € R.
Beenem sameny z; = o5y, j € [1 : n], 3aBucamyio or "macmrabupyomux
muOZKUTEeR" & = (0t .0y &), &1, .ny O > 0, M 00O3HAUEHUS
1 n
-1 -1
p(x) = @a s(o) = 221[?2(] si(a), si(o) = o JZ:; olaigl, |b] = gl[?f] ol
M Tm
lyo| = Iél[?x} 06;1|$z‘0|, Tye™ = Z i u(T) = 8T e = € — Thye™. (3.33)
1 n rn:o .

Vreepxkaenue 1. Pemenue x(t, ty, o) 3aga4u (3.25) yIOBIETBOPSIET HEPABEHCTBY

Jt=tg]

|5TM$7;(LL,!‘,07$0>| < ocl-(|y0| + |b|p)5TMe P, E [1 : TZ]7 teC.

1

YrBepxkaeane 2. Ilycrb uw™" — dyuxknus, obparnas w npu T > 0,

X1, ooy Xns €1, -evs En — HOJOKUTEJbHBIE TUC/IA 1
_ . EiXi
e = (Juol + p[p) " min <X
i€[ln] O
Torna
(|t — t0| > pufl(s)) = (|6T]\/[xi(t,t07l'0>| <égXe, T E [1 : n])

OuneHku nJist HeJIuHeiHO 3a1a49u.

B sajate (3.25) nosoxnm, 4ro x; = &;y;, j € [1:n], & = (&1, ..., 0), Xy, oy Ky >
0, ¥ HPEIIOJIOKIM JIONOIHATEIBHO, YTO Tjo U & YIOBJIETBOPSAIOT HEPABEHCTBAM
0 < |zjo| < o, j € [1: n|. Beemem oGo3HateHns:

L+1

p(e) = s(0) = max 55(00), 55(0) = o (o] + D° 3 olafi]).

Ls(et)’ je[lm]

m=1 M:m



M m— 1
Oy(to) = {t € C||t — to| < p}, b(x) = (1= 1), Tub(t) = H ,
m=0 [=0 (334)
v(t) = 8Ty b(T) = b(t) — Tasb(T), TE[0,1).

Vreepkaenne 3. Perichne x(t, by, o) 3anaan (3.25) peryisipuo B kpyre O, (o)

1 YJOBJIETBODSAET TaM HEPaBEHCTBY

—to
|0T i (t, to, o) | < 0‘15T1\15(‘ |)
Vreepxaenne 4. Ecmm ¢ynxnug v obpaTHa v, a
e
e = min (Z—XZ), g; >0,
i€[lin] &
TO
(It —to] = pv~'(e)) = (I8Thri(t, to, x0)| < eixis i € [1:n]).
Jlajiee OyjieM KCIOJIB30BATh ITH YTBEPXKJEHUSI IPU € = € = ... = &, X1 =

XK1y Xn = Kp.

3.4.4 BcnomorareabHbIE aJTOPUTMBI

B ocnose peanuzanun MPT nas nommnomuanbabix OLY mexar gopMyiibt
(3.33) u (3.34) nst koabdunumentos Tefiopa n AIrOPUTMBI ABTOMATHIECKOTO BbI-
Gopa BeJIMYUHBI Iara 1 OPsJIKa, OMIPAIONIIEcs KaK Ha yTBepKjienus 1 — 4, Tak u Ha
OOBIMHO TIPUMEHSIEMbIE B YHCJICHHOM aHaJN3€e IBPUCTHIECKNE coobpazkeHust. Mbl n3-
JIO?KMM BHa4daJie HEKOTOPbIe BCIIOMOraTe/IbHbIe aJI'OPUTMbI, IIOTOM OIIMPatoniuecsd Ha
HUX AJITOPUTMbI ABTOMATHYIECKOTO BHIOOPA BEJMUNHBI IIIATa U MOPSIJIKA, & 3aT€M aJIro-
PUTM HHTEIPUPOBAHUS TOJHHOMIALHOT cucteMbl OJ1Y Ha 3a[aHHOM MTPOMEXKYTKE.

JHanee semmaunnl t = ty, v = % = I(t), h = hp = tpq — tp Gyayr
0603HAYATH TEKYIIUil y3eJ1, IPUOJIMKEHHOE 3HAYEHNE DPElleHHs] B HEM U BeJINUIUHY
TEeKyHIero mara, a £, A — 3a/IaHHbI€ ITOJIb30BaTeJIeM JIOIYCTUMbIE OTHOCUTE/ILHYIO 1
abCOJIIOTHYTO TIOIPEITHOCTH peliennst Ha mare. Kpome Toro, npn pUKCHPOBAHHBIX
M, K, tp, ok semmamaer Tyya(tyyq, tr, 2%) n

Tore(tigr, te, 2%), 8Tar (g, thy @) = Tare gt (trsn, try #%) — Tz (tran, tr, 2™),



-1
enr i (tert, t, 2%) = |5TM+KI(15/@+1,151<,$1€)|< T (tes1, te, 7)| + A)

OyuyT 3anucansl yupoienno Kak T'(h), dT(h),e(h).

Yu o1 (yreep-

1. Tabautipl A5 BBIYUCIICHUS 3HaYeHW pyHKImil v~
waenus 2 u 4). Tabmmupr copepxkarest B [124] n ucnosssytoress B angropurme 2 (M.
HUKE).

Hotst kaxxoit naper L = 0, ...,99, M = 1, ..., 99 Tabsumsl copepkat HAOOP 3Ha-
wennit (u(T;), v(T;)), ynopsagouenustii o sospactanuio T; = 0.01,0.02, ...,0.99. Oun

BBIYHC/IEHBI I oMoty iporpamybl Wolfram Mathematica [126] o dopmysam
U(Tj) =% — TMeTJ7 U(Tj) = b(Tj) — TMb(Tj).

U5 pasencrs v~ (u(t;)) = 1; u v (v(7T;)) = 15 caemyer, aro snadenue GpyHk-
muit w07l B IPOMEKYTOUHBIX TOUKAX MOYKHO HOJIyUHTh HHTEPIOJTUPOBAHUEM 110
3HaUeHHUsIM B OJIIZKANIINX y3i0BEIX Toukax (u(T;), v(T;)).

2. AnpuopHsblii BeIGop mara. Besnuunbl ) (3Hauenue perieHus B ysie,
U1 KOTOPOTO BBIONpaeTcst mar h),e, A (JIomycTHMBbIe OTHOCHTEIbHAS 1 aBCOMIOTHAS
[OTPEITHOCTH) CUNTAOTCS 3a/[aHHBIMI. BHavase BBIYHCIAIOTCS Maciitabupyrorime
MHOKUTEIH oy, ¢ € [1 : n] no npoueaype tsmr_alp, ecy oHa 3ajaHa [0/Ib30Ba-
TesieM, uHavue pn i € [1 : 7]

ecan max |z;(tg)| = 0,10 o = 1, umate oj = max (|x;(o)]).
je[ln] jelin]

3areM BBIUNC/ISIETCS BeJIUYUHA T :

IJIs1 HEJUHETHON CHCTeMBbI:

T= u71<£ min 7|xi(t0)‘ + A)7
i€[ln] o

JUIA JIMHEWHOIT CucTeMbI:

71< - zi(to) +A)

T=10 Emm —— ).

i€[1n] &

3. UrepaTuBHBIA aJIropuTM KOPpEeKInN Iara. Beejem cieyroiiue 060-
ho

sHauenus: D — narypasbnoe unc/io, nanpumep, D =5, d = 3, s = sgn(e —e(h)),

eciin sgn(e — e(h)) > 0, vo o(i,h) =i — 1, unade o(i, h) = 1,

rye hy — mar, KoTopblii Tpebyercss CKOPPEKTUPOBATH TAK, YTOOBI IOJYYUTh MaK-

CUMaJIbHO BO3MOZKHYIO €ro BeJIMYUHY IIPpU Sa)LaHHOIjI 110JIb30BaTe/IeM )LOIIyCTI/IMOIU/I



OTHOCHTEJILHOf [OIPENTHOCTH €.
AJ[I‘OpI/ITM B OIepaTOpHOIt hopme:
1)i:

2) h:= ho + sid. Ecin sgn(e — e(h)) < 0, To h := hg + so(i, h)d u nepexoj K 5;
3ecmmi=D—1,10hy:=h, d:= ho , U 1iepexoj K 1;
4) i :=1+ 1 u nepexoj K 2;
5) BBLIXOJL.

4. CrangapTHbIl ajaroput™m kKoppeknuu mrara. OH OCHOBAH Ha arnocTe-
propHoit nxbopmarmn. CKOPpPEKTHPOBAHHAS BEJIMYNHA b JUTs TEKYIIEro yaja [Ipu
U3BECTHOM 3HaYeHUNn = (Z,...,T,) B HEM U U3BECTHOM HDPUOJIMZKEHNH ho Bbi-

qucJIgdercd Kak

1/(M+1)

h = ho 12 ( (8T(ho))” - (A + & max(|z], |Ti(ho)])) > ,

KOTOpasl aHAJIOIMYHA HCIOJIb3yeMbiM B Meromgax Pynre - Kyrra (M — nopsjok
MPT).

5. I'pagyupoBka. OHa 3aK/II0YAETCsl B TOM, YTO [JIs KAXKIOTO MODSIIKA
D € [Mumin : Minas] (nae, Hanpumep, Moin = 5, Mpa, = 60) onpejessiercs poriec-
copHoe BpeMmst t(p) BbluCcsIeHusT Bcero Habopa koaddunuentos Teitopa pernenus.
['pajynpoBka MpoOU3BOAUTCS HA HAYAILHOM JTane pabOThI IPOTPAMMBI 10 HadaIa
MHTETPUPOBAHNST CHCTEMBI Ha 3aJaHHOM TIPOMEKYTKE, & €€ Pe3yJbTAThl NCIOIL3Y-
I0TCsT JIJIsT BBIOODA MOPsiIKA U BEJMYNHBI [Iara Ha [IePBOM Iare HHTeIPUPOBAHUS 1
JIJIST KOPPEKTUPOBKHU MOPSIKA HA CJIEJYIOMUX Iarax.

6. Beibop BenumHBI IIara U NOpsifKa Ha mepBoM miare. HadajibHoe
npubmkenne hg /IS BeJIMITHBI IEPBOTO Tara BEITUCIIETCA 10 aJroputMy 2. 3a-
reM 1pu p € [Mypin © Miyar] Boruncssiorest sesnaunnt V(p) = % — 7 nomaroBple
ckopoctu” | rie h(p) — Besmuuna mara, nouydennasg MPT nopgixa p ¢ HOMOLIBIO aJi-
ropuTMa 3 U ¢ MCIOJIb30BaHNEeM HavajibHOrO pubimkenus hy. B kadecTse mopsijika
HA TIEPBOM Iare BbIOMpaeTcs Besmdnua M Takasy, 9TO

V(M) = max  V(p),
PE[Mpmin,Mmaz]
a B KauecrTBe BeJUYUHBL 9TOr0 Iara npunumaercs h = h(M).
(a) AsnropurMm aBTOMaTHYecKOro Beibopa mara. Ha kaxom mare (Kpo-

Me HepBOFO) 3a Ha4daJlbHOe HpI/I6III/I)KeHI/Ie ho IIpUHUMAECTCA 3HavYeHune, IoJIyIeHHOe



HA TIPEJIBIAYIIEM IIare NHTErPUPOBAHUS. 3aTEM C HOMOIIBIO aJIrOPUTMOB 2 U 4 BbI-
YHC/ISTIOTCS JIBe BeJUMYIuHbl 1mara hy u ho. V3 HUX BbIOMpaeTcst MaKCUMAJIbHAS —
h = max{hy, ha}, KoTOpasi KOPPEKTHPYETCsI 110 AJITOPUTMY 3.

(6) AuropuTM aBTOMATHYECKOro BbIOOpa mopsinka. Eciu na ouepe/-
wom mare MPT Besuunna mara h usmenwiach B m (Hanpumep, m = 5) pas 110
cpaBrenuto ¢ Besuuunoit H (H u3MeHseTcsd 10¢/Ie KaxKIoro U3MEHEHNsI BeJIUInHbI
nopsiika M, a Ha TIepBOM IIare MOJIAraeTcsi PABHON BeJIMUMHE [EepPBOro Iara), TO
[IPOM3BOJUTCA KOppeKTupoBka nopsijika M. [Ipennosaraercs, 4o n3secTHbl KOID-
durnmentsr Teitnopa mo nopsaka M. dmsa p = M — 1,..., M, 1ocaemoBaTebHO

}
BBIUHUC/IAIOTCH JUIMHBL maro h(p) u V(p) = ;g)'; Kak Tosbko (1 ecim) oKazkercs,

aro V(p) < V(M), uosblii nopagok M mnosaraerca paBhbiM roMy p. Ecimn xe
He Haitjgercs Takux p = M — 1,..., Min, 0 it p = M + 1, ..., M, 10CTETO-
BaTeJIbHO Bbluncisiorest kKoaddunnentsl Teilsiopa mopsiika p (¢ yueToM TOro, 4To
k09 dULIEHTHI HOPsJIKA 10 P yZKe U3BECTHDL), cooTBeTCTBYONMil mar h(p) u cko-
pocts V(p). Kak Tosbko (1 ecim) okaxkercst, aro V(p) > V/(M), HOBBIit OPsiIOK
M monaraercst papnbiM 3ToMy p. Ecim ke ne naiigercs taknx p = M + 1, ..., M4z,

TO MCIIOJb30BaBIINIC IIOPsAJIOK HE KOPPEKTUPYyeTCd.

3.4.5 O6mmumii aaropurMm merona pamos Teitaopa

Hirke 90T airopur™ mpejcTaBieH B ONepaTopHOil dhopme.

1. BoiGop BenmuuHbI ara U MOpsjKa Ha mepBoM mare (cM. ajroputm 6) u
npucBoenue 1ux 3uadenuii nepemennoiv H u M (cm. (6)).

2. Boruucsenue B ciefyionieil Touke ty koaddurmentos Teiiiopa mo gopmy-
aam (3.29), (3.30) u mara h (cM. (a)).

3. Ecyn mar h uzmenuscs 6oJiee 1eM B m pa3 Mo CPABHEHUIO ¢ BeJUIHHON H,
TO BblUUC/IsieTCsd HOBDIH nopsnok M (em. (6)) u coorsercryromuii mar h
(em. (a)).

4. Ecmua t +h < T, 10 t)41 = tx + h, BBIUHCIIAETCS pelleHne B TOUKe tpyq U
nepexoj K 2.

5. Beruucienne pemennst 8 Touke T' (mar: h =T — t), BBIXO/L.



3.5 Peasmsanusi meroga psiioB Teitsiopa (MPT)

Omnucannas Huzke nporpamMma B3ara usz [10, 124].

B namnoM paszgene onmcana nporpaMma, peanusoBanHas Ha s3bike Qoprpa,
KOTOpasl YMCJICHHO MHTErpupyeT cucreMbl guddepeHnyuaibibiX ypaBHeHnil B 10J11-
HOMHUAJIbHO} popmMe (METOJI0M, OINCAHHBIM B IviaBe 3).

[TporpaMMa COCTOMT U3 IVIABHOH MPOrPAMMBI, MOIIPOIPAMMBI YTEHHS KO-
urypamuonnoro ¢aiia, MoIIporpaMMbl HHTEIPUPOBAHUS Ha HPOMEXKYTKE, I10JI-
porpaMMbl BbruncIeHns Kosdpdgpunuentos Teitmopa, MOANPOrpaMMbl BBIYHCICHUST
nosmnomos  Tefiiopa, (yHKIMU BLIUMCIEHUs IMara M0 alpUOPHOMY AJrOPUTMY,
DYHKIMI BBIYUC/ICHNS [IAra CTAHJIAPTHON KOppeKueil, GyHKIUN BbIYUCICHHs 11a-
ra HTEPATUBHON KOppEKImei, (yHKIME aBTOMATHYECKOrO BBIOOpa Iara, (pyHKIum
BBIMHCJIEHUST O, TOJANPOrPaMMBI uTeHust (ailjloB ¢ JAHHBIMH, (DYHKIU BHITHCIIE-

Uy =1, nponeaypsl 3amepa

HUS CTEleHN MPaBOi YacTh, (DYHKINU BBIYUCIEHUS U~
Bpemenn pacdera KodhUIenToB, MYHKIUN BbIYUCICHUSA X1, ..., Ky, TPOIE/LYPDI

BBIYUCJIEHHS] ONITHMAJIBLHOIO MOPSIKA.
T'naBras mporpamma.

1. CanTbiBaer uMsi KOH(MUTYPAIMOHHOTO daiiia n3 KOMAHIHON CTPOKI.
2. CunTbiBaer jJaHHble U3 KOH(MUTYDAIMOHHOTO daiia.
— c¢fg.dat — 3anarorcs: TpebyeMasi OTHOCHTE/IbHAS TTOIPEITHOCTh, TpebyeMast
abCoJIIOTHAST IOTPEITHOCTD 1 MIYyTH K OCTAJIbHBIM (haiiyiaM KOHMUTYpaTniL;
— coef.dat — Habop HeHyMeBLIX KOIPPUINEHTOB cucTeMbl. Koaddumment 3a-
naercs Tpoiikoit (koadbdurment, HoMep ypaBHEeHHs, HOMEP MOHOMA);
— sch.dat — cxema: mocyie0BATEILHOCTD ap ducesl. Keiu cucrema JinHeitHa,
cxeMa He 3aJ1aeTcs;
— ic.dat — HaUAJIbHBIE JTaHHBIE s 3aa4n Komin;
— points.dat — n0OCJIEIOBATEJILHOCTD 3HAYCHUIT apryMeHTa, B KOTOPBIX BbIja-
10TCST 3HAYCHUS PEIICHUS.

3. 3alyckaeT HHTErPUPOBAHIE HA IPOMEXKYTKE.

IIporpamma urennsi KoHUTYpaIMOHHOTO Qaiia.



AprymeHTsl: ¢fg - umst KoHdurypauuonsoro daiiia ipar
1 - pazmepHOCTD,
2 - 9UCJI0O MOHOMOB,
3 - 4uC/I0 HEHYJIEBBIX KO3(MMUIHEHTOB,
4 - 4ucyIo TOYEK BBIBOJIA;
rpar - TpebyeMas MOIDENIHOCTb:
1 - ornocuresbuas, 2 - abcomornas; In - IUHERHOCTD,
fpar - daitnsr:
1. - ¢ HAYAJILHBIME JAHHBIMU,
2. - co cxeMoli,
3. - daitanl ¢ KoabdunmeHTaAMM,
4. - ¢ Tabsnreit,
5. - JJIs1 3aIUCH PE3YJIBTATOB,
6. - ¢ ToUKaMU BBIBOJIA.

Bosspammaer: ipar, rpar,In, fpar.
IToanporpamMMa UHTErPUPOBAHUS HA IPOMEXKYTKE.

AprymMeHTbBI:

N - PA3MEPHOCTD; U - YUCJIO MOHOMOB; 1@ - YUCJIO HEHYJIEBBIX KO(DMUINEHTOB; np
- YHCJI0 TOYEK Jisl BbIJAUYM pelieHus:; [n - JuHeiiHOCTb; rtol - TpebyeMasi OTHOCH-
TeJIbHas [OIPENIHOCTD; atol - Tpebyemast aDCOIFTHAs IOIPENTHOCTD; fpar - daiijbl:
1 - ¢ HAYAJIBHBIME JAHHBIMHU, 2 - €O cxeMoif, 3 - daita ¢ koaddurmentamn, 4 - ¢
TabJiuieit, 5 - 1A 3alic pe3y/IbTaToB, 6 - ¢ TOYKAME BBIBOJIA.

Bosspamaer: 3nauenne .
IToanporpamMma BbIvumnciaeHns kKo3dduiimentoB Teitiopa.

AprymeHTbBI:

x - MaccuB Kodpdunmentos Teitopa; tr - MACCHB 3HAUCHWH PEITEHUSA B TOUKE;
pl, pu - HIKHAI 1 BEPXHUI TOPSIIOK.

Bosspaimaer: snauenue .

T'nobanbHbIE TIEpEMEHHBIE: N, U, Na, sch, a, ta, ja, pmax.

Ilomnporpamma Bbraucaenus noanHomon Teitsiopa.



AprymMmeHTbBI:

tx - MaccuB 3HaUYEHUil pellleHust B TOUKe; T - MaccuB Koadgdurentos Teitsopa; h -
JUTHHA Tmara; pl, pu - HUYKHU 1 BEPXHUIT TTOPSIIOK.

Bosspaimaer: tx.

T'nobanbHble IIepeMeHHbIe: N, U, PIMAT.
DyHKIMS BBIYUCICHN IIara Mo alpuopHOMY aJITOPUTMY.

ApryMeHTBI: tx - MACCUB 3HAUEHUIT PEIIEHUsT B TOUKE; alp — &y, ..., &y; pwork -
HOPSIJIOK.

T'nobanbHble mepeMeHHbIE: 1.
OyHKIMS BBIYUCIECHUS MIara CTaHIAPTHOU KOppeKIneii.

ApryMeHTBI: tx - MACCUB 3HAYMEHUN PENIeHNs B TOUKE; T - MACCUB KOA(DPUIHEHTOB
Teitnopa; hQ - npubskenne K mary; 7, to - BCHOMOTATeIbHbIE MACCUBBI; pwork -
HOPSIJIOK.

T'nobanpHblE mepeMeHHbIe: n, pmax, atol, rtol.
DyHKIMS BbIYUCIECHUS IIara UTEPATUBHON KOPPEKIINEN.

ApryMeHTHI: tx - MaccuB 3HaYeHnil penenns B TOUKe; & - MaCCUB KoM OUINEHToB
Teitnopa; hQ - npubsmkenne K mary; 7, tT - BCHOMOTaTeIbHbIe MaCCUBBI; pwork -
HIOPSJIOK.

I'sio6anbHBIE TIEpeMeHHbIE: N, pmax, atol, rtol.
DyHKIUS aBTOMATUYECKOro BbIOOpAa Iara.

AprymeHTst: h - npubimkenne K mary; tr - MacCUB 3HAYEHUN DEIeHusl B TOUKE;
x - MmaccuB Kosddunuentos Teitopa; rz,tx - BcoMorarebHbIE MacCUBbI, alp —
X1, .-y Oy pwork - OPsIOK; dir - HAIIPABJICHIIE.

T'nobanbHbIE TIEpEeMEHHBIE: 1, 1.
DyHKIUS BBIYUCIECHUS P IO X, ..., X;.

AprymeHTsI: alp — «y, ..., X;,.

T'nobanpHbIE TIEpEMEHHBIE: N, U, na, ut, aa, ta, ja, rdeg.

IIporpamMma uyrenus ¢aiijioB ¢ JaHHBIMMU.
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AprymeHTsl: tr - 3HadeHne perienns B Touke; fpar - daiiiabi: 1 - ¢ HAYATBHBIMI
JIAHHBIME, 2 - CO CxXeMoii, 3 - daiin ¢ Koapdunnentamu, 4 - ¢ Tabauneit, 5 - s
3aIUCH Pe3yJIbTaTOB, 6 - ¢ TOUKAMU BBIBO/IA.
Bosspamaer: tz, sch, a, ia, ja, rdeg, ox

T'nobanbpHbIE MEpeMeHHbIe: N, u, na, sch, or, np, a, ta, ja, rdeg.
DyHKINS BBIYNCICHNS CTENEeHN IIPaBoii YacTu.

T'nobanpHbIE TIEpeMeHHBbIE: 1, U, Sch.

OyHKINg BLMHUCIeHNS u ! 1 v L.
AprymeHTsI: alp — — &y, ..., 0,; pwork - TeKyIIHil MOPSIIOK METOJIA.

I'smobanbHBIE IepeMeHHbIE: N, atol, rtol, vtb, vitn, pmin, pmazx.
IIponieaypa 3amepa BpeMeHn pacdera Ko3dHUuIneHToB

ApryMeHTBI: T - MaccuB KoaddunmenTos Teitnopa; tr - MacCHB 3HAYEHUIT PeIeH st
B TOUKE.
Boszspamaer: time.

I'siobanbHBIE TIEpEMEHHBIE: N, U, pmaxr, time.
DyHKIMSA BBIYUCTEHUS X1, ..., X

AprymeHTHI: alp— —ay, ..., &,; L& - MACCUB 3HAYEHHN DEIIEHNs B TOUKE; T"Par, ipar
- BCIOMOTATe/IbHbIe MACCUBBI.

T'nobanbHble MepeMeHHbIE: 1.
IIponienypa BBIYUCIIEHNS ONTUMAJBLHOTO ITOPSIKA.

ApryMeHTBI: T - MaccuB KoaddunmenTos Teitopa; tr - MacCHB 3HAUEHUIT perieHnst
B TOUKe.
Bosspammaer: pwork, h.

T'nobanpHbIE IEpEeMEHHbBIE: N, U, pmazr, time.



61

I';maBa 4. YucaeHnHble 3KCIIEPUMEHTHI

[Ipu HalMCAHWUH JAHHOI TJIABBI HCIIOJIb30BAJIICh MHOTHE HeTouHuKy: [26, 30, 35, 43].
B JjaHHOIT TiiaBe paccMaTpHBAeTCsI cepusi KCIIEPUMEHTOB, TOKa3bIBaIOIIAsI
9 PEeKTUBHOCTL CXEM U METO/Ia PAJOB Tefiiopa /it MOJMHOMUAAIBLHBIX CHCTEM, HC-

MOJIB3YIOMIEr0 CXeM KaK MHCTPyMeHT nojcuéra kosddunnentos Teitmopa.

4.1 SDddeKTuBHOCTh CXeM

B nannom paszese paccMoTper Bonpoc 3(hdEKTUBHOCTH CXEMBbI IS TIOJIMHOMI-
aJIbHBIX cucTeM g GepeHnnaabHbIX YPABHEHUT KaK JIJIst CJIy9aiiHO CreHepupOBaH-

HOI'O Ha6opa MOHOMOB, TaK 1 Ha IIpUMepe 3a/iavdun N rei (C BO3MYIICHUAMU U 663).

4.1.1 IlpowusBosibHBII HAOOP MOHOMOB

B nannom skcriepumMenTe ciydaifHbIM 00pa3oM reHepupyioTest cuctembl u3 Ny,
MOHOMOB U3 Nv IIepeMeHHbIX. y‘ll/l'l‘blBaH CI/IC’I‘eMy MOHOMOB, MO2KHO BbIYUCJ/INTH T=
t / ts (S(TbeeKTI/IBHOCTb CXeMbI)7 rjie tg, t — BpeMsi, HeOOXOIMMOE JIJIsT BEITUCIEHUST BCEX
MOHOMOB CT€HEPHPOBAHHON CHCTEMBI C MMOMOIIBIO CXEMbI M 063 Heé COOTBETCTBEHHO.
YanrtoiBast Ny, N, /IS COTHH CHCTEM CJIydaifHO BBIOPAHHBIX MOHOMOB, MBI MOYKEM
BBIYUC/IUTD MUHUMAJIbHBIE U MAaKCUMAJbHbIE 3HAUCHUA T : Tinin, Tmaz- PE3YJIBTATHI

9KCIIEPUMEHTa IpejicTaBienbl B Tadsure 1.
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Tabsura 2 — Pangomubtit Habop MOHOMOB

N,,, = 1000 N, = 200
Ny | Toin | Trae | N | Tiin | Trnaz
50 | 1.6 | 1.7 || 1000 | 45 | 4.7
100 26 | 2.8 || 2000 | 49 | 5.2
150 | 35 | 3.8 || 3000 | 5.1 | 5.3
200 | 4.5 | 4.7 | 4000 | 5.3 | 5.8
250 | 5.2 | 55 | 5000 | 5.6 | 5.9
300 6.3 | 6.7 | 6000 | 5.8 | 6.2
350 | 7.5 | 82 | 7000 | 5.6 | 6.0
400 | 86 | 9.7 | 8000 | 5.7 | 6.6
450 1 9.9 | 11.0 | 9000 | 5.7 | 6.9
500 | 11.2 | 13.5 || 10 000 | 5.8 | 7.0

4.1.2 3apada N Tes

B Tmase 1 (IIpumep 7) pacemorpena cucrema quddepeniuaibHbiX ypaBHeH il
KJIaccmaeckoii 3amadqu N TeJl ¢ NCHO/Ib30BAHNEM JIeKAPTOBBIX KOODMHAT. 3aTeM 9Ta
cucrema jnddepeHnnaabHbIX yPaBHEHUN CBeJleHAa K TPEM DPa3/JIMIHBbIM CHCTEMaM
ypaBHeHl/Iﬁ C IIpaBbIMU YaCTAMU, KOTOPbIC ABJIAIOTCA MHOIOYJIeHaMU I[S{TOIU/I7 qJeTrBep-
TOIl M TpeTbeil cTeleHn COOTBETCTBEHHO.

Pacemorpum nsa unciennbix sxcrnepumenta (Tabmuna 2, Tabsuua 3). Oun
CBSI3aHBI CO CPABHEHHEM CTOUMOCTHU OIEHKHU I[IPH BBIYUCICHUU IPABBIX YacTell ypas-
HEHU{l HCXO/THOI CUCTEMBI U CHCTEM OJ{HOWIEHOB B IIPABBIX YaCTSIX TOJHHOMUATBHBIX
ypaBHeHHil [ATOi, YeTBepToil U TpeThbeil cTerenn (¢ MOMOIIBIO cXeM 1 6e3 HUX).

311eCh NCHOB3YIOTCA CJIEYIONIIEe 0003HATCHHUST:

N — KOJINYeCTBO TeT,

ty — BpeMsi, HeOOXOAUMOE JIJisl BBIYUC/IEHNsT BCEX MOHOMOB U3 TIPABBIX YacTell HCXO/I-
HBIX ypaBHeHuit 3ajaun N rej;

t5, t4, t3 — BpeMsi, HEOOXO/UMOE JJisi BHIYHUC/IEHHs BCEX PA3/IMYHBIX MOHOMOB B IIpa-
BBIX YACTSAX CHCTEM IIATOI, 9€TBEPTON U TPETheil CTeleHn COOTBETCTBEHHO;

tjs,tj — BpeMs, HEOOXOIMMOe JIJI BEIYNCICHIA BCEX MOHOMOB CTENEeHN j B IPaBBIX

JacTsax cucreMbl 1siToil (§j = 5), derseproii (j = 4) u Tperbeit crenenn (j = 3 )
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COOTBETCTBEHHO (€ IOMOLIBIO CXeMbl 1 6e3 Hed);
+ ot
tjsrt
HOMOB (BO3MYIIEHHUH) U BCEX OJIHOWJIEHOB CTElleHH j B MPAaBbIX YaCTSIX CHCTEMbI

— Bpemd, HGO6XO,Z[I/IM()6 HJId BbIMUCJIEHNA JOIIOJITHUTE/IbHBIX Ky6I/I‘IGCKHX MO-

usroii (j = b), werseproit (j = 4) u Tperbeii crenenn (j = 3) cooTBETCTBEHHO (C

IOMOIIBIO CXeMBI I 0e3 Hee).

Tabauna 3 — Monowmbr 3aja4du N Test 6e3 BO3MYIIEeHMi

N | to/ts | to/tss | to/ta | to/tas | to/t3 | to/tss
3| 72 8.6 4.2 5.0 4.2 5.9
4 1 9.6 15.4 4.7 7.0 4.6 7.8
51 97 20.4 4.8 11.5 4.7 14.1
6 | 9.8 22.5 4.9 14.2 4.8 16.3
71102 | 255 5.2 17.7 5.1 19.3
8 | 12.1 | 38.7 5.3 20.1 5.3 22.8
9 | 13.0 | 49.9 5.6 23.0 5.5 25.8
10| 13.1 | 57.6 5.8 26.6 5.7 29.6

Tabsmia 4 — Momnombl 3agaqu N TeT ¢ BOSMYICHUSIMI

ts/tss | 13 [ta, | ta/tas | 6 /i, | t3/tas | 15 /15
1.2 1.2 1.2 1.1 1.3 1.2
1.6 15 15 1.5 1.7 1.6
2.1 2.0 2.4 2.3 3.0 2.7
2.3 2.1 2.9 2.7 3.4 3.1
2.6 2.2 3.4 3.0 3.8 3.3
3.2 2.6 3.8 3.3 4.3 3.6
3.8 3.0 4.1 3.5 4.7 3.8
4.4 3.2 4.6 3.8 5.2 4.1

—
Slo|lo|N|lo|u|ik|w| 2
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4.2 YmcaenHoe mHTerpupoBaHue audepeHnaIbHbIX YPaBHEHTH

Opaum n3 Hanbosiee 3hGEKTUBHBIX METOJOB pernerus auddepeHinaibHbIX
ypasHeHuit sisiisiercs merog psinos Teitiopa [10, 23, 40, 57, 85, 108, 113, 123].

[Ipn npuMeHeHMH METOJA YHMCJAEHHOrO WHTErPUPOBAHUA psijioB  Teitnopa
K ypaBHeHUsiM 3ajadu N Tej g yOPOIIeHUsl U/UJId YCKOPEHUs BbIUKC/Ie-
HUII eCTeCTBEHHO WUCIIOJIb30BaTh IIOJIMHOMUAJIbHBIE CUCTEMBI JLI/I(bdDepeHILHaJIbeIX
ypasuenuit. st unrerpaiun nosmuHoMuasbibix cucrem (1.17); (1.18) u (1.19)
ucrnosb3yorest ase nporpammbr: TSMR [124] u TIDES [25].

Pacuersl 1pousBojmiuch Ha KoMmiibiotepe ¢ npoteccopom Intel Core 15, 2,6
['Tu, 8 I'b oneparuBhoit namsiTt 1 oneparuontoit cucremoit Mac OS X El Capitan
(Bepcust 10.11.5); Ucnosnbzosasmcs Intel Parallel Studio XE 2016 myit TSMR n GNU
Compiler Collection (Xcode Version 7.3.1) mis TIDES.

Pacemorpena sagada tpex rten (Cosnne-Mepkypuii-Benepa) st cucrem
(1.17), (1.18) u (1.19). VcxoaHble naHHble  Macchl IaHer B3siThl u3 [95], [127] co-
OTBETCTBEHHO. [IjisT KOPPEKTHOMN ONEHKN abCOMIOTHBIX TOIPEITHOCTENH KOOPANHAT 1
CKOpOCTeEil, MHTerPUPOBAHIE IPOBOJAMIIOCE 110 CXEMe «TY/a U 00paTHO». DTO O3HAUA~
€T, UTO YpaBHeHHUs cHadasa nHrerpupyiores ort =0 not =1, a 3areM —ort =T
1o t = 0. PegyabraTe, cpasnuBaionme 3pGeKTHBHOCTD MeTo/Ia pstioB Teittopa st
cucrem (1.17), (1.18) u (1.19), npejcrapiensl B Tabmnuie 4.

3/1eCh UCIONIB3YIOTCS CIIeIYOTIIe 0D03HATEHNUSI:

Method — nazsanue meroga T'Si (TSMR) or TDi (TIDES); i = 5,4, 3 osnauaer,
910 MeToj| 6611 puMener K cucreme (1.17), (1.18) n (1.19) coorBercrsemio (i - cre-
[EHb CUCTEMBI );

RT — nomycTuMble OTHOCHTETbHBIE TOTPEITHOCTH 10 KOOPJAMHATAM U CKOPOCTSIM TLTa-
HET;

RE — nomyctuMbie abCoTIOTHDIE TIOTPEITHOCTA KOOPINHAT 1 CKOPOCTEHl TIIaHeT;
tCPU — ppems Borumcienns;

T (uuu) — koneunag rouka (¢ € [0,7T]).



Tabmuna 5 — Huciennoe naTerpupoBanue 3a1adu N TeJT B PA3TITIHBIX

IIOJIMHOMMAJIbHBIX (1')OpM?lX

N RT =107 | RT =102, | RT = 10~%, Py
lethod | T t (sec)
RE RE RE

TD5 6.2-1073 1.4-107"" | 53-1072% | 551 1458 2915
TS5 2.5-1072 7.8-107% | 1.4-107%* | 227 659 1369
D4 | 1.8-10" 34-107" | 9.7-107* | 1261 3368 6173
TS4 6.6 - 10° 55-1071% | 1.9-1072' | 381 1088 2272
TD3 1.2-10 3.4-10719 | 49-10720 |1233 3244 6096
TS3 7.0-10° 2.8-1071 | 3.7-107%' | 407 1252 2230
TD5 5.2-1072 8.9-107H1 2.2-1072! | 1101 3006 5701
TS5 6.7-107! 2.0-10713 3.1-1072 | 484 1311 2698
D4 | o6 4.1-10' 75-10710 | 2.1-107" | 2425 6266 11855
TS4 2.1-10" 7.1-107° 9.6-107%2 | 777 2214 4315
TD3 2.9-10 75-1071% | 59-107Y | 2519 6491 12163
TS3 2.4-10! 7.8-10710 1.0-10720 | 756 2279 4258
TS5 2.3-1072 1.5-107% | 6.0-1072* | 649 1993 3977
TS4 |3-100| 29-10 9.9-107° 2.3-10720 | 1494 3203 6579
TS3 3.6 - 10" 3.3-1078 3.6-107% | 1130 3370 6409
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T'naBa 5. Kareropun dbyskmuit

B namnoit rimaBe paccMoTpeHa OOIIMPHAsT KOJIEKINs OHOIHOTeK (DYHKITHA,
cocrosimas u3 10 KaTeropmii, ymoBJIETBOPSAIONNX cucTeMaM guddepeHuagbHbx

ypasuenuii [11].

5.1 Kareropus 1: DiaeMeHnTapHbie PyHKIUNA

OcHoBHbBIE 3JIeMeHTapHbIe (PYyHKINN

1. Oupenesenue: Inv[p] = %7 Bamensr: @ = Inv[p],

Jlnddepenrmaabioe ypaBHeHne: %;% = —¢>

2. Oupegenenue: Power|p,a] = p*, 3amennt: @1 = Power[p,al, @ = Inv[p],
JuddepenimaibHoe ypaBHEHUE: %*;—‘ = aQ1Qa, ddp2 = —@s.

3. Onpegientenne: Sqrt[p] = /p, Bamensi: @1 = Sqrtlp], @2 = Invp],
Inddepennnanbnoe ypapHeHHE: i = &Pz i = —@3.

4. Oupepenenne: Explp] = P, 3dMeHbI ©= Exp[ I,

dp = Q1.
5. Onpenenenne: Power f[a,p| = a?, 3Bamens: @ = Power fla, pl,

JuddepennuaibHoe ypaBHeHHe:

Huddepennnaibioe ypapHeHHE: %‘g = @ Loglal.
6. Onpegnestenne: Log[p] = log(p), In(p), Bamenst: @1 = Log[p], @2 = Inv[p],

HuddepennuanbHoe ypaBHeHHe: (111 ©2, %}) = —@l

7. Onpenenenne: Logla,p] = log,(p), Bamens: @1 = Log|a, p], @2 = Inv[p],
. d d

JuddepeniuaibHoe ypaBHeHHe: % = L;‘;"’[a], di; = —@3.

8. Onpegnestene: Sinlp] = sin(p), Bamenst: @1 = Sin[p], @2 = Cos[p],

nddepennnanbnoe ypapHeHHIE: i = @9, 7,% = —@.

9. Oupegesenne: Cos[p] = cos(p), Bamennt: @1 = Sinlp|, @2 = Cos[p,

Jluddbepenruaabioe ypaBHEHUE: %‘;—‘ = —@, dﬁ;— = —@a.

