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BBenenune

Pellienre MHOTHX 3a/1a4 aIallTUBHOTO YIPABJICHHUS, paclio3HaBaHUs 00pa30B, MO-
JeTUpPOBaHUsI, 00paOOTKH CUTHAJIOB CBOJAUTCS K PEIICHHUIO COOTBETCTBYIOIIUX 3a1ad
HEJTMHEMHON ONMTHMM3alMK W OlleHHBaHMUs TapaMmeTpoB [1—4]. Poct obvema u uc-
TOYHUKOB JIaHHBIX, PA3BUTHE BBHIYUCIUTEIHHON TEXHUKW M TOBBIIMICHHE TPEOOBaHUI
K Ka4eCTBY MOJEJICH CO37aeT MOTPpeOHOCTh B pa3paboTKe METOI0B, MPUMEHUMBIX B
MPOCTPAHCTBAX BBICOKOM pa3zMepHOCTH. [I[pruMepoM MOTyT CITy>KUTh 3ajaud pacro3Ha-
BaHMS 00pa30B: CYIIECTBYET MpsiMasi CBSA3b MEXKIY YHUCIOM IapaMETPOB MOJICTH U €€
ob6o0mmaroIel crmocoOHOCTRIO, a CI0KHAs MPUPOAA BXOAHBIX OOBEKTOB, TAaKUX Kak
U300paKeHUs U 3BYK, IPUBOJUT K TOMY, UTO Pa3MEPHOCTh MPOCTPAHCTBA MAPAMETPOB
MOXXET UCUUCIATHCS MUJUTMOHAMHU [5—7].

NteparuBHbIE METO/IbI BHITYKJIOM ONTUMM3AIIMHU HAIILIA IITUPOKOE TPUMEHEHUE B
3a71a4ax aJalTUBHOIO YIIPABJICHUS, pacliO3HABaHUsI 00pa30B, MOJCIUPOBAHMUS, aHATIN-
3a JaHHBIX, 00paboTku curHayos [2]. [lepBbie GopMyIHPOBKU UTEPATUBHBIX METOOB
ONTUMH3AIMK MOXXHO OTHECTH K paboram WM. HproToHa, a cTaHOBJICHWE BBIMYKJIOMN
ONTUMH3AINU KaK CAMOCTOATEIIbHON JUCIMUIUIMHBI U UCCIEIOBAHUE CBOWCTB CXOJHU-
MOCTH METOJIOB OTHOCSTCS K cepenuHe XX-ro Beka. MeTos rpaJlMEHTHOTO CITyCKa
u Meton HeroroHa—Padcona sBISrOTCS, BepOsATHO, HaMOOJEe M3BECTHBIMU METOMAA-
MU onTuMM3anuu. B Hajmexanux ycnoBusx Metos, Hetotona-Padcona cxomures k
TOYKE MUHUMYyMa (DYHKIIUM C KBAIPATUYHON CKOPOCTHIO, JOCTATOYHOM 711 OOJIBIITHH-
CTBa MpakTUueckux 3amad. OqHako HEOOXOIMMOCTh pacyeTa U OOpaIleHUsT MaTPHUIIbI
BTOPBIX MPOU3BOJHBIX JI€JIA€T €r0 HEMPUMEHUMBIM B CIIy4ae PacCMAaTPUBAEMBIX 3a-
71ad BBICOKOHM pa3MepHOCTH. B cBOIO ouepenn, 001aaaronnii HU3KOH peCypCOeMKOCThIO
METOJ] TPAJIUEHTHOTO CITyCKa UMEET U HU3KYI0 CKOPOCTh CXOAMMOCTU. ITOT “3a30p”
MEX]Iy METOAaMu IpagueHTHOro cnycka u Hpiorona-PadcoHna akTUBHO 3amoiHseTCs
¢ cepenuubl XX-To BeKa pa3pabOTKOM TaKMX METOJIOB ONTUMH3AIMU, KaK: METOJIbI
CONPSDKEHHBIX TpaAueHTOB [8—I13], KBa3UHBIOTOHOBCKUE MeToAbI [14—19], meToasl
IPAaJIMEHTHOTO CITyCKa ¢ mamsATbio [20—22] u np.

[TocnenoBarenpHas noanpoctpancTBeHHas ontumusanus (I1110) — eme onHo
HafpaBlieHue, NMpeAsIokeHHoe Ha ucxone XX-ro Beka B padbore P. Konna, H. Toynna,
A. Capranaspa u @. Tounra [23] u nmoay4duBIiee akTUBHOE pa3BuTue B padotax I. Hap-
kucca, M. XXulynesckoro, FO. FOans, 3. Illy3eny u coaBropoB [24—26]. OcHOBHas

ujes MOoaX0/a 3aKI0YaeTcsl B IMOCAEA0BATEILHOM (DOPMHUPOBAHUY MOAIPOCTPAHCTBA



CYIIECTBEHHO MEHBIIEH Pa3MEPHOCTH YEM OPUTMHAIBHOE M MOCIEAYIOIIEH ONTUMU-
3aluu 1ey1IeBo (DyHKIMH BJIOJIb BBIOpaHHOrO noamnpoctpanctsa. [lepeBox 3amaum B
MOANPOCTPAHCTBO MEHBIIEH PA3MEPHOCTH MO3BOJIAET COKPATUTh UCIOIb30BAHUE BbI-
YUCIUTENBHBIX PECYPCOB, YTO OCOOCHHO aKTyaJIbHO B 3aJa4aX BHICOKON pa3MEpHOCTH.
MeTtoapl mocaen0BaTeIbHON MOANPOCTPAHCTBEHHOM ONTUMM3AIMN YCIICIIHO ITPUME-
HSIOTCS HA TPaKTUKE, B TOM YHUCJE B 3a/Jadax pacro3HaBaHus o0pa3oB [27—29] u
aHanu3a uzoopaxenuil [26; 30]. OOQHUM U3 CYLIECTBEHHBIX HEJAOCTATKOB HalpaBiie-
HUS SABJISIIOTCA CJ1a00 UCCIIEI0BAaHHbIE TEOPETUUECKHUE CBOMCTBA: TAPAHTUH CXOJIUMOCTH
U3BECTHBI JIMIIb AJISI HEKOTOPBIX U3 METOMIOB; CI1a00 M3y4YEHBI 00IHE TEOPETUUECKUE
CBOMCTBa, TaKM€ KakK BIMSHHE BHIOOpa MOANPOCTPAHCTB M KauecTBa PEIICHUS TO-
MIPOCTPAHCTBEHHOM 3aJ]a4¥ ONTUMHU3ALNN HA CXOOUMOCTh METOAOB, HUKHHUE TPAHULIBI
CXOMUMOCTH. Takum obpazom, ucciedosanue c8oLUcmea u CUHmMe3 Memooos noci1e008a-
menbHOU NOONPOCMPAHCIMEEHHOU ONMUMUZAYUU NPEOCMABIAIOMCSL AKMYAIbHLIMU OJI5
3a0a4 onmumMu3ayuUUu 8 NPOCMPAHCMBAX 8bICOKOU PAZMEPHOCHIU.

[Ipy HanTMYMK HEONPEAEIEHHOCTEM, BMECTO PEMIEHHS] ONITUMHU3ALMOHHOM 3a/1a-
YU MOTYT OBITh HCIOJB30BaHbI METObI OlleHUBaHUs. OCHOBBI TEOPUU OIEHWBAHUS
B YCIOBUSAX IICHTPUPOBAHHBIX AITUTHUBHBIX MOMeX Obun 3amokeHsl H.Bunepow,
A.H.Konmoroposeiv, P.Kanmanom u Pbstocu B cepennne XX Beka. JlanbHen-
iee pa3BUTHE METOJOB OILICHWBAHWS B HANPABICHUU MOYTH MPOU3BOJIBHBIX MOMEX
obu1o mpousBeraeHo B.H.®omunbiM, A.Jl.@pankoBbiM, B.A.SIky6oBuuem. Crour
orMeTuTh paboTel A.B.Ilpi0akoBa, A.B.lompaennumtorepa, [.Cnana, b.T.Ilonska u
O.H.I'pannurHa 1Mo paHAOMH3UPOBAHHBIM METOJAM CTOXAaCTHYECKOM ammpoKCcuMa-
A ¥ OLICHUBAHUIO MAapaMETPOB JIMHEUHBIX MOJEJICH MPU MPOU3BOJIBHBIX IMOMEXaX.
Opnako, B Cilydae Majioro 4uclia HaOMIONCHUN M HAJIMYHS CUCTEMaTHYCCKUX IMOMEX,
OIICHKA, TIOJIyYE€HHAs! ITyTEM IPUMEHEHUSI METOJ0B ONITUMU3AIIUU U TOUCUYHBIX METOJIOB
OIICHUBAHUS, MOXKET IPUBECTU K HEYIOBIECTBOPUTEIIBHBIM pe3yiabTaTtaM. B momooHo#
CUTYyallH 3a4aCTyI0 MCITOJIb3YETCS aJIbTEPHATUBHBIN MOAXO0]l, OCHOBAHHBI HA OLICHKE
008epUMENIbHBIX MHOXMCECm8, COAEPKAIUX UCTUHHOE 3HAYEHUE MapaMeTpa C 3ajJaH-
HOM BeposITHOCTHIO. OCOOBIN MHTEpPEC B YKA3aHHBIX YCIOBHUSAX MPEACTABISET 3a/a4a
IIOCTPOCHUS MOYHO20 JNOBEPUTEIBHOIO MHOXKECTBA, KOTOPOE CONEPKUT HUCTHUHHOE
3HAUYCHHUE MapamMeTpa TOYHO C 3aJaHHOM BEPOSITHOCTHKO BHE 3aBUCHMOCTH OT YHUCJA
HaOmoneHui. Jlo HegaBHETO BPEMEHHM OBLIIA U3BECTHBI CITOCOOBI OMPEICIICHUS JTUIITh
ACHUMNTOTHUYECKUX JOBEPUTEIBHBIX MHOXKECTB IS TAPAMETPA, IPUMEHUMBIE TIPU J10-
CTAaTOYHO CHJIBHBIX MPEANOJIOKEHUSAX O pachpeaeseHur noMex [l]. 3HauuTenbHbIM

HCAOCTATKOM 3THX MCTOAOB ABJIACTCA TO, YTO OHH I'apaHTUPYIOT pC3yJibTar JIMIIb IIPH



KOJIMYECTBE U3MEPEHUM CTPEMSIIMMCS K OECKOHEYHOCTH, B TO BpeMs KakK JJisi HeOOIb-
IIOTO KOJIMYECTBA U3MEPEHHM Pe3ybTaThl MOTYT OKa3aThCsl HEYIOBIETBOPUTEILHBIMH.

PacripocTpaHeHHBIM TOAXOOM K PEIIEHUIO0 33734 OLIGHWBAHUS B YCIOBUSX
MaJjioro 4Yucia M3MEPEHUM U BBICOKOW POJIM HEONPEAEIEHHOCTH SBISIETCS MOJXOJ
paroomuzayuy, KOTOPBIM 3aKo4aeTcs B JI00ABICHUH B aJrOPUTM CIyYalHBIX,
HO KOHTPOJHPYEMBIX 3KCIEPUMEHTATOPOM BO3MYyIIeHHU. Panmgomuzaius ycmen-
HO HCHOJB3YIOTCS B METOAAX OICHUBAHUS MapaMEeTPOB MPHU IMOYTH NMPOU3BOJIBHBIX
nomexax [31—36], a Takke B aJropurMax MOCTPOCHUS JIOBEPUTEIHHOTO MHOMKE-
CTBa I mapaMeTpoB cuctemsl [37—39]. Tak, B pabore M.Kamnu u 2.Beiiepa [40]
OB MPEUIOKEH MOAXOJ HCKIIOYEHUsI 00nacTell 3HAKOJIOMUHUPYIOIINX KOppeIsui
(LSCR, leave-out sign-dominant correlation regions) Ijis MOWCKa TOYHBIX JOBEPH-
TEJIbHBIX MHTEPBAJIOB JIMHEHHON CHUCTEMBbl B OJHOMEPHOM ciiydae. B mocnenctBum
Ha OCHOBE 3TOro mojaxoaa B padore [41] Temu ke aBTOpaMu ObUI MPEATIOKEH METOA
3nako-Bo3mymenasix Cymm (SPS, Sign-Perturbated Sums, nanee 3BC) mns ompe-
JIEJI€HUSI TOYHOTO JOBEPUTEIBHOTO MHOXKECTBA MapaMEeTpPOB JIMHEHHOW MOAENIH MpHU
[EHTPUPOBAHHBIX U CAMMETPUYHO PACTIPEACIICHHBIX aTUTUBHBIX ToMexax. OaHuM U3
ocHOBHBIX orpanndyeHnii merogoB LSCR u 3BC sBnseTcsa ycioBrue CUMMETPUYHOCTH
pacnpeneneHusi moMexX OTHOCUTEIbHO HyJs. DTO 3aTpyAHSIeT €ro MpUMEHEHHe, Tak
KaK BO MHOTHX MPAKTUYECKHUX 3a7a4ax TOMEXU MOTYT OBITh HE TOJIHKO CMEIICHHBIMH,
HO U MMEThb HeClydailHyto npupopy. s ciaydas HEM3BECTHBIX MOYTH MPOU3BOIb-
HBIX MOMEX, HO KOHTPOJIUPYEMBIX BXOJOB JIMHEWHOrO 0oObekTa B padbore [42] Obuia
npemioxena Mogudukanus meroga LSCR ns omHOMepHOTO cityyas. CyliecTBeHHbIM
HEJOCTAaTKOM METOJIOB 3aKJII0YAETCsl €r0 MPUMEHUMOCTD JIMIIb B OTHOMEPHOM ClTydae.
Takum obpazom, 3a0aua onpeoeieHus U XapaKkmepucmuKky mouyHo20 008epUMelbHO-
20 MHOJMCECmea napamempos JUHeUHOU MoOenu npu No4mu NpoU3BOIbHbIX NOMEXax
ocmaemcsi OMKpPuLMOU.

Heablo auccepraiimoHHON pabOThl COCTOUT U3 ABYX yacTeil: (1) pazpaboTka u
UCCJIEIOBAHNE CBOMCTB METOJIOB MOCIIEI0BATEILHOM MOAMPOCTPAHCTBEHHON ONTUMH-
3alUy A7 33/1a4¥ ONTUMM3ALUKA CTPOTO BBIMYKJION AuddepeHrpyemMoit GyHKIUU 1
(2) pa3paboTka METOOB OLECHUBAHUSI TOYHBIX JOBEPUTEIBHBIX MHOXECTB JHUHEHHON
CUCTEMBI IPU MAJIOM YHKCJIe HAOMIOACHHM 1 CIa0bIX OrPaHUYEHUSX HA PUPOIY TTOMEX.

JInst tocTrKeHUs MOCTaBIECHHOM eI HEOOXOAMMO OBLIO PELIUTh CIEIYIOLINE
3aJa4u:

— HCCcleoBaTh 00IKe CBOMCTBA CXOAMMOCTH METOIOB TIOCIIEI0BATEILHOM MOA-

MPOCTPAHCTBEHHOW ONTUMU3AIINH;



— paspaborath 3QPEKTUBHBIE METOMBI MOCIEA0BATEIHHON MOAIPOCTPAHCTBEH-
HOM ONTUMHU3ALMU C OTPAaHUYECHHUEM Ha pa3Mep HCIIONb3yEMOU MaMsTH, PU-
MEHHUMBbIE B POCTPAHCTBAX OOJBIINX Pa3MEPHOCTEMH;

— HCCJIeI0BaTh BOBMOXXHOCTh MOCTPOCHHUSI IOBEPUTEIHLHOTO MHOXKECTBA JIs Ma-

paMeTpoB JIMHEHHON MOJIETU B YCIOBUH MPOU3BOJIBHBIX BHEITHUX TTOMEX.

Hay4yHnyio HOBU3HY paOOThl COCTABJISIOT CIEAYIOIINE OCHOBHBIE Pe3yJbTaThl,
BBIHOCHUMbIC HA 3aLIUTY:

1. ycTaHOBJIEHBI KPUTEPUU CyOITMHEHMHOMN, TMHEHHON U CYTIEpIIMHEHHOM CKOpO-

CTEN CXOJUMOCTH METOJIOB MOCJIEI0BATEIHLHON MOANPOCTPAHCTBEHHOM ONTH-
MU3AIUU C KBaJIpaTUUYHBIM CyppOTaToM JIJIsl CIIy4aeB KBaJApaTUYHON U CTPOTO
BBIITYKJION HEJIEBBIX (DyHKITHIA;

2. pazpaboTaH METOJ MOCIEA0BaTENbHON MOAMPOCTPAHCTBEHHOMN ONITUMU3AIUH,
CXOJISIIIIMIICS 32 KOHEUHOE YUCIIO UTEpallfil B KBaAPaTUYHOM Cily4yae u obia-
JAOIINI JTUHEUHOU CKOPOCTBIO CXOOUMOCTH;

3. pa3paboTaH METO/ ONpeeNEHUs TOYHOTO I0BEPUTEILHOIO MHOYKECTBA Mapa-
METPOB JIMHEHHON MOJIEIH B YCIIOBUM HE 3aBUCUMBIX C BXOAAaMH, a B OCTaJlb-
HOM MPOU3BOJIbHBIX aJIUTUBHBIX TOMEX B HAOIIONECHUAX, ISl OJHOMEPHOTO
CiIy4as MOJIy4YEHO aHAJINTUYECKOE BBIPA)KEHHUE IPaHULl JOBEPUTEIBHOIO UH-
TepBaja U YCIOBUSA UX COCTOATEIIBHOCTH.

TeopeTnyeckass HEHHOCTh M NMpaKTHYeCKasi 3HaYMMOCTh [loaxon nmocneno-
BaTEJIbHOW MOAMPOCTPAHCTBEHHOM ONTUMU3AIMHU MPEACTABISET COOOM aKTUBHO pas-
BUBAIOIIEECS B MOCIIEIHUE TO/Ibl HAITPaBICHUE MAaTEMaTHUYE€CKOTO MPOTPaMMHUPOBAHMS,
HaMpaBJIEHHOE Ha pellIeHHe 3a7a4 B MPOCTPAHCTBAX BBICOKUX pazmepHocTel. [loaxon
JEMOHCTPUPYET aKTyaJIbHOCTh B MPAKTUYECKUX 3a/a4aX, TAKUX Kak o0paboTKa n300-
pakeHMi U pacrio3HaBaHUe 00pa3oB. Pa3zButue 3TOro HampaBiIeHUS BHOCUT BKJIal B
TEOpHIO (00JaCTh HEIMHEHOM ONTUMU3AIINKI) U B TPAKTUKY (YIIOMSIHYTHIE 3a]1a4H aHa-
JIn3a U300paKEHUI U pacro3HaBaHUs 00pa3oB, a TAK)KEe aHAJU3 JaHHBIX, aIalITUBHOE
ynpasieHue, 00paborka curHanoB). OCHOBHOW TEOPETUUYECKUH BKJIaJ 3aKIIOYACTCS B
MOJTYYCHHBIX YCIIOBHUSAX CYONMHEHHON, TMHEHHOW U CBEPXJIMHEHHON CKOPOCTEH CXOIH-
MOCTH 1 XapaKTEPUCTUKH CKOPOCTHU CXOIMMOCTH Yepe3 BhIOMpaeMble MOAMPOCTPAHCTBA
U KaueCTBO PEIICHMS MOANPOCTPAHCTBEHHOW 3a/laud ONTHUMU3AIMHU, & TaKXKe JBYX
IPENJIOKEHHBIX METOJaX MOCIIE0BATEIbHON MOANPOCTPAHCTBEHHON ONTUMU3ALUU C
YCTAHOBJIEHHOW CKOPOCTBHIO CXOAMMOCTH.

Jlo HeaBHETO BpPEMEHU OTCYTCTBOBAJIM METO/bl MOJYYEHHUS TOYHBIX JOBEPHU-

TCIbHBIX MHOXKCCTB IIPpHM HC3aBHCHUMBIX, 4 B OCTAJIbHOM IIPOM3BOJIBHBIX IIOMCXaX B



MHOTOMEpHOM city4ae. K 0CHOBHOMY TeopeTHueCKOMY BKJIaly OTHOCSTCS: pa3padoTKa
MeTOZla OLICHUBAHUS TOYHOTO JIOBEPUTEIHHOIO MHOXKECTBA MTapaMeTpa JIMHEHHON Mo-
JICJIN TIPU YCIIOBUU HE3aBUCUMBIX C BXOJAMH, a B OCTAJIbHOM IIPOU3BOJIBHBIX MTOMEX, &
TaK)Xe JI0Ka3aTesIbCTBO HECMEIIEHHOCTH U CXOJMMOCTH IPaHul] JOBEPUTEIHHOTO MHO-
KECTBAa K ICTUHHOMY 3HAY€HHIO MapaMeTpa B OJHOMEPHOM ciiydae. Ha mpakTuke 310
JTA€T BO3MOXKHOCTH OIPEACIUTh TOYHOE JOBEPUTEIHHOE MHOXKECTBO MapameTpa Mpu
OTCYTCTBUU allpUOPHON MHGOPMALIUU O PACIPEIEICHUH TTIOMEX.

Anpobauusa padorbl. OCHOBHBIC PE3YNbTaThl JUCCEPTALMU OKIAAbIBATIUCE
Ha ceMuHapax kadeapbl MaTeMaTH4YECKOrO MOJACIUPOBAHUS U HHEPreTUYECKUX
cucteM (pakynpTeTa MPUKIATHON MaTeMaTMKd — MpoleccoB yrnpapieHus CaHKT-
[TerepOyprckoro IocymapcTBeHHOTo YHUBEpcUTETa M Jaboparopuu ““YmpapieHue
ClIoXHBIMU cuctemMamu’ HWHCTHUTYTa mpoOiieM MammHoBeneHus Poccuiickoit Aka-
nemMuu Hayk, mecTton TpaauIIMOHHOM BCEPOCCHMCKOM MOJIOIEKHOW JIETHEH IIKOJIE
“Ympasnenue, nadopmarus u ontumuzaiusa” (r. ComHedHOropck, MockoBckasi 001.,
14-20 utonsa, 2015) u Ha caeAyrOMMX MEXIYHApPOIHBIX KOH(pepeHuusax: American
Control Conference (Iloptmana, Operon, CIIA, 2014), VII-om BcepoccuiickoM co-
Bemanuu 1o npoonemam ympasinerusi, BCITY-2014 (Mocksa, Poccus, 2014), 16th
IFAC Workshop “Control Applications of Optimization”, CAO-2015 (I'apmumui-
[Taprenkupxen, ['epmanus, 2015), International Conference on Learning and Intelligent
Optimization, LION-2017 (Huwxuuit Hosropon, Poccus, 2017), 20th World Congress
of the International Federation of Automatic Control, IFAC World Congress 2017
(Tynysa, ®panuus, 2017), The 3rd International Conference on Machine Learning,
Optimization and Big Data, MOD 2017 (Boasteppa, Utamus, 2017).

Pesynbrarsl guiccepranuy ObUTM YaCTHYHO UCIOJIB30BaHbI B paboTe MO rpaHTam
PO®U 13-07-00250, 17-51-53053 u npoekry PHD 16-19-00057.

[To marepuanam paboOThl OBLUIO TOTYYECHO CBUIACTEILCTBO 00 OPHUITHATHLHON pe-
ructpauuu nporpammsl 1iist O9BM OPTA-2B6.1'PC [43].

IIyonukauuu pe3yabTaroB. Pe3ynsrarsl, MogydeHHbIE B X0/1€ pa0OThI HaJ IHUC-
cepranpeil Hanum oTpakeHne B 14 HayuHbIX padotax [44—57]. Lllects pabot [46;
48; 51—54] onmyOnukoBaHbl B U3JAHUSX, UHIECKCUPYEMBIX B MEXIYHAPOIHBIX HAYKO-
meTpudeckux 6azax Scopus/Web of Science. PaGotsr [44; 46; 47; 51; 53] HanucaHsl
B coaBTOopcTBe. B padote [51] A.Jl. KHbllly npruHaaie:xut nocraHoBka 3ajaaqu, A.A.
BosipoBy npunHamniexkut pa3paboTka U o0yueHHe anroputMma kiaccudukanuu, a A.A
CenoBy — pa3zpaboTka ajiropuTMOB IPeaoOpadOTKH U CETMEHTAIIUM HM300pa’KCHUIA.

B paGotax [46; 47; 53] O.H. I'pannuuny npuHaAJICKUAT OOIIas MOCTAHOBKA 3a/1a4H,



a A.A. CeHOBY — peanu3aliysi OMUChIBAEMbIX METO/IOB, (POPMYIMPOBKHU U JI0KA3ATEb-
CTBa TEOPETUUECKUX PE3YJIBTATOB, IPOTpaMMHas peann3aius u anpoodarusi.

B mepBoii m1aBe nmpuBeAeHb HEOOXOAUMBIE PE3YJIBTAThl U3 TEOPUM OIICHUBA-
HUS U onfTUMU3alnK. B nmepBoM naparpade npormuiioCTpUpOBaHa CBA3b MEXKY 3a/1aueii
OLICHUBAHUS TOYHOTO JOBEPUTEIHHOTO MHOXKECTBA MapaMeTpa MOJIETU U 3aJaueil BbI-
NYKJIONH ONTUMU3ALMU B IPOCTPAHCTBAX OOJIBIIMX Pa3MEPHOCTEN Ha IpUMEpeE 3a1a4u
pacnio3HaBaHusi 00pazoB. Bo Bropom maparpade mocrtamieHa 3ajaya ONTHUMH3AIUU
CTPOTOBBINMYKJION (PYHKIINH, U3TI0KEHBI HEOOXOIUMBbIE CBEJICHUS U3 BBIITYKIIOTO aHAH-
3a, paCCMOTPEHbI KBa3UHBIOTOHOBCKHE METObI, METO/Ibl COMPSIKEHHBIX I'PaJUEHTOB,
METOJIbI TTOCJIEI0BATEIBLHON MOANPOCTPAHCTBEHHOW OoNTUMH3aluuu. B Tperbem mapa-
rpade u3I0KEeHbl METOJbl IMOCTPOEHUS JOBEPUTEIHHOIO MHOXKECTBA INPHU YCIOBHUU
HOPMAJIBHO PACIPEEIEHHBIX NOMEX, MPHU YCIOBUM CUMMETPUYHO PaCHpeIeIECHHBIX
IIOMEX, [TOCTABJICHA 3a7]a4a ONPENEICHUS I0BEPUTEILHOTO MHOKECTBA TapamMeTpa Jiu-
HEWHOW MOJENM NPU IOYTH IPOU3BOJIBHBIX ITOMEXAX.

Bo BTOpOIi riiaBe n3i0XKeHbl OCHOBHBIE Pe3yabTarshl padoThl. B nepBom mapa-
rpade ommcana oOmIas cxema METOJAOB MOCIEAO0BATENbHON MOAIPOCTPAHCTBEHHOM
ONTUMM3AIUU, OOOCHOBAHBI HWXHSS W BEPXHHUE TPAHUIIBI CXOJUMOCTH METOOB
[II1O, mpoaeMoOHCTpUpPOBaHA 3aBUCUMOCTb CKOPOCTH CXOAMMOCTH OT BBIOMpPAEMBbIX
HNOJIMPOCTPAHCTB M KAaueCTBA PELICHUS MOANPOCTPAHCTBEHHOW 3aJaud Il KBajpa-
TUYHOTO U CTPOTO BBIMYKJIOrO ciiydyaeB. Bo BropoMm maparpade mpUBEICHBI METOIIbI
OLICHKU KBa3MHBIOTOHOBCKOT'O HaIpaBJ€HUs, CIIOCOO MOCTPOEHUS MOANPOCTPAHCTB.
B tperbem maparpade Ha OCHOBE MOJIYUEHHBIX TEOPETUUYECKUX Pe3ylbTaToB chop-
MyJUPOBaHbl J1Ba METO/A IOCJIEA0BATEILHON MOAIPOCTPAHCTBEHHONM ONTHUMU3ALNH,
J0Ka3aHa JIMHEMHAsi CKOPOCTh MX CXOAUMOCTH. B uyerBeproM maparpade mnpusencH
METOJ] MOAM(PHUIIMPOBAHHBIX 3HAKO—BO3MYILIEHHBIX CyMM, JIOKa3aHO, YTO IOJy4eH-
HOE C IMOMOILBbI0 HETO MHOXECTBO SIBJISIETCS TOUHBIM JOBEPUTEIBHBIM MHOKECTBOM
napameTpa JMHEWHON MOJIEIH MPU YCIOBUU HE3aBUCHUMBIX, & B OCTAIIbHOM ITPOU3BOJIb-
HBIX QJIUTUBHBIX TIoMeX. B mstoM maparpade ajisi OTHOMEPHOro ciaydas MOJy4eHO
aHAJIMTUYECKOE BBIPAXKEHHE IPAHUIL] JOBEPUTEIHHOTO MHTEpBAJia METOAa MOAU(PUIIM-
POBaHHBIX 3HAKO—BO3MYLIEHHBIX CYMM, JOKa3aHA HECMEIIEHHOCTh U CXOJUMOCTb €r0
TPaHUI] K ICTUHHOMY 3HAUEHHIO MapameTpa.

Tperbsi 1aBa NMOCBsIIEHA WIITIOCTPALIMK PadOTHl IPEAJIOKEHHBIX METOAOB. B
nepBoM Iaparpade cBOMCTBa TI0BEPUTEIBHOIO MHOKECTBA, MIOJIyY4EHHOTO METO/IOM MO-
TU(UIIMPOBAHHBIX 3HAKO—BO3MYIIIEHHBIX CYMM, MPOUJUTIOCTPUPOBAHBI HECKOJIbKUMU

npuMepaMu Ha MOJCJBbHBIX JaHHBIX. Bo BTOpoMm maparpade mpuBeneHbl pe3ylbTaThl
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CpPaBHEHHUS MPEJIOKEHHOTO METO/1a MOCIEA0BATEIbHON MOANPOCTPAHCTBEHHOM ONTH-
MHU3ALUM C aHAJIOTaMM KaK Ha MOJICJIbHBIX, TaK U Ha peaibHbIX JaHHBIX.

O0BemM u cTpyKTypa padorsl. /[uccepranys COCTOUT U3 BBEICHUS, TPEX IIaB
u 3akiroueHus. [lomHbIil 00bEM qUCCepTaIuy COCTABISACT 85 CTpaHMIl, BKIOYas 8 pu-
cyHKoB U 1 Tabmuiy. Ciucok auTeparypsl coaepkuT 115 HaumenoBanuil. Pucynku u

TaOJIUIbI POHYMEPOBAHBI TIO IJIaBaM.
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I'masa 1. OnTuMu3anus B NPOCTPAHCTBAX BHICOKMX PA3MEPHOCTE U OLlCHUBAHHE B
YCJI0BHUSIX HeonpeaeJJéHHOCTel

B 51Ol m1aBe paccMOTpPEHBI ABE 3aJaud: 3a/1a4a BBIMYKIOW ONTHUMHU3ALHNHU B
MPOCTPAHCTBAX BBhICOKOW pasmepHoctu (Pasgen 1.2) u 3amaua orleHMBaHUS JOBEPU-
TEJIbHBIX MHOXXECTB B YCJIIOBUSX HEOMPEAECIEHHOCTEN U KOHEYHOIO YHCIIA U3MEPEHUI
(Paznmen 1.3). B3auMocBs3b MEXAYy ABYMsI OTUMHM 3aJladaMU MPOUITIOCTPUPOBAHA HA
npuMepe mpobaeMbl pacio3HaBanus 006pa3oB (Pasmen 1.1), B pamkax KOTOpOi BO3HU-
KaeT HeOOXOAMMOCTh PEIICHHS COOTBETCTBYIOIINX 3a/1a4 ONTUMU3AIIMN U OLICHUBAHUS

AOBCPUTCIIbHBIX MHOXKCCTB.

1.1 OntumMu3zanus ¥ OeHMBAHUE B 32/1a4aX pacno3HaBaHus 00pa3oB

PaccMoTpuM clieyrolnyro MOCTAaHOBKY 3a7a4d pacro3HaBaHUs 00pa3oB depes
MUHUMU3AIUI0 (yHKIIMOHAA SYMIIMPUYECKOTO prcKa (IoApoOHO 3a/1aya pacro3HaBa-

HUs 00pa30B M3JIOKEHA BO 2-0 Iy1aBe KHHTHU [4]):

F00 = 5 D0 i 905, x)) = min (1)
e N — 4uciio HaOmoaeHni, i§; € R — HabmogaeMble BBIXOABI MOeH, @; € R™e
— HabmrogaemMbIe BXOABI MOfeNH, g : R"* x R"™ — R — pewarowasn ¢hynkyus, mapa-
METpHU30BaHHas BEKTOpoM X € R a ¢ — ¢ynxyusa nomeps. [Ipu 31OM, HAOIIOACHUS
Gopmupyrotcst o Moaenu y; = g(@;, Xx) + &;, tae X, € R™ — uckoMoe 3Ha4YeHHE Ma-
pametpa, a ¢; € R — agnuruBubie nomexu. OTMETUM, YTO NO00Has HOPMYIUPOBKA
3a71a41 pacTo3HaBaHUs 00pa30B HE SBISICTCS HU OOIICH HU €AMHCTBEHHOH, IMTOAPOOHO
aCrMeKThl MUHUMHU3AIMHY (PYHKITMOHAIA SMITUPUYECKOTO PHCKa N3JIOKEHBI B paboTax [4;
36; 58—60]. OgHako 3TOM MOCTAHOBKH JOCTATOYHO JJIsl IEMOHCTPALIMM CIIETYIOIIETO
Te3Wca: 3ajada ONTHMHU3AINKM W 3ajadya OIICHUBAHUS JOBEPUTEIBHBIX MHOXECTB JI0-
MOJIHSIOT JIPYT JPyra B TOM CMBICIIC, YTO SIBJISIOTCS YaCTHBIMHU CIy9aMH OJHOW M TOM
e TIPaKTUYECKOM 3a/1a4yl TP Pa3HbIX YCIOBUAX. B mocienytomux moapasaenax 3T0T

TE3UC MPOUJUIOCTPUPOBAH IBYMsI IPUMEPAMHU: CIIy4aeM BBICOKOM Pa3MEpPHOCTH IPO-
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CTPAHCTBA MAPAMETPOB N, ¥ CIyYaeM MaJIOro yrciia uaMepeHuit N rnpu npou3BOJIbHBIX

IIoMexax.

1.1.1 Cay4ai 001bIIOT0 YK CJIA IAPAMETPOB

[Tycts pyHkus noreps ¢ u pemaronias GyHKIUS g CTPOTO BBIMYKIIBI IO BTO-
pomy aprymenty x € R"=, Torma ¢pynkmus f : R" — R Takke CUIBHO BBIMYKIA, U
111 €€ MUHUMU3alliK MOTYT OBITh HCIIOJIb30BaHbI IOJIX0/Ibl, ONIcaHHble B Pa3nene 1.2.
[Tpu onpeneneHHbIX BUIAX QyHKIUU g, GyHKUUU ¢ U TIOMEXax €;, TOUKa MUHHUMYyMa
(GyHKIIMOHANA CPEHEro prcKa argmin f(X) B HEKOTOPOM CMBICIIC CXOIUTCS K MCTHH-
HOMY 3HAU€HUIO mapamerpa X, npu N — oo. [Ipumepamut CTpOro BEIMYKITBIX (QyHKITHIA
MOTEPh MOTYT CIyXuTh: KBaaparnanas £(y, g(@,x)) = (y — g(@,x))?, abconoTHas
¢ lo-perymspusanmeit £(y, g(@,x)) = |y — g(@,x)| + Allx — x¢l||?, norucruueckas

dynxmms noreps £(y, g(@,x)) = —ylogg(@,x) — (1 — y)(1 — logg(e,x)). B
CBOIO OYepellb, B KaUeCTBE periaroiux (QyHKIUI pacnpoCTpaHEHbl JUHEHHASA MO X:

Ny Ty
g(@,x) = lejgj((p), u jgoructudeckast: g(@,x) = (1 + exp(— lejgj((p)))_1
(byHKITIH. CIJJCTeMaTI/I:;HpOBaHHe U3NI0KEeHUE (PYHKIHM OTEPh U pemaioumx byHKIUH
NpuBENIeHO B padorax [4; 5; 60].
KiroueBoe cBOMCTBO pemiaroniux GyHKIUNA — MoJeIel MalllMHHOTO O0y4eHUs
— 9T0 00001Iar01TIast CIIOCOOHOCTh, XapaKTEPU3YIOIIas CJI0KHOCTh B3aUMOCBSI3EH, KO-
TOPBIE COOTBETCTBYIOIIASI MOZCIIb MOKET OMUCATh (MopoOHee MOHATHE 0000IIaroIIeH
CrocoOHOCTH M370keHO B [01]). OguH M3 OCHOBHBIX CIIOCOOOB TOBBIMICHHUS 0000-
Iaromiel cmocoOHOCTH, TOMUMO BbIOOpa BUA peraromeid GyHKIINU, 3aKIF0UaeTCs B
YBEJIMYCHUH YHCIIa TTapaMeTPOB — Pa3MEepPHOCTH IIPOCTPAHCTBA 1,. TaKuM 00pa3om,
3a/1ada MUHUMH3AIUHA CHUIBHO BBIMYKJIBIX (DYHKIIMI BBICOKOW pa3MEPHOCTH IIPE/ICTaB-
JsieTCA aKTyaJIbHOW B KOHTEKCTE 3aJlauM pacrlo3HaBaHUsI 00pa3oB.
B ciyuae kBagparnuHoil GyHKIIMH TOTEPh C JIMHEHHOM MO X pemiariei GyHk-
nuent ypasuenue (1.1) npuHUMaeT clienyrommui BU/I;
N Ny 2
frmk() =Y | 4= > _x9;(@:) | — min, (12)
i=1 j=1
¥ TOYKa MUHUMYMa MOKET OBITh OIIEHEHa METO/IOM HAaUMEHBIITNX KBAAPATOB: X \/ff K =

(<I>T<I>)71 'y, tne ®;; = gj(@)uy = (v1,... ,yN)T. [Tpu yCIIOBUHM OTCYTCTBUS
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TIOMEX U HEBBIPOKeHHOCTH MaTpuibl P ' @, pemenue 3anaun (1.2) cylecTByeT, eaUH-
CTBEHHO M COBIIQJAET C UCTMHHBIM 3HAYCHHEM MapaMeTpa: Xy/gx = argmin fymx
= X,. Ecin xe nomexu €; aJJJuTUBHbI, HEHTPUPOBAHbI, UMEIOT OJJMHAKOBYIO KOHEU-
HYIO JHCIIEPCHIO, HE3aBUCUMBI JIPYT C JIPYTOM M C BXOJAMH (P j, TO COOTBETCTBYIOIIAsA
OLIEHKA COCTOSITENIbHA: X )\/ K NL> X,. Takum 00pa3om, pHU BBIOJIHEHUU OIpeEie-
JICHHBIX YCJIOBUN Ha MPUPOAY HOl\?GO)(zI/I, CTPYKTYPY MOJIEIH U 1I0CTaTOYHOM KOJIMYECTBE
HaAOIIONeHN MUHUMU3alKs (QYHKIIMOHAA SMIIMPUYECKOTO PUCKA MOXKET MPUBECTH K

YAOBJIETBOPUTEIIBHOMY PELICHUIO.

1.1.2 Cuayu4aii HeonpeaeJJéHHOCTEH U MAJIOr0 YMCJIa U3MepPeHuil

B npenpiayinemM paszese mpoaeMOHCTPUPOBAHO, YTO IPH OOJIBIIOM YHCIIE U3-
MEpEHHMII M ONpEAEAEHHBIX OTPaHUYEHHUSAX Ha IMPHPOAY IOMEX, PEHICHHE 3aaduu
MHHAMU3AIUA (YHKIHOHAIA SMIMPHUYECKOIO PHCKA MOMKET IPUBECTH K YIOBIIE-
TBOPHUTEIBHOMY pemiennto. OIHAKO B Cllydae Majoro 4ucjia M3MEPEHHH U BBICOKOM
HEONPENEIEHHOCTH, BEIPAXKAIOLIEHCS B HEM3BECTHOM MPUPOJIE TOMEX, MOTECHIIMAIBHO
HEOIPAaHMYEHHBIX M HOCSIIUMX CHCTEMATUYECKHU XapaKrTep, MHHUMU3AIMs (QyHKIIH-
OHAJIa SMIIMPUYECKOTO PHCKA MOYKET MPHBOIUTH K CKOJb YIOJHO IUIOXHM OICHKaM
M B 3TOM CMBICIIE Majomoje3Ha. [[puMepoM HMCTOYHHKOB IOMEX MOTYT CIIYKHTh:
HOTPEITHOCTA H3MEPEHMSI BBIXOIOB, HEAJAEKBATHOCTh BBIOPAHHON MOJIENH, a TaKKe
YMBIIUIEHHO BHEAPEHHBIE OITOHEHTOM CHUCTEMBI TIoMexH [3]. B mogoOHo# curyanun
aITEPHATHBON TOYEYHBIM OIICHKAM CIIYKAT OLCHKH 008epUMENbHO20 MHONCECMEA,
COZIEPIKAIIETO UCTHHHOE 3HAYEHUE MTapaMeTpa ¢ 3aJaHHOM BEPOSTHOCTHIO. OTMETHM,
YTO aCHMIITOTHYECKHE JOBEPUTEIBHBIE MHOKECTBA, COIEPIKAIIME 3HAYEHUE TTapaMeT-
pa ¢ 3aJaHHON BEPOSTHOCTHIO JIMIIb MPH KOJWYECTBE HAONIOAEHUN CTPEMSIIEMCS K
OECKOHEYHOCTH, MaJOIOJIE3Hbl IIPH MAJIOM 4HCIe H3MepeHuii. I1oaToMy 0COOEHHO
aKTyajbHA 3a/ia4a MOCTPOCHUS MOYHO20 TOBEPUTEIBLHOTO MHOMKECTBA, COAEPIKAIIETO
HCTUHHOE 3HAYEHUE ITapaMeTpa TOUYHO C 3aJaHHOM BEPOITHOCTHIO BHE 3aBUCHMOCTH OT
ypcIa HaomoneHuii. @opMalbHO 3a7a4a CTABUTCS CIIEAYIOIUM 00pa3oM: JIIs KOHEd-
Horo Habopa Habmonenuii {@;, y; }¥ | u mapamerpa « € [0,1] TOCTPOUTH MHOXKECTBO

Xou COACPKAIICC NCTUHHOC 3HAYCHUC ITapaMeTpa € 3aI[aHHOﬁ BCPOATHOCTBIO X!

P(x, € Xy) = «.
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0¢3 3HAYUTEILHBIX OFpaHI/I‘IeHI/Iﬁ Ha THUII paClIpCaACIICHUS ITIOMCX, 3d HCKJIIOUCHU-

€M He3aBHCHMOCTH JIPYT C APYTOM M ¢ BXxomamu {@; ).

1.2 OnTtumMusanus B NPOCTPAHCTBAX BHICOKHUX Pa3MepHOCTEM

PaccMoTpuM 3amady 6e3yCIOBHOM ONTHMHU3AIINN
f(x) — min, (1.3)
xcRm

rae f NpUHAUIEKUT MHOXKECTBY J, 1, — WU-CHJIBHO BBIITYKJIBIX JBaKIbl TU(PPepeHIn-

pyeMbIX (PYHKIIUN C JIMMIIUAIIEBBIM TPATUCHTOM:

ulx —yl3 < (VF(x) = V) (x—y) < Llx —yl|3. (1.4)

[ToHsTHE “BBICOKON” pa3MEpPHOCTH OMPEACIINM CIAEAYIOIIUM 00pa3oM: paccMar-
pUBaeMbl€ aJTOPUTMBI pelIeHus 3a1a4u (1.3) TOJKHBI IPUHAUIEKATh KIIACCY CIIOXK-
Hoctu O (n) nmo ucnonb3dyemoil mamsty. [10100HOe orpaHnYeHHE, HAIPUMED, JeTacT
HEBO3MOXKHBIM pacyeT M XpaHeHHe MaTpullbl [ecce, a Takxke €€ MpUuOTMKEHHUN MO-
HOTO paHra.

OrMernm, 4To JUId QYHKUUH Kiacca Jy ; IEpBOE HEPAaBEHCTBO U3 ypaBHe-

Hus (1.4) MOXET OBITh YTOYHEHO.

Ymeepocoenue 1. Ilycmo f € F, 1(RY), x,y € R". Toeoa

L 1
AT _ S M o2 _ 2
(= ¥) (VS (00 = VI () > Iyl + o V5 (00 = V7 ()]
Joxazamenvcmeo. CMOTpH AokazarenbcTBO Teopemsbl 2.1.12 B [62]. ]

WsBectHO, 4TO pemenue 3anauu (1.3) cylmecTByeT U eqUHCTBEHHO V f € JFy 1

x, = argmin f(x). B ciaydasx, Korma To4Ka MUHUMyMa X, HE MOXKET ObITh BbIpa-
xeR”?
KC€HA aHAJIUTNYCCKH, JII/I6O BBIYHUCJIICHHUC aHAIIUTHYCCKOI'O BBIPAKCHUA pr,HoeMKO, MO-

&eT ObITh UCIIOJIB30BaH MIMPOKUIA aCCOPTUMEHT UTEPATUBHBIX METOAOB ONTUMHU3ALINH
(cmotpu, Hanpumep, [2; 63—65]), KOTOpbIE CTPOAT PEKYPPEHTHYIO MOCIIEI0BATENb-
HOCTb X(, X[, ... OLIEHOK TOYKH MUHHUMYMA X,.

