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BBenenne

AKTyaJIbHOCTb T€MBbI Mccae/loBaHus. /lnccepraiiontas pabora MmocBsiiie-
Ha MCCJIEJIOBAHIIO 3a/1a91 OINPEJIC/ICHIS HaJIe?KHOM KOH(MUTYPAITMH CETU B YCJIOBUIX
HEeOIIPeIeJIeHHOCTH CIIPOCa M BBIPYUKH. Takue 3aja4il BOSHUKAIOT B TEJIEKOMMYHU-
KAITMOHHBIX U TPAHCIIOPTHBIX CHUCTEMaX, I'Jile HeOOXOIMMO OIpeIeInTh Haubosiee -
(PEKTUBHYIO CXeMy MapIIPYTU3AIMH CUTHAJIOB, TOBAPOB MJIN YCJIYT MEXKIY OTIIpa-
BUTEJIEM U IOJIydaTeseM, ¢ IEeJbI0 COKPAIeHUs OOIINX 3aTpaT Ha IIOCTPOEHHE I
00C/1yzKIBaHUE CETH.

O iHuMI U3 BayKHEHITIX 9/IEMEHTOB CETHU, sIBJIAIOTCA Xa0bl, obJiagatoniue QyHK-
USAMU KOHCOJTUJIAIINN W PACIIPE/Ie/IeHUsT TPAHCIOPTHBIX TOTOKOB. VX Hajmdue jgaer
BO3MOXKHOCTH 3aMEHbI IIPAMbBIX AP COEIMHEHUI MeXKy 00beKTaMU «OTIIPABUTE/Ib»
U «II0JIydaTe/b» Ha MEHbIee KOJMYECTBO HEIPAMBIX COSJMHEHUN MEXKIy y3/aMu
cetu. [IpenmyIecTBOM HUCIOJIB30BAHUS TaKOIO pojia OOBbEKTOB sIBJISICTCS COKpPAIIle-
Hue 3aTpar 3a cueT 3hdekTa macmiTaba. Takum obpas3om, B 3ajiady MOCTPOEHUS
3P PEKTUBHOI 1 yCTOWYNBON CeTH BXOJIUT OIpe/Ie/IeHIe ONTUMAIbHOIO KOJTMIECTBa,
xaboB U MOCTPOEHUsT HENPSIMbIX MapIIPYTOB OT OTIPABUTENA K ITOJIydaTe/i0 depe3
HEHTPhI KOHCOJIMJIAIUNN 1 IIepepacipegeeHs, MUHIMI3UPYIOIIe O0IIue 3aTPaThl
ceTHu, BKJIIOYAoIIe B ceds, KaK 3aTpaThl HA OTKPbITHE Xaba, TaK 1 Ha 00CIyKIBaHIE
TPAHCIOPTHBIX I1JI€Y.

Kpome Toro, BeibpaHHast KOH(MUIYPAITHS JIOJKHA OBITh yCTOWYMBA K U3MEHE-
HUIO TpaduKa, MOCKOJIbKY €€ BHIOOD SBJIAETCH CTPATErnyecKnM perieHueM 1 (puKcu-
pyercst Ha JIOJTOCPOUHBIN 1epuojl. Takum obpas3oMm, Jijist IOCTPOSHHST HaJIe?KHOIO 1
YCTONYNBOI'O PACIIOJIOXKEHUs Xab0OB U CXeM MapIIPyTH3aIuu, TpeOyeTcs yInThIBaTh
BapUaTUBHOCTDb B UCXOJHBIX JAHHBIX, OIUCHIBAIOIINX TAKIE IIepEMEHHbBIE COCTABJISIIO-
e, KakK CIpoc, TPaHCIIOPTHBIE 3aTPaThl, BRIPYUKa 1 JIp. To ecTh HalTH KOMIIPOMUCC
MexKJIy OOIIMMU 3aTpaTaMu U OKUJIaeMbIMU IIOTEPSMU, cOXpaHsisd 3(PPEeKTUBHOCTh
ceTu. DToil mnpobsieMaTnke ObLJIO MOCBSIIEHO MHOYKECTBO MCCIEIOBAHUI 3a IOC/IEI-

Hue JBa JECATKa JIET, HallpaBJICHHBIX Ha M3YYCHUE PaA3JIMIHOI'O POJa MCTOYHUMKOB



HEOITPeIeJIEHHOCTH U CIIOCOOOB UX MOJIEJTUPOBAHUS B 3ajade HaJIe’KHOI'O Pa3Mellie-
HIs Xa00B. MOXKHO BBIJIEIUTD IOJAXOJIbI JIjIsI TOCTPOEHUA HAJIEXKHOI CeTH, KOTOPhIE
OCHOBBIBAIOTCA Ha TAaKUX KOHICIHINAX KaK PacCMOTpEHNe OXKHUJIAaeMOI'o CIleHapusd,
HAUXY/IIIero cieHapus, BBeJieHne (pyHKIMI OIEeHKN PUCKOB 1 €6 MUHIMU3AIIMS.

OCHOBHBIM HOBBIM HAalIpaBJeHHEM B 3TOIl O0JIACTU sIBJISIETCS MaKCUMU3AIUsT
HPUOBLIN CETH, TJie KpOMe TIOCTPOEHUS CeTH ¢ MUHUMAJIbHBIMI 3aTpaTaMu, HEOOX0, 11~
MO BBIJIEJINTH HanO0JIee BBINOJIHbIE HAIIpaBJIEHUS U 00bEM CIIPOCa K 00C/TyKHUBAHUIO.
Cy1iecTByeT HECKOJIBLKO paboT, aJIpecOBAHHBIX 9TOH TeMaTHuKe, OIyOJIMKOBAHHLIX B
TEYCHUN MOCJICIHUX HECKOJbKUX JIeT.

Bajiada uMeeT IPUKJIAJIHYIO [IEHHOCTb B MHAYCTPHUH, e Tpedyercsl MOHUMa-
HIe KaK TeOPeTUYeCKNX OCHOB, TaK M IMPAKTUYCCKUIl Pe3yJIbTaT OT ONTUMU3AINN.
B ocnoBHnoM, Ui pemnienus MCIOJB3YIOTCAI METObI TEOPUN HMCCIeI0OBaHNA Olepa-
Wi TaKe KaK KBaJpaTudHoe U JUHEeHOe IPOrpaMMUPOBaHe, METa-9BPUCTUYCCKUE
II0JIXO/IbI, IMUTAIIMOHHBIE aJIPOPUTMbI, METO/IbI JIEKOMIIO3UITNN 3aa4Ul. DTU METO/IbI
HaYNHAJIN UCIIOJIb30BATHCA JIJId HAXOXKICHUA OITUMAJILHOIO PellleHud B 3a/a4e pas3-
MeEIIIeHUsI Xa00B ¢ MOMEHTa UX IOsIBJIeHNA. BaXKHO OTMETHTh, 9TO JIjIsI IIPUKJIAIHBIX
3a/1a4, IIOMUMO HaXOZKJIeHNEe OITUMAJILHOIO PellleHus, TaKzKe OllpeiesIsonee 3Have-
HUE UMeeT U CKOPOCTL ero HaXOXKJICHU.

Ileab mucceprammoOHHON PadOThI 3aKJ/I0OYACTCsS B IIOCTPOCHUN M UCCJIEI0-
BaHIM CBOMCTB MaTeMaTHYeCKIX MOJeseil IPOeKTUPOBAHUS HAJIEXKHBIX ceTell XaboB
¢ 1esieBbIMU (DYHKIMSIMUI MUHIMKU3ALIMHA 3aTPpaT U MAKCUMU3AIUNI IPUOBLIN U pa3pa-
O0TKe aJI'OPUTMOB pEIIeHHs] IIOCTaBIeHHBIX 3a/1a4.

locTimkenne mocTaBeHHO e/ TpebyeT pelieHus ey 3a1a4:

1. PazpaboraTh 10JX0/ K OLIEHKE HAJeXKHOCTU CeTH XabOB, KPUTEPHUil CTATUCTH-
YeCKOM yCTOMYIMBOCTH YMCJIa XaDOB U IIOCTPOUTDH AJICOPUTM pacdeTa CTATUCTH-

YecKUX I1oKa3aTeseil ceTu.

2. IlocTponTh MaTeMaTHIECKyIO0 MOJE/b JJIs1 3a/a49l pa3MelleHns XaboB B yCJIO-

BHAX HEOIIPpEeAEJIEHHOCTU CIIpOCa, I'J€ KPHUTEPHUEM HAJC2KHOCTHU ABJIACTCA MMU-



HUMM3AIUs JIUCIIEPCUH TPAHCIIOPTHBIX 3aTpaT CETH B KOMIIPOMUCCE ¢ OOIUMMI

3aTpaTaMM CETHU.

3. TloctponTh MaTeMaTHIECKyIO MOJIENb JJI 3a/la91 pa3MelleHns: XaboB ¢ Iiesie-
BOIl (pyHKITMENH MaKCUMU3aIUN TPUOBLIN B YCJIOBUAX HEOIIPEIEJIEHHOCTH CIIPO-
ca 1 BbIpyuku. PazpaboTaTh KpuTepuil HaIe2KHOCTH 11O OTHOIIEHUTO K CJTydaii-

HOMY CIIPOCY U BBIDYUYKe.

4. Paspa60TKa TOYHBIX MaTeMaTU4YC€CKUX aJ/JI'OPUTMOB PEIICHMNA ITOCTaBJIEHHBIX

3a/1a4.

5. Paspaborka KoMILIeKca mporpamMM, peau3yioniero mpe/ioyKeHnuble aJropuT-
MBI pelIeHUs 3a/a4, IKCIepUMeHTaIbHasd IPoBepKa 3MMEKTUBHOCTH IIPEJIIO-

YKEHHBIX aJIrOPUTMOB.
Hayuynas HoBU3HA pabOTHI 3aK/II0UACTCS B CJIEIYIOIIEM:

1. Pazpaborana HOBasi cTaTUCTUYECKasl IIPOLEIypPa OIEHKU YCTOWIMBOCTU CETH
XaboOB, OCHOBaHHAs Ha NMHUTAIIMIOHHOM MOJIEJIMPOBAHIN, B 3a/laUe pa3MeleHusl

B YCJIOBHAX HEOIIPEACJIEHHOCTHU B CIIPpOCE.

2. Ilocrapiiena HoBasl HeJIMHelTHAs 3a/1a9a pa3MelleHnst XaO0B B YCJIOBUSIX HEOIIpe-
JleJleHHOCTH B cripoce. [IpeioykeHa SKBuBajieHTHasi (DOPMYJINPOBKa 3aJiadu
CMEIIAHHOTO EJIOYNCICHHOT0 JIMTHEITHOTO TPOTrPaMMUPOBaHUS C Te1eBOil (DyHK-
1yeil MUHIMKI3aII OOIINX 3aTPaT CeTH U OXKUIaeMOil aDCOJIIOTHOM JIUCIIePCH-

el TPaHCIIOPTHBLIX 3aTparT.

3. Ilocrapiiena HOBasl HeJIMHETHA 3a/a4a Pa3MeEIeHNsl XaD0oB ¢ 1eJ1eBOoil pyHKIU-
efl MaKCUMU3AIMU TPUOBLIN B YCJIOBUSX HEOIPEJIEIEHHOCTH CIIPOCA U BHIPYY-
ku. [Ipemioxkena skBuBajgeHTHasd (POPMYJIMPOBKA 3a/Ila9l CMEITAHHOTO IEJI0-
YUCJICHHOT'O JITHEHHOTO MTPOrPAaMMUPOBAHUSA C I1eJIEBOI (PyHKIINEH MaKCIMI3a-
U OYKUJIAeMOM TPUOBLIN, MITHIMU3AINN 0yKIIAeMBIX TOTEPh U aOCOTIOTHOTO

OTKJIOHEHUA BBIPDYYKMH.



4. PazpaboTaHbl aJlrOPUTMBI PEIeHUs] TTOCTABJIEHHBIX 3a/1a9, OCHOBaHHbIE Ha Me-
TOJAX JEKOMIIO3UIINN benjiepca B KOMOMHAIINY C UCTIOIB30BAHIEM PA3JIMTIHOTO
pojia cedennit: [TapeTo-onTuMabHBIX, MAKCUMATLHBIX HEJOMUHUPYEMBIX W TT-

OPUIHBIX.

TeopeTnvdeckyo m IMPAKTUYECKYIO 3HAYUMOCTDb HACTOSIIEIO MCCIe0Ba-
HUsI COCTABJIAIOT MaTeMaTUIECKIe MOJIEIN TIOCTPOEHNs HAJIEXKHOI ceTr XabOB B yCJI0-
BHSIX HEOIIPEJIEIEHHOCTHU CIIPOCA U BBIPYUKH JJIsl JIBYX CJIYYaeB IeJIeBbIX (DYHKIIUIL:
MUHUMHI3AIII 3aTPaT ¥ MAKCUMU3AIUN TPUOBLIN, — & TaKKe aJlOPUTMbI PEIIeHU

9TUX 3a/a4. BbLn pazpadoTaHbl CIe/IyIoINe TporpaMMbl:

1. ITporpamma oneHKn CTaTUCTUIECKOH YCTONIMBOCTI KOJTUIECTBA Xa00OB B CETH.
[Iporpamma mporiia rocyiapcTBeHHYI0 peructpaiiuio B PejepaabHoil cyKoe

110 I/IHTQJIJIGKTyaJIbHOﬁ CO6CTB€HHOCTI/I7 I[TaTeHTaM M TOBapHbIM 3HaKaM.

2. IIporpamma roucka perieHuii 3a/1a49u Ha JIe?KHOT'O Pa3MelleHns XaboB B YCJIOBU-
SIX HEOIIPEJIEJIEHHOCTHU CIIPOCa C 11eJ1eBOi (PYHKITEH MUHUMMI3AINN 00X OXKU-
JIaeMBIX 3aTPaT CETH U 0XKHIJIAeMOI0 aOCOJIFOTHOIO OTKJIOHEHMS TPAHCIIOPTHBIX
zaTpat. [Iporpamma mporra rocyapcTBennyio peructpainio B PejiepabHoil

cJ1y2K0e 110 NHTeJLJIeKTyaJIbHOI COOCTBEHHOCTH, IIATEHTAM 1 TOBAPHbBIM 3HAKAM.

3. Ilporpamma moucka perieHuit 3ajga4qn HaJIeyKHOTO pa3MeleHust XaboB B yCJIO-
BUX HEOIPEJICIEHHOCTH CITPOCa U BBIPYYKH C IIeJIeBOI (PYHKITHEH MaKCIMU3a-
IUN OYKMJIaeMOil MPUObLIN, MIHUMU3AIUEH (DYHKINKE TOTEPh W OXKUJIAEMOI0

a0COJIFOTHOTO OTKJIOHEHUS BBIPY UK.

MeTtonosiornsi 1 MeTOAbl UCCJEIOBAHNUS, NCIOIb3yeMble B JINCCEPTAIINN,
BKJIIOYAIOT B ce0sl METOJIbl U3 TEOPUH ONTUMUBAINN, TEOPUU PUCKOB, TEOPUU CTOXAa-
CTUYECKOTO TTPOTPAMMUPOBAHUS U TEOPUU yIIpaB/eHns NPUOBLLIbIO KaK 110jIpas3jiesna

TEOPUU MCCJIETOBAHNS OlICPAIUIL.



HOJIO}KGHI/IH, BbIHOCHMBbIE€ Ha 3alllUTYy:

1. Crarucrudeckas nponeaypa OI€HKN HadE2KHOCTU CETHU xaboB B YCJIOBUAX HE-

onpejesierHocTu B cipoce (1. 2 [Tacnopra crnennanibuocru 05.13.18).

2. MaremaTndeckas MOJeIb HAJIEXKHOTO pa3MeleHns XadoB B YCJIOBUIX HeOIpe-
JIEJIEHHOCTH CITPOCa € IeJeBOil (pyHKIMell MUHUMI3AIUN OZKUJIaeMbIX 3aTpPaT

1 OKIJIaeMbIX OTKJIOHeHUiT TpaHCcIopTHBIX 3arpar (1. 2 [lacrmopra crermaib-

roctn 05.13.18).

3. MaremarndecKkast MOJIEIb HAJIEXKHOIO pa3MeleHnsl XaDOB B YCJIOBUSIX HEOIIpe-
JIeJIEHHOCTH CIIPOCA U BBIPYYKH C I1eJIeBOi (DYHKIINEH MaKCUMUBAITUT TTPUOBLIN

(m. 2 [Macnopra crerpaasaoctn 05.13.18).

4. DddexTuBHbIE AJITOPUTMbBI PEIIEHUsT TOCTaBJIEHHbIX 3a/1a9 HaJIe?KHOIO Pa3Me-
mennst XaboB B yesioBusix Heonpejenaenaoctn (1. 4 Ilacnopra crennambrocTn

05.13.18).

5. Kowmiuiekebl mporpamm Jijisi POBEJICHUST IUCJICHHBIX 9KCIIEPUMEHTOB 110 MO-
JIeJTMPOBAHUIO HAJIEYKHBIX ceTeil XaboB 1 10 oreHKe 3P DEKTUBHOCTH PabOTHI

npeJIoyKeHHbIX ajroputMmoB (1. 5 [Tacmopra creransroctn 05.13.18).

CrernieHb TOCTOBEPHOCTH M anpobalius pe3yibTaToB. OCHOBHBIE Pe3YJ/ib-

TaThI JUCCEPTAITMU ObLIN MPEJICTABJICHBI Ha CJICIYIONNX KOH(MEPEHINIX:

1. 20th International Conference on Mathematical Modelling and Analysis, May
26 — 29, 2015, Sigulda, Latvia;

2. III Mexiynapojinas KoHpepeHIus « YCTONINBOCTE U TPOTIECCH] YITPABIEHU,
HOCBsAIIEHHAsT 85-JIETUIO CO JIHs pOXKJieHus rmpodeccopa, 1i.-kopp. PAH B. 1.

3ybosa, 5 — 9 okta6psa 2015 r., r. Cankr-IleTepOypr;

3. XLIX MexkryHapojiHast HaydHasi KOH(EPEHIHs acImPaHTOB 1 ¢Ty1eHToB «IIpo

I[ECChI YIIPaBJIEHHUSI U YCTONUNBOCTby, 2 — 5 amnpens 2018 r., r. Cankr-Ilerep-

Oypr;



4. XIV Mexaynapojaas HaydHas KOH(EPEHIUs «YCTOWYMBOCTb U KOJeOAHUS
HeJINHEHBIX crcTeM yrpas/enus» (Koubepennns [larauikoro), 30 mast — 1

miond 2018 r., r. MockBa;

5. L MexaynapoHasi HaydHast KOHQEPEHIsI acliupaHToB U cTyieHToB «IIponec-

CBI YIIPABJICHUST 1 YCTOMINBOCTE», 8 — 12 ampess 2019 r., r. Cankr-IleTepbypr.

ITy6nnkamum. Marepuasibl gucceprannn onybinkoBaHbl B 10 medaTHbIX pado-
Tax: U3 HuX 4 Te3uchl A0KIaj0B [1—4|, 2 cratbu B cOOpHUKAX TPY/I0B KOH(MDEPEHIINHT
|5, 6], 1 crarbs B Tpy/iax KoH(bEPEHINT, HHICKCHPYEMbIX B OHOIMorpaduaecknx Oa-
3ax JaHubix Scopus u Web of Science 7], 3 crarbu B KypHaJIax, HHJIEKCUPYEMbIX B
bazax Scopus u Web of Science [8—10]. [Tostyueno cBujieTe/1bCTBO 0 TOCYIAPCTBEHHOI
perucrpain 2 nporpamm st 9BM [11, 12].

JImanaplii BkJIaa aBropa. CojeprkaHue JUCCePTAl U OCHOBHBIE II0JIOZKE-
HUsl, BBIHOCHMbIE Ha 3allUTy, OTParkKaloT IIepCOHAJbHBIN BKJIaJ aBTOpa B OIYyOJIU-
KOBaHHBIe paboThl. [[oroToBKa K IyOJIMKAIIMK TI0JIYUYEeHHBIX PE3YJIbTATOB ITPOBO/IN-
JIaCh COBMECTHO C COaBTOpaMM, NPUYEM BKJIAJ, JIICCEPTAHTa ObLI OIPEICIAIOIIIM.
Bce mpejicraBiieHHbIe B JIMCCEPTAIIME PE3YJIBTATHI ITOJIYyYeHbl JIUIHO aBTOpoM. Bce
porpaMmbl 9BM Hammcanbl aBTOPOM.

CrpykTypa m oobeM auccepranuu. /[luccepraliusi COCTOUT U3 BBEJIEHU,
0030pa, JIUTEepaTyphbl, YeThIPeX IJIaB, 3aKJIIOUEHHUs], CJI0Bapsi TEPMUHOB, CIIUCKA JIU-
TepaTypbl, CINCKA WIIIOCTPATUBHOIO MaTepuaJia, CIICKa TaOJINUI[ 1 IIPUI0YKEHUS.
[Tonnblit 00bEM juccepraiun coctapiser 101 cTrpaHuily, BKJo4dast 3 pucyHKa, 13
tabsmi 1 1 npuioxkenne. bubanorpadus sriaodaer 70 HauMeHOBaHU Ha & cTpPaHU-
ax.

Kparkoe conepkanue. Bo BBejieHIN OTparkeHa aKTyabHOCTh PabOThI, chop-
MYJINPOBAHBI TIeJIb U 3a/a9i UCCIe0BaHnsI, 000CHOBAHBI HayJYHas HOBU3HA, TEOPE-
THYecKasl U IpakKTUIecKas 3HAUNMOCTh PabOThI, chOPMYINPOBAHBI II0JIOXKEHNs, Bbl-
HOCHMBbIE Ha 3allUTY.

B nepsoti enase ipuBejieH 0030p JINTEPATYPHI 110 TEME HCCJIeI0BaHNs, OINCAHBI
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OCHOBHBIE HallpaBJIEHUs] TEOPUU pa3MeIleHns] XaboB U ee 3aJiadl, MeTOJIbl PelIeHUs]
IIOCTABJIEHHBIX 3a/1a1, 00CY KIeHbl TeHIEHIINN PA3BUTUsI U II€PCIIEKTUBHBIE HAIIPaB-
JIEHUS.

Bo emopoti esase IpUBOANTCS CTATHCTUYECKAs IIPOIEAYPa OIEHKH HaleKHO-
CTH KOJINYEeCTBa XaDOB B CETH B YCJIOBHUSIX HEOIIPEJIeJEeHHOCTU B CIIPOCe, Ipejjiara-
ercst Kputepuil Bbibopa HanboJiee yCTONINBOI ceTn XxaboB, OCHOBaHHBII Ha MeTO/Ie
oreHku pucka noprdess Value at Risk.

[Ipore1ypa cocTOUT U3 JABYX TAIOB: IIOJINOTOBKA CTATHCTUIECKO BEIOOPKI OII-
TUMAJILHBIX ceTell XaDO0B, MOy YeHHBIX Ha CJIYIaillHbIX MeHepaIlisIX CIIPoca, U OIeHKa,
CTATUCTHYECKUX IIOKa3aTeJeil yCTONINBOCTH KoJimdecTBa XaboB. [y yBemdeHust
KOJINYECTBa, 9JIEMEHTOB B CTATHCTUYECKOI BHIOOPKE, IOBBIIIAIOIINX ee NH(POPMATHB-
HOCTb, IIPUMEHSIETCsSI MeTOJ, bootstrap ¢ 1esibio nccieloBaHusl CTATUCTHK PacIipe/ie-
JIEHUsI TTOKa3aTresell CMeHsSIeMOCTH CeTH XabOB: CpejiHee 3HaUeHNEe U CPeIHeKBaIpa-
TUYIHOE OTKJIOHEHUE JacTOT CMEHSIEMOCTH CeTH XaboB. BBOIUTCS MOHSATHE YaCTOTDHI
CMEHSIEMOCTHI ceTH XaboB, OTparkalollee CTeIeHb OTJINIHUS ceTeil B 3aBIUCUMOCTH OT
CIAyYaliHbIX U3MeHeHHil B cipoce. BeIOOpOUHbIE 3HAUEHNS CTATUCTUK IIPEJIIaraeTcst
UCII0JIB30BaTh JJjis Bhrumcsenust Value at Risk ¢ ypoBnem goBepusi «, 4rto Oyjer
COOTBETCTBOBATH 3HAUEHUIO YACTOTHI CMEHSIEMOCTH KOJIMYeCcTBa XabOB, KOTOpasl He
OyJeT MpEeBbIIIeHa ¢ BePosiTHOCTHIO 1 — . Kpurepuem Beibopa HanboJiee HaIe2KHOTO
KoJIngecTBa, XaboB siBiisgercs Value at Risk ¢ MuHnMa/ibHBIM 3HAUEHIEM.

PaccMmorpenHbIii MeTo | IpeHasHadeH JJisi OIeHKN HaJeKHOCTU CeTU XaboB,
IIPEIOCTABJISIET BO3MOXKHOCTD JIJII OIEHKU CPEJIHEero 3HaYeHUsI U JUCIIEePCUN OOIINX
3aTpaT, caeys HpUHIIIAaM ajaropurMa Sample Average Aproximation.

B mpemuveti 2aa6e npejiozKeHa HeJIMHeliHasl 1 9KBUBaJIEHTHAas JUHEeiHAs Ma-
TeMaTHJyecKasi IIOCTAHOBKA 3a/1a9l HaJIeXKHOT'O pa3MelleHnsl XaboB ¢ 1e1eBoit (pyHK-
el MUHIMU3AIT 3aTPAT U 0yKIIaeMbIX a0COIOTHBIX OTKJIOHEHIIT TPAHCIIOPTHBIX
3aTpaT B YCJIOBHUSIX HEOIPEJIeIeHHOCTH clipoca. PaspaboraHHas 1esieBast (DyHKITIS
MOJIEJI Pa3MelleHnsl XaboB 00ecIednBaeT MUHUMI3AINIO OXKIIAeMbIX OTKJIOHEHMIT

TPaHCIIOPTHBLIX 3aTpaT CETH B pPa3pe3€ CIEHapuda CIIPOCa B KOMIIpOMHCCE C MHWHU-
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Mu3aImeil oXKujgaeMbIX 3aTpar ceTu. llpenosaraercss, 9To ceTb XabOB sIBJISIETCSI
HaJIE’KHOM, eC/In OTKJIOHEHHSI TPAHCIOPTHBIX 3aTpaT B paspes3e CIeHAPHUEB CIIPOCca,
SIBJISTIOTCST MEHUMAJIbHBIMU. CTelleHb BayKHOCTU HaJIe?KHOCTU B CPABHEHUH C OXKIJa-
eMbIMI OOIINME 3aTpaTaMi PEryJIupyeTcss BECOBBIM KOI(PMOUIIIEHTOM.

PaspaboTranbl jiBa aJaropuTMa pelieHus MOCTaBIeHHON 3a/1adi: KIaCCHIecKuil
aJITOPUTM pasJioyKeHns: benjepca m ajropuTm pasnokennd berjepca c¢ Ilapero-
ONTUMAJILHBIMU CEIEeHUSIMU ONTUMAaIbHOCTH. [IpejicTaBienbl pesyibTarhbl YUCICHHO-
ro 9KCIIEPUMEHTa Ha M3BECTHLIX JaHHLIX 13 Oubjanorekn McciemoBanust onepariuit
Civil Aeronautic Board u Australian Post, o6cy»k1eHbl pe3y/ibTaThl IPOU3BOINTE b
HOCTH IIPEJIJIOYKEHHBIX aJI'OPUTMOB B CPaBHEHUHU CO CTaHIapPTHBIMU MeTOIaMI Pellle-
HUsI 3819 CMEeIIaHHOTO IeJI0UNCJIEHHOIO IPOIPAMMUPOBaHUSI.

B uemeepmoti ena6e paccMOTPEHBI MaTeMaTHIeCKHe MO HaJIeyKHOT'O pa3-
MeIeHUsT XaDoB € 1eJIeBOil (DyHKIIMel MaKCHUMUBAIMU OXKUJAEMON TPUOBLIN, MU-
HUMUBAINN O0yKNJIAEMbIX HOTePh M 0XKUJIaeMbIX OTKJIOHEHUN (DYHKIUN BBIPYIKH B
YCJIOBHUSIX HEOIIPeaeJIeHHOCTH B CIIpoce U BhIpyuke. IIpesioxkenbl HeJInHeiHbIe 1 JI1-
HeffHbIe TTOCTAHOBKY 3a/1a4 JIJIs TPEX CJIy4YaeB: HeOIlPEeIeJIEHHOCTh B CIIPpOce 1 JIeTep-
MUHIPOBAHHON BBIPYYKe, HEOIIPE/IeJIEHHOCTh B CIIPOCE M BbIPYUKE U MUHUMMI3AIUsT
OTKJIOHEHUIT o0Ieil 0zK1gaeMoil BRIPY YK, HEOIPeJIeJeHHOCTb B CIIPOCE W BBIPYUKE
1 MUHUMU3alid OTKJIOHEHUI BBIPYUKH 110 HallpaBJieHHsIM. Kpurepuii HaJe2KHOCTH,
IIPUMEHEHHBII B OIIMCAHHBIX TTOCTAHOBKAX, IITUPOKO IMPUMEHSIETCS B 3a/a9aX TeOPUn
yIIpaBJeHus IPUObLILIO, HO B TEOPUU pa3MelleHns 00beKTOB paHee He PacCMaTpH-
BaJICSI.

Paspaboranbl dYeTbIpe ajropuTMa PelleHusl IOCTaB/JIeHHON 3aadun: Kaccude-
CKHUIl aJlTOpUTM pas3jioykeHus benjepca, aJroputM pasyiokenns benjepca c Ila-
PETO-ONTUMAJbHBIMU CEUEHUIMU OINTUMAJIbHOCTH, aJrOPUTM pa3JioKeHust Benjep-
ca ¢ MaKCHMaJbHbIMU HEJOMEHUPYEMbIMU CEYCHUSIMU ONTHMAJIbHOCTU W THOPH/I-
HBIIl aJIrOpuTM pasJjoxkeHus benjepca ¢ pa3jandHOro poja yCUJICHHBIMU CEeYeHMUs-
mu. IlpeacraBiennl pe3yabraThbl YUCAEHHOTO SKCIEPUMEHTa Ha, U3BECTHBIX JTaHHBIX

u3 oubsmoreku Mcecesenosanust oneparnuiit Civil Aeronautic Board n Australian Post,
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00CYy>KJIeHbI Pe3yJILTAThI IIPOU3BOAUTEIbHOCTU IIPEII0KEHHBIX aJII'OPUTMOB B CPaB-
HEHUM CO CTaHJapTHBIMU MeToJlaMU PelleHns 3a/ad CMeNIaHHOIo MeJIOUYUC/IEHHOTO
IPOrpaMMUPOBAHUS.

B 3axaouernuy 1ojiBeeHbl HTOTH KCCJIeI0BaHUs U ¢ChOPMYIMPOBAHbI OCHOBHBIE

BbIBOJIDI.
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[1aBa 1

O0630p JuTEpaTyphI

B 3T0i1 1/1aBe aBTOPOM JINCCEPTAITNN ITPOBEJIeHa KJIacCUpUKAIus 1 0030p JInTe-
paTyphbl 110 3ajiade o pa3Melennn xabos. B gacrrnocru, B Pasnene 1.1 mpejacrasien
0030p IOCTAHOBOK M Bapualnii MaTeMarndeckKux popMyaInpoBoK 3aja4dn. B Pazgen
1.2 BKJOUEH 0030p paboT, Ije Jjisl PelleHns 3aadl pa3MelleHnsl Xab0B HCII0JIb30-
BaJicst MeTOoJI pasJjioxkeHusi benjepca. B Pazjene 1.3 paccMorpensl paboThl, B KOTO-

PbIX UCCJICAYIOTCA pa3/IMYHbIe NCTOYHUKNW HEOIIPECACJICHHOCTU.

1.1. 3agaga o pa3melrneHnn xaboB

ccienoBanue cereil mMeeT HEITOCPEICTBEHHOE BIUSHUE Ha TaKUe OTPAC/IA WH-
JYCTPHHN, KaK MepeBO3Ka MacCaykKUpOB U TPY30B HA3EMHBIM /MOPCKUM/aBua TPAHC-
MOPTOM, MOYTOBBIE JIOCTABKM, TEJEKOMMYHUKAITMOHHOE OOCTY KIBaHme n ap. Takue
CEeTH YacTO CojiepzKaT OOJIBIOe KOJMIECTBO Map oTinpaBuTeb—torydarens (O-I1)
JIUIsT OOC/Ty?KUBaHUSI, TJie HPsSIMbIe COEJMHEHUST MEXK/Iy y3JaMi CeTH He BCerja BO3-
MOKHBI BBHUJIY IeorpapuyuecKux, SKOHOMUUICCKIX NN TEXHUICCKIX OTPaHUYCHHUI.
Beejienne cern xabos (anria. hub) npussaHo 3HAYUTETHLHO COKPATUTH KOJUIECTBO
CBsI3eil B CETU U YMEHBIINUTH PA3MEPHOCTDb 3a/a4i Yepe3 KOHCOIUIAINIO, TTeperpys
UJIN pacipejiesieHre MoToKoB B ceTr. CoKpallleHre 3aTpaT JOCTUTAETC B PE3YIbTATE
MapIIPYTU3AIUN TIOTOKOB CeTU Yepe3 OJInH nin OoJiee Xabbl. 3ajiada pa3MelleHns Xa-
O0B COCTOUT B Ha3HAUYCHUH HAOOPA y3JI0B CETH XabaMU U ITOCTPOCHUN CBA3EH MEKLy
HarpasyienusiMu O—I1 u xabaMu onTUMAaJIBLHBIM 00PA30M.

OcHoBorostarafornumn pabotaMu B 00J1aCTH pa3Mellennsi XaboB MPUHATO CUU-
tarh nyosnkarun O’Kelly [13, 14], rie npejcrasiena neppas mateMariieckast (hop-
MYJINPOBKA 3a/Ia41 B BHUJIE 38/la4l KBaIPATUIHOIO IMporpaMMupoBanus. B naabneii-
eM Teoprsd TOJydnaa MHOYXKECTBO Bapualluil 3ajadi: BBeJeHNe B PACCMOTPEHUE

IIPOIIYCKHOI criocoOHOCTH XaboB, J00aBjieHne B IeJIeBYI0 (DYHKIIMIO CTOUMOCTH OT-
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KpbITHsT xXaba B y3JI0BOH TOUKe, OJMHApHAsT WM MHOKECTBEHHAsI ITPUBSI3KA y3J10-
BBIX TOYEK K xabaM, (pukcalusi KOJUIecTBa XabOB B CETU U JIPYTUe MOJIU(MUKAIIIH.
BapuatupHocTb (hOpMYyIMPOBOK 00YyCIOBJIEHA, crieluduKoil obsacTeil TpuMeHeHUs:
aBHa-IIePEBO3KHU I1aCCayKUPOB, MIOUYTOBbIE JOCTABKH, JOCTaBKa COOPHBIX I'PY30B, Olle-
paTophbl MOOUJIbHON CBsA3M, KOMIIbIOT€PHAsI CBsI3b, CUCTEMbI OBICTPOI'O TPAH3UTA U
Jp.

O0630p Mogeeit n obiacTeil TpUMEHEHHS 3a/1a11 pa3MelleHnst XxaboB Mpe/ICTaB-
JeH B pabore [15], rje mpejcraBiienbl TeopeTudeckue pesysabraThl 3a 20 Jier cylie-
CTBOBaHUs 3aJlaun pa3Merenns xabos. Kpome Toro, 0630psl imreparypsi [16] u [17]
coJiepzKaT KJiaccuuKalnio 3a1ad pasMelieHus XxaboB 10 MOCTaHOBKE 3a/a9d U 110
METOJIaM PeIlleHrs 3a/ad.

B pabote nccienyercs 3ajiada pa3MelieHnst XaboB ¢ BO3MOXKHOCTBIO ITPUBSI3KH
y3JI0BOI TOUKHM K HECKOJIbKIM XabaM, B 3aBucuMocTu oT HarpapjeHus O—I1 u neorpa-
HUYIEeHHO{T TIpoIycKHOiT criocobrocTn xabos (anrt. Uncapacitated Multiple Allocation
Hub Location problem, UMAHLP) B ycioBust HeonpeieleHHOCTH CIipoca.

UMAHLP Brepssie 6bu1a copmysuposana B [18], rue kosmuectBo xaboB p
cdbukcuposano (UMApHLP). B nanbreiiem ykasaHuasi Moje/b Oblia chOpPMYIIn-
poBaHa B BUJE 3ajadll MEeJOINCIeHHOro nporpamvuposanuns [19] u [20], rue mepe-
MeHHBbIe cozepkaT 4 uHjekca. B pabore [21]| mpemiaraercs anbrepHaTuBHAsS (HOp-
MYJIIPOBKa, C arpernpoBaHUEM ITOTOKOB, UYTO CHUKAET KOJUYIECTBO MHJIEKCOB Y Iie-
peMeHHBIX 110 TpexX. HekoTopbie TOUHbIE U 9BPUCTUUECKUE TIOIXO0/IbI, MOBBIIIAOIITE
s dexrusrocth pemenns 3agaan UMApHLP, pacemorpennsr B paborax [21—23|.
Pesyibrarsr nccinenopannst anajorndnoit UMApHLP sagaun — UMAHLP, riue xo-
JIMIeCTBO XaboB He (bUKCHPOBAHO, IpejcTaBieHbl B paborax [19, 21, 24—30]. Auro-
PUTMBI U MeTObI moBbIeHns s dexktuBroctn pemennss UMApHLP moryT ObITh

npumenerbl 1 K UMAHLP, aTo octaercst cpaBeiuBbIM U B 0OPATHYIO CTOPOHY.
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1.2. Paznoxxenne bengepca

[Tonxonpr k pemennio 3aadn UMAHLP B mocranoske 3aja4n JIMHEHAHOTO 11po-
IPAMMUPOBaHUsI ABJISIIOTCSA OTAEJIbHOI 00/1aCcThIO UCcaegoBannsd. B jimreparype miu-
POKO IpUMeHsIeTcst ojxo 1 passoxkenust benjepca [31] (anri. Benders Decomposi-
tion, BD) & pemennto 3agaa UMAHLP, koroperit jemMoHcTpupyeT 3HAYHTETBHOE
nosbiieHne 3pQeKTUBHOCTH B pelieHun 1podsembl. [lepBoit paboToii B KOTOPOIt
IIpeJICTaBIeHO IIPUMeHeHne pasJyioxkeHnsi benpepca kK pemennto 3amaan UMAHLP
sieyisiercst |32]. ABroper [32| mpejcTaBmiin Tpu BapuaHTa aJrOPUTMa Pa3/IOZKEeHHs
UMAHLP: knaccuuecknit merosn BD, ocHOBaHHBINI Ha reHepalui OJHOIO CedeHUsI
Ha KaxKJoi urepannn; aaropuTMm BD ¢ MHOXKECTBEHHBIM CeUeHUeM, IJe JIJIs KarKI0-
ro nanpasjenus O-II cozmaercs cobcrBenHoe ceuenne Benjiepca; e-onTuMabHbIE
cedeHus, rje cyoonuTuMaJIbHOE pPelleHne UCIIO0JIb3YeTCsl JIJIsi BbIUUC/IeHIs CeIeHNnI.

Contreras u ap. B pabote [30] mpencrasusm yiytmnienaoe BD ¢ ncnosns3oBannem
nporeaypbl Boibopa [lapeTo-onTuMalibHbIX CeUeHU U SBPUCTUYECKUX AJITOPUTMOB.
Kpowme Toro, B pabore |33| mpe/iosKeHbl JIONOTHUTEIbHBIE IBPUCTUKN JIJIsT YTy dIlie-
nust BD npumennTenbHo K 3ajade pasMelrnenust XaboB, Iie XaObl IIPeICTaBIsSIIOTCs
HernotHbIM I'padom. Kos-Bo ceuennit BD Ha KaxK 1ol nrepalnn peicTaBseTcss MHO-
»KeCTBOM BapHaHTOB, BHIOOD HEJIOMUHUPYEMbIX cedeHuit uin Ilapero-onrumMaabHbIX
II03BOJIIET COKPATUTh KOJIMYECTBO MTepaluil 3a cueT KadecTBa cedennii. [locrpoe-
HUE YJIy4IIeHHbIX CeYeHIIl MOYKHO OCYIIECTBJISITH IIOCPEICTBOM CIIEIIUAJIbHBIX TOUEK,
HasbiBaeMbix Magnanti and Wong points [34], Koropbie MOryT 6bITH HCIOJIB30BAHBI,
corstacHo 35|, st Haxoxenust Ilapero-onrumanbubix cedennit BD. Pazsoxenue

BGH,ZLepC& HCIIOJIb3YETCA N B APYI'UX BapHUalllAX 3a/Ja91 PpasMEIICHU A X&6OB, Hallpu-

mep, [33, 36—39).
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1.3. 3agaua pa3mereHnsi XxaboB B yCJOBHUAX

Heollpede/IeHHOCTH!

B nacrosimeii pabore paccMaTpUBaeTCs MaJio UCCJe0BaHHas 00JaCcTh 3aJiad
pasMeleHnst XaboB — pelleHne 3a/a91 B yCJIOBUIX HEOIPEJICJICHHOCTH U HAXOK 16
Hue pobacTHoro perierust. CynecTBYIOT pa3jindyHble HCTOYHUKN HEOIIPE/Ie/IEHHOCTH:
B CIIpOCE, BO BPEMEHH OIepalliii, B CTOUMOCTH, B IIPOIYCKHON CIOCOOHOCTHU ILIe-
ga/pebpa u xaboB u jap. CeTh aBHAEPEBO30K, TJie MPOIYCKHAsT CIIOCOOHOCTH Xaba
MOJICJIUPYETCsT ¢ MOMOIIBIO MOJIET U3 TEOPUU CUCTEM MACCOBOI'O O0CI/TYKUBAHMS
M/D/c, pacemorpena B pabore [40]. Takum 0b6pazom, MOJeTUPYeTCsT YCJIOBUE, UTO
orpaHmdeHne Ha o4epejib He OYJeT IPEBBIIEHO C OIPEIE/IeHHON BepOsiTHOCThIO. B
JaJIbHEIIIeM 9TO yCI0BHUe Mpeodpa3yeTcs B orpaHUYeHue MPOIYCKHOM ClIoCOOHOCTH
xaba.

PaccmoTrpenne Heollpe/ie IeHHOCTH B CIIpoce B 3ajiade pasMeleHns XaboB IIpu-
MEHHUTETHFHO K IPY30BbIM aBHAIlePEBO3KAM U MAPIIPYTH3AIINI PEHCOB IPEICTABICHO
B pabore [41]. ABTOPBI TpeIaraoT JBYXIIATOBYIO JIMHEHHYIO CTOXACTHIECKYIO T10-
CTAHOBKY 3a/ladH, IJie Ha [I€PBOM Iare mpejjaraeTcs perarh 3a/1ady pasMerieHs
xaboB 1 OIpeie/IeHUs UX KOJIMIEeCTBa, a Ha BTOPOM Iare pemarh 3a/ady MapIiipyTi-
3allii [TOTOKOB 4Yepe3 Xabbl JI/Isi pas3/IndHbIX ClieHapueB ciipoca. [IpoBejieH cpaBHU-
TeJIbHBIIT aHAJIN3 MEXKTy JIeTePMUHUPOBAHHBIM CJIydaeM CIpoca (st KazKoro CIie-
HApHUs B OTJIEJIbHOCTU C JIATBHEHIINM YCpeJIHEHIeM Pe3yJIbTATOB) 1 TIPe/JIOYKEeHHOIT
CTOXaCTHIECKON MOCTAHOBKOIM; Pe3y/IbTaT MOKa3a/1, YTO BHEJIPEHUE HEOIPE/IeIeHHO-
CTU B MOJIE/Ib IPUBOJIUT K JIYUIITNM PE3Y/IbTATAM.

Sim u Jp. B CBOeM mCCaeoBaHum [42] paccMOTpesnn cToXacTHIecKyto 3a1ady
pasMelreHust XaboB ¢ HEOIPEIeJIEHHOCTBIO BO BPEMEHU JIBUYKEHIST MEXK/Ly Y3aMU Ce-
TH, KOTOpasi MOJIeJINPyeTcsi HOpMaJibHBIM paciipejiesieHneM. B MareMaTnieckyto 1mo-
CTAHOBKY JI00aBJIEHO OTpaHUYCHIE 110 00ECTICYCHUIO YPOBHSI CEPBUCA.

Pesynbrarsr uccieoBanust croxacrudeckoit nmocranokn UMAHLP ¢ weompe-

JIEJIEHHOCTBIO B CIIPOCE U B TPAHCIOPTHBIX 3aTpaTax mpejcTaBieHbl B [43]. ABTopsl
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pabOThI TTOKA3AJIM, YTO CTOXACTUIHOCTD CIIPOCA MOXKET ObIThH chOpMY/INpOBaHa B BU-
Jie JIETePMUHUPOBAHHON 33849 IEJ0UNCIEHHOrO JIMHEIHOro IIporpaMMIPOBaHUS,
rJle ciydaiiHasi BeJMYMHA 3aMeHeHa Ha oXKujaeMoe 3HadeHue. B ciydae ¢ Heolpe-
JIeJIEHHOCTBIO B TPAHCIIOPTHBIX 3aTpaTaxX aHaJOIM4YHasg 3aMeHa HEKOPPEeKTHA; JIJIsi
PEIeHnsT CTOXacTUIecKoit 3aaan npejcrasied Meroq SAA (anria. Sample Average
Approximation).

B pabore Alumur u ap. [44] paccMarpuBaioT jiBa UCTOYHUKA HEOTPEJICJICHHO-
CTH B 3ajiade O pa3MelieHnn xaboB ¢ HeOI'PAHUYEHHO MPOIYCKHON CIIOCOOHOCTHIO
xabOoB: HEOIPEJIE/IEHHOCTh B CIIPOCE M HEOIPEJCJCHHOCTh B CTOMMOCTH OTKPBITHUS
xaba. ABTOpBI pabOTHI MPEJINOIAraloT, YTo HHMOPMAaIlusd O pacipeIe/JIeHUl BepOsiT-
HOCTEll CTOMMOCTU YCTAHOBKH XabOB OTCYTCTBYET, U IIPeJIarafoT IIOCTAHOBKY MU-
HUMaKca JIJIsi MOJIeJInpoBaHusi mpodjieMbl. HeonpeiesieHHOCTh B clipoce IpejlijiaraeT-
cs MOJICJINPOBATH B BHJIE 3a/Ia4l CTOXaCTUYECKOT'O JIMHEHHOI'O IPOIPaMMUPOBaHUS.
st 0THOBpEMEHHOTO ydeTa 000MX MCTOYHUKOB HEOIPEeJIEHHOCTH IPeJIaraeTcs
o0be/InHEeHHAs MUHUMAaKCHAs CTOXacTU4YecKas (hOpMyJIMPOBKa 3a/1atu.

Shahabi u Unnikrishnan [45] uccienytor 3agaay UMAHLP B ycioBusix Heorpe-
JIEJIEHHOCTH B CIIPOCE, TJIe HEOIIPEJIe/IEHHOCTh MOJICTUPYETCs SJITUIICONIOM. ABTOpa-
MU pabOThI IPEJJIoyKeHa IeJI0UNC/IeHHasl KBaJIpaTudHas [TOCTAHOBKA 3aJa4d U ee
ocsiabJieHHas JIMHeltHast Bapualusd. 1o pe3yabraram sKcIepuMeHTa aBTOPbI 3aKJI0-
YUJIA, 9TO OOJIBIIIOE KOJI-BO XaDOB B CETH YMEHBINACT BJINsHIE HEOIPEJICTCHHOCTU B
crpoce Ha (DYHKIINIO 3aTpAaT.

Pobacrhaas nocranoska UMApPHLP ¢ Heonpeie/leHHOCTBIO B CIIPOCE, OIIPeIeIs-
eMoif MHOrOrpaHHIKOM, IipejiiozkeHa B [46]. B pabore paccMaTpuBatoTest jiBa crydast
npejcTaBjieHns HeonpeaegaennocTu: hose n rudbpugaas. Mojgens hose npesrnonaraer,
YTO CYIIECTBYeT TOJIbKO BepxXHee OrpaHMYeHMe Ha CyMMapHBINH MCXOMSAIINI 1 BXO-
JISAIININ TOTOKU y3J1a CeTH, B TO BpeMsI KaK I'HOPHUIHAA MOJIE/Ib I0Jpa3yMeBaeT Kak
BepxXHee, TaK U HUKHEee OrpaHImdeHre CyMMapHOro CIIPOca. ABTOPBI IIPUMEHILIN KOH-
HENIUI0 MUHIMAKCa JIJIsT MOJIE/IMPOBaHIS pOOACTHOCTH, OCHOBAHHYIO HA MUHIMU3a-

M beHKIlI/II/I 3aTpar. HpeﬂﬂO}KeHO ABa aJITOPpUTMa pelIcHUA 3ada91, OCHOBaHHBIX



18

Ha BD. Pacmmmpenne nocranoBku Ha ciydait 3ajgaan CMApHLP, rie ko-Bo xabos
pUKCUPOBAHO U UX MPOIYCKHAsI CIIOCOOHOCTH OI'PAHNYEHA.

