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BBenenue

AKTyaJIbHOCTH TE€MBbI

VccnenoBanue moBeJIeHNsT U CBONMCTB CJIOMCTBIX CTPYKTYP C HEOJHOPOIHOCTSIMU —
OJIHA 13 BayKHEMIINX 3a/1a1 COBPEMEHHON HayKN BBU/LY IIMPOKOI'O PACIIPOCTPAHEHHS
TaKIX CTPYKTYP B OKpyzkatoriem mupe. CIoucTbie CTPYKTYPhI 9acTO pacCMaTpUBa-
I0TCs B 3aJladax MeXaHHKU MaTepHUaJiOB, CTPOUTEJIHLHOIO MHXKUHUPHHIA, MeXaHUKI
I'PYHTOB, JOOBIUN II0JIE3HBIX HCKOIIAEMbBIX, 3JEKTPOTEXHUKH, ONTHUKH, T'UIPOIIHA-
MUKW, & TaK »Ke BO MHOTHX JPyIuX O0JIACTAX HAayKW M TeXHUKU. s onmcanus
HOBEJIEHUsT TAKUX CTPYKTYD HCIOJIB3YIOTCS KAK aHAJIUTHIECKNE, TaK 1 YUCIeHHDbIE
MeTojibl. [Ipu ducaeHHOM MOIEJIMPOBAHUN CJIOUCTBIX CTPYKTYP Yallle BCero IpumMe-
HSIFOTCSI METOJI KOHEUHBIX 3JIEMEHTOB, MeTOJI IPAaHUYHbBIX 9JIEMEHTOB, & TaK »Ke MeTO/]
JIMHAMUKK YacTHUIl, aKTUBHO Pa3BUBaeMbIil B IOC/Ie/IHIE TOJbl. MeTo/ibl KOHEUHbBIX
9JIEMEHTOB U JUHAMUKI JYaCTULL TPEOYIOT HAJTUUINS 3HAUNTEIbHBIX BHIUNCINTEIbHBIX
MOIITHOCTeH /1T MOJIeJINPOBAHUS [IPOIECCOB, IIPOUCXOISIINX B CJIOUCTHIX cpegax. Ha
HpaKTUKe JIJIs PellleHns IPUKJIAIHBIX 3a/1a9, BOSHUKAIOIINX [IPU UCCIEI0BAHIE CJI0-
UCTBIX CTPYKTYP C HEOJHOPOJHOCTSAMHU, Yallle BCEIO IMPUMEHSIETCS] METO/I IPaAaHUYHbBIX
971eMeHTOB. Vcroib30oBaHne MeTo/1a TPAHNIHBIX 9JIEMEHTOB BO3MOYKHO TOJILKO B TOM
caydae, Korja m3BecTHa GpyHKIUS ['puHa st CTPYKTYpbl 0e3 HeoaHopoaHocTel. B
obrieM ciydae GpyHKIus ['puHa c/I0UCTO cpelibl MOXKeT ObITh HailjleHa TOJIbKO UILC-
JlenHo. Metoibl pacuera (pyHKInn ['puHa J11s CJIOMCTBIX CTPYKTYP, IIPeJICTaB/IeHHbIE
B Hay4JHOII JINTEpaType, He cojlepyKaT HeoOXoauMoil mHdopMalmn 06 0COOEHHOCTIX
X YHCJIeHHOI peajn3alni. bojee Toro, HEKOTOPbIE MPAKTHIECKH BarKHbIE CJIydal,
HaIpuMep, nocrpoerne pyHkuun I'prHa cJ1I0MCTO# CTPYKTYPbI JIJIs JIBYyMEPHOT'O OIIe-
paTopa Jlamaca, He IIpejcTaBIeHbl B JUTEpaType.

OjiHa u3 BayKHEHIIMX NPUKJIAIHBIX 3aJad JJIsi CJOUCTBIX CTPYKTYD BKJIIOUYAET
MO/JICJINPOBaHNE pOCTa TPEHUHbI B YIIPYI'Oil CJIOUCTON cpeje 110/ JefiCTBIeM BHYT-
penHero jaBjenns. Takasl 3ajada Jallle BCEro BOSHUKAET IIPU MOJIEIUPOBAHUU IIPO-
1ecca IUApopas3pbiBa IIACTa, aKTUBHO IPUMEHsIEMOro B HedTeras’oBOil ITPOMbIIII-

JIEHHOCTHU. YUeT CJIONCTOCTH B paMKax JIaHHOM 3a/1aun Jallle BCEro OCYIIeCTBIACTCS



JaByMs criocobamu. [lepBrrit criocod cocTouT B pacdere PaCKpbITHsI TPEHINHbI Me-
TOJAOM I'DAHHYHBIX 9JIEMEHTOB. B cilydae CJI0UCTOI Cpebl TaKOi METOJ, I03BOJISIEeT
y4ecThb KaK pas/indne YIPYIuX CBONCTB CJI0EB, TaK U pas3/indne HAIIPSAKEeHU B CJI0-
six. Bropoii c1riocob yunThIBaeT CJIOUCTOCTH TOJIBKO Yepe3 pacCMOTPEHNEe pa3IniHbIX
HAIIPsIZKeHNIT B CJ10sIX. B 9TOM ciydae pacder pacKpbITUsI TPEIUHbI OCYIIeCTBIIsSIeT-
¢ KaK MEeTOJIOM I'DAHNYHBIX 3J1eMeHTOB ¢ pyHKImeil ['puna st 0JJHOPOIHOI Cpe/ibl
(rtaHapHast TpexMepHast MOJIeJIb TPEIINHBI ), TaK U ¢ OMOIILIO TPUOJINKEHHOI aHa-
JTUTHIECKOT (DOPMYJIBI, MOTyUIeHHOI B IPUOJIMKEHIN TI0CKOiT fedopmarinn (Tices-
JOTPEXMEpHasi MOJIe/Ib TPEIINHbI). Takoe YIpoIeHne MO3BOJISIET COKPATUTEH BPEMS
JUCJIEHHOTO pacuera, HO P 9TOM YMEHBIIAeTCsI TOYHOCTH PE3Y/ILTATOB.

B nacrosimieit pabore mpoBoguTcs ampodarus 1 0000IIeHne MeToja HaxOoxK/le-
Hust byHKIuU ['puHa JJIsi CJIOUCTBIX CTPYKTYP, OCHOBAHHOI'O Ha IPUMEHEHHH IIpe-
obpaszoBanust Oypwe, i oneparopa Jlaminaca n TpexmepHoro omneparopa Jlame, a
TakzKe MOAN(UKAINS ICEBIOTPEXMEPHOI MO/ TPEHINHBI IIIPOpa3PhIBa, ILIACTA,
JUIsT YBEJIMUEHUs TOYHOCTU pacdeTa I'eOMEeTPUUECKUX IIapaMeTpPOB TpemuHbl. [Ipu-
MEHEHIEe MeTojla I'DAHMYHBIX JIEMEHTOB U BHeJpeHne pas3padoTaHHOI'O I0JIX0ja B
CYIIIECTBYIOIINE MOJIE/IH, KCIIOJIb3yeMble JIIsi PelleHus PUKJIAIHBIX 3a/ad, JaJI0
BO3MOXKHOCTh CPABHUTH HOBbIE pPE3YJIbTaThl, IIOJyUYEeHHbIE B JIAHHOI padoTe, ¢ Cy-

IMECTBYIOIMMMHN PEIICHUAMU.

MeTtoaunka mccJjea0BaHU

Y4eT CJIOUCTOCTU B 3aBUCUMOCTH OT 3aJavll OCYIIECTBJISETCS JIMOO IyTeM pacue-
ta gyuknun ['puHa I cJIouCTOl cpefibl, OO MyTEeM PacCMOTPEHUS Pa3JINnIHbIX
CKUMAIONNX Hamnpskennit B ciosx. [locrpoenne dynkimun ['puna ocytiecTBisgeT-
cd C WMCIOJIB30BaHUEM MeTOJa ITPOrOHKHN 1 ObICTporo rnpeobpazoBanust Pypbe. s
ydeTa HeOIHOPOIHOCTEN MCIOJIL3YeTCsd MEeTOJ TPAHNIHBLIX dj1eMeHToB. [IpoBojuTcs

CpaBHEHUE DPE3YJIbTAaTOB YUCJICHHOI'O pacdeTa C U3BECTHLBIMU PCIICHUAMMU.



Llenp paboThbl

[esib JanHO PAOOTHI COCTOUT B paCIIMPEHHN MeTojia pacdeTa (dyHKIun ['puHa 11st

CJIONCTBIX CTPYKTYP € UCIIOJIb30BaHuEM 1IpeodbpasoBanus Pypbe Ha caydaii 1ByMep-

HOro ypaBHeHUs Jlariaca n TpexmepHoro ypasHenus Jlame, a Takke B pa3paboTke

MeTO/la pacdyeTa CKOPOCTH POCTa KBA3UTPEXMEPHOIT TPEIUHbI I'IPOPa3pbiBa I1J1acTa

B BBICOTY B peKUMe JOMUHUPYIONIEH BA3KOCTH B CJIOUCTOI cpejie.

Hayuynas soBu3HaA

HOBI/ISHy pa6OTbI COCTABJIAIOT cJjieAyIolIre ITOJIOZKEHN A, BbIHOCUMbIE Ha 3allli-

TY:

. Meton nocrpoenns: bynkmun ['puna 1151 CJIOUCTBIX CTPYKTYP paclpocTpaHeH

Ha Cﬂy‘{aﬁ rapMOHHNYECKUX 3ada9 1 TPEXMEPHLIX 3a/da4 TECOPUUN YIIPYTI'OCTHU. Pas-
pa60TaH METO/[ OIEHKN TOYHOCTU BbIYUCJICHNA (byHKLH/H/I FpI/IHa B 3aBUCHMOCTU

oT 1epuojia rnpeodbpazoBanust Oypbe U YKucIa TOYEK €0 JTUCKPETU3aINN.

. I[&HO O606LU;€HI/IG KOMIIVIEKCHOT'O M€TOJa I'PaHWYHbLIX 9JIEMCHTOB Ha 3a/Ja4dl O

CJIOUCTBIX CTPYKTYypax € HEOHOPOJHOCTIAMU JJIs JIByMEepHOTO ypaBHenusd Jla-
maca. Perena 3ajja4a 0 KPyroBoM OTBEPCTHUH T10JT JIEHCTBHEM PaBHOMEDPHOI'O
[IOTOKa Ha KOHTYpPEe B CJIOUCTOIl CTPYKTYype, COCTOdIIel U3 JIBYX IOJIYILIOCKO-
creit. Tlomydena 3aBHCHMOCTH OTHOIIEHUST MAKCHMAJbHOTO W MUHUMAJJIHLHOIO
3HaUYeHUs IOTeHIa/la Ha KOHTYype OTBEPCTUS OT 3HAYeHN T OTHOCUTEJILHOI TTPOo-

BOJIUMOCTH TIOJIYIIJIOCKOCTEI U pacCTOsiHUS OT IeHTPa OTBEPCTUS JIO I'PAHUIIbI.

Pemmena 3a/1a1a 0 pajinaabHON Tpelnne, TePHeHINKYISPHON IPAHUIIAM CJIOEB,
HAXOJIAIIeNcs T0/T IefiCTBIEM paBHOMEPHOI'O BHYTPEHHETO JaBJICHUS B OECKO-
HEYHOI TpexXMepHOI TPeXCc/I0iiHO yIIpyToil cpejie. YCTaHOBIEHbI IPAHUITHI BJIH-
AHNUs 3HAQUYCHUI YIPYIUX MOJYJIeil MOJTYIIPOCTPAHCTB Ha PACKPLITHE TPEINHbI,

IIOJIHOCTDBIO H&XOILHHLGP'ICH B IeHTpPaJIbHOM CJIOE.

Pazpaboran MeTo pacdeTa CKOPOCTU POCTa IICEBIOTPEXMEPHON TPEIIMHBI 11

pOpas3pbiBa IJIACTa B BBICOTY B pezKUMe JOMUHUPYIONIEH BA3KOCTH B CJIOUCTOI



cpejie. [Tposejieno cpaBHeHne pe3y/IbTaTOB pacdeTa reOMeTPUN TPEIUHBI, TTOJTY-
YEHHDBIX C UCIOJIb30BaHNEM Pa3pabOTaHHOIO METO/Ia, C U3BECTHBIMU YNC/IEHHBI-
Mu perierusmu. [Tokazano, 9T1o pa3zpabOTaHHBII METO/I MO3BOJIAET YBEJIMIUTD

TOYHOCTH pacyeTa FeOMEeTPUHECKNX XapaKTEPUCTUK TPEIUHbI B CJOUCTOI cpe-

Jie.
JlocToBEpHOCTh MOJIy4YE€HHBIX PE3yJIbTATOB

JocToBEPHOCTD MOTYUYEHHDBIX PE3YIBTATOB JOCTUTAETCS UCIIOIBL30BAHNEM alpoOpPO-
BaHHBIX METOJIMK MOJICJIMPOBAHU U IIPOBEPSETCS CpPaBHEHUEM C CYIIEeCTBYIOIINMUI
YUCJICHHBIMIA W aHAJUTUICCKUMI PEIIeHusIMU. Perienne jij1ss KpyroBoro oTBEPCTHS
B 4aCTHOM CJIy4ae IIOJIYIIPOCTPAHCTBA C CUJILHO IIPOBOJILAIICIT I'paHuIeil ¢ BLICOKOI
TOYHOCTBIO COBIAJIACT C M3BECTHBIM aHAJIUTUIECKUM perienueM. [Ipoduim packpbl-
T U KO3 DUINEHTH THTEHCUBHOCTU HAINPSZKEHNN BJI0JIb TIepUMeTPa PainaabHoil
TPEUINHBI [10]] IOCTOAHHBIM JIaBJICHUEM B TPEXMEPHOI YIIPYIroil CJIOUCTOI cpelie CXO-
JIATCA ¢ aHAJIOTMYHBIMU pe3yJibTaTaMu, II0JYYeHHBIMU C UCIIOJIL30BaHUEM aJbTepHa-
TUBHBIX 110/1X010B. CpaBHEHNE NeOMETPUN TPEIIUHBI, MOy IeHHON ¢ UCIO/Ib30BaHU-
eM MOJU(UITUPOBAHHON TICEBAOTPEXMEPHOI MOJIETN, C Pe3yJIbTaTaMi TPEXMEPHOTIO

MOJC/INPOBaHNA ITI0OKa3aJI0 COOTBETCTBUE PEIYJILTATOB.

IIpakTnyecKkass 3HAYMMOCTb PAOOTHI

Pesyibrarsl JaHHO pabOThl MOI'YT ObITH HCIOJIL30BAHBI MPHU W3YyUEHUU CBOMCTB
cJouCcThIX MaTepuaJjoB. Ocobylo BaKHOCTH pe3yJibTaThl PAOOTHI UMEIOT JIJIsl 3aJ1ad,
BKJIIOYAIOIIIX MOJEJIMPOBAHIE Ollepallii MUIpopa3phiBa IJIaCTa B CJIOUCTON Cpeje,
TakK Kak IIpeJicTaB/IeHHbIe B paboTe MOAXO0/Ibl YBEJINYIAT TOUHOCTD PacieTa reOMeTpU-
JeCKHUX IIapaMeTpPOB TPeIINHbI B CJIOUCTOI cpejie. Bojiee TOUHBI pacyeT reoMeTpun
TPEIINHBI IO3BOJIUT COKPATUTH (PUHAHCOBBIE PHUCKH, BO3HUKAIOIINE IIPU IIPOBEJIE-
HUU IuIpopasphiBa 1miacta. Ilpeacrapiaernsiii criocod pacuera dyHkimn ['puHa s
CJIONCTBIX CpeJI TaKyKe IMPUMEHHM JJIsI MOJEIUPOBAHUSI TPEIUH C IPOU3BOJILHOM
opHeHTallell B IPOCTPAHCTBE, YTO MOXKET ObITh MCIIOJIb30BAHO IIPU MOJIEINPOBAHUN

IIPOIIECCOB B CPeJIe C eCTeCTBEHHO TPeImHOBaTOCThI0. Pesyiibrarsl paboThl IpuMe-



usiiorcss B OO0 "Tasnpomuedrs HTI" mrst mrannpoBamust onepaun raipopasphiBa
mjiacra.

PesyspraThl mpuBejieHHBIE B TyIaBax 2, 3 HACTOSIIEH JuccepTaluy Moy YeHbl ITPu
dunaHCcoBOI noIep:KKe MuHICTEpCTBAa HAayKH 1 BbICIIEro obpaszoBanus Poccuii-
ckoit Dejepalnt B paMKax COTJIAIIEHUs O IpejiocTaieHun cyocumauun Ne 075-15-
2019-1406 ot 19.06.2019 o Teme: PazpaboTka MpuUKIaIHBIX ITPOrPAMMHBIX CPEJICTB
JUTSL TIJIAHUPOBaHUS U KOHTPOJISL Ollepallii M'UIPaB/JIndecKoro pas3pbiBa IJ1acTa ¢ Ie-

JIbIO TIOBBIIIeHNST 9 (MEKTUBHOCTH HedTera3o100b14n. ¥ HUKAIbHBIH 1IeHTUMUIKATOD

corstanenugd: REMEFI57517X0146.

Anpobaruss paboThbl

Pesyibrarsl paboThl JOKJIbIBAINCL Ha ceMuHapax VHCTUTyTa MpoOJeM Malliu-
nosegennss PAH (Cankr-Ilerepbypr), kadeapor Teoperndeckasi mexannka CII6-
[TV, nayuHno-TexHunuyeckoro nenrpa [‘aznpomuedTn, TexHOJIOrNIeCKOr0 YHUBEPCHTE-
Ta 2KeryBa, a Tak»Ke Ha BCEPOCCHIICKIX 1 MEXK,/IyHapOIHbIX KoHpeperusax: Advanced
Problems in Mechanics (1. Cankr-ITerepOypr, 2017, 2018, 2019), Hayuno-rexunuaeckast
KoHbepentns MosobiX yuenbx (r. Cankr-Ilerepoypr, 2018, 2019), Hedrerazosoe
xozsiictio (1. Cankr-Ilerepbypr, 2019), Coupled thermo-hydro-mechanical problems
of fracture mechanics (r. HoBocubupcek, 2019), 4th Polish Congress of Mechanics and

23rd International Conference on Computer Methods in Mechanics (Kpakos, 2019).

CrpykTypa n oo0beM pabOoThI

Pabota cocrouT u3 BBejleHUsd, TPEX IVIaB U 3ak/itodeHust. Pabora cojepxkut 100 cTrpa-

HUIl, 27 PUCYHKOB, 4 TabJINIIBI, CIIMCOK JTUTEPATYPbl cojlepkKuT 91 HanMeHOBaHUIA.

IIyGaukamumu 1mo TeMe mccjaea0BaHUS

a) IlyGimkanuu B u3fganusix, BXoadamnumx B nepedenb BAK:

1. Markov N. S., Linkov A. M. An Effective Method to Find Green’s Functions
for Layered Media / N. S. Markov, A. M. Linkov // Materials Physics and
Mechanics. — 2017. — T. 32. — Ne. 2. — C. 133-143.



2. Markov N. S., Linkov A. M. Correspondence principle for simulation hydraulic
fractures by using pseudo 3D model / N. S. Markov, A. M. Linkov // Materials
Physics and Mechanics. — 2018. — T. 40. — C. 181-186.

3. Markov N. S., Linkov A. M. Improved pseudo 3D model for hydraulic fractures
under stress contrast / N. S. Markov, A. M. Linkov // International Journal of

Rock Mechanics and Mining Sciences. — 2019 (submitted).
6) CBu/IeTeJIbCTBO O PErUCTPAIMHU IIPOrpaMMbl iisi D BM:

1. «IIporpamma pacuera ckopocTn pocta KBasuTpexmepHoit Tpermuabl ['PII B BbI-
COTY B pexKuMme JoMuHupyoiei Bsskoctu». Apropol: Mapkos H.C., JIunb-
koB A.M. IIpaBoobsragarens: OOO "Taznpomuedrs HTIL". Cumerenscreo N
2019613238. lara perucrpanmu: 12.03.2019.
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1 O630p MeTod0B pelleHns 3aa9 MEeXaHUKU JIJIs CJOUCTBIX
CTPYKTYP
1.1 MHcropusi pa3sBuTusI METOIOB PEIIeHNs 3a0a4 JIs CJIOUCTBIX CTPYK-
Typ
Perenne 3a1a4 11 CHCTEMBI CJIOEB, COIEPIKAIIMX TPEINNHBL, OPbI, BKJIIOYEHN, 110~
JIOCTU U JIPyrue HeOJHOPOJHOCTH, UIPAET BaXKHYIO POJIb B 3a/a4aX MEXaHUKU MaTe-
PHAJIOB, CTPOUTEILHOIO UHAKNHUPUHTA, MEXQHUKN TPYHTOB, JOOLIUN OJIE3HbIX HCKO-
aeMbIX, 3JIEKTPOTEXHUKH, ONTUKY, IHapojauHaMuki. Hanpumep, cioucrocts Heob-
XOJIUMO YIUTHIBATH [IPU MOJIEIMPOBAHIH olieparuu rujpopaspbisa miacta (I'PIT) [40],
rOpHOIOOBIBIONTNX paborax [43|, pemennn 3a1a1 reomexannku 91|, a Tak ke B HAHO-
texuojiorusx [36, 42| u apyrux obsactax. Ha Puc. 1 npejcrasien npumep ropHoii

IIOpPOdbl C 9YE€TKO pa3/IMYMMbIMU CJIOAMU.

Puc. 1: Ciioucrasi cTpyKTypa ropHOil 1Opo/IbI

HadaJjio jij1st n3ydeHnsi CJIOUCTHIX CTPYKTYP ObLIO 3aj10xkeHo B 1903 rojy, Korja
BIIEPBbIE ObLJIO MOJTyIeHO 001Iee pelieHne Jjist TI0CKOro yrpyroro cios [31]. Tpems
roJlaMu 11032Ke ObLIO IPEeJICTaBIeHO pelleHne JIJisi TPEXMEPHOT'O YIIPYIoro M30TPOII-

HOro ciydas [28]. CiemyionmM sTamom crajan paboThl, B KOTOPBIX PACCMATPHBAJIOCH
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00 JBa, CJ10s1, JTMOO CJION, MpaHUYIaIiil ¢ moJaynpocTpancTBoM |1, 3]. AsTop pabo-
Thl 1] Takke mpuBesT 0OOOIIEHNE pellleHnst Ha CJIydail HeCKOJIBKIX CJIOEB.

JlanbHeiiee pa3BUTHE METO/IOB PEIICHUS 3a/1a9 JIJI CJIOUCTBIX CTPYKTYP CBsI3a-
HO C UCIIOJIb30BAHUEM JBYX BayKHEHIINX 0COOEHHOCTEH CJIONCTON CTPYKTYPhI: YCJIO-
BUS IJIOCKUX IPAHUI] 1 BO3MOXKHOCTEN PacCMOTPEHUs CJIOUCTOI CTPYKTYPbI KaK CH-
CTeMbI TUIIA HETOYKU.

YesioBre TIOCKUX TPAHUI, MEXKJTY CJIOSIMU TO3BOJIAET NCIOJIb30BaThL Mpeobpaso-
Barue Oypbe st YOPOIIEHNs MOCTAaHOBKN 3adaun. Haumnas ¢ 1960-x romos |7,
18, 19| manHbIil 110/1X0/] OBLT MPUMEHEH BO MHOXKECTBE paboT MO CJOUCTHIM CPeIaMm
[5, 6, 9, 12, 14, 20, 30, 52, 53, 55, 72, 73, 81, 90|. IIpumenenune npeobpasoBatusi
Dypbe TO3BOJIAET CBECTU pelleHne cucTeMbl JuddepennnaabHbiX ypaBHennil K pe-
IIeHNI0 OOBIKHOBEHHBIX JIud depeHInaabHbIX YpaBHEeHU BTOPOIo mopsijika. BekTop
HEN3BECTHBIX B KayKJIOM cJIoe nMeeT pa3zMepHocTb M = 1 B ciaydae rapMOHITIECKOM
3ajjaun, pasMepHoctb M = 2 u M = 3 jnj1gd AByMEpPHOTO U TPEXMEPHOIO C/Iydasd
cOOTBeTCTBEHHO. Ecm paccMaTpuBaeTcst OTHOPOIHBIN CJI0i, TO 00Ilee perenune Cu-
crembl O/IY cocTout u3 JmHeiiHOM KOMOMHAITMKM JIBYX JIMHEHHO HE3ABUCHMBIX pe-
IIeHUil, KOTOpble MOT'YT ObITh HaiiJIeHbl C KCIIOJIb30BaHUEM KJACCUYECKON Teopuun
pemrennst OJIY. D10 obiee perrenne Coaep:KuT 2 BEKTOPa KOHCTAHT JJIsST KarKI0-
ro (pUKCUPOBAHHOI'O 3HAYEHUs YacTOTHI IpeodOpaszoBanus Pypbe. Takum odpasoM,
GUCJIO0 KOHCTAHT (CIEeKTPAIbHBIX KOIMDMUIIMEHTOB) sl KAXKJIOT0 3HAUEHUST YaCTOThI
B paccMaTpuBaeMoM cioe paBuo 2M, rne M — pasmepnocts 3agaun. [lomydaercs,
9TO [T CHCTEMbBI M3 1 CJI0EB (BKJIIOUasT MOJIYIIPOCTPAHCTBA JIJIsT MOJTYOECKOHETHBIX
obJtacreit) HEOOXOIMMO HANTH 21 BEKTOPOB KOHCTAHT JIjIsl KAZKJIOT0 3HAUEHMUST IaCTO-
THI C UCIIOJIb30BAHUEM 21 — 2 KOHTAKTHBIX YCJIOBUM Ha n — 1 BHYTpPEeHHUX I'PaHUIlax
1 2 ycJIOBHUil Ha BHENIHUX I'DAHUIAX PACCMATPUBAEMONl CJIOUCTONH CTPYKTYPhL. DTO
NPUBOINT K JMHeiHO# cucteme m3 2Mn ypasuenuit ¢ 2Mn Hem3BeCTHBIMIU.