B ciywae aBaxknbl muddepeHupyemoit GyHKIUU [ TSl pEIICHUS 3a]1a91 MOXKET
OBITH HCIIOB30BaH MeTol HetoToHa-Padcona, onpenensieMplii peKyppeHTHBIM COOTHO-

~1
WeHneM X;41 = X;— | V2f(x¢)] Vf (%) (101po6HO METOJ M HCTOPHSI €TI0 IIOSBICHHUS
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pa3obpanbl B [66; 67]) u o0nanamuil KBaJpaTUYHOW CKOPOCTHIO CXOIMMOCTHU IMPHU
JOTIOJHUTEIBLHOM YCIOBUU JIUMIIIUIEBOCTH IF'eCcCUaHa (IOHATUE CKOPOCTH CXOAMMOCTH
mpoliecca ONTUMM3ALMKU paccMarpuBaeTcs B pasnesie 1.2.1). Meton obnanaer cyie-
CTBEHHBIM HEJIOCTATKOM: HEOOXOAMMOCTBIO BEIYMCIICHUS U XPAaHEHUSI MATPHULIBI BTOPBIX
POU3BOMIHBIX, YTO JIeJIAa€T €r0 HEMPUMEHHMBIM B MPOCTPAHCTBAX BHICOKOW pa3mep-
HOCTH. [[pyruM pacrnpoCTpaHEHHBIM METOAOM pEeIIeHHUs 3a1aud 1.3 ABIISIETCS METOA
IpaJueHTHOTO cIycka (0OLIENPHUHSTO MPUITKMCHIBATh aBTOPCTBO padote Komm [68], uc-
TOpUYECKasi CIIpaBKa BMECTE C TOJPOOHBIM H3JIOKCHHEM MPUBEACHBI B padore [69]),
UCIIOJIB3Y IO BMECTO 0OpaTHOM MaTpullbl ['ecce onpeaenseMyro 3KCIepUuMEHTaTo-
pPOM TIOCIIENOBATEIBHOCTh Pa3MepoB Imara oy Xy = X; + o4V f (x¢). Hecmorps
Ha MPOCTOTY U BHIYUCIUTEIbHYIO 3PPEKTUBHOCTD, HETOCTATKOM METO/IA SIBJISIETCS €T0
HU3Kasi CKOPOCTh CXOAMMOCTH B TEOPETHYECKOM CMBICIE M Ha IMPAKTHKE, a TaKXKe
YyBCTBUTEJILHOCTh K BBIOOPY pa3mepa miara. B KoHTekcTe mocTaBieHHON 3a1auun 1.3
IPENCTABIISIIOT UHTEPEC METOABL, HAXOASAUIUECS B HEKOTOPOM CMBICIIE MEXK/1y METOJIaMH
Herotona-Padcona u rpagueTHoro ciycka: NpeBOCXOASIINE MOCIEAHUIN 10 CKOPOCTH
CXOJIUMOCTH M OJJHOBPEMEHHO MPUMEHUMBbIE MPU OOJIBIINX 3HAYECHUSIX PA3MEPHOCTH

POCTPAHCTBA 7.

1.2.1 Ounenka KayecTBa AJITOPUTMOB ONITUMHU3AIUN

PaccMoTpuM OCHOBHBIE MOJIXO/IBI K OIIEHKE Kau€CTBA aJITOPUTMOB ONITUMHU3AIIUU.
PacnpocTpaHeHHBIM CIOCOOOM HM3MEPEHHSI CKOPOCTH PabOThl aJITOPUTMOB SIBJISCTCS
OIleHKa yucia apupMEeTHIECKUX ONepalinii, HeOOXOIUMBIX JIJIS 3aBEPIIICHUS aJTOPUT-
Ma. B cuity moTeHIIMaNIbHON HEOTPAHMYEHHOCTH HEOOXOAMMOTO YHClIa MTEpaluid, a
TaK € TOTO, YTO CJIOKHOCThH BBIUYMCICHUS (PYHKIIMU U €€ TTPOU3BOIHBIX KapAUHAIHHO
paznuyaeTcs B 3aBUCUMOCTH OT BUJa (PYHKIIMA M MOXKET 3HAYUTEIHHO IMPEBOCXO-
JIATh CJIOKHOCTh BBIYMCIICHUN CAMOI0O aJlTOPUTMA, OLICHKA YMCJa BBIYUCIUTEIBHBIX
omnepanui pelko UCHOJIB3YETCS JJIsi U3MEPEHUSI KaYeCTBA UTEPATUBHBIX METOJOB OIl-
tumuzarnuu [62; 70]. Jlanee mepeuncnum Hambojiee pacrpOCTPaHEHHBIE METOIUKHU
OIICHUBAHUS CKOPOCTH UX PaOOTHI.

— OpakynvHas clojicHOCmMb — YHUCIIO 00palieHuit K opakyny (abCTpakiuu, Mo

3ampocy MPeAoCTABIAIONICH 3HaueHNUS (QYyHKIMH W €€ MPOW3BOAHBIX B JIaH-

HOM TOUKE), HEOOXOUMOE JIJIsl TOCTHKEHHUS 3aJJaHHOTO 3HAYEHUSI OIIMOKHU 110
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¢yHKuMH, rpaaueHTy, WK aprymenTy. Hampumep to, uto anroput A umeer
ciaoxaocTh O (N 4(€)) 03HAUAET, YTO ISl TOCTHKEHHS YCIOBUS f(Xe) — fi <
¢ emy HeoOxonumo caenats nopsiika O (N 4(¢e)) BEI30BOB OpaKyia.

— Q-cx00umMocms — XapaKTePUCTHKA CKOPOCTU CXOAUMOCTH, OCHOBBIBAIOILASCSI
Ha PEKYPPEHTHOM BBIPpKCHUH MOCIenoBarenbHoCcTel f(x;) — f(Xxy) U ||x¢ —
X, ||. TTocnenoBarenbHOCTS ||X; — X, || - 0, cxomuTcs

[ %41 =% ]| = 1:
X=X ’

— Q-muneiino, ecim Ir € (0,1) : lim w
e =%l .
llx:—x.|] ’

— Q-keadpamuuno, ecnu Ir > 0 : lim

— Q-cybnuneiino, ecnu lim
<7

— (Q-ceepxaunetino, eciu lim

||Xt+1*><*||2 <
EEE=A

— R-cxooumocms (0T aHrI. “root” — KOopeHb) — OoJiee ciadbii aHanor Q-
CXOIUMOCTH, XapaKTEPU3YIOIMIA OOIIYI0 CKOPOCTh CXOAUMOCTH, BMECTO CKO-
POCTH CXOIMMOCTH Ha Kax 101 ureparuu. [locinenoBarenbHOCTD ||X; — X, || ?
0, cxomutcst R-runetino, ecmu 3 ry: ||x¢ — X|| < r u rp cxomures K
Hy1t0 Q-THHENHHO. AHAJOTHYHBIM 00pa3oM ONPEAESIOTCS U IPyTrue BUIbI R-
CXOIUMOCTH.

Jlanee, eciy He yKa3aHO OOpaTHOE, MOJ CKOPOCTHIO CXOAMMOCTH OyIeT IOHH-
Marbcs Q-cXoAMMOCTh. Tak, HaIpUMED, IIPH ONIPEAEIEHHBIX YCIOBUAX MeTox HeroToHa
MMEET KBAJIPaTHUYHYIO CXOAMMOCTH, a METOJ I'PaJMEHTHOIO CIyCKa — JIMHEMHYIO
(cmotpu Teopemy 3, §4 u Teopemy 1, §5 1—oi rmaBel B [65], a Takke TeopeMsl 1.2.4,
1.2.5 u 2.1.15 B [62]).

1.2.2 KBa3HHBLIOTOHOBCKHE METOIbI

KBa3MHBIOTOHOBCKHE METOMABI ITOIIAroBO anmpOKCHMHUPYIOT Marpuily Iecce u
JUIST MHOTHX 3a7iad JEMOHCTPHUPYIOT 00JIe€ BBICOKYIO YeM TPAJMEHTHBIA CITYCK CKO-
pocth cxogumocTu [70]. IIlar kBa3MHBIOTOHOBCKOI'O QJITOPUTMa MMEET BUJ Xii1| =
x; — o H;Vf (x;), tne H; — 310 anmpokcumariust marpuiisl Lecce, mpu stom Hy g
3a4acCTy0 BBIYMCIISIETCSA IMyTeM M00aBieHHS K mpenasiayiiei orenke H; marpuiibi
panra 1 mmum 2. K KBa3WMHBIOTOHOBCKHM METOJIOM OTHOCHTCS: MeTon [laBmmoHa—
Oneruepa—Ilaysenna[14; 18], MmeTon cummeTpruuHOro oOHOBNIeHM panra 1 [19], meTox

bpotinena—®neruepa—I onbadhapoa—Lllrano [15; 18] (BFGS) u np. 3t MeToas! passe-
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JISIIOT HeIoCTaTok MeTona HetoToHa: TpeOyeTcs pacdeT U XpaHEHUE MaTPHUIIBl MATPHUIIBI
I'ecce nnu ee oOparHoi B mamsaTh. KBa3MHBIOTOHOBCKHE METOIBI C OTPAaHHUYCHHEM
UCIIOJIB30BaHus nmamsTu, Hanpumep, meron L-BFGS [17]), 06xoasT 3Ty TpyIHOCTh Ha-
NPSIMYIO aNNpOKCHUMAUpyst npoussenetue |V f(x)] v f(x), HE BoccTaHaBIMBas cam
reCcCHaH.

BoabIMHCTBO KBAa3MHBIOTOHOBCKUX METOI0B OCHOBBIBAIOTCS HA YPAGHEHUU XOPO
(Tak e W3BECTHBIX, KaK YPABHEHUsl CeKywux) — PacrnpoOCTPAaHEHHOM HHCTPYMEH-
T€ MOMCKAa KOPHEW YPAaBHEHUW M MOCTPOCHUS METOAOB onTuMu3ainuu. Paccmorpum
muddepermupyemyto ¢pyakiuo f @ R” — R, ypaBHeHHE XOpa AJIT HEE UMEET CJie-
IYIOIIUN BU:

Vi) (v —x) = f(y) - f(x), xyeR"

YTO cleAyeT U3 paznoxeHus Gyukmuu f B psia Teinopa 10 BTOPOTo 3J€MEHTa B TOUKE
x: f(y) = f(x) + V) (y =) + ol ly - xI|).

[Ipu mocTpoeHNU KBa3MHBIOTOHOBCKUX METOJI0B ONTUMM3AIIMHN YPABHEHUS XOP/T

UTPAIOT KIIIOYEBYIO poiib. Paccmorpum nBaxapl quddepeHiupyemyo GyHKIuo | :

R" — R, x,y € R", Torna ypaBHeHHe XOpa 1yisl rpagaueHTa V f OyneT uMeTh BU:

V)Y —x) = Vf(y) = Vf(x). (1.5)

3amenuB V2 f(x) Ha HEM3BECTHYIO MaTpuily B; n 3aMeHMB X, y Ha MOCIEN0BATENb-
HbIE OLIEHKH aJITOPUTMA, Mbl IIOJIyYUM CUCTEMY JIMHEWHBIX YPABHEHUN OTHOCUTEIBHO

matpuilsl By:
Bi(xj —x;-1) =V/[f(x;) =V[f(xj-1), j=0,....t (1.6)

BrnepBrie ypaBHEeHUs XOp/1 OB MCTIOIL30BAHBI IJIs TIOJYYCHHUS OLICHKH Ha MaTPHUILY
BTOPBIX MPOU3BOJAHBIX B cepenune 1950-p1x (cooTBeTcTBYIOIas paboTa OblIa Omyo-
JukoBaHa nuiib B 1991-om rony [14]). Ha manHbIil MOMEHT TIPEAJIONKEHO MHOXKECTBO
METOJIOB, CTPOSIIMX OLEHKH MaTpulbl lecce, MCXOAs U3 YpPaBHEHWI XOpA: METOA
Hasunona—®neruepa—Ilaysenna [14; 18], SR-1 [19], meron bpoiinena—dneTuepa—
Tonsadapba—IIsuno [15; 18] (BFGS), meton BFGS ¢ yceuennoii uctopueii [17] u
apyrue. OTMETHM, YTO YPaBHEHUS XOP]l UCIOJIb3YIOTCS HE TOJBKO B KBa3MHBIOTOHOB-
CKHMX METOJIaX ONTUMU3AIMU (CMOTpH, Hanipumep, meton bap3unas-bopseitna [71; 72]).
Kpome Toro, n3BecTHbl MOAM(PUKALIMKN YPAaBHEHUI XOpJ, NpUBOJALIME K OoJiee Kaye-
CTBEHHBIM OlLlIeHKaM Matpulibl ['ecce (cmoTpu, Hanpumep [73; 74]).

3amMeTuM, 4TO MOTPEIIHOCTh B ypaBHEHUH (1.5) MOIMyCKaeT TOUHYIO OLIEHKY MpHU

.HI/IHHII/IHGBOCTI/I rpaaucHTa.
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Ymeepocoenue 2. Ilycmv f — o0sadcovl ouppepenyupyemasn ¢pynkyua ¢ L-

nunwuyesvim Ieccuanom. Toeoa ¥V x,y € R" sepno:

L

IV2f(x)(x —y) = (Vf(x) = Vf(y)ll < S lx—= vl (1.7)

Loxazamenvcmeo. Cnenyet u3 GopMyJibl KOHEUHBIX IPUPAIICHUHN U L-TUIIIUIIEBOCTH

matpuisl ['ecce. Cmotpu, Harpumep, ImaBy 3, Teopemy 3.5, B [70]. []

3ameTuM, 4TO cucteMa ypaBHeHHH (1.6) MokeT OBbITh 3amucaHa B MaTPUYHOM
BHJIC U JOTOJIHEHA TpeOOBaHUEM CUMMETPUYHOCTH Marpuilsl B;. OnuH u3 crnoco6oB
pelieHus TMHEHHBIX MAaTPUYHBIX YPABHEHU MPU YCIOBUM CUMMETPUYHOCTH UCKOMOM

MaTpulbl TpeUIoKeH B padote [75].

Teopema 1 (Don, 1987). Paccmompum uzsecmuvie mampuysvt A € R"*™, B € R™*™
u nHeuzgecmuyro mampuyy X € R"™*™ Toeoa cucmema nunelnblx ypasHeHUuti OMmHOCU-

mejlbHOo CuMM@I’I’lpu’-lHOlZ mampuybvl

AX =B

1.8
X =XT (-9

umMeem peuieHue omHocumenbHo X moeoa u monvko koeoa JA~ : AA™B = B u

ABT = BA". Bce pewenus cucmemui (1.8) onucwvisaromes gpopmynoii:

X,=AB+(I-A~A)(A™B)'

(1.9)
+(I-AAY)O(I—AAY),

20e O € R"" — cyyaiinas mampuya. bonee moeo, peuwierue ¢ MUHUMATbHOU HOPMOTL

oocmueaemcsi npu © = 0.

Jloxazamenvcmeo. CMOTpH A0Ka3aTesbCcTBO Teopemsl 2 B [75]. [

1.2.3 Meroa conpsizKeHHbIX I'PAIMECHTOB

MeTox CONpsIKEHHBIX TPAIMEHTOB, MPEAJIOKEHHBIN JJI1 PELUICHUS] CHCTEM JIMHEN-

HBIX ypaBHEHUH B paboTe [8] U pacpOCTpaHEHHBIN Ha pEIICHUE KBaAPAaTUIHBIX 3a]1a4
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ONTUMU3ANHN padboToi [12], ucmonb3yeT B KaueCTBE HAIIPABICHUS JABUKCHUS JIMHCH-

HYIO KOM6PIH&I_II/IIO NpCAbIAYIICTO HAIIPABJICHMA U TCKYIICIO 3HAYCHHUA I'paAUCHTA:

di = =V [ (x¢) + Bedi1,

(1.10)
Xip1 = Xt + o dy,

IJIe pa3Mep Iara ; pacCUYMTHIBACTCS C MOMOIIBIO JIMHEHHOTO TTOMCKA BIOJb HAIPaB-
nenus dy, a d_; momaraercst paBHbIM Hyt0. OHOM 13 HauboIee PacpOCTPAHCHHBIX
dbopmyn pacuera kodddunuenta 3; spusercs Gopmyna Ilomaka—Pubsepe—Ilomnsika,

npeIoKeHHas: He3aBucuMo B padotax [10] u [11]:

pr_ VI (x) (Vf(xe) =V (xi-1))
t Vf(xi-1) VI (x-1)

OtmeTuM, uto dhopmyna (1.11) — He eTMHCTBEHHBIN BapHaHT BBIYUCICHUS KOADPUITn-

. (1.11)

eHTOB [3;. M3HauanpHO 171 pacyeTa HMcnonb3oBaiachk popmyna dneruepa—Pus3a [9],
U B TIOCJICACTBUU OBLIO MPEII0KEHO MHOXKECTBO aJbTCPHATUBHBIX BAPHUAHTOB pac-
yeta koddduimenta (moapoOHBI CIUCOK TpHUBEACH B padote [76], pa3mensl 3 u
4). HecmoTpst Ha obwine anbrepHatuB, opmyina [lomaka—Pudbepe—Ilomnska siBisier-
Cs CTaHJAPTHBIM crocoboM pacuera koddduimenrta (3; (cMotpu pazaen 5.2 B [70]).
Hanee st pacuera koadduiuenta 3; Oymer ncmnoab3oBana dhopmyna (1.11), ecnu He
yKa3zaHo oOpaTHOE.

HpI/IBCILGM HECKOJILKO Ba)KHBIX CBOMCTB MCTOAA COIIPSAKCHHBIX I'PAAWMCHTOB

Ymeepowcoenue 3. [Iycmo | € F, 1 : R" = R—xeaopamuunas ¢hynxkyus c mampuyeii
Tecce V2 f = A. Toz0a, MemooO conpsiceHHbiX 2paoueHmos cxooumcs e bonee yem

3a N Wazo8 ¢ TIUHEeUHOU CKOPOCMbIO.!

L _
(%11 — X)A (X1 — %) < | 7 (x¢ — X)) A(xe — x4),
L+1
n
|lxt —x4]| =0, t=>n.

Ilpu smowm,

— Xy11 A6AAemcs MOYKou Munumyma @yukyuu f Ha MHOdMCecmee Xy +

span{V f (xq) ,...,Vf (%)},

— nanpasnenus {d;} s6ns10mes conparicEnHbIMU OMHOCUMENbHO Mampuyol A :

Lloxazamenvcmeo. CMoTpu nokazarenbcTBo Teopem 5.4 u 5.5 B [70]. []
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[TocneaHee CBOWCTBO CONMPSKEHHOCTH HanpaBleHU {d; | SBISETCS KIIFOUEBBIM,
YTO ¥ OTPAXEHO B Ha3BaHWM MeTona. Ecnu dyHKIus [ HE MOXKET OBITH OITMCaHa KBa/I-
paTUYHBIM MOJIUHOMOM, 3TO CBOMCTBO HapyIIaeTCs, a BMECTE€ C HUM U OCTaJbHbIE
COCTaBIISIIOIIME Y TBEpKIeHUs 3. AHAJIOTMYHAas Mpo0OIeMa BOSHUKAET U B CIIy4Yae HEeU3-
OeXHBIX Ha MPAKTUKE OMIMOOK BBIYMUCIEHUS: B CHIy KOHCTPYKUMU METOAA OLIMOKU
MMEIOT CBOMCTBO HAKAIUIMBATHCS OT UTEPALlMU K UTEPALIUH, HApyLIasi TEM CaAMbIM CBOM-
CTBO CONPSIKEHHOCTH.

PacnipocTtpaneHHBIM c10COOOM OOpPHOBI ¢ HAPYIIEHUEM CBOWCTBA COMPSIKEHHO-
CTH SIBIISIETCS MeXHUKa pecmapmog: Tepe3anycK ajiropurMma MmyTéM MpUpaBHUBAHUS
OUYEpEHOTO HaIpaBJICHUSI K HANpPaBJICHUIO TpaJdeHTa Kaxjable n utepauuit [9]. 13-
BECTHO, YTO JUIsl IOCTATOYHO IIMPOKOTO Kjacca (YHKIMI HCIONIb30BaHUE PECTAPTOB
OPUBOIUT K M-KBagparuuHou cxomumoctu (cmotpu Teopemy 1 B [13]), uro moa-
TBEPAKIACTCS MPAKTUYECKUMU pe3ynbraraMu. JJaHHbIil moaxoa 001agaeT HECKOIbKUMU
HEJI0CTaTKaMH: PeCcTapT B HampaBieHun —V f (X;) HE YYUTBIBACT HAKOMHUBIIYIOCS
uH(pOpMaLIKIO O KpUBU3HE QYHKIMHU, OH IPUBOAUT K MEHBILIEMY HeMeOeHHOM) YMEHb-
HMICHHUIO (PYHKLIKHU U, 4YTO HanboJiee Ba)KHO B KOHTEKCTE IIOCTABICHHOM 3a/1a4H, TEXHUKA
pPECTapTOB HEMPUMEHNMA B IPOCTPAHCTBAX OOJIBIINX pPa3MEPHOCTEH, TaK Kak pa3Mep-
HOCTB IPOCTPAHCTBA 7 PEBOCXOAUT KEIAEMOE KOJTMYECTBO UTEPALIUN.

Meron pecraproB buna-Ilaysnna [77] — anpTepHaTUBHBIN NOAXOM, HCIOJIB3YHO-

it MoauuIMpoBaHHYI0 (GopMyiny HampaBiaeHus d;:
d; = =V f(x¢) + Bedi—1 +vedy. (1.12)

Tperwuii unen y;dy 34€Ch UTPAET PONIb pecTapTa B TOM CMBICIIE, YTO CBOHCTBO COIPSI-
’KCHHOCTHU COXPAHSETCs JIMILIb U1 HarpaBieHuid nocine mara k: {d; }r11<j<;. Pecrapr
— oOHOBNeHHE HHIEKCA k 110 t — 1 — BBIIIOIHSIETCS IPH BBIOIHEHHH OJHOTO U3 Hepa-
BEHCTB:

2
> o[V f (x|, (1.13)
<

csl|V f (x)[1*.

Vf () VI (ki)
el Vf (x|l < —d/ Vf (x)

[lepBoe HEpaBEHCTBO O3HAYAECT HAPYIIEHHE CBOMCTBA OPTOrOHAJIBHOCTH IMOCIEAYIO-
IIMX TPAUEHTOB, @ BTOPOE — OTKJIOHEHHUE HampapieHus: d; OT HaNpaBJIEHUsI HAUCKO-
peiimiero yosiBanus pynkuuu f. B kauecTBe k03D PUITMEHTOB 1, C2, €3 0OBIYHO OepyTCs
s3HadyeHus 0.2, 0.8 u 1.2 coorBercTBeHHO. OTMETHM, UTO [ MeTona buia-Ilayasina He
rapaHTUPYETCs CXOAUMOCTb, HO OH JIEMOHCTPUPYET XOPOIINE Pe3yJbTaThl Ha MPAKTHU-

K€, B TOM YKCJIE B MHOTOMEpHBIX 3a1aqax [78].
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1.2.4 TIlocaenoBarejibHAsI MOANPOCPAHCTBEHHAS ONITUMHU3 AU

B pa6orte [23] ObLI IpeiI03KEH MOJIXO OC1e008amelbHOU NOONPOCMPAHCHIBEH-
Hot onmumuzayuu (iterated—subspace minimization, nanee — I1I10). Cxoxuit moaxo;
OBLJT HE3aBUCUMO MPEIJIOKeH B padote [24]. Maes moaxoaa 3aKiIrO4acTCs B MOCIIE0-
BaTEJIbHOM NMPUMEHEHUU JABYX ONEpaIlMii:
1. moctpoenue noxnpocrpanctea D; C R" manoit pasmepuoctu: |D;| = my <<
b;
2. OoNTUMH3AIMS TEJIeBOW (YHKIIUHU BAOIL BBIOPAHHOTO MOAMPOCTPAHCTBA:

X1 = argmin f(x; + d).
deD;
B pabGote [23] aBTOpBI MCHOIB3YIOT COMPsDKEHHBIC HAIPABICHHS Kak OOpasyrolue

noanpocTpancTB D; u yceu€HHblil Meton HploToHa 1711 MUHMMU3aly BAOIb MOAPO-
CTpPaHCTBa — 3aJla4ll HOONPOCMPAHCMEEHHOU OnmMuUMu3ayuy. 3a C4ET UCIIOIb30BaAHUS
HaMpaBleHUs] aHTUTPAJAMECHTA B KAY€CTBE OJTHOTO U3 00Pa3yIOIIUX TapaHTUPYETCS CXO-
JUMOCTD ISl Kjlacca ABaXAbl-IU((PepeHINPYEMbIX OTPAHUYEHHBIX CHU3Y (DYHKIIUH.
B pabote [24] B kauecTBe 00pa3yoIIUX MOANPOCTPAHCTBA D; UCHONB3YIOTCS: 3HAUC-
Hus rpagueHToB V f(X;), IPENIISCTBYIOIINE HANPABICHHUS X; — X;_1, & TaK e TaK
Ha3bIBaeMble HarnpasiieHns Hemuposckoro [79]. 3agaqyy nognpoCTpaHCTBEHHOM ONTH-
MU3alUU Tpeasaraercs pemars MmetogoM Herortona. Jlyig kiacca miaJkuX BBITYKIIBIX
(YHKIIMI C JIUMIITUIEBBIM TPAIUEHTOM TapaHTUPYETCs CyOIMHEWHas CKOPOCTh CXO/IU-
moctu (O (\/ig B TEPMHUHOJIOTUH OPAKYJIbHOM CIIOKHOCTH).

B pabGorax [23; 24] moaxoj MOCIEIOBATEIbHON MOAMPOCTPAHCTBEHHON OII-
TUMU3ALMKU ObUT BIEpBbIE CPOPMYIHPOBAH B SIBHOM BHuae. OJHAKO CXOXKUE HUACH
UCIOJIb30BAJIMCH B Pa3IMUHBIX paboTax Mo ONTUMHU3ALIMY U paHee: B Clydyae KBaJpaTuy-
HOM 11e71eBOM (DYHKIIUU METOJ] COTPSIKEHHBIX TPAJUEHTOB HESIBHBIM 00Pa30M HAXOAUT
MUHUMYM (PYHKIMHU BJIOJIb COOTBETCTBYIOIIMX noanpocTpancTB Kpsinosa [80], B [81]
ObLI MPEJIOKEH METOJ] ONTUMHU3AIMU B MOCTENEHHO HapalMBaeMOM ‘‘CyLIECTBEH-
HOM” TIOAIPOCTPAHCTBE, B pabore [79] OBLT MpEaIoKeH METOH MOCIEA0BaTeIbHOMN
ONTUMM3ALUH BAOJb MOANPOCTPAHCTB, 00Pa30BAHHBIX TEKYIIIUM 3HAYCHUEM I'PaIUCHTA
u HanpaBieHusiMu HemupoBckoro, B paborax [20; 21] paccmarpuBarotrcst MoauQu-
Kallul METO/a T'PAJIMEHTHOIO CITyCKa, JOMOJHHUTEIbHO MUHUMH3UPYIOIIUE LIEJIEBYIO
(YHKUMIO BIOJIb MPEALIESCTBYIOIIMX HampaBlieHH. MHOTHe MeTolbl ONTUMHU3ALUU
MOTYT OBITb MHTEPIPETUPOBAHBI B KOHTEKCTE MOJXO/a MOCIEA0BATEIbHON MOIPO-

CTPAHCTBEHHOW ONTUMM3ALINH, €CIIM MUHUMHU3AIIUIO 1IeJIEBOM (PYHKIIMHM BO 2-OM IIare
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cxemsbl [II1O (pemenne noampoCTpaHCTBEHHOM 3a/1a4 MUHUMHU3ALUK), 3aMEHUTh Ha
MUHUMU3ALMIO CypporaTa: TpaJueHTHBIA CIYCK MOXET OBITh PacMOTPEH KaK METOJ
[ITIO ¢ moampocTpaHCTBOM OOpPa30BaHHBIM TEKYIIMM 3HAUY€HUEM rpagueHta D; =
span{V f (x;)} u cypporarHoii Mmonenbio q;(z) = z + 2%,22; METO]T COTIPSKEHHBIX TPa-
JMEHTOB B CiIydae KBaJpaTUYHOU IiejeBor (yHKIMHU cooTBeTcTBYeT Metoay III1O c
noanpoctpancTBamu Buga D; = span{d;, V f (x;)} ¥ TOYHBIM peliieHreM 3a1a4u MO/~
IPOCTPAHCTBEHHOW ONTUMM3AIMN; MHOTHE KBAa3MHBIOTOHOBCKHE METO/bI, TAKHE Kak
SR1[19], PSB [82] u MmeTons! u3 cemeiictBa bpoiiaena [ 70] ncrnonb3yroT NoANpOCTpaH-
ctBo Dy = span{V f (x¢), ...,V f(x¢)} (cmorpu Teopemy 2.1 B [83]). Tem He meHee,
UMEHHO B pabotax [23; 24] nocienoBaTenbHasi TOAMPOCTPAHCTBEHHAS] ONTUMM3ALIUS
BIIEpBBIC Obl1a COPMYIMPOBAHA SBHO U B OOIIEM BHU/IC.

Otmetum paboThl Yuxian Yuan ¥ COaBTOPOB, MOCBSIICHHBIC HOONPOCMPAH-
cmeeHHbiM Memooam onmumusayuu. Tak, B padote [84] aBTOPBI NPEIOKUIN METOA
MOCJIEIOBATEIbHOM MUHUMU3ANU (QYHKIIMH BJOJIb TEKYIIETO HAPaBJICHUS TPaJUCHTA
U MpEeAbIIYIIero mara, 0000marmil METOI CONPSKEHHBIX T'PAJUEHTOB, U 00OCHO-
BaJld €r0 CXOJUMOCTD IPHU JOCTATOYHO OOIIMX YCIOBUSX M UCIOJIb30BAHUU YCIIOBUI
Bonbde [85; 86] nma BeIOOpa pasmepa mara. B pabore [87] dopmymupyercs 00-
11ast MOJIeN b NOJIPOCTPAHCTBEHHBIX METOIOB ONITUMU3ALIMU. B KauecTBe 00pasyronux
noJanpocTpaHcTBa D; OepyTcs TeKyllue 3HAUYEHUE TPaJIMEHTa M yCeUEHHash UCTOPHUS
npe/mecTByomnux Hanpasieruit {V f (X;) ,S¢_1, - . . ,St_m |- Il MUHUMHA3AIIUHU BIOJb
nognpoctpancTBa Dy HCMonb3yeTces KBapaTHasiii cypporar ¢;(d) = Vf (x;)' d +
%dTBtd, rae annpokcumanusa I'eccuana By onieHUBaeTCsl KCXO/s U3 YPaBHEHUM XOP/I.
Tak)xe paccMaTpuBaeTCsl Bapyalys JJIsl Ciiydasl 3a7a4 ¢ orpaHuyeHusiMu. B [83] Ha
OCHOBE IOANPOCTPAHCTBEHHOTO M0XO0/1a MPEUIaraeTcsi KBa3MHbIOTOHOBCKUN METOJ €
WCITIOJIb30BAaHUEM JIOBEPUTEIHLHBIX MHOXKECTB. B pabote [88] mpemyiokeHHas MOIEIb
pacrpocTpaHseTcs Ha 3aJlady PeLICHUs] CUCTEMbl HETMHEHHBIX YpaBHEHUH, a B pado-
Te [25] yIOMSIHYThI€ PE3YJbTaThl U3JIaratoTCs B 0000IEHHOM U CUCTEMATU3UPOBAHHOM
BUJIE.

MeTonbl MOCIENOBATEILHOW MNOANPOCTPAHCTBEHHOM OITUMM3AlMM AKTHBHO
MPUMEHSIOTCS Ha TIpakTuke. B padote [26] B KOHTEKCTE MPOOIEeMbl BOCCTAHOBIICHUS
ucxoaHoro uzobpaxenus npennaraercs meron [1I10, rae 3amaua moanpocTpaHCTBEH-
HOM ONTUMHU3ALMU pEIIaeTCsd 3a CYET MHUHHUMH3ALUWU KBAJIPaTMYHON Ma’KOPaHTHI
(cypporara) meneBoi QpyHKIHUH, CIENU(PUIHOTO JIJIs 3a]1a4l BOCCTAHOBJICHUS HCXO/I-
Horo u3oOpaxenus. B [27] merox [1I1O npumensieTcst i pelieHus] YaCTHOW 3aJlauu

pacmo3HaBaHus 00pa30B — IIOHMCKa MapamMeTPOB MAaIIWHBI OMOPHBIX BEKTOPOB [4].
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B paGote [30] paccmarpuBaroTCsi acleKTbl MPUMEHEHUSI METOAO0B ONTUMM3AIMU K
3a/lauaM 00pabOTKU N300paKEHUH, SKCIIEPUMEHTAIBHO IEMOHCTPUPYETCS MPEBOCXOI-
CTBO KOHKPETHOI'O METO/a MOCJEI0BaTEIbHON MOANPOCTPAHCTBEHHOW ONTUMU3ALUU
HaJ| aHaJoraMM B 3a/layaxX yJaJeHUs pPa3MbITHS M BOCCTAHOBJICHUS H300pa>KEeHUS
Y3 TPOCKIIUH.

ITonxon mocimenoBaTeIbHONW MOAMPOCTPAHCTBEHHOM ONTUMU3AIMA AKTUBHO MC-
MOJIB3YeTCsl MpPU KOHCTPYMPOBAHUU JAPYrux MetronoB. Tak, B pabore [28] moaxon
MOCJIEI0BATEIBLHON NOAMPOCTPAHCTBEHHONW ONTUMHU3ALMU aJalTUPOBaH I MOWCKa
anmpoKCUMalMy OCTEPUOPHOTO PaACTIPEEICHUSI, MUHUMU3UPYIOIIETO JUBEPTEHIUIO
Kynbs6aka-Jleitonepa. B padore [29] B KOHTEKCTEe pelIeHUs 3aadyd CTOXaCTHYECKOU
ONTUMU3AINHN, aBTOPHI MPEJIaratoT YCKOPSTh BBIOPaHHBIM METOJ] CTOXACTHUYECKOM
ONTUMU3AIMH PerysipHbIMHA uTepaiusimMu Merona 1110 ¢ moanpoctpancTBoM, chop-
MUPOBAHHBIM U3 NPEABbIIYIINX 3HAUCHUI IPaJueHTOB, HanpasiieHnii HemupoBckoro u
BEKTOPOB MEK/y TEKYIIEH OLEHKOU U T.H. AKOPHLIMU MOYKAMU — 3a(PUKCUPOBAHHBIMHU
OllEeHKaMH B mpouuioM. B pabote nemoHcTpupyercs 3pHEeKTUBHOCTD MPEIIOKEHHOM
MoaupUKaAIUA Ha TaKUX 3ajla4axX pacro3HaBaHUsS 00pa3oB (MUHUMHU3AIMU (PYHKIIHO-
HaJjla AYMIIUPUYECKOT0 prCKa, CMOTpH TaBy 2, §7, B [4]), Kak 3agaun KiracCUDUKAIIN
nzoopakennit MNIST [89] u CIFAR-10 [90] MmeTonamu TiryOOKOTO 00ydEeHUSI.

[Tonxon npoeKINE—anpoOKCUMallui—BOCCTAHOBIICHHS B ONITUMU3ALINH SIBIISIETCS
YaCTHBIM CITy4aeM IMOCIEA0BATEIbHON NOANPOCTPAHCTBEHHON onTuMu3anuu. OCHOB-
HOE OTVIMYUE 3aKITI0YAETCsl B CIOCO0E MOCTPOEHUS Cypporara ¢;: B yHOMSIHYTBIX BBIILIE
paborax [22; 24; 25; 71; 83; 87] cypporar KOHCTPYUPYETCSl aHATUTHYECKH, B TO BPEMsI
KaK B IMOAX0/I€ MTPOCKIIUU—AITPOKCUMAIIUH—BOCCTAaHOBICHHS KO3 DUIIMEHTHI Cyppora-
Ta alIpPOKCUMUPYIOTCS HCXO U3 PEIEHNs PETPECCUOHHOM 3a1aun. PaccMmarpuBaercs
mapaMeTpu30BaHHbIN cypporar ¢;(z) = q(z|0;) u mapamerp O olleHHBACTCS UCXOMS U3

3aJadyu MHUHUMU3allun

t—m+1

2 .

g (f(x;) — q(Dyx;]0))” — win.

i=t
B pabotax [52; 53] monxoj npoeKIuu—anmnpoKCUMaIMM—BOCCTAaHOBJICHUS UCTIOIb3YET-
Csl 111 YCKOPEHUS TPAJUEHTHOIO CITyCKa: MOCe KaXAbIX 11 UTEPALMil TPaUeHTHOTO

. t t

CIlycKa Ha OCHOBE MOCTeIHUX m 3HadeHui {X;}; ., u {f(x;)};_,,,1 cTpoutcs cyp-
porar q(-|6;), ¥ TouKa ero MUHUMYyMa UCIIONB3yeTCs KaK Ouepe/IHas OLleHKa MUHUMYyMa
X;+1. B [54] npuBOIXTCS YETHIPE AIrOPUTMA, OCHOBAHHBIE HA TIOCJIEI0BATEIBLHOM IIPU-

MEHEHHM CIEIYIONIUX OIEpPAIUN:
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1. mocTpoeHue MaTpuIlsl npoeknuu D, € R™*™;
2. anmpokcumarus GyHKImu f cypporaroM ¢(-|0;) Ha B TOUKax
{Xiaf(xi)}ff—m—i—l;
3. BOCCTaHOBJICHHE MUHUMYMa (PYHKIMHU f (O4epeTHOM OIEHKH ) U3 TIOTyUYEeHHO-
ro cypporara ¢;.
Jlst mocTpoeHust Marpuilbl D; B paboTe MCMONB3yIOTCS KaK MPEAbIAYIINe 3HAYCHUS
rpamuenta {V f (x;) }i_,, Tak ¥ BeKTOpa CltyuaiiHOM npuposbl. OuepeaHas OleHKa Xy 4|
MOJTy9aeTCsl HaIpsAMYIO U3 TOYKM MHHUMyMa argmin ¢;, IJie B Ka4eCTBE cypporara ¢;

UCIIOJIB3YeTCsl KBaJipaTU4Hasi (yHKIIHS.

1.3 OueHuBaHue J0BEPUTEJbHBIX MHOKECTB B YCJIOBHSIX HEONPeaeTEHHOCTENH 1
KOHEYHOI0 YHCJIa HA0 I eHuil

PaccmoTpuM 3amady OLIEHKHM IapameTrpa JIMHEMHOM MOJENN BXOAAa—BbIXOAA IO
HaAOJIONCHUSM
T .
Yi=@; X, + &, 1=1.N, (1.14)

rne N — gucio usMmepeHuit ; € R — HaOmromaemMble BBIXOIBI CUCTEMBI, @; € R —
HaAOJI0JJTaeMbIe BXOJIbI CUCTEMBI, X, € R’ — MCKOMBIN BEKTOp MapameTpoB, a €; € R
— HEU3BECTHBIE aJITUTUBHBIE TOMEXHU.

[Tpu GonpiioM uncie HaOMIOAECHUN U OJATONPUATHBIX YCIOBUSAX HA TIOMEXH €;,
YIAOBJIETBOPUTEIIHbHYS OLIEHKA X UCTUHHOTO 3HAYCHHS MapaMeTpa X, MOXET ObITh IO-
JTy4YeHa METOJJaMU PErpeCcCHOHHOTO aHanu3a. MHOTHE U3 PEerpecCHOHHBIX METO/IOB, B
CBOIO ouepelb, GOPMYIUPYIOTCS B BUJIE ONITUMH3AIMOHHON 3a1aun. OJHAKO B ClTy4ae
MaJIoro 4YHCJia W3MEPEHWH, HU3KOTO COOTHOIICHHUS CUTHAJ/IIYM WM TPU HEU3BECT-
HOM pacipeleleHUH MOMeX MOTy4YeHHbIE OLEHKA X MOTYT 3HAUUTEIbHO OTJINYAThCS
OT MCTUHHOTO 3HAYE€HMs MapaMeTpa U B 3TOM CMBICIE HEHAAEKHbI. AJbTEpHATHUB-
HBII TIOJIXOJT — TMOCTPOEHUE 008EPUMENLHO20 MHONMCECTEA, CONEPKAIIETO UCTUHHOE
3HAYCHHE TTapaMeTpa ¢ 3aJaHHON BEPOSTHOCTHIO. OCOOBI MHTEPEC MPEACTABIISET 3a-
Ja4ya MoCTPOCHUS MOYHO20 TOBEPUTEIHBHOTO MHOXKECTBA, KOTOPOE COACPIKUT UCTUHHOE
3HAYCHHE TTapaMeTpa TOYHO C 3aJaHHOW BEPOSTHOCTHIO BHE 3aBHUCHUMOCTH OT YHCIIA
HAOJIOEHUI — B MPOTUBOBEC aCUMITOTUYECKOMY TOBEPUTEILHOMY MHOXKECTBY, KO-

TOPOE COAECPKUT UCTUHHOE 3HAYEHUE ITapaMeTpa € 3aJaHHON BEPOATHOCTHIO JIUIIb [TPU
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qucie HaOIIOACHUH cTpeMsemMcs K 0eCKoHeIHOCTH. OTMETUM, YTO UCTOYHHUKOM CITy-
YallHOCTU MOTYT CIIYXUTbh KaK MIOMEXH, TaK U BXOJbl cucteMsl (1.14).

PaccMoTpuM OCHOBHBIE BHUbI TIOMEX M COOTBETCTBYIOIIME MOJIXOABI K OIpe-
JICJICHUIO JIOBEPUTEIbHBIX MHOXKECTB MapameTpa cucteMbl. sl ciiyuyas He3aBUCUMO
U OJMHAKOBO HOPMAJILHO PACHPEACICHHBIX MOMEX H3BECTHBI BBIPAXKEHUS ST TOU-
HBIX JOBEPUTEIbHBIX MHOXECTB Mapamerpa x [91; 92]. B ciyuae Gombioro yucia
U3MEPEHUN U pacipeAesieHUs TOMEX OTIIMYHOM OT HOPMAJIBHOTO aHAJIOTHYHbBIE MPOIIE-
Iypbl IPUBEAYT K ACUMNMOMUYECKOMY JOBEPUTEIIBHOMY MHOKECTBY. AHAJIOTUYHBIMU
HEeJOCTaTKaMu 00JIa/Iatl0T U METO/IbI IOCTPOEHHUSI JJOBEPUTEIIbHBIX MHOKECTB, OCHOBAH-
Hble Ha OyTcTpanmnuure [93—95]. B cimydyae paBHOMEpPHON OTpaHUYEHHOCTU TMOMEX:
IC° > 0: |¢] < C, — BO3MOXHO MOCTPOCHHE MHOXECTBA MOYHO CONEPIKAIICTO
UCTUHHOE 3HAuYeHHE Mmapametrpa (T.H. set membership approach) [96; 97], xotopoe
MOYKHO PaCCMOTPETh KaK TOYHOE JOBEPUTEIBHOE MHOKECTBO, COAECPIKAILEE HCTUHHOE
3HaYEHUE MMapaMeTpa ¢ BEpOSTHOCTHIO 1. /{715 ciryyas He3aBUCUMBIX OIMHAKOBO pacIipe-
JICJICHHBIX OTHOCUTEIBHO HYJISl MIOMEX CYIIECTBYET HECKOJBKO METOIOB MOCTPOCHUS
TOYHBIX JIOBEPUTEIbHBIX MHOXKECTB: METOJ] UCKIIFOUEHHUS 00JIacTeil 3HaKOIOMUHUPYIO-
mux koppensmuii (LSCR, leave-out sign-dominant correlation regions [40; 98]) mms
OJTHOMEPHOTO ClIy4asi U €ro 0000IIeHne Ha MHOTOMEPHBINA Cllydall — METOJl 3HAKO-
Bo3MyIIeHHbIX cyMM (SPS, sign-perturbed sums [41; 99; 100]). OtnensHO cToUT
OTMETHTH paboTy [42], Tae Obuia mpemnoxeHa Moaudukamnus Merona LSCR s cioydas

HCU3BCCTHBIX ITOMCX, HO KOHTPOJIMPYCMBIX BXOI0B JIMHEHHOTO 00BbEKTa YIIpaBJICHUA.