Uccnenosanue Zetin m jp. HeONpeaeeHHOCTH B CIPOCE U B TPAHCHOPTHBIX
m3gepkkax B 3ajgade UMApHLP mnpespcrasieno B [47], rue BBogUTCA «OMOZKET
HEOIIPeIeJIeHHOCTH C IeJIbI0 YIIPaBJIeHUsl YPOBHEM KOHCEpBAaTHU3Ma B MaTeMaTHde-
CKOIl ITOCTAHOBKEe. ABTOpamMu paboOThl paspadboTaH aJrOPUTM BeTBell U CeYeHUil J1/Ist
perrennsi ¢cchbopMyJIMPOBAHHO 3a/1a9M.

B pabore [39] npejcrasiena pobacraass UMAHLP ¢ yyerom HeorpejesieHHO-
CTH B CIIPOCE U B TPAHCIOPTHBIX M3JIEPKKAX, TJle CeTh XabDOB He sIBJISI€TCS TOJIHOIA.
[Ipenyoxken ajaropuTM penieHus 3aa9u, oCHOBaHHBIN Ha BD.

OpHOI n3 nocyeHuX padboT B 001acTH pOoOACTHOIO pa3MelleHnsl XaDOB sIBJISeT-
cst [48], e paceMaTpUBaeTCst HEOPEIEICHHOCTD B CIIPOCE, MTPE/ICTABICHHAST B BUJIE
MHOTOI'paHHUKa. BBOJIATCS TpU BapuaHTa MOJIE/JIMPOBAHNS HEOIIPEICJICHHOCTH, a JIJIsI

penenna UCIoJIb3yeTCA MGT&—SBpI/ICTI/IqGCKI/Iﬁ METO, — IIOUCK C 3alIpe€TOM.

1.4. 3agaua pa3merlneHust xaboB c 1iejieBoii PyHKIINei

MaKCUMMN3annumn HpI/IGI)IJII/I

B smreparype He TaK MHOTO HCCJIEIOBAHUIl, MOCBAIIEHHBIX 3aJadaM pa3Me-
IeHns XaboB ¢ 1eeBoit dpyHknuein Makcumuzanuu npuobLin. OJHO U3 KJIIUEBbIX
OTJINYMIT TaHHOW 3a/1a9M OT KJIACCUYECKON MOCTAHOBKHM — 3TO BO3MOXKHOCTL 0OCJIY-
JKIBATH TOJILKO YaCTh CIIPOCA.

O HuM W3 OTBETBJICHWI JJAHHOTO HaIpaB/ICHHUA 3a]ad pa3MelleHnsi XaboB sB-
JISIETCST pacCMOTpenne HECKOIbLKIX KOHKYPUPYIONX (hUPM, KOTOPbIE COMEPHUIAIOT
3a O0CJTY2KMBAHIE CIIPOCa, TaK KaK MPUHATHIE PelleHns CKa3bIBAeTCs Ha MPUOBLIH.
PaccmarpuBatorcst pa3ndHble TiejieBble (DYHKINN: HalpuMep, (DyHKINA MaKCUMUI3a-
1IN 3aXBavYeHHOIO CIIpoca, MaKcuMusarus obmeit mpubslim. [Ipumepsl pabot, pac-
CMaTpHUBAIOIIIE KOHKYPEeHTHOe pa3Merienne xabos [49—52|. Kpome roro, cyiectsy-

eT HeCKOJIbKO MCC/IeJIOBAHUIl B TEOPETUKO-UTPOBOII ITOCTAHOBKE KOHKYPEHTHOI'O Pa3-
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Mertennst xabos [53, H4.

B TekyineM mcciieIoBAHINT PACCMATPUBAECTCS TOJIBKO OjHa dhupMma 6e3 KOHKY-
PEHTHOI cpeJibl, IeJib KOTOPOil — MaKCUMU3UPOBATH CBOIO IPUOLLIb.

B pabote [55] BBOAMTCS TOCTAHOBKA 3aa4di Pa3MelleHns XaboB € IeJIeBoil
dyHKIHMeH MaKCHMU3AIUN TPUObLIN. 3ajiada COCTOUT B TOM, YTOOBI OIIPEIEUThH Me-
CTOIIOJIOZKEeHIE Xab0B, PelnTh, KaKie pedpa aKTUBUPOBATDH, BHIOPATH HAIIPABJICHUS
JIUIsT 0OCJIY?KUBaHUST I MAPIIPYTH3AIUN IIOTOKOB CETH C IEJIbI0 MaKCUMI3aIII 001Ieit
IpuOBLLIN. ABTOPBHI PacCMaTPUBAIOT BO3MOYKHOCTD CBSI3U OJIHOI'O y3J1a ¢ HECKOJILKU-
MU XabaM# U I[IPEJINoJaraloT, 4To MapIIpyT IIpoJeraeT depe3 OJiH WIn jiBa Xaba,
T. €. MAPUIPYT IIPOXOJUT MaKCHMyM udepe3 Tpu peOpa. ToUHbI ajaropuT™M pelieHust
MOCTABJIEHHO 3a/1a4i aBTOPBI OMUCHIBAIOT B [56]. OHEU HCIOIB30BATI METOJ MHO-
xuTeseit Jlarpam:ka B aJaropmTMme BeTBell W T'PAHUIL JjI PENIeHHs OCTABJICHHOI
3a/1a9H.

Uccnenosanue 57| pacemaTpuBaeT Bce BO3SMOXKHBIE TOCTAHOBKHU CBSI3U Y3JI0BAST
TOUKa—Xab: MHOXKECTBEHHAasI IIPUBA3Ka, IPUBI3Ka K OJHOMY WM K 7 XabaM, — B 3a-
Jlade pa3MelleHns XaboB ¢ 1e/IeBoil PyHKIMell MaKcuMu3anun npuobLin. Takxke B
paboTe paccMaTpuBaeTCs ciydail, Korja JOIYCKAIOTCs IIPsIMbIe COeTIMHEHUsT MEK Ly
O-II. Kpome TOro, o MHEHHIO aBTOPa HACTOSIIEN JUCCePTAIMH, eIMHCTBEHHO! pa-
00TOIl, KOTOpas paccMaTpPUBaeT HEOIPE/Ie/IeHHOCTh B 3ajiade pa3MelieHus XaboB ¢

1e/1eBoil (byHKIHEl MAKCUMU3AINN TPUOLLIHN, stBjsieTcst |58).
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[1aBa 2

O1leHka yCTOMYMBOCTHA C€TH XabOB B YCJIOBUSX

HEeOoIIpeae/JIEe HHOCTN B CIIPOCE

B mactosiiieii riiaBe pacCcMaTpUBACTCA IBPUCTUIECKU ITOIX0/] K OIICHKE HaIeK-
HOCTH CETH, KOTOPbIII OCHOBaH Ha IPOIEypax CTaTHCTHIECKOrO MojeJmpoBanusd. B
Pasnene 2.1 BojgnTes maremarundeckast mocranoBka UMApHLP B Buze 3amaqn -
HefHOTO IMporpaMMupoBanus. Pazesr 2.2 coJlepKUT olucaHnue aJropuTMa BO3MYIIEe-
HUs U HOJAIOTOBKM JaHHBbIX. B Paznene 2.3 npejcrapieHbl olleHKa YPOBHSI YCTOWIH-
BOCTH CeTH XabOB U KpHUTepHil BIOOPaA KOJIMUecTBa Xa0oB. Pe3yibraThl 9icI€HHOIO

9KCIIEPUMEHTa, Ha peasibHbIX JAaHHBIX IIpejicTaBiieHbl B Paznene 2.4.

2.1. Marematuieckas noctanoBka UMApHLP

B janHom pa3zjesie aBTOPOM JUCCEPTAIlUU OIUCHIBACTCS MaTeMaThdecKas 110-
CTAHOBKa 3aJlaull pa3MelleHns XaboB ¢ HeOI'PAHMYEHHHON IPOITYCKHON CIIOCOOHO-
CTHIO XaDOB 1 BO3MOYKHOCTBIO CBA3BIBATDH Y3€JI CETH ¢ HECKOJbKUME XadaMu OJIHOBPe-
MeHHO. OCHOBHBIE ITPEJIIIOJIOXKEHNS: CeTh XabOB IpeJICTaBIsIeT coOOIl MOHbBINH Ipad;
IpsIMbIE COCJIMHEHUST MEXKJIy y3J1aMU CEeTH, He SIBJIAIOIIMMUCT XabaMu, 3alpeIieHbl;
BECh UCXOJISIIII TOTOK JI0JI2KEH ObITH OOC/Iy?KEeH; KOHCOJIUJIAINS, [TePerpys paspe-
IIIeHbI TOJILKO Ha Xabax. CyiecTByeT HecKoJIbKO hopmystupoBok 3aaadun UMApHLP
JUIsT JIETEPMUHUPOBAHHOTO CJIydasi, B TeKyIleil padbore Jiisd JEeMOHCTPAIUN OIEHKU
HaJIe2KHOTO KOJIMIecTBa XaboB P UCIO/Ib3yeTcst (hopMy/mpoBKa 3a1a4au u3 [59] ¢ puk-
CUPOBAHHBIM KOJITYECTBOM XabOB p U C YeTbIpbMsI MHJEKCAMH Y II€PEMEHHBIX, HO
pe3yJIbTaThl HACTOMIIEH pabOThl HE OIPAHMYNBAIOTCS YKAa3aHHON MOJIE/IbI0 U MOI'YT
OBITH pacipocTpanenbl Ha jipyrue nocranoBk HLP (anri. Hub Location Problem).

B dopmynmmpoBanun 3aja4um UCIOJIb3YIOTCs cjejyiomne obo3HadeHus:: N =

{1,...,n} — Habop y3JI0B ceTH, MHOYKECTBO MOTeHIMaIbHbIX xaboB K C N, pac-
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crosgnue Mexiy ¢,J € N obosnaueno Kax dj;, a; — CTOUMOCTH YCTQHOBKH Xaba B

y37e cetn k € K; cTouMOCTH 1ieperpysa, KOHCOJUIAIUN U PACIIPEIeIEHTSA € TUHUTIbI

II0TOKa, Ha €JIMHUILy PACCTOAHMA 0003HaYeHbl KaK v, X U 0 COOTBETCTBEHHO; Wjj —

MOTOK, HAIPABJIEHHbI OT oTnpaBuTesst ¢ € N K nosydarento j € N (crpoc Ha Ha-

npasyenne). Tak Kak MOTOKH JOJIZKHBI IIPOXOJINTH, KAK MIUHIMYM, d9epe3 OJInH Xab, a

HCIIOJIL30BaHIeE DoJIee ABYX XabOoB SIBJIACTCA I/I36bITO‘{HbIM, TO CTOMMOCTD II€epeMeEIIe-

HUS e/[MHUIIBI II0TOKA 110 MapIIPYTy HPEACTABIACTCH KaAK Cijkm = Xdik+Cdpm +0d i,

e i,5 € N sto O-II, a k,m € K — xabbl B MapiipyTe, p — KOJIMIECTBO XabOB,

KOTOPOE H€O6XO,HI/IMO Bb16paTb. B Taxkoii nmocranoske 3aJad9a BCETr'da UMECT pelIcHucC.

MaremaTnueckas mmocraHoBka 0a30Boitl 3ajgaun HLP cienyromast:

min E aryr + E E E E CijkmTijkm
keK t€N jeN ke K meK
IPY OTPAHIIEHUSIX

Z Tijmk + Z Tijkm S WijYk, 1,J € Nk € K,
meK ,m#k mek

> Tijkm =wij, i,j €N,

ke K meK

Zyk:p7

keK

ZEZ‘jkaO, i,jEN,]C,mEK,

yr € {0,1}, keK,

(2.5)

(2.6)

rjie Y — OWHapHas lepeMeHHas, MpUHUMalolas 3HadeHue 1, ecomm k € K BbiOpaH

B KadecTse Xaba, 0 — B IPOTHBHOM cilyyae, a BellecTBeHHasl HepeMeHHAA Tjjkm

COOTBETCTBYeT OTOKY u3 ¢ € N B 7 € N uepe3 xabul k,m € K.
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[eneBast dyukimst (2.1) npeacrapisier coboii o0IIne 3aTpaThl CETH JIJTsT MUHI-
vusanuu. Hepasercrsa (2.2) obecrieqnBaioT MapIipy TH3aIIIO TOTOKOB TOJILKO Yepes3
BeIOpaHHBIE XaObl, & orpaHudenusi (2.3) rapaHTUPYIOT, YTO BECh HCXOJSIINI MOTOK
OysieT JoCTaBjIeH ToJIydaTe o, ypapHenne (2.4) obecriednBaeT BbINOJTHEHNE BBIOODa
P XaboB.

[Tocranoska 3ajaqn (2.1) — (2.6) ncrosb3yercs: Kak OCHOBA JIJIst OIUCAHUS PO~
Ie/Llypbl OIEHKN YCTOWIUBOCTH CeTH XabOB B YCJIOBUSIX HEOIPEIEJEHHOCTH B CIIPOCE
B 3ajade HLP. O6osnaunm (2.1) — (2.6) xkak dynuknuio G(W,p), 3aBucdriyio ot
MaTpuiibl cripoca W u KosmdectBa XaboB p, /e 3HaUeHUsT (DYHKIIMH — 9TO BEKTOP
ONTHMAIBHBIX XaboB K pasmemenuio G(W,p) = (y1,...,¥yx|), @ ocTalbHble napa-

MeTpol Mojiesn (2.1) — (2.6) dukcnpoBanbI.

2.2. CraTucTudeckasi Ipolieypa IIOArOTOBKH JaHHBIX

B nacrosiiem pasiesie mpuBe/ieH aJrOPpUTM OIEeHKH YCTONIMBOCTH / HAJIeXKHOCTH
KomuecTBa xaboB p B 3amade UMApPHLP B yeioBusx HEonpeaeseHHOCTH B CIIPOCE,
OCHOBaHHBIII Ha IIPOIE/lypaxX CTaTHCTUYECKOro Mojie/inpoBanus. [Ipeiaraembrii aJi-
FOPUTM He 3aBHUCHUT OT CIOCO0a 3a/[aHnsT HEOIPEIEJICHHOCTH B CIIPOce (JIMCKPETHBDII
HaOOp ClieHApUEB, HEIPEPBIBHOE PACIPE/IC/ICHUE U JIP.), TaK KAK OCHOBAH Ha CTATH-
CTHYECKUX CUMYJISIIIISX.

[IycTh HeompemeIeHHOCTh CIPOCa MOJIEJIUPYETCsS CAydailHbIM HelpePhIBHBIM
MHOTOMePHBIM pactpejenenueM Fe(X), rie £ — ciydaiinas MaTpuna, pasMepHOCTD
KOTOPOIl coBIIaIaeT ¢ pa3MepHOCTHIO MaTpulibl ciipoca W. Oboznaunm W' — pesyiib-
TATOM IeHePAI[UH CJIydaiiHbIM 00pa3oM MaTPHIBI CIIpoca U3 pactpesenenns Fe(X),
rie r € {1,..., R} — 510 HOMep urepanuu, a R — KOJUIECTBO UTEPAIINii.

B Pasgnene 2.1 Beesena dyuknus G(W, p), KoTopast IpuHIMAET 3HAUEHUST BEK-
TOpa ONTUMAJILHBIX Xa00B K pas3MeIleHnI0 Ha OCHOBE MaTPUIlbl cripoca W n KoJimde-
cTBa XaboB p. IlycTh nMeeM JiBe MaTPHUIbI CIIPOCA U3 Pa3JIndHBIX uTepamnuit W' n

W2 rorga G(W™,p) u G(W',p) — 910 nBa pelienust 3a/1a9u pasMereHnsi XaboB
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[IPHU OJINHAKOBBIX OIPAHMYEHUsIX, HO PA3HBIX MATPHUIAX CIIPOCA.

Omnpenesienne 2.1: Cerb xabos G(W, p) HasbiBaeTcs ycToitunBoii n podbact-
HOI K HEOIIPEJIeJIEHHOCTH B CIIPOCE, 3aIaHHOI pacipe/ieieHneM CIyYaiiHo MaTpHUILb]
Fe(X), ecmu GIW™,p) =G(W™,p) YW W,

Onpejieierne yeTOMIMBOCTH CETH XaOO0B SIBJISIETCSI TAKZKe OCHOBHBIM ITPE/IIT0JIO-
JKEHIEM B OII€HKe YPOBHSI yCTOMYINBOCTH. AJITOPUTM OIEHKH YCTONYINBOCTH CETH Xa-
00B, IpeCTaBICHHBIN HIZKEe, OCHOBAH Ha MHOYKECTBEHHOM IIOBTOPEHIN BBLIYIC/ICHIST
snavenuit byuknun G(W" p) s r € {1,..., R}, p € {pmin, - - - > Pmax} U CpaBHE-
HUH ceTeil XabOB B pa3pese KayKIoro p Ha CIYUaiiHOM IMOJMHOYKECTBE BO3MOXKHBIX
marput crpoca { W7 HE | VcnonbsoBanue c1ydaiiHOro MoMHOMKECTBa BCEX BO3MOK-
HBIX MATPHI[ CIIpOCa He sIBJISIETCsT HOBBIM B 3aJlade O PasMeNeHnN XabOB, CXOXKYIO
npore/ypy ucrosbsyer Meroq SAA (anri. Sample Average Approximation), Hampu-
mep, B [43, 58].

Onpenenenne 2.2: Cerb xaboB G (W, p) Ha3bBaeTCsS CTATUCTUYECKH YCTOM-
R

YUBOI K HEOIPEJIEJIEHHOCTH B CIIpOce, 33 laHHoil Habopom crienapues {W'HY |

G(W™,p) = G(W™,p) YW, W e {Wr |

€CJIN

OmnpejiesieHre CTATUCTUYECKON YCTONINBOCTH CETU XaDOB SIBJISIETCS T'PYOBIM,
TaK KakK HaJin4ue, 110 KpaifiHeil Mepe, OJHOIO cjydasi pacxXoKJieHus ceTeil xaboB Ha
pPa3HbIX UTepaIAX (PUKCHUPOBAHHOTO p TPUBOJINT K HeycToInBoCcTH ceTu. [loaromy
BBOJIUTCS TOHSATHE YPOBHS yCTONINBOCTH:

Onpenesenne 2.3: YpoBeHb YCTONYNBOCTU CETU XaDOB — 9TO CPeJIHUIl OKa~
3aTe/lb CXOJKEeCTH CeTH Xabos Ha MHozkecTse { W' HE

Borauncienue ypoBHS yCTONINBOCTH ceTH XaboB Mo/ ipa3yMeBaeT pelienne 3a/1a9
onrumuzarnun G(W' p) mist r € {1,..., R}, BoiGop QYHKIINN CPDABHEHUST PE3YJIbTa-
TOB U TIPOTIEAYPHI YCPEeIHEHNS PE3YIBTATOB B €/INHBIN MOKA3aTEb.

Beejiem yHKIMIO cpaBHEHUs ceTeil XaboB ¢ OJIMHAKOBBIM P:

dGW™,p),GW™,p)) = > (yi" # yi)- (2.7)

keK
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B pabore npejaraercs cjieyomnuil aaropuT™ OleHKN YPOBHSI YCTONYNBOCTU
cerut XaboB. Ilyctb p € {Pmin, - - -, Pmax} — 9TO HAOGOP paccMaTpUBAEMbIX 3HAUEHUIT
KOJINYECTBa XabOB B CETHU, TOT/A aJlOPUTM UMEET CJIeyIOUuii BII;
Mhvwyuanuzayusa: W, Pin, Pmax, 11y = @}Zg’;‘mm
Qynryuu: G(W,p), d(GIW™,p), GIW™, p))
st p 3 {puin, - - -, Pmax} BBIIOJHATDH

Hoast r uz {1,..., R} BbIIOTHATS
[enepanusa W"
Onrumusanus G(W", p)

Host ry,ro uz {1,..., R} BHIOJHATD
tprir, = d(G(W™, p), G(W™, p))
Ty =T, U{tprr.}
Vp = ﬁ ZteTp t

Has [ s {1,..., L} BoIIOJHATD
leneparus muoxkects 1) zl) CJIyJaiiHbIM

BbibOpoM R? — R 3sieMenToB ¢ nosropennem u3 T),

I 1
Yy = o= Qutemt b

B anropurme L obo3Havaer KoJjmdecTBO uTeparuii bootstrap. B pesyibrare

pa6OTbI aJITOpUTMa IIOJIYIUM 49aCTOTbhI CMEHACMOCTHU XaboB B OIITUMAaJILHOI ceTn I/]l).

CraTucruieckne XapakTepPUCTHKI CMEHSIeMOCTH st VP € {Pmin, - - - » Pmax } BbIUUC-

L
- N Vp+21=1 V;l) o o
asiores 1o opmysiam: Ny, = =5 — BBIOOPOUHbIil cpejlHuil ypoBeHb cMeHse-

vp—Np)2+ 31 (V) —N,,)?
o~ Ny) %—1( o) BBHIOOpOUHAS HECMEIIEHHASA JTUCTIEPCHUS.

MOCTH P-XaboB, Sp =

2.3. OnenkKa pobacTHOCTH KOJIMYEeCTBA XabOB, KPUTEPUii

BbIOOpa HAAEe>KHOI ceTun

O1LeHKY ypPOBHS YCTOMUNBOCTH CeTH XaDOB IIpeljIaraeTcsl IPOBOIUTL Ha OCHOBE

kpurepust Value at Risk (VaR) [60] u3 Teopun puckos.
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PaccmoTpuM cirydaifHyio BeJIMYUHY 7) — YPOBEHb CMEHSIEMOCTH CeTH XabOB C
dbyukipeit pacnpegernenus F(z). Torna VaR ciaydaiinoil BeJIMYUHBL 7) /sl yPOBHS
nosepust « € (0,1) — 910 HauboJsbIee Yucyio v, Takoe, Yro P(n > v) = a, T. e,
3HadeHue ValR i cydaiiHOro ypoBHSI CMEHSAEMOCTH 1) — 9TO BeJIMIHHA, KOTOPYIO
7) He TIPEBLICUT C BEPOATHOCTHIO 1 — a.

[IpuMenuTesbHO K OIEHKE YPOBHS yCTONYINBOCTH ceTn XaboB V a R ncno/ib3yer-
¢ B KQUecTBe NHJIEKCa CMEHsIeMOCTH Xa00B, KOTOPbII He OyJIeT MPEBLIIIEH ¢ YPOBHEM
joBepus 1 — a.

Mogemposanue QyHKIUE pacrnpeiesienus sepoaTnocTeil Fy (z) aas Kazxo-
ro 3HAYEHNs KOJIMYeCTBa XaOOB P IIPEJJIAraeTCs MPOBOJIUTH HA OCHOBE MHOXKECTBA
{vL}, n BeiGopounsix crarncrux N, u S

Ilycts 1, — ciyuvaiinas BesnvuHa ypOBHd CMEHAEMOCTH vV, ¢ QyHKIMEH pac-
npefesienns BepoaTHocreil Fy (2) ana kommdecTsa xabos p. Torga yposennb ycToii-

YUBOCTH TPEJIJIAraeTcsl BHIYUCIATH CJIEIYIONINM 00pa30M:

VaR, = sup{z € R: I, (2) <1—a},

B CBOIO 04epejib, (popMaJibHOE ONUCAHNE KPUTEPUsl YCTONINBOIO KOJIMIECTBa XaD0OB

allulieTcd B BUJC:

Pstap = arg min  (sup{z € R: F, (2) <1—a}),
pe [pmin 7pmax]

TO ecTb HamboJjiee yCTONYNBOM SIBJISIETCS TO KOJIMUECTBO XabOB, YPOBEHb YCTOMYINBO-
CTH KOTOPOTO € BEPOSITHOCTHIO (1 — (v) He OyjieT MpPeBBIIIeH, SB/ISeTCsT HANMEHbIITIM
Ha MHOKECTBE [Dmin, Pmax)- 3/€Cb R — 0b03HAUEHNE MHOYKECTBA BEIECTBEHHBIX -
ceJl.

PaccmoTpumM npumep i cilydasd, KOLJa 1), UMEOT HOPMaJlbHOe paclipejeJie-

Hue, Toraa 3uadenne ValR HaxoanTcesd m3 CJIeAYIONEro BhIpayKeHUs:

P(z > N, 4+ u,S,) = «a, (2.8)
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rae B Ka9eCTBE IIapaMeTPOB HOPMaJIbHOT'O pacClipeejieHns NCIIOJIb3YIOTCA 3aMEIllCH-
HbIE€ ITapaMeETpPbl (CTaTI/ICTI/I‘{GCKI/Ie OIEHKH, B CJIy4da€ OTCYTCTBUI IIapaMETPOB I'€HE-
paHbHOﬁ COBOK}/HHOCTI/I)7 Uq — OJHOCTOPOHHAA (x-KBaHTUJIb CTaHAapTHOI'O HOPpMaJlb-

HOTO pacipe/iesierns. PaccMoTpuM crejyoniie npeobpasoBanns Beipazkenus (2.8):
P(z> N, 4+ u,Sy) =1 — P2 < Ny +u,Sy) = a,

P(z < N,+u,S,) =1—q,
P(z < N, —u1-45,) =1—«a.
C ydyeToM HOPMaJIbHOCTH PaCIIpe/Ie/IeHIs YPOBHEH yCTOMIMBOCTH KPUTEPUil BLIOOPA,
MOZKHO TIepedOpPMYIUPOBATDH CJIEIYIONINM 00pa30M:

Dstab = arg —min (N, — u1-45)), (2.9)
pe[pmin7pmax]

a 3Hadenne V alR, nm ypoBeHb yCTOUNBOCTHU ONPEJIE/IACTCA KaK:

VaR, = N, — u1-4.5,. (2.10)

[IpeyioykennbIit B HACTOSAIIEM pazjiesie KpUTePUil BbIOOpa YCTOMIMBOTO KOJIH-
yecTBa XabOB OIECHUBAET YPOBEHbH YCTOMYMBOCTU CEeTH XaOOB C yPOBHEM JIOBEPHS
1 — a u npeiaraeT BelOMpaTh 3HaUYeHue ¢ HauMeHbIuM VaR. 3nadenne VaR B
ONMCAHHOM KPHUTEPUN HA3bIBAETCS MHIEKCOM YCTONYMBOCTH. [lj1s1 OlEeHKW pPuCKOB

N3MEHCHNA YPOBHA yCTOﬁQHBOCTI/I 7z BO3MO2KHO HCIIOJIB30BaTb JAPYyru€ OINEHKU U3

teopun puckos: CVaR [61], EVaR [62]|, DaR, CDaR.

2.4. YucjieHHBIA 3KCOEePUMEHT

B uncieHHOM 3KClIEpUMEHTE paccMaTpPUBAETCs 3a/lada HaXOXKJEHUs YCTONYN-
Boii cetn xaboB B hopmysposke UMApHLP (2.1) — (2.6). s permennst 3a1aau

JIMHEIHOTO U TeJI0UNC/IeHHOrO mporpaMMupoBanist (2.1)—(2.6) ucnosib3oBasics mpo-
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rpammubiii poaykT GUROBI Optimizer 7.0.1'. Boluncienns mponsBounch Ha
marmHe Intel Core 15 2.7GHz ¢ 8GB O3V.

JlaHHble It UCCJIeIOBaHUS, MPEJIOCTABICHHBIE JIOTUCTUYECKON KOMIIaHHel
00O «/lenowie JIununy, cogepkatr 178 rpy30IpueMOYHBIX [IYHKTOB 110 T€PPUTOPUH
P®, muoxkecrBo K copep:xkut 10 00beKTOB, KOTOPhIE IOTEHIUAIBLHO MOI'YT ObITH Xa-
bamu. Paccrosinnsg B qacax MexKIy 0OObeKTaMI CETH paccanTanbl (6e3 ydera mpoboK )
C HCIOJIB30BaHIeM TIporpaMMHuoro nakera Google Maps Distance Matrix API?.

B skcnepumenTe puin = 6, Pmax = 9, B = 40, L = 1000, o = 0.05 B 00-
et CJI0YKHOCTH OBLTO perieHo 164 3aaun cMelaHHoro mporpaMMUpOBaHUs (aHIJI.
Mixed Indeger Programming (MIP)), comepzkaimux 17 890 BerecTBEHHBIX TepEMeH-
HbIX, 1 790 6uHapHBIX HIepeMeHHbIX U 21 539 orpaHumveHuit.

Bosmyltienue cipoca Hpou3BOIIIOCH IIyTeM T'eHepallui CJydailHbIX BeJIMIIH
13 YCEUYEHHOT'O HOPMAJILHOT'O PACIIPE/ICJICHIS.

B Tabsmie 2.1 npejcraBieHbl 9acTOTbl CMEHSIEMOCTU UV JIjIsl KarKJIOro p JI0

HpUMEHEHUs IIPoIeayphbl bootstrap.

p| 6 | 7] 8] 9
v|0.87510.0(0.1]0.625

Tabsmma 2.1. HYacToThl CMEHIEeMOCTH XaboB

6 7 8 9
0.87435 | 0.0 | 0.10428 | 0.62343
S% 10.00265 | 0.0 | 0.00245 | 0.00556
VaR| 0.791 |0.0| 0.014 0.504

2\"0

Tabnumna 2.2. Ungexcol yeroitunBoctu VaR

L http://www.gurobi.com/

2 https://developers.google.com/maps/documentation/distance-matrix/


http://www.gurobi.com/
https://developers.google.com/maps/documentation/distance-matrix/
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B Tabsune 2.2 npejicrapjieHbl BLIDOPOUYHbIE CpEIHIE U JUCIIEPCUN YPOBHEI cMe-
HIEMOCTH JIJIsl KAXKJIOr0 P U 3HaueHne pucka cMenbl xabos (2.10). Hanbosee yeroii-
YUBBIM KOJITYECTBOM XaDOB SIBJIAETCA p = 7, IPU KOTOPOM CeTh XabOB SIBJISI€TCsI
IIOCTOSIHHON M He M3MeHsIeTCsl OT BOo3MylleHuit B cupoce. IIpu p = 8 cerb xaboB
TaKKe sIBJISeTCS yCTOWYINBOIl, moroMy 4To 3HadeHne VaR 6sm3ko K 0 u Ha 10psiIoK
MeHbIe, 4eM y p = 6 u p = 9. Bricoknii ypoBeHb CMeHbI XaDOB B 3aBUCHUMOCTHU OT
BO3MYIIECHUII B CIIpOCE CBsA3aH C HAJUYNEM KOHKYDPEHTHBIX Xa0OB, KOTOpbIE BCJIE/I-
CcTBUE KojiebaHUil B CIIPOCEe MOI'YT ObITb BBHII'OJIHEE B ONPEICJIEHHBIX CUTYAIIMSIX.

OrMmernM, 9TO HOJIyUYeHHbIe pe3y/bTaTbl HE YUUTHIBAIOT PA3HOCTH B IIEJIEBBIX
GYHKIHSIX, & OLEHNBAIOT BEPOATHOCTU M3MEHEHUs ONTHMaJ/IbHOI ceTn. Vcmosib3oBa-
HUe KpUTepusi 1es1ecoo0pas3Ho B YCJIOBUSIX CYHIECTBYIOIIEH ceT ¢ 1ejibio pa3paboTKN

CTpATErwy 10 U3MEHEHUIO CeTU Ha 0oJiee YCTOMINBYIO.
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['naBa 3

PobacTtHoe pa3MmeliieHne XaboB B YCJIOBULAX
HeoIIpeAeJI€eHHOCTI: MAHAMU3AUsA OTKJIOHEHUt

3aTpar

B nacrosiiem pasjese JuccepTalnoHHoi padoThl (OPMYIUPYETCS CTOXAaCTUIe-
ckast nocranoska UMAHLP ¢ neonpenesnennoctoio B cipoce B Pazene 3.1. Pobact-
nas konmenust 3agadn UMAHLP u nocranoska 3aja4n npuseiens B Pasnerne 3.2,
a aJbTepHaTHBHAd JuHelinas (GopMyJIMpoBKa 3a/iadu pejicTasiena B Pazene 3.3.
B Pasznenax 3.4 u 3.5 npejcraBienbl OCHOBHON W YJIyUIIEHHBIN aJrOPUTMBI PA3JIO-
»keunsi Bengepca. Pesynbrarel unciennoro skcrnepumenta Ha CAB n AP nanabix

npejacrapiensl B Paznene 3.6.

3.1. CroxacTnyueckada nocranoBka 3agaun UMAHLP

B Paszgesne 2.1 BBeJeHbl OCHOBHBIE 0003HAUEHUSI U YPABHEHUS I MATEMATH-
geckoro ormcanns 3agadn UMAHLP (2.1) — (2.3), (2.5), (2.6), koropbie OyayT mc-
0JIL30BATLCA B HACTOAIICH Iyae. B HacTogieMm pasjgese OyaeT paccMOTpPEeHa CTO-
XaCTUYeCKasl IIOCTAHOBKA 33144, IJIe CIIPOC He ABJISCTCs JeTePMUHIPOBAHHBIM.

MojiesiupoBate HEOUPEJEJICHHOCTH B CIPOCE OCYHIECTBIISIETCS IIOCPEICTBOM
Habopa ciienapues S = {1,...,f}, tme f — 970 KOJMYIECTBO paccMaTpUBAEMBIX

cuenapueB. Kaxkplil crieHapuii oTparkaeT BO3MOXKHBIN CIIPOC B CETH € 3apaHee 3a-

s

JTAHHOI BEPOSITHOCTBIO Py JUIsA S € S, ri1e wy;

— 9TO BEeJIMYMHA CIIPOCA IO CIIEHAPUIO

s, ¢ oTrpaBuTesieM ¢ € N 1 IIyHKTOM KOHEYHOTO Ha3HadeHus j € N.
[IpencraBienne Heompee/IeHHOCTH Yepe3 HaOOp ClleHapheB ¢ COOTBETCTBYIO-

IIUMI BEPOATHOCTSIMU TIPU3BaH IMOIYEPKHYTH HamboJiee peauCTHIHbIE CUTYaIun

11O MHEHHUIO 3KCIIEPTOB, KOTOPbLIE OKa3bIBalOT HanboJIbIIIee BJINAHUE Ha nponecc 1pu-

HaTus pemennii. HopmupoBaHnabie Beca cTeleHN BIAUSIHUS CIICHAPUEB XapaKTepusy-
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FOTCS BEPOSITHOCTSIMU UX TIOSIBJIEHUS, [IPU STOM IIPEJIIOJIAaeTCsl, 9T0 » | sesDs = L.
S
BeejieM JI0IOIHUTEIIbHYIO BEIECTBEHHYIO [EPEMEHHYIO X}y, — IOTOK HallpaB-
Jgennblit u3 ¢ € N B j € N uepes xabnl k,m € K 1o cuenapuio s € S, Torja

CTOXaCTH4YeCKasd IIOCTaHOBKa 3aJda4dll UMeeT BU:

min Y ak+ Y P YD D D CopmTjm (3.1)

keK seS 1€EN jeN ke K meK
IIpnu OIrpaHUYECHUAX:
Z Tk T fojkmgwijk 1, € NyEke K,se€ S (3.2)
meK m#k mek
Y aly,=w) i,jeENsES (3.3)
ke K meK
Tigm >0 4, €N kmeK,se€S (3.4)
yr € {0,1}, k€K, (3.5)

[esnesast yukiws (3.1) cocToUT U3 3aTpaT Ha YyCTAHOBKY XaOOB U MATEMATHIe-
CKOTO OKIJIaHUsT TPAHCIIOPTHBIX 3aTPAT, KOTOPBIE JIOJXKHBI OBITH MUHUMU3UPOBAHDI
Ha MHO)KecTBe ciieHapues S. Orpanutdenust (3.2) u (3.3) COOTBETCTBYIOT JIeTEPMUHNI-
poBanHOMYy ciydaio Paznena 2.1 orpannaennsm (2.2) u (2.3) 171 KazK10ro ClieHapust
s € S. Croxactudeckasi moctaHoBKa 3aja4du (3.1) — (3.5) Oyjaer ncrnojb30BaThCs B

KauecTBe pebepeHTHON MOJIEJIN.

3.2. Konnenmusa pobacrrHoctnu penteauss UMAHLP

OcobeHHoCTh (POPMYJIMPOBKHI 3a/1a11 HACTOSIIETO pa3/iesia 3aK/I09aeTcs B Ipe/I-
CTaBJIEHUN HEOIIPEJIeJIEHHOCTH B MaTeMaTu4decKkoil (popme, Ijie HaJle?KHOCTh IIOCTPO-
eHUsI CeTH MO3UINOHUPYETC CJSIYIONUM 00Pa30M: CyMMapHbIe TPAHCIIOPTHBIE Pac-

XOAbl JJId KazKJ0I'0 clieHapuid CIIpoca JOJIZKHBI CTPEMUTLCA OBLITD paBHBIMM N MU-



31

HUMAaJILHBIMU B TOIl CTEIeHH, B KOTOPOIl 3arparThbl Ha YCTAHOBKY Xaba IIO3BOJISIIOT
MUHIMU3UPOBATH CyMMapHbBIE 0XKIaeMble 3aTPATHI.

Kiito4eBbIM MOMEHTOM IIPeJIaraeMoii IIOCTAHOBKH 3aJaull sIBJISIETCSI KOMIIPO-
MHUCC MEXKTy MUHUMU3aIell TPAHCIIOPTHBIX PACX0I0B I MIUHUMU3AIHEH X OTKJIOHE-
HUll B pa3pese crieHapueB. Pe3ysibTupytomast ceTb XaboB /I pa3IMIHbIX CIIEHAPHEB
CIIPOCa, KOJIMIECTBEHHO OIIPEIC/IsieT caMylo HU3KYIO HaJICKHYIO BEPXHIOI I'DaHUILY
TPAHCIIOPTHBIX PacXoJioB. B jasbHeiieit 06paboTke pesysbTaTa MMpu PUKCUPOBaH-
HOM Pa3MelleHn XaboB eCTh BO3MOXKHOCTh CHU3UTE 3aTPATHI IIyTeM M3MEHEHUsI CBsl-
3eii y3JI0BbIX TOUEK ¢ XabaMu B paspese (GUKCUPOBAHHOIO CleHAPHsl (TaKTHIeCKuil
WJIN ONEePATUBHBIN YPOBeHb IiaHupoBanus). [locTpoeHre cBsi3eil OTKIIAIBIBACTCS Ha
OoJ1ee 103/iHNEe YPOBHH IIJIAHUPOBAaHUSI, KOI'JIa CIIEHApHUii CIIPOca CTaHOBUTCS Olpe/ie-
JleHHbIM. PacriosioykeHne xaboB B IpejiaraemMoii pobacTHOil (hopMyITHPOBKE CHUZKAET
KoJieDaHMs TPAHCIIOPTHBIX PACXO/0B B 3aBUCUMOCTH OT CIlEHapUs CIIpoca 1 obecrie-
quBaeT HaJexkHoe perrenne. HackobKo m3BeCTHO aBTOPY, MOJIX0/] K BhIPaBHUBAHUIO
TPaHCIIOPTHBIX PACXOJ0B B paMKax CIeHAPUEB B 3ajade pasMeleHust xaba He pac-
CMaTpPUBaJICs paHee.

BeejieHHast 1ocTaHOBKa 3aJiadll yCPeJHsieT B3BelleHHble abCOJIIOTHBIE OTKJIO-
HEHUsT MKy OKIJIaeMbIMU TPAHCIIOPTHBIMHU 3aTpaTaMi 1 3aTPaTaMy 110 KayKJIOMY
CIIEHAPUIO, TEM CaMbIM 00eCIIeunBas yCTONINBOCTD K OXKIIa€MbIM U3MEHEHUSIM CITPO-
ca. Taknum obpa3oM, IMOCTAHOBKA 3aJiaui poOACTHOIO Pa3MelleHnsd XaboB B CIydae

UMAHLP chopmysnpoBata ciieayommnM 00pa3oM:

min Z apYrx + Zps Z Z Z Z CijlmTjkm

keK seS 1eNjeNkeKmeK (36)
s s’
‘|')\§ ps\§ E E E :Cijk‘mxijkm_E :ps/(E E E , E :Cijkmxijkm”
s €S 1€EN jeN ke K meK s'eS 1€N jeN ke K meK

npu orpanmdenusx: (3.2) — (3.5)
B pabore mpemaraercss MOJeIb CTOXACTHIECKOrO TPOrPAMMUPOBAHNUS, B KO-
TOPOI HAJIEZKHOE PACIIONIOXKEHIEe XabOB OCTACTCs «OJIM3KIM» K ONTHMABLHOMY IS

KazKJIoro cieHapust s € S. B pabore npuHsaTO cieyioliee cokpalieHne HauMeHOBa-
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mug 3agaqn — StHLPAD (amrst. Stochastic Hub Location Problem with Absolute
deviation).

[TepBoe ciiaraemoe B (3.6) mpejcraBiisieT 3aTpaThl HA YCTAHOBKY XabOOB, BTO-
poe ciaraemMoe B 1eIeBoil (byHKIMU — MaTeMaTHIeCKOe OXKHIAHNE TPAHCIOPTHBIX
3aTPAT, TPETHE CJAraeMoe — B3BEHICHHOE CpeHee abCOMIOTHOTO OTKIOHEHUS TPAHC-
HOPTHBIX 3aTPaT 110 CHEHAPUIO OT OOIINX OXKHUJIAEMBIX TPAHCIIOPTHBIX 3arpar. Ila-
pamMeTp A MOXKHO pacCMaTpuUBaTh KakK (PaKTOP KOMIIPOMUCCA MEXKJTY OXKUJIAeMbIMU

TPAHCIIOPTHBIMU 3aTpaTaMi U PazdPOCOM 3aTpar.

3.3. JInHeliHasT MOCTaHOBKA 3aJa9M

[Ipemioxkennast bopMyIMPOBKa 38491 poOACTHOrO pasMerterust xabos (3.2) —
(3.6) comepxkuT (DYHKIMIO MOJLYJIsl B 1eJIeBOii (DyHKIUH, CIeJI0BATE/IHLHO, 3a/1a4a OT-
HOCHUTCSI K KJIACCy 3a/iad HeJIMHeITHOro ImporpaMMIpoBatns. BBegem B paccMoTpeHne
aJIbTePHATUBHYIO JIMHEHHYIO IIOCTAHOBKY 3a1atH:

min Z aryr + Zps[z Z Z Z CijkmTijkm + 2A2°] (3.7)

keK s €S 1€EN jeN ke K meK

npu orpanndenusix  (3.2)—(3.5)

20 D D Cuniim

1eNjeNkeKmeK <38)

ZPS’Z Z Z Z Cijkml'f;km+zs >0 Vse S

s'eS 1eENjeENkeKmeK

2 >0,Vs €8S, (3.9)

e z° daBJsSeTCs BCIOMOTaTENIbHOM HEeOTPUIATEILHON BEIMIeCTBEHHON HepeMeHHOM
1peoOpa3oBaHus aOCOIOTHOI'O 3HAYECHIS BhIPayKeH!s B HAOOP JIMHENHHBIX YPaBHEHUIT
JUIsL KaxKJI0ro crieHapus s € S.

[enesast dbyukiums (3.7) B cOBOKyIHOCTH ¢ orpanndennsamu (3.8) u (3.9) sxkBu-

BaJIeHTHA BbIpaykeHuio (3.6).
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Teopema 3.3.1: Ilocranosku 3aja4 (3.2) — (3.5), (3.7) u (3.2) — (3.6) saAByA-
IOTCS1 SKBUBAJIEHTHBIMU.

HoxkaszaresberBo. [lokaxkewm, ato (3.7), (3.8) u (3.9) sxksusasentust (3.6). He
HapyIiasi OOIHOCTH, yoepeM ojnHakoBble ciaraembie u3 (3.7) u (3.6), kpome Toro,
nobaBuM K (3.7) ciepyroriee ciaaraeMoe:

AD PP DD o = D DD D D Cuatmyp)- (310)
se€S  ieN jeN keK mek s'€S  ieN jeN keK meK
Hannag mporienypa g00aBIeHns ABIAeTCd ONPaBIaHHON, TaK KaK B CHUIY
Y ses Ps = 1 caaraemoe (3.10) pasro 0.

Heobxo11Mmo 1mokasaThb, 9To

min A\ ZPS(Z Z Z Z Cijkmxfjkjm o

ses ieN jeN keK meK (3_11)

2P D D D Cuitnijon 22)

s'eS 1€N jeN ke K meK

npu orpanndenusix: (3.8), (3.9), sBisgercs paBHOCUIBLHON 3aj1at1e

min Azps|z Z Z Z Cijkmxfjkm o

se€S  ieN jeN keK meK (3_12)

D oD D D i)

s'eS 1€N jeN ke K meK

[TokazkeM, 9TO TOXKJIECTBO CIPABEITUBO JJII COOTBETCTBYIONINX (PUKCHPOBaH-
HBIX 10 § € S cIaraeMblX.

Koaddunuent npu nepemennoii 2° B neeBoit dpyuxiwn (3.11) sBisgercst moJio-
JKUTEJILHBIM, [IO9TOMY IPOIECC MUHUMMU3AIUN Oy/IeT CTPEMUTHCsS IPUCBOUTH MUHU-
MaJIbHOE BO3MOYKHOE 3HAUYeHUE repeMeHHoi. OTMeTHM, 9TO ¢ Y4eTOM OrpaHMIeHMi
(3.8), (3.9) HanMeHbIIeE BO3MOKHOE 3HATCHUE

Zhin =m0, ) Py Y D DD il = YD D D Ciimm):

s'es i€EN jeN ke K meK iEN jeN ke K meK
(3.13)

Eciu Boeinosingercs
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Z Z Z Z Cijkm®ijkm ~ Z Ps Z Z Z Z Cijkmxf]/'km >0, (3.14)

1eENjeENkeKmeK s'eS 1teENjeENkeKmeK

Torja ucxos u3 (3.8) u (3.9) onTuMasbHOE 3HAYEHNE [IepeMeHHofl 2° OyneT paBHO
0, TaK KaK SBJSETCS JOIYCTUMBIM U HAMMEHBIIIM.

Ecsm nepasenctso (3.14) He BBITOIHSETCS, TOTIA HANMEHbIIIeE 3HaMeHTEe 2° >
0, a nesteBas Gyuknus (3.11) st bukcupoBaHHOrO CrieHapust § € S TPUMET MPOTH-
BOIOJIOXKHBIH 3HaK. Takmm o0pasoM, yKazaHHasl ITOCTAHOBKaA peajnsyer (yHKIHIO
Moyt pasnoctu. He napyimas oOIHocTn, moJyYeHHbIi Pe3yIbTaT MOXKHO PACIIPO-
CTPAHUTDH HA CYMMY CIIEHADHEB.

[Tostyumin, aro jmHeitHast mocranoBka (3.8), (3.9), (3.11) skBuBaeHTHA 3a/1a4€
HejmHeitHoro mporpammuposanust (3.12). JlokaszaHo.

Bamernm, uro 3ajada (3.2) — (3.5), (3.7) — (3.9) MoxeT OBITH perena craH-
JAPTHBIMUA METOJaMI JIMHEHOrO TPOrPAMMIPOBAHUS, B TO BPEMsI KaK METOJbI pe-
MIEHNST 38/1a91 HeJTMHEHHOTO IIPOrPAMMUPOBAHNS YCTYIAIOT 110 IIPOU3BOIUTE/LHOCTH
1 IPEJICKA3YEeMOCTH CXOJUMOCTU K PEIIeHuIo.

[Ipemnoxkennast mocranoBka pobactHoro pasmertenust xabos StHLPAD otin-
9aeTCsl OT CTOXACTHIECKOIT MOCTAaHOBKH, TIpe/icTaBientoi B Pasmese 3.1 na |S| mepe-
MeHHBIX 1 |25 orpanntenuii.

B nocienyomux nByx pasiesnax OyiyT paccMOTPEHBI MOJIXO/bl K PEIIEHUIO

MOCTABJIEHHOIT 3a/1a4n JIMHEeHHOTo mporpamMMuposanus (3.2) — (3.5), (3.7) — (3.9).