10. Oupenenenne: Tan[p] = tg(p), Samensr: @ = Tan[p],
Jlnddepenrmaabioe ypaBHEHNE: %‘pg =%+ 1.
11. Onpenenenne: Cotlp] = ctg(p), Samensr: @ = Cot[p],

Huddepennnaibioe ypasHeHue: %5 =—(1+ ¢?).
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12. Oupenenenne: Csc[p] = cosec(p), 3amenbi: (p1 = Csc[p], @2

= —(1+93).
= Tanlp],

HuddepennuaibHoe ypaBHeHue: m = —Q1Q2,
13. Onpesenenne: Sec[p] = sec(p) Bamensr: @1 = Sec[p], @2

Juddepenrmaibioe ypaBHeHUE: T = Q1@2, dd% =1+ @3

dp

14. Onpepenenne: Sinh[p] = sinh(p), BaMeHbI' @1 = Sinh[p], @2 = Coshlp],

Jlnddepenrmanabioe ypaBHEHNE: i = @, &2 = ;.

15. Onpegnenenne: Cosh|p] —cosh( )7 SaMCHbl @1 = Sinh[p], @2

Juddepeniuaibioe ypaBHeHUE: %‘;—‘ ©2, = @.

16. Onpenenenue: Tanh[p] = tanh(p), BaMeHbI. ¢ = Tanhlp),

Jlnddepenrmanbioe ypaBHEHNE: %(15 =1— 2%

17. Onupenenenne: Cothlp] = coth(p), 3Bamens: @ = Cothlp),

JuddepennuaibHoe ypaBHeHue: %}g =1- ¢

18. Oupegenenne: Cschlp] = csch(p), 3amensbr: <p1 = C'sch[p], @2

= Cot[p],

= Coshlp],

= Cothlp),

Juddepenrnmaibioe ypaBHeHue: dd—? = —Q1Q2, T; =1-— 3.

19. Onpegnentene: Sech[p] = sech(p), 3amensr: (,01 Sech[p] @2 = Tanh[p),
Jlnddepenrmanabioe ypaBHEHNE: % — @1y, T2 —1 @3.

20. Onpepenenne: ArcSinlp] = arcsin(p), 3aMeHbI. ©1

Auzl[p] = (1 —p?) "2,

Huddepennnaibioe ypapHeHHe: % ©a, dl = p@3.

21. Omnpenenenne: ArcCos[p] = arccos(p),  Bamens:: @ =
Auzllp] = (1 - p?)~'2,

JuddepennuaibHoe ypaBHeHHe: do, 3

- _ doy _
dp — ©2, dp =DPo;3.

22. Oupenenenne: ArcTan[p] = arctan(p),  Samennt: @1 = ArcTan[p], @2

Aua2lp] = (1+ ),

Jlnddepenrmanbioe ypaBHEHNE: d}l P2, 22 = —2p@l.

23. Ompenenenne: ArcCot[p] = arcctg(p ), 3aMeHbl: @ =
Auz2[p] = (1 +p*) 7,

Lder dos 2
HuddepennnaibHoe ypaBHeHHe: dipl = —@o, dip? = —2p@;.

24. Onpegenenne: ArcCsclp] = arccosec(p),  3amenst: @1 = ArcCsclp], @2

Aua3[p] = (p* — p*) 712,

Huddepennnaibioe ypasHeHue: %% = —@9, dTZTz = (p—2p°) 3.
25. Omnpegenienue: ArcSec[p] = arcsec(p), Bamenn: @1 = ArcSec[p], @2

Auz3[p] = (p* —p?) 12,
Jlndbdepenimaibioe ypaBHCHIC: ddi;]l = @, % = (p—2p°) 3.

26. Oupepesenue: ArcSinh[p] = arsh(p), Bamenst: @1 = ArcSinhlp|, @2

= ArcSin[p],

ArcCos[pl, @2

P2

ArcCotlp], @2
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Auzdlp] = (p* + 1)’1/27
0

Cder _ dos _ 3
Hnddepenipanbnoe ypasuenue: GEL = @2, T2 = —p@j.

27. Omnpenenerne: ArcCoshlp] = arch(p),  3Bamenn:: @1 = ArcCosh[p], @2

Auzblp] = (p> —1)7%, p>1,
JuddepennuaibHoe ypaBHeHne: % = @9, ‘%’;—2 = —p@3.

28. Ompenenenne: ArcTanh[p] = arth(p),  Bawmens: @; = ArcTanh|p], @2

Aux6[p] = (1 —p*)1,
Jnddepenrmanabioe ypaBHEHNE: i =@y, G dp = = 2p@3.

29. Ompenenenne: ArcCothlp] = arcth( ), Bamensr: @1 = ArcCoth[p], @2

AU.Z‘6[ } = ( _p2)_17
JuddepennnaibHoe ypaBHeHHe: d“’pl = @9, m = 2p@3.

30. Omnpegenenne: ArcCschlp] = arcsch(p),  3amenst: @1 = ArcCschlp], @2

AuzT[p] = (p* +p*) 712,

JuddepennuaibHoe ypaBHeHHe: %@ = —@o, % = —(p+2p*) 3.

31. Oupenenenne: ArcSech[p] = arsch(p),  Bamenst: @ = ArcSechlp], @2

Auzs[p] = (p* —p")7'/?,
Jndbdepenimanbioe ypaBHeHne: dc% = — @, 7;‘;— = —(2p® — p)@s.

Bcrnomorarensable dyHKIAN

“12 Bamens:: @ = Auxl[p),

32. Onpegenenue: Auxlp] = (1 — p?)
JuddepennuaibHoe ypaBHeHHe: %‘5 = pEs.

33. Onpejeniene: Aux2[p] = (1 +p*)~1,  Bamenn: @ = Aua2[p)|,
Jlnddepenrnmanabioe ypaBHeHNE: %‘g = —2p@P,.

34. Onpenenenne: Auz3[p] = (p* — p?) =2,
Huddepennnaibioe ypasHeHue: %}g = (p—2p%) 3.

35. Onpegenenne: Auzd[p] = (p? +1)72,  Bamensr: @ = Auzdp],

Samensr: @ = Auz3[p),

Juddepenrnaibioe ypaBHeHne: i‘g = —p@Ps.
36. Oupesestenne: Aux5[p] = (p* — 1)"Y2, p>1, Bamenn:: @ = Auzb[p),
Jnddepenrmanabioe ypaBHeHne: @ = —DEs3.

37. Onpegenenue: Aux6[p] = (1 —p?) ™!,  Bamennt: @ = Auz6[p|,
JuddepeniuaibHoe ypaBHEHUE: %‘5 = 2p@>.
38. Onpenenenne: Aux7[p] = (p* +p*) ™2, Bamenst: @ = Auz7[p],
Hnddepennnanbnoe ypapHeHne: 1‘9 = —(p+2p) >
2 - p D=2 Bamensr: @ = AuxS[p],
3

Huddepennnaibioe ypaBHeHHe: %‘5 = (2p® — p)o>.

39. Omnpejenenne: Aux8[p] = (p
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5.2 Kareropusa 2: ®ynakiuun tuna Beccess

Oynakimn Beccens

1. Oupenenenue:

0 _1\k
BesselJ[v,p] = Jy(p) = Z M(§)2k+v
k=0

)

Bamennl: @1 = Bessel J[v,p], @2 = Bessel JAux[v,p], @3 = Inv[p],

Jluddepenrpaabioe ypaBHeHHe:

de do
de = @3, — = = @3((V — p) @1 — pP2)

dp
2. Ompejeienne:

des _ 0
) dp 3-

BesselY[v,p] = Yy (p) = cosec(mv)(cos(rtv) Jy(p) — J_v(p)); v & Z,

OBesselY[v,p]
b

Bamenbl: @1 = BesselY[v,p], @2 = BesselY Aux[v,p] = 7 Q3 =
Inv[p],
Jlnddepenrmanabioe ypaBHeHHE:

d@q - d@: 9.9 2 des B 2

PP @3((v = p7) @1 — p@2), o - %
3. Omnpenenenne:

Bessell[v.p] = I(p) = Y ;(2)%“,
P Fk+v+1)k2

Bamennt: @1 = Bessell[v,p], @s = Bessell Auzx|v,p|] = BB(’%;I[M’ @3 = Inv[p],
JuddepennuaibHoe ypaBHEHUE:

der doy 50 9 9 des o

o~ 0 gy — eV EP)er—pes), 5 F = —en
4. Ompenesenue:

Bessel K[v,p] = Ky(p) = 0.5mcosec(rv)(Iy(p) — I_+v(p)); v ¢ Z,
Bamennl: @1 = BesselY[v,p], @y = BesselY Auz|v,p] = %W., Q3 =
Inv[p],

Jluddepentpaibioe ypaBHeHHE:
de; des 5. 5 o des
dp = @2, dp _(\03((V +p )(\01 p(p2)7 dp - (p?)'
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Oyukun Ditpu

5. Oupegenenue:

. ) 1 2 p 4 p?
AiryAilpl = —————0F1(;=; =) — P=—
iryAip] 32/3F(2/3)0 1 3’ 9) \g/gr(l/?))o 1(,3, 9)
Bamenbr: @1 = AiryAilp], @2 = AiryAiPrimelp).
Jluddepenruanibioe ypaBHeHue:
dor _ o, 02 _
dp ©2, dp po1.
6. Ompenenenne:
. . 1 2 p 4 p?
AiryBilp] = =—————0Fi1(;=; =) — (==
iryBilp] 32/3F(2/3)0 1 3 9) \“‘/31“(1/3)0 1(,37 9)
Bamennr: @1 = AiryAilp], @2 = AiryBiPrime[p].
Jluddepenrpaibioe ypaBHeHue:
dor _ ) de2 _
dp ©2, dp pP1-
7. Oupepesenne:
o 1 5 p? 1 1p?
AiryAiPrimelp| = ————0F1(; ;=) — ———oF1(; =, =).
Y ) 23237(2/3)" 1G3:79) V3r(1/3)" 16379
Bamenst: @1 = AiryAiPrime[p], ©o = AiryAiPrimeAuz[p] = %{[M, Q3 =
Invlp)].
Jluddepenipaibioe ypaBHeHue:
de; des des
i @2, e @203 + pP1, o — 3.
8. Ompenenenne:
P’ 5.p° V3 1p°
AiryBiPrime - = - =
4 Ipf= 2{F(2/3) RG9) T ram ity g)
3ameHnsbr:
AiryBiPrime
= AiryBiPrimelp|, @y = AiryBiPrimeAux[p| = ddiry ; mmﬁ[p}’ @3 = Inv[p|
P
Juddepennuaibioe ypaBHeHUE:
do do do
Ty 0 gy T et pen = =6l
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Crpyiiabie dyHKIAN

9. Omnpenenenne:

_ p v+1 - (_1)k p 2
StruveH[v,p| = (5) kZ:O T2(k+3/2)(k + v)(i) E

3aMeHbl:

OStruveH|v, p|

@1 = StruveH[v,p] @9 = StruveH Aux[v,p| = 3 , @3 = Inv[p|.
P
Jlnddepenrmanabioe ypaBHeHue:
der doz 5 o 2 Pyvir dos 2
PR =@3(v. —p)e p@z+ﬁr(v+0_5)(2) Cap O
10. Omnpenenenue:
Dyvi1 - 1 Pog
St L = () =),
ruveLv.pl = (3) ; 03/ v 2
3amennr:
oSt L
@1 = StruveL|v, p| @9 = StruveLAuz[v,p] = %M, @3 = Inv[pl.
P
Jluddepenrpaabioe ypaBHeHHe:
de, . dgs 9. 9 2 4 Pyv+1 des _ 2
PR = @3(v" +p7) o1 p@2+ﬁr(v+05)(2) B )
Oyuknuu KeabBuna
11. Omnpenesnenne:
KelvinBeilp] = —0.5i (10(\4/—1;3) - JO(\4/—1p)).
SamMeHbl:
KelvinBei
@1 = KelvinBeilp], @ = KelvinBeiAuxl[p] = %ﬂm[p]’
P
0KelvinBeiAuxl
@3 = KelvinBeiAux2[p] = qumberiut [p]7
op
KelvinBeiAuz2|)
@4 = KelvinBeiAux3[p] = O clvinBeidux [p], @5 = Inv[p|.

dp
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Huddepennnansioe ypasHeHue:

dey des dos de,

dp :@277:(937%:@47%

i = Q307 — 20495 — @203 — @1.

12. Omupepenenne:

KelvinBer[p] = 0.5i (IO(\yjlp) + JO(C/jlp)).

3aMeHbl:
KelvinB
@1 = KelvinBer|p], @2 = KelvinBer Auz1[p] = %”“”[p]’
P
KelvinBer Auxl
@3 = KelvinBer Aux2[p] = OKelvinBer Aux [p]’
op
OKelvinBer Aux?2
¢4 = KelvinBer Auz3[p| = cromoeraur [p]’ @5 = Inv[p).

p

JuddepennuaibHoe ypaBHEHUE:

dp 25 dp 35 dp 4, dp 3Ws 4¥5 2¥Ws5 1-

13. Omupejnenenue:

KelvinKeilp| = —keig(p).

3aMenbl:
OKelvinKei
@1 = KelvinKei[p], @9 = KelvinKeiAuzl[p] = W’
KelvinKeiAuxl
@3 = KelvinK ei Aux2[p] = OKe vmaez ux [p]’
P
KelvinKeiAux2
@4 = KelvinKeiAux3[p| = ORelvinK cidux [p]’ @5 = Inv[pl.

dp
Jlnddepenrmanabioe ypaBHeHue:

d d do: d
ﬂ—@%& @37&—(047ﬂ
dp dp dp dp

= = Q307 — 20495 — @203 — @1.

14. Omnpenenenue:

KelvinKer[p] = keiyp(p).
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3aMeHbl:
KelvinK
= KelvinKer[p], @2 = KelvinKerAux1[p] = %ﬂmﬂ’
P
KelvinKerAuzl
©3 = KelvinKer Auz2[p| = OKelvin 86T ur [p]7
P
OKelvinKer Auz2
@4 = KelvinKer Aux3[p] = clvinKer Auz2[p ]7 @5 = Invlp].

p

Jlnddepenrmanbioe ypaBHeHue:

dor_ g, 102 g 105 _ 4, IO o2 20105 — @20l — @
dp 25 dp 35 dp 4, dp 3Ws 4¥5 2Ws5 1-

15. Omnpenenenue:

KelvinBei[v, p| = beiy(p) = —0.5ie” aimy ' (V—1p)~ (ezm’] (V—1p)—J (ﬁp))

3aMeHbl:

KelvinBei
@1 = KelvinBei[v,p|, @2 = KelvinBeiAuzl[v,p] = OKclvinBeilv, p]

dp 7
= KelvinBeiAuz2[v,p|] = 8Kelva§;Auxl[v7p]7
¢4 = KelvinBeiAux3]v, p| = aKelvinB(;;AuxZ[mpL @5 = Inv[p].
Jluddepenrpaabioe ypaBHeHHe:
do1 d@s des

dp = P2, dipi(pg’ %:@47

dey
p» = (2vi + 1) @302 — 20495 — (2V] + 1) @23 — (p* +v* — 4v?) @193

16. Omnpenenenue:

KelvinBer|v, p| = bery(p) = 0.5ie 1™ p¥(v/—1p)~ ( 2LV =1p)+ Ty (\/7p))

3aMeHbl:
OKelvinBer|v, p]
op '
0K elvinBer Auzl[v, p)
dp ’

@1 = KelvinBer[v,p|, @2 = KelvinBerAuxzl[v,p| =

= KelvinBer Auz2[v, p|] =
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0K elvinBer Auz2[v, p)

@y = KelvinBer Aux3[v, p| = o , @5 = Inv[p).
Jlnddepenrmaabioe ypaBHeHHe:
dp 25 dp 35 dp 4,
dey — (V241 2_o9 2172 41 3 4 4_ 42 4
%—( Vi+ D@35 — 20405 — (2v° + 1)@295 — (p" + V' — 4v7) 9195,

17. Omnpenenenmne:
KelvinKeilv, p| = keiy(p) = —0.25¢i 1™ mpY/—1p) Vesc(mv)

((iﬁp)% (Lﬂ‘V—TP) —e%mev(i‘/—;lp)) —eT ™ (IN/—TP) —G?Jv(iﬁp))) :
SameHb:
OKelvinKei[v, p]

dp ’
OKelvinKeiAux1|v, p)

@1 = KelvinKei[v,p], @2 = KelvinKeiAuzl[v,p] =

@3 = KelvinKei Auz2[v, p| =

op ’
¢y = KelvinKeiAux3[v, p| = 8KelvinK;;Aux2[v7p]’ @5 = Inv[pl.
Juddepenrmanabioe ypaBHeHHeE:
doi _ de,  doy

dp = P2, dp = @3, % = @y,

degy
o 2V + 1) @307 — 20495 — (2V? + 1) @20l — (p" +v' — 4v?) @101,

18. Ompepenennue:
KelvinKer[v,p|] = kery(p) = 0.25¢™ 17 mpY —1p)Vese(mv)

(V=10 (1 =Tp) 4630 (V=) = Fp? (LY =Tp) +e F U (V=T)) ).
SamMeHbl:

OKelvinKer[v, p

@1 = KelvinKer[v,p], @9 = KelvinKerAuzl[v,p] = 3 ,
P

OKelvinKer Auxl[v, p]
dp ’

@3 = KelvinKer Auz2[v,p] =
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OKelvinKer Aux2[v, p]

@4 = KelvinKerAuz3[v,p| = o , @5 = Invlp|.
Jlnddepenrmaabioe ypaBHeHHe:
d@lz(p d<P2:(p @:(p
dp 25 dp 35 dp 4,
dey — (V241 2_o9 2172 41 3 4 4_ 42 4
%—( Vi+ D@35 — 20405 — (2v° + 1)@295 — (p" + V' — 4v7) 9195,

Cdepuueckne dbynkiun tTuna becceist
19. Omupejnenenue:
Spherical Bessel J[v,p| = jy(p) = ELon,g,(p).
2ym
SameHbl:

@1 = Spherical Bessel J[v,p], @2 = Spherical Bessel J Auzx|v,p| =

OSpherical Bessel J[v,p)
= 3 , @3 = Inv[p].
P

Jlnddepenrmanabioe ypaBHeHHe:

deq des 2 2 des 2

_— _— 1 — Q — 2 b —_— = — (5.

PR (V(v+1) = p7) 0105 — 29203, i ©3
20. Ompenenenne:

. 1
Spherical BesselY [v,p] = yv(p) = gﬁYwU;,(p).

3aMeHbl:

@1 = Spherical BesselY'[v.p|, @2 = Spherical BesselY Aux|v,p] =

O0Spherical BesselY [v,
_ O8pherical Besse VIVl o, — ooy,
P
__ OSpherical BesselY [v.p]

e Spherical BesselY Aux|v,p] = o .

Juddepenrpaabioe ypaBueHue:

doy _ des

2
dp - (PQ, dp

des;
= (v(v+1) = p)e193 — 29203, W -
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5.3 Kareropus 3: @yuknusa omubok, narerpajsl @penesnsa n
WHTerpaJibHas NOKa3aTeJ bHas (PyHKIIUS

BepOﬂTHOCTHbIe NHTEerpaJibl 1 THBEPCUU

1. Oupenenenue:

( k 2k+1

2 o0
Erflpl =erf(p *Ez k! 2k:+1

=0

3aMeHbr: O f[??]
r
@1 = Erfp], @2 = ErfAux[p] = F)
p
Jludbdepenrnuanibioe ypaBHeHHE:
deq P
— = — = —2pE,.
dp ©2, dp pPP2

2. Omupepenenne:

2 XL (—1)kp2k+l
Erfclp] =erfe(p)=1- ﬂ;(kl(;]ﬁr”

3amenbr: B felp
rfc
= Erfclp], @2 = ErfcAuxlp] = Tpp
Jlnddepenrmanabioe ypaBHeHue:
dov _ o dex
dp P2, dp PP2.
3. Omnpenenenne:
P2l
Erfi[p] = erfi(p) Zk' ST
SameHbl: DB fi
= Erfilp], @2 = ErfiAux[p] = 78‘]]?[ }
Juddepenrpaibioe ypaBHeHHeE:
d d
P, S22 = 2.

dp dp
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4. Onpenesenue:

InverseErflp] = erf(p).

Samenbr:
@1 = InverseEr f[p], @2 = InverseErfAux[p] = %;Erf[p].
JuddepennuaibHoe ypaBHEHUE:
dei des 9
o 0 7@;——2p@1@z
5. Omnpejenenue:
InverseErfc[p] = erfc (p).
3ameHsbr:
@1 = InverseErfclp], @2 = InverseErfcAux[p] = alnvergf;Erfc[p].

Jluddepenrpaibioe ypaBHeHue:

a0 _ o, 002 o002
dp 2, dp PP1Py.

Nurerpanbl @penesis

6. Omnpenenenne:

f . mt?
FrensnelS[p] = S(p) = /sm(T)dt.

0

SameHbl:
r l
@1 = FrensnelS[p], @2 = FrensnelSAuxllp] = M,
P
Fre 1S Auzl
@3 = Frensnel S Auxz2[p] = ? TPTZSTL;;S ur [pl @4 = Invp|.
Juddepennuaibioe ypaBHeHHE:
de de de de
T; = P2, T; = 93, T; = Q304 — TP @, T; = —j.
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7. Oupepesienue:

mit?
FrensnelCp] = S(p) = /COS(T)dt.

3aMeHbl:

OFrensnelC|p]

@1 = FrensnelC[p], @2 = FrensnelCAuxl[p| = 5 ,
p

OFrensnelC Auzl[p]

@3 = FrensnelC Aux2[p] = 3 , @4 = Invp).
P
Jlnddepenrmaabioe ypaBHeHHe:
de; des de dgy 2

3 2 2
_— _— P _— B — 7T —_— = — .
dp P2, dp P3, dp P3P4 P @2, dp Py

I/IHTeI‘pa.HI)Haﬂ IIOKa3aTeJIbHasd (byHKI_[I/ISI

8. Oupegenenne: Explntegral E[v,p] = Ey(p).

3aMeHbl:

OFEzxpIntegral E[v, p)

@1 = Explntegral E[p|, @2 = Explntegral EAuz[p] =

dp ’
@3 = Inv[pl.
JuddepennuaibHoe ypaBHEHUE:
de: dgs des 2
= = — =(v-1 - —Vv+2), — =—@;3.
dp P2, i ( )P193 — @203(p +2), dp @3

9. Onpegnenenne: Explntegral Ei[p] = E;(p).
SameHblr:

OExplntegral Ei[v, p)

@1 = Explntegral Eilp], @9 = Fxplntegral EiAuxl[p] =

Op ’
OFxpIntegral EiAuxl
@3 = Explntegral Ei Aux2[p] = el Pgrg LA [V’p}, @4 = Invlp|.
P
Jlnddepenrmanabioe ypaBHeHHe:
do1 do, s 2

- —(v—1 . — o — 9y ZF3 _ o2
dp ©2, dp (v )P193 — @203(p — vV + 2), dp ©3
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10. Oupenenenne: Loglntegral[p] = li(p).

3aMenbl:

dLogInt l
@1 = LogIntegral[p], @2 = LogIntegral Aux[p] = oglntegrally, p]

dp ’
@3 = Inv[pl.
Jlnddepenrmaabioe ypaBHeHue:
dei dea des
dp = @2, dp - P53, dp - 3.
11. Onpenenenne: Sinlntegral[p] = Si(p).
3ameHsbr:
imIntegral
@1 = Sinlntegral[p], @2 = SinIntegral Auzllp] = M,
P
aSinInt lAuzl
@3 = SinIntegral Aux2[p] = man eg;a ur [p]7 @4 = Inv[p|.
Juddepenipaibioe ypaBHeHHeE:
dor _ des o des o de
dp 25 dp 3 dp 3P4 2 dp 4-
12. Onpegnenenne: CosIntegrallp] = Ci(p).
3ameHsbr:
0CosInt l
@1 = Coslntegrallp], @» = CosIntegral Auxllp] = %gm[p]’
p
Int [Auzl
@3 = CosIntegral Aux2[p] = 9CosIn egra u [p]7 @4 = Invlp|.
P
JuddepernuaibHoe ypaBHEHUE:
doy _ dex o odes 0 o dea o
dp P2, dp P3, dp P3P4 — @2, dp @y
13. Oupenenenne: SinhIntegral[p] = Shi(p).
Samenbr:
oSinhiInt l
@1 = SinhIntegrallp], @2 = SinhIntegral Auzlp] = m gpegm ]
inhInt [Auzl])
@3 = SinhIntegral Aux2[p| = OSinhIntegral Auz [p], @4 = Invlp|.

dp

)
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Huddepennnansioe ypasHeHue:

dov _ des_ des_ oo des
dp 2, dp 3 dp 3P4 2 dp 4
14. Onpenenenne: CoshIntegral[p] = Chi(p).
3ameHsbr:
hInt l
@1 = CoshIntegrallp], @9 = Coshlntegral Auxl[p] = dCos g cgra [1)]7
P
Integral Auzl
@3 = CoshIntegral Auz2[p] = OCoshintegral Aux [p]’ @4 = Invlp|.

dp
Jluddepenipaibioe ypaBHeHHE:

dp 2 dp 3 dp 3W4 25 dp 4-

5.4 Kareropus 4: Henosinbie ramma u 6eta-pyHKITINA

TamMma-dyHKIIUT 1 MHBEPCUU

1. Oupenesenne: Gammala, p] = IT'(a, p).
SameHsbr:
oG ]
@1 = Gammala, p|, @2 = GammaAuzx[a,p] = %a[a,p]’ @3 = Inv[p|.
P
Jlnddepenrmanabioe ypaBHeHHe:
deq d@s
b =2 -1
i @203(p+a—1)

2. Onpenenenne: Gammala, p1, pa] = I'(a, p1, p2).

des; . 2

7Tp_ P3.

3aMeHbl:

0G )
©1 = Gammala, p1, ps], @2 = GammaAuzla,py, ps] = ammala, py, ps]

Op ’
0GammaAuzl|a, pi,

@5 = GammaAuz2{a, pi, ps] = i @222~ Invlp), 05 = Inofps).
Jlnddepenrmanabioe ypaBHeHHe:

de, deq des des

L T g, 2 = —p—1), — =0

T @204(a —p1 — 1), i
des des de, 5 doy des des 9
7:077: a— _177:— , — =0, — =0, — = — .
dp: dps @a¢s(a—p2—1) dp: i dp2 dp: dps s
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Bera-dynknun
3. Ompezenenue: Betalp, a,b] = By(a,b).
3ameHsbr:

Bet b
@1 = Betalp, a,b], @s = BetaAuzx|p,a,b] = 9Beta[p, a, b]

Op ’
@3 = Invlp], @s=(1-p)7".
Juddepenipaibioe ypaBHeHue:
de; d@2 de; 5 Aoy
— —= = ; —-1- b—2 =
p ©2, dp P20394(a pla+ )

2
y T 7 T (p‘a - = (p .

dp 7 dpy !
4. Oupegnenenne: Beta[py, pa, a,b] = B, ,,)(a,b).
SameHbr:

O0Bet b
@1 = Beta[p1,p2,a,b], @2 = BetaAuxlpi,ps,a,b] = 9Betalpy, p, a,b]

I ’
Bet b
@3 = BetaAux2[py, pa, a,b] = %, @4 = Inv[p],
P2
@5 =Invlpa), @5 =(1—p1)™", @r=(1—p2)~"
Jlnddepenrnmanabioe ypaBHeHHe:

dei dey d@s d@s
01 _ g, G0 _ g, 292 - b—2)), 402 _
n P2, s ©3, dpy P204@6(a pi(a + ), ps
des dos dey o d@y
s _ o 295 _ prpsprla—1—palatb—2), D21 2 101 _
dp1 dpa a3 rl pal ) dp1 i dpa
d d dg d des des
ﬂ:(%ﬂ:_(pg’ﬂ_(pg’ﬂ:’ (p_o7i__(p%‘
dp1 dpa dp1 dpa dp1 dpa

5.5 Kareropus 5: 'unepreomerpudeckune yHKIUU

®yuknun dpmurta, [Tlapaboanyeckoro Humuuapa u Jlareppa

1. Omnpepenenne: HermiteH[v,p] = Hy(p)
3aMeHsl:

HermiteH |V,
@1 = HermiteH[v,p|, @2 = HermiteH Auz[v,p] = 0 enng cH[v, p)
P
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Huddepennnansioe ypasHeHue:

d d
TP gy S22 — 2pgy — 2vep.
dp dp

2. Omnpenenenne: ParabolicCylinder D[v,p] = Dy(p).
SaMeHbl:

@1 = ParabolicCylinder D[v, p], @9 = ParabolicCylinder D Auz[v,p] =

_ OParabolicCylinder D[v, p|
= o :

Jlnddepenrmaabioe ypaBHeHHe:

d(Pl d(pQ 2

— = — = ¢1(0.25p> — 0.5 — V).

dp P2, dp ©1(0.25p v)
3. Onpepesenne: LaguerreL|v,p] = Ly(p).

3aMeHbl:

@1 = LaguerreL|v,p], @9 = LaguerreLAuzx|v,p] =
_ OLaguerreL[v, p]

= Invlp|.
ap , @3 [p]
JuddepennuaibHoe ypaBHEHUE:
deo, d, des >
W 0 (P — D@23 + V@194, a0 ®;

4. Onpesientenmne: LaguerreL[v, A, p| = L3 (p).
3ameHbr:

@1 = LaguerreL][v,\,p], @9 = LaguerreLAuzx|[v,\, p] =
_ OLaguerreL[v, A, p]

= Inv[p|.
6]7 , P3 Lp]
Jluddepenrmanibioe ypaBHeHHE:
do, dey des >
TR (p ) @203 + V@193, a0 OH

Oyukiuu YeboimeBa u @ubonavdqn

5. Onpegenenne: ChebyshevT[v, p| = T\ (p).
Samenb:

hebyshevT
@1 = ChebyshevT|[v,p|, @2 = ChebyshevT Auz|v,p] = OChe ysawv [V’p]7
P
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phiz = HGAuz1[p] = (1 — p*)~*.
Jluddepenrmaabioe ypaBHeHue:

der de

= 02 22 s — Vs 203 = 9p2
dp 2 dp 2W3 1¥3, dp 3

6. Onpenenenne: ChebyshevU[v, p] = Uy (p).

3aMeHbl:

OChebyshevU|[v, p]

@1 = ChebyshevU[v,p|, @2 = ChebyshevU Auz[v,p] =

dp
phiy = HGAuzl[p] = (1 —p*)~".
Jludbdepenipaibioe ypaBHeHHE:
de: des des 2
— = — =3 —v(v+2 — =2 .
dp @2, dp D P23 (V+2)@103, dp PP3

7. Oupenenenne: Fibonacci[v,p] = Fy(p).

3aMeHbl:

OF'ib i
01 = FibO?’l(lCC’i[V,p], P9 = FibonacciAux[V,p] = M

dp ’
phiz = HG Auz2[p] = (4 + p*) ..
JuddepennuaibHoe ypaBHeHUE:
deoy des 2 des 2
— = — = -1 3— — = 2p@3.
el (V' = 1) @193 — 3p23, ) 2P

Oynakiun Jlexxanapa

8. Oupepenenne: LegendrePlv,p] = Py(p).

3aMeHbl:

oL dreP
@1 = LegendreP[v,p], @2 = LegendrePAuxz[v,p] = cgendrePLy, p)

op
phiz = HGAuz1[p] = (1 — p*)~".
Jlnddepenrmanabioe ypaBHeHHE:
de; dos des
= @2, —— = 200203 — V(V+ 1) @193, —— = 2p@3.

dp P dp dp

)

?
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9. Onpepenenue: LegendreP[v, u,2,p| = Py (p).
3amennr:
@1 = LegendreP[v,,2,p|, @2 = LegendreP Aux[v,u,2,p| =

_ OLegendreP[v, u,2,p]
= o

Jluddepenrpaibioe ypaBHeHue:

, @3 = HGAuxl[p) = (1 —p*)~ 1.

deoy d@2 2 9 des 2
L T2 _9 _ 1 — =2 .
o 0 g, e (V(v+ 13 — we3)e1, a) ~ 2Pes

10. Oupegenenne: LegendreP[v, u,3,p] = PV (p).

3aMeHbl:

@1 = LegendreP|v, W, 3,p], @2 = LegendreP Aux[v,u,3,p| =

OLegendreP[v, u, 3, p|
dp

Jlnddepenrnumanabioe ypaBHeHHe:

, @3 =HGAuzl[p] = (1 —p*)~".

do do
Tpl = @3, —— = 20203 — (V(v + 1)@z — 20,

d(pg 2
dp P 3

dp
11. Oupenenenne: LegendreQ[v, p] = Qv(p).

3aMeHbl:

O0Legend
@1 = LegendreQ[v, p|, @2 = LegendreQAuz[v,p| = egen 1”6@[\/7]9]7

dp
@3 = HGAuzrl[p] = (1 —p*)~".
Jlnddepenrmanbioe ypaBHeHMe:
dey des des; 2
— = — =2 3 — 1 3, — = 2p@s3.
dp @2, dp PP2@3 — V(V+ 1)@1¢3, dp DP3

12. Onpenenenne: LegendreQ[v, w, 2, p] = QY(p).

3aMeHbl:

®1 = LegendreQ[V, K, 27p]7 P2 = LegendreQAux[V, K, 2>p} =

_ OLegendreQ[v, u, 2, p|
= o

, @3 = HGAuxllp] = (1 —p*)~ 1.
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Huddepennnansioe ypasHeHue:

de, dea 2 9 des 2
b 2V _ o _ Doa — 93 _ 902
dp ©2, dp PP2Q3 (V(V + )(PJ 28 (93)(91’ dp PP3

13. Oupegenenne: LegendreQ[v, w, 3, p] = Q5(p).

3aMeHbl:

@1 = LegendreQ[v, u, 3,p], @2 = LegendreQAux[v,u,3,p| =
_ OLegendreQ[v, u, 3, p]
= e

Jlnddepenrmanabioe ypaBHeHme:

, @3 = HGAuxlp] = (1 —p*)~ 1.

dey d@2 2 9 des 2
R T2 _9 — 1 — =2 .
a0 g, e (V(v+ 13 — 1w e3)01, ) ~ 2Pes

®@ynakiun I'erenbayspa n dxodu

14. Oupenenenne: GegenbauerC[v, p] = C\(,O)(p).
SameHb:

@1 = GegenbauerC[v,p|, @2 = GegenbauerC Aux|v,p| = 8Gegenbaauer0[v7p]7
p

phiy = HG Auzl[p] = (1 —p*)~".
Jluddepenipaibioe ypaBHeHHE:

dei des 5
% = @2, —7— =pP203 —V P13,

des 2
— =2 Q3.
/ PP3

dp
15. Onpenenenne: GegenbauerC[v, A, p] = C\(,U(p).
3amMeHbr:
@1 = GegenbauerC[v,\, p|, @2 = GegenbauerCAuz[v,\,p] =

_ OGegenbauerC[v,\, p]
= o
Jlnddepenrmanabioe ypaBHeHHe:

. @3 =HGAuzl[p] = (1 —p*)~".

2
dp

ae:

3 2
=2 .
dp PP3

d
=p2A+ 1) @293 — V(V + 270 Q1 @3, %

- (p27

16. Onpesenenne: JacobiP[v, a,b,p] = PS*"(p).

3ameHbr:

dJacobiP[v,a,b, p|
Op ’

@1 = JacobiP[v,a,b,p], @2 = JacobiPAuz[v,a,b,p| =
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@3 = HGAuzrl[p] = (1 —p*)~".
Jluddepenrmaabioe ypaBHeHue:

de: d@o des 2
—— =@y, — =(la+b+2)p—b+a —v(V+2N) @103, —— = 2p@3.
= g ((a )p )@203 — ¥( )P193 2%
KoudmosnTabie runepreomerpuieckne byHKINNA

17. Oupenenenne: HypergeometriclFlla,b,p| = 1F(a,b,p).

3aMeHbl:

@1 = HypergeometriclFl[a,b,p], @2 = HypergeometriclF1Auz|a,b,p] =

_ OHypergeometriclF1la,b,p]
= e

y O3 = ]nva]

Jlnddepenrmaabioe ypaBHeHHeE:

der _

gy, 202 _
dp 2 dp

deo:
= (p — b) @293 + a1 @3, Tpd = -2

18. Omnpenenenue:
Hypergeometricl F1Regularized|a, b, p| = \Fi(a,b,p).
3ameHsbr:
@1 = Hypergeometricl F1 Regularized|a, b, p],

©o = Hypergeometricl F1Regularized Auz|a, b, p| =

_ OHypergeometricl F1Regularized|a, b, p|
= o

JuddepennuaibHoe ypaBHEHUE:

@3 = Invp].

dey _ - des

2
dp - (927 dp

ds
=(p—b)Q203 + a1 @3, @ = —@3.

19. Onpenenenne: HypergeometricUla, b, p] = U(a, b, p).

3aMeHbl:

@1 = HypergeometricUla, b, p|, @2 = HypergeometricU Auz[a,b,p] =

_ OHypergeometricUla, b, p|
= g

, @3 = Invp|.
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Huddepennnansioe ypasHeHue:

der _

des dos; 2
- (p27
dp dp

—(p—1b . ¥ o2
(P —D)p203 + api @3, dp ©3

20. Onpegnenenne: Whittaker M[v, uw, p] = My u(p).

3aMeHbl:

@1 = Whittaker M[v, w,pl, @2 = Whittaker M Aux[v,u,p| =
_ OWhittaker M[v, u, p]

dp
Jnddepenrnmanabioe ypaBHeHue:
dey dea 2 2 P1
_ = _— = — 4V 4 — 1 — .
W= 5 (p p+4pt —1) 1

21. Onpenenenne: WhittakerW v, w, p| = Wy . (p).

3aMeHbl:

@1 = WhittakerW[v, u,p], @2 = WhittakerW Auzx|v,u,p] =
_ OWhittakerW[v, u, p]

dp
Jluddepenipaibioe ypaBHeHHE:
deq d@s ) 2 P1
— = — = -4 p” —-1)—.
dp P2, dp ( vp + |28 )4p2

T'unepreomerpuveckue pyHKIIINU

22. Oupenesenue: Hypergeometricla, b; ¢;p] = F(a, b; c; p).

3aMeHbl:

@1 = Hypergeometricla, b; ¢; p|, @2 = HypergeometricAuz|a,b;c;p] =

?

_ OHypergeometricla, b; c; p|
= B
Juddepenrpaabioe ypaBueHue:

. @3 = HGAuz3[p| = (1 —p)~", @4 = Invp].

do; des

. Y - b+1

dp ©2, dp ab@ @34 — (c(a+ b+ 1)p)@203¢4,
des 5 des
dp = @3, dp = @y
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23. Oupegenenue: HypergeometricPFQ{},{},p] = oFo(;;p)-
Bamennt: @1 = HypergeometricPFQ[{}, {}, pl.
JuddepennuaibHoe ypaBHeHHe: %‘5 = .