1.3.1 Cuay4ait HOpMaJIbHO pacHpeaeJeHHbIX TOMeX

B npe/mnonoxeHnn HOPMaTbHOCTH, HE3aBHCHMOCTH U OJWHAKOBOTO pacmpe/ie-
nennst nomex €; ~ N(0,0?) ¢ HEU3BECTHON JUCTIEPCUEN O TOYHOE JTOBEPUTEIBLHOE
MHOJKECTBOB [TAPaMETPa X, MOXKET ObITh IIOCTPOCHO C HUCIOIB30BAHUEM pacIpeieie-
auem @umepa. Ilycts & € [0,1], torma P (X* € Xiv ) = «, IJ€ JOBEPHUTEIBHOE

MHOECTBO Xé\/ ompenensieTcs mno ciueayromieit hpopmyne (cmotpu [masy 5 B [92]):

(X — )A(MHK)TE;%X — )ACMHK) < ch(ny N — n) )

(1.15)

Xé\/:{XERN: N .
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e Fy(n, N — n) — a-xBanTIIb pacnpenencHus Puinepa ¢ n u N — n cTeneHIMU
CBOOOIBL, X\ JHK = (<I>T<I>> - ® "y — onenka rapameTpa X, METOJIOM HaMMEHBIINX
KBajgpatoB, ¢ = [@,... ,(pN]T — MaTpHIla BXOJOB CUCTEMBL, Y = (y1,...,yn) —
BEKTOD BBIXOJOB CHCTEMBI, 2y = 02 (QDTCID)i1 — KOBApHAIMOHHAS MATPHIA X)\/H K

62 = ||y — PXumpmkl||* — HecMelmeHHas oleHKa 07,

1.3.2 Cuay4ail CHMMETPHYHO pacnpeeieHHbIX TOMeX

Bsenewm onpenenenue cummempuyroi MHOTOMEPHOM CIIy4YallHON BEJIMYUHBL.

Onpeoenenue 1. Ilycmo (§, F, P) — 6eposmuocmuoe npocmpancmeo, moeoa MHO20-

mepuas cayuatinasn eenuduna & : () — R" nazvieaemces cummempuunoi, eciu
VAe F: P(E€ A)=P(-&e€ A). (1.16)

[Ipearnonoxum, 4To MOMEXH U BXOJIbI CUCTEMBI {€1, . . . ,E N, @1, . . . ,(@ N } B3aHM-
HO HE3aBUCHMBI, a TaK K€ TIOMEXU CHMMETPHYHO PacIpeesieHbl OTHOCUTEIBHO HYIIS.
B Takom cirydae, 1151 TOCTpOSHUSI TOYHOTO JIOBEPUTEIHLHOTO MHOXKECTBA MapaMeTpa X,
MOXXET OBITh HCIOJB30BAaH METOJ 3HaKo-803mywerHulx cymm (3BC), npennoxeHHbII

B pabore [41]:

00 = {x: [k e {1, M =1} IS0l < 150l >

N N
So(x) =D @ilyi—@x),  Sp(x) =D arie(y — @] x), (1.17)
i=1 =1
1 C BEpPO 5
. BpHTHOCTBIO% 7 k=1,.... M—1
—1 ¢ BEpOATHOCTHIO ;

CrpaBeyiuB CIIEYIOIMUN PE3YIIbTAT.

Ymeeporcoenue 4 (Csaji, Campi, Weyer [41]). B coenannvix gvlute npeonoioriceHusx,
X3BC

MHOICECMBO X yp . ABIIACMCA MOYHBIM 008epPUMENIbHBIM MHONCECMBOM 0I5l Napamempa
X,
3BC\ __ q
P(X* € XM,q) =1- M

Jlokazamenvcmeo. CmoTpu noka3aresbcTBO Teopemsl 1 B [41]. [
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B cBoto ouepenp, YTBepxkaeHue 4 cynuiecTBEeHHbIM 00pa3oM 0azupyercs Ha clie-

IYIOIIUX YTBEPKICHUSX.

Ymeeporcoenue 5 (Csaji, Campi, Weyer [41]). Ilycmo & — cummempuunas mrocomep-
Has CAy4auHas 8enudyuHa, a & — caydatnvii 3Hak (cmompu gopmyny (1.17)). Tozoa

cayuatinvle senuyunsl & u x& — Hezasucumbl

Jloxazamenvcmeo. Cmompu ooxazamenbcmeo Jlemmor 1 6 [41]. [

JIns M37105KEeHUS CIIEYIOIIETO YTBEPKICHUS BBEIEM ITOHATHE PAGHOMEPHO YNO-

PAOOYEHHBIX CITyYaWHBIX BEJIUYMH.

Onpeoenenue 2. Cnyuaiinvie senuuunst {&;}] Hasvisaromes pagnomepHo ynopsiooueH-
HbIMU, ecu OISl 000U nepecmanosku T MHodxcecmea {1, ... .n} coomeemcmeyowuil

nopsook {&;}] pasnoseposimen.:

1

P(En(l) < ... < E,n(n)) = E

Ymeeporcoenue 6 (Csaji, Campi, Weyer [41]). Ilycmo {&;}] — nezasucumvie oounaro-

80 U CUMMEMPUYHO PACHPEOelEéHHble HenpepbleHble Cyualinble senudunbl. Toeoa onu

PABHOMEPHO YNOPSOOUEHDL.

Joxazamenvcmeo. Cmompu dokazamenvcmeo Jlemmor 4 6 [41]. ]

OrMeTuM, YTO IS MHOXeCTBa X fch CIPaBEJIMBO CIIEAYIOIIEE CBOMCTBO:

S 3BC
XMHKE € XM,q'

1.3.3 Cuayuaili He3aBHCHMMBIX, 2 B 0CTAJIbHOM IIPOU3BOJIBLHBIX IIOMEX

Paccmotpum cuctemy (1.14) U MpeAnonaokuM, 94To BXObI { @; Z-Ail VMEIOT BEPO-
SITHOCTHYIO TIPHPO.LY, TIOMeXH { €; } | yIOBIETBOPSIOT CIIEYIOMIUM NPETOI0KEHIAM,
a B OCTaJbHOM IPOW3BOJIbHBI:

— TIOMEXH U BXOJIbI CUCTEMbI {€1, ... ,EN,@1, . ..,@ N} B3AUMHO HE3aBUCHUMBI;

— BXOJIbI CUCTEMBI @1, . . . ,(0 y CAMMETPUYHO U HETIPEPHIBHO PACIIPEAEIEHBI BO-

KPYT U3BECTHOIO MAaTEMaTHYECKOIO OKuaanus m, € R".



28

[TocTaBum 3a1a4y IMOCTPOECHUSA TOYHOIO JOBEPUTEIBHOIO MHOXKECTBA I IapaMeTpa
X,: Juis HaOmronenuit { @;, 1, 1Y, yI0BIETBOPSIOIIMX MOCTABICHHBIM BBIIIE YCIOBHUAM,

u 3aganHoro « € [0, 1] moctpouts MHOXKECTBO X, € R"™ Takoe, uTo:
P(x, € Xy) = «. (1.18)

OTMeTHM, YTO HEKOTOPBIE U3 U3JIOKEHHBIX B JUCCEPTAMU OPUTMHAIBHBIX pe-
3yABTaTOB MOJIYYWIHM Pa3BUTHE B paboTax Ipyrux aBTOpoB. Tak, u3noxeHHbIN B Pa3-
nene 2.4 metoa MOAU(MULIUPOBAHHBIX 3HAKO—BO3MYILIEHHBIX CYMM IOJIyYEHUSI TOUHOTO
JIOBEPUTEIIBHOTO MHOKECTBA TapaMeTpa JMHEMHON MOJIEIY ITPU MOYTH TPOU3BOJIBHBIX
nomexax (1.18) 6bu1 000011eH B AuccepTanroHHo padote Bonkosoit M. B. [101] Ha
HEJIMHEWHBIN CIIy4Yal U IPUMEHEH K 3a/1a4€ ONPENEIICHUs JOBEPUTEIBHOTO HHTEPBAJa

MHKYOallMOHHOTO BPEMEHH pa3pylleHUs MaTepHaioB.
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I'maBa 2. MeToabl OC/I€10BATEIbHON MOANPOCTPAHCTBEHHON ONTUMHU3AUN H
MOAU(PUIIMPOBAHHBIX 3HAKO—BO3MYIIEHHBIX CYMM

2.1 CsoiicTtBa metoaos I1I1O

2.1.1 OOomas cxema meroxos IIT1O

Metoapl mocneaoBaTeIbHON MOAIPOCTPAHCTBEHHON ONTUMH3AIUU CBOASATCS K
MOCJIeIOBAaTEILHOMY TTPUMEHEHHIO JIBYX OIEpaIvid:
1. ®opmupoBanue noanpoctpancTsa D; C R", pa3MepHOCTh KOTOPOTO 3HAUHU-
TEJIbHO MEHbIIIC PAa3MEPHOCTH MCXOAHOTO MPOCTpaHcTBa |Dyi| = my < n.
2. Annpokcumaiifsi MUHUMYyMa 1eJeBOM (PYHKIIMK BIOJb 3TOTO MOANPOCTPAH-
CTBa OTHOCHUTEJILHO TEKYIIIETO 3HAUYCHUS X :
Xpi1 A~ argmin - f(x). (2.1)
xe{x;+d : deD;}
[Tpu 5TOM, KaK MOATPOCTPAHCTBO Dy, TaK U METO MMOMCKa MUHUMYMA f BIOJb MOAMPO-
CTpaHCTBa MOTYT BapbUpOBaThCs. PacipocTpaneHsl Takue oOpasyrolire MpoCTPaHCTBa
D;, KaK: TeKyIlee U peIblIyIHe 3HaueHus rpaueHTa V f (X ), ”3MEHEeHUsI rpaJueHTa
v = Vf(xp) — Vf(Xp_1) u apryMeHTa s, = Xp — Xj_1, @ TaK *Ke UX KOM-
ounaruu. B xadectBe meToma pemeHus (2.1) 3a4acTyr0 UCTOIB3YETCSl CyppOraTHBIN
MOJIXO[I, PY KOTOPOM BMECTO (DYHKIMHU f MUHUMU3UpPYETCs Oosiee mpocTasi PyHKIIHsI-
cypporar ¢;, B HEKOTOPOM CMbIcie Onu3kas QyHKIuU f B OKpecTHOCTH X;. OIHUM
13 HanOoJiee pacpoCTPaHEHHBIX BUIOB Cypporara sBIIeTCS KBaapaTudHas QyHKIIHAS
@(d) = Vf (Xt)T d + d'B,d, e B, — annpoxcumaru Marpuisl Tecce. Ctout
OTMETHUTh, YTO pa3Mep Liara BAOJb HalJICHHOTO HalpaBieHus d; MOXKET BBIYUCISATHCS
JIMHEWUHBIM TTOUCKOM.
[IpuBeneM oOIIYIO CXeMy METOAOB MOCIEI0BaTEILHON MOAPOCTPAHCTBEHHON
OTNITUMU3AITUH.
0. 3amaetcs neneBas GyHkus f, HadanbHAs TOYKa X, ¢ <— 0.
1. Ctpoutcs HOBOE MOANPOCTPAHCTBO D.
2. Crpowurcs anmpokcumarust GyHKIUN [ B OKPECTHOCTH TOYKH X; IO ITOAIPO-
crpanctBy D;: ¢;(d) ~ f(x; +d),d € D,.
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3. Pemaetcs 3a/1aya noAnpoCTPaHCTBEHHON MUHHUMU3AIIUM:

d; = argmin ¢;(d). (2.2)
deD;

4. Bnonb MOJy4YEHHOrO HAIIPABJICHUS BBIMOJHIETCS JUHEWHBIM MOUCK: ; =

argmin f(x; + ady).

5. PaCoéqHTBIBaeTCH ouepeaHas OLCHKA: Xy 1 = X + &;dy.

6. t <t + 1. Ilepexon x mary 1.

JlanHas cxema COBIaJaeT ¢ pecTaBIeHHOM B padoTte [87] (cmoTpu AnroputMm 3.1), 3a
UCKJIFOUEHHEM HaJIM4Ms OTPaHUYEHHUS HA HOPMY pa3Mepa ara, MOHOTOHHOCTH yObIBa-
HUS LeNeBOM (DyHKIIMH, a TaK e OTCYTCTBHUS 111ara JMHEHHOTo noucka. OTMETHUM, YTO
JMHEWHBIN TTOUCK Ha 11are (4) MOXKET BBIMOJHITHCS PA3IUYHBIMUA CIIOCOOAMM: UCXOS
u3 ycioBuii Boasde [85], unciaeHHO MUHUMHU3AIIMN U1K HA OCHOBE JICTCPMUHUPOBAH-
HOTrO npasuia (Hanpumep, «; = 1). Mcxons n3 npuBEAEHHON CXEMBI, ONPEAEIAIOIINM
st metonoB [1I1O siBasieTcs BHIOOD:

a. crnocoba moctpoeHus moAnpocTpancTs { Dy},

b. cnoco0a nocTpoeHus JOKaIbHOTO aMpOKCUMATOPa ;.

CTOUT OTMETHUTB, UTO 3a4aCTYI0 alllTPOKCUMATOP ¢; Y MOANPOCTPAHCTBO D; HEe 3a7at0TCs
SIBHO | T1ar d; BBITIMCHIBAETCS U3 COOOPAKEHUM OTIIMYHBIX OT MUHUMM3AIIMU Cypporara
BI0JIb HEKOTOPOTO MOAIPOCTPAHCTBA.

Ha mpakTtuke yno0HO onepupoBaTh HE MOANPOCcTpancTBaMu D; a Habopamu 00-
pazyronmx ux BekropoB. O6o3Haunm D; = [dgt), ey dg,?t} e R™"™ — Mmarpuna,
CTOJNIOIBI KOTOPOI 00pa3zyroT MHOXKeCTBO D;. Torna, cxema I1I10 nepenuckiBaeTcs cie-
TYIOIIAM 00pa3oM:

0. 3amaercs uenesas GyHkus f, HadanbHas Touka Xo 1 Matpuna Dy; ¢ < 0.

1. Crpoutca ouepennas marpuna D;, 3agaromas moanpoCcTpaHCTBO ISl ONTH-

Mu3anuu D;.
2. Crpowurcs anmpokcumanust QyHKIUH [ 1Mo TOAIpOCTpaHCTBY D; B OKPECTHO-
CTU TOYKH X; : qt(z) ~ f(x; + Dyz),z € R™.

3. Pemaetcsd 3a/1aya noAnpoCTPaHCTBEHHON MUHHUMU3AIIUN:
z; = argmin ¢(z). (2.3)
zeR™t
4. Bronp MOTYYEHHOTO HAMPABJICHUS BBIMOJIHSACTCS JIMHEWHBIM MOUCK: Xy =
argmin f(x; + ady).
0.4

5. Beramcnsiercs ouepeaHas oneHka: X 1 = x; + oqdy = x¢ + oDy 2.
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6. t < t+ 1. Ilepexon k mary 1.
AHanoruyHas cxema paccMmarpuBaeTcs B pabote [23]. B Gonee crporom Buje 3Ta cxe-
Ma npezcTaBieHa B Anroputme 1. Ctout otMeTuTh, uTo QyHKIMu subspaceUpdate, u
subspaceSearch MOryT XpaHUTh COCTOSIHUE: MPEIbIAYIIME 3HAYEHUS TOYEK, FPAJUCH-

TOB, WX JMHCHHBIC KOMOUHAIIMU U TIP.

Algorithm 1 SSO scheme(x, subspaceUpdate, subspaceSearch, lineSearch)
D; < subspaceUpdate(D;_1, V f (x¢))
z; < subspaceSearch(f, Dy, x;)
d; + D,z
o < lineSearch(f, x;, d;)

Xiy1 ¢ Xt + oqdy
t<—t+1;gotol

3ametuMm, 4TO BE NpuBeACHHbIE cXeMbl MeTo0B [II1O (cxeMbl ¢ HEIBHOU U C

SBHOM NPOEKLUEN) SKBUBAJICHTHBI.

3ameuanue 1. Jlonycmum D; = span {dgl), s ,dgm)}, a D, = [dgl), o ,dgm)}
— mampuya, yvu cmoabyst oopaszyriom D;. Toeda 3ad0aua munHumuzayuu cyppozama

argmin q;(d) sxeusarenmna argmin ¢; (D,z).
deDy zeR™

Kak u B cxeme c HesBHOM mpoekuuen, Ha mare (4) MOryT HCIOJIb30BaThCs
pa3IMYHbIE MPOUEAYPbl TUHEUHOrO MOUcKa. CTOUT OTMETUTH, YTO HMCIIOJIb30BAaHUE
Matpulbl D; BMecTo moanpocTpaHcTBa D; HE TOJBKO yIPOIIAET MPAKTUYECKYIO pea-
JU3ALMI0 aJTOPUTMOB, HO MO3BOJISIET MOJIYYUTh HEKOTOphIE cBoiicTBa MeTonoB 1110
Y TAK)KE€ MOYKET YMEHBIINTD BEIYUCIUTEIBHYIO CIIOKHYIO AIrOpuTMa. JleHCTBUTENBHO,
3a71a4a MOANPOCTPAHCTBEHHON ONTUMU3AIIUM B SIBHOW MOCTaHOBKE (2.3) HHTYUTHUBHO
MPOILE 33/1a4¥ B HESIBHOM NOCTAHOBKE (2.2) B CMIJIy MEHbIIIEH pa3MEpPHOCTH apryMeHTa
Y IOCTAHOBKH 3aJ]a4l: BMECTO 3a]1a4H N-MEPHOW ONTUMH3ALNHU C OTPAHUYEHUSIMU CTa-
BHTCS 3ajia4ya m-MEpHOH ONTHMHU3AIu 0e3 orpannueHuii. @opMaabHO dTa pa3HHIA

chopmyIupoBaHa B CICAYIOIIEM 3aMEUaHUU.

3ameuanue 2. Ilycmv q — cyppocam keadpamuunoco éuoa. Toeoa npu nocmamos-
ke (2.2) onsa eco xpanenus mpedbyemcs nopsioka O (nQ) namsamu, a OJisl 8bIYUCTIEHUSL —
nopsoxa O (n3) yucia onepayutl, 8 mo epems Kaxk npu nocmauogike (2.3) mpedbyemcs
s nopsioka O (m2) namamu u nopsaoka O (m3) yucia onepayuti CoomeemcmeeHHo
6 xyouem cayuae: ¢; (Dyz) = V f (Xt)T Dz +zD/B/Dyz =r/z +z' Qiz, r; € R™,
Q; € R™*™,
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OtMmeTuM cBOMCTBO, 001Iee M1t BceXx MeTonoB [1I10: TounocTs mro60ro Mmeroja
MOCJIEIOBATEILHON MOANPOCTPAHCTBEHHONM ONTHMM3AIMU OTPAaHUYEHA CHU3Y Kaue-
CTBOM BBIOOpA MOATPOCTPAHCTB, BHE 3aBUCUMOCTH OT CIIOC00a pEIIeHUs MOAITPOCTPAH-

CTBEHHOU 3a/la4u, pa3Mcepa miara u Iip.

3ameuanue 3. Paccmompum npoyecc nociedo8amenbHoi NOONpOCmMpaHCmeeHHOU on-

mumuzayuu X; 1 = Xy + dy, 20e d; € D;. Toeoa
I3t — x|l 2 [[x0 = x|l = [[Plejer; (%0 — %) I,

20e Py,,..p; (x) — npoexyus sexkmopa x na muosxcecmso Uo< j<iD;. Bonee moeo, eciu
cmonbywt mampuywl D ; 0bpaszyrom opmonopmuposannwiti 6azuc npocmparcmea D; ¥
7, mo
t
I — x| = [[] [ T-D;DJ) (xo — x|l
=0

J

Hokazamenvbcmeo. J|0cTaTOMHO 3aMETHTh, 4TO X; — Xo € span{dy, . ..,d;}.

]

Takum oOpazom, 3ameuanue 3 mpeayiaraeT HUKHIOK TPAHUIY HOPMbI HEBSI3KU

mpolecca Mmocyie10BaTeIbHON MOANPOCTPAHCTBEHHON ONTUMHU3AIINH.

2.1.2 KBaaparuuHbli cay4aii

B sTom pa3acic CBOMCTBA MCTOAOB HOCHeﬂOBaTeHBHOﬁ HOHHpOCTpaHCTBeHHOﬁ
OIITUMU3AIUN UIITIOCTPUPYIOTCA Ha IIPHUMCPC CTpOFOBBIHYKJ'IOﬁ KB&I[p&TH‘-IHOﬁ oeJie-

Bo (pyHkimu. PaccMoTpuM QyHKIIHMIO BHIA

1
f(x) = §XTAX +b'x+e¢, (2.4)

mex € R", A e R, A >=0,beR" ceR, koapduruentsr A, b, c HEU3BECTHEI.
O6Go3HaunM X, = A~'b = argmin f, 3apukcupyem marpuny D; € R 1 < m <
n u x; € R" PaccMoTpuMm 3amady norucka MHHMMyMa [ B HMOANPOCTpaHCTBE D; =
{x; + Dyz : z € R"}:

f (x¢ + Dyz) — mzin. (2.5)
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Paccmotpum pasnoxkenue f(x; + D;z) no Teiinopy B TOUke X;:

f(x: +Dyz) = f(x¢) + Vf(xt)Tth

1T Ty72 2 (26)
+ 527D V2 (x)Dyz + o [Dee]3)

[Ipenmnonoxum, 4To Cypporar ¢; B TOYHOCTH COBIIAJIAECT C PA3JIOKEHUEM Tennopa 10

BTOPOii CTENEHH BKIIOUMTENHHO:
1
a1(z) = f(x:) + Vf(x;) ' Diz + §ZTDZV2f(Xt)DtZ- (2.7)

Toraa Touka MUHHMYMa Cypporara UMeeT BUJ Z; = argmin, q; = — (DtT ADt) - D,/ Vf (x

B IIPCAITIOIIOKCHNH, YTO MaTpHula Dt HCBBIPOXKICHHA. Takum O6pa3OM,
H, := D, (D, AD,) ' D, (2.8)

— HHU 4TO MHOE, KaK anmnpokcumaimsi ooparHoit k marpuue [ecce. Hecmotps Ha ToO,
YTO BOIPOC OIU30CTHU MONTYYEHHOW TOUKM MUHUMYyMa cypporara (2.7) u pelieHus 3a-
nauu (2.5) ocTtaeTcsi OTKPBITBIM, MOAET OBITh MPOAEMOHCTPUPOBAHA ONTUMAIBHOCTh
anmpokcumanuu oodparHoi k marpuie ['ecce H; B KOHTEKCTe BBIOPAHHOTO MOJIPO-

cTtpanctBa D;.

3ameuanue 4. B npedvioywux oboznauenusx, nycmo rank D; = m. Toeoa mampuya
H:A =D, (DtT AD,JL)_1 D,/ A umeem cobcmeennoe uucio 1 kpammwocmu m, a coom-

eemcmeyruue emy cobcmeenHble eekmopa — Cm0ﬂ6l4bl mampuuybsl Dt.

Joxazamenvbcmeo. J|0CTaTOYHO 3aMETUTh, UTO
—1
H,AD, = D, (D, AD,) D/AD; =D,.

]

Marpuma D, (DtT ADt)_1 DtT — HE 4YTO MHOE, KaK anmpoKCUMaIus MaTPUIIbI
A~! o nanpapneHusM cTon610B Marpulsl D,. 3aMedanue 4 JeMOHCTPUPYET, YTO T
anmpOKCUMAIIHS B0 COOTBETCTBYIOIIUX HANPaBICHUM TOYHA.

Jlanee, Bocmonb30BaBIIKCh anmpokcumanueit ooparaoit k marpuue ['ecce (2.8),

paccMOTpUM IPOLECC MUHUMU3ALMH [

Xtr1 = Xt — Dt (DZADt)_l D;Vf (Xt) = Xt — Hfo (Xt) . (29)
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3ameuanue 5. B cnyuae npoyecca onmumusayuu (2.9) umerom mecmo cneoyroujue

PEKYPPEHNHbIE COOMHOULEHUA 0 OUEHOK Xt U coomeencmeyroujux 3HAYeHUl epadu-

enma:
Xyl — Xy = (I - HtA) (Xt o X*) (2]0)
= (I-H,A) (I-D,D/) (x; — x,),
Vixi)=0—-AH) V[ (x). (2.11)

Hokazamenvcmeo. ObGa COOTHOLICHHS CICAYIOT W3 ypaBHeHHs xopa: Vf (x) =
Vf(x)—Vf(xs) = A(x— x,). Bropoe paBerctso B (2.10) 10MOIHUTEIBHO CIIEIYET
u3 3ameuanus 4: marpuna H; A neficTByer Kak eqMHUYHAS BIOJb CTOJIOIIOB MaTPHUIIBI
D,. []

W13 3ameuanus 5 cieayert, 4to mar no Hampasienuo —H,;V f (x;), mpu obpar-
HoM k MaTpulie ['ecce nomyyeHHoi o popmye (2.8), UMeeT ciaenyounil HeJOCTaToK:
U3 HEBSI3KU X; — X, “yAaJsgeTcss”’ HE BCS COCTAaBIAIOINIAs MOANpocTpancTBa D;: B 00-
memM caydae D, (x;,1 — X,) # 0. DTO HEIOCTATOK CyIIECTBEHEH, TaK KAaK MOKET
OPUBOJIUTH K MpOOJieMe 3Ur3aroo0pa3HbIX TPAEKTOPUI MO aHAJIIOIMU C METOAOM Ipa-
nueHTHoro crycka [102; 103].

IIlar mocnenoBarenbHONM MOAIPOCTPAHCTBEHHOW ONTUMM3ALMU TPHUHAJICKUT
JuHEHHON 00o0ouke cTonOIoB Matpuilsl D;. PaccMoTpuM ero pasnoskeHue clemayro-

IIETO BUJIA:
Xi41 = Xt — DtDtTA_lvf (x;) + DtDtTE»ta

rne DD/ A7V f (x;) = DD/ (x; — X,) — “ONTHMaJIBHBINA" MIAr B TOM CMBICIIE, YTO
OH HUBEJIUPYET HEBA3KY BIOJIb MOANPOCTpaHcTBa Dy, a DtDtT & — COOTBETCTBYIOIIAS

IIOrpCIIHOCTD. Tor,ua, HEBs3Ka Ha mare t + 1 pacKiIaabIBaACTCA Ha ABC COCTABIIAIOIINC!
(XH—I — X*) = (I — HtAt) (Xt — X*) + HtAtE,ta

— owu6bky npoexyuu (I — H;Ay) (x4 — x,.) 1 owubky annpoxcumayuu H; A &;.
Crnemyromias ieMMa XapakTepHU3yeT BIUsIHUE 00eUX OMIMOO0K Ha 0OIIYI0 CKOPOCTh

CXOOAMMOCTH.

Jemma 1. Paccmompum koa¢ppuyuenmol X; uyy, Xapakmepuzyowjue OmHoCUmenbHble

SHAYECHUA 0lel1xl6l<lxl npoexkyuu u 0WU6KM annpoxkcumayuu.
11— HA) (% - x) 3 < (1— a)llxi —x.[3, € [0,1],

h (2.12)
€5 < (1 —vo)llxe — x5, ve € [0,1].



35

Toeoa, 6 3asucumocmu om 3HAYEHUN X; U V¢ O0CMUSAIOMCL ClLedVIouue CKOpo-
CMu CXOOUMOCMIUL:

1. Ilpu o, v, > 0 umeem mecmo cyonunetinas cKopocms cCX00UMOCU,

2. Ilpu3e > 0: o,y = € umeem mecmo TUHEUHAsI CKOPOCHb CXOOUMOCTIU,

3. Mna ceepxnunetinoii cxooumocmu 00CmMamo4Ho 8blNOIHEHUSL OOHO20 U3 YCII0-

UL’
(Hoc’>0,t’<oo: Vit oy >
(a) {
LYt—>17
(Oétél,
(b)

Y >0, <oo: VE=t,yi >

Jloxazamenvcmeo. PaccMOTpuM, Kakoil BKJIaJ OMIMOKH MPOEKIIMU U allPOKCUMAIIUU

BHOCIIT B O6H.[YIO CKOPOCTb CXOOAUMOCTH:

%01 — x5 = |(T— DD, ) (x — x,)||5 + [|D:D; &3
< (1= a)|lxe — xll3 + ou(1 — ve) |lxe — %[5
(1 — oyl — x.||%. (2.13)

VYTBepxaeHus Jlemmel cienytot u3 ypaBuenus (2.13) . []

Jlemma 1 xapaktepusyeT BKJIaJ OMIMOKHM alPOKCUMALUU U OMIHUOKHU MPOEKINH
B OOIIYI0 CKOPOCTh CXOAUMOCTH METOAOB MOCIIEA0BATEIBHON MOAIPOCTPAHCTBEHHOM
ONTUMM3AIUH C KBaIPATHUHBIM CYppPOTraToM JJIs CIydast KBaApaTUIHOH 11eJIeBOM (yHK-
nuu. [IpumMeuarenen ToT (akT, 4TO pojib 0OEUX OLIMOOK PAaBHOLIEHHA: €CIU OIIMOKa
MIPOEKIINH BEJIMKA, TO YMEHBIIIEHUE OITUOKH almpOKCUMAIIIHN HE TIOBJIUSET KaueCTBEH-

HO Ha CKOPOCTh CXOJIMMOCTH U HA0OOPOT.

2.1.3 CuabHO BBINYKJIBIH CJIy4aii

Paccmotpum knacc aBaxasl auddepenuupyembix ¢ynkmuii f @ R" — R
C L-munmuineBbIM IPaJueHTOM U U—CHIBHOM BBITYKIOCTBIO F 1 (1.4). O003HauUM
X, = argmin f — Touyka MUHUMyMa (QYHKIHH f, KOTOpas MO CTPOTOH BBITYKIOCTH

X
CymeCTBYCT U CIMHCTBCHHA.
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B stom pasnene uccnenoBaHbl AOCTAaTOYHBIC YCIOBUS PA3IUYHBIX CKOPOCTEH
CXOIUMOCTH 715 Knacca GpyHKuuil F, 1 B KOHTEKCTE MOAXO0/a NOCIEA0BaTEILHOM MO -

HpOCTpaHCTBeHHOﬁ OIITUMH3aIIUH.

Jemma 2. Ilycmo f € F, 1. Paccmompum memoo ¢ wazom X1 = x; — o4 (V f (x4) +

8;), 20e o — pasmep waza, a &; — nozpewnocmo, m.u. 5, V f (x;) = 0, By := %.

Toeoa nociedosamenvrnocms ||x; — X, || oepanuuena cnuzy creoyrowum pexyppenmmoim

coOOmHouteHuem.

> [|x — x|” (1 + o (1 + B)p* — 204 L),
%01 — %17 < flxe — x| (T4 oG (1 + B7)L* — 20 (1 — Be(L — 1)) -

Jloxazamenvcmeo. Beenem /\; = X; — X, M paccMoTpuM || A\, 1]?:
[Aa]17 = 1A = 2060 V f (%) + o[V f (x0) P — 2002, 8
+2078, V f (x1) + o [[ 8|

= [ A4* + o (1 + BV xe)lI” — 2064, V f (%)
— 20%&;615

(2.14)

BoCmonp30BaBIINCh L-JTHITIIHAIEBOCTHIO TPAJUEHTa U |[—BBITYKIOCTHIO (YHK-
nuy, a Tak ke TeM dakrom, uto A8y < Bi||Vf (x| D¢ — BeA] V f (x4), MoxkeT

OBITh MOJTy4YCHA OIIEHKA CHU3Y Ha || A\||:

[P = AP + oG (14 BOIVS (x0)[1* = 204 (1 = B) AL VS (x1)
— 204 B[ AV f ()]
> |87 (14 oG (14 BHp* — 204L) .

Jlanee, paccMOTPHUM BepXHIOI rpaHuity Ha || A;||. OcHOBHOIT HHTEpeC npeacTaB-

nseT ciaaraeMoe /\/ 8;, KoTopoe B 00IIEM CIIy4ae MOKET OBITh OTPAHAYEHO CHH3Y Kak

BNV f (%) = [AIIV S ()| Torna

18] < AP + oG (L4 BV (xe)[1* = 20(1 4 Br) A V f (1)
+ 20 B || A |||V f (x4) ]|
<N AP (1+ o (1 + BF)L? — 204 (1 — Be(L — ) -



37

3ameuanue 6. B ycnosusix Jlemmuol 2, CKOpOCH’lb CXOOUMOCIU HOprl nesszku ||| ne

npesocxooum aurelnyro, eciu 3¢ > 0: By > 55 — 1+ ¢, aubo B < =5 — 1 — ¢
L—1?—(1 L L?—(1 2 2
X € |€, \/ +Bt —s +\/ gtﬁt)u + €,00
(1+Bt) (1+B7)u

Jlokazamenvbcmeo. J|0CTAaTOYHO 3aMETUTH, UTO KOPHU YPAaBHEHHUS 1 + oc?(l + ﬁ?)lﬁ —

20;L = 0 IMEIOT BUI:

L+/L?— (14 p7)w?
(14 B7)u?

Xy =
]

[Tonyuennsie B Jlemme 2 pe3ysbTarbl NPEACTABISAIOT JUIIb TEOPETUUECKUNA UH-
TEpEeC M3-3a CIOKHOCTU IOJYyYEHHUS OLIEHOK KOHCTAHT JIMIIIIULIEBOCTH U CTPOTOM
BbIyKJI0CTH L 1 . Cregyronias TeopeMa 4aCTUYHO UCIIPaBISeT 3TOT HEJIOCTATOK, Ha-

KJIaJipIBasi O0Jiee CUJIbHBIC YCI0BUS Ha miar d.

Jlemma 3. Paccmompum umepamugnbviii npoyecc onmumusayuu @yuxyuu [ € F,

suoa x; 1 = x; — «;dy, 20e d; — Hanpaesnenue, a & — pasmep waza. Oo6o3nauum d; =

d; — ﬁleYf X‘t‘QVf (x¢), Bt := HvatH T u npeononoscum, umo (x; — x,) ' 8; = 0. Tozoa,
nociedogamenvHocms ||xX; — X, || oepanuuena ceepxy cnedyrowumu pexyppenmusimu
COOMHOWEHUAMU.:
2 .
— npu (0.7 - (0, W]

1AlP < A2 (1+ (1 + BYK? — 204) (2.15)

2 2 .
— Npu o € ((1+B§)(H+L)’ (1+B§)L]
[ Al < A (14 o (1 + B7) L — 20,L) . (2.16)

Hoxazamenvcmeo. O603Haunm &; = d; — |(|:1V]Yf XﬁQV f(x¢), Torma 8/ Vf (%) = Om

aHaJIOTUYHO YpaBHEHUIO (2.14) MOXKET OBITh MOJYYEHO Pa3I0KCHUE HEBSI3KU:
1A allP = 217 + oG (14 BOIVF (x) [ = 2064 V f (x1) — 2064/ 8.

Io ycnosuio Teopemsl 8, AA\; > 0, CleI0BaTeNbHO:

20¢: L L 2
Al < 1A (1 - (o (14+ B — ——
I8l < sl (1 2255) 4 ol 91 )l (w14 8 - 2 )

200 L 200 12
<wam(r—u” +@a+@m%—t”)

+L u+ L
= (12 (1 + of (1 + B7)? — 2001)
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rjie 1—oe HepaBeHCTBO, a C HUM U JIMHEWHAsI CXOAUMOCTS || ;|| BBITIOMHSFOTCS TIpH CJIe-

JTYIOIIUX YCIOBUSAX HA X4:

9
(1+BH(n+ L)

TO aHAJIOTUYHBIM 00PA30M MOXKET OBITH MOJIYIEHO CIIEAYTO-

0< o <

Ecau xe oG = m,

1ee PeKyppeHTHOE HEPABEHCTBO:
1D P < AP (1 + o (1 + BY)L? — 204 L) ,

n3 KOTOpOFO cnez:yeT, YTO MOHOTOHHAs CXOOAUMOCTDH TAaKXKE UMECT MCCTO HpI/I CJICI[yIO—
X ;-
2 <o < 2
“ N —
2 ~ W 2
(1+B7)(n+L) (14 B7)L

]

[To cpaBuenuto ¢ Jlemmoii 2, Jlemma 3 mipeacrasisieT Oosiee yaoOHBIN HA Tpak-
TUKE pe3ynbTar. JJis yIoBIETBOPEHMsS] OTpaHUYEHHUS HA o JIOCTATOYHO TMOIYYHTh
BEPXHIOIO OLIEHKY Ha [ ucxoas u3 (U3MYECKOro CMBICIA 3aJaud, JHUO0 HCHOJb3Ys
NpUOIMKEHHBIE BBIYMCIUTEIbHBIE MPOLEAYpPHl (CMOTPHU, HampUMep, CTETIEHHON Me-
ton [104], § 53, nubo meTon uteparuii ¢ orHoreHussMu Pases B [105], a tak sxxe B [106],
§ 4.6). 3HaueHus [3; HE UMEIOT SIBHBIX OTPAaHUYCHUN, HESIBHO YK€ BEJIMYUHBI [3; OTpaHu-

YUBACT HEOOXOAMMOCTh BHIOOpPA COOTBETCTBYIOIIMX ;.

Teopema 2. Paccmompum [ € F, 1, npoyecc onmumusayuu Xiy1 = X; — oqdy,
dTVf(Xt)
20e oy — pazmep waea, a d; — ezo nanpasnenue. Ob6o3HaAUUM V¢ Vo) V)
By = IIdtﬂw@;(zg(th)ll u donycmum By < %, 20e p € (0,1) u oy = % Toz0a
nociedosamenbHocme ||xX; — X, || exooumesi k wymio nuneino:
2 1— p 2
[ = xS (1 - 57— 71 o [ — x| (2.17)

loxazamenvcmeo. CornacHo JleMMe 2 BBINOJHAETCS CIENYIOLIEE PEKYPPEHTHOE Ma-

YKOPHUPYIOIIEe COOTHOIICHHE TS ||X; — X, ||
1 — %P <l = %P (T + & (1 + BF)L? — 2% (1 — Bu(L — ) ,

TIe & = XYt
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[ToncTaBuB BEpXHIOIO TPAHUILY HA [3;, TOTYyYUM
e — %P < Il — 2 (1+ & (L7 + p%) L2 — 2, (1 p)) .

Jlerko 3aMeTuTh, 4T0 MUHUMYM o (L2 + p2)L? — 2&; (1 — p) mocTUraercs npu o; =

1-p 1-p 1-p

55 I/IpaBeH _LQ—er2 W

777 . Orcroma o; =

[]

Teopema 2 JEMOHCTPHUPYET, YTO JUHEUHAS CXOAUMOCTD ISl CTPOTO BBITYKIIBIX
(GYHKUMNA C JIMMIIKWLIEBBIM TPAAUEHTOM, SIBISIOIIASCS U3BECTHBIM (DAKTOM JUIsl Tpaju-
EHTHOTO crycka (cMoTpH, Hanpumep, Teopemy 2.1.15 B [62], nubo Teopemy 2, § 4,
I'n. 1 B [65]), coxpaHseTcss B TP BBIOOpPE HAIPABICHUN PaBHOMEPHO OTPAHUYCHHO
OTJIMYAIOIIMXCS OT HAIlpaBJICHUs TPaJUeHTa. JTO OTIIMYUE XapaKTepusyercs Kodpdu-
nueHTamu 3; u y;. [IpumedarenbHO, YTO Yy BXOIUT JUIIb B pa3Mep I1ara ajropurma,
HO OTCYTCTBYET B OLIEHKE CKOPOCTH CXOJUMOCTU — TaKUM 00pa3oM OTIMYHE pa3mepa
BbIOpaHHOTO HampasieHus d; OT rpajueHTa B {o—HOpME KOMIICHCHPYETCS pa3MepoM
mara. B olleHKy CKOPOCTH CXOAMMOCTHU BXOJMT JIMIIb [TAPAMETP P, KOTOPBIA OIpaHU-
YUBAET Pa3HUILY MEXAYy BHIOpAHHBIM HAlpaBiIC€HUEM U HAIPaBICHUEM IPaJHEHTA.

[Tony4uB yCOBHUS HA JIMHEUHYIO CKOPOCTb CXOAMMOCTH, IEPENUIEM K U3YUEHUIO
yCIIOBUM, HEOOXOMUMBIX JJIsi 00eCleYeHHsl CYNEpPIUHEHHON CKOPOCTH CXOJUMOCTH.
Crnenyromas 1eMMa NpeIoCTaBISIET BEPXHIOK IPAHUILY HEBS3KHU JUJIs1 KBa3UHBIOTOHOB-

CKHUX METOJIOB.

Jdemma 4. Iycmo [ € F, 1, u V:f yoosnemeopsem ycnosuto Jlunwuya ¢ Koncmanmot
L'. Paccmompum memoo ¢ wazom Xi1 = xy — o HV f (x4), moeda nopma neeszku

yooenemeopsiem ciedyroujemy peKyppeHmHoMy COOMHOULEHUIO.

L
%41 — x| < “t§||HtHHXt+1 - X*H2 + (1 — o) [[x¢ — x|

+ou[(T = HL V2 £(x0)) (%1 — %)
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Jloxazamenbcmeo.

%1 — X || = ||x¢ — % — e H V2 f(x0) (%0 — %) + o H, VA (%) (% — o0x,)
— o HyV f (x)]
< oul[(T—H V2 f(x0) (e — x| + (1= ou)[[xi — %]
+oy|[Hy (V2 (%) (30 — x0) = Vf (x0)) |,

COIIACHO YTBEPKIACHUIO 2:

<ol (T = H V2 (xe)) (xe — %) + (1 = o) | % — x|

/

L
+ oul [ |5 1 — ..

[]

B cnenyromeit Teopeme, ucnonbiyroniei pe3yabTatel JleMMsl (4), npenocras-
JSIeTCA XapaKTEePUCTHKA CKOPOCTU CXOJUMOCTH METOJIOB TOCIJIEI0BAaTEIbHOM MOANPO-

CTPAHCTBEHHOW ONTUMU3AIIUU C KBA3MHBIOTOHOBCKHUM I1arom Buja (2.9).

Teopema 3. Ilycmo | € F, 1 u V?f yooenemeopsem ycrosuio Jlunwuya ¢ koncman-
moti L. Paccmompum memoo ¢ wazom X, = X;— o, H,V f (x;), 20e H; = D, Q; 'D,/ .
Jonycmum, svinonusomes ciedyoujue YCio8us.:
1. mampuywt Dy evibupaiomes maxum o6pazom, umo DDV f (x;) = V f (x4),
aD/D; =1,
2. wae oy gvioupaemcs makum oopazom, umo 1 — ||V f (x;)]| < o < 1;
3. mampuyer D, evibupaiomes maxum obpazom, umo Icy, Cy > 0: oyl|(I —
DD/ ) [V2f(x)] " V(x| < Coll [V2F(x0)] " VF (o)1,
4. mounocms pewienus 3a0a4u NOONPOCMPAHCMBEHHOU ONMUMUZAYUU NPOSPeC-
cupyem ¢ CynepiuHetHol CKOpPOCmbl0 OMHOCUMENbHO HOPMbL ePAOUEHMA.:
Jer,C1 > 0 [|[D]VEf(x)Di] 'D[Vf(x) — Q'D]Vf(x)]
<G| [V2F ()] VF ()|

Toeoa, memoo cxooumcs CynepiuHetiHo:
3C > 0,¢>0:  |Ixp1 — x| < COllx — x|,

20e C' = min (C’o, 20, (L’HQt_lH +E 4 L)) ¢ = min(cy, ¢1, 1).
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Lokaszamenvcmeo. IlonctaBuM B BhIpaskeHUE TPaHUIBI OIIUOKH U3 JlemMMbl 4 MaTpuily
1T
H; = D:Q, D,

1 — x| < ol (T DeQ ' D/ V2 (x0)) (% — x| + (1 — o)l — .|
+aIDQ D15 e~ xal
Saverun, wro | D,Q, D] || < Q| n pacemorpum [|(T — H,V2f(xy)) (x; — x|
| (T-HV?f(x)) (% — x|
= [([V2f(x0)] " = DeQ; "D/ )V f(x0) (x¢ — x.) |
< (V¥ (x)] " = DiQ7'D)V S (x1)]
72 6e)] "~ DiQ D] [ e — .

_ 1 L
<7 7ex0) " = D DT 0l + (1901 i~ x.

Paccmorpum [V f(x;)] vy (x¢) — D:Q; 'D] Vf (x):

I[V2f(xe)] 'V f (%) — D, Q; 1DTVf (1)]
HD DT [V f( )] Vf (Xt) - DtQt_lDtva (Xt)H
+|1-D,D/) [V? f(Xt)] 'V f ()
<ID] [V2f(x)] "V (x) — Q"D V £ (x1)]
+ (T D:D)) [V2f(x)] " Vf (x0)]
<ID] [V2f(x)] ' V£ (%) — [D] V2f(x)D] D[V (xy)]|
+ || [D/ V?f(x:)Dy] 1DTVf (x1) — Q;'D/ V[ ()|
+ 11— DD)) [V2f(x)] "V (x))]

< I[P/ V2 f(x)D:] ' D[V (x:) — QD] V (x/)]
# (14 2) N = D)) [v27x) ! 95 (ol
T[IOSICHIM MOCTIEAHEE HEPABEHCTBO
ID] [V2f(x:)] " Vf (xe) — [D] V2f(x)D:] " D]V (x,)]
|[DfV2f(x)Di] " D,V2f(x:)(I - D,D)) [V f(x)] ' V£ (1)
|[D] V2f(x)D,] " DiV2f(x) [T~ DD]) [VEf(x:)] " VS (x1)]
(T - DD [V2f(x)] " Vf ()l

NN T

/N
T~
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BnoBb IMoACTaBJIAA ITOJIYYCHHBIC I'PAHUIBI B BBIPAKCHNC HCBA3KH U3 JleMMBbI 4, IoJry-

YUM.