3.4. Paznoxenune Benaepca

B Pazgene 1.2 o630pa smTepaTypbl IPUBEJICHBI CIIOCOOBI PEIIEHNS 3a/a4d pas-
MeITeHnsl Xab0B € UCIIOJIb30BaHIEM Pa3/IozKeHns Benjgepca. ATropuT™ pasiozKeHns
B 06a30BOii ero opmMyrpoBke ObLT mpemioken bengepcom B 1962 oy [31]. Oc-
HOBHBIM IIPUHITUIIOM PaOOThHI aJlrOpUTMa ABJgeTcs pasouenue 3ajgaqu va MP (anrur.
Master Problem) u SP (anru. Slave Problem). Meros npumensiercst K 3ajadam ¢

MaTpunein KoaddOUIIEeHTOB OrpaHuuYeHIil CTYIIeHYaTOTO BHIA.
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Mogens, npejyiokennasi B mpebaymeM pasgene (3.2) — (3.5), (3.7) — (3.9)
MOZKET OBITH MpeJIcTaBIeHa B BUJIE JBYXINArOBOI 3a/1a11 ONTUMU3AINN, [JIe Ha [ep-
BOM IITATe PACCMATPUBAIOTCS EJOUNCICHHBIE TIepeMeHHbIe (pasMerenne XaboB Yy ),
a 3HAUEHHsI BEIECTBEHHBIX [IEPEMEHHDBIX HAXO/ATCS Ha BTOPOM Iare (IOTOKH Tjjkm,

oTkJyIoHeHust 3aTpar z°). IlocranoBka 3amadn B IByIIaroBoit opme OyIeT MMerhb

BILJI:
min Z apyr + M (3.15)
keK
npu orpaHndenusix (3.5),
M > Q(y), (3.16)
M >0, (3.17)

rie orpanndenne (3.16) He sBJISIeTCsST HEPABEHCTBOM B sIBHOM BHJIE, & TIPEJICTAB/ISET
ONTUMU3AINOHHYIO 33/1a9y. B ¢Boto ouepesb, Q(y) — 3ajad1a ONTUMHI3AIINT BTOPOTO

1ara uMmeronias BUI;

min Zps[z Z Z Z CijkmTijkm + 222°] (3.18)

seS €N jeN ke K meK
npu orpanuvenusix  (3.2) — (3.4), (3.8) — (3.9)

OcHOBHOII Hj1eefi pasIoKeHus ABJseTcst ocaadienne orpamdenns (3.16) u ero
3aMeHa Ha CeIeHMs, KOTOPbIe OYIyT JT00ABIATHCS Ha UTEPAIUX B MIPOIECCE PEITCHIS
3a/1aun. Pazmmdalor aBa BujJa ceueHuil B aaropuTMe pasjiokeHus bBemnjgepca: omnTu-
MaJIbHbIE CeUeHNsI, KOTOPbIe OIEHNBAIOT ONTUMAJIbHOE 3HadeHne IeaeBoil (PyHKINN
33141 BTOPOTO IIara; ceYeHus JOIMYCTUMOCTU, KOTOPhIE «yIAJIAIOT» JTOMYyCTHMBIE
3HAUEHUs MTepEMEHHBIX Ha IMEPBOM IIare, MPUBOJIAT K HECOBMECTHOCTH 3a/ladl Ha
BTOpOM Imare. B TepmmHosiornn Benjgepca 3ajada mepsoro mara HasbiBaeTcs MP,
3a/lava BTOporo Imara — SP.

B namem ciydae, ecu B8 MP ne Oyner Boiopan nu oaun xab, To SP e Oymer

NMETb pelleHnd Ha OCHOBaHMM CJIEIYIOMINX Hpe,HHOJIO}KeHI/IfII BEChb CIIPpOC HOJIZKEH
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ObITh 00CJIy?KeH, U HeT NIpsiMbIx coepumHennit mexxry O-II. Jlobapyienue Bcriomora-

TEJILHOI'O YpaBHEHUA B MP nosBosmnT ncK/II0YNTD JaHHYIO CUTYalllIO:

> >l (3.19)

[Toce nobasennss B MP Hepasencrsa (3.19) HEOOXOIUMOCTH B CEUEHUSAX 10~
IyCTHMOCTHU OTTIaJIaerT.

[Iperkie ¥eM mOKa3aTh MpOIelypy MeHepaln cedeHnit, copMyanpyeM JiBofi-
creennyto 3agady DSP (anri. Dual Slave Problem, DSP) mis HekoToporo dpukcu-

posanHoro permennst 3agadn MP (y = yM):

TNID'3) ) STIUED ) 35 ) SN HUINRCED

ieEN jEN sef§ ieEN jeN keK seS
IIpU OrpaHu4YeHnAX

es < 2\ps S €S, (3.21)

s s s
Cijkm€s — PsCijkm E €s + Ui — Wik — Wiim (3 22)
s €S '

Scijkmps Z.ajEN?k?émakamEKaSES)

Cijkk€s — PsCijik Y €5 + V5 =y, < cymps 6,j EN k€ K, s €5,  (3.23)

ses

e, >0 s€S, (3.24)
v;; €ER i,j€N,s €S, (3.25)
uj, >0 i,5€ N, k€ K,s €S, (3.26)
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S
17k

S
1))

rJie JIBOICTBEHHBIE TIEPEMEHHBIE U7, , vf:) €’ COOTBETCTBYIOIINE OrpaHnIeHusiM (3.2),
(3.3), (3.8). Ilycrs M — 3naucnue nesesoii dynxiun (3.20) Upy OrpaHUUCHISX
(3.21) — (3.26) na wurepamym h, a M* — mcKkoMOe ONTHMAJIBHOE 3HAYUCHEE 3a1a4M
DSP, 1o ectb Boimosmsiercss M < M* s Beex ureparimit b, HCXOIs U3 T€OPEMbI
asoficteenrocTH. [Tycrh U — MHOXKECTBO BCEX 9KCTPEMAJIbHBIX TOUEK MHOTOIDAHHII-
Ka, obpasoBanHoro orparndenusivu (3.21) — (3.26), Torga 3amaga DSP moxer 66T
nepedopMyIupoBaHa CJIeYIONUM 00Pa30M:

min{M : M > MY, (oM, W) € U},

e (u™, v M) — pekTOp ABOMCTBEHHBIX IEPEMEHHBIX (TOUKA, IIPHHA/IC/KALIA

mHororpanuuky U) u

MO =33 > il =330 Y e (327)

1€EN jeN se8 1€EN jeN k€K seS

Bgejiennast Boiie rnocranoBka DSP ¢ ncnosp3oBanneM sKkCTpeMasibHBIX TOUEK
MHOTOI'PaHHNKa 00pa30oBaHHOrO orpanndeHusgMu DSP mo3BosiseT 3aMeHUTD MTPaByIo

JqacTh orpanndenus (3.16) ma (3.27), aro npuBomuT K cieyiornieii noctanoske MP:

min Z apyr + M (3.28)
keK

IIpU OrPAHUYEHUAX:

M =z Z Z Z wfj”%‘sj(h) - Z Z Z Z “fj(z)wijk’ (™, o™ My e U,

1EN jEN s€8 i€EN jEN keK sef§
(3.29)

M >0, (3.30)

yr € {0,1}, ke K. (3.31)
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OTrmeTuM, 9TO HOBasI TIOCTAHOBKA 381291 COJEPIKUT OOJIBIIIOE KOJMIECTBO OI'Pa-
Hudennit Tuma (3.29), HO He BCe 9T OrpaHUYeHs] HEOOXOIUMBI J[JIsl JIOCTHZKEHUST Oll-
TUMAJLHOIO 3HAUeHNUs T1es1eBoit GyHKiun (3.28), 9T0 UCTIOIB3YeTCs B PA3JIOKEHUN
Benpepca. lobasenne orpannaennii turma (3.29) B UTEpATHBHOM OIXOJIE TIO3BOJIsI-
eT paceMarpuBaTh moaMHozkectBo UM C U, KOTOpOe pacIImpsieTcst SKCTpeMabHbI-
vu 3uadeHusivu DSP mytem perrernst 3amaan (3.20) — (3.26) wa Kaxk10if nrepanumn
h. Paccmorpenne nomvuozkectsa UM Bumecto U npuBoanT K 0CIabJ/IEHHIO TOCTA-
HoBku MP, ypasuenusi (3.28) Ha3bIBAIOTCS ceueHUsIMU BeHjepca n MpeCTaB/IsioT
HUZKHIOIO TPAHUILy ONTUMAa/IbHOrO pertenns MP.

[Tporeypa opranusanum uTepaluii COCTOUT U3 CJIEIYIONNX ITAIOB: pelieHne

sagaqn MP i nonydenne snauenuit y®) | pererne sagasn DSP?) u nosyuaenne snate-
5(v) es(v)

s(v) 2

ik Vij , tobassterne nosoit Toukn B UM | reneparus cevenns Bemepca.

HUI U
Otrmernm, uTo BepxHsis rpanuiia MP Ha uTeparun h mojydaercs MmyTeM CJIOYKEHUST
ONTUMAJILHOI'O 3HAYUEHUS g DSp®) -

1eJ1eBOit PYHKITNN 1 CyMMapHBIX 3aTPaT HA OTKPHI
e xaba n3 MP™) . Cxema, omncsIBaiomas aaropuT™ pasjiozkenns Beriepea 3a1a4n

(3.2) = (3.5), (3.7) — (3.9) upejcrasiena B [Ipumoxenun A.1.

3.5. YCKOpeHHBbII1 ajJropuTMm pasJoxKeHusd beHaepca

[IponszBouTE/ILHOCTL pa3/IoyKeHUs benjiepca 1Mo KOJIn4decTBy UTEPAIUil 1 1po-
IIECCOPHOMY BpeMeHN 3aBUCUT OT KadecTBa cedennii. MHorue mccienoBaTesm Haxo-
JISITCS B TIOMCKE CIIocoba K TeHepaliui JOMOTHUTE/THHBIX YCHIMBAIOMINX CCUCHIH T
«00TyMaHHOT0» BBIOOpA ONTUMAJLHBIX pentenuit DSP s momydennst HanMeHbITIero
KOJINYeCTBa, uTepaluii h, To ecTh MUHIMAJIBLHOI'O KOJIMYECTBa UTEePallnii JIJId 3aBep-
meHusg mpoueaypbl OIITUMU3allnN 3aa91. HepBbIM METO/IOM YCKOPCHUA PA3JIOZKEHN A
IPUHSITO cYuTaTh uccaenoBanue Magnanti u Wong'a [34], B KoTopoMm mpejiiozkeHa
npore/ypa reteparun [lapero-onrumanbibix (I10) cevennii jyist ycuienus cedenuii
ontumasibHocT Benjiepca. [Toctpoenne 11O cevennii ocHOBBIBAETCS Ha, UCIIOJIH30Ba~

HUU TOYEK, JIeyKAIllUX BHYTPU BBIITYKJIONH 000JI09KM MHOI'OIPpaHHUKA, 00PAa30BaHHOTO
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JIOITYCTUMBIME 3HaUeHUsIMU 1epeMenHbix 3ajaaun MP. [Iporneypa moncka Takux To-
YeK 1 UX OOHOBJICHHE Ha MTEPalldsiX COCTaBJsieT OCHOBHYIO 1pobsemy [10 cedenmii
B IIPAKTUICCKOM CMBIC/IE.

Papadakos [35] ormeuaer, aro moaxon Magnanti 1 Wong moxker mpuBoIuTh K
rorepe 3(pPEeKTUBHOCTHU IIOMCKa PEIlleHNs BCIeACTBIE OJHOBPEMEHHOM ONTUMU3aI[nn
DSP u naxoxpennst [10 cedennii. ABropoM paboThI IIpejjiaraeTcst aabTepHaTHBHBII
anroputm HaxoxkaeHus [10 cevennii, ryue 3amadn DSP 1 HaxoxkieHne HeJIOMUHUPY-
eMOTo cedeHus B cMbiciie [lapeTo-onTuMaabHOCTH pa3/ie/ieHbl Ha JIBe HEe3aBUCUMbIE
noyzaaun. KpoMe Toro, aBTop MOKa3bIBAET, YTO BMECTO TOUYEK W3 BBITYKJIONH 000-
JIOUKH JIONyCTUMBIX perennit MP Mo:KHO HUCIOIb30BaTh TakK Ha3biBa€Mble TOYKU
Magnanti 1 Wong, KoTopble IPeJCTaB/ISIOTCA B BUJIe BBIIYKJI0H KOMOMHAIIMU TO-
4YeK BLIyKJ0i 0obostoukn MP u nomycrumoro pemennss MP. B nanbneiimem Gymer
HCIO0JIb30BaH 10/1x0 1 13 (35| mist mosryuennst [lapero-onTuMaibHBIX CeUIeHMI.

[ycrs y™ — onrumanbuoe pernenne MP ua ureparuu b, a UM — muoxecrso

BCEX 9KCTpeMasbHbIX Touek 3a1aan DSP g y =y, torma yenosue negomunupy-

eMOTO PEIIeHHsT U}, v, € 3a1aiu DSP Oyner onpegesasiTcst Caeay oM 00pa30M:
(h)
ijU uzjszjyk
ieENjeNseS ieENjeENEkeKseS (3_32)
s .8 s s, (h)
<D DD W= > D il
1EN jEN s€8 1EN jEN keK seS

V™, o™ o) ¢ ),

Aproper paborsr [34] mokazasm, 4To HejpoMUHUPYeMoOe pererue 3agadn DSP
MOKHO IOJIY9UTh MIOCPEJICTBOM TOYEK U3 BBINYKJI0il obosiouku MP. Ilycrs ¢ — BHYT-
peHHsisT ToUKa BbITYKJI0i 000109k C'onv(Y') MHOXKECTBA JOMYyCTUMBIX 3HATCHHUI
MP, nociiesinee obosnadeno 3a Y. B pabore [34] nokazano, 4ro, e/ cederne BbIOpa-
HO TaKIM 00pa30M, 4YTO COOTBETCTBYIOININE 3HAYEHIS JIBONCTBEHHBIX TIEPEMEHHBIX JI0-
crapyster Makcumym DSP ¢ dpukcnpoBanubivu 3HadeHussMu rnepeMennbix MP y = ¢

us Conv(Y) ma muomecrse UM 1o Takoe ceuenme sBasieTcs HeIOMIHIPYEMbIM
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JUIs JTI0O0r0 JromycTuMoro pemtennst DSP, To ecTb HEOOXOIMMO PEIUTD CJIe YOy 0

3a/1a4y:

max Z Z Z wivg; — Z Z Z Z Uik W3 Yk (3.33)

i€EN jeN se8 i€N jeN keK seS

npu orpanmdenusx  (3.21) — (3.26)

Z Z Z W; Vi — Z Z Z Z ufjkwij](ch) = ¢psp(e,u,v). (3.34)

1€EN jeN se8 1€N jeEN keK seS

rae 1nepeMeHHble OIIpedeJICHbI Ha MHOXKECTBE IKCTPEMaJIbHLIX TOYEK DSP ¢ Yy =

") 1o ectb (u,v,e) € UM, Buauenue ¢ppgp(e, u, v) COOTBETCTBYET ONTUMAILHOMY

y!
snauennto (3.20) DSP na ureparun h. Takast anbrepaarusa 3ajgade DSP npusoaut K
COKPAIIEHNIO KOJIMYeCTBa NTEPalyii, HO MOZXKET IPUBECTH K moTepe 3(OeKTHBHOCTH
10 cKopocTn perieHns. Takrke Ha KaKJ0il UTepannn HeOOXO MBI HOBBIE {/, MONCK
KOTOPBIX B IIPAKTUYECKOM CMBICJIE BBI3BIBAET 3aTPY/HEHUS.

OiHUM U3 BApUAHTOB PEIleHNs YKa3aHHBIX MTPOOJIEM UCIIOIB3YeTCd B HACTOS-
meit guccepranun. Ceyst ajgropurmy u3 [35], 3agaqy (3.21) — (3.26), (3.33), (3.34)
pazjennM Ha 2 T0cje/loBaTesIbHble HeCBSI3aHHbIE 110/[3a/1a9M, I/le OJHOI U3 HUX $B-
msierest DSP Buna (3.20) — (3.26), a Bropas 3agata — (3.21) — (3.26) u (3.33).

Kazkast 13 IpuBe/IEHHBIX T0/133/1a4 MOZKET ObITH HCII0JIb30BaHA /I TeHePaIlI
CcedeHusl: CTaHIapTHOrO ceueHns onTuMmasibHocTu Benyepca u [1O ceuennsi. Perenne
JIBYX 33J1a4 JIJIg TeHepallun Iapbl ceueHMiT Ha KayKJIoi nrepalui ObLIO IIPeJIozKe-
1o B [34]. Ho Papadakos B |35] mokazas, aro npn o6HOBIEHUN TOUYEK § HA KaKI0ii
uTepanni ajropuTMa J0CTaTOYHO pemarh 3ajady (3.21) — (3.26), (3.33) 6e3 pac-
cMOTpeHust orpannderust (3.34), 4To MpUBEJIO K 3HAUUTETBHOMY YIIPOIIEHHIO TIPOIe-
nypol Haxoxkaenus 110 ceuenwuit. [Iponeypa noaydenns 3nadenus: Touek Magnanti
1 Wong, KoTopbie MOXKHO HCIOJIb30BaTh B KauecTBe ¢, omucana B [35]:

~(h ~(h h
g =1 = ) ke K, (3.35)
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rae 0 < v < 1. DMOUpUYecKH MOJIYUYeHO, 9TO TpH Yy = 1/2 mosyvaiorcs Jiydiime
pesybrarel [35, 63|. B pabore [33] npejioxkena ujiest HaxoxKeHUsI MEPBOH TOUKH
13 BBITYKJI0f 060109k MP, koTopasi ajantipoBana K MOCTABICHHO 3a/1at1e B CJie-
JYIOITEM YTBEPZK ICHIH:

YrBepxkaeHue 3.4.1: Touka g&,io) =1/2 k € K asasierca Toukoit Magnanti
n Wong.

HokazarenbcTBo. Paccmorpum |K|+1 perennit 3agaqun MP: | K| pemenmii
COOTBETCTBYIOT PA3MEIIEHUIO OJIHOTO €JMHCTBEHHOrO Xaba B CETH, U OJJHO DeleHne
COOTBETCTBYET pasMerennio Beex |K | xaboe B ceru. BBejem BBITYKJIYIO KOMOMHA-
IO perreHnii co caeayomummu koabdunuenram: 1/(2|K|—2) — y pemtennii ¢ omanm
xabom, 1 1/2 —1/(2|K|—2) — npu pemennn ¢ |K| xabamu. Taknm obpasom 1moJy-
qaeM, 4To yf,io) = 1/2 npunajyexknr Conv(Y'). JokasaHo.

(CxeMa yCKOPEHHOTO ajiropuTMma, ocHoBanHoro Ha I[1O cedenusix, mpejicraBieHa,

B [Ipunoxkenun A.2.

3.6. HucieHHbI 3KCIIepIMEHT

B x0/1e KOMITBIOTEPHOTO 9KCIIEPUMEHTa Pean30BaHbl KOMIILIOTEPHbBIE TPOTrpaM-
MbI, COOTBETCTBYIOIIIE MOJIE/ISIM U aJrOpuTMaM, IpejicraBieHHbiM B Pazjenax 3.1 —
3.5 n B Ilpunoxxenun A. IlocTpoenne 3a/1a4d JTUHEHHOrO U HEJIMHEHHOTO IIPOIPAMMIU-
pOBaHUs 1 PelleHne 3aa4 OCYIIECTBIIAINCH C UCIOJIB30BAHUEM MTPOTPAMMHOIO TTPO-
aykta, GUROBI Optimizer 8.0.1! ma mammue 4.2 GHz, 64GB O3V B cpene Linux.
[IporpamMHuast peajmsarist aJIrOPpITMOB U MaTeMaTHIeCKIX MoJjeseil paspabaTbiBa-
JIaCh Ha BePXHEYPOBHEBOM sI3bIKe IIporpammupoBannst Python 3.6 ¢ ucrosibzoBanuem
peaakropa PyCharm IDE.

Borunc/ieHust npoBoininch Ha mupoko n3sectHbix B HLP namabix n3 Operation

Research Library [64], paccmarpusanuch npa nabopa jpansbix: Civil Aeronautic

Board (CAB, cum. Puc. 3.1) n Australian Post (AP). B natope manusix CAB mpes-

! http://www.gurobi.com/
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cTaBJIeHbl 25 y3JI0BBIX TOYEK ceTu, cooTBercTByOmmX ropogam CIIA, ¢ kaxxoit
TOYKOI CeTHU acCOIUUPOBAH CIPOC MacCarKNUPOB aBUAKOMIIAHNN 110 BCeM HallpaBJie-
HUSM B CETH W allllpOKCUMUPOBAHHOE €BKJINJI0BO PACCTOsIHIE MEYKJy TOUKAMU CeTH
d;j. Habop namnbeix AP comepxkut ananormunsie mapamerpsl: 200 y3/I0BBIX TOYEK
aBCTPAJIMICKOI ITIOUThI, — HO B pacdeTax OyJeT MCII0Jb30BaThCd yCeUeHHbII Habop

JIaHHBIX, cojgepzkaiinii 40 0O bEeKTOB CceTu.

Puc. 3.1. Pacnionioxkenue y3ioBeix Touek nabopa janubix CAB

B nporecce nogroroskn janubix CAB n AP npoussojniach HopMasm3alius
cipoca, T. €. CyMMapHbIii CIIPOC 110 BceM Hanpap/ieHusiM paBusiercs: 1. B panabix CAB
OTCyTCTBYeT UHMOPMaIiisd 00 OTKPBITUN Xaba B y3J0BOI TOUKE, CJCAys IPOIE/Iype
BOCIIOJTHEHUST JTAHHBIX U3 [44], cTOMMOCTH OTKPBITHS XaOOB MOXKeT ObITh MPeJICTaB-
JIeHa cyeyrormum obpasom: ar = 15log > jeN Wi k € K. Habop noreHIuaIbHBIX
xab0B B cetun K comepxkut Bce Toukn cern, 25 u 40 a1t CAB n AP cooTBeTcTBeHHO,
T. €. JIio0as y3/10Bas TOYKa MOTEHIINAIbHO MOXKET ABJISATHCA XaDOM.

B nocranoske StHLPAD paccmarpuBaeTcst HeOIIpe e leHHOCTE B CIIPOCE, MO/Ie-
JmpyeMast HabOpOM CIleHApUEB C COOTBETCTBYIONMMU BEPOATHOCTIMU PEAJM3aINN
crienapust. [Iporieypa rerepalinn crieHapueB 3anMCTBOBaHa 13 paboTh [44], Tie Be-
JIMYNHA CIPOCa IO Halpas/eHnio BeiOupaercs u3 unrepsaia [0.01w;;, 10w;;]. Yka-

3aHHBII nHTepBaJl pasjesen Ha jse dacti: [0.01w;;, bw;;] u [5w;j, 10w;;], rae cupoc



43

JUIST ¢, j 1 KaxKJI0ro CIleHApHUsl S MOJIyIaeTcs MyTeM CJIydaifHoro BbIOOpa 3HAUCHUST C
BEPOSITHOCTBIO 2/3 13 MepBOii MOJIOBIHBI MHTEPBAJIA U ¢ BEPOSITHOCTDHIO 1 /3 13 BTOPOTi
MOJIOBUHBL. JlaHHas MpoIe/ypa UCIOIb3yeTcs B Ie/IAX YCTPaHEeHUST CHMMETPUIHOCTH
JAHHBIX B crieHapusix. KosmuecTBo crenepupoBannbix ciieHapues st CAB u AP co-
oTBeTCTBEHHO — 5 1 3. PaccMaTpuBaloTes JiBa THIA paclpeieieHs BePOSTHOCTe
peajin3anyy ClieHapueB: B IEPBOM CJIydae CIeHApUN pacipejesieHbl PABHOMEPHO C
OJINHAKOBBIMU BEPOSITHOCTSIMU, BO BTOPOM CJIydae pacCMaTPUBAIOTCs yObIBAIOIIIe
BeposiTHOCTH, & nMmenHo: [1/3, 1/4,1/6,1/6, 1/12] u [1/2, 1/3, 1/6] pacupeaenerne
BeposTHocTeit st CAB u AP coorBercTBeHHO.

B nmureparype B skcriepumenTax Ha CAB u AP nanHBIX paccmarpuBaroTcs de-
ThIPE PA3INIHBIX 3HAYEHUsT v (KOI(DMUIMEHT JUCKOHTUPOBAHNS CTOUMOCTH TPAHC-
MOPTUPOBKH MOTOKOB Mezk ity xabamu): 0.2, 0.4, 0.6 u 0.8, — a dpakTop KoMIIpoMucca
A€ {0.5,5}.

Haspanne keiicoB xopupytorcs cieytommum oopaszom: CAB10a.d u AP10a.d,
e CAB u AP nmabopsl gannbix, 10ac — Ko3pUIUEHT JIUCKOHTHPOBAHUSI, YMHO-
xkennbiit Ha 10, a d € {U,C'} — meTka pacipejiesieHns BeposgTHOCTell pean3alin

crieHapues, rye U — paBHoMepHOe paciipe/jiesienne BeposgTHocTeit n C' — yObIBatoriue

BEPOATHOCTU.

Koz Bpewmst (cek.) XaOb Obj. Koz Bpewmst (cek.) XaOb Obj.

CAB2.U 11.87 4,7,12,17,24 963.85 | AP2.U 145.64 0, 13, 32 196344.12
CAB4.U 10.71 4,12, 18, 24 1104.25 | AP4.U 130.4 0, 13, 32 203471.52
CAB6.U 8.59 12, 18, 21 1216.76 | AP6.U 181.31 13,18 209540.29
CAB8.U 17.61 12, 18, 21 1288.86 | AP8.U 110.51 18,21 211718.21
CAB2.C  11.54 4,7,12,17,24 961.38 | AP2.C 1525 0,13, 32 196847.98
CAB4.C 10.53 4,12, 18, 24 1099.1 AP4.C  137.22 0, 13, 32 203949.18
CAB6.C  10.08 12, 18, 21 1209.69 | AP6.C 118.92 13,18 209330.98
CAB8.C 8.16 12, 18, 21 1280.01 | AP8.C 113.73 13,18 211965.67

Tabmuna 3.1. PesysnbraTsl pacuera iy KJIaCCHYECKON CTOXaCTHIECKONH MOCTAHOBKH

B Tabsmmax 3.1 u 3.2 crosbnpt «Bpems (cek.)» copep:kar 3HAUYEHUs TPOIEC-

COPHOI'O BpEMEHU, 3aTPa4Y€HHOI'O Ha PEmICHUE COOTBETCTBYIONINX 3aJa4d METOdaMHU
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JIMHEHHOTO TIPOrPAMMUPOBaHNUsT (CUMILIEKC METO/I, METO/] BETBEil 1 I'PAHUI U JIP. Me-
ToJibl, BeTpoerHbie B Gurobi Optimizer), nosie «Xabbly» 0003HAUAET CIUCKU Y3JI0B
ceTu, BbIOpAHHBIX B KadecTBe XaboB, «Obj.» — 3HauyeHune neeBoit (yHKIUN IIOCTIE
ontuMmmsanuu. B Tabiuie 3.2 TakxKe nmeercsd I0Jie A, COOTBETCTBYIOIIEE YPOBHIO
KOMIITPOMECCA MEK/Iy OTKJOHEHUSIMU 3aTPaT OT OKUJIAEMOT'O PeIleHHs 1 OXKIIae-
MBIX 3aTpar.

B Tabsune 3.1 mpejicraBiieHbl pe3y/IbTaThl SKCIIEPUMEHTA, JIJIsT CTOXaCTUIECKOI
IIOCTAHOBKHU 3ajiadu, onucannoil B Pazgene 3.1, Tabauna 3.2 cchopmupoBana Ha 0OC-
HOBE BBIUNCJIUTE/ILHOIO dKcrepuMenTa Jjist auneitnoit mojeun StHLPAD, cdopmy-
supoBanHoit B Pazzese 3.3, rie nose «Obj. Stoch.» nepeunciisier 3HaueHus meeBoit
dbyuximn (3.7) 3a BerueroM mrpada oTkyioHeHuii (6e3 ciaaraemoro 2Az%). Jlanmbrit
1oKa3aTesb BBEJICH B PACCMOTPEHUE JIjIsi BO3MOXKHOCTH CpaBHEHUs] 3HAYCHUI 1ieJie-
BbIX (byHKIMI 3.1 1 3.2 U OIEHKU CTEIeHN BJIMSHUS aOCOJIOTHOI'O OTKJIOHEHUS 3a-
TpaT Ha pelleHune.

3amMeTnM, 9TO ONTUMAJIbHbIE 3HAYEHM 11e/1eBbIX pyHKIN «Obj.» 13 Taduibl
3.1 u «Obj. Stoch.» u3z Tabsmiper 3.2 B ciiydae A = 0.5 UMEIOT 0JINHAKOBbIE 3HAUCHIS
JIIsT COOTBETCTBYIOIIIX 3aIlyCKOB, KPOME TOI'0, PE3Y/ILTUPYIOINIIE CETH Xa0O0B sIBJIAIOT-
cd njeHTHIHbIMU. Takoil pe3ysibTaT CBsI3aH ¢ He3HAUUTEIbHBIM BECOM abCOJIIOTHOIO
OTKJIOHEHUSI 3aTpaT B IeJeBOil (PYHKIIMN B CPABHEHUU C OXKUJIAEMBIMU 3aTpPaTaMHU,
s Habopa nannbix CAB ciaraemoe cocrasiger B cpeaueM 0.7%, a juis ciydast
AP — B cpeaenm 0.3% or 3navenus nesesoil pynkuun. B cayudae, korga A = 5 ceTb
xaboB st a € {0.6,0.8} B Tabmmre 3.2 ormmdaercss oT pesyabratoB B Tabsmie
3.1, 4TO JIEMOHCTPUPYET BJIMsIHUE CJlaracMoro abcoJIIOTHONO OTKJIOHEHUs 3aTpaT Ha
IIOCTPOEHIEe CeTH XaboB, MOLUYePKHEM, YTO 3HAaYeHUsI 11e/IeBbIX (pyHKIMil B Tadmiax
3.1 u 3.2 orymuarorest B cirydae A = 5 (cpaBauBatorcs «Obj.» u «Obj. Stoch.» co-
OTBETCTBEHHO). 3aTpaThl (yCTAaHOBKA XaOOB M OKHUIaeMble TPAHCIOPTHBIE 3aTPaThI )
st StHLPAD yeennumiuces na 2% miuss CAB u ma 0.6% aisa AP B cpasuenun c
aHAJIOINYHBIMU 3aTpaTaMy Jijisl IOCTaHOBKH 3a1a4un n3 Pazjena 3.1.

SHadeHne abCOIIOTHOIO OTKJIOHCHU S TPaHCIIOPTHBIX 3aTpaT PaCCYUTbhIBarOTCA



45

(AVdTHILS YOHEOHMI BLY RLohoed MLRLIIAeo] "¢ ¢ CIUIQR],

6€'GSGETE T GGCETT g ‘ST €6°989¢C L'GI6TTC  TL'8ESTIT 8T ‘€1 7960 O'8dV
¢'60901¢  ¢'60901¢ g€ ‘€1 ‘0 88°€10€ 1€€60C 60116608 8T ‘€1 80661  D'9dV
8T’ I6V70C €' T6¥708 ge ‘€T 0 TEV8TT T6V680C  G9EET0T ge ‘€T 0 €8°6eTe DAV
VP'86VL6T  T'86VL6T ge ‘€T 0 LY6TIT 878961  €7'EVTLOT ge ‘CT 0 €CL8LT  D'edV
6€'GSGETE T GGCETT 12 ‘ST 9L'079¢ €'RILIIC  T9°0€€TT1C 12 ‘ST 1¢°010¢  N'8dV
¢'60901¢  ¢'60901% ge ‘€1 0 £€'996¢ 807¢60%  6L°06T0TC 8T ‘€1 6L°687¢  N'9dV
8T'I6V70C €' T6V708 ge ‘€T 0 L¥"€02¢ GTLVE0T  €6'98070C ge ‘eT 0 8870c¢ NPV
VI'86VL6T T 86TL61T ge €T 0 L6°9G8¢ TPPE96T  L0°L96961 (A () 66'€59¢  N'edV
86'70ET  €9'8TET ¢ ‘21 ‘¢ 9€°06T 100851 ¢L'88¢1 1 ‘8T ‘¢l €578 D'8AVD
8921 6C'8TTI 12 1% 6566 696021 6°GTTT 1% ‘ST ‘¢1 e8¥6  D'9dVD
8T'90TT  TTTETT VT ‘8T ‘T ¥ 9°L89 T'660T LV €0TT vg ‘8T T 'V 8C'¢8  DVAVD
v€°296 LLI86  ¥G ‘LT 2T LV 92°6e8 8€°196 cL'€96 VT L1 LY €L0TT  D'2dVvD
ge'eeeT  geeeel ¢ ‘21 ‘¢ G6'LLT 98'88%1 9% T0€T 1¢ ‘8T ‘2l ¢'L9 N'8AVD
6G'CGCT  69°CSCT 12 1% IT°L8¢ 9L°9T2T ANG4A 1% ‘ST ‘¢T LTT2T N°99dVD
EVLETT  EFLETT ¥g ‘8T ‘1 ‘¥ 9z 6L GzvoTT LT TITT ¥e ‘ST ‘21 ‘¥ Gz'e0T  N'PdVD
99°¢86 99°686  ¥¢ ‘LT ‘Tl ‘L ‘¥ 6¢'8CE ¢8'€96 12896 ¥C ‘LT ‘¢l ‘L% 62°0L N'2AVD

187 (q0 ‘fqo rgey (o) Bnodg 18 fq0 fqo rgey  (™100) Bnwadg
g=Y G0=YX o3




46

110 hopmyiie «Obj.» munyc «Obj. Stoch.», ncmonb3yst crosbnr 13 Tabmis 3.2. J1a
pasnuna #e pasha 0 st Bcex ciydaeB npu A = 0.5, T. K. €JINHUIIA TPAHCIIOPTHBIX
3aTpaT MepeBenmnBaeT mrpad 3a eJMHUIY OTKJIOHEeHU 3arpart. [1o 9Toil npuanne pe-
mrenus it A = 0.5 HoJIydnInch oQuHAKOBLIMU. B ¢Bolo ouepenn, mist 75% ciaydaes
cjaaraemMoe abCoIOTHOIO OTKJIOHEeHM paBHsieTcs O npu A = 5, 3T0 03HAYAET, YTO B
paspese KaxkJI0ro ClieHapusi TPAHCIIOPTHBIE PACXO/Ibl PABHBI MEXK/Ly COOOI U sIBJISICT-
csl O2KIJIAeMbIM Pe3YyJIbTaTOM IIpejjioxKeHHoit B Pazsene 3.2 konnenmnun podacTHO
ceTn XaboB.

3aMeTnM, 4TO HepaBHOMEPHOEe paciipe/ie/ieHle BEpOsTHOCTell y crieHapues (Map-
kuposantbie 6ykBoit «C») miss CAB npu A = 5 npuBesio K ToMy, 9T0 abCOTIOTHBIE
oTKJIOHeHHsI He paBHbI (). 3j1ech clieHapuu ¢ HaubOoJIbIIell BePOSITHOCTHIO UMEIOT 00JIb-
Uil BeC B 11eJ1eBOil (DYHKIIMKM U IIPEBBINIAIOT BEC OTKJIOHEHHIl, B TO BpeMsi KakK Clie-
HApUI C MEHbIIell BEepPOSITHOCTHIO MMEIOT Bec Menble. B ciaydae ¢ AP curyamus
He TIOBTOPWJIACh, TaK KaK TPAHCIIOPTHBIE 3aTPAThl 10 HAIIPABJIEHUSIM BBIIIIE, YeM B
CAB.

[Tapamerp A sIBJIsieTCsI CTEIEHBIO BJIMsIHUSI aOCOJIOTHOIO OTKJIOHEHUS TPaHC-
MOPTHBIX 3aTPaT, KOTOPBIH it A = 0 NpuBOUT K 0a30BOI CTOXACTUIECKON MOCTa-
HoBke n3 Pazjiena 3.1. Boubloe 3HaveHne napamMerpa A B CpaBHEHUN C TPAHCIOPT-
HBIMI 3aTpaTaMi U 3aTpaTaMd Ha YCTAHOBKY Xa0OB IIOBBIIIAET CTEIEHb BJIUSTHUS
mTpada OTKJIOHEHUI 3aTpaT B IeJIeBOi (PYHKIMHU, KaK CJIeJCTBHUE, ONTUMMI3aINs
OYKIJIAEMbBIX 3aTPAT CETH Y 3aTPAT 110 OTKPBITUS Xab0B CTAHOBATCS BTOPOCTEIIEHHbI-
M.

Bropasi yacTb 9KcllepuMeHTa aKIeHTHPYeT BHUMAHHUE Ha MPOU3BOUTE/THHO-
ctu anropuTMoB penienus 3ajgaan StHLPAD: perrenne 3aj1a1un cranapTHBIMU TPO-
rpammubiMu Taketamu (Gurobi Optimizer), paznoxenne Bengepca (IIpunoxxerne
A.1) u yckopenHoe pasyoxkenne Benjepca (ITpnioxkenune A.2). B Tabmume 3.3 mpej-
CTaBJIEHbI PE3YJIbTAThI BhIYUCICHUS s «Kiaccndeckne ceuenust» n «Ilapero-onTu-
MaJIbHBIE CeUeHUsT», 1oJie «Bpemst (cek.)» — MporeccopHoe BpeMsi perieHns 3a1a9u

YKa3aHHbIM aJITOPUTMOM, a «Iter.» — KommuecTBO NTEpalnn, COBEPIIECHHBIX JJIA 110-
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Kon, A=0.5 A=5

Kiaccuueckne IO coverms Kiraccuueckne IO coerms

ceveHust ceveHust

Bpewmst (cex.) Iter. Bpewmst (cek.) Tter. Bpewms (cex.) Iter. Bpewmst (cek.) Tter.
CAB2.U 478.51 60 870.57 15 678.45 79 1487.25 19
CAB4.U  453.76 59 751.36 14 651.6 78 1184 18
CAB6.U  348.98 46 606.07 12 299.27 37 1046.96 16
CAB8.U 194.54 26 493.36 10 220.78 28 1124.77 17
CAB2.C 518.76 65 663.1 13 673.29 80 661.46 11
CAB4.C 394.64 51 404.51 9 538.03 64 673.48 12
CAB6.C  297.59 38 456.79 11 394.59 46 667.1 11
CABS.C  169.89 22 328.26 9 210.95 26 406.11 8
AP2.U 421.28 9 4023.44 6 471.67 11 7785.86 6
AP4.U 421.64 9 4645.4 7 526.32 13 6177.96 7
AP6.U  430.88 10 5852.66 8 529.69 13 7009.95 8
AP8.U 372.83 9 4726.91 6 532.58 14 7096.61 8
AP2.C 391.73 8 3845.97 6 377.36 9 6329.79 7
AP4.C 423.15 9 4311.91 7 466 11 7166.34 7
AP6.C 373.26 9 3994.22 6 468.1 11 7018.26 8
APS8.C 263.94 7 3405.2 6 412.6 11 6704.89 8

Tabmuna 3.3. [IpousBoauTebHOCTH aJropuTMoB Benjepca

JIydeHnsl onTuMaJjbHoro pertennd. V3 Tadaunsl 3.3 BUIHO, 9TO OOBIYHBIE CEUEHUS
Benepca okazasmck obictpee 11O ceuennit mo «Bpemst (cex.)», HCKIIOYEHIE COCTAB-
nsier CAB2.C. C npyroit croponbl, [10 cedenust npena3HadeHbl IjisI OBBIIIEHUsT
KadyecTBa CeYeHUuil, 4To MoykeM BujeTh B Tabsuie 3.3: nmpumMepHo B 4 pasa MeHb-
e cevennit Ha gaHHbIXx CAB n B 1.5 pasa Menblne cedennii jijist Habopa JIAHHBIX
AP. D10 neMoHCTpUpYeT HAM, 9TO pacTeT CJIOKHOCTb BBIYUCJIEHUS CEUEeHU, ecyIn
Ka4ecTBO cedenuii pacteT. Kpome TOTO, MOJIyUMJIA, 9TO CKOPOCTL PeNIeHns 3aJa-
qi OOBIYHBIMIU CeueHusiMI Benyepca okasajach B 4 pasa Meyentee, dem y Gurobi
Optimizer na nanubix CAB (Tabuia 3.1), o B 6.3 pasa ObicTpee Ha jJanHbix AP.
B nmreparype yTBep:kaercs, uro janabie CAB gBisiioTcst «IIPOCTBIMIY B ILJIAHE
OIIEHKN ¥ CPaBHEHUs MTPOU3BOJIUTEILHOCTH AJITOPUTMOB, COJIEPKAT HEJOCTATOTHOE

KOJIMYIECTBO TOYEK CeTH, IO9TOMY MbI JeJIaeM OCHOBHOI akieHT Ha AP JaHHBIX.
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['1aBa 4

3ajjaga pa3MelrleHns: XxaboB, OCHOBaHHas Ha
MaKCHMU3aIN OPUOBLIIN B YCJIOBUIX

HeEOoIlIpeae/JIEHHOCTHN CIIPOCa M BbBIPYYKU

B HacTosIeii riiaBe ImocTapjeHa CTOXacTHYecKasd 3ajada pasMelleHns XaOoB
¢ 1esIeBoil (PYHKIMEN MaKCUMU3AINKN OXKIJIAaeMOil TPUOBLIN B YCJIOBUAX HEOIIpe/ie-
JIBHHOCTHU crpoca 1 BeIpydukn. OCHOBHOE JIOIYIeHNe B CPABHEHNN C KJIACCHIECKIMU
OIPaHIMYEHUSAMU 3aa91 Pa3MeleHnsl XaDoB — 00C/IyzKIUBaHUIE BCETI'O CIIPOCa, HE SIBJIsI-
eTcd obs3arenbubiM. B Paznene 4.1 cchopmyiupoBan 1eTepMUHUPOBAHHbIN CTydail
3aJ1a9 ¢ QYyHKIHeH MaKCUMU3aIUN IPUOBLIN, KOTOPBIH sBJISIETCsS ajbTepHATUBOM
ITOCTAHOBOK, PACCMOTPEHHBIX B JuTepaTrype. Hennneitnag m sSKkBuBaJieHTHAs JTTHET-
Has IMOCTAHOBKA 3a/Iady Pa3MellleHns Xa00B B YCJIOBHUSIX HEOIIPEJIEIEHHOCTH B CIIPOCE
paccmorpenbl B Pazjiesie 4.2, aHajorndable MOCTAHOBKHU 3a/1ad B YCJIOBHUSIX HEOIIpe-
JIEJICHHOCTU CIIPOCa U BLIpYUYKHU mpejcranienbl B Pasgene 4.3. B Paznenax 4.4 —
4.7 paccMOTPEHBI MOJXO/bI pasJioxkeHusi bengepca 3amaan Pazgesra 4.3 ¢ npumene-
HUEM Pa3JIMIHOr0 pojia yceuiaeHuii cevenuii: [lapeTo-onTuMalibHbIX, MaKCUMAJIbLHBIX
HEJIOMUHUPYEMBbIX U THOPUIHBIX. Pe3yibTaThl 4icIeHHOrO SKCIIepUMEeHTa Ha, JJaHHbBIX

CAB u AP u3 ORLibrary npencrasienst B Pazjene 4.8.

4.1. /lerepMuHUpPOBaHHAasi IIOCTAHOBKA 3a/1a9M

[Iycte G = {N, A} — nonusiit rpad, rme N — #abop y3/10BbIX TOYek, A —
MHOKeCTBO Bcex pebep rpada, a H C N — MHOKEeCTBO IOTEHIINAIbLHBIX Xa00B JIJIs
BeIOOpa. Hamnpapienus: ciipoca mpejicrapisiercs B Buje MHOxkecTBa K, rine Vk € K
onpegenser tputiet (o(k),d(k), Wy), rie ornpasuress u nosydarens o(k), d(k) €
N coorBercrBenHo, a obbem cipoca Wy nanpasien us o(k) B d(k).

st kaxkgoro k € K paccrosinme mexy o(k) u d(k) omnpenensiercst Kak dy,
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Cij — CTOMMOCTb TPAHCHOPTUPOBKH €J[MHUIbI IOTOKA Ha €JUHUILY PACCTOAHUS U3 y3-
JoBoit Toukn ¢ € N B j € N. Mapmpyrusalust 1oToka BO3MOXKHA Uepe3 MIHIMYM
oJluH 1 He OoJsiee, yeM jBa xaba, MCIOIb30BaHue OoJsiee JABYX XabOB B JIUTEpaType
npusHaHo HeaddekTuBHbIM. [I09TOMY TpPaHCIOPTHBIE 3aTPaThl 38 €JIUHUILY [TOTOKA
OyyT arpernpoBanbl CJIeYIOMUM 00pasoM: Fijx = Cor)ido(r)i + Cijdij + Cjam) dja(r)
muist MapripyTa u3 o(k) B d(k) 1epes xabbl ¢ 1 §, TJie (v — YPOBEHb CKUJIKU Ha TPAHC-
HOPTUPOBKY MexK 1y xabamu. OUKCUPOBaHHBIE CTOMMOCTH OTKPBITHSI XaDOB 0003HA~
qeHbl f; st 1 € N.

Kaccnueckoil 1mMocTaHOBKON 3aja4i O pasMelieHnn XaboB SIBJISIETCS 3ajiada
MUHUMM3AIME OOIIMX 3aTpaT, 9TO COCTABJSCT OTIUYUE OT 3aJiad MAKCUMUBAIIIN
HpUOBLIN, IJie 3ajada COCTOUT B MaKCHUMU3AIMHU 11€/IeBOI0 I0Ka3aTess HPUObLIN.
IIyctb Rj — BBIpydYKa 3a 00C/Iy:KHBaHUE €JUHUIIBI IOTOKA k, TJie CIIPOC CUNTACTCS
00CJIY?KEHHBIM, ecii OH jroctasiieH u3 o(k) 1o xoueuanoro nyukra d(k).

Hajiee aBTOpoM HaCTOSIIIEH JIICCePTAI BBOJUTCS 3a/lada CMEMaHHOro IeJ10-
qucjieHHoro mnporpaMmvuposanus it UMAHLP ¢ neseBoit byHKIMel MakcuMuM3ar-
1un npubbLn. [lycrs GunapHasi nepeMeHHas ¥; JJIs1 Kaxkjoro ¢ € H, rie y; paBeH
1, ecim 7-asd y3j0Basi TOUKa BbIOpaHa cTarTh XaboM, (0 B IIPOTUBHOM CJydae, Bellle-
CTBEHHasd IlepeMeHHas T;j; obo3HavaeT 1OTOK k € K, HalpabieHHbI uepe3 XaObl
t € Huj € H. Mbl BBOJUM BEIIIECTBEHHYIO IIepEeMEeHHYI0 zi JJisd k € K, KoTo-
pasg obo3HaYAET 00bEM BBITOJHOTO K OOC/IY:KUBAHHUIO CIIPOCA, T. €. HeobI3aTeIbHO
BECh CIIPOC JIOJIZKEH OBITH 00C/Ty?KeH (OCHOBHOE OTJIMYNE OT KJIACCHIECKOIl mocTa-
HoBKH ). CytiectByeT HeCKoJIbKO hopmytinpoBok 3agadn UMAHLP, ocnoBanubix na
makcumusanuu npubbuin (M. Pasmen 1.4). Hizke npusejieHa mocTaHOBKa 3a/1a4n,

paspaboTaHHas aBTOPOM HACTOSIIEN JTUCCePTAIN:

max Z Rizi — Z fivi — Z Z Z Fijrxijk (4.1)

keK icH ieH jeH keK
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[IpU OrPAHUYCHUAX:

Z SU]zk—FZﬂkaSZkyz iEH,kEK, (42)
JEH j#i jed
X:ZCL‘M]g =z keK, (43)
1€ jeHd
$23k20 1,7 € H ke K, (45)
2z >0 keK, (4.6)
g€ 0,1} ieH. (4.7)

[enesast dbyuxiwms (4.1) npeacrapisier (DYHKIWMO TPUOBLIN JJIsT MAKCHMIT3a-
nun. IlepBoe ciaraemoe 1eseBoit (pyHKIME BbipakaeT OOIIYIO BBIPYUKY 3a YJIOBJIe-
TBOpPEHNE BBITOJHOIO OObeMa CIpoca. BTopoe m TpeTbe ciaraeMoe IIpeiCTaB/IsiioT
obIre 3aTpaThl: 3aTpaThbl Ha OTKPBLITHE XaOOB M TPAHCIIOPTHBIE 3aTPAThl COOTBET-
CTBEHHO.