24. Onpenenenne: HypergeometricOF1[b, p| = oF1(; b;p).

3aMeHbl:

@1 = HypergeometricOF1[b, p], @2 = HypergeometricOF1Aux[b, p] =

_ 0HypergeometricOF1[b, p]

, = Inv|p|.
o ®3 [p]
JuddepennuaibHoe ypaBHEHHE:
de, de, des 2
_— = _— = — b 3, —/— = — .
dp P2, dp P1P3 P203 dp P3

25. Ompejiesierne:
HypergeometricOF1Regularized[b, p| = oF1(; b; D).

3aMeHbl:

@1 = HypergeometricOF1Regularized|b, p|,

@2 = HypergeometricOF1Regularized Auz|[b, p| =
_ OHypergeometricOF1Regularized[b, p]

, @3 = Inv[p|.
o ®3 [p]
JuddepernuaibHoe ypaBHEHUE:

de, dg; des 2

_— _— = — b 3, —— = —(@3.

dp ©2, dp 0193 — 0P203 dp ©3

26. Onpenenenne: HypergeometricPFQ[{a}, {},p] = 1Fo(;;p).

3aMeHsl:
@1 = HypergeometricPFQ[{a}, {},p], phis = HGAux3[p] = (1 —p)~".

Jludbdepenrumanibioe ypaBHeHHe:

de; B dea 9
% = aP1Q2, dp = Ps.

27. Oupejeserue:

HypergeometricPFQ[{a1}, {b1,ba},p] = 1F5(a1; b1, be; p).
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3amennr:
@1 = HypergeometricPFQ[{a1}, {b1, b2}, pl,

@2 = HypergeometricPFQAux1[{a1}, {b1, b2}, p] =
OHypergeometricPFQ[{a1}, {b1, b2}, p]
= 3 ,
@3 = HypergeometricPFQAux2[{a1},{b1,b2},p] =
_ OHypergeometricPFQAux1[{a1}, {b1, b2}, p]

o , @4 = Invp|.
Jlnddepenrmanabioe ypaBHeHHe:
de des
dp - (927 dp - (p57
de: dey
dp3 = @019 — (b2 = ) @205 — p(by + by + 10303, —5% = —¢i

28. Ompegenenne:

HypergeometricPFQ[{ay, az}, {b1, b2}, p| = 2F (a1, az; b, ba; p).

3aMeHbl:
@1 = HypergeometricPFQ[{a, a2}, {b1, b2}, D],

@9 = HypergeometricPFQAux1[{a1, a2}, {b1, b2}, p] =
_ OHypergeometricPFQ[{ay, as}, {b1, b2}, p]
Op ’
@3 = HypergeometricPFQAux2[{a1,as}, {b1, b2}, p] =
_ OHypergeometricPFQAux1[{ay, az}, {b1, b2}, p]

- i = Imfp]
Jlnddepenrnmanabioe ypaBHeHme:

dei dos

dp - (pZa dp - (p37

d d
di; = a1a2¢019] — (biba—plar+az+1)) @295 —p(1—p+bi +b2) @307, di; = —oi.

29. Ompejiesienue:
HypergeometricPFQ[{a1,as}, {b1, b2, b3}, p] = 2F3(a1, az; by, be, bs; p).

3aMeHbl:

@1 = HypergeometricPFQ[{a1, as}, {b1, b2, b3}, p],
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@2 = HypergeometricPFQAux1[{ay, as}, {b1,ba, b3}, p] =
_ OHypergeometricPFQ[{ay, as}, {b1, by, b3}, p]
Op ’
@3 = HypergeometricPFQAux2[{a1, a2}, {b1, b2, b3}, p] =
_ 0HypergeometricPFQAux1[{a1, as}, {b1, ba, b3}, p]

o @1 = Invlp].
Jluddepenipaibioe ypaBHeHHE:
dor _ o, 402 des
dp 25 dp ®3, dp Py,
d
di; = 41039193 — (bibsbs — p(a1 + az + 1)) @293 —
. d
fp(1fp+bl+b1b2+b2+blbg+b2b3+b3)(pg(pj;f(b1+b2+bg+3)p2(p4(p§, di; = 7(\0421.

Bcrniomoraresibabie runepreomerpuyeckue (pyHKIUN

30. Onpenenenne: HGAuzl[p] = (1 —p?)~!
Bamenst: @ = HGAuz1[p].
JuddepennuaibHoe ypaBHeHHe: %}g = 2p@S.
31. Onpesenenue: HGAua2[p] = (4 + p?)~!
Bamens: @ = HGAuz2[p|.
Jlnddepenrmanbioe ypaBHEHNE: %‘}g = —2p@?.
32. Onpegenenne: HGAuz3[p] = (1 —p)~t
Bamenbl: @ = HGAuz3[p].

2

Juddepenrnmaibioe ypaBHeHUeE: %‘5 = @°.
5.6 Kareropus 6: IlosunHOMBI

Kanaccudaeckne OpPTOroHaJibHbI€ ITOJIMHOMBbI

1. Onpegenenne: HermiteH[n,p] = Hy,(p).
SameHbr:
OHermiteH [n, p]

@1 = HermiteH|[n,p|, ©2 = HermiteH Aux[n,p] = 5
P
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Huddepennnansioe ypasHeHue:

dep dea
—— = @2, —— = 2p@2 — 2pP1.
dp dp

2. Onpegenenue: LaguerreL[n, p| = L,(p).
Samenbl:

dLaguerreL[n, p]

@1 = LaguerreL[n,p|, ¢2 = LaguerreLAux[n,p] = 5 , @3 = Inv[p).
P
Jluddepenrmaabioe ypaBHeHHe:
de; des des 2
_— _— — 1 9 — P _— = .
TR (p — D@23 — n@193, a0 93

3. Onpegientenne: LaguerreL[n, A, p| = L) (p).

3aMeHbl:

@1 = LaguerreL[n,\, p|, @2 = LaguerreLAuz[n,\,p] =

_ OLaguerreL[n, A, p]

= Inv|p|.
ap ), P3 [p]
Jluddepenraibioe ypaBHeHHE:
de, d@s des 9
b 2 (p—1—A — 2.
o - g (» )P293 — nP1P3, a0 ©3

4. Onpepenenve: LegendrePln,p] = L,(p).
3ameHsbr:
@1 = LegendrePn,p], @9 = LegendreP Aux[n,p] =
OLegendreP[n, p]
- e _‘
Juddepenipaibioe ypaBHeHHeE:

@3 = PFAuzl[p] = (1 -p*)~".

de, d@o do
- = —2 =9 — +1 —= = 25.
7 ®o, 7 p@2@3 — n(n )P103, ©3

5. Oupegenenue: ChebyshevT[n, p] = T,(p).
3amennr:

dChebyshevT [n, p]
op ’

@1 = ChebyshevT[n, p|, @2 = ChebyshevT Aux|n,p] =

phis = PFAuxl[p] = (1 —pQ)fl.
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Huddepennnansioe ypasHeHue:

901 _ g, 222 s — g1, 28— 2y
dp 25 dp 2W3 1¥3; dp 3

6. Oupenesenne: ChebyshevU|[n, p] = Uy,(p).

3aMeHbl:

@1 = ChebyshevU|n, p|, @2 = ChebyshevU Auz|n, p] = ac}lebys@hevU[n?pL
P

phiz = PFAuz1[p] = (1 — p*)~".
JuddepernuaibHoe ypaBHEHUE:

dgy dgs des 2
—_ = Y23 - 2 2 = Ipl.
i ©2, i pP2@3 — n(n + 2) @13, ap D3

7. Oupegenenue: GegenbauerCln, A, p| = C’,(ll)(p).

3aMeHbl:

@1 = GegenbauerCln, N, p|, @2 = GegenbauerC Aux[n, A, p] =

_ 0GegenbauerCn,\, p]
- o
Jlnddepenrmanabioe ypaBHeHHe:

, @3 = PFAuzl[p] = (1 —p*)~".

dor_  dos

do-
= @9, =p(2A + 1) @293 — n(n + 2A) @1 @3, &9 _ 2p@3.
dp dp

dp
] . — plab)
8. Onpepesenue: JacobiP[n,a,b,p] = Py " (p).
3aMeHsr:
dJacobiP[n, a,b, p)
Op '

@1 = JacobiP[n,a,b,p], @2 = JacobiPAuz[n,a,b,p] =

@3 = PFAuzl[p] = (1 -p*)".
Jluddepenipaibioe ypaBHeHHe:

der _,, 4o

do-
o =% 0 = (pla+b+2)+a—b)@aps — n(n+ 20) @193, —22 = e

dp
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9. Oupepenenne: LegendrePln, u,2,p] = P¥(p).
3ameHnbr:
@1 = LegendrePln, u,2,p|, @2 = LegendreP Aux[n, u,2,p| =

_ OLegendreP[n, u, 2, p
= % 7

Juddepenipaibioe ypaBHeHHE:

@3 = PFAuxlp] = (1 —p*)~ 1.

d1 dea 9 9 des 5
—_ = X2 9 - 1z — 2 = 9pp2.
ap P2, a0 pP2@3 — (n(n + 1)@3 — u@3)Q1, a0 PP3

5.7 Kareropus 7: Matbe u cdhepoungaibubie QyHKIAN

Oynknuun Matbe

1. Oupenesnenune: MathieuCla,q,p] = Ce(a, q,p).

3aMeHbl:

OMathieuCla, g, p)

@1 = MathieuCla, q,p|, @2 = MathieuCAux[a,q,p] =

dp ’
@3 = Cos[p], @4 = Sin[p|.
Jlnddepenrmanabioe ypaBHeHue:
de1 d@s 9 9 des; dey
_— _— 2 — — —_— = = —_— = —
dp P2, dp ©1(29(03 — @1) — a), dp 4 dp 3

2. Onpenenenne: MathieuS|a,q,p| = Se(a, g, p).

3aMeHbI:

Mathi
@1 = MathieuS[a,q,p], @2 = MathieuSAuz(a,q,p] = OMa zeuS[a,q,pL

op
@3 = Cos[p], @4 = Sin[p].
Jluddepenipaibioe ypaBHeHHE:
de1 degs 9 2 des doy
— = — = 2 — — — = — = —@s3.
o 0 gy e Cales — i) —a), TE =0 ®3
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3. Oupepesenne: MathieuC Prime[a, q,p] = Ce.(a,q,p).

3aMeHbl: ;
OMathieuCla, g, p)

dp ’
OMathieuC Pri
@2 = MathieuC PrimeAuz|a, q, p| = atnieu ap”me[aa QJ?]7

@3 = MASAuxl[a,q, —p] = (a—2q(cos®(p)—sin?(p))) ", @4 = Cos[p], @5 = Sin[p).

@1 = MathieuC Primela, q,p| =

Juddepennnansroe ypasHeHue:

de, dgs
—— =@, —— = 8002930195 — (a — 2¢(9] — ©?)) 1,
dp dp
dos 5 dQy des
3 _ Y _ s 235 ou
dp Q(<P4 (05)(031 dp Ps, dp (OF]

4. Oupegnesienne: MathieuS Primela, q,p] = Se.(a, q,p).

3aMeHbI: ]
OMathieuS|a, q, p]

Op ’
OM athieuS Primela, g, p)
dp ’
@3 = MASAuxl[a,q, —p] = (a—2q(cos®(p)—sin®(p))) ", @4 = Coslp], @5 = Sin[p).

JuddepennuaibHoe ypaBHeHUE:

@1 = MathieuS Primela, q,p] =

@9 = MathieuS PrimeAuzxa, q,p] =

a1 d%s

B = g T 8qP2039195 — (a — 2q(@] — ©2)) @1,
des o d@y des
By — s, 22—y
i q(@s— @5)@3, a0 @s, a0 @4

Cdeponganbubie QyHKITUN
5. Omupepenernne:
Spheroidal PS[N, v, w,v,p] = PSy (v, ).

[Tapamerp A 3aBucuT OT HApaMeTpos Vv, W,y : A = Ay 4 (y) - coberBenHoe 3HaYEHNE
chepomnia.
3amennr:

@1 = Spheroidal PS[A, v, 1,7y, p|, @2 = Spheroidal PSAuzx[\,v,u,y,p] =
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_ 0Spheroidal PSIA, v, u,y, p|
= 3

Jlnddepenrnmanabioe ypaBHeHue:

, @3 = MASAux2[a,q, —p] = (1 —p*) "

de de
chl = @2, == = 200203 — (1 — P)¥* + M) — 1203) @193,

= 2¢2.
dp P3

dp

6. Ompenesenue:

SpheTOidalQSP\a Va H7Y7p] = QSVsH(Y7p)'

[TapameTp A 3aBUCHT OT HapaMeTpPOB V, [, Y : A = Ay, (Y) - cobcTBenmoe 3HATeHNe
cepona.
SameHbr:

@1 = Spheroidal QSA, v, 1, y,p], ©2 = SpheroidalQSAuz[\, v, W, y,p] =

_ O0Spheroidal QS|\, v, 1,7y, p]
= o

HuddepennuaibHoe ypaBHEHHE:

, @3 = MASAux2|a,q,—p] = (1 — pg)il-

degy degs 9\ 2 2 des 2
o =% p@2@3 — (1 —p7)y" + Avu(Y) — 1 @3) 9193, i ©3

7. Oupepenernue:

Spheroidal SIA, v, w, 7y, p] = S\(,ﬂ)l(%p)-

[TapaMeTp A 3aBHCHT OT HApaMeTPOB V, I, Y : A = Ay, (V) - cobcTBentoe 3HateHne
ceponjia.
Samenb:

@1 = Spheroidal S\, v, W, v, p], @2 = Spheroidal ST1Aux[\,v,u,y,p] =

_ 0Spheroidal ST\, v, 1, , p|
= o
JuddepennuaibHoe ypaBHEHUE:

, @3 = MASAux2[p] = (1 —p*)~ 1.

de; des N 9 des 5
—_— = _— = 2 9 — 1 — }\ — E < _— 2 a.
a0 ©2, o P@293 — ((1 = p7)y" + Avu(Y) — W @3) 9193, i ©3

8. Onpenesenue:

Spheroidal S2[\, v, w,y, p] = SSZL(%Z?)
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[TapameTp A 3aBUCHT OT HApaMeTPOB V, I, Y : A = Ay (V) - cobcTBenmoe 3HATeHNe
cepona.
3ameHsbr:

@1 = Spheroidal S2[A, v, 1,7y, p], @2 = Spheroidal S2Aux[A, v, W, y,p| =

_ 0Spheroidal S2]\, v, 1,7, p]
= o
Jluddepenrmaabioe ypaBHeHHe:

, @3 = MASAux2[p] = (1 pr)fl.

deq dgs 2\, 2 2 des 2
o P2, o p@2@3 — (1 —p*)v™ + Ay u(Y) — - @3) @193, i ©3

9. Ompenesnenne:
Spheroidal PS Prime[A, v, u,v, p| = PS;vp(y,p).

[Tapamerp A 3aBucnT OT apamMeTpos Vv, W,y : A = Ay ,(y) - coberBennoe 3nadenue
chepona.
3amMeHbr:
dSpheroidal PS[A, v, 1,7y, p]
dp ’
0Spheroidal PSPrime[A, v, W, v, p)
dp ’

@1 = Spheroidal PS Prime[A, v, u,v,p| =

@2 = Spheroidal PSPrimeAuz([N, v, 1, y,p] =
@3 = MASAux2[p] = (1 —p*) !,
@1 = MASAuz3[p) = (1% — (1 — p2)((1 — pP2)¥2 + Avu(y))) L,
@5 = MASAuzdlp] = (0* — (1 = p*)¥* — (1 — p)Au(y)) L
Jluddepenrpaibioe ypaBHeHHeE:

a1
dp

de
= @2, T; =2p(((1 = p*)*¥V* + 1) @4 + 2) P2p3—
(4P (L =PV + 1) s + (1= )V + Avp(y) — 23 — 2) @193,
des 5 doy
2035 _ g2 204
dp dp
dos

% = —2p(2y2(1 — p2) + )\v,u(Y))‘Pg'

= —2p(2y*(1 = p*) + A u(¥)) 93,

10. Omnpenenenue:

Spheroidal QS Prime[A, v, u,v, p| = QS’V,H(y,p).
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[TapameTp A 3aBUCHT OT HApaMeTPOB V, I, Y : A = Ay (V) - cobcTBenmoe 3HATeHNe
cepona.
3ameHsbr:
0Spheroidal QSN v, 1,7y, p]
dp ’
0Spheroidal QS Prime[A, v, Wy, p|
dp ’

@1 = Spheroidal QS Prime[\, v, u,y,p] =

@9 = Spheroidal QS PrimeAuz[A, v, 1,7y, p] =
@3 = MASAux2[p] = (1 — p*) 7!,
@1 = MASAua3lp] = (1* — (1= p*)((1 = p")¥* + Mvu(¥)) 7,
@5 = MAS Auzalp] = (0* — (1 — pP)y> — (1 = P )Avu(y))
Jluddepenrpaabioe ypaBHeHHe:

dor _,, 4o

_ —9 1 — p?2)2y2 2 9 .
o =% 4 p(((L—p°)"y" + 1) Qs+ 2) 0203

(4P (1 =)V + 1) @5 + (1 = )V + Mu(y) — o3 — 2) @193,

d(pg 9 d(p4 9 2 9

= = = —2p(2v*(1 = p?) + Ay (V) 03,

dp @3, dp P2y~ ( PY) nl ) @3
des

o —2p(2y*(1 — p*) + Avu(¥)) @3-

11. Omupenenenne:
Spheroidal S1Prime[\, v, w,y, p| = Sg&/ (v,p)-

[Tapamerp A 3aBucuT OT HapamMeTpos Vv, W,y : A = Ay ,(y) - coberBennoe 3HadeHne
chepomnia.
3amennr:

0Spheroidal ST\, v, w, v, p]
Op ’

@1 = Spheroidal S1Prime[A, v, 1, y,p] =

0Spheroidal S1Prime|\
@2 = Spheroidal S1Prime Auz[A, v, 1,7y, p| = pherovda a;zme[ AL u,%p]y

@3 = MASAux2[p] = (1 —p*) !,
@4 = MASAua3[p] = (* — (1 = p*) (1 = p*)¥* + A (¥)) 7,
@5 = MASAuzdp] = (0 — (1 —p*)y* — (1 — p)Avu(y)) "
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Huddepennnansioe ypasHeHue:

do do
dipl = @2, T; =2p(((1 = p*)*¥V* + 1) @4 + 2) P2p3—
(4P (L =PV + 1) s + (1= )V + Avp(y) — 23 — 2) @193,
des 5.2 d@y B
2035 _ g2 204 _
dp dp
des
dp

QP(QYQ(l - pz) + AV#(Y))@LQ%

= —2p(2v2(1 = %) + A (V) 2.

12. Omnpenenenne:

Spheroidal S2Prime[\, v, w,y, p| = 5522: (v,p)-

[Tapamerp A 3aBucuT OT HApaMeTpos Vv, W,y : A = Ay ,(y) - coberBennoe 3HadeHne

chepona.
3aMeHbl:

0Spheroidal S2]\, v, w, v, p)
Op ’

@1 = Spheroidal S2Prime[A, v, 1, y,p] =

_ O0Spheroidal S2Prime[A, v, u,, p]

@2 = Spheroidal S2Prime Auzx[A, v, W, y,p] = o

@3 = MASAux2[p] = (1 —p*)~ !,
@1 = MASAuz3fp] = (0* — (1 = p*) (1 = ")y’ + A u(y)
@5 = MASAuzdlp] = (1 — (1 = p")v* = (1 =P )Auly))
JuddepennuaibHoe ypaBHEHUE:

d(Pl d(PQ N2 2 2
= = 2 =9 1-— + +2 -
dp P2, dp p((( )Y 1)@y ) @203

—(A4p* (1 =)V + 1) @5 + (1= p)Y* + Avu(Y) — 293 — 2) 0193,

degs 2 degy 2 2 2
B _ 992 T op(oy3(1 — Ay ,
W ®5 g p(2y*(1 = p7) + A u(y)) @3

d
di; = —2p(2y2(1 — p2) + )\v,u(Y))(Pg'

)
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5.8 Kareropus 8: DmMnTuviecKne HHTErPaJIbI

ITosHbIe 3JINIITHYECKTE NHTEerpaJibl

1. Oupegenenne: EllipticE[p] = E(p) = E(5p).
3aMeHsl:

OFElliptick
@1 = EllipticE[p|, @» = EllipticE Auz[p] = ’gp’cw

@3 = ETAuzl[p] = (1 —p)~', @4 = Inv[p).
Juddepenipaibioe ypaBHeHue:

d d
£ ©2, & _ —@204 — 0.250190304,
dp dp

dp (p?n dp - (P4'
2. Onpenenenne: EllipticK [p] = K(p) = F(5p).

3aMeHbl:

des _ > des 2

EllipticK
o1 = EllipticK[p|, @ = EllipticK Auz[p] — %W,
P

@3 = ETAuzl[p] = (1 —p)~', @4 = Inv[p].
JuddepennuaibHoe ypaBHEHHE:

de de
L= g, 2 = 025010304 — (1 — 2p) @230,
dp dp

des _ o dos o

dp = @3, dp = @y
3. Omnpenenenne:

. T
EllipticPi[py, pa] = I(p1]p2) = (p1; 5172)-
3aMeHbI:

01 = ElllptZCPZ[pl,pQ], ©o = Elllpt’LCE[pl], Q3 = Ell’tptZCE[IJQL

@01 = ElAux2[ps] = (1 — p2) ™', @5 = Inv[p1], @6 = Inv[ps],
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@7 = ETAua3[p1,po) = (p2 — p1) ™", @s = ElAuxd[p] = (pp — 1),

Jluddepenipaibioe ypaBHeHHE:
do
— = 0.597(P2004 — @1),

de
L= 0.50705(@2 + (p2 — P1) @305 + (02 — P2) ©195), i

dpy
d@s d2 ds
— =0, — =05 — , — =0,
dp dpa (02 = ®2)s dpy
des dey de, s dos s dos
—~=0.5 — (1 - : i, — =0, — = = —@;:, — =
dp2 ((92 ( p?)(pS)(p4(p67 dpl 3 dpz ©y, dpl P35, dp2 )
d@g _ d@g _ 2 dor _ 2 de7 _ 2
—— =0, 07— == =97, 7 =07,
dp dps dp; dps
des s de7 0
22— 2 L=
dp dp2
HemnosHble 3/utMnTHYEeCKNE UHTErPAJIBI
4. Onpenesenue:
P
EllipticE[p1, pa] = I(p1|p2) = / 1 — pysin®(t)dt.
0
3aMenbl:

@1 = EllipticE[p1,pa], @2 = EllipticF[p1], @3 = Inv[ps], @4 = Cos[pi],
@5 = Sin[p1], ¢ = ElAux5[py, pa] = (1 —po Siﬂ?(l)l))o"r)»
@7 = ElAuz6[p1, po] = (1 — po sin2(pl))’o'5 @s = ETAuzT[ps] = (1 —;02)’1

Jluddepenrpaibioe ypaBHeHue:

do; de1
01 _ s, Y0~ 0.5() —
i = %% O (@1 — @2)@3,
dps des
—— = @7, — = 0.5(Q19395 — P203 — P1P5P7¢Pg, —— =0,
dp: dps dp
d:- d d d d
ﬁ:_(pga&:_@57£207&:@47&:07
dpsy dp, dpa dpy dps
d@g dgg dor do7
—= = a5 @7, —— = —0.502Q7, — = P2@sP593, —— = 0.593¢3,
dps dp dpo

dp
d d
dos _ dor _ 2

dpy " dpy
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5. Omnpepenernne:
p1 1
EllipticE[p1, pa] = F(p1|p2) = / ———dl.

3aMeHbl:

Q1 = ElllptZCF[php?]v Qo = E”ZptZCE[php?], Q3 = InU[PQL Q4 = COS[PIL

@5 = Sin[p1], @ = ElAuz5[py,pa] = (1 — pasin®(p1))"”,
@7 = ElAuzb[p, pa] = (1 — pasin®(p1)) "% @g = ETAuxT[ps] = (1 — po)~".

Jluddepenipaibioe ypaBHeHHe:

de de
L= @7, = = 0.5(@20398 — @193 — P4P5P7Ps,
dp dps
d(PQ d(PQ d(P3
—2 = g, == = 0.5(¢py — —2_0
dp1 Pe, dp2 ((02 (Pl)(P3a dpl )
dos _ o dos o e des o des
dpy TV d Vidpy U dp U dpy
dgg dog 2 dor 3 deor 2 3
a6 _ . —2 =05 , — = , 57— =05 ;
dp, P2@4P597, dps P507 dp, P2@4P597 dps P597
des _ de7 _ (p2
dpy " dps 8

6. Ompenenenne:

p1 1
dt.

EllipticPi[p1, p2, p3] = l(ps; p1|p :/
[P1: P2, 3] (ps; p1lp2) ) (1 — p3sin®(t))y/1 — pysin’(t)

3aMeHbl:

(pl = Ellzptlcpz[php%pB]a (PQ = E”ZptZCE[PhPQ]a (PS = EllzptZCFbglasz

@1 = Inv[ps], @5 = Invlps], @g = Cospi], @7 = Sin[pi],

@s = ElAuz5[p1, po] = (1-pasin®(p1))*?, @9 = ElAuz6[py, po] = (1—posin®(p1))~
—-0.5

0.5

7

@10 = ETAuxT[ps] = (1 — p2) ™!, @11 = ElAuas[py,p3] = (1 — pysin®(p1))

@12 = ETAux9[ps, ps] = (p2 — p3) ", @13 = ElAuz10[ps] = (p3 — 1)7".
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Huddepennnansioe ypasHeHue:

d
% = @911, & _ 0.5@12(P2010 — P2@sP7P9P10 — @1),
p1 dpy
do do
. 0.5@129013(@2 + (P2 — P3) P3P5 — P3PP7TPP11), =2 P,
dps dp
des d@s de;
22— 0.5(¢@2 — @ 22 o, 58 2 g
0 (02 — ©3) @4, a0 e
4oy _ 5 0 d@sdps = 0
dT?Q = 0.5(02904910 — P6@7P9P10 — P394), fracdpsdps =0,
d d d d d d
o1y &:@i, QO1_ ) 495 _ 295 _ &:_(pg’
dpy dpy dps3 dpy dpy dps
des _ : des _  dos _ 0
dp " dps dp3 '
d d d
dor _ o der_ der
dp1 dp2 dps
dos des s dos
=5 = g = — 05 0
dp, P2@6c P79, dps P7 P9, dps
dggy 3 dgg 2 3 dgg
05 3OS0 05l S =0
dp, P2P6P7Pg dps P7 Qg dps
de1o —0, deig — o 27 de@ig —0,
dp1 dpy dps
den 5 dou 2 o don
-9 b, ) =0
dp, P2@6cP7P11, dps P7P11, dps )
do deo do
2 - 07 = - _(\0%27 712 - @%27
dp1 dpy dp3
d d deq:
P13 _ 0, P13 _ 0, P13 _ 2,
dp dps dp3
7. Omupepenenue:
. F
JacobiZeta[pr, pa] = Z(p1|p2) = E(p1|p2) — KE]ZZ))F(plpg).
2

3aMeHbl:

@1 = JacobiZetalpy, pa], @2 = EllipticE[ps], @3 = EllipticK [ps],

@1 = (BllipticK[ps]) ™", @5 = Inv[pa], @¢ = Cos[pi], 7= Sin[pi],

@s = ElAuz5[p1, po] = (1=pasin®(m))*?, @9 = ElAux6[py, po] = (1—pasin®(p1))~

0.5

)
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@10 = ETAuxT[ps] = (1 — p2)_1.

Huddepennnanbuoe ypaBHenne:

dei der
—— = @3 — P20499, —— = 0.5@5((1 — P204910) @1 — P2P1P6P7Py P10,
dpl dp?
dgs dgs des
—— =0, =— =0.5(p2 — @3)95, — =0,
dpy dpy (2 2) dp:
do do
dp; =0.5(@2 — (1 = p2) ©3) P5910, Wf =0,
do, 2 des
TPt 050y — (1 — p2)@3) @205 010, 23 — 0,
dp ((PQ ( p2)(93)(94(9 P10 dp;
%:ﬂp? d%:ﬂm 405 _ @:@e
dp2 5 dpl ) dp2 ) dpl ;
der des deg 2
1 _p, 48 _ @05 _ o5
dpg ) dpl P2PcP7Py, dp2 P17 Py,
dy 3 d@g s 3 d@ig dero 3
- 9 _ o5 - _—
dp, P2@6cP7Pg, dps P27 Py, dpr " dps P10

5.9 Kareropusa 9: Tpancuensaents! Ilennese

1. Oupenenenue: Painlevel|p] = Pr(p).

Oyukin [lennese saBsioTes pereHusiMu ypasuenuit Pr — Py .

3ameHbr:
JPainlevel
@1 = Painlevel[p], @2 = Painlevel Aux[p] = %ﬂem.
P
Junddepenrmanabioe ypaBHeHHe:
dey d@2 2
— = =6 .
dp P2, dp P71 + p
2. Onpegenenne: PainlevelI[p] = Pri(p).
3ameHsbr:
_ OPainlevelI[p]

@1 = PainlevelI[p], @2 = Painlevel I Aux[p] = 5 .
p
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Huddepennnansioe ypasHeHue:

d(Pl d(pg
a1 ) .
dp ©a, dp (Pg + yuol +
3. Onpegnenenne: Painlevel II[p] = Prr(p).
3amenbr:
Painlevel Il
= Painlevel I1[p], ¢y = Painlevel I1 Auz1[p] = %M’
P
— PainlevelIT Auz2[p] = 1 — Il
o = Hamiene e = Painlevel II[p]’ @4 = fnvlp).

JuddepennuaibHoe ypaBHEHUE:

de des .
— = @2 — = 9303 — 9204 + 9a(0] + B) + i + s,
dp dp
des 2 04 2
dp D203, d 4
4. Oupegnenenne: PainlevelV[p| = Pry(p).
3aMeHsl:
Painlevel
@1 = PainlevelV[p|, @2 = PainlevelV Auz[p] = %@e\/[ﬂ’
p
= Painlevel V Auxl[p] = -
PainlevelV[p|
Jluddepenrupanibioe ypaBHeHue:
901 _ o, 192 5020, + 150 + 4pe? + 2
TR s P393 + L.5@T + dpei + 201(p” — &) + Beps,
des
Tp (92(03
5. Onpenenenne: PainleveV [p] = Py(p).
SaMeHbl:
Painl
@1 = PainleveV[p|, @2 = PainleveV Aux[p] = Mma—eveV[]’
p
1
@3 = PainleveV Auxl[p] = PainleveVip) @4 = PainleveV Aux2[p] =

1
- (PainleveV[p] — 1)

. @5 = Inv[p].
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Huddepennnansioe ypasHeHue:

do de
L= gy, — = = 050303 + 150} + 4p@? + 201(p* — &) + P s,
dp dp

a0s _ 02

dp 2¥s

6. Oupenenenne: PainleveVI[p| = Pyr(p).

3aMeHbI:
Painl I
@1 = PainleveVI[p|, @9 = PainleveVIAux[p] = M#M7
P

1

=" = Painl T Aux2[p| =
PainleveV I[p|’ #1 ainleveV I Auz2[p]

@3 = PainleveV I Auz1[p]

1

1
(PainleveVI[p] — 1)’

(PainleveVI[p] — 1) @5
@6 = Invlp], @7 = Inv[p—1].

= PainleveVIAuz3[p] =

Jlnddepenrmanabioe ypaBHeHue:

de dea
dT?l G 0.5@3(@3 + @1 + @5) — P2(P5 + @ + @7)+

+019503 (91 — 1)1 —p)(oc+pf5<o§ +y@ip—1) +vpei(p — 1)),

des 2 doy 2 des 2
aps _ k& o5 —1
i P23, a0 P27, i oi(p2—1),

deg o do7
dp - (p()'a dp - (P7-

5.10 Kareropus 10: HesiBHble dyHKITUN

1. Oupegnenenne: Gilbert|[py, pa, ps].
®yukius ['masbepra @1 = Gilbert]py, p2, ps] onpejeneHa Kak peleHns ypaBHeHNe

takoe, 4to @1(0,0,0) = —1.

3aMeHbl:

@1 = Gilbert[py, pa, p3], @2 = Gilbert Aux[py, p2, p3] = (T@5+3p30T+2pa@1+p1) .
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Huddepennnansioe ypasHeHue:

der ol des
—— = —QQy, — =
dp; ! dp;

(4297 + 6ps @1 +202) 9103 — o] 93, j=1,2.3.

2. Onpegenennie: Kepler E[py, pa], rjie p1 = € - 9KCIEHTPUCUTET KEIJIEPOBCKOH 3JI-
JINIITHYIECKOH OpOUTLI B TPABUTAIMOHHON 3ajiade JBYyX Teil, po = M - cpejusis
anomasus. Kepler E[p1,ps] = E(e, M) saBisiercs uesiBHOii (yHKIMEN, onpe/eset-
HOl ypasHennem Kerepa.

3amMeHbr:

@1 = KeplerElp1,p2], @2 = KeplerS[py,pa] = Sinle],
@3 = KeplerClpy,ps] = Cosle], @4 = Kepler Auz[p,ps] = (1 —ecos E) L.
Jlnddepenrnmanabioe ypaBHeHHe:

dey dey de

2

S = P20, — = P4, —— = P203Qy4,

dpy P dps b dp, (p
d@s des o deg
T = P3Q4, 77— = —03Q4, 7 = — 2@y,
dpa dp; 2 dp>

901 _ oo — poled, D04 = poyel

dpy ! 2T dp, !
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3akJouyeHnune

OcHoBHBIE PE3YJILTATHI PAOOTHI 3AKJIIOUAIOTCS B CJIEJIYIONIEM:

1. PaszpaboTanbl jieTajn MOCTPOEHUS CXeM,

2. PeasimzoBambl ajropuTMbl IIOCTPOEHUS CXEM JIJIs IIPOU3BOJILHOIO Habopa
MOHOMOB,

3. Paszpaboranbl KOMIBIOTEPHBIE TPOrPAMMBI, PEATI3YIOMINE AJTOPUTMbI 10~
CTPOEHUST CXEM,

4. Paszpaboranbl KOMIIBIOTEPHBIE IIPOIPaMMBbI, peausyorue ajaroput™m TSMR
MeTo/10B psioB Teitopa u ux cpasaenne ¢ nporpammoit TIDES,

5. TlpoBesennl dncjieHHbIE SKCIEPUMEHTBI, uccaenoBana 3GQGEeKTHBHOCTD aJi-
TOPUTMOB U IIPOrPAMM, Pa3pabOTaAHHBIX /IS YUCIEHHOTO WHTErPUPOBAHIIST
JinddepeHnnaIbHbIX YPABHEHHIT.

B zakuiovenne aBrop BbIpazkaer OJIaroJapHOCTh U OOJIBIIYIO [IPU3HATEIBHOCTD Ha-
yaHoMmy pykosoautesio babamkansmiy JI. K. 3a mommepxkKy, TOMOIIb, 00Cy:KIeHTe
PE3yJIBTATOB 1 HAYIHOE PYKOBOJACTBO. ABTOD Takyke OJIArOJapuT BCEX, KTO CIesall

HACTOSAILY0 paboTy BO3MOYKHOIL.
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ITpuaoxenune A

IIporpamma pacudéra cxembl JJisl MPOU3BOJILHOTO HabOpa MOHOMOB

B nannom pasnesie mpejcTaBiieHa IIpOrpaMMa 1monod peasn30BaHHas B
Wolfram Mathematica, asroputm KoTopoii omnncaH B riiase 2.

Ha Bxoj mporpamme mojaérest Habop MOHOMOB Tperbeii crenenu. Ha Boixoge
porpamMma BBIJIAET CXeMy JIJIsT BBEJCHOTO Habopa MOHOMOB. B ciaydae Habopa Mo-
HOMOB BBbIIIIEe 'I‘pe’l‘beﬁ cTeleHu, HeO6XO'}LI/IMo PEKYPPEHTHO BbI3BaTh OCHOBHYIO 9aCThb

(JIucrunr A.2) nporpaMmbi.

Jucrunr A.1 — I[Iporpamma mono3: Beox u 0bpaborka nabopa MOHOMOB.

# utilits
im[t_] := Times @@ ((x[#] &) /@ t);
mi[t_] := Flatten[t /. {Power -> ConstantArray, Times -> List}

/. x -> Identityl;

# input
m = DeleteDuplicates[{ x[1] x[2], x[1] x[3] x[41}];

# preprocessing

monomiall = im /@ Transpose [{Sort[DeleteDuplicates|[
Catenate[mi /@ m]]]}];

monomial2 = Select[m, Length[mi[#]] == 2 &];

monomial3 = Select[m, Length[mi[#]] == 3 &];

m3 = DeleteCases [Complement [m, monomial2l, t_ /;
Length[DeleteDuplicates [Subsets[mi[t], {2}]]1 \[Intersection]
mi /@ monomial2] > 0];
m3Subsets = (DeleteDuplicates[Subsets[mi[#], {2}]] &) /@ m3;
m3Al11Subsets = DeleteDuplicates@Catenate [m3Subsets];
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Jucrunr A.2 — Ilporpamma mono3: OcHOBHasT 9aCTh.

% linear programming part
% use this part recursively if the set consists of
% monomials higher than third degree
m30ptimalSubsets = If[m3AllSubsets == {}, {},
im /@ m3AllSubsets[[Transpose[Position[
LinearProgramming [Table[1.0, {i, Length[m3AllSubsets]}],
(ReplacePart [Table [0, {i, Length[m3AllSubsets]}],
Transpose [{#}] -> 1] &) /@
Table[FirstPosition[m3AllSubsets,
m3Subsets [[r, jI1I1I[[1]],
{r, Length[m3]}, {j, Length[m3Subsets[[r]]]}],
Table[1, {i, Length[m3]1}],
Table [{0, 1}, {i, Length[m3AllSubsets]}],
Integers], 111[[1]1]1]]

Jucrunr A.3 — [porpamma mono3: Cxema.

monomial230ptimalSubsets = Join[monomial2, m30ptimalSubsets];

Join [
monomial2scheme =
Catch[Do[If[# == monomiall[[i]] monomiall [[j]], Throw([{i, j
37,
{i, Length[monomialll}, {j, Length[monomialll}]] & /@
Select [Join[m, m30ptimalSubsets], Length[mi[#]] == 2 &],
monomial3scheme =
Catch[Do[If[# == monomiall[[i]] monomial230ptimalSubsets[[jI],
Throw [{i, Length[monomialll]l + j}1],
{i, Length[monomialll}, {j, Length[monomial230ptimalSubsets
1311 & /e
Select [m, Length[mi[#]] == 3 &]




123

IIpunoxenue B

IIporpamMma mocTpoeHusi kKopurypainmoHubix daiiios s TSMR

B jmannom pasjesie mpejictaBieHa [porpaMMa Jijisi aBTOMATHIECKOTO KO-
rypupoBanus daitina coef.dat. Ocranbuble KoHGUIYpAIOHHBIE (BAlI 3aTaI0TCs

BPYYHYIO, B CHJIy UX IIPOCTOTHI.