Ixe11 = x| < o[ (T=D:Qy "D} V2 f (%)) (31 — x| + (1 — o) I — x|
+aIDQ D] I s~ 7
B CHJIy ITOJIyYEHHBIX BBIIIEC OTPAHUYEHUN U YCIIOBUM Ha O
< | [D] V2f(x)D,] D] VS (x) — Q;'D/Vf(x)]
+204|(I - DD ) [V2f(x1)] " V£ (x4)]]

/

L (1 _
bary (4190 = x2+ Ll - x. P

/

L
+ o Qe = 1%,
IIOZICTaBUB OTPAHUYECHUS U3 YCIOBUN TeopeMblI:

< o Col| [V (x)] TV (x| + 20O || [V2f(x0)] TV F ()|

L/Q
b (107 + T+ L) =

< min(co, QCl)HXt . X*H1+min(co,c1) + (xtCOHXt _ X*H2+2CO

B Ll2
200 e — |22 + (octL'HQt e L) [—

[]

Teopema 3 mpemocTaBiseT JOCTATOYHBIC YCJIOBHS JIsi CyNEpiaUHEHHON (a B
3aBUCHMOCTH OT 3HAYCHUH c) U ¢; — W KBaAPATUIHOM) cxoguMocTu. OHa HaITISTHO
MOKa3bIBAET, YTO CKOPOCTh CXOAMMOCTH METOJIOB IMOCJEI0BATEIILHON MOAMPOCTpaH-
CTBEHHOW ONTHMHU3AIMK B PABHOW CTENEHHM 3aBUCUT OT KayecTBAa BBHIOMPAEMBIX
TIOJIIIPOCTPAHCTB U TOYHOCTHU PEIICHUS TOANPOCTPAHCTBEHHOU 3amauu. YcimoBus (1)
u (2) npeacTaBisitoTcss HauOosiee MPOCTHIMU B JOCTHXKEHUHU. Tak, BbIOpaB o« = 1,
uD; = [Vf(x¢)/||Vf(x¢)||] onn oueBunno Oyayt cobmronensl. Yeiosus xe (3)
— XapakTepusyromee yron Mexay D; u Bekropom |V2f (xt)}_l Vf(x) u(4) —
XapaKTepU3ylollee TOYHOCTh PEIICHUs MOANPOCTPAHCTBEHHON 3ajauu, MpeiCcTaB-
JSIIOT HauOOJBIINK MHTEPEC, a BOMPOC WX BBHIMIOJHEHUS OCTAaeTCid OTKPHITHIM. B
MOCJICAYIOIIMX pasieiax Mbl paCCMOTPHM HECKOJIBKO IMOIXOA0B KaK K MOCTPOSHUIO
marpull Dy, Tak U K PelIeHnu0 MOAIPOCTPAHCTBEHHOW 3aauun (T.€. OICHKE BEKTOpa

Q;'D/ Vf (x;)), B KoHTekcTe momy4eHHBIX B Teopeme 2 u Jlemme 3 pesysibTaros.
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2.2  JJjeMeHTbI METOI0B MOCJIeI0BATEILHONH MOANPOCTPAHCTBEHHONH ONTUMH3AIUU

Kaxk 6b110 yrioMsiHyTO BbIIIE, (HOPMUPOBAHUS TOANMPOCTPAHCTB, & TAKKE CIIOCOO
pelIeHus TTOAIPOCTPAHCTBEHHOM 3a/]a4i ONITUMU3AIMNA — JBE OCHOBHBIEC XapaKTepH-
ctuku MetozoB [1I10. B aTtom pasaene moapoOHO paccMOTPEHBI MOAXOAbI K KaXI0H

A3 HUX.
2.2.1 OueHka mara B noaAnpocTpaHCcTBe

[IpuHMMas Bo BHUMaHUE pasyioxkeHue mno Teimopy (2.6), eCTECTBEHHO PacCMOT-

peTh KBaJIpaTUYHBIM Cypporar BUIa:
1
a(z) = f(x)) + Vf (x1) Dyz + 52" D/ V*f(x;)Dyz. (2.18)

ITouck Touku ontumyMa cypporara (2.18) S5KBHUBaJI€HTEH PELICHUIO CUCTEMBI JIMHEN-

HbIX YPaBHECHUM:
D, V*f(x)Dyz = D/ V [ (xi), (2.19)

. -1
KOTOPOE MIPH YCIOBUU CYIIECTBOBAHUS OOPaTHON MaTpPUIIbI [D;r Vif (xt)Dt] TOCTH-

raercs B CIECAYIOLIEH TOYKE:
2! = [D/ V2 f(x)D;] D]V (x). (2.20)

Beraucnenue Marpuinl D, V2 f(x;)D; B 06mmem cirydae TpeOyeT Beraucnenns Ieccua-
Ha HCXOHOM QyHKIEU V2 f(X;), 9TO MOKET OBITH 3aTPYAHUTENBHO M3-32 OTPAHHYCHHIT
[0 aMsITH, BPEMEHU BBIYMCIICHUN, UJIM OTCYTCTBHS SIBHOTO BbhIpakeHus [ eccuana. B
CUJIy 3THX IPUYUH, BMECTO ONTHUMAJILHOTO (B TepMuHax Teopemsl 3) cypporara (2.18)

pPaccMOTpUM Cypporar ¢ HEM3BECTHOU MaTpUIIel KBaJAPAaTHUHBIX KOAPPUIIUEHTOB (Q;:

1
a(z) = f(x) + Vf (x:) Dyz+ §ZTQtZ- (2.21)
B cBoto ouepennb, BMecTo cuctemsl (2.19) paccmorpuMm cuctemy

Qiz =D, Vf(x), (2.22)



44

perenue koTopoit anamoruyHo (2.20) 3amaercst CaeayomuM o0pa3om:
2 = Q'D/Vf(x), (2.23)

T/le eIMHCTBEHHBIM HEM3BECTHBIM DIIEMEHTOM sABJIsieTcsa obpaTHas Matpuna lecce Q; .
Onpenenus z;, OYEPEIHOE HAIPABICHUE IIara ajrOpUTMa PACCUUTBHIBAETCS CIEAYIO-

MM 00pa3oM:
d; =D,Q;'D, Vf (xi). (2.24)

B paznene 2.1 nponeMoHCTpUpPOBaHBI HEKOTOPBIE CBOMCTBA METOIOB MOCIIEI0BA-
TETHHOU TIOJIIPOCTPAHCTBEHHOM, OCHOBAHHBIX Ha Cypporarax nogooHoro Buja. Jlanee
PacCMOTPEHBI HECKOIBKO CIIOCOO0B MOCTPOCHHS BeKTOpa 2.23 HaAmpsaMylo, JTHOO TOo-
cpencTBoM omeHkH MaTpurbl Q; ', TIpu 5ToM, Henbio SBIAETCA TOMydeHHe ONEHKHU
Omu3Ko# K onTuMabHOM (2.20). B kauecTBe UCXOMHBIX TaHHBIX JTSI TTOTYICHUS OIEHOK
HCIIOJIb30BaHbI HCTOPUIO apryMEHTOB {X;}, COOTBETCTBYIOIINX 3HAYCHHIA IPaTHCHTOB
V[ (x;) u 3nayenuii GpyHkuuu f(x;). 3aMeTHM, 4YTO KOHCYHOU IEIBIO SBISETCS TO-
JydeHue oleHkH BekTopa (2.20) Buaa (2.23): mocTpoeHue omeHkn Matpuipsl Q; ! e
HEOOXOMMO M METObl, MOJydarouiie oueHKy (2.23) 6e3 saBHoro nocrpoeHus Q, L
IPECTaBISIOT 0COOBII UHTEpec.

Jlanee paccMOTPUM HECKOJIBKO TOJXOJOB K IMOCTPOCHHUIO OLIEHOK BEKTOpa
zit) (2.20) Buga (2.23) Ha OCHOBE HCIOJIB30BAHUS YCEUEHHOU UCMOopuu 3HAYECHUU
cypporara ¢;, €ro apryMeHTOB U T'PaHEeHTOB: {zﬁt) K c R™ {qt(zgt)) K CRmu
{Vqt(z§t) )}E | € R™. 3amerum, uTo Matpuna Q; HEM3BECTHA, a CIICIOBATENHHO HEU3-
BECTHBI 3HAYEHHsI Cypporara {qt(zgt)) | C Ruerorpaauenta {Vqt(zg-t)) L CR™

BmecTo HUX paccMOTpUM ClenyIoUIe MPUOIMKESHUS:

2\ =D (w!” —x,), (2.25)
a(2) = f(w)), (2.26)
Va(z\') ~ D Vf(w), (2.27)

t .
IJI€ B KAYECTBE W;. ) MoKeT GBITH BBIOpaH, HAIPUMEP NMPEALIECTBYIOIINN BEKTOP X/,

au00 CydaiHbIi BekTOop M3 R”.

3ameuanue 7. 3amemum, umo npubnrudsxcenus (2.26) u (2.27) ne asnsaromecs mouHviMu
oadice npu ycrosuu onmumanvhou oyenxu Qq. Tax, npubnudicennvle HepageHcmea cma-

Hoesames mounvimu s npu yerosuu Q; = D] V2 f(x;) Dy u keadpamuunoti ghynxyuu
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f. Heiicmsumenvno, nycmo Q; = D/ V2 f(x;)Dy, mozoa

Vg (2") - DIV f(w) = D] V2f(x:) (I - DD )(w'” — x,) + o w'” — x]),

(z;
w(e)) — F(w) = 5w~ x)7 (V2 (x) = D] V*f(x)DD]) (w!" — x)

J
+Vf(x)" (- DD )W —x;) + of[x, — w!|]?).

() t

Ecnu oononnumensro D;D; (W — X¢), Mo

oL~
~—

—x¢) = (W

t)

Vg (2") - D]V f(w!) —x])),

) = o(||w!
a(2) — fwl) = o(|w” — x,).

(t)

Haxkoney, eciu evinonnsiemcs pasencmso DD/ (Wét) —Xt) = (W, — X¢) u gynxyus
f — keadpamuunas, mo
Va(z") - D]V f(w!") =0,
t t
a(z) — f(w) =0

ﬂomwameﬂbcmeo Pazuuiia Mexay rpamueHToM cypporara Vg ( gt)) U NPOCKIHEN

D/Vf ( ) MOXKET OBITh BhIpaKEHA CICAYIOUIUM 00pPa30M:

Va(z!) =D/ V(W) = D] V[ (x:) + D] Vf(x:)Dyz + o(|w'!” — x]))
— D/ Vf (x) =D/ V*f(xi) (W) =)

J

= D/ V*f(x)Diz — D] V2 f(x:) (W} =)
+ollw)” =)

=D/ V¥ f(x)I - DD, )(w\! —x) + 0w —x)).

AHanoruyHsIM 00pa3oM, BEIpaXKAeTCsl pa3HULIA MEXAY 3HAYEHHEM Cypporara 1 3Hade-

HUEeM (pyHKIIUH:
()~ F(w) = Fx0) + 91 () D)+ o) DIV x) D~ f()
_ Vf (Xt)T (wgt) — Xt) — %(Wj(t) . Xt)TVQf(Xt) (Wgt) _ Xt)

+of||x; — wi[|?)
— Vf(x) (T= DD )W = x) +of[x; — w2

2w < )T [V fx) - DDV x)DD] ] (!~ x0)
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2.2.2 Ilar B noANpoCTPAHCTBE Yepe3 pelieHue ypaBHEHUS XOP/1

VYpaBHEHHUSI XOP/1 3a4aCTY0 UCTIOIB3YIOTCS JUIsl OUEHKH MaTPULbI BTOPBIX IPOU3-
BonHbIX. Hanpumep, ypaBHeHUs: XOpa [Uisl TpaAUEeHTa UCTIONIBb3YIOTCS JJIsl TIOTYYEHUS
orieHKu obparHoi k martpuiie ['ecce B metonax JlaBunona—®dnetuepa—Ilaysemnna [14;
18], SR-1 [19], Bpoitnena—®neruepa—lonpadapoa—Illsuno [15; 18], L-BFGS [17],
bapsunas-bopseiina [71] u ap. Paccmorpum ¢ynkuuo ¢ : R™ — R u nBe Touku
z,zo € R™, Torna cooTBETCTBYIOIIEE YpaBHEHHE XOPA IpagueHTa GyHKIUU V¢ BbI-

IS IAT CJIEAYIOIIUM 00pa3oM:
Vq(2')(z — 20) = Vq(z) — Va(zo),

e z' € span{z,z}. 3ameTnm, 4TO U3 paziokeHus Teilopa Jerko moxy4uTh NpHOIIH-
KEHHBIN BapuanT ypaBHenus xopit: V2q(z)(z — zg) = Vq(z) — Vq(zo) + o(||z — zo)).
Bosee TouHast OICHKA OTKJIOHEHHUS BO3MOKHA TIPH YCIOBUU L-JIUIIIIUIIEBOCTH TPa K-
enra: |V3q(z)(z — z9) — (Vq(z) — Vq(20))|13 < ||z — 2o||* (cmotpu Jlemmy 1.2.3
B [62]).

PaccmoTpuM cucteMmy u3 ypaBHEHHM XopA i ¢; Buaa (2.21)

Q, (sz) _ zg-t)) = Va(z)) - Va("), j=1...K-1, (2.28)

IJIe COOTBETCTBYIOIIME 3HAUCHUS apTyMEHTOB I'PAJIMCHTOB OIICHUBAIOTCS TTPUOIHKECH-
HO 10 opmynam (2.26) u (2.27):

PaCCMOTpHM MaTpUIbI Zt 41 Gt, YbH CTPOKHU COCTABJICHBI U3 PA3HUIL 3HAYCHU U apry-

MCHTOB H Fpa,HI/ICHTOB COOTBCTCTBCHHO:
.
Zt = {Dzwgt), . ,D;Wg?} , 5129
T (t) T (t) T 229
G = [Dt (Vf(w1 v (xt)) .....D, <Vf(wK) v (xt)ﬂ |

Torna ypaBHeHUs XOp[, 3anMcaHHble B MaTpuyHoM Buae Z,Q; = Gy, OyayT Cly>XKUTb
npuOIM>KEeHUEM CUCTeMbl ypaBHeHul (2.28). JI06aBUB €CTeCTBEHHOE YCIOBHE CUMMET-

pHYHOCTH MaTpuibl QQ; ¥ JOMHOXHB MaTpU4YHOE ypaBHeHHe xopA Ha Q; ' crmpasa,
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IIOJIyYMM CHCTEMY YPAaBHEHHMU C OrPaHUYCHUSIMU:

GQ =27
Q t (2.30)
-1 11T

Q= [Qt } :

Crnenyroiast JeMma mpejyiaraeT Crnocod pemeHus MoJIy4YeHHONW CUCTEMBI.
Jdemma 5. Cneoyrowas popmyna 3aoaem pewenue cucmemwl (2.30) :
Q—l Y e/

P (2.31)

+(1-G{Gy) (G/Z) ",
20e G} — ncesooobpamnas mampuysr G: G = G/ (GtG;r )_1.

Joxazamenvcmeo. Tloxctasus B ycnobus Teopemsl | marpuity G, BMecto A u Z; BMe-
cTo MaTpullbl B 3aMeTuM, 4TO paBEHCTBO GtT Z, = ZtT G, cienyeT U3 KBaapaTUdIHOCTH
q, a iceBnoobparnas G, ynosnersoper ycnosuio GG, = I mo onpenenenmuro. Ta-
KM oOpasoM, yciioBusi TeopeMbl | BeIoNHSIOTCS U ypaBHeHUE (2.31) gaeT pelieHue
cuctemsl (2.30). [

3ameuanue 8. Buiyucnumenvuas caoxcrocmv  gopmynst  (1.8) cocmaesnsem
@ (m2K +mK? + m3) no uucny onepayuui u O (K2 +mK + m2) no UCNOb3)e-
MOU NAMAMU.

— 015 pacuema (Gt(}tT )71 HeobX00UMO BbIUUCIUMb NOJIHOE CUHSYNISIPHOE Pa3-
noocenue mampuyel Gy € R™ K m < K umo mpebyem O (mK? +m?)
onepayuti u O (K 2+ mK + m2) namamu (cmompu [107], ceoonas mabauya
8.6.1 na cmp. 493), nonyuue komopoe, 00CMAamMoOyHO 8036eCMiU 8 Keaopam u
obpamums OUASOHABLHYIO MAMPUYY C CUHSYIAPHLIMU YUCLAMU, YO HOMpe-
oyem auws O (m) onepayuii;

-0 (m2K +mK 2) onepayuti u O (mK + mQ) namamu Ha npoyue mMampuy-

Hble onepayuu.
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2.2.3 Ilar B noAnpoCTPpaHCTBe Yepe3 MPsiMoe BOCCTAHOBJICHHUE
KBa3UWHbIOTOHOBCKOI'0 HANIPABJIEHUSA

Paccmotpum cuctemy anajgoruunyto (2.30), onycTuB TpeOoOBaHNE CUMMETPUY-

HOCTH MaTpuibl Q;:
GQ ' =7, (2.32)

3aMeTHM, UTO HCKOMOM BETHYHMHOM sABIseTcs He MaTpuna Q; !, a ee mpousseieHne Ha
npoeximio rpaauenta: Q, "D/ V f (x;). llomHO)uB ypaBHeHue (2.32) crpaBa Ha MPo-

CKIINIO FpaI[PIeHTa, HOJIyIII/IMI
Gz, = Z,D/ V[ (x), (2.33)

— CHCTeMa JIMHEWHBIX YpaBHEHHH OTHOCUTEIBHO MCKOMOTO BEKTOpa Z; =
Q;'D/Vf (x;). Pemenue 5Tolf cHCTEMBI MOXKET OBITh IOMY4EHO METOAOM HAM-

MCHBIINUX KBaJpPaTOB:
AN _1
zi=(G/Gy) G/ZD/Vf(x). (2.34)

3ameuanue 9. Buiuuciumenvuas caodcnHocmv ypasnenus (2.34) cocmaesnsem
@ (m3 +m?K ) 20e O (m3) B03HUKAem U3 0OpaujeHusi KeAOPamHou M X M Mampuybl

G/ Gy, a m*K u3 nepemnoorcenus npamoyzonvuoix mampuy G, Gy u G Z;.

2.2.4 Ouenka marpuubl I'ecce perpecCHOHHBIM METOI0M

PaccMmoTpum crenyronyro CUCTEMY YPaBHEHHIA:
ZZ@TQtZZ(-t) = f(x—i) — Vf(x)" thgt) — f(x¢), i=0...K—1. (2.35)

3ameTuM, 4TO BhIpaxeHue (2.35) SKBUBAJICHTHO MPHUOIMKEHUIO ¢; (2.26) 1 9TO
marpuna QQ; BxoauT B ypaBHeHus (2.35) nuneiino. [lonoO6HbIe ypaBHEHHSI MOTYT OBITH
pelIeHbl METOAOM HAaMMEHBIIMX KBaApaToB. s MoIenu KBaJpaTUYHOW perpeccuu

BBCJCM OIIcparop, YCTaHaBJH/IBaIOH_II/Iﬁ 6I/IeKHI/IIO MCXKIAY MMPOCTPAHCTBOM CUMMCTPUY-
m(m+1)

HBIX MaTPHI[ pasMepa m X 1M W BEKTOPHBIM MPOCTPAHCTBOM PasMEPHOCTH ——
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m(m+1) o o _
vech : R™™ — R™ 2 , n COOTBETCTBYIOIMiI 0OpaTHEIH eMy omeparop vech ' :
m(m+1)

R™5 - R

VeCh (M) = |:M1,17 . ,Mm’l,Mgg,
-
. 7Mm,27 R aMm—l,m—laMm,m—laMm,m}
VeChi1 (V) =M: Mi,j = Vg,
k = m(min(é,j) — 1) + max(i,j) — 1.

Paccmotpum Bektop q; = vech (Q;), BekTopa 1])2@ = vech <z§t>z§tw) U CKaJISIPBI

ygt) = f(xmi) = Vf(x)' thgt) — f(x¢), 1 = 1..K. ChopMHupOBaB MaTpuily He3aBH-
CHUMBIX TI€ v, = | P! 0" 7 ny, =

pemenHbIX Wy, = |1U;’,... )| | BEKTOp 3aBUCHMOMN NEPEMEHHON y; =
(y%t), e ,y}?) MOJTyYUM CUCTEMY JIMHEWHBIX YPaBHEHUH OTHOCUTENBHO q;: V,q; = y;.

Pemienue 3T CUCTEMBI METOZIOM HauMeHbIINX KBaapatos: q; = (¥, ¥,) 10y, Co-

OTBETCTBYIOIIAS el MATPHIIA MOKET OBITh TTONydeHa IPHMEHEHHEM orepaTopa vech '

~

¢ =vech™ (U] ¥,) 710/ y,) . (2.36)

B tom ciydae, korna ¢yHKIMsS [ — TMOJIMHOM BTOpOU crereHu Buna (2.4), a pa3Hu-
bl X; — X;_; IPUHAJJICKAT TUHEHHON 000JI04Ke cTOIOI0B MarpuIlsl D, To Marpuia
D, V2 f(x;)D; sBnsercsa pemienueM ypaBHeHus (2.35), Tak Kak BBINOJHAETCS CIIEy-

IOIlee PaBEHCTBO:
1
f(xi—) = Vf (Xt)T DtZZ(-t) — f(x) = §Z§t)TDtTADtZz('t)-

3ameuanue 10. 3ampamel Ha evivucienue ypasrenus (2.36) u KoHcmpyuposarus mam-
puy W, u eexkmopa y; cocmasnsirom QO (m2K + m4) no namsamu u O (m4K + m6) no

yucay onepayull.
2.2.5 TlocTpoeHue NOANPOCTPAHCTB HA OCHOBE MCTOPHUHU I'PATUEHTOB

PaccmoTpuMm moanpocTpaHcTBO Dy, 3aaHHOE JTMHEWHOW OOO0JIOUKOM Mpeiie-

CTBYIOIIIUX 3HAYCHUM IrpaaucHTAa:

Dt = Span {Vf (Xt—T) g ,Vf (Xt)} . (237)
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Crnenyronas pemMMa JEMOHCTPUPYET JIMHENHYIO CKOPOCTh CXOAUMOCTH IO MOIIPO-

CTpaHCTBaM, 0OPa30BaHHBIM B TOM YHCIIE MMOCICIHAM 3HaYeHueM rpaauenta V [ (x;).

Jlemma 6. [Iycmo ¢pynkyus f € F,r, a Dy € R>™ m > 1. D/D; = T u
DD, Vf (x;) = Vf (x¢). Toz0a

L
|1 =D/ D) — )] < (1= %) lx = x|

Jlokazamenbcmeo. 3aMeTUM, YTO

D/ Di(xe = x| = IV f )|V (%) Vf (x0) " (3¢ = )|

197 Gk — Pl _ bl vy
T NS IVl ~ i

OcTaeTcs Uil BOCIIOJIB30BATHCS OPTOHOPMHUPOBAHHOCTHIO CTONO1IOB Dy

I =D D)% — %) = % — x| — 1D} Dy(x; — x.)]
<(1-5) Ix—x
[]

Takum oOpaszom, Jlemma 6 AEMOHCTPUPYET JTUHEHHYIO CXOAMMOCTH JJIS TTOJ-
npocTpadcTB Buaa (2.37) B TepmuHax Teopemsl 3, eciu CTOMOIBI MaTpuilkl D; —
OPTOHOPMHUPOBAHHBIN 0a3uc mpocTpancTBa D;.

PaccMoTpuM peKyppeHTHBIN aITOPUTM MOCTPOCHUSI MaTpuilbl Dy, 4bu CTOJIOLBI

00pa3yroT MHOXKeCTBO (2.37).

Algorithm 2 updateSubspacel(D, g, m)
mg < # of columns in D

8 < el

for ; from 1 to m do
D, D, —DTg

D.; ¢ 1p%

if my < m then
D «+ [D.,l, .. ,D. oy, g|
else

D «+ [D.72, oD, g
return D
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bnaronaps ycnosuto 6 B Anropurme 2 yucio croin61os marpuisl D Oyner pac-
TH THEepBble M — 1 uTepanui noka He JOCTUTHET 3HAYEHHUs m. 3aMETUM, YTO €CIU
Ha BXOJl aJITOPUTMa NEPENAIOTCs MOCIEA0BATENBHO BEKTOPA &1, - - . ,&m, TO CTOJIOLBI

UTOTOBOM MaTpuilbl D Oy1yT OpTOHOPMUPOBAHHBIM 0a3UCOM JIMHEHHON 000JI0YKH BEK-

TOpoB {g;}1".

3ameuanue 11. Boiuuciumenvras croxchocms Aneopumma 2 cocmasasiem O (mn) no

ucnonvzyemoti namsimu u O (mn) no uuciy onepayuil.

2.3 Mertoabl nocJjie0BaTeJbHON MOANPOCTPAHCTBEHHOM ONITUMU3ALMHU

B sToMm pas3aciic MpuBCACHbI KOHKPCTHBIC pCalin3alliid MCTOJ0B I10CJICIOBATCIIb-
HOU HOI[HpOCTpﬂHCTBCHHOI?I OINITUMHU3AINH, OCHOBAHHLIC HA IIOJIYYCHHBIX B IIPCAbLIAY-
X pa3aciax pe3yibTrarax, a TaK K€ HCCICAOBAHbI UX CBOMCTBA: BBIUMCIIUTEIIbHAS

CJIOKHOCTB U YCJIOBHA HaA PA3JIMYHBIC CKOPOCTU CXOAUMOCTH.

2.3.1 KoppexkTrupyromuii meroa IO

B Anroputme 1 mpencrtaBieHa oOias cxema ajJrOpUTMOB MOCIEI0BATEIbHOM
HOJIPOCTPAHCTBEHHOUW onTUMU3AIMK. B cTonp 001el moCcTaHOBKE 3aTPYIHUTEIBHO
rapaHTUPOBATH CKOIb-HUOY/Ib XOPOIlIee NOBEACHUE ONTUMHU3AIMOHHOTO IIpotiecca. Of-
HAKO, MOAN(MHUIIUPOBAB CYIIECTBYIOUIMHN MIPOLIECC ONTUMHU3ALNH, MOXKHO TOOUTHCS Kak
MHHUMYM JIMHEHHOU CKOPOCTH CXOAUMOCTH. Tak B AnroputMme 3 NpUBEICH METOJT KOP-
pexmuposku anroput™moB 1110, 6asupyromnuiica Ha Teopeme 2: ecnu oTIMYME I1ara
creHepupoBadHoro metogom II1O or rpagueHTa CIMILIKOM BEIUKO, ITO OTIUYUE HU-
BenupyeTcs (cTpoku anroputma 10—11), a ecnu mar opToroHajieH rpajJueHTy, TO OH

IMPOITYCKACTCA U BBITIOJIHACTCSA IIAll B HAITPABJIICHUH AaUHTHUI'PAIUCHTA (CTpOKH 5—7)

3ameuanue 12. Iopoowcoaemas Ancopummom 3 nocrnedosamenvhocmv {Xi o yoo-
enemeopsiem ycnosuam Teopemwvr 2 npu nodvix npoyedypax subspaceUpdate u

subspaceSearch.
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Algorithm 3 SSO_correction(xg, p, L, subspaceUpdate, subspaceSearch)
D; «+ subspaceUpdate(D;_1, V f (x;))
z; < subspaceSearch(f, Dy, x;)

dt — DtZt

d/ Vf(xi)
Yt V)P

if y; = 0 then
d; < Vf(x¢)
K < %

else

IIde/v:—V f(x4)]]
Be < TN

if 3, > 7 then
d; < v:V[f(xs)+ LLBt (d; —v:Vf(x))

1—p
Xt )

Xit1 < X — oqdy
t<t+1;go0tol

2.3.2 KsBasuusrworonosckuii meroxa 11O

B Anroputme 4 npuBenEH aaropuTM MOCIEA0BATEIBHOW OAITPOCTPAHCTBEHHOM
ONTUMM3AIUN, KOMOMHUPYIOIINIA KBa3WHBIOTOHOBCKUHM IIar M IIar MeTofa COmps-
KEHHBIX T'PaJMEHTOB, ONMUPAIOIIHUICSI HAa METOJl KOHCTPYUPOBAHUS MOANPOCTPAHCTB
(marpun Dy ), onucanHblii B pazzaene 2.2.5 1 U3J0KEHHBIH B paznene 2.2.3 crnocob o1eH-

KN KBA3SHMHBIOTOHOBCKOI'O HAIIPABJICHUSI.

3ameuanue 13. Ha kaoxcoou umepayuu Aneopumma 4 eexmop d; npunaonexcum

JIUHeUHOU 00010uKke cmonbyos coomeemcmeyrowux mampuy D dy € Dy =

span{V f (Xt—min(mfl,t)) s V(X))

3ameuanue 14. Ilycmov f € F, 1 — xeéaopamuynas @ynxyus. Toeda, nocnedosa-
MeNIbHOCMb OYEHOK X, - . . Xt . . ., CCEHEPUPOBAHHBIX Aneopummom 4, cxooumcs K X, ¢

JUHEUHOU CKopocmbsHro cxooumocmu He bonee yem 3a n uacos.

Joxazamenvcmeo. 3aMeTUM, 4YTO AJITOPUTM 4 COBIAJIAET C IIArOM METO]Ia COMPSKEH-
HBIX TpajMeHToB Ha mepBoM mare: dy = d$¢ = —Vf (xq). IIpeanonoxum, uto

d;, = deG V7 =0...t—1 unons3ysach TeM, YTO JJISI METO/Ia COMPSIKEHHBIX TPAJIUECHTOB
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Algorithm 4 L-QNSSO step(f, xg, D;_1, m)
D; < subspaceUpdatel (D;_1, Vf (x¢),m)
if £ = 0 then

d; < —V f (x;); mepexon k mrary 11

T <+ min(t,m — 1)

Zt < [D (Xt — Xt— 1) DtT(Xt — thT)]T

G; + [D/ (Vf; — Vft—1)7 DIV =V i)'
A% « -D, (G/G,) ' G/ZD/ V[ (x)

V(xe)  (Vf(x)=Vf(xe-1))
B S ) Vi)

7% (1-DiG] (GiG]) ' GD/ ) (—V] (x) + Brdi 1)
d; < 7" +dee
o < argmin f(x; + ady)

Xt ¢ Xt + opdy
t < t+ 1; nepexon k mary 1

BCC IPCALIAYIIUC COIIPS’KCHHBIC HAIIPABJIICHUA OPTOTOHAJIBHBI TCKYIICMY 3HAYCHUIO

d@r

rpaaueHra V f (xj)T d¢¢ =0V 0 < i < j, nonyunm = 0, Tak KaK

ZtDtva (x;) =
— [(Xt — Xt—l)DtDtTVf (X¢) 5o s(xp — Xt—T)DtDtTVf (Xt)]
= [d, \Vf(xt),....di-rV [ (x¢)] = 0.

Jasiee, 1o cBoicTBY conpskeHHEIX Hanpasnennit df¢ TV fdSY = 0,V 0 # j:

H~
,_A

Z ¢;dSY TV (Vf (%) + Bedy—1) = 0.
J=

JI1st KBaApaTUYHOTO CIy4asi HallpaBJeHUs, CTEHEPUPOBAHHbIE AJITOPUTMOM 4, COBIa-
JAI0T C HAIIPaBJICHUSIMU METO/1a CONPSIKEHHBIX T'PAJIUEHTOB, a CJIEI0BATENbHO 00J1a1a-
10T TEMU K€ CBOICTBAMHU, B TOM UHUCJIE CXOAUMOCTBIO HE OOjIee ueM 3a n uTeparui ¢

JIMHENHOW CKOPOCTBIO COMIACHO Y TBEPKICHUIO 3. []

Takum oOpazom, mis Anroput™Ma 4 TMoOKa3aHa KOHEYHAs CXOAMMOCTh B
KBajipaTUIHOM ciiydae. B Marpuniax G; u Z; HakarummBaeTcs WH(pOpManus O KpH-

BHU3HC q)YHKI_[I/II/I, 3a CUCT 4YC€ro AcJIacTCsa KBa3WHBIOTOHOBCKUM IIIar BIOOJIb Qt =
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span{Vf; — Vfi_1,....Vfi = Vfi_r)} — nuneiinoit 000JI0YKK PA3HOCTH TPaIH-
€HTOB. JIOMOJHUTENBHO, BBINOJHAETCA IIAr METOAOM COIPSIKEHHOTO TPaJUeHTa B
HaIpaBJIeHUH, OpTOroHanbHoM G;. Takum 00pa3oM, mar B KBa3MHLIOTOHOBCKOM Ha-
PABJIEHUH MOJICem HUBEINPOBATh HAKOIUIEHHYHO METOLOM CONPSDKEHHBIX IPaJUEHTOB
OLIMOKY, coaepakarnyrocs B G;. OTMETHM, YTO I 00€CIIEUEH S TNHERHON CXOIMMOCTH
B CHJILHO BBIIYKJIOM CJIyd4ae MOKHO BOCIIOJIb30BATHCS KOPPEKTUPYIOLIMM aITOPHTMOM

HOﬂHpOCTpaHCTBCHHOﬁ OIITUMHU3allH 3

2.4 Mertoa MonupUUIHMPOBAHHBIX 3HAKO—BO3MYIIIEHHBIX CYMM

[Ipennoxennsiii B padote [41] MeToa 3HAKO—BO3MYIIEHHBIX CYMM Ja€T TOUHOE
JIOBEPUTEITEHOE MHOKECTBO ITPU YCIIOBUH HE3aBUCHUMBIX IIOMEX, PACITPEICIEHHBIX O/IU-
HAKOBO W CUMMETPUYHO OTHOCHUTEIBHO HYyNS. J[aHHOE OTrpaHWYEHHE NIEIAET METOJ
3BC HenmpuMEHUMBIM IIpU MOCTaBi€HHbIX B Paznene 1.3.3 yClnoBUSIX HE3aBUCHUMBIX
C BXOJJaMH a B OCTQJILHOM IPOMU3BOJIBHBIX MOMEX U CUMMETPUYHO PACTPEACTEHHBIX
OTHOCHUTEJIbHO U3BECTHOTO CPETHET0 BXo/Iax. B 3TOM pasziene n3nokeH MeToa Moougu-
yuposanHwvix 3Haxo-eo3mywenuolx cymm (MB3C), BMecTO HakIaAbIBaHUS OTPAHUYCHUS
Ha MPUPOAY MOMEX, OCHOBBIBAIOIIHUICS HA CUMMETPUYHOCTH PACIpECICHUs] BXOJ0B
CHUCTEMBI BOKPYT U3BECTHOTO cpeaHero. CTOUT OTMETUTh, UTO CXOXKHUE UJEH UCIIOIb3Y-
IOTCSl U B HEKOTOPBIX JPYTUX PAHIOMHU3UPOBAHHBIX METOJ/IaX, padOTaIOIUX MPU MOYTH
MIPOU3BOJIbHBIX TTOMexax (cmotpu [36]).

PaccmoTrpum 3a1auy OLIEHKY IMapaMeTpa JIMHEMHOW MOJIEIIH BXO/1a—BbIXO/1a C a/I-

JIUTUBHBIMH ITOMEXAMH B HAOJIIOIECHUAX BBIXOA aHaJOTHUHYIO MOJCIIN (1 . 14):
=@ , i=1.N
Yi=@; X, T+ &, 1=1.I,

rae N — uucio HaOmoaeHui, y; € R — HabmromaeMble BEIXOJBI CUCTEMEBI, @; € R"
— Ha0JI0IaeMble BXOJIBI CUCTEMBI, X, € R" — HCKOMBIN BEKTOp MapaMeTpoB, a €; € R
— HEW3BECTHBIE JJIUTHBHBIC TIOMEXH. [IpeanonokuM, 4To BEKTOpa BXOJOB (,; HE3a-

BUCHMMBI U OIMHAKOBO PACIPEEICHBI BOKPYT U3BECTHOIO cpennero m, € R". Beenem
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0003HaUYEHUS:
N
Sk(x) =) airi(y; — @), (2.38)
=1
N
So(x) = Ai(yi — 9ix), (2.39)

e A; = @; — My — LEHTPUPOBAaHHBIE 3HAUYEHUS] BEKTPOB BXOJIOB, @ j; — TaK Ha3bl-

BaeMbI€ CIyyaliHble 3HaKU, OTpeeNsieMbie o Gopmyre:

1 C BEPOSITHOCTBIO

Qi =

D= D=

—1 C BEPOATHOCTBIO

[To aHANOTHU C 3HAKO-BO3MYWEHHbIMU CYMMAMU, BBEICHHBIMU B paboTe [41], Si(x)
UMEHYIOTCS MOOUPUYUPOBAHHBIMU 3HAKO-803MYUWEeHHbIMU cymmamu. Momudukanus
3aKIII0YAETCS B BBEACHUU PAHOOMUZUPOBAHHBIX MHOXKHTEICH A;.

B Anroputrme 5 B BUJE MCEBIOKO/A M3JIOKEH OCHOBAHHBIM Ha cymmax (2.38)
u (2.39) meTon MOIU(PUITMPOBAHHBIX 3HAKO-BO3MYIIICHHBIX CYyMM ITOCTPOCHHSI TOUHOTO
JTOBEPUTEIIBHOTO MHOYKECTBA IapaMeTpa JuHeHoW Mozenu (1.14) X* B KOHTEKCTE clie-
naHHbIX B Paznene 1.3.3 npennonoxenuii. OCHOBHAs UAES MPUBEICHHOIO AJITOPUTMA 5
3aKIII0YAeTCsS B TOM, YTO M3 HE3aBHCUMOCTH M CUMMETPHUYHOCTH pacmpeneiaeHus A;
CIIeJIyeT COBIAICHUE pacIpeeicHuit cymm Sy (x*) = Zf\i Lok iNigi, k=0,... ,M—1.
Takum 06pa3omM, 0003HauuB Zj, = ||.Si(x*)||, cnyvaiinas BenudauHa 2 npuMeT JIFOOYTO
TMIO3UILIMIO B OTCOPTHPOBAHHOM I10 BO3PACTAHMIO CIIMCKE Z((), - - - , Z()—1) C BEPOATHO-
CTBIO ﬁ CrnenmoBarenbHO, /) He OKaXeTcs cpeau ¢ < M HanOonbIux 3HAYCHUM
{Zi 125! ¢ BepostHOCTBIO 1 — L

®dopmanibHO 000CHYeM MpHUBEACHHBIE paccyxkiaeHus. Crenyromas Teopema
YTBEP)KIACT, YTO MHOXKECTBO 3HAYEHUH X, NJISi KOTOPBIX AJITOPUTM 5 BO3BpaIacT

TRUE, opmupytor Tounoe (1 — +7)-n1oBepurenbHoe MHOXKECTBO [T HapaMeTpa X ™.

Teopema 4. Paccmompum nunetinyro mooens ¢ aooumuenvimu nomexamu (1.14). Ilycmo
6x006l { @i} u nomexu {e;}Y mezasucumvr xax mexncoy coboii max u opye ¢ opy-
2om. TIpeononoscum, umo 6xoowvt {@;}Y oounarxoeo u cummempuuno pacnpedenenvi
omHOCUmMeNbHO Uuzeecmno2o eekmopa me € R". 3agukcupyem M > q = 0 —
06a namypanvrvix uucna, {Sy(x) }ol,t — M moouduyuposantvix 3naxo-603MywéHHbIX

cymmbl, noryuennwvix no opmynam (2.38) u (2.39). Obosnauum Z,(x) = ||Sk(x)||5 u

XKoo= {xeR: {{ke{l,....M—1}: Zy(x) < Zp(x)}| > 1}. (2.40)



56

Algorithm 5 MSPS({y; }Y |, {@} Y, my, M, g, x)
foriinl... N do

ni < yi — @] - X
Aj <= @; —my
forkinl...M —1do
S+ 0€eRP
fori:inl... N do

Sk Sk +A;-n;- RANDOMSIGN()
Zy, < ||Skl[3
Sp+— 0eR?P
for:inl... N do
So +— So + A; - n;
Zo 115013
r <0
forkinl...M —1do
if Zy > Z,; then
r<—r+1

if  >= q then
return FALSE
else
return TRUE
end procedure

Tozoa X\, 6yoem mounvim (1 — < )-0oeepumenvrviv mrosxcecmeom ons napamempa
*

x*:
P e Xy =1——
€iyQki (X < M,q) -+ M
Jlokazamenvcmeo. JlocTarouHo mokasarb, 4To X* € X7, ¢ BepoaTHOCTBIO 1 — .

DTO 3KBHUBAJICHTHO TOMY, YTO Z((X *) MEHbIIE KaK MUHUMYM ¢ Pa3IH4HbIX i (X*) U3
{Z).(x*)}227! ¢ BeposTHOCTBIO 1 — L, 4TO B CBOIO OYEPE/Ib BHIMOJHSETCS [PH yCIOBUH

paBHOMepHO# yropsinodennoctd { Z; (x*) 1L ! 3ametum, uto Zo(x*) u Zj,(x*) MoryT

OBITH 3alMCaHbl B BUAC:

N
X)) =) aridieill,  Zo(x") = | ZA il
1=1
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CormacHo YTBepXIeHUIO 5 aj,;A; U /\; HE3aBUCUMO W ONUHAKOBO PACIIPEACIICHEI
Vi=1.N,k =0..M — 1. CanenoBarenbHo, HE3aBUCUMO U OJIMHAKOBO pPacIpe/iesICHbI
penmaunbl { Z;(x*) 111t Kpome TOro, OHM pacrpeneneHbl HEMpePbIBHO, @ 3HAYMT U
PaBHOMEPHO YIIOPSIIOYCHHBI B CHJIY HEMIPEPBIBHOCTH pacnpesencuus A; u YTBepxkie-
nus 6. Takum o6pasom, Zy(x*) He cpeu ¢ HanGombiux 3nauennit uz {7 (x*) 127! ¢

BEPOATHOCTHIO 1 — L. O

Crnenyromiee 3aMeuaHre XapakTEepU3yeT 00J1acTh MPUMEHUMOCTH AJropuTma 5.

3ameuanue 15. /{okazamenvcmeo Teopemvt 4 6 cyujecmeeHHolU cmeneHu 0CHOBbIBAEM -
Csl Ha Cyuatinotl npupooe 6ekmopos 6x0006 {@; ¥\ : eeposmmuocms npunaonescnocmu
UCMUHHO20 3HAYeHUs napamempa X~ mHoxcecmey Xy, 6 Teopeme 4 nonumaemes kax
O CAYUAliHGIM 3HAKAM { oy, ; }, mak u no eekmopam 6x0006 {@;}Y . Taxum obpasom, k
obnacmu npumeHnerus Aneopumma 5 OmHOCAMCA CUMYAyUu 8 KOMopPvlX 6X00bl MOOEIU
2EHePUPYIOMCA CAYUAUHBIM 00PA30M, UX pacnpedelieHue CUMMEMPUIHO, d UX cpeoHee

U3eeCniHoO — Hanpumep, 3a0aromcs IKCnepumernmamopom.

[IpuBeneHHbIe B naHHOM paszaeie Teopema 4 1 AITOpUT™M 5 OCHOBAHBI HA METOJIE
3HAKO-BO3MYILEHHBIX CYMM U COOTBETCTBYIOIIICH TeOpeMe, TPUBEICHHBIXB cTaThe [41].
Tem He MeHee, U3JIOKEHHBI METOJ] MOAUGUIIMPOBAHHBIX 3HAKO-BO3MYIIEHHBIX HC-
MOJIB3YET OTVIMYHYIO MCIO PAaHAOMHU3AIMN BXOA0B, YTO MO3BOJISIET PACIIUPUTH 00JIACTh
NPUMEHEHHUS alroOpuT™Ma, 0CJIadUB OTPAHUYEHHUS Ha IPUPOAY MOMEX.

CTouT OTMETUTh, 4YTO MHOXECTBO X)/,, TOIYYEHHOE METOJOM 3HAKO—
BO3MYIIEHHBIX CYMM, SIBIIIETCS pEUICHWEM NOocCTaBieHHOW B Pasgene 1.3.3 3amaunm

mpu ¢ = 1 — 7.

2.5 CaoiicTBa 10BEepUTEJBLHOI0 MHOKecTBAa MeTona M3BC

B 3TOM paznene npoaeMOHCTPUPOBAHHBI HEKOTOPHIE CBOKMCTBA JJOBEPUTEIBHOIO
MHOXECTBA X 4, TIOMYYEHHOTO AJTOPUTMOM 3.

BripaskeHue MOBEpUTETHLHOTO MHOXECTBA B SIBHOM Buje mno dopmyne (2.40)
HEYI0OHO, TaK KaK TpeOyeT MPUMEHEHUS MPUOINKEHHO-YUCIEHHBIX Tporeayp. Kpo-
M€ TOTr0, OTCYTCTBHE aHAJIMTUYECKOTO BBIPAXKEHHUSI TPAHUI] JOBEPUTEIBHOIO MHOKECTBA

XM,q 3aTpyaAHsACT BOSMOKHOCTD UCCIICJOBAHUA UX TCOPECTUUYCCKUX CBOMCTB.
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3ameuanue 16. B ycnosusax Teopemvr 4, mnooicecmeo Xy, onpeoensiemoe no gopmy-

ne (2.40), oonyckaem anvmepHamugHoe 8blpaddceHue.