Cy1ecTByeT JiBa, OCHOBHBIX IT0OJIX0O/Ia, TO3BOJIAIONINX CBECTH CJ0YKHOCTH UNCJICH-
noro pemtennst K O(2N?n). Oba 101x0/a OCHOBAHBI Ha UCIIOJIL30BAHUE IEOMETPH-

YeCKOil 0COOEHHOCTH paCCManHBaeMOﬁ 3ada9M: CJION IPeaACTaBJIAIOT coboii CUCTEMY
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Tura nernovdkn. TakuM 00pasoM, KarK bl cJIoi mMeeT MaKCUMYyM JIBa COCEIHUX CJIOST.
[lepBoIit MeTO HA3BIBAETCSI METOIOM MATPUUIHOIO Iepenoca. CyTh METOHa COCTOUT
B [IEPEHOCE BCeX HEM3BECTHBIX (CMeINeHUil W yCuIuil OJJHOBDEMEHHO) Ha COCEJIHIUe
rparuisl [5, 9, 34, 84, 85]. B pabore [65] mokazano, 4ro naHHbI MeTON GU3NIECKH
HEKOPPEKTEeH 1 YUCJIEHHO HeyCTOWYINB IPU PENIeHNH 3a/1a9 /ISl CJIONCThIX MaTepura-
J10B. Perenne, mojiyueHHOE ¢ IOMOIIBIO METOa MATPUIHOIO IIePEHOCA, CTAHOBUTCSI
HEYCTOWYHMBLIM y2Ke JIJIsI BOCbMU CJ10eB. IIpu 9ToM BTOPOIT MeTO I, N3BECTHBI KaK Me-
TOJT TUOKIUX MATPHIL, He 00JIaaeT JaHHbIM HepoctatkoM |7, 18, 19, 65, 66]. lanmbrit
MeTOJ1 ObLT 000OIIEH € MCIIOJIB30BAHNEM Pa3HOCTHBIX ypaBHenuii [52|. B pabore [52]
[IOKA3aHO, UYTO METO/I KpaiiHe ycToituus 1 3hpHeKTUBEH, eC/In JIJIs PEIIeHNs CUCTEMbI
ypaBHEHUII ¢ TpexXauaroHaJbHOI MaTpuiein KoM UINEHTOB HCIIO/Ib3YeTCsT MeTO/I
nporouku (8, 2|. TIporonounbie Ko3hMUIUEHTHI [I7Ts1 0Y€Hb TOHKUX CJIOEB (HU3KUE
9aCTOTHI) TIPEJICTABICHBI He3aBucnMo B paborax 4] u [72|. Ilporonounsie koaddu-
IUEHTHI JIJIsT OYeHb TOJICTBIX CJIOEB TpejcTaBieHbl B padbote [4]. B pabore yauThi-
BaeTCs TOT (PaKT, IYTO aMILIUTY/IbI, COOTBETCTBYIOIINE BBICOKUM YACTOTaM, OBICTPO
yOBIBAIOT C yJaJIeHIHeM OT I'PaHMIlbl. TakuM 00pas30M, /i BICOKIX YacTOT KOHTAKT
MOXKHO paccMaTpUBaTh KaK I'PAHUILY MEXKJIy JABYMs CIEIJIEHHBIMU II0JIYIIPOCTPAH-
cTBaMH. ITOT (PaKT IIO3BOJIIET 3HAYUTEIbHO COKPATUTh BpeMs pacueTa (QyHKIUN
['puna Jij1st cioncToit cTpyKTypbl. MeTos, ocHOBaHHBI Ha PA3HOCTHBLIX ypaBHEHU-
SIX, CUCTEMATHIHO IPUMEHSJICS JIJIsl PelleHns 3aJ1ad MeXaHUKU FOPHBIX HOPOJ, JI/Isi
CJIONCTBIX cTPYKTYD |4, 11, 12, 52, 72, 73, 81].

. B 1994 rony B pabore [53| mpejcrasien obrmumit MeTO HAXOXKIeHNsT (DYHKIIN
['puna i1t cionctoix cTpyKTyp. OJ1HA N3 0COOEHHOCTEN METO/1a COCTOUT B IIPEJICTAB-
JIEHII pelleHusl B BHUJe CYMMbI JIByX He3aBUCHUMbBIX dacTeil. [IepBas dacTb cooTBeT-
cTByeT byHKIMN ['puHa 7718 0IHOPOHON OECKOHETHON M30TPOIHOM cpe/ibl. Jlannoe
peleHne MpeICTaBUMO B aHAJUTUIECKOM BHJE U COJAEPIKUT CHHIYJISPHOCTH OT TO-
YeYHOr0 UCTOYHNKA. BTopast yacTh npejcrapisieT J00aBOUHYIO IIaJIKYI0 (DYHKIIHIIO.
[Tojxoy1 K HAXOXKJIEHUIO JIOOABOYHON 4YacT MOJApoOHO ornucan B padore [53|. le-

KOMIIO3NINA Ha CHHI'YJIAPHYIO U IVIaJKYIO COCTaBJIAIOIINE ITO3BOJIACT CYIICCTBEHHO
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VIPOCTUTH YUCJIEHHBIN pacdeT pyHknun ['puna Jijis ciouctoit cpenbl. HecmoTps Ha
IIOJIHOE OIMCaHue MeToja HaxoxeHust pyHkiuu ['puna, JanHas padoTa He cojep-
JKUT uHOpPMAIIE 00 0COOEHHOCTSAX €ro YUCJeHHON peasu3aluu. Takxke B pabore
IpeJICTaBIeHbl TOJBKO (POPMYJIBbI ToCTpoeHns (pyHKIN ['prHa, A1 MIOCKIX 3a/1ad
TEOPHUH yIPYTOCTH.

Baxkneiiias 0ocoOeHHOCTH MpejiCTaBeHHOro B pabore [53| meroma mocTpoeHust
dyuknun ['puHa s CJIOUCTBIX CTPYKTYP COCTOUT B TPUMEHEHUH TPSAMOIo 1 obpaTt-
HOTO IpeobpazoBannsg Pypbe. Takoii MOIX0/ 103BOJIsIET HaliTn Bee (DYHKUU, HEOD-
XOUMbIE JIJIT Pelenns 3a/4a49 0 HeOJHOPO/IHOCTSX B CJIONCTRIX cpejiax. CyIecTByeT
aJIbTePHATUBHBII 110/IX0JI, OCHOBAHHBII Ha NPUMEHEHUN IIPeodpa30BaHust XaHKeJIs
[32, 71, 82|. Jaumbiii moaxon nmpuMmeHen B kjaccmueckux paborax [50] m [51]. B
JACTHBIX CJIYyUasx TaKoil MOJIX0/] MOKET YBEJMUUThH CKOPOCTh pacieToB [81], ogHako
B 00IIeM TpUMeHeHre Tpeodpa3oBains XaHKe/ s MPUBOINT K YCJIOKHEHUIO MCXO/I-
HOIT 3381841 U B HEKOTOPBIX CIydasix K yBeJINIeHUI0 BpeMenn pacdera. Hecmorps Ha
9TO, PsJI PEHIEHU JI/IsT YaCTHBIX CJIyUYaeB, MOJIYUEeHHbIX C UCIIOIb30BaHIEM IIpeodpa-
30BamHmst XaHKeJIs, MOTYT BBICTYIIATH B KadeCTBE 9TATOHHBIX pernenuit (48], [72].

Meto naxoxmennst byHKIH ['puHa cJIONCTO CpeJibl, OCHOBAHHBIN Ha MpuMe-
HEHWW TIPsAMOTo U 00paTHOro npeodpazoBanusd Pypbe, PN YUCTECHHON peaTn3aliim
MOKET OBIThH YJIVUIIEH, eC/Ii UCIOJIb30BaTh ObicTpoe mpeobpasoBanue Pypbe [25]
BMECTO JICKPEeTHOro mpeobpaszosanus Pypoe [17, 24]. D10 no3BosisieT 3aMeTHO yCKO-
pPUTH YUCJEHHBI pacdeT PYHKIUKM ['prHa U COOTBETCTBYIOMNX SJEP I'PAHUYHBIX
MHTErpabHbIX ypaBHEHUI [63], HeOOXOMMMBIX JIJIsT TIPUMEHEHIsT METO/Ia IPAHNTHBIX
sjementoB (MI'D) [16, 23]. Ha panublii MOMEHT, OJJHAKO, OCOOEHHOCTH IPUMeHe-
Husi ObIcTporo mpeodbpazoBanusg Pypobe s HaxoxkAeHus pyHkimn ['pura cioncroi
CTPYKTYPHBI B JIOJIZKHOI Mepe He MPeJICTaBIeHbl B JINTEPATyPeE.

OtmeruM, 9TO OOJIbIIIAs YaCTh PENIEHU, MIPeJICTaBJICHHBIX B paboTax 10 pacde-
Ty dbyHKIIE [')pruHa CJI0uCTOi Cpejibl, MoIydeHa JIJisl IJIOCKON TPeIIuHbl B CJIOUCTO
cpejie. B OCHOBHOM 3TO BBI3BaAHO MHTEPECOM HEMTSIHBIX KOMITAHUI K MOJICTUPOBa-

HUIO TPEINH B CJIONCTON ropHOiT Topojie. MojenmpoBanme Tpenmuubl THAPOPA3PbIBa
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IJIACTa B CJIOUCTOI TOPOJE — OJIHA U3 BayKHEHIINX IMPUKJIATHBIX 3a/1a9, BOSHIKAIO-
MUX P U3YIEHUN CJIOUCTHIX CTPYKTYP. [Ipn aToM B 60IBIIMHCTBE CYIIECTBYIONINX
MoJIe/Iell TPeIIHbI MHIPOPa3pPhiBa CJIOUCTOCTh YUUTBBIACTCH C ITOMOIIBIO TPUOJIN-
JKEHHBI'> METOJIOB. DTO CBI3aHO KAaK CO CJOYKHOCTBIO MocTpoenns pynxnun ['puna
JUIsl CJIOUCTBIX CTPYKTYP, TaK U C HEOOXOJMMOCTbBIO IPOBejieHUsT 3(PMDEKTUBHBIX B

BBIYUCJIMTEJILHOM IIJIaHE PaCdYETOB.

1.2 Pemenune npuk/IaJgHBIX 33/1a9 MEXaHUKHN JJS CJIOUCTBIX CTPYKTYD.
I'mapopa3peiB miacta

['unpopaspeis miacra (CPIT) — wmeros, mmpoko mpuMmeHsieMblii B ra3o- u HedTe-
JIOOBIBAIOIIEH TTPOMBIIIJIEHHOCTH JIJIT WHTEHCU(DUKAITIN JIOOBIYM YTJIEBOJIOPOJIOB 13
CKBasKIH 3a CUeT CO3/aHKsI B IJIACTE TPEIIMHBI, o0ecreunBalonieil MPUTOK J100bIBa-
emoro dutona (21, 29].

Omnepaliust TApopa3pbiBa COCTOUT M3 HECKOJIbKHUX dTanoB. Ha mepBowm 3Talie B
CKBaykKnHe IyTeM IepdOopUpPOBaHUs CO3/IacTCs «3apoJIbIly» TPEINHBI — IMepdopa-
s, VIHTepBasl cKBayKIHbI B 00JIaCTH IIPOJIYKTUBHOI'O ILJIACTA U30JIUPYIOT I'epMeTH-
3aTopaMu (ITaKepaMn) U MexKJy HUMH B CKBaKHHY HATHETAIOT BSI3KYIO KHJIKOCTD.
Poct napieHnst »KuJIKOCTH NPUBOAUT K JaIbHENRIIeMY Pa3BUTUIO TPEIIUHBI. 3aTeM,
KOIJIa TPeIuHa IIPOJIBUIAeTCs Ha JOCTATOYHOE PACCTOSHUE U IPU 9TOM PaCKpbIBa-
eTCsl, B Hee 3aKaunBalOT CIIeNNa/IbHbI MaTepuas — IIPOIIIAaHT, IIPeI0TBPaIAIONNii
3aKpBITHE TPEIUHBI ocie copoca nasenns [11].

Kak BuiHO 13 onmcanusi METOIMKHI, THIPOPA3PHIB IJIACTa — CJ0XKHBIN KOMILICKC-
HBIIl 1Ipoliece, JjIsi OIUCAHKMS KOTOPOI'0 HEOOXOJMMbI 3HAHUS U METOJbl U3 Pa3HbIX
obacreil Hayku (HAIpUMep, THJIPOJANHAMUKE, TeOMEXaHUKH, MEXAHUKN pPa3pyliie-
Hust 1 Jp. ). CJI0KHOCTD MOJIE/IH, OMUCHIBAIOIIEH TOT W WHOM 9(hEKT, CBA3BAHHDII
¢ pocroMm Tpemunb!l ['PII, MokKeT ObITH pa3anyHOll B 3aBUCUMOCTHU OT CTEIIEHU JIeTa-
JIM3AIIAHN.

Heobxoaumo orMeTuTh, 4TO cyinecTBeHHasi ocobennoctb I'PII cocTrout B TpyI-
HOCTU KOHTPOJISI IIPOUCXOJIAIINX Ha OOJIBbIION IIyOMHE IIPOIECCOB, a TaKyKe CJIOXK-

HOI1 reomMeTpun FOpHOfI IIOPOJbI, KOTOpasd MOXKET COAEpzKaTb HECKOJIbKO OECATKOB
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CJI0EB C pa3/jndHbIMU cBoiicTBamu. [IpoBeieHne sKCIepuMeHTOB JI/IsT UCCIIEeI0BAHMIS
['PII tak»ke 3aTPy/JHEHO B CUJIY CJOYKHOCTH MHTEPIPETAINN [TOJYIaeMbIX JIaHHBIX.
OrpaHnveHHOCTb UCXOHON nH(MOPMAIUT, HEOIIPEJIEICHHOCTH CTPYKTYPbI U CBOCTB
1OPOJI Ha TUIyOmHe 100brau Jitonga, O0JIbINON Pazdpoc BEJUIHH, JOCTYITHBIX JIJIsi
n3MepeHuit — 3T (GaKTOPbI COCTABJISIIOT 0COOEHHOCTH ITPOOJIEMbBI. DTO CKA3bIBACTCS
Ha METOJIMKE €ro HaydHOI'O M3yJeHHs U IpaKTuIecKoro npumenenusi. Ocoboe 3Ha-
YeHue MpUuodPETaloT MaTeMATUICCKIE UCCJICIOBAHNSA W INCICHHOE MOJECJTMPOBaHUE
rugpopaspbiBa [64]. [losromy mys Jrytdiiero mOHNMaHUSA U KOHTPOJIsT HEOOXOANMBI I
ITITPOKO MTPUMEHSIOTCS MaTeMaTUuIeCKne MOJICIH.

Paspaborka mosesteit rugpopas3pbiBa Hadaach B 1950x rogax. OHIM 13 IEPBBIX
TPYJIOB B JaHHOIl objactu craja pabora [37]. ABTopbl jnaHHON paboThl paccMar-
puBaju MMpodsieMy THAPOpPa3pbiBa Kak 3ajady MpUKIaHoi MexaHuku. VMu Oblia
YCITEINTHO TIOCTPOEHA TIepBast MOJIE/b, MO3BOJIMBIAS J1aTh PsiJl OTBETOB Ha TaKNe aK-
TyaJibHbIE BOIIPOCHI KaK: OPUEHTAIINsT CO3aBaeMOil TPEINHbI, TPUIUHBI IPOPHIBA B
BOJIOHOCHBII CJIOf, & TaKzKe MOJIYyUIUTh HPUOJINAKEHHYIO OIEHKY ILJIACTOBBIX HAIIPS-
Keuuit 1 oobema Tpermubbl. CpaBHeHNE Pe3y/IbTATOB, MPEJCKA3aHHbIX MOJIE/IbIO, C
peabHBIME JAHHBIMI ITOKA3aJ11, 9TO MOCTPOEeHHas MOJIETh, XOTs 1 He 00eCIIeunBaeT
KOJIMIECTBEHHO TOUYHDLIX PE3YJILTATOB, JIaeT HEKOTOpOe IpejcTaB/Ienne O pa3sMepax
noJiyuaemoit Tperunbl. [Ipoenannast apropamu pabora co3jiasia OCHOBY JIJIsT ITPOEK-
tupoBanud mnponeaypol ['PIL. Baxxno ormeruTs, uTo gannas pabora paccMaTpuBaia
OJTHOPOJTHYIO, & He CJIOUCTYIO CPE/Ly.

Agropsl paboTsr |39] momorin K mpobJieme OIEeHKH TapaMeTpOB TPEIINHBI U BbI-
Oopa ONTUMAJILHBIX apaMeTPOB YKUJIKOCTH T'HIPOPa3PhIBa €O CTOPOHBI TEUEHHS
»kujkocTr. Vjiest 3aK/odaercs B IpuMeHeHnn QyHIaMeHTAIbHOIO COOTHOIICHUST Me-
XaHWUKI CILIONIHBIX cpe/ (I06aIbHOrO bajlaHca MaCChl) K YKIIKOCTH THAPOPa3phIBa,
3aKaINBaEMOil B CKBAXKITHY: YaCTh KIJIKOCTH YTEKAeT B MTOPOJLY, & OCTABIIAACI TacTh
3aI10/THAET 00beM TpeniuHbl. [locTpoennas aBropaMu MOJIe/ b IPUMEHSIeTCST 1 110 Ceil

neHb (HanpuMmep, B KomMepdeckoM cumysisitope MFErac).
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[IepBoit MaTeMaTHIECKON MOJIE/IBIO, YUNTBIBAIONIECH B3aUMHOE BJIMAHUE KITKO-
CTH, 3aKa4eHHOIl B TpeluHy, U jJedopMUpPOBaHUsl TOPHOM MOPOIbI, CTaja MOIEb
Xpucrnanosuua u 2Kesnrosa, npemiokennast 8 1955 romy [47|. dannas mojenb pac-
CMaTpUBAET YCJIOBUs IIJIOCKOM JleOopMalliil B CEUYEHHSIX, OPTOIOHAJbHBIX (DPOHTY
TpemuHbl. B Hell TpermHa MoJIe/IMPYeTCst IJIOCKUM pa3pe30M O€CKOHETHO BBICOTHI,
HAXOJIANINMCS B JINHEHHO-YIIPYToil cpejie. OOBIUHO 9Ta MOjIe/Ib OTHOCUTCS K HAUa Ib-
HOIl cTa My paclpocTpaHeHusl TpeIuHbl. B naabHeiieM 3Ta Moae/Ib ObLIa pa3BUTA
B cTaThe [33| yaeToMm yTeuKkn yKuIKOCTU IHpopa3pbiBa B miact. lanHas omHOMED-
Hag MoJiesib rnojiyunia HasBanume KGD. 9Ty Mojesab MOXKHO paccMaTpuBaTh Kak
IIEPBYIO MOJIEIb POCTa TPEIUHbI B CJIOUCTOI cpejie.

Hpyras nmogobnasi Mojiesib Oblia paszpadorana Ilepkuncom, Kepunom m Hoparpe-
oM (PKN) [70, 77]. B meii npeamoaraercs, 9T0 TPENiHa UMEET KOHETHYIO U T10-
CTOSTHHYIO BBICOTY MHOTO MEHBLIITYIO ee JIIMHBI. BMmecTe ¢ 9TUM Tpe/irnoJiaraeTcs, 9To
YCJIOBHE TLJIOCKO# JecpopMaIiui BBITIOJIHAETCA B IIJIOCKOCTSX, TTapaJsljie/IbHBIX (DPOHTY
TPEIINHBI, & JaBJIeHNEe B KayKJIOM CedeHHHU ITOCTOAHHO. DTU JIBA YCJIOBUS II03BOJIS-
I0T CUNTATh, YTO IOIEPEUHbIE CCUCHUsT PACKPBIBAIOTCA HE3aBUCUMO JIPYT OT JpyTa.
CBsi3b MEXKJIY PACKPBITUSIMEI B KaXKJOM CEUEHUN OCYIIECTBIISIETCS dYepe3 ypaBHEeHUe
HEepa3pLIBHOCTH W YpaBHEHUe JjIs OMucanus Tedenns Kujkoctu. [lo cytn, B Moje-
s PKN paccmarpuBasiachk TpexciioiiHasi cJ0ucTas CTPYKTYPa, Y KOTOPOl IPaHUITbI
KpaifHux cjioeB ObLin He npoHuiaeMmbiMu. Iloguepkuem, uro mogenn PKN n KGD
HCIIOJIB3YIOT OJIHO M TO Ke ypaBHeHne ynpyroctu [69], Koropoe CBS3bIBAET PACKPbI-
THE TPEIIMHBI C JIaB/JIeHUeM Ha ee Oeperax n HaIPsiKEeHUsIMI Ha, OECKOHEYHOCTH.

OTrmeTnM, 9YTO IIepBbIe MOJEJNN THAPOpa3phiBa ILIacTa ObLIN pa3padOTaHbI I10-
YTH OJHOBPEMEHHO ¢ HaYaJIOM IPOMBIILICHHOI'O MCIIOJIb30BAHMS 9TONH TEXHOJIOTHUH,
B 1950-1960 romax, Korjaa Moze b CJIOUCTOCTH TOJIBLKO HadWHAJIA co3aBaTbed. [lpn
9TOM HEOOXOJIMMOCTD ITPAKTUUECKOTO PellieHus 3ajad IPUBOJINIa K TOMY, 9TO yUe-
Hble W WHKEHEPhI CTPEMUJINCH YOpPaTh U3 PACCMOTPEHUs Te HapaMeTpbl, KOTOPbIE

OKa3bIBalOT MaJlO€ BJIMAHUE Ha PE3YJIbTAT.
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B 1970-x BwIpOC/Ia CTOMMOCTL He(PTU U Taza, YTO CIEIaJI0 SKOHOMUUIECKU BbI-
I'OJIHBIM JIOOBIUY M3 HU3KOIPOHUIIAEMBIX ILJIACTOB. ['MIpopa3phiB Ha CKBasKUHAX B
HIU3KOIPOHNUIIAEMBIX IIIacTax TpedyeT CyIIeCTBEeHHO OOJIBIINX 3aTpaT, B CHUIY OCO-
OEeHHOCTEHl CTPYKTYPBI TOPOJIbI: B CKBAXKIHY 3aKATUBAIOT OOJIbIIE KIJIKOCTH 1 IIPO-
IIAHTA JIJI CO3/IaHUST TPEIUHBI OOJIhIIEro pa3mepa (HapuMep, 00beM 3aKadnBae-
MOl YKUJIKOCTH BBIPOC € eJIMHUI] KYOUUIECKUX MeTPOB J10 core [11]). Dru usmenenust
B IIPOIIE/lype MPOBEJICHNs I'UIPOPa3PhIBA BBIABUIN HEJOCTATKU B CYIIECTBOBABIINX
MOJIEJIAX U CTAJIM CTUMYJIOM JIJIsl HOBBIX HMCCJIEIOBAHUI B 00JIaCTH MOJEIUPOBAHMSI.

Cy1iecTBeHHBIM HEJOCTATKOM HCIIOIb30BABIIIXCS HA TOT MOMEHT MOjeJieil ObLia
HEBO3MOKHOCTH yUIECTb TO, UTO ILIACT TOPHOI IOPOJIbI COCTOUT U3 PA3IUIHBIX 110
busmaecknM cBoiicTBaM (U mapamMeTpaMm HallpsiyKeHHO-1e(DOPMUPOBAHHOTO COCTOSI-
HUsT) TOPU3OHTATBHBIX CJI0eB. HeobxomuMocTh ydera 51oro dhakTopa 00ycaoBIeHA
TEeM, ITO FeOMETPHUsl TPEIHBI CYIIEeCTBeHHO 3aBUCAT OT M3MEHEeHHs KakK (qpusnde-
CKHUX CBOMCTB, TaK 1 HAIPSKEHHO-1e(DOPMUPOBAHHOI'O COCTOSHISA CJIOEB.