Jucrunr B.1 — [Iporpamma noctpoennst coef.dat

Nbody = 5; L = Nbody - 1;
% input system (polynomial system fifth/fourth/third degree)
systeml = Expand@Catenate@Table[D[Subscriptlg, i, jl[t], t]
-> Subscript([p, i, jI1[t]l, {i, L}, {j, 3}];
system2 = Expand[Catenate[Table[D[Subscriptlp, i, jl[t], t]
-> k"2 (- (m[0] + m[i]) Subscriptlg, i, jl[t]
Subscript[v, 0, iJ[t]l + \!\(\*UnderoverscriptBox [\(\[Sum]\),
\N(s\), \N(L\)] \(If[s == i, 0, m[s] \NCO\NC(\(\*SubscriptBox [\(g\),
\N(s, 3\OIV)
[t] - \(\*SubscriptBox [\(g\), \(i, j\VOIV[t]1H\)
\ If[s > i, \(\*SubscriptBox [\(v\), \(i, s\)I\)[t],
\N(\*SubscriptBox [\(v\), \(s, i\)I\)[t]] -
\N(\*SubscriptBox [\ (g\), \(s, j\)I\)[tI\
\(\*SubscriptBox [\(v\), \(0, s\)IV)[tDH\IN\)),
{i, L}, {j, 3}111;

system3 = Catenate@Table [{Derivative [1] [Subscript[d, 0, i11[t]
-> -Subscript[v, 0, i]J[t] Subscriptlw, 0, iJ[t]l}, {i, L}];
system4 = Catenate@Table[Derivative [1][Subscript([d, s, i1]1[t]
-> -Subscript[v, s, il[t] Subscriptlw, s, il[t],
{i, 2, L}, {s, i - 1}];

systemb = Table[D[Subscriptlq, 0, i]J[t], tI]

-> D[(Subscript([d, 0, il1[tl)~2, t], {i, L}] /. system3;
system6 = Catenate@Table[D[Subscriptl[q, s, il1[t]l, t]

-> D[(Subscript[d, s, il[t])~2, tl,

{i, 2, LY, {s, i - 1}] /. systemé4;
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system7 = Table[D[Subscript[v, 0, il[t], t]

-> D[(Subscript([d, 0, ilJ[t])~3, t], {i, L}] /. system3

/. Table[(Subscript[d, 0, i][t])"2 -> Subscriptlq, 0, il[t],
{i, L} 1;
system8 = Flatten[Table[D[Subscript([v, s, i]l[t]l, t]

-> D[(Subscript(d, s, i1[t])~3, t], {i, 2, L}, {s, i - 1}]
/. system4 /. Catenate@Table [(Subscriptl[d, s, i]J[t])"2

-> Subscriptlq, s, 1i1[t], {i, 2, L}, {s, i - 1} 1];
system9 = Expand@Catenate[{Catenate@Tablel[

{D[Subscript[w, 0, i][t], t]

-> D[ \!\(\*UnderoverscriptBox [N(\[Suml\), \(j\), \(3\)I\(
\(\*SubscriptBox [\ (g\), \(i, j\)1\)I[t]
N(\*SubscriptBox [\ (p\), \(i, NI\ [tI\VON), 1}, {i, L} /.

systeml} /. system2];

systeml0 = Catenate[Expand[Catenate[{Catenate@Table[
{D[Subscript[w, s, i][t], t] ->

D[ \!\(\*UnderoverscriptBox [N(\[Sum]l\), \(j\), \(3\)I\(\((
\(\*SubscriptBox [\ (g\), \(i, j\)I\)[t] -
N(\*SubscriptBox [\ (g\), \(s, NIV I[tI\) \((C
\(\*SubscriptBox [\ (p\), \(i, j\)I\)[t] -
\N(\*SubscriptBox [\ (p\), \(s, VIV ItDHVV\), t1},

{i, 2, L}, {s, i - 1}] /. systeml} /. system2]1];

systemWithT = Join[
Catenate[Table [D[Subscriptlg, i, jl[t], tI,
{i, L}, {j, 3} /. systeml],
Catenate[Table [D[Subscript[p, i, jl[tl, tI,
{i, L}, {j, 3}] /. system2],
Catenate [Table [{D[Subscript[d, 0, il[t]l, t]},
{i, L}] /. system3],
Catenate [Table [D[Subscript[d, s, i][t], t],
{i, 2, L}, {s, i - 1}] /. system4],
Catenate[Table [{D[Subscript[q, 0, il[t]l, tl},
{i, L}] /. systemb],
Catenate [Table [D[Subscript[q, s, il[t]l, t],
{i, 2, L}, {s, i - 1}] /. system6],
Catenate [Table [{D[Subscript[v, 0, i]l[t], tl},
{i, L}] /. system7],
Catenate[Table [D[Subscript[v, s, i]l[t], tI,
{i, 2, L}, {s, i - 1}] /. system8],
Catenate [Table [{D[Subscript[w, 0, il[t]l, t]},
{i, L}] /. system9],
Catenate [Table [D[Subscript[w, s, i][t], t],
{i, 2, L}, {s, i - 1}] /. systeml10]];
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change = Join[

Catenate@Table [Subscript[g, i, jl[t] -> Subscriptlg, i, jl,
{i, L}, {j, 3}1,

Catenate@Table [Subscript[p, i, jl[t] -> Subscriptlp, i, jl,
{i, L}, {j, 3}1,

Catenate@Table [{Subscript[d, 0, il[t] -> Subscriptld, 0, il},
{i, L},

Catenate@Table [Subscript[d, s, i]J[t] -> Subscriptl[d, s, il,
{i, 2, L}, {s, i - 131,

Catenate@Table [{Subscript[q, 0, il[t]l -> Subscriptlq, 0, il},
{i, L},

Catenate@Table [Subscript[q, s, i][t] -> Subscriptlq, s, il,
{i, 2, L}, {s, 1 - 1}]1,

Catenate@Table [{Subscript[v, 0, i]l[t] -> Subscriptlv, 0, il},
{i, L},

Catenate@Table [Subscript[v, s, i][t] -> Subscriptl[v, s, il,
{i, 2, L}, {s, i - 131,

Catenate@Table [{Subscript[w, 0, il[t] -> Subscriptlw, 0, il},
{i, L},

Catenate@Table [Subscript[w, s, i]J[t] -> Subscriptl[w, s, il,
{i, 2, L}, {s, i - 1}11;

system3Degree = systemWithT /. change;

allVariable = Catenate@Join[

Table [Subscriptlg, i, jl, {i, L}, {j, 3}1,

Table [Subscript[p, i, jl, {i, L}, {j, 3}1,

Table [{Subscript[d, 0, 1]}, {i, L}],

Table [Subscript[d, s, il, {i, 2, L}, {s, i - 1}],

Table [{Subscript[q, 0, il}, {i, L}],

Table [Subscript([q, s, i], {i, 2, L}, {s, i - 13}],

Table [{Subscript[v, 0, i1}, {i, L},

Table [Subscript[v, s, i], {i, 2, L}, {s, i - 1}],

Table [{Subscript[w, 0, 1]}, {i, L}],

Table [Subscript[w, s, i], {i, 2, L}, {s, i - 1}1]1;

variableMASS = Flatten[{m[0], Table[m[i], {i, L}1}];

valueMASS = {1, 1/6023600, 1/408523.71, 1/328900.56, 1/3098708,
1/1047.3486, 1/3497.898, 1/22902.98, 1/19412.24, 1/135000000};

subValMass Table [variableMASS [[i]]

{i, Length@variableMASS}];
sys = system3Degree /. {k -> 0.01720209895} /.
var = Array[x, Length@allVariable];

-> valueMASS[[il]l,

subValMass;



126

rules = Inner[Rule, allVariable, var, List];

sys2 = sys /. rules
mon = Sort[DeleteDuplicates@
Catenate[CoefficientRules [#, var][[Al1l, 1]] & /@

Join[var, sys2]11];

mon2 = Sort[mon, Total@#1 < Total@#2 &J;

monomials = Times @@ Inner [Power, var, #, List] & /@ mon2
monomials2degree = Select[monomials, Length([mi[#]] == 2 &];
monomials3degree = Select[monomials, Length([mi[#]] == 3 &];

monomial3Scheme = {Catch[Dol[
If[# == var[[i]] monomials2degree[[j]],
Throw [{i, Length([var]l + j}11,
{i, Length[var]}, {j, Length[monomials2degreel}]] &

/@ monomials3degreel};

schemeForPolynomialSystem3Degree =

Catenate@Join [{Table[

mi[monomials2degree[[i]]], {i, Length@monomials2degree}]},
monomial3Scheme]

Export [NotebookDirectory[] <> "coef.dat",

StringRiffle[Catenate@Table [

StringPadRight [ToString@NumberForm [#[[2]], 32,
ExponentFunction -> (Null &), NumberFormat

-> (StringTake [#, UpTo[32]] &)1, 40] <> " " <>
StringPadRight [ToString@e, 10] <> " " <>
ToString@FirstPosition[mon2, #[[1]1]]1[[1]1] & /@

CoefficientRules [sys2[[el]l, varl],

{e, Length@sys2}], "\n"l]
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Introduction

Actuality. First, consider the structure of the dissertation: briefly outline its
content by chapters, mention about its practical significance and results, formulate
the goals of the work, its relevance, novelty and the provisions submitted for defense.
Further, discuss in more detail the problems of mathematical modeling of dynamic
processes related to the work and the main problems solved in the dissertation.

In the first chapter, "Reduction to differential equations to a polynomial form"
the necessary concepts are presented, and an algorithm for the method of additional
variables and an algorithm for reducing differential equations to a polynomial form
are presented, the method is applicable both for ordinary differential equations and
for complete systems of partial differential equations. Ten examples of reducing
are considered.

In the second chapter "Schemes and fast computation of systems of multi-
variable monomials" the necessary definitions are presented, the problem of fast
computation of systems of multivariable monomials is formulated, an algorithm
for solving the problem is presented, and examples showing the efficiency of the
algorithm are given.

The third chapter "Taylor series methods" describes the classical method
of Taylor series, several methods of recurrent finding the Taylor coeflicients, the
Parker - Sochacki method. The third chapter also presents an algorithm for the
implementation of the Taylor series method, an algorithm for calculating the Taylor
coefficients, an estimate of the local error, auxiliary algorithms and the general
algorithm of the Taylor series method.

The fourth chapter "Numerical experiments" presents a numerical analysis of
the efficiency of circuits both on an arbitrary set of monomials and on the example
of the N-body problem in various polynomial forms. A comparison of the results of
numerical integration of differential equations by two different methods is also given:
TSMR (using the algorithm for constructing a scheme [124]) and TIDES [25].

The last chapter "Categories of functions" presents ten categories of functions
that satisfy systems of differential equations: elementary functions, Bessel-type func-
tions, Erf, Fresnel and exponential integral functions, incomplete gamma and beta
functions, hypergeometric functions, polynomials, Mathieu and spheroidal functions,

elliptic integrals, Painlevé transcendents, implicit functions.



Aim of this work is the development of general approaches, methods and
algorithms for modeling in symbolic and numerical forms in Dynamic problems,
based on the usage of systems of differential equations.

To achieve this aim, it was necessary to solve the following tasks:

1. Develop the details of scheme construction;

2. Implement algorithms for constructing a scheme for an arbitrary set of

monomials;

3. Develop computer programs that implement scheme design algorithms;

4. Develop computer programs that implement the TSMR, algorithm of Taylor

series methods and compare them with the TIDES program,;

Conduct numerical experiments, investigate the effectiveness of the devel-

ot

oped algorithms and programs for the numerical integration of differential
equations.

Novelty:

1. Constructing schemes algorithms for fast computation of an arbitrary set
of monomials are presented for the first time.

2. For the first time, a study which showed the high efficiency of the presented
algorithms for the numerical integration of arbitrary polynomial systems of
differential equations has been performed.

Influence. Acceleration of the numerical integration of differential equations

in polynomial form describing both real and statistically generated models.

The main states for the defense:

1. Construction and complete analysis of algorithms and corresponding com-
puter programs for constructing schemes to calculate all monomials of an
arbitrary set.

2. Construction of algorithms and corresponding computer programs TSMR
that implement Taylor series methods for Cauchy polynomial problems.

3. Numerical experiments for real and statistically generated dynamics mod-
els.

Reliability. All the results of the dissertation were obtained by rigorous
mathematical methods, verified by numerous calculations, and are based on six
publications in Russian and international peer-reviewed journals. All these results
have been reported at numerous international conferences.

Probation. The main results of the work were reported during the inter-

national scientific conference "Control processes and stability" (St. Petersburg,



March 2016), the international conference "Stability and oscillations of nonlinear
control systems (Pyatnitsky conference)" (Moscow, June 2016), during the 14th and
15th "International Conference of Numerical Analysis and Applied Mathematics"
(Rhodes and Thessaloniki, Greece, September 2016 and September 2017), an interna-
tional scientific conference on mechanics "VIII Polyakhov readings" (St. Petersburg,
February 2018) and on "International Multidisciplinary Scientific GeoConference
Surveying, Geology and Mining, Ecology and Management" (Sofia, Bulgaria, July
2019).

Contribution. The author took an active part in the development and imple-
mentation of algorithms for constructing schemes and in analyzing the effectiveness
of the presented algorithms. All the presented results in the dissertation were ob-
tained personally by the author.

Publications. The main results on the topic of the dissertation are presented
in 6 printed publications, 5 of which were published in journals recommended
by the Higher Attestation Commission .

Scope and structure of the work. The dissertation consists of intro-
duction, five chapters, conclusion and two appendices. The full volume of the

dessertation is 125 pages, including 5 tables. The list of references contains 127 titles.



Chapter 1. Reduction of differential equations to a polynomial form

Many sources were used in writing this chapter: [1 — 12, 22, 26, 30, 39, 40].

This chapter is divided into two sections. The first section describes the theo-
retical and algorithmic basis of methods for reducing systems to a polynomial form
(a system of first-order differential equations with polynomials in the unknowns on
the right-hand side) for complete systems of differential equations and systems of
functions. The method of additional variables reduces them to a system of differ-
ential equations in polynomial form. Note the method of additional variables for
complete systems of partial differential equations, necessary and sufficient conditions
of applicability and their implementation were presented in [9], the method of addi-
tional variables for ordinary differential equations was presented in A. Poincares
paper [105].

In the second section, examples of reduction of systems of differential equa-
tions and systems of functions are given: the Cauchy problem for ODE, the Cauchy
problem for ODE systems, the Cauchy problem for complete systems, a mathemat-
ical pendulum, the rotational motion of a satellite around its center of mass, the N
body problem reduced to three polynomial forms: fifth, fourth and third degrees, a
system of two functions, an exotic function and a multistory exponent.

In addition, in the fifth chapter, 10 categories of functions are presented, the
corresponding replacements necessary to reduce them to differential equations, and

the corresponding differential equations.

1.1 Additional variables method

The method of additional variables is aimed at reducing systems of functions
and/or differential equations (complete partial differential equations and, in partic-
ular, ordinary differential equations) to a polynomial form. The idea of the method
for ODE was considered in the work of Poincare [105]. In celestial mechanics, this
idea has been used to solve the three-body problem using power series. Necessary

and sufficient conditions for complete partial differential equations that allow com-



puterizing the application of the method were proposed in [9], and the algorithm of
the method and its implementation are given in [11].

Consider the basic notation that will use in what follows. Let’s
= (x1,...,2,) €C™, t=(t,....1) €C* a=(a,...,x) €C® fleC,

(y1,...,yn) € OV, g, € O, assuming x is function of ¢ and parameter o, and ¥ is
function of x and parameter . The C' symbol denotes a field of complex numbers.
Note that everywhere the symbol C' can be replaced by the symbol R, which denotes
the field of real numbers, since all the algorithms described below are symbolic.
Consider a complete system of first-order partial differential equations resolved
with respect to the derivative. Such systems of differential equations can be written

in the following forms:

O%i _ fi(a,o), i€[lim], jellss,
gtj (1.1)
O fww), dr = [0

where = (21,...,2,) € C™, t=(t1,...,t5) € C*, a=(oq,..., %) € C,
dr = (dwy,... dw,), dt = (dt,....dt), 5 =5 f=(f]), fleC

In the case of ordinary differential equations (.i.o.7 for s = 1), these forms can

be reduced to the following:

dei
dt

d
= fi(z, ), i€ [l:m] dif = f(z, ). (1.2)
Also consider the system of functions:
yr = gr(z,0), r€[l:N], (1.3)

where s, N € [0: +00) and (s, N) # 0. System (1.1) (or (1.3)), the right-hand side
of which is a polynomial in the unknowns 1, dots, x,,, is called a polynomial system.

Let us consider separately: the method of additional variables for complete
systems, the method of additional variables for systems of functions and the method

of additional variables for mixed systems.
Additional variables method for complete systems

Let additional variables x;, 11, - - . , Tk satisfy the conditions:

— all derivatives %, (Il el:k, i€ [l : m]) - some polynomials



Poiiri(z1, ..., Tmrk) by variables @y, ..., Ty
all right sides of equations (1.1) polynomldlb Q! (xl, e Tontk),
then 1, ..., T,y satisfy the polynomial system:
al’i

8t-:Qg($1"“’xm+k)’ i€[l:m], je[l:s], le[l:k]

855 +l
- Z QJ ~Tlv e a$7IL+k)PrrL+l,i(rla s 7xm+k)-

Additional variables method for systems of functions

Let additional variables x,, 11, .. ., Tmik satisfy the conditions:

— all derivatives &g’—g’ﬁ’i“, (l e [1:k, ¢ €[l : m])— some polynomials
Poyiri(zy, .., Tmek) by variables @y, ..., Ty

— all functions g.(x, ), r € [l : NJ], - polynomials R,.(x1,...,Tn+t), then
X1, ..., Tk satisfy the polynomial system:

Yr = Ro(21,. ., Tiir), 7€ [1:N],

ox 1 .
87:+ = Poq1i(@1, ..., Tmar), 1€ [1:m], Le[l:k]
J
Differentiating y, by variables xy, ..., Z,,, can get the complete system:

K
Oy, _ OF, + ZPers,iﬂa rel[l:N], i€[l:m],
-1

ox; ox; 0Ty
dr 1
UL AP m+l,i(xl7 ce a‘rm+k:>7 le [1 : k]
o,

Additional variables method for mixed systems

Let additional variables @11, ..., T,y satisfy the conditions:
all derivatives ag—’:j’, (Il e [1:k, ¢ €[l : m])— some polynomials
Po1i(1, .-, Tpgr) by variables 21, . .., Ty
— all right sides of equations (1.1) — polynomials Q{(ml, e Tontk),
— all functions g¢,(z,), 7 € [1 : NJ, — polynomials R,(z1,...,Zptr), then
T1y..., Ty, satisfy the polynomial system:
ox;

at_:Qf(xl,...,x,,I,+k), i€l:m], je[l:s], lel:k]

m

5$ +1
- ZQJ xlw"7xm+k)Pm+l,i(l'17---7xm+k)a

y?“ = RT’(‘Th e 7I7ﬂ,+k)7 r 6 [1 : N]7
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moreover, differentiating y, by variables 1, ..., z,,, can get the complete system:

817'
ot

8:10 +z
i ZQ xl7"'axm+k)Pm+l,i(x1a--'7‘Tm+k)7

:Q‘Z(I17...,x7n+k), i€[l:m], je[l:s], le[l:k]

Oy, .
= Pm s, 1 s cll1: N , c|l: .
e 8% Z g [L:N], ie[l:m]

s=1

1.2 Examples

The first three of the ten examples considered here use the Hilbert functions

(three arguments pi, po, p3).

Remark. These functions were introduced in connection with Hilbert’s problem

13. By the time Hilbert formulated this problem, a transformation is known that

reduces the equation of the n-th degree, in which the free term is equal to 1, the

coefficient at the highest degree of equality 1, and the coefficients at the powers of

n—1, n—2, n—3 are zero. Hilbert’s problem: is it possible to solve an equation of

the seventh degree using functions depending on only two numbers? As indicated,

an equation of the seventh degree can be considered as an equation, the solution of

which depends only on three coefficients. The first one is the solution of the equation:

@1 (p1,p2, p3) + P393 (p1, 2, P3) + D293 (P1, P2, 3) + P1@1(P1, P2, p3) + 1 =0,

on condition @1(0,0,0) = —1, and the second is determined by the equality:

@a2(p1, D2, p3) = (795 (p1, P2, 3) + 3p397 (p1, 2, P3) + 2p291(p1, 2, p3) + 1)~

They satisfy the Cauchy problem:

G =—0lp, j=1,2,3

G = (4207 + 6p3@1 + 2p2) 9103 — jo1 @3,
@1(0,0,0) = —1,95(0,0,0) =

In the fourth and fifth examples, two problems of dynamics are considered - a

mathematical pendulum and the rotational motion of a satellite about its center

of mass.
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Examples of additional variables method for complete systems.

Example 1: Cauchy Problem for ODE.

Consider the equation:

d—gtc = asin @ (x, 2%, 2%) + beos @y (z, 2%, 2°)
and initial conditions 2(0) = 0 (a, b - real parameters).

Let’s introduce additional variables:

Py = @1(z, 2% 2%), Yy = @a(, 2%, 2°), V3 = sin @y (z, 2%, 2°), Py = cos @, (z, 2%, 2%)

and obtain their total derivatives with respect to ¢ of this equation:

Ay _ 3 oo o )
KR V10 B b

3
— L1 e M, - —
; ( ](pl )rlzx. To=22, x3=03 Jr dt ;jx 11)111)2 dt7

3
dle o a(PZ . jfldl' -
W n J; (T%)lem To=12, x3=03 T E B

3
= Z ((42(9? + 6301 + 2I2)(p{(pg — j(p{_Iq)g) .ij*17 _

- r1=x, To=12, r3=10° dt
Jj=1

dx

3
= > et (4207 + 62 + 200l — ] wE)

j=1

dl-') 3 d(pl(xwranB) _ dll)l

it} 2 it

pralala @1(x, 2%, 27) i Uy s
d do(z, 22 d
—154 = —sin (pl(x,xQ,xS)il(rc’l: ) = —11)3 lbl

Then, we can write the original equation and initial condltlons in the form of the

polynomial Cauchy problem:
%_awk}_‘_b(p%F*_ij] 111’ dt’

3 5 [ Ly =
B = 3o (420 + 0% + 2000l — ] 3

dps _ ¢4d¢1 sy, Db

dt dt > Tdt dt

z(0) =0, P1(0) = —1, ¥s(0) = % P3(0) = —sin 1, Py(0) = cos 1.
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Example 2: Cauchy Problem for ODE System.

Consider the equation:

das
% = q;sin @1(x, x9, x3) + b; cos @1(x, 9, T3)

and initial conditions z;(0) = 0, i € [1 : 3], (a; = a;(x, @9, x3), b; = bi(x, 29, 3) -
algebraic polynomials).

Let’s introduce additional variables:
V1 = @1, 22, 23), W2 = @2(x, 22, 73), V3 = sin @1 (z, x2, 3), Py = cos @1(x, T3, T3)

and obtain their total derivatives with respect to ¢ of this equation:

3

3
dp1 o Odeidr; drj i1 dTJ
a0 2 9u, i = 2@1(92 = ;x 11)11)2

dll) dp2dx ’ 5 03— jol &
: Z : ]:Z((42@1+6r3@1+212)‘9{‘93*](p{ 1@3)7]:

o Ox; dt = i
2 , , du:

=3 (4207 + 6agtpr + 22l — b3 L
j=1 f
. d Ty, T2, T3 d
% :COS(pl(Iny,Iii)% —ll)4 .L')l

d de(x1, T, d

;I:f —sin (Pl(.Z‘ 1‘271‘3)% _LI)5 1])1

Then, we can write the original system and initial condltlons in the form of the

polynomial Cauchy problem:

3 .
B — anpy + biga, i€ [1:3], & :_Zlbjlle'(i(iit]’
j=1
3 . : €T
dctle = Z ((421,])‘) + 6z301 + 2552)1')11')% - ]wiilwg) %7

d; d d; d
;bs 11)4 Py dy — gD Py

dt 0 dt dt

2(0) =0, i € [1:3], $i(0) = =1, Wa(0) = &, w3(0) = —sin 1, a4 (0) = cos .

Example 3. The Cauchy problem for complete system.
Consider the equation:
ox;

Wf/ = a;,j 8in @1(x, ¥2, ¥3) + b j cos @1(, T2, T3)
J
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and initial conditions z;(0) = 0, ¢ € [1 : m], 7 € [1 : 3], (a; =
a;;(x,...,xzn), bij =0b;j(zx,..., x,) — algebraic polynomials).

Let’s introduce additional variables:

V1 = @i(x, 22, 23), W2 = @2(x, 22, 73), V3 = sin @1 (z, 22, 3), Py = cos @1(x, Ta, T3)

and obtain their total derivatives with respect to ¢ of this equation:

d‘lj)l Z acpl a.ka _ —ES: k al'k Zwkaaxk

8Ik 8t —
d‘l]) Z 0@y 0T 3 ; . - o
2 3(;2 0tk > (4207 + 6r391 +202) 0]} — ko] Q)Tf =
- J
3 8xk
=2 ((4211)? + 6250 + 2z i3 — ki3 )
- ot;’
d- 0@ (x1, 9, T b
d]i); = CoS (91(1'1, T, xd)(pl(altjm — 11,4&’
d ) P o, (’)
di? = 5111(91(11712’x3)W — Py II)Jl

Then, we can write the original system and initial conditions in the form of the

polynomial Cauchy problem:

P . . . P 3 . -
‘3; =a; 3+ b @4, i €[1:m], je[l:3], %L')T/l =— > Py - %:7
k=1

3
F=x (4207 + Gty + 202 )b — 193 ) 22
=1

G = laG P = G,
:1:7;(0,0,0) =0, i € [1:m], ¥1(0,0,0) = —1, P5(0,0,0) = 1,

13(0,0,0) = —sin1, P4(0,0,0) = cos 1.

Example 4. Mathematical pendulum.

Let’s 1 = x, w9 = &, then the equation of the mathematical pendulum
i+ k*sinz =0
can be written in the form of a system of ordinary differential equations

1"1 = T2, i’Q = —k‘2 Sinxl.
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Introducing additional variables x3 = sinxy, x4 = cosxy, obtained a polynomial

(quadratic) system:
Ty = T2, T2 = —R T3, T3 = Taly, T4 = —T2T3.

Example 5. Rotational motion of a satellite.

Consider the motion of a satellite around its center of mass under the assumption
that the center of mass itself moves in a circular orbit with an angular velocity w.
Usually the movement of a satellite around its center of mass is described by six
phase variables, let them be z1,...,xs. Taking into account the main disturbing

factors, it turns out, as a rule, that the equations for these variables have the form:
& = Pj(x1,...,2z6,sin2q,...,s8i026, cOST1, . . ., COS g, Sin wt, cos wt),

moreover P; - polynomials in all their arguments. Let’s 7 = sinz,..., 213 =

cos Iy, ..., as well as x19 = sin wt, w9y = cos wt, get a polynomial system:
tj = Pj(x1,...,2%0), T61+; = T13+;Pj(21,. .., T20),
~7.36+j = —.Z‘6+]'Pj(l’1, - ,l’go), j = 1, - 76, .1"}19 = WTy, i‘go = —WIig.

Example 6. Painlevé equations.

Consider six Painlevé equations P; — Pyj.

d?
Pr: d——6w2+z (1.4)
d2
Py d—w—2w + 2w + o (1.5)
1dw ocw? + S
ISR ( _ldw o B +yw? + — (1.6)
zdz z w
de duy? 3 4 B
Pyy: pia (%> +2w + dzw? 4 2(2* —cx)w—l—— (1.7)
d*w 1 1 dw ldw (w—1)? B
P —=(—+——) ———+—— —
Vi odz2 (2w+w71)(dz) zdz+ 22 <ocw+w)+
5 1
pYu, wlwrl) (1)
z w—1
P .diﬂ_}(g o Y e L
VI " 2\w "Tw—1 " w-2z/\az z z—1 w-—2z/dz

w(w —1)(w — z) Bz v(z—-1) dz(z—1)
+—)( + ) (1.9)

2%(z —1)? +7+(w—1)2 (w — 2)?
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Initial conditions: w(zp) = wy, w'(zp) = w}, where o, B, v, d — arbitrary constants.
Solutions of P; — Py called Painlevé transcendents.
Consider the first Painlevé equation (Pr) and reduce it to a polynomial form. Let’s
make the change of variables:
T =w, x2:w/7 I3 =z,
get to
/ / 2 /
T = T2, Ty = 627 + 23, T3 = 1,
, (1.10)
21(20) = wo, @2(20) = wp, x3(20) = 2.
Consider the second Painlevé equation (Pjy) and reduce it to a polynomial form.
Let’s make the change of variables:
T =w, To=w, T3 =2,
get to
Ty = 1, wh =223+ myas + o, 7y =1,
/ (1.11)
z1(20) = wo, @2(20) = wp, z3(x0) = 2.
Consider the third Painlevé equation (Prr;) and reduce it to a polynomial form.

Let’s make the change of variables:

. 1 1
T =W, Ty =W, T3 =—, Ty = —,
w z
get to
1= b= a3 + oz + By + yal + 0
Ty = X2, Ty = T3 — T2T4 XT1T4 Ty YT xs,
/o 2 /o 2
Ty = —Xoky, Ty = —Ty, (1.12)
) 1 1
xl(ZO) = Wo, IZ(ZO) = Wy, IB(xO) = T4=_-
Wo 20

Consider the fourth Painlevé equation (Pyy) and reduce it to a polynomial form.

Let’s make the change of variables:

1
/
Il =w, g =w, T3 = —, T4 = 2%,
w
get to
/ / 1 2 3 3 2 2
Ty = T2, Ty = TRV 5T +4dxizy + 2217 — 200wy + Pas,
/ 2 /
xh = —woxy, ) =1, (1.13)

1
961(20) = Wy, 962(20) = wf), 963(550) = uT’ Ty = 20-
0
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Consider the fifth Painlevé equation (Py) and reduce it to a polynomial form. Let’s

make the change of variables:
1 1

!
Tl =W, T2 =W, T3 = —, T4
w

get to

1
/ / 2 2 3,2 2, .2 2,2
Ty =Ty, Ty = STHT3 + 2504 — Xaws + xxix; + Privsr; — 20w

— 2By w328 + ry2E + Baswi 4+ vy + yria, (1.14)
.Z’é = —1’21’3, 1{4 = —1’21’27 Iy = —l’g, .
(20) (0) = wh ay(z0) = —  as(z0) = -
T1| 2 = W Tol 2 = W, I3\ X = —, Ty = ——, Tyl % = —.
1{<0 05 2\<0 0 30 ’LUO’ 4 wy — 17 5\<0 2

Consider the sixth Painlevé equation (Py;) and reduce it to a polynomial form.

Let’s make the change of variables:

, 1 1 1
Iy =w, g =w, 3= —, T4 = , Ty = )
w w—1 w—z
1 1
T = —, T7 = , g = %,
z z—1

get to

1 1
/ / 2 2 2
T, = Ta, Ty = 5.%21‘3 + 51’21:4 + 51‘2%5 — XToT5 — Tolg — ToXT7+

+ oy (21 — 1) (21 — ) 2ie? + Bz — 1)(v1 — 28)w3m622+

+ vy (z; — Ig)$4x§r7 + dxq(xy — 1)xgrexy,

Th = —wox3, Ty = —wox], wh = —ak(vy — 1), (1.15)
ry = —ap, ah = —a? 2 =1,
21(20) = w m(z)*w':r(z)*l z4(20) = ! x5 = !
1\<0) — 0 2\<0) — 0> 3 O_U_)O’ 4 0_w0_17 5_7_00—207
1
Te\20) = — T7\R0) = ——7» X8l%0) = 2o-
(20) = = @l0) = ——, as(z0)
Example 7. The N-body problem.
Differential equations of the N-body problem in relative coordinates:
d2a:
% = —k2(m(] + mz)gwraf’—&—
(1.16)

HEY D mal(ge = 9i)red = gsirol);
se(1:d],s#i
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3
where r7; = Z (9sj—9i;)% k — Gaussian constant, my, . .., m; — masses of material
=1
points My,..., M, l=N—-1,s<i,s€[0:1],i€[l:1], j€l:3],

can be reduced to a polynomial form of the fifth, fourth, or third degree.

The N-body problem in polynomial form of the fifth degree

dgi ;

Let’s introduce additional variables: p;; = —2*, we get the system:
dgij _ dpij _ L2 3 4 1.2 3
G =P g = TR ot mi)gigre i+ > mil(9e5 —9i5)rid — 95570 ),
se[1:l],s#1

then we introduce dy; = 7 ~1 we get the problem of N-bodies in polynomial form

of the fifth degree:

dpi; : :
dt’] = —k*(mo + my)gijdy; + K E Mul(Gug = 9ii) s = Gugdg ),
we(l:1),w#i
dg; ; dd,,; ’
L2V st g3 R . P .
a Pij, a ds,i ;:1 (915 = 95.5)(Pij — Ds,j)- (1.17)

The N-body problem in polynomial form of the fourth degree

Let’s reduce the resulting N-body problem in polynomial form of the fifth degree to
a polynomial system of the fourth degree.

Let’s introduce additional variables: vs; = d2;, we get the system:

$,00

dp; ; : :
d;] = K (mo +mi)gijdy; + K mul(gug = 6ig) o — uidy),
we(l:),w#i
3
dgi ;
d;f] = Dijs :U“Z 915 = 9s)(Pij = Psj);
j=1
dvg 2 :
=

3
then we introduce ws; = Y (gij; — 9s,j)(Pi,j — Ps,;), We get the problem of N-bodies

in polynomial form of the fourth degree:

dpi, _
dt

—k*(mo + my) g jvoi + K Z Mw[(Guw,j = 9ij)Vwi — GuwjVowls
we[1:1],w#i
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dg; ; dds; dvs
Z;’] = Dij» Tl? = T Us,iWs,is ﬁ = —3d§,ﬂs,iwsvia
3
dwg;
@ - ; [(pi-,j = 1sg)* + K (9ig — 9s) % (1.18)

X ((mo + M) s jV0.s — (Mo + M) g3 j0,i+

+ Z mu[(guj _gi.j)vw,i_gw,jv(),w_ Z mw[(gw,j _gsﬁj)vw,s_gw,sUO,w]):| .
we[l,l],w#i well,l],w#i

The N-body problem in polynomial form of the third degree

Let’s reduce the resulting N-body problem in polynomial form of the fourth degree
to a polynomial system of the third degree.
Let’s introduce additional variables: ¢,; = d?., we get the problem of N-bodies in

EXE)
polynomial form of the third degree:

dp; ;
ﬁ = —kQ(mo + m;)gi jvo, + K* Z M (Guj — Gij) Vi — G jV0,w),
we[L,l],w#i
dg; dds dgs dvg
d;’J = Dij» ﬁ = —VUs,iWs4, dt,b = _2ds,7ivs,iws,i> d;L = —3(]577;1)3’,,;103324,
3
dws, 9 9
e Z (Pij = Psj)” + K7 (905 — 9s5) %
j=1 (1.19)

X ((mo + M) s ;00,5 — (Mo + M) gi jvo,i+
+ Z My [(gw,j _gi,j)'uw,i _gw,jv(),ur - Z mw[(Qﬂl,j - gs.j)vur,s _gw,sv(],w})} .
well,l],w#i we(1,l],w#i

Examples of using the set for systems of functions.

Example 8. System of two functions.

System of functions:

Y = 2’ Cos(w‘”Z)(axl + bag) "y sin(ws),
— 2 (B 3 A7\ o 3
y2 = In""x1 (129023 cOS” (Wxa) + coth(c’d) sin(wz2))’,
where x1, zo, x3 - variables, and a, b, ¢ d, w - parameters,
introducing variables

. . o | _xgcos(waxg)
@1 =sin(wrz), @2 =cos(wrz), @3=1Inw1, Qs=1x,, Q5=
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reduces to a polynomial system:

1 = (ax + bI2)7$3(P1(P57 Yo = (P§2(03$1I2$3<P§ + COth(Cdd)(P1)37

where @ - complete system solution:

0@, - 0@, _ 0@, _ 0@ - 0@ - Jpsy _
8.731 a 07 81‘2 = WP 8333 707 61’1 N 0.‘ 83:2 a Lo, 8.73‘3 0’
O3 03 D3 09y s 0@y olon

8:}61 P4 8%2 ’ 01'3 ’ 8x1 (P4, 8;52 ’ 8x3 ’
s

B Ops dos
—— = 22@2Q4P5, —— = —WT3Q1QP3P5, —— = P23P5.
o1 0xa 0x3

Example 9. Exotic function.

Consider a function:

sin(t+b)

t

t
/ sin / (tg(t + b) + c)eost+bdt 4 1.
1

a

To obtain an ODE system for @(t), let’s introduce additional variables

sin(t+b)
1 t ,
xr1 = (p(t)’ Ty = —— / Sln — / (tg(t + b) + c)COb(t-H})dt’
ot / /
1 .
T5 = o xg =sint, x7=cost, xg= (tg(sin(t+0)+b)+ C>COS(Sm(t+b)+b)’
a
1
=sin(t + b = cos(t+b —
wg = sin(t +0b), w19 = cos(t +0), n N PR W
1

x12 = In(tg(sin(t + b) +b) + ¢), x13 =

cos(sin(t + b) +b)’
x14 = sin(sin(t + b) + b), x15 = cos(sin(t + b) + b).
Let’s differentiate them by ¢, we obtain:

dry 1 ( dxs Ly dx4) 1 ( n )
To(X —x9(T4x526 + X387 10),
o ptelTas jdt 572\ TaT5L6 328210
dx dx ‘
deQ = g dtl = _5953(954535366 + x328210),
dl‘g dl‘4 dl‘s 9 dCUG d$7
Y = U5x6,  — = X8L10, 5, — Ly 5 — L1, 7 = — L6
e~ Y g TR0 g N 6
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dxg dx1a dxis 2
T 338(9615W + Z12 ar ) = 28(T15T12073710 — T12214T10),
dog _ e dmi_ o des
a 105 a Ty, a T11213710, a T111713710,
dris o 15 o daw _ daois
a T13 a T1314210, a L1510, a L1410+
Example 10. Multi-storey exponent.
With constant ag, ...,a, and m € [l,400) consider the functions uw; =
e(@m-1, am, t), ..., Uy = elag,...,an,t) argument ¢, given by recurrence relations:
e(Am-1, am, t) = am_rexplant), e(am_i, -, am,t) = am_jexp(e(@m—iz1, - -, am,1)).

Differentiating these equalities by ¢, we obtain the polynomial system:

duq dus du,,
= AUy, dt = Apuiu2, ...,

dt dt

= QU1 * ... Uy
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Chapter 2. Schemes and fast computation of systems of multivariable
monomials

Many sources were used in writing this chapter: [3, 8, 22, 30, 35].

This chapter is divided into three sections. The first section describes the
basic definitions that introduced to formulate the problem of constructing a scheme
and its algorithm.

The second section presents algorithms for constructing schemes for an arbi-
trary set of monomials: up to the third degree and higher.

The third section presents examples of constructing schemes for the Painlevé

equations and the N-body problem in various polynomial forms.

2.1 Basic definitions

Let’s introduce the basic definitions and notation.

Monomial — a function that defined by the formula:
n ) .
T’ = sz’“ =al ...y, iy 20, kel n]
k=1

Consider the ordered system of monomials

T = (W, g/ g i)

)

on the hypothesis that
2< liln+ 1)< iln+2)] < ... < i(M)| < L,

and look upon the problem of evaluation of z/"*1) .. 2'M) on the condition that

the monomials
i(1 i(n
$<>:1:1,...,x( ):xn.

are given in advance.
i(n+1)
.

Evaluate system T (that is, all monomials -, 2/ of T is always pos-

sible, since each of the monomials can be obtained by multiplying the corresponding



22

number of times the initial values 1, ..., z,, for example, x%x%xg = X1T1T2T2XT2X3.
It is clear that this is not the most efficient way to calculate T. Evaluating mono-
mials of T in order from "left to right" one evaluates the next monomial as the
product of the two monomials already evaluated, if exist. For example, x?x3z3 can
be calculated as (z323)z3 or a%(z3x3), if monomial 2223 or monomials 3x3 and
2} were previously calculated.

If the next monomial 2*(") of T can be calculated as the product of previously
calculated monomials '®), 279 then it means that i(r) = i(p) +i(q), 1 < p <
r, 1< q < If for |i(r)] > 3, all monomials '™ one can evaluate in such a way

(monomials in T are ordered), then we say that the system T has a scheme

S(T) = ((p(n +1),q(n +1)),....(p(M),q(M)))

which is an ordered set of M — n pairs of natural numbers ((p(r), ¢(r)), satisfying
the conditions r > p(r), q(r) for all r € [n + 1, M].