Hesuneitnoe nepasenctso (4.2) obecrieqnBaeT MapIpyTH3AUIO MOTOKOB Yepe3
BeIOpanHble Xabbl. Orpanndenne (4.3) — 00beM MapIIPyTH3NPOBAHHOIO OTOKA Pa-
BEeH 00'beMY YJI0BJIETBOPEHHOI'O CIIPOCA, TaK Ha3biBaeMoe, ypapHeHue dajanca. Orpa-
audenne (4.4) obecriednBaer BBIOJTHEHNIE YCIOBUsST: OOCTY KEHHBIIT 06beM He MOYKET
npeBbiaTh crpoca. Orpanndenns (4.5) — (4.7) ABISIOTCS OrPAHIYCHUAMEI HEOTPU-
HATeJILHOCTH U OMHAPHOCTH COOTBETCTBYIONINX ITE€PEMEHHDIX.

Orpannuenne (4.2) sijsiercss Moguukalieil KJaccuaeckoro yejaoBus baaanca
B HLP u coBmectHo ¢ (4.4) siBiisieTcst S5KBUBAJIEHTOM OTDAHUYEHUIO YIOBIETBODE-

HUSI CIIpoca, IpejicTaBieHHbiM B pabore [57]. Pacxoxenne B (hopmymnpoBke 5Tux
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orpanuvenuii ¢ [57| cBsa3aHO ¢ JABHEAIMM UCIOIb30BAHNEM [IEPEMEHHbIX 2). Kciiu
mist [57] BaxKHO 0OC/TyKUBaHUE HApaB/ieHusl (00CTyKUBAETCsT WK He 00C/IYKIBa-
ercst 00beM IEeJIMKOM ), TO B OIICAHHON B CJIeyIOMIeil IiiaBe pPoOACTHON MOCTAHOBKE
3a/1a91 BayKHBIM SABJISIETCA 00bEM CIIPOca, KOTOPLI Oy/1eT y/I0BIeTBOPEH.

B onmcanun orpanndenuilt oTMedeHo, UTo MpeJioykKeHHast popMyJInpOBKa 3a,/1a-
YN ABJIAETCA HEJUHEHHON, 9TO BOBHUKAET N3-3a BBEJICHUS B PACCMOTPEHIE BO3MOK-
HOCTH O0OC/Iy?KHBaTh 9acTh 00beMa CIIpoca 110 HallpaBjeHuio. B ciaydae, Korma 1mpo-
IIyCKHasl CIIOCOOHOCTh XaOOB HEOTPaHUYEHHA, 9TO OrPaHUYEHUE BBINOJIHSIET (DyHK-
IUIO [TePEKJIIoUaTeIst, TJIe BBIIOJHbIC HAIPABICHUS YJIOBIETBOPSIOTCS MOJHOCTHIO
(ctipoc myist k € K obceyRuBaercsi jijist Bcero oobema Wj) 1 HEBBITOJIHBIE HAIIPAB-
JleHus He 0o0OC/Iy’KuBaroTcs BoodIe. B ciiydyae orpaHmdYeHHON MPOITYCKHON CIOCO0-
HOCTH XabOB MJIM B CJIydae PACCMOTPEHUs JIMCKPETHBIX eJINHUI B Mojen (o6bem
HOJTYTIPHUIIETIa TPAHCIIOPTHOTO CPEJICTBA, KOJMYECTBO MECT B caMojieTe U Jip.), TO-
ria orpanndenne (4.2) BbImosiHseT 6oJiee MUPOKUil CrieKTp MyHKIHA, deM (DYHKITHs
HepeKIoYaTeisd.

DKBUBaJEHTHAsI JINHEIHAsT (HOPMYTUPOBKA orpaHiyenus (4.2) MoxKer ObITh 110~
JIydeHa TyTeM BBeJIEHUsI BCIIOMOTATEIbHOI BeleCTBeHHON HeOTpUIaTeIbHOI repe-

MEHHOM ;) U JIOTIOJIHUTEIbHBIX TPEX OrPaHUYeHNil, KaK MoKa3aHo B [65]:

> w4+ wip<ux i€ HkeK, (4.8)
JEH j#i jeH

uir < yWy, 1€ H ke K, (4.9)

uir <z, 1€ HkekK, (4.10)

wig >z — (1 —y)Wy, i€ HkeK, (4.11)

uip >0, 1€ H keK. (4.12)
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Taxum obpaszom, 3a1ada (4.1), (4.3) — (4.12) sBisiercst iuHEHHON HOPMYTHPOB-
koit 3agaun UMAHLP ¢ neseBoit byHKIMeHr MaKCUMU3AIUNA TPUOBLIN, i€ TOJbKO
BBITOJTHBIN 00beM cIipoca yioBieTBopseTcs. [Ipencrapiennas MaTeMaTndecKas MoO-
JIeJIb ABJIsIeTcst 0CHOBOI Jist ommcanust podactrnoit UMAHLP ¢ npubnLibio B ycioBu-

X HEOIIPEJIEJIEHHOCTH CIIPOCa W BBIPYYKU, KOTOPas OIUCaHa B CJEAYIONNX pa3iesax.

4.2. Sagavua UMAHLP B ycioBusix HeonpeieJIEHHOCTHA

crpoca

Heonpenenennocts B crpoce, Kak 1 B [1aBe 3, Mojenupyercsa MOCPeICcTBOM
JINCKPETHOTO HAabopa clieHapHueB S, IJie KayKJIOMY CIIEHAPHIO IIPUCBOEHA BEPOSITHOCTh
peannzanun ps, obosHadeHne cipoca 1o crexapuio — Wi mis k € K. Ormernm,
YTO paccMaTPUBAIOTCS HanboJiee BEPOSITHBIE ClleHapuu U JIJIsd yKa3aHHOro Habopa,
CIIeHApPHEB HMeeT MeCTO ObIThb YCJIOBUE HHTEIPAbHOCTH: Y | o Ps = L.

Beejierne BO3MOXKHOCTH BBIOOpa 00beMa, CIIPOca K 00CTYKUBAHUIO CO3IACT Clle-
JIVIOILYIO IIPOOJIEMY: B CJIydae JABYX CIEHapHUeB JJjisi OJIHOIO HallpaBjeHust k 00CIIy-
JKMBaHUE CIIPOCa BBHITOIHO IO MTEPBOMY CIIEHAPHUIO W He BBITOIHO 10 BTOpoMy. Kakoii
00beM CIIpoca YIAOBIETBOPUTL! ABTOPOM BBOIATCS MOHATHSI: POOACTHBIN CIIPOC K
00CITyKUBAHIIO, 0603HAYEHHBIN 2z (CMBICJIOBOE 3HAYEHUE TTEPEMEHHOI OTInIaeTcs
OT BBEJIEHHOT'O B TIPEJIBLIYIEM pasjiesie), U OXKUJaeMble TOTePH OT HeyI0BJIETBO-
PEHHOTO CIIpoca WM OT MPEeJJIOYKEHNS, TTPEBLIIAIONIET0 CIpoc. PobacTHbIil cripoc
— 9T0 HamboJee BBITOJIHBIN OXKUJIAEMbIIT 00beM CIIpoca, KOTOPBII ONpeieNisdeTcsd u3
caenymomeit opmyauposku podbactroit mocranoBkn UMAHLP B yenoBusax meomnpe-

JEJICHHOCTU CIIPOCa.:

max Z Rz — Z fiyi — Z Z Z Fijrxije — Zps Z )\k‘zk - Wks| (4-13)

keK i€H 1€H jeH keK seS keK
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npu orpanundenusix (4.2),(4.3), (4.5) — (4.7),

2, < max Wis, k€ K. (4.14)
s€

[TepBoe ciaraemoe tieseBoit pyuxiwn (4.13) npecrapisier BBIPYUKY 0T 00CTy-
JKUBaHHSI POOACTHOIO CIIPOCA. ITO CjaraeMoe He rapaHTHPYeT, 9TO IOTOK zj OyIeT
Menbiiie Wy 1is oboro crienapus s € .S, HO TpeJIoyKeHNe, MPEBBIIIAIONIee CIIPOC
mrpadyercs mocae HnM caaraeMbiM (4.13). Kpome Toro, Hey10B/IeTBOPEHHBII CIIPOC
JUIsT KaxKJI0ro cjraraemMoro s € S mrpadyercs: TeM ke ciiaraembiM. B obrem ciydae
CYMMa Y« Ds O rei Mol — Wis| 1IDejicTaBiisierT OleHKy OXKUJaHUs BBIDYUIKH, KO-
Topasi He OyjeT mojydeHa (OXKujaeMble OTePH) B IEJIAX TOJIyIeHHs HAJIeKHON 1
OIITUMAJILHOI ceTH XaboB JIJIsi BCeX CIEHAPHUEB, I'ie A — IOTeHIuaIbHasl IPUOBLIbL
3a eJIMHUILY II0TOKa HallpaBjeHus k.

Ormmane Mexy Ap U Ry 3aK/II09aeTCsT B TOM, UTO A BKJIIOYAET JIONOJTHUTE b
Hble (DaKTOPBI, TaKe KaK: YPOBEHb CEPBUCA, IOKPBITHE CETH, — KOTOPbIE HE BJIHSI-
10T Ha BRIPYUKY Ry Hanpsimyro. [Ipejoaraercst BHIIIOJIHEHNE CJIEIYIONIErO YCIOBUST:
Ry < A\p. 3amerum, 9To \j JIJIst pa3IUIHBIX CIIEHAPUEB S1, So € S MOXKET OTJINIATHCS
1 JIOTIOJIHUTETLHBIN UHIEKC S MOXKeT ObITh JI00aBJIeH K Ag, YTO OyIAeT NPOIeMOHCTPU-
poBano B nocranoBke 3agaan UMAHLP B ycioBusx HeonpeaeseHHOCTH B CIIPOCe 1
BBIDYUKE B CJIEJIYIOIIEM Pa3jielie.

Bajava (4.2) — (4.3), (4.5) — (4.7), (4.13) — (4.14) conepkuT HeJmHeliHbIE (DYHK-
1un: GyHKINIO abCOIOTHOrO 3HAUEHUs, ITPOU3BeJIeHNe OMHAPHOI U BEIeCTBEHHOI
nepeMeHHoi B BoIpakenusx (4.13) u (4.2) coorBercrBenno. Bpejenue ciaraemMoro
OJKIJIAEMBIX TIOTEDPb: Y .« Ds > e o Mol 2k — Wis| B 1esteBoii dynkium (4.14) MozkHO
peodpas3oBaTh K JTUHEHHOMY BUJLY, UCIOJIb3Ysl aHAJOIMYHYIO Mporeypy nu3 Pasje-
J1a 3.3, rjie HeoOXOIMMO BBECTH JIOIOJHUTE/ILHYIO BCIIOMOIaTeIbHYIO BEIIECTBEHHY O
HEOTPHUIIATE/ILHYIO IEPEMEHHYIO O)s i k € K n s € S 1 2 JoNoTHNTE/ILHBIX Hepa-
BeHCTBa. AJIrOpuTM IIpeodpa30BaHms IIPOU3BEICHNUsT JIBYX IIePEeMEeHHBIX aHAJOITIeH

ormmmcannomy B Pazjene 4.1. Torna sxkBuBajieHTHasI JUHEHAS TTOCTAHOBKA 331241
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OyJeT UMEeTh BUJI:

max Z Rz — Z flyz — Z Z Z Fijkxijk - Zps Z >\k<zk — Wi + 20165)

keK 1€eH 1edjeldkeK seS  keK
(4.15)
npu orpaandenusx (4.3), (4.5) — (4.7), (4.8), (4.10), (4.12),
2y +ops > Wis, k€K, s€S, (4.16)
Uik Syimag(Wks, i€ HkekK, (4.17)
se
uiksz—(l—yi)mangWks, i€ HkekK, (4.18)
sc
ops >0, ke K,seb. (4.19)

K mocranoBke 3ajati, OMICAHHON BBIIE, €CTh HECKOJIBKO KOMMEHTapuesn: 1)
Orpannvenns (4.14) yuanensl 3 Mojesn, moroMmy 4uto orpanndenus (4.10), (4.17)

u (4.18) obecreanBatoT BBINOJIHEHNE JTaHHOTO yeaoBust; 2) Koncranta

Z Ps Z /\kas

seS  keK

B 1eeBoit dyakmun (4.15) Moxker ObITh yOpaHa U3 PACCMOTPEHHUs, MOTOMY UTO
MOCTOSTHHAST BEJIUYNHA B Ie/1eBOHl (DYHKIUN He BJIMAET Ha, IPOIECC ONMTUMUI3AIIH.
Ob6osnaunm nocrasiennyio 3agaay SSUMAHLPR, (anri. Stochastic Uncapacitated
Multiple Allocation Hub Location Problem with Revenue).

BBejienHast mocTaHOBKA 331841 3aK/II0YAETCS B MUHUMU3AIUHT [TOTEPU BBIPYUKN
B YCJIOBUSIX OOC/TYKUBaHWs HEOIPEJIEIEHHOI0 CIIPOCa B TOW Mepe, TOKa, 0XKUj1aeMast
NpUOBLTL OCTaeTCsl MakcuMa bHo. OKujanne BbIPYIKH BHIPAYKEHO Yepes IPOon3Be-
JleHne poOAaCTHOIO CIpoca Ha BBIPYUKY 3a €JIMHUILY MMOTOKA, UTO He sIBJIAETCS Ipsi-
MBIM BBIpayKeHNEM MaTEeMATHIECKOTO OKUJIAHUS BBIPYUKHU, & SBJISICTCS ONMTUMAJhb-

HBIM 1 HaJC2KHBIM 3HaYCHNEM BBIDYYKH K OTKJIOHEHHNAM B pa3pe3€ CHCHAPHUEB.
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4.3. 3agaga UMAHLP B yciaoBusax HeonpeaesieHHOCTU

CIIPOCa 1 BBIPDYYKHA

Heonpenenennocts B crpoce mupoko ucciaegoBana B HLP 3a mociennue jaBa-
JIIATH JIET, B TO BpPeMsl KaK BBeJIeHIe II0JX0J0B U3 TEOPUU yIpPaBJIEHUS IPUOBLILIO
B HLP paccmarpuBaercs mociennme HeCKOJIbKO JjeT. CyIecTBYIOIIe I0CTaHOBKI
zasad HLP ¢ ygeTom BeIpydKHN paccMaTpuBaioT (hUKCHPOBAHHBIN YPOBEHb BbIPYYKN
110 HalpaBJieHno. HacKoJIbKO M3BECTHO aBTOPY, B JINTEPATyPe MPEJIJIOYKeHa TOJIbKO
OJIHA CTOXAaCTUYECKas MOCTAHOBKA 3aJladl C HEOIPEJIeeHHOCTbIO B BBIpyUKe [58].
Kpowme Toro, crpoc cBsi3aH ¢ BBIPYYKOil, KaK CJeJICTBUE, JJIS KaXKJ0r0 CIIeHAPHS
s € S BoIpyuka Rps 1 \ps st k € K. PasjmmdHble NCTOUYHUKE HEOIIPeIeIeHHOCTH
(sxoHOMIUECKEE (hAKTOPBI, KOHKYPEHTHI, [IEHOOOPAa30BaHUe U JIP.) JeJIal0T 3HAUeHIe
BBIPYUKH HEOIPEJIeJIeHHON BeJININHON. DTO MO3BOJISIET SKCIIEPTY, IPUHUMAIOIIEMY
peleHne, ycTaHaB/IUBaTh pa3JIMUHbIE I€HbI, UYTO SIBJIAETCA IPUUNHON HU3MEHEHMUsI
crpoca. DTHU MPEIOChUIKN SIBJIAIOTCS OTJNUNTEIbHBIMU OT CYIIECTBYIONIUX KCCJIe-
JIOBaHMUIL, TJ1e NPUOLLIb sIBJIsieTCsl (PUKCUPOBAHHONI BEJINIIHOIN,

B Teopum ynpapyieHus MPUOBLIBIO BayKHO MAaKCUMU3UPOBATH NMPHUOLLIL W MU-
HUMI3UPOBATh OXKUJlaeMble OTKJIOHEHUsl BbIpydku. IlepBoe ycioBue rapanTupyer
3P PEKTUBHOCTD, BTOpOE — MUHUMU3AINIO0 PUCKOB. lIpejiaraercs ciejyomias 1mo-
cranoBka 3agadn StUMAHLPAD B yc10Busix HeolpeieJIeHHOCTH BBIPYUIKHU U CIIPOCa,
(arryt. Stochastic Uncapacitated Multiple Allocation Hub Location problem with
Absolute Deviation with Revenue, SSUMAHLPADR):

max Z Zpstszk — i ZPJZ Ryszr — Z ZpstsZk|

keKseS s €S keK seS keK (4_20)
- E fiyi — Z E Z Fijrije — Zps E ks |2 — Wi
ed 1€H jeH keK ses keK

npu orpanndenusx (4.2),(4.3), (4.5) — (4.7), (4.14).
[lepsoe u mocie/mee caaraemple 1eaeBoit Gyuxmmu (4.20) BRIpazKaloT oxKujiae-

MYO BBIDYUKY U OKHJaeMble MOTepH BBIPYUIKHU, Bropoe ciaraemoe (4.20) sBiistercst
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HOBBIM WieHOM B cpashennu ¢ (4.13). Dra cymma BbIpakaeT abCOIOTHOE OTKJIO-
HEHUE BBIPYUKH, IJIE (4 SIBJISIETCS MapaMeTPOM KOMIIPOMUCCA MEXKJY BBIPYYKOIl 110
KasKJIOMY CLEHapHUI0 1 OXKUJaeMoil BbIpYyUKoil 110 Bcem cueHapusiMm s € S. Ormpe-
nesieHre pobACTHOTO PEIleHnsl B TeOPUH YIIpaBJIeHns IPUObLIbIO, BBejieHHoe B [66],
SIBJISIETCS] aKTyaJIbHBIM B HAIIEM CJIydae:
Omnpepesienne 4.1 (Solution robustness): pererne HazbBaCTCS POOACTNHBIM 1O
OMHOWEHUIO K ONMUMANGHOCTNU, €CTIT OHO OCTAeTCs «OJIM3KNMY K ONTHMAJIbHOMY
JIUIsT JTFOOOTO clieHapus s € S.
Bropoe ciaraemoe (4.20) siBisiercst Mepoit poOaCTHOCTH (HAJEXKHOCTH) perlie-
HUS, TJIe ONTUMAJIbHOE PEICHIE MPEJICTABIISICTCA B BUJIE OYKUJIAEMON BBIPYIKH.
BeejienHoe oripejiesieHre podacTHOIO pellleHnsi MOYKeT ObITh YCHJIEHO, Tie abco-

JIIOTHBIE OTKJIOHEHHUsI BBIPYUYKHU pacCMaTpUBAIOTCA B paspe3e HampapieHuit k € K:

2 Zps|z Rkszk - Z Zpstszk|§ ,UZ Zpisks - Zpstslzka (421)

seS keK s€S keK seS keK ses
3J1eCh IIpaBasi 4aCTh HepaBeHCTBa (4.21) ABJICTC JIUHEHOI, YTO CJIe/IyeT U3 CBOIICTB
QYHKIIN abCOJIIOTHOIO 3HAUEHUs. YCHIeHHAs [TOCTAHOBKA 3a/1a9i (DOPMYJINPYeTCst

KaK

max Z Zpst‘szk - ,uz Z ps‘Rks — Zpsts’Zk

keKseS seSkeK seS (4.22)
- Z Jiyi — Z Z Z Fijkxijr — Zps Z Mies| 26 — Wis]
i€H 1€H jeH keK seS keK

npu orpannuenusix (4.2), (4.3), (4.5) — (4.7), (4.14).

[Iponenypa npeobpazoBaHusi HeJIMHEHOM 11e/1€BOi (DYHKINN K SKBUBAJIEHTHOII
3a/1ate JIMHEHHOrO TPOrPAMMUPOBAHNUST HE OTJIHYACTCS OT METO/Ia, OHCAHHOIO B Pas-
nese 3.3. BeejieM BCIIOMOTaTesIbHY 10 BEIECTBEHHYIO HEOTPUIIATEIBHYIO IEPEMEHHY IO
Ts st § € S st yeTpaHeHust HeJmHefiHocTn B 1esteBoit dynknnu. Torna S5KBuBa-
JeHTHas auHeitnas 3amada s (4.2),(4.3), (4.5) — (4.7), (4.14), (4.20), 6yaer nmeTsb

BUJI:
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max Z Z Pspszy — Q,MZPSTS - Z fiyi

seSkeK s €S i €eH (4_23)
=3NS Famgn = > pe > Mrslzk — Wi + 204,)
1€ jed kekK seS  keK

npu orpanundenusix (4.3),(4.5) — (4.7),(4.8), (4.10), (4.12), (4.16) — (4.19),

SN pBus — Y Riszr— 7 <0, s€S, (4.24)

seS keK keK

7,>0, s€8. (4.25)

[Tocranoska ycunennoii 3ajaaun (4.2), (4.3), (4.5) — (4.7), (4.14), (4.22) 6yuer

SKBUBaJICHTHA CJICJIYIOIIEeil JIMHEITHON IIOCTaHOBKE:

max > Y peRez—p) Y pulRis— Y peRislz— Y fw

seESkeK seESkeK seS 1€H (4.26)
- Z Z Z Fijrxijr — Zps Z Mes(26 — Wi + 2045)
1€l jeH keK seS keK

npu orpanmienusx (4.3), (4.5) — (4.7), (4.8), (4.10), (4.12), (4.16) — (4.19).

4.4. Pazoxkenue Benngepca

B nHacrosiiem paszjieie paccCMaTPUBAIOTCS IOJIXObI K PeIIeHnio chopMyInpo-
BaHHBIX BBIIIEe 3aJlad I[IOCPEJICTBOM METOJO0B pazjoxkeHusi. OTMeTHM, UTO IIOCTaB-
nennble B [taBe 4 3a1aun sBJISIOTCST JTMHEHHBIMI TporpaMMamu L-popMbr (aHDiI,
L-shape linera programs) [67], 4To M03BOJISIET TPUMEHUTH MUPOKO HCIIOJIB3YEMbIil
B HLP mnoaxon pasyoxkenuns benjepca. 3ajgadn MOIyT ObITh IIpEJICTaBJICHbI B BUJIE
JIBYXIIIArOBOM 3aja4u onTuMusanui: 1. 3ajada pasmenieHust xaboB, 0003HaUeHHAS
MP; 2. 3ajiaga nmocTpoeHns cBsi3eil MexK/ly XabaMi U y3JI0BBIMU TOUKAME U OIPEIe-

JleHne o0LEeMOB clipoca K obciy»KuBannio SP B Tepmunax anropurma benjepca.



o8

[Tocranoska 3ajaun (4.3), (4.5) — (4.7), (4.8), (4.10), (4.12), (4.16) — (4.19),
(4.23) — (4.25) aBmasiercst 6osiee OOIIEl B CPABHEHUN € OCTAJTBHBIMI TOCTAHOBKAMH
u3 Paznena 4.3, mo3ToMy aJI'OpUTM pasjiozKeHust benjgepca OyaeT npegcTaBiieH JIJId
JIAHHOM 31891 1eJI0UICIeHHOr0 JIUHEHOTO IIporpaMMupoBanusi. Kpome Toro, B Jin-
TepaType pasaoxkenne bengepca B HLP mpencrapieno mais 3ajad MUHIMUBAINN,
[I09TOMY JlaJiee 3ajiada MaKCUMMU3alluyd MMPUObLIN Oy/eT M3MEHEHa Ha SKBUBAJICHT-
HYTO 3aJ1ady MuHEMu3ann. OnruMu3alnonHast MOJIE/Ib IPeIo/iaraeT IepBbIil mmar,
coJiep KaIuii 381449y ¢ MeJIOIHNCICHHBIMI [IEPEMEHHBIMU (TTepeMEeHHbIE YCTAHOBKH Xa-
OOB), 1 BTOPOI IT1ar, COJIepKAIIliii BEIEeCTBEHHbIE TlepeMeHHbIe (06C/1yKeHHBI 06beM
cripoca, mrpad 3a HeyJOBJIETBOPEHHBII CIIPOC, OKIIaeMble OTKJIOHEHNUs BBIPY KN ).
HeomnpejiesieHHOCTD B BBIPYYKe U B CIIPOCE OTHOCUTCSI KO BTOPOMY IIIary.

Bajiaua SP siBiisgieTcs JIMHEITHON U He COAEPXKUT IEJTOIUCICHHBIX IIePEeMEHHBIX.
[IycTb Ha uTepanun h 3HaAYCHUS 1EJTOYUCICHHBIX IepeMeHHbIX 13 MP obo3HaveHbI

(h) qp " .
y,"’, Torna 3ajgada SP umeer coeyromuit BUI:

min Z Zps(Aks — Rks)zk + Z fzyz(h)

keKseS 1 €H (4.27>
+ Z Z Z Fijrxijn + Z Z 2psOgs + QMZPSTS
teHjeHk ek seSkeK ses

npu orpammdenusx (4.3), (4.5) — (4.7), (4.8), (4.10), (4.12), (4.16), (4.19), (4.24),
(4.25),

1

wir < y(h) max Wis, 1€ H ke K, (4.28)

"y max Wy, i€ H, ke K. (4.29)

wip > 2, = (1 —y;) mas

Oupenesinm JpoiicrBennyio 3auady K SP, . e. DSP, rie npoiicrsenuble nepemen-
HbIE Vg, €ik, Diks Qkss s, Lik, Qi COOTBETCTBYIOT orpanndenusiM: (4.3), (4.8), (4.10),
(4.16), (4.24), (4.28), (4.29). C yuerom BBejieHHBIX 0bo3HAUeHNMIT 3a1a1a DSP dhop-

MYJIIPYETCs CJIEJIYIONINM 00pa30M:



29

max Z Z Wksqks + Z Z ((alk — tik)y(h) — aik) Igleagf Wis (4.30)

keKseS 1eHEkeK

[IpU OrPAHUYECHUAX

Uk_eik_ejkgﬂjka i7j€H7k€K7i7éj> (43]‘)
Grs < 2psAi, ke K, se€ S, (4.33)

> (biw—aiw) — vk + Y s+ Y Ria(gs — |S|psgs) <Y pa(Ahs — Ris), k€K,

1eK ses ses ses

(4.34)

eir —bip +a —ti <0, 1€ HkeK, (4.35)
gs < 2pspt, S €S, (4.36)

Cik, Uik, Qi ti,. > 0, 1€ H k€ K, (4.37)
s >0, ke K,seS, (4.38)

gs >0, s€b, (4.39)

weR, ke K. (4.40)

Kak mokazano B Paznene 3.4, airoputv pasiokeHUs COCTOUT U3 MPOIETyPhI
oc/1abIeHns 3aJ1a9i BTOPOTO Iara, ImyTeM 3aMeHbl Ha MHOXKECTBO cevueHuil, nobas-

sngembix B MP na mpotskenun nrepanuii. Pasioxkenne benjepca nCoib3yeT aBa
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THIIA CeUYEHUl: ceueHusI ONTUMAJILHOCTH U cedeHus: jonyctumocTtu. IlepBolit Tum ce-
YeHUil UCHOJIb3YeTCst JIJIs OleHKH 1esieBoit dbyukiun SP (3a7a41u Broporo mara), a
BTOPOI THUII CeUeHnl — JIjIsI YCTPaHeHNs HeCOBMECTHOCTI SP Ha IpOTszKeHun uTepa-
it benjepca. B namem ciydae, BTopoil THil cedennii He TpedyeTcs, TaK Kak 3a/1a49a
SP Bcerma OyjeT uMeThb pelieHue.

OrnpeiesinM cedeHune ornTUMabHOCTH, KOTOPOE COOTBETCTBYET OIEHKE I'PAHUIIbI
nesieBoit pyuknnn 3agaqn SP B MP:

Y () =l e max Wi 2 37N Wisge— > al) max Wi, (441)

ieHkeK keK seS i€eH ke K

rje 7) — BelleCTBeHHAsl HeOTPUIATeIbHAs TepeMEHHast, COOTBETCTBYIONIAS MUHIU-
masbHOMY 3Hadenuo (4.30) wa urepanuu h. 3Hadenus neneBbix Gyakunit (4.30)
10 UTEPAIUAM [PEJICTAB/IIET HeyObIBAIOILYIO TTOCIEI0BATEILHOCTD.

B urore, 3aj1aua MP MoxkeT ObITH cchopMysImpoBaHa, CJIeIYIONIM 00Pa30M:

min Z fiyi +1 (4.42)
ieH

npu orpanmidenusx (4.41),

Y oui>1, (4.43)

i€eH
n>0. (4.44)

B dopmymposke MP comeprkures jonosnutenbHoe orpanndenne (4.43). B
KJaccrmaeckoit nocranoske HLP, rie Bech cripoc jio/Ken ObITH y/I0BJIETBOPEH, JIaH-
HOE OrpaHMYeHNE UCIOJIL3YETCs JIJIsl UCKI0UEHUs ciydaeB HecoBMecTHoCTH SP. Ec-
a1 B MP ne BbiOpan Hu onun Xab, TO IOTOKOBbLIE II€PEMEHHbIC T;j; OYyAyT paBHbBI
HYJIIO, 9TO MPOTHBOPEYUT YCJIOBHIO OOCTyKHBaHus Bcero crpoca (SP wecoBmect-
Has). OIHAKO B HaIllell TTOCTAHOBKE JIOTYCKAETCsI TI0JTHOE HEYIOBJIETBOPEHHE CIIPOCa,
1 orpanmdenne (4.43) sBisiercs Heobst3aTe bHBIM. HO ecTh psiji MpudnH, 1Mo KOTo-

PbIM JIaHHOE OI'PaHUYEeHNe IIPUBEJIET K YCKOPEHUIO aJI'OPUTMa Pa3JIOyKEHUS: C OJIHOM
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CTOPOHDI, IIPEJIIoJIaraeM, 9TO HEBBINOAHbBIE CETH XaboB He OYIyT PACCMATPUBATLCH, C
JIPYTOil CTOPOHBI, JaHHOE OrpaHnYeHne CoOKpalliaeT KoJIM4ecTBo urepaluii bennepca,
KaK MUHIMYM, Ha OJHY €INHHUILY.

CxeMa KJIacCH1IecKoro ajaropurMa bernmepca nponsrocrpupoBana Ha AJIropuT-
me 1, tie opp(y,m) u dpsp(v, e, t, b, a, q,g) — 5T0 ONTUMATBHBIE 3HAUYCHUS TI€IEBBIX
dyukmuit MP u DSP coorBercrBenno Ha urepanuu h. OrMmerum, 910 pUHAIBHBIE
snadennst UB umn LB (korma UB=LB) coorBercTByeT ontnmaibHOMY 3HAUCHHIO 116~
nesoit dyukrun (4.23), B To Bpems Kak ¢gp(v,e,t,b,a,q,g) sBisiercs 3HaUCHTEM

1eJIeBoil (pyHKIUN 6e3 ydeTa CTOUMOCTU OTKPBITHA Xa0OB.

Anroputm 1: OcHoBHoll ajiropuT™M Benjiepca pelieHns 3a1aqu
UB < +o00, LB+ 0, h <+ 0

10 TeX Tiop, 1oka UB # LB BBINOJIHATH
Pemenne MP (4.42)—(4.44)

LB < ¢ur(y,n)
Pemerne SP (4.30)—(4.40)
Hobasnenue ceuenns (4.41) 8 MP

ecmn ¢sp(v,e,t,b,a,q) + > aryr < UB Toraa
‘ UB = ¢SP(7}7 €, t? b7 a, Q) + ZkEK arYk

nHa4de
| Huuyero

KOHeIT

h+—h+1
KOHeI]

B cienytonux pasjenax OyyT MpeJICTaBICHbI pa3/indHble CTpaTerun reHepa-
IIUU CeueHnit M criocoObl MX yCKOpeHus. ByayT paccMOTPEeHbl TaKie TOIXOIbl K YCH-
JleHnto cevdeHnit Kak: [lapeto-ontumasibuble cevenns, MaKCUMaJIbHbIE HEJIOMIHUPYe-

MbI€ CceHCHUA U MHOZKECTBEHHBIC CCHCHUSI.
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4.5. HapeTO—OHTI/IMaJIbeIe cedeHunsd pelieHnnsd 3aJ1a49m

B Paznene 3.5 paccmorpennl 6a30BbIe puHITUIILI (hopMupoBanus [lapero-onTu-
mMasbabIx cedennii. Kak u B Pazjene 3.5, B Hacrosiem pasjese Oyaer paccMaTpu-
BaThCst TOx0J1 [35] K reneparun [Tapero-onTumMaibabIx cedennii. Tak Kak ucc/ieno-
Banue [35] ocroBano Ha [34], To cchopmynupyem nporeaypy rerepaiuu [1O ceuennit
1o [34]. Ilycrs y* — mavanbnas Totuka, jgexkarmas B Conv(Y'), a onTuMasbHoe 3Hade-
rue 1esesoit dyuximn 3amaan (4.30) — (4.40) obozuatum ¢pgp(v,e,t, b, a,q,q). B
nporietype [34] ectb BOSMOXKHOCTE Ha KazKJ10it ureparin h 100aB/saTh J1Ba CEIeHNUS:
obwranoe ceuenune Benjyiepca u 10 ceuenne, — noromy 4ro ajgroputm Magnanti u
Wong [34] snauenus nepemennbix 3ajaqu DSP paccuuThiBaloTCs Ha BCIIOMOTATE b

noit crajun. I[Tocrpoenne I1O cedenuit ocHOBaHO Ha peLIEHUN CJIEIYIONIEN 3a1ati:

max Z Z Wihsqrs + Z Z ((aix — tin)y; — air) max Wis (4.45)

keKseS 1eHkeK

npu orpanmyenusx (4.31)-(4.40),

Z Z Wisqrs + Z Z ((aix — tin)y; — air) max Wis = ¢psp(v,e,t,b,a,q, g).

keKseS 1eHEkeK

(4.46)
CdopmysmpoBata 3aja4a pacdera [1O cedennit moBbIaeT CKOPOCTH CXOIUMO-
cru anroput™a bengepca. OnHako mcrnonb3oBanue orpanndenus (4.46) mpuBognT
K BBIUUC/IUTEIbHOM HeycToitunsocT. B cBoeit pabore Papadakos [35] mpemiaraer
ncrosib3oBaTh pasiamdnbie Toukn MW (Magnanti Wong) na kaxkoit nrepanuu u
yoparh orpanuyenne (4.46) U3 paccMOTpeHUsl, 9TO MO-IIPEKHEMY OyJIeT reHepupo-
BaTh 11O ceuenusi. ABTOpOM Impejjiaraercs mpoleaypa oupeieaeHus Touek MW Ha
KazKJI0i nTepalnn MocpeacTBOM UCIIOIb30BaHUsI BBIITYKJIONH KoMOnHamn Touku MW

1 JIOIyCTUMOTO perennsd 3agaam MP:

yik(h—l—l) _ (1

2

Wy e, (4.47)

— 7)Y
(h)

rje y;, ’ — oUTHUMaJIbHOE 3HadeHue nepeMeHHoit 3ajgaun MP na urepanun h, yrh)

snadenne Toukn MW wa npegbutymenm mare, 0 < v < 1 (caemys [33, 35|, namryd-
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mee sMIUpuIeckoe 3Haderne v = 1/2). OgHako ocTaeTesi BOIPOC WHUUATI3AIIN
nepgoii Toukn MW 3. Kax nokazano B [33], y; © =1 /2 Vi € H sasnsercs
BHYTpEHHEN TOYKON BBIMYKJI0I 000JIOUKN MHOTOIPDAHHUKA, 0OPa30BAHHOTO OTPaHU-
yerusgmu 3a1a41u MP. 9To 3nadenne npeacTaB/IgeTcs B BUJIE BBITYKJI0 KOMOMHAIIIN
|H| nomycrumbix perennii 3ajaan MP, rie Kaykioe peresne cooTBETCTBYET OTHOMY
BBLIOpaHHOMY Xaly, 1 OJIHO JIOIMYCTUMOE pEIIeHte, TJie YCTAHOB/IEHbI BCe BOZMOYKHBIE
xabbl. CyMMa 3TUX JIOMYCTUMBIX PEIIeHUI ¢ COOTBETCTBYIOMIMEI KOodhduimenramu
1/(21H|=2) w (1/2 = 1/(2|H|-2)) savor y;* =1/2.

Cxema asropurma Papadakos [35] mo yckopenuto passioxkenust Berjepca mpei-

craBjeHa Ha AJropuTm 2.

AnaropurMm 2: Passioxkenne Benjepca pemtennsi 3ajadn ¢ [10 cedenusimu
UB « +00, LB« 0, h < 0, v, y*0

10 TeX Top, 1oka UB # LB BbINOJIHATH
Pemmenne DSP (4.45), (4.31)-(4.40)

Hobassenne ceuernnst (4.41) 8 MP
Pemenne MP (4.42)—(4.44)

LB « omp(y,n)

O6uossienne Toukn MW (3.35)
Pemrerme DSP (4.30)—(4.40)
Jobasenue ceuennst (4.41) 8 MP

ecau ¢gp(v,e,t,b,a,q) + >, cx aryr < UB Torma
‘ UB = ngP(Uv e, t,b,a, Q) + ZkEK arYk

nHa4de
| Hwuuero

KOHeIl

h+—h+1
KOHeI]
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4.6. MakcumMmaJibHble HeJIOMUHUPYEMble cedeHUusd AJisi

pemieand 3a1a4m1

AJIbrepHaTUBHBIN 110/IX0/I K YCKOPEHUIO pasjioxKeHusi Benjepca mpejioxKen
Sherali u Lunday B pabote [68]. MeTos ocHOBaH Ha pacCMOTPEHUE MaKCUMAJIbHBIX
HeJIOMUHUPYEMBIX cedeHmil. [locTpoenne cedenuil ocymecTBIsgeTCs TOCPEICTBOM pe-
IMeHNs] MHOTOKPHUTEPUATBHOI 3a/1aun, KoTopas sBjsgeTcs ajabrepHaTnsoit DSP. Ap-
TOPBI OKA3aJH, YTO He3HAUNTEIbHbIE BO3MYIIEHNs KOIMDMUITIEHTOB B 1e/1eBOi (DyHK-
i DSP B onpejiesieHHBIX cilydastX HO3BOJISIET 10JIydaTh HEJOMUHHUDYEMBbIE cede-
aus. Takas rporeypa Mmo3BoJisieT oTyYaTh YClIeHHble ceuennst 6€3 pacCMOTPEH s
BCIIOMOTATE/IbHBIX 3ajia4 (Hanpumep, nocranoBka Magnanti u Wong [34] ITapero-
ONTUMAJIbHBIX CeYeHUil TpebyeT pelieHus JonoHuTe bHol 3a1a4un (4.31) — (4.40),
(4.45), (4.46) ma KaxK0i nTEpAINN).

Nnes npeiyioyKEHHOTO aJropuTMa 3aK/IiouaeTcs B OObeMHEHNN JBYX 3ajad
3 noaxona Magnanti m Wong: (4.30) — (4.40) u (4.31) — (4.40), (4.45), (4.46).
YKazaHHbIE 331491 UMeEIOT JBe TeeBble dhyukinn (4.30) u (4.45) npu oMHAKOBBIX
orpaundenusix (4.31) — (4.40), rae orpanmuenne (4.46) npu o0beIUMHEHNN 3a/a4
craHOBUTCs u30bITOUHBIM. Sherali u Lunday [68] nmokasasu, 4ro nesesbie dhyHKIUI
C COOTBETCTBYIONIMMHU BECOBBIMU KOIPPUIMEHTaAMI MOTYT ObITH CyMMUPOBAHBI JIJIsT

IIOJIY4Y€HUA €NHOI'O KPUTEPUA OIITUMU3AINN:

max (1 + f) Z Z WisQrs + Z Z (@i — tik)y(h) — ;) max Wis

keK seS i€HkeK (4.48)

+68Y > (e — ta)y] — ai) max Wy),

1eHkeK
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rjie f — BecoBoit Koadduiment, y* — TouKa U3 BbIIYKJI0H 0boiouku MP.

Anroputm 3: Hejomuaupyemblie cedeHust B pasyioxkennn Benjepca
UB + 400, LB <+ 0, h <+ 0

Wnnnpamsanus nocieposaresboctn {31

10 TeX Top, Toka UB # LB BbINOJIHATH
Pemenne MP (4.42)—(4.44)

LB < ¢ur(y,n)
Permerne DSP (4.31)—(4.40), (4.48)
Hobasnenue ceuenns (4.41) 8 MP

ecmn ¢psp(v,e,t,b,a,q) + > cx aryr < UB Torma
‘ UB = ¢DSP(U7 €, t? b7 a, Q) + ZkGK ALYk

nHa4de
| Huuyero

KOHeIT

h+h+1
KOHeI]

B pa6ore Oliver u jip. [69] pacemorpen mojxo/ K Bbibopy ko duienta 5. As-
TOpPaMHU TOJIyYeHO, UTO UCIOJIb30BaHIe (DUKCUPOBAHHOTO 3HAYCHUS JIjIst [ TIPUBOJIAT
K Hed(DEKTUBHOI OleHKEe TPAHCIOPTHBIX 3aTpaT, MoaydaeMblx n3 3agaun DSP, na
urepaiusx. [1o 3Toit mpuanHe aBTOPHI Ipe/I/IaraloT OOHOBJIATE 3HAUEHUS TapaMeTpa
Ha KaxKJI0i nTeparyn, 4To MOBBIIIAET KAaIeCTBO MOJYIaeMblX CeUeHNUN B CpaBHEHUH
¢ ucroJb3oBanneM teaeBoii dyukinnu (4.48) ¢ nmocrostaabiM (. st obecrievdenms
CXOJIIMOCTH BBOJATCs Clejlyloniie TpeboBanus K moceaoarenbuoctu: {30}
> ey B = 0o u B — 0 upu h — oo. YIoBjIeTBOpeHne BBEICHHBIX TPeGOBAMi

obecrieunBaeT BLIITOJIHEHIE cjeAyromero ycJI0BUAd:

611510 (1+5) Z Z Wihsqrs + Z Z Qi — — Qi) max Wis

keK seS ieHkeK
+ 0 Z Z (@i — tin)y; — air) max Wis) = Z Z Wie Qs
i1eHkeK keK seS
T Z Z((aik —tir)y — aix) max Wis.
icH keK 5€

(4.49)
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Cxema aJropuTMa COBIQJAeT ¢ AJIFOPUTMOM D IpeJicTaBjeHa Ha AJiropuTMe
3, ommaneM spjsieTcs neseBasi pyHkunsg DSP, rie st mocrpoenns: HeIOMIHUPY-
eMbIX MaKCHMAaJIbHBIX CeueHuil UCIojb3yercs Bbipaykenue (4.48). B momnosnenue K
cxeMe pasJioKeHns TpebyeTcst mpoleaypa obHobieHnss koddduimenta (5. [Ipumep

[IOCJIEJIOBATEIbHOCTU {B(h)}zozl — rapMOHMYECKUIl PsIJT U €ero BapUalliu.

4.7. 'mbpuaHasi cTpaTerusd MHOYKECTBEHHBIX CEeYeHU

pemeHnsd 3a1a9u

B macrosiiem pasjesie NpeiozKeH TUOPUIHBINA TTOIXO0/T pa3IoKeHnus 3a adu
StUMAHLPADR, rzae ma kaxkjoil nrepaiun reHepupyioorca Ilapero-onrumasibabie
ceveHmst, cyejiys cxeMe roctpoenns Papadakos [35], n makcuMa/ibHble HEJOMUHIDY-
emble cedennsi n3 Pazjena 4.6 ogroBpemento. HoBbIit MeTO/1 NCIIOIB3YET IBA «CHIIh-
HBIX» CeUYeHMs Ha KarK/I0# nTeparuy ajropurMa, 9To, o MHEHUIO aBTOpa HACTOsIIIelH
JIICCePTAINN, TIO3BOJIUT COKPATUTH 00IIee KOJTMIECTBO UTepalluii.

[IBa Tumna cedeHuit B THOPUIHON MOJE/N PA3IOKEHUT UCIOJIb3YIOT TOYKU W3
BBINTY K101 000/10ukn MP: s mostrydenus: 60sbIero apdexra oT cedenuii cieryer
HCTI0JIL30BaTh JIBe pa3/inyuible HadaJbHble TOYKH. B MPOTUBHOM ciydae, TOJIydae-
MbIe CeYeHHsI MOT'YT HaKJaJbIBaThCsl, YTO HMPUBEAET K 1orepe 3(hIEKTUBHOCTH OT
HCIIOJIb30BaHUSI JIBYX YCUJIEHHBIX cedeHnii. Kpome toro, Touku MW u mnporeypa
X OOHOBJICHUs Ha KayKJI0# UTEPAIE MOT'YT ObITh HUCIIOJIb30BAHBI B MIOJYUYEHUN MaK-
CUMAJIBHBIX HEJIOMUHUPYEMbBIX CCUYCHUl, 9TO HE MPHUBEJCT K CHUYKCHHUIO CKOPOCTH
CXOJIMMOCTH aJITOPUTMA.

Cxema THOPUIHONO MHOYKECTBEHHOTO CEUYeHWs B pa3/IoyKeHnn bemnjiepca Mmoka-
sana na Asrropurrae 4, riae y*(0) u (0 — pauganbible 3HAUCHNS TOUEK 13 BLITYKJION
obosioukn MP st [TapeTo-onTuMaibHBIX U MAaKCUMAJIbHBIX HEJOMUHUPYEMbBIX Ce-
YeHH#l COOTBETCTBEHHO, TaK 2Ke, KakK mapamMeTpbl ¥ u v** st cxeMbl 0OHOBJICHIMS

touek MW (3.35). Ormernm, uro ¢ppsp(v, e, t, b, a, q) — 3HadeHue 1e/1eBoit byHKINN
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DSP (4.30), usBiedennoe u3 (4.48), onucanue aaropuTMa MpeCTaBIeHO HUXKE:

Anroput™m 4: ['mOpuIHBII aJIrOpUTM pasjiokeHns Benjiepca pelieHust 3a-

nmagn StUMAHLPADR
UB <+ 400, LB « 0, h < 0, v*, v, y*0 4= 0

Wnnnpamsanus nocieposaresbioct {31

10 TeX Tiop, Toka UB # LB BBINOJIHATH
Pemerne DSP (4.45), (4.31)-(4.40)

Hobassenne ceuennst (4.41) 8 MP
Pemenne MP (4.42)—(4.44)

LB < éump(y,n)

O6uossienne Touek MW* 1 MW** (3.35)
Permerne DSP (4.31)-(4.40), (4.48)
Hobasenne cevennst (4.41) 8 MP

ecau ¢psp(v,e,t,b,a,q) + > ok aryr < UB Torma
‘ UB = ¢DSP(U7 €, ta b7 a, Q) + ZkeK ALYk

MHa4e
| Huuero

KOHeIT

h+<—h+1
KOHeI

4.8. YuciaeHHbIl 3KCIIepUMEHT

B x0/1e KOMITBIOTEPHOTO 9KCIEPUMEHTA, PEATN30BaHbI KOMIIBIOTEPHBIE TTPOrPaM-
MBI, COOTBETCTBYIOIIIE MOJIEJISIM 1 AJITOPUTMAaM, TIpe/icTaBieHHbIM B Pasienax 4.1 —
4.7, a IMEHHO: 3aj1aa JIMHEHHOTO MPOrPAMMUPOBAHIS HAJICKHOTO PA3MEIICHUST Xar-
00B B yCI0BUSIX HeonpeiesaennocTn crpoca (4.3), (4.5) — (4.8), (4.10), (4.12), (4.15) -
(4.19), B ycstoBusIX Heompe/IeJeHHOCTH cripoca u Beipyukn (4.3), (4.5) — (4.8), (4.10),
(4.12), (4.16) — (4.19), (4.23) — (4.25) u Ayropurmbl 1 — 4 pelieHus 0CTaBJIEH-

HbIX 3aJ1a4. [locTpoeHune 3a/1a4 JIMHEITHOTO IPOrPAMMUPOBAHNSI, PELIeHIe 3a/1a4 OCY-
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IIECTBIAINCE ¢ UCIOIb30BaHieM mporpaMmuoro npoaykra IBM ILOG CPLEX 12.9!
na mammae 3.5 GHz, 32GB O3V B cpene Linux. IIporpammuas peajimsalius ajaro-
PUTMOB U MaTeMaTHICCKIX MoJiesieil pazpabaThiBasach Ha BEPXHEYPOBHEBOM SI3bIKE
nporpammupoBanust Python 3.6 ¢ ucnonbszoBanuem pegakropa PyCharm IDE.