Briiaji B co3jiatne HOBOIO M0JIX0/1a BHEC/IH HECKOJILKO pabor [83, 88|, B KoTOphIX
ITPOBO/IUJIOCH UCCJIE/IOBAHIE POCTA TPEIIUHBI THIPOPA3PhiBa B TPEXCJIONHOI cpejie 1
BJINSIHIE PA3JININii B MEXaHHIECKNX CBOMCTBAX M HAIPSIZKEHHO-1e(OPMIPOBAHHOM
COCTOSIHUI CJIOEB Ha BBICOTY TPEIIMHBI I'MAPOPA3PhIBA B JBYMEPHOI ITOCTAHOBKE.

HoBbIM 110/1X0/I0M CTaJI YUCJIEHHO peai30BaHHbIE IICEBIOTPEXMEPHbIE MOJIEIIN
(P3D), B KOTOPbIX NPUHUMAETCS DsiJi YIPOIIEHUIT B MPEJCTABIEHIN O T€OMETPUN
TPEIUHBI, TIEPEHOCE YKUJIKOCTH U J1epOPMUPOBAHIN MOPHOIT mopoabl. [lepriv omnu-
caHHeM TaKoil MOJIe/I MOXKHO cauTaTh crarbio [80], omybankoBatuyio B 1986 oy,
OJIHAKO WX Pa3BHUTHE MPOJOJIKAETCSI JI0 CUX Top [27].

HawnboJstee nmpoaBuHyTO# U MOIYJISIPHOI YIIPOIIEHHON MOJIE/IBIO sIBJISIETCs TICEBI0-
tpexmeprasi (P3D) mozenn, nmpeoxkennas Settary & Cleary [80]. Bosee mogpobua
9Ta MOjesIb paspaboTaHa U TpejcTaBieHa B paborax |27, 56, 64, 78]|. Ha manmbrii
MoMeHT P3D ojHa u3 Hambojiee IpUMEHsSIEMbIX MOJeeil JIjIsi MOJeJIMPOBAHUS 1T~

popas3phbiBa IJIACTA.
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B mnpornecce pa3BUTHs TMOSIBUJINCH JIBE€ KATETOPHUU TICEBJIOTPEXMEPHBIX MOJE/Iei:
JIAMIIOBBIE U sT9enCThIe. JlaMIToBble MOJIe/ TN OCHOBAHbI Ha, ITPE/ICTaBJIEHNH TeOMEeTPUN
rpermuibl I'PII aByMa nosyssummncamMu, 9T0 MO3BOJISIET MOJACINPOBATH POCT JINHBI,
BBICOTHI I PACKPBITUS TPEITUHDLI. ['eOMeTprs T9enCThIX MCEBIOTPEXMEPHBIX MOJIE el
1o cBoeit cytu O/m3ka K reomerpun mojesn [IKH ¢ Toit pasnureir, uro Tpemmuna
IIpEeJICTABJIAETCA Pas3/Ie/ICHHON 10 CBOEH JITMHE Ha OTJ/e/bHble d9eiiKu, KarKJas 13
KOTOPBIX MOXKET UMEeTb CBOIO BBLICOTY U PaCKpPLITHE.

HecmoTps ma cymecTBytone pa3andnsd, MCeBA0TPEXMEPHbIE MOJACTN NMEIOT MeXK-
Jly coDOIT MHOI'O OOIIEro: TPEIiuHa pacipoCTPAHIETCd B OJ(HO IJIOCKOCTH, TeUeHUe
JKUJIKOCTH, KaK MPABIJIO, CIUTACTCST OJHOMEDHBIM (9TO, K TOMY K€, HAKJ/IaJiblBa-
eT JIONOJTHUTE/IbHbIE OTpaHNYeHnsd Ha MOJeJIUPOBAHUE IepeHoca MPOoIanTa N3-3a
HEBO3MOKHOCTH ydUeTa B3aUMHOTO BJIMAHUS JBUKEHUA KUJIKOCTH W IIPOIIIaHTa B
BEPTUKAJIBHOM HAIPABJIEHNN ), UCIOIB3YIOTCA YIIPOIEHHBIE COOTHOIIEHHs, OINChI-
BaloIre yIpyryo peakinio mopojabl. OgHO 13 Hanbojiee BaXKHBIX IIPEJITOI0KEHII
— 9TO NPEINOJIOYKEHNE O TOM, UTO TPEIINHa PACIHPOCTPAHAETCA B CpPEJie C OJIHO-
POHBIMI YIPYTHMHU XapaKTEPUCTHKAMU, IOJYJIaeMbIMI B pe3yJIbTaTe OCPeIHEHU
YVIPYTIUX CBOMCTB BCEX CJIOEB, B KOTOPBIX PACTET TPeIllrHa. DTO o3Ha4daeT, uro P3D
MOJIEJIN IIPUHITUITNAIBHO HE CIIOCOOHBI YIeCcTh Bce 0cobeHHOCTH pocTa Tpenuubl ['PII
B CJIOUCTBIX cpejlax. BobaBok K BhIenepeunciennomy, P3D Mojen oka3biBaloTcs
YUCJICHHO HEYCTOMYMBBIMU B HEKOTOPLIX BayKHBIX JIJII TPAKTHKHU CJIyUasIX.

OHAKO, 9TH MOJE/H MOy YN IINPOKOe PpACIIpPOCTpaHeHHe 110 PsIIy IPUImH. A
NMEHHO, paciiupenue objactu npumMenenuns rexHosiorun ['PII nosiiekinee yBesn-
YeHne CJI0YKHOCTH ITPOBOJIMMBIX OINEPAITil, TPUBEIO K CO3JIAHUIO U Pa3BUTUIO KOM-
bIOTEpHBIX Mojieseit. [Ipn sToMm ciaep:kuBatonuM pasButue (GakTOpPOM CTasia orpa-
HUYEHHOCTH BBIYHMC/IUTE/IbHBIX PecypcoB. Bimstaue sToro pakTopa BazKHO, IOTOMY
qTo 33 1a4a MoaempoBanus I'PII HocnT nBoiicTBeHHBIN XapaKTep: ¢ OAHOI CTOPOHHI,
9TO CJIOYKHA HaydHas 3a/1ada, ¢ JIPYroil CTOPOHBI 9TO CJIOYKHAS WHXKEHEepHas 3a/1a4a.
U, ecsin B iepBoM cjiydae cKopeiiliee MmoJiydeHne pe3ysibTaToB MOXKeT YCTYIaTh I10

BazKHOCTHU TOYHOCTHU PE3YyJ/IbTaTa, TO BO BTOPOM CJIy4da€ 3TO IIPOTUBOpEYUE HE HaXO-
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JIIAT OJIHO3HAYHOIO pemrenusi. Takum obpaszom, P3D monesnb, koTopast okazaJach He
caMoil TOYHOIl, He caMoil HaJIezKHOIl, HO OTHOCUTE/IbHO ObICTPO paboTatomeil, cMor-
JIa 3aHSTHh BaXKHOE MECTO B MCTOPUHU PeIleHrs 3aJad O THJIPOPa3pbIBe B CJOUCTHIX
cpejax.

JlanbHeiinee ycoBepIeHCTBOBaHIE MOJeseil IuIpopa3phiBa I1J1acTa ObLIO CBs3a-
HO C yCJIO?KHEHHEM IPEeJICTaBICHIT 0 reoMeTpuu Tpemunbl. [IpakTuiecku oHOBpe-
MEHHO CTaJIl Pa3BUBATLCs M1ockie Tpexmepubie (PL3D) [13] u mosmbie Tpexmepibie
monern (Full3D) [89].

[Ty1ockme TpexmepHbie MOJIEIN MPEIoJIarafT, 9TO TPEIIHA PACIPOCTPAHSIETCS
B OJIHOH ILJIOCKOCTH, TeUYEHHE >KUJIKOCTH CUUTACTCS JIBYMEPHBIM, & JIJIsl ONICAHUS
JlepopMUpOBaHNs TOPHOI TTOPOJIbI UCIIOJIBb3YIOTCS YPaBHEHUs] TPEXMEPHO Teopun
yupyroctu. [lmockne TpexmMepHbie MOJIEIN TO3BOJISIOT CHSITH PsI OTPaHUYIEHUIT, Xa-
paxTepHBIX 111 P3D Mojeseit, oqHaKo OKa3bIBAIOTCS CYIIIECTBEHHO O0JIee 3aTpaTHbI-
MU C TOYKH 3PEHUsT BBIUYNCIUTE/ILHBIX PECYPCOB. XapaKTepHast OCOOEHHOCTD ITOJTHBIX
TPEXMEPHBIX MOJIeJIell 3aK/II0YAeTCsl B TOM, UYTO OHU CHUMAIOT OrpaHruYeHre Ha pac-
IIpOCTpaHeHne TPEIINHbI B OJIHOM 11J1I0cKocTH. [Ipn perennn 3a1a4u rujgpopas3pbiba B
TPEXMEPHOIT TIOCTAHOBKE B OTJINYNE OT IICEBIOTPEXMEPHOI 3HATUTEIHLHO BO3PACTAET
CJIOYKHOCTH PEIeHNs CUCTEeMbl YPaBHEHUI, ONMUCHIBAIOIINX IIPOIECC TUIPOPa3pbhiBa.
DTO 00YCJIOBJICHO 110 OOJIbINEH YacT HEJTUHEITHOCTHIO BXOJISAIINX B HEe OlepaTopOB,
HEOOXOIMMOCTBIO UCIIOIb30BATh TUIEPCUHTYIAPHBINH HHTErPaJI JJIst MOACJTMPOBAHUST
YIIPYTOI'O IMOBEIEHNUSI TOPOJILI K HEOOXOIMMOCTHIO OTCIEXKIUBATDH OIBIZKHYIO T'DAHU-
1y |[74]. DT dakTophl HE MOTYT HE CKAa3bIBATHCSI HA KadeCTBE U CKOPOCTH PabOTHI
MoJIesIeit 1 CUMYJISITOPOB Ha, X OCHOBE.

BaykHbIM HallpaBJeHHEM pPa3BUTHs MOJIeJieil Iupopa3phbiBa sSIBJISIETCS yBeJnve-
Hue onicTpojeiicTBusg. OHO 00YCIOBIEHO TeM, 9TO MHTEPIpPETAIs JAHHBIX [IPOBe-
nenns ['PIT B peassbHOM BpemeHHU TpeOyeTcsl HAJIU4Ine CUMYJIATOPa, CIIOCOOHOIO pa-
60TaTh CO CKOPOCTBHIO, JIOCTATOYHOIN JI/IsT PACUETOB B PEXKIME PEaJbHOINO BPEMEHMH
JUIsT KOHTPOJIsT THJIPOPa3pbiBa B I0JIEBBIX YCI0BUsIX. Ha JIaHHBIE MOMEHT JlocTa-

TOYHYIO CKOPOCTb pacCde€TOB MOI'YT 00ecIeunTh TOJILKO I[ceBJOoTpeXMepHbIE MOOEJIN,
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IIOTOMY 4YTO KaK IIJIOCKHE TPEXMEPHBIC, TaK 1 IIOJJTHOCTBIO TPEXMEPHbLIC MOJIEJIN TPE-
6yIOT OOJIBIINX BBIYUCIATEILHBIX pPeECypCoB. DTO Ke SIBJIAeTCS O,ZLHOI71 U3 IIpUuIrH
HCIIOJIb30BaHd MMEHHO YIIPOIIECHHBLIX MO,ZLeﬂeﬁ ydeTa CJIOUCTOCTHU IIpU MOJAEJINPOBa-

HIW ITpoIiecca TUApopa3pbiBa IJIacTa.
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2 Ilocrpoenune dbynknuu I'puHa aJjisi cjaoucToii cpebl

2.1 TI'panumyHble MHTETPaAJIbHbIE YPABHEHUS JIJisI KyCOYHO-OTHOPOJIHOII cpe-
bl

PaccMoTpuM 1TpOM3BOJIBHYIO OJHOPOIHYIO, KOHEUHYIO MJIM OECKOHEYHYIO, 00J1acTh

D* ¢ rpanureit Ly n nopmasbsio n (Puc. 2).

Puc. 2: ObyracTb noncka perieHus

YpaBHeHne paBHOBecus obJjiacTu D* MOXKHO 3allicaTh B BUJIE

Lu=0 (1)

rjle U — BeKTOp cMmerenuit, L — imneitnnrit quddepenimaibublii orepaTop B YaCTHBIX
npou3BojiHbix [38]. B kadectBe L Mmoxker BbicTyIIATh, HalipuMep, orneparop Jlamiaca
nim onepatop Jlame.

BekTop ycmimit K Tpoum3BOJIBLHOI ILJIOIIAJIKE ¢ HOPMAJIBIO N OIPEJIE/IAETCA COOT-

HOIIIECHUEM

dn = Tnu (2)

3nech Ty, — omeparop ycuinii, onpeieisieMblil COOTHOIIEHIEM

ou
(Thu), = Cv:jkza—g;;nj (3)

rjae Cyji — usnieckne KOHCTaHTBI paccMaTpUBaeMoil 00J1acTu.
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[Ipu pemennn KpaeBoii 3a/1a41 METOIOM IT'PAHUTHBIX 9JIEMEHTOB UIETCS PEIIeHIe
ypasuennst (1) mpm 3aJaHHBIX MPAHUTIHBIX YCJIOBHSX Ha Tpanuie L. B kadectse

I'paHUYHbIX }/CJIOBI/Iﬁ MO2KET BbLICTYIIaTb 3aJaHHOE I10JIE CMQHJ;GHI/Iﬁ

u="fi(x), x¢€lL (4)

WJIN YCUJINIA

dn = fz(X), X € Ls (5)

WM UX JIMHefiHas KOMOMHAINS

Au+ Bq, = f3(x), x€ L (6)

rie A u B — 3ajannbie marpuiiel, a f3(X) — 3ajanublii BEKTOp B BLIODAHHON TOUKE
Ha TpaHMUIIE.

Ilycts B TOUuKe y obsiactu D* paciio/iozkeH TOYEIHbIH NCTOYHUK €IMHIIHON MH-
TEHCUBHOCTH, JIJIsi KOTOPOro U3BeCTHO (byHiamenTaibHoe pererne U(X,y) (yHK-

nust ['puHa), KOTOpOe yIOBJIETBOPSIET YPaBHEHUIO:

LU(x,y) = =d(x —y)I (7)

e I — equananas marpuiia, 0 — jgenbra-gyaknua Jnpaka. @yHjaaMeHTaIbHOE pe-
IeHne UCIOJIL3YeTCs I HaXO0XKJeHUs CUHTY/ISIPHOTO U TUIIEPCUHTYJIIPHOTO Perlre-

HIA

T(Xv Y) - [Tn(y)U(Xv Y)]T
Q(X7 Y) - Tn(x)T(X7 Y)

Ecmm B paccMaTpuBaeMoii CJIONCTOI CTPYKTYpe MPUCYTCTBYIOT TOJBKO MOJIOCTH,

(8)

TO I'PaHNYIHOE MHTECI'PAJIbHOC YPaBHEHUE MOZKET OBITH 3aIIIICAHO B BUJIE

3809 — [ Ve yauw)L,+ [ Teoy)Au@)L, reLl
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['mnepcunry/isipHoe TpaHnYHOE UHTErpajbHOe YpaBHEHNUE, TOIXOISIIee JIJId O~

CaH4Ad KaK HOHOCTeﬁ, TaK M TPpEIINH, UMECT BU/]

1 3C01AG) [ KT @)L, +

T / Q(x,y)Au(y)dL, € L, (10)

rie k(x) = 1 ecim X OPUHAJJIEKUT TOBEPXHOCTH TojiocT 1 K(x) = 0, ecin X
MPUHAJIEXKUT MOBEPXHOCTH TPEIIHHBL.

Ypasuenust (9) u (10) mpuMeHHMBI TOT/A, KOTJIa Ha TPAHUIAX MEZKJY CJIOSIMU
HeT pa3pbiBoB. OJIHAKO B OOIIEM cJIydae yCJIOBUs Ha MPAHUIAX MOTYT ObITh TPOM3-
BOJIbHBIE. B citydae KycouHO-0THOPOIHOIO MaTepUaa ¢ HeOJHOPOIHOCTSIMIL U ITPOU3-
BOJIbHBIME yCJIOBUSIME Ha KOHTakTax (Puc. 3) rpaHndHble HHTErpa/ibHbIe YDABHEHUST

MOT'YT OBITH 3ammcasl B crennaiabioM suje (11) u (12)

Puc. 3: Kycouno-ogHOpOIHBIII MaTeprall

| 1O AGE)L ~ [ Texy)ltut (v) - (1)L -

S

N %Wu*(X) tput(x)] wels (1)
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/LS L%Tﬂy, x) qf (y) - 2%_T—(y, ) qo (y)] dL. —
- /L iQ(X’ y)Au(y)dL, = % 2%QIT(X) + 2%_q;(x)] (12)

rJe [ — MOJLYJIb CJABUTA.

Taxkum obpaszoM, ecjn u3BecTHa (YHKIMs ['puHa, yI0BIETBOPSIONAA 38 aHHBIM
YCJIOBUSIM Ha IPAHUIAX, 3aJa4y HaXOXKJIeHUs CMEIEHNIT 1 HAlIPSXKeHUl B paccMaT-
pUBaeMoil 00/1aCTH MOYKHO CBECTH K PEIIeHNE I'PAaHNYHbIX HHTEIPAJIbHBIX YPaBHEHUI.
BosnnkaeT Bonpoc: Kak MOCTPpOUThL PYHKINIO ['pruHa /71 KyCOUHO-OTHOPO/IHOTO Ma~

TepuaJia’

2.2 Caoucras CTPyKTypa

Ciioucrasi CTpyKTypa — YaCTHBINA cJIydail KyCOIHO-OHOPOIHOM cpejibl. 3ajiada Ha-
xXoxkteHnst (pyHKIun ['puHa JjIs TaKOil KyCOUHO-OJHOPOIHON Cpejibl MOXKET ObIThH
CYIIECTBEHHO YIIPOIIEHA, €CJIU UCIIOIH30BATh JIBA TIPE/IIOJI0KEHIs, OCHOBAHHDbIE HA

reoMeTPUYIeCKOil 0COOEHHOCTH CJIOUCTON CTPYKTYPHI.

e Cjoucrast CTpyKTypa IpEeJCTABIICT COOON CHUCTEMY THIIA HMENOYKN: KaXKIbIii

cJI0i1 UMeeT He DoJiee JIBYX COCEJIHUX CJIOEB;

® FpaHI/IHbI CJIOEB IIJIOCKHME U ITapaJljleJIbHBbIE

[Tycte mMmeeTcst ciouctasi CTPYKTYpa, COCTOSINAST M3 7 CJIOEB ¢ IJIOCKUME TIa-
paJuieIbHbIME paHuiiaMu. [Ipesnosaraercsi, 9To B CJI0IX CTPYKTYPhI MOT'YT COJIEP-
JKaThCs TPEIINHBI, MTOJOCTH, ITOPhI 1 BK/OUYeHust. [Iponymepyem cjion cHu3y BBEpX
or 1 mo n (Puc. 4).

['panunpl cioes nponymepyeM oT 0 o n. Ocu x9 U T3 HApaBUM BJOJb T'Da-
HUII CJIOEB B TOPU30HTAIBHON IJIOCKOCTH. EJIMHITIHYI0 HOpMaJih K IPAHUIIAM CJIOEB
HaITpaBUM BJI0JIb OCH 1. BepxHuM mHjeKcoMm ¢ OyjaeM 0003Ha4YaTh 3HAUYEHUS, COOT-
BETCTBYIOIIHUE ¢-OMY CJIOIO WJIH ¢-OMYy KOHTakTy. Huxknum unjexcom ¢ u b 0yjem 060-

3Ha4aTb 3Ha4YCHMNA, COOTBETCTBYIOLINE BerHeﬁ 1 HUZKHENR I'paHHUIle COOTBETCTBEHHO.
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/—> X3

X2

O\O\O\®O\@

Puc. 4: Ciioucrast crpykrypa

B takux 0603HaUeHNsIX BEKTOP CKadKa IIepeMelleHuil olpeie/isieTcsi COOTHOIIIEHEeM

(13).

RS T N |
Au' = u; —uy)

(13)

st cucreMbl U3 N c10€eB JinHelinble guddepennnaibable ypaBHEeHU PABHOBECHUS
MOTYT OBITH 3aIlUCAHbl B BU/IE:

sesn) (14)
e L' — nuneitnbtit nuddepennmaibiblil onepaTop B 9acTHBIX TPOU3BOIHBIX ¢ (hu-
3UYECKUMU KOHCTaHTaMU 1-0I'0 CJIOS.

YcsioBue paBHOBeCHs Ha I'PaHUIE pas/jiesia MexK/ 1y CJI0sIMI BKJIIOYaeT BEKTOP yCH-
Jani q

qi:qi;"l :qi (1=1,...,n—1) (15)

1 JIMHEHYI0 3aBUCHMOCTDh BEKTOPa CKadKa CMeIleHnii Au 0T BeKTOpa, YCUIii

—~Au' = Alq' (16)
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rie Aic — KBaJIpaTHasl MaTPUIA KOHTAKTHOIO B3aUMOIEHCTBUS Ha I'PAHUIE MEXKJLY 1
u i+ 1 cioem. Ecin paceMmarpubaercs njeabHblil KOHTAKT, TO HOJaraeTcs Ai =0
n Aul = 0.

Eciu B paccMarpuBaeMoit CJIOMCTON CTPYKType TMPUCYTCTBYIOT TOJIOCTH U /N

TpeIHbI, TO 'DaHUYHBIC YCJIOBUA UMEIOT BUJI:

—Au = B.q + Aug (17)

rie Be — cummMmerpuuanast MmaTpuna u Aug — 3aJaHHbI cKavok rnepemertenuii. O0-
pamienne ypasuenus (17) q = —B¢ 'Aug + qg rie qo = —B. 1Aug Brioyaer
caydail, Korja 3ajJanbl YCUINd . JacTHBIN ciiydail 3a/laHHbIX YCUIUH BO3ZHUKAET

nmpu B, ™! = 0, Torma

q =do (18)

OcHoBHast 3a/la9a COCTOUT B HAXOXKJICHUN pellieHns ypapHerust (14) mpn BbIIOJI-
HEHNM KOHTaKTHBIX ycsaosuii (15) u (16) u rpannuansix yesosuit (17) nm (18). His
pelieHus 3Toil 3aja4n HeoOXOUMO HaiiTu GyHKIMO ['‘puHa js0 CJI0UCTON Cpejibl

0e3 HeoHOPOIHOCTEI].

2.3 Meron HaxoXaeHnd pyHKIUN ['prHA JIJIsT CJIONCTOM CTPYKTYPHI

Pacemorpum metos Haxoxkaenust (pyHknnu ['puna st cionctoii cpejibl. Briepsbie
JTaHHBI MeTo| ObLIT IpejicTaByieH B padbore [53].

[Iycth B HEKOTOPOIT TOUKe Kk-OTO CJI0s1, HAXOAUTCS TOUEUHbII HCTOTHUK €IMHIY-
Hoit naTeHcuBHoCTH (Puc. 5). Bynem HaspiBaTh Bee cion Bbile (HUKE) PacCMaTpHBa-
€MOT'0 CJIOsI BepXHEIl (HI/DKHeﬁ) navukoit cjioeB. Torjia nCXoHYIO CJIOUCTYIO CTPYKTYPY
MOZKHO PACCMATPHUBATH KaK CHCTEMY, COCTOSAIIYTIO M3 TPEX dacTeil.

PaceMoTpuM 6eCKOHEUHYIO OJIHOPOIHYI0 U30TPOIHYO CPejy ¢ (DU3MIECKUMIE T1a-
pameTpamu k-oro cosi. B TOUKy y 9TOro ¢/10st IOMECTUM TOYEYIHBINH HCTOTHUK €/TH-

HUYHOI nHTeHcuBHOCTH. [loJie cMerennii, WH Ty IIMPOBAHHOE STUM UCTOYHUKOM, 000-
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Puc. 5: Togeunnlit NICTOYHUK B CJOUCTOI cpejie

suaanM Ug(x,y). B obmem ciayaae Ug(X,y) yI0BIETBOPSIET YPaBHEHIIO DABHOBE-

cust TOJIbKO B k-oM cjioe. Beejiem B pacemorpenne j1o6aBky U, (X, y) Takyro, 4ro

U(x,y) = Uo(x,y) + Ua(x,y) (19)

YJIOBJIETBOPSET YPABHEHUIO PABHOBECHS /I BCEX CJIOEB, a TaK K€ TPAHUIHBIM U
KOHTaKTHBIM ycjIoBUsIM. TaxkuMm obpa3om, 3a/1ada HaX0xKIeHust (pyHKInu [ puHa cBo-
JUTCs K 3aj1ade HaxoxkjeHust jgobasounoit gyukinn Uy(X,y), Tak Kak pereHue
Up(x,y) ussecrHo.