Xarg = U ({x: Zo(x) < Zu(x)} | # 2.

Ic{1,.,M-1}:|l|l=¢ \kel

Hoxaszamenbcmeo. JI0CTaTOUHO 3aMETUTh, YTO MHOKECTBO X}/, COCTOHUT U3 TOYEK X,
JJIS1 KOTOPBIX Z(X) MEHBIIIE KAK MUHUMYM ( Pa3IUUHbIX Z)(X ), T.€. IO MEHbIIICH Mepe

q Pa3IMYHBIX HEPABEHCTB Z((X) < Zi(X), k = 1..M — 1 BeImONHAIOTCS. ]

Baxxnocts 3ameuanust 16 cOCTOUT B TOM, YTO BEIYHCICHHE MHOKECTBA X 'M,q MO-
KET OBITh CBEJACHO K BBHIYMCIICHUIO 00JI€e MPOCThIX MHOKECTB {X : Zo(X) < Z (x)}
B MHOTOMEPHOM CJIy4ae.

PaccmoTpuM ogHOMEpHBIN citydaii muHEiHON Moaenu (1.14)
Yi = ©;T + €, 1=1,...,N, (2.41)

e v, @, r, & € RVe=1,... N.B caenyromieii 1eMmme 000CHOBBIBACTCS aHATUTH-

geckast popma MHOXKECTB {X : Zy(x) < Zp(X)} 11t OAHOMEPHOTO CIrydasi.

Jdemma 7. Ilycmo d = 1. Toeda muooxcecmeo {x : Zy(x) < Zi(x)} oonyckaem cneoy-

wnuwee anaiumudecKoe golpasicenue.

{o: Zo(w) < Zu(a)} = (BP™, BP™),  20e

N N
B(l) _ Zi:1(1 - ak,i)(Piyz‘ B(Z) _ 21:1(1 + ak,i)(piyi
E ’ k )
Zfil(l - ak,i)(pf Zfil(l + ak,i>q%2

gy = min(B{", BY), By = max (B, BY) .
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Hokazamenscmeo. PaccMOTpuM HepaBeHCTBO Zo(1*) < Zi(x*)

N N
(Z Ai(y; — <Pz'$))2 < (Z ari i (yi — (Pz'flf))2
lel Nz:l

(Z Aily; — @iz))” — (Z ari @i(yi — 9ix))* < 0,

O (1= ar)Ai(yi — 9i) (O _(1+ ar) Ai(ys — @) <0,

i=1 i=1
val - ak A)Ai(g + Ajx) B

(1= ag,)A?
SV ar) A + Az

Zi:l(l + a’k’i)AZZ

—x | <O0.

]

Crout OTMCTHUTBb, YTO AHAJIMTHYCCKOC BBIPAKCHUC I'PAaHUI] MHOXKCCTB {$

Zo(z) < Zy(x)}, nonydyennoe B Jlemme (7) 3HaunTenbHO 3()(HEKTUBHEE MOTOUCYHO-

T'O BBIYHCJIICHHUA C ITIOMOIIBIO AJ'IFOpI/ITMa 5.

1 2
Jemma 8. [Iycmov By aeniemcs B/Z(C ) wn B,g ) w6 donomnenuu x NPeONnoNLONCEHUM,

U3N0NCeHHbIM 8 1.3.3 8bINONHAIOMCS Cledyiouue YCa08UsL:

— d emopoii u uemeepmoiii momenmot 015 { ©; };
— {&;} asnaemca aubo cryuaiinoll eeruyuHOU ¢ 6MOPLIM HEYEeHMPUPOBAHHBIM

MOMEHMOM, OcpAHUYCHHbIM koncmanmou C' < oo, aubo demepmuHupoeaH-

HOUL NOCNIe008AMENbHOCMbIO, PABHOMEPHO 02panuyennou koncmanmoti \/ C.

Toeoa
*
E£7(p7a|:Bk:| =T Y
2 \
EE,(D,CL [Bk _ Ea,(p7a)|in-i|i| 07
N—o0
20@ EE 9,0 — Mamemamuueckoe OOfcuaaHue COBMecnmHozco pacnpe()eﬂeHuﬂ

{ei}is 17{(92 1”{az}z 1

ﬂOKClS’ame]leWIGO. PaCCMOTpI/IM MAaTCMAaTH4YCCKOC OKHUAAHNC I'PAHUIIBI MHOKCCTBA

SN apa) A (e + Aja¥)
Z;’Z\;l(l + ap ;) A?

Ea,(p,aB{ak,i} = Ea,(p,a
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Zf\;l(l + am)Aisi
2511(1 + akn’)A?

Tak xak A; HE3aBUCUMBI C €; M CPETHEE MTEPBHIX PABHO HYJIIO, TO

*
=2+ Eepa

| <

87(p7a/

Zz (1 £ ag) A, Z’ (1 ag)Ae;
Yo (1 £ ap ) A IS+ ary)A?

(1:|:aki)A'€i
S Z|E€ @ 2 | =
Z];«éz(l + ak J)A

Takum o0Opazom mepBasi yacTh YTBEp)KIEHUS J0KazaHa. [[ns nokazaTenbcTBa

y N N
BTOpOH 4actu 3ameTum, uto V{z;}) Bepno mepasenctso 2> | 27 > (3] z;)% Cue-
JIOBATEIBHO,

(i (1 £ ari)Aies)?
Ea,(p,a[B{ak,i} - Ee,cp,aB{ak7i}]2 < E£,<p,a Nl 29
(Eizl(l + ak7i)Ai>
(0 (1 £ a) Avey)? .
(il (L £ ap )AL | N

Tak kax €; HC3aBUCHMEI C Ai, MAaTEMAaTUYCCKOC OKHNJaHUEC 110 HUM MOXKET OBITH B3STh

< CEs,qJ,a

otaenbHO. Takum 00pa3oM, UCTIONB3Ys HAJTOKEHHBIE OTPAaHUYCHHUS:

N
EE,(P,G[B{ak}i} - EE,CP,GB{ak7i}]2 < CE 0, (ZZ: , _

1
Es ©,a > 0.
(i1 ap) A2 Voo
CrnienoBaresibHO, BEpPHO U BTOPOE YTBEPKJICHHUE. [l

Jlemma 8 nma€r nBa BaKHbBIX CIEACTBHs. Bo-mepBbIX, By — TpaHULbl HHTEPBA-
na Xy, — B CpEIHEM PaBHBI HCTHHHOMY 3HAUYEHMIO IapaMeTpa *. Bo-BTOpBIX, 5TH
TPaHULBI CTPEMSTCS K 2* ¢ yBenuueHueMm N. Pe3tomupys, 10BepUTENbHBIN HHTEPBAT
cxomutcst x* mpu N — oo. Takum 00pa3oM, MO aHAJIOTHH C OLIEHKaMH MapaMeTpoB,

I[OBGpHT@JIBHBIﬁ HHTCPBAJ XM,q MOXHO Ha3BaTb COCMOAMENbHBIM.
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I'naBa 3. CpaBHMTE/IbHBII aHAJN3 METOA0B ONTHMHU3ALMU M OIleHUBAHUS
napaMeTpoB

3.1 Amnaian3 Meroxa M3BC Ha MoaeIbLHBIX JAHHBIX

B stoM paszgene 1eMOHCTpUPYIOTCS OCOOCHHOCTH JOBEPUTEIHHBIX MHOXECTB,
MOJYYEHHBIX METOJIOM MOAM(DHUIIMPOBAHHBIX 3HAKO—BO3MYIIEHHBIX CYyMM B CpaBHe-
HUU C METOJOM 3HAKO-BO3MYIIEHHBIX CYMM M aCCUMITOTUYECKUMU JOBEPUTEIbHBIMU
MHOKECTBaMHU, MOTy4eHHbIM 110 hopmyie (1.15). B cuity Toro, 4to nepedrciieHHbIe Me-
TOJbl UMEIOT pa3Hble 00JACTH NPUMEHUMOCTU: HOPMAJIBHO paclpeeI€HHbIE TOMEXH,
LEHTPUPOBAHHBIE CUMMETPHUYHO PaNpeleIEHHBIE IOMEXU U MPOU3BOJIBHBIE ITOMEXH,
— pe3yibTaThl CPAaBHEHMS B KaXK/IOM W3 YKa3aHHBIX CIy4daeB IpelcKazyembl. Takum
00pa3oM, NpUBEAEHHBIE Jajlee MPUMEPHI HOCIT UCKITIOUUTENIbHO MILTIOCTPATUBHBIN Xa-

pakrep.

3.1.1 Onucanme MoaeJbHBIX JAHHBIX

B npuénennbix B Paznene 1.3.3 ycnoBusx, HanOOIbIINM HHTEPEC MPEACTABIISIET
ciiydail Manoro yuciia umiepeHuit. /[ ynobcTBa Bu3yanu3anuu pacCMOTPUM ABYMEp-
Hblii ciyuait n = 2. Honoxum 0% = (—1,2)T u cMomenupyem 3Ha4eHHs @; COIIACHO

CJIeIYIOIIEMY pacIpeAesICHHIO:

10

©; ~ N(u(p,z(p), },L(p — (1, —1)T, E(p — O

DNO|—

Takum 00pa3oM, HEM3BECTHBIMU OCTAIOTCS YMCIO HaOmoaeHuit N 1 npupoja nomex
{e;}, pa3nuuHble KOMOMHAIMK KOTOPBIX OyAyT PacCMOTPEHBI B MOCICAYHOLIUX TO-

paszzenax.
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3.1.2 Cayuyaii 60JbIIOT0 YNCJIA U3MEPEHMN

PaccmoTpuM n1Ba THIA MOMEX:

1. Hecmewennvie cummempuunspie: €; ~ N(0,1),

2. cmewénnvie accumempuunsie: €; ~ Erp(A = 1) + 4.
Ha Pucynke 3.1 (a) mpuBeneHsl 1OBEpUTETbHBIE MHOXKECTBA ISl CIydast Yucia HaOJro-
nenui N = 50 1 HECMEEHHBIX CUMMETPUYHBIX ITOMeX. Bce Tpu JOBEPUTENBHBIX MHO-
YKECTBA COJICPKAT KaK UICTUHHOE 3HAUYCHHE MapamMeTpa, Tak U €ro OLEHKY, TOJTYUYCHHYIO
METOJIOM HauMEHbIUX KBagpaToB. OTMeTuM, yTo MeToasl M3BC u 3B3 narot noBepu-
TeJIbHbIE MHOXXECTBA 3HAYUTEIILHO OOJIBIIINE TI0 00bEM, YEM MHOXKECTBO, MOJYYECHHOE
o ¢opmyine (1.15). Ha Pucynke 3.1 (b) mpuBeaeHbI 10BEPUTEIHHBIE MHOXKECTBA IS
cinyuas uncna Haomonenuid N = 50 u cMenEHHBIX aCUMMETPUYHBIX Tomex. HecMoT-
Ps Ha TO, YTO JIOBEPUTEIHLHOE MHOKECTBO, MTOTydeHHOE MeToIoM M3BC, 3HaUYnTENIbHO
IIPEBOCXOMIUT 10 00BEMY JTIOBEPUTEIbHBIE MHOXKECTBA, MOJTYyUYCHHBIC IPYTUMU METOA-
MU, OHO €MHCTBEHHOE COJCPKUT UCTUHHOE 3HAYEHUE IMapameTpa. JloBepuUTenbHbIE
MHOXeCTBa, nojaydeHHbie meronoM 3BC u mo ¢opmyne (1.15), cmeliensl BMecTe ¢

onenkoit MHK u3-3a aCHMMETpUYHOCTH U CMEIIEHHOCTU TTOMEX.

3.1.3 Cuayuaii MaJI0r0 4YHUCJIa U3MepPeHuil

PaccmorpumM n1Ba Tna romex:

1. necmewénnvie acummempuunsie €; ~ Exp(A =1) — 1,

2. cmewénnvie acummempuunsle €; ~ Exp(A = 1) + 4.
Ha Pucynke 3.2 (a) nmpuBeneHbl TOBEpUTEIbHBIE MHOXKECTBA JJIA Cilydas 4YKclia Ha-
omonenuit N = 15 u HecMemEHHBIX acuMMeTpuuHbIX Tomex. Ha Pucynke 3.2 (b)
NPUBENICHBI TOBEPUTEIIbLHBIE MHOXKECTBA I ciiydas yucia HaOmoneHut N = 15 u
CMENIEHHBIX aCUMMETPUYHBIX MoMeX. [JoBepurenbHOoe MHOXKECTBO MeToga M3BC —
€IMHCTBEHHOE, CO/IepIKalllie UCTUHHOE 3HaYeHue napamerpa. [Ipu s3Tom, 1oBEpUTEIIb-
HO€ MHOXECTBO, MojiydeHHOe MeTogoM 3BC BHOBBL HeorpanudeHo. [IpumMeuarennHo,
YTO NoJiydyeHHble MeToAoM 3BC noBepUTENbHBIE MHOKECTBA BRIPOXKIAIOTCS B HEOTPa-

HUYCHHOC.
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theta_1
theta_1

1.5

1.0

theta_2 theta_2

a) Hecmemennble cummeTpuyHbie nomexu 0) CMelleHHble aCHMMETPUYHBIE TOMEXU
HctruHHOE 3HaUY€HUE TapaMeTpa OTMEYEHO KPyroM ¢ Touko, onenka MHK ormeuena

KpecToM
Pucynok 3.1 — JloBepurenbHble MHOXKECTBA, oNydeHHbIe MeToaoM 3BC (TemHbie
TOpU3OHTaJIbHbIC TUHUH), MeTOJI0M M3BC (cBeTiible BEpTUKATIbHbBIC TUHUH) U MO

dbopmyie (1.15) (amnmuncon) mpu OOIBIIIOM KOJIMUECTBE HAOIIOICHU.

3.1.4 BruiBoanl

B nmpeasiaymux pazaenax npoWIIIOCTPUPOBAHHBI IOBEPUTEIbHBIE MHOXKECTBA,
nonyudennsie Mmetogoamu 3BC, M3BC u no ¢opmyne (1.15) ana detbipéx ciayyaes:
HECMCILIEHHbIE CHMMETPHUYHbBIE TIOMEXU MPU OOJIBIIOM YHUCIE HAOIIOACHUHN, CMEIIEH-
HbIE€ ACUMMETPUYHbBIC MTOMEXH MPU MAJIOM YHUCJIe HAOMIONCHUM, HECMEIIEHHBIE aCUM-
METPUYHBIE TOMEXH MPHU OOJIBIIIOM YHUCII€ HAOMIOACHUM U CMEIIEHHBIE ACUMMETPUYHBIC
IOMEXH IIPU MaJIOM urcie HabmoneHui. [IpuBeaéHHbIe MPUMEPHI COTNIACYIOTCS C MOITY-
4yeHHbIMU B Pazzene 2.4 TeopeTuyecKUMH pe3ylbTaTaMu: METo] MOIU(UIIMPOBAHHBIX
3HAKO—BO3MYILUEHHBIX CYMM JAa€T TOYHOE JOBEPUTEIBHOE MHOXECTBO B TOM YHCIIE B

YCIOBUAX CMeIHéHHBIX ACUMMCTPHUYHBIX ITOMEX U MAJIOT'O YHUCJIa HSMGPGHHﬁ.
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20
I

theta_1
0
L

-10

-20
|

theta_2 theta_2

a) HecMelieHHbIE aCHMMETPUYHBIE 0) CmernieHHbIE ACHMMETPUYHBIE TIOMEXHU

IIOMECXHU

HcTrHHOE 3HAaYeHHE mapaMeTpa OTMEUEHO KpyroM ¢ Toukoi, orilenka MHK ormedeHna

KpPECTOM

PucyHnok 3.2 — JloBepUTENbHBIE MHOXKECTBA, MTOy4yeHHbIE MeToaoM 3BC (TeMHbIE

rOpU30HTalbHbIE JTUHUH), MeToa0oM M3BC (cBeTible BEpTUKAJIbHBIC JTUHUHU) U 110

dbopmyine (1.15) (ammurncon ) mpu MajaoM KOJIUYECTBE HAOTIOACHUMN.

3.2 CpaBHUTEJbHBIH AaHAJN3 METOIOB ONITUMH3AIUU

B stom pasacic NpuBCACHO CPpaBHCHHUC MCTOIOB MocJieJ0BaTeIbHOM [oAIIpo-

CTpaHCTBeHHOﬁ OIITUMU3AIMNU M PACIIPOCTPAHCHHLIX aHAJIOI'OB. PaCCManI/IBaIOTCSI

CJIEIYIOIIME METO/Ibl ONITUMM3AIUU:

— CG: Mmetop conpspkeHHBIX rpaareHToB (1.10) ¢ BeiOopom mrara mo gopmyiie
[Tomaka—Pu6nepe—Ilonsika (1.11);

— BPCG: meton buna—Ilaysma (1.12), B kauecTBe napaMmeTpoB ¢y, Co, C3 UCIIONb-
30Baauch 3HaueHus 0.2, 0.8 u 1.2 COOTBETCTBEHHO;

— L-BFGS(m): meron bpoiinena—®dneruepa—I onbadapoa—Illrnno, xpansmumii
UCTOPUIO 3HAYCHHUI apryMEeHTa M T'paJMeHTa 3a MOCIIeIHUE M I1aroB (CMOT-
pu Anroput™m 7.5 B [70]), B KadecTBe HAYaJbHOTO MPHUOIMKCHUS 00paTHOM

Marpuiel [ ecce ncnosb3oBanach €AMHUYHAS MaTPULIA;
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— L-QNSSO(m): npeayioxkeHHbIA AJITOPUTM 4, XpaHAIIUN UCTOPUIO 3HAYCHUI

apryMeHTa U I'paJIneHTa 3a MOCJEIHHE 11 IIAroB.

Jlns onpeneneHus pa3mepa 1ara Kax10ro u3 METoJI0B UCTIOIb30BaJIC MPUOIH-
YKCHHBIN TUHENHBIN TOMCK MeTooM bpenTa [ 108]. Bce MeTobl peain30BaHbl Ha SI3bIKE
nporpammupoBanus Python ¢ ucnonb3zoBanneM OMOTUOTEK JIMHEHMHOM anreOpsl U Ha-
yuHbIX pacuétoB NumPy [109] u SciPy [110]. McxomHblit Ko/ BBIJIOKEH B MMyOJIUYHBIN
noctym Ha cepBuce GitHub, anpec pemosutopus: https://github.com/obus/

optimus.
3.2.1 KsagparuuHas ¢pyHKUIuUsA

PaccmoTrpum yHKIIMIO BHAa

1
f(x) = 5 TAx +b'x, (3.1)
rme x € R", n = 1000, A € R, b =1 € R". IIpu 5ToM, cieKTp Marpuisl A
UMEET CHECAYIOIUN BU/I:

n

(Amaz — 1)} C [1, Anaz] - (3.2)

1=1

1—1
n—1

p(A):{1+

CpaBHeHHE METO/IOB ONTUMU3AIIMK TIPOBEICHO CIEAYIOIIMM 00pa3oM:
1. reHepupyeTcs HaualbHAs TOYKA X M3 pacnpenenenus N (x,, I);
2. I KaXJ0To allfOpUTMa 3allyCKaeTcsl MpoLecC ONTUMH3AINKU, U CYUTACTCS
MHUHHMAaJIbHOE 3HaYeHUE QYHKIUU f(X;) 32 ThICSATY UTESPALLHIA;
3. oranbl 1-2 MOBTOpSAETCS ThHICAYY pa3, MOJIYYUB TaKUM 00pa3oM BBIOOPKY
Orgiian f(X¢) U1 KaXKI0TO U3 aJITOPUTMOB,

4, 3;3;151 1-3 moBTOPSIOTCS JUIsl 3HAUCHUH A, = 10, 100, 1000.
Pacnpenenenus nosy4eHHbBIX BHIOOPOK MIPOUIUTFOCTPUPOBAHBI TOCPEACTBOM ““SIIHKOB C
ycamu’’ Ha Pucynkax 3.3, 3.4 u 3.5 mys cimyqaeB A, = 10, 100 1 1000 cOOTBETCTBEHHO.
Bo Bcex Tpéx ciygasx anroputm L-QNSSO(2) nemoHCTprUpyeT HauMEHBIIIYIO OIIHNOKY.
3aMeTHUM, 4TO C POCTOM A4, YBEIMUUBAETCA MpeBocxoacTBO anroputma L-QNSSO(2)
HaJ[ METOJIOM COIPSKEHHBIX T'PAJAUCHTOB. DTO MOXXHO OOBSICHHUTH TEM, UTO TLIOXAs
00yCJIOBJIEHHOCTb 33J1a4i YBEJINYMBACT HAKAIUIMBAEMYIO METOJOM COTPSKEHHBIX Tpa-

JUCHTOB OIJ_II/I6Ky N JINIIACT COOTBCTCTBYIOIIHUC HAIIPABJICHU A CBOICTB COIIPsAKCHHOCTH.


https://github.com/obus/optimus
https://github.com/obus/optimus
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Meton L-QNSSO HuMBENMpYIOT 3Ty NOTPEUIHOCTh 3a CYET JOIMOJIHUTEIBHOTO KBa3u-

HBIOTOHOBCKOI'O IIIara.

Pucynok 3.3 — flmuku ¢ ycaMu CTaTUCTUKU 0%127 | f(x¢) s KBagpaTuaHOI
dbynaknuu (3.1) ¢ Ayy,q = 10. Tlo ocu aGeruce OTMEUEHO 3HAUCHUE (yHKIUYU B
jorapudmMudeckoi mkane. JleBas rpaHuiia, OTpE30K BHYTPH U MpaBasi TpaHuIIa AlIUKa
— 25%, 50% wu 75% niepceHTUIN COOTBETCTBEHHO, T'PAHUIIBI YCOB COOTBETCTBYIOT

MHWHHUMAJIBHBIM U MaKCUMAaJbHBIM 3HAYCHUAM.

3.2.2 ®yukunus Po3zenOpoka

PaccmorpuMm o6o6menne npeaioxkenHon B padore [111] dyakuum PozenOpoxka

Ha cnyqaﬁ n IMCPCMCHHBIX:

n—1

f(x) = z:zl [100(zisy — 27)° + (1 — z3)7] (33)

—2.048 < x; £ 2.048 Vi=1..n.

[mob6anbubiit MunumMyMm ¢yHkiuu (3.3) HaxoguTcs B TOouke X, = 1 Vn 2>
2, a mma n > 4 W3BECTHO O CYIIECTBOBAHMM IO MEHBIIEH MeEpe OIHO-
ro JIOKaJbHOTO MHHHUMYyMa B OKpecTtHoctd Touku (—1,1,...,1) [112]. Tlpwm
3TOM, NPEANOJIaraeTcsi, 4TO CEMJIOBAsl TOYKA HAXOAUTCA B OKPECTHOCTHU TOYKH
(—0.555,0.322,0.115, 0.024,0.011, 0.010, . ..,0.010,0.0001) " [113]. B cBs3u ¢ 3THM,
CpaBHEHHE METOAOB ONTHUMHU3AINH TPOBEACHO CAEAYIOIKUM 00pa3oM:
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PucyHok 3.4 — Slumku ¢ ycamu CTaTucTukd min f(X;) A7t KBagpaTHIHON
N
dbynkiuu (3.1) ¢ Apyq = 100. ITo ocu abenuce oTMedeHo 3HaYeHue PyHKIIUKU B
norapudmMuueckoit mkaine. JleBas rpanuiia, OTpE30K BHYTPH U MpaBasi TpaHuLIa AllUKa
— 25%, 50% wn 75% niepceHTHIN COOTBETCTBEHHO, TPAHUIIBI YCOB COOTBETCTBYIOT

MHWHHMAJIBHBIM U MaKCUMAaJIbHBIM 3HAYCHUAM.

1. reHepupyeTcsi HayadbHAas TOUKA X COTNIACHO PaCIPEACICHUIO

xo = (—0.555, |27, ... ]2,

| (3.4)
a:(()l) ~ N(0,1), Vi=2.m;

2. I KaXJ0ro alrOpUTMa 3aIllyCKaeTCsl MPOIECC ONTUMU3ALUUA U CUUTAETCS
MHUHHMAaJIbHOE 3HaueHue QyHkuuu f(x;) 3a T ureparmi;
3. sTanbl 1-2 MOBTOPAIOTCS ThICSUY pa3, B PE3YJIbTAaTe YEro MOJIYyYUM BBIOOPKY
3HaYeHUH O%LnT f(X¢) 1 KasKI0TO U3 AJITOPUTMOB.
Pacnpenenenus HOJIy\qEHHLIX BBIOOPOK MPOMJUTIOCTPUPOBAHBI TOCPECTBOM “‘SIIIIUKOB C
ycamu’’ Ha Pucynkax 3.6 u 3.7 nid yncina urepauui ' paBHoMy 50 U 12 COOTBETCTBEH-
HO. Anroput™m L-QNSSO(2) 3auactyro JOCTUTAET HAMIYUIIEro KaueCcTBa Ha MEPBBIX
MATUAECATH UTepanusx, Ho B nocieactsun L-QNSSO ycrymaet merogam L-BFGS u
BPCG. Tem He Menee, metoa L-QNSSO neMoHCTpUpyeT pe3ysIbTaThl IPEBOCXOASAIINE

PE3YIbTAaThl MCTO COIIPAKCHHBIX I'PAAUCHTOB.
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Pucynok 3.5 — Smuku ¢ ycamu CTaTUCTHKH Orggln f(x¢) st KBagpaTUIHOM
dbynkuuu (3.1) ¢ Ay = 1000. ITo ocu aberuce OTMeUeHO 3HaueH e (byHKIINHU B
jorapudmudeckoit mkane. JieBas rpanuiia, OTpE30K BHYTPH U MpaBasi TPaHUIIA AIIAKA
— 25%, 50% u 75% nepceHTHIn COOTBETCTBEHHO, IPAHUIIBI YCOB COOTBETCTBYIOT

MHWHHUMAJIBHBIM U MaKCUMAaJIbHBIM 3HAYCHUAM.

3.2.3 JluneiiHas perpeccus ¢ peryiasipusauueid no TuxoHoBy

PaccMoTpuM JIMHEHHYO MOJIENb BXOJa—BbIX0/a C a/TATUBHBIMU ITOMEXaMH aHa-

goruunyro moaenu (1.14):
Yi= @i X.+&, i=1...N, (3.5)

rne y; € R—Bbixon, @; € R" — BekTopa Bxona, X € R"” — MCKOMBII BEKTOp TapameT-
POB, a IOMEXH PacIpeIeeHbl 0 HOPMaJIbHOMY 3aKony: £; ~ N (0,02) V,i=1... N.
Ionoxum n = 105, N = 10. OtMeTuM, uTo Mozienb Bua (3.5) akTyanbHa JUIs MHOTHX
MPAKTUYECKUX 3a/1a4, B TOM YHCJIE€ B PEKOMEHAATENIbHBIX cucTemax [45].

B nono0HBIX ciiyyasix 3a7aya MOUCKa MapaMeTpa X, 3a4acTyro (OpMyIupyeTcs
KaK 3a/1a4ya JIMHEMHOW PErpecCruu C peryisipusanue no TUXOHOBY, TaAKKE U3BECTHOM
Kak rpeOHeBas perpeccus [60] — yacTHBIM caydail 3ajaud pacro3HaBaHUsS 00pa30B

(cmotpu Pazmen 1.1):

N

f(x) =5 D> (i — @/ %)” + Allx||* — min, (3.6)
1=1
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Pucynok 3.6 — Sluuku ¢ ycaMu CTaTUCTHKH 02%251)0 f(x¢) nns pyHKUIMH
Pozen6poxka (3.3). I1o ocu abcumcc oTMedeHO 3HaYeHNUE (PYHKIINH B
norapupMudeckon mkane. JleBast rpaHuIa, OTPE30K BHYTPHU U MpaBasi TPaHUIIA SITHKA
— 25%, 50% u 75% nepceHTHIM COOTBETCTBEHHO, TPAHUIIBI YCOB COOTBETCTBYIOT

MHWHHUMAJIIBHBIM U MaKCUMAaJIbHBIM 3HAYCHUAM.

rme A > 0 — koadduruent perynsapusamnuu. [lomoOHas mocraHoBKa 3a71a4u MO3BOJISIET
NOJIYYUTh €IMHCTBEHHOE pellieHue (Tak kKak pyHkus (3.6) cTporo BhIMYKIIA), a TaK e
MIOMOTaeT OOPOTHCS C TTOMEXaMHU.

J1st cpaBHEHHS METOJOB ONTHMHU3AIMHN HCIONb30BaICS KOAD(ULIUEHT peryJs-
pusarmu A = 107% u cnenyromas nponenypa

1. renepupyroTcs HabmoneHus {y;, @; )’ ¥ HadanbHas TOUKA X[ COITIACHO Clie-

JYIOIAM pacOpeaeICHUsIM:
@; ~N(0,I), & ~N(0,107%), x9~N(x,]I);

2. s KaKAO0ro aaroputMa A 3amyckaeTcsl IpoIecc ONTUMHU3ANUU, U Oeper-

¢ MUHMMAaJIbHOE 3HaueHne QyHKIHUH 1Mo apryMeHTy 3a 100 maros fA .=

min
i f(xe);

3. cumraercs craructuka 1 (A):

T(A) = {4« f2, < FA0 (3.7)

4. sramsl 1-3 HOBTOPSIOTCS THICAYY pas3, B pe3yJIbTaTe Yero MojyyaeTcs BhIoopKa
3HaueHHd 1 (A) U1 Ka)KI0ro U3 ajaropuTMOB.
[Tosicanm BeI6Op Y (A) Kak METPUKH OLICHUBaHHMS KadyecTBa aropuT™a. B crry

TOTO, YTO MPHU KaXJ0M MOBTOpeHUH 3TanoB (1) u (2) ucnonws3yercs pa3ubie QyHKIHUH |,
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Pucynok 3.7 — SIuuku ¢ ycaMu CTaTUCTHKH Iglt1<n f(x¢) ans pyHKUIMH
Pozen6poxka (3.3). I1o ocu abcmmce OTMEUEHO 3HAUCHUE (GyHKIIUHU B
norapupmMudeckon mkane. JleBast rpaHuIa, OTPE30K BHYTPHU U MpaBasi TPaHMIIA SITHKA
— 25%, 50% u 75% nepceHTHIN COOTBETCTBEHHO, TPAHUIIBI YCOB COOTBETCTBYIOT

MHWHHUMAJIBHBIM U MaKCUMAaJIbHBIM 3HAYCHUAM.

a0COJIFOTHBIE 3HAYCHUSI MUHUMYMa (DYHKIIUM MajouH(OPMaTUBHBI. YI00HEE paccMar-
pHUBaTh OTHOCUTEJIbHBIN MMOKa3aTeNIb KaueCTBa AJITOPUTMOB — YHKCIIO AJITOPUTMOB, Yei
pe3ynbTaT npeBocxoauT pesyabrar A, — uem u siBisiercst Y (A).

B cuity BBICOKOM pa3MEpPHOCTH 3a/1a4¥, B CPABHEHUH YYaCTBOBAJIM JIUIIb METO/IbI
C He3HAYUTEIbHBIMU TpeOOoBaHUSIMU K TOTpeodssemoit namsitu: CG, BPCG, L-BFGS(2),
L-BFGS(3), L-QNSSO(2), L-QNSSO(3). Pe3ynbraThl 3KCIEPUMEHTA — CyMMa 3Haue-
HUU CTaTHUCTHUK T(A) JUISL KQXKJOTO W3 aJrOpUTMOB — TIpeAcTaBiieHbl B Taonwuie 1.
CornacHo 3tuM pesynbrataMm anroputMbl L-QNSSO 3HaunTeNbHO MPEBOXOASAT KOH-
KypeTHOB. B wactHoctu, anroputm L-QNSSO(2) nocrapnsieTr MUHUMAIbHOE 3HAYCHHE
dbyHK1IMM O0JIee YeM B TIOJIOBHUHE SKCTIEpUMEHTOB. CTOUT TaK e OTMETUTh, YTO Ha ATOU
3a71aue pa3MEPHOCTh MOANPOCTPAHCTBA UTPAET HETATUBHYIO POJIb Kak Jyisi merona L-
QNSSO, tak u nmns merona L-BFGS.

3.2.4 JlorucTuveckasi perpeccus JAJsl KJIACCH(PUKAIMHA XMMHUYECKUX COeTUHEeHUM

Paccmorpum Habop ganaeix DOROTHEA [114], conepxarmuii nHGOpMAIIHIO

0 1950-tu nmekapcTBax (XMMHUYECKUX COEIMHEHUSX), Pa3lEICHHbIX HAa TPU MHOXKeE-



71

Ta6muma 1 — Cymma Y (A) (3.7) 3a 1000 s3xcriepuMeHTOB.

Anroputm | Cymma T'(A)
L-QNSSO(2) 425
L-QNSSO(3) | 1498

CG 1896
L-BFGS(2) 3520
L-BFGS(3) 3808

BPCG 3853

ctBa: TperupoBoyHoe (800), mpoepounoe (350) u rectoBoe (800). Kaxgoe exkapcTBo
TIPEJICTABICHO 6eKMOPOM NPUIHAKOE — OMHAPHBIM BEKTOPOM pasmepHoctd 10° (mo-
JIOBMHA U3 3JIEMEHTOB KOTOPOTO YMBIIIJIEHHO CT€HEPUPOBAHHBI CIIy4alHBIM 00pa3oM
I YCIIOKHCHU S 3az[aq1/1) 51 q)HaFOM AKTUBHOCTH, XapaKTCPUIYIOIIUM CBA3LIBACMOCTD
JekapcTBa ¢ TpoMOMHOM. CTaBUTCS ClEAYIOIIas 3aja4ya KiacCu(UKAIMM: Ha OCHOBE
TPEHUPOBOYHOTO MHOXKECTBA MOCTPOUTH AJTOPUTM TIpeACKa3aHus ¢uiara akTUBHOCTH
0 XUMHUYECKOTO COEAMHEHHUS 10 €r0 BEKTOPY MPU3HAKOB.

Jloructuyeckas perpeccusi — OJIMH U3 METOJIOB PEIICHUS MMOCTaBICHHON 3a/1a41
— 9TO CTAaTUCTHUYECKass MOEIb MPOTHO3UPOBAHUS BEPOSTHOCTH, 3a4aCTYI0 HCIOJIb-
3yeMas Ui 3a7a4d kinaccudukamuu [115], koTopas npencraBisieT co00il mMpUMEeHEHUE
JOTHCTUYCCKON (DYHKITUHU K JIMHEHHOW Monenn. Pemaromas GyHKIUS UMEET CIASayO-

AN BUL:

1
“Trew (e

hi(X) = h((PmX)

TJIe BEKTOP (; — BEKTOP MPU3HAKOB i-T0 00BEKTA, a X — BEKTOP MapaMeTpPOB MOJIe-
au. OTMETUM, YTO pa3MEPHOCTH BEKTOpa MPU3HAKOB U BEKTOpa MapaMeTpoOB MOJIEIU
coBnagaroT. OauH u3 Hambolsiee PacIpOCTPAHEHHBIX CIOCOOOB OIEHKHU MapaMeTpPOB
JIOTUCTUYECKON PEerpecurd — MakCcUMu3anus QYHKIWU MPaBAONOA00Us — YaCTHBIN

Cilyuai 3aa4u MUHUMU3AUKU QyHKIMOHAIA dSMIUprudeckoro pucka (1.1):

L N
L(x) = | ] ] hux)w (1 = hi(x))0-5) — max,
=1
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4TO SKBHBAJICHTHO MUHUMHU3AIUU €¢ norapI/chMa CO 3HAKOM MHHYC:

f(x) = —log L(x)

1« (3.8)
=5 Z [y; log hi(x) + (1 — y;) log(1 — hi(x))] — mxin.
i=1
I'panuent ¢pynkuu (3.8) Mo X UMEET BUL:
|
Vi) =5 2 (hi(x) —y)e:. (3.9)

i=1

B KoHTekcTe ONTHUMH3ALMU LETBIO SIBISETCS MUHUMU3ALMS 3HAYCHUS (YyHK-
1y (3.8) Ha TPEHUPOBOYHOM HabOpe JaHHBIX. MakcuMH3alus KayecTBa Kiaccuguka-
{1 Ha TECTOBOM HAa0Ope€ TaHHBIX ABJISIETCS 3a7a4eil paclio3HaBaHUs 00pa30B U IOTOMY
He paccMmarpuBaeTca. CpaBHEHHE allTOPUTMOB MTPOBEACHO CIEAYIONIUM 00pa3oM:

1. renepupyercs HavaibHas TOYKA COINIACHO PACIPENEIEH IO X ~ N (O, G?CI) ,

o2 =107
2. IS KaXX0TO aJIfOPUTMA 3aIyCKaeTCs Mporece onTuMu3anuu GyHkinun (3.8)
Ha TPEHUPOBOUYHOM HAOOpE JAHHBIX, U CUUTAETCA MUHHUMAJIbHOE 3HAYEHUE
¢ynkiumu 3a nepseie 100 utepanuit min  f(x;);
0<t<100

3. sTanbl 1-2 MOBTOPSIOTCS ThICSYY pa3, TAKUM 00pa3oM MoJydaeTcsl BRIOOpKa

3HAYCHUU . <nglgi{loo f(x¢) 15t KaXK10TO U3 aIrOPUTMOB.

Pacnipenenenust moy4eHHbIX BBIOOPOK JJISI KaXAOTO U3 ajJropuTMa MPOUILITIO-
CTPUPOBAHBI B BUJE “SIIMKOB ¢ ycamu Ha Pucynke 3.8. JIerko 3aMeTUTh, 4YTO METO/BI
L-QNSSO u CG 3nauutenbHo npeBocxonsat metoasl L-BFGS u BPCG. Ilpu stom,
HaujIyulee KauecTBO Kak B cMmbiciie 50% u 25% nepceHTuien, Tak ¥ B CMbICIIE MHU-
HUMaJILHOTO 3HaueHus aocturaercs aaroputMoM L-QNSSO(S). [IpumeuarenbHo, 4TO
3aBUCHMOCTb MEX]y pa3MepoM UcTopuM U KadecTBoM meroaa L-QNSSO na nanHOM
3a7au€ HEMOHOTOHHA. OTMETUM, HAKOHEI], YTO B KOHTEKCTE 3aJa4yd PaClO3HABAHUS
0o0pa30oB pacnpocTpaHEH MPUEM IMOBTOPHOTO Mepe3amycka Mpouecca ONTUMHU3ALNU
C Pa3HbIMU HAYAJIbHBIMH YCJIOBHUSIMH JIsl IMOJYYEHHUs HAWIy4dlIero pesynbrara. B
ATOM KIJIFOU€ HauboJiee pesieBaHTHbI ONTUMUCTUYHBIE XapaKTEPUCTUKH PACIIPEACICHUS
MOJIYYEHHBIX BBIOOPOK: 25% MEepCeHTUIIb U MUHUMAJIbHOE 3HAaY€HUE, 110 KOTOPBIM aj-

roput™Mbl L-QNSSO neMoHCTpUpYIOT TPEBOCXOASAIINE PE3YIBTATHI.
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Pucynok 3.8 — Amuku ¢ ycaMu CTaTUCTUKU . glgi{loo f(x¢) dyHKIIUHM TIOTEPD
JOTUCTUYECKON perpecud (3.8) Ha TpeHUPOBOUHOM Habope JaHHbIX. [1o ocu abciuce
OTMEUYEHO 3HaYeHue QYHKIUU B JIorapumMudeckoit 1mkanie. JIepas rpanuiia, oTpe3ok
BHYTpHU U MpaBas rpaHuua simuka — 25%, 50% u 75% nepceHTuIm COOTBETCTBEHHO,

I'paHullbl YCOB COOTBCTCTBYIOT MUHHUMAJIbHBIM U MAKCHUMAJIbHBIM 3HAYCHUSM.
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3akJaoueHue

OCHOBHBIE pe3yNbTaThl pa0OTHI 3aKJIIOUAIOTCS B CJICAYIOIIEM.

— IlonydeHna xapakTepUCTHKAa CKOPOCTH CXOJIMMOCTH METOJIOM IOCJI€I0BATEIIb-
HOM MOANPOCTPAHCTBEHHOM OMTUMM3AIINH C KBAJAPATUYHBIM CyppOTraToM JIJist
KBaIPaTUIHOTO CTPOTO BBIMYKJIOTO CIIy4as 4Yepe3 OMUOKY MPOEKIIUU U OLINO-
Ky annpokcumanuu (Pazmen 2.1.2, Jlemma 1) [56];

— YCTaHOBJICHBI KPUTEPUH JIMHEMHOW U CYTIEPIIMHENHON CKOPOCTEN CXOAUMOCTH
METO/IOB TOCJIEIOBATEIbHOM TOJANPOCTPAHCTBEHHON ONTHMH3AIMU C KBaj-
paTUYHBIM CyppOraToOM IS ClIy4das CTPOTO BBIMYKJION I1eJIeBOM (DyHKIIMH
(Paznmen 2.1.3, Teopema 3) [57];

— Pa3paboTan KOPPEKTUPYIOMIUA METOJ] TMOCIEI0BATeIbHONW MOAIPOCTPaH-
CTBEHHOU ONTUMU3AIMU C JIMHEHHOU CKOpocThio cxoaumocTtu (Pasnen 2.3.1,
Teopema 2) [57], paspaboTan MeTO MOCAEAOBATEILHON MOANPOCTPAHCTBEH-
HOM ONTHUMM3AIMU C KBAa3MHBIOTOHOBCKHUM IIIaroM, CXOISIIUNACS C KOHEYHO
YUCJIO UTEpAIi ¢ TUHEHMHOM CKOpOoCThIO cxoauMocTH (Paznen 2.3.2, 3ameya-
Hue 14) mis ciydas CTpOTo BBIMYKIION KBaApaTUIHOMU 11esieBor pyHKImu [57];

— Paspabotan meTos; MOAMGUIMPOBAHHBIX 3HAKO—BO3MYIIIEHHBIX CYMM IS
ONPE/CIICHUs TOYHOTO JIOBEPUTEIIHHOTO MHOXKECTBA MAPAMETPOB JIMHEUHOM
MOJICJIM TIPU YCIIOBUU HE3aBUCHUMBIX JIPYT C APYTOM M C BXOJIaMU MOJEJH, a B
OCTaJIbHOM ITPOM3BOJIBHBIX QIMTUBHBIX MOMeX B HaOmoaeHusimu (Paznen 2.4,
Teopema 4), mj1si OAHOMEPHOTO CiIydasl MOJYYEHO aHAJIUTHUYECKOE BBIpaXKe-
HU€ TPaHUIl JIOBEPUTEIBHOTO MHTEPBAIA M YCIOBHS MX COCTOSTEIBHOCTH
(Pazmen 2.5, Jlemma 7 u Jlemma 8) [45—47].



10.

11.

75

Cnmcok Jaureparypsl

Ljung, L. System identification (2nd ed.): theory for the user / L. Ljung. — Upper
Saddle River, NJ, USA : Prentice Hall PTR, 1999.

Boyd, S. Convex Optimization / S. Boyd, L. Vandenberghe. — Cambridge uni-
versity press, 2004.

I panuyun, O. H. PaHIOMU3UPOBaHHBIE AJITOPUTMBI OLICHUBAHUS U ONTHUMU3A-

MU [IPU IOYTH NTpou3BoIbHBIX omexax / O. H. I'panuuun, b. T. [Tonsk. — M.
Hayxka, 2003.

Bannux, B. H. Teopust pacno3HaBaHusi 00pa3oB: CTaTUCTUYECKUE MPOOIEMBI
oOyuenus / B. H. Banuuk, A. f. UepBonenkuc. — Hayka. I'n. pen. ¢us.-mar.
IuT., 1974.

Bishop, C. M. Pattern Recognition and Machine Learning / C. M. Bishop. —
Springer, 2006.

Vapnik, V. The Nature of Statistical Learning Theory / V. Vapnik. — Springer
science & business media, 2013.

Goodfellow, I. Deep Learning / 1. Goodfellow, Y. Bengio, A. Courville. — MIT
press, 2016.

Hestenes, M. R. Methods of conjugate gradients for solving linear systems /
M. R. Hestenes, E. Stiefel // Journal of Research of the National Bureau of Stan-
dards. — 1952. — Vol. 49, no. 6. — P. 409—436.

Fletcher, R. Function minimization by conjugate gradients / R. Fletcher,
C. M. Reeves // The Computer Journal. — 1964. — Vol. 7, no. 2. — P. 149—154.

Polak, E. Note sur la convergence de méthodes de directions conjuguées / E. Po-
lak, G. Ribiere // ESAIM: Mathematical Modelling and Numerical Analysis-
Mod¢lisation Mathématique et Analyse Numérique. — 1969. — Vol. 3, R1. —
P. 35—43.

Polyak, B. T. The conjugate gradient method in extremal problems /
B. T. Polyak // USSR Computational Mathematics and Mathematical Physics. —
1969. — Vol. 9, no. 4. — P. 94—112.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

76

Golub, G. H. Some history of the conjugate gradient and Lanczos algorithms:
1948-1976 / G. H. Golub, D. P. O’Leary // SIAM Review. — 1989. — Vol. 31,
no. 1. —P. 50—102.