The given system 7" may has or not a scheme and may has one or more of

them. For example, set {x,2” 2* 27} has no scheme, but sets {z,2?% 2% 25 27},
{x, 22 23 2* 27} have one and two schemes, respectively.
If T has a scheme, it can be used to calculate T : z/t1) . (M) T ig

)

calculated from left to right in this order, and the next monomial z/(") calculated as
the product of already calculated z/®) and /(9. If the set T has no scheme, then
it can always be completed to the set 7", which has a schema. This is obvious,
since any set 1" of monomials of degree at most L can be completed to a set 7" that
containing all monomials of degree at most L — 1.

Let T, T" be ordered sets of monomials. We will write T’ C 7" or 77 D T in
the case when all monomials of the set T are contained in 7. If 7" > T and T" has
a scheme, then we will call 7" span of T : T" = span(T).

The set T with the minimum number of added monomials will be called
minimal span and designate 77 = mspan(T). If we want to calculate T' based
on some scheme, and T does not have a scheme, then it is necessary to calculate
not T, but its span T, and the fewer additional monomials in 7", the faster, gen-
erally speaking, there will be a procedure for calculating the set T. At the same
time, for a given set of T, there may be different spans with the same number

4

of monomials (for example, the set {z, 22 2% 27} has the spans {z, 2% 23 2% 27},

{w, 2% 2%, 25 2}, {w, 22, 24,25 27}).)
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Initial set 70 = (/D). zi0) g4 ,xi(hfo>) can be specified by an
appropriate set of indices I° = (i(1),...,i(n),...i(n + 1),...,i(M?)). The set
of monomials, indices and the number of elements of the span are denoted by
Th 1" M". The same values at the current step of the algorithm will be denoted by
T, I, M (at the beginning and at the end of the algorithm they are equal TV, 1%, M°
and T" I" M" respectively).

Inequalities for indices mean that they are satisfied for all components of the
indices, for example, i(v) = (i1(Vv),...,%(v)) = 0 means that ¢;(v) > 0, j =
1,...n.Ifi—k >0 (i — k > 0) then we will say that ¢ contains (strictly contains)
k, or that k is contained (strictly contained) in ¢ (will also say that & is sub-index
i and ¢ — supra-index k).

The value s = |i| = iy + - -+ + i, will call the degree of the indez i, and
for s = 1,2,3,...,m will talk about linear, quadratic, cubic index and m-index
(or index of the degree m).

A non-linear index i(v) € I will be called concerted or unconcerted in the

set 19, if it is represented or not by the sum of two indices from I°. All quadratic in-

dices are concerted. Divide the original set of indices I° = (i(1),...,i(n),...i(n +
1),...,4(M")) into two sets, IY = (i(1),...,i(n),...i(n + My)), I° = (i(n +
)y ...,i(n),...i(n + R), the first of which consists of linear and concerted non-

linear indices, and the second — unconcerted indices. Sets the order of indices is
assumed to be the same as theirs was in I°. Obviously, the integers r, R, M, must

satisfy the inequalities
0<r<R<M’—n, n+1< MM,

For i(k) € I, we also take the notation i(s,pu(s)), where s = |i(k)| = i1(k)+
+ -4, (k), and n(s) = 1,2,...,m(s) — the ordinal number of the index in the set

I(s) = {i(v) € I[li(v)| = s},
as well as the corresponding monomial in
T(s) = {«'™ € Tli(v)| = s}

(if I(s) is an empty set, then we put p(s) = m(s) = 0).
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2.2 Fast computation of systems of monomials of many variables

This section is divided into two subsections. The first subsection describes an
algorithm for solving the problem of constructing a minimal span for an arbitrary set
of monomials up to third degree inclusive. The second subsection describes an algo-

rithm for computing the span for an arbitrary set of monomials of arbitrary degree.
2.2.1 Systems of monomials up to third degree

This subsection describes and solves the problem of constructing a minimal

span and scheme for a set of monomials up to the third degree inclusive. Material
taken from [3, 22, 26].
Problem formulation: The problem is to introduce a minimal number of
quadratic indices (monomials of the second degree) that any unconcerned cubic
index (unconcerned monomials of third degree) i(3, 11(3)), ...,4(3, wm(3)) of the
initial set contains at least one of them.

Every cubic index has at most three quadratic sub-indices. For example,
(3,0,0, ...,0) has one quadratic sub-index (2,0,0, ...,0), the index (2,1,0, ...,0)
has two quadratic sub-indices (2,0,0, ...,0), (1,1,0, ...,0) and the index
(1,1,1,0, ...,0) has three quadratic sub-indices (1,1,0, ...,0), (1,0,1, ...,0)
and (0,1,1, ...,0).

Quadratic sub-index of the index & denote k7, and their number o(r) € [1 : 3].
All different sub-indices k7 j € [L : o(r)], v € [1 : m] consider in the form of an
ordered set i', ...,4', and each sub-index K} write as iV 7). Comparing to each
value ¢V the variable d,, which can take two values — 0 and 1, we arrive at the problem:

given o(r) € [1 : 3], v(i,j) € [1 : 1],

find integers dy, ...,d;, satisfying the inequalities:
o(r)
Y duy =1, 0<dy <1l ve[l:l, re[l:m],
j=1

and minimize L(dy, ...,d) = di+ ---+d.
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The solution to the problem of minimizing the number of quadratic sub-indices
is reduced to a binary linear programming problem. Having solved the obtained
binary programming problem, we obtain the optimal solution to the formulated

problem.
2.2.2 Systems of monomials above the third degree

This subsection describes and solves the problem of constructing a span and a
scheme for a set of monomials of arbitrary degree. The material is taken from [43].
Problem formulation: Let’s consider a set of 7" monomials up to degree s inclu-
sive. The problem is to introduce as minimal additional monomials as possible for
constructing a span(T) and a scheme S(T).

Consider the ordered subsystem T of system consisting of all its T" consisting
of all its s-degree monomials, and set the problem: find out the set D(T) consisting
of minimum number of (s — 1) - degree monomials, so that any monomials from
T, would be the product of a (s — 1) - degree monomial and some first-degree

monomial. Introducing recursively the designations
TED = DT UTy y, T = D(TEDYUTL ,, ..., T = D(T*) U Ty,
we will utilize the following heuristic formula:
span(T) =TH U ---uTE VU1

Besides, we will use the designations introduced above and the designations:

m(s) = card Ty - is the number of all the indexes in T;

k) (r € [1:m(s)]) —is the r - th index in T};

G(r,s) € [1 : s] — is the number of the indices of the degree (s — 1) of the index
(7).
I(s) = card U:n:(i) U?:(;g)kzg”) — is the number of all different indices of (s — 1) degree
of all indices k(%);

i1

i, ..., i' —is the ordered set card U™ U]G:('i’s)kET"'s>;

r=1
v(r,s,7) — is such a function that k;r’s) = ¢V(rsd),
By associating with each variable ¥ the binary variable dy (d, = 0 or d, = 1), one

arrives at the following binary linear programming problem:
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given m(s), I(s), and o(r,s) € [1:s], v(r,s,j) € [1:1(s)]
minimize L(di, ...,dyg) = di+ -+ 4 dy)

subject to 0 < dy < 1, v € [L:U(s)], > dypey =1
1<j<G(r,s)
To solve such problems, the corresponding program in Wolfram Mathematica

was used (Appendix A).

2.3 Examples for constructing a scheme

This section discusses six Painlevé equations in polynomial form (Chapter 1;
Section 1.2; Example 6), spans for these polynomial systems, and corresponding
schemes for these spans. We also considered the 5-body problem in polynomial
form of the fifth, fourth and third degrees (Chapter 1; Section 1.2; Example 7).
The span for these polynomial systems and the corresponding schemes for them
are constructed. The span and scheme were built using the program presented

in Appendix A.

2.3.1 Painlevé equations

Consider six Painlevé equations in polynomial form (1.10 - 1.15) and construct
a span for them and a scheme corresponding to this span.

The first Painlevé equation:
1,1 = T2,
xh = 622 + w3,
ry=1.
The set of monomials on the right-hand side of differential equations consists of

monomials of the first and second degrees, so the scheme is constructed automati-

cally.

Set of monomials: T(Pr) = {x1, w9, w3, 1}, Scheme: S(Pr) = {(1,1)}.
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The second Painlevé equation:

/
Ty = T2,
/
Th =223 + 1173 + «,

,_
r3 =1

Set of monomials: T(Pr;) = {1, 9, 23, 23, x123}.

Add one monomial {z}}, get a span:
T'(Prp) = {x1, @9, a3, 23, 23, 2123}
Scheme for the gotten span:
S(Prr) ={(1,1), (1,4), (1,3)}.
The third Painlevé equation:

Ty = T2,

2 2 3
Ty = XT3x3 — TaTy + @xTxy + Py + v + 023,

! 2
Ty = —xo13,
L

Set of monomials:
T(Prrp) = {x1, o, T3, T4, Toky, T2, T2y, T3, Toxd, T3},
Add two monomials {zex3, 22}, get a span:
T'(Prrr) = {21, o, T3, T4, Toly, ToZy, T7, T3, TITy, Tir3, Toxa, T3},
Scheme for the gotten span:
S(Prur) ={(2,3), (2,4), (1,1), (4,4), (4,7), (2,5), (3,), (L,7)}.

The fourth Painlevé equation:

/
.1‘1 = T3,
p 1 3 3 2 2
Ty = T3 — S0 + dxizy + 22y — 2001 + B,

2
—T2T3,
1.

8

8
SN Se
|
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Set of monomials:
T(Pry) = {x1, oo, x3, 24, T304, 2127, To23, T373, T5}.
Add three monomials {x124, mow3, 3}, get a span:
T'(Pry) = {z1, 2, T3, T4, T124, T2T3, :c%, x%m, xlxz, ZEQng, :chg, 1‘1‘}
Scheme for the gotten span:
S(Pv) ={(1,4), (2,3), (1,1), (1,5), (4,5), (3,6), (2,6), (1,7)}
The fifth Painlevé equation:

Ill = X9,
I 2 3,2 2. .2 2,2
Ty = 5T573 + 2514 — axs + x5 + Privsrs — 20w T —
2 2 2
— 2Bxz3xs + oxyxy + Prsry + YTy + YT 1T,
Tl = — 1913,
/ 2 2
1'4 — _1'21'47 fI/'S — _frs.

Set of monomials:
T(Py) = {x1, =9, T3, T4, T5, T124, T1T5, Tols, Tixy, T3T3, T2,
XTIy, T3T3, TIT4, Toxd, Toxh, M1xE, w3xl, wiwd, wiwsal, viwd, alrsal}.
Add three monomials {xoxs, xox4}, get a span:
T'(Py) = {1, ©9, T3, T4, T5, T1Ty, T1T5, Tols, ToTy, ToTy, TiTy, ToT3, T,
TiTy, T3T3, T3T4, Toxd, Toxh, 11wE, w3al, wiaE, wiwzal, wiwd, alvsal}.
Scheme for the gotten span:
S(Py) ={(1,4), (1,5), (2,5), (2,3), (2,4), (1,6), (2,9), (5,5), (1,6),
(2,9), (2,10), (3,9), (4,10), (5,7), (3,13), (7,7), (3,19), (1,21), (3,21)}.

The sixth Painlevé equation:

Ty = 19,
’ 1, L, L,
Ty = 5:162963 + 512x4 + §x2$5 — X9X5 — Tl — LoX7+
+ ocxl(:rl — 1)((E1 — IS)LEZlC% + B(ml — ].)("El — $8)$3$0$$+ (21)

2
+ vy (z — @s)axgxger + dxy(x — 1)zexery,
/ 2 / 2 / 2

Ty = —xaxy, Xy = —x9xy, Ty = —xz(r2 — 1),

o 2 o 2 I
Tg = —Tg, Ty = —T7, Tg = 1.
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Set of monomials:

. ; ; . 2 2 2
T(PVI) = {117 T2, X3, X4, T5, Te, L7, T8, T2T5, T2Xe, T2x7, Ty, Lg, L7,

2 2 2 2 2 2 2 2
Ty, Toly, Tols, Tady, TaTy, Taxs, T1T5X6L7, T1X3TeL7, T3TLeL7Is,
2 2.2 2 2.2 2 ) 2 2 2
T1T5T6T7, T1Tgly, T1TgL7X8, T{T3TeL7, T1TITEL7TY, T{T4TgI7,
2 3,22 2.2 2
TN\TATGT7Tg, TITELT, TITETATS ).

Add ten monomials:

2 2 2,2 2
{$1I5, L1T7, T2X3, L2X4, T3L7, LeL7, TeL7, T3LE6L7, T1LgLy, I1I4$6x7}3

get a span:
T/(PVI) = {9517 T2, T3, T4, T5, Tg, L7, T8, L1T5, T1L7, T2X3, TaT4, T3T7,
L7, T2Ts5, T2Tg, T2T7, x?,, IZ, x?, I(231'77 1'351737
.T§I4, I%Ig;, Igzg, .TQ.T:Z, I’Ql’?, I3.’E6I$, .I‘lI%l‘g, T1T5T6X7, 1'1133.1361’%,
$3$6$3m8, 3’)11?41%%‘7, l’%l‘g,l‘ﬁlﬁ, JU%’L‘%.Z‘% xmjéx%xg, l‘%wgajgl’%, .’L’%J)g%ﬁl’%l‘g,
pirgriay, virgrirrs, viria?, viriairg).
Scheme for the gotten span:
S(PVI) :{(135)3 (1a7)7 (273)7 (274>7 (377)3 (637)3 (275)1 (276)7 (277)7 (575)7
(6,6), (7,7), (2,11), (2,12), (2,13), (3,11), (4,12), (5,13), (6,18),
(10,18), (17,18), (1,10), (8,30), (1,29), (15,28), (9,28), (1,34),
(8,34), (1,31), (8,31), (1,35), (8,35)}.

2.3.2 The N-body problem in various polynomial forms

Consider examples of the polynomial system of the N-body problem in various
polynomial forms: fifth, fourth, and third degrees, respectively (1.17 - 1.19). Below
is a table with statistics on these problems: the number of bodies, the number of

independent variables of the system, the number of unique monomials on the right
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side of these systems, and the optimal number of monomials necessary and sufficient
to construct a span/ scheme.

Table 1 (below) uses the notation:

N — the number of bodies;

1 — the N-body problem in the polynomial form of the i degree, 1 =5, 4, 3;

N,Ei) — the number of independent variables of the polynomial system of the ¢ degree;
N,gf) — the number of unique monomials on the right-hand side of the polynomial
system of the i degree;

N,(,fH — the optimal number of monomials, which is necessary and sufficient to add

to construct the span (for a polynomial system of the ¢ degree).

Table 1 — Monomial statistics for the N-body problem in various polynomial forms

N || NP ND NI NGO NP NPT NSO [ ND | N
3 15 24 6 21 50 3 24 51 0
4 24 63 12 36 126 6 42 129 0
5 34 120 20 54 252 10 64 258 0
6 45 195 30 75 440 15 90 450 0
7 57 | 288 42 99 702 21 120 | 717 0
8 70 | 399 56 126 | 1050 28 154 | 1071 0
9 84 528 72 156 | 1496 36 192 | 1524 0
10| 99 | 675 90 189 | 2052 45 234 | 2088 0

Below we consider examples of constructing a span and a scheme for the 5 body
problem in various polynomial forms: fifth, fourth, and third degrees, respectively.
The N-body problem in polynomial form of the fifth degree
The system of differential equations for the N-body problem in polynomial form of
the fifth degree has the form (Chapter 1, 1.2 Examples, Example 7):

dp;: ; . . .
L — 2 mo+ m)gigdh + KD mul(gus = 90)E s — guad ).
we[l:],w#i
dg; i dd. ; 8
T e —d3; > (95— 955)(Pij — Dsj): (2.2)

=1



Let N = 5. Let’s write down the list of variables and the corresponding additional

variables for the convenience of working with monomials.

List of variables:

31

{91,17 91,2, 91,3, 92,1, 92,2, 92,3, 93,1, 93,2, 933, 94,1, 94,2, 943,

P11, P12, P1,3, P2,1, P22, P23, P31, P32, P33, P41, P42, P43,

Additional variables:

doi, doa, dogs, doa, dip, dig, dog, dia, dog, d3a}

{911 = 21, 912 = 2, 913 = T3, Go1 — T4, Go2 — Ts, 2.3 — T,

931 — T7, g32 —7 X8, 933 —> L9, g41 — T10, Ja2 — T11, Ga4,3 —> T12,

P11 = 13, P12 — T14, P1,3 —7 T15, P21 — Ti6, P22 — T17, P23 —7 T18,

P31 —7 T19, P32 — T20, P3,3 —7 T21, P41 —> T22, P42 —7 T23, P43 —7 T24,

do,y — x5, doo — X6, doz —+ Tar, dos — Tag,

dia — Ta9, di13 — T30, dog — Ta1, dia — Ta2, dog — T3, d3q — Tsa, |

The gotten set of monomials is an input argument for the program from Appendix A:

{155, wixhg, w12y, 2125y, Tokds, Talhg, Loy, LTy,

3 3 3 3 3 3 3 3
T3Tos, T3Log; L3L3n, L33, Talagg, L4lag, Tdal3y, Tal3s,

3 3 3 3 3 3 3 3
$5.1‘26, £5.Z‘29, £5$31, £5$33, x6$26, $5$29, $6$31, $6x33,

3 3 3 3 3 3 3 3
L7Xo7, L7305 X7L31, L7T34, 8Ly, X8T30, L8L31, L8L34,

3 3 3 3 3 3 3 3
ToTy7, T3y, T3y, LT3y, T10Tog, T10%3n, T10T33, T10L347,

3 3 3 3 3 3
T11T9g, T11T39, L11T33, T11T34, T12T 98, L1239,

3
L1213% 95,
3
LoT14L 95,
3
T3T15L95,
3
L4T13% 99,
3
L5T14L99,

3
TeL15L 99,

3
L1213% 99,
3
T2X14T99,
3
T3T15L99,
3
T4T16Log,
3
L5T17T9g,

3
TeL18L o6,

3
T1X13T30,
3
T2X14T3),
3
T3T15L 30,
3
T4X16T99,
3
T5XL17L 99,

3
TL18L 99,

3
T1213%392,
3
T2X14X 39,
3
T3T15L39,
3
T4T16X371,
3
T5X17X371,

3
TeL18L 315

3
T1216X99,
3
T2T17T99,
3
T3T18L99,
3
T4T16X33,
3
T5L17X33,

3
TeL18L33,

3 3
L1233, T12T34,

3
T1X19T 30,
3
T2T20T3,
3
T3T21T 30,
3
T4T19T 371,
3
T5220L37 5

3
L6L21T31,

3
T1T22X 39,
3
T2X23T39,
3
T3L24X 39,
3
T4T22X33,
3
T5T23233,

3
TeL24T 33,
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3 3 3 3 3 3 3
T7T13%30, L7X16L31, L7L19L7, T7L19X 30, L7L19L31, L7L19L34, L7XL22T 34,
3 3 3 3 3 3 3
TgT14L30p, LL1TLZ1, L8L20L97, L8L20L3), L8L20L31, L8L20L3y; LL23L3y4,
3 3 3 3 3 3 3
T9T15T 30, T9X18T31, L9L21Lo7, T9T21T3y, T9T21T31, T9T21X 3y, T9T24T3y,
3 3 3 3 3 3 3
T10T13L39, T10T16L33; L10L19T34; L10L22L9g8, L10L22L39, L10L22L33, T10L22L34,
3 3 3 3 3 3 3
T11014T39, T11T17T33, L11T20T34, T11L23T9g, L11T23T39, L11123T33, T11T23T34,
X12715T39, T12XL18T33, L12T21T34, T12X24Tog, L12T24X39, T12L24T33, ~U12~U24I34}

The result of solving the linear programming problem is an additional set of mono-
mials, which must and should be added to the original set to obtain a span for this

set. Below is this set of monomials:
2 2 2 2 2 2 2 2 2 2
{55, @56, T3z, Tig, Tag, Tyg, T3y, Tia, Tiz Tig,

3 3 3 3 3 3 3 3 3 3
Ths, The, Ty, Thg, Thy, Ty, Tiy, Tia, Tis, Taeh

The result of the program is the following scheme:
{(25,25), (26,26), (27,27), (28,28), (29,29), (30,30), (31,31), (32,32),

(33,33), (34,34), (25,35), (26,36), (27,37), (28,38), (29,39), (30,40),

(31,41), (32,42), (33,43), (34,44), (1,45), (1,49), (1,50), (1,52),
(2,45), (2,49), (2,50), (2,52), (3,45), (3,49), (3,50), (3,52),
(4,46), (4,49), (4,51), (4,53), (5,46), (5,49), (5,51), (5,53),
(6,46), (6,49), (6,51), (6,53), (7,47), (7,50), (7,51), (7,54),

(8,47), (8,50), (8,51), (8,54), (9,47), (9,50), (9,51), (9,54),
(10,48), (10,52), (10,53), (10,54), (11,48), (11,52), (11,53), (11,54),
(12,48), (12,52), (12,53), (12,54), (13,55), (13,56), (13,57), (13,58),
(16,56), (19,57), (22,58), (14,59), (14,60), (14,61), (14,62), (17,60),
(20,61), (23,62), (15,63), (15,64), (15,65), (15,66), (18,64), (21,65),
(24,66), (13,68), (16,67), (16,68), (16,69), (16,70), (19,69), (22,70),
(14,72), (17,71), (17,72), (17,73), (17,74), (20,73), (23,74), (15,76),
(18,75), (18,76), (18,77), (18,78), (21,77), (24,78), (13,80), (16,81),
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(19,79), (19,80), (19,81), (19,82), (22,82), (14,84), (17,85), (20,83),
(20,84), (20,85, (20,86), (23,86), (15,88), (18,89), (21,87), (21,88),
(21,89), (21,90), (24,90), (13,92), (16,93), (19,94), (22,91), (22,92),
(22,93), (22,94), (14,96), (17,97), (20,98), (23,95), (23,96), (23,97),
(23,98), (15,100), (18,101), (21,102), (24,99), (24,100), (24,101), (24,102)}

The N-body problem in polynomial form of the fourth degree
The system of differential equations for the N-body problem in polynomial form
of the fourth degree has the form:

dpi,
# = =k (mo+mi)giooi + K D mul(Guws — 9i)Vui — GuVoul,
we 1], w#i
dg;. i ddg; dvs ;
.d;J = Dijs # = —VUs,iWs4, dt7[ == —3d§‘i’l}3’j/’ws’i,
3
dw, ; 9 9
TS (5 = o) + K015 = 925) (23)

X ((mo + M) gs,jVo,s — (Mo + M) gi jvoi+

+ § n [(g’w,j —Gi,j ) Vw,i = Guw,j V0w — § My [(gw,j - gs,j)vw.s - gw‘sUO,w} ) :| .
we[Ll],w#i we(L,l],w#i

Let N = 5. Let’s write down the list of variables and the corresponding additional
variables for the convenience of working with monomials.

List of variables:
{91,1> 91,2, 91,3, 92,1, 922, 92,3, 93,1, 932, 933, 94,1, 942, J4.3,

P11, P12, P13, P2,1, P2,2, P23, P31, P32, P33, P41, P4,2, P43,
dog, do2, dogs, dog, di2, di3, da3, dia, daa, d3g,
Vo,1, V0,2, V0,3, Vo4, V1,2, V13, V23, V14, V24, V34,
’U)071, 11)0,2, 71)0]3, 10()74, wl’g, 101737 ’U)273, ’11)174, 71)24, 11)374}
Additional variables:

{91,1 — T1, §12 = T2, g13 — X3, 21 — T4, §22 — T, G2.3 — T¢,

931 — T7, g32 —7 X8, 933 —> L9, g41 — T10, Ja2 — T11, G4,3 —> T12,
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P11 —> %13, P12 — T14, P13 — T15, P21 — T16, P2,2 — T17, P2,3 — T18,
P31 — T19, P32 —7 20, P33 > T21, Pa1 —> T22, P42 —7 T23, P43 — T24,
doq — x5, doo — ®o6, do3 — Ta7, dosa — Tag,
dio — x99, di3 — x30, do3z — X31, dig — T32, dog — T33, d34 — T34,
Vo,1 — T35, Vo2 —* 36, V0,3 —> T37, Vo4 — I38,

V1,2 = T39, V1,3 = T40, V2,3 — T41, V14 —> T42, V24 — T43, U3 4 — T44,
wo,1 — X35, Wo,2 — T36, W0,3 —> T37, W4 — T3g,

W12 = 39, W13 — T40, W23 —> T41, W14 —7> T42, W24 —> T43, W34 —7 Taa}

The gotten set of monomials is an input argument for the program from Appendix A:
{x1$357 T1T39, T1T40, T1T42, T2T35, T2T39, T2T40, L2T42, T3T35, T3IT39,

T3T40, T3T42, T4T36, T4L39, T4T41, T4X43, T5T36, T5T39, T5T41, T5T43,
TeL36, LeL39, L6L4l, T6L43, L7L37, L7L40, T7L41, T7T44, TL37, T8T40,
TgL41, TgL44, TYL3T, TYL40, L9L41, L9T44, L1038, L10L42, T10T43; L10T44,

2
L11738, L1142, L1143, T11T44, T12T38, L12X42, T12X43, T12T44, Ti3, L13X16,
2 2
T13719, X13%22, L14, L1417, L14T20, T14T23, X715, L1518, T15T21, L15T24,
2 2 2 2
L6, T16L19, T16L22, Ti7, T17T20, L17X23, T1g, T18T21, T18T24, Ty,
2 2 2 2 2 2 2
T19222, Loy, T20X23, To1, T21X24, Ty, Tz, Loy, Loy, TLag,
2 2 2 2 2 2 2 2
Loz, Tyg, Tayg, T30, T31, L39, L33, L34, L35T45, T36T46,
T37L47, T38T48, L39T49, T40T50, L4151, L42T52, T43T53, T44T54
2 2 2 2
T1T35, T1T39, T1T40, T1T42, T1T4T35, L1T4T36, T1T4T39, T1T4T40,
T1X4T41, T1X4T42, T1T4T43, T1X7T35, T1X7X37, L1X7L39, L1X7X40, L1X7T41,
T1T7T42, T1T7T44, T1T10T35, T1T10T38, T1T10L39, T1T10L40, T1XL10T42, T1T10T43,
2 2 2 2
T1T10T44, T9X35, T9l3g, Tol40, Tol42, T2T5X35, L2L5L36, L2L5T39,
ToT5T40, T2T5T41, L2T5L42, T2X5X43, T2X8T35, T2TLYT37, T2TYL3Y, L2LL40,
L2841, T2XgT42, L2LgL4q, L2X11L35, L2T11T38, L2X11L39, L2XL11L40, L2T11]L42,

2 2 2 2
ToX11T43, T2X11X44, T3X35, L3L39, L3L40, L3T42, TL3LeL35, L3TEL36,
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T3TeT39, T3TEL40, L3TeL41, L3T6L42, T3TLeT43, TITYT35, T3TYL37, L3TYL39,
T3TY9T40, T3TYL41, LILYL42, T3TY9L44, TIT12X35, T3T12L38, L3L12L39, T3L12T40,
2 2 2 2
T3X12T42, T3T12X43, T3X12T44, TyT36, LyT39, TyT4l, TyT43, T4T7I36,
LyT7X37, TAXTL39, T4L7X40, T4XTL41, T4TTX43, T4X7T44, T4T10T365 T4T10T38,
2 2 2
T4T10239, TaX10T41, T4X10T42, T4TL10T43, T4T10T44, T5T36, T5L39, TrL4al,
2
T5T43, T5X8X36, L5L8L37, T5X8X39, L5X8L40, T5T8X41, L5TL8T43, T5T8T44,
2
T5T1136, T5T11138, L5L11L39, T5L11T41, T5T11T42, T5T11L43, T5T11T44, TI36,
2 2 2
TsT39, Tel4l, Tel4d, TeL9L36, LeL9TI7, TeL9T39, TeL9T40, TeLYTAL,
LeL9Tq3, L6L9L44, TeL12L36, LeL12L38, LeL12L39, L6L12X41, L6L12T42, L6L12T43,
2 2 2 2
TeL12T44, T7X37, T7l40, L7X4l, T7X4a4, T7X10X37, L7L10T38, L7L10L40,
2 2 2 2
T7L10T41, T7X10L42, T7X10T43, T7X10L44, LTgT37, TgT40, Tgl4l, Tgli4,
2
T8T1137, TyL11X38, L8XL11L40, L8X11T41, X8L11T42, LL11T43, TLgX11L44, T9X37,
2 2 2
TgT40, Tgl4l, Tol4a, TYT12T37, T9T12X38, T9T12X40, T9T12T41, T9T12T42,
2 2 2 2 2 2
T9T12X43, T9T12T44, L1938, T1gT42, T19x43, T1gT44, T11T38, T11T42,
2 2 2 2 2 2
T11T43, T11T44, T19T38, T19T42, L19X43, T19T44,
2 2 2 2 2
Lo5X35L45, LogL36L46; Lorl3rL47, Togl3glis, Logl39T49,
2 2 2 2 2
T30T40T50, T3 Ta1T51, T3pTaaT52, T33T43T53, T34T44T54}

The result of solving the linear programming problem is an additional set of mono-

mials, which must and should be added to the original set to obtain a span for this

set. Below is this set of monomials:

{235, @3, ¥37, T35, Tho, T3, Ty T3y, W3 T}
The result of the program is the following scheme:
{(1,35), (1,39), (1,40), (1,42), (2,35), (2,39), (2,40), (2,42),

(3,35), (3,39), (3,40), (3,42), (4,36), (4,39), (4,41), (4,43),
(5,36), (5,39), (5,41), (5,43), (6,36), (6,39), (6,41), (6,43),
(7,37), (7,40), (7,41), (7,44), (8,37), (8,40), (8,41), (8,44),
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(9,37), (9,40), (9,41), (9,44), (10,38), (10,42), (10,43), (10,44),
11,38), (11,42), (11,43), (11,44), (12,38), (12,42), (12,43), (12,44),
13,13), (13,16), (13,19), (13,22), (14,14), (14,17), (14,20), (14,23),
15,15), (15,18), (15,21), (15,24), (16,16), (16,19), (16,22), (17,17),
17,20), (17,23), (18,18), (18,21), (18,24), (19,19), (19,22), (20,20),
20,23), (21,21), (21,24), (22,22), (23,23), (24,24), (25,25), (26,26),
27,27), (28,28), (29,29), (30,30), (31,31), (32,32), (33,33), (34,34),
35,45), (36,46), (37,47), (38,48), (39,49), (40,50), (41,51), (42,52),

(43,53), (44,54), (1,55), (1,56), (1,57), (1,58), (4,55), (1,67),

(1,68), (4,57), (1,69), (4,58), (1,70), (7,55), (1,79), (7,56),
(1,80), (1,81), (7,58), (1,82), (10,55), (1,91), (10,56), (10,57),
(1,92), (1,93), (1,94), (2,59), (2,60), (2,61), (2,62), (5,59),
(2,71), (2,72), (5,61), (2,73), (5,62), (2,74), (8,59), (2,83),
(8,60), (2,84), (2,85), (8,62), (2,86), (11,59), (2,95), (11,60),
(11,61), (2,96), (2,97), (2,98), (3,63), (3,64), (3,65), (3,66),
(6,63), (3,75), (3,76), (6,65), (3,77), (6,66), (3,78), (9,63),
(3,87), (9,64), (3,88), (3,89), (9,66), (3,90), (12,63), (3,99),
(12,64), (12,65), (3,100), (3,101), (3,102), (4,67), (4,68), (4,69),
(4,70), (7,67), (4,79), (7,68), (4,80), (4,81), (7,70), (4,82),
(10,67), (4,91), (10,68), (10,69), (4,92), (4,93), (4,94), (5,71),
(5,72), (5,73), (5,74), (8,71), (5,83), (8,72), (5,84), (5,85),
(8,74), (5,86), (11,71), (5,95), (11,72), (11,73), (5,96), (5,97),
(5,98), (6,75), (6,76), (6,77), (6,78), (9,75), (6,87), (9,76),
(6,88), (6,89), (9,78), (6,90), (12,75), (6,99), (12,76), (12,77),
(6,100), (6,101), (6,102), (7,79), (7,80), (7,81), (7,82), (10,79),
(7,91), (10,80), (10,81), (7,92), (7,93), (7,94), (8,83), (8,84),
(8,85), (8,86), (11,83), (8,95), (11,84), (11,85), (8,96), (8,97),
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(8,98), (9,87), (9,88), (9,89), (9,90), (12,87), (9,99), (12,88),
(12,89), (9,100), (9,101), (9,102), (10,91), (10,92), (10,93), (10,94),
(11,95), (11,96), (11,97), (11,98), (12,99), (12,100), (12,101), (12,102),
(133,143), (134,144), (135,145), (136,146), (137,147), (138,148), (139,149),
(140, 150), (141,151), (142,152)}

The N-body problem in polynomial form of the third degree
The system of differential equations for the N-body problem in polynomial form

of the third degree has the form:

dpij
d;j = —k*(mo + my)gijvo; + K Z M [(Gu,j = 9i,j)Vwi = Gu,jV0,u]s
we[L,l],w#i
dg;.; dd, ; dq. dvs ;
d;’] = Dij» dt —Vs,iWs,i, d;l = 2ds iUs,iWs i, ﬁ = _3QS,iU.s,iws,i7

dw i
- Z {pu Ps.j) "‘kQ(gi,j_gs,j)X
o (2.4)

X ((mo + M) gs ;00,5 — (Mo + ™M) i jvo,+

+ Z mw[(gw,j 7gi,j)v'm,1', — Gw,jV0,w — Z mw[(g'u,r,j 795,]‘)7}“),5 *gw‘sUO,w])} .

we[Ll],w#i we(L,l],w#i
Let N = 5. Let’s write down the list of variables and the corresponding additional
variables for the convenience of working with monomials.

List of variables:
{gm’ 91,2, 91,3, 92,1, 92,2, 92,3, 93,1, 93,2, 933, 94,1, 942, 94,3,
P11, P12, P13, P21, DP2,2, P23, P31, P32, P33, P41, P42, P43,
doy, dog, dog, doa, dig, diz, dogz, dig, dos, d3a,
qo,15 40,2, 90,3, 404, 91,2, 91,3, 42,3, 41,4, 42,4, 434,
Vo,1, V0,2, V0,3, V04, V1,2, V1,3, V23, V14, V24, V34,

Wo,1, Wp,2, Wo,3, Wo4, W12, W13, W23, W14, W4, w374}

Additional variables:

{91,1 — T1, §12 = T2, 913 —7 X3, §21 — T4, §22 — T, G2.3 — T¢,
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931 — T7, g32 —> Xy, 933 — L9, g41 — T10, Y42 — T11, Ga4,3 = T12,
P11 — Z13, P1,2 =7 T14, P1,3 —> T15, P21 — Ti6, P2,2 —7 Ti7, P2,3 — T1s,
P31 — 19, P32 — T20, P33 —7 T21, P4,1 — T22, P42 — T23, P43 — T24,

do,y — x5, doo — X6, doz — Tar, dos — Tag,
dio — a9, diz — T30, do3 — ¥31, dia — T3p, dog — T33, d34 — T4,
qo,1 — X35, o2 —* 36, 40,3 —7 T37, o4 —7 T3,
Q12 — T39, 1,3 = T40, G2,3 — T41, 14 —7 T42, 2.4 — T43, (34 —7 T4,
V0,1 = T45, V0,2 = T46, V0,3 —> T47, V04 —7 T48,
V1,2 = T49, V13 — T50, V2,3 — T51, V14 — Ts2, V24 — T53, Uz 4 —7 Ts4,
Wo,1 — Ts5, Wo,2 — Ts6, Wo,3 — Ts7, Wo4 — T58,
W12 — X9, W13 — Teo, W2,3 — Te1, W14 — Te2, W24 — Te3, W34 —7 5664}

The gotten set of monomials is an input argument for the program from Appendix A:
{T1245, 21709, T1T50, T1T52, TaTus, TaTag, TaTs0, TaTs2, T3Tas, T3Tag,

T3T50, T3T52, T4T46, T4T49, T4T51, T4T53, T5T46, T5T49, T5T51, T5T53,
TeLa6, TeL49, LeL51, L6L53, L7L47, L7L50, L7L51, L7T54, T8L47, T8IL50,
T8T51, TgLs4, T9XL47, T9X50, L9X51, L9T54, L10L48, L10L52, L10T53; L10T54,
T11T48, L1152, T11T53, T11T54, T12T48, L12T52, L12X53, L1254, 36’13: L1316,

2 2
L1319, T13T22, T14, T14T17, T14X20, T14T23, L5, T15T18, T15T21, T15T24,
2 2 2 2
T16, L16L19, T16L22, Ti7, L17L20, LT17X23, T1g, L18L21, T18T24, Lig,
2 2 2 2 2
L1922, Tgg, T20L23, Lo1, L21T24, Lo, Loz, Loy, L45T55, T46L56, LATLTET,
Ty858, L4959, T50L60, T51TL61, L5262, L53T63, L54T64, 36’136407 36’196497
2 2
T1T50, T1T52, T1T4T45, T1T4T46, L1T4T49, T1X4T50, T1T4T51, T1T4T52,
T1X4T53, T1X7T45, T1X7T47, T1T7L49, T1T7T50, L1L7T51, L1T7T52, T1T7T54,
T1X10T45, T1T10L48, L1L10L49, T1T10T50, L1L10L52, L1L10L53, L1TL10L54, 9U2$45,
96296497 37256 05 37256 2, L2X5X45, T2X5T46, T2T5T49, T2T5T50, L2T5L51,

ToT5T52, T2T5T53, LaTL45, LaXgl4r, T2XgT4y, To2T8T50, L2TYL51, L2TIL52,
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ToXglsy, T2T11X45, TaX11T48, T2X11T49, T2X11T50, L2T11T52, T2T11X53, T2X11T54,
2 2 2 2
T3T45, T3T49, T3T50, T3T52, L3L6L45, L3LeL46, L3L6L49, TILEL50,
T3T6T51, L3TLeL52, L3LeL53, L3LY9L45, T3L9XL47, L3LY9L49, T3T9X50, L3TLYL51,
T3T9T52, T3TYL54, L3T12T45, T3T12T48, T3T12X49, T3T12X50, T3L12T52, T3T12T
2 2 2 2
T3X12T54, TyT46, TyT49, TyT51, Tyl53, TAT7T46, TALTT47, T4T7T49,
TyT7T50, TAT7T51, LALTL53, TAL7T54, T4T10L465 L4T10T48, L4L10T49, T4L10T51,
2
T4T10T52, T4X10T53, L4X10T54, $r$467 CUr$497 T5T51, J?rﬂ«" 53, L5L8L46,
T5T8Ty7, T5T8T49, T5T8L50, L5T8T51, L5T8T53, T5L8T54, T5T11T46, T5T117T48,
. . . o o . 2 2 2
T5T1149, T5T11T51, T5X11T52, T5L11T53, T5T11T54, TeTa6, Lel49, Tglsl,
T6f537 Tel9T46, L6LY9L4T, TeL9T49, LeLY9T50, TeL9L51, LeLY9L53, LEL9Ts4,
2
Tel12246, LeL12X48, LTeL12X49, T6L12T51, L6L12T52, TeL12L53, LeL1254, L7X47,
2 2
T7T50, T7T51, T7T54, T7T10T47, T7T10T48, T7T10T50, L7TL10T51, L7L10T52,
2 2 2 2
T7T10T53, T7X10L54, LgLar, TyT50, LgX51, Lgxsd, L8L11T47, T8L11T48,
2 2 2
T8T11L50;, LL11L51, L8XL11X52, L8T11X53, L8L11T54, L9l4r, T9ls50, Lol
TgTs4, T9T12T47, TY9T12X48, T9T12T50, L9L12T51, L9L12T52, L9T12X53, T9T12X54,
2 2 2 2 2 2 2 2 2
T1pT48, L19T52, T10x53, L1gls4, L11T48, T11T52, L11X53, L11X54, LT1oT48, LiaT52,
2
T19T53, L19T54, L25T45L55, L26L46L56, L27LATT57, L28T48L58, L29L49L59, T30L50L60,
T31T51T61, T32T52T62, T33L53L63, L34XL54L64, L35L45X55, L36LA6L56, L3TLATLET,
T38L48T58, T39T49X59, T40T50L60, L41T51L61, L42T52T62, T43T53163, 964496549664}-

In this example, there is no need to add monomials, since the original set is already
a span. The result of the program is the following scheme:

S = {(1,45), (1,49), (1,50), (1,52), (2,45), (2,49), (2,50), (2,52),

(3,45), (3,49), (3,50), (3,52), (4,46), (4,49), (4,51), (4,53),
(5,46), (5,49), (5,51), (5,53), (6,46), (6,49), (6,51), (6,53),
(7,47), (7,50), (7,51), (7,54), (8,47), (8,50), (8,51), (8,54),
(9,47), (9,50), (9,51), (9,54), (10,48), (10,52), (10,53), (10,54),
(11,48), (11,52), (11,53), (11,54), (12,48), (12,52), (12,53), (12,54),
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(13,13), (13,16), (13,19), (13,22), (14,14), (14,17), (14,20), (14,23)
(15,15), (15,18), (15,21), (15,24), (16,16), (16,19), (16,22), (17,17),
(17,20), (17,23), (18,18), (18,21), (18,24), (19,19), (19,22), (20,20),
(20,23), (21,21), (21,24), (22,22), (23,23), (24,24), (45,55), (46,56),
(47,57), (48,58), (49,59), (50,60), (51,61), (52,62), (53,63), (54,64),
(1,65), (1,66), (1,67), (1,68), (4,65), (1,77), (1,78), (4,67),
(1,79), (4,68), (1,80), (7,65), (1,89), (7,66), (1,90), (1,91),

(7,68), (1,92), (10,65), (1,101), (10,66), (10,67), (1,102), (1,103),
(1,104), (2,69), (2,70), (2,71), (2,72), (5,69), (2,81), (2,82),
(5,71), (2,83), (5,72), (2,84), (8,69), (2,93), (8,70), (2,94),

(2,95), (8,72), (2,96), (11,69), (2,105), (11,70), (11,71), (2,106),
(2,107), (2,108), (3,73), (3,74), (3,75), (3,76), (6,73), (3,85),

(3,86), (6,75), (3,87), (6,76), (3,88), (9,73), (3,97), (9,74),

(3,98), (3,99), (9,76), (3,100), (12,73), (3,109), (12,74), (12,75),

(3,110), (3,111), (3,112), (4,77), (4,78), (4,79), (4,80), (7,77),

(4,89), (7,78), (4,90), (4,91), (7,80), (4,92), (10,77), (4,101),
(10,78), (10,79), (4,102), (4,103), (4,104), (5,81), (5,82), (5,83),
(5,84), (8,81), (5,93), (8,82), (5,94), (5,95), (8,84), (5,96),

(11,81), (5,105), (11,82), (11,83), (5,106), (5,107), (5,108), (6,85),
(6,86), (6,87), (6,88), (9,85), (6,97), (9,86), (6,98), (6,99),

(9,88), (6,100), (12,85), (6,109), (12,86), (12,87), (6,110), (6,111),
(6,112), (7,89), (7,90), (7,91), (7,92), (10,89), (7,101), (10,90),
(10,91), (7,102), (7,103), (7,104), (8,93), (8,94), (8,95), (8,96),
(11,93), (8,105), (11,94), (11,95), (8,106), (8,107), (8,108), (9,97),
(9,98), (9,99), (9,100), (12,97), (9,109), (12,98), (12,99), (9,110),
(9,111), (9,112), (10,101), (10,102), (10,103), (10,104), (11,105), (11,106),
(11,107), (11,108), (12,109), (12,110), (12,111), (12,112), (25,143), (26,144),
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(27,145), (28,146), (29,147), (30,148), (31,149), (32,150), (33,151), (34,152),

(35,143), (36,144), (37,145), (38,146), (39,147), (40,148), (41,149), (42,150),
(43,151), (44,152)}.
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Chapter 3. Taylor series methods

Many sources were used in writing this chapter: [4, 5, 8, 98].