Ormerum, 9T0 i-biit crosbern mMarpuibl U(X,y) €cTb BEKTOD CMeIeHuil, MH-
JIyIIPOBAHHBIN TOYEUHBIM HCTOYHUKOM, JIEHCTBYIOIIMM B HAIIPABJICHUU X;. JHas
Up(x,y) B GeckoHeuHOl 00/IaCTH MOXKHO HaiiTH BEKTOD CMeIeHWH Ha BepxXHeil u

k k

HuzKHell rpanune k-oro ciod. OOO3HAYUM STH CMEMICHUs] KaK Uy M U COOTBET-

CTBEHHO, a COOTBETCTBYIONINe BeKTopa yenmmit Kak X m g~ (Puc. 6).

Puc. 6: Yeunus Ha rpaHuiax k-oro cjiosd
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[IpuiozxuM yemms g K HuzKHel rpanuie BepxXHeil madk cjoes. I1pemonoKm,

9TO IS TAKOH CHCTEMbI HaflJIeHO pelreHye. AHAJIOIMYHO MPHIOKHM ycuams qX~!

1 HaliJieM perenne Jijis HiKHell madkn cioes (Puc. 7).

Puc. 7: Bepxusasa n HUKHASA MadKa CJI0EB 0T JIeHCTBUEM YCUINi, WHIYTTHIPOBAHHBIX
TOYEIHBIM UCTOYHUKOM B k-OM CJI0€

Obo3HaunM HailjleHHOE pereHne Uy. OTMETHUM, UTO Uy COJECPIKUAT B cebe 3HAUCHMS

CMeIlleHnil Ha HIKHell rpanune k + 1-oro cios u BepxHeil rpannie k — 1-oro cjos.

~k+1 _ ~k—1
O06o3Ha49nM 3TH CMeEIIeHNs ub+ n U, = COOTBETCBeHHO. B o0mmem cirydae u}: —

Gt i uk — ! He yoBIeTBODSIOT KOHTAKTIBIM YCIOBUSIM Ha BEPXHEi 1 HizHei
rpauiie k-oro cjiost. YCTpaHUM 3TO HECOOTBETCTBHUE, 3aIlNCAB COOTHOIICHIE
k _ Akqk | skl Kk
—Auj = Alq*+u," -y
§ . (20)
-1 _ Ak—1,k-1 ok _ =k—1
PaccmoTrpum Tenephb 3a/1a4y HaXoXK/IeHUs 0JIs CMEIeHU B CJIOMCTOl ITauKe IIpH
HEOIHOPOIHBIX yestoBusx (21) ma k-oit u (k — 1)-oit rpamue
—Auk = Alc‘qk + Aulc‘l
1 (21)
k—1 _ Ak—1_k-1 -
—Au*T" = AT g + Auy

1 OJTHOPOJHBIX ycsoBusix (16) Ha ocrajibHbIX rpanuiax. OOO3HATNM MOy IEHHOE

pelenne U.
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[IpojiesiaeM aHAJIOTHYHYIO [IPOLEYPY Jyist Beex cTosibnoB Marpuilbl Ug(X,y).
[Tostyunm marpuiel Uy (x,y) 1 ﬂ'(x, y). Torna nob6aBouHast MATPUIIA OIIPEIEIACTCS

COOTHOIIIeHEeM

Ua(x,y) = U*(x,y) + U(x,y) (22)

Oxkonuarebio pyHKIMA ['pruHa /It CJIOUCTON CTPYKTYPbI IMEeT BU/I:

U(x,y) = Up(x,y) + Uu(x,y) + ﬁ(xa y) (23)

rie Ug(x,y) = 0 Bue k-oro ciiost, rje JeificTByeT TOYEUHBI UCTOYHUK, & BHYTDH
3TOr0 CJ10s1 BhINOJIHATCsI paBeHcTBO U (X, y) = 0. Takum obpaszoM, jijist HAXOXK JIeHUsT

dyukmuu ['puaa B c/1oucToil cpejie HeoOXOMMO PENIUTh TPU OJHOTHUITHLIE 3a/1aH:

e Jlj1s1 mauky n — k BePXHUX CJIOEB 11O/ JIeiCTBUEM 3a/IaHHbIX YCUJINI Ha HUXKHEI

FpaHUIIE

e Jlst nauku k — 1 HUXKHUX CJIOEB 110/ JIeiCTBIEM 3aJIaHHbIX YCUJINI Ha BepXHeii

rpaHUILE

e Jlyist mauKy M CJIOEB IPU HEOJHOPOJHBIX ycsoBugax (21) ma k-oit u (k — 1)-oif

IPAHUIAX U OJJHOPOJIHBIX yCI0BHsIX (16) HA BCEX OCTAJBHBIX MDAHUIIAX.

JlaHHBIE 331241 PEIIAIOTCS 110 OJJHOMY ODINEMY aJrOpUTMY, OCHOBAHHOMY Ha IIPHU-
MeHeHnn peoopaszoBanus Pypbe n MeToj1a porouku. [Ipusejiem jgeraabHoe ormca-
HIE 9TOr0 aJICOPUTMA.

PaccMoTpuM CJIONCTYIO CTPYKTYPY, COCTOSIIIYIO U3 1M OJHOPOIHBIX CJI0OEB U HAXO-
JISIILYIOCS MEXKJLy JIByMsl IOJIylpocTpaHcTBaMu. bynem HymepoBaTh ciion oT k + 1
10 k + m, a ux rpanuiier ot k 10 k + m (Puc. 8). Bygem paccmarpusath 3a1ady o
HAXOZKJICHUU I10JIg CMEIIEHUIT B CJIOUCTON MavkKe Mo/JI JeiiCTBUeM YCUINN Ha HUZKHEN
rpanuie. OcrajbHble JIBe 3a/1a9l PEIIaloTcd aHAJOITIHO.

[IpumeHnM K MCXOJHBIM ypaBHeHUsIM mpeobpasosate Pypwe [15], [22], ompee-

JIAEMOE€ COOTHOIIICHNEM
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Puc. 8: Bepxussa n HUKHSS TavdKa CJI0EB IO IeICTBUEM YCUINIT Ha HUXKHE rpanuile

f(x1,82,83) = / F1, 9, 23)e 2272 4555) 4o g (24)

(0.9]

rie i = +/—1, $o u S3 — gacTorhl Hpeobpaszopanust Dypoe.

[IpeobpazoBanne Oypoe M03BOJISET YCTAHOBUTEL CBSI3b MEXKY YCUIUAMU U CMe-
MEHNSIMI B paccMaTpuBaeMoit obiactu [6]. B wacTHOCTH, HA TpAHUIAX CIIPABEJINBBI
COOTHOIIIEHUS

u; = Rtqt + Renqp

) ) ) (25)
up = Rpeqe + Rpbap

rie Rit, Rip, Rbt, Rpbp — U3BecTHBIE KBajipaTHbIe MaTPUIbl. 3ammcan (25) /st KazxK-

HA0I'0 CJIOA ITOJIYIHUM COOTHOIIEHUE JIJIA Pa3pPbIBa CMEIICHUIT Ha I'paHHule MEXKIAY CJI0-

AMN

fli) . flt R1—|—1~1—|—1 (R1+1 Rl )"1 Rl oi—1 (Z = ]{3, ceey k + m) (26)

Bocmoib3yemMest rpaHUYHBIMI yCIOBUAME 1 3anuiieMm (26) B Buje

Alg ' - Cg+B@™" +F =0 (i=k,...k+m) (27)
re Al = —Rl: Cl=-A.+ Rl - Rit" Bl =R Fi = —Ad)
Yeumg Ha (k +m+ 1) u (k — 1) I'paHuIax MOXKHO CUUTATh PaBHBIMU HYJIIO, TaK

KaK pacCMaTPUBAIOTCs MOJYIPOCTPAHCTBa. Torga MOYKHO 3allIcaThb
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Ak+mqk+m—1 . Ck—|—mqk—|—m + Fk+m =0

(28)
_Cké'lk 4 quk—i—l 4 Fk =0

OTMGTI/IM, 49TO B paCCMaTpUBacMOM CJIyda€ 3aJaHHbIX Ha k-oit I'paHuiie yCI/IJII/Iﬁ,

nMmeeM

C=T, F<=g" (29)

B ciyuae, korga ycminst 3ajana Ha (k + m)-oif rpanure, nmeem

Fk—|—m _ qk—l—m (30)

Jlst pertiernst cucteMbl ypaBHeHUH (27) MOYKHO HCIOIB30BaTh 3MMEKTUBHBIN 1
YCTOWYUBBII METOJI IPOIOHKH, KOTOPBIH MO3BOJISIET TTOJYINTh PEIIeHre JIJIsi JTF0O0Tr0
qucya cjioeB. MeToj mporoHKn cOCTOUT W3 JABYX 3TalloB. Ha mepBoM HeoOXOIuMO

HAWTHU MPOrOHOYHBIE MATPUILI @' U TTPOrOHOYHBIE BeKTOopa b'.

ak+1 _ (Ck)—l Bk, bk—|—1 — (Ck)_l Fk
a1 = (C' - Ala)) ' B (i=k+1,.,k+m—1) (31)
bi+l = (Ci — Aiai)_1 (B'+A'bY) (i=k+1,...k+m)

Ha BTOopoM sTalre Haiigennble al 1 bl HCHo/b3yIOTCS U1 HAXO0MK IEHNS CMEIIeHIIT

1 yCuJInil Ha I'paHUIax

qk-l—m — bk+m+1

g~! =a'g + b (t=k+m,..k+1)
. o . (32)
il = (RL +Ri ah)@ + Ryb'  (i=k+m, ...k +1)
4, = (R, + R},a)@ + Rppb' (i =k+m, ... k+1)
g mostydenus 3nadennii cMenennii B JIeKapTOBOW cUCTeMe KOOpIMHAT K Haii-

JIEHHBIM BeJIMYNHAM HeoOX0IMMO IIPUMEHUTH oOpaTHoe 1peodpasoBanne Dypwe, orpe-

JeJIbdeMoe COOTHOIIIEHNEM

1 +00 +oo )
f(x1, 29, 23) = m/ f(x1, s9, 53)62”2(52x2+53x3)d32d33 (33)

—00
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HO,ZL‘{epKHeM, qTO ,[L&HHblﬁ AJITOPUTM C HESHAYNTEJIbHBIMN MO,ZLI/ICI)I/IKaL[I/IHMI/I nuc-
IHOJIB3YyETCA IJId PEIICHNA TPEX 3a/a4, BOSHHUKAIOIUX IIPU HaXOXKIACHNU CbYHKIlI/II/I

['puna jitst cJI0MCTO Cpeibl.

2.4 Tloctpoenme pynknus I'puna i1t ABymepHOro oneparopa Jlammaaca

PaccmoTrpuM ayiroput™m moctpoenune (pyHKIUKM ['puHa /s ABYyMEPHOTO ypaBHEHUS
Jlaraca [67]. Ocobbiit nHTEpEC MPEJICTABIISIT JorapiudMuIecKast 0COOEHHOCTD (DY H-
JlaMeHTaJIbHOTO PeleHus JIBYMEpPHOTo ypaBHenus Jlamiaca, Tak Kak Ha OeCKOHed-
HOCTHU TaKOe pellleHne He CTPEMUTCHA K HYJIIO.

B nexapToBoil cucTeme KoopAauHaT JAByMepHOe ypaBHeHue Jlammaca nmeeT BU/I:

Pu o _
or? = Ox3

Torna onepaTop st 1-0r0 CJIOA MOYKHO 3aITCATh KaK

Viu = 0 (34)

0> 0?
=33 "o

Bynem roBoputh 00 ypasuenun Jlamiaca B TepMIHAX TOTEHIAIOB (1), TOTOKOB

L (35)

(q¢) n nponunnaemoctu G.

[ToTokn OIIPEACJIAIOTCA COOTHOIIECHMNAMN

ou
q1 = G%

! (36)
g
a2 O

[Toroku ¢, B HAIpaBICHUN HOPMAJIM N PACCYNTHIBAIOTCA 110 (POPMYJIe

ou

=G— 37

IrJIe IIPOM3BOAHAS CMEIICHNIT 110 HOPMAJIU OIPEJIE/IseTCa COOTHOIICHUEeM
ou ou ou
= — cos(n, x7) +—=— cos(n, X3) (38)

8_11 81’1 )
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DyngaMeHTaJIbHOE pelllenre ypaBHennd Jlammaca nmeeT jorapuMudecKyo CiH-

I'YJIIAPHOCTDL U OIIpeaeIdAeTCdA COOTHOIIEHUEM

Up(x,y) = —% In(r) (39)

rie v = /(1 —y1)? + (x9 — y2)? — paccrosiue 10 ToueuHOro HcTouHMKA. OTME-
UM, 9TO pererne (39) yaoBieTBopseT ypaBHeHUO (34) BCIOLY, 38 UCKJIIOYEHIEM
oYK (Y1, Yo).

[Toroku, coorsercrByiomue PyHIAMEHTAILHOMY PEIICHUIO, BBIYUC/ISIOTCS C 110~

MotIbIo (hopmyiibt (40):

1 (zi — i)
QT 40
di 2 r ( )
Z[JIH CbYHILaMeHTa.HbHOFO peH_[eHI/Iﬂ BBIITOJIHAETCA Ba)KHeﬁHlee paBeHCTBO
Uo(x,y) = Up(y, x) (41)

Ormernm, aro st perenns (39) coornormmenue (41) odeBuao, Tak Kak Uy 3aBu-
CHT TOJILKO OT PACCTOSHUS 7', B KOTOPOE KOOPAMHATHI NCTOYHUKA U IIOJIEBOH TOUKM
BXOJIAT cMMeTpndHo. B 6ostee ob1miem cirydae (41) ecThb ciieicTBIE TEOPEMbI B3aNM-
HocTu. [IpuMeHNTEIbHO K TPaHMYIHBIM HHTErPAJbHBIM YPABHEHUsIM pEIIeHns BUIA
(39) ciryKar sijpaMu oTeHnuaa mpocToro ¢/iosd. CHHIY/IIPHbIE PEeleH sl 01y dae-
MbI€ OJTHOKpATHBIM JinbdepeHImpoBaiueM 110 HAIPABICHUIO N, 38 JaHHOMY B T10JIe-
BOIT TOUKE X, I YMHOXKEHHBIE HA MOJLYJIb ¢ABUTA (G, CIYZKAT si/IPAMI /I TIOTEHITA/IA
“HopMaJIbHOI TIpon3BOIHON . CHUHIYJIAPHBIC PEIIeHUsd, T0JydaeMble OJIHOKPATHBIM
g depennupoBanneM 110 HAIPABJICHUIO 1, 3aJIaHHOMY B TOYKe HUCTOYHUKA Y, U
yMHOKeHHBIe Ha (7, CJIyzKaT siApaMu Jjist MoTeHIra/1a JBoiHOro cjiosg. OcoOeHHOCTD
MOTEeHINAJIA JIBOWHOIO CJI0SI COCTOUT B TOM, YTO B HEM He coJepxKuTcs auddepeH-
IIIPOBAHMUS I10 OJIEBON TOYKE, IIOITOMY 9TO peIllleHre He HapPYyIIaeT OJHOPOIHOCTD
YCJIOBHI Ha TPAHUIE, €CJIN TaKUM YCIOBUSIM YIOBJIETBOPSAET NCXOIHOE CHHIYIISTPHOE
perrenne. B ¢BsI31 ¢ 9TUM MTOTEHIIUAJ JIBOWHOTO CJIOST UCIIOJIB3YETCsI JIJIsT IIpeJicTaBie-

HUSI CAMOT'O Pelliennsi, a He TOTOKOB. CUHTYJISIPHBIE PellleHns, moaydaeMble udde-
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pEHIIpOBaHNEM ITOTEHITHAJa JIBOMHOTO CJI0s 110 HAITPABJICHUIO N, B IOJIEBON TOUYKE
X, 1 YMHOYXKeHHbIe Ha (G, CJIy»KaT s/ipaMu THIIePCUHTYJIsipHOTO ToTennuaJa. [To cyru,
9TO TIOTOKHU, OTBEYAIONIIe CHHTYIAPHOMY PEIICHHIO JIJISt MOTEHIAJIa JIBOTHOIO CJI0s
[58].

[lepBbiM 11arom jist moctpoenns ¢gpyHkiun ['puna nBymepHOro omneparopa Jla-
miaca Oyjer npuMmeHenne mpeodpasoBanus Dypbe K UCXOTHBIM ypaBHeHUSM. Pac-
CMOTPUM IIJIOCKOCTD, MEPIEeHINKY/ISIPHYIO Ocu T3. Torja ob/1acTh MOMCKa, peleHns
obpazyercst 0a3UCHBIMU BEKTOpaMU T1 1 XTo. Tak KaK 0Ch X1 MEPHEHIUKY/IsIpHA T'Pa-
HUIIAM CJI0EB, TO MpeoOpaszoBanne Oypbe BOZMOKHO TOJTHKO B HAIIPABJIEHUH Xo, TAK
KaK B 9TOM HaIlpPaBJIEHUU CBOMCTBa OJIHOPOJIHBIE.

[Ipumenum mpeodbpazoBanue Pypobe K ypapaenuio Jlamraca. [Toxyamm coorrore-
HUE

9~
a_z; — 5% =0 (42)
Oxy

st naxoxkpennst (pyHkiuy ['prHa 10cTaToOvHO 3HATH 00pa3 IOTOKOB B HallpaB-

nernn ocu 1. [lo dopmyse (37) nosyaaem
ou

= Giﬁ_azl (43)

Hanee, st KpaTkocTu n3joxkeHus, Pypbe-00pasbl HOTEHIINAJIOB U IIOTOKOB OY-
JleM Ha3bIBaTh IIPOCTO IHOTEHIMAJAMI U IIOTOKAME. ¥YI00HO IIPeJICTaBUTh pelleHne
yepe3 CyMMY CUMMETPHYHON U aHTHCUMMEeTpUdHO dyacTu. Toraa crpaBeiinBbl CO-
OTHOIIICHUST:

U= Us + Ug
(44)
qd=¢qs t+qa

Ob11ee perenne ypapaenust Jlamiaca nmeer BuI

@ = ¢y sh(sxy) +¢o ch(sxg) (45)
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CI/IMMGTpI/I‘{HaH U aHTUCUMMETPpHNYIHaA 9aCThb IIOTEHIUAJIOB OIIPpEACJIAIOTCA COOT-

Uy = 5 (U(21) — a(—21))
(46)
Uy = 3 (@(z1) + a(—11))
3 (45) u (46) monygaem
Ug = 1 sh(sx;g
(sx1) )

Uy = coch(sxy)
AHaJIOrNYHO MOJIYHYAIOTCA COOTHOIIEHU JIJIsT CUMMETPUYHON ¥ aHTUCHMMEeTPHYHOI

JaCTH ITOTOKOB:

~ Gs
Gs = ca52 sh(sxq)

2 (48)
Go = 61% ch(sxq)

I3 coornomennii (47) n (48) MOXKHO MOJTyYNTH COOTHOIIEHHs, CBA3BIBAIOIIEE 3HA-

qeHUAd CUMMETPHUYIHBIX qacrei IIOTEHIINaJIOB U ITIOTOKOB

as - ngs
(49)
ZNLa - Raga
rie
Ry = £ ch(sxy)
¢ (50)

_ 2
Bocrosibayemcest coorHotenusiMu (25) 1 Moy IuM BbIpazkeHust Jijist Ko huImes-

TOB, CBA3bIBalOIIME ITIOTEHIIMaJIbl 1 IIOTOKNW Ha I'paHUIlaX

1
Ry = 5 (% ch(sxy) +4; th(sxl))
1
Ry, = —3 (& ch(sxq) —&; th(sxy))
1
By = 5 (& chlsx1) =& thisx) (51)

oy
&

I

|
N | —
~—
9

25 Ch(SXl) —|—% th(SXl))
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BHast 911 BeIpazkeHust 1o dhopmysaam (32) MOXKHO MOJYIUTh 3HAUCHUST TTOTEHIH-
aJIOB 1 IMOTOKOB Ha T'PAHUIAX MEXKJIy CJIOsiMU. 3HAaYeHUsl B IPOU3BOJILHOI TOYKe
BHYTPHU CJIOEB MOI'YT ObITh PACCUUTAHBI 110 3HAYEHUSIM IIOTEHIINAJIOB 1 IIOTOKOB Ha
I'PaAHMUIAX 9TOr0 CJjosi. boJiee TOro, Jiisi pelreHns KPaeBbiX 3a/1a9 J0CTaTOYHO Pac-
canTaTh GyHKINO ['prHA B TOYKAX, UMEOIINX HYJIEBYIO KOOPIUHATY 110 OCSIM To I
x3. eficTBuTeIbHO, TaK KaK paccMaTpuBaeMasi cpejia N30TPOIHA B HAIIPABJIEHUIX
To U X3, TO pellenue jjisg 6eCKoHevHOoi obyiacTu OyJIeT OJHO M TO K€ B TOUKaX C
OJIMHAKOBOM KOOPJANMHATON X7.

HaiijieM cooTHoIIeHNs, CBsA3bIBAIOIINE ITOTEHIUAIBI U ITOTOKU BHYTPH CJIOSI CO
3HAUYEHNAMU Ha TpaHunax. /lisg ymodOcTBa npomsBejieM HOPMUPOBKY. Benmunubr ¢
Pa3sMEpHOCTBIO JIJIMHBI OYJIeM HOPMHUPOBATH Ha, MOJIOBUHY TOJIIUHBI k-0r0 cjiod Ay,
B KOTOPOM HAaXOJUTCsl TOYEUHBIH MCTOUYHHK. Torma hi = h; /hy.. Tponunaemocts
Oy/JeM HOPMHUPOBATH Ha IPOHUIIAEMOCTb Kk-OT'0 CJIOSI éz = G;/Gy. B nanbueiiem
OyJeM IojiaraThb, 9TO BCE MCIIOJIb3YEeMble BEJIMYUHBI SIBJISIIOTCS Oe3pa3MepHBIMU 1
JIUIsT ya00cTBa He Oy/ieM BBOJUTH ClielnajIbHble 0003HAYCHMS.

ITycTb perenne Ha IpaHuIaX MOJYIEHO JJIst HCTOTHIKA, PACIIOJIOXKEHHOTO Ha OCH
x1 B Touke (29, 0). MsBecTHo, uTO 114 MOIyUeHnst 3Hadenuit bynximn ['puna BHYT-
pPU CJIOEB JIOCTATOYHO HAMTH 3HAUYeHUEe J00AaBOYHONH (PYHKIIMU BHYTPH STHX CJIOEB.
Taxum obpazom, JJId TOJTyUYeHs 3HadYeHnit pyHKIn ['prHa BHYTpH BCEX CJIOEB JI0-
CTATOYHO 3HATH 3HAUYCHUE J1I00ABOYHON (DYHKIMU Ha BCEX I'DAHUIAX.

C yuerom toro, uro G = 1 u moJOBUHA TOJIIUHBL ¢Jiost by = 1/2) 3HaveHus
JIOTIOJTHUTE/IbHBIX TOTOKOB Ha, BepXHeil 1 HU»KHeil rpaHulle k-oro CJios OIpeessiioTcst

COOTHOIICHUAMMN

Jat = S(c1ch(s/2) +cash(s/2))

(52)
Gap = s(c1¢ch(s/2) —cosh(s/2))

rie
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cl = (ja,t + C]a,b

2s Ch(s~/2) (53)
Co = Qa,t - QG,b
>~ 25 sh(s/2)

TOF,H& SHa4YCHNA JOIIOJIHUTC/IbHBIX IIOTEHIMAJIOB 1 IIOTOKOB BHYTPH k-oro cjos

NMEIOT BUJL

2s sh(s/2)

~ q~a,t _'—ga,b

U= 55 chs/2) Shlx) £

Ch(SXl)
(54)

~ Cjat'i'gab Cjat_qab
o« = ————ch ————————sh
¢ 2ch(s/2) chisxa) 25 ch(s/2) shisxa)

B koneuHom mrore, 3HadeHusl MOTEHIINAJIOB U IIOTOKOB BHYTPH k-0OT0 CJIOsI, CO-
oTBeTCTBYyIOIIE PyHKIMN ['prHa JijIs CJIOUCTOM Cpejibl, MOI'YT ObITH IPEJICTABICHBI
COOTHOIIEHUSIMU

U = Uy + Ug
(55)
qd=qo+qa

BaykHo OTMETHUTD, UTO JJIs IOy IeHIs peaTbHbIX 3HaYeHnii TOTEHITNAIOB U TTOTO-
KOB, K IIOJIYYE€HHBIM BeJIMINHAM HEOOXOMMO IIPUMEHNTHL 0OpaTHOEe IIpeodpa3oBaHue
Oypoe. [IpumennTenbno K ¢ pe3yabTaToM 0OpaTHOrO Npeobpas3oBanud OYIyT yCHu-
JIist @ . SHAYEHHE ¢ MOXKHO IMOJIYYHUTH ITyTeM 00paTHOro mpeobpasobanus Pypbe

OT (o, BEJINUMHA KOTOPOIl olpeiesisieTcss COOTHOIIEHNEM

Go = —isi (56)

rae i = /—1.