Cohen, A. 1. Rate of convergence of several conjugate gradient algorithms /
A. 1. Cohen // STAM Journal on Numerical Analysis. — 1972. — Vol. 9, no. 2. —
P. 248—259.

Davidon, W. C. Variable metric method for minimization / W. C. Davidon //
SIAM Journal on Optimization. — 1991. — Vol. 1, no. 1. — P. 1—17.

Broyden, C. G. The convergence of a class of double-rank minimization algo-
rithms 1. general considerations / C. G. Broyden // IMA Journal of Applied
Mathematics. — 1970. — Vol. 6, no. 1. — P. 76—90.

Davidon, W. C. New least-square algorithms / W. C. Davidon // Journal of Op-
timization Theory and Applications. — 1976. — Vol. 18, no. 2. — P. 187—197.

Nocedal, J. Updating quasi-Newton matrices with limited storage / J. Nocedal //
Mathematics of Computation. — 1980. — Vol. 35, no. 151. — P. 773—782.

Fletcher, R. Practical Methods of Optimization (2nd ed.) / R. Fletcher. — New
Your: John Wiley, 1987.

Conn, A. R. Convergence of quasi-Newton matrices generated by the symmetric
rank one update / A. R. Conn, N. 1. Gould, P. L. Toint // Mathematical Program-
ming. — 1991. — Vol. 50, no. 1—3. — P. 177—195.

Miele, A. Study on a memory gradient method for the minimization of functions /
A. Miele, J. Cantrell // Journal of Optimization Theory and Applications. —
1969. — Vol. 3, no. 6. — P. 459—470.

Cragg, E. Study on a supermemory gradient method for the minimization of
functions / E. Cragg, A. Levy // Journal of Optimization Theory and Applica-
tions. — 1969. — Vol. 4, no. 3. — P. 191—205.

Fletcher, R. A limited memory steepest descent method / R. Fletcher // Mathe-
matical Programming. — 2012. — Vol. 135, no. 1/2. — P. 413—436.

On iterated-subspace minimization methods for nonlinear optimization /
A. R. Conn [et al.] // Linear and Nonlinear Conjugate-Gradient Related Meth-
ods. — SIAM, 1994. — P. 50—78.



24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

77

Narkiss, G. Sequential Subspace Optimization Method for Large-Scale Uncon-
strained Optimization : tech. rep. / G. Narkiss, M. Zibulevsky ; Technion-IIT,
Department of Electrical Engineering. — 2005. — P. 31.

Yuan, Y.-X. A Review on Subspace Methods for Nonlinear Optimization :
tech. rep. / Y.-X. Yuan. — 2014.

Chouzenoux, E. A majorize—minimize strategy for subspace optimization applied
to image restoration / E. Chouzenoux, J. Idier, S. Moussaoui // IEEE Transactions
on Image Processing. —2010. — Vol. 20, no. 6. — P. 1517—1528.

Narkiss, G. Support Vector Machine via Sequential Subspace Optimization /
G. Narkiss, M. Zibulevsky. — Technion-IIT, Department of Electrical Engineer-
ing, 2005.

Zheng, Y. Efficient variational Bayesian approximation method based on sub-
space optimization / Y. Zheng, A. Fraysse, T. Rodet // IEEE Transactions on
Image Processing. — 2014. — Vol. 24, no. 2. — P. 681—693.

SEBOOST-Boosting stochastic learning using subspace optimization tech-
niques / E. Richardson [et al.] / Advances in Neural Information Processing
Systems. — 2016. — P. 1534—1542.

Zibulevsky, M. L1-L2 optimization in signal and image processing /
M. Zibulevsky, M. Elad // IEEE Signal Processing Magazine. — 2010. —
Vol. 27, no. 3. — P. 76—88.

I panuuun, O. H. OnieHrBaHUe MapaMeTPOB JIMHEHHON perpeccuu Mpu Mpou3-
BosIbHBIX MoMexax / O. H. I'pannunn // ABromaruka u tenemexanuka. — 2002, —
Ne 1. —C.30—41.

Granichin, O. Linear regression and filtering under nonstandard assumptions
(Arbitrary noise) / O. Granichin // IEEE Transactions on Automatic Control. —
2004. — Vol. 49, no. 10. — P. 1830—1837.

Goldenshluger, A. V. Estimation of regression parameters with arbitrary noise /
A. V. Goldenshluger, B. T. Polyak // Mathematical Methods of Statistics. —
1993. — Vol. 2, no. 1. — P. 18—29.

I panuyun, O. H. ANTOpUTM CTOXaCTHYECKOM armpOKCUMALNU C BO3MYLIEHUEM
Ha BXOJIE JUISl UJICHTU(PUKALMK CTATUYECKOTO HECTAIIMOHAPHOIO JTUCKPETHOTO
oowekta / O. H. I'pannuns // Bectauk CaHkT-IleTepOyprckoro yHuBepCcHUTETA.
Cepus 1. Maremaruka. Mexanuka. ActpoHomus. — 1988. — Ne 3. — C. 92—93.



35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

78

I panuuun, O. H. AnantuBHOE yIIpaBJI€HHUE C UCTIOIb30BAaHUEM MMPOOHBIX CUTHA-
J0B B KaHaine ooparHoii cesi3u / O. H. I'pannunn, B. H. ®omun / ABromaruka u
teneMmexanuka. — 1986. — Ne 2. — C. 100—112.

I panuyun, O. H. PaHAOMU3UPOBAHHBIC AJITOPUTMbI OLICHUBAHUSI U ONTHMU3a-
MW TpH TTouTU Tpou3BoyibHBIX momexax / O. H. I'pannuun, b. T. Tlomsak. —
Mocksa: Hayka, 2003.

Two procedures with randomized controls for the parameters’ confidence re-
gion of linear plant under external arbitrary noise / K. Amelin [et al.] // Proc.
of the IEEE Int. Symposium on Intelligent Control (ISIC). — IEEE. 2012. —
P. 1226—1231.

Combined procedure with randomized controls for the parameters’ confidence
region of linear plant under external arbitrary noise / K. Amelin [et al.] // Proc.
of the 51st Conference on Decision and Control (CDC2012). — IEEE. 2013. —
P. 2134—2139.

Amelin, K. Randomized controls for linear plants and confidence regions for pa-
rameters under external arbitrary noise / K. Amelin, O. Granichin // Proc. of the
American Control Conference (ACC). — IEEE. 2012. — P. 0743—1619.

Campi, M. C. Guaranteed non-asymptotic confidence regions in system identi-
fication / M. C. Campi, E. Weyer // Automatica. — 2005. — Vol. 41, no. 10. —
P. 1751—1764.

Csaji, B. C. Non-asymptotic confidence regions for the least-squares estimate /
B. C. Csaji, M. C. Campi, E. Weyer // Proceedings of the 16th IFAC Symposium
on System Identification (SYSID 2012). — 2012. — July. — P. 227—232.

Granichin, O. N. The nonasymptotic confidence set for parameters of a linear
control object under an arbitrary external disturbance / O. N. Granichin // Au-
tomation and Remote Control. — 2012. — Vol. 73, no. 1. — P. 20—30.

[Tarent: [IporpaMmma [u1si ONTHYECKOTO PACIO3HABAHUS BU3YyalbHOM TEKCTOBOM
uH(popmanuu Ha apadckoM s3bike (OPTA-2B.I'PC) / O. A. bepHukosa [u ap.]. —
2013.

MeTopl ONTHYECKOTO pacro3HaBaHus TekcTa Ha apadckom s3bike / O. A. bep-

HukoBa [u Ap.] // Croxactuueckas ontuMusanus B uHpopmaruke. — 2013. —
T.9, Ne 2. — C. 3—20.



45.

46.

47.

48.

49.

50.

51.

52.

53.

79

Cenog, A. A. JloBepuTEIbHBIE MHOKECTBA IIPHU IOYTH MTPOU3BOJIBHBIX TOMEXAX
B KOHTEKCTE JINHEWHBIX MoJesel pekomeHaarenbHbix cuctem / A. A. CeHos //
Croxactuueckas ontumuzauus B uHpopmaruke. — 2013. — T. 9, No 1. —
C. 68—86.

Exact confidence regions for linear regression parameter under external arbitrary
noise / A. Senov [et al.] / American Control Conference (ACC), 2014. — IEEE.
2014. —P. 5097—5102.

Cenos, A. A. Unentuduxanus napaMmeTpoB JUMHEWHONW PErpeccuu Mpu Mpous-
BOJILHBIX BHEIIHUX noMexax B HaOmonenusx / A. A. Cenos, O. H. I'panuuun //
XII Bcepoccuiickoe coBemlanue no npoodiaemam ympasienus BCITY-2014. —
2014. — C. 2708—2719.

Senov, A. Improving distributed stochastic gradient descent estimate via loss
function approximation / A. Senov // IFAC-PapersOnLine. — 2015. — Vol. 48,
no. 25. — P. 292—297.

Cenos, A. A. KBaapaTtnunas mpOeKTHBHAsl perpeccus Kak MeToj] 0OydeHus B
pa3peKeHHBIX TPOCTPAHCTBAX BhICOKOH pasmepHocTu / A. A. CeHoB // OBpucTu-

yeckue Anroputmel U Pacnipenenennbie Beranciienust. — 2015, — T. 2, Ne 4. —
C.73—-92.

Cenog, A. A. YnydllleHHE OLIEHKU PaCIpPEACIICHHOTO CTOXACTHYECKOrO Ipaju-
EHTHOIO CITyCKa 4epe3 ammpokcumanuio Qynkuuu mnotepb / A. A. Cenos //
Croxactuueckass ontumuzanusi B uHpopmaruke. — 2015. — T. 11, No 1. —
C. 103—126.

Boiarov, A. Arabic manuscript author verification using deep convolutional net-
works / A. Boiarov, A. Senov, A. Knysh // 2017 1st International Workshop on
Arabic Script Analysis and Recognition (ASAR). —2017. — P. 1—5.

Senov, A. Accelerating gradient descent with projective response surface
methodology / A. Senov // International Conference on Learning and Intel-
ligent Optimization. — Springer. 2017. — P. 376—382.

Senov, A. Projective approximation based gradient descent modification /
A. Senov, O. Granichin // IFAC-PapersOnLine. — 2017. — Vol. 50, no. 1. —
P. 3899—3904.



54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

80

Senov, A. Projective approximation based quasi-Newton methods / A. Senov //
International Workshop on Machine Learning, Optimization, and Big Data. —
Springer. 2017. — P. 29—40.

Cenos, A. A. T'mybokoe oOydeHHEe B 3a7a4€ PEKOHCTPYKIIMHU CYTIeppa3peIicHus

uzoopaxenuit / A. A. CenoB // CroxacTuyeckas OoNTUMH3alus B UH(OpMATH-
ke. —2017. —T. 13, Ne 2. — C. 38—57.

Cenos, A. A. O MeTogax Mocyiea0BaTEIbHON MOATPOCTPAHCTBEHHOW ONTUMU3a-

un / A. A. CenoB // CtoxacTudeckas ontumuzaius B uHpopmaruke. — 2018. —
T. 14, Ne 2. — C. 40—61.

Cenog, A. A. KBa3MHBIOTOHOBCKHE METOMbI MOCJIEA0BATEIbHON MOAMNPOCTPAH-
CTBEHHOM ONTHMMM3ALMU C KBaJIPAaTUYHBIM CyppOraToM MU- HUMU3ALUU CTPOTO
BBITYKIBIX PyHKIMH / A. A. Cenos // CtoxacThuueckas onTuMu3anus B HHGOP-
maruke. — 2019. —T. 15, Ne 1. — C. 20—68.

Montgomery, D. C. Introduction to Linear Regression Analysis / D. C. Mont-
gomery, E. A. Peck, G. G. Vining. — Wiley-Interscience, 2007.

@omun, B. H. PexyppeHTHOE OIlGHMBAaHWE W aJanTHBHAs QuUiabTpanus /
B. H. ®omun. — Mocksa: Hayka, 1984.

Hastie, T. The Elements of Statistical Learning: Data Mining, Inference, and
Prediction / T. Hastie, R. Tibshirani, J. H. Friedman. — New York, NY: Springer,
2009.

Vapnik, V. N. The nature of statistical learning theory / V. N. Vapnik. — Springer—
Verlag, 1995.

Hecmepos, FO. E. BBenenue B Boinykiyto ontumuzanuio / FO. E. Hecrepos. —
MIIHMO, 2010.

Granichin, O. N. Stochastic approximation search algorithms with randomiza-
tion at the input/ O. N. Granichin // Automation and Remote Control. —2015. —
Vol. 76, no. 5. — P. 762—775.

Nesterov, Y. Introductory Lectures on Convex Programming Volume I: Basic
Course / Y. Nesterov. — Citeseer, 1998.

llonax, b. T. Beenenue B ontumuzanuio / b. T. Ionsik. — Hayka. 1. pen. ¢us.-

Mar. JIuT., 1983.



66.

67.

68.

69.

70.
71.

72.

73.

74.

75.

76.

77.

78.

81

Ypma, T. J. Historical development of the Newton—Raphson method /
T.J. Ypma // SIAM review. — 1995. — Vol. 37, no. 4. — P. 531—551.

Polyak, B. T. Newton’s method and its use in optimization / B. T. Polyak //
European Journal of Operational Research. — 2007. — Vol. 181, no. 3. —
P. 1086—1096.

Cauchy, A.-L. Méthode générale pour la résolution des systemes d’équations
simultanées / A.-L. Cauchy // Comp. Rend. Sci. Paris. — 1847. — Vol. 25,
no. 1847. — P. 536—538.

Crockett, J. B. Gradient methods of maximization / J. B. Crockett, H. Chernoff //
Pacific Journal of Mathematics. — 1955. — Vol. 5, no. 1. — P. 33—50.

Nocedal, J. Numerical Optimization/J. Nocedal, S. J. Wright. — Springer, 2006.

Barzilai, J. Two-point step size gradient methods / J. Barzilai, J. M. Borwein //
IMA Journal of Numerical Analysis. — 1988. — Vol. 8, no. 1. — P. 141—148.

Dai, Y.-H. A new analysis on the Barzilai-Borwein gradient method / Y.-H. Dai //
Journal of the Operations Research Society of China. — 2013. — Vol. 1, no. 2. —
P. 187—198.

Wei, Z. New quasi-Newton methods for unconstrained optimization problems /
Z. Wei, G. Li, L. Qi // Applied Mathematics and Computation. — 2006. —
Vol. 175, no. 2. — P. 1156—1188.

Zhang, J. Z. New quasi-Newton equation and related methods for unconstrained
optimization / J. Z. Zhang, N. Y. Deng, L. H. Chen // Journal of Optimization
Theory and Applications. — 1999. — Vol. 102, no. 1. — P. 147—167.

Don, F. J. H On the symmetric solutions of a linear matrix equation /
F.J. H. Don // Linear Algebra and its Applications. — 1987. — Vol. 93. — P. 1—7.

Dai, Y-H. Nonlinear conjugate gradient methods / Y.-H. Dai // Wiley Encyclo-

pedia of Operations Research and Management Science. — 2010.

Powell, M. J. D. Restart procedures for the conjugate gradient method /
M. J. D. Powell // Mathematical programming. — 1977. — Vol. 12, no. 1. —
P. 241—-254.

Dai, Y. Convergence properties of Beale-Powell restart algorithm / Y. Dai,
Y. Yuan // Science in China Series A: Mathematics. — 1998. — Vol. 41, no. 11. —
P. 1142—1150.



79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

82

Nemirovski, A. Orth-method for smooth convex optimization / A. Nemirovski //
Izvestia AN SSSR, Transl.: Eng. Cybern. Soviet J. Comput. Syst. Sci. — 1982. —
Vol. 2. — P. 937—947.

Shewchuk, J. R. An introduction to the conjugate gradient method without the
agonizing pain / J. R. Shewchuk. — 1994. — Carnegie-Mellon University. De-
partment of Computer Science.

Hemupoeckuii, A. C. MeTobl ONTUMU3ALINY, aJalTUBHBIE K «CYIIECTBEHHOMN
pasmepHoctu 3agaun / A. C. Hemuposckuii, /. b. FOxnun // ABromaruka u teine-
MexaHuka. — 1977. — Ne 4. — C. 75—87.

Powell, M. J. A new algorithm for unconstrained optimization / M. J. Powell //
Nonlinear Programming. — Elsevier, 1970. — P. 31—65.

Wang, Z.-H. A subspace implementation of quasi-Newton trust region methods
for unconstrained optimization / Z.-H. Wang, Y.-X. Yuan // Numerische Mathe-
matik. — 2006. — Vol. 104, no. 2. — P. 241—269.

Yuan, Y-X. A subspace study on conjugate gradient algorithms / Y.-X. Yuan,
J. Stoer // ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift fiir
Angewandte Mathematik und Mechanik. — 1995. — Vol. 75, no. 1. — P. 69—77.

Wolfe, P. Convergence conditions for ascent methods / P. Wolfe // STAM Re-
view. — 1969. — Vol. 11, no. 2. — P. 226—235.

Wolfe, P. Convergence conditions for ascent methods. II: Some corrections /
P. Wolfe // STAM Review. — 1971. — Vol. 13, no. 2. — P. 185—188.

Yuan, Y.-X. Subspace techniques for nonlinear optimization / Y.-X. Yuan // Some
Topics in Industrial and Applied Mathematics. — World Scientific, 2007. —
P. 206—218.

Yuan, Y.-X. Subspace methods for large scale nonlinear equations and nonlinear
least squares / Y.-X. Yuan // Optimization and Engineering. — 2009. — Vol. 10,
no. 2. — P. 207—218.

LeCun, Y. The MNIST Dataset Of Handwritten Digits / Y. LeCun, C. Cortes,
C. J. Burges. — 1999. — URL.: http://yann.lecun.com/exdb/mnist.

Krizhevsky, A. Learning multiple layers of features from tiny images : tech. rep. /
A. Krizhevsky, G. Hinton ; Citeseer. — 2009.


http://yann.lecun.com/exdb/mnist

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

83

Hartley, H. O. Exact confidence regions for the parameters in non-linear re-
gression laws / H. O. Hartley // Biometrika. — 1964. — Vol. 51, no. 3/4. —
P. 347—353.

Draper, N. R. Applied Regression Analysis. Vol. 326 /N. R. Draper, H. Smith. —
John Wiley & Sons, 1998.

Davison, A. C. Bootstrap Methods and Their Application / A. C. Davison,
D. V. Hinkley. — Cambridge university press, 1997.

Bootstrapping regression models / D. A. Freedman [et al.] // The Annals of Statis-
tics. — 1981. — Vol. 9, no. 6. — P. 1218—1228.

Fox, J. Bootstrapping regression models /J. Fox // An R and S-PLUS Companion
to Applied Regression: A Web Appendix to the Book. Sage, Thousand Oaks,
CA. URL: http://cran.r-project.org/doc/contrib/Fox - Companion/appendix -
bootstrapping.pdf. — 2002.

Bai, E.-W. Membership set estimators: size, optimal inputs, complexity and re-
lations with least squares / E.-W. Bai, R. Tempo, H. Cho // IEEE Transactions
on Circuits and Systems I: Fundamental Theory and Applications. — 1995. —
Vol. 42, no. 5. — P. 266—277.

Vicino, A. Sequential approximation of feasible parameter sets for identification
with set membership uncertainty / A. Vicino, G. Zappa // IEEE Transactions on
Automatic Control. — 1996. — Vol. 41, no. 6. — P. 774—785.

Dalai, M. Parameter identification for nonlinear systems: guaranteed confidence
regions through LSCR / M. Dalai, E. Weyer, M. C. Campi // Automatica. —
2007. — Vol. 43, no. 8. — P. 1418—1425.

Csaji, B. C. Sign-Perturbed Sums: A new system identification approach for con-
structing exact non-asymptotic confidence regions in linear regression models /
B. C. Csji, M. C. Campi, E. Weyer // IEEE Transactions on Signal Processing. —
2014. — Vol. 63, no. 1. — P. 169—18]1.

Kieffer, M. Guaranteed characterization of exact non-asymptotic confidence re-
gions as defined by LSCR and SPS / M. Kieffer, E. Walter // Automatica. —
2014. — Vol. 50, no. 2. — P. 507—512.


http://cran.r-project.org/doc/contrib/Fox-Companion/appendix-bootstrapping.pdf
http://cran.r-project.org/doc/contrib/Fox-Companion/appendix-bootstrapping.pdf

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

84

Bonxosa, M. B. PAHIOMU3UPOBAaHHBIC AJITOPUTMBI OLICHUBAHUS IAPAMETPOB HH-
KyOaIMOHHBIX MIPOIIECCOB B YCIOBUSAX HEOMPEAEIEHHOCTEH U KOHEUHOTO YK CIIa
HaOmoneHni: auc. ...kaHa. ¢us.-mar. Hayk: 01.01.09 / M. B. BonkoBa. —

2018. — Cankr-IlerepOyprckuii ['ocynapcrBennsiii Yuuepcuret, CIIO.

Akaike, H. On a successive transformation of probability distribution and its ap-
plication to the analysis of the optimum gradient method / H. Akaike // Annals
of the Institute of Statistical Mathematics. — 1959. — Vol. 11, no. 1. — P. 1—16.

Forsythe, G. E. On the asymptotic directions of thes-dimensional optimum gra-
dient method / G. E. Forsythe // Numerische Mathematik. — 1968. — Vol. 11,
no. 1. —P. 57—76.

Daodoees, /]. K. BeraucnutenpHbie METObI THHEHHOM anreopsr. T. 1/ 1. K. ®dan-
neeB, B. H. ®anneesa. — dusmarru3z Mocksa, 1960.

O’Leary, D. P. Estimating the largest eigenvalue of a positive definite matrix /
D. P. O’Leary, G. Stewart, J. S. Vandergraft // Mathematics of Computation. —
1979. — Vol. 33, no. 148. — P. 1289—1292.

Ilapnemm, b. H. CuMmmeTrpuyHas npooOiemMa COOCTBEHHBIX 3HaUeHUM: YucieH-

ueie Mmetoasl / b. H. [Tapaert, X. . Ukpamos, 0. A. Ky3unenos. — Mup, 1983.

Golub, G. H. Matrix Computations / G. H. Golub, C. F. Van Loan. — 4th. — JHU
press, 2012.

Brent, R. P. An algorithm with guaranteed convergence for finding a zero of a
function / R. P. Brent // The Computer Journal. — 1971. — Vol. 14, no. 4. —
P. 422—425.

Van Der Walt, S. The NumPy array: a structure for efficient numerical computa-
tion / S. Van Der Walt, S. C. Colbert, G. Varoquaux // Computing in Science &
Engineering. — 2011. — Vol. 13, no. 2. — P. 22.

SciPy: Open source scientific tools for Python/ E. Jones, T. Oliphant, P. Peterson,
[et al.]. — 2001—. — URL: http://www.scipy.org/ ; [IpocmoTpeno: 2019-09-01.

Rosenbrock, H. H. An automatic method for finding the greatest or least value
of a function / H. H. Rosenbrock // The Computer Journal. — 1960. — Vol. 3,
no. 3. —P. 175—184.

Shang, Y-W. A note on the extended Rosenbrock function / Y.-W. Shang,
Y.-H. Qiu// Evolutionary Computation. — 2006. — Vol. 14, no. 1. —P. 119—126.


http://www.scipy.org/

113.

114.

115.

85

Quapp, W. Searching minima of an n-dimensional surface: A robust valley fol-
lowing method / W. Quapp // Computers & Mathematics with Applications. —
2001. — Vol. 41, no. 3/4. — P. 407—414.

Result analysis of the NIPS 2003 feature selection challenge / I. Guyon [et al.] //
Advances in Neural Information Processing Systems. — 2005. — P. 545—552.

Cramer, J. S. The early origins of the logit model / J. S. Cramer // Studies in
History and Philosophy of Science Part C: Studies in History and Philosophy of
Biological and Biomedical Sciences. — 2004. — Vol. 35, no. 4. — P. 613—626.



SAINT PETERSBURG STATE UNIVERSITY

Manuscript copyright

Senov Aleksandr Alekseevich

Methods of optimization and parameter estimation in
multidimensional problems with arbitrary noise

Specialization 01.01.09 —
«Discrete Mathematics

and Mathematical Cybernetics»

Dissertation is submitted for the

degree Candidate of Physical and Mathematical Sciences

Translated from Russian

Scientific advisor:
Professor, Doctor of Science in Physics and Mathematics

Granichin Oleg Nikolaevich

Saint Petersburg — 2020



87

Table of contents

Introduction . . . . . . . ... 89
Chapter 1. Optimization in high-dimensional spaces and estimation under
uncertainty . . . . . . ... ... e 95
1.1 Optimization and estimation in pattern recognition . . . . . .. . . . . 95
1.1.1  The case of a high-dimensional parameter space . . . . .. .. 96
1.1.2  The case of uncertainties and small number of observations . . 97
1.2 Optimization in high-dimensional spaces . . . . . . . . ... ... ... 97
1.2.1 Optimization algorithms quality estimation . . . .. .. .. .. 99
1.2.2  Quasi-Newtonmethods . . . . .. ... ... .......... 100
1.2.3 Conjugate gradients method . . . . . .. ... ... ...... 102
1.2.4 Sequential subspace optimization . . . .. ... .. ...... 104
1.3 Estimation of confidence regions under conditions of uncertainty and
a finite number of samples . . . . . .. ... ... ... ... ... .. 107
1.3.1 Normally distributednoise . . . . .. ... ... ........ 108
1.3.2 Symmetrically distributednoise . . . .. ... ......... 108
1.3.3 Arbitrarynoise . . . . . . . .. ... 110
Chapter 2. Sequential subspace optimization and modified
sign—perturbed sums methods . . . . ... ... ... ...... 111
2.1 Properties of the SSOmethods . . . . . ... ... ... ........ 111
2.1.1 General scheme of the SSO methods . . . . ... ... ..... 111
2.1.2 Quadraticcase . . .. . . . . ... ... 114
2.1.3 Stronglyconvexcase . . . . . . . .. ... ... 117
2.2 Elements of sequential subspace optimization methods . . . . . . . .. 124
2.2.1 Subspace step estimation . . . . . . .. .. ... .. ... ... 124
2.2.2 Subspace step via the secant equation . . . . . ... .. .. .. 127
2.2.3  Subspace step via the quasi-Newton direction reconstruction . . 128
2.2.4 Hesse matrix estimation viaregression. . . . . . . . . . ... . 129
2.2.5 Subspaces construction based on the gradients history . . . . . 130



88

2.3 Sequential subspace optimization methods . . . . . .. ... ... ... 132
2.3.1 Corrective SSOmethod . . . ... .. ... ... ....... 132
2.3.2  Quasi-Newton SSOmethod . . ... ... ... ........ 133
2.4 Modified sign—perturbed sums method . . . . . .. .. ... ... L. 135
2.5 Properties of the confidence region of the MSPS method . . . . . . .. 138

Chapter 3. Comparative analysis of optimization and parameter

estimation methods . . . . . . ... ... ... 0000 141

3.1 MSPS method analysis using syntheticdata . . . . ... ... ... .. 141
3.1.1 Data modelling process description . . . . . ... ... .... 141

3.1.2 Case of a large number of observations . . . . ... .. .. .. 141

3.1.3 Case of a small number of observations . . . . ... ...... 142

3.1.4 Summary . . ... ... 142

3.2 Comparative analysis of optimization methods . . . . . . ... ... .. 144
3.2.1 Quadratic function . . . . .. ... ... ... ... ... 145

3.2.2 Rosenbrock function . . . .. ... ... Lo 146

3.2.3 Linear regression with Tikhonov regularization . . . . . . . . . 148

3.2.4 Logistic regression for chemical compounds classification . . . 150
Conclusion . . . . . . . . . 154

Bibliography . . . . . . . ... 155



89

Introduction

The solution of many problems of adaptive control, pattern recognition, mod-
eling, signal processing is reduced to solving corresponding problems of nonlinear
optimization and parameter estimation [ 1—4]. The growth of the amount and sources of
data, the development of computer technology and constantly increasing requirements
to the quality of models form a need for the development of methods applicable in high-
dimensional spaces. The pattern recognition problem is one of the examples: there is
a direct relationship between the number of parameters of the model and its general-
1zation capability, and at the same time the complex nature of input objects, such as
images and sound, leads to the fact that the dimension of the parameter space can be
counted in millions [5-7].

Iterative convex optimization methods are widely used in adaptive control,
pattern recognition, modeling, data analysis and signal processing [2]. The first formu-
lations of iterative optimization methods are often attributed to the works of I. Newton,
and convex optimization formation as an independent discipline and the study of the
convergence properties of methods are attributed to the middle of the 20-th century.
The gradient descent method and the Newton — Raphson method are probably the best
known optimization methods. Under proper conditions, the Newton-Raphson method
converges to the minimum point of the function with a quadratic convergence speed
that is sufficient for the majority of practical problems. However, the need to calculate
and store an inverted matrix of second derivatives makes it inapplicable in the case of
high dimensional problems. By contrast, the gradient descent method has low resource
intensity, but also has a low convergence rate. That ”gap” between the gradient descent
and Newton-Raphson methods have been actively filled up since the mid 20-th century
by the development of such optimization methods as: conjugate gradient methods [8—
13], quasi-Newton methods [14—19], memory gradient methods [20—22], and others.

Sequential subspace optimization (SSO) is another direction proposed at the end
of the 20-th century in the work of R. Conn, N. Gould, A. Sartenaer and Ph. Toint [23]
and further developed in the works of G. Narkiss, M. Zhibulevsky, Yu. Yuan, E.
Chouzenoux et al. [24-26]. The main idea of the SSO approach is the sequential
formation of a subspace of significantly smaller dimension than the original one and
subsequent optimization of the target function along the selected subspace. Transla-

tion of the problem into a subspace of smaller dimension allows to reduce utilization



90

of computational resources, which is especially important in high-dimensional prob-
lems. Sequential subspace optimization methods are successfully applied in practice,
including but not limited to the problems of pattern recognition [27-29] and image
analysis [26; 30].

One of the major drawbacks of the sequential subspace optimization is poorly
studied theoretical properties of the methods: only for some of them convergence
guarantees have been proved, while certain general theoretical properties, such as the
impact of the choice of subspaces and the quality of the solution of the subspace opti-
mization problem on the convergence, the lower bound of convergence, etc. — have
never been properly studied. Thus, the study of properties and synthesis of sequential
subspace optimization methods are of essential relevance for high-dimensional opti-
mization problems.

If the presence of uncertainties estimation methods are an alternative to solving
the optimization problem. The development of the theory of estimation in conditions
of centered additive noise was originated by N. Wiener, A. N. Kolmogorov, R. Kalman
and R. Bucy in the middle of the XX-th century. Further development of estimation
methods in the area of almost arbitrary noises was made by V. N. Fomin, A. L. Frad-
kov, V. A. Yakubovich. The work of A. B. Tsybakov, A.V. Goldenschluger, J. Spall, B.
T. Polyak and O. N. Granichin on randomized stochastic approximation methods and
linear models parameters estimation under arbitrary external noise also is worth noting.
However, in the case of a small number of observations and the presence of systematic
errors, the estimations obtained by applying optimization methods and point estimation
methods can lead to unsatisfactory results. In such a conditions, an approach based on
the evaluation of confidence regions that contain the true value of the parameter with a
given probability is more reasonable. In context of small number of observations, the
problem of constructing an exact confidence set, which contains the true value of the
parameter exactly with the given probability regardless of the number of observations
1s of particular interest. Until recently, only the methods for asymptotic confidence
regions construction were known, which are only applicable under sufficiently strong
assumptions about the noise distribution [1]. A significant disadvantage of these meth-
ods is that they can guarantee the result only when the number of measurements tends
to infinity, while for a small number of measurements the results may be unsatisfactory.

Randomization is a common approach to solve estimation problems in the context
of small number of measurements and a high degree of uncertainty. The main idea of it

is to inject random but controlled perturbations. Randomized methods are successfully
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used in the problems of parameter estimation with arbitrary noise [31-36], as well as for
system parameters confidence regions construction [37-39]. For example, in the work
of M. Campi and E. Weyer [40] an approach of sign-dominant correlation regions ex-
clusion (LSCR, leave-out sign-dominant correlation regions) was proposed for finding
the exact confidence intervals of a linear system in the one-dimensional case. Subse-
quently, on the basis of that approach the same authors proposed the Sign-Perturbed
Sums (SPS) method to determine the exact confidence regios of the linear regression
parameters for centered and symmetrically distributed additive noise [41]. One of the
main limitations of the LSCR and forSPS methods is the requirement of the noise distri-
bution symmetry around zero. In many practical problems noises can not only be biased,
but also have a non-random nature, that makes both LSCR and SPS inapplicable. In [42]
O. N. Granichin proposed a modification of the LSCR method for the case of unknown
and almost arbitrary noises but controlled inputs. While it significantly relaxes the con-
ditions on the noise distribution, it still can be only applied to the one-dimensional case
. Thus, the problem of construction and characterizing the exact confidence region for
the parameters of a linear model under almost arbitrary noises remains open.

The dissertation’s objectives consist of two parts: (1) development and of se-
quential subspace optimization methods and investigation of their properties for the
strongly convex differentiable function optimization problem and (2) development of
methods for constructing exact confidence regions of a linear model parameter in case a
small number of observations and almost arbitrary noises. To achieve these objectives
the following key goals have been set and achieved:

— To determine convergence conditions for sequential subspace optimization

methods;

— To develop sequential subspace optimization methods applicable in high-
dimensional problems;

— To develop a method for constructing exact confidence regions for linear model
parameters under arbitrary external additive noise.

The novelty of the work consists of the following main results, submitted to

the defence:

1. Criteria of sublinear, linear and superlinear convergence rates for sequen-
tial subspace optimization methods with quadratic surrogate for cases of the
quadratic and strictly convex objective function are established;

2. A sequential subspace optimization method that converges in a finite number

of iterations with a linear speed in the quadratic case is developed;
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3. A method for exact confidence regions construction of linear model param-
eters in the case of independent and otherwise arbitrary additive noise is
developed, for the one-dimensional case, an analytical expression of the confi-
dence interval boundaries and the conditions of their consistency are obtained.

The theoretical value and practical significance The sequential subspace op-
timization is an actively developing area of mathematical programming aimed at
high-dimensional problems. The approach demonstrates state of the art results in prob-
lems of practical importance, such as image processing and pattern recognition. The
development of sequential subspace optimization methods and their properties con-
tributes to the theory (in the field of nonlinear optimization) and practice (the mentioned
problems of image analysis and pattern recognition, as well as data analysis, adap-
tive control and signal processing). The main theoretical contribution consists of the
obtained conditions of sublinear, linear and superlinear convergence rate and the expres-
sion of the convergence rate through the chosen subspaces; the quality of the solution
of the subspace optimization problem and of the two proposed sequential subspace op-
timization methods with proven linear convergence rate.

Until recently, there were no methods for obtaining exact confidence sets under
independent and otherwise arbitrary noises in the multidimensional case. The main
theoretical contributions of this work are: development of a an exact confidence region
construction method for linear model parameters in the context of independent and oth-
erwise arbitrary additive noise, as well as analytical expression and conditions for the
confidence interval boundaries consistency in the one-dimensional case. In practice,
this method allows to determine the exact confidence region of the linear model param-
eter without a-priory information about the distribution of noise.

Approbation. The main results of the dissertation were reported at seminars
at the Department of Mathematical Modelling of Energetic Systems of the Faculty of
Applied Mathematics and Control Processes of St. Petersburg State University; at the
Control of Complex Systems Laboratory of the Institute for Problems in Mechanical
Engineering of the Russian Academy of Sciences; at the 11th Traditional Russian Youth
Summer School “Control, Information and Optimization” ( Solnechnogorsk, Moscow
Region, June 14-20, 2015) and at the subsequent international conferences: American
Control Conference (Portland, Oregon, USA, 2014), the 7th All-Russian Congress on
Control Problems, VSPU-2014 (Moscow, Russia, 2014), the 16th IFAC Workshop on
Control Applications of Optimization, CAO-2015 (Garmisch-Partenkirchen, Germany,
2015); the International Conference on Learning and Intelligent Optimization, LION-



93

2017 (Nizhny Novgorod, Russia, 2017); the 20th World Congress of the international
Federation of Automatic Control, IFAC World Congress 2017 (Toulouse, France, 2017);
the 3rd International Conference on Machine Learning, Optimization and Big Data,
MOD 2017 (Volterra, Italy, 2017).

The results of the dissertation were partially used in the work on RFBR grants
13-07-00250, 17-51-53053 and RNF projects 16—-19-00057.

Based on the materials of the work, a certificate of state registration of a computer
program was obtained ORTA-2B.GRS [43].

Publications. The results obtained during the work on the dissertation are incor-
porated in 14 scientific papers [44—57]. The main results of the research are presented
in the published scientific papers. Six papers [46; 48; 51-54] are published in jour-
nals indexed in the international scientometric databases Scopus and Web of Science.
Works[44; 46; 47; 51; 53] were written in co-authorship. In work [51], A.D. Knysh
was responsible for the prolem formulation, A.A. Boiarov was responsible for the clas-
sification algorithm development and training while A.A Senov was responsible for
image preprocessing and segmentation algorithms development. In works [46; 47; 53],
O.N. Granichin was responsible for the general formulation of the problems while A.A.
Senov was in charge of for the implementation of the described methods, formulations
and proofs of the theoretical results, development and approbation of the software.

In the first Chapter the necessary results from the theory of estimation and opti-
mization are presented. The first section illustrates the relationship between the problem
of estimating the exact confidence regions and the problem of convex optimization in
high-dimensional spaces with an example of the pattern recognition problem. The sec-
ond section contains description of the strictly convex function optimization problem,
details of convex analysis, the gradient descent method, quasi-Newton methods, conju-
gate gradient methods and sequential subspace optimization. The third section outlines
the methods for constructing confidence regions for the cases of normally distributed
noise and symmetrically distributed noise, the confidence region construction problem
for the linear model parameter under almost arbitrary noise is stated.

The main results of the work are presented in the second Chapter. In the first
section the general scheme of methods of sequential subspace optimization is described;
the lower and upper limits of convergence of SSO methods, the dependence of the con-
vergence rate on the chosen subspaces and the quality of the subspace problem solution
for quadratic and strictly convex cases have been proven. In the second section, methods

for estimating the quasi-Newtonian direction and a method for constructing subspaces
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are described. In the third section, on the basis of the obtained theoretical results, two
sequential subspace optimization methods are formulated, and the linear rate of their
convergence has been proven. The fourth section presents a modified sign—perturbed
sums method, it is proved that the resulted confidence region for the linear model pa-
rameter is exact in the case of the independent and otherwise arbitrary additive noise.
In the fifth section an analytical expression of the boundaries of the confidence interval
for the MSPS method is obtained for the one-dimensional case, and their consistency
with respect to the true parameter value is shown.

The third Chapter is devoted to illustration and empirical analysis of the pro-
posed methods. In the first section, the properties of the confidence regions obtained
by the method of modified sign—perturbed sums are illustrated in a number of examples
with modelled data sets. The second section presents the results of the comparison of
the proposed sequential subspace optimization method with several alternative methods
in the cases of both synthetic and real-world optimization problems.

Structure and volume of the dissertation. The dissertation consists of an in-
troduction, 3 chapters, conclusion and a list of references. The total volume of the
dissertation amounts to 80 page, including 8 figures and 1 table. The bibliography
comprises 115 titles. The figures and tables are numbered by chapters.
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Chapter 1. Optimization in high-dimensional spaces and estimation under
uncertainty

Two problems are considered in this Chapter: the convex optimization problem
in high-dimensional spaces (Section 1.2) and the problem of estimating confidence re-
gions under uncertainty and finite number of estimations (Section 1.3). The relationship
between these two problems is illustrated at the example of the pattern recognition prob-
lem (Section 1.1), where a need to solve the corresponding optimization and confidence

regions estimation problems arose.

1.1 Optimization and estimation in pattern recognition

Consider the practical formulation of the pattern recognition problem via the em-
pirical risk minimization (the problem of pattern recognition is described in details in
Chapter 2 of the book [4]):

F() = 5 D ¢ (i 9(9i %)) — min, (1.1)
where N — number of observations, y; € R — observed model outputs, @, € R"e
— observed model inputs, g : R"» x R"™ — R — decision function parameterized
by the vector x € R", and ¢ — loss function. In this case, observations are formed
by the model y; = g(@;,x,) + €&;, where x, € R"= — true unknown parameter value,
and ¢; € R — additive noise. Note that such a formulation of the pattern recognition
problem is neither generic nor unique, aspects empirical risk minimization are described
in the works [4; 36; 58—60]. However, this statement is sufficient to demonstrate the
following thesis: the optimization problem and the confidence region estimation prob-
lem are complement to each other and can be applied to solve the same problem under
different conditions. In the following subsections, this thesis is illustrated by two ex-
amples: the case of a high dimension of the parameter space n, and the case of a small

number of dimensions /N under arbitrary noise.
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1.1.1 The case of a high-dimensional parameter space

Let the loss function ¢ and the decision function g be strictly convex by the argu-
ment x € R". Then, the empirical risk function f : R"* — R is also strongly convex
and the approaches described in 1.2 can be utilized to minimize it. In case of certain
types of function g, function ¢, and noise ¢;, the minimum point of the empirical risk
argmin f(x) converges to the true value of the parameter x, with N — oo. Particu-
lar examples of a strictly convex loss functions are: quadratic ¢/(y, g(@,x)) = (y —
g(@,x))?, absolute with ¢5-regularization {(y, (@, x)) = |y — g(@, x)| + Al|x — xp]|%,

logistic loss function /(y,g(@,x)) = —ylogg(e,x) — (1 — y)(1 — logg(@,x)).
In turn, the solving functions are linear by x: g(¢@,x) = i x;g;(@), and logistic:

g(@,x) = (14 exp(— Z x;g;(@)))~* functions. Systematic exposition of loss func-

tions and solving functlons is given in [4; 5; 60].

The key property of decision functions — machine learning models — 1is the
generalization ability, which characterizes the complexity of the relationships that the
corresponding model can describe (the concept of generalization ability is described
in details in [61]). Despite choosing different decision function type, one of the main
approaches to increase the generalization ability is to increase the number of parameters,
that is, the dimension of the parameter space n,. Thus, the strongly convex functions
of of high dimension minimization problem is relevant in the context of the pattern
recognition problem.

In the case of a quadratic loss function with a linear over x decision function, the

equation (1.1) has the following form:

N Ty 2
Frunr(x) =) (yz - ijgj(q)i)> — min, (1.2)
i=1 j=1

and the minimum point can be estimated by the least squares method: xp) g =
(CIJTCIJ)_l @'y, where ®;; = g;(@;) andy = (y1,...,y,) . Given the absence of
noise and nondegeneration of the matrix ® ' ®, the solution of the problem (1.2) exists,
unique, and matches the true value of the parameter: xy;px = argmin fygx = X..
If the noises ¢; are additive, centered, identically distributed, has finite variance, are
independent of each other and with the inputs ¢, then the corresponding estimate is

. . P : .. :
consistent: Xygx — X,. Thus, under certain conditions on the nature of the noise,
N—o0
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the structure of the model and in the case of a sufficient number of observations, em-

pirical risk minimization can lead to a satisfactory solution.

1.1.2 The case of uncertainties and small number of observations

In the previous section it is demonstrated that with a large number of measure-
ments and certain restrictions on the nature of noise, the solution of the empirical risk
minimizaiton probem can lead to a satisfactory solution. However, in the case of a small
number of measurements and high uncertainty expressed in the unknown nature of po-
tentially unlimited and systematic noises, the empirical risk minimization can lead to
arbitrarily poor estimates and in this sense is of little use. Examples of noises sources
are: output measurement errors, inadequacy of the selected model, as well as errors
deliberately injected by the system opponent [3]. In such a situation, an alternative
approach is to estimate the confidence region which contains the true parameter value
with a given probability. Note that asymptotic confidence regions which contain the
true parameter value with a given probability only with the number of observations
tends to infinity. Thus, asymptotic methods are of little interest in case of small num-
ber of measurements. Therefore, the problem of constructing a exact confidence region
which contain the true parameter value exactly with a given probability regardless of
the number of observations are particularly relevant. Formally, the problem is posed as
follows: for a finite set of observations {@;, y; }¥,, constract a set X, which contains

the true parameter value with a given probability & € [0,1]:
P(x, € Xy) = «.

without significant restrictions on the noise distribution, despite its independency with

themselves and inputs {@;}.

1.2 Optimization in high-dimensional spaces

Consider the problem of unconditional optimization

f(x) = min, (1.3)

xeR"
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where f belongs to the set F,, 1 — p of strongly convex doubly differentiable functions
with Lipschitz gradient:

ullx =yl < (Vf(x) = V) (x-y) < Lix -yl (1.4)

The concept of “high” dimension 1s defined as follows: the considered algorithms
for solving the problem (1.3) must belong to the complexity class O (n) by the amount
of memory used. Such a restriction, for example, makes it impossible to calculate and
store the Hesse matrix as well as its full rank approximations.

Note that for functions of the class F, 1, the first inequality from the equation (1.4)
can be refined.