CpaBrenne pe3y/IbTaToB, MOJTYUYEHHBIX Ha OCHOBE MPEJIOKEHHBIX Mojieseil po-
6acTHOrO pa3Mernennst XadoB, MPOBOINJIOCH JIJIA PA3JINYHBIX MapaMeTpos. /s ana-
J3a ucnosb3oBasinch Haboper jganabix CAB (anra. U.S. Civil Aeronautics Board,
cm. Puc. 3.1) u AP (anrn. Australian Post), mmnpoko usBecTHBIX B JInTepaType 10
FCCIeIOBAHIIO orepariit [64).

AJIropuTMBI IIOJNOTOBKU JIAaHHBIX IIpejcraBieHbl B Pasnene 4.8.1 u Pazuene
4.8.3. B Pazniene 4.8.2 obcy:K1aloTcsd pe3yIbTaThl MOJyYeHHBIX pelleHnii Ha Habope

narnaeix CAB, B To Bpemst kak B Pasnmene 4.8.4 ommcanbl pe3ysbTaThbl Ha JaHHBIX

AP.

4.8.1. AaroputMm noaroroBku gaHHbIX CAB

[Ipexkie yem mpuCTynuTh K SKCIEPUMEHTY, BXOAHBIE JaHHbIE HOPMUPYIOTCS 1
BBIUNCJ/ISIIOTCST CTOMMOCTH OTKPBITHsT XaboB Ha ocHOBe Habopa jmanHbix CAB. I'ene-
PUPYIOTCSI JIECSITh ClIEHAPHEB JIjIsI IIOCTPOCHUsT pOOACTHOIO pPeIeHus 33 a9l pa3Me-
meHnst xabos. aJjiee mpejcraBiieHbl OCHOBHBIE dTallbl OATOTOBKE JaHHbIX CAB K
IKCIEPIMEHTY.

[Iycts cipoc u3 Toukn o(k) B Touky d(k) juist o6oro criienapus S BBIOHpaeTCs
caydaitneiv obpazom u3 uarepsada [0.01Wy, 10Wy]. 3necs W), — 910 0bbem crpoca,
pejcTaB/ieHHbll B Habope mannbix CAB.

C 1espi0 yeTpaHeHs CUMMETPUN OTHOCUTEIBHO CPEJIHErO 10 CIIeHAPUsIM B Ha-
oope snagenuii Wy, saauenns Wpg BbIOMparoTcs ciaydailHbIM 00pa30oM 13 HHTEPBAJIa
[0.1W},, 5Wy] ¢ BepositHOCTBIO 2/3 11 13 naTepBaa [5Wy, 10Wy] ¢ BepositHocThIO 1/3,
KaK MoKa3aHo B pabore [44]. BeposiTHOCTD mosiB/IeHIsT KAXKIOT0 U3 JIECSTH CIIEHAPHUER

BbIOpaHa papHoil 0.1, T. €. BEPOSITHOCTH PaBHBI MEXKJIy COOOIA.

! https://www.ibm.com/analytics/cplex-optimizer
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asiee mosryuennble o0beMbl cripoca Wi, HOPMUPYIOTCA TaKUM 00pa3oM, UTO
o0beM crpoca Mo Halpas/ieHnto jexkuT B uHrepsase [0, 1] u obmas cymma crpoca
110 BCEM HaIlpaBJIeHUsSIM B pa3pese (pUKCUPOBAHHOIO CIleHapHUs S paBHa 1.

CTonMOCTb OTKPBITHUSI Xaba pacCUnThIBAETCs 110 (DOpMYJIe

fo(k) = 15[09 Z Wk
d(k)eN
JUIsT KazKJIOro MOoTeHInabHOro Xaba. CToMMOCTH KOHCOIMIAIIME U PACIIPe/ie/IeHus
3a eJUHUILY 1MOTOKa — Y = 1 u 0 = 1, KoapPUuImeHT JUCKOHTUPOBAHUSA — v €
{0.2,0.4,0.6,0.8}.

Bennauna Beipyukun B CAB He npejicraBiieHa, OITOMY HCIOJIb3YeTCs CIIETy-
IoMIas MpoIe/ypa TeHepalui BhIPYUIKN 10 HalpaBjieHnsaM: Ry, = EWC/—Z, e £ ~
U(25,000; 30,000). Takoii mojxoy pacdera BbIPYUKH HCIHOJB3yeTcst B pabore [70],
KOTOPBIil 3aBUCUT OT PACCTOSIHUSI MEXK/Iy OTIIPABUTEJEM U IOJIydaTeJeM 1 OT 00be-
Ma CIIPOCca 110 HalPaBJICHUIO.

B nabope mannbix CAB npenocrasiena undopmarus 1mo 25 ysjiam cetu. B
IIPOBOJIMMOM SKCIIEPUMEHTE PACCMATPUBAIOTCA BCE TOUKHM CETH, TJIe KaxKjas TOUIKa,

IOTEHIINAIbHO MOXKeT ObITH BbIOpaHa B KadecTBe xaba.

4.8.2. PesynbraThl aaa Habopa gamubix CAB

B pamkax skcrepumenTa pa3paboTaHbl IPOrPaMMBbIl JJIsi TPeX IIOCTAHOBOK 3a-
naa UMAHLP B yciioBusix HeolpeleJIeHHOCTH B CIIpOce U BbIpYUKHU. /IBe Marema-
TdecKre Mojesn chopmyanpoBalbl B Pazjere 4.3, J10IOJIHITEIBHO B IEJISIX 1IPOBE-
JIeHUsI CPaBHUTEIHLHOIO aHaIN3a peaan3oBaHa croxacrudeckas momeab UMAHLP ¢

1eJ1eBOil pyHKIMEH MaKCUMU3aIlun OyKIIaeMOil ITPUOBLITH:

max Z Z PsRiszi — Z Jivi — Z Z Z Fijeijn

seSkekK ieH i€l jeHkeK (4.50)
- Zps Z Rks maX(Oa Rk — Wks)
s €S keK

[Ipu orpammienusx — (4.3), (4.5) — (4.8), (4.10), (4.12)
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[eneBas dyukmus (4.50) cOOTBETCTBYET OKIJIAEMOil BBIPYUKE 38 BBIYETOM CTOU-
MOCTH OTKPBITUsI Xa00B 1 TPAHCIIOPTHBLIX 3aTPaT. 3aMeTUM, 9TO TPAHCIOPTHLIE 3a-
TPaThl PACCIUTHIBAIOTCS JIJIT POOACTHOTO TOTOKA Z) (YPOBEHB YIOBIETBOPEHHOIO
CIIPOCA) BMECTO OXKHJIAeMbIX TPAHCIOPTHBIX 3aTpPaT M0 creHapusiM. Maremarnde-
ckag nocranoBka (4.3), (4.5) — (4.8), (4.10), (4.12), (4.50) obozmaunmm kax HLP c
02KIJIAeMOil ITPUOBLIBIO.

C 1nesbio cpaBHEHHUS PE3Y/JIbTATOB IKCIEPUMEHTa MEXKJY Pa3JIMIHBIMEI [10CTa-
HOBKAMH 3aJ1a4 BBEJIEM CJIEIYIONINE IOKA3aTe/II: OXKI1aeMast IPUObLIL PACCUUThIBA-
eTCsI IIOJCTAHOBKOI COOTBETCTBYIOIINX ONTUMAJILHBIX 3HAYEHHIT [IepeMeHHbIX B BhIPa-
enne tesieoii pyuknun (4.50), kKotopoe obo3nadeno «Revenues. Pacemarpusaror-
cd JIBa ciydas abCOIOTHBIX OTKJIOHEHUI BBIPYUKU: OOIe OTKJIOHEHUS BHIPYUIKHU B
paspese clieHapust 1 OTKJIOHEHUS BIPYUYKHU B pa3pese HallpaB/IeHnii, — I'Jie UCII0JIb3Y-
torcst popmyiibl «Abs. Devoy = 37 o Dol|D rere Bis2h— D ses D pex PsPiszi| 1 «Dir.
Devoy = > o> ver PslBis — D seg PsBis|zi coorBercTBenno. Oxxupaemble more-
PU BBIPYUKH OLlEHUBAIOTCs Ha OcHOBe popMyiibl «Lose» = > o ps > pcx Rislzr —
Wis|, KoTOpasi orpaxkaer BBIDYUKY 3a HEOOC/IY:KEeHHBIH U 00C/TyKEeHHbIH ¢ U30bIT-
KOM CIIPOC, T. €. OKIJaeMasi BbIpYUKa, KOTopasl He OyJieT HoJIydeHa. YC/I0BUsl MUHU-
MU3AIUIU CJIaraeMoro OyKMJIaeMbIX II0TePh U CJIaraeMoro abCoOIOTHBIX OTKJIOHEHUI
BKJIIOUEHBI B IlejieBble (PYHKIMU 3aJiad, olcaHHbIX B Pazuene 4.3, i moJiydeHust
HAJIE?KHOTO PEIIeHHSI.

OTrmeTuM, 9TO BBEJICHHBIE ITOKA3aTeI HEe 3aBUCST OT HapaMeTpPOB [t U A JIJIsI
BO3MOXKHOCTH CpaBHEHUsI PA3/INIHBIX CIYyYaeB U pa3/InyuHbIX IOCTAHOBOK 3a/a4d. Bo-
Jlee TOro, cjydan ¢ OosblminM 3HadeHueM <«Revenues sydire, a st «Abs. Dev.»,
«Dir. Dev.» u «Lose» — Haobopor.

B Tabsmuie 4.1 npejicrapiieHbl 9ucaeHHbIe pe3y/abTaThl 11 3aaadn HLP ¢ oxu-
naemoit mpubbLibio. Crosder; «Hubsy comep:kuT HOMepa y3J10B ceTH, BHIOPAHHBIX
B KaudecTBe XaboB, u crojbelr «Sat.» XapaKTepusyeT IPOIEHT YJI0BJIETBOPEHHOCTH
CIIpOCa, 110 OTHOIIEHNIO K MaKCHMAaJIbHOMY CIIPOCY II0 HAIIPABJIEHUIO B CIIEHAPUSIX.

Omnucannoe 3HadeHue CTOJI6HOB T&6.HHHBI COXpPaHdAeTCA AJIAd BCEX Ta6JH/IH HaCTOAIIC-
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« Hubs Sat. Profit Lose Abs. Dev. Dir. Dev.

0.2 2,12,13 26.3 951.5 1661.5 15.9 121.7
0.4 5,8 20.5 8743 15772 14.0 108.3
0.6 21 175 8494 1552.1 129 99.6
0.8 21 175 849.3 1551.8 12.8 99.6

Tabmuma 4.1. Pesynbrars sxcuepumenTa Ha Hadbope manabix CAB aist HLP ¢ oxkumaemoit npuObi-

JIBIO

ro pasjea.

Tabnuna 4.2 n Tabauna 4.3 coiep:KaT pe3y/abTaThl, MOJyYeHHbIE Ha JTaHHBIX
CAB na ocHoBe Mojen pobacTHOrO pasMenieHnst XaboB U YCUJICHHONH BEPCUU MOJIe-
s, BBeJleHHbIX B Pasznene 4.3. B Tabiumax npejacraBieHbl pe3ybTaThbl JIJIsi «A» U
«p» u3 muoxkects {1, 1.5, 2} u {0, 1, 5} coorBercrBerto U Aps = ARjs. [Iporec-
COpHOE BpeMsl 3aTpadeHHOe Ha I0JIyUeHUs ONTUMAJIbHOIO PeIleHns [IPe/ICTaBIeHo B
crosibre «Time (sec)».

[Ipexxie Bcero, obpaTuM BHUMaHHe Ha Bce ciydau B Tabsmie 4.2 u Tabsume
4.3, rne A = 1. 3nadenus «Lose» Jjis1 3TUX cydaeB B cpaBHennu ¢ Tabsmneit 4.1 st
COOTBETCTBYIOIIMX 3HAUEHMI v Ha IpuMepHO 17% 6oJibllie, 94TO KarKeTcs HellPaBUIb-
HBIM, HUCXOJsI U3 IPEIIOJIOKEeHII poOACTHBIX IIOCTAHOBOK 3aJad. DTO IPOU3OIILIO
10 pudnHe TOro, uTo Tnesenble Gyuximn (4.23) u (4.26) comep:kar B BbIpazKeHUN
BBIPYUKY 3a IIepeo0C/Iy KIBaHue, a HeoOC/IY»KEeHHbIN CIIPOC UCKJIIOUEH U3 BhIPYYKU.
[ToaToMy DoJiee BBITOJIHBIM SBJISETCS 0OCTYyKUBaHNE OOJIBIIEro 00beMa CIIPoca, TeM
oXKujaeMblit 00beM (ypoBeHb yjoBieTBopeHHOCTH cripoca B Tabsmie 4.2 u Tabiu-
e 4.3 TmpeBbIaeT STOT Mokasare b u3 Tabauisl 4.1 B 2 pasa), T. K. oyKujaemMasi
BBIpYUKa 1 OKHJIaeMble IOTePH PacTyT OJAMHAKOBO. TakuMm oOpa3oM, HMCKJIIOUEHHUE
3HAUEHUs CJIAraeMoro » . «Ds > 1o Rismax(0, 2, — Wy,) u3 «Lose» npusejer
TOMY, 4TO TMoKas3aTe/lb «lLose» y poOacTHBIX MOCTAHOBOK OyieT nuxke, yem y HLP
¢ OXKHUJ1aeMoil IIPUObLIBI0. DTOT FKCIEPUMEHT IIOATBEPIKIAeT, UTO HapaMeTp A\ JI0J-
»KeH ObITh 0oJibllle 1, B IPOTUBHOM CJydae — BCE BbINOJIHBbIE HallpaBJIeHUs OY/IyT

YAOBJIETBOPEHDBI ITOJIHOCTBIO.
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a A @ Hubs Sat. Profit Lose Abs. Dev. Dir. Dev. Time (sec)
02 1 0 24,71224 50.5 844.8 1941.6 19.6 155.3 366.6
02 1 1 2,12,21,24 46.8 865.4 1887.1 18.7 151.5 521.6
02 1 5 2,1221,24 459 8699 1846.9 174 148.9 734.6
02 15 0 212,21,24 39.7 870.8 1346.4 15.5 119.7 961.0
02 15 1 2,12,21,24 39.5 8679 1331.3 14.9 118.3 829.1
02 15 5 212,21 374 8719 1280.5 13.1 113.0 967.0
0.2 2 0 2,12,21 36.4 840.1 1147.7 134 103.7 895.1
0.2 2 1 21221 36.2 840.1 1145.0 13.2 103.3 1015.0
02 2 5  2,12,21 36.0 838.2 1136.8 12.6 102.3 1221.9
04 1 0 2,12,21 414 7616 17957 18.5 143.7 466.6
04 1 1 21221 41.3 762.1 17929 17.9 143.4 469.1
04 1 5  2,12,21 40.8 7659 1756.5 16.3 140.9 555.9
04 15 0 212,21 36.3 767.5 1273.3 14.5 112.4 606.5
04 15 1 21221 36.1 768.2 1267.0 14.0 111.8 607.1
04 15 5 21221 35.6 766.7 1250.0 12.7 109.9 554.3
04 2 0 212,21 35.6 7347 11375 13.2 102.3 788.2
04 2 1 21221 35.3 7352 1134.6 13.0 101.8 697.2
04 2 5 2,12,21 349 7370 11296 12.3 100.8 697.4
06 1 0 §,13,20 36.9 7285 1772.8 17.5 138.0 287.1
06 1 1 8,13,20 36.8 729.8 1770.9 17.2 137.8 349.8
06 1 5 58 33.8 755.9 1683.4 14.8 131.0 374.9
06 15 0 58 309 750.5 1278.5 13.6 107.6 574.3
06 15 1 58 30.8 750.8 1275.3 13.3 107.4 483.6
06 15 5 58 30.4 749.5 1256.4 11.9 105.5 478.2
0.6 2 0 58 29.8 7204 1146.3 12.2 97.8 570.4
0.6 2 1 58 29.6 723.6 1145.3 12.0 97.4 522.1
06 2 5 5,8 29.3 7255 11405 114 96.4 601.2
08 1 0 58 345 7224 1740.0 174 134.6 157.6
08 1 1 58 34.3 7249 17274 16.7 133.8 187.3
08 1 5 5,8 33.6 730.7 1673.3 14.8 130.2 207.8
08 15 0 58 30.8 725.9 1273.7 13.6 107.2 304.7
08 15 1 58 30.6 726.7 1261.0 13.2 106.3 264.5
08 15 5 5,8 30.1  727.3 1244.8 12.0 104.4 286.8
08 2 0 5,8 29.3 7077 11454 122 97.0 252.5
0.8 2 1 58 29.3 706.8 1144.0 12.0 96.8 276.5
0.8 2 5 5,8 29.3 702.8 1138.1 114 96.1 319.7

Tabmuma 4.2. Pesymprarer sxcuepumenTa Ha wHabope panabix CAB s pobacTHO# mocTaHOBKI

3a/J1a91 pas3Melenns Xabon
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B ciayudasx A = 1.5 u A = 2 BujHo, 4T0 3HAUEeHUs apamMeTrpa «Loses, 1moJiy-
JeHHBIE 110 Pe3yJIbTaTaM ONTUMH3AIE poOACTHLIX 3ajad Oosee yeM Ha 25% HuzKe
B cpaHenun ¢ HLP ¢ oxkumaemoit mpuObLIBIO JIJIg COOTBETCTBYIOIIUX YPOBHEN «,
KpOMEe TOTO, 9TO pasjinvdre pacTeT ¢ yBeamdeHuem napamerpa p. C apyroit ctopo-
HbI, 3HaUYeHNs 1oKazarend «Profits, mosydaemoro 1o pesyiabraraM pelieHus 3a/a4
pobacTHOro pasmMerienust xabos, Huzke Ha 8-18% B 3aBucumoctn ot a1 1. Takoe 1oBe-
JIeHre ToKaszaTe/ieil MPUBOJINT K 0XKUJIAEMOMY Pe3yJIbTaTy: yMeHblenue «Loses Bire-
qet cHmKeHne BeIpydakn («Profits ). [Tokazarens «Lose» orparkaeT mOTEHIMAIBHYIO
pHrObLIL, KOTOPas He OyIeT mojydeHa. B cTrparerndeckoM ILJIaHIPOBAHUN MIHUMU-
3alllid 110TepPb B IIPUObLIN B3aUMOCBA3aHA C PACIIIPEHUEM CETH, UTO COOTBETCTBYET
YBEJIMYEHHUIO CTEIIeHN IOKPBITUsI CIIPOCa 1 CBA3aHO C YJIyUJIlleHHeM YPOBHS CepBICA.
9TO MOXKHO HabJogaTh B crosidne «Sat.» Tabsmiwr 4.1, Tadbauner 4.2 u Tadbauib
4.3, rine nocranoska HLP ¢ oxkunjaemMoil puObLIbI0 UMEET YPOBEHb YJI0BJIETBOPEH-
HOCTHU CIIPOCa HIKe, UYeM y PodacTHBIX (POPMYJINPOBOK 3ajiadn B 1.4-2 pasza, yem
BBIIIIE YPOBEHDb (v, TEM CUJIbHEE pas/indue.

O:zxngaeMble OTKJIOHEHUS BBIPYUKH 1 OXKIJIaeMble OTKJIOHEHIS BBIPYYKH 110 Ha-
IpaBJ/IEHUSM UMEIOT HeDOJIBIION Bec B Ie/eBbIX (DYHKIMAX POOACTHBIX IOCTAHOBOK
B cpaBHeHun ¢ «Profits um «Lose», Takoii pe3y/jbTrar HOJYUUJICA B CBA3M C HU3KOI
BOJIATUJIHOCTBIO BBIPYUKH 110 HAIIPABJIECHUSIM B CIIEHAPUSIX U HEBBICOKOI YI0BJIETBO-
PEHHOCTBIO cripoca. [1o9ToMy 3HAUNTEILHBIX OTJIMYUIl B CPaBHUBAEMbIX ITOCTAHOBKAX
110 3TUM HoKazareaaM HeT. OJHAKO MOXKHO OOHAPYKUTH 3aBUCUMOCTE ITOKA3aTe/Isl
«Sat.» oT napamerpa (i, IJie YI0BJIETBOPEHHOCTD clipoca «Sat.», «Abs. Dev.» n «Dir.
Devsy yMeHbITaeTcst IPU YBEJIUICHUH (4. DTO MOKHO HHTEPIPETUPOBATH KAK TO, UTO
HUBKUII YPOBEHb O0C/IY2KHBaHUS IIPUBOJAUT K 00JIee YCTONINBON BBIPYUKe, IIOTOMY
YTO PACHIUPSIeTCs 110JIe JIJId BhIOOPa U IOsIBJISIETCsSI BO3MOXKHOCTD BbIOOpa HamboJiee
YCTONYMBBIX HAllPaBJICHUI.

Habopsl onTuMa/bHBIX XaboB K Pa3MeIleHUo, MOJyUYeHHbIE 10 Pe3y/IbTaTaM
ontumusaiun 3aa4n HLP ¢ oxxunaemoit nmpu0dbLibio 1 poOACTHBIX ITOCTAHOBOK, pa3-

JINYAIOTCS JIJIs BCEX 3HAUEHMI (r. DTO OKA3BIBAET, UTO podACTHAsI CeTh XabOB pella-
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€T AOIIOJTHUTEJIbHYIO 3a/Ja9y — MHNHHUMHU3aIl1IO OTKJIOHEHU A BBIPYYIKHN N O2KMJTa€MbBIX

IIOTEPDL BBIPYYKHN — W IIPUBOAUT K HOBOMY PEIICHUIO.

a A p Hubs Sat. Profit Lose Abs. Dev. Dir. Dev. Time (sec)
02 1 1 2,12,2124 453 875.7 1832.8 18.7 148.1 605.2
02 1 5 21221 36.9 906.0 14440 154 122.0 837.5
02 15 1 21221 37.1 867.0 12442 143 111.1 913.8
0.2 15 5 21221 33.9 8583 1149.6 129 101.6 816.8
0.2 2 1 21221 35.9 &838.2 1136.2 13.2 102.4 788.6
02 2 5 21221 33.4 8084 10594 11.9 93.0 888.1
04 1 1 2,12,21 398 7r77.0 17313 179 139.3 519.4
04 1 5 2,12,21 33.2 817.0 1409.0 14.6 116.4 661.3
04 15 1 21221 353 T761.5 1210.8 13.6 107.3 526.9
04 15 5 21221 32.0 765.8 1144.6 12.5 99.6 634.2
04 2 1 2,12,21 35.0 733.2 1125.0 129 100.7 797.9
04 2 5 2,12,21 32.0 718.0 1057.5 11.6 91.5 926.8
06 1 1 58 33.5 7621 1689.1 16.9 131.2 388.3
06 1 5 58 28.2 798.4 1400.2 139 110.9 409.8
06 15 1 5,8 30.2 7424 12186 12.9 103.2 551.8
06 15 5 58 273 7541 1156.8 11.9 95.2 484.9
0.6 2 1 5,8 29.0 7272 11324 121 95.5 516.5
06 2 5 58 272 7086 1076.1 11.3 88.2 499.7
08 1 1 58 33.1 739.7 1656.3 16.6 129.0 214.1
08 1 5 58 278 7777 13853 13.7 109.4 237.1
08 15 1 58 30.0 7221 12121 12.7 102.4 235.5
0.8 15 5 58 271 733.7 11546 11.9 94.8 375.1
0.8 2 1 58 29.0 705.2 11323 121 95.5 266.3
08 2 5 58 271 689.3 1076.1 11.2 87.9 277.3

Tabmuma 4.3. Pesyaprarsl sKcriepuMenTa Ha Habope ganabix CAB s ycmiennoit pobacTHOM

IIOCTaHOBKH 3a/a41 pa3MelICeHM A xaboB

Pesysibrarsl podacTHOI TOCTAHOBKHU 3a/Ia91 1 YCUJICHHONH poOACTHOI TOCTAHOB-
KU 33J1a9i OTJIMYAI0TCs 110 CIIOCOOY IpeJICTaBIeHUsT OTKJIOHEHU IPUObLIN B 1e/ie-
BeIX (pynkiusx. B Tabmmne 4.2 u Tabaune 4.3 BUAHO, UTO JjIsd YCUJIECHHON MOJIE/IN
nokazarenn «Abs. Dev.», «Dir. Devy, «Sat.» HuzKe B cpaBHEHUE ¢ OOBITHON pobacT-

Hoit Moziesbio (Tabsmia 4.2). Habopsl xaboB pasimdarorcs B CJACIYIONIIX CJIydastX:

a=02Ax=1pu=5a=02Ax=15p=1na=06\A=1pu=1D8
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YCUJIGHHO# MOJIe/Ii cjiaraemMoe abCOTIOTHBIX OTKJIOHEHUIT nmeeT OoJibIliee BJINsIHUE
Ha 3HaUeHue IejieBoil pyHKIuKM npuMepHo B 10 pa3 B cpaBHEHUHN ¢ 0OBIYHON podacT-
HOIT MoJjiesibio. Ho 9To ciraraemoe octaercst Ha MOPSIIOK MEHbBIIE cjaraeMoro «Loses.
Ecin HeT 3HAYMMBIX OTJIMYUIl B Pe3y/bTraTaX MeKJy PoOACTHBIMHI MOJEJISIMHU, TO
yCHJIEHHAsT MOJIEJIb SIBJISIETCSI IIPEIIOUTUTEe/IbHee ¢ TOUKN 3PEHHsI JIMHEHHOCTH CJia-
raeMbIX Ie/1eBoil (PYHKINU, T. K. cjaraeMoe abCOIOTHBIX OTKJIOHEHUI BBIPYUKH 10
HAIIPABJICHUSIM SIBJISIETCST JINHEHHDBIM.

B Tabsure 4.4 npejictaBieHbl KadeCTBEHHbBIE TIOKA3ATE N ITPOU3BOJIUTEILHOCTH
aJIrOPUTMOB pazJjioykeHns Benjepea jiJist pa3/naHbIX TUIIOB cedenuit u3 Paznesnon 4.4
— 4.7 na nabope nannbix CAB. B skcnepumenTe ycTaHOBJICH IIpeJiesT Ha KOJIMYECTBO
nrepannii papubiii 1 500, ob1iee BpeMs pacyeTa He OrPaHUYeHO, T. €. [I0JIyYaeMble pe-
IIEHUS SIBJIAIOTCSI ONITUMaJIbHBIMU. Peajin3oBaHa TOJILKO OJIHA cXeMa, OOHOBJIEHUs TO-
gex MW 1151 Beex paceMaTpuBaeMbIX aJrOpPUTMOB: ¥, 0 =1 /2 Yie Hby=1/2.
Kpowme Toro, psij {\/Lﬁ}zozl HCIIOJIb3YeTCs JIJIsT TeHepaIiil MaKCUMaJ IbHBIX HEIOMITHI-
pyeMbIX cedenuii, rioe h — 31o HoMep ureparun. Crosdipl Tabmisl «BD», «PO»,
«MN>» u «I'ubpuy» coorpercrBytor Asiropurmy 5, AJIropuTMmy 2, aJropuTMy pasJio-
»keHust Benjiepca ¢ MaKCHMaJIbHBIMEI HEJOMUHUPYEMbIMU CeUeHUsIMEI 1 AJITOPUTMY
4. Crouibery «Iter.» — KoJmmaecTBO nTepalnii, 3aTpadeHHbIX Ha [0y YeHIe ONTHMAJIb-
HOT'O pPeIIeHUs], NI MaKCUMAaJIbHOE KOJIUIECTBO UTEPAITUil, €C/In ONTUMAJILHOE Pellle-
Hue He Haifjieno. CyMMa BpeMeHH, 3aTpadeHHasl Ha PellleHre JIMHEHHBIX 3ajad Ha
KasK 101l mrepanun, npejcrasieHa B croybie «Time (sec)».

B sinreparype ormedaercs, uro gannbie CAB cojiepzkar MasienbKuit Habop jaH-
HBIX ¥ TIOCTPOEHHBIE 3a/1a9l PEIIaloTcst JOCTATOTHO OBICTPO, YTOOLI IPOBOJIUTE UC-
cJIeJI0OBaHIe IPON3BOAUTEILHOCTH JI/Isi CPaBHEHHSI CO CTaHIaPTHBIMU IIPOIPAMMHbI-
M rmaketamu. OHAKO IOJIyUeHbl HHTEPECHbIE Pe3y/IbTaTbhl, ¢ TOUKHM 3PEHHsI CXO/I1-
MOCTHU aJIrOPUTMOB, JIJId CpaBHEHHUS NX MexK1ay coboit. M3 Tabsmier 4.4 BuIHO, 9TO
AnropuT™m 4 UCHOAb3yeT HaUMEHbIIee KOJUIECTBO UTepalnii B OOJbIINHCTBE CJIy-
gaeB Ha gaHHbix CAB. B neckosbkux ciydagx Airoputm 4 ycrynaer ajropuTMmy

«MN>» 110 KOJIMYECTBY I/ITepaLLI/HQ/JI7 9TO O3Ha49a€T, 9TO UCIIOJIb30BaHUE ABYX YCUJICHHBIX
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BD PO MN T'ubpu
a A p | Tter. Time (sec) | Iter. Time (sec) | Iter. Time (sec) | Iter. Time (sec)
0.2 1.0 0O | Iter 4279.0 788 5550.0 583  3105.0 466  4573.0
0.2 1.0 1 | Iter 5323.0 765  4406.0 601  4223.0 473 5364.0
0.2 1.0 5 | Iter 5351.0 808  5594.0 617  5022.0 517  8182.0
0.2 15 0 | Iter 4016.0 1301  10240.0 976  5806.0 311 2844.0
0.2 1.5 1 | Iter 4419.0 1283  7912.0 979  6103.0 307  3030.0
0.2 15 5 | Iter 4323.0 1214 6564.0 925  5650.0 244 2335.0
0.2 20 0 | Iter 4043.0 1386  9551.0 877 3024.0 176 1584.0
0.2 20 1 | Iter 4385.0 1308 10141.0 557  3467.0 173 2279.0
0.2 2.0 5 | Iter 44220 1292  10731.0 434  3462.0 149  1944.0
04 1.0 O | Iter 4160.0 466  2327.0 416 2955.0 305 3551.0
04 1.0 1 | Iter 4617.0 441 2536.0 406  3042.0 324 3943.0
04 1.0 5 | Iter 4281.0 487 2882.0 355 2368.0 338 3822.0
04 15 0 | 1262 2213.0 655 2610.0 154 769.0 36 355.0
04 15 1 | 1172 2062.0 628 2424.0 150  781.0 96 926.0
04 15 5 | 1164 2274.0 623 2623.0 127 678.0 31 300.0
0.4 20 0 | 1099 1819.0 670 2615.0 114  629.0 62 564.0
04 20 1 | 1098 2078.0 688  2929.0 105 544.0 65 628.0
04 20 5 | 1081 2069.0 667  2534.0 102 572.0 33 326.0
0.6 1.0 0 | 1023 1472.0 231 637.0 37 160.0 49 362.0
06 1.0 1| 794 1178.0 219  713.0 36 157.0 45 346.0
06 10 5 | 789 1129.0 224 897.0 35 185.0 17 194.0
06 15 0| 821 1008.0 365 1281.0 32 237.0 23 234.0
06 15 1| 731 1022.0 367 1674.0 32 181.0 24 226.0
0.6 15 5 | 703 1001.0 351 1608.0 29 143.0 19 243.0
0.6 20 0 | 883 1081.0 494 2243.0 27 145.0 16 165.0
06 20 1 |810 1126.0 474 2278.0 27 166.0 18 224.0
0.6 20 5 | 773 1091.0 439  2180.0 27 177.0 8 115.0
0.8 1.0 0 |372 359.0 70 258.0 8 29.0 9 101.0
0.8 1.0 1 |278 253.0 74 297.0 8 35.0 9 93.0
0.8 1.0 5 | 304 343.0 80 397.0 8 46.0 10 157.0
0.8 15 0 | 358 3500 127 485.0 6 25.0 8 69.0
0.8 15 1|28  310.0 119 488.0 6 35.0 8 63.0
0.8 1.5 5 | 285 249.0 126 498.0 6 26.0 7 90.0
0.8 20 0364 333.0 143 527.0 7 43.0 7 47.0
0.8 20 1| 321 302.0 142 608.0 7 31.0 7 49.0
0.8 20 5 |308 288.0 143 654.0 6 27.0 7 95.0

Tabmuma 4.4. IlpoussogurebHOCTh ayropuTMoB Bennapca wa Habope jgarabix CAB
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CeYEHUIT MOXKET yXYJIIaTh CXOAUMOCTh aJiropuTMa. PaccmarpuBasi KOJIMYECTBO UTe-
paluii 1 3aTpadeHHoOe MIPOIecCCOpHOe BpeMsi, aaroputMm «MN» mokaspiBaeT Jiydiinme
pe3yJIbTaThl JIJIsl BCEX PACCMOTPEHHBIX CIy4YaeB B cpaBHeHuu ¢ ajropurmamu «PO»
n «BD». B xone ananmsza mpon3BOAUTEILHOCTH 1O BpemeHn ajaroputMoB «MN» n
«['ubpu» OBLIO BBISICHEHO, YTO IEPBBII U3 HUX IOKA3bIBAET JIYUIIN Pe3y/IbTaT B
OOJIBIIITHCTBE CJIyYacB.

Asropurmer Benjiepea (Tabsmma 4.4) mpeBocxosdT cTaHIAPTHDIH TPOrpaMM-
HBIT makeT pemienns 3ajad Jjuneiinoit onruvusarun CPLEX (Tatmuma 4.2), rie,
Haunfas co caydad o = 0.4, A = 1.5 and pu = 0, aaropuT™mbl pa3jioxKeHnus OJN3KN

k CPLEX win nokasbiBatoT Jiydiinii pe3yibrar B 2/3 ciiydasx.

Puc. 4.1. Cpennee BpeMs 3aTpadeHHOEe Ha UTEPAIUIO aJTOPUTMAaMU pa3JjoxkeHus Bemgepca B 3a-

BUCUMOCTH OT «v Ha Habope jganubix CAB

Ha Puc. 4.1 uzobpazken rpaduk 3aBUCUMOCTH CPETHETO BPEMEHH, 3aTPadieHHO-
ro Ha WTeparuio benjgepca i PasJMIHbIX aJITOPUTMOB Pa3JI0KEHNs B 3aBUCUMO-
ctn oT hakTOpa JIMCKOHTUPOBaHus <. IIpejicTaBieHuble pe3yabTaThl MOy YeHbI I1y-

TeM arperanun pesysbraToB Tadsunb 4.4. Bazosbie cedenust Benjepca peBocxoaaT
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OCTaJIbHBIE AJTOPUTMBI 110 3aTPadeHHOMY BPEMEHU Ha UTEpaliio, B TO BPeMs Kak
AJICOPUTM TeHEepaIln JBYX yeuaeHHbIX cedennii «'ubpuay mist o € {0.2,0.4,0.6}
3aTpadnBaeT Ha UTEpPaIlio B CPEeJHEM MEHbLIIE BPEMEHH, YeM CyMMa CPeIHUX 3Hade-
nuit st «PO» u «MN» B ornensnoctu. Pesynbrarsr g «PO» u «MN» 63k,
HO KOJIMYECTBO MTeparyii orindaercs 3nadnresbio (oM. Tabmuiy 4.4), rme «MN»

siBJIsieTcst bosiee 3 PeKTUBHBIM B cpaBHeHun ¢ «PO».

4.8.3. AaroputM noaroroBKmu aAaHHbIX AP

Habop manubix AP comep:xut nadopmariuio o 200 mpueMHBIX MyHKTaX IOYTO-
Boro cepsuca Australian Post, npejcrapiennyio B OuOInoTeKke MCC/IeI0BaHUs Olle-
panuii [64], i1t poBejienns sKcrepuMenTa 661N BoIOpaHbl 1epsbie 40 Tovyek. Pac-
CMATPUBAIOTCA O CIICHAPUEB, KOTOPBIE MOJIYUEHBI ITyTeM CJIydJailHOl TeHepaluu Ha,
OCHOBE MMeOIMNXcsl JaHHbIX AP.

B ornmmann or CAB nabop gannbix AP comeprkut mHbOpPMAIINIO IO CTONMOCTH
oTKpbITHA Xaba s aByx ciaydaes: L (Loose) u T (Tight), — mis ananmsa Oymer
ICIIOJIb30BaThCsI Tocsieannit. Kpome Toro, ykazaHHbIil HaOOp JaHHBIX IpeHA3HA-
gyeH Ji1d 3aa4a HLP ¢ orpanmyennoil mpomycKHO ClIoCOOHOCTHIO Xab0B, MO3ITOMY
paccMaTpuBatoTcst MHOKeCTBO v € {4,8,12,16}, y = 40 u § = 60 ¢ 1esIblo aJanTu-
poBaTh naHHble K 3aja1e UMAHLP.

[Iporie1ypa renepaliun BbIPYUKH 110 HAIIPABJIEHUSAM CXO0XKa C IIPEJICTaBIeHHOI B
Paznene 4.8.1, Rys = MC,—’E, rie & ~ U(40;50). Oobem cripoca Wi ~ U(%Wk; %Wk)

[OJIYYAEeTCs B pe3yJibTaTe CJIydaiiHOI reHepalnu U3 paBHOMEPHOI'O PaCIpPe/IeJIeHUS.

4.8.4. PesynbraThl a1 Habopa ganabix AP

Yucsiennoe nccsieioBanne Ha gaHnabX AP mposeieno j11st poOaCTHBIX TOCTAHO-
Bok UMAHLP ¢ npubsuisio n nocranoskun HLP ¢ oxxugaemoit npuObLIbio, BB IeH-
nyio B Pasznene 4.8.2. Hazsanue crosbdios B Tadaune 4.5, Tadbaune 4.6 u Tabsume

4.7 UMeroT aHaJOTHYHYIO MHTEepIpeTaInio ¢ TabaunamMu nu3 Pasznena 4.8.2.
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! Hubs Sat.  Profit Lose Abs. Dev. Dir. Dev.
40 0,7,15,18,23,32,34,37 68.3 8,127,585.4 2,720,334.6 16,879.8 553,476.0
8.0 0,7,13,18,21,32,37 62.7 8,064,907.3 2,716,823.5 16,709.8 550,360.2
12.0 0,7,13,18,21,32 59.4 8,012,708.2 2,705,160.4 16,704.7 547,048.4
16.0 0,7,13,18,21,32 55.3 7,966,119.4 2,723,387.4 17,041.1 544,885.1

Tabnuma 4.5. PesynpraTs! sxciepumenTa Ha Habope ganabix AP mst HLP ¢ oxkumaemoit mpuObLIbio

s Tabmuin: 4.5 u Tabymisl 4.6 BUgHO, 9TO ONTUMAJIbHbIE HAOOPHI Xab0B J1JIsi
JIBYX MOCTAHOBOK He oTyimvarorcs npu « € {4,16}, B To BpeMsi Kak yJI0BJIETBOPEH-
HOCTB CIIPOca JIJIsl pobacTHOI mocTanoBKy Boinie Ha 8—12%. Kak 510 66110 0TMe4YeHo
B Paznerne 4.8.2 1151 pe3y/ibTaToB sKcrepuMenTa Ha Habope janubix CAB, oxutae-
Mble roTepu npu A = 1 Jijist pobacTHBIX MojeJieil 0oJibiie 1Jis1 OOJILIITMHCTBA CJIyuaeB
B cpapHeHun ¢ HLP ¢ oxkujiaemoit mpuObLIbiOo, YTO BbI3bIBAET IIPOTUBOPEYNE B IIPE/I-
OJIOZKEHNSIX pOOACTHBIX MOCTAHOBKAX 3aJ/1ad. AHAJOIMYIHAs CUTYyal[isl BO3HUKAJIA B
sKcrrepuMenTax Ha Jganabix CAB, 37ech Oyaer ymMecTHO cxorkee 00bsiCHEHHE.

Croubert, «Abs. Dev.» B Tabsmiie 4.6 oTpazkaeT 60Jiee 3HAIMMbIE PE3YJIbTATHI B
cpaBHEHUH ¢ dKcrepuMeHToM Ha JanHbix CAB, T. K. mpu 1 = 5 3HadeHune ciaraeMoro
OTKJIOHEHUsI IpuOBLIN B 1.5—-5 pa3 MeHbllle B CpaBHEHUH C APYTUMU 3HAUEHUSAMU CJIa-
raeMbIX I1eJieBoii (pyHKINK JIJIsi pa3HbIX HAOOPOB HapaMeTpoB B TeKyiueil Tadsuie
nin B Tabsune 4.5, win B Tabsuie 4.7. 9To noaTBep:K/iaeT BbIIOJIHEHNIE P00~
JKeHHsi poOACTHBIX IMOCTAHOBOK 3a/1a4: OTKJIOHEHUS IPUOBLIN JOJKHbBI ObITh MUHU-
MU3BUPOBaHbI B TOIl Mepe, B KaKoil M03BOJIgeT MaKcuMuzarus npuobLin. OrmeTnM,
YTO Pe3y/AbTAThI YCIIEHHON pobacTHON MO/Ie/IN He TIOKA3a/ Il 3HAUNTEIbHBIX 0TI
B CPaBHEHUN C OOBITHOI POOACTHOI TTOCTaHOBKOI 110 «Dir. Dev.», 310 BujHO 13 Tab-
smnpt 4.7 n Tabyuner 4.6, oiHaKo ecTh 3HaYNMbIe oTIn4ns 110 «Abs. Dev.». Habopbl
apaMeTpOB, IJIe [t = D sIBHO JIEMOHCTPUPYIOT OTJIUUNS MEXK 1y OObIYHON pobacTHOI
MOJIEJIBIO U YCUJIEHHOI 1ocTaHoBKOM. OTMeTHM, 9TO ycujeHHas pobacTHasi MOJIEb
COJIEPYKUT Ha OJIHO HeJMHElHOe cjlaraeMoe MeHbIIle B CpaBHEHUU ¢ OOBIYHOIT pobacT-
HOI1 ITOCTAHOBKOI1, HO 3aTpadeHHOe BpeMs Ha ONTUMU3AINIO 3a/la9i B OOJILITUHCTBE

CJIydacB bouiblre. AHaJIOrnYHOE 3aKJ/II0YCHIE MOXKHO caecJaThb OJisl Pe3yJbTaTOB Ha
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@ A # Hubs Sat.  Profit Lose Abs. Dev. Dir. Dev. Time (sec)
40 1 0 0,7,151823,32,34,37 768 8,115,017.6 2,724.860.2 17,206.6  556,916.2 757.0
40 1 1 07,1518,23,32,34,37 772 8,113,698.7 2,723,406.6 17,096.7  556,934.1 616.5
40 1 5 0,7,15,18,23,32,34,37 76.8 8,113,191.4 2,716,307.1 16,303.8 556,145.2  624.4
40 15 0 0,7,1518,23,32,34,37 744 8,110,093.4 2,656,447.9 17,477.4 551,279.0 851.4
40 15 1 0,7,1518,23,32,34,37 76.5 8,106,528.8 2,640,409.5 15,698.6  549,773.7 712.0
40 15 5 0,7,15,18,23,32,34,37 73.3 8,047,561.0 2,463,417.1 3,481.6 534,909.4 1086.1
4.0 2 0 0,7,15,18,23,32,34,37 72.7 7,852,384.0 1,853,940.4 13,308.8 487,730.9 963.6
40 2 1 07,1518,23,32,34,37 72.6 7,852,502.5 1,853,847.2 13.277.5  487,696.6 1127.8
40 2 5 0,7,1518,23,32,34,37 715 7,867,276.5 1,893,576.5 9,693.3 491,488.9 1244.6
80 1 0 0,7,15,18,23,32,34,37 75.5 8,046,368.0 2,725,413.7 17,160.5 556,580.8  550.5
80 1 1 0,7,15,18,23,32,34,37 754 8,046,474.1 2,725,526.8 17,021.1 556,526.9 744.0
80 1 5 0,7,151823,32,34,37 749 8,046,091.7 2,716,918.8 16,0745  555,596.4 622.0
80 15 0 0,7,15,18,21,23,32,37 73.0 8,036,202.6 2,628,947.5 17,149.4 548,932.0  996.2
80 15 1 0,7,1518,21,23,32,37 73.1 8,033,742.7 2,618,906.8 15,205.8 547,706.6  705.1
8.0 1.5 5 0,7,15,18,21,23,3237 73.6 7,978,805.6 2,457,642.4 3,383.9 534,181.7 820.8
80 2 0 0,7,13,18,21,32,37 70.3  7,792,102.7 1,852,551.2 13,329.2  487,111.4 1324.4
8.0 2 1 0,7,13,18,21,32,37 70.0 7,792,630.7 1,851,760.7 13,183.1 486,923.0 1083.4
8.0 2 5 0,7,13,18,21,32,37 69.9 7,804,751.2 1,889,325.1 9,660.1 490,591.8 1156.0
120 1 0 0,7,15,18,23,32,34,37 73.5 7,981,619.1 2.724.580.7 17,054.9  556,110.4 757.5
12.0 1 1 0,7,15,18,23,32,34,37 73.4 7,981,580.5 2,724,082.4 16,887.7 556,054.5 717.7
120 1 5 0,7,15,18,21,23,32,37 72.7 7,980,887.6 2,714,939.8 15,756.5 554,978.3  798.4
120 1.5 0 0,7,13,18,21,32,37 70.5 7,972,146.5 2,604,794.3 17,2554 546,336.9 1329.4
12.0 1.5 1 0,7,13,18,21,32,37 70.3  7,969,555.9 2,593,001.3 15,295.8 545,160.5 1157.0
120 1.5 5 0,7,13,18,21,32,37 70.5 7,916,817.8 2,445,887.5 3,227.6 532,650.3 1332.5
12.0 2 0 0,7,13,18,21,32,37 69.4 7,735,336.5 1,852,403.7 13,182.6 486,784.0 1578.5
120 2 1 0,7,13,18,21,32,37 69.4 77359150 1,852.272.8 13,120.9  486,726.9 1805.6
120 2 5 0,7,13,18,21,32,37 68.8 7,748,993.2 1,888,069.4 9,753.9 490,096.9 2011.8
16.0 1 0 0,7,13,18,21,32 70.2  7,934,482.1 2,710,673.8 17,325.9 554,326.1 898.7
16.0 1 1 0,7,13,18,21,32 70.0 7,935,670.3 2,709,758.6 17,111.1 554,016.5 825.1
16.0 1 5 0,7,13,18,21,32 69.6 7,934,238.1 2,700,555.5 15,364.2 553,043.8 686.3
16.0 1.5 0 0,7,13,18,21,32 67.9 7,930,932.8 2,594,165.3 17,152.0 544,437.0 1266.6
16.0 15 1 0,7,13,18,21,32 67.0 7,928,520.4 2,587,105.8 15,163.4 543,628.7 1346.9
16.0 15 5 0,7,13,18,21,32 679 7,877,021.7 2432,978.7 3,350.2 530,446.1 1807.7
16.0 2 0 0,7,13,18,21,32 66.6 7,696,993.3 1,854,047.9 13,088.2 485,973.7 1448.9
16.0 2 1 0,7,13,18,21,32 66.8 7,696,046.4 1,853,956.0 12,892.5 485,936.8 1443.8
16.0 2 5 0,7,13,18,21,32 67.5 7,708,788.3 1,889,713.0 9,644.1 489,533.4 1309.4

Tabmuma 4.6. Pesynbrarsr skcriepumenta Ha Habope maHHbiXx AP st pobacTHOl MOCTAHOBKU 3a-

JTa4qni pasMelneHns XaboB



nanneix CAB.
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@ A u  Hubs Sat. Profit Lose Abs. Dev. Dir. Dev. Time (sec)
4.0 1 1 0,7,15,18,23,32,34,37 76.3 8,116,748.5 2,722,065.6 17,177.2 556,0568.2  717.4
40 1 5 07.151823,32.3437 72.5 8109,965.7 2.647,786.6 17,061.3  547,.971.4 653.4
40 15 1 0,71518,23,32,34,37 725 8,078,102.2 2,527,643.1 17,914.9 539,000.0 969.2
40 15 5 0,71518,23,32,34,37 685 7,869,594.6 1,878,431.6 13,1929  487,310.4 870.2
40 2 1 07,151823323437 71.3 7.854,171.1 1.853,800.5 13,205.7  487.514.6 1019.5
40 2 5 0,7,13,18,32,34,37 67.9 7,859.306.6 1,851,410.9 13,294.0  486,076.1 1037.0
80 1 1 0,7,15,18,23,32,34,37 75.0 8,048,175.4 2,721,504.2 17,148.6 556,118.8  826.5
80 1 5 0,7,15,18,21,23,32,37 70.5 8,041,585.0 2,636,035.6 17,195.2 546,474.5 741.8
8.0 1.5 1 0,7,15,18,21,23,32.37 70.5 8,006,119.0 2,500,943.1 17,607.4 536,300.9 1196.8
80 15 5 0,7,13,18,21,32,37 66.7 7,809,387.5 1,875,524.7 13,074.3 = 486,477.9 1068.5
80 2 1 0,7,13,18,21,32,37 69.5 7,794,574.8 1,851,783.0 13,247.0  486,687.9 1018.1
80 2 5 07,131821,3237  67.0 7,798,379.8 1,850,275.9 12,976.6  485,653.0 1529.0
120 1 1 0,7,15,1821,23,32,37 72.4 7,984976.4 2717,823.5 17,006.2  555,324.5 657.2
120 1 5 0,7,13,18,21,32 65.5 7,986,903.1 2,611,052.0 17,273.2 542,749.2 873.8
120 15 1 0,7,13,18,21,32 67.0 7,945,603.6 2,470,089.6 17,304.5 532,879.9 1075.5
120 1.5 5 0,7,13,18,21,32 63.7 7,762,272.4 1,880,143.6 12,898.3  485,681.7 1549.7
120 2 1 0,7,13,18,21,32,37 68.8 7,738,028.5 1,851,913.9 13,280.2  486,401.7 1377.2
12.0 2 5 0,7,13,18,21,32 64.1 7,747,738.5 1,850,848.0 12,933.5  484,561.2 1369.8
16.0 1 1 0,713,18,21,32 69.8 7,939,422.5 2,701,559.4 17,031.3 553,159.9  705.9
16.0 1 5 0,7,13,18,21,32 66.2 7,937,670.1 2,602,472.9 17,275.0 541,856.0 894.6
160 15 1 0,7,13,18,21,32 66.1 7,899,430.6 2,465,552.0 17,272.7 = 532,143.1 1515.9
160 1.5 5 0,7,13,18,21,32 63.3 7,715,782.6 1,879,289.7 12,852.3  485,491.9 1575.0
160 2 1 0,7,13,1821,32 66.1 7,698,780.7 1.854,222.4 13,045.9  485,784.0 1122.3
160 2 5 0,7,13,1821,32 63.8 7,700,924.8 18497287 13,091.5 4842141 2115.6

Tabmuia 4.7. Pesynbrarsl sKcriepuMenTa Ha Habope gaHHbix AP j1j1s1 yentenHO# pobacTHO# mocTa-

HOBKH 3a/la91 pa3MeIleHU A xaboB

B Tabsaune 4.8 npejcraBieHbl pe3y/IbTaThl UCCIEI0BAHUA TPOU3BOINTEILHO-

CTH aJaropuTMoB benjepca i pa3jndHbIX TUIOB cedennii u3 Pasnenos 4.4 — 4.7

Ha jganabix AP. Jlas 27 u3 36 paccMOTPEHHBIX CJIydaeB aJrOPUTMbl Pa3JIOyKeHHSsT

3ajiaun okasasin pesysbrar jydiie, yeM CPLEX (em. Tabsuiy 4.6 crosber «Time

(sec)»), o BpemeHH, 3aTpadeHHOMY Ha perenue 3a1adu. Aaroputmbl «PO», « MN»

n «['mbpuy TOCTUrAlOT ONTUMAJIbHOE PellleHre 38 MeHbIIlee KOJIMIeCTBO UTePAIil,

yeM «BD», Ho «BD» moJiydaer ontumaJibHOE pelleHne ObIcTpee, 4eM OCTaJIbHbIE
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AJITOPUTMBI Pa3JIO2KECHU .