[Ipe icTaBIeHHbIE BBINIE COOTHOIIEHUS IO3BOJIAIOT HaliTh (GyHKIMo ['puHa s
JByMepHOro oreparopa Jlamiaca. OTMernM, 9T0 OPMYIIbI HOTYUYeHbI B ITPEION0-
KEHHNH, 9TO paCcCMaTpHuBaceMbI€ CJION UMECIOT 6eCKOHeI‘IHbIe pa3MEpPLI B HallpaBJICHUN
OCH T9, TAK KaK JUIsl HOJIYIEHUS CBSI3U [OTEHIHAJIOB I II0TOKOB Ha I'DAHMIAX IIPH-
MeHsIeTcs mpeobpasosanie Pypbe Ha GeCKOHEUHOM MHTEpBaJie. 1pn 4nc/IeHHoil pe-

aJIM3aIlNN AJrOPUTMa, UCIIOJIB3YeTCsT IUCKpeTHoe mpeobpasoBanme Pypwe [17], [24],
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KOTOPOE BO3MOYKHO TOJIBKO Ha KOHETHOM nHTepBaJie. [1pn peannsamnmun n3m0:kKeHHOTO
B JIAHHOI paboTe 1o/ixo/1a K HaX0xKIeHno pyHKImn ['pruHa MOXKHO BOCIIOJIB30BATHCS
ObicTpbIM TIpeobpasoBatneM Pypbe [25], KOTOpoe MO3BOJISIET YMEHBIINTh BHIUUC/TH-
TenpHylo cnozknocTh ¢ N2 1o Nlog, N B msymeptom ciayuae n ¢ N3 o N2log, N
B TpexMepHOM, rie N - 4HUCI0 TOYeK, Ha KOTOpoe pa30mTa paccMaTpuBaeMas 00-
JIACTh B BBIOPAHHOM HAIlpaBjieHnn. B TpexmepHOM ciiydae IojaraeM paBHOMEPHOE
pasbuenue 1o HallpaBJICHUsIM Xo U T3. B obieM ciydae, Korjaa HeoOXOIUMO HalTh
BCe s/Ipa MHTETPAIbHBIX YPABHEHUIT, /I KayKJI0r0 TOJI0KEHUS TOYETHOI'O NCTOIHHU-
Ka HeoOXO/IMMO TTPOBecTH J10 36 NMpsMbIX U J10 9 0OpaTHBIX 1peodbpazoBanuii Dypre.
C y4eroMm TOro, 4To KOJUYIECTBO TOUYEK, B KOTOPBIX PACIIOJIOKEH MUCTOUHUK, MOZKET
OBITH CKOJIb YTOJHO OOJIBINNM, UCIOJIL30BaHne OblcTporo mpeodpasoBannsg Dypbe
MOZKET 3aMETHO YBEJMIUTh CKOPOCTH pacdeTa qpyHkiun ['puHa.

Breibop niepuojia npeodpazoBannsg Oypbe siBIATCs OJIHON U3 BayKHEHIINX 38184
[IpU YUCJIEHHOM pacuere pyHKINN ['pruHa, Tak KaK OT 3HAUEHUsI IIePHO/Ia 3aBUCHT He
TOJIKO TOYHOCTDH PE3yJIbTaTOB, HO U BpeMs pacdeta. [IpeioxKim yHIBEPCAIbHBII
TIOJIXO/T OTIPEJIeJIEHNS TTapaMeTpoB ObICTporo npeobpaszoBannsd Pypbe, TPpU KOTOPHIX
JIOCTUTAETCA 3a/laHHast TOYHOCTh pacueTa pyHknun ['puHa mpu MUHIMAJILHOM Bpe-
MeHU pacdeTa. MuHIMHI3aIms BpeMeHnn JOCTUTAETCsS IMyTeM BbHIOOpa MUHUMAJILHO

BO3MOYKHOT'O 3HaUeHud V.

2.5 TounocTth HaxoXaeHnda pyukiun ['prnHa

PaccMoTpuM cionctyio cTpyKTypy KOHedHOro pasmepa 2A BioJb ocu xo (Puc. 9).
KoopnHaThl TOYEK CJIOUCTON CTPYKTYPbI BIIOJb PAHUIl HPUHAJJIEKAT OTPE3KY
[—A, A]. Bynem nasbiBaTh Besqmanny 2A 1mepromoM paccMaTpPUBAEMON 3ajadu, a
BeJIMUNHY A — MOJIyIeprogoM. 3Hasl pelieHne Jijisi 0eCKOHEeUHO OJIHOPOIHOM M30T-
POITHOf Cpesibl MBI MOKeM HaiiTu motoku Ha (k — 1)-oit u k-oif rpamume. s
TOI0, 4TOOBI BOCIIOJIL30BATbHCS IIPEJICTAB/IEHHBIM paHee ajJrOPpUTMOM, K HailJeHHbIM
IIOTOKaM HeOOXOJUMO IIPUMEHUTH IIpeodOpazoBanne Pypbe. OTMeTHM, 4TO IIPUMeE-

HeHue 1peodpasoBanns Pypbe K HUCXOJMHON 3ajiade M3MEHSICT I'PAHUYHBIC YCJIOBUS
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Puc. 9: Uctounuk B k-oM cioe

BJIOJIb OcCeil, TapaJIeJIbHbIX IpaHnuIlaM CJI0eB, Ha MepuojndecKkne. B TakoM ciydae
BO3HUKAET BOIIPOC, IToYeMy B KadecTBe Uy UCIOIB3yeTCs perieHue Jiisi 0eCKOHEUHOI
OJIHOPOJIHOI M30TPOIHOI CcpeJibl, a He COOTBETCTBYIOIIEE pelleHne JJisl IIepuonde-
CKOIT CTPYKTYPBI. BakHO OTMETUTH, UTO HAC NHTEPECYEeT TOYHOE PEIlleHne He BO BCei
HEePUOJINIECKOll CTPYKTYpe, a JHIb B HeKoTopoit obsiactu . OcHOBHOIT XapaKTepu-
CTHKOII TaKoil 00JIaCTU SIBJISIETCs €e Pa3sMep BIO0JIb OCeil IepPUOIMIHOCTH.

Paccmorpum nipobsiemy BbIOOpa miepuojia. BBejgem B paccMoTpeHne BeJTMUUHY 1)

=7 (57)

rjie d — TOJIOBUHA MUPUHBI paccMaTpuBaeMoit obnactu [. Bemmanna 1) xapakTe-
pu3yeT yJIaJeHHOCTh paccMaTpuBaeMoii obsiact [ oT rpanull nepuogudnoctu. I1o
OOJIBIIIOMY CUeTy, MOXKHO CBeCTH IIpobsieMy Bbibopa rnepuojia A K Borpocy BbIOOpa,
ONITUMAJILHOTO 3HAYEHUST 7).

[Iyctb obnactb D — kBajpar co cropoHoit 2d. DyHgaMeHTaJbHOE PellleHre JIJIst

HePUOUICCKOI OJHOPOIHON N30TPOIMHON CPEeabl [26] IIpeJiICTaBUMO B BU/IE

Uy(x,y) = —% In (sin <%r>) (58)
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CpaBHeHnne perrennsi Jijisi 06CKOHEIHO 1 MePUOJINIeCKOll CTPYKTYPbI IIPEJICTaB-

jgeno "Ha Puc. 10.

0.5 T T T

03} 1

0.2 % 1

\
04 /,/ \ 1
Y, N
- . -
0.2 7 N \
- £ T

03[ =_a \\‘ 4
-l = & Sy

04 . ! :
-A -Al2 0 A2 A

i)

Puc. 10: ®@ympaMerTagbHOE PEIeHre JIJIs MepUOJANIecKOil (KpacHbIil IyHKTUD) U

. _ _ hy
GecKonedHoil (CHHsIsl CIUIOMIHAA JIMHNSA) CTPYKTYph! 1pn 1 = 20, 11 = 3.

Bazxxuoe pazimuane mexxy (58) u (39) cocrout B TOM, 9TO

Up‘mzz_A - Up|$2:A =0 (59)

B TO BpeMs Kak i (PyHJIaMeHTaIbHOTO Pelllenns IBYMepHOro ypaBHenusd Jlamaca

Ha OECKOHEYHOM HHTEpBAaJIe

Uolypema = Ulypn =2 00 (60)

Jlokazkem, 4TO cyliecTByeT 001acTh D, B KOTOpOil (byHIaMeHTAIbHOE peleHne
nByMepHoro ypaaenus Jlamnaca Uy MoxKeT ObITh HCIOJIB30BAHO BMECTO PeHICHUs
Up. s sToro JokazkeM, 4To cyllecTByeT Takas obsacTb [, rje oba perenus or-

JIMYAI0TCA Ha KOHCTAHTY. BBegem dynknmio C(x1, x2) depes coorHorenne (61)

C(Zl?l,l'g) = UO — Up (61)

rie (r1,x2) € D, 1 paccMOTPUM OTHOCHTEIHHYIO PA3HOCTh
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maxD|C(a:1, :Ug)\ - mz’nD|C'(£E1, 552)‘

(= -100% (62)

mazxp|C(xy1, z2)]
OrmernM, ato eciu C(xq, x2) = const, T0 é — 0.
[TocTpoum 3aBUCUMOCTH é (n). 3 Puc. 11 BugHo, 9TO QA n_)—oo> 0. Jlamnbrit pe3y/ib-
TAT TOJITBEPIK/IAET, UTO C YBeJMUYEHUEM IEPNOJia TPAHUIHBIE YCJIOBUS OKA3LIBAIOT
Ha paccMaTpuBaeMyio ob1acTh Menblnee siaugnue. Tounocers B 0.053% moxker ObITDH
nocturayTa yxke npu 7 = 10 . JIng G0JBIMIHCTBA pacdeToB JIOCTATOYHO, ITOOLI

BBIIIOJIHSJIOCH YCJIOBUE 1) > 3.

Puc. 11: BaBucumocts ¢ 0T 1)

OjiHa n3 BayKHeHIX 1pod/ieM, BOSHUKAIOIINX IIPHU ITocTpoeHnun pyHKimn ['pu-
Ha JIJIsT CJIOUCTBIX CTPYKTYP, COCTOUT B OIEHKE TOYHOCTU IOJIYIEHHOIO PEIICHHUS.
Paccmorpum 6ostee 110/1pobHO, KaK BIUSIOT TapaMeTphl mpeodpasoBanusg Pypbe Ha
TOYHOCTH Pe3Y/IbTaTOB. [IjIsT 9TOro mpoBejeM cpaBHEHHE TOYHOCTH YHCJICHHBIX pe-
3yJbTATOB C AHAJTUTUYECKUMI PEITeHUsIMU.

3amada 1. PaccMoTpuM Be OIHOPOJHBIE MOJYILIOCKOCTH, MEXK]Iy KOTOPBIMMU
HAXOJIUTCSI CTPYKTYPa, COCTOsIINAsl U3 N OJHOPOJHBIX cjIoeB. ToUedHbIN NCTOTHIK
IIOMECTUM B K-blii cJioif na paccrosgunu d ot rpanunpl ¢ (k 4 1)-bim cooem. [lyers

BCe CJION CTPYKTYPbI UM€EIOT OJMHAKOBBLIE CBOIiCTBa " njgcaJibHble KOHTaKTbl Ha I'pa-
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Hunax. Takymo CTPYKTYypy MOYXKHO paccMaTpuBaTh KaK OJHOPOJIHYIO H30TPOIHYIO
cpeny. B kadecrBe dyukunu ['puna takoit 3ajauu Boictynaer (39).

Byjiem nckaTh perienne B KBajpaTHoit odsactu D. TounocTb HaxoxkieHus pyHK-
mun ['puna onpejesnsercsa Kak MaKCUMaJIbHasl OTHOCUTETbHAS OIMMUOKA B JIAHHON 00~
JIACTH

k
¢ = mazp [q—k] -100% (63)

9o
riae qf — JIOTIOJTHUTEIbHBII TIOTOK Ha k-0if rpaHuIle, COOTBETCTBYIONINI J100aBOIHOI

by U, (z,y), qé“ — II0TOK Ha k-oil rpaHuiie, onpeesieMblii 110 pyHkuun ['puna.
U3 pesyibTaToB, mpejcTaBieHHbix B Tabuie (1) BuHO, 9T0 TOYHOCTD HE 3aBUCHT
OT uncja cjaoes. Ilpu 3ToM BaykHO IMOHMMATDH, 9TO 3TO HE UCKIIOYAET 3aBUCUMOCTH

TOYHOCTHU OT pa3Mepa 00JaCTH.

Tabmma 1: Ornocnrenbras morpemnocts (B %) B obmactn D B 3aBHCHMOCTH OT
KOJINYECTBA, CJIOEB 1 1 1) JIJIsl OJ[HOPOJIHOMN CPEJIbl.

n=3|n=20|n=40
n=2~8 |0.58 |0.58 0.58
n=161]0.382 | 0.382 | 0.382
n=32]0.131 | 0.131 |0.131
n=06410.038 | 0.038 | 0.038

[TorpemuocTs, HaiieHHAA I pa3JUYIHbIX 3HadeHnit N u 7) , IpejcTaBieHa B

tabsmre (2). 3Hadenust 7 BApbUPOBaIoCh oT 8 110 64, a 3nauenus N ot 128 mo 1024.

Tabuuna 2: OrHOCHTEIBbHAS TOTPEITHOCTDL (B %) B obsactu D B 3aBucumoct ot N
1 17 JJi OJHOPOHON Cpebl.

N =128 | N =256 | N =512 | N = 1024
n =238 |0.605 0.588 0.58 0.576
n =16 | 0.402 0.388 0.382 0.379
n=232)0.143 0.134 0.131 0.129
n =64 1]0.104 0.04 0.038 0.037

13 Ta@)’[HU;bI 1 B AHO, 9TO BJIMAHME IIE€EPUOJa Ha TOYHOCTL HaMHOI'O BbIIIE, YE€M

BJIMSIHIE YHCJIa TOYEK JTUCKPETU3alni. boJjiee BLICOKYIO TOUHOCTH PE3YJILTATOB C YBe-
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JIMYEHNEM 3HAYEHUs 1) MOZKHO O0bsICHUTH TE€M, UTO C yBeJndeHneM repuoja 2A rpa-
HUIIBI OKA3BIBAIOT CYIIECTBEHHO MEHbIIIee BJIUsHIE Ha PAacCMaTPUBAEMYIO 00JIaCTh.

Bamada 2. PaccmoTpum JiBe HOJIYILIOCKOCTH ¢ 0bmIeit rpanumeii. IlycTh HuzKHsIA
IIOJIYIIJIOCKOCTDb MMeeT ITPOBOIUMOCTD, PABHYIO €ANHUIE, TOr/a KaK IIPOBOANMOCTD
BepXHeil MOJTYIIJIOCKOCTH YCTPEMUM K HYJ10. To9edHbIif UCTOUYHUK TOMECTUM B HUK-
HIOIO TIOJIYILJIOCKOCTB Ha PACCTOsIHUU d OT BepxHeil rpanunbl. [IpeacraBuM KaxkIyio
[IOJIYIIJIOCKOCTH B BUJE CJAOUCTON CTPYKTYPBI, COCTOLAIICIH M3 MPOU3BOJILHOIO YHUC-
Jla CJIOEB C OJIMHAKOBOM TOJIMIMHON M yHnpyrumu coiictBamu. Heobxomumo HaiiTn
nobaBky U, Jist TaKOil CTPYKTYPHI.

Jst ctoncToit cTpyKTYpHBI ¢ HelpoHutaeMoil Bepxueit rpanuteii (Puc. 12) dynk-
nus ['punHa MoxKeT OBITH HaiijleHa MeToA0M m300pakeHuii. [lomecTuM cuMMETPUIHO
OTHOCUTEJIBHO I'PAHUIILI HOJIYIIJIOCKOCTH TOYEYHDBINT NCTOYHUK TOI K€ MHTCHCUBHO-
CTU ¥ HA TOM >K€ PACCTOSIHUU OT I'PAHUIIBI, YTO U UCXOAHBII ncrounnk. Torma (pyHK-
st ['puHa JiIst OJIYIJIOCKOCTH ¢ HEITPOHUIIAeMOil TpaHuIieil MOyKeT OBITh HaiijleHa,
B BUJIE

1 1

U=Uy+U" = —%ln(fr’) — %ln(r ) (64)

rjae r* - pacCTosHue IO OTPaXKeHHOI0 NCTOUHNKA.

Puc. 12: Toueunblit UCTOUYHNUK B IOJIYIIPOCTPAHCTBE
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Oyuxnus ['puna, HaiijeHHas B pe3yJibTaTe YUC/JIeHHbIX PACIETOB, JIOJIKHA TMETh
JI00aBKY, 3HAaYEHIEe KOTOPOii OJIM3KO K 3HAYEHUIO, KOTOPOE MOPOXKJIAeT OTPayKeHHbIil
nctouHuK. Takum obpa3oMm, OTHOCUTE/IbHAs OolOKa pacdera pyHKIn ['puna B 00-

JIacTu JiIst D JIaHHOTO ciIydasi MOKeT OBbITh paccuuTaHa 1o opmyJie

*

k%
C = max [%] . 100%, Ty € D (65)
k

rjie qéf — JIOLOJTHUTEJIbHBI 1I0TOK Ha k-0ff rpaHulle, gy — HOTOK, COOTBETCTBYIOMINM
OTpa’KeHHOMY UCTOYHUKY Ha k-0il rpaHuie.
SHaveHUs] OTHOCUTEIBbHOI rorpemuoctu ¢ B 3aBucuMocT oT N U 1) IpejicraBie-

HBI B Tabsuie 3.

Ta6anna 3: OtnocuresbHag norpemuocts (B %)(x1071) B obnactu D B 3aBucnmMo-
ctu oT N U 1 JUIsd TOJYITPOCTPAHCTBA, C HEITPOHUIIAEMOT rpaHuIIei.

N =128 | N =256 | N =512 | N =1024
n=38 |2.5755 2.575 2.5748 2.5747
n =16 |2.5703 2.57 2.5698 2.5697
n =32 |2.5637 2.5635 2.5633 2.5632
n =64 | 2.562 2.561 2.561 2.5609

13 npepcraBiieHHbIX B Tab/uIe 3 JaHHBIX BUJIHO, YTO B JJAHHOM CJIydae OTHOCHU-
TeJIbHas ONMOKa MPAKTUICCKH OJIMHAKOBA JIJIsd BeexX nap 3Hadenuit N u ).

3agada 3. PaccMoTpuM JiBe MOJIYILJIOCKOCTH ¢ obIieil rpanumeii. IlycTb HuK-
Hsisl TIOJIYIJIOCKOCTh MMEET IPOBOJIMMOCTD, PABHYIO €JIMHUIE, TOT/Ia KaK ITPOBOJIN-
MOCTDb BepXHeil MOJIYILJIOCKOCTH YCTPEMUM K OECKOHEYHOCTU. TOUedHBI MCTOTHUK
IIOMECTUM B HUKHIOIO ITOJIYILIOCKOCTH. KakK # B IPEeJbIIyIIeM CIydae HIPeIcTaBIM
KazKJIYIO IOJIYIIOCKOCTh B BHJIE CJIOUCTON CTPYKTYPBI, COCTOSIIEH U3 CJI0EB ¢ OJ11-
HAKOBOI TOJIIUHON ¢ oaunakoBoil mpoBoguMocThio. Oyaknna ['puna m1id ganHoi
3aJ1a9 TaKzKe MOYKeT OBITh MOCYUTaHa MeTOJA0M n30bparkeHuil. Tak Kak Takyro CH-
CTEeMYy MOYKHO paccMaTpPUBaTh Kak II0JIYILIOCKOCTh C CUJIBHO IIPOBOJILAIICH I'PaHUIIEI,
TO IOTEeHIUaJ Ha BepxHeil IpaHuile HUXKHEH IIOJIYILJIOCKOCTH I0JIAraloTCs PaBHBIM

nysto. Torga dpyuknus ['punHa Takoil cucTeMbl MOXKeT ObITH HalijieHa 110 POopMy.Ie
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1 1
U=Uy+U 5 n(r) -+ o n(r") (66)

Jl1st HaXOoXKJIeHsT OTHOCUTE/IbHOM omnOKK B 00J1acTt [ BOCIIOIb3YeMCsl COOTHO-
IIeHneM (65). Snadenus ¢ B 3aBucuMocTu ot N 1 1) JJIsI MOy ITPOCTPAHCTBA, ¢ CUIBHO
IIPOBO/IsIIIEl IpaHuIleil mpejicraBieHbl B Taduie 4.

Tabsuna 4: OtHOCHTEIBbHAST TOTPEITHOCTD (B %) B obsactu D B 3aBucnmoctn ot N
1 7) JJIsl TIOJIYIIPOCTPAHCTBA C CUJIBHO IIPOBOJILAIICIH I'PAHUIICH.

N =128 | N =256 | N =512 | N =1024
n=2-8 | 1212 1.177 1.16 1.152
n =16 | 0.804 0.777 0.764 0.758
n=3210.286 0.269 0.261 0.257
n==640.21 0.08 0.076 0.074

U3 pesyabTaToB, IpeacTaB/JIeHHbIX B TabJmie 4 BUIHO, 9TO B CAydae CHILHO IIPO-
BOJIsIIIIE FpaHUIbl OMINOKAa IIPUMEPHO B JIBa pasa 00JIblile, YeM B CJIy4ae OJIHOPOIHOI
cpesibl. B oboux ciydasix, juid yBeJIMUeHHsT TOYHOCTH PACUYeTOB, OINTHMAJILHO yBe-
JINYMBATDH [IEPHUOJI, & HE YHCJI0 TOYEK JUCKPETH3aINNL.

Ananmms maHHbIX 13 Tabanil 2, 3 u 4 MoKa3bIBAET, YTO 3HAUEHIS TOUHOCTU PE3YJlhb-
TATOB, IOJIYUEHHBIX JJIsI 382491 00 OJHOPOIHON cpeje, HaXOMATCS MeXK 1y 3HAUeH!-
SIMI, TIOJIYYeHHBIMU JIJIsI JIBYX IPeJeIbHBIX CJIyUaeB, PACCMOTPEHHBIX B 3a/1adax 2 1
3. OTMeTuM, 9YTO TOUYHOCTD PeIleHusl He siBJIIeTcs JUHelHO# dyHKIei mapaMeTpon
N u n. IIpu BeiOOpe apaMeTpoB HEOOXOMMO YUUTHIBATH TOT (DAKT, YTO YBEJIUUIE-
Hue N IPUBOIUT K CYIIECTBEHHOMY YBEJMYEHUIO BpeMeHn pacdera. OTMeTnM, 4To

yBeJindeHue 1) 1pnu IMOoCTOAHHOM N moxer I[IPUBECTU K IIOTEPU TOYHOCTHU.

2.6 KpyroBoe oTBepcTue B CJIOUCTOI cpejie

[IycTb B 0bacTu D, npuHaijiexKalieil oJHOMY 13 CJI0eB, HAXOIUTCA KPYTrOBOe OTBEP-
CTHe, OrpaHUYIEHHOE 3aMKHYTBIM KOHTYpoM Lg. OOo3HaunM 00J1aCTh BHYTPHU OTBEP-
ctust Kak Dy, a objiactb BHe oTBepcTust D*. Bribepem natpan/ienne ooxoja L Tak,
yT0oOBI 00J1acTh D* ocTapaJsach cjaeBa. Hopmasb n HallpaBuM BIIpaBO OT HallpaBJie-

HUsT JBUKeHUs. Bepxuuii uHjieKkc mwiroc (MUHYC) OTBedaeT 3HaUYeHneM 061acT, J1ist
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KOTOPOI HOpMaJib BHeMTHsis (BHYyTpeHHsst). [lycTh Ha KoHTYpe Ly 3ajaH MOTOK ¢ .
Heobxoumo naiitu nmorenimal B objactu D*.
Bocrionib3yemcsa Teopueil KOMILIEKCHBIX I'PaHUYHBIX HHTErPAJIbHBIX ypaBHEHUI

(K-TNY) [26]. dnst orBepcTHs B GECKOHETHOI OIHOPOIHON NMeeM:

o kUz, z€ D*
1 U
07 ZgD*_FLS

rJie T, Z — KOOPJMHATHI TOYEeK B KOMILJIEKCHOIT I710cKOCTH, §© = 1/—1. YpasHenue (67)

MOYKHO 0000IUTh Ha CIydaii cjioucToii cpejipl [67] B ciejyroiem Buje

kUz, z€ D*
1
Re{__/ [QZU*derU*Q*dS}}: 1“+U+, z € Ly (68)
2m L, 2

rue

Ue=In(1 — 2) + Uy(7, 2)

+ (69)

Q. =1 + Qu(T, 2)

siech Uy(T, 2), Qu(T,2) — nonosHUTEIbHbIE 3HAYEHHSI, KOTOPBIE BBITUCISTIOTCS IO

T —Z

IPeJICTABICHHOMY paHee ajropuTMy HaxoxKjeHust byHxkinun ['puna.
e —
OrmernM, yro ypasHenue (67) HOSyYEeHO B HPEJIOIOKEHNH, YTO [ 1. dnds = 0.
B ciyuae, Korja Ha rpaHulle OTBEPCTHS 3aJaH IOTOK, 3TO YCJIOBUE B ODIIEM CJIy-
Yyae He BBIMOJHICTCA. DTO HECOOTBETCTBIE MOYKHO YCTPAHUTD CJIETYIOITIM 00Pa30M.