This chapter is divided into five sections. The first section describes the clas-
sical Taylor series method.

The second section presents several methods for finding the Taylor coefficients
recursively.

In the third section, Parker - Sochacki method is presented.

The fourth section provides a complete description of the Taylor series in poly-
nomial form. Calculations of the Taylor coefficients are derived, the method of Taylor
series for the polynomial system is formulated, the error estimates of the formula for
the linear and non-linear problem are presented. Auxiliary algorithms are described,
the algorithm of the Taylor series method is constructed in polynomial form. In the
last subsection of the second section (3.2.5) is presented in operator form.

The fifth section describes the implementation structure of the presented
method (from the fourth section of this chapter) with a description of the main

functions and subprograms.

3.1 Classical Taylor series method

Consider an ordinary differential equation:

dz

— = t 3.1

dt f('r? )ﬂ ( )
satisfying the initial condition:

Suppose that the right-hand side f(z,t) of the differential equation (3.1) has con-
tinuous partial derivatives up to the order s. Then the desired solution z(¢) has
continuous derivatives up to the (s-+1)-th order inclusive. We write down the exact
value of the solution at the node t; by the formula:

2 hs hls+1)

h s s
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where
ny) = aW(t), h=t—to, ts<E&<ty

It may turn out that to obtain a solution with the required accuracy it is not required
to use all the terms of formula (3.3). The derivatives included in the right-hand side

of formula (3.3) can actually be found:
g = f (2o, to),

zy = {f, + ff.}o,
af = {fu+2f fro+ 2 how + (fi + F£2) oo

3.2 Several ways to recursively find the Taylor coefficients

The source was used when writing this section: [4].

Methods for stepwise numerical integration of the Cauchy problem

% = f(a,t) € R", (3.4)

that allow, starting from the value z(#) of the solution at the initial moment of
to, sequentially obtain approximate values Z(t1),...,Z(t;), ... solutions at points
t1 = to+ hi,... ty = tym—1 + Ay, ... The numbers hy, dots (usually they are
chosen positive) are called integration steps (h,, is the m-th step of integration),
the numbers ty,ts, dots - nodes of a table or a grid of numerical integration, the
set of nodes is called a grid and, finally, the quantities Z(¢1), Z(¢2), ... are called
the values of the solution at the nodes of the grid or the values of the numerical
integration table. If hy = ho = ..., then one speaks of a uniform grid or integration
with a constant step.

Let assume that the right-hand side of equation (3.4) is holomorphic in the
variables (z,t) = (1, 22,..., Xp,t) in the vicinity of the initial point (zg,to) =

(210, 205+, Tno, t). As is known, in this case, the unique solution of problem (3.4),
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(3.5) in some region of the initial moment ¢ is represented by a Taylor series with

a nonzero convergence radius R(tg, xo). Introduce the notation:

2t — 1)

Ty (t, o, m0) = Z B TR

=0

d'x
20 — Oy _ 7>
X T (Oaxo) (dtl t:t7

O,(b) ={t € C||t = b] < a}.

Thus, R(ty, zo) is the radius of convergence of the series xTiy¢(t, to, zo), and Og(b)
is its circle of convergence. The Taylor series method for numerical integration of

problem (3.4), (3.5) consists in constructing a table of approximate values

%(t1) = xT]\Il (th tO: $0)7
';E(tm) = xT]\Ln (tma tm—1, 5(twl—l))v (37)

where My, My, ... are integers, t; = to + hy, to = t1 + hq, ..., a positive numbers

hi, hs, ... satisfy the inequalities
hi < R(tp—1, T(tg-1)). (3.8)

The value Mj, is called the order of the method at the k-th step. In order to calculate
2Ty (t,T, %), you need to calculate the values 20 (t,2%), I = 1,....... .M, ie. the
values of the first M derivatives of the solution of equation (3.4) at the time t = T
provided that the value z(t) = 2™ = (%) 1 1s known. To successtully apply the
Taylor series method to problem (3.4), (3.5), the following scheme is used (Steffen’s
method in celestial mechanics [114, 115]): equations (3.4) by introducing additional
variables lead to the form of a polynomial system - best of all autonomous, and then
the Taylor coeflicients o = # are found recursively by the method of undefined
coeflicients.

Consider two ways to recursively find the Taylor coefficients of a vector function
satisfying a polynomial system.

The first way. Consider the Cauchy problem

% = Xi ({aelil}, 21, ... ), (3.9)

xk(ﬁo) = C, k= 1, e, n, (310)
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where ;

Xp=Y "> alilat .., (3.11)

m=04el,(m)

t,ty, cp € C'; L — integers;
Li(m) ={i= (i1, ....n) € Z"i1 + .. + i = M5 41, ..yt = 0};
ag[t] — complex-valued argument functions ¢, holomorphic in a neighbourhood of a
point tg.
Let’s {x;w-};?io sequence of Taylor coefficients of the function zj in its expansion
in powers t — o, {a;[i]}}2, — similar sequence for function ax[i]. Let’s introduce
the notation:

o)=Y gt =), ailil = anlil(t - to). (3.12)
j=0 J=0

Symbol
<Xk({ag}, o, ...,x;)> (3.13)

denotes the coefficient at (t — ¢9)" of the polynomial

Xe({alil}, @}, (3.14)

in powers of t — t5. The calculation of this polynomial consists of multiplications
and additions of polynomials; to obtain its terms up to the r-th order inclusive,
when performing these operations, it is sufficient to keep each time in terms up to
the r-th order inclusive.

If we substitute (3.9) the functions z1,....., ,, reduce similar terms and equate
to zero all the coefficients of the resulting power series (according to the uniqueness
principle for analytic functions, if an analytic function is equal to zero in some
neighbourhood of the point tj, then all its coefficients of the Taylor expansion in
power t—tg are equal to zero), then the following recurrence relations can be obtained

from the equations obtained in this way:

(Xl o)),

rro=ck k=1,...,n;, r=0,1,...

Tkr4+1 =

(3.15)
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Remarks.
1. Formulas (3.15) are also valid for L = 400 in (3.11), i.e. they are also true
in the case of the analytic (and not necessarily polynomial) system (3.9).
2. To implement formulas (3.15), it is advisable to have at our disposal pro-
cedures of algebraic (except division) operations on polynomials of one
argument A = ¢ — t; with retention in all intermediate calculations of terms
only up to the r-th order. To find the Taylor coefficients of the solution to
an arbitrary analytic Cauchy problem (3.9), (3.10) using formulas (3.15),
a special procedure can be written that could be used in applied problems
provided that the expansion (3.11) is known.
The second way is to find explicit recurrent formulas for the values xy;. Consider
the quadratic Cauchy problem:
dxk B

— ak+2ak 1+ ZCL],7]1’7I], (3.16)

i,j=1

zi(to) = cx, (3.17)

to, Ck, i, aky, ajj; — complex constants, ¢ — complex variable. Substituting into

the equations (3.16) the expansions

T = Z Ik,m(t - tO)ma (318)
k=0

we get
00
Z(m + 1)~rk,m+1(t - tO m - (Clk + Z a1 Z Xy, m t - tO 7n+
m:On N . m=0 (319)
) iy Y (OO wiptim) (t - to)"”) —0.
i,j=1 m=0 p=0

Reducing similar terms and equating all the coefficients of the resulting power series

to zero, we obtain the formulas:

Tkm+1 = [ mQk + § aklxlm+ E QAk.i.j § Tipdjm— pi|

i,7=1 (320)

Lo = Ck, k= 1, N, = O7 17 ceey

where 69 = 1, & = & = ... = 0.
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Remarks.

1. It is not difficult to derive similar formulas for the case of variable coeffi-
cients ay, ar;, ar;; holomorphic in ¢ in a neighbourhood of #.

2. Formulas (3.20) and similar formulas for the case of variable coefficients
can be used to find the Taylor coefficients of the solution to the general
polynomial system (3.9), (3.11), since it leads to the form (3.16) by in-
troducing additional variables x[iy, ...,4,] = :cil, @i iy L0, iy, <0
W+ ...+, = L.

Above, the quadratic Cauchy problem was considered. Let’s derive recurrent for-

mulas for the general case:

b1

de‘k

— =+ E E Y gy, k=1,
m=1i,=1 Im=1

Ik(to) = Ik’,(}

Substituting into the equations above the expansions

00
Tk = Z xk,q(t - Ifo)q
q=0

reducing similar terms and equating all the coefficients of the resulting power series

to zero, we obtain the formulas:

Im—1

Thgv1 = [5 aﬁzz Z Wiy, Z Tiyg, " $2q1| q=0,1,...

m=1i;=1 i =1 Qi+t gm=q
I, ¢=0,
where §, =
0, ¢#0.

3.3 Parker - Sochacki method

Consider the Cauchy problem for systems of first-order differential equations

dx

= ).
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Expansion the system variables in a Maclaurin series:

oo
z(t) = Zﬂc’pt”,
p=0

v

where 2y = z(0), 1 = 2/(0), 29 = # and so on.
Let’s write the first derivative for the series:

oo oo

d(t) =) at’ = (p+ Drgt’

Equating:
I;) = (p + l)x([H-l)v
then the formulas for calculating the coefficients of the Maclaurin series:

/
Ip

p+1
Remark: Although the methods described above are easy to program, they are

Tp+1 =

inferior to methods using a schemes.

3.4 Taylor series method for polynomial systems

Many sources were used in writing this section: [8, 10].
This section considers three forms of specifying the polynomial Cauchy prob-

lem, formulas for the Taylor coefficients, and various estimates for local solutions.

3.4.1 Taylor coefficients

Consider the autonomous Cauchy problem

(c% = f(x), z(ty) = wo, (3.21)

where f = (f1,...., fn), © = (x1,..,2n), o = (T10,-.-,Tn0) € R*, t, tg € R. Let
us denote its solution x(¢,tp, xg), 2(¢), or x. The system (3.24) (and the Cauchy
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problem) is called polynomial if all functions f; — algebraic polynomials by x1, ..., z;.
Further, three forms of specifying the polynomial system are used.

The first form of representation of the polynomial Cauchy problem is:

L+1
d )
di: > 'Z alilz’, x(to) = o, (3.22)
m=1iel(m)
where
0= (i1, ey in)y 01, erin € Z, L €[0:00), I(m) = {i € Z™i1, ..., in = 0, ]i] = m},
li| = i1 4 oo Ay, &= (21,0 2,) € R, 2t =2 - - ain g = (210, ...) Tng) =

= (1(to), .- Talto)) € R", a = (an, ...,a,) € R", ali] = (an[i], ..., a,i]).
The second form of representation of problem (3.24) is as follows:

dz;
] Za“x z;(to) = zjo, j € [1:n], (3.23)

where 210 =1, .., 2/ =z, a /) 2/ — 4]l different non-linear monomials

on the right-hand sides of equations (3.25).

The third form — hierarchical, it is represented by the formulas:

u(1)
Za&j;gyl , JE€[1:n], (3.24)
k=0
u(r+1)
i) = Z amky;(ﬁr” ,je€l:m(r), rel:s—1], (3.25)

in which the notation is used:

Yr = (yr,h ey yr,m(’r‘))v re [1 : 5]7 Ys = T, T.C. Y51 = X150, Ysm(s) = Tns m(S) =n

g =1,y =y, s g =y, r € 18]
for all r € [1 : s] quantities yilrm @) i) Garious non-linear monomials by

Yr.Ls s Yrm(r) (in particular, for r = s these are monomials with respect to x1, ..., z,).

In formulas (3.27), (3.28) the value s is any fixed integer number. We will call
it the number of levels of the third form. For s = 1, the third form coincides with
the second. For s € [2 : 00), the third form is a generalization of the second. At
the same time, by simple multiplication of polynomials, the third form can always

be reduced to a form with fewer levels and, ultimately, to the second. The need for



the third form may arise for various reasons, but it is important that ODE systems

are reduced to this form of a polynomial system as a result of applying the method

of additional variables to them in the most general case in an automated mode.
Supplement, if necessary, the set of monomials 7' (monomials on the right-hand

side of the differential equation) to the span 7" with the scheme

S(T) = ((p(n +1),q(n+1)),....(p(u), q(u)))

and turn to equations (3.26) in order to obtain the required formulas for the Taylor

coefficients. Substituting
%) —Zxkpt—to kelo:ul, (3.26)

into equality
') = i) i) b e [n 4 1, 0], (3.27)

and in equations (3.26), we find

00 P
Z[Ikp pr(L 1T q(k) (t - tO)p = 07 (328)
p=0 =0

[o¢] u

Z[(p + 1)$j"p+1 — Z aj,kxk,p](t — to)p =0. (329)

p=0 k=0
Equating to zero the coefficients of (¢ — #)? in equalities (3.31), (3.32) and

recalling the initial conditions z(ty) = x¢, we obtain the calculation formulae

xro = xk(to), k € [1:n), (3.30)
)
= pr(k)’l Toyp—ty K€M +1:u], (p=0,1,...);
=0 (3.31)
Thpt1 = (p+1)7 Zaklep, e€fl:n], (p=0,1,...);

Formulas (3.33), (3.34) allow one to calculate sequentially all the coefficients
xr, of expansions (3.29) of the quantities z,....... s Ty Ti(n 4 1),....., z;(u) into the
Taylor series. In order to use these formulae, it is enough to have at your disposal:

— initial conditions: zx(ty), k € [1 : n],



— coefficients: ag;, k€ [1:n], 1 €]0:u],

— the corresponding scheme: S(T) = ((p(n + 1),q(n+1)),...,(p(u), g(w))).
It is important that the polynomial Cauchy problem itself is specified by the same
quantities, and this way of setting it can be preferable not only for its step-by-step
integration (by the Taylor series method, the Runge-Kutta method, etc.), but also

when solving other problems related with differential equations.

3.4.2 Taylor series method formulation

This subsection considers the formulation of the Taylor series method and the
estimates of the radius of convergence and the remainder for linear and non-linear
problems used in its implementation.

Let’s introduce the notation:

. Oy '
(k) _ = ) = 2 (ty), |a| = mmax |zi], Op(to) = {t € C||t —to| < p},

t _ t m
T]\j.’L‘ t t(), l‘g Z Z'(m 70 5T]\1I<t7 Ifo, $0> = $(f, to, JC()) — T]\,[%'(If7 to, l’())7
m=0 !
where Ty and 8Ty — operators that decide (¢, %, x9) problems (3.24) match the
Taylor polynomial Ty (¢, to, ) and remainder dTyx(t,to, o) respectively. Con-
vergence radius of the series Toox(t, t0, 20) denote by R(to, xo).
The Taylor series method for solving the Cauchy problem (3.29) consists in

constructing a table of approximate values Z,, = Z(t,) by formulae
Ty = T w(ty, to, 20), o, Tw = Tag, @ (tw, tw—1, Tw-1), -y

where My, My, ... — integer numbers, t; = tg + hy, to = t1 + ho, ..., by, ho, ... satisfy

the inequalities
‘hw| < R(twfly-%wfl)'

The calculation of each value Z(t,,) is called the step of the method and the number

hy is called the step size.



3.4.3 Local error estimates

In this subsection, estimates of the local error are considered in order to au-
tomate the choice of the order M) and the step size hj, you can use the estimates
of the quantities R(to,xo) and 8Tx(t, to, zo).

Estimates for the linear problem.

Consider the Cauchy problem

d
% =a+ A‘Ta [L'(t(]) =Ty, T = (x17 7In) € R"’

xg = (210, ..., Zno) € R", a = (a1, ...,a,) € R", A= (a;;), t, to,a;; € R.

(3.32)

We introduce substitute z; = &;y;, j € [1 : n], depending on "scaling factors"
o = (&,..., %), &1,..., %, > 0, and notation

n

SEN -1
) = ) = i(), si(a) = o ojlai g, |b] = oo
P(o) = g #(00 = (o), (o0 = o D el = g o
1 M T'!Tl
|y0| :Llél[?%] (X; |I730|, TMeT: ZO%, U(T) = STMeT:eT—TMeT. (333)
m=

Statement 1. The solution x(¢, to, zo) of the problem (3.25) satisfies the inequality
18T h4( to, 20)| < ci[yio] + [blp)8Thre #", i€ [1:n], t e C.
Statement 2. Let’s u~! — inverse function of u by T > 0, X1, ..., Xns €1,-.-, &n
positive numbers and
&iXi

€= + p/b))"! min .
(ol + plo) min X

Then
(|t — t0| 2 pufl(a)) = (|5TA11'i(t,t07ZC0)| < EiXis 1€ [1 : ’ﬂ])

Estimates for a non-linear problem.

In problem (3.25), we set z; = ajy;, j € [1:n], ¢ = (&1, ..., &), 01, .o; &y > 0,
and assume additionally that z;o and « satisfy the inequalities 0 < |zjo| < &;, j €
[1 : n]. Let’s introduce the notation:

L+1

P(o) = e $() = 1o (@), 50 = a5 (Jasl + 32 37 ool

j€[lm]

m=1 M:m
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Oy(to) = {t € C|[t —to| < p}, b(t) = (1 — )T, Tarb(t Z H
m=0 1=0 (334)

v(t) = 8T b(T) = b(t) — Tab(T), TE[0,1).

Statement 3. The solution z(t, g, o) of the problem (3.25) regularly in a circle
O, (to) and satisfies the inequality

|t — tol

|5TM$]'(t,t0,IO)| (XjéT]\[b( )

1

Statement 4. If the function v~ is inverse function of v,

2
¢ = min ( 7X7), g >0,
i€[lm] &

then
(|t — to| = pv~1(e)) = (|8Tni(t, to, 20)| < eiXsy i € [1:n)).

In what follows, we will use these statements

€ =8 = ... =& X1 = K1y ooy Xn = Ko

3.4.4 Auxiliary algorithms

The implementation of Taylor series method for polynomial ODEs is based on
formulae (3.33) and (3.34) for the Taylor coefficients and algorithms for automatic
selection of the step size and order, based both on statements 1 - 4 and on those
commonly used in numerical analysis of heuristic considerations. We will first outline
some auxiliary algorithms, then the algorithms based on them for the automatic
selection of the step size and order, and then the algorithm for integrating the
polynomial system of ODEs over a given interval.

The implementation of Taylor series method for polynomial ODEs is based on
formulas (3.33) and (3.34) for the Taylor coefficients and algorithms for automatic
selection of the step size and order, based both on statements 1 - 4 and on those
commonly used in numerical analysis of heuristic considerations. We will first outline

some auxiliary algorithms, then the algorithms based on them for the automatic



selection of the step size and order, and then the algorithm for integrating the
polynomial system of ODEs over a given interval.

Further, the values t = t, x = 2¥ = Z(t3), h = hy = tg41 — t;, will denote
the current node, the approximate value of the solution in it and the value of the
current step and €, A are user-specified permissible relative and absolute errors of the

solution at a step. In addition, for fixed M, K, t;, 2%k values Tasx(tgs1, tr, 2¥) and
Tora(trsn, te, @), 8Torxa(tpen, te, @) = Tore gt (b, te, ) — Tona(tyga, b, %),

-1
erri (i, tr, o) = |5T]\I+K‘T(tk+l7tk7$k)|( T (s, ty %) + A)

will be written simplified as T'(h), 8T (h), e(h).

1. Tables for Calculating Values of the Function v~! (statements 2
and 4). The tables are contained in [124] and are used in Algorithm 2 (see below).

For each pair L = 0,...,99, M = 1,...,99 they contain a set of values
v(T;) = b(T;) — Tarb(T;) ordered in accordance with the sequence of increasing node
values T; = 0.01,...,0.99. From the identity v'(v(t)) = 7 it follows that the
values of the function v~! at the intermediate points can be obtained by inverse
interpolation using its values at the nearest nodes.

2. A Priori Choice of Step Size Given the tolerated relative and absolute
errors €, A\, and the solution value 2% = (21(t;), ..., 2,(tx)) at the node t;, for which
the step size has to be chosen, the scaling factors o; are calculated by procedure
tsmr_ualp, if it is specified by the user, otherwise - by setting o; = p = |z ()], if
p # 0 and o; = 1if u = 0. Using the alphas obtained by one or another way, we find
the step size by the formulas h = tp, p = 1/(Ls) and T = v~ (€ mingeqr. (|2i(t0)] +
A)/«;) (see above).

3. Iterative Algorithm for Correction of Step Size The following nota-
tion is used: D is a natural number, for example, equal to 3 or 5; d = ho/D; s =
sign(e — €(ho)); o(i,h) = 4, if sign(e — e(h)) < 0, and o(i,h) = ¢ — 1, if
sign(e — e(h)) > 0, where hg is the step that needs to be adjusted to obtain
the maximal possible value of the user-defined tolerated relative error €. Then the
algorithm is defined as the following sequence of operators:

1. i:=1;

2. h:=ho+s-i-d; if s-sign(e —e(h)) <0, then h = hg+ s- 0(i,h) - d, else go
to 5;

3. Ifi=D —1, then hy = h; d = hy/D, else go to 1;



4. 1:=1+1; go to 2;
5. End.

4. Standard Step Correction Algorithm It is based on a posteriori in-
formation. The corrected step size h for the current node, with the known value

x = (x1,...,2,) at this node and the known approximation hyg, is calculated using

n 1/(M+1)
h = hg ( n-l Z ( (6T(izo))2~ (A + € max(|zi|, |T;(ho)])) ) )

which is similar to that used in the Runge-Kutta methods (M is TSM order).

5. Calibration For each order p € [Myn : Mpe.) (where, for example,
Mpyin = 5, Mpa, = 60), the processing time #(p) of computing all the Taylor’s
coeflicients of the solution is estimated. Calibration is performed before the integra-
tion of the system along the specified time interval is started; its results are used
to choose the order and step size in the first step of integration and to correct the
order in the next steps.

6. Step Size and Order at the First Step The initial approximation h
for the size of the first step is calculated by the algorithm "A Priori Choice of Step
Size". Then, for p € [Myin : Minas], the "step-by-step velocities" V(p) = h(p)/t(p)
are calculated (h(p) is the step size obtained by TSM of order p using the algorithm
"Iterative Algorithm for Correction of Step Size" and the initial approximation hyg).
As the order at the first step, we choose M such that V(M) = max,e(as, ..:01,...] V (D),
and set h = h(M) as the step size at the first step.

(a) The Algorithm of Automatic Choice of Step Size At each step
(except the first one), the initial approximation hg assumes the value obtained at the
previous step of integration. Then, using algorithms "A Priori Choice of Step Size"
and "Standard Step Correction Algorithm", two values of step hy, ho are computed.
Of these, maximum h = max(hy, hy) is selected, which is then corrected by the
algorithm "Iterative Algorithm for Correction of Step Size".

(b) The Algorithm of Automatic Choice of Order If, in the next step
of TSM, the step size h has changed in m times (for example, m = 3 or 5) compared
to the value of H (H changes after each change of the order M, and at the first step
is assumed equal to the value of the first step), then the order M is corrected. It is
assumed that the Taylor coefficients are known up to the order M. For p = M —
1,..., Myn, the step sizes h(p) and "velocities" V(p) = h(p)/t(p) are calculated
successively. If there are nosuchp = M—1, ..., My, then for p = M+1, ..., My

g oo



the Taylor coefficients of order p, the corresponding step size h(p) and the "velocity"
V(p) are calculated successively. As soon as (and if) it turns out that V(p) >
V(M), the new order M is assumed to be equal to this p. If there are no such

p=M+1,..., My, then the order used is not corrected.

3.4.5 General algorithm of the Taylor series method

The algorithm is defined as the following sequence of operators using the aux-
iliary algorithms given above:

1. The choice of step and order at the first step and assigning these values to
variables H, M

2. Calculation at the next point t; of the Taylor coeflicients according to
formulas (3.29), (3.30) and step;

3. If the step h has changed more than m times compared to the value H,
then a new order M and the corresponding step size h are calculated;

4. If ty + h < T, then ;41 = t; + h and the solution at the point ;1 are
computed, and go to 2;

5. Calculation of h = T — ¢;, and the solution at the final point 7'; End.

3.5 Implementation of the Taylor series method (TSM)

The program described below is taken from [10, 124].

This section describes a Fortran program that numerically integrates systems
of differential equations in polynomial form (by the method described in Chapter 3).

The program consists of a main program, a configuration file reading subrou-
tine, an interval integration subroutine, a Taylor coefficient calculation subroutine,
a Taylor polynomial calculation subroutine, a step calculation function according to
the a priori algorithm, a standard correction step calculation function, an iterative
correction step calculation function, an automatic step selection function, functions
for calculating p, subroutines for reading data files, functions for calculating the

degree of the right-hand side, functions for calculating v=' and v, procedures for



measuring the time for calculating coefficients, functions for calculating o,
procedures for calculating the optimal order.

Main program.

1. Read the name of the configuration file from the command line.
2. Read data from a configuration file.
— c¢fg.dat — set: required relative error, required absolute error and paths to
the rest of the configuration files;
— coef.dat — a set of non-zero coefficients of the system. The coefficient is set
by a triple (coefficient, equation number, monomial number);
— sch.dat — scheme: a sequence of pairs of numbers. If the system is linear,
the scheme is not specified;
— ic.dat — initial conditions for the Cauchy problem;
— points.dat — a sequence of argument values in which the solution values are
returned.

3. Run numerical integration for the time Interval.

Configuration file reader.

Arguments: cfg - configuration file name ipar :
1 - dimension,
2 - number of monomials,
3 - number of non-zero coefficients,
4 - number of output points;
rpar - required error:
1 - relative, 2 - absolute; In - linearity;
fpar - files:
1. - with initial conditions,
2. - with scheme,
3. - files with coefficients,
4. - with table,
5. - to record results,
6. - with output points.
Return: ipar, rpar,in, fpar.



Interval Integration Routine.

Arguments:

n - dimension; u - number of monomials; na - number of non-zero coefficients; np
- number of points for issuing a solution; In - linearity; rtol - required relative er-
ror; atol - required absolute error; fpar - files: 1 - with initial conditions, 2 - with
scheme, 3 - files with coefficients, 4 - with table, 5 - to record results, 6 - with output
points.

Return: z.
Subroutine for calculating Taylor coefficients.

Arguments:

x - array of Taylor coefficients; tx - array of solution values at point; pl, pu - bottom
and top order.

Return: z.

Global variables: n, u, na, sch, a, ia, ja, pmazx.
Taylor polynomial calculation routine.

Arguments:

tx - array of solution values at point; x - array of Taylor coefficients; h - length of
step; pl, pu - bottom and top order.

Return: tz.

Global variables: n, u, pmaz.
Function for calculating the step by the a priori algorithm.

Arguments: tx - array of solution values at point; alp — &, ..., &,; pwork - order.
Global variables: n.

Standard correction step calculation function.

Arguments: tx - array of solution values at point; x - array of Taylor coefficients;
h0 - approximation to step; rx, tx - auxiliary arrays; pwork - order.

Global variables: n, pmaz, atol, rtol.

Step calculation function by iterative correction.



Arguments: tx - array of solution values at point; = - array of Taylor coeflicients;
h0 - approximation to step; rx, tx - auxiliary arrays; pwork - order.

Global variables: n, pmaz, atol, rtol.
Automatic step selection function.

Arguments: h - approximation to step; tx - array of solution values at point; = -
array of Taylor coeflicients; rx, tx - auxiliary arrays; alp — &1, ..., &,; pwork - order;
dir - direction.

Global variables: n, wu.
Calculation function p by «y, ..., «,.

Arguments: alp — x4, ..., ;.

Global variables: n, u, na, ut, aa, ia, ja, rdeg.
Data file reader.

Arguments: tr - array of solution values at point; fpar - files: 1 - with initial
conditions, 2 - with scheme, 3 - files with coefficients, 4 - with table, 5 - to record
results, 6 - with output points.

Return: tx, sch, a, ia, ja, rdeg, ox

Global variables: n, u, na, sch, ox, np, a, ia, ja, rdeg.
Function for calculating the degree of the right side.
Global variables: n, u, sch.
Calculation function v~ and v~

Arguments: alp — —x, ..., &,; pwork - current order of method.

Global variables: n, atol, rtol, vth, vtn, pmin, pmax.
The procedure for measuring the time of calculating the coefficients.

Arguments: z - array of Taylor coefficients; tx - array of solution values at point.
Return: time.

Global variables: n, u, pmax, time.
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Calculation function «y, ..., «,

Arguments: alp — —«q, ..., &,; tx - array of solution values at point; rpar, ipar -
auxiliary arrays.

Global variables: n.
Optimal order calculation procedure.

Arguments: z - array of Taylor coefficients; tx - array of solution values at point.
Return: pwork, h.

Global variables: n, u, pmax, time.
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Chapter 4. Numerical experiments

Many sources were used when writing this section: [26, 30, 35, 43].
This section discusses a series of experiments showing the effectiveness of
schemes and the Taylor series method for polynomial systems using schemes as

a tool for calculating Taylor coeflicients.

4.1 Effectiveness of scheme

In this section, the issue of the efficiency of the scheme for polynomial sys-
tems of differential equations is considered, both for a randomly generated set of

monomials and for the N body problem (with and without perturbations).

4.1.1 An arbitrary set of monomials

In this experiment, it is randomly generated by systems of IV, monomials in N,
variables. Given the system of monomials, we can compute T = ¢/t; (effectiveness
of a scheme), where ¢4, ¢ are the process times required to calculate all monomials
of the system with and without the aid of a scheme. Given N,,, N, for a hundred
system of randomly chosen monomials one computes minimal and maximal values

of T : Tin, Tmaz, Which are presented in Table 1.

4.1.2 The N-body problem

Chapter 1 (Example 7) discusses the system of differential equations of the

classical N body problem using Cartesian coordinates. Then this system of differ-
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Table 2 — An arbitrary set of monomials

N,,, = 1000 N, = 200
Ny | Toin | Trnae | N | Tiin | Trnaz
50 | 1.6 | 1.7 || 1000 | 45 | 4.7
100 26 | 2.8 || 2000 | 49 | 5.2
150 | 35 | 3.8 || 3000 | 5.1 | 5.3
200 4.5 | 4.7 | 4000 | 5.3 | 5.8
250 | 5.2 | 55 | 5000 | 5.6 | 5.9
300 6.3 | 6.7 | 6000 | 5.8 | 6.2
350 | 7.5 | 82 | 7000 | 5.6 | 6.0
400 | 86 | 9.7 | 8000 | 5.7 | 6.6
4501 9.9 | 11.0 | 9000 | 5.7 | 6.9
500 | 11.2 | 13.5 || 10 000 | 5.8 | 7.0

ential equations is reduced to three different systems of equations with right-hand
sides, which are polynomials of the fifth, fourth and third degrees, respectively.
There are two numerical experiments (Table 2, Table 3). They associated with
comparison of evaluation cost when evaluating the right-hand sides of the equations
for original system and system of monomials in the right-hand sides, which are
polynomials of the fifth, fourth and third degrees (with and without the aid of
the schemes).
The following designations are used here:
N — the number of bodies;
tg — the process time required to calculate all the right-hand sides of original N-body
equations;
ts, ty4, t3 — the process times required to calculate all different monomials in the
right-hand sides of systems of the fifth, fourth and third degrees respectively;
tjs, tj — the process times required to calculate all monomials of degree j in the
right-hand sides of the system of the fifth (j = 5), fourth (j = 4) and third degrees
(j = 3) respectively (with and without the aid of a scheme);
t]fs, L‘j+ — the process times required to calculate a number of cubic monomials
and all monomials of degree j in the right-hand sides of the system of the fifth
(j = 5), fourth (j = 4) and third degrees (j = 3) respectively (with and without

the aid of a scheme).
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Table 3 — The monomials of the N body problem without perturbations

N | to/ts | to/tss | to/ta | to/tas | to/ts | to/ts.s
3| 72 8.6 4.2 5.0 4.2 5.5
4 1 9.6 15.4 4.7 7.0 4.6 7.8
51 9.7 20.4 4.8 11.5 4.7 14.1
6 | 9.8 22.5 4.9 14.2 4.8 16.3
71102 | 255 5.2 17.7 5.1 19.3
8 | 12.1 | 38.7 5.3 20.1 5.3 22.8
9 | 13.0 | 49.9 5.6 23.0 5.5 25.8
10| 13.1 | 57.6 5.8 26.6 5.7 29.6

Table 4 — The monomials of the NV body problem with perturbations

N | ts/tss | 13 /t3, | ta/tas | 6 /t0 | t3/tss | 15 /15,
3| 1.2 1.2 1.2 1.1 1.3 1.2
41 16 1.5 1.5 1.5 1.7 1.6
51 21 2.0 2.4 2.3 3.0 2.7
6| 2.3 2.1 2.9 2.7 3.4 3.1
71 26 2.2 3.4 3.0 3.8 3.3
8| 32 2.6 3.8 3.3 4.3 3.6
9| 38 3.0 4.1 3.5 4.7 3.8
10| 4.4 3.2 4.6 3.8 5.2 4.1

4.2 Numerical integration of differential equations

One of the most effective methods for solving differential equations is the
method of Taylor series [10, 23, 40, 57, 85, 108, 113, 123].
When applying Taylor series method of numerical integration to the equations

of the N-body problem, to simplify and/or speed up calculations it is natural to
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use polynomial systems of differential equations. To integrate polynomial systems
(1.17), (1.18) and (1.19) here used two programs: TSMR [124] and TIDES [25].

Calculations were made on the computer with the Intel Core i5 processor, 2,6
GHz, 8 GB of RAM and Mac OS X El Capitan (Version 10.11.5) operating system;
Intel Parallel Studio XE 2016 for TSMR and GNU Compiler Collection (Xcode
Version 7.3.1) for TIDES were used.

Three body (Sun-Mercury-Venus) initial value problems for systems (1.17),
(1.18) and (1.19) were considered. The initial data and the masses of the planets
were taken from [95], [127]. To provide correct estimation of relative errors in
coordinates and velocities, the integration was carried out according to the scheme
"go there and come back". This means that the equations are integrated first from
t=0tot =T, and then - from ¢t = T to ¢ = 0. The results that compare the
efficiency of the method of Taylor series for systems (1.17), (1.18) and (1.19) are
presented in Table 4.

The following designations are used here:

Method — program names T'Si (TSMR) or TDi (TIDES); ¢ = 5,4,3 it means
that the method was applied to the systems (1.17), (1.18) and (1.19) respectively (i
is the degree of the system);

RT — maximal relative tolerances in the coordinates and velocities of planets;

RE — maximal relative errors in the coordinates and velocities of planets;

tCPY — the process time;

T (days) — endpoint (¢ € [0,T]).