Puc. 4.2. Cpemnee Bpems, 3aTpadeHHOe Ha UTEPAIMIO aJI'OPUTMAMU pasjoxkeHus Bergepca B 3a-

BHUCHUMOCTH OT (X Ha Ha60pe JaHHDbIX AP

Puc. 4.2 oTparkaer cpejiHee BpeMsi, 3aTpadeHHOe Ha uTepalnio Benjiepca s
Pa3JIMIHBIX TUIIOB CEYEHUIT B 3aBUCUMOCTH OT IIapamMeTpa < Ha Habope gaHHbIX AP.
PesynbraTsr cpopmMupoBanbl Ha ocHoBe Tadsuibl 4.8. bazoBblil aJropuTM pasiozKe-
Hust Benjiepca mpeBocxouT Bee JIPyrue ajJropuTMbl 10 BpeMeHH, 3aTpavdeHHOMY Ha,
ureparu. Anroputmbl «PO» n «MN» 6/u3ku 110 cpejiHeMy BpeMeHU Ha UTEPAIHH,
HO KOJIIeCTBO nteparuii pasmndaercs (em. Tabmuiy 4.4), rae «PO» sBiistercst 6oJtee
3P deKTUBHBIM B OOJIBIIMHCTBE CIy4YaeB B cpaBHeHun ¢ ajaroputMoM «MN». TTosry-
YEHHBIN PE3yJIbTaT sIBJISICTCsI IPOTUBOIIOJIOXKHBIM TOMY, 4TO IIpejicTaBjieH B Pazere

4.8.2 nna nannnix CAB.
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BD PO MN TI'ubpun
e A p | Tter. Time (sec) | Iter. Time (sec) | Iter. Time (sec) | Iter. Time (sec)
4.0 1.0 0 | 101  622.0 18 373.0 20 329.0 16 532.0
4.0 1.0 11|96 597.0 16 394.0 23 464.0 18 712.0
4.0 1.0 5| 109 674.0 18 400.0 23 451.0 18 729.0
4.0 1.5 0] 139 856.0 46 1067.0 64 1517.0 39 1531.0
4.0 1.5 1| 145 908.0 47 1172.0 70 1674.0 46 1888.0
4.0 1.5 5| 139 895.0 42 1334.0 72 1976.0 43 2273.0
40 20 0] 210 1399.0 89 2213.0 131 2558.0 78 2980.0
4.0 2.0 1| 214 1463.0 87 1936.0 126 2167.0 77 2737.0
4.0 2.0 5| 211 1103.0 87 1783.0 128 2396.0 7 2745.0
8.0 1.0 0| 113 478.0 20 316.0 23 437.0 23 569.0
8.0 1.0 1| 117 521.0 20 388.0 27 490.0 22 688.0
8.0 1.0 5 | 132 588.0 26 565.0 32 644.0 24 664.0
8.0 1.5 0] 18  803.0 64 1262.0 91 1608.0 54 1774.0
8.0 1.5 1] 173 786.0 66 1268.0 87 1665.0 63 2201.0
8.0 1.5 5| 184 865.0 66 1494.0 100  2144.0 60 2480.0
8.0 20 0 | 253 1207.0 111 2128.0 152 2523.0 91 2739.0
8.0 2.0 1260 1332.0 116  2402.0 157 2496.0 104 3369.0
8.0 2.0 5 |266 1393.0 117 2450.0 167 2683.0 93 3236.0
120 1.0 0 | 146 609.0 38 642.0 35 464.0 26 664.0
12.0 1.0 1 | 152 671.0 27 483.0 39 695.0 29 897.0
12.0 1.0 5 | 162 723.0 35 688.0 45 773.0 33 959.0
120 15 0| 235 1018.0 85 1635.0 126 1988.0 86 2641.0
120 1.5 1| 204 917.0 96 1894.0 125 2198.0 79 2649.0
12.0 1.5 5| 221 1038.0 87 1960.0 118  2390.0 79 3104.0
12.0 2.0 0 | 287 1389.0 129 2558.0 160  2462.0 113 3484.0
12.0 2.0 1 | 297 1512.0 138 2779.0 178 2779.0 121 3868.0
12.0 2.0 5| 298 1539.0 133 2745.0 165  2675.0 111 3661.0
16.0 1.0 0 | 164 681.0 29 426.0 42 655.0 26 744.0
16.0 1.0 1 | 158 680.0 29 552.0 41 715.0 29 966.0
16.0 1.0 5 | 164 719.0 36 700.0 42 694.0 26 911.0
16.0 15 0 | 186 893.0 60 1269.0 85 1602.0 49 1615.0
16.0 15 1 | 177 976.0 67 1446.0 91 1760.0 53 1923.0
16.0 1.5 5 | 168 987.0 62 1519.0 92 1906.0 53 2142.0
16.0 2.0 0 | 259 1205.0 104  2023.0 131  2167.0 81 2653.0
16.0 2.0 1 | 251 1257.0 94 1807.0 125 2048.0 82 2579.0
16.0 2.0 5 | 238 1193.0 92 2014.0 130 2291.0 86 3001.0

Tabuma 4.8. IIpousBoguTebHOCTD agropuT™MoB benmapca Ha Habope maHHbIX AP
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SaKJII0OUeHne

Huccepranus nocsdineHa 3a1a4de HaJeyKHOro pa3Menienns xaoos. [Ipu nposee-
HUU UCCIeI0BaHusI ObLIn ¢cOPMYINPOBAHBI MaTeMaTUIeCKIe [TIOCTAHOBKHI PaccMaT-
puBaeMoil 3a/1a4n ¢ 1eJIeBbIMUA (PYHKITUSIMUA MUHUMU3AIUKE 3aTPaT U MaKCUMU3aI[UN
HpUOBLIN, T/l KPUTEPUSIMU HAJIe?KHOCTHU SIBJISIIOTCS MUHUMUI3AIINAS aOCOJIIOTHBIX OT-
KJIOHEHUIT 3aTpaT, TPUObLIN U 0XKIIAeMbIX ITOTEPb B BHIPYYKE.

OcHoBHBIE pe3y/IbTAThI PabOTHI 3aKIIYAIOTCA B CJICIYIOIMIEM:

1. Paspaborana HOBasi craTucTrdecKasi MpoIeLypa OleHKN HAJeKHOCTH CeTH Xa-
00B /17151 (PUKCUPOBAHHOI'O KOJIMYECTBA Xab0B B CETH, OCHOBaHHAs Ha, KPUTEPUH

Value at Risk n3z Teopun puckos.

2. TlocTpoennbl HOBBIE MaTeMaTUIECKNE MOJIE/IN 3a/1a91 HAJIEXKHOTO pa3sMeleHuns
XaboB € TeJIeBLIMU (PYHKIUSAMU COBMECTHO OMTUMU3AIII CYMMapPHbIX 3aTPaT
CeTH WJIN CyMMapHOI MPUOBLIN CETH B KOMITPOMUCCE C OYKUIAEMBIMI OTKJIOHE-
HUSIMU TPaAHCIOPTHBIX 3aTpaT WM OXKUJIAEeMbIMU OTKJIOHEHUSIMU BBIDYUKU U

OZKWJa€MbIMU IIOTEPAMU B BBIDYYKE COOTBETCTBEHHO.

3. PazpaboTanbl aqropuT™bl perenns MoCTaB/JIeHHBIX ONTUMA3AIMOHHBIX 3a/1a4,
OCHOBaHHbIE Ha pa3JioKeHnn benjepca ¢ MpuMeHeHneM Pa3ImIHOTO PoJjia YCH-

JIEHUsI CeYeHUIl: 1apeTo-0NTUMAJIbHBIX, HEJOMIHUPYEMbIX, THOPU/IHbBIX.

4. OcyiecTB/eHa IporpaMMHasl peajn3aliisl CTATUCTUIECKON POIeIyphl OleH-
KU HaJIE?KHOCTHU CeTU Xa0OB, IIOCTABJIEHHBIX ONTUMU3AIMOHHBIX 3a/1ad 1 aJIro-

PUTMOB UX PEIICHUI.

[IpeioxkeHHbIe B paboTe MaTeMaTUIeCKe MOJIEN MOT'YT ObITh NMPaKTHYECKH
IPUMEHEHbI K MOJICJIMPOBAHIIO HAJIEYKHBIX TPAHCIOPTHBIX MJIM TEJIEKOMMYHUKAIII-
OHHBIX CeTell 110 TaKMM HallpaBJIEHUsIM KaK II09YTOBas JOCTaBKa, JOCTaBKa COOPHBIX

IPy30B, aBUAIlEPEBO3KM, pa3MellleHue MIYHKTOB SKCTPEHHOT'O pearnpoBaHus U JIp.
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OcoOblit mHTEpPEC MPEJICTABISIOT HeJieBble (DYHKIUN COBMECTHON OINTHMUBAIINI
KJIIOUEBBIX IToKa3aTeseil ceTn Tuila 3aTparT W IPUOLLIN B KOMIPOMUCCE C OTKJIO-
HEHUsIMI 9THUX [T0OKa3aTeseil KaK CTeleHN HaJeXKHOCTU PeIeHs.

B pamMkax auccepTallioOHHONI pabOThI ObLIN IIPOBEIEHBI YNCAEHHBIE SKCIIEPIMEH-
To! Ha JauHasiX CAB 1 AP us ORLibrary. Pesyiprarsl onTuMmusamm mpe1ioKeHHBIX
MO/IeJIeil CPaBHUBAJINCH CO CTOXaCTUYECKOI MMOCTAHOBKOI 3a/ia4M, IJie IPeJJIOZKeH-
HbIe MOJIEJIN IOy IU/In OoJiee HaleKHbIe PEIIeHusl 110 BBEJCHHBIM KpuTepusam. Kpo-
M€ TOrO, IPEeJIOYKEHHBIE aJIPOPUTMbI PEIIeHUs] TOCTABIEHHBIX ONTHUMU3AIMOHHBIX
3a7a4 Oojiee ueM B 75% ciydadx IOIydYaJd ONTHMAJbLHOE pelleHne ObICTpee CTaH-
JAapTHBIX KoMMepdeckux mporpammubix nakeroB CPLEX u GUROBI Optimizer.

[lepcrieKTUBHBIMI HAITPABIEHUSIMI JIAJILHENRIIer0 MCCaeJ0BaHNs, 10 MHEHIIO
aBTOpa, ABJIAIOTCS PACCMOTPEHNE HEIIPEePBIBHON MOJIEIN IIPEICTABIEHISI HEOIIPe ie-
JIEHHOCTU BBIPYYKHU U CIIPOCa B 3ajladax HaJIeKHOI'0 pa3MelleHnsi XaboB, pa3paboT-
Ka TOYHBIX U 9BPUCTUYECKUX AJTOPUTMOB PeIleHts IOCTABIEHHBIX 3a/4ad B CIydae
«DOJIBIIIX> CeTell, PACCMOTPEeHIe KOHIIEIITNN HaIe;KHOCTH PeIeHusI B IPYIuxX 3a/a-

yax pas3MelleHus XaboB.
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CJiioBapb TEpMITHOB

HLP — 3ajaua pasmenienns xabos (arryi. Hub Location Problem).

UMAHLP —3anaga pasmelenns XxaboB ¢ HEOIPAHMYEHHO HIPOIIYCKHOMN CIIO-
CODHOCTBIO XabOB 1 MHOZKECTBEHHOI MTPUBSI3KOI y3i1a cetu K xabam (axrt. Uncapaci-
tated Multiple Allocation Hub Location Problem).

UMAPHLP — 3aj1aua pasmerienns XaboB ¢ HEOIPaHMIEHHOI MTPOITYCKHOI CIIO-
COOHOCTBIO XabOB 1 MHOYKECTBEHHOI IPUBSI3KON y3ja ceTn K xabaM, rje HeoOXo-
Mo BbIOpaTh p xabos (anri. Uncapacitated Multiple Allocation p-Hub Location
Problem).

CMAPHLP — 3ajiaua pasmernenust XaboB ¢ OrpaHUYEHHON MPOIYCKHO CITO-
COOHOCTBIO XabOB 1 MHOYKECTBEHHOI IIPUBBKOI y3J1a ceTH K XabaM, I'jie HeOOXO0 MO
BBIOpaTh p xaboB (anri. Capacitated Multiple Allocation p-Hub Location Problem).

O—II — orpaBuTe/Ib—1101yYaTe/b.

BD — anropurMm aexkommosuiiun benjiepca 3a1aun MaTeMaTIIecKoro Iporpam-
mupoBanus (anrit. Benders Decomposition).

I1O ceuyenmns — [lapero onTumMaJsibHbIe ceueHusl B pasjoxkeHnn berjepca.

MP — noj3a/1a4a B asroputMe pasiiozxkenusi berjepca (anri. Master Problem).

SP — nogzamaua B anroputMme passioxenns Bergepca (amrt. Slave Problem).

DSP — npoiicTBennast 3ajiada K 1oj3ajade SP B ajropurMe pasioxkennst ben-
nepeca (anra. Dual Slave Problem).

Conv(X) — BbilyKJiast 060/1049Ka MHOXKeCTBa, X .

StHLPAD — croxacTrdecKkasl IIOCTAHOBKa, 3aJadll pa3MelleHust XaboB ¢ ad-
COJIOTHBIM OTKJIOHEHHEM TPAHCIOPTHBIX 3arpar (anri. Stochastic Hub Location

Problem with Absolute deviation).
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CpeJiiiee BpeMs, 3aTpadeHHoOe Ha UTEPAINIO AJITOPUTMAMU Pa3JI0zKe-

Hus Benjiepca B 3aBucuMocTn or o Ha Habope jaHubix AP . . . . ..
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[Ipunoxxenne A

Aaropurmbl Beranepca pentenus 3agaun StHLPAD

A.1. OcHosHoii aaropurm benaepca

@opmysmmposka 3ajgadn StHLPAD, obo3nadennst 1 0OCHOBHBIE TTPEIIOIOZKEHUST
npejcrapiennbl B [1ase 3. B HacTosiimeM npujioXKeHnn olnuChbIBAeTCs aJITOPUTM Pa3Jjio-
JKeHust bergepca moctaBIeHHO 3aa41, ITOJIHOE U3JI02KEHIEe KOTOPOro MPEICTAaBICHO
B Pazjene 3.4.

ITocranoska 3agauun MP:

min Z aryr +n (A1)
keK
[IPU OIPAHUYCHUSIX:

NEY D D D uhwiye =D > > whil, (A-2)

s€S ieN jeN keK i€EN jeN se§

Zyk > 1 (A.3)

keK
yr € {0,1} ke K (A.4)
n =0 (A.5)

ITocranoska 3ajaun DSP:

max > > > wivh = » > D uiwiv (A.6)

1€EN jeN se8 1EN jEN keK seSs
1Ipn OIrpaHNYCHUAX:

es <2 \ps s€S (A.7)
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S S S
Cijkm€s — DsCijkm E €s T Vjj — Ui — Ui (A.8)
ses '

Scijkmps iajENak#m7kam€K7S€S

Cijkk€s — DsCijkk Zes =+ Ufj — Ufjk < cijpps 1,JEN ke K,se€S (A.9)

seS
es >0 sef (A.10)
v; €ER i,j€N,s€S (A.11)
ui, >0 i,jeENkeK,seS (A.12)

Asropury™ pasnoxkennst Beniepca 3agaan StHLPAD omnucan wike, rie ¢y p(y, 1)

u ¢psp(e,u,v) — onTuMasbHbIE 3HAUCHUS TeJIeBbIX (byHKIi 3agaan MP u 3amaqn

DSP.
AaropurMm 5: Anropurm pazioxkenns: Bergepca 3amaan StHLPAD

UB < 400, LB+ 0, h <0

J0 TeX mop, nmoka UB # LB BBIIIOJIHATH
Permerme MP (A.1)-(A.5)

LB < émp(y.n)
Pemene DSP (A.6)—(A.12)
Hobassenne ceuenns (A.2) B MP

ecin ¢psp(e,u,v) + Y ,cx aryr < UB Torna
| UB = ¢psp(e,u,v) + D cx @k

nHa4e
| Huyero

KOHeI]

h+<h+1
KOHeI],
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A.2. YckopeHHBII ajgroputM benaepca

B nacrostiimem pasjiesie mpejicTaB/IeHo OlIcaHne YCKOPEHHOI0 aJIlr0PUTMa Pa3Jjio-
»kenust Benyiepca, ocaoBannoro Ha IlapeTo-onTuMaIbHBIX CEUEHUAX, TEOPETUIECKOe
obocHOBaHUE aJrOpUTMa nU3JI0XKeHo B Pazgene 3.5.

BBejieM BcrioMorarebHYIO 3a4a4y JIJIsl HaXoxK geHust IlapeTo-onTuMaibHOro ce-

YeHund:

I 30 3 SRS 95 90 3 SUNTLY SRNNIR

1€EN jEN s€8 iEN jeN keK seS
IIpu OTPAHNICHUAX:

es <2 \ps s€S (A.14)

S S S
Cijkm€s — DsCijkm g Cs T V5 — Uijp — Uijm
ses

Scijkmps i,jEN,k#m,k,mEK,sES

(A.15)

Cijkk€s — DsCijkk Z es + v — Uiy < cijrkps 1, E NJke K,s €S (A.16)

sES

es >0 sef (A.17)
v; €ER i,7€N,s€S (A.18)

uiy >0 i,jeENkeK,se$ (A.19)
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AaropurMm 6: Yckopennoe pasiiozkenne bemnjgepca zagaun StHLPAD

UB « +00, LB« 0, h « 0,y, ¥

J0 TeX mop, nmoka UB # LB BBIIIOJIHATH
Pemenie DSP (A.13)—(A.19)

Hobasnenne cevernnsg (A.2) 8 MP

Pemene MP (A.1)—(A.5)

LB < émp(y.n)

Pemene DSP (A.6)—(A.12)

Hobassenue cevenns (A.2) B MP
O6nossierne Touek Magnanti u Wong (3.35)

ecmn ¢psp(e,u,v) + Y cx axyr < UB Torma
‘ UB = épsp(e, u,v) + D pcx kYk

nHa4de
| Huyero

KOHeI]

h+<h+1
KOHeI],
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Introduction

Research relevance. The dissertation is devoted to the study a reliable hub
network design problem in the uncertainty condition of demand and revenue. The
problem arises in the telecommunication and transportation systems, where it is
necessary to determine the most effective routing scheme for signals, commodities
or services between the origin and the destination, in order to reduce the overall
cost of constructing and maintaining the network.

One of the most important elements of the network are hubs that have the
traffic lows consolidation and distribution functions. Their presence makes it pos-
sible to replace the direct connection pairs between the "origin" and "destination"
nodes with a smaller number of indirect connections between network nodes. The
advantage of using these types of objects is to reduce costs due to economies of scale.
Thus, the task of construction an effective and robust network is to determine the
optimal number of hubs and construct indirect routes from the origin to the destina-
tion nodes through consolidation and distribution centers that minimize the overall
network costs, including both the hub opening cost and servicing transportation
arcs.

In addition, the selected network configuration must be resistant to traffic
changes, since its selection is a strategic decision and is fixed for a long-term period.
Thus, in order to design a reliable and stable hub network and routing schemes, it is
necessary to take into account the variability in the initial data: demand, transport
costs, revenue and etc. That is, to find a compromise between total costs and
expected losses, while maintaining the efficiency of the network. A lot of studies
has been devoted to this problem over the past two decades, aimed to studying
various sources of uncertainty and ways to model them in the reliable hub location
problem. There are several approaches for construction a reliable network that are
based on concepts such as considering the expected scenario, the worst-case scenario,

introduction the risk assessment functions and its minimizing problems.
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The main new field in this area is to maximize the network’s profits, where
in addition to network construction with minimal costs, it is necessary to identify
the most profitable directions and the volumes of demand to be satisfied. There are
several papers which addresses this problem that have been published over the past
few years .

The problem has an applications in the industry, where is required the un-
derstanding of the theoretical foundations and the practical result of optimization.
Basically, methods of operation research and mathematical programming theories
such as quadratic and linear programming, meta-heuristic approaches, simulation al-
gorithms and problem decomposition methods are used to solve the problem. These
methods were used to find the optimal solution to the hub location problem since
the moment they appeared. It is important to note, that the solution finding time
minimization is also crucial.

Aim of the dissertation consists of the development and research the prop-
erties of mathematical models for robust hub network design with costs minimiza-
tion and profit maximization objective functions, the development of exact solution
algorithms for the proposed problems formulations.

It was necessary to fulfill the following objectives to achieve the aim in view:

1. To develop the hub network robustness measure, the statistical criterion of

hub number stability and the algorithm of network statistics calculation.

2. To develop the new mathematical model for hub location problem under de-
mand uncertainty, where the robustness criterion consists of the transporta-
tion costs deviation minimization in trade-off with common network costs

minimization.

3. To develop the new mathematical model for hub location problem with objec-
tive function of profit maximization under demand and revenue uncertainties.
Develop a reliability criterion for the fluctuations in the demand and in the

revemnue.
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4. To develop the exact mathematical algorithms of proposed problems solution.

5. To develop a software packages that implement the proposed algorithms to
solve problems, the proposed algorithms experimental verification for the ef-

fectiveness.
Scientific novelty includes the following points:

1. The new statistical procedure of hub network’s stability estimation based on
the simulation modeling is developed for the location problem under demand

uncertainty.

2. The new non-linear formulation of the robust hub location problem under
demand uncertainty is developed. The equivalent mixed integer linear pro-
gram formulation of the proposed problem is developed, where the objective
function consists of the network costs and the expected absolute deviation of

transportation costs term to be minimized.

3. The new non-linear formulation of the robust hub location problem with profit
maximization objective under demand and revenue uncertainties is developed.
The equivalent mixed integer linear program formulation of the proposed prob-
lem is developed, where the objective consists of the the network’s expected
profit maximization, expected revenue lose and expected absolute revenue de-

viation minimization.

4. The proposed problems solution algorithms based on Benders decomposition
in combination with different strengthened cuts selection strategies are devel-
oped, such Pareto-optimal, maximal nondominant and hybrid cuts generation

strategies.

Theoretical and practical significance of the work consists of the new
mathematical models for the robust hub network design under demand and revenue

uncertainties, where two cases of objective functions are considered: total network
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costs minimization and expected profit maximization, — and exact mathematical

algorithms to solve these problems. The following programs are developed:

1. The software package for the statistical stability of hub number in the network
estimation. The program has passed the state registration in the Federal

service for intellectual property, patents and trademarks.

2. The software package of solution the optimization problem of robust hub loca-
tion problem under demand uncertainty with objective function of expected
costs and expected transportation costs absolute deviation minimization. The
program has passed the state registration in the Federal service for intellectual

property, patents and trademarks.

3. The software package of solution the optimization problem of robust hub loca-
tion problem under demand and revenue uncertainties with objective function
of network profit maximization, expected revenue lose and expected revenue

absolute deviation minimization.

Methods and methodology, used in the dissertation, include methods from
the optimization theory, risk theory, stochastic programming theory and revenue
management theory as a part of operations research.

Thesis statements to be defended:

1. The statistical procedure of hub network reliability estimation under demand

uncertainty (item 2 of the specialization 05.13.18).

2. Mathematical formulation of the robust hub location under demand uncer-
tainty with objective function of expected costs and expected transportation

costs deviations minimization (item 2 of the specialization 05.13.18).

3. Mathematical formulation of the robust hub location under demand and rev-
enue uncertainty with objective function of profits maximization (item 2 of

the specialization 05.13.18).
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4. The effective exact algorithms to solve proposed robust hub location problems

under uncertainties (item 4 of the specialization 05.13.18).

5. Software packages for conducting numerical experiments on modeling reliable
hub networks and evaluating the effectiveness of the proposed algorithms (item

5 of the specialization 05.13.18).

Reliability and aprobation. The main results of the dissertation were pre-

sented at the following conferences:

1. 20th International Conference on "Mathematical Modelling and Analysis",

May 26-29, 2015, Sigulda, Latvia;

2. III International Conference "Stability and Control Processes" in memory of

V. I. Zubov, 5—9 October 2015, Saint Petersburg, Russia;

3. XLIX Annual International Conference on "Control Processes and Stability",

2—5 April 2018, Petersburg, Russia;

4. XIV International Conference "Stability and Oscillations of Nonlinear Control

Systems" (Pyatnitskiy’s Conference), 30 May — 1 June 2018, Moscow, Russia;

5. L Annual International Conference on "Control Processes and Stability", 8—12

April 2019, Petersburg, Russia.

Publications. The main results on the topic of dissertation are presented
in 10 printed works: 4 of which are the conference abstracts [1-4], 2 articles in the
proceedings of the conference [5, 6], 1 article in proceeding of the conference indexed
in the Scopus and Web of Science [7], 3 articles in journals indexed in Scopus and
Web of Science [8-10]. Received a certificate of state registration of 2 computer
programs [11, 12].

Personal contribution. The content of the dissertation and the main pro-

visions submitted for defense reflect the personal contribution of the author to the
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published works. Preparation for publication of the obtained results was carried out
jointly with co-authors, and the contribution of the dissertation was decisive. All
the results presented in the dissertation were obtained personally by the author.

Contents and structure of the dissertation. The thesis consists of intro-
duction, literature review, four chapters, conclusion, glossary, bibliography, list of
illustrations, list of tables, and appendices. The full volume of the dissertation is 95
pages, including 3 figures, 13 tables and 1 Appendix. The bibliography includes 70
titles on 8 pages.

Overview of the dissertation. The introduction reflects the relevance of the
work, formulated the purpose and objectives of the study, justified the scientific nov-
elty, the theoretical and practical significance of the work, formulated the provisions
to be submitted for the thesis defense.

The first Chapter provides an overview of the literature on the topic of the
study, describes the main directions of the theory of hub location and its problems,
methods for problems solving, and discusses development trends and promising ar-
eas.

The second Chapter provides a statistical procedure for assessing the reliability
of the number of hubs in the network under conditions of uncertainty in demand,
and offers a criterion for selecting the most stable hub network based on the value at
Risk — portfolio risk assessment method. The procedure consists of two stages: the
statistical sample preparation of optimal hub networks obtained from random de-
mand generation, and evaluation of statistical indices of the hub numbers stability.
To increase the number of elements in a statistical sample, increasing its information
content, bootstrap method is used to study the statistics of the distribution hub net-
works variability: the average value and standard deviation of the variety frequencies
of the hub networks. The concept of the variety frequency of the hub network is
introduced, which reflects the degree of difference between networks depending on
random changes in demand. Sample statistics values are used for computing Value

at Risk with confidence level «, which would correspond to a value of the variety
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frequency of the number of hubs, which will not be exceeded with probability 1 — a.
The criterion for choosing the most reliable number of hubs is Value at Risk with
the minimum value.

This method is intended for assessing the reliability of the hub network and
provides an opportunity to estimate the average value and variance of total costs,
following the principles of the Sample Average Aproximation algorithm.

In the third Chapter, the author proposes a nonlinear and equivalent linear
mathematical formulation of the robust hub location problem with the objective
function of total costs and expected absolute deviations of transportation costs min-
imization under demand uncertainty. The developed objective function of the hub
location model provides minimization of the expected deviations of network trans-
portation costs in the context of the demand scenario in a trade—off with minimiza-
tion of expected network costs. It is assumed that the hub network is robust if
transportation cost deviations in the context of demand scenarios are minimal. The
degree of importance of robustness in comparison with the expected total costs is
regulated by a weight factor.

Two algorithms for solving this problem are developed: the classical Benders
decomposition algorithm and the Benders decomposition algorithm with Pareto-op-
timal optimality cut generation. The results of a numerical experiment based on
well-known data the Civil Aeronautic Board and Australian Post presented in Op-
erations Research Library, and the performance results of the proposed algorithms
are discussed in comparison with standard methods for solving mixed integer pro-
gramming problems.

In the fourth Chapter, the mathematical models of reliable hub location with
the objective function of expected profit maximization, expected loses and expected
deviations of the revenue minimization in conditions under demand and revenue
uncertainties are considered. The non-linear and linear problems formulations are
proposed for three cases: uncertain demand and deterministic revenue, uncertainty

of both demand and revenue in total expected revenue deviations minimization
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problem, revenue deviations minimization by directions. The robustness criterion
used in the described formulations is widely studied in the problems of revenue
management theory, but has not been previously considered in the location theory.

Four algorithms for solving this problems have been developed: the classical
Benders decomposition algorithm, the Benders decomposition algorithm with Pare-
to-optimal optimality cuts, the Benders decomposition algorithm with maximal non-
dominated optimality cuts, and the hybrid Benders decomposition algorithm with
various types of strengthened cuts. The results of a computational experiment based
on well-known data the Civil Aeronautic Board and Australian Post from Opera-
tions Research Library are presented, and the performance results of the proposed
algorithms are discussed in comparison with standard methods for solving mixed
integer programming problems.

The conclusion summarizes the results of the study and formulates the main

findings.
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Chapter 1

Literature review

In this Chapter, the author of the dissertation carried out a classification and
review of the literature on the hub location problem. In particular, the Section
1.1 provides an overview of statements and variations of mathematical formulations
of the problem. The Section 1.2 includes an overview of works where the Benders
decomposition method was used to solve the hub location problem. The Section 1.3

discusses papers that explore various sources of uncertainty.

1.1. The hub location problem

The study of networks is of great importance for the such areas as freight and
passenger transportation, telecommunication, postal services and rapid transit sys-
tems. The objects enumerated above can be presented as a set of nodes connected
by edges. Meanwhile, a large amount of nodes are not connected with each other
due to the physical limitations. That means that the several nodes have to be served
using intermediate nodes with additional properties like consolidation and distribu-
tion possibility. The organization of special nodes as hubs, produces savings by
consolidation and reduces the total operational cost to service processes. Hub loca-
tion problem (HLP) is directed to determine hubs and network operation processes
in a most efficient way:.

The epoch of huge amount of works carrying out in HLP area has been started
from the seminal works of O’Kelly [13, 14]. The initial stages of HLP theory are asso-
ciated with problems formulation (p-hub median problems, capacitated /uncapacited
HLPs, single or multiple hubs location, allocation possibilities, etc.), general assump-
tions, introduction of rules (flows are allowed to go through hub facilities, hubs are
facilities to be located, all commodities must be routed, discount factor, hubs net-

work is a complete graph, etc.) which allow to classify networks design decisions.
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The deep review of HLP progress is discussed by Campbell and O’Kelly [15|, Fara-
hani et. al. [16] and Contreras [17]. The latest works present modifications of the
initial assumptions and characterize the new features intercalation adapted to re-
al-world needs and problems complexity reduction. These approaches are based on
achievements in discrete and computational mathematics.

The dissertation investigates the problem of hub location with the possibility
of binding a node point to several hubs, depending on the direction of origin—destina-
tion O/D and unlimited capacity of hubs denoted Uncapacitated Multiple Allocation
Hub Location problem (UMAHLP) under demand uncertainty.

UMAHLP was first formulated in [18|, where the number of p hubs is fixed
(UMApPHLP). In the future, this model was formulated as an integer programming
problem [19] and [20], where the variables contain 4 indices. In [21] an alternative
formulation with flows aggregation is proposed, which reduces the number of indices
of variables to three. Some precise and heuristic approaches that improve the ef-
ficiency of solving the UMApHLP problem are considered in [21-23]. The results
of the study the UMApHLP problem could be applied to the UMAHLP, where the
number of hubs is not fixed, which are presented in the works [19, 21, 24-30]. Al-
gorithms and methods to improve the efficiency of the UMApHLP solution can be
applied to UMAHLP, which remains true in the opposite direction.

1.2. Benders decomposition

The solution approaches of UMAHLP in linear programming formulation are
an additional area of problem research. There are wide range of applications the
Benders decomposition [31] (BD) algorithm to solution the UMAHLP, which demon-
strates a significant improvements in solving efficiency.

The first work presenting the application of the Benders decomposition to the
solution of the UMAHLP problem is [32]. The authors of [32]| discussed three types
of the decomposition algorithms of UMAHLP: basic BD approach, where the one
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cut is added on each Benders iteration; multiple cut generation, where the set of
cuts corresponding to O/D are generated on each iteration; e-optimal cuts, where
sub-optimal solution of the auxiliary problem is used for cut generation.

Contreras et. al. [30] presented the BD improvements in application to
UMAHLP, where the Pareto-optimal cuts and heuristics are developed. In addi-
tion, the work [33] proposes additional heuristics to improve BD in relation to the
hub location problem, where hubs are represented by an incomplete graph. The
number of BD cuts on each iteration is represented by a set of variants, the choice of
non-dominant or Pareto-optimal cuts allows to reduce the number of iterations due
to the quality of the cuts. The construction of improved cuts can be carried out by
means of special points called Magnanti and Wong points [34], which can be used,
according to [35] to find the Pareto-optimal BD cuts. The Benders decomposition

is used in another variations of the hub location problem, for example, [33, 36-39].

1.3. Hub location problem under uncertainty

This dissertation considers the poorly known area of hub location problem —
the network design under uncertainty and finding the robust solution. There exists
different sources of uncertainties: in demand, in operations time, in costs, in capacity
of the arcs and hubs and etc. The air transportation network, where hub capacities
are modeled by M/D/c model from queuing theory is considered in [40]. Thus,
the condition is simulated that the queue limit will not be exceeded with a certain
probability. This condition is converted into a limitation of the hub capacity.

The demand uncertainty in the HLP in relation to air freight and flight routing
is presented in [41]. The authors propose the two stage stochastic formulation of the
problem, where in the first stage the hub location problem is solved and the second
stage is the flow routing problem for different scenarios of demand. A comparative
analysis was carried out between the deterministic case of the demand (for each

scenario separately with further averaging of the results) and the proposed stochastic
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formulation; the result showed that the introduction of uncertainty into the model
leads to better results.

Sim et. al. [42] describes the stochastic HLP under travel time uncertainty,
which is modeled by the normal distribution. The service level constraints are
added into the mathematical formulation of the problem.

The investigation of stochastic UMAHLP under demand and transportation
cost uncertainties is presented in [43]. The authors showed that the stochasticity
of demand can be formulated as a deterministic problem of integer linear program-
ming, where random variables are replaced by the mathematical expectation of the
demand. The uncertainty in the transportation cost do not allows the similar re-
placements, therefore, the sample average approximation (SAA) algorithm is used
to solve the stochastic problem.

In the work Alumur et. al. [44] the two sources of uncertainty for UMAHLP is
considered: demand uncertainty and hub installation cost uncertainty. The authors
assume that there is no information about the probability distribution of the hubs
installation cost and propose a minmax regret formulation. The demand uncertainty
is modeled as a stochastic linear problem. A combined minimax stochastic formu-
lation of the problem is proposed for simultaneous consideration of both sources of
uncertainty.

Shahabi and Unnikrishnan [45] study the UMAHLP under demand uncertainty,
where the uncertainty is modeled by the ellipsoid. The authors propose an integer
quadratic formulation of the problem and its relaxed linear formulation. Based on
the results of the experiment, the authors concluded that a large number of hubs in
the network reduces the impact of demand uncertainty on the cost function.

The robust formulation of UMApHLP under demand uncertainty as the poly-
hedron (hose demand) is presented in [46]. There are considered two types of un-
certainty representation: hose and hybrid. The hose model assumes that there is
only an upper limit on the total outbound and inbound flows of a node, while the

hybrid model implies both upper and lower limitation of total demand. The authors
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applied the minimax concept to robust formulation based on cost function minimiza-
tion. Two algorithms for solving the problem based on BD are applied. The result
extension for the case of the CMApHLP problem, where the number of hubs is fixed
and their bandwidth is limited, are discussed.

A study by Zetin et. al. of uncertainty in demand and transportation cost
in the UMApHLP problem is presented in [47|, where is introduced the "budget"
of uncertainty in order to control the level of conservatism in the mathematical
formulation. The authors developed an algorithm of branches and cuts to solve the
formulated problem.

In [39] a robust UMAHLP is presented, taking into account uncertainty in
demand and in transportation cost, where the hub network is not complete. An
algorithm for solving the problem based on BD is proposed.

One of the latest work in the field of robust hub location is [48], where un-
certainty in demand as polyhedron is considered. Three variants of uncertainty
modeling are introduced and a metaheuristic method is used for the solution of the

problem — tabu search.

1.4. Hub location problem with profits

There are not so many studies in the literature devoted to the HLP with
the objective function of profit maximization. The feature of HLP with profits is
the ability to serve the profitable directions O/D and the full demand satisfactory
condition is eliminated.

The competitive HLP between several firms is one of the subareas of HLP,
where firms compete for the demand.

Various objective functions are considered: for example, the function of maxi-
mizing the captured demand, maximizing the total profit. Examples of the works,
which considers the competitive HLP are [49-52|. In addition, there are several

studies of competitive HLP in the game theory terms [53, 54].
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The current study considers only one firm without a competitive environment
whose goal is to maximize profits. The paper [55| introduces the HLP with the
objective function of profit maximization. The problem consist of the hubs location,
decide which arcs to activate, choose directions for servicing and routing flows in
order to maximize overall profits. The authors consider the possibility of connecting
one node to several hubs and assume that the route runs through one or two hubs,
i. e. the route passes through a maximum of three arcs. The authors describe the
exact algorithm for solving the problem in [56]. They use the Lagrange multiplier
method in the branch and bound algorithm to solve the problem.

The [57] study examines all possible node-to-hub connections in HLP with prof-
its: multiple allocation, single allocation and r-allocation. The paper also considers
the case when direct connections between O/D are allowed. In addition, accord-
ing to the best author of this dissertation knowledge, the only work that addresses
uncertainty in the problem of HLP with profits is [58|.
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Chapter 2

The hub network reliability estimation under

demand uncertainty

This Chapter discusses a heuristic approach to evaluate the network reliability
that is based on the statistical modeling procedures. The Section 2.1 introduces the
mathematical formulation of UMApHLP as a linear programming problem. The
Section 2.2 contains a description of the perturbation algorithm and data preparation
procedure. The Section 2.3 provides an stability level measure of the hub network
and a criterion for selecting the number of hubs. The results of the numerical

experiment on real data are presented in the Section 2.4.

2.1. Mathematical formulation of UMApHLP

This section describes the formulation of uncapacitated multiple allocation
hub location problem. The main assumptions for model construction is used: the
hub network is a complete graph; the direct connection between non-hub nodes is
prohibited; the demand should be satisfied; the consolidation, transshipment and
distribution operations are allowed only on the hub units. There exists several
formulations of UMApHLP for deterministic demand, the formulation [59] with
four index variables is chosen as a basis for the hub network reliability estimation
procedure. Note, that the results of this chapter are not limited to this model and
can be extended to other formulations of HLP (Hub Location Problem).

The problem formulation uses the following notation: N = {1,...,n} is a
set of the network nodes, the set of potential hubs is denoted as K C N, the
distance between i,j € N is d;j, the a; is hub installation cost at node k£ € K;
the transshipment, consolidation and distribution costs of one unit flow for a unit

distance is denoted by «, x and ¢ respectively; w;; is a flow, nanpassiennbiit or
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ornpasuTesd from the origin ¢ € N to the destination j € N (demand by direction).
The routes are constructed through at least one and at most two hubs, therefore, the
unit flow transportation on the route could be stated as ¢;jpm = xdir + adp, +0dj,
where 4,5 € N is O-D and routed though hubs k,m € K, the p is the number
of hubs for obligate installation. In such formulation, the problem always has a
solution.

The mathematical formulation of UMApHLP is stated as follows:

min Z aryr + Z Z Z Z CijkmTLijkm (2-1)

keK 1€EN jeEN ke K meK
S.t. Z Tijmk + Z Tijkm < Wi Yk, 1,7 €N, ke K, (2.2)
meK m#k mekK
Z Z Tijkm = Wij, 1,] € N, (2.3)
keK meK

> u=p. (2.4)

keK

Tijkm = 0, 4,5€ NkmekK, (25)

yr € {0,1}, k€K, (2.6)

where g is a binary variable, which is equals to 1 if node k € K is set to be a hub
and 0 otherwise, the continuous variable ;;z, is a flow from ¢ € N to j € N routed
through the hubs k,m € K.

The objective function (2.1) represents the hub installation costs and trans-
portation costs to be minimized. The inequalities (2.2) ensure the flow routing
through selected hubs, the constraints (2.3) are demand satisfactory conditions, the

constraint (2.4) enforces the p hubs selection.



121

The problem formulation (2.1) — (2.6) is used as a basis for description of the
procedure for the hub network stability assessing under uncertainty in demand.

Let the problem (2.1) — (2.6) is denoted as G(W,p), which depends on the
demand matrix W and the amount of hubs p, where function value is a vector of
optimal hubs to be located in the network G(W,p) = (y1,...,yx|). Note, that the

another parameters of the problem (2.1) — (2.6) are fixed.

2.2. The data preparation procedure

This section presents an algorithm for the reliability estimation of the number of
p hubs in the UMApHLP problem under demand uncertainty, based on the statistical
modeling procedures. The proposed algorithm does not depend on the method of
specifying demand uncertainty (discrete set of scenarios, continuous distribution,
etc.), as it is based on statistical simulations.

Let the demand uncertainty is modeled by the random distribution F¢(X),
where £ is a random matrix, the dimension of which coincides with the dimension
of the demand matrix W. W" is the result of random generation of the demand
matrix from F¢(X), where r € {1,..., R} is the iteration number, the R the total
amount of iterations.

In the Section 2.1 the function G(W, p) is introduced, which takes the values of
the vector of optimal hubs to placement based on the demand matrix W and number
of hubs in the network p. Let W' and W' are the demand matrices from different
iterations, when G(W"™, p) and G(W", p) are the two UMApHLP solutions under
the same restrictions, but different demand matrices.

Definition 2.1: the hub network G(W,p) is robust in respect to the de-
mand uncertainty, which is modeled by random distribution F¢(X), if G(W"™,p) =
G(W™ p) YW W,

The definition of robust hub network also is the main assumption in assessing

the level of reliability. The algorithm for assessing the stability of the hub network is
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based on the multiple calculation of the function values G(W",p) forr € {1,..., R},
P € {Pmin; - - -, Pmax } and comparison of hub networks for each p on a random subset
of possible demand matrices {W7"}# ;. The use of a random subset of all possible
demand matrices is not new in the HLP, a similar procedure is used by the SAA
method (Sample Average Approximation), for example in [43, 58].

Definition 2.2: the hub network G(W, p) is statistically robust with respect
to the demand uncertainty modeled by set of scenarios {W"}2 | if G(W'™,p) =
G(W™,p) YW W e {Writ

The statistically robust hub network definition is rough, Onpenenenne craTncrTudeck
YCTOMYMBOCTU CeTU XaboB siBJisieTcst rpyObIM, since the presence of at least one case
of hub networks divergence at different iterations for a fixed p leads to instability of
the network. Therefore, we introduce the concept of the robustness level:

Definition 2.3: the robustness level of the hub network is the mean of simi-
larity between hub networks on a set {W"}t .

The hub network robustness level calculation assumes the solution of the opti-
mization problems G(W", p) for r € {1,..., R}, the selection of the results compar-
ison function and the procedure for averaging the results into a single index.

Let as introduce a function to compare hub networks with the same p:

AGW™,p), GOV, p) = S # o) (2.7)

keK
In the current dissertation the following algorithm of hub network robustness

measure. Let p € {Pumin,- -, Pmax} 18 & set of hub numbers in the network to be
considered, when the algorithm is stated as follows:
Initialization: W, Duin, Pmax, {1p = @}ggagmm
Functions: G(W,p), d(GW™,p), G(W™,p))
For p in {pumin, - -, Pmax} dO
For rin {1,..., R} do
Generate W"
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Optimize G(W", p)
For ry,ro in {1,..., R} do
tprir, = A(GW™, p), G(W™, p))
Ty =Ty U{tprr.}
Vp = g ZteTpt
For [in{1,...,L} do
Generate set T ]ﬁ by the choice

of R? — R elements with repetition from 7,

[ __ 1
Vp ~ R:-R ZteTIQt

The L denotes the number of iteration in bootstrap algorithm. The result of

the algorithm is the variation frequencies in optimal networks Vll). The statistics of

L
the variations Vp € {pmin, - - -, Pmax} are calculated by formulas: N, = —V”+Lzﬁl g

L
(Vp*Np)QJFZl:l (Vgla*Np)Q .
L

the sample average value of variety level for p-hubs, Sg = is

unbiased sample variance.

2.3. The hub number robustness measure, the reliability

criterion

It is proposed to estimate the level of robustness of the hub network on the
basis of the Value at Risk (VaR) criterion [60] from risk theory.

Let n is a random value of the hub network variety frequency with distribution
function F,(z). When VaR of n at level a € (0,1) is the greatest value v, such as
P(n > v) = a, i. e VaR of random variety frequency 7 is a value, which 7 will not
exceed with the probability 1 — a.

In relation to the assessment of the robustness level for the hub network, VaR
is used as a hub variety index, which will not be exceeded with the probability 1 —a.