Haiinem cymmapnbrii moToK Ha KOHTYype L

/ gy ds = qo (70)
L,

[TomecTrM TOUEUHBIN UCTOYHUK WHTEHCUBHOCTH qo B TOUKY Yo € Ds. Haitgem mo-
TEHIINAJIBI U MMOTOKM B obactu D* + Ly, COOTBETCBYIONINE TAKOMY UCTOUHUKY I

CJIONCTON cpejibl Oe3 HeoHOpoHOocTel. Takrke HaiigeM J100aBOUHbIE IIOTOKH qff Ha



47

Koutype Lg. Ormerum, uro [ I, q“*ds = 0. Pemmennem ypasuenust (68) ¢ 3a1aHHBIM
Ha KOHType Lg moToKOM ¢%F OyiyT 3HaYeHus J100ABOYHBIX TIOTEHIIUAIOB B 00/J1aCTH
D*. CymmapHoe 3HaUeH1e TOTeHINAI0B OT TOYeYHOI0 UCTOYHUKA U KOHTYPAa € CaMO-
yPaBHOBEIIEHHBIM IIOTOKOM JIAI0T UCKOMOE 3HaueHne oTeHIma a B D* oT KpyroBoit
IIOJIOCTH.

Jlst HaxoxKIeHust perieHusi ypasuenus (68) mpejcraBum KOHTYp Lg B Buje Ha-
O0opa IPAMOJIMHEIHBIX OTPE3KOB, KarK Iblil 13 KOTOPBIX MOXKET ObITh IIPeodpa30BaH B
orpe3ok [—1, 1] ¢ momorpio JinHeliHOTO peobpazoBanust. PaceMorpuM, Hampumep,
OTPEe30K [a,b] B Takoil cmcreme KOODJWHAT, B KOTODOIl KOMILJIEKCHAsT KOOD/MHATA
olpejieisieTcss Kak 2z = X9 + ix1. Torma mpeobpaszoBaHue, IMPUBOJISIIEE NCXOIHbIIM

OTpe30K B 0Tpe3ok [—1, 1] ¢ KoMIutekcHoi KoopauHatToii 2/ = xh 4 ix), umeer BuI

_ oz—l—bJr \a—l—b|z,em

5 5 (71)

z

rjae & — yroJi OTpe3ka € OCbIO I'9.
HpOBe,ZLeM Ha KazKJ0M OTPE3KE alllIpOKCUMallIO, UCIIOJIb3Yyd ITOJIMHOMDI ﬂanaH—

ZKa

n / / n—1
T — T
Pi(7') = H e Z%T'S, k=1..n (72)
’L;]}; Tk‘ Ti s=0

Tor1a (DYHKIINIO, OIIPEJICJICHHYIO B TOUKAX pacCMaTPUBAEMOI0 OTPE3Ka, MOYKHO ITPEJI-

CTaBUTH B BUEC
n n—1
f(r') :kaZCkSTIS, k=1,..,n (73)
k=1 s=0

IJle Cs - W3BECTHBIE TIOCTOAHHbBIE. [ perenns 3ai1adm 0 KPyroBOM OTBEPCTHH B
CJIONCTO cpejie Oy/IeM UCIIOTB30BATD allllPOKCHMAITIIO TTOJTMHOMAME BTOPOTO TIOPSI-
Ka (n—1 = 2). [Ipu 970M 0/IH U3 y3JI0B IOMECTUM B I[EHTD 9JIEMEHTA, a J[Ba JIPYIHUX
Ha paccrosiaun 1/3 or ero KoHIoB. Takoil Moaxo/1 MO3BOJISIET MOJIYIUTh pasdueHne
KOHTYpa, Osin3koe K pasHomepaomy (Puc. 13).

[Ipn Takoii 1mocTaHOBKE MCXOJHBII MHTErpaJl MOYKET OBITh BBIYUCJIEH Ha Oas3mc-

HBIX (DYHKINAX C UCHOJIB30BAHUEM PEKYPPEHTHBIX opmys. [Ipm sTom mcmosb3o-
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057

Puc. 13: Pasbuenue KpyroBoro oTBepcTusi Ha OTPe3KH. 3Be3j0i (x) 00O3HAUEHBI
I'PAHUIIBI OTPE3KOB, TOUKN 0003HAYAIOT TOJIOYKEHUE Y3JI0B.

BaHue (73) MO3BOJISIET CBECTH BBIYUC/IEHIE MHTETPAJIOB OT PEryJIsIPHBIX (QYHKINN K

BBIYUCJIEHUIO TPEX IIPOCTLIX MHTEI'PaJIoB

f_ll 0 =2, f_ll 1 =0, f_ll 2 =2/3 (74)

JaJiee HEOOXO/ MO IIPOBECTH PEIIeHNe CUCTEMbI aJINeOpandecKiX ypaBHeHuii ypas-
HEHU, MTOPSI0K KOTOPBII paBeH Yuc/ay y3J10B Ha rpanune Lg. Ha mociemnem mmare
BBIULC/IsSIEM HCKOMbIE 3HaUEHUsI IIOTeHIna a B objactu D*.

PaccMmoTpum jiBe clienieHHbIe oJIyILIOCKOCTH. Byiem ob6o3HavaTh 3HAUYEHMS, CO-
OTBETCTBYIOIIIE HIZKHEl (BepXHeit) mostyiockocTn HikHIM nHigekcoMm [ (u). [Tyers
KPYTroBoe OTBepCTHe ¢ PajidycoM R, 1 HOTOKOM ¢° Ha rpanutie Ly, ji/isi KOTOPOTo Bbl-
[OJIHSIETCST COOTHOIICHHE | L. ¢°ds = —1, HAXOAUTCs B HUKHEH TIOJIYILIOCKOCTH Ha
paccrogunu dg ot rpamuis! (Puc.14).

BeejieM B paccMoTpenne 2 TOUYKH, IPUHAJIEXKAIIe IPAHIIe OTBEPCTHs, B KOTO-
PBIX JIOCTHTaeTCss MEHIMAJIbHOE 1 MaKCHMaJIbHOe 3HaUeHue MmoTeHraia. Touka 1 —
OJKajinast K rpaHulle ¢ BepxXHeil IIOJIYILIOCKOCTBIO, a TOYKa 2 — HauboJjiee yiaieH-

Hasg OT IPAHUILI ¢ BepXHEH MOJIYILIOCKOCTBIO TOUYKa OTBEPCTHUSA. byjgem obo3navarh
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Puc. 14: KpyroBoe oTBepcTne B HUKHENH MOJTYTIJIOCKOCTI

IIOTEeHITNA B TOYKax 1 W 2 KaK U1 U Us COOTBETCTBEHHO. BBemem B paccMmoTpenne

BCIIMYUHY Uy

Up = Uy /Us (75)

Pacemorpum npesiesibibie ciaydan. [lyers Gy /Gy >> 1. B srom ciyuae mnoren-

IMas B ITPOU3BOJILHON TOUKE HIKHEH MOJTYIJIOCKOCTH MOYXKeT ObITh Haiigen [49] mo

dopmyite

Ul0uh) = gy %+; ]expé;j)“) shjo)cos(B)|  (76)

3nech ch(ag) = ds/R., o, f — bunosstpable KOOPIMHATHI, CBA3aHHBIE C JIEKAPTOBBIMI

KoopauHaTaM#M 9€pe3 COOTHOIIEHN A

o ds sh(a)
1 = ch(a) — cos(B2)

(77)

_ ds Sin(ﬁ2)
L2 = Thla) —cos(Fa)

rie fo = m— . [lonw3ysick coorHommennem (76), MOXKHO OIEHUTb TOTHOCTD PEIEHNS,
MOJTYYEHHOT'O C UCIOIBb30BAHUEM METOjla IPAHUYHBIX 3JIEMEHTOB. bByjieM MCIoJib30-

BaTh JJIsI PACUETOB CJIEYIOIIIe IapaMeTphl: MOJIyIInHa Kaxkaoro ciaoss A = 10d,,
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KOJIMYECTBO Y3JI0B Ha KOHTYype oTBepcTust Ny = 60, Kosm1uecTBO y3/10B Ha IpaHUIE
mex ity ciosimu N = 128, pajuyc orseperust R, € [0.2,0.8]d.

lannble, pejicTaB/iennble Ha Puc. 15, MO3BOIAIOT ONEHUTH I'PAHUIIHI BIUSHUS,
KOTOpOe OKa3biBaeT oTHorenne G, /(G| Ha OTHOIIEHNE MAKCUMAJIBHOTO U MUHUMAJb-
HOT'O 3HAYEHUS MMOTEHIna a8 KpyroBoro orsepctus. CpaBHenne ¢ pe3yabTaTaMi, 110-
JIYIEHHBIME C UCTIOJIb30BaHIeM GopMyJibl (76), O3BOJISIET 3aKII0UUTh, ITO IIPU 3a-
JAHHBIX IIapaMeTpax OTHOCHTEIbHAs IIOrPENIHOCTL pacueToB He mpesbimaer 4%.
Tak Kak Mmpu OoleHKe TOUYHOCTH HaxOXKaeHnsd (byHKIIN ['prHa ObLIO MOKa3aHo, 9To
HauMeHbIIas TOYHOCTL pacdeTa IIoJIydaeTcd B cjydae, KOorJa MCTOYHUK HaXOIUT-
Csl B IOJIYILIOCKOCTH C CHJIBHO IIPOBOJSIIE TpaHuieii, To morpemniocTs mike 4%

rapaniTHupoOBaHa [JIsd BCEX IIPpEeJCTaBJICHHbLIX HH2KE CJIyYdacB.

Puc. 15: Basucumocts u,(R./d), mojiydeHHasi ¢ HCHOJB30BAHNEM METO/Ia IPAHITY-
Hbix vjtemeros (G, >> G (cunne touku) u G, << G| (KpacHble KpecThi)), U ¢
roMoIbio GopmyJibl (76) (depHble KBAJIPATHI).

B ciayuae cuibHO mpoBostiieit rparuipl Gy, >> G otHomenne R./ds oka3biBa-
eT Oojiee CUJIbHOE BJIMsHIE Ha PEe3Yy/IbTaT, YeM B CjIydae HEeIIPOHUIAeMOIl IpaHUIIbI

G, << G). B ciyuae opnopossoii cpeisl G, /Gp = 1 odeBugHO noaydaem u, = 1.
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U3 mpejicTaBiIeHHBIX PE3YJILTATOB BUJIHO, U, B CJydae OECKOHETHO ITPOBOJIsIIEi Ipa-
HUIBI JIJIsT OTBEPCTHS, IEHTP KOTOPOI'o HaXOJUTCs Ha paccrosauu ds = 1.25R. or
I'PaHUIb, B 5.5 pas oTIMJaeTcs OT 3HAYEHUil Jist OJHOpoiHO# cpebl. [lpu npu-
OJIMZKEHUN TPAHUITBI OTBEPCTUST K TPAHUIE MEXKIy MOJYILIOCKOCTIMHI 9Ta PA3HUIIA,
YBEJIMIUTCS e1rie OOJIbIIIe.

Pacemorpum tenepsh, kak Biausier ornoinenue G, /G Ha 3aBucuMocthb U, (R, /ds)

(Puc. 16).

Puc. 16: 3asucumocts u,(R./ds), nisa G, /G = 10 (cunwme toukn), G,/G; = 2
(kpacubie kpectsl), G, /G; = 0.5 (depuble kBajgparel), G, /G = 0.1 (3esenble pom-
OBI).

Pesysibrarsl, noaydenusie st cayydaes G, /Gp = 10 u G, >> G, nasg Toukn
R./ds = 0.8 pasmnuatorcs 6osiee yeM B 3 pasa, Torja Kak st ciaydaes G, /Gp = 0.1
n G, << () B 9T0i1 2Ke TOUKe 3HAYCHUSA IPAKTUYCCKH UJICHTUYHEL.

PaccmorpuM npumep pacdera Jijiss Kpyroboro orsepctusi pajguyca R. = 0.2ds,

KOTOPOE HAXOJINTCS B OECKOHEUHOI CJIOUCTOM cpejie, COCTOSIIE 13 CEMU CJI0EB. 3Ha-
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YeHMs TOJIIIWH 1 HpOBO,Z[I/IMOCTeIZ cji0eB obo3Havennl Ha Puc. 17. HBeTOM 0003HaUEHO

3Ha4YcHue IIOTCHIIMaJIa B paCCManI/IBaeMOﬁ 00J1aCcTH.

4 0.25

0
Ty

Puc. 17: KpyroBoe oTBepcTne B CJIONCTOI Cpejie, COCTOAIIEH 13 ceMU CJIOEB.

[IpencraBieHHbie pe3yabTaThl JeEMOHCTPUPYIOT BJIMSHIE CJIOUCTOCTH Ha, IOTEHIU-
aJl KPyroBOI'0 OTBEPCTH, IEJUKOM HaXOJISIIErocss B oJHOM cjoe. B obiiem cirydae
B CJIONCTOI CTPYKTYPe MOYKET COJIEPKATHCs CKOJIb YTOIHO MHOI'O HEOJHOPOIHOCTEI,
KOTOPBIE MOT'YT HAXOINThCA KaK B IIPEJIEJIaX OJHOIO CJI0sT, TaK U B IIPeJie/iaX HECKO b
KHUX CJIOEB, TO €CTh II€PECEKATh I'PAHUIILI MKy caosiMi. Taxue curyamun TpedyoT
CIEIUAIBLHOIO HCCJIeI0BAHNs, XOTSI B HEKOTOPBIX YaCTHBIX CJIydYasiX BOZHUKAIOIIIMU
s dekTamu npenedperator. OMH U3 MPAKTUIECKN BayKHBIX CJIYYaeB — BEPTUKAJIb-
Hasl TPEIHa I0J1 JeficTBUeM BHYTPEHHErO JIaBJIEHUsl, OPTOrOHAJbHAsT TPaHUIAM

CJIOEB.

2.7 Iloctpoenme pynknum I'pmHA /151 TpexMepHOro oreparopa Jlame

PaccMmorpuM TpexmMepHyIo CJIOUCTYIO CTPYKTYPY. ¥ paBHEHNE PABHOBECHS B KaXKJIOM

CJIOEe NMeeT BUI:
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Joij -
J_0 =123 (78)
8xj
ruae 02] — KOMIIOHEHTDBI T€H30Pa HaHpSDKGHI/H‘/’I, onpeaesideMble COOTHOIIEHNEM
1%

rje v — koadgdunment [lyaccona. KommonenTsl Tenzopa jiecbopMaliiii € ornpe/ieisi-

10TCcsa (POPMY.I0it

1 8ul Guj
Eij = = + 80
K 2 (837] 8561 ( )
Orneparop ycuinii Jiisd TpeXMepHOro ypaBHeHus Jlame orpejie/isiercsi COOTHOIIE-

HueM

v Ouy 1 /0u; Ou;
Thu); =2 it 5 (5 52 ) 81
( U.) M[1—2Vafljkn +2 (8xj+8xi>nj} ( )
[Tpumennm k ypasaenuto (78) aBymepHoe mpeobpasoBanne Oypoe (24) B Hampas-

JICHUAX To U I3. Hpe,ZLCTaBI/IM ycuJjid u cMetieHnd B BUAE CYMMbI CI/IMMGTPI/I‘IHOﬁ n

anTucummMerpudnoit yacru [54]. Moxyunm

(82)
U = Ug + U,
e
o11(w1) + 011 (—m1)
Gs(z1) =1 | dr2(21) — G12(—21)
013(71) — 013(—21)
o11(z1) — o1 (—21)
Fa(r1) = 5 ?12(961) + ?12(—961)
~013(3171) +~U13(—£131) (83)
1(#1) = U1 (—1)
Ug(z1) = § | U2(w1) + Go(—1)
iz(r1) + uz(—x1)
ty (1) + U1 (—21)
Ua(71) = 35 [ G2(21) — Go(—21)
ug(w1) — ts(—1)
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Breipazkenust a8 CUMMETPUIHON U aHTUCUMMETPUYHON YacTH IpEJ/ICTaB/ICHBI B

pabore [6]. st BekTOpa ycuimii umeem
os = DsAg
(84)
0. = D,A,

e As, Aa — BEKTOPbI KOHCTaHT JJId paCCMaTPpUBaeMOI'o CJIOA, a MaTPUIIbI Ds n Da

OIIPEACJIAIOTCA COOTHOIIECHMUAMMN

ChZ1 —21 ShZ1 iSQZEl ShZ1
Dy = | —isyxychz;  —shzy —(s3/s)z; chzy

—18317 chz; —(8983/8)x1 chzy
(85)

ngiEl ShZ1
—(s983/8)x1 chzy
—shz; —(s3/s)x1 chzy

shz; — z1 chzy —189x1 chzq
D, = | —isewishz;  chzy +(s3/s)x1 chzy
—183x1 shz; (s983/8)x1 shzy
(86)
—i83$1 ChZ1
(s983/8)x1 chzy
chzy +(s2/s)x; shzy

riie s = £/s3 + 83, 21 = sx1.

OrmeTnM, 9TO KOHCTAHTBI Ag 1 A, OIPEIesISIIOTCs JIJIsT KayKI0I0 CJI0SI I 3aBHUCST

OT IPaHUYHBIX YCJIOBUIL.
Anastornano ypasuernio (84) MoxKeM 3a1ucaTh COOTHOIEHHST JJ1s CHMMETPHUTHOI

1 AHTUCUMMETPUYIHON YaCT! BEKTOPa CMEICHUIT

1‘jls - %_—;QSAS
(87)
1.’]—a - 1L—‘;__SV(QaIAa

rjie
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2(1 — v) shzy —z; chzy
Qs = | —i(1 — 2v)(sa/s) chzy —isoxy shzy
—i(1 — 2v)(s3/s) chz; —issxy shzy

—i(1 — 2v)(s2/s) shzy —isoxy chzy
2v(s3 /%) chzy —(s2/5)saw1 shzy —2 chz; (88)
2v(s983/5%) chzy —(s3/s)s2x1 shzy

—i(1 — 2v)(s3/s) shzy —is3xy chzy
2v(s983/8%) chzy —(s9/8)s311 shzy
2v(s983/5%) chzy —(s3/s)s3x1 shzy

2(1 — v) chzy —z; shzy
Q. = | —i(1 —2v)(s9/s) shz; —isyx; chz,
—i(1 — 2v)(s3/s) shzy —iszxy chzy

i(1 — 2v)(sy/s) chzy —issxy shzy
—2v/(s3/5?) shzy —(s3/5)xy chzy +2shz, (89)
—2u/(s983/8%) shzy —(s3/8)saw1 chzy

—i(1 — 2v)(s3/s) chzy —isgwy chzy
2v(s983/5%) shzy —(s2/8)s3w1 chzy
—2u/(s983/5%) shzy —(s3/s)x1 chzy +2shz

Bsenem B paccmorpenne marpunsl Rg 1 Ry

Rs = QS(DS)_l
(90)
Ra - (‘Qa(]:)a)i1
1 BOCIIOJIB3YEMCA COOTHOIICHUAMUN
Rit = (Rs+ Ra) /2; Rep=—(Rs — Ry)" /2
(91)

Ryt = (Rs - Ra)** /27 Rpp = — (Rs + Ra)** /2
rje CUMBOJI (%) O3HAYAET, YTO MEPBbIil CTOJIOEI] COOTBETCTBYIONIEH MATPUIIBI J10JI-
JKeH ObITh yMHOXKeHa Ha (-1), cuMBOJI (*%) O3HAYAET, YTO MepBasi CTPOKA MATPUIIBI
J0JKHA ObITH yMHOKeHa Ha (-1), a cuMBoJ (% % %) 0bO3HAYAET YMHOXKeHUE Ha -1
[IEPBOil CTPOKK U MIEPBOTO CTOJIOIA MATPHUIIHI.
Oxonuarenbno, MmaTpunibl Rit, Rip, Rut, Rpb /11 Tpexmeproro omneparopa Jlame,

CBA3bIBaOMME CMEICHUA U YCUJINA B YPaBHEHUU (25) JJIA k-oro CJIOA, UMEIOT BU /]
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) tt11  thg T3
RY, = 55 | —thiz tto Uy
—tt13 tlog i3s3

. tby1 tbia this
RY, = 55 [ thiy thyy thos (92)

RY,  ~(RE)"

Rll;t - _<R}c{b)***
rie z = sh¥, A = th?z —2%/ ch'z,
tty; = (thz +th3z +2/chiz) (1 — v*) /A,
ttyy = is9(1 — 2(v* th?z — 2%/ chiz) /) /s,
tti3 = is3(1 — 2(v* th?z —22/ chlz) /) /s,
ki = [(V* th?z —2%/ ch®z;) (1 + th?z) + (1 — v¥)z thz ch*z]/(As? thz),
ttoy = (1 + th%z)/ thz —s3ky, ttoz3 = —s953ky,
tt33 = (1 + th?z)/ thz —s3ky,
thy; = —[thz / ch?z +2z(1 + th?z)/ ch?z](1 — nu*) /A,
this = iso(1 — vF)(2h% /) (thz / ch?z),
this = is3(1 — vF)(2h* /) (thz / ch?z),
ko = [VFth%z —2%/ ch?z 4+ (1 — %)z thz(1 + th?z)]/(As?),
thoy = (=1 + s3ks)/(thz ch?z), thys = sas3ky/(thz ch?z),
thss = (—1 + s3ks)/(thz ch?z).