Table 5 — Numerical integration of the N body problem in the different

polynomial forms

N RT =107 | RT =102, | RT = 10~%, Py
lethod | T t (sec)
RE RE RE

TD5 6.2-1073 1.4-107"" | 53-1072% | 551 1458 2915
TS5 2.5-1072 7.8-107% | 1.4-107%* | 227 659 1369
D4 | 1.8-10" 34-107" | 9.7-107* | 1261 3368 6173
TS4 6.6 - 10° 55-1071% | 1.9-1072' | 381 1088 2272
TD3 1.2-10 3.4-10719 | 49-10720 |1233 3244 6096
TS3 7.0-10° 2.8-1071 | 3.7-107%' | 407 1252 2230
TD5 5.2-1072 8.9-107H1 2.2-1072! | 1101 3006 5701
TS5 6.7-107! 2.0-1071 3.1-1072 | 484 1311 2698
TD4 | o 4.1-10' 75-10710 | 2.1-107" | 2425 6266 11855
TS4 2.1-10" 7.1-107° 9.6-107%2 | 777 2214 4315
TD3 2.9-10 75-1071% | 59-107Y | 2519 6491 12163
TS3 2.4-10! 7.8-10710 1.0-10720 | 756 2279 4258
TS5 2.3-1072 1.5-107% | 6.0-1072* | 649 1993 3977
TS4 |3-100| 29-10! 9.9-107° 2.3-10720 | 1494 3203 6579
TS3 3.6- 10" 3.3-1078 3.6-107% | 1130 3370 6409
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Chapter 5. Categories of functions

This chapter covers an extensive collection of function libraries, consisting of

10 categories that satisfy systems of differential equations [11].

5.1 Category 1: Elementary Functions

Basic Elementary Functions

1. Definition: Inv[p] = %, Extension: ¢ = Inv[p],
Differential equation: 4 = —@2.

2. Definition: Power|p,a] = p*, Extension: @ = Power[p,al, ®2 = Inv[p],

dor _ doz _ _
dp = 0P192, 7 = — 2.

3. Definition: Sqrt[p] = \/p, Extension: @, = Sqrt[p], @2 = Invp],
Differential equation: dd—(‘; =%p dd—“;f = —3.
4. Definition: Exp[p] = e, Extension: ¢ = Exp[p],

Differential equation: %}g = .

Differential equation: &

5. Definition: Power f[a,p] = a?, Extension: ¢ = Power f[a, p),
Differential equation: %‘g = @ Loglal.
6. Definition: Log[p] = log(p), In(p), Extension: @1 = Log[p|, @2 = Inv[p],

Differential equation: i = @, (% = —@3

7. Definition: Logla, p] log,(p), Extension: @, = Logla,p], @2 = Invp),

i i doy . _@o  dos 42
Differential equation: i = Toga]’ o @©5.

8. Definition: Sin[p] = sin(p), Extension: @, = Sin[p], @2 = Cos|p],
Differential equation: @ = o, d‘PZ = —@;.

9. Definition: Cos[p] = cos( ) Extenmon @1 = Sinlp], @2 = Coslp),

. . ione de1 doy _
Differential equation: ap — P gy = P2

10. Definition: Tan[p] = tg(p), Extension: ¢ = Tan[p],
Differential equation: %"5 =@+ 1.

11. Definition: Cot[p] = ctg(p), Extension: ¢ = Cot[p],
Differential equation: C(lip =—(1+ ¢?).

12. Definition: Csc[p] = cosec(p), Extension: @ = Csclp], @2 = Cot[p],
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Differential equation: & = — @1, di;} =—(1+ ¢3).

13. Definition: Sec[p] = sec(p)7 Extension: @1 = Sec[p], 92 = Tan[p],

Differential equation: %% = @19, %;%2 =1+ @3

14. Definition: Sinh[p] = sinh(p ) Extension: @1 = Sinh[p], @2 = Coshl[p),
Differential equation: i = @y, 102 — .
15. Definition: Cosh[p ] = cosh(p ) Extension: @1 = Sinh[p], 2 = Coshlp),
Differential equation: %& ©, dp = Q1.

16. Definition: Tanh[p] = tanh(p), Extension: @ = Tanh[p],

Differential equation: %‘g =1- %

17. Definition: Coth[p] = coth(p), Extension: ¢ = Coth[p],

Differential equation: 4€ =1 — 2.

7l
18. Definition: C'sch[p ]1)_ esch(p), Extension: @1 = Csch[p], @2 = Cothlp),
Differential equation: id— = —@1@9, dd% =1-— 3.

19. Definition: Sech[p] = sech(p), Extenslon' (p1 = Sech[p|, 2 = Tanh|p),
Differential equation: & = —@1Q2, dp =1-

20. Definition: ATcSm[ | = arcsin(p), EXtOHblOHZ @1 = ArcSin|p], @2
Auzl[p] = (1 —p?)" 12

Differential equation: dd—“;l = @9, dd—“;f = p@3.

21. Definition: ArcCoslp| = arccos(p),  Extension: ¢; = ArcCos[p], @2
Auzllp] = (1 - p*)7'/2,

Differential equation: %%1 = —@o, %‘;—2 = ps.

22. Definition: ArcTan[p] = arctan(p),  Extension: ¢; = ArcTan[p], @2
Aua2[p] = (1 +p*)71,

Differential equation: ddi;; = @, % = —2p3.

23. Definition: ArcCot[p] = arcctg(p), Extension: @1 = ArcCot[p], @2
Aua2lp] = (1+ ),

Differential equation: = —@o, dp = —2p@3.

24. Definition: ArcCsc[p] = arccosec(p),  Extension: @1 = ArcCsc[p], @2
Auz3lp] = (p* = p*) 712,

dey
dp

Differential equation: di;l = — @3, %‘;72 = (p—2p°)@3.
25. Definition: ArcSeclp] = aresec(p), Extension: @1 = AreSeclp], @2

Aux3lp] = (p* — p?) 72,
Differential equation: dd—“;)l = @9, % = (p—2p*) 3.
26. Definition: ArcSinh[p] = arsh(p),  Extension: @1 = ArcSinh[p], @2

Auzdlp] = (p* +1)71/2,
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Differential equation: 4 = @, i = —p@s.

27. Definition: ArcC’osh[ | = arch(p), Extension: @1 = ArcCosh[p], @2
Auxb[p] = (p* = 1) p>1,

Differential equation: dg};l = o, M = —ps.

28. Definition: ArcTanh[p] = arth( ),  Extension: @1 = ArcTanh[p], @2

Auz6[p] = (1 *pQ)*l,

Differential equation: 92t b= ©2, dp 902 — 9p@l.

29. Definition: ArcC’oth[ | = arcth(p),  Extension: @1 = ArcCothp], @2

Aux6[p] = (1 — p*)~1,
Differential equation: dd%,l = @q, % = 2p@3.

30. Definition: ArcCschl[p] = arcsch(p), Extension: @1 = ArcCsch|p], @2

Auz[p) = (p* +p") 1%,

Differential equation: ddﬂ = — @, dd—(’;f =—(p+2p*) 3.

31. Definition: ArcSechlp] = arsch(p), Extension: @1 = ArcSech[p], @2
Auzslp] = (p* = p*)7'/2,
Differential equation: %‘,P)— = — @9, % = —(2p° — p)@3.

Auxiliary Function

32. Definition: Auz1[p] = (1 —p?)""/2, Extension: @ = Aux1[p],

Differential equation: %‘g = pEs.

33. Definition: Auz2[p] = (1+p?)~!, Extension: ¢ = Aux2[p],

Differential equation: jﬁ 72p(p2

34. Definition: Aux3[p] = (p* — p*)~"/2, Extension: @ = Aux3[p],
Differential equation: %‘E ( —2p%) 3.

35. Definition: Auzd[p] = (p> +1)""/2,  Extension: @ = Auz4[p|,
Differential equation: %‘9 —pE3.

36. Definition: Auz5[p] = (p> —1)""/2, p > 1, Extension: @ = Aux5[p],
Differential equation: %9 —p@P3.

37. Definition: Aux6[p] = (1 —p?)~!, Extension: ¢ = Auz6[p],

Differential equation: 3(5 = 2p@2.
38. Definition: Auz7[p] = (p* +p*)~"/2,  Extension: ¢ = AuxT[p),

Differential equation: %‘9 —(p+2p°) @
39. Definition: Aua8[p] = (p> — p*)~'/2, Extension: @ = Aux8|p],

Differential equation: %‘g (2p3 —p)e®.
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5.2 Category 2: Bessel-Type Functions

Bessel Functions

1. Definition:

- B 00 (_1)k
Bessel J[v,p| = Jy(p) = g T(k+v+1)k!

p 2k+v
&)

)

Extension: @1 = Bessel J[v,p|, @2 = Bessel JAuz[v,p|, @3 = Inv[p],

Differential equation:

deo; o des 9449 2 des - 2
dp = P2, dp - (PS((V p )(pl p(p2)7 dp - P3.

2. Definition:

BesselY[v,p] = Yy(p) = cosec(mv)(cos(rtv) Jy(p) — J_v(p)); v & Z,

Extension: @1 = BesselY[v,p], @2 = BesselY Aux|v,p| = %}IM, 3 =
Inv[p],
Differential equation:

de; i dea 9.2 2 des B 2

% g ©3((v = p7) @1 — p@2), a -
3. Definition:

Bessell[v,p| = I,(p) = Z S S— (2)2k+V7
’ — I'(k+v+1)k! 2
s o o L __ OBessell[v.p] o

Extension: @1 = Bessell[v,p], @2 = Bessell Aux[v,p] = g P3 =
Invlp],
Differential equation:

dey dgs 2, 92, 2 des 2

LIS L v — = — ;.

dp P2, dp (p3(( +p )(\01 p(p2)7 dp Q3

4. Definition:

Bessel K[v,p| = Ky(p) = 0.5mcosec(rv)(Iy(p) — I-+v(p)); v ¢ Z,
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dBesselY [v.p]

Extension: @, = BesselY[v,p], @2 = BesselY Aux[v,p] = g e3 =
Inv[p],
Differential equation:

de; des 5. 5 o des

i = @3((v" +p7) 91 — pe2), a - e

Airy Functions

5. Definition:

w

. . 1 2 p 4 p
AiryAilpl = =0l ;=) — - =
ryAil] = smreE 163 g) V30(1/3)° 1i3ig)
Extension: @1 = AiryAi[p], @9 = AiryAiPrimelp).
Differential equation:
dov _ 492 _
dp ©2, dp po1.
6. Definition:
. . 1 2 p? 4 p?
AiryBilp] = =—=———0F1(;=; =) — ——oF1(; =; =
Yy Z[p] 32/3P(2/3)0 1( 3 9) \3/51_‘(1/3)0 1(737 9)
Extension: @1 = AiryAi[p], @2 = AiryBiPrime[p].
Differential equation:
dp 25 dp pP®P1.
7. Definition:
o 1 5 p? 1 1 p?
AiryAiPrimelp| = ————0F1(; ;=) — ———oF1(; =, =).
Y g 2327 (2/3)" 163:79) /3r(1/3)" 163779
Extension: @y = AiryAiPrime[p], @2 = AiryAiPrimeAux[p] =
O AiryAiPrime[p| -7 [
=R @3 = Inv[p].
Differential equation:
dov _ o der oo 408 o
dp P2, dp P203 T PP, dp P3-
8. Definition:
2 5 p3 \yg 1 p3
AiryBiPrime g T Ay Y (i o
4 vl = 2fr(2/3) Whili3i%g) r(1/3)" gy
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Extension:
OAiryBiPri
@1 = AiryBiPrime[p], @2 = AiryBiPrimeAuzx[p] = vy g mme[pl @3 = Inv[p)
P
Differential equation:
dp 25 dp 203 T~ PP, dp 3
Struve Functions
9. Definition:
o0 k
Pyvi1 (*1) Pyok
St Hlv,p] = (Z)¥* )2k,
ruveH[v,p] = (3) ;FQ(k+3/2)(k+v)(2)

Extension:

OStruveH|v, p)

@1 = StruveH[v,p] @9 = StruveH Aux[v, p| = 3 , @3 = Invp|.
P
Differential equation:
dey des 5, 9 o 4 Py 493
W @3(v" = p7) @1 — p@2 + \/ﬁr(v+o.5)(2) S
10. Definition:
Prvii N 1 p
t L — (£ v+1 I 2k‘.
Struvellv.p] = (3) ;FQ(k+3/2)(k+v)(2)
Extension:
Llv,
@1 = StruveL[v,p] @9 = StruveLAuzx|v,p|] = W’ @3 = Inv[pl.
P
Differential equation:
dey . d@r 9,9 2 4 Pivi1 93 o 2
ap ~ 0 gy O EPIenmpet Ter e G S = e

Kelvin Functions

11. Definition:

KelvinBei[p] = —0.5i ([g(\‘yjlp) - JO(\‘yjlp)).
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Extension:
OKelvinBei
@1 = KelvinBeilp|, @ = KelvinBeiAuxl[p] = w,
P
OKelvinBeiAuxl
@3 = KelvinBeiAux2[p] = qumBberur [p]7
dp
OKelvinBeiAux2
@4 = KelvinBeiAuz3[p| = ¢ vmaez ue [p]’ @5 = Invlp|.
P
Differential equation:
Qo1 _ g, 202 005 B0 0t 20,05 — @20} —
dp 25 dp 3 dp ) dp 3W¥5 4¥5 2W5 1-

12.  Definition:

KelvinBer[p] = 0.5i (IO(\V?lp) + Jg(\lep)).

Extension:
KelvinB
@1 = KelvinBer[p], @2 = KelvinBer Auxl[p| = %ner[p]’
P
OKelvinBer Auxl
@3 = KelvinBer Aux2[p| = UmBDeruT [p]’
Ip
KelvinBer Aux2
¢4 = KelvinBer Auz3[p| = Ofclvin aer d [p]7 @5 = Inv[p].
P
Differential equation:
@:@ @:@ ®:<P @:@ P — 20405 — P23 — @
dp 25 dp 3 dp 4 dp 3W¥s5 4¥5 2W5 1-
13.  Definition:
KelvinKei[p] = —keig(p).
Extension:
OKelvinKei
@1 = KelvinKei[p], @9 = KelvinKeiAuzl[p] = M,
P
OKelvinKeiAurxl
@3 = KelvinKeiAux2[p] = qum Lt [p]’
dp
KelvinKeiAux?2
¢4 = KelvinKeiAux3[p] = ORclvinkcidu [p]’ @5 = Inv[p].

Op
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Differential equation:

deq d@s des doy

2 3
L e P g P -9 — — ©;.
dp P2, dp P3, dp Py, dp P3Q;5 P4@5 — Q205 — Qg
14. Definition:

KelvinKer[p] = keiyp(p).

Extension:
KelvinK
= KelvinKer[p], @2 = KelvinKerAuxl[p] = 3#7%7’[]’
P
KelvinKerAuzl

03 = KelvinKer Aux2[p] = OKelvin aer uzx [P]7
P
KelvinKer Auz?2

@4 = KelvinKer Auz3[p| = OKelvin 86T ux [P]’ 05 = Inv[p].
P

Differential equation:

@:(P @:(\0 %:(\o, %:@@272(9@—@@37@
dp 25 dp 35 dp 4, dp 3Ws 4¥5 2Ws5 1-

15.  Definition:
KelvinBeilv, p| = beiy(p) = —0.5ie” 7™ p" (v/—1p)~ ( 2LV =1p)—J. ({V—lp)).

Extension:

OKelvinBei[v, p]

= KelvinBei[v,p], @2 = KelvinBeiAuzl[v,p] =

Op '
OKelvinBeiAux1
= KelvinBeiAuz2[v,p] = cUmpe T [v,pl
dp
0KelvinBet Aux?2
= KelvinBeiAux3|v,p|] = cumn ;Z d [V7p]7 @5 = Invlpl.
P
Differential equation:
der _,, de2 _ o des
dp 25 dp 3 dp 4,
do ‘
T; = (2v] + 1) @397 — 20495 — (2v] + 1) @293 — (p* + v — 4v*) 105,

16. Definition:

KelvinBer|v, p] = bery(p) = 0.5ie” Y (W 1) ( (V= 1p) Ty (\/719))
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Extension:

OKelvinBer[v, p]

@1 = KelvinBer|v,p|, @2 = KelvinBerAuxz1[v,p] =

dp ’
OKelvinBer Aux1
@3 = KelvinBer Aux2[v, p| = com ;T “ [V,p]7
P
OKelvinBer Aux?2
¢4 = KelvinBer Aux3[v,p|] = cumn ;T ur [V’p], @5 = Inv[p].
P
Differential equation:
doy _des_dey
dp 25 dp 35 dp 4
dey _ 2 2 2 3 4 4 2 4
43;*—(2v1+1)@3@5—-2¢4@5—(2v + D205 — (0" + V' = 4v7) 9195

17.  Definition:
KelvinKei|v, p| = keiy(p) = —0.25ei’%i7w7tpvx4/—1p)’vcsc(7w)

(V=T (1 =Tp) =™ ) (V=) ) e 2 (13/=Tp)— F 1 (V=Tp)) ).
Extension:

KelvinKet
¢1 = KelvinKei[v,p], @2 = KelvinKeiAuzl[v,p| = ORelvin ez[v’pL

op
KelvinKeiAuxl
= KelvinK et Auz2[v,p] = ORelvinKeiAux [V’p],
dp
OKelvinKei Aux2
@4 = KelvinKei Auz3[v, p] = cum 52 ur [V’p], @5 = Inv[p].
P
Differential equation:
de de de
S = =gy = g,

dp 2, dp 35 dp

d‘P4
dp
18.  Definition:

= (2v1 + 1) @302 — 29495 — (2v* + 1)o@ — (p* + v — 4v*) 1 95

KelvinKer[v,p] = kery(p) = 0.25¢™ 17 mpY —1p)Vese(mv)

«vﬁim%<l Wlp) e ™ ] hfgbﬂ—f%%”(hyiﬂﬁ+5%ikyfbo)~
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Extension:
OKelvinKer|v, p|

@1 = KelvinKer[v,p], @2 = KelvinKerAuzxl[v,p] =

dp ’
OKelvinKerAuxl
@3 = KelvinKer Auxz2[v,p|] = com ;r = [v,p]7
P
KelvinKer Auz2
@4 = KelvinKer Auz3[v,p| = ORelvin ;r u [V’p], @5 = Invlp|.
P
Differential equation:

dei d@sy des

¥ = ¥ = ¥ = (p47

dp - (p27 dp (937 dp

deg : ,
T = @V D305~ 20405 — (27 + 125 - (' + v = 4v?) @195,
Spherical Bessel - Type Functions

19.  Definition:
Spherical Bessel J[v,p| = jy(p) = Eijvwﬁ(p)
2ym
Extension:

@1 = Spherical Bessel J[v,p], @2 = Spherical Bessel J Auzx|v,p] =
_ OSpherical Bessel J[v,p]

o , @3 = Invp].
Differential equation:
do; ds 2 2 dos 2
—_— = —= = 1) — -2 — = — Q3.
el il (v(v+1) = p7) 0105 — 29293, i ©3
20. Definition:
m 1

Spherical BesselY [v,p] = yy(p) =

B Visos(p).
2ﬁ +0. (p)

Extension:

@1 = Spherical BesselY [v,p], @ = Spherical BesselY Auzx|v,p| =

_ O0Spherical BesselY [v,p]
= .

where Spherical BesselY Aux[v,p] = 65}7/7’6”0”15765861}/[\"’7].

, P3 = [TLU[pL

Differential equation:

d1 dea 9 9 deos
= = == 1) — -2 -2 = _
a0 P2, a0 (V(v+1) = p o193 — 20293, ) ©3
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5.3 Category 3: Erf, Fresnel and Exponential integrals

Probability Integrals and Inverses

1. Definition:

2 S ( k 2k+1
E — z
rflpl =erflp nz%k'QIH—l
Extension: OB flp ]
.
@1 = Erflp], @2 = ErfAuzp] = 3
P
Differential equation:
deq P
Ly, T = —2pe.
dp P2, dp pPP2
2. Definition:
2 o k 2k+1
B = =z
1 = g =1~ 25 S
Extension: SE
@1 = Erfelpl, @2 = ErfcAuxp] = LCH
p
Differential equation:
deq P

— = — =2 .
dp @2, dp PP2

3. Definition:

_ PP
Erfi[p] = erfi(p) Zk' T D)
Extension: O
@1 = Erfip|, @2 = ErfiAuz[p] = gf@[ 7
P

Differential equation:

der 0 des _ 9
dp 2, dp 2

4. Definition:

InverseErflp] = erf(p).
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Extension:
ol se
@1 = InverseEr f[p], @2 = InverseErfAux[p] = M,
P
Differential equation:
doy _ dex o o
dp P2, dp PP1P3-
5. Definition:
InverseEr fc[p] = erfc(p).
Extension:
dlnverseErfc
@1 = InverseEr fc[p], @2 = InverseEr fcAux[p] = TZUPT;@ rfelpl
P
Differential equation:
@ =@ & = 2p¢ (02
dp 25 dp PP1P,-
Fresnel Integrals
6. Definition:
_ mt?
FrensnelS[p] = S(p) = sm(T)dt.
0
Extension:
oF )
@1 = FrensnelS[p], @2 = FrensnelSAuxl[p] = M,
p

OFrensnel S Auz1[p]

@3 = FrensnelSAux2[p] = 3 ., @4 = Invp).
P
Differential equation:
de; dos des 9 9 doy
dp - (p2a dp - (p3a dp - (p3(p4 7Tp (an dp - (p4

7. Definition:

mit?
FrensnelCp] = S(p) = /COS(T)dt.
0
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Extension:

@1 = FrensnelC[p|, @2 = FrensnelCAuzl[p] = %ﬂdc{ph
P
B OFrensnelC Aux1]p)

@3 = FrensnelC Auxz2[p] = o , @4 = Invp].

Differential equation:

de; des des 9 9 doy
dp = @2, dp = @3, dp = Q3P4 — TP P2, dp = —0y

Exponential Integrals

8. Definition: Explntegral E[v,p] = Ey(p).

Extension:

OExpInt I
@1 = Explntegral Elp|, @2 = ExpIntegral E Auzx|p] = rpintegra [va}7

dp
@3 = Inv[p|.
Differential equation:
deq des de; 9
gy, 2= (v—1 - —v42), 2= 2
o 0 (v=1)01903 — @203(p — v +2), a0 @3

9. Definition: Explntegral Ei[p] = E;(p).

Extension:

OFzxplIntegral Eilv, p

@1 = Explntegral Eilp], @9 = Fxplntegral EiAuxl[p] =

dp '
OFxplnt IFiAuxl
@3 = Explntegral Ei Auz2[p] = Tpon egrc;) LA [V’pl @4 = Invp|.
P
Differential equation:
de; dgs des 9
= X2 _(v—1 . — A(p — 2), 255 — _p2.
dp @2, dp (v—=1@103 — 203(p — v+ 2), dp @3

10. Definition: LogIntegral[p] = li(p).

Extension:

_ OLogIntegral[v, p|

@1 = LogIntegrallp], @2 = LogIntegral Auz[p] = 5 ,
P

@3 = Inv[pl.
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Differential equation:

de des 5 do; 2

dp P2, Tp = — P03, Tp =~ @;.
11. Definition: SinIntegrallp] = Si(p).

Extension:
inInt l
@1 = Sinlntegralp], @2 = SinIntegral Auxlp] = w,
P
aSinInt [Auzl
@3 = SinIntegral Aux2[p] = men eg;a ur [p]’ @4 = Inv[p|.
Differential equation:
doy _ dex o odes 0 o dea o
dp P2, dp P3, dp P3P4 — @2, dp @y
12. Definition: CosIntegral[p] = Ci(p).
Extension:
0CosInt l
@1 = Coslntegrallp], @» = CosIntegral Auxllp] = %gm[pk
p

_ 0CosIntegral Auz1[p]

@3 = CosIntegral Aux2[p] = 3 , @4 = Invp|.
P
Differential equation:
deq des des de, 5
TP oy, D22 s TP s — o, TR
dp ©2, dp ©s, dp P3P4 — @2, dp (2
13. Definition: SinhIntegral[p] = Shi(p).
Extension:
OSinhInt l
@1 = SinhIntegrallp], @ = SinhIntegral Auzl[p] = m gpegra [p]’
inhint [Auxl
@3 = SinhIntegral Aux2[p] = 0Sinhin eéqm ur [p]7 @4 = Invlp|.
P
Differential equation:
dor o des o des oo der
dp 25 dp 3 dp 3P4 2 dp 4-
14. Definition: CoshIntegral]p] = Chi(p).
Extension:
0CoshIntegral[p]

@1 = Coshintegrallp], @2 = CoshlntegralAuxllp] = 3 ,
P
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shint [Auzl
@3 = CoshIntegral Auz2[p| = 9Coshin eagra ur [p]7 @4 = Invlp|.
P
Differential equation:
dov o dey  des o o den
dp 2 dp 3 dp 3WY4 2 dp 4-

5.4 Category 4: Incomplete Gamma and Beta functions

Gamma Functions and Inverses

1. Definition: Gammala, p] = I'(a, p).
Extension:
OGammala,p]

@1 = Gammala,p], @2 = GammaAuz|a,p| = 5 , ©3 = Inv[p].
P
Differential equation:
de: des des 2
-1 Z¥e . —1), 22— 2.
dp (927 dp (PQ(PS(p +a )7 dp (p3

2. Definition: Gammala, p1,p2] = T'(a, p1, p2).
Extension:

aGamma[a>pl7 p?]
Op ’

01 = Gamma[a7pl7p2]a Qo = GammaAu‘rl[aaplaPZ] =

0GammaAuzrl|a, py,
9,1 p2}7 ©4 = Inv[p], @5 = Inv[py].

@3 = GammaAux2|a, p1, ps] =

dp

Differential equation:

de, deq dea des

b (e, —= = —-p—1), — =0

dp1 (927 dp2 (\037 dp1 (92(94((1 b1 )7 dpQ )
des; des; dgy s d@y des des 9
72077:@‘({)50‘_29_177:_(0:7: 5 :07 = — Q5.
dpy dps ses(a—p2—1) dpy Y dp, dp1 dpa

Beta Functions
3. Definition: Betalp, a,b] = B,(a,b).
Extension:
OBetalp, a, b]

@1 = Betalp, a,b], @2 = BetaAuz[p,a,b] = 5 ,
P
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@3 = Invlp], @4=(1-p)".
Differential equation:

dor _  dos

des s d@y 2
— _— = « A — 1 — b — 2 _— e —_—= .
i @2, i P290394(a pla+ ), i @3, i, ]

4. Definition: Beta[py, pa, a,b] = By, p,)(a,b).
Extension:

OBet , b
@1 = Beta[p1,p2,a,b], @2 = BetaAuxl[pi,p2,a,b] = 9Betalpy,pr,a, 1]

om ’
OBet b
P3 = BetaAuxQ[php?: a, b] = Ma Pq = I?’ZU[pl],
P2
@5 = Invps], @s=(1—p1)~", @r=(1—p) "
Differential equation:
de; dgq dgs des
oy, =gy, 2 = —1- b—2)), == =
n P2, s ©3, n P20496(a pi(a+ )); s
des des do, s d@y
XS, 28— L — 1 — h—29)). -1 _ _ o4
dpl ) dp2 (93(05@7((1 pQ(CL + ))7 dpl Qy, dp2
des ~ des 5 dog 5 dog o des o des
770777_([)5777([)6777777777_([)7'
dp dps dp dps dp dps

5.5 Category 5: Hypergeometric Functions

Hermite, Parabolic Cylinder, and Laguerre Functions
1. Definition: HermiteH[v,p] = Hy(p).

Extension:

OH ite H
@1 = HermiteH[v,p|, @2 = HermiteH Auz[v,p| = erm;e [‘Vap].
P

Differential equation:

d d
TP g, S22 = 2pgy - 2ve1.
dp dp
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2. Definition: ParabolicCylinder D[v,p] = Dy(p).
Extension:
@1 = ParabolicCylinder D]v,p|, @2 = ParabolicCylinder D Aux[v,p] =

_ OParabolicCylinder D[v, p|
= o

Differential equation:

doy _  des

- = 1(0.25p> — 0.5 — V).
ap @2, i ©1(0.25p v)

3. Definition: LaguerreL[v,p] = Lv(p).

Extension:

@1 = LaguerreL|v,p], @9 = LaguerreLAuzx|v,p] =

_ OLaguerreL[v,p

o ;@3 = Inv[p].
Differential equation:
de; d@s des; 5
_— _— — 1 . _— = .
dp P2, dp (p ) @203 + VO19y4, dp P3

4. Definition: LaguerreL[v,A,p] = L3(p).

Extension:

@1 = LaguerreL[v,\,p], @2 = LaguerreLAux[v,\,p] =

_ O0LaguerreL[v,\, p]

3 =1 .
G gy = Il

Differential equation:

doy _  des

des
_— = = — A — 1 < —_— = — (5.
a0 ®2, i (p )P203 + V193, ©3

dp
Chebyshev and Fibonacci Functions

5. Definition: ChebyshevT[v,p] = Ty (p).

Extension:

OChebyshevT v, p)
dp '

@1 = ChebyshevT v, p|, @2 = ChebyshevT Aux[v,p] =

phiz = HGAuz1[p] = (1 — p*)~".
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Differential equation:

dey d@s 5 des 9

vl ¥e . — 0. =2 — 9np2.

dp P2, dp PP203 — V@103, dp PP3
6. Definition: ChebyshevU|v,p] = Uy(p).

Extension:

0ChebyshevU
@1 = ChebyshevU[v,p|, @2 = ChebyshevU Auz|v,p| = ebyshevU[v, p]

op ’
phis = HGAuzl[p] = (1 — pz)’l.
Differential equation:
de, de, des 2
_ =3 Y 2 n. —2 = 295,
Oy O g, T eaes V(v +2) 0193, o e

7. Definition: Fibonacci[v,p] = Fy(p).
Extension:

OFib '
01 = FibOTLCLCC?:['V,p], Qo = FibonacciAux[‘y’p] = M

Op ’
phiz = HGAuxz2[p) = (4 +p*) .
Differential equation:
dei d@sy 2 de; 9
TPy, 2o (v2 -3 P35 opel.
PR (v = 1193 — 3pp2¢3, Q) e

Legendre Functions

8. Definition: LegendreP|[v,p] = Py(p).
Extension:
OLegendreP[v, p)

@1 = LegendreP[v,p], @2 = LegendreP Auzx[v,p| =

Op '
phis = HGAuzl[p] = (1 — pz)_l.
Differential equation:
deq der des )
— = —— =2 — 1 — = 2p@;3.
ap P gy T eaes v(v+1)e19s, ap  Pes
9. Definition: LegendreP[v,u,2,p] = P (p).

Extension:

@1 = LegendreP[v,,2,p|, @2 = LegendrePAux[v,u,2,p| =
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_ OLegendreP|[v, u,Z,p]7 05 = HGAuzlp] = (1 — p)1.

Ip
Differential equation:
dey des 2 9 des 2
¥l Z¥Y: _9 o — 1)©a — : — = 2p@s3.
a0 gy T e (Vv + D3 — we3) @1, Q2P
10. Definition: LegendreP[v,u, 3, p] = P (p).
Extension:

@1 = LegendreP[v, 1, 3,p], @2 = LegendreP Aux[v,u,3,p| =

oL dreP 3
egendreP[v, u, ,p]7 03 = HGAuz1[p] = (1— p?) .

p
Differential equation:
doq dgs 2 9 des 2
ap P gy T eaes (v(v+ D3 — 1 e3) @1, Qe
11. Definition: LegendreQ|v, p] = Qv(p).
Extension:

_ OLegendreQ[v, p]

@1 = LegendreQlv,p|, @2 = LegendreQAux[v,p)

dp ’
@3 = HGAuxrl[p] = (1 —p*)~".
Differential equation:
de: des des 2
— = 2 _9 — 1 — = 2p@3.
dp @2, dp PP203 — V(V+ 1) @193, dp PP3
12. Definition: LegendreQ[v, u,2,p] = Q%(p).

Extension:

@1 = LegendreQ[v, 1, 2,p], @2 = LegendreQAuz[v, 2, p] =
_ OLegendreQ[v, u, 2, p|

, @3 = HGAuxlp] = (1 —p*) 1.

dp
Differential equation:
do; dea 2 9 des 2
—_ = — =2 — 1)@z — — = 2p@3.
a0 gy T e (v(v+1)es — 1 e3) @1, ap - 2pes
13. Definition: LegendreQ[v, 1,3, p] = Q5 (p).
Extension:

@1 = LegendreQ[v, u, 3,pl, @2 = LegendreQAux[v,u,3,p| =
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_ OLegendreQ[v, u,3, p|

, @3 = HGAuxlp] = (1 —p*)~ 1.

dp
Differential equation:
dey degs 2 9 degs 2
s Y2 _9 a— (v(v+1 — — = 2p@;.
o O gy T e (v(v+ 1) — 1w e3) 01, Q2P

Gegenbauer and Jacobi Functions

14. Definition: GegenbauerC[v,p| = Cg))(p).

Extension:

@1 = GegenbauerC[v,p|, @2 = GegenbauerC Aux|v,p| = 8Gegenbguer0[v,p]7
p

phiz = HGAuz1[p] = (1 — p*)~".
Differential equation:

doy _  do

= 02 22 s — Vs 203 = 9p2
dp 25 dp 2W3 1¥3, dp 3

15. Definition: GegenbauerC[v,A,p] = Cy)(p).

Extension:

@1 = GegenbauerClv,\, pl, @9 = GegenbauerC Aux|[v,\,p] =

?

_ aGegenbauerC[v,Np]’ 03 = HGAuzl[p] = (1—p)".

p
Differential equation:
de; des des 2
_ = _ = 2)\ 1 2 — 2}\ E —_— = 2 2.
TR PA + 1) @203 — V(v + 27A) 01 @3, ap o 2res

16. Definition: JacobiP[v,a,b, p] = P (p).

Extension:

dJacobiP[v,a,b,p]
Op ’

@1 = JacobiP[v,a,b,p], @3 = JacobiPAuz|v,a,b,p] =

@3 = HGAuxrl[p] = (1 —p*)~".
Differential equation:

doy _ o des

d
i ®2, e ((a+b+2)p—b+a)prpz — V(V+2N) @3, dipg:?pw%-
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Confluent Hypergeometric Functions

17. Definition: HypergeometriclFl[a,b,p| = 1F(a,b,p).

Extension:

@1 = HypergeometriclFl[a,b,p], @2 = HypergeometriclF1Auz[a,b,p] =
_ OHypergeometricl F1la, b, p]

o . @3 = Inv[p].
Differential equation:
de; d@s des; 9
_— = —_— = — b < 2, — = — a.
ap P2, i (P —0)@203 + a3, a0 ©3

18.  Definition:
Hypergeometricl F1Regularized|a, b, p| = 1Fi(a,b,p).
Extension:
@1 = Hypergeometricl F1Regularized|a, b, p|,

©9 = Hypergeometricl F1Regularized Auz|a, b, p| =

_ OHypergeometricl F1Regularized|a, b, p|
— o

, @3 = Invp|.
Differential equation:

dor _ don

vl 2
dp P2, dp

deo:
= (p — b) @293 + a1 @3, T; = 2.

19. Definition: HypergeometricUla,b,p] = U(a, b, p).
Extension:
@1 = HypergeometricUla, b, p], @2 = HypergeometricU Auz[a,b,p] =
_ OHypergeometricUla, b, p|

o , @3 = Invp|.
Differential equation:
d(p1 d(pg d(Pg 2
b b A & , b Q.Y
dp P2, dp (p—b) @203 + a1 @3, dp ©3
20. Definition: Whittaker M[v, u,p] = My . (p).

Extension:

@1 = Whittaker M[v, w,pl, @2 = Whittaker M Aux[v,u,p| =
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_ OWhittaker M[v, u, p]

dp
Differential equation:
de; dea 2 2 P1
Ly, SR = (p —dvp A — 1)L
= 5 (p° — dvp +4p )4p2
21. Definition: WhittakerW v, u,p] = Wy u(p).

Extension:

@1 = WhittakerW v, w,pl, @2 = WhittakerW Auz[v, u, p|] =
_ OWhittakerW v, u, p]

dp
Differential equation:
do; d@2 2 2 01
— = — = —4 4 —1)—.
e (" — dvp +4p* — 1) 1

Hypergeometric Functions
22. Definition: Hypergeometric|a,b; c;p] = F(a, b; c; p).
Extension:
@1 = Hypergeometricla,b; c;pl, @2 = HypergeometricAuz|a,b;c;p| =

_ OHypergeometricla, b; c; p|
= o

Differential equation:

, @3 = HGAua3[p] = (1 —p)~", @4 = Inv[p].

do; ds
—_— e b — |\ C b 1
a0 g, — heieses (cla+b+1)p) 29304,

des 5 doy

% = @3, % = @y
23. Definition: HypergeometricPFQ[{},{},p] = oFo(;;p).
Extension: @1 = HypergeometricPFQ[{},{},p].
Differential equation: %‘5 = .
24. Definition: HypergeometricOF1[b, p] = oF1(; b;p).

Extension:

@1 = HypergeometricOF1[b,p], @2 = HypergeometricOF1Aux[b, p] =
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OHypergeometricOF1[b, p]

= o , @3 = Invp|.

Differential equation:

dor o oo B0
dp 25 dp 1¥3 2¥3, dp 3

25.  Definition:
HypergeometricOF1Regularized]b, p) = oF1(; b; p).

Extension:

@1 = HypergeometricOF1Regularizedb, p),

@2 = HypergeometricOF'1Regularized Aux[b, p| =
_ OHypergeometricOF1Regularized[b, p)

o , @3 = Inv[p].
Differential equation:
Aor o A0y A0
dp 25 dp 193 203, dp 3

26. Definition: HypergeometricPFQ[{a},{},p] = 1Fo(;;p)-

Extension:
@1 = HypergeometricPFQ[{a},{},p], phiy = HGAux3[p] = (1 —p)~".

Differential equation:

27. Definition:

HypergeometricPFQ[{a1}, {b1,b2}, p] = 1Fa(a1; b1, ba; p).

Extension:
@1 = HypergeometricPFQ[{a1}, {b1,b2}, pl,

@2 = HypergeometricPFQAux1[{a1},{b1,ba},p] =
dHypergeometricPFQ[{a1}, {b1, b2}, p]
= 3 ,

@3 = HypergeometricPFQAux2[{a1},{b1,b2},p] =
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_ OHypergeometricPFQAux1[{a1}, {b1, b2}, p]

= Invlp].
ap y P4 [P}
Differential equation:
o1 _,, d®2 _
dp 25 dp 3
des degy
o a1919; — (biby — p) @29 — p(by + by + 1) 0397, e -5

28. Definition:
HypergeometricPFQ[{a1, as}, {1, ba}, p| = oF5(a1, az; by, ba; p).

Extension:
@1 = HypergeometricPFQ[{ay, az}, {b1, b2}, pl,

@2 = HypergeometricPFQAux1[{a1,as},{b1, b2}, p] =
_ OHypergeometricPFQ[{ay, as}, {b1, b2}, p]
p ’
@3 = HypergeometricPFQAux2[{ay,as}, {b1, b2}, p] =
_ OHypergeometricPFQAux1[{ay, az}, {b1, b2}, p]

=1 .
6]7 , P4 TL’ULP]
Differential equation:
a0, 492
dp 2 dp 35
des _ 2 2 s d@y _ 2
gy~ 1020101 (ibr=p(ar+a+1)) @201 —p(1—p+bi+b) @303, <5 = = — @1

29. Definition:
HypergeometricPFQ[{a1, as}, {b1, b2, b3}, p] = 2F3(a1, az; by, ba, b3; p).

Extension:
@1 = HypergeometricPFQ[{ay, az}, {b1, b, b3}, p],

@2 = HypergeometricPFQAux1[{a1,as}, {b1, b2, b3}, p|] =
_ 0HypergeometricPFQ[{ay, as}, {b1, by, b3}, p]
Op ’
@3 = HypergeometricPFQAux2[{ay, as}, {b1,bs, b3}, p] =
_ OHypergeometricPFQAux1[{ay, a}, {b1, ba, b3}, p]
Op '

@4 = Inv[pl.
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Differential equation:
d@lz(p d<P2:(p‘ @:(p
dp 25 dp 35 dp 4,
d

di; = a1a59193 — (bibabs — plar + as + 1)) papi—

d
7p(1*p+b1+b1b2+b2+blbg+b2b3+bg)(pg(pgf(b1+b2+bg+3)p2(p4(p§, di];l = —@y.