The cumulative distribution function F, (z) construction for each hub number

p is proposed on the basis of the set {Vé}le and sample statistics N, and S;.
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Let 7, the random value of variety level for v, with cumulative distribution

function F}, (2) for hub number p, then the robustness level is calculated by formula:

VaR, = sup{z € R: F, (2) <1—a},

whereupon, the formal description of the criterion of a robust number of hubs will

be stated in the following form:

Pstap = arg min  (sup{z € R: F, (2) <1—a}),
pe[pmirnpmax]

that is the most robust number of hubs has minimal value of the robustness level
with probability (1 — «) on the interval [puin, Pmax)- Here, R is the real number set.
Let’s consider the special case, where 7, is from normal distribution, then VaR

is stated as:

P(z > N, + u,S,) = «a, (2.8)

where the parameters of the normal distribution are substituted by sample
parameters (statistical estimates, in the absence of parameters of the population),
U, is the a-quantile of the standard normal distribution. Consider the following

sequence of (2.8) transformations:
P(z> N, 4+ u,S,) =1 —P(z < Ny + unSy) = a,
P(z < N,+u,S,) =1—q,

P(z < N, —u1-45,) =1—a.

Taking into account the normality of the distribution of robustness levels, the crite-

rion can be reformulated as follows:

pe [pmin 7pmax]
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where VaR, value or robustness level is defined as:

VaR, = Ny — u1-4S5). (2.10)

The criterion proposed in this section for choosing a robust number of hubs
evaluates the robustness level of the hub network with a level 1 — o and the lowest
VaR value is associated with the best solution. The value of VaR in the described
criterion is called the robustness index. To assess the risks of network changes on

the level of robustness 7 it is possible to use other criteria from the risk theory:

Var [61], EVaR [62], DaR, CDaR.

2.4. Computational study

The UMApHLP model (2.1) — (2.6) is considered as the hub location-allocation
model. The GUROBI Optimizer 7.0.1! solver is applied for MIP to calculate the hub
sets to be choose on each iteration with precision GAP < 4 % in time saving goal,
the average models optimization time is 178 seconds. The results were obtained
with Intel Core i5 2.7GHz processor and 8GB RAM.

The experiment was carried out on the dataset granted by Ltd. “Delovye
linii". The data consist of the set of terminals coordinates (178 terminals), the
set of possible hub locations (10 potential hubs), the costs of hub construction and
transportation costs depend on the direction. The distances between hubs and
terminal-hubs were calculated in seconds (driving time by car without traffic jams
consideration) using Google Maps Distance Matrix API?,

In this example we have considered the hub quantities from 6 to 9 (pin =
6, Pmaz = 9), the repetitions amount for each hubs quantity in the problem were
equal to 40 (in total case there were 4 - (40 + 1) = 164 simulations), the MIP sizes

on each iteration were 19 680 variables (17 890 continuous, 1 790 binary) and 21

! http://www.gurobi.com/

2 https://developers.google.com/maps/documentation/distance-matrix/


http://www.gurobi.com/
https://developers.google.com/maps/documentation/distance-matrix/
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539 constraints, during the presolve stage in optimization process were removed 90
continuous variables.

The flows perturbation were generated by Truncated Normal Distribution with
the mean equal to 30 and standard deviation equal to 80 with the same distribution
for each direction of flow.

The first part of the algorithm results are presented in the Table 2.1, where

are presented the variety frequencies for each hub number p.

p| 6 | 7|8 9
v | 0.875]0.0|0.1]0.625

Table 2.1. Variety frequencies for each hub number

6 7 8 9
0.87435 | 0.0 | 0.10428 | 0.62343
S%10.00265 | 0.0 | 0.00245 | 0.00556
VaR| 0.791 [0.0| 0.014 | 0.504

2|'U

Table 2.2. Value at risk for each hub number

There are generations of samples in the second part of the algorithm where by
using bootstrapping procedures there are produced the 999 variety frequencies for
each hub number p. The variety frequencies are calculated by using random choice
of 40 rows with repetition from 7}, and the variety frequencies for V]l) are estimated.
The ]\_fp, Sg and value at risk VaR, with o = 0.05 for each sample are presented
on the Table 2.2. The study case has an obvious result p = 7 where the network
of hubs do not get the changes on perturbed data. This is assumed to be the best
solution in the proposed concept. The hub number equals to 8 has close results to
0 and could be interpreted as robust. The considered v, have a large difference and

there is no problem to choose the minimal, but in the cases when the v, is close to
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each other the second criteria should be applied (for example minimal total costs or
maximal revenue).

The results shows that the hub numbers 6 and 9 contains competitive hub
locations in the network and the hub numbers 7 and 8 don’t contains significant
network changes amount. This can be interpreted as settlement of a dispute, where
the competitive hub is added in the network or another hub addition resolve the
competitive hub dispute.

Note that the results do not take into account the difference in the objective
functions, but estimate the probability of changing the optimal network. The use
of the criterion is appropriate in the conditions of the existing network in order to

develop a strategy to change the network to a more robust one.
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Chapter 3

Robust uncapacitated multiple allocation hub
location problem under demand uncertainty:

minimization of cost deviations

In this chapter of the dissertation the stochastic formulation of UMAHLP under
demand uncertainty is stated in the Section 3.1. The robust conception of UMAHLP
and mathematical problem formulation are in the Section 3.2 and an alternative
linear problem formulation is described in the Section 3.3. In the Section 3.4 and
the Section 3.5 basic and improved Benders decomposition algorithms are presented.
The results of computational experiment on the CAB and AP data are illustrated

in the Section 3.6.

3.1. Stochastic formulation of UM AHLP

The basic notation and equations of mathematical formulation of UMAHLP
(2.1) — (2.3), (2.5), (2.6) are introduced in the Section 2.1, which will be used in
current chapter of the work. This section describes the stochastic formulation of the
problem under demand uncertainty:.

The demand uncertainty is modeled by the set of scenarios S = {1,..., f},

where f is a number of considered scenarios. FEach scenario reflects the possible

S
ij

demand in the network with corresponding probability ps for s € S, where w?; is
the demand volume under scenario s with origin ¢ € N and destination 7 € .
Uncertainty representation via the set of scenarios with the certain realiza-
tion probability is intended to emphasize the most realistic situations according to
experts opinion, which have the greatest impact on the decision-making process.
The normalized weights of the scenarios influence degree are characterized by the

probabilities of their occurrence, and it is assumed, that > _¢ps = 1.
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Let denote the flow routed from origin ¢ € N to destination node 7 € N via

hubs k,m € K in scenario s € S as a continuous variable x7;; ., then the stochastic

problem of UMAHLP is stated as follows:

min > aryk+ > D> D DD CijmTm (3.1)

keK s€S €N jeN keK meK

St >t > T <wiye i, jENEEK seS (3.2)
meK m#k meK

> i =wl;, i jENs€ES (3.3)

ke K meK

Tigm =0 1,jENkmeK,s€S (3.4)

yr € {0,1}, k€K, (3.5)

The objective function (2.1) represents the total costs to be minimized: hub
installation costs and expected transportation costs. Constraints (3.2) and (3.3)
corresponds to deterministic case of the problem described in Section 2.1 to con-
straints (2.2) and (2.3) for each scenario s € S. Finally, (3.4) and (3.5) are domain

constraints. The stochastic formulation (3.1) — (3.5) is used as a referent model.

3.2. Robust concept of UM AHLP

In this section the methodological concept of a robust hub network design is
described. The expected transportation costs do not make the influence on the
hub robustness evaluation, since it is the "optimal mean" between scenarios. The
main feature of new approach is an inclusion of the absolute deviation between
expected solution and every scenario into the objective function of stochastic HLP.

This addend serves as a measure of transportation cost equalization on scenario set.
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The peculiarity of proposed concept is the trade-off between expected trans-
portation costs minimization and their deviation minimization in the scenarios con-
text. The resulting hub network quantifies the lowest reliable upper bound on trans-
portation costs for different scenarios.

The hub network for different demand scenarios quantify the lowest reliable
upper bound of transportation costs and provides an opportunity to reduce them
by node-hub re-allocation on separate scenario and estimated hub network. The
node-hub re-binding is postponed to the later planning levels when the demand sce-
nario becomes clear. The hub location in proposed robust HLP formulation reduces
the transportation costs fluctuations among the demand scenarios and provides the
reliable solution. To the best of authors knowledge, the transportation costs equal-
ization approach under the scenarios in hub location problem was not considered
before.

The new robust HLP concept is based on the UMAHLP case with stochastic
demand as uncertainty source. The introduced problem formulation averages the
weighted absolute differences among considered scenarios and thereby assures the
resistance to expected changes in the demand. Thus, hubs location result is sub-
stantial for strategic planning. Thereby, the stochastic formulation of the problem

to find a robust solution is given as:

min Z apYrx + Zps Z Z Z Z CijkmT;jkm

kekK seS 1eNjeENkeKmeK (36)
s s’
A DD Y DY cm @ — > DD Y Y CipmTn)|
seS 1€N jeN ke K meK s'eS €N jeN ke K meK

St (3.2) — (3.5)

We propose the stochastic programming model where the robust hub location
remains "close" to optimal for each scenario s € S. The problem is abbreviated as

StHLPAD that means Stochastic Hub Location Problem with Absolute Deviation.



131

The first term in (3.6) represents the hub setup costs, the second addend in the
goal function is the expected transportation costs, the third addend is the weighted
mean absolute deviation of the transportation costs. The parameter A can be re-

garded as risk trade-off factor between expected costs and deviation.

3.3. Linear formulation of the problem

The proposed formulation of the robust hub location problem (3.2) — (3.6)
contains absolute value function in objective, therefore, the problem belongs to the
class of nonlinear programming problems. Let us introduce an alternative linear

formulation of the problem:

min Z apyr + ZPS[Z Z Z Z CijkmTjpm + 2A2°] (3.7)

keK seS i€EN jeN ke K meK

St (3.2) — (3.5)

2.0 D D Cumnlim -

1eENjeENEkEeKmeK (3.8)

ZPS/Z Z Z Z Cijkmxfj/'km+zs >0 Vse S

s€S ieNjeNkeKmeK

2 >0,Vs € S, (3.9)

where z* is an absolute value linearization auxiliary non-negative continuous variable
for any scenario s € S.

The objective function (3.7) in conjunction with constraints (3.8) and (3.9) are
equivalent to expression (3.6).

Theorem 3.3.1: Problem formulations (3.2) — (3.5), (3.7) and (3.2) — (3.6)
are equivalent.

Proof. Let show, that (3.7), (3.8) and (3.9) are equivalent to (3.6). Without
loss of generality, let remove equal addends from (3.7) and (3.6), besides, let add to

(3.7) the following expression:
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A Q0D DD i — D Py XD DD CkmTin)- (3.10)

seS 1€N jeN ke K meK s'eS 1€EN jeN ke K meK

This procedure of addition is justified, because of ) _¢ps = 1 what ensures equality
of (3.10) to 0.
It must be shown that

min )\ ZPS(Z Z Z Z Cijkmiﬁfjkm -

s€es i€EN jeN ke K meK (3_11)

Zps/ Z Z Z Z Cijkmxf;km +22°)

s'eS 1€N jeN ke K meK

St (3.8),(3.9),

is equivalent to the problem

min \ ZPS|Z Z Z Z Cijkm®T;jfm —

s€S  i€EN jeN keK meK (3_12)

D oD D > i)

s'eS  ieN jeN keK meK
Let show that the identity holds for the corresponding terms fixed by s € S.
The coefficient of variable z* in the objective function (3.11) is positive, the
minimization process will tends to assign the minimum possible value to the variable.
Note, that subjection to constraints (3.8), (3.9) gives the minimal possible value

Zoin =00, e Y D NN G — D DL D D CikmTjm):

s'eS 1€N jeN ke K meK 1€EN jeN ke K meK
(3.13)

If the condition holds

Z Z Z Z CijkmiUfjkm - Z Ps Z Z Z Z Cijkmxf;km >0, (3.14)

1ENjeENEkeKmeK s'eS 1teENjeENEkeKmeK

when from (3.8) and (3.9) the optimal value of variable z* is equal to 0, since it is

the admissible and smallest.
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If the inequality (3.14) does not hold, when the smalles value of z* > 0, but the
objective function (3.11) for the fixed scenario s € S takes the opposite sign. Thus,
this problem implements an absolute value function of the difference. Without loose
of generality, the result can be extended to the sum of scenarios.

Got, that linear formulation (3.8), (3.9), (3.11) is equivalent to nonlinear prob-
lem (3.12). Proven.

Note, that problem (3.2) — (3.5), (3.7) — (3.9) can be solved by standard lin-
ear programming methods, while methods for solving the nonlinear programming
problem are inferior in performance and predictability of convergence to the optimal
solution.

Proposed formulation of robust hub location problem StHLPAD differs from
stochastic formulation described in Section 3.1 for |\S| variables and |2S| constraints.

The following two sections presents the optimization approaches of the linear

problem (3.2) — (3.5), (3.7) — (3.9) based on Benders decomposition algorithms.

3.4. Benders decomposition

The Section 1.2 of literature review describes the solution approaches of HLP
based on Benders decomposition. The Benders decomposition method is the pro-
cedure of partitioning linear and nonlinear integer programming problems with a
stair-case matrix structure introduced by Benders in 1962 [31]. The partitioning
method relies on projections usage in combination with dual problem and relax-
ation stages. The new smaller subproblems as original problem splitting result are
Slave Problem (SP) and Master Problem (MP).

The mathematical formulation proposed in previous section (3.2) — (3.5), (3.7)
— (3.9) could be represented as two-stage optimization problem, where first stage
problem considers integer variables (hub location variables ;) and continuous vari-
ables belongs to second stage problem (flows z;jzm, transportation costs deviation

2%). The formulation of two-stage HLP is stated as follows:
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min Z apyr + M (3.15)
keK
St (3.5)
M > Q(y), (3.16)
M >0, (3.17)

where the constraint (3.16) is not an explicit inequality, but represents an second
stage optimization problem. The mathematical formulation of Q(y) is following:

min ZPS[Z Z Z Z CijkmTikm + 2A2°] (3.18)

seS €N jeN ke K meK

St (3.2) — (3.4),(3.8) — (3.9)

The main idea of the Benders decomposition is the constraint (3.16) relaxation
and replacement by approximation called cut, which will be added during the iter-
ations in the problem solution process. There are two types of cuts in the Benders
decomposition algorithm: optimality cuts is generated to evaluate the optimal value
of the objective function of the second stage problem; feasibility cuts is used to
remove feasible variable values in the first stage problem, which makes the second
stage model infeasible.

If optimal solution of MP do not takes any hubs, than SP problem will be
infeasible due to following restriction: demand should be fully satisfied and the
direct connection origin — destination are prohibited. The addition of auxiliary

equation to MP eliminates such situation:

» >l (3.19)

keK
The inequality (3.19) addition to MP takes off the feasibility cuts necessity.
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The Benders decomposition uses the dual problem of SP. Let us formulate the

dual SP problem (DSP) for the fixed iteration and MP problem solution (y = y™):

max Z Z Z WiV — Z Z Z Z ufjkwijéh) (3.20)

1€EN jeN se8 1€N jeN keK seS

St es<2\ps s€S (3.21)

Cijkm€s — PsCijkm E €s + Ufj - Ufjk; - Ufjm
seS
Scijkmps i,jEN,k%m,k,mGK,SES

(3.22)

Cijkk€s — PsCijkk Y €s T V5 — uly < cymps 4, EN K€K s€S  (3.23)

ses
es >0 sef (3.24)
v;; €ER i,jEN,s€S (3.25)
uiy >0 i,j€Nke K, seS, (3.26)

vl e® are associated with constraints (3.2), (3.3), (3.8).

where dual variables u? H

ijk?
Let M) is the optimal objective function value (3.20) under constraints (3.21) —
(3.26) on the iteration h, but M* is the final optimal objective function value of DSP,
i. e. condition M™ < M* holds for each iteration h based on the duality theorem.
Let U is a set of all extreme points which belongs to the polyhedron described by
(3.21) — (3.26), when the DSP can be reformulated as follows:

]\1’1411>%{M M > MW Y oM My e Ul
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where (u™, v e®) is a vector of dual variables values (point belongs to U) and

MU =3 > 3wl =330 e (327)

1€EN jeN se8 1€EN jeN k€K seS
The introduced formulation of DSP on the basis of the extreme points of DSP

feasibility polyhedron allows to replace the right part of the constraint (3.16) with
(3.27), which leads to the following formulation of MP:

min Z apyr + M (3.28)
k ek

St M2 3N wit™ - SUNST S w Py, (@™, 0™, My e U

1EN jeN se8 1EN jEN keK seS
(3.29)
M >0, (3.30)
ye €{0,1}, ke K. (3.31)

Note, that new formulation contains large amount of constraints (3.29), but
not all of these constraints are necessary to achieve the optimal value of the ob-
jective function (3.28), this is used in Benders decomposition. The addition of the
constraints (3.29) on iterations allows to consider the subset U™ C U, which is ex-
tended by optimal DSP values on iteration h by solving the problem (3.20)-(3.26).
Considered subset U™ instead U leads to a relaxation of the MP, equality (3.28) is
called Benders cut and it represents the lower bound of the optimal solution of MP.

The iterations procedure consist of the following stages: solve MP and derive
the y, solve the DSP™ and derive the ufJ(Z), vfj(v), e*) add new point to UM,
Benders cut generation. Note, that upper bound of MP on iteration A is obtained
by adding the optimal value of the objective function DSP"™ and the total hub

installation cost from MP®. The Benders decomposition scheme of the problem

(3.2) = (3.5), (3.7) — (3.9) is presented in Appendix A.1.
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3.5. Accelerated Benders decomposition algorithm

The Benders decomposition algorithm’s efficiency depends on the number of
iterations to reach the stop criterion, especially, it depends on the dual problem
variables, i.e. the dual SP usually has several optimal solutions which derive the
same optimal objective function. However, it has an effect on cuts quality and
convergence. One of the first methods to accelerate the decomposition is the study
of Magnanti and Wong [34], in which a procedure for generating Pareto-optimal
(PO) cuts is proposed to enhance the Benders optimality cuts. The construction of
PO cuts is based on the use of points lying inside the convex hull of the polyhedron
formed by the admissible values of the variables of the MP problem. The procedure
of finding such points and updating them on iterations are the main problem of PO
cuts in a practical sense.

Papadakos [35] notes that the Magnanti and Wong approach can lead to a loss
of solution search efficiency due to simultaneous optimization DSP and PO cuts
finding. The author proposes an alternative algorithm for finding and construction
PO cuts, where the DSP and finding a non-dominant cut in the sense of Pareto-op-
timality are divided into two independent subproblems. In addition, the author
shows that instead of core points from the convex hull of admissible solutions MP,
so-called Magnanti and Wong points can be used, which are represented as a convex
combination of core points and admissible solution of MP. Hereinafter, the approach
from [35] will be used to obtain Pareto-optimal cuts.

Let y® is the optimal solution of MP on iteration h and the U™ is a set of
all extreme points of DSP for y = ™, then the condition for the non-dominated

* of DSP is following:

202D wil =303 > D uiwiy

i€NjeNseS iENjENkcKseS (3_32)

< Z Z Z Wi — Z Z Z Z Ufjkwij;(fh),

1EN jEN s€8 1EN jEN keK seS

solution e U
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V(u®, o™ )y ¢ ),

The authors of work showed that the non-dominated solution of the DSP
problem can be obtained by the means of points from the convex hull of MP. Let
the interior point of the convex hull Conv(Y') of MP is denotes as g, where Y
is a feasible solutions set of MP. In the work [34] there is proven, if the cut is
constructed on the base of the optimal dual variables values of DSP on iteration
with y = ¢ from Conv(Y'), then such cut is non-dominant for each feasible solution
of DSP. Thereby, the non-dominant cut generation can be regarded to the DSP with

following objective function:

S0 30 3 SUTTED 3) 35 3) SUNTTNENNCEY

1EN jeN se8 1€EN jeEN keK seS

St (3.21) — (3.26)

Z Z Z Wi — Z Z Z Z ufjkwijl(gh) = ¢psp(e, u,v). (3.34)

1EN jEN se€f8 1EN jeN keK seS

where the variables belong to the extreme points set of DSP for fixed y = y™,
i. e (u,v,e) € UM, The value ¢ppsp(e,u,v) corresponds to the optimal value
(3.20) of the DSP on iteration h. The alternative DSP formulation result in the
strong cuts production, but can lead to loss of efficiency on solution convergence
and processor time of problem optimization. Also, each iteration requires new v,
which in a practical sense is difficult to find.

One of the options for solving these problems is used in this dissertation. Fol-
lowing the algorithm from [35], the problem (3.21) — (3.26), (3.33), (3.34) is divided
into 2 consecutive independent subproblems, where one of them is a DSP of the
form (3.20) — (3.26) and the second problem is (3.21) — (3.26), (3.33).

Each of these subproblems can be used to generate a cuts: the standard Ben-

ders optimality cuts and the PO cuts. The solution of two problems for generating
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a pair of cuts on each iteration was proposed in [34]. But Papadakos in [35] proved
that points ¢ updating on each iteration of the algorithm allows to solve the prob-
lem (3.21) - (3.26), (3.33) without the constraint (3.34), which led to a significant
simplification of the procedure for finding PO cuts. The procedure for obtaining the
value of Magnanti and Wong points, which can be used as g, is described in [35]:

~(h ~(h h
= -g + ) kek, (3.35)

where 0 < v < 1. It is assumed to set v = 1/2 as the best empirically obtained
value by [35, 63]. In [33] is proposed the idea of finding the first core point from the
convex hull of MP, which is adapted to the problem in the following statement:
Statement 3.4.1: The point QI(CO) = 1/2 for each k € K is the Magnanti and
Wong point.
Proof. Let to consider the |K|+1 solutions of MP: |K| solutions corresponds
to location of one hub, and one of the solutions corresponds to all | K| hubs location

in the network. We introduce a convex combination of solutions with the following

coefficients: 1/(2|K|—2) for solutions with one located hub, and 1/2 — 1/(2|K|-2)
is coefficient for the solution of |K| hub location. Thus, the g)]io) = 1/2 belongs to
Conv(Y). Proven.

The scheme of accelerated algorithm of Benders decomposition based on PO

is presented in Appendix A.2.

3.6. Computational study

Here, the extensive computational experiments are described in order to demon-
strate the absolute deviation effects on the resulting solutions under demand uncer-
tainty. In the computer experiment the corresponding computer programs to the
models and algorithms presented in the Sections 3.1 — 3.5 and Appendix A.2 are

implemented. The linear and nonlinear programming problems construction and
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solutions for every instance were obtained with GUROBI Optimizer 8.0.1! on the
server with 4.2 GHz and 64 GB of RAM under Linux environment. The algorithms
and LP/MIP models are implemented on PyCharm IDE by using Python 3.6.
Calculations have been carried out using Civil Aeronautic Board (CAB, shown
in Fig. 3.1) and Australian Post (AP) data sets from OR-Library [64]. The data
in CAB refers to 25 US cities, where distances between cities approximated by the
euclidean ones d;; and the service demand between every pair of cities are provided.
The AP dataset consist of the same parameters for 200 nodes of Australian post,

where for the experiment 40 nodes are selected.

Figure 3.1. The CAB nodes location on the map

The demands are normalized for CAB and AP, i.e. total demand is equal to 1.
Since the hub setup costs are omitted in CAB data set, the following procedure of
44] have been done to model missed data: ay = 15log » ey wkj, k € K. There are
25 and 40 nodes selected for analysis from CAB and AP data sets correspondingly,
where all nodes are the candidates to be a hub.

The stochastic formulation, in current work notions, assumes the set of scenar-
ios for the demands uncertainty with certain probabilities. The scenarios generation

algorithm is associated with procedures from [44], where the demands are realized

! http://www.gurobi.com/
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from the interval [0.01w;;, 10w;;] for CAB and AP. The interval is divided into two
parts: [0.01w;;, bw;;] and [5w;;, 10w;;], where the demand for 4, j and each scenario
s takes a random value with probability 2/3 from the first half and with probabil-
ity 1/3 from the second one. This procedure is introduced to avoid the symmetry
in scenarios. The instances designation are CAB and AP for appropriate data set
where 5 and 3 scenarios are generated correspondingly. We consider two types of
scenario occurrence probabilities: uniform distribution and decreasing probabilities,
ie [1/3,1/4,1/6,1/6,1/12] and [1/2, 1/3, 1/6| probability sets for CAB and AP
accordingly. The four different discount factors a are traditionally considered in the
literature: 0.2, 0.4, 0.6 u 0.8. The trade-off factor A € {0.5,5}.

The names of the instances are coded as CAB10a.d and AP10a.d, where 10«
is a discount factor multiplying by 10 and d € {U, C}, i.e. U uniform distribution,

C' decreasing probabilities.

Instance Time (s) Installed hubs  Obj. Instance Time (s) Installed hubs Obj.

CAB2.U 11.87 4,7,12,17,24 963.85 | AP2.U 145.64 0, 13, 32 196344.12
CAB4U 10.71 4,12,18, 24 110425 | APAU  130.4 0,13, 32 203471.52
CAB6.U 8.59 12, 18, 21 1216.76 | AP6.U 181.31 13,18 209540.29
CAB8.U 7.61 12, 18, 21 1288.86 | AP8.U 110.51 18,21 211718.21
CAB2.C 11.54 4,7,12,17,24 961.38 | AP2.C 152.5 0, 13, 32 196847.98
CAB4.C 10.53 4,12, 18,24 1099.1 AP4.C 137.22 0, 13, 32 203949.18
CAB6.C  10.08 12, 18, 21 1209.69 | AP6.C 118.92 13,18 209330.98
CAB8.C 8.16 12, 18, 21 1280.01 | AP8.C 113.73 13,18 211965.67

Table 3.1. Calculation results for the classical stochastic formulation

In the Tables 3.1 and 3.2 the "Time (s)" columns list the processor time of solv-
ing the problem by the linear programming methods (simplex method, branch and
bound algorithm and another methods build in Gurobi Optimizer), the "Installed
hubs" list the numbers of hubs to be located and the "Obj." present the value of
the objective function. The Table 3.2 also contains the results for each risk trade-off
factor A.

The Table 3.1 presents the computational results obtained by the stochastic
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model described in Section 3.1. The Table 3.2 is derived from the experiments with
the problem in Section 3.3. The "Obj. Stoch." in the Table 3.2 lists the values
of the objective function without absolute deviation term with the purpose of the
absolute deviation influence detection.

The objective function values "Obj." in the Table 3.1 and "Obj. Stoch." values
for A = 0.5 in Table 3.2 are equal as well as the installed hubs for the corresponding
instances; it is due to small weight of absolute deviation term in the objective
function, where for CAB instances it constitute 0.7% in average and for AP instances
0.3% from objective value. In case, when A = 5 the hub locations for a € {0.6,0.8}
in the Table 3.2 differs from the described one in the Table 3.1, the objectives in the
Table 3.1 and "Obj. Stoch." differ from each other for all instances. The expected
costs increase for 2% in the CAB instances and for 0.6% in the AP instances where
the expected costs are the hub installation costs and the expected transportation
costs.

The absolute deviation value is calculated by a formula "Obj." minus "Obj.
Stoch." by using the columns in the Table 3.2. This difference for A = 0.5 is not
equal to 0 for all considered instances, however, the 75% of the instances have the
absolute deviation value equal to zero for A = 5. Evidently, the solutions correspond
to the concept of robustness that was described in the Section 3.2 because the zero
absolute deviation means the same objective value for each scenario separately.

The 25% of the instances with non-zero absolute deviation are the decreasingly
distributed scenario cases (marked by "C") and the scenarios with higher probability
have the stronger influence on the solution than the lower one. In the case of AP,
the situation is not repeated, as the transportation costs by the directions are higher
than in CAB.

The trade-off factor A is a control parameter of expected absolute deviation
term influence, which in zero case reduces the proposed in the Section 3.1 problem
to basic stochastic formulation. The large A\ values in comparison with transporta-

tion and hub setup costs increase absolute deviation term impact on the objective
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function, as a consequence, the optimization of setup and transportation costs will

be relegated to the background.

Instance A=0.5 A=5

Standard PO cuts Standard PO cuts

Benders cuts Benders cuts

Time (s) Iter. Time (s) Iter. Time (s) Tter. Time (s) Tter.
CAB2.U 478.51 60 870.57 15 678.45 79 1487.25 19
CAB4.U 453.76 59 751.36 14 651.6 78 1184 18
CAB6.U 348.98 46 606.07 12 299.27 37 1046.96 16
CABS8.U 194.54 26 493.36 10 220.78 28 1124.77 17
CAB2.C 518.76 65 663.1 13 673.29 80 661.46 11
CAB4.C 394.64 51 404.51 9 538.03 64 673.48 12
CAB6.C  297.59 38 456.79 11 394.59 46 667.1 11
CABS8.C 169.89 22 328.26 9 210.95 26 406.11 8
AP2.U 421.28 9 4023.44 6 471.67 11 7785.86 6
AP4.U 421.64 9 4645.4 7 526.32 13 6177.96 7
AP6.U 430.88 10 5852.66 8 529.69 13 7009.95 8
AP8.U 372.83 9 472691 6 532.58 14 7096.61 8
AP2.C 391.73 8 3845.97 6 377.36 9 6329.79 7
AP4.C 423.15 9 431191 7 466 11 7166.34 7
AP6.C 373.26 9 399422 6 468.1 11 7018.26 8
AP8.C 263.94 7 3405.2 6 412.6 11 6704.89 8

Table 3.3. The performance of the Benders algorithms

The second part of the experiments focuses on the algorithms in the Appendix
A performance. In the Table 3.3 the computational results of Standard Benders cuts
and Pareto-optimal cuts on the instances introduced above are obtained. The clas-
sical Benders decomposition shows the best results for all instances except CAB2.C
in comparison with the improved Benders cuts (Pareto-optimal cuts) by processor
time measure. From the other side, the Pareto-optimal cuts are designed to reduce
the number of cuts: about 4 times less cuts in CAB and about 1.5 times less in the
AP instances. It demonstrates us the cuts complexity grow if the cuts quality in-
creases. Additionally, the "Time (s)" of Standard Benders cuts algorithm (in Table
3.3) and GUROBI Optimizer with basic parameters (in Table 3.2) vary by instances:
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GUROBI Optimizer about 4 times faster on CAB and 6.3 times more slowly in av-
erage on AP in comparison with classical Benders cuts. This effect manifests itself
because CAB data set generates HLP which is easier to solve as compared with AP

data set.
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Chapter 4

The hub location problem based on the profit
maximization under demand and revenue

uncertainty

This Chapter sets the stochastic hub location problem with the objective func-
tion of expected profit maximization in the conditions of demand and revenue un-
certainties. The main assumption in comparison with the classical limitations of the
hub location problem is the the ability to service only part of the all demands. In
The Section 4.1 a deterministic case of a problem with a profit maximization func-
tion is formulated, which is an alternative formulation to considered in the literature.
A non-linear and equivalent linear formulation of the hub location problem under
uncertainty in demand is discussed in the Section 4.2, similar formulations of the
problem under uncertainty in demand and revenue are presented in the Section 4.3.
In the Sections 4.4 — 4.7, approaches to the Benders decomposition of the problem
introduced in the Section 4.3 are considered using various optimality cuts: classical
Benders optimality cuts, Pareto-optimal, maximal non-dominant and hybrid cuts.
The results of a computational study on CAB and AP data from OR Library are
presented in the Section 4.8.

4.1. Deterministic problem formulation

Let G = {N, A} be a complete graph, where N is the set of nodes, A is the set of
all edges in the network, and H C N is the set of possible hub nodes for installation.
The demand orientation is represented by the set K, where Vk € K defines the
triplet (o(k), d(k), W}) with origin and destination o(k), d(k) € N respectively, and
flow W oriented from o(k) to d(k).

For k € K the distance between o(k) and d(k) is defined as dy, the ¢;; is the
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cost per unit flow per unit distance from ¢ € N to j € N. The flow is routed via
at least one hub unit and at most two hubs, the more than two hubs in the route is
not efficient as stated in HLP formulation. Therefore, transportation costs per unit
flow Fiji = Cor)io(k)i + Cijdij + Cjarydjaar) on the route from o(k) to d(k) via hubs
¢ and j, where « is a discount factor for inter hub transshipment. The fixed hub
setup costs is denoted f; for ¢ € N.

The classical formulation of HLP is the cost minimization problem, what makes
the difference from the models with revenue, where the maximization task is consid-
ered. In revenue formulations the additional entity Ry is introduced, signifying the
revenue from serving the unit flow k, where the flow is served if it is routed from
o(k) and gets the final destination d(k).

We next present the MIP deterministic formulation of uncapacitated multiple
allocation hub location problem with profit maximization objective function. The
hub installation indicator is the binary variable y; for each ¢« € H, where y; is equal
to 1 if ith node is selected as a hub, 0 otherwise, the continuous variable x;;, denotes
the flow £ € K routed via hubs ¢ € H and j € H. We introduce the continuous
variable z; for £k € K that represents the commodities taken to be shipped on
the basis of profitability. There are several formulations of the UMAHLP problem
based on profit maximization (shown in Section 1.4). The UMAHLP with profits is

formulated as follows:

max Z Rz — Z f@y@ — Z Z Z Fz'jk:%’jk (4'1)

keK 1€H 1€H jeH keK
JEH j#i jeH
Z sz’jk =z ke K (43)
1€ jeHd

% <Wy keK (4.4)
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xiijO 1, € H ke K (45)
2 >0 ke K (4.6)
yiel{0,1} icH (4.7)

The objective (4.1) represents the profit function to be maximize. The first
term value of the objective function constitutes the total revenue obtained from
served part of profitable demand. The second and third addends represent hub
setup costs and total transportation costs respectively.

Non-linear inequalities (4.2) ensure that flows are routed via through selected
hubs. Constraints (4.3) state that routed flows correspond to satisfied demand,
called flow balance equation. Constraints (4.4) enforce that the satisfied demand is
less than possible demand. Constraints (4.5)—(4.7) are variable non-negativity and
binary variables type restrictions.

The constraints (4.2) is a modifications of original flow balance constraints
and with (4.4) are equivalent to demand satisfaction constraint introduced in [57].
The distinction with [57] in the same restrictions formulation is appeared due to
the specific robust HLP formulation with profits described below. If for the it is
important to serve the direction (whether the volume is served fully or not), then in
the robust problem formulation described in the next section, the volume of demand
that will be satisfied is important.

As mentioned in constraint description the proposed formulation contains non-
linearity, this arises due to possibility to choose the demand part to satisfy. In case
than hubs capacities are unlimited this constraints performs the function of a switch,
where profitable demand is satisfied fully (e.i. origin/destination pairs’ k € K de-
mand W, is served) and unprofitable directions are not served at all. In capacitated

HLP formulation or in formulation with discrete flow units consideration (trucks
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volume, aircraft seats amount and etc.) constraints (4.2) performs a wider function
than a simple switch.

The equivalent linear formulation of the constraints (4.2) can be achieved by
introduction of auxiliary continuous non-negative variables u;; and set of constraints

as provided in [65]:

Z xﬂk-l—inijuik 1€ H ke K (4.8)
JEH, j+i jeH

wir < YWy, 1€ H ke K; (49)

uip < 2z, 1€ H ke K; (4.10)

wig >z — (1 —y)Wy, i€ HkeK, (4.11)

wp >0, i€ HkekK (4.12)

The (4.1), (4.3) — (4.12) is linear formulation of UMAHLP with profits, where
only profitable demand is satisfied. The proposed mathematical model is the base

for the robust UMAHLP with profits under demand uncertainty described below.

4.2. Robust formulation of UMAHLP with deterministic

revenue and uncertain demand

The problem deals with demand uncertainty in profit maximization formulation
of UMAHLP. The demand ambiguity is modeled by discrete set of scenarios S, where
each scenario has the probability ps of occurrence, as a consequence, the flows Wi
gets the additional index. It should be noted, that there are considered most possible
scenarios and the probabilities are divided among these scenarios, i.e. Y  ¢ps =1

is scenario occurrence integrality restriction.
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The introduced possibility to select the directions to satisfy generates the fol-
lowing problem: for two different scenarios the same direction k is profitable to first
scenario and is unprofitable for the second one. What is the volume of demand
to satisfy? We introduce the robust demand to be served denoted by z; in previ-
ous paragraph (the variables meaning differs from described in previous section) and
the expected loses from unsatisfied or extra satisfied demand. The robust UMAHLP

with profits is formulated as follows:

max Z Rz, — Zfiyi - Z Z Z Fijkxijk - Zps Z Ak’Zk - Wks| (4-13)

keK i€H 1€H jeH keK ses keK

npu orpanndenusix: (4.2),(4.3),(4.5) — (4.7)

2 < max Wis, k€ K. (4.14)

The first addend in objective (4.13) represents the revenue from robust demand
satisfaction. This term doesn’t guarantee that the flow z; is less than corresponding
demand Wy, for each scenario s € S, but extra flow is penalized in the last term of
(4.13). Besides that, the unsatisfied demand for each scenario s € S is penalized in
a same term. In general, the Y o Ps D e Akl2x — Wis| represents the estimated
expected revenue that will not be received from behind optimality reasons, i. e. the
expected revenue loses, where )\, is the potential revenue per unit flow k.

The difference between A\, and Ry is that the A\, includes additional factors
such service level, network coverage, which don’t makes the influence on revenue
Ry, we assume the following condition holds: R, < Aj. It should be noted, that A\
for different scenarios s1, s9 € S may differs and the addition index s can be added
as shown in Section 4.3. The value of z; for k € K is the robust flow for set of
scenarios S which is used as milestone for robust decision making process.

The problem (4.2) — (4.3), (4.5) — (4.7), (4.13) — (4.14) contains non-linear func-

tions: absolute value function, binary and continuous variables product in (4.13) and
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(4.2) respectively. The expected loses term: Y .o Ps Y pcx Mk|2x — Wis| in the ob-
jective function (4.14) can be reformulated in linear form using the similar procedure
from Section 3.3, where additional auxiliary non-negative continuous variables oy
for k € K and s € S and two types of additional inequalities should be introduced.
The algorithm of variables product elimination coincides with used one in Section

4.1. The equivalent MIP formulation is stated as follows:

max Z szk — Z fzyz - Z Z Z Fijkxijk: - Zps Z )\k(zk - Wks + 20’]@5)

k€K i eH icHjeHkeK seS  kekK
(4.15)

St (4.3),(4.5) — (4.7), (4.8), (4.10), (4.12)
2+ ops > Wy, ke K, se S, (4.16)
uikgyi?&kas, 1€ H keK; (4.17)
uikZZk—(l—yi)r?eangs, ie HkeK; (4.18)
ors >0, ke K, seb; (4.19)

There is some remarks for the formulation above: 1) Constraints (4.14) is re-
moved from the model because of constraints (4.10), (4.17) and (4.18) together,
ensure the fulfillment of this conditions; 2) The constant term ) ¢ Ps > e i MeWis
in objective (4.15) can be removed from consideration, because the constant value
in objective function do not make the influence on optimization process. Let denote
the stated problem as SSUMAHLPR (anru. Stochastic Uncapacitated Multiple Al-
location Hub Location Problem with Revenue).

The introduced problem formulation consist of expected revenue loses mini-

mization under demand uncertainty in a way to maximize the profit. The expected
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revenue is presented as a product of robust demand and revenue per unit flow,
which is not a traditional mathematical expectation of revenue, but is the optimal

and reliable value of revenue to deviations of demand in the context of scenarios.

4.3. Robust formulation of UMAHLP with revenue and

demand uncertainties

The uncertainty in demand is widely studied in HLP last twenty years, while
the revenue management introduction into HLP takes last few years of researchers
attention. As far as the author knows, only one stochastic formulation of the prob-
lem with uncertainty in revenue [58] is presented in the literature. The problem
formulations of HLP with profit consider the demand satisfactory conditions based
on the fixed revenue value for each direction. However, the demand is tightly linked
to revenue, consequently, the each scenario s € S should be characterized by R as
well as \gs for & € K. The different uncertainty sources (economic, competitors pric-
ing, ) make the revenue as an ambiguous value. This allows the decision-maker to
set different pricing what is one of the reasons for the demand uncertainty. This as-
sumption distinguishes our work in HLP from existing investigations, where revenue
is deterministic.

In revenue management the important is to maximize profit and minimize
revenue fluctuations. First one guarantee the efficiency, but the second one is the risk
elimination condition, which is generated by uncertainty. The problem is denoted as
Stochastic Uncapacitated Multiple Allocation Hub Location problem with Absolute
Deviation with Revenue (StUMAHLPADR), the formulation of the problem is stated

as follows:

max Z Zpstszk — K ZPAZ Ryszi — Z ZpstsZH

keKseS seS keK seS keK (4_20)

— Zfiyi — ZZ Z Fijrxin — Zps Z sl 2z — Wi

ed 1€ jeH keK ses keK



153

St (4.2),(4.3),(4.5) — (4.7), (4.14).

The first and last addends of objective function (4.20) express the expected
revenue and expected "loses", while the second addend of (4.20) is new in comparison
with (4.13). This sum is absolute deviation of the revenue, where p is the trade-off
parameter between each scenario revenue and expectation of the revenue among all
scenarios s € S. The definition of robust solution in revenue management introduced
in [66] is actual in current formulation:

Definition (Solution robustness): the solution is robust with respect to optimal-
ity if it remains "close" to optimal for any scenario s € S.

The second term of (4.20) is the robustness measure of the solution, the optimal
solution is presented as revenue expectation term.

The introduced robust solution definition may be strengthened, where absolute

deviation of revenue is considered in context of direction k£ € K:

B sl Risze— > > peRisz|< ) Y palRes — Y poRus|zr,  (4.21)

seS keK seS keK seS keK sES

where right part of inequality (4.21) is linear and follows from the absolute function

properties. The strengthened stochastic formulation of the problem is stated as:

max Z Zpstszk: - MZ Z ps‘Rks - Zpsts‘Zk

keKseS seESkeK ses (4_22)
— Zfiyi — Z Z Z Fiikxijr — Zps Z Mes| 26 — Wis|
ed 1€ jeH keK ses keK

St (4.2),(4.3), (4.5) — (4.7), (4.14).

The procedure for converting a nonlinear objective function to an equivalent
linear programming problem does not differ from the method described in the Section
3.3. We introduce the auxiliary continuous non-negative variable 75 for s € S to

eliminate non-linearity in the objective function.
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The equivalent linear problem for (4.2),(4.3), (4.5) — (4.7), (4.14), (4.20) is

following:

max Z Z Ps sz — QMZPSTS - Z fiyi

seSkeK s €S i €eH (4_23)
- Z Z Z Fijrvije — ZPS Z AMes( 2k — Wi + 2045)
1€ jed kekK seS keK

St (4.3),(4.5) — (4.7), (4.8), (4.10), (4.12), (4.16) — (4.19)

SN peRes — Y Rus— 7. <0, seS (4.24)

seS keK keK

75,20, s€S. (4.25)

The problem (4.2),(4.3), (4.5)—(4.7), (4.14), (4.22) is equal to:

max > Y peRez—p) Y pulRis— Y peRislz — Y fw

seSkekK seSkekK ses i€H (4.26)
=Y 3 Fpwie — Y ps Y Ake(zr — Wis + 204)
1€ jeH keK seS keK

St (4.3),(4.5) — (4.7), (4.8), (4.10), (4.12), (4.16) — (4.19).

4.4. Benders decomposition

In this section the attention is drawn to problem complexity reduction via
MIP decomposition approaches. It should be stressed, that all problems in Chapter
4 is L-shape linear programs [67] and allows the widely studied in HLP the Benders
decomposition application. The formulated problems may be presented as two stage
task: 1. Hub location problem is referred to Master Problem (MP); 2. Hub-node
allocation problem and volumes to satisfy estimation is a Slave Problem (SP) in

Bender’s decomposition terms.
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The formulation (4.3), (4.5) — (4.7), (4.8), (4.10), (4.12), (4.16) — (4.19), (4.23)
— (4.25) is more general, therefore this model is used in decomposition algorithms de-
scription. Note that the commonly described the Benders decomposition approach
in HLP is applied for costs minimization problems, here we transform the profit
maximization problem to equivalent minimization problem as a tradition. The rep-
resentation of the optimization model is defined as a first-stage problem with integer
variables (hub locations) and the second-stage problem within continuous variables
(served flow volumes, penalties for unsatisfied demand, revenue volatility penalty).
The stochasticity of the revenue and demand lies fully in second-stage of the prob-
lem.

We start from SP description which is the second-stage of proposed problem
formulation. Since the decomposition problem assumes the iterations, let set the
integer variables of MP on iteration h to optimal values ygh) of MP. Thus the SP

problem is formulated as follows:

min Z ZPS(/\ks — Rps) 2 + Z fith)

keKseS 1 €eH (4_27)
DD D Fukmikt D Y 200k +21 Y Py
1€HjeHkeK seSkekK s €S

St (4.3), (4.5) — —(4.7), (4.8), (4.10), (4.12), (4.16), (4.19), (4.24), (4.25)

wir < yl-(h) max Wis, 1€ H, ke K, (4.28)
se
wip >z — (1 — yi(h))r?eagc Wis, 1€ H, ke K; (4.29)

Let define the dual SP (DSP) where the dual variables is denote as vy, e,
bik, Qrks, Js, tik, aix associated with constraints (4.3), (4.8), (4.10), (4.16), (4.24),
(4.28), (4.29) respectively. Taking into account the entered designations, the DSP

is formulated as follows:
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max Z Z Wksqks + Z Z ((alk — tik)y(h) — aik) Igleagf Wis (4.30)

keK s €S icHkeK
St. vp—ex—ep < Fijp, t,jeH ke K,i#]j (4.31)
v — e < Fi, 1€ Hke K (4.32)
Qhs < 2psAp, ke K, seS (4.33)

Z(bik — Qi) — Vg + Zka + ZRks(gs — |S|psgs) < Zps()\ks —Riy), keK

i€k s€S s€S s€s
(4.34)
eir — b+ ag — 1 <0, i€ HkekK (4.35)
gs < 2pgp, SES (4.36)
Ciks Uik, @i, iy >0, 1€ H ke K (4.37)
s >0, keK,seS (4.38)
§:>0, se8 (4.39)
weR, kekK. (4.40)

As it is shown in the Section 3.4, the idea of the considered decomposition
approach consist of the second-stage model relaxation and its replacement by a set

of cuts added to MP during the iterations. The Benders decomposition deals with
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two kinds of cuts: optimility and feasibility cuts. First ones are used to take into
account the SP bounds. The second kind of cuts is generated to exclude the feasible
set of solutions in MP which arise infeasibility or unboundedness of SP.

Let define the optimality cut, which represents the objective function’s bound

of SP in MP formulation:

n—l—zz Zk - ylmaXWk5>ZZWksqks ZZak HslaXWks, (4.41)

ieHkeK keK se8 icH keK
where 7 is continuous non-negative variable which corresponds to minimal value of
(4.30) on iteration h. The objective function (4.30) during the sequence of iteration
takes non-increasing values.

Finally, the MP problem can be formulated as follows:

Z Jivi+m (4.42)

1€eH

St (4.41)

}:%21 (4.43)

n > 0. (4.44)

This formulation of MP contains additional constraint (4.43). In the traditional
HLP tasks, where the all demand should be served, such constraint in Benders de-
composition process represents the feasibility cut. Since, no hubs in the network, the
flow variables becomes equal to zero which contradicts to all demand satisfactory
condition (SP is infeasible). However, our formulation allows fully unsatisfied de-
mand and constraint (4.43) is not obligatory. There is some reasons why constraint
(4.43) is added: on the one side, we assume, that fully unprofitable networks will
not be considered, from the other side, it reduces the number of iterations at least

for one unit in solution process.
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The basic Benders algorithm is illustrated on the Algorithm 1, where ¢ap(y, 1)
and ¢psp(v,e,t,b,a,q,g) are the MP and DSP objective functions optimal values
on corresponding iteration h. Note that the final values of UB or LB (when UB=LB)
represents the objective function (4.23) optimal value, while the ¢pgp(v, e,t, b, a, q, g)

on the final iteration is the objective function with out hub installation costs.

Algorithm 1: Basic Benders decomposition
UB < +o00, LB+ 0,h <+ 0

while UB # LB do
Solve MP (4.42)—(4.44)

LB < ¢ur(y,n)
Solve DSP (4.30)—(4.40)
Add cut (4.41) to MP

if gsp(v,e,t,b,a,q) + > cx axyr < UB then
‘ UB = ¢D5P(U7 e,t, ba a, Q) + ZkEK arYk

else
| Nothing

end

h+<h+1
end

In the next few sections the cuts generation strategies and their accelerating
is discussed. We focus on several approaches connected to cuts strengthening such
as Pareto-optimal cuts (PO), maximal non-dominant cut (MN) and hybrid multiple

"strong" cut generation strategy.