Proposition 1. Let f € F, (R, x,y € R Then

T uL 2 1 2
— \Y% — > —||X — — — .
(x—y) (Vf(x)=Vf(y)) FLJFLHX ylI”+ LLJFLHVf (x) =Vl
Proof. See the proof of the Theorem 2.1.12 proof in [62]. ]

It is known that the solution of the problem (1.3) exists and unique: V f € Fy 1

x, = argmin f(x). In cases when the minimum point x, cannot be expressed analyt-
xeRn
ically, or the calculation of the analytical expression is time consuming, a wide range

of iterative optimization methods can be used (see, for example [2; 63—65]), which
construct a recurrent sequence of estimates x, Xy, . . . of the minimum point x,.

In the case of a twice differentiable function f, the Newton—Raphson method
can be used to solve the problem, defined by the recurrent relation x;.1 = x; —
[V2f(xs)] 'y f (x¢) (the method and its history are analyzed in details in [66; 67])
and achieve quadratic convergence rate under the additional Lipschitz condition of the
Hesse matrix(the convergence rate concept is discussed in Section 1.2.1). The method
has a significant drawback: the need to calculate and store the inverse matrix of second
derivatives, which makes it inapplicable in high-dimensional spaces. Another widely
used method of solving the problem 1.3 is the gradient descent method (the author-
ship is commonly attributed to Cauchy [68], historical background together with a
detailed description are given in [69]), that instead of the inverse Hesse matrix utilizes
an experimenter-defined sequence of step sizes o x;11 = X¢ + 'V f (x;). Despite
its simplicity and computational efficiency, the disadvantage of the method is its low
convergence rate both in practical and theoretical senses as well as sensitivity to step

size selection. In the context of the task 1.3 methods that are in some sense between
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the Newton-Raphson and gradient descent methods are of particular interest: superior
to the latter in the terms of convergence rate and at the same time applicable in case

of large space dimension n.

1.2.1 Optimization algorithms quality estimation

In this section the optimization algorithms quality assessment approaches are con-
sidered. A common way to measure an algorithm efficiency is to estimate the number
of arithmetic operations required for completion. Owing to potential unboundedness
of the number of required iterations and variativity of the complexity of the function
and its gradient calculation, the estimate of the number of computational operations is
rarely used to measure the quality of iterative optimization methods [62; 70]. Next, we
list the most common methods for assessing the optimization method quality.

— Oracle complexity — the number of calls to the Oracle (an abstraction that,
upon request, provides the values of the function and its gradient at a given
point) required to achieve a given error value by function. For example, the
algorithm A has complexity O (N4(€)) means that to achieve the condition
f(xe) — f« < eitisrequired to make an order of O (N 4(¢)) calls to the Oracle.

— Q-convergence — a characteristic of the convergence rate that is based on the
recurrent expression of sequence f(x;) — f(x,) or ||x; — x,||. A sequence
||x: — x| - 0 converges with

leern =2l _ .
2

— Q-sublinear rate, if lim
=l

— Q-linear rate, if 3r € (0,1) : lim Dol

|

— Q-superlienar rate, if lim Ixepn—x ] _ .
’ [t =l ’

— Q-quadratic rate, if 3r > 0 : lim w <.

— R-convergence — a weaker analogue of Q-convergence which characterize the
overall rate of convergence, instead of the rate of convergence at each iteration.
Sequence ||x; — X.|| — 0 converges R-linearly if 31y ||x; — x,|| < 7y and 7y
converges to zero Q-linearly. Other types of R-convergence are defined in a
similar way.

Further, unless otherwise stated, the we wil use Q-convergence notation omit-

ting ”Q” letter. For example, under certain conditions, Newton—Raphson method has
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quadratic convergence, and the gradient descent method — has linear convergence rate
(see theorem 3, §4, theorem 1, §5 Chapter 1 in [65], and theorems 1.2.4, 1.2.5 &
2.1.15 in [62]).

1.2.2 Quasi-Newton methods

Quasi-Newton methods iteratively construct the Hesse matrix approximation and
for many problems demonstrate a faster convergence rate than the gradient descent
method [70]. The step of the quasi-Newton method is x;,1 = x; — o, H;V f (x;), where
H; is an approximation of the Hesse matrix, with H; | often computed by adding to
the previous estimate H; an update matrix of rank 1 or 2. The quasi-Newton meth-
ods family includes but not limited to: the Davidon—Fletcher—Powell method [14; 18],
the Symmetric Rank 1 update method [19], and perhaps the most widely used method
Broyden—Fletcher-Goldfarb—Shanno [15; 18] (BFGS). These methods share the disad-
vantage of Newton—Raphson method: they require calculation and storage of the Hesse
matrix or its inverse in memory. Quasi-Newton memory—constrained methods, such
as the L-BFGS method [17]) work around this difficulty by directly approximating the
product of inverse Hesse matrix and the gradient vector [V?f(x)] ly f(x) without
reconstructing the Hessian itself.

Most quasi-Newton methods are based on secant equation — a common tool for
finding roots of equations and constructing optimization methods. Consider a differen-

tiable function f : R” — R™, then its secant equation is the following

Vi) (y—x) ~ fly) - f(x), x,y€cR"

Note, that the secant equation follows from the Taylor decomposition of the function f

up to the second elementat point x: f(y) = f(x) + Vf(x) " (y — x) + o(|ly — x]|).
Chord equations play a key role in the construction of quasi-Newton optimization

methods. Consider a twice differentiable function f : R" — R, x,y € R", then the

secant equation for the gradient V f will be:

V)Y —x) = Vf(y) = Vf(x). (1.5)
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By substituting V2 f (x) with an unknown matrix B; and x, y with successive estimates
of the algorithm, we obtain a system of linear equations with respect to the matrix By:

Bt(Xj — Xj—l) = Vf (Xj) — Vf (Xj—l) , ] = O, e ,t. (16)

To the best of our knowledge, for the first time the secant equations were used
to obtain Hessian in the middle of 1950s (the corresponding work was published only
in 1991 [14]). At the moment, many methods that Hessian estimates based on secant
equation have been proposed: Davidon—Fletcher—Powell method [14; 18] method, SR-
1 [19] method, Broyden—Fletcher—Goldfarb—Shanno [15; 18] (BFGS) method, BFGS
method with truncated history [17] and others. Note that chord equations are used not
only in quasi-Newtonian optimization methods (see, for example, The Barzilai-Borwein
method [71; 72]). In addition, modifications of the secant equations are known which
lead to better estimates of the Hesse matrix (see, for example [73; 74]).

Note that the error in the equation (1.5) allows an accurate estimate for Lipschitz

gradient, as the following proposition states.

Proposition 2. Let f bet twice differentiable function with L-Lipschitz Hessian. Then
vx,y € R? the following holds true:

IV2fx)(x —y) = (Vf(x) = Vf(¥)] < gl\x - yl* (1.7)

Proof. Directly follows from the formula of finite increments and Lipshitz propoerty

of the Hesse matrix. See, for example, Chapter 3, Theorem 3.5, in [70]. []

Note that the system of equations (1.6) can be rewritten in matrix form and sup-
plemented by the requirement of the matrix B; symmetry. One of the ways of solving
linear matrix equations under the condition of symmetry of the required matrix is pro-
posed in [75]

Theorem 1 (Don, 1987). Consider known matrices A € R"*™, B € R"™"™ and un-

known matrix X € R"*"™. Then, the following system of linear equations with
AX =B
(1.8)
X =X"

has solution with respect to X if and only if 3A~ : AAB = B and AB" = BAT.
Any solution can be expressed by the following formula:
X,=A"B+(I-A~A)(A"B)’

(1.9)
+(I-AA™)O(I-AA™),
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where © € R"™" is an arbitrary matrix. Moreover, the minimum norm solution is
achieved when © = (.

Proof. See proof of the Theorem 2 in [75]. []

1.2.3 Conjugate gradients method

The conjugate gradient method proposed for solving systems of linear equations
in [8] and extended to solving quadratic optimization problems by [12]. It uses a lin-
ear combination of the previous direction and the current gradient value as the step

direction:

di = -V (x)+ Pedi—,

(1.10)
X1 = X¢ + oudy,

where the step size «; is calculated using a linear search along the direction d;, and d_;
1s assumed to be zero. One of the most common formulas for calculating the 3; coeffi-
cient is the Polyak—Ribiere—Polak formula, proposed independently in [10] and [11]:

pr_ V() (Vf(xe) =V (xi1))
t Vf(xi-1) VI (x-1)

Note that the formula (1.11) — is widely used but not the only way to calculate the

. (1.11)

(3; coefficient, initially the of Fletcher—Reeves formula [9] was used and subsequently
many alternative variants of calculation of coefficient were proposed (the detailed list is
given in work [76], sections 3 and 4). Despite the abundance of alternatives, the Polak—
Ribiere—Polak formula is a standard way to calculate the coefficient 3; (see section 5.2
in [70]). In this regard, the formula (1.11) will be used to calculate the [3; coefficient
unless otherwise specified.

Several important properties of the conjugate gradient method are stated in the

following proposition

Proposition 3. Let f € F,; : R? — R — a quadratic function with Hesse matrix

V2f = A. Then, the conjugate gradient method converges to the optimum point in at
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most d steps with linear rate:

=llw

(X1 — X )A(Xp41 — X)) < ( n

I

—1
1) (x¢ — x40 A(x: — X,),
|lxt —x.|| =0, t=>d.
Herewith,
— Xyy1 IS the minimum point of f along a set xq + span{V f (xq),...,Vf (x¢)};
— directions {d;} are mutualy conjugate with respect to matrix A: d;Ad; = 0,
VOo<i< g <d.

Proof. See proof of Theorems 5.4 & 5.5 in [70]. []

The later property of the {d;} directions conjugacy is the key one, which is re-
flected in the name of the method. If the function f can not be described by a quadratic
polynomial this property is violated together with the rest components of the State-
ment 3. A similar problem arises in the case of calculation errors unavoidable in
practice: due to the construction of the method, errors tend to accumulate from iter-
ation to iteration, thereby violating the conjugacy property.

A common way to deal with the violation of the conjugacy property is restart
technique: restarting the algorithm by setting the next direction to the gradient direc-
tion every n iterations [9]. It is known that for a sufficiently wide class of functions,
the use of restarts leads to n—quadratic convergence (see Theorem 1 in [13]), which
1s confirmed by practical results. This approach has several drawbacks: the restart
in the direction of —V f (x;) does not take into account the accumulated information
about the curvature of the function, it leads to a smaller immediate reduction of the
function and, most importantly in the context of the task, the restart technique is not
applicable in high-dimensional spaces, since the space dimension n exceeds the desired
number of iterations.

Beale-Powell restart method [77] is an alternative approach which uses modified

formula for direction d; calculation:
d; = =V f(x;) + Beds—1 + Ve (1.12)

The third summand y,d;, plays the role of a restart in the sense that the conjugacy prop-
erty is preserved only for directions after the step k: {d;}r+1<j<:- Restart — updating
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the k£ index to t — 1 — is performed when one of the inequalities is executed:
Vf(x) VI (xe1)| = allVFx)|,
ol Vf (x)[I < —d) Vf (x0) < esl| VS ()1

The first inequality corresponds to violation of the orthogonality property of subsequent

(1.13)

gradients, and the second one corresponds to deviation of the direction d; from the
negative gradient direction of the function f. Note that the coefficients c;, co, c3 are
usually set to 0.2, 0.8 and 1.2, respectively. Also note that for the Beale-Powell method
there are convergence guarantees. However, it demonstrates good results in practice,

including high-dimensional optimization problems [78].
1.2.4 Sequential subspace optimization

In the works [23; 24], the sequential subspace optimization (SSO, also known as
iterative subspace minimization) was proposed, which is especially relevant in the con-
text of high-dimensional problems. The idea of the method is to consequently apply
two operations:

1. construction of subspace D; C R" of small dimension: |D;| = m; << b;

2. optimize the target function along the selected subspace: x4 =

argmin f(x; + d).
deD;
Newton—Raphson method is used to solve the minimization problem along the selected
subspace D; — subspace optimization problem. As generators for the subspace D;
the authors propose to use: gradient values V f(x;), 7 = t,...,0, preceding directions

x; — X;_1, as well as the following directions [79]:

t
dgl) = Xt — Xy, de) = Z wzvf (Xz) )
1=0

| S
wZ:§+ Z—i—wtfl, wozl.

The method is supported by the guarantee of its sublinear convergence rate (O <¢%> in

(1.14)

Oracle complexity) for a class of smooth convex functions with Lipschitz gradient.
Similar ideas have been used in various preceding works on optimization: in the
quadratic case, the conjugate gradient method implicitly finds the minimum of a func-

tion along the corresponding Krylov subspaces [80], in [81], an optimization method
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was proposed in a gradually increasing “essential” subspace, in in [79], a method of
sequential optimization along subspaces formed by a given gradient value and the
so-called “Nemirovsky directions™ (1.14), in [20; 21] a modifications to the gradient de-
scent method is proposed that further minimize the target function along the preceding
gradients. Moreover, many optimization methods can be interpreted in the context of
the sequential subspace optimization approach if the minimization of the target function
in the 2nd step of the SSO scheme is replaced by a surrogate minimization step. For ex-
ample, gradient descent can be viewed as a SSO method with the subspace formed by the
current gradient value D; = span{V f (x;)} and the surrogate model ¢;(z) = z + QA}VZQ.
The conjugate gradient method in the case of a quadratic objective function corresponds
to the SSO method with subspaces of the form D; = span{d;, Vf (x;)} and an exact
solution of the subspace optimization problem. Many quasi-Newtonian methods such
as SR1 [19], PSB [82], and methods from the Broyden family [70] use the subspace
D; = span{V f (xq), ...,V f(x:)} (see theorem 2.1 In [83]). However, it was in [23]
that sequential subspace optimization was formulated explicitly and generically.

Worth highlighting works of Yuxian Yuan and co-authors on subspace opti-
mization methods. Thus, in [84], authors proposed a method of sequential function
minimization along the current gradient and the previous step direction thus generaliz-
ing the conjugate gradient method and demonstrated its convergence under sufficiently
weak conditions with the use of the Wolfe conditions [85; 86] to select the step size.
In [87], a general model of subspace optimization methods is formulated. A span
of the current gradient value and the truncated history of the preceding directions
{Vf(xt),St-1,...,8—m ) are used as subspace D;. To minimize along the subspace
D, the quadratic surrogate ¢;(d) = Vf (xt)T d+ %dTBtd is used, where the Hes-
sian approximation B; is estimated from the secant equations. A variation for the case
constrained case is also considered. In [83], a quasi-Newton method using confidence
regions is proposed. In [88] the proposed model is extend to the problem of solving
a system of nonlinear equations, and in [25] the mentioned results are presented in a
generalized and systematized form.

Sequential subspace optimization methods are actively applied in practice.
In [26] an SSO method is proposed in context of the image restoration problem, where
the subspace problem is solved by minimizing the quadratic majorant (surrogate) objec-
tive function specific to the particular image restoration task. In [27], the SSO method
1s used to solve a particular pattern recognition problem: estimating the support vector

machine algorithm parameters [4]. The paper [30] discusses aspects of the application
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of optimization methods to image processing problems, experimentally demonstrates
the superiority of the sequential subspace optimization method over alternatives for im-
age reconstruction and blur removal problems.

The sequential subspace optimization approach is actively used as a tool for
methods construction. For example, in [28], the sequential subspace optimization ap-
proach is adapted to find an approximation of the posteriori distribution minimizing the
Kulbak-Leibler divergence. In [29] in the context of solving the stochastic optimiza-
tion problem, authors proposed to accelerate the chosen stochastic optimization method
by regular iterations of the SSO method with a subspace formed from the previous
values of gradients, Nemirovsky directions (1.14) and vectors between the current esti-
mate and so-called anchor points — fixed previous point estimated. The effectiveness
of the proposed modification is demonstrated on the problems of image classification:
MNIST [89] and CIFAR-10 [90] with deep learning methods.

The projection-approximation-reconstruction approach in optimization is a spe-
cial case of sequential subspace optimization. The main difference lies in the way the ¢,
surrogate is constructed: in the above mentioned works [22; 24; 25; 71; 83; 87] the sur-
rogate is constructed analytically, while in the projection-approximation-reconstruction
approach the surrogate coefficients are approximated based on the solution of the re-
gression problem. The parameterized surrogate ¢;(z) = ¢(z|0;) is considered and the

parameter O is estimated based on the following minimization problem:

t—m+1
" (f(x:) — g(Dxi[8))* — min.
i=t
In [52; 53], the projection—approximation—reconstruction approach is used to
accelerate gradient descent: after every m iterations of the gradient descent method,
a parametrized surrogate ¢(-|0;) is constructed based on the last m point estimates
{x;}i_,,+1 and function values {f(x;)}!_,,.;. This surrogate and minimum is used
as the next estimate x;,1. In[54] four algorithms based on sequential application of
the following operations:
1. constructing projection matrix D; € R"*"™;
2. approximation function f surrogate ¢(-|0;) at the points {x;, f(x;) }i_,,.1;
3. reconstruct the function f minimum from the obtained surrogate ;.
To construct the matrix Dy, both the previous values of the gradient {V f (x;)}!_, and
and a random vector are used. The next estimate x;,; is obtained directly from the

minimum point argmin ¢;, where a quadratic function is used as the surrogate.
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1.3 Estimation of confidence regions under conditions of uncertainty and a finite
number of samples

Consider the problem of estimating the parameter of a linear input-output model

from observations
yi= @ X, +e&, i=1.N, (1.15)

where N — number of measurements y; € R — observed system outputs, ¢@; € R"
— observed system inputs, x, € R" — unknown parameter vector, and ¢; € R —
unknown additive noise.

With a large number of observations and favorable conditions on noises ¢;, a sat-
isfactory estimate x of the true value of the parameter x, can be obtained by regression
analysis. Many of the regression methods, in turn, can be formulated as an optimization
problem. However, in the case of a small number of measurements, a low signal-to-
noise ratio, and an unknown noise distribution, the resulting estimates of x may differ
significantly from the true value of the parameter and in this sense are unreliable. An
alternative approach is to construct a confidence region containing the true parameter
value with a given probability. Of particular interest is the problem of constructing a
exact confidence set that contains the true value of the parameter exactly with a given
probability regardless of the number of observations — as opposed to an asymptotic
confidence set that contains the true value of the parameter with a given probability
only when the number of observations tends to infinity. Note that the source of ran-
domness can be due too both noises and inputs of the system (1.15).

Consider the following types of noise and corresponding approaches to deter-
mining confidence regions construction. For the case of independently and equally
normally distributed noises, an exact formula for confidence region of parameter x is
known [91; 92]. In the case of a large number of measurements and an noise distri-
bution different from normal, similar procedures will result in a asymptotic confidence
region. The methods of constructing confidence region based on bootstrapping tech-
nique [93-95] have similar disadvantages. In the case of uniformly bounded noise:
JC > 0: |e] < C'it is possible to construct a region contains the true value of the pa-
rameter exactly (so-called set membership approach) [96; 97], which can be considered
as an exact confidence set containing the true parameter value with probability 1. For

the case of i.i.d noises distributed symmetrically with respect to zero, there are several
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methods for constructing exact confidence regions: the method of exclusion of sign-
dominant correlation regions (LSCR, leave-out sign-dominant correlation regions [40;
98]) for the one-dimensional case and its generalization to the multidimensional case
the sign-perturbed sums method (SPS,sign-perturbed sums [41; 99; 100]). Of particu-
lar importance is [42], where a modification of the LSCR method was proposed for the

case of unknown noises but controlled inputs of a linear control plant.

1.3.1 Normally distributed noise

Under the assumption of normality, independence and the same noise distribu-
tion ¢; ~ N(0,0?) with unknown variance o2 the exact confidence region of the
parameter x, can be constructed using the Fisher distribution. Let o« € [0,1], then
P (x* c xN ) — , where the confidence region X2V is defined by the following for-
mula (see Chapter 5 in [92]):

1
N —n

xN = {x c RV : (x — xpar) BN (x — X)) < Fx(n, N —n) ¢,
(1.16)
where Fi(n, N —n) — a-quantile of the Fisher distribution with n and N — n degrees
of freedom, Xy = (27 P) - Ty — x, least squares estimate, ® = [@1,...,@n]"
— system inputs matrix, y = (y1, . .. ,yn) — System outputs vector, 2 = 67 (¢'®) -
— covariance matrix of the X/ x estimate, 62 = ﬁ”y — &%)k ||? — unbiased

estimate of o2.

1.3.2 Symmetrically distributed noise

Consider the following definition of symmetric multidimensional random vari-
able.

Definition 1. Let (2, F, P) be a probability space, then multidimensional random vari-
able & : Q) — R" is called symmetric if:

VAe F: P(E€c A)=P(-&ec A). (1.17)
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Suppose that the noises and inputs of the system {ey,...,en,@1,...,@n} are
mutually independent, and additionally, noises are symmetrically distributed with re-
spect to zero: €; ~ —¢; Vi = 1..N. Inthis case, the sign—perturbed sums (SPS) method

[41] can be used to construct the exact confidence region of the parameter x, :

s = {x: [k e {1 M =1} ISoeoll < ISkl > a}

N N
So(x) =D @iy —0fx),  Six) =D ariewi— /%), e
1=1

1=1

k=1,....M—1.

1 with probability %
Qi = . . )
" —1 with probability 1

The following property holds true for the Xy7>.

Proposition 4 (Csaji, Campi, Weyer, 2012). In the assumptions imposed above X ff Zj is
an exact confidence region for x,:
CANY\ __ q
P (X* E XM,q > — 1 - M .
Proof. See proof of Theorem 1 in [41]. []

Proposition 4 is substantially based on the following result

Proposition 5 (Csaji, Campi, Weyer [41]). Let & be a symmetric multidimensional ran-
dom variable and o« — random sign (see equation (1.18)). Then random variables &,

and &, are independent
Proof. See proof of Lemma 1 in [41]. []

For the next result, let us introduce the definition of uniformly ordered random

variables.

Definition 2. Random variables {&;}} are called uniformly ordered, if for any permu-
tation T of the set {1, ... ,n} corresponding order {&;}} is equiprobable:
1
P(E,ﬂ(l) <. o< En(n)) = E
Proposition 6 (Csaji, Campi, Weyer [41]). Let {&;}] be i.i.d symmetric contnious ran-

dom variables. Then they are uniformly bounded.

Proof. See proof of Lemma 4 in [41]. []

Note that for X3/> the following property always holds true: X.s € X3/,
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1.3.3 Arbitrary noise

Consider system (1.15), assume that {¢;}), are random vectors and together
with noises {¢;}Y , they satisfy the following assumptions and otherwise arbitrary:

— noises and system inputs {¢1,...,ex,@1, - ..,@y} are mutually independent;

— system inputs @q,...,@y are symmetrically and continiously distributed

around the known mean vector m, € R".

Let us state the task of constructing an exact confidence region for the parameter x,: for
observations {@;, y;}1" satisfying the above conditions and given « € [0, 1], construct
a set X, € R", such that:

P(x, € X,) = . (1.19)

It should be noted that some of the original results presented in the thesis have
been further developed in the works of other authors. In example, the method described
in Section 2.4 for obtaining the exact confidence region of a linear model parameter
under almost arbitrary noise (1.19) have been generalized to the nonlinear case and
applied to the problem of determining the confidence interval of the incubation time of
material destruction in the Volkova M. V. thesis [101].
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Chapter 2. Sequential subspace optimization and modified sign—perturbed sums
methods

2.1 Properties of the SSO methods

2.1.1 General scheme of the SSO methods

Sequentional subspace optimization methods are to the sequential application of
the following two operations:
1. susbspace formation D; C R", dimension of which is significantly smaller
than dimension of the original one |D;| = m; < n;
2. approximations of the minimum of the target function along this subspace with

respect to the current value x;:

X1 &~ argmin - f(x). (2.1)
xe{x;+d : deD;}

In this case, both the subspace D; and the method of finding the minimum f along
the subspace can vary. Common vectors for the D; subspace formation are: the
current and previous values of the gradient V f (x;), changes in the gradient y; =
Vf(xx) — Vf(xr_1) and the argument s; = x;, — X1, as well as their combina-
tions. As a method of solution of (2.1) a surrogate approach is oftenly used, in which
a simpler function-surrogate ¢; is minimized which in is close to the function f in the
neighborhood of x;. One of the most common types of surrogate is the quadratic func-
tion ¢;(d) = Vf (x;) d +d"B,d, where matrix B, is the Hesse matrix aproximation.
It is worth noting that the step size along the found direction d; are usually calculated
with linear search methods.

In the following a general scheme of sequential subspace optimization methods
is presented.

0. The target function f and the starting point xg, ¢ <— 0 are given.

1. New subspace D, is constructed.

2. The f function approximation along the subspace D; in the x; point a neigh-

bourhood of is constructed: ¢;(d) ~ f(x; +d), d € D;.
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3. Subspace minimization problem is solved:

d; = argmin ¢;/(d). (2.2)
deD;

4. Line search is performed along the calculated direction: o; = argmin f(x; +

ady). ;

5. Next estimate is calculated: x;,1 = x; + x;d;.

6. t<t+1. Gotol.

This scheme coincides with the one presented in [87] (see algorithm 3.1), except for
the following: presence of a restriction on the norm of the step size, the target function
decreasing monotony, and absence of the linear search step. Note that the linear search
in step (4) can be performed in various ways: based on Wolfe’s [85] conditions, numer-
ical minimization, or based on a deterministic rule (for example, «; = 1). Based on the
above scheme, the following factors are determining for SSO methdos:

a. method for subspace construction {D; };~o,

b. method for construction and minimization of the surrogate ¢;.
It 1s worth noting that often the approximator ¢; and the subspace D; are not explicitly
specified and the direction vector d, 1s written out for reasons different from minimizing
the surrogate along some subspace.

In practice, it is convenient to operate not with subspaces D; but with sets of vec-
tors forming them. Denote D; = [dgt), e dy(ﬁ)t} e R™"™ — a matrix whose columns
form the set D;. Then, the SSO scheme can be rewritten is rewritten in explicit pro-
jections form:

0. Set target fucntion f, initial point x( and initial subspace matrix Dy; t < 0.

1. Construct the next subspace matrix D;.

2. Construct an approximation of the function f along the subspace D; in the

neighborhood of the point x; : ¢:(z) ~ f(x; + Dyz), z € R™.

3. Solve the subspace optimization problem:

z; = argmin ¢(z). (2.3)

zeR™t

4. Perform a linear search along the obtained direction: «; = argmin f(x; +
ady). :

5. Calculate the next point: x;1 = Xy + ody = Xt + ;2.

6. t<t+ 1. Gotol.
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In a stricter form, this scheme is represented in the Algorithm 1. It is worth noting
that the subspaceUpdate and subspaceSearch functions can store the state: previous

values of points, gradients, their linear combinations, etc.

Algorithm 1 SSO scheme(x, subspaceUpdate, subspaceSearch, lineSearch)
1: D; < subspaceUpdate(D;_1, V f (x¢))

. z; < subspaceSearch(f, Dy, x;)
: dt < tht

2
3
4: oy < lineSearch(f, x;, d;)
50 Xpiq ¢ X¢ + ody

6

ct+t+1;gotol

The following proposition states that SSO schemes with explicit and implicit pro-
jections are equivalent.

Proposition 7. Let D; = span {dgl), . ,d,E’”)}, and D, = {dgl), - dgm) — ma-
trix, whose columns form the D; subspace. The the surrogate minimization problem

argmin q;(d) is equivalent to the following one: argmin q; (D;z).
deD; zeR™

As in the implicit projection scheme, various linear search procedures can be used
in step (4). It is worth noting that the use of the matrix D; instead of the subspace D;
not only simplifies the practical implementation of the algorithms, but allows an eas-
ier properties of the SSO methods properties and can also reduce the computational
complexity of the algorithm. Indeed, the subspace optimization problem in the explicit
statement (2.3) is intuitively easier task than the implicit one (2.2) becaouse of the prob-
lem statement: instead of the n-dimensional optimization problem with constraints, the
m-dimensional optimization problem without constraints (depending on the type ¢;) is
used. The following remark quantifies that difference.

Remark 1. Let ¢; be a quadratic surrogate. Then for the implicit formulation (2.2) it
is required to use an order of O (712) in memory and an orvder of O (ns) the a number
of operations, while for the explicit formulation (2.3) it is required to use only an order
of O (m2) in memory and an order of O (m3) in a number of operations in the worst
case: q; (Dyz) =V f (Xt)T Dz +2zD/BDz =r/z+ 2" Qiz, 1, € R, Q; € R™™,

Note the following property common to all SSO methods: the accuracy of any
sequential subspace optimization method is limited by the quality of subspace selection,

regardless of the subspace optimization problem soltion and step size selection quality.
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Remark 2. Consider the following sequential subspace optimization process X;.1 =
x; + dy, where d; € D,. Then

13 = %] = [0 = | = [Py e0m; (0 = %],

where Py,_,.,p,(X) — projection of a vector x onto set Uy j<;D;. Moreover, if the D

columns form an orthonormal basis of the D; subspace V j, then:

t
It — x| = [I[]] @ —D,;D)) (xo —x.)|l-
7=0
Proof. Finally, it is sufficient to note that x, — x € span{dy,...,d;}. O]

Remark 2 describes a lower bound on the residual of the sequential subspace

optimization process.

2.1.2 Quadratic case

In this section several properties of the sequential subspace optimization methods
will be illustrated with a basic example. Consider a quadratic target function:

1
f(x) = §XTAX +b'x+e¢, (2.4)

where x € R", A € R, A = 0,b € R", ¢ € R, coefficients A, b, ¢ are unknown
and denote x, = A~'b = argmin f.
Fix matrix D; € R, 1 < m < n ¢ x; € R. And consider the f minimization

problem along the subspace D; = {Xt +Dyz : ze R}
f (x¢ + Dyz) — mzin. (2.5)
Consider Taylor series expansion of the function f(x; + D;z) in point x;:
f(x¢+Dyz) = f(x4) + Vf(x;) ' Dyz
+ 55 D] V2 (x)Diz + of | D).

Assume that surrogate ¢; equals to the Taylor’s expansion to the second power inclusive:

(2.6)

q@(z) = f(x¢) + Vf(xt)Tth + %zTD;VQf(Xt)th. (2.7)
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Then (assuming that the D; matrix is non-degenerate) the surrogate minimum is achieve
at the point: z, = argmin, ¢ = — (DtTADt)_1 D,/ Vf (x;) . Thus,

-1
H,:=D,(D/AD,) D,. (2.8)

— an approximation of the inverse to the Hesse matrix. Despite the fact that the ques-
tion of the proximity of the obtained minimum point of the surrogate (2.7) and the
solution of the problem (2.5) remains open, the optimality of the Hesse matrix inverse
approximation H; in the context of the chosen subspace D; is demonstrated by the
following remark.

Remark 3. In the previous notations, let rank D; = m. Then matrix H/A =
D, (DtT ADt)_1 D, A has an eigenvalue 1 of multiplicity m with corresponding eigen

vectors — columns of the matrix D;.

Proof. 1t is suffice to note that
H,AD, = D, (D AD,) ' D/AD, = D,.

[]

Matrix D, (D ADt)_1 D, — is an approximation of the matrix A~! in the
directions of the columns of the matrix D,;. Remark 3 demonstrates that this approxi-
mation along the corresponding directions is accurate.

Next, using the inverse approximation to the Hesse matrix (2.8), consider the

following process of the function f optimization:
-1
Xyl = X¢ — Dy (DtTADt) Dtva (Xt) =x; — H,Vf (Xt) . (2.9)

Remark 4. In the case of the optimization process (2.9), the following recurrent rela-

tions take place for the estimates of x; and the corresponding gradient values:
X1 — X = (I — HiA) (x¢ — X4)
= (I-H,A) (I-D,D/) (x; — x,),
Vf (Xt+1) = (I — AHt> Vf (Xt) . (211)

(2.10)

Proof. Both relations follow from the secant equation: Vf (x) = Vf (x) =V f (x,) =
A (x — x,). The second equality in (2.10) additionally follows from the Remark 3: the

matrix H; A acts as a unit matrix along the columns of the matrix D;. ]
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From the Remark 4 it follows that the step towards —H;V f (x;) with the inverse
of the Hesse matrix obtained by the formula (2.8) has a significant drawback: from the
residual x; — x,, not the entire component of the subspace D; is removed: in general,
D, (x;:1 — x,) # 0. This is a significant disadvantage, as it can lead to the problem
of zigzag trajectories by analogy with the gradient descent method [102; 103].

Note that the sequential subspace optimization step belongs to a span of the

columns of the matrix D;. Consider the following decomposition:
xi11 =%, — DD A7V f (x;) + DD/ &,

where D;D/ A~V f (x;) = DD/ (x; — x,) — is “optimal” in a sense that it levels the
residual along the subspace D;, and D;D| &; is an error. The the residual on step ¢ + 1
can be decomposed into the following to components:

(Xt+1 - X*) = (I - HtAt) (Xt - X*) + HtAtEvta

— projection error (1 — H;A,) (x; — x,) and approximation error H A &;.
The following Lemma characterizes the contribution of both errors into the over-
all rate of convergence.

Lemma 1. Consider o; and 'y, that characterize relative values of projection error and

approximation error:

(1= o)llxe = x5, o € 10,1,

(- HLA) (x, — x,)|3 < o1
% < (1 _Yt)HXt - X*H%? Yt € [07 1]

&

Then, depending on the values of o; and y;, the following convergence rates are
achieved:

1. If &4, y¢ > 0 then convergence rate is sublinear;

2. Ifde > 0: o4,y = € the convergence is linear,

3. Superlinear convergence is achieved if one of the following conditions is sat-

isfied.:
(Hoc’>0,t’<oo: Vit o >,
(@) 9
L’Ytéla
(Oét—>1,
b) <
Lﬂy’ >0, <oco:Vt=t,yi>vy
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Proof. Consider the contribution of both projection and approximation errors into the
overall rate of convergence

101 — x5 = |(T- DD, ) (x; — x,)||5 + [|D:D; &3
< (1= o)|lxe — x5 + o (1 —ve) [|xe — %413
= (1 — oryy)||xe — x.|3- (2.13)

The Lemma statement directly follows from the equation (2.13). []

Lemma 1 characterizes the contribution of approximation error and projection
error to the overall convergence rate of the sequential subspace optimization methods
for the quadratic case. It is noteworthy that the role of both errors is comparable: if the
projection error is large, the reduction of the approximation error will not qualitatively

affect the overall convergence rate and vice versa.

2.1.3 Strongly convex case

Consider a class of doubly differentiable functions f : R? — R with L—Lipschitz

Hessian and p—strong convexity F, 1, (1.4). Denote x, = argmin f — the minimum

X
point of the function f, which exists and unique due to strong convexity.
In this section possible convergence rates for such a class of functions in the

context of the sequential subspace optimization approach is investigated.

Lemma 2. Let f € F, 1. Consider optimization process X1 = X; — &:(V f (x¢) +8¢),

where o; — step size, and &; — deviation from the gradient vector; s.t. 8! V f (x;) = 0,

B = ”v”fé(t)!t)”. Then, sequence ||x; — X.|| is bounded from below by the following

recurrent relation.:

th+1 - X*H2

> |
1 — xl1* < e = P (14 o (1 + B7)L? — 204 (1 = Bo(L — ) -
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Proof. Denote /\; = x; — x, and consider || A1 |*:

1D [P = [[AP = 208/ V f (x0) + oG IV f (x0) [P — 2002,
+208, V f (1) + o [[ 8|
= 2 + o (L+ BOIVF () = 2060/ V f (x2)
— ZatAtTét.

(2.14)

Taking advantage of the L—Lipschitz gradient and pu—convexity of the function,

as well as the fact that A 8, < B¢||V.f (x0)||[|2¢]] — B:A[] V f (x;) a bound from below
can be obtained for the ||A\]|:

[ Al > A7 + &1+ BV (x)lI? = 20(1 = B)A Vf (1)
— 20,8, 2V ()]
> (AP (1+ a1+ BR? — 200L)

Next, consider the upper bound on ||A;||. The main interest is the summand A/ §;,
which in can be bounded from below as B; AV f (x;) — [|2A|[|V.f (x¢)]|. Then

1A ll? < AP + o (1 + BNV (x)I° = 206(1 + Br) A V f ()
+ 206 B[ AV f (x0) ]
<A (1 + o (1+ BF)L* — 206 (1 = Be(L — W) -
[

Remark 5. In the conditions of the Lemma 2, the convergence rate of the residual norm
| A¢|| cannot exceed linear if 3¢ > 0: B > ﬁ—i —1+¢ 0rf: < ﬁ—; —1:

L—+1?—(1 L L?—(1 2 2
o € e, \/ +Bt _E +\/ (1+B7)u

(14 BF)n? (14 BF)n?

Proof. 1t is sufficient to note that roots of an equation 1 + o(1 + B?)u? — 20¢L = 0

U

+ €£,00

havethe following form:

L++/L?— (147
(14 B7)u?

Xt =

]

Results obtained in Lemma 2 are of only theoretical interest because of the fact
that Lipshitz and strict convexity constants L and p are hard to estimate. The following

theorem partially corrects this drawback by imposing stronger conditions on the step d;.
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Lemma 3. Consider the iterative minimization process of the function f € F,r:
X;1 = X¢ — oqdy, where d; — step direction and o, — step size. Denote b; =

d; — ﬁvJYf XﬁQVf (x¢), Bt = ”v”fétH 7 and assume that (x; — x,)"8; = 0. Then, the

sequence ||x; — x,|| is bounded from above by the following recurrent relations:

— in case o4 € (O, m :

Al < A (14 o (1 + B — 204m) (2.15)

. 2 2 .
— incase o € ((1+5§)(H+L)’ (1+Bf)L]

[ Al < ITA? (14 o (1 + B7) L — 20,L) . (2.16)

Proof. Denote 6, = d; — |(|1V1Yf Xﬁgv f (x¢), then §] V f (x;) = 0 and similar to the

equation (2.14) we have
1A allP = 817 + oG (1 + BOIVF (x) [ = 2064 Vf (x1) — 2064/ 6.

According to the theorem conditions § A; > 0, hence

2o4pL 2
I8l < sl (1 2255) 4 o 9 0l (o148 - 2 )

nw+ L
200 1L 20012
<1 A 2 1 — 21 2 2
I8P (1= 2H 1 a1+ e - 22

= (|2 (1 + of (1 + B7)? — 2001)

where the 1st inequality and linear convergence of ||A;|| holds true when:
2
(1+B)(n+L)

m, then the following recurrent inequality can be

0< o <

On the other hand, if o; >

obtained in a similar way:
1Al < AP (1 + o (1 + BF)L* — 20¢L) ,

from which it follows that monotonic convergence also takes place under the following
(0.0

2 2
QD) SN L
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Compared to the Lemma 2, Lemma 3 represents a more practical result. To sat-
isfy the constraint on oy, it is sufficient to obtain an upper bound on L based on the
physical meaning of the problem, or using approximate computational procedures (see,
for example, the power method [104], § 53, or the iteration method with Rayleigh re-
lations in [105], as well as in [106], § 4.6). The [3; values have no explicit restrictions,
but implicitly they are limited the need to select the corresponding «;. Next, consider

the Lemma 2 from the sequential subspace optimization point of view.

Theorem 2. Consider f € F, 1, optimization process X;11 = X; — oud;, where o; —

: L : : o d[Vf(x) o e /ye=V (x|
stpe size and d; — step direction. Denote y; := TFe) Vi) B := V7o) and
assume that 3, < %, where p € (0,1) and o, = ﬁ. The sequence ||x; — X,||
tends to zero with linear convergence rate:
lI—p
I = x? < (1= 5% ) e - @17)

Proof. According to Lemma 2 the following recurrent majorizing relation is satisfied

for ||x; — x,||:
Ber =l < e = x* (1 + & (1+ BF)L* — 28 (1 — Be(L — W),

where o; = oy,
Substituting the [3; upper bound:

e = %12 < e = x| (1+ L2 + p%) L — 2% (1 — p))

One can note that o2 (L2 + p?)L? — 2o (1 — p) minimum is achieved when o = L%ppg
and equals to —Lﬁ;fp% Hence o; = wﬁ'
L]

Theorem 2 demonstrates that linear convergence for strongly convex functions
with Lipschitz gradient, which is a known fact for gradient descent (see, for example,
Theorem 2.1.15 in [62], or Theorem 2, § 4, Chapter 1 in [65]), 1s preserved when differ-
ence between step directions and the gradient directions are uniformly bounded. This
difference is characterized by the coefficients 3; and y;. It is noteworthy that y; is in-
cluded only in the step size of the algorithm, but is absent in the convergence rate upper
bound estimate. Thus, the /5—norm of the difference in the size of the selected direction
d; and the gradient in is compensated by the step size. The convergence rate estimate
includes only the parameter p, which limits the difference between the selected direc-

tion and the gradient direction.
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Having obtained the conditions for the linear convergence rate, we proceed fur-
ther to study the conditions necessary to ensure a superlinear rate of convergence. The
following Lemma presents the upper bound on the quasi-Newtonian methods residual.

Lemma 4. Let f € F, 1 and V*f satisfy the Lipschitz condition with the constant L.
Consider the method with the following step: x;.1 = x; — &« H;V f (x;). Then the

residual norm satisfies the following recurrence relation:

L
s = x| < o Tl — ]2+ (1 - o)l —
+ou|(T— B, V2 F(x0)) (%0 — x4
Proof.

i1 = x| = 1% = %0 = aH V2 f(x1) (30 — %) + o H V2 F (%) (%0 — o)
— o HyV f (x4) |
<ol (T=Hi V2 f(x1)) (3 = )|+ (1 = o) s — x|
+ oy Hy (V2 (%) (% = %) = V f (x1)) ||,

according to the Statement 2:

<ol (T = H VA f(x)) (xe = x| + (1 = o) | % — x|

/

L
+ oul [ |5 [1x: — ..
O

In the following Theorem, which uses the results of the Lemma (4), a charac-
teristic of sequential subspace optimization methods convergence rate with a quasi-

Newtonian step of the form (2.9) is provided.

Theorem 3. Let f € F, 1 and V* [ satisfy Lipschitz condition with constant L. Con-
sider method with the following step x; 1 = x;— o H;V f (x;), where H; = D;Q; 'D, .
Assume that the following assumptions are satisfied
1. matrices Dy are chosen in a way that DDV f (x;) = Vf(x;) and its
columns are orthonormal DtT D, =1;
2. step sizes o are chosen in away that 1 — |V f (x)|| < o < 1,
3. matrices D; are chosen in a way that ¢y, Cy > 0. oyf|(I —
DD/ ) [V2f(x)] " V(x| < Coll [V2F(x0)] " VF (0|1,
4. subspace optimization problem solution accuracy increases at a

superlinear rate vrelative to the gradient norm: dc,C; > O

|[D/ V2f(x)Di] " D/ Vf (x:)=Q; "DV ()| < Cill [V2f(x0)] " V£ (x4)]
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Then the method converges with a superlinear rate:
3C > 0,¢>0:  |x1 — x| < Olx — x.||*,
where C' = min (C’o, 21, (L’HQt N+ L2 4 L)) ¢ = min(cy, ¢, 1).
Proof. Substitute the error bounds from the Lemma 4 and matrix H; = D;Q; 'D/

%01 — x| < o[ (T—DiQy "D/ V2 (x1)) (%0 — %)l + (1 — o) Ixs — x|

L/
+ (xtHDtQt_lD;rHEHXt —x%
Note that D,Q; 'D/ || < [|Q; || and consider || (I — H;V?f(x¢)) (x¢ — x) ||

(- B 0) x|

= ([9*7(0)] ™~ DUQ; D))V ) s — x.) |
([V*f(x)]" = DQ; "D/ )V f (1)
V6] = DiQ D] 1 e —

_ 1 L
< I7*7ex0) =D DT el + (5 + 1901 i - .

Consider [V2f(x)] 'Vf(x) - D,Q D]V (x):

I[V2f(x)] 'V £ (x:) = D,Q; "D/ V £ ()|
<|DD; [V3f(x)] ' Vf (x) — D,Q;'D] Vf (x)]|
+(I-D,D;) [V f(xt)] TV (x0)
<Dy [V2f(x)] ' V£ (%) — Q'D] V[ (x,)]|
+ (T D:D)) [V2f(x)] " Vf (x0)]
<|ID] [V3f(x)]
+||[D; V?f(x)D:] D/Vf(x:) —Q;'D/Vf(xs)]
+ 1@ =D:D)) [V3f(x)] " V(%)
< ||[D] V2 f(x)D,] D]V (x:) — Q'D]Vf (x:)]

L T 2 -1
; (1 ¥ ;) (1= D)) [V2f ()] Y f ().

Vf(x) — [D/V?f(x)Di] D]V (x)]

-1
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The last inequality holds true due to the following:

D] [V2f(x:)] ' Vf () — [D] V2f(x)D,] DV (%))

< ||[D; V2 (x)D;] DV (x) I — D,D]) [V2f(x)] " Vf (x|
< I[D; V2 f(x)D,] " DV f(x)|[I(1 - DD [V2f(x)] ' Vf (x2)]]
< EH(I ~DD/) [V ()] VI (x).