Autroput™ HaxoxeHust DyHKIMN ['prHa Ui CJIOUCTBIX CTPYKTYD MO3BOJISET
pacCUNTaTh 3HAYEHMs] YCUIUI Ha TpaHuax Mex ity cjosimu. Haiigem dopmyiibl jyist
pacdera BcexX KOMIIOHEHT TEH30pa HAIPsIZKEHUH B JIFOOOH TOUKe pacCMaTpUBAEMOrO
ciod k. Kak 0Ob110 oTMedeHo panee, perienne ya00HO pa3dUTh Ha CUMMETPUUIHYIO 1
AHTHCUMMETPUIHYIO COCTABJISIONIYIO. Toraa Jyist TpeXMEPHOI Cpejibl CIPABEITHBLI

COOTHOIIICHNA

&°(hy) = 1/2(§ +Tg< )
(93)
&% (hy) = 1/2(q* — Tg?)
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riae Marpuna T omnpejesnsgeTcss COOTHOIIEHUEM

1 0 0
T=(0 -1 0 (94)
0 0 -1

Bocmosbayemest coornormennsimu (84) u (93) u naiiziem 3HadeHnst KOHCTAHT Ag 1

A, B paccmarpuaemom cjioe. [lojrydmm

A= [DS(hk)]_l&S(hk)
(95)
A, = [Da(hk)]_l&a(hk)

Buast 3HadeHust Ag 1 A, MOYXKHO MOJTyIUTh 3HaYeHUs] Ts(X1) U 0,(X1) B J11000i
TOYKe T1, NPUHAJJIEXKAIIEil paccMaTpuBaeMoMy cjioto 1o dopmysie (84).Ormernm,
910 (POPMYJIbI JIJI PacdeTa OCTaJbHBIX KOMIIOHEHT TEeH30pa HAIPAXKEeHUl, MOT'YT
OBITH TTOJTydeHbI aHaTornaHO Gopmynam (84). [leficTBUTEIbHO, PACCMOTPUM BEKTOD

022
Oin = | 033 (96)

023
U IIPEJCTaBUM €0 B BUJE CyMMbI CHMMETPUYHOIN Oip,s U AHTUCUMMCTPUIHON Oip
gacreit. OTMEeTHUM, 9TO OCTaJIbHbIE KOMIIOHEHTBI T€H30pa HAIIPSIYKEHII TaKzKe MOTYT

OBITE HafigeHbl. Anagorndno (84) MOKeM 3alMCaTh COOTHOMICHHS

Gins = 1/ ch(xihy) M (x1)[Ds(hi)] &5 ()
(97)
Gina = 1/ ch(xihg) Ma(x1)[Da(hi)] & a(hy)

riae Marpunbl Mg 1 M, nmeror Bu
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s3/s* + 2us3/s? + 253 /s thz
M = |s3/s? + 2vs3/s® + zs3/s* thz
s953/82[(1 — 2v) + z thz]

is9/s(2[vs3/s? — 1 — v] — s3/s%2 thz)
—i89/8[2v83 /5 + 53 /5?2 thz) (98)
—is3/s([1 — 2vs3/s%] + s3/5%2 thz)

—is3/s[2vs3/s? + 53 /5?2 thz]
is3/s(2[vs3/s* — 1 —v] — s3/s*2 thz)
—iso/s([1 — 2vs3/s?] + s35/s%z thz)

[s3/s* + 2vs3/s?| thz +253 ) s°
M, = |[s3/s* + 2vs3/s%] thz +253 /s>
s953/8%[(1 — 2v) thz +2]

isa/s(2[vs3/s® — 1 — v|thz —s3/5%2)
—is9/s[2vs3/s? thz +s3/522] (99)
—isg/s([1 — 2vs3/s?] thz +s3/5%2)

—is3/s[2vs3/s? thz +s3/s%2]
is3/s(2[vs3/s* — 1 — v]thz —s3/s%2
—is9/s([1 — 2vs3/s?] thz +s3/5%2)

Taxmm obpazoM, J/isi TPEXMEPHOr0 YpaBHEHUS YIIPYTOCTU IPeJICTaBIeHbl (hop-
MYJIbI, TI03BOJISIIOIIAsT PACCUMTATh BCE KOMIIOHEHTBI TeH30pa HAIPAXKeHUd B JIF00Oil
TOYKE CJIOUCTON CTPYKTYpPHI. 110 aTuM dopmyiam MOryT ObITH pacCUMTaHbl BCE sI-
pa rpaHUYHBIX WHTErpajbHBIX ypaBHeHuil. Takum obpaszom, NpejicTaBJIeHHBIH 110/1-
XOJ1 TTIO3BOJISIET PertaTh 3a/1aun JJIsi TPOU3BOJILHBIX HeoIHOpoiHOCTel. Kak n B cry-
Jae JIByMEpPHOTO ypaBHeHusd Jlamnaca mpu YucaeHHoil peajinsanun n3J10KeHHOTO Bbl-
IIe MeTo/la MCII0JIb3yeTcsi ObicTpoe peodpasoBanne Pypbe. ToTHOCTH HAXOXKIEHUST
dyukmun ['puna onpeesrgercs myTeM paccMOTpeHns 3aja4dn 1 U3 IpeIozKeHHOTO

paHee I10AX0Ja K OIE€HKE TOYHOCTHU.

2.8 PaauwasbHag TpeluHa 0o JIefiCTBUEM PABHOMEPHOI'O JaBJIEHUS B
TPEXMEPHOI1I CJIOUCTOM CpeJie

Paccmorpum paanaibHyio BepTUKAJIBHYIO TPEIIUHY, KOTOpas HaXOAUTCA B IJIOCKO-

CTH, TIEPIEHIUKYIIPHON TPAHUIIAM CJIOEB paccMaTpUBaeMoil CTpYKTYphI. [IycTh 3Ta
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IIJIOCKOCTD TEPIEHIUKYJIAPHA OCH T3. TaKas TpellnHa pacCcMaTPUBAETCS B ILJIaHap-
HOI TPeXMEPHOIT MOJIE/IN TPEIUMHBI THIPOPa3PbiBa IJ1ACTa U UMeeT BazKHelilee pu-
KJaJiHoe 3HadeHne. OTMeTHM, YTO TPelnHa MOXKET HAXOJUTCS B HECKOJIBKUX CJIOSIX
OJTHOBPEMEHHO, TepeceKas IpaHuIibl cjioeB. Heobxommmo HafiTi pacKpbITHEe w TaKoii
TPENUHBI 1101, JeficTBUeM JaBJIeHNs P, OPTOTOHAJILHOTO TTOBEPXHOCTU TPEIUHbI.
J1j1st TaKoi TpeINMHbl TPAHNYHOE UHTerpajibHOe ypaBHeHue |56] MoxkeT ObITh 3a-

II1MCaHO B BUJEC

p(xhxz):/ C($1,l’27y17y2)w(y1;y2)dyldy2 (100)
Ls

rie C(x1, T2, Y1, Y2) - SJIPO, paccanTantoe 1o GpyHKnuu ['puHa Jijist CJIOUCTO CTPYK-
Typbl, w(y1,Yy2) — packpbitue Tpenuibl. [lo cytu, C(x1,Ta,y1,Yy2) IpeIcTaBISET
co0Oit TOPU30HTAJIbHBIC HAIIPSIZKEHUST 033 B TOUKE (X1, To), MHIYIIUPOBAHHBIC TOUEU-
HBIM MCTOYHUKOM €IMHUYHOI MHTEHCUBHOCTH, JICHICTBYIONM B TOUKe (Y1, Y2) B Ha-
npapyieHnn 3. OTMETHM, YTO TaK KaK pacCMaTPUBAETCSI TPEIINHA, TO COIJIACHO TeO-
PHUH I'PAHUYIHBIX NHTErPAJIbHBIN YpaBHEHNIT /1 HAXOXKIEHUST PelleHns HeOOX0IIMO
3HATH CHHTYJISIPHOE W THIEPCUHTYJISPHOE SIIPO.

[Ipuseem mHeobxomimMbre hopmyiiel ist paciuera dyuximn C(z1, T2, Y1, Ya). PyH-

JlaMeHTaJbHOEe PelleHrne TpexMepHoro ypaBHeHus Jlame nmeer Buje

1 ik, (xi —yi) ok — yk)
Uk = 3 —4v)—=
Tl L R?

riae R =+/(z1 —y1)? + (z9 — y2)% + (23 — y3)2. CUHTYIAPHOE U IUIIEPCUHTYJIAPHOE

(101)

pelenne i OECKOHEUHON OJIHOPOJIHON M30TPOIIHOI CPeJbl OIPEIesIsIioTCsI COOT-
womenusmu (8). [To mpesgcraBieHHOMYy ajropuT™my HaxoxKjeHust GyHkun ['puHa
CJIOUCTOI CTPYKTYPbl HEOOXOJANMO HAMTH YCUJIMS, COOTBETCBYIOIINE TOUCTHOMY HC-
TOUHHUKY. B paccmaTpuBaeMoM ciiydae NCKOMBIE YCHJINs COCTABJIAIOT MEPBBIl CTOJI-
Oel; MaTPUITLI TUIIEPCUHTYJISIPHOrO pemleHns. Torjaa KOMIIOHEHThI BEKTOpa YCUINI B

HallpaBJICHUN HOPMaJi K ITIOBEPXHOCTU CJIOEB MMEIOT C.HG,ZLYIOH_[I/Iﬁ BU/I:

i 3 1537%33%) (102)

U= = (2(1—u) —3(1—2;/)ﬁ_T
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7 1523
g = _47r(1 Y (3 T 1129 (103)
0 1523
q3 = _47-((1 — I/)R5 3(1 - 21/) - R? T1x3 (104)

VckoMoe g71po MOYKHO HAWTH BOCIIOJIL30BABIINCH M3JIOXKEHHBIM paHee aJropuT-
MOM.

Paccmorpum pajinasbHyio Tpelmuny pajuyca [y moj jeficTBueM paBHOMEPHOIO
JIaBJICHUA p B TPEXMEPHOIl CJIOUCTOIl Ccpelie, COCTOLAIIel U3 JABYX CIEIJICHHBIX II0-
JgynpocTpaHcTB. [IycTh Tpennna HAXOAUTCS B HUZKHEM TIOJIYIIPOCTPAHCTBE, ITPUYEM

IIEHTD TPEIINHBI yjlajleH OT IPAHUIbL pasjesia Ha paccrosine 1.2Ry (Puc. 18).

Puc. 18: Tpemuna B HUZKHEM MOJYIPOCTPAHCTBE

Byjiem oboznadaTh 3HAUYEHUSI, COOTBETCTBYIONINE BEpXHEMY U HIDKHEMY IOJIY-
IIPOCTPAHCTRY, HIKHUM MHJIEKCOM 4 U [ cooTBercBenno. [lomoxum v, = v = 0.3.
Besem B paccMoTpeHune mjiocKuit Momaysib FOHra, KOTOpbIil ompejiesisieTcss COOTHO-

nieHueM

(105)

U BECJIMYNHY

[ =% (106)
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Bynem nckath KoappuImeHT NHTEHCUBHOCTH HAITPSXKeHnit K BIOJIb IepuMeTpa
paJuaIbHON TPENMHbI, HaXoIsIeiics geficTBUeM paBHOMEPHOIO JaBjeHus. Jannbrii
ciydait ObLT BliepBble paccMoTpeH B pabore [48]. Asropbr pabors [73] mposesn ana-
JIOPMYHBINA 9KCIEPUMEHT M OTMETHJIN, YTO UX PE3YJIbTAThl COBHAIAIOT C Pe3y/ibraTa-
M paboTel [50] ¢ TOYHOCTBIO /10 KOHCTAHTHI.

M1yt aucjieHHOTo HaxOXKieHns Koy duimenta narencuBHocTu [41] Bocroibzyem-

¢ hopMyII0it

K] = lim w(rd)

rq—0 \/T’_d

rJie g — pacCTosiHUEe OT pacCMaTPUBAEMOIl TOUKH JI0 KOHTYpa TPElIUHBI.

(107)

Puc. 19: 3aBucumocts 6e3pazmepHoro KoahduimenTa NHTeHCUBHOCTH HAIIPSIZKEHII
BJI0JIb TlepUMeTpa pajiuajibHoil Tpelunbl pajtyca Ry 1o geficTBueM paBHOMEPHOI'O
napjiernst p ot yriaa 6. Pesynbrarer paborer [73] obosnauennr kak MLAYERS3D,
pesybrarel paborsr [48] kak Kuo & Keer. Pesynbrarsr nanuoit paboTsl: KpacHbie
toukn (I' = 0.25), cunne Touku (I' = 1), kesnroie Toukn (I' = 4).
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PesynbraTel pacdera KoddduimenTa THTEHCUBHOCTU HAIIPSIyKEHUN TTPeJICTaBIe-
ubl (Puc. 19) B cpaBaennu ¢ pesyibraramu padbot [48] u [73|. 3a ocroBy B3sT rpaduk
13 paborsl |73].

U3 Puc. 19 Bujno, 910 pe3ysibTaThl, MOJy9YeHHbIE ¢ UCIOIH30BAHNEM ITPEJICTAB-
JIEHHOT'O paHee I0JIX0/Ia, C BHICOKOI TOYHOCTHIO COBIAJIAIOT C Pe3ysbTaTaMu pabOThI
[73], HO 1pE TOM OTIMIAIOTCST OT PE3YJILTATOB, NpejcTaBieHHbix B [48]. Komue-
CTBEHHOE PACXOK/IeHNe ¢ pe3ysbrataMi [48| o6 bsiCHsIeTCsT OlIeYaTKOM, 0 9eM yIoMu-
waercst B [73]. [Ipu 9T0M OTMETHM, 9TO KAYECTBEHHO PE3YJIHTATHI COBIIAIATOT.

OrmernM, 9TO pacydeT KOdDPUIMEHTa MHTEHCUBHOCTU HAIIPSIZKEHUN SIBJISIETCS
BeCbMa IyBCTBUTEILHOI K TOYHOCTHU pacdeTa onepalneii. B gannoit pabore Tpemniu-
Ha MOJLyJINPOBaJIach B BUJie HAOOpPa KBa/IPATHBIX 9JIEMEHTOB OJIMHAKOBOI'O Pa3Mepa,
B KaKJIOM U3 KOTOPBIX OBbLIO 3aJaH0 OJIMHAKOBOE JaBjecHue p. KoamaecTBo Takmx

9/JIEMEHTOB BJIOJIb Pa/IIyca TPEIIIHbI B paccmaTpusaeMoM ciaydae Ny = 20 (Puc. 20).

Puc. 20: Pazbuenue TpemuHbl Ha 3jeMeHThI. [IBeToM 0003HaUeHO Oe3pasMepHoe pac-
KPbITHE TPelHbl. depHas JIMHUsS PACIOJIOXKEHa 110 IIePUMeTDPy Ha PACCTOSHUU T'g
OT KOHTYPa TpeliuHbl. KpacHas myHKTUDHAas JIMHUS PACIOJIOXKEHa Ha, I'PAHUILE 110-
JIyIPOCTPAHCTB.
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OTmMeTnM, 9TO Pe3yJIbTaTh, IPeJICTaBIeHHbIe B pabore 73], mosydeHs st boee
MeJIKOI ceTKHU. BblcoKasi TOUHOCTH Pe3yJIbTaToB JaHHONH padOThI Ipu 6ojiee rpyodoit
ceTKe JI0CTUraeTcs Harofapst paciery ¢ BbICOKOit TouHOCThIO siipa C'(x1, T2, Y1, Yo),
YTO B CBOIO O4Y€pe/ib BOBMOXKHO OJiarojiapsi BbIOOPY IapaMeTpoB pacuera, 110 Ipe/i-
CTaBJIEHHOMY DPaHee IOJIXO/LY.

PaccmoTpumM Tereps ciydaii, Korja TpelinHa lepecekaeT IPaHuIly pasjiesa JIByX
cpes. Bosbmem jiBa mostynpocrpancrsa takux, uro ' = F,/E; = 4. Ilycrs nentp
TPEIINHBI IIPUHAJIIEXKUT IPaHUIIe MEeXKIy II0JIylIpocTpaHcTBaMu. Perernne Takoii 3a-
Jadn mnpejcrasieno B padborax [48] u [73]|. 3a ocnoBy B3aT rpaduk u3 paborst [73].

CpaBHeHne pe3y/IbTaToB IpejcraBieHo Ha Puc. 21.

Puc. 21: BespasmepHoe pacKpbITHE TDEIHUHbI pajiiyca Ry 10j jeficTBIeM DaBHO-
MEPHOTO JIABJIEHHS P, TIEPECEKAIONIEH TPAHIILY MEXK/Ty JIBYMS TTOJIYIPOCTPAHCTBAMI.
Pesynprarsr gamnnoit paborsrkpacupie Toukn (I = 4), cunne touxn (I' = 1).
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13 Puc. 21 BujgHO, 9TO pe3yabTaThbl BCeX Tpex PabOT COBIAJIAIOT ¢ BBICOKOM cTe-
nenbto TogHocTH. OTMeTHM, UTO B pabore [48| pasbueHue TPENIUHBI HA JIEMEHTHI
OpaJioch TaKUM 00pa30M, UTO OJMH U3 3JIEMEHTOB 10 Ia/l Ha IPAHUILy MEXKIY JBY-
MsI CJIOSIME, TOTJIa KaK B JIAHHON pabore m B pabore 73] rpannma Mexy CJIOSME
COBIIQJIAET C I'PAHUIIAMU JIEMEHTOB.

OrmeruM, 9TO pe3yJsbTaThl, IIpejcTaBaeHHble Ha Puc. 21, mogydeHsl npu ycio-
BUH, YTO C2KUMAIOIINEe HAIPSIXKEHUsI B CJI0sIX ofuHaKoBble. OIHaAKO B ODIIEM CiIydae
9TO He TaK. Hampmmep, mpm m3ydeHUN CBOICTB TOPHOI MOPOIBI IPEIoaraeTcd,
qTO 3HAYEHUs HAIPAYKEHUN B CJI0AX 3aBUCAT OT 3HAYEHUIl YIPYIUX CBONCTB CJIOEB.
Takum 06pa3oM, CJIOU ¢ PasIUYHbIMU 3HAUYCHUAMN F' OIZKHBI UMETh U pa3/IndHbIe
cKUMaloIe HampskeHusi. HecMoTpst Ha 9T0, pe3ysibTaThbl, MMOJIYyUYeHHbIE JIJIs pa3-
JMYHBIX E 11pn 0iMHAKOBLIX HALPAMKEHUSIX, [IPEJACTABIAIOT HHTEPEC I U3y YeHUs]
XapaKTepa BIANAHUS PA3HOPOIHOCTH YIIPYTUX MOyl Ha PACKPBITHE TPEIINHEI.

Paccmorpum cirydait, Korja pajguajbHas TPeIuHa 110, PABHOMEPHBIM JlaBJICHIEM
HaXOJIUTCs B IIPeJesiaxX OJHOIO CJIOs MEXKJIY JABYMsI IOJIYIPOCTPAHCTBAMU C OJUHA~
KOBbIME yupyrumu csoiicrsamu (Puc. 22). Ilycrs Tosmuna Takoro ciost pasta 2Ry,

TO €CTh KOHTYD TPEIIMHbI KacaeTCsd IPAHMUII.

E’/

o
s
Ceseralt i

Puc. 22: Tpemuna MexK1y JIBYMS MOJTYITPOCTPAHCTBAMI.

ByeM BoIUUCIATD pacKpbhITHE TPENUHBI B IIEHTPATLHOM CEYeHNN, TTapaslie/IbHOM
rpaHuiiaM (CHHUA 0Tpe3oK Ha Puc. 22) u B EeHTPaJIbHOM CEYeHUH, [ePIeH UK YIIsIp-

HOM rpaHunaM (KpacHbIii oTpe3ok Ha Puc. 22).
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[lycts B, = E] >> E'. Pesynnrarsl Jyist JAHHOTO CJIydasl HPEJICTABICHDbI Ha

Puc. 23.

Puc. 23: Tpemuna MexK 1y JABYM MOJTYITPOCTPAHCTBaAMU. depHBIMI KBaJIpaTaMu 000~
3HAYEHO pacKpbITHe Tperuibl mpn E! = E/ = E'| cuanvun ToukaMi 0603HaTIEHO
PaCKpPBLITHE TPEIIUMHBI B IEHTPAJILHOM CCUECHUN, TapaJLJIeIbHOM IPAHUIIAM CJI0EB, IIPU
E! = E] = 1e6F', kpacubiMn KpectaMi 0003HAYEHO DACKDBITHE TPEIINHBI B I1eH-
TPAJILHOM CEUEHNH, HEePIeHNKY/IAPHOM Ipanunam ciaoes, npn B = E] = 1e6E'.

MakcumaJibHOe OTKJIOHEHHE OT PEHIeHUsT JIJIsi OJIHOPOHOIO CJIyvast HabJ I 1aeTCs
B cepeinHe Tpelunbl 1 cocrasiger 15.5%. OTMeTuM, 4T0 B BEPTUKAILHOM CEUCHUH
pasnyne ¢ perieHreM st OJHOPOJHON cpeabl MPAKTHIECKN OJIMHAKOBO BO BCEX
TOYKaX, TOT/JIa KAK B TOPU30HTAILHOM CEUYeHNN 3Ta PA3HUIa YMEHBITAeTCS TIPU MPHU-
OJIMZKEHUN K TPAHUIIE TPEIUHBI.

[lycts E] = E] << E’. Pe3ynbrarsl i JIAHHOIO CJIydasi HPECTABJICHBI Ha
Puc. 24.

MakcummaJsibHoe OTKJIOHEHWEe OT PelieHus st OJTHOPOHOTO CTyvast HaOTI0aeTCs
BOJm3K rpanuil. OTKJIOHEHNE B IEHTPAJIbHON TOUKe Tpelunbl cocrapiser 17.8%,
910 OJINBKO K 3HAMEHNIO, IOy deHHOMY Juid ciaydas B, = E] >> E'. Ormernm, 4ro

KaK 1 B IIpeJblAyHICM CJIy4dae, pa3sHUIa MEXK/IY PaCKPbITUEM B BEPTUKaJIbHOM CE€Ye-
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Puc. 24: Tpemuna MexK 1y ABYMS HOJIYIPOCTPAHCTBAME. JepHbIMEI KBajpaTaMu 000-
3HAYEHO PACKpBITHE TpemuHbl npn F, = Ej = E', cunnMmn Toukamu 0003HAYEHO
PACKPBITHE TPEIIUHBI B IIEHTPAILHOM CeYeHNH, apasIeIbHOM TPAHNIAM CJIOEB, IIPH
E! = E] = le—6F', kpacHbIME KpecTaMi 0603HAYEHO PACKPBITHE TPEIIUHBI B IeH-
TPAJILHOM CEUEHHN, HEePIEHINKYISPHOM IPaHuiaM cjioes, upn B, = E] = le—6E'.

HUU U PACKpPBITUEM B OJHOPOJHON cpejie MPpaKTUYeCK! OJMHAKOBA BO BCEX TOYKAX,
TOrJIa KaK B TOPM30HTAJILHOM CEYEHUN 3Ta PA3HUIA, YMEHBIIACTCs IIPU IIPUOINKe-
HUW K I'PAHUIE TPEINHDI.

PaccmoTpennble cirydan mO3BOJISIOT ONPEACINTD IPAHUIIBI BJAUSHNAS OTHOCUTETh-
HOIl Pa3HUIlbl YIIPYTUX CBOICTB CJIOEB Ha PaACKPBLITHE PaJNaJbHON TPEInHbI, IIep-
e IMKYJIAPHOI rpanuiiam cjioeB. [lokazano, 4To packpbiTue TPEIHbl B CJIONCTOMN
cpejie MOKeT OoJiee YeM B JIBa pasa OTJIMYATbCsl OT PACKPBITHSI TAKOM »Ke TPEeIuHbI

B oHOPOJHOI cpese. [Ipn aTOM naHHas OleHKa CIpaBeINBa TaKxKe I TPEHUHbI

1101 JeiicTBUEM HEPABHOMEPHOI'O JIaBJIEHUS.

2.9 BreBoab:

[TosrydyeHHble B JaHHOI IJlaBe pe3y/bTaThl MOTYT ObITH 0DODINEHBI CJICIYIOIINM 00~

pazoM.
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e [IpejacraBien MeTos noctpoennss GpyHKIuU ['prHa CJI0MCTON Cpeibl I JIBY-
MepHoro ypasuenus Jlamraca. IlpencraBien crnocod onenKn TOYHOCTH pas3pa-
borannoro meroja. llokazano, uro yBenmuenune nepuoja 2A mnpeobpasoBanms
@ypbe 1pu (PUKCHPOBAHHOM YHCJEe TOYEK Juckperu3alnun N I03BOJIAET yBe-

JIMYUTH TOYHOCTL Oe3 yBeIIM49eHnd BpEMEHN pacdeTa.

e /i1 nByMepHoro ypasuenus Jlammaca gano obobIeHne MeToia KOMILIEKCHBIX
IpaHNYHBIX MHTEIPAJIbHBIX YpaBHEHUI Ha 3a/1a41 JJISI CJIOUCTBLIX CTPYKTYD C
HeotHOpoAHOCTIME. C MTOMOIIIBIO JIAHHOI'O METOjIa PellieHa 3ajada 0 KPyTroBOM
OTBEPCTUU C 3aJJaHHBIM Ha KOHTYpe IOTOKOM B cjoucroit cpene. g gact-
HOT'O Cjly4dasd KPYroBOI'O OTBEPCTHUdA B IIOJIYIJIOCKOCTU C CHUJIBHO IIPOBOJAIIECH
rpaHulleil IpoBeIcHO CpaBHEHNE ¢ aHAJIUTUYCCKUM peIleHrueM 1 II0Ka3aHO, 9TO
[OTPENTHOCTE pacyeToB He mpebiiiaer 4%. [loydena 3aBUCHMOCTH OTHOIIEHNST
MaKCUMaJIbHOIO 1 MUHIMAJILHOIO 3HAYCHN S [IOTEHIIaJIa Ha KOHTYPEe OTBEPCTUS
OT 3HAYEeHUIl OTHOCUTEJIBHON IIPOBOJAUMOCTH IIOJIYIIJIOCKOCTEH U PACCTOSAHUS OT
IEHTPa OTBEPCTHd /10 TpaHutibl. [lokazano, YTO CUIBHO MPOBOALAIIAS TPAHUIIA
OKa3bIBaeT OOJIbIlee BJMANNE Ha IMOTEHIINAT OTBEPCTHsA, YeM HelpPOHHUIaeMast

I'paHUIIA.