4.5. Pareto-optimal cuts in Benders decomposition

In the Section 3.5 the basic principles of Pareto-optimal cuts construction are
considered. As it is presented in the Section 3.5, the approach from [35] for Pare-
to-optimal cuts generation is applied to this current chapter problem. The study
[35] is based on the research [34], then the formulation of the procedure for gener-

ating PO cuts according to the research [34] is described. Let y* is the initial core
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point from Conv(Y') and the optimal value of the problem (4.30) — (4.40) denoted
opsp(v,e,t, b, a,q,qg). There exists possibility to add two cuts on each iteration h:
basic Benders cut and PO cut, because of the Magnanti and Wong algorithm [34]
the DSP variable values for basic Benders cut are calculated on auxiliary stage. The

PO cut construction is based on the following problem solution:

max Z Z Wihsqrs + Z Z ((air = tin)y; — air) max Wis (4.45)

keKseS 1eHkeK

St (4.31) — (4.40)

DD Whears + > > ((ai — tan)y; — ain) max Wi = ¢psp(v,e.t,b,a.4, 9)

keKseS ieHEkeK
(4.46)

This formulation of PO cut calculation increases the convergence of the Benders
decomposition approach. Nevertheless, because of constraint (4.46) the problem
solution process is numerically unstable. Nevertheless, Papadakos [35] suggests to
use the different MW points on each iteration and remove constraint (4.46) from
consideration, the derived cuts will continue to be a Pareto-optimal. The MW points
determination through the use of convex combination of core point and MP feasible
solutions is following:

g " =y " e H, (447)
(h)

where y,; is optimal value of MP on iteration h and y*() is the MW point value
on previous stage, 0 < v < 1 with best empirical value 1/2. However, where
remains the question with initialization of first core point y*(®. As shown in [33,
35], y; O=1 /2 Vi€ H is an interior core point of convex hull of MP. This value is
presented as convex combination of |H| feasible solutions of MP which corresponds
to single hub location and one feasible solution where all hubs is selected. The
1/(2|H|—2) and (1/2—1/(2|H|—-2)) are corresponding coefficients in sum of feasible

solutions.
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A scheme of the Papadakos algorithm [35] for Benders decomposition acceler-

ation is given on Algorithm 2.

Algorithm 2: Pareto-optimal cut in Benders decomposition method
UB ¢ +00, LB 0, h < 0, ~, y*©

while UB # LB do
Solve DSP (4.45), (4.31)-(4.40)

Add cut (4.41) to MP
Solve MP (4.42)(4.44)

LB « éump(y,n)

Update MW point (3.35)

Solve DSP (4.30)(4.40)

Add cut (4.41) to MP

if opsp(v,e,t,b,a,q) + > cx axyr < UB then
| UB = ¢psp(v,e,t,b,a,q) + > e WYk

else
Nothing

end

h+<h+1
end

4.6. Maximal non-dominanted Benders algorithm

An alternative way to Benders decomposition acceleration is discussed by Sher-
ali and Lunday [68]. The approach is based on the maximal non-dominant cuts
generation. The selection of the cut is associated with the multi-objective problem
solution which is the alternative of DSP. The authors demonstrated that an insignif-
icant perturbation in the objective function of DSP coefficients contributes to the
developing of the non-dominant cuts in certain cases. Such procedure allows to
obtain the strengthen cut without using of auxiliary problems (in instant, in the for-
mulation of Magnanti and Wong [34] for PO cuts generation the additional problem
(4.31)—(4.40), (4.45), (4.46) should be solved on each iteration).
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An idea of the proposed algorithm is to unite two problems from Magnanti and
Wong’ approach: (4.30)—(4.40) and (4.31)—(4.40), (4.45), (4.46). Actually, the prob-
lem has two objective functions (4.30) and (4.45) under constraints (4.31)—(4.40),
where constraint (4.46) becomes useless. Sherali and Lunday [68] showed that the
objective functions with corresponding weights could be summed to obtain an unique

criteria for optimization:

max (1 + f) Z Z WisQrs + Z Z (@i — tik)y(h) — ) max Wis

keK s €S i€HFkeK (4.48)
+ 58, > (e — ta)y; — ai) max Wy,
teH keK

where (3 is the small weight, the constant y* is a core point.

Algorithm 3: Maximal non-dominant cut in Benders decomposition

method
UB + 400, LB+ 0, h <+ 0

Initialization of the series {3}

while UB # LB do

Solve MP (4.42)(4.44)

LB < ¢np(y,n)

Solve DSP (4.31)—(4.40), (4.48)

Add cut (4.41) to MP

if opsp(v,e,t,b,a,q) + > 1cx aryr < UB then
‘ UB = ¢D5P(U7 €, ta ba a, Q) + ZkeK arYk

else
Nothing

end

h+<—h+1
end

In the work of Oliver et al. [69] an approach to weight § determination is
considered. It is revealed by the authors that under condition of the fixed weight 3
on the iterations the solution of the problem does not represent effectively the ap-

proximation of DSP objective function value. For this reason the authors considered
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the weight parameter updating during the iterations that improved the quality of
evaluation of the DSP objective function’s value in comparison with (4.48). There
are the requirements for sequence of {3}%  to provide with the convergence:
> g B — 0 and B — 0 as h — oco. The fulfillment of these requirements

ensures the following condition:

lim (1+8) > > Wiagks + > > ((aik — tix)y — aix) max W,

e keKseS 1€H keK
+ Z Z (@ — tin)y; — aix) max Wis) = Z Z Wosllis
i€HkeK 5 Py
E 33—ty — o) s W
i1€H keK s

(4.49)

The scheme of the algorithm coincides with the Algorithm 5 and is shown in Al-
gorithm 3, the difference is in the objective functions of DSP, where for non-dominant
cut construction is used objective function (4.48). In addition to the decomposition
scheme the procedure of 8 coefficients updating is required. As example, the har-
monic series or its variations (general harmonic, hyperharmonic, random harmonic

series and etc.) could be to model the {3} series.

4.7. Hybrid multiple cuts generation strategy

From there, let us consider the hybrid decomposition model consisting of PO
cuts generation in Papadakos [35] sense and maximal non-dominant cuts strategy
from Section 4.6, simultaneously. This new method would allow to make two
"strong" cuts on each iteration that according to the authors’ mind should lead
to the reducing of the iterations’ total amount.

Both types of the cuts in the hybrid decomposition model use core points:
to get more effective result from double "strong" cuts there should be used two
different values of core points. The cuts may overlap each other otherwise, and the

result from two strengthen cuts would be lost because of similarity. Besides, points
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MW and the procedure of their updating on each iteration cold be implemented
for maximal non-dominant cuts’ obtaining, that must not lead to the convergence
reduction.

A hybrid multiple cut Benders decomposition scheme is shown on Algorithm 4,
where y*(©) and y**(©) are initial core points for PO and maximal non-dominant cuts
respectively, as the parameters v* and v** of MW point update scheme (3.35). Note
that ¢psp(v,e,t, b, a,q) is the original DSP objective function (4.30) value which is
extracted from (4.48), the algorithm is stated as follows:

Algorithm 4: Hybrid Benders decomposition method
UB 4= 400, LB 4= 0, = <= 0, 7%, 7™, 5",y g

Initialize the {B™}2° series

while UB # LB do
Solve SP (4.45), (4.31)-(4.40)

Add cut (4.41) to MP

Solve MP (4.42)—(4.44)

LB < ¢mp(y,m)

Update MW* and MW** points (3.35)
Solve SP (4.31)—(4.40), (4.48)

Add cut (4.41) to MP

if ¢psp(v,e,t,b,a,q) + > 1cx aryr < UB then
‘ UB = ¢SP('U,€,t,b,CL,Q) + Zke[( arYk

else
| Nothing

end

h<+<h+1
end

4.8. Computational study

During the computational study the computer programs corresponding to the

models and algorithms from Sections 4.1 — 4.7 are implemented, among them: linear
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problem of robust HLP under demand uncertainty (4.3), (4.5) — (4.8), (4.10), (4.12),
(4.15) — (4.19), the HLP under demand and profit uncertainties (4.3), (4.5) — (4.8),
(4.10), (4.12), (4.16) — (4.19), (4.23) — (4.25) and Algorithms 1 — 4 of problems
decomposition. The linear problems construction and solutions was carried out
using the solver IBM ILOG CPLEX 12.9' on the machine with 3.50 GHz, 32GB
RAM under Linux environment. The program implementation of algorithms and
mathematical models was developed on the programming language Python 3.7.4
using the PyCharm IDE.

Results compared in terms of hub location model results after different pa-
rameters set up in proposed models. To analyze the results the CAB (U.S. Civil
Aeronautics Board, shown in Fig. 3.1) and the AP (Australian Post) are well-known
in operations research literature datasets [64] were used as input data.

The data preprocessing algorithms are provided in the Section 4.8.1 and Section
4.8.3. In the Section 4.8.2 solutions of the proposed mathematical model with the
CAB dataset discussed, while the Section 4.8.4 describes results on AP dataset.

4.8.1. CAB data preprocessing

Before computational experiments were performed the input data was normal-
ized and set-up costs were calculated on the basis of CAB data. Ten different
scenarios were built to find the solution of the robust hub location models. Let’s
look at the main step of this preparation.

Let the demand from node o(k) to node d(k) for each case s be randomly
chosen from the interval [0.01W}, 10W}]|. Here W}, are the demand values from the
original CAB dataset.

To avoid the symmetry in the set of values Wi around the mean in the scenarios
the values W, were chosen from the interval [0.1W}, 5W}] with probability 2/3 and
from the interval [5W}, 10W] with probability 1/3 as shown in [44]. The probability

of occurrence of each of the ten scenarios is chosen to be 0.1, so the probabilities of

! https://www.ibm.com/analytics/cplex-optimizer
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cases are equal.

Then all values Wy are scaled so all of these values belong the interval [0, 1]
and total sum of these values for each scenario s is equal to 1.

We also took set-up costs fox) = 15log Zd(k)e y Wy for each hub candidate.
The collection and distribution costs per unit are set x = 1 and 6 = 1, the discount
factor a € {0.2,0.4,0.6,0.8}.

The revenue is generated by formula Ry, = VCV—’;, where £ ~ U(25,000; 30, 000).
Such technique of revenue calculation is presented in [70], which depends on the
distance between O/D nodes and demand volume for the direction.

The 25 nodes of CAB dataset are considered, where all nodes are selected as

hub candidates.

4.8.2. Results with CAB dataset

There are three mathematical formulations of the UMAHLP with revenue un-
der demand and revenue uncertainties implemented. Two of them are presented in
Section 4.3, additionally, for the comparative analysis the problem with expected

profits maximization objective is taken for discussions:

max Z Z PsRyszp — Z fiyi — Z Z Z Eigriijh

seESkeK i€H i€HjeHkeK (4'5())
- Zps Z Rks maX(O, Rk — Wks)
s €S keK

St (4.3),(4.5) — (4.8), (4.10), (4.12)

The objective function (4.50) corresponds to the expected revenue minus hub instal-
lation and transportation costs. Remark, the transportation costs are calculated for
the robust flow zj (the demand level to be served) instead of expected transportation
costs. The model (4.3), (4.5) — (4.8), (4.10), (4.12), (4.50) is denoted as expected
profit HLP.
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The metrics of different models results comparison are following: expected
profits value is calculated as expression in objective (4.50), i. e. the optimal variables
values of the problems from the Section 4.3 are substituted into the (4.50) expression
and the expected revenue value is denoted by "Revenue" in the tables. Two cases
of absolute revenue deviation are calculated: total revenue deviations in the context
of the scenario and revenue deviations in the context of the direction, where the
calculation formulas are "Abs. Dev." ="« Ds|> pcx Ris2h—D scs D pex PsFis2k]
and "Dir. Dev." =" ¢ > 1k Ds|Ris — D ocg Ds Ris|2k, respectively. The expected
loses is estimated as "Loses" = > ¢ Ds D e Brsl2zi — Wi/, this value represents
the expected revenue which is not received due to unserved or extra served demand
amount. The loses term and absolute deviation terms are included into the objective
functions of the problems in Section 4.3 to be minimized with the aim of deriving
the robust and reliable solution.

It should be stressed, that the metrics values do not depend on parameters p
and X\ to the comparison capabilities of different instances and different problems
formulations. Moreover, the instance with higher "Revenue" value is better than

lower one. for "Abs. Dev.". "Dir. Dev." and "Loses" vice versa.
) )

o Hubs Sat. Profit Lose Abs. Dev. Dir. Dev.

0.2 212,13 26.3 951.5 1661.5 15.9 121.7
04 58 20.5 874.3 15772 14.0 108.3
0.6 21 175 849.4 1552.1 129 99.6
0.8 21 175 849.3 1551.8 128 99.6

Table 4.1. The computation results with CAB data for expected revenue HLP

In the Table 4.1 the computation results for expected revenue HLP are shown.
The column "Hubs" describes the optimal node numbers selected as a hubs and
column "Sat." represents the percentage of served demand level in comparison with
maximal demand by directions in scenarios. Such columns mean remain in the other
tables.

The Table 4.2 and Table 4.3 contain the results derived on CAB data from
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the robust HLP and its strengthened version introduced in Section 4.3. There are
results for "A\" and "p" from value sets {1, 1.5, 2} and {0, 1, 5}, respectively, and
Aks = ARps. The processor time of solving the instance is presented in the column
"Time (sec)".

The first thing we want to pay attention is the all instances in the Table 4.2
and Table 4.3 where A = 1. The "Lose" value for this instances in comparison with
the Table 4.1 for corresponding «o’s are about 17% higher, what seems incorrect
due to proposed stochastic models assumptions. This is because in the objective
functions (4.23) and (4.26) the extra service is included in the revenue calculation
term, but unserved volume is not. Therefore, it is more profitable to serve more
than the expected volume of demand (the demand satisfactory in the Table 4.2 and
Table 4.3 is about 2 times higher than in the Table 4.1), since the expected revenue
term increases and the level of expected losses increases too by the same value, i. e.
the term value Y ¢ Ds > pcx Brs max(0, 2, — Wy,) extraction from the "Lose" will
lead to the lower values in proposed stochastic HLP in comparison with expected
profit HLP. We come to that the parameter \ should be greater than 1, otherwise
the all profitable directions will be satisfied for the high demand value.

For the cases then A = 1.5 or A = 2 we can see, that "Lose" derived by robust
formulations more than 25% lower than for expected profit HLP for corresponding
a’s and this difference increases with increase p. On the other side, the "Profit"
of robust formulations is lower for 8-18% depending on o and p. That shows that
"Lose" reduction causes decrease in "Profit", which is to be expected. The "Lose"
value reflects the potential revenue that will not be received. In strategic planning
of view the expected revenue lose minimization respects with network growth ex-
pectancy, which corresponds to demand coverage increase and is associated with
service level. That is seen in column "Sat." of the Table 4.1, Table 4.2 and Table
4.3, where for expected revenue HLP formulation the demand satisfactory level is
lower than for robust formulations for 1.4 to 2 times while o decreases.

The revenue expected absolute deviation and revenue deviation by directions
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a A p  Hubs Sat. Profit Lose Abs. Dev. Dir. Dev. Time (sec)
02 1 0 2471224 505 8448 19416 19.6 155.3 366.6
02 1 1 2,12,21,24 46.8 8654 1887.1 18.7 151.5 521.6
02 1 5 2,1221,24 459 8699 18469 174 148.9 734.6
02 15 0 2122124 397 870.8 13464 15.5 119.7 961.0
02 15 1 2122124 395 867.9 13313 149 118.3 829.1
0.2 15 5 212,21 374 8719 1280.5 13.1 113.0 967.0
0.2 2 0 212,21 36.4 840.1 11477 134 103.7 895.1
02 2 12,1221 36.2 840.1 1145.0 13.2 103.3 1015.0
02 2 5 212,21 36.0 838.2 1136.8 12.6 102.3 1221.9
04 1 0 212,21 414 761.6 1795.7 18.5 143.7 466.6
04 1 1 21221 41.3 762.1 17929 179 143.4 469.1
04 1 5 2,12,21 40.8 765.9 1756.5 16.3 140.9 555.9
04 15 0 212,21 36.3 767.5 1273.3 145 112.4 606.5
04 15 1 212721 36.1 768.2 1267.0 14.0 111.8 607.1
04 15 5 21221 35.6  766.7 1250.0 12.7 109.9 554.3
04 2 0 212,21 35.6 734.7 11375 13.2 102.3 788.2
04 2 1 2,12,21 35.3 7352 11346 13.0 101.8 697.2
04 2 5  2,12,21 349 737.0 11296 12.3 100.8 697.4
06 1 0 813,20 36.9 7285 17728 175 138.0 287.1
06 1 1 8,13,20 36.8 729.8 17709 17.2 137.8 349.8
06 1 5 5,8 33.8 7559 16834 14.8 131.0 374.9
06 15 0 58 30.9 750.5 12785 13.6 107.6 574.3
06 15 1 58 30.8 750.8 1275.3 13.3 107.4 483.6
06 15 5 58 304 749.5 12564 11.9 105.5 478.2
0.6 2 0 5,8 29.8 7204 1146.3 12.2 97.8 570.4
0.6 2 1 5,8 29.6 723.6 11453 12.0 97.4 522.1
0.6 2 5 5,8 29.3 7255 11405 114 96.4 601.2
0.8 1 0 538 345 7224 1740.0 174 134.6 157.6
0.8 1 1 58 343 7249 17274 16.7 133.8 187.3
08 1 5 58 33.6 730.7 1673.3 14.8 130.2 207.8
08 15 0 58 30.8 7259 1273.7 13.6 107.2 304.7
08 15 1 58 30.6 726.7 1261.0 13.2 106.3 264.5
0.8 15 5 58 30.1 7273 12448 12.0 104.4 286.8
0.8 2 0 538 29.3 707.7 11454 122 97.0 252.5
0.8 2 1 58 29.3 706.8 1144.0 12.0 96.8 276.5
0.8 2 5 95,8 29.3 702.8 1138.1 114 96.1 319.7

Table 4.2. The computation results with CAB data for the robust formulation of HLP
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have a low values in comparison with "Profit" and "Lose", this is due to low fluc-
tuations of revenue by direction in scenarios and low demand satisfactory level.
There are not significant improvements in the objective function value context.
However, there is the dependence of "Sat." and parameter p, where demand sat-
isfaction "Sat.", "Abs. Dev." and "Dir. Dev" decrease while p increase. This may
be interpreted as low service level leads to stable revenue, because the most stable
directions are selected.

The hubs’ sets for expected revenue HLP and for robust formulations differ for
all o values. That shows, that robust hub networks solve additional tasks: revenue
deviation and expected revenue lose minimization, which lead to new decision.

The formulations of robust HLP and strengthened robust HLP differs on the
revenue deviation representation in the objective function. From the Table 4.2 and
the Table 4.3 we can see, that strengthened model solutions have a lower "Abs.
Dev." and "Dir. Dev" as "Sat." in comparison with robust formulation (Table 4.2).
The selected hubs differs on following instances: o = 0.2, A = 1,0 = 5;, a =
02, =15 pu=1and a =0.6,\ =1, u = 1. The strengthened robust formulation
the revenue deviation term of objective function has the higher influence on the
objective function value about 10 times in comparison with robust formulation, but
still it is not comparable with "Lose" term. If there is no significant difference in
the results, then strengthened model in mathematical context is simple because the
revenue deviation by directions term does not contain non-linearity:.

The Table 4.4 presents the performance of Benders algorithms for the dif-
ferent cut selection strategies from the Sections 4.4 — 4.7 on CAB data. The
limit for iteration number is set to 1 500, the computation time is not limited.
There is implemented only one MW points updating scheme for all algorithms:
y;(o) =1/2 Vi€ H and v = 1/2. In addition, the series {\/iﬁ}g“;l is selected for
the maximal non-dominant cut generation, where A is an iteration number. The
columns "BD", "PO", "MN" and "Hybrid" corresponds to the Algorithm 5, Algo-

rithm 2, maximal non-dominant cut strategy and Algorithm 4, respectively. The
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a A ¢ Hubs Sat. Profit Lose Abs. Dev. Dir. Dev. Time (sec)
02 1 1 212,2124 453 875.7 1832.8 18.7 148.1 605.2
02 1 5 2,12,21 36.9 906.0 1444.0 154 122.0 837.5
02 15 1 21221 371 867.0 12442 14.3 111.1 913.8
02 15 5 21221 33.9 858.3 1149.6 129 101.6 816.8
02 2 1 212,21 35.9 838.2 1136.2 13.2 102.4 788.6
0.2 2 5  2,12,21 33.4 808.4 1059.4 11.9 93.0 888.1
04 1 1 21221 39.8 7v77.0 1731.3 179 139.3 519.4
04 1 5  2,12,21 33.2 817.0 1409.0 14.6 116.4 661.3
04 15 1 21221 35.3 761.5 1210.8 13.6 107.3 526.9
04 15 5 21221 32.0 765.8 11446 125 99.6 634.2
04 2 1 21221 35.0 733.2 1125.0 129 100.7 797.9
04 2 5  2,12,21 32.0 718.0 1057.5 11.6 91.5 926.8
06 1 1 58 33.5 7621 1689.1 16.9 131.2 388.3
06 1 5 5,8 28.2 798.4 1400.2 13.9 110.9 409.8
06 15 1 58 30.2 7424 1218.6 12.9 103.2 551.8
06 15 5 58 27.3 754.1 1156.8 11.9 95.2 484.9
06 2 1 58 29.0 727.2 11324 12.1 95.5 516.5
0.6 2 5 58 272 708.6 1076.1 11.3 88.2 499.7
08 1 1 58 33.1 739.7 1656.3 16.6 129.0 214.1
0.8 1 5 95,8 278 vTr.r 1385.3  13.7 109.4 237.1
08 15 1 58 30.0 722.1 1212.1 12.7 102.4 235.5
08 15 5 58 271 7337 11546 11.9 94.8 375.1
08 2 1 58 29.0 705.2 1132.3 12.1 95.5 266.3
0.8 2 5 58 27.1 689.3 1076.1 11.2 87.9 277.3

Table 4.3. The computation results with CAB data for the strengthened robust formulation of
HLP

" is the number of iteration to derive optimal solution or "Iter" if the

column "Iter.'
iteration limit is exceeded. The sum of computation times of solving linear programs
on each iteration is provided in column "Time (sec)".

It is recognized in the literature that the CAB data is too small and the prob-
lems constructed on this data is easy to solve with the aim of the performance
investigation. However, we have obtained the interesting results from iteration num-

ber of view to discuss. From the Table 4.4 it is seen, that the Algorithm 4 realize the

smallest number of iteration at most of the instances of CAB data. For the several
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BD PO MN Hybrid
a A p | Tter. Time (sec) | Iter. Time (sec) | Iter. Time (sec) | Iter. Time (sec)
0.2 1.0 0O | Iter 4279.0 788 5550.0 583  3105.0 466  4573.0
0.2 1.0 1 | Iter 5323.0 765  4406.0 601  4223.0 473  5364.0
0.2 1.0 5 | Iter 5351.0 808  5594.0 617  5022.0 517  8182.0
0.2 15 0 | Iter 4016.0 1301  10240.0 976  5806.0 311 2844.0
0.2 1.5 1 | Iter 4419.0 1283  7912.0 979  6103.0 307  3030.0
0.2 15 5 | Iter 4323.0 1214 6564.0 925  5650.0 244 2335.0
0.2 20 0 | Iter 4043.0 1386  9551.0 877 3024.0 176 1584.0
0.2 20 1 | Iter 4385.0 1308 10141.0 557  3467.0 173 2279.0
0.2 2.0 5 | Iter 44220 1292  10731.0 434  3462.0 149  1944.0
04 1.0 O | Iter 4160.0 466  2327.0 416  2955.0 305 3551.0
04 1.0 1 | Iter 4617.0 441 2536.0 406  3042.0 324 3943.0
04 1.0 5 | Iter 4281.0 487 2882.0 355 2368.0 338 3822.0
04 15 0 | 1262 2213.0 655 2610.0 154 769.0 36 355.0
04 15 1 | 1172 2062.0 628 2424.0 150  781.0 96 926.0
04 15 5 | 1164 2274.0 623 2623.0 127 678.0 31 300.0
0.4 20 0 | 1099 1819.0 670 2615.0 114  629.0 62 564.0
04 20 1 | 1098 2078.0 688  2929.0 105  544.0 65 628.0
04 20 5 | 1081 2069.0 667  2534.0 102 5720 33 326.0
0.6 1.0 0 | 1023 1472.0 231 637.0 37 160.0 49 362.0
06 1.0 1| 794 1178.0 219  713.0 36 157.0 45 346.0
06 10 5 | 789 1129.0 224 897.0 35 185.0 17 194.0
06 15 0| 821 1008.0 365 1281.0 32 237.0 23 234.0
06 15 1| 731 1022.0 367 1674.0 32 181.0 24 226.0
0.6 15 5 | 703 1001.0 351 1608.0 29 143.0 19 243.0
0.6 20 0 | 883 1081.0 494 2243.0 27 145.0 16 165.0
06 20 1 |810 1126.0 474 2278.0 27 166.0 18 224.0
0.6 20 5| 773 1091.0 439  2180.0 27 177.0 8 115.0
0.8 1.0 0 |372 359.0 70 258.0 8 29.0 9 101.0
0.8 1.0 1 |278 253.0 74 297.0 8 35.0 9 93.0
0.8 1.0 5 | 304 343.0 80 397.0 8 46.0 10 157.0
0.8 15 0 | 358 3500 127 485.0 6 25.0 8 69.0
0.8 15 1|28  310.0 119  488.0 6 35.0 8 63.0
0.8 1.5 5 | 285 249.0 126 498.0 6 26.0 7 90.0
0.8 20 0364 333.0 143 527.0 7 43.0 7 47.0
0.8 20 1| 321 302.0 142 608.0 7 31.0 7 49.0
0.8 20 5 | 308 288.0 143 654.0 6 27.0 7 95.0

Table 4.4. Benders algorithms performance on CAB data
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cases the Algorithm 4 inferior to "MN" algorithm by the iteration number, which
means that the simultaneous use of two strengthened cuts can interfere the conver-
gence. Considering the iteration numbers and processor times for all instances the
"MN" algorithm shows better results in comparison with "PO" and "BD" algorithm.
Analysing the computation time of "MN" and "Hybrid", the first one dominates for
the most instances.

There are outperform of the Benders algorithms (Table 4.4) in comparison
with CPLEX solver (Table 4.2), where start from the instance o = 0.4, A = 1.5 and
1 = 0 the decomposition algorithms are close to the CPLEX solver or shows better

results on the about 2/3 of instances.

Figure 4.1. Average iteration time of Benders algorithms for different discount factors a on CAB

data

The Figure 4.1 reflects the average time of Benders iteration for different cut
generation strategies in dependence of a’s level. The presented results are aggre-
gated and formed from the Table 4.4. The basic Benders cuts outperforms all

another strategies by average iteration time, while "Hybrid" of two strengthened
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cuts algorithm on cases a € {0.2,0.4,0.6} outperform the sum of separate "PO"
and "MN" results. The "PO" and "MN" iteration times are close, but the number
of iteration (from the Table 4.4) differs significantly, where "MN" is more efficient
than "PO".

4.8.3. AP data preprocessing

The AP dataset contains data of 200 postal service nodes of Australian Post
from OR Library [64], while data for a first 40 nodes is selected for a present exper-
iment. Five different scenarios were simulated to obtain numerical results.

In contrast with CAB data the AP contains the information of hub installation
costs for two cases: L (Loose) and T (Tight), in analysis we use the last of them.
Besides that, the data is intended for the capacitated hub location problem, therefore
alphas set a € {4,8,12,16}, x = 40 and 6 = 60 are selected to adopt the data for
the uncapacitated HLP.

The revenue generation strategy is similar to presented in Section 4.8.1, Ry =

7o, where § ~ U(40;50). The demand value Wy, ~ U(3Wi; W) is generated

from uniform distribution.

4.8.4. Results with AP dataset

« Hubs Sat. Profit Loose Abs. Dev. Dir. Dev.

40  0,7,15,18,23,32,34,37 68.3 8127,585.4 2720,334.6 16,879.8  553,476.0
80 0,7,13,1821,3237  62.7 8064,907.3 2716,823.5 16,709.8  550,360.2
12.0 0,7,13,18,21,32 59.4  8,012,708.2 2,705,160.4 16,704.7  547,048.4
16.0 0,7,13,18,21,32 55.3  7,966,119.4 27233874 17,041.1  544,885.1

Table 4.5. The computation results with AP data for expected revenue HLP

The computation study on AP data is carried out for mathematical models of
robust UMAHLP with revenue and stochastic formulation introduced in the Section
4.8.2. The column names in Table 4.5, the Table 4.6 and the Table 4.7 have the

same interpretation as in the tables from the Section 4.8.2.



174

! A pu  Hubs Sat.  Profit Loose Abs. Dev. Dir. Dev. Time (sec)
40 1 0 0,7,15,18,23,32,34,37 76.8 8,115,017.6 2,724,860.2 17,206.6 556,916.2  757.0
40 1 1 0,7,15,18,23,32,34,37 772 8,113,698.7 2,723,406.6 17,096.7 556,934.1 616.5
40 1 5 07.151823323437 76.8 8113,191.4 2716,307.1 16,303.8  556,145.2 624.4
40 15 0 07,1518,23,32,34,37 744 8110,093.4 2,656,447.9 17,4774  551,279.0 851.4
40 15 1 0,7,15,18,23,32,34,37 76.5 8,106,528.8 2,640,409.5 15,698.6 549,773.7  712.0
40 15 5 0,715,18,23,32,34,37 73.3 8,047,561.0 2,463,417.1 3,481.6 534,909.4  1086.1
40 2 0 07,1518,23,32,34,37 727 7,852,384.0 1,853,940.4 13,3088  487,730.9 963.6
40 2 1 0,7,15,18,23,32,34,37 72.6 7,852,502.5 1,853,847.2 13,277.5 487,696.6  1127.8
40 2 5 0,7,15,18,23,32,34,37 715 7,867,276.5 1,893,576.5 9,693.3 491,488.9 1244.6
8.0 1 0 0,7,15,18,23,32,34,37 75.5 8,046,368.0 2,725,413.7 17,160.5 956,580.8  550.5
80 1 1 07.15182332,34,37 754 80464741 27255268 17,021.1  556,526.9 744.0
80 1 5 0,7,15,18,23,32,34,37 749 8,046,091.7 2,716,918.8 16,074.5 555,596.4  622.0
80 15 0 0,7,1518,21,23,32,37 73.0 8,036,202.6 2,628,947.5 17,149.4 548,932.0  996.2
80 1.5 1 07,151821.23,3237 73.1 8,033,742.7 2.618906.8 152058  547,706.6 705.1
80 15 5 0,7,1518,21,23,32,37 73.6 7,978,805.6 2,457,642.4 3,383.9 534,181.7  820.8
80 2 0 07,13,1821,32,37 70.3  7,792,102.7 1,852,551.2 13,329.2  487,111.4 1324.4
80 2 1 0,7,13,18,21,32,37 70.0 7,792,630.7 1,851,760.7 13,183.1 486,923.0 1083.4
8.0 2 5 0,7,13,18,21,32,37 69.9 7,804,751.2 1,889,325.1 9,660.1 490,591.8 1156.0
12.0 1 0 0,7,15,18,23,32,34,37 73.5 7,981,619.1 2,724,580.7 17,054.9 556,110.4  757.5
120 1 1 0,7,15,18,23,32,34,37 73.4 7,981,580.5 2,724,082.4 16,887.7 556,054.5  717.7
120 1 5 0,7,151821,233237 727 7,980,887.6 2,714,939.8 15,756.5  554,978.3 798.4
120 15 0 0,7,13,18,21,32,37 70.5 7,972,146.5 2,604,794.3 17,255.4 546,336.9 1329.4
120 15 1 0,7,13,18,21,32,37 70.3  7,969,555.9 2,593,001.3 15,295.8 545,160.5  1157.0
120 15 5 0,7,13,18,21,32,37 70.5 7,916,817.8 2,445.887.5 3,227.6 532,650.3  1332.5
12.0 2 0 0,7,13,18,21,32,37 69.4 7,735,336.5 1,852,403.7 13,182.6 486,784.0  1578.5
120 2 1 0,7,13,18,21,32,37 69.4 7,735,915.0 1,852,272.8 13,120.9 486,726.9  1805.6
12.0 2 5 0,7,13,18,21,32,37 68.8 7,748,993.2 1,888,069.4 9,753.9 490,096.9 2011.8
160 1 0 0,7,13,18,21,32 702 7,934,482.1 2,710,673.8 17,325.9  554,326.1 898.7
160 1 1 0,7,13,18,21,32 70.0 7,935,670.3 2,709,758.6 17,111.1  554,016.5 825.1
16.0 1 5 0,7,13,18,21,32 69.6 7,934,238.1 2,700,555.5 15,364.2 553,043.8  686.3
16.0 15 0 0,7,13,18,21,32 67.9 7,930,932.8 2,594,165.3 17,152.0 544,437.0 1266.6
16.0 15 1 0,7,13,18,21,32 67.0 7,928,520.4 2,587,105.8 15,163.4 543,628.7  1346.9
16.0 15 5 0,7,13,18,21,32 67.9 7,877,021.7 2,432,978.7 3,350.2 530,446.1  1807.7
16.0 2 0 0,7,13,18,21,32 66.6 7,696,993.3 1,854,047.9 13,088.2 485,973.7 14489
16.0 2 1 0,7,13,18,21,32 66.8 7,696,046.4 1,853,956.0 12,892.5 485,936.8  1443.8
160 2 5 0,7,13,18,21,32 67.5 7,708,788.3 1,889,713.0 9.644.1 489,533.4  1309.4

Table 4.6. The computation results with AP data for the robust formulation of HLP
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In the Table 4.5 and the Table 4.6 it is seen, that optimal hub numbers do

not differs for aw € {4, 16}, while the demand satisfaction for the robust formulation

is higher for 8-12 percents. As it is explicitly discussed in the Section 4.8.2; the

expected loses for A = 1 derived by the robust model are higher for a most cases,

while the robust formulation is positioning as loses minimization model. The same

situation and its justification can be applied from experiments on CAB data.

o) A @ Hubs Sat. Profit Loose Abs. Dev. Dir. Dev. Time (sec)
40 1 1 0,7,15,18,23,32,34,37 76.3 8,116,748.5 2,722,065.6 17,177.2 556,558.2 717.4
40 1 5 0,7,15,18,23,32,34,37 72.5 8,109,965.7 2,647,786.6 17,061.3 547,971.4 6534
40 15 1 0,7,15,18,23,32,34,37 725 8,078,102.2 2,527,643.1 17,914.9 539,000.0 969.2
40 15 5 0,7,15,18,23,32,34,37 68.5 7,869,594.6 1,878,431.6 13,192.9 487,310.4  870.2
40 2 1 0,7,15,18,23,32,34,37 71.3 7,854,171.1 1,853,890.5 13,205.7 487,514.6  1019.5
40 2 5 0,7,13,18,32,34,37 679 7,859,306.6 1,851,410.9 13,294.0 486,076.1  1037.0
80 1 1 0,7,15,18,23,32,34,37 75.0 8,048,175.4 2,721,504.2 17,148.6 556,118.8  826.5
80 1 5 0,7,15,18,21,23,32,37 70.5 8,041,585.0 2,636,035.6 17,195.2 546,474.5 741.8
80 1.5 1 0,715,18,21,23,32,37 70.5 8,006,119.0 2,500,943.1 17,607.4 536,300.9  1196.8
80 1.5 5 0,713,18,21,32,37 66.7 7,809,387.5 1,875,524.7 13,074.3 486,477.9  1068.5
8.0 2 1 0,7,13,18,21,32,37 69.5 7,794,574.8 1,851,783.0 13,247.0 486,687.9 1018.1
8.0 2 5 0,7,13,18,21,32,37 67.0 7,798,379.8 1,850,275.9 12,976.6 485,653.0  1529.0
12.0 1 1 0,7,15,18,21,23,32,37 724 79849764 2,717,823.5 17,006.2 555,324.5  657.2
120 1 5 0,7,13,18,21,32 65.5 7,986,903.1 2,611,052.0 17,273.2 542,749.2 873.8
120 15 1 0,7,13,18,21,32 67.0 7,945,603.6 2,470,089.6 17,304.5 532,879.9  1075.5
12.0 15 5 0,7,13,18,21,32 63.7 7,762,272.4 1,880,143.6 12,898.3 485,681.7  1549.7
120 2 1 0,7,13,18,21,32,37 68.8 7,738,028.5 1,851,913.9 13,280.2 486,401.7  1377.2
12.0 2 5 0,7,13,18,21,32 64.1 7,747,738.5 1,850,848.0 12,933.5 484,561.2  1369.8
16.0 1 1 0,7,13,18,21,32 69.8 7,939,422.5 2,701,559.4 17,031.3 553,159.9  705.9
16.0 1 5 0,7,13,18,21,32 66.2 7,937,670.1 2,602,472.9 17,275.0 541,856.0 894.6
16.0 15 1 0,7,13,18,21,32 66.1 7,899,430.6 2,465,552.0 17,272.7 532,143.1  1515.9
16.0 1.5 5 0,7,13,18,21,32 63.3 7,715,782.6 1,879,289.7 12,852.3 485,491.9  1575.0
16.0 2 1 0,7,13,18,21,32 66.1 7,698,780.7 1,854,222.4 13,045.9 485,784.0  1122.3
16.0 2 5 0,7,13,18,21,32 63.8 7,700,924.8 1,849,728.7 13,091.5 484,214.1 2115.6

Table 4.7. The computation results with AP data for the strengthened robust formulation of HLP

The "Abs. Dev." in the Table 4.6 shows the stronger results than CAB data,

since, on instances p = 5 the revenue deviation is 1.5-5 times lower in comparison

with other instances in this table or with Table 4.5 and the Table 4.7. That approve
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BD PO MN Hybrid
e A p | Tter. Time (sec) | Iter. Time (sec) | Iter. Time (sec) | Iter. Time (sec)
4.0 1.0 0 | 101  622.0 18 373.0 20 329.0 16 532.0
4.0 1.0 11|96 597.0 16 394.0 23 464.0 18 712.0
4.0 1.0 5| 109 674.0 18 400.0 23 451.0 18 729.0
4.0 1.5 0] 139 856.0 46 1067.0 64 1517.0 39 1531.0
4.0 1.5 1| 145 908.0 47 1172.0 70 1674.0 46 1888.0
4.0 1.5 5| 139 895.0 42 1334.0 72 1976.0 43 2273.0
40 20 0] 210 1399.0 89 2213.0 131 2558.0 78 2980.0
4.0 2.0 1| 214 1463.0 87 1936.0 126 2167.0 77 2737.0
4.0 2.0 5| 211 1103.0 87 1783.0 128 2396.0 7 2745.0
8.0 1.0 0| 113 478.0 20 316.0 23 437.0 23 569.0
8.0 1.0 1| 117 521.0 20 388.0 27 490.0 22 688.0
8.0 1.0 5 | 132 588.0 26 565.0 32 644.0 24 664.0
8.0 1.5 0| 186  803.0 64 1262.0 91 1608.0 54 1774.0
8.0 1.5 1| 173 786.0 66 1268.0 87 1665.0 63 2201.0
8.0 1.5 5| 184 865.0 66 1494.0 100  2144.0 60 2480.0
8.0 20 0 | 253 1207.0 111 2128.0 152 2523.0 91 2739.0
8.0 2.0 1260 1332.0 116  2402.0 157 2496.0 104 3369.0
8.0 2.0 5 |266 1393.0 117 2450.0 167 2683.0 93 3236.0
120 1.0 0 | 146 609.0 38 642.0 35 464.0 26 664.0
12.0 1.0 1 | 152 671.0 27 483.0 39 695.0 29 897.0
12.0 1.0 5 | 162 723.0 35 688.0 45 773.0 33 959.0
120 15 0| 235 1018.0 85 1635.0 126 1988.0 86 2641.0
120 1.5 1| 204 917.0 96 1894.0 125 2198.0 79 2649.0
12.0 1.5 5| 221 1038.0 87 1960.0 118 2390.0 79 3104.0
12.0 2.0 0 | 287 1389.0 129 2558.0 160  2462.0 113 3484.0
12.0 2.0 1 | 297 1512.0 138 2779.0 178 2779.0 121 3868.0
12.0 2.0 5| 298 1539.0 133 2745.0 165  2675.0 111 3661.0
16.0 1.0 0 | 164 681.0 29 426.0 42 655.0 26 744.0
16.0 1.0 1 | 158 680.0 29 552.0 41 715.0 29 966.0
16.0 1.0 5 | 164 719.0 36 700.0 42 694.0 26 911.0
16.0 1.5 0 | 18  893.0 60 1269.0 85 1602.0 49 1615.0
16.0 15 1 | 177 976.0 67 1446.0 91 1760.0 53 1923.0
16.0 1.5 5 | 168 987.0 62 1519.0 92 1906.0 53 2142.0
16.0 2.0 0 | 259 1205.0 104  2023.0 131  2167.0 81 2653.0
16.0 2.0 1 | 251 1257.0 94 1807.0 125 2048.0 82 2579.0
16.0 2.0 5 | 238 1193.0 92 2014.0 130 2291.0 86 3001.0

Table 4.8. Benders algorithms performance on AP data
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the assumption of the robust formulation: the revenue deviation should to be min-
imized in trade-off with profit maximization. In contrast, the strengthened formu-
lation of robust HLP do not shows the significantly better results in comparison
with robust model by "Dir. Dev.", that may be found in the Table 4.7 and Table

" column. The instance with

4.6, but there are important differences on "Abs. Dev.'
it = 5 shows the principle distinction between robust and strengthened robust for-
mulations. Note, that strengthened robust model contains for a one non-linear term
in objective less in comparison with standard robust model, but the computation

times are greater for a most cases. That may be stated for a CAB data as well.

Figure 4.2. Average iteration time of Benders algorithms for different discount factors o on AP

data

The Table 4.8 presents the performance of Benders algorithms for the different
cut selection strategies from the Sections 4.4 — 4.7 on AP data. There are 27 from 36
instances where decomposition algorithms outperform the CPLEX solver (see, Table
4.6 column "Time (sec)") by computation times. Despite having the straightened

cuts in "PO", "MN" and "Hybrid" algorithms the basic "BD" got the best scores
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by processor time, while the improved algorithms derive the optimal results in fewer
iterations.

The Figure 4.2 reflects the average time of Benders iteration for different cut
generation strategies in dependence of a’s level on AP data. The presented results
are aggregated and formed from the Table 4.8. The basic Benders cuts outperforms
all another strategies by average iteration time. The "PO" and "MN" iteration times
are close, but the number of iteration (from the Table 4.4) differs, where "PO" is
more efficient at most cases than "MN". That is opposite to the results on CAB
data.
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Conclusion

The dissertation is devoted to the reliable hub location problem. During the
research the mathematical formulations of the problem considering the objective
functions of the costs minimization or profits maximization, where the reliability
criteria are to minimize absolute deviations of costs, profits and expected losses in
revenue are presented.

The main results of the work are as follows:

1. A new statistical procedure for the reliability level assessing of the hub network

for a fixed number of hubs based on the Value at Risk criteria is developed.

2. New mathematical models of reliable hub location problem are constructed
with objective functions of simultaneous optimization of total network costs
or total network profit in a trade-off with expected deviations of transport costs

or expected deviations of revenue and expected losses in revenue respectively.

3. There are developed algorithms to solve optimization problems based on Ben-
ders decomposition with the use of various cuts strengthening: Pareto-optimal

cuts, non- dominated cuts and a hybrid multi-cut strategy:.

4. The software implementation of the statistical procedure for assessing the
reliability of the hub network, optimization problems and algorithms for their

solution is carried out.

The mathematical models proposed in this work may be applied to the mod-
eling of reliable transport or telecommunication networks in such areas as postal
delivery, Less-Than-Truck delivery, air transportation, emergency systems and etc.

Of a particular interest are the objective functions of simultaneous optimization
of main network indicators such as costs or profits in a trade-off with deviations of

these indicators as the solution reliability measure.
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As a part of the dissertation work a computational study were performed on
CAB and AP datasets from OR Library. The optimization results of the proposed
models were compared with the stochastic problem formulation, where the proposed
models received more reliable solutions based on the introduced criteria. In addition,
the developed algorithms to solve the optimization problems in more than 75%
of considered cases received the optimal solution faster than standard commercial
software packages CPLEX and GUROBI Optimizer.

The future research possibilities are the continuous models of uncertainties
representation in the proposed problem formulations, developing of exact or heuristic
solution algorithms to solve real-sized instances, introduction of proposed robustness

concept into the capacitated hub location problem.
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Glossary

HLP — Hub Location Problem.

UMAHLP — Uncapacitated Multiple Allocation Hub Location Problem.
UMAPHLP — Uncapacitated Multiple Allocation p-Hub Location Problem.
CMApPHLP — Capacitated Multiple Allocation p-Hub Location Problem.
O—D — Origin—Destination.

BD — Benders Decomposition algorithm.

PO cuts — Pareto Optimal cuts in Benders decomposition.

MP — Master Problem in Benders decomposition.

SP — Slave Problem in Benders decomposition.

DSP — Dual Slave Problem.

Conv(X) — Convex hull of X.

StHLPAD — Stochastic Hub Location Problem with Absolute Deviation.
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Appendix A
The Benders algorithms of StHLPAD solution

A.1. Basic Benders decomposition algorithm

The formulation of the StHLPAD problem, notations and basic assumptions
are presented in the Chapter 3. This appendix describes the Benders decomposi-
tion algorithm of the problem, where the theoretical description of justification is
presented in Section 3.4.

The MP problem is stated as follows:

min Z aryr +n (A1)
keK

St n+ Z Z Z Z uffkwijk = Z Z Z wfjvfjh7 (A.2)

seS ieN jeN keK 1EN jEN s€8
Z Ye = 1 (A.3)
keK
v € {0,1} ke K (A.4)
n=0 (A.5)

The DSP is formulated as:

S 5 )T 35 35 ) AT ENNIYY

1€EN jeEN seS 1EN jEN keK seS

St es<2\p; se€S (A7)
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S S S
Cijkm€s — DsCijkm E €s T Vjj — Ui — Ui (A.8)
ses '

Scijkmps iajENak#m7kam€K7S€S

Cijkkes — DsCijik Y €5+ V5 — Sy, < cijips 1,j E N k€ K,s €S (A9)

seS
es>0 sef (A.10)
v;; €ER i,jeEN,s€S (A.11)
ui >0 i,5€ N ke K,s €S (A.12)

The Benders algorithm scheme is presented below, where ¢yp(y,n) and
¢psp(e,u,v) are the optimal values of objective function of MP and DSP prob-

lems, respectively.
Algorithm 5: A basic Benders decomposition algorithm for SSHLPAD
UB + 400, LB+ 0, h+ 0

while UB # LB do
Solve MP (A.1)—(A.5)

LB < éump(y,n)
Solve DSP (A.6)-(A.12)
Add cut (A.2) to MP

if ¢ppsp(e,u,v) + > i aryr < UB then
‘ UB = ¢DSP(€, u, U) + Zke[( ALYk

else
| Nothing

end

h+<h+1
end
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A.2. Accelerated Benders algorithm

This section describes an accelerated Benders decomposition algorithm based
on Pareto-optimal cuts generation, the theoretical justification of the algorithm is
given in the Section 3.5.

We introduce an auxiliary problem for finding the Pareto-optimal cuts:

max ZZwa ZZZ Zuwkwmyk (A.13)

1€N jeN se8 1€EN jeN keK sefs
Sit. es<2\p, s€S (A.14)
S S S
Cijkm€s — DsCijkm g Cs T V5 — Uijp — Uijm

s €S

Scijkmps iajENak#Tr%kamEK)SES

(A.15)

Cijkk€s — PsCijkk Z es + v —ugy < cijrkps 4, € Nke K,s €8 (A.16)

sES

es >0 sef (A.17)
v; €ER i,7€N,s€Sf (A.18)

uiy >0 i,jeENkeK,se€S (A.19)
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Algorithm 6: An improved Benders decomposition for SSHLPAD

UB « +00, LB« 0, h « 0,7y, ¥

while UB # LB do
Solve DSP (A.13)—(A.19)

Add cut (A.2) to MP

Solve MP (A.1)-(A.5)

LB < énp(y,n)

Solve DSP (A.6)-(A.12)

Add cut (A.2) to MP

Update Magnanti and Wong point (3.35)

if ¢psp(e,u,v) + D i aryr < UB then
‘ UB = ¢DSP(67 u, U) + ZkeK ALYk

else
| Nothing

end

h<+<h+1
end
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