Auxiliary Hypergeometric functions

30. Definition: HGAuz1[p] = (1 —p?)~!
Extension: ¢ = HGAuz1[p)].
Differential equation: %‘Ig = 2p@3.
31. Definition: HGAuz2[p] = (4 + p?)~!
Extension: ¢ = HGAux2[p).
Differential equation: %‘5— = —2p@2.
32. Definition: HGAuz3[p] = (1 —p)~*
Extension: ¢ = HGAux3[p).

2

Differential equation: %‘5 = @°.
5.6 Category 6: Polynomials

Classical Orthogonal Polynomials

1. Definition: HermiteH[n,p] = H,(p).

Extension:

OHermiteH [n, p)
dp

@1 = HermiteH|[n,p|, ©2 = HermiteH Aux[n,p|] =

Differential equation:

dei des
o 0 = 2p@2 — 2p@;.
P P
2. Definition: LaguerreL[n,p] = L,(p).
Extension:
OLaguerreL[n, p)
dp

@1 = LaguerreL[n,p|, @2 = LaguerreLAux[n,p] = , @3 = Invp|.
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Differential equation:

dep dey 1 des
o ©2, — = (p—1)Q203 — nQ1@3, —— = —@3.

dp
3. Definition: LaguerreL[n, A, p] = L)(p).

Extension:

@1 = LaguerreL[n,\, p|, @2 = LaguerreLAuz[n,\,p] =

_ OLaguerreL[n, A, p]

o . @3 = Inv[p].
Differential equation:
deg, deg, des 2
—_——= , — = — 1 — )\ o — B _— .
o ®2, a0 (p )P203 — NP 1P3, a0 ©3

4. Definition: LegendrePln,p|] = L,(p).

Extension:

@1 = LegendrePn,p|, @9 = LegendreP Aux[n,p] =
_ OLegendrePn, p)

, @3 = PFAuzllp] = (1 —p*)~".

dp
Differential equation:
deq degs des 9
TP 0y, T2 = 2p@ags — 1)@1@s, -2 = 2¢2.
o 0 g, e n(n+1)@19s, PRRAL
5. Definition: ChebyshevT[n,p] = T,(p).

Extension:

dChebyshevT[n, p]
op '

@1 = ChebyshevT[n,p|, @2 = ChebyshevT Auz[n,p| =

phiz = PF Auz1[p] = (1 — p*)~".

Differential equation:

dey dey 2 des 2
= = 9 — Q. == 2 9.
dp P2, dp PP2@3 — N Q193 dp pPP3
6. Definition: ChebyshevU|n,p] = U,(p).

Extension:

0ChebyshevU|n, p]
Op ’

@1 = ChebyshevU|n, p], @2 = ChebyshevU Auz|n, p] =
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phiz = PF Auzl[p] = (1 —p?)~".
Differential equation:

degy de, des >
i @2, i P20z — n(n + 2) @193, a0 PP3

7. Definition: GegenbauerCln, A, p] = C3" (p).
Extension:
@1 = GegenbauerCln, A, p|, @2 = GegenbauerC Auxn, A, p] =

_ OGegenbauerC|n, \, p|

o , @3 = PFAuzlp] = (1 —p*) "

Differential equation:

dey dgs ds 2
=/ = —= =p2A+1 — 2\ , —— = 2p@s3.
dp P2, dp P(2A 4 1) @203 — n(n + 2A) @1 @3, dp PP3
8. Definition: JacobiP[n,a,b,p] = piY (p).
Extension:

dJacobiPln, a, b, p]
Op '

@1 = JacobiPln,a,b,p|, @2 = JacobiPAux[n,a,b,p| =

@3 = PFAuzllp] = (1 —p*)~ L.
Differential equation:

do-
= (pla+b+2)+a—Db)@a@3 —n(n+ 2X)@1¢3, dip“ = 2p@3.

d d
a1 _ 09, a92
dp dp

Associated Legendre Polynomials and Spherical Harmonics

9. Definition: LegendreP[n,u,2,p] = P*(p).

Extension:

@1 = LegendrePln, u,2,p|, @2 = LegendreP Aux[n,u,2,p| =

dLegendreP[n, u, 2, _
== n.p p}, @3 = PFAuzllp] = (1 - p*)7".

dp
Differential equation:
de, d@s 2 9 de; 2
¥l ¥: _9 0 — 1@©a — : —— = 2p@;.
a0 gy T 020 (n(n+1)es — 1 e3)@1, o e
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5.7 Category 7: Mathieu and Spheroidal Functions

Mathieu Functions

1. Definition: MathieuC|a,q,p] = Ce(a,q,p).

Extension:

OM athieuCla, g, p]

@1 = MathieuCla, q,p], @2 = MathieuC Auz[a,q,p] =

op ’
@3 = Coslp], @4 = Sin[p).
Differential equation:
d; dps 2 2 de; de,
- e 2 — — 0 .
dp P2, dp ©1(2q(@3 — @1) — a), dp Py, dp P3

2. Definition: MathieuS|a,q,p] = Se(a, g, p).

Extension:

Mathie
@1 = MathieuS|a,q,p], @2 = MathieuSAuz(a,q,p| = OMa Z(’uS[(Lq,p]’

dp
@3 = Cos[p], 4= Sinlp].
Differential equation:
de1 d@s 9 9 de; dey
_— _— 2 — — —_— = — —_— = —
dp P2, dp ©1(29(03 — @1) — a), dp 4 dp 3

3. Definition: MathieuC Primela, g, p| = Ce.(a,q,p).
Extension:

OMathieuCla, g, p)
op ’

Q= MathzeuCPmme[mQap] =

OMathieuC Pri
@2 = MathieuC PrimeAuz|a, q, p| = atieu 5 rimela, (171?]7
P

@3 = MASAuxl[a,q, —p] = (a—2q(cos®(p)—sin®(p))) ", @4 = Cos[p], @5 = Sin[p).

Differential equation:

dgy d@s 2 2
= = 8 2 =4
Tl P2, d qP20304Q5 — (a - Q((P4 - (Po))q)h
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d(PS 2 d(P4 d(PS
— =4 — Q5 3, —5 — — —Ps,
I Q((P4 ® )(03 l [ l

4. Definition: MathieuSPrimela,q,p] = Se.(a,q,p).

= P4.

Extension:

dMathieuS|a, g, p|
dp ’

@1 = MathieuS Primela, q, p| =

OMathieuS Pri
@9 = MathieuS PrimeAuzla, q,p] = atheeu 5 rzme[a7q7p]’
P

@3 = MASAuxl[a,q, —p] = (a—2q(cos®(p)—sin®(p))) ", @4 = Cos[p], @5 = Sin[p).

Differential equation:

dgy dgs

=9 gy = S1P20sips - (a —2q(@] — 93)) @1,
995 _ sg(gs— ga)gh, D4 g L5 _
dp 4 5 3 dp 59 dp 4-

Spheroidal Functions

5.  Definition:
Spheroidal PSN, v, w,v,p] = PSy u(Y,p).

The parameter A depends on parameters v, 1,y : A = Ay () is spheroidal eigen-
value.

Extension:

@1 = Spheroidal PS[A, v, 1,7y, p|, @2 = Spheroidal PSAuzx|\,v,u,y,p] =

_ 0Spheroidal PS[A, v, 1,7y, p]
= o
Differential equation:

, @3 = MASAux2[a,q,—p] = (1 — pZ)il-

dey dego 2N 2 2 de;
_— = _— 2 2 — 1 — }\ — 9 4 —_— = 2 2.
a0 P2, ap p@2@3 — (1 = p ) y™ + Avu(Y) — 12 @3) 0193, i ©3

6. Definition:

SpheTOidalQSP\a Va H7Y7p] = QS'VsH(Y7p)'
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The parameter A depends on parameters v, 1,y : A = Ay () is spheroidal eigen-
value.

Extension:

@1 = SpheroidalQSA, v, 1, v,pl, @2 = SpheroidalQSAuz[\,v,u,y,p|] =

_ 0Spheroidal QSA, v, 1,7y, p]
= o
Differential equation:

, @3 = MASAux2[a,q, —p] = (1 —p*) "

de, dgs 2\ 2 2 des 2
_— = _— = 2 9 — 1 — }\ — ‘ —_— = 2 2.
ap P2, a0 P23 — (1 —p°)y" + A u(y) — W e3) 9103, ap ©3

7. Definition:
Spheroidal SN, v, W, v, p| = Sfﬁ&(y,p).

The parameter A depends on parameters v, |,y : A = Ay, (y) is spheroidal eigen-
value.
Extension:

1 = Spheroidal SUN, v, 1, v.p], @2 = SpheroidalS1Auz[\, v, w,y,p] =

_ 0Spheroidal ST\, v, 1, , p|

, @3 = MASAux2[p] = (1 —p*)~'.

Op
Differential equation:
de, d@s 2. 2 2 des 2
. -T2 _9 —((1 — A — —= = 23.
Qg O g, e (L=p)y" + Avu(y) — We3) o103, PRRL

8. Definition:
Spheroidal S2[A, v, W, vy, p| = S&}&(Vap)-

The parameter A depends on parameters v, 1,y : A = Ay ,(y) s spheroidal eigen-
value.

Extension:

@1 = Spheroidal S2]\, v, W, v, p], @2 = Spheroidal S2Aux|\, v, w,y,p] =

_ O0Spheroidal S2]\, v, 1,7y, p|
= 3

, @3 = MASAux2[p] = (1 —p*)~ 1.
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Differential equation:

deq des N2 2 des 2
- X2 =9 3 —((1 = Ay — , = 2¢@3.
a g e (L =p )y  + A uly) — W o3) 9193 a ©3

- (P2>
9. Definition:
Spheroidal PS Prime[A, v, u,v, p| = PSIVM(}/, p).

The parameter A depends on parameters v, 1,y : A = Ay () is spheroidal eigen-
value.
Extension:
OSpheroidal PSTA, v, 1, v, ]
dp ’
dSpheroidal PSPrime[A, v, 1,7y, p)
dp ’

@1 = Spheroidal PSPrime[A, v, u, v, p|] =

@2 = Spheroidal PS PrimeAuz A, v, 1, y,p] =
@3 = MASAux2[p] = (1 — p*) 7!,
@1 = MASAuz3[p] = (1> — (1= p") (1 = pP")¥* + Avu(¥)
©5 = MASAuxdp] = (02 — (1 — p*)y? — (1 — p) A u(y)) h
Differential equation:

deq dgs N2 2, 2
LT p(((L—p°)"y" + 1) Qs+ 2) 0203
4P (A =)V + 1) s + (1= ")V + Avpu(y) — o3 — 2) 0193,

des o dos
—_ = (03’ —_ = —
dp dp

des
dp = —2]7(2'}/2(1 - p2) + )\v,u(y))@g'

2p(2y2(1 - pz) + Amu(Y))@é

10. Definition:
Spheroidal QS Prime[\, v, 1, vy, p| = QS'VYu(y,p).

The parameter A depends on parameters v, 1,y : A = Ay, (y) is spheroidal eigen-
value.
Extension:
dSpheroidal QS[N, v, 1,7y, p|
Op 7

@1 = Spheroidal QS Prime[\, v, u,y,p] =
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heroidal Q.S Prime|A
@2 = Spheroidal QS Prime Auz[A, v, 1,7y, p| = OSpheroida QSamme[ Y H,%p}?
D

@3 = MASAux2[p] = (1 —p*) !,
@1 = MASAuz3[p) = (1> — (1 — p)((1 — pP)Y> + Avu(y))
@5 = MASAuzdlp] = (0* — (1 = p*)¥* — (1 — p)Au(y)) L
Differential equation:
% = P2, % = 2p(((1 = P*)*Y* + 1) @i + 2) P2p3—
—(4p" (1 =Py + 1) @5 + (1= P*)¥* + Avu(y) — W93 — 2) 9193,

des dey
o ©3, o —2p(2y*(1 = p*) + Ay u(¥)) @3,

des
dp = X1+ M) el

11. Definition:
Spheroidal S1Prime[A, v, W, y,p] = S\(,lfl/ (v,p)-

The parameter A depends on parameters v, 1,y : A = Ay, (y) is spheroidal cigen-

value.
Extension:

heroidal S1[A

@1 = Spheroidal STPrime[\, v, u,y,p] = OSpheroi ag v, H,%p}?
p
heroidal S1Prime[A
@2 = Spheroidal S1PrimeAuz[\, v, w, v, p] = OSpheroidals amme[ Vs MY,P]’
P

@3 = MASAux2[p] = (1 —p*) 7!,
@1 = MASAuz3[p) = (12 — (1 — p2)((1 — pP)V* + A (¥))) L,
@5 = MASAuzalp] = (1 — (1 — p)y2 — (1 — P )Avu(y)
Differential equation:

dey dps 2122 2
— =y, — =2p(((1 — +U)es+2)Q20
d 25 d p((( p)Y ) 4 ) 2¥3

—(A4p* (1 =)V + 1) @5 + (1= p)Y* + Avu(Y) — 293 — 2) 0193,

des de,
e 203, o —-2p(2y*(1 = p*) + Avu(v)) 03,
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dos

5~ 2P Am)el

12.  Definition:

’

Spheroidal S2Prime[N, v, w,y, p| = SS,ZEL (v,p)-

The parameter A depends on parameters v, 1,y : A = Ay, (y) is spheroidal cigen-

value.
Extension:
2T ol 2 ,
@1 = Spheroidal S2Prime[N, v, 1,7y, p] = 8Sph€r07dal§’ A.v, H’Y’p].,
P
0Spheroidal S2Prime|\
@2 = Spheroidal S2Prime Auz[A, v, 1,7y, p| = pherovda a;zme[ Yy un/,p]’

@3 = MASAua2[p] = (1 —p*) ",
@1 = MASAuz3fp] = (0* — (1 = p*)((1 = ")y’ + A u(y)
@5 = MASAuzdlp] = (12 — (1 = p")v* = (1 = p*)Auly)
Differential equation:

de des
— =y, —— = 2p((1 = PV + 1) s+ 2) 23—

dp dp
(4P (1 =)V + 1) @5 + (1 = PV + Mu(y) — o3 — 2) @193,

dos dgy

des
e —2p(2y*(1 = p*) + Avu(v)) @3-

5.8 Category 8: Elliptic Integrals

Complete Elliptic Integrals

L. Definition: EllipticE[p] = E(p) = E(5p).
Extension:

EllipticE
o1 = EllipticElp|, @» — EllipticE Auz(p] — ‘9+“W7
P
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@3 = ETAuzl[p] = (1 —p)~', @4 = Inv[p].
Differential equation:

d d
P _ gy, 222 0004 — 0.2501 0504,
dp dp

d@s; 9 dpy - 2
W Ty
2. Definition: EllipticK[p] = K(p) = F(5p).
Extension:

EllipticK
@1 = EllipticK[p], @2 = EllipticK Aux[p] = %wm’
P
@3 = ETAuzl[p] = (1 —p)~', @4 = Inv[p].
Differential equation:

d d
% = @2, 2 0.25Q19304 — (1 — 2p) P203¢y,
p dp

dos _ o dos

dp P3, dp = —Qy.
3. Definition:

. . . 7T
EllipticPi[py, p2] = H(p1|p2) = I(p1; <p2)-

2
Extension:

@1 = EllipticPi[py, ], @2 = EllipticE[p\], @3 = EllipticE[ps],

@1 = ETAua2[ps] = (1 — p2)~", @5 = Inv[p1], @6 = Inv[p,],
@7 = ETAua3[pi, po] = (p2 — p1) ™", @5 = ETAuzdlpi] = (p1 — 1)

Differential equation:

de1

dey
- 0.507@s(@2 + (P2 — P1) @395 + (PT — P2) 9195), e 0.5@7(P2904 — @1),

ds ds des
P2 o, 292 _ 50y — @3)@s 23—
dp, " dpy ((P2 ©3)Q3, dp, )
do; dgy doy s dos 2 d@s
595 5o — (1— d9s g des _ o 05 o des
dp2 ((pQ ( p?)(P?,)(PZl(pG, dpl ) dp2 Py, dp1 Ps, dpQ 3
d d d d
EP g, S0 gz, ST 2 ST g2,
dp dp2 dp dpa

dos o do7 _

—g2, Ty,
dpy s dpa



100

Incomplete Elliptic Integrals

4. Definition:

P1

EllipticE[p1, pa] = I(p1|p2) = / \/1 — pasin®(t)dt.
0
Extension:

@1 = EllipticE[p1, pa], @2 = EllipticF[p1], @3 = Inv[ps], @4 = Cos|pi],

@5 = Sin[p1], 9¢ = ElAuz5[py, po] = (1 — pasin®(p1))*?,
@7 = ElAuz6[p;, po] = (1 — pasin®(p1)) ™% @g = ETAuxT[ps) = (1 — pa)~*.

Differential equation:

de; do;
P o, —L = 0.5(¢p — ,
dp, Pe dp ((Pl <P2)<Ps
d(PQ o d(pQ o d(P3 o
—— = @7, — = 0.5(@193P5 — V2903 — P4P5Q7¢Pg, —— =0,
dpy dps dp
de deo de des des
32_@; 4:_(")5774:7 = @4, 57— =1,
dpsy dp, dps dpy dps
dg dgg 9 de7 3 do7 2 3
- _ 22— 05 = = —=0.5
dp P2P19507, dps P597, dp, P2919507, dps P97,
d d
dpy dps
5. Definition:
p1 1
BllipticElpy,pe) = Flpnlpn) = [ =t
1 — posin®(t)

Extension:
@1 = EllipticF[py, pa], @2 = EllipticE[p1,p2], @3 = Inv[ps], @4 = Coslp1],

@5 = Sinlp1], @ = ElAux5[p, po] = (1 — pasin®(p1))"?,
@7 = ElAuz6[py, po] = (1 — po sin2(pl))70'5 @s = ETAuzT[ps] = (1 7p2)71.
Differential equation:

d d
2 @7, s S 0.5(Q20398 — ©1P3 — P1P5P7Pg,
dpy dp>
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des des des
— = =@, — =0.5 — 3, — =10
dp1 Pe, dp2 ((02 (Pl)(Pa: dpl )
d(p. d d des ds
73:_@?&’&:_(‘)57&: ) hd :(p47i: )
dps dp, dps dpy dps
dgg deg 2 dor 3 dor 2 3
_ = = 507, — = —0.5@:p7;, — = ,7:05 )
dr D2P4P5P7, s @597, n D2P4P5P7 dps P597
de de
o =0, o = (P?g-
dp dpa
6. Definition:
P 1
EllipticPi[py, p2, ps] = I(ps; pr|p :/ dt.
[p1- P2 pa] = TH{ps; palp2) (1 — pysin’(£))y/1 — ppsin(z)

0

Extension:
@1 = EllipticPi[py, ps, ps], @2 = EllipticE[py, ps], @3 = EllipticF[py,ps],

©4 = Inv[p], @5 = Inv[ps], @5 = Cos[p1], @7 = Sin[pi],
@5 = ElAuz5[p1, po] = (1—pasin®(p1))"?, @9 = ElAuz6[p, po] = (1—pasin®(p1)) 2,
@10 = ETAuzT[py) = (1 — p2) ™", @1 = ElAuas[p1, ps] = (1 — pssin®(p1)) "7,
@12 = ETAua9[ps, ps] = (po — ps) ™", @13 = ElAuz10[ps] = (ps — 1)\,

Differential equation:

de do
v = Q9P11, o¥1 = 0.5([:)12((02([)10 — P2@ePTP9P1y — (Pl),
dp: dp2
d d
% = 0.5012¢013(P2 + (P2 — P3) 9395 — P36 PTPsP11), % = @s,
d(PQ d(PQ d(P3
— =0.5(¢pg — a2 aP3 _
dp2 ((p2 (‘03)('047 dp3 ’ dpl P9,
de:
W@j = 0.5(P2019010 — @sP7P9 P10 — P3¢4), fracd@zdps = 0,
dpy 7 dpy TV dps 7 dpr T dpy T dps 5
d@g deg dor
&:_@77 ﬂzo, ﬂZO,
dpl dp2 dpS

dp 1 dpQ dp 3
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des d@s s des
—_— = — 3 9, —5 = _05 9, = 07
dp, P2P6P7P9 dps P7P9 dps
d@g 3 dgg 2 3 dgg
—— = 0.5p2069795, —— = 0.5907¢y, =
dpy FROTTE TV dpy
d d d
P10 -0, P10 _ @1027 ®10 —0,
dpy dpy dps
d(pu 9 d(pll 2 2 d(Pll
p— 2 5 —_— 5 f— ()7
n, P2P6P7P1; dps P701 dps
deis deio 9 d@io 9
= Oa = —Q19, = @19,
dpy dpy 27 dpy 12
dei3 deys di3
= 03 ! = 0: = _(p%j
dp1 dps dp3
7. Definition:
E(pQ)

JacobiZetapy, pa] = Z(p1|p2) = E(pilp2) — mF(Pﬂm)-

Extension:
@1 = JacobiZeta|py, pa], @2 = EllipticE[ps], @3 = EllipticK [pa],
@1 = (EllipticK[ps]) ™!, @5 = Inv[ps], @ = Coslpi], @7 = Sin[pi],
@5 = ElAuabpy, ps] = (1—pasin®(p1))"?, @9 = ElAuz6[py, pa] = (1—pysin®(p1)) "7,
@10 = ETAuzT[py) = (1 —po) "
Differential equation:

de, de
= 05— 920400, —L = 0.505((1 — P204010) @1 — P2P1PcP7 PO 10,
D1 dp

ds des des
20, S22 = 0.5(s — .
dp: dps ((P2 <P3)<P5 dp;
d(p3 d(P4
S 0.5(@— (1— 5P, —— =0,
dps 0((02 ( pz)@?))(P P10 dp,
dey 9 des
S 05(p— (1— KL
dps (@2 — ( P2)©3)Q1P5910, dpy )
dos _ _? des _ . deg . dor 0
dp2 5 dp1 ) dp2 ) dp1 ’
dor ds ds 9
o, S S8 = 05920,
dps dp, P2@6cP7P9 dps P7P9
dgg 3 d@g s 3 d@ig deio 3
aevy 2905 - - .
dp, P2V P7Py, dps P297Pg, dpr dps [OFT)
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5.9 Category 9: Painleve Transcendents

1. Definition: Painlevel[p] = Pi(p).

The Painleve functions are the solutions of the equations Py — Pyy.

Extension:
OPainlevel
@1 = Painlevel[p], @2 = Painlevel Aux[p] = M.
P
Differential equation:
de, des 2
dp ©2, dp Q1 + p
2. Definition: PainlevelI[p] = Pr(p).
Extension:
OPainlevel I
@1 = PainlevelI[p], @y = Painlevel I Aux[p] = M.
P
Differential equation:
d(pl d(pQ 2
dp P2, dp @3 +pe +
3. Definition: PainlevelIl[p] = Prr(p).
Extension:
OPainlevel IT
@1 = PainlevelII[p], @2 = Painlevel T Aux1[p] = M,
P
Painlevel TT Auz2[p] ! o]
P— > B e ——— = ) .
@3 arnieve urelp Painlevel I[p]’ ¢1 now
Differential equation:
de de .
— = @2, = = 03035 — 9204 + @s(x@] + B) + Y} + 53,
dp dp
dos o aden_
dp 2¥3, dp 4:
4. Definition: PainlevelV[p] = Py (p).
Extension:
_ OPainlevel Vp]

@1 = PainlevelV[p|, @2 = PainlevelV Auz[p] = 0
P
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1
= Painlevel VAuzllp] = —————.
®3 aunieve urllp] PainlevelV[p]
Differential equation:
d d
EPL— gy, S22 = 05030 + 1503 + 4pe? +201(0° — &) + Bos,
dp dp
dos _ — P23
dp ¥
5. Definition: PainleveV [p] = Py (p).
Extension:
PainleveV
@1 = PainleveV[p|, @2 = PainleveV Aux[p] = Ga%eve[p]’
P
1
@3 = PainleveV Auzl[p] = PainleoeVip) @4 = PainleveV Aux2[p] =

1

- (PainleveV[p| — 1)’ 5 = Invlp].

Differential equation:

d d ‘
dipl = ¢, din = 0.5@5¢3 + 1507 + 4p@7 + 201 (p* — &) + B3,
des; - 2
Tp = —P203.
6. Definition: PainleveVI[p] = Py(p).
Extension:
Painl 1
@1 = PainleveVI[p], @2 = PainleveVIAuz[p] = %W7
p
1
@3 = PainleveVIAuzl[p] = PainleveV Ilp)’ @4 = PainleveV I Aux2[p] =
1 1

= 5 = PainleveV I Aux3[p] =
(PainleveVI[p] — 1)’ ¢ anteve urslp)

@ = Invlp|, @7 = Inv[p—1].

(PainleveVI[p] — 1)’

Differential equation:

de de
L= @y, =2 = 0.502(@3+ @4+ ©5) — ©2(@5 + P + @7)+
dp dp
+019593(91 — 1) (@1 —p)(oc+pl3<o§ +y9ilp—1) +vpei(p — 1)),
des 9 dey 2 des 2
aPs _ 494 _ & _ 1
ap ©293, a0 P27, i ei(p2—1),
dog _ s dr o 2

dp (D dp P7.
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5.10 Category 10: Implicit Functions

1. Definition: Gilbert[ps, pa, ps).
The function @; = Gilbert|p, pa, ps] is defined as solution of equation such that
©1(0,0,0) = —1.

Extension:

@1 = Gilbert[py, pa, p3), @2 = Gilbert Auz[p1, ps, ps] = (795 +3p3@3+2pa@1+p1) .
Differential equation:

der _ i, der _

o= 0102, (4297 + 6p3 01 + 2p2) @] @3 — joi @3, j=1,2,3.
Dj Pj

2. Definition: KeplerE|[p1, pa], where p; = e is Eccentricity of the Keplerian El-
liptic Orbit to gravitational Two-Body problem and py = M is Mean Anomaly.
KeplerE[p1, ps) = E(e, M) is the implicit function defined by Kepler equation.

Extension:

@1 = KeplerEp1, pa|, @2 = KeplerSp1, ps] = Sinle],

@3 = KeplerClpy, po] = Cosle], @4 = Kepler Aux[pi,ps] = (1 —ecos E)™".
Differential equation:

de1 do1 dgs
—F— = P204, 7 = P4, T = P203Qy,
dp, dps dp

L P < JRS L
dpa " dpy > dp, '
doy . 2 2 3 deoy . 3
dp = Q305 —PP2Py, dps = —pP2Py.
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Conclusion

The main results of the dissertation are as follows:

1. Details of the scheme construction have been developed;

2. Constructing schemes algorithms for an arbitrary set of monomials have
been implemented,

3. Programs that implement schemes design algorithms have been developed;

4. Programs that implement the TSMR algorithm of Taylor series methods
and their comparison with the TIDES program have been developed;

5. Numerical experiments have been conducted, the effectiveness of the de-
veloped algorithms and programs for numerical integration of differential
equations has been investigated.

In conclusion, the author expresses his deep gratitude to the scientific advisor
Babadzanjanz L. K for support, help, discussion of the results and scientific guid-

ance. The author also thanks everyone who made this work possible.
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Appendix A

The program for calculating a scheme for arbitrary set of monomials

This section presents the mono3 program implemented in Wolfram Mathe-
matica, the algorithm is described in Chapter 2.

An input to the program is a set of monomials of the third degree. At the
output of the program is a scheme for the introduced set of monomials. In the case
of a set of monomials higher than the third degree, you need to recursively call the
main part (Listing A.2) of the program.

Listing A.1 — Program mono3: An input and a processing the set of monomials.

# utilits
im[t_] := Times @@ ((x[#] &) /@ t);
mi[t_] := Flatten[t /. {Power -> ConstantArray, Times -> List}

/. x -> Identity];

# input
m = DeleteDuplicates[{ x[1] x[2], x[1] x[3] x[41}];

# preprocessing

monomiall = im /@ Transpose [{Sort[DeleteDuplicates[
Catenate[mi /@ m]]1}];

monomial2 = Select[m, Length[mi[#]] == 2 &];

monomial3 = Select[m, Length[mi[#]] == 3 &];

m3 = DeleteCases [Complement [m, monomial2], t_ /;
Length[DeleteDuplicates [Subsets[mi[t], {2}]] \[Intersection]

mi /@ monomial2] > 0];
m3Subsets = (DeleteDuplicates[Subsets[mi[#], {2}]] &) /@ m3;
m3Al1Subsets = DeleteDuplicates@Catenate [m3Subsets];

Listing A.2 — Program mono3: Main part.

% linear programming part

% use this part recursively if the set consists of

% monomials higher than third degree

m30ptimalSubsets = If[m3AllSubsets == {}, {},
im /@ m3AllSubsets [[Transpose[Position|[
LinearProgramming [Table[1.0, {i, Length[m3AllSubsets]}],

(ReplacePart [Table [0, {i, Length[m3AllSubsets]}],




121

Transpose [{#}] -> 1] &) /@
Table[FirstPosition[m3AllSubsets,
m3Subsets [[r, jI1I1I[[1]],

{r, Length[m3]}, {j, Length[m3Subsets[[r]1]1]13}],
Table[1, {i, Length[m31}],

Table[{0, 1}, {i, Length[m3AllSubsets]}],
Integers], 111[[1111]

Listing A.3 — Program mono3: Scheme.

monomial230ptimalSubsets = Join[monomial2, m30ptimalSubsets];

Join[
monomial2scheme =
Catch[Do[If[# == monomiall[[i]] monomiall [[j]], Throw([{i, j
7,
{i, Length[monomialll]}, {j, Length[monomialll}]] & /@
Select [Join[m, m30ptimalSubsets], Length[mi[#]] == 2 &],
monomial3scheme =
Catch[Do[If[# == monomiall[[i]] monomial230ptimalSubsets[[jI],
Throw [{i, Length[monomialll]l + j}1],
{i, Length[monomialll]}, {j, Length[monomial230ptimalSubsets
1311 & /@
Select [m, Length[mi[#]] == 3 &]
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Appendix B

The program for creating the configuration files for TSMR

This section presents a program for creating a configuration file coe f.dat. The
rest of the configuration files set manually due to their simplicity.
Listing B.1 — Program for creating coef.dat

Nbody = 5; L = Nbody - 1;
% input system (polynomial system fifth/fourth/third degree)
systeml = Expand@Catenate@Table[D[Subscriptlg, i, jl[t]l, t]
-> Subscriptlp, i, jI10t], {i, L}, {j, 3}1;
system2 = Expand[Catenate[Table[D[Subscriptl[p, i, jI1[t]l, t]
-> k~2 (- (m[0] + m[i]) Subscriptlg, i, jl[t]
Subscript[v, 0, i][t] + \!\(\*UnderoverscriptBox [\(\[Sum]\),
\N(s\), \(L\)] \(If[s == i, 0, m[s] \C(\((\(\*SubscriptBox[\(g\),
\(s, 71V
[t] - \(\*SubscriptBox [\(g\), \(i, j\)I\)[tI)\)
\ If[s > i, \(\*SubscriptBox [\(v\), \(i, s\DI\)[t],
\(\*SubscriptBox [\ (v\), \(s, i\)I\) [t]] -
\N(\*SubscriptBox [\ (g\), \(s, j\)I\)[t]I\
\N(\*SubscriptBox [\ (v\), \(0, s\)IN)[tDH\N)IN)),
{i, L}, {j, 3}111;

system3 = Catenate@Table [{Derivative [1][Subscript[d, 0, i]1[t]
-> -Subscriptlv, 0, il[t] Subscriptl[w, 0, iJ[t]}, {i, L}I1;
system4 = Catenate@Table[Derivative [1][Subscript[d, s, i]][t]
-> -Subscript[v, s, i]J[t] Subscriptlw, s, i]J[t],
{i, 2, L}, {s, i - 1}1;

systemb = Table[D[Subscriptlq, 0, il[t], tI]

-> D[(Subscript([d, 0, il[t])~2, t], {i, L}] /. system3;
system6 = Catenate@Table [D[Subscriptlq, s, i][t], t]

-> D[(Subscriptld, s, il[t])"2, t],

{i, 2, L}, {s, i - 1}] /. systemd;
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system7 = Table[D[Subscript[v, 0, il[t], t]

-> D[(Subscript([d, 0, ilJ[t])~3, t], {i, L}] /. system3

/. Table[(Subscript[d, 0, i][t])"~2 -> Subscriptlq, 0, il[t],
{i, L} 1;
system8 = Flatten[Table[D[Subscript([v, s, i]l[t]l, t]

-> D[(Subscript(d, s, i1[t])~3, t], {i, 2, L}, {s, i - 1}]
/. system4 /. Catenate@Table [(Subscriptl[d, s, i]J[t])"2

-> Subscriptlq, s, 1i1[t], {i, 2, L}, {s, i - 1} 1];
system9 = Expand@Catenate[{Catenate@Tablel[

{D[Subscript[w, 0, i]J[t], t]

-> D[ \!\(\*UnderoverscriptBox [\N(\[Suml\), \(j\), \(3\)I\(
\(\*SubscriptBox [\ (g\), \(i, j\)I\)I[t]
N(\*SubscriptBox [\ (p\), \(i, j\OIN) IO\, 1}, {i, L} /.

systeml} /. system2];

systeml0 = Catenate[Expand[Catenate[{Catenate@Table[
{D[Subscript[w, s, i][t], t] ->

D[ \!\(\*UnderoverscriptBox [N(\[Sum]l\), \(j\), \(3\)I\(\((
\(\*SubscriptBox [\ (g\), \(i, j\)I\)[t] -
\N(\*SubscriptBox [\ (g\), \(s, j\IIN)[tI)\) \((
\(\*SubscriptBox [\ (p\), \(i, j\)I\)[t] -
\N(\*SubscriptBox [\ (p\), \(s, VIV ItDHVVN), t1},

{i, 2, L}, {s, i - 1}] /. systeml} /. system2]1];

systemWithT = Join[
Catenate[Table [D[Subscriptlg, i, jl[t], tI,
{i, L}, {j, 3} /. systeml],
Catenate[Table [D[Subscript[p, i, jl[tl, tI,
{i, L}, {j, 3}] /. system2],
Catenate [Table [{D[Subscript[d, 0, il[t]l, t]},
{i, L}] /. system3],
Catenate [Table [D[Subscript[d, s, i][t], t],
{i, 2, L}, {s, i - 1}] /. system4],
Catenate[Table [{D[Subscript[q, 0, il[t]l, tl1},
{i, L}] /. systemb],
Catenate [Table [D[Subscript[q, s, il[t]l, t],
{i, 2, L}, {s, i - 1}] /. system6],
Catenate [Table [{D[Subscript[v, 0, i]l[t], tl},
{i, L}] /. system7],
Catenate[Table [D[Subscript[v, s, i]l[t], tI,
{i, 2, L}, {s, i - 1}] /. system8],
Catenate [Table [{D[Subscript[w, 0, il[t]l, t]},
{i, L}] /. system9],
Catenate [Table [D[Subscript[w, s, i][t], t],
{i, 2, L}, {s, i - 1}] /. systeml10]];
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change = Join[

Catenate@Table [Subscript[g, i, jl[t] -> Subscriptlg, i, jl,
{i, L}, {j, 3}1,

Catenate@Table [Subscript[p, i, jl[t] -> Subscriptlp, i, jl,
{i, L}, {j, 3}1,

Catenate@Table [{Subscript([d, 0, il[t] -> Subscriptld, 0, il},
{i, L},

Catenate@Table [Subscript[d, s, i][t] -> Subscriptl[d, s, il,
{i, 2, L}, {s, i - 131,

Catenate@Table [{Subscript[q, 0, il[t]l -> Subscriptlq, 0, il},
{i, L},

Catenate@Table [Subscript[q, s, i][t] -> Subscriptlq, s, il,
{i, 2, L}, {s, 1 - 1}],

Catenate@Table [{Subscript[v, 0, i]l[t] -> Subscriptlv, 0, il},
{i, L},

Catenate@Table [Subscript[v, s, i][t] -> Subscriptl[v, s, il,
{i, 2, L}, {s, i - 131,

Catenate@Table [{Subscript[w, 0, il[t] -> Subscriptlw, 0, il},
{i, L},

Catenate@Table [Subscript[w, s, i]J[t] -> Subscriptl[w, s, il,
{i, 2, L}, {s, i - 1}11;

system3Degree = systemWithT /. change;

allVariable = Catenate@Join[

Table [Subscriptl[g, i, jl, {i, L}, {j, 331,

Table [Subscript[p, i, jl, {i, L}, {j, 3}]1,

Table [{Subscript[d, 0, 1]}, {i, L}],

Table [Subscript[d, s, il, {i, 2, L}, {s, i - 1}],

Table [{Subscript[q, 0, il}, {i, L}],

Table [Subscript([q, s, i], {i, 2, L}, {s, i - 13}],

Table [{Subscript[v, 0, i1}, {i, L},

Table [Subscript[v, s, i], {i, 2, L}, {s, i - 1}],

Table [{Subscript[w, 0, 1]}, {i, L}],

Table [Subscript[w, s, i], {i, 2, L}, {s, i - 1}1]1;

variableMASS = Flatten[{m[0], Table[m[i], {i, L}1}];

valueMASS = {1, 1/6023600, 1/408523.71, 1/328900.56, 1/3098708,
1/1047.3486, 1/3497.898, 1/22902.98, 1/19412.24, 1/135000000};

subValMass Table[variableMASS [[i]]

{i, Length@variableMASS}];
sys = system3Degree /. {k -> 0.01720209895} /.
var = Array[x, Length@allVariable];

-> valueMASS[[il]l,

subValMass;
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rules = Inner[Rule, allVariable, var, List];

sys2 = sys /. rules
mon = Sort[DeleteDuplicates@
Catenate[CoefficientRules [#, var][[Al1l, 1]] & /@

Join[var, sys2]11];

mon2 = Sort[mon, Total@#1 < Total@#2 &J;

monomials = Times @@ Inner [Power, var, #, List] & /@ mon2
monomials2degree = Select[monomials, Length[mi[#]] == 2 &];
monomials3degree = Select[monomials, Length[mi[#]] == 3 &];

monomial3Scheme = {Catch[Dol[
If[# == var[[i]] monomials2degree[[j]],
Throw [{i, Length([var]l + j}11,
{i, Length[var]}, {j, Length[monomials2degreel}]] &

/@ monomials3degreel};

schemeForPolynomialSystem3Degree =

Catenate@Join [{Table[

mi[monomials2degree[[i]]], {i, Length@monomials2degree}]},
monomial3Scheme]

Export [NotebookDirectory[] <> "coef.dat",

StringRiffle[Catenate@Table [

StringPadRight [ToString@NumberForm [#[[2]], 32,
ExponentFunction -> (Null &), NumberFormat

-> (StringTake [#, UpTo[32]] &)1, 40] <> " " <>
StringPadRight [ToString@e, 10] <> " " <>
ToString@FirstPosition[mon2, #[[1]1]1]1[[1]1] & /@

CoefficientRules [sys2[[el]l, varl],

{e, Length@sys2}], "\n"]]
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