By substituting the obtained boundaries into the expression of the residuals from the
Lemma 4 we get:

%01 — x| < o (T = DyQ; "D/ V2 £ (x1)) (3 — %) + (1 — o) [[x¢ — %,
+ e[ DQ D] 5~ x.l
due to limitations imposed on o
< || [D] V2f(x)D,] D] Vf (x:) — QD] Vf (x1)]
+ 204 (L= DD [V2f(x:)] " V£ (x1)]

/

L (1 _
by (54190 I =P+ L~

L -1 2
+ou Qe e — %

substituting constraints from the Theorem conditions:

< o Col| [V2£(x0)] 7V (30) [0 + 206 Cy || [V2 £ (x0)] TV f (360 F
L12

(2 IQ I+ o L) e P

< min(Cy, 2CY)||x; — X*HHmm(CO’Cl) + 0o Co||x; — X*H2+260

B L/2
+ 204,01 [|x; — x| + (octL/HQt I+ iy i L> e — x|

]

Theorem 3 provides sufficient conditions for superlinear (and quadratic — de-
pending on the ¢y and c; values) convergence. It demonstrates that the rate of
convergence of sequential subspace optimization methods depends equally on the qual-
ity of the subspaces chosen and the subspace problem solution accuracy. We will discuss
the conditions imposed in the Theorem in more detail. Conditions (1) and (2) appear to
be the easiest to achieve. By selecting o, = 1 and D, = [V f (x;) /|| V f (x;)]|] they are
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obviously satisfied. The condition (3) characterizes an angle between D; and the vector
[V2f(x:)] v (x¢). The condition (4) characterizes the subspace optimization prob-
lem solution accuracy. These conditions (3) and (4) are of the greatest interest, and the
question of the way to achieve them remains open. In the following sections we will
consider several approaches to both the construction of D; matrices and to the solution
of the subspace problem (i.e. evaluation of the vector Q,'D/ V f (x;)) in the context

of proved Theorem 2 and Lemma 3.

2.2 Elements of sequential subspace optimization methods

As mentioned above, the formation of subspaces, as well as the way to solve the
subspace optimization problem — the two main characteristics of SSO methods. This

section describes approaches to each of them.

2.2.1 Subspace step estimation

Taking into account the Taylor expansion of the function f (2.6), it is natural to

consider a quadratic surrogate of the form:
1
a(z) = f(x) + Vf (x)' Dz + 22" D]V f(x;)Diz. (2.18)

finding the optimum point of which is equivalent to solving the following system of

linear equations:
D/ V?f(x)Diz = D[ V[ (x1), (2.19)
wich if a inverse matrix [DLT V2f (xt)Dt} ! exists as achieved at the following point
2 = [D]V?f(x,)D;] D]V (x:). (2.20)

Unfortunately, computing the matrix D,' V2 f(x;)D; generally requires comput-
ing the Hessian of the original function V2 f(x;), which can be difficult due to memory

constraints, computation time, or the lack of an explicit Hessian expression. For these
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reasons, instead of optimal surrogate (2.18) (in terms of the Theorem 3) we consider a

surrogate with an unknown matrix of quadratic coefficients Q;:
1
a(2) = f(x1) + Vf (x1) Dyz+ 2’ Q. (2:21)
In turn, instead of the system (2.19) consider
Qiz =D, Vf(x). (2.22)

It can be solved in a way similar to (2.20) with the solution carried out in the follow-

ing way:
2 = Q;'D{ V[ (x:), (2.23)

where the only unknown element is the inverse Hesse matrix Q, 1 Once z, is defined,

the next step direction of the algorithm is calculated in the obvious way:
d; = DiQ;'D; V£ (x1). (2.24)

In section 2.1 some properties of sequential subspace methods based on surro-
gates of this kind are demonstrated. Next, we’ll look at several ways to construct
the 2.23 directly or via evaluating the matrix Q; '. In this case, the goal is to obtain
an estimate close to the optimal (2.20). We will use the history of the arguments {x;},
the corresponding gradient values V f (x;) and the values of the function f(x;) as input
to obtain those estimates. Note that the ultimate goal is to construct a new estimate
of the vector (2.20) of the form (2.23) — explicit construction of matrix Q; ! is not
necessary and methods obtaining evaluation (2.23) without explicit construction of the
Q; ! are of no less interest to us.

Next, consider several approaches to constructing estimates of the vector
zit) (2.20) of the form (2.23) based on the use of truncated history surrogate val-
ues ¢, its arguments and gradients: {zy) K, CRm™, {qt(z§t)) K C R™. The matrix
Q; is unknown to us, and therefore the values of the surrogate {qt(zy))}fil C R
and its gradient {Vqt(zé-t)) %, C R™ are unknown too. Instead, we will use the
following approximations:

zgt) = D;—(Wj(-t) — X¢), (2.25)
a(z\)) ~ f(w;). (2.26)
Va(z!) ~ DV f(w), (2.27)

(t)
J
random vector from R,

where instead of w.’ one can choose, for example, the preceding vector x;_;, or a
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Remark 6. Note that the approximations (2.26) and (2.27) are not exact even given
the optimal estimate of the Q. Thus, approximate inequalities become exact only if
Q: = D/ V2 f(x;)Dy and the function f is quadratic. Indeed, let Q; = D]V f(x;)Dy,
then

Vai(z) = DIV f(w)) = D/ V3£ (x) (T = DD/ )(w) —x1) + o [w;” —xill).

1

a(z) = f(w) = 5w} —x) " (V*f(x) = DD, V*f(x)DD,) (w} — x)
V()" (T=DD])(w) —x1) + ol xe = wi|[%).

If additionally DD/ (w; w_ Xy) = (Wét) — X¢), then
Vqt<z§~’f ) - D/ V(W) =o(|wl —x,]),
(@) — fwl) = o(||w” — x, ).

Finally, if D DT( ) _ Xy) = (Wy) — xy) and f is quadratic polynom, then

Va(z,') - D/ Vf(w}’) =0,

a(z) - f(w)) =0,
Proof Let us clearly describe the difference between the gradient of the surrogate
Vqt( ")) and the projection D, V f ( )
Vai(z) ~ D]V f(w)) =DV (x)) + D/ V*{(x)Dyz + of||w} x|
=D/ V] (x) =D V*f(xo)(w) —x1)
=D/ V*f(x)Diz = D] V*f (x) (W) — )
+o(|wi” — x|
=D/ V*f(x) (T = DD )(w; = x1) + o([[w} — ).
Similarly, the difference between the value of the surrogate and the value of the function
can be carried out:

) = Fw) = £(x) + V5 () Dial! + 52 DIV F e Dl ()

V7 ) (W) ) — g ) T ) () )

J J

+ o[l — w!|1?)
= Vf(x) (1-DD )W =)+ o(x, — wi|2)

+ 5w =) [V°F(x) ~ DD, V2 f(x)DD ] (w!” ).
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2.2.2 Subspace step via the secant equation

Secant equations are often used to estimate the matrix of second derivatives. For
example, the chord equations for the gradient is determinant to obtain an estimate of
the (inverse) Hesse matrix in the Davidon—Fletcher—Powell [ 14; 18] method, SR-1 [19]
method, Broyden—Fletcher—Goldfarb—Shanno [15; 18] method, L-BFGS [17] method,
Barzilai—-Borwein [71] method, etc. Consider the function ¢ : R™ — R and two points
z,zo € R™. Then the corresponding secant equation of the gradient function Vg is

as follows:
V2q(2')(z — 20) = Vq(z) — V(zo),

where z' € span{z,z;}. Note that it is easy to obtain an approximate version of the
secant equation from the Taylor expansion: V?q(z)(z — zy) = Vq(z) — Vq(zo) +
o(||z — zo||). A more accurate estimate of the deviation is possible, for example, in
case of L-Lipschitz gradient: ||V?q(z)(z — z¢) — (Vq(z) — Va(z0)) |3 < £||z — 2|?
(see Lemma 1.2.3 in [64]).

Consider a system of secant equations for ¢; of the form (2.21)

Q, <sz> _ zg.“) = Va(z)) - Va="), j=1...K-1, (2.28)

where the corresponding values of the gradient arguments are calculated approximately
by the formulas (2.26) and (2.27):

Consider matrices Z; and G;, whose strings are composed of differences in argument

values and gradients, respectively:

.
Z, = {Djwﬁt),...,Djwﬁ?} ,
(2.29)

G, = D/ (Vi) = Vs (x) ...} (VF(w) ~ Vf (xt)ﬂT.

Then the secant equations written in matrix form: Z,Q; = G; will serve as an approx-
imation to the system of equations (2.28). Adding the natural symmetry condition of

the matrix Q; and multiplying the secant equation in a matrix form by Q; ' on the right,
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we obtain the following system of equations with constraints:

GQ'=2Z
" ' (2.30)
-1 11T
Q= [Qt } :
The following Lemma suggests a way to solve the obtained system.
Lemma 5. Solution of the system (2.30) is given by the following formula
Q'=G/'Z
P 2.31)

+(1-GiG) (GiZy) ',
where G} — pseudoinverse of G: G = G/ (GthT)_l.

Proof. (of Lemma 5) Begin with substituting matrix G, instead of A and Z, instead
of the matrix B in the conditions of the theorem 1 . Note that the equality G/ Z; =
Z. G, is satisfied since ¢; is quadratic, and the pseudoinverse G satisfies the condition
G;G; = I by definition. Thus, the conditions of the Theorem 1 are executed and the
system (2.30) solution is given by the equation (2.31). [

Remark 7. Computational complexity of the formula (1.8) is O (m*K + mK? + m?)
in a number of operations and O (K 24+ mK + m2) in occupied memory:

— to calculate (Gr,gGrtT ) - first one can get a complete singular decomposition of
the matrix G, € R™E m < K which requires O (mK 2 4 m3) operations
and O (K2 +mK + m2) memory (see [107], summary table 8.6.1 on page
493), having obtained it, it is enough to square and reverse the diagonal matrix
with singular numbers, which will require only O (m) operations;

— rest of other matrix calculus utilize O (mQK +mK 2) in operations and

@ (mK + m2) in memory.

2.2.3 Subspace step via the quasi-Newton direction reconstruction

Consider a system similar to (2.30) but omitting the Q; matrix symmetry require-
ment:
GQ ' =2, (2.32)
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Note that the required value is not the matrix Q; !, but its product on the gradient pro-
jection: Q;'D/Vf (x;). Multiplying the equation (2.32) by the gradient projection
from the right the equation takes form:

Gz = ZD, V[ (%), (2.33)

— a system of linear equations with respect to the desired vector z; = Q; "D/ V f (x;).
It can be solved, for example, using the least squares method:

7= (G]G,) G]ZD/Vf(x). (2.34)

Remark 8. Computational complexity of the equation (2.34) is O (m3 +m?K ) in num-
ber of operations, where O (m3) is due ot inversion of the m X m matrix GtT Gy, and
m*K is due to G G; and G| Z; multiplication.

2.2.4 Hesse matrix estimation via regression

Consider the following system of equations
2 Q) = f(xi )~ Vf(x) Diz = f(x), i=0...K-1 (235

Note that the expression (2.35) is equivalent to the approximation ¢; (2.26) and
that the matrix QQ; enters the equation as linear term. Such equations can be solved by
the least squares method. For the quadratic regression model, we introduce an operator
that establishes a bijection between the space of symmetric matrices of size m x m and
the vector space of dimension mmil). yech : Rm™*m —y RW, and corresponding

2
m(m+1
2

inverse vech™! : R : — RMxm.
vech (M) = |:M1,17 RN >Mm,17M2,27
< 7Mm,27 s aMm—l,m—laMm,m—laMm,m} !
VeChi1 (V) =M: Mi,j = Vg,
k = m(min(é,j) — 1) + max(s,j) — 1.
Z(}f)zl(.t)"l'
yl@ = f(x¢—) — Vf (Xt)TthZ@ — f(x¢), ¢ = 1..K. Having matrix of inde-

¥
pendent variables W, = [ﬂ)&t), e ,1])&?} and vector of dependent variable values

Consider vector q; = vech (Q;), vectors Ll)gt) = vech (z ) and scalars
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y; = <y§t), . ,y?) we’ll get a linear relation: W,q; = y;. It can be solved with

a linear least squares method: q;; = (¥, ¥;)"'W¥y, Corresponding matrix can be

obtained by applying vech *:
Q; = vech ™ (] 0,) 10/ y,) . (2.36)

In the case where the function f is a polynomial of the second degree of the form (2.4)
and the differences x; — x;_; belong to the linear span of the columns of the matrix
D;, then the matrix D, V?f(x;)D; is the solution of the equation (2.35) due to the
following equality:

1
f(thi) - Vf (Xt)T thgt) - f(Xt) - §Zz('t)TDtTADtZz('t)~

Remark 9. Computational complexity of the equation (2.36) and formation of matrix
W, and vector y; are O (mQK + m4) in memory and O (m4K + m6) in number of

operations.

2.2.5 Subspaces construction based on the gradients history

Consider the subspace D; given by the linear span of 1" preceding gradient values

Dy =span{Vf (x;_7),...,.Vf(x¢)}. (2.37)

The following Lemma demonstrates the linear convergence rate over subspaces that
include the last gradient value V f (x;).

Lemma 6. Consider function f € F,r, D; € R&>™m m > 1: DtTDt = I and
DD,/ Vf (x;) = Vf(x;). Then

L
|1 =D/ D) — )] < (1= ) lx = x|

Proof. Note, that

ID/Di(xe = x| = IV f )|V (x0) Vf (x0) " (3¢ = )|

IV o) el = Pl pllxe = xal®
IV (x:)]1? Vi)l — L

3 = %]
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[t remains only to use the orthonormality of the columns D,

1T =D, Dy)(x — %)l =[x — x| = D Dyl — x.)l|

<(1-7) % —x]

]

Thus the Lemma 6 demonstrates linear convergence for subspaces of the
form (2.37) in terms of the Theorem 3 if the D; matrix columns form an orthonormal
basis of the space D;.

Consider the recurrent Algorithm 2 for constructing the D; matrix columns of
which form the set (2.37).

Algorithm 2 updateSubspacel(D, g, m)
1: mg < # of columns in D

. g
C 8 g

2

3: for ¢ from 1 to my do
4: D-,i — D.J' — D—;g
5

D.; « HB—H
6: if my < m then
7: D+ [D.y,....D ., g
8: else
9: D <+ [D.,....D 8]
return D

Thanks to the condition 6 in the Algorithm 2 the number of columns of the matrix
D will grow first m — 1 iterations until it reaches the value m. Note that if vectors
g1, - . .,Zm are passed successively to the algorithm, then the columns of the final matrix

D will form an orthonormal basis of a linear span of the vectors {g; }{".

Remark 10. Computational complexity of the Algorithm 2 is O (mn) in memory and

O (mn) in a number of operations.
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2.3 Sequential subspace optimization methods

Using the results obtained in the previous sections, we present specific imple-
mentations of two sequential subspace optimization methods, as well as explore their

properties: computational complexity and convergence rate.

2.3.1 Corrective SSO method

Algorithm 3 SSO correction(xy, p, L, subspaceUpdate, subspaceSearch)
1: Dy < subspaceUpdate(D;_1, Vf (x¢))

. z; < subspaceSearch(f, D;, x;)

: dt < tht

. 4/ Vf(xi)
F YT N

2

3

4

5: if y; = 0 then

6: di < Vf (x¢)
7 o < 7
8: else

9

lde/vi =V f(x)]l
Bt < =T

10: if 3; > £ then
11: di < v:Vf(x)+ Liﬁt (di —v:Vf(xt))

) 1-p
12: &t < Yi(L?+p?)

13: Xpq1 <— Xt — (Xtdt
14: t<—t+1;gotol

In the Algorithm 1 a general scheme of sequential subspace optimization algo-
rithms is presented. In such a broad formulation, it is difficult to guarantee any good
behavior of the optimization process. However, if we modify the existing optimization
process, at least a linear convergence rate can be achieved. Thus, Algorithm 3 presents
a corrective SSO method is presented, that is based on the Theorem 2: if the difference

between the SSO method step and the gradient is too large this difference is leveled (al-
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gorithm lines 10—11). Moreover, if the SSO method step is orthogonal to gradient, then
it will be skipped and a step in the antigradient direction will be taken instead (lines 5-7).

Remark 11. Sequence {x;}+~o generated by the Algorithm 3 satisfies the conditions of

the Theorem 2 for any procedures subspaceUpdate and subspaceSearch.

2.3.2 Quasi-Newton SSO method

In the Algorithm 4 a sequential subspace optimization method that combines the
quasi-Newtonian step and the conjugate gradient method step is given. It is based on the
subspace construction method (matrices D;) described in 2.2.5 and the quasi-Newton

direction estimation method outlined in 2.2.3.

Algorithm 4 L-QNSSO step(f, xg, D;_1, m)
1: Dy < subspaceUpdatel (D;_1, V f (x¢),m)
2: if t = 0 then

d; < —Vf (x¢); gotostep 11

98]

T < min(t,m — 1)

Zt < [D;I—(Xt — Xt—l)a ce ,D;—(Xt — Xt_T)]T

Gy [D;/ (Vfi =V fie1),....D/ (Vi = Vfir)]
A « -D, (G]G,) ' G/Z,D, Vf (x;)

. Vf(x)  (Vf(x) =V F(xim1))
S B ) V)

0. dOC ¢+ (I - D,G] (G,G]) 'GD] ) (—=Vf (%) + Beds_y)
10: dy + d?Y +dc¢
11: oy < argmin f(x; + ody)

A

120 Xpq1 < Xt + (Xtdt
13: t<t+1;g0to 1

Remark 12. On every iteration of the Algorithm 4 step direction vector d; be-

longs to a linear span of the corresponding D, matrix columns: d; € D, =

Span{Vf (Xt—min(m—l,t)) e ,Vf (Xt)}'
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Remark 13. Let f € F, 1 be a quadratic function. Then, the sequence of estimates
Xq, - - . ,X¢, . . . generated by the Algorithm 4, converges to x, with a linear convergence

rate in at most n steps.

Proof. Note the first step of the Algorithm 4 equals to the first step of the conjugate
gradient method: dy = d§“ = —V f (xo). Suppose thatd; = dCG Vj=0...t—1and
using the fact that for the conjugate gradient method all previous conjugate directions
are orthogonal to the current gradient value V f (xj)T df¢ =0V 0 < i< j, we get
d?N = (), since

ZtDtva (x¢) =
— [(Xt — Xt—l)DtDtTVf (X¢) 5o s(xp — Xt—T)DtDtTVf (Xt)]
= [d/ 1 Vf(xt),....di-7V [ (x)] = 0.

Due to conjugate directions property df'“ TV2fd§¢ =0,V 0 # j:

u—
>—

Z ¢;dS9 TV (Vf (%) + Bedy—1) = 0.

For the quadratic case, directions generated by the 4 coincide with the directions of the
conjugate gradient method, and therefore have the same properties, including conver-
gence in at most n iterations with linear convergence rate according to the Proposition
3. ]

Thus, for the Algorithm 4 finite convergence in the quadratic case is demon-
strated. A corrective sequential subspace optimization method 3 can be used to ensure
linear convergence in the strongly convex case.

Let’s discuss the structure of the Algorithm 4 in more detail. The matrices G; and
Z; accumulate information about the curvature of the function, thereby making a quasi-
Newtonian step along G; = span{V f; — Vf;_1,...,.Vfi — V fi_r)} — linear span of
the truncated history of the gradient differences, and step by conjugate gradient method
except contained in G;. Thus, a step in the quasi-Newtonian direction can neutralize the

error accumulated by the conjugate gradient method contained in G;.
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2.4 Modified sign—perturbed sums method

The sign—perturbed sums method proposed in [41], gives an exact confidence
region under the condition of independent identically distributed noises symmetric with
respect to zero. This restriction makes the SPS method inapplicable under conditions set
in Section 1.3.3. In this section a modification of SPS called modified sign—perturbed
sums (MSPS) method is proposed. In MSPS method symmetry of the distribution of
the inputs of the system around a known mean is used instead of the noises symmetry
and centerness. It is worth noting that similar ideas are used in some other randomized
methods that work under almost arbitrary interference (see [36]).

Consider the problem of estimating the parameter of a linear input-output model

with additive noise in the output observations:
— ! S
Yi=@; X+ &, i=1.N,

where N — number of observations, y; € R — observable system outputs, @, € R"
— observable system inputs, x, € R — unknown parameter vector and ¢; € R —
unknown additive noise. Suppose the input vectors ¢; are independent and identically

distributed around the known mean m, € R". Consider the following notation:

N

Sk(x) = Z ai 1 i (Yi — @ix), (2.38)
Ty

So(x) =Y Ai(yi — @ix), (2.39)
=1

where A; = @; —m, — centerd input vectors, a; , — so-called random signs, defined
by the following distribution

Y

1 i 4401yoilfiolp
akﬂ = ~ A O Aee \ FAA \ se
—1 1 240iyoilnoip

NI DN~

By analogy with the sign—perturbed sums introduced in [41], Sj(x) are referred to as
modified sign—perturbed sums. The modification is to introduce randomized multi-
pliers A,.

In the Algorithm 5 a method of modified sign—perturbed sums based on the
sums (2.38) and (2.39) is stated in the form of pseudocode. It provides a tool for



136

Algorithm 5 MSPS({y; }Y |, {@} Y, my, M, g, x)
for:inl... N do

T
nNi<—Y —@; "X

Aj <= @; —my
forkinl...M —1do
S+ 0€eRP
fori:inl... N do
Sk Sk +A;-n;- RANDOMSIGN()
Zy, < ||Skl[3
Sp+— 0eR?P
for:inl... N do
So +— So + A; - n;
Zo 115013
r <0
forkinl...M —1do
if Zy > Z,; then
r<—r+1
if » >= ¢ then
return FALSE
else
return TRUE
end procedure

constructing an exact confidence region of a linear model parameter (1.15) x* under as-
sumptions 1.3.3. The main idea of the given Algorithm 5 is that from the independence
and symmetry of the distribution of A; follows the coincidence of the distributions of the
sums Sk (x*) = Zf\il apiNig;, k=0,..., M — 1. Thus, denoting Z;, = ||Sk(x*)|/, the
random variable Z, will take any position in the ascending sorted list Z (), . .., Zpr—1)
with probability 1. Therefore, Z will not be among ¢ < M greatest values {Z )
with exact probability 1 — .

Formally, the above argument is proved in the following theorem. It states that
the set of values x for which the Algorithm 5 returns TRU E form an exact (1 — -%)-

M
confidence region for the parameter x*.
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Theorem 4. Consider a linear model with additive noise (1.15). Let the inputs {@;}
and the noises {&;}Y be mutually independent. Suppose that the inputs {@;}\ are
identically and symmetrically distributed with respect to the known vector m, € R".
Fix M > q > 0— two natural numbers, {Sy(x) }22,' — M of modified sign-perturbed
sums obtained via the formulas (2.38) and (2.39). Denote Z(x) = ||Si(x)||3 and

Xpg={xeRV:{ke{l,....M -1} : Zy(x) < Zi(x)}| > 1}. (2.40)
Then X\, is an exact (1 — 5 )-confidence region for parameter x*
* q
Pai;aki (X E XM?Q) = 1 _ M
Proof. 1t is sufficient to demonstrate that x* € &), with probability 1 — -&. That

is tantamount, Zy(x*) is less than at least ¢ different Z;(x*) from {Z;(x*)}.1," with
probability 1 — L. In turn, it holds true if { Z;(x*) } 1, random variables are uniformly

ordered. Note, that Z,(x*) and Z;(x*) can be expressed in the following way:

N N
Zi(x) = 1) aridiedls - Zo(x) =11 M.
i=1 i=1

According to the Statement 5 A; and a;, ;A; are1.i.d Vi = 1..N, k = 0..M — 1. There-
fore, the values {Z;(x*)}1. ;! are independently and equally distributed. In addition,
they are distributed continuously and therefore uniformly ordered by virtue of the A;
distribution continuity and the Statement 6. Thus, Z,(x*) is not among the ¢ largest
values of {Z,(x*)}7;" with probability 1 — L. O

The following remark characterizes the applicability of the Algorithm 5.

Remark 14. The proof of the theorem 4 is substantially based on the random nature of
the input vectors {@;}Y : a probability that the true parameter value x* belongs to the
confidence region Xy, in the Theorem 4 is measured by random signs {xy;} and by
the input vectors {@;}\. Thus, the scope of the Algorithm 5 refer to situations in which
model inputs are randomly generated, their distribution is symmetric, and their mean

is known — for example, generated by the experimenter.

The Theorem 4 and the Algorithm 5 given in this section are substationally based
on the sign-perturbed sums method and the corresponding theorem given in [41]. De-

spite this, the described modified sign-perturbed method uses an excellent idea of inputs
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randomization, which allows to expand the scope of the algorithm, loosening restric-
tions on the nature of interference.

It is worth noting that the confidence region &), obtained by the modified sign—
perturbed sums method is the solution for the problem posed in the Section 1.3.3 with

— 1 _ 4
x = 1 7

2.5 Properties of the confidence region of the MSPS method

This section demonstrates some properties of the confidence region X/, ob-
tained by the Algorithm 5.

The explicit expression of a confidence region by the formula (2.40) is practically
inconvenient, since it requires the use of approximate numerical procedures. In addi-
tion, the absence of an analytical expression of the boundaries of the confidence region

X, makes it difficult to study their theoretical properties.

Remark 15. Under the conditions of the Theorem 4, region Xy ,, defined by the for-

mula (2.40), admits the following expression:

XMH = U <ﬂ{X : Zo(X) < Zk(X)}> 7é 1)

Ic{1,.,M—1}:|l|l=¢ \kel

Remark 16. It is sufficient to note that region X, consists of points x for which Zy(x
is less than at least q of different Z.(x), i.e. at least q of different inequalities Zy(x) <
Zi(x), k= 1..M — 1 holds true

The importance of the Remark 15 is that the computation of the region X}, can
be reduced to the computation of simpler sets {x : Zy(x) < Zi(x)} in the multidi-
mensional case.

Consider the one dimensional case of a linear model (1.15)
Yi = @;x + €, izl,...,N, (241)

where y;, @;,x,¢; € RV ¢ = 1,...,N. The following lemma provides an analytical
expression of the sets {x : Zy(x) < Z(x)} for one dimensional case.
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Lemma 7. In the above expressions, let d = 1. Then set {x : Zy(x) < Z(x)} can be

expressed in the following form:

{2 Zy(z) < Zi(x)} = (BP™, BP"),  where

N N
B(l) _ Zz‘:l(l - akﬂ')(Piyi B(Q) - 22'21(1 =+ ak,z‘)(Piyi
ko ) k )
Zi\;l(l - a;m-)(p% Zi]\il(l + ak,i)@?

Bt = min(BY, B®),  BM® = max (B,i”, B,f)) .

Proof. Consider inequality Zy(z*) < Zi(z*)

QD Al = @i))* < (O anidhily: — 9ia)?
NZ:1 lel
(Z ANi(yi — @ir))® — (Z ari9i(yi — @iz))* <0,
N N

(Z(l — ki) Ai(yi — (sz))(Z(l + ar)Ai(yi — Qi) <0,

i=1 1=1

2 izl —arp)Ailei + A”) ””) .

Zfil(l - am)Af

[ 2im( Fa)Ailei + Aix®)
Zf\;l(l + agi) A7 |

[]

It is worth noting that the analytic expression of set boundaries {z : Zy(z) <
Z1(x)} obtained by the Lemma (7) is significantly more efficient than pointwise com-
putation via the Algorithm 5.

Lemma 8. Let By, be either B,(Cl) or Bl(f) and in addition to 1.3.3 the following assump-
tions holds true:

— the second and fourth moments of the inputs {@;} exists;

— {&;} is either a random variable with a second non-centered moment bounded

by the constant C' < oo, or a deterministic sequence uniformly bounded by the

constant \/ C..

EE,(P,G,[BI{] = x*7
Es,(p,a[Bk - Es,(p,a[Bk:H? — 07

N—o0
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where L , , — expected value of joint distribution of random values {e, )NV i1, {(pZ

é {ai}f\il

Proof. Consider expected value of the boundaries

SOV % ap)Ai(ei + Az
Zi\il(l + ak’i)A%

22111(1 + ak,i)Aiai

Zij\il(l == akﬂ')A?
Since A; are independent with ¢; and FA; = 0:

ZZ 1(1:&@;” AEZ Z‘
Zz 1(1:|:CL]” A2
1 + a Z)A E;

Zl 277&2(1 iak])A2

Thus the first part of the statement is proved. To prove the second part, note that V{z; }4'
25V 22 > (3.7 2;)? holds true. Hence,

Es,(p,aB{ak,i} = Ea,(p,a

*
=2"+ Eega

1 + CLk7)A E;
"I (£ a)Al

E£7(p7a

| <

N A )2
Es,(p,a[B{aki} — E£7(p7aB{aki}]2 < EE,(p,a (227\71(1 :l: ak,z)Azsz) <
| | (Ooii (1 £ ay,;)A2)?
(i (1 £ ap)Ae;)?

\

S CEs,(p,a N—oo

N

(Do (T ag)Ag)?
Since ¢; are independent of A;, the expectation on them can be taken separately. Thus,
using the imposed restrictions:

N
(1 Eapi)A)?
Esa(Pﬁ[B{ak,i} - ES,(p,aB{ak,’i}]Q < CE&,(p,a <23\]1( k, ) )4 _
(21:1(1 + @k,i)Ai)
1 0
£,9,a (Zj\il(l :t ak7Z)AZ)2 N_>OO/ .
That shows that the second statement is also true. ]

Lemma 8 gives two important consequences. First, expected value of B — the
interval X, boundaries — equal to the true value of the parameter x*. Second, these
bounds tend to z* with increasing /NV. In summary, the confidence interval converges to
x*at N — oo. Thus, by analogy with parameter estimates, the confidence interval

Xurq 18 consistent.
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Chapter 3. Comparative analysis of optimization and parameter estimation
methods

3.1 MSPS method analysis using synthetic data

This section demonstrates several features of confidence regions obtained by the
modified sign—perturbed sums method in comparison with the sign—perturbed sums
method and the asymptotic confidence region obtained with the formula (1.16). Due to
the fact that these methods have different areas of applicability: normally distributed
noises, centered symmetrically distributed noises and arbitrary noises, — the results of
comparison in each of these cases are predictable. Therefore, the following examples

are purely illustrative.

3.1.1 Data modelling process description

In the conditions described in Section 1.3.3, the most interesting is the case of a
small number of assumptions. For ease of visualization, consider the two-dimensional
case m = 2. Put 0* = (—1,2)T and ¢; modelled in accordance to the following
distribution:

10
@; ~ N(H(paz(,o)v Lo = (17 _1)T7 E(,0 = ( 0 1 > )
2

The number of observations NV and the nature of the noises { ¢;} remain unknown. Var-

ious combinations of which will be discussed in the following subsections.

3.1.2 Case of a large number of observations

Consider the following two types of noises:

1. unbiased symmetric: ¢; ~ N(0,1),
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2. biased asymmetric: ¢; ~ Exp(A = 1) + 4.

Figure 3.1 (a) demonstrates the confidence regions for the case of the number of obser-
vations N = 50 and unbiased symmetric noise. All three confidence regions contain
both the true value of the parameter and its least squares estimate. Note that the SPS
and MSPS methods give confidence region much larger than region obtained by the
formula (1.16). Figure 3.1 (b) demonstrates the confidence regions for the case of the
number of observations N = 50 and the biased asymmetric noise. Despite the fact that
the confidence region obtained by the MSPS method is much larger than the confidence
regions obtained by other methods, it is the only one that contain the true parameter
value. Confidence regions obtained by the SPS method and by the formula (1.16) are
shifted along with the least squares estimate due to noise asymmetry and bias.

3.1.3 Case of a small number of observations

Consider the following two types of noises:

1. unbiased asymmetric noise ¢; ~ Fxp(A=1) — 1,

2. biased asymmetric noise €; ~ Exp(A = 1) + 4.
Figure 3.2 (a) demonstrates the confidence regions for the case of the number of obser-
vations N = 15 and unbiased asymmetric noise. It is noteworthy that the confidence
region obtained by SPS method degenerates into an unbounded one. Figure 3.2 (b)
demonstrates the confidence regions for the case of the number of observations N = 15
and the biased asymmetric noise. The confidence region of the MSPS method is the
only one containing the true value of the parameter. In this case, the confidence region
obtained by the SPS method is also unbounded.

3.1.4 Summary

In the previous sections, the confidence regions obtained by the SPS method
MSPS method and by the formula (1.16) are illustrated for four cases: unbiased sym-
metric noise with a large number of observations, biased asymmetric noise with a small

number of observations, unbiased asymmetric noise with a large number of observa-
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Figure 3.1 — Confidence sets obtained by SPS (dark horizontal lines), MSPS (light vertical lines) and
asymptotic (ellipsoid). The true parameter value is marked with a circle with a dot, the least squares

estimate is marked with a cross

tions, and biased asymmetric noise with a small number of observations. The examples
given are in agreement with the theoretical results obtained in Section 2.4: the modified
sign—perturbed sums method yields an exact confidence region even under conditions

of biased asymmetric noise and a small number of observations.
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Figure 3.2 — Confidence sets obtained by SPS (dark horizontal lines), MSPS (light vertical lines) and
asymptotic (ellipsoid). The true parameter value is marked with a circle with a dot, the least squares

estimate is marked with a cross

3.2 Comparative analysis of optimization methods

This section provides a comparison of sequential subspace optimization methods

and several common alternatives. The following optimization methods are considered

— CG: conjugate gradients method (1.10) with the (3; coefficient calculated via
Polak—Ribiere—Polyak formula (1.11);
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— BPCG: Beale—Powell conjugate gradient method (1.12), with the parameters

c1, Co, c3 set to 0.2, 0.8 and 1.2 respectively;

— L-BFGS(m): Broyden—Fletcher—Goldfarb—Shanno method, storing the history

of the argument and gradient values for the last m steps only (see Algorithm
7.5 in [70]), with a unit matrix used as the initial approximation of the inverse
Hesse matrix;

— L-QNSSO(m): Algorithm 4, storing the history of the argument and gradient

values for the last m steps only.

To determine the step size for each of the methods, an approximate linear search
was used, namely the Brent method [108]. All methods are implemented in Python
programming language using linear algebra library NumPy [109] and scientific calcu-
lations library SciPy [110]. The source code is publicly available on the online GitHub
service, repository address: https://github.com/obus/optimus,

3.2.1 Quadratic function

Consider the following functions

f(x) = %XTAX +b'x, (3.1)

where x € R", n = 1000, A € R™", b = 1 € R" and the spectrum of the matrix
A has the following form:

n

(Amax——l)} C 1 ] - (3.2)

1=1

1—1
n—1

MA):{1+

Consider the following evaluation method

1. pick initial point x, from distribution NV (x,, I),

2. for each algorithm, run the optimization process, and calculate the minimum
value of the function f(x;) per thousand iterations,

3. repeat steps 1-2 a thousand times, thus obtaining a sample of min f(x;) val-
ues for each algorithm, o

4. repeat steps 1-3 for A, = 10, 100, 1000.

The distributions of the obtained samples are illustrated via boxplots on the Fig-

ures 3.3, 3.4 and 3.5 for the cases A, = 10, 100 and 1000 respectively. In all three


https://github.com/obus/optimus
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cases, the L-QNSSO(2) algorithm shows a similar or smaller error than the CG, BPCG
and LBFGS analogs. Note that with the growth of A,,,,,, L-QNSSO(2) is increasingly
superior to the conjugate gradient method. This can be explained by the fact that 1ll-
conditionality of the problem increases the error accumulated by the conjugate gradient
method and deprives the corresponding directions of the conjugacy property. The L-

QNSSO method eliminates this error due to an additional quasi-Newtonian step.

Figure 3.3 — Boxplots of o%iiln f(x¢) for the quadratic function (3.1) with A,,,, = 10.
The value of the function in the logarithmic scale is marked along the abscissa axis.
Left border, segment inside and right border of the box are 25%, 50% and 75%
percentiles respectively, the whiskers correspond to the minimum and maximum

values.

3.2.2 Rosenbrock function

Consider generalization of the Rosenbrock function [111] to the n—dimensinal

case:
n—1
Fx) =) [100(zis1 — a7)” + (1 — 2;)*]
i=1 (3.3)
—2.048 < x; < 2.048 Vi=1.n.
The function (3.3) global minimum is at x, = 1 Vn > 2, and forn > 4 at

least one local minimum is known to exist in the vicinity of (—1,1,...,1) [112].
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Figure 3.4 — Boxplots of Oriltignn f(x;) for the quadratic function (3.1) with A,,,,, = 100.
The value of the function in the logarithmic scale is marked along the abscissa axis.
Left border, segment inside and right border of the box are 25%, 50% and 75%
percentiles respectively, the whiskers boundaries correspond to the minimum and

maximum values.

In this case, it is assumed that the saddle point is in the vicinity of the point
(—0.555,0.322,0.115,0.024,0.011, 0.010, . ..,0.010,0.0001) " [113]. In this regard,
we will perform a comparison as follows:

1. sample initial point x( from distribution

xo = (—0.555, [z, ... ,|z{"])7,

| (3.4)
xél) ~ N(0,1), Vi=2.n;

2. for each algorithm, run the optimization process and calculate the minimum
value of the function f(x;) for 7 iterations;
3. repeat steps 1-2 a thousand times, thus obtaining a sample of OrgntignT f(x¢) val-
ues for each algorithm.
Distribution of the obtained samples are presented via boxplots at Figures 3.6 and 3.7
for a nubmer of iterations 7' equals50 and n respectively. The L-QNSSO(2) algorithm
often achieves the best quality in the first fifty iterations. However, L-QNSSO method
1s inferior to the L-BFGS and BPCG methods in a larger number of iterations, although

it shows results superior to the conjugate gradient method for 7' equals both 50 and n.
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Figure 3.5 — Boxplots of Orggln f(x;) for the quadratic function (3.1) with
Aynaz = 1000. The value of the function in the logarithmic scale is marked along the
abscissa axis. Left border, segment inside and right border of the box are 25%, 50%
and 75% percentiles respectively, the whiskers boundaries correspond to the minimum

and maximum values.

3.2.3 Linear regression with Tikhonov regularization

Consider a linear input-output model with additive noise similar to the
model (1.15):

yi= @ X+, i=1...N, (3.5)

where y; € R — output scalars, @; € R" — input vectors, x € R" — unknown
parameter vector, and noises are distributed in accordance to normal distribution: &; ~
N(0,02)V,i=1...N. Suppose that the number of observations is much smaller than
the dimension of the parameter vector: n > N. Note that the model of the form (3.5) is
relevant for many practical problems, including recommendation systems [45]. In such
cases, the x, parameter estimation problem is often formulated as a linear regression
problem with Tikhonov regularization, also known as ridge regression [60] — a special

case of the pattern recognition problem (see Chapter 1.1).

1 N
f&) = 5 D = @/%)° + A|x|* = min, (3.6)

1=1
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Figure 3.6 — Boxplots of omi%o f(x;) for the Rosenbrock function (3.3). The value of

bx

the function in the logarithmic scale is marked along the abscissa axis. Left border,
segment inside and right border of the box are 25%, 50% and 75% percentiles
respectively, the whiskers boundaries correspond to the minimum and maximum

values.

where A > 0 — regularization coefficient. Such a problem formulation allows to ob-
tain a unique solution (since function (3.6) strictly convex), and also helps to increase
robustness to noise.
For optimization methods comparison on this problem, consider n = 105, N =
10, o« = 1079 the following procedure:
1. sample observations {y;, @;}1 and initial point x; in accordance to the fol-
lowing distributions:

@; ~N(0,I), & ~N(0,107%), x9~N(x,]);

2. for each algorithm A run the optimization process, and take the minimum

; ; —. fA
function value for the first 100 steps pin f(x¢) = f

3. consider statistics T(.A):
T(A) = {A": fiin < Frin}l (3.7

4. repeat steps 1-3 a thousand times, thus obtaining a sample of Y (A) values for

each algorithm A.
Let us explain the choice of T(.A) as a metric for evaluating algorithms quality. Due
to the fact that each repetition of steps (1) and (2) uses different functions f, absolute

values of the function minimum are uninformative for comparison. Therefore, it is more
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Figure 3.7 — Boxplots of Org}ign f(x;) for the Rosenbrock function (3.3). The value of
the function in the logarithmic scale is marked along the abscissa axis. Left border,
segment inside and right border of the box are 25%, 50% and 75% percentiles
respectively, the whiskers boundaries correspond to the minimum and maximum

values

convenient to consider the relative quality of algorithms — a number of algorithms
whose result exceeds the result of A, which is T(.A).

Due to the high dimensionality of the problem, only the following methods
are used for comparison: CG, BPCG, L-BFGS(2), L-BFGS(3), L-QNSSO(2), L-
QNSSO(3). Result of the experiment — a sum of the values of the statistics T (.A)
for each of the algorithms — are presented in the Table 1. As one can see, L-QNSSO
algorithms are significantly ahead of all competitors. In particular, the L-QNSSO(2)
algorithm delivers the minimum value of the function in more than half of the experi-
ments. It is also worth noting that in this problem, the dimension of the subspace plays
a negative role for both the L-QNSSO method and the L-BFGS method.

3.2.4 Logistic regression for chemical compounds classification

Consider the DOROTHEA [114] dataset, which contains information about 1950
drugs (chemical compounds) divided into three sets: training (800 observations), val-
idation (350 observations), and test (800 observations). Each drug is represented by

a feature vector — a binary vector of dimension 10° (half of features were randomly
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Table 1 — Sum of T(.A) (3.7) values per 1000 experiments.

Algorithm | Sum of T(.A)
L-QNSSO(2) 425
L-QNSSO(3) 1498

CG 1896
L-BFGS(2) 3520
L-BFGS(3) 3808

BPCG 3853

generated to increase the problem complexity) and an activity flag characterizing the
drug’s binding to a thrombin. In this case the classification task is the following: on
the basis of the training set to obtain the best accuracy of the prediction of drug activity
on the validation and test samples.

Logistic regression — one of the methods of solving the binary classification
problem — is a statistical model of probability prediction, often used for classification
problems [115]. Basically, it is an application of a logistic function to a linear model:

i.e. decision function has the following form::

1
1+exp(—@/x)’

hi(x) = h(@i,x) =

where @, is the feature vector of the i—th object and x is the parameter vector of the
model. Note that feature vector and the model parameter vector are of the same dimen-
sionality. One of the most common ways to estimate logistic regression parameters
is to maximize the likelihood function, a special case of the empirical risk functional

minimization problem (1.1):

Hh Wi (1 — h;(x))1-%) — max,

which is equivalent to minimizing its negative logarithm:

F(x) = —log L(x)

3.8
= —% Z [yilog hi(x) + (1 — ;) log(1 — hy(x))] — min. 9

X
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Function (3.8) gradient by x has the following form

1 N

Vi) =+ > (hi(x) = v)) @i 3.9)

1=1

Thus, in the context of optimization, the primary goal is to minimize the value of the
function (3.8) on the training set. Maximizing classification quality on a test dataset 1s
a pattern recognition task and will not be considered further. Consider the following
approach for optimization algorithms comparison:
1. sample an initial point in accordance to distribution xo ~ A (0, 02I), 02 =
1079;
2. for each algorithm, run the optimization process of the function (3.8) on the

training set, take the minimum value of the function for the first 100 iterations:

pmin f(xe);

3. repeat steps 1-2 a thousand times, thus obtaining a sample of . gr?girfoo f(x¢)
values for each algorithm.

Distribution of the obtained samples are presented via boxplots at Figure 3.8. It
is easy to notice that the L-QNSSO and CG methods are significantly superior to the L-
BFGS and BPCG methods. The best quality is achieved by L-QNSSO(5) algorithm in
the sense of 50% and 25% percentiles, and in the sense of the minimum value. It is note-
worthy that the relationship between the history size and the quality of the L-QNSSO
method on this problem is not monotonic. Finally, in the context of the pattern recog-
nition problem, it is common to restart the optimization process with different initial
data in order to obtain the best result. In this way, the optimistic characteristics of the
distribution of the obtained samples are relevant: 25% percentile and minimum value.

In accordance to these metrics, L-QNSSO algorithms are superior to the alternatives
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Figure 3.8 — Boxplots of . gflgi{loo f(x;) for the logistic regression loss function
function (3.8). The value of the function in the logarithmic scale is marked along the
abscissa axis. Left border, segment inside and right border of the box are 25%, 50%

and 75% percentiles respectively, the whiskers boundaries correspond to the minimum

and maximum values



154

Conclusion

In conclusion we list the main scientific results of the work.

l.

The characteristic of the sequential subspace optimization methods with
quadratic surrogates convergence rate for the quadratic strictly convex case
through the projection error and the approximation error is obtained (Sec-
tion 2.1.2, Lemma 1) [57];

The criteria of sublinear, linear and superlinear convergence rates of sequential
subspace methods with a quadratic surrogate are established for the case of a

strictly convex objective function (Section 2.1.3, Theorem 3);

. The corrective sequential subspace optimization method with linear conver-

gence rate is developed (Section 2.3.1, Theorem 2), a sequential subspace
optimization method with quasi-Newton is developed, that converges in a fi-
nite number of steps with linear convergence rate (Section 2.3.2, Remark 13)
for a strictly convex quadratic function [57];

A modified sign—perturbed sums method is developed for constructing an ex-
act confidence region of the linear model parameter for the case of noises
independent with each other and with the model inputs, and otherwise arbi-
trary additive noises in observations (Section 2.4, Theorem 4), for the one
dimensional case an analytical expression of the confidence interval bound-
aries and their consistency conditions are obtained (Section 2.5, Lemma 7 and
Lemma 8) [57].
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