e [Ipencrasien meTos nmoctpoenus pyHKIUNM ['pruna cJIONCToil cpeibl JJisd TPeX-
MEpPHOTO ypaBHeHUd Jlame, MO3BOJISIONINI pacCUNTaTh BCe djipa IPaHUYHBIX
NHTErpaJbHBIX ypaBHenuil. Pemena 3a1ada o pajinabHOIl Tpennune, mepIieH -
KYJIAPHOI TPaHUIAM CJIOEB, MO, AefiCTBUEM MOCTOSHHOTO JaBjiennd. Jjs cy-
4Jag, KOrJla Takad TPeluHa IeJNKOM HAXOAUTCS B OJJHOM CJIO€, PACIIOJIO?KEHHOM
MeXKJ1y JIByMsI TOJIYIIPOCTPaHCTBAMU, OlIpeIe/IeHbl I'PAHUIIbI BJAUSHUS 3HAYEHU
YVIPYTUX MOJyJIeil TOJTYIIPOCTPAHCTB Ha PAcKpbITHe TpermuHbl. [lokazano, 1To
pa3HUIA YIIPYTUX MOJIYJEll CJI0€B IPUBOJAUT K 3HAUUTEJIbHOMY OTKJIOHEHUIO KO-
3 purmenTa THTEHCUBHOCTH HAITPSIYKEHWH BJI0JIb TIEpUMETPa TPEIMIUHbI OT CO-
OTBETCTBYIONINX 3HAYCHUI /1J11 OJTHOPOHON CpeJIbl B CJIydasx, KOrJa TPeIuHa

HE IIepeceKacT I'paHUIIbI CJIOEB. CpaBHeHI/Ie C pesyibTaTaMu, IIOJYYCHHBIMUA C
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HCIIOJIb30BaHUEM aJIbTEPHATUBHLIX IIOJXOA0B, AEMOHCTPUPYET JOCTOBEPHOCTDL

MOJTY9YeHHBIX B JIaHHOI paboTe pe3y/bTaToB.
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3 MoaudummupoBanHas ceBAOTpeXMepHasa MOJeJb pPaclpo-
CTpPaHEHUd IIJIOCKOW TpPENIMHbI B CJIOUCTOMN Cpejie

3.1 IlceBmoTrpexmepHasi MOJeJb TPEIUHBI I'/IPpOpa3pbiBa IJIACTa

[Ipumenenne 1pejicTaBIeHHON B TIPEABIAYINEH IJIaBe MOJIEN CJOUCTOCTH JIJ1sT MOJIe-
JINPOBaHNS TPEMUHBI TTPEJITOaraeT NCMOTb30BAHIE METOAa TPAHNYHBIX 3/IEMEHTOB.
O nako BBULY BBIYUCIUTENILHBIX TPYAHOCTE, TpexmepHoe Mojenposanne ['PIT xo-
TS U JIOCTUTJIO HEKOTOPOro mporpecca 76|, HO Bce paBHO ocTaercsi BeCbMa, CJIOXKHOI
3aJlavdeii. DTO NMPUBOJUT K HEOOXOJMMOCTH Pa3pabOTKK YIPOIIeHHO Momuenn. TeH-
JIEHINS K BHEJIPEHUIO MPOCTHIX MOJIesieil B ObICTPBIX CUMYJIATOPAX TaKKe BbI3BaHa,
HEOIIPeIeIeHHOCTBIO CTPYKTYPhI, CBOMCTB U HAIPSXKEHNI TOPOJIbI.
[lceBmoTpexmepHast MOJIe b TPEITUHBI — OJiHa U3 HANOOJIee YacTO MUCIOJIb3YeMbIX
Mojlesiell B KomMepuecknx cumystaTopax. Mojens P3D mononnser 6a3oBy1o Mojierb
PKN, B KoTOpOIT BbICOTA TPENUHBI TOJIArAeTCs TTOCTOSHHOM, MPABUIOM JIJIs Olpe-
JleJIeHnsl pocTa TPEIUHBI B BbICOTY. Ha JaHHBIT MOMEHT 3TO C/IeIaHO ITyTeM BBe-
JIeHIsI B paccMOTpeHne (PUKTHUBHOIO KPUTUIECKOT0 KO3 UImenTa MHTEHCUBHOCTN
nanpsikennit (KMH) [27]. OcHoBHble ycuiins HanpaB/ieHbl Ha [OUCK TON BeJMd-
HbI, TAK>Ke Ha3blBaeMoil GUKTUBHON TperuHocToiKoCThIo [27]. TIpocTeiinmmit moaxo/
COCTOUT B TOM, UTOOBI TPUPABHATH (PUKTUBHYIO TPENTUHOCTONKOCTH K TPEIUHOCTO-
KOCTU TIOpoJibl. OIHAKO TaKOI TIOJIX0/T He COTJIACYeTCsI ¢ (PAKTOM, UTO JacTO TPEInHa,
MPENMYIIIECTBEHHO PACIPOCTPAHSIETCS B peXKIME JOMUHUPYIONIEH BA3KOCTH, a He B
pexKnMe JIOMUHEPYIOLIeit TperuuocToiikoctu [79]. Perenne nanuoit mpob/ieMbr ObLI0
MIPEeJICTABIEHO TOJIHBKO JIJIS YaCTHOTO CJIydasl CUMMETPUIHON CJIOUCTOM CTPYKTYPHI €
OJIHUM CJIOEM, HAXOJSMIIMCI MKy MOJYITPOCTPAHCTBAMI € OJMHAKOBBIM MOJIOZKNI-
TEJIbHBIM KOHTPACTOM HAIPSIZKEHU{T 1 OJIMHAKOBBIME YIIPYTUMIE cBoficTBamu [27]. AB-
TOPBI TTOJIYUIJIN TTOJIYIMIINPUIECKOE ypaBHEeHUe, KOTOpoe omnpejiesisieT (pUKTUBHYIO
TPEIUHOCTONKOCTh U MPEJICTABUIN CIIOCO0, KOTOPBIH 0OeCcrednBaeT POCT BBICOTHI
B COOTBETCTBHUU C TPEXMEPHBIM pellleHneM, HallIeHHbIM € UCIOJb30BAHUEM MOJIETN
ILSA|75]. BosHukaer Borrpoc: Kak MOJIEJIMPOBATEH POCT MICEBIOTPEXMEPHON TPEIINHBI

B BBICOTY B pe2KHME ,ZLOMI/IHI/IPYIOHLGI‘/)I BA3KOCTHU B IIPONU3BOJILHOM Cquae? Bosnnkaer
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1 BTOPOIT BOIIPOC: MPH KaKUX YCJI0BUAX JII00oe pacimupenue mojenn P3D cranoBurcs
HEITPUMEHUMbBIM !

lannas rjaBa npusBaHa JIaTh OTBETHI HA 3TH BOIPOCkHL. Lleb jocturaercs myrem
nepecmotpa cxembl P3D u obbeaunenus mogenn P3D ¢ mogenbio KGD, momudu-
[UPOBAHHOI JIJIsT ydeTa MPOU3BOJIbHOIO KOHTpacTa Hanpskenuit [35]. ITlpemmoxen
HPUHIIUAII COOTBETCTBUS, KOTOPBIH yCTaHABJINBAET COOTBETCTBUE MEXK/Ly JIBYMS MO-

deJIZIMI B TEpMHHaX (bI/ISI/ILIeCKI/IX B€JIMYMH, IIPUCYTCTBYIOIINUX B obenx MOJEJIAX.

3.2 IlocranoBKa 3aJia4m O IICEBAOTPEXMEPHOIT TpeIlnHe B CJIONCTOI cpe-
ae
OcHoBHbIe Tpejnoaokenns 6azoBoii mojenn P3D (Puc. 25) moxkuo cdopmynupo-

BaTh CJIEILYIONIUM 00Pa30M:

i pasmep (JyiMHa) TPEIINHDBI B HAITPABJICHIH €€ HAHOOJIBIIIEr0 POCTa 3aMETHO IIpe-
BBIIITAET ee pa3Mep (BbICOTY) B OPTOTOHATHLHOM HAIPABJICHNH, TAK ITO YCJIOBHS

H.HOCKOﬁ ):Led)OpMaLLI/H/I HpI/IMeHI/IMbI B Honepequlx CG‘IGHI/IHX, HapaﬂﬂeﬂbelX
dbponry;

1l TpelnuHa pacupocTpaHsgeTcs B OJHOPOIHON YIIPYTroit 1 N30TPOIHON cpejie ¢ MO-

nysieMm yrpyroctu F u koadpduimentom [lyaccona v

111 JdaBJieHue 2KHNJIKOCTU P, Pa3/IM9HO B IIOIIEPEYHLIX CEYCHUAX, IIapaJlje/IbHbIX

PPOHTY TPEIMHBI, U OJUHAKOBO B KayKJIOM U3 3TUX CEUCHHUII.

[TomecTum nadano O JeKapToBoil cucreMbl KoopauHar £z B cepeiuny IPOLyKTHB-
HOI'O CJI0sI, B KOTOPOM IIPOM3BOJINTCS 3aKadKa KIJKOCTH B 1tacT. Och & HAIpaBUM
B HallpaBJIeHUN HAMOOJIBLIIECIO POCTA TPEeIMUHLL. ByreM Ha3bIBATL 3TO HAIIPABJICHUE
ropu3oHTaIbHBbIM. Och 2 HAllpaBUM HEePHUHIUKYJISAPHO TPAHUIAM CJI0eB. BeejeM B
PaCCMOTPEHIE KOOPJMHATHI HUZKHEIT 24 (X, t) 1 BepXHEil 2y, (X, t) BEPIIHHBI TPEIITHDI
B 3aBUCUMOCTH OT BPEMEHHU ¢ 1 IIOJI0XKeHNd TOYKN TPEHMHbI Ha ocu x. Hanpszkenue
0, 3aKPbIBAIOIIEe TPEIINHY, OOBIYHO U3MEHsIeTCsl B HAIIPABICHUU 2 W IPEJIII0JIaraeT-

c TOJIOYKUTETbHBIM /I CXKUMAIONNX HalpsizkeHnit. B mogenn P3D manpskenns
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Puc. 25: T'eomerpus Tpemunnt P3D

3aal0TCA KaK CTylleH4YaTad dQYHKHHHﬁC IIOCTOIHHBIM 3HadYeHneM o’ B KazKJJOM 13

CJIOEB:

o(z)=0ltne P <2< j=1,...,n (108)

rJie M — CyMMapHOE 9HCJIO CJIOEB, B KOTOPBIX MOYKET PACTH TPEIHa; 2z’ — KOOpIMHAT,
BepxXHell TpaHuIlbl j-0ro CJIos (zj*1 — KoopJimHaTa HUZKHEN PpaHML[bI). [lepBriit n
TIOCJICTHUH CJI0iT ABJIAIOTCS TIOTyIpoCTpancTBamMu: 20 = —oo 1 2" = oo. Homep
IIPOJLYKTUBHOIO ¢JIod OyjieM 0003Ha4YaTh Jp.

3 npeanonozkennit (1) u (i4) caemayer, 9To0 B KazKJIOM HOIEPETHOM CEUCHUN Pac-
KPBITHE TPENUHBI MOXKET OBITH BBIPAyKEHO Uepe3 JlaBjeHne U HAIPsKeHus Ha Oec-
KOHEYHOCTH C ITOMOIIBIO YpaBHEHUIT Teopun yupyroctu. /st Toro, 4ToObl HAITICATH
9TO ypaBHEHUE JIJIs CeUeHUsT T B MpOCTeiileM BUje, yI0OHO MCIOIb30BATDH JIOKAb-
nyio cucremy koopaunar x(O'z'. Ouna nosydaercst u3 raob6aJbHON IyTeM CMEINEHNs B
BEPTHUKAJTHLHOM HAIIPABJIEHUN TaK, 9TO B KayKJIbIil paccMaTpuBaeMbIil MOMEHT BpeMe-

au ¢ nertp O HaxouTes B TOUKe Zo(x, 1) = % (241 + Zwy) HHTEPBAJIA MEXKTY HUXKHEI

2 (x,t) u BepxHeil 2., (x,t) BepIINHOIL:

=2z — z(x,t) (109)
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B JokasbHOl cucTeMe KOOpPANHAT 3aBUCUMOCTH MeXKly packpbitueM w(z(z')) u

pasHocTbio p — o (z) [69], mveer Bu:

w0 = i [ o (stm) — o (sa)] axcosh

-1

1—¢n
¢—=n
C yuerom (109), riobajibHbIe KOOPJANHATEI Z U § BBIPAZKAIOTCS 9€pe3 HOPMUPO-

dn (110)

BaHHBIE JIOKAJIbHbIE KOOpAuHaThl ( = 2'/z, u = §'/z, ¢ HOMOIIBIO COOTHOIIIEHMIT

z =20+ 2(x,t), s=zn+ 20(z,1) (111)

rie zi(x,t) = % (Zyw — 241) — TEKYIIAsT TOJTYBBICOTA TPEIIUHBI B CEYEHUN .
VpaBHeHue TedeHnst KUJKOCTU COAEPIKUT I'PAJNEHT JaBICHUS KUJIKOCTH, a He
caMoO JaBJIeHne. DTO HPUBOAUT K TOMY, YTO MOXKHO UCIIOJIL30BATH JABJICHUE Pt
OIIpeJIC/ISIEMOe KaK PAa3HOCTDL MEXK/LY JIABJICHUEM YKUJIKOCTH P U (DUKCUPOBAHHBLIM
3HAUCHUEM 0( CXKUMAIOIINX HalpszKeHUil B ropHoii nopoje. B kadecrse oy Moxker
OBITH HCIOJIL30BAHO 3HAYEHNE CAKIMAIONINX HALPKEHUH B IIPOLYKTUBHOM CJIOE ).
Taknm obpasom oy = 0, u B ypasuernu (110) u mocsegyommx ypaBHEHUSX MBI
MOKEM HCIIOJIb30BATh THCTOE JIABJIEHUE Dne(T,t) = p(x,t) — 0, BMecTO p(2,t) 1
KOHTpacT Hampskenuit Ao(z) = o(z) — 0, BMECTO abCOTIOTHBIX 3HAYEHUI CZKH-

MaloImux Hanpskeruit o(z). Taknm obpasom, ¢ ucnosb3oBanueM ypasraerns (111),

ypasuenne yupyroctu (110) npuaumaer BUI:

w(o(0) = =52 [ o s(0) = A (s arcost [ L=

-1

‘dn (112)

[Ipeamonioxkenne (i4) u KycodHo-TIOCTOsSTHHOE pactpeenenne (108) mpuBognt

K TOMY, 9TO uHTerpas B (112) BbIpaKkaercs: aHAJIUTHYECKH Yepe3 [epBOOOpasHYo

Gw(¢,n) = (n — ¢) arcosh ’%‘ — /1= (%[5 — arcsinn] dyukuuu arcosh ’%‘

w((0) = 2 [ ()T~ C — Fu( 0, )] (13
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rie F (Ao, () = jii;‘ Aot [Gy(¢, ) — Guw(¢, 1], Ormernm, uro cymmuposa-
HUE IIPOBOJUTCS TOIBKO 110 CJIOSIM, IIEPECEKAIONMM Tpemuty: j; = min (5 : 27/ > zy),
Ju=max(j : 277 < z), 00 = [0 — 20(w, )]/ 2:(2, 1).

st pacKpbITUS Wy, OCPEIHEHHOIO 110 CEUCHUIO, CIIPABEIINBO COOTHOIICHIE

i =5 [t = [ w0106 (114)

Nurerpuposanue (112) mo3Bosisier MOJIYIUTb 3aBUCHMOCTD MEXKIy UHCTHIM JIaB-

JIEHUEM U CPEeJIHUM PACKPBITHEM:

1
Way = 25;" rp;et - %/_1 Ao (2(0)) V1 — g‘?dg] (115)

13 sroro ciempyer

Puet _ 1Wa 2/1 Ao (Z(C))de (116)
1 £

E’ T 2 s

JI1s1 KyCOUHO-TTOCTOSHHBIX CZKUMAIOINX Hampsizkennit (108), uHTerpupoBatue B
(116) mpuBOAUT K 3aBUCHMOCTH MEXKIY CPETHUM DPACKPBITHEM Wq, U KOHTPACTOM

Hanpskenniit Ao (z):

o .
Pnet 1 wey 2 Aol I QJ Ju Ao’ j i1
P ran 1F {Z+F"(C)]+% 2 E' {Ff’(g)_F"(C )}*“

+ 287 m(e]. )

rJe J; u J, — HOMepa CJI0€B, B KOTOPbIX HAXOAUTCA HUZKHASA U BEPXHsA BEPIINHA Tpe-

muHbL cooTsercTBenHo, (!(C%) — HopMuEpoBaHHasg KoopAnHaTa ( BepxHeil (HIDKHeil)

rpanuisl crod j; (J,); ¢ = {zj — zo(x,t)}/z*(x,t). DOyHKITsT

1 :
F,(() = 5 (C\/l—g2+ar081ng) (118)
upejcrasisier uarerpas or /1 — (2. Ecu Tpelyna HaXoAUTC B Ipeeiax POy K-

THBHOTO €101 (J; = ju, = Jp), TO BCe cilaraeMble B pasoii qactu (117), cogepxxkaniue
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KOHTPACT HAIIPS2KEHUl, 00pallaloTcs B HYJb. ZICHO, 4TO TaK Kak o0beM V' 2KUJIKO-
CTU B IIOIIEPEUHOM CEUEHHH PABEH 2Z,Wgy, TO 00BbEM MOXKET OBbITh UCIOJIb30BaH KakK
HEN3BECTHAs] BMECTO W, U HAOOOPOT.

OtmernM, 4TO KO3(hhUINEHTH HHTEHCUBHOCTH JJIs BepxHeit K} 1 HuzKHell K}

BEPHINHLI OIIPEAC/IAI0OTCA COOTHOIICHUAMU:

Ky = \/Z/ pnet — Ao (s(n ))}\F—gdcj,
K= 2 [ [ o) - 8 (s ]y 1 (119

Tak Kak 1epBooOpas3HBIMU ,/% iy / % SBJISIOTCS, COOTBETCTBEHHO, (OYHKITHN
FL(¢) = arcsin ¢ — /1 — (2 u FL(¢) = FL(C) +24/1 — (2, To KUH (119) n1st 1o-
CTOSIHHOTO YUCTOTO JIABJICHUS Ppet U KYyCOUHO-OIHOPOJIHOTO MOCTOSTHHOTO KOHTPACTA

HAIpsizKeHnT Ao ONpeessiioTcsl COOTHOITEHISIMIE:

1 17t . |
Ki = Ve {pua = —A0! S+ FUO) | == D AcT [FR(¢) = FE(ET)] -

J=n+1

a0t [T Fpen] ) 20

KﬁZK}‘—Z\/%{A o'\/1— (¢)? ji Ao’ [\/1— C)? =1 — (¢ ]

J=n+l
~Agty/1 - (gu)Q} (121)

Anasnornuano (117), Koryia TpelnHa HaXOAUTCsl BHY TP POy KTUBHOTO CJ10st (j; =
Ju = Jp) BCe cilaraemble B mpasoii gactnu (120), (121), comeprkalnne KOHTPACT HAIIPSI-
JKeHuil, paBHbI Hy110. OUeBHJIHO, 9TO MOJICTAHOBKA Ppet B (120), (121) maer Bbipake-
Hust KO3 PUIMEHTOB NHTEHCUBHOCTI HAIIPAKEHHIT 4epes3 TeKYIIee CPE/IHee 3HAUCHNe
PACKPBITHS Wgy, BBICOTHI TPEIIUHBI 22y U KOOPIUHAT Zyy U Zy. 1OIJIA 3TH YpaBHEHUsI

onpeJIe/IAI0T (PUKTUBHYIO TPEIIMHOCTONKOCTD /I KayKIOi BEPIIMHBI TPEIHbI. B
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CUMMETPUYHOM CJIYYAE UMEEM Zyy = Zx, Zxl = —Zsu, K} = K}. B sTom ciyuae
KUH onpegengercsd ToJbKO TEKyIeil BHICOTOH TPEHIUHBI U CPETHUM PACKPBITHEM.
B cBoro odepenn, B coorBercTByomeil 3aja1e KGD, ckopocTh omnpesessieTcst TeMu
JKe BeJIMYMHAMU: TEeKYIIEell BBICOTOI TPEIUHBI 1 CpeJTHUM pacKpbiTueM. [lomydaer-
¢, 9TO IPUPABHUBAHIE CPEIHUX PACKPLITUI JIJIT OJMHAKOBBIX BBICOT JIA€T 3aBUCH-
MocTb KMH ot Tekytieit ckopoctn pocta 1 BbicoThl. CJieI0BATEIBLHO, TPU UCIIOhb-
30BaHUN CPEJHEro PacKpbITUs W TEKYIIeil BBICOTHI IS ONpPeJIe/IeHIs BePTUKAJIb-
HOIl CKOPOCTH pOCTa TPEIINHbI, BBeJeHne (PUKTUBHONI TPEIUHOCTONKOCTH sIBJISIeTCS
HEHYKHBIM YCIOXKHEeHUeM. TeMm He MeHee, B cJIydae, KOIjla 3aBUCUMOCTDH (DUKTUBHOI
TPEMUHOCTONKOCTH OT CKOPOCTU POCTa TPENNHBI MOYKET OBIThH BbIparkeHa MprO/In-
JKEHHBIM aHAJUTHICCKIM YpaBHEHUEM, pelleHne ypaBHeHUe I CKOPOCTH MOYKET
OBITH WCIIOJIB30BAHO JIJIsl pacdera pocTa TPEIINHBI B BbICOTY. ABTOPBI paboTh! [27]
UCIIO/TB30BAJIN STOT MOXOJ /1T YACTHOTO CJIydasd CUMMETPUIHON CTPYKTYPHI C ITPO-
JIYKTUBHBIM CJIOEM, HAXOIAIIMMCS MEXKY JIBYMS IIOJIYIIPOCTPAHCTBAMU.

3anuineM ypaBHEHUs HEIPEPLIBHOCTU U ypaBHeHus THua Ilyazeitisa

0 O(ww,
o ) s Quns)aa) (122)
n 1/n
ve(x, 2, 1) = (_wujrl 35;@5) (123)

rje ¢; — CJIaraeMoe, COOTBETCTBYIoIIee yredkaM, (Qo(t) — 3aaHHbIil TOTOK B TOUYKE
nHunuanuu tpermuusl r = z = 0, 0(x) — nenvra-dyukius upaka, v, — CKOpOCTbH
qacTuI B Hanpasiaennu &, f = 2[2(2n + 1)/n|" M, n - umgeKc MOBeJIeHUA AKIJTKO-
ctu, M — naaekc KoHcucTeHun )kugkoctu. Jnasa Heiorornoscekoit »xuakoctn n = 1,
M = [i — quHaMuueckast BI3KoCTh; Torda p' = 12/, OrMeTum, 9To ToYedHbli 1CTOY-
HUK, BKJIOYAIOIIH § (), M0jipasyMeBaer, 4To TPeInHa CAMMETPIUYHA OTHOCUTEIHHO
ocu z. Takum oOpas3oM, IOTOK, COOTBETCTBYIOININIT ITpaBoii (ﬂeBoﬁ) JacTU TPENINHbI
paBer 1/2Q(t). DTo BazKHO I PACIETOB, B KOTOPBIX YUIUTHIBACTCS CUMMETDPUST

3a/1a4.



76

Nurerpuposanue (122) u (123) mo cedenuio ot zy(x,t) 10 2w (x,t) u ucmnosan3o-

Banue (114) mo3BoJIsIeT MOJIyIUTh COOTHOIICHUST:

8(22*11)@1,) 8(22*7~Uavvav)

- — Qi+ Qud(x 124
+1 1/n

wgv apnet
Vao(2,1) = Fy(2,t) | ——5— (125)

w Oz
rie Q) = 7 f;l“ qidz — cyMMapHbBIe YTEUKH uepes3 HOBEPXHOCTD B 3aaHHOM CEeUCHNU,
Vgy — CPEHSAA CKOPOCTh YaCTUIL KUJKOCTH, OlpejiesigeMas COTHOIEHUEM Vgy = %,

rie ) = f;l“ v,wdz. Torna crpaBenInBO COOTHOIICHIE

(w2—|—1/n)
av
Fy(2,1) = —547— (126)
Wav

rae (w*/m),, = % Zzl“ w*/ndz — cpennee 3navenue BenrnanHbl w2 o TMOME-

p€IHOMY CEYCHUIO.

CKOpOCTb PACIPOCTPAHEHHs TPEIUHbBI Uy, (t) = d;t*

B HalIpaBJIEHHN OCHU T HaXO-

JINTC U3 YpaBHEHUI

Vi (1) = lim vy (2, 1) (127)

T—Tx

rie x.(t) - Texymas nosuius dbponta Tpemuubl. C yuerom (125), ypaBHeHUs CKO-
POCTU UMEIOT BUJL:

dr, 1
Vs (1) = dxt = — lim

n T— Ty

Way 6pnet 1/n

e t, = (p//E")Y™ - euncrsennblit mapaMeTp, HMEIONHH Pa3MEPHOCTh BPEMEHH.
Ha dponte Tpemunn! ee pacKpbITe paBHO HYJIIO. Torja 9rcToe gaBjaeHne u BTO-

poil wieH B mpaBoil dactu ypasaenus (116) Takke paBHBI HYJI0. DTO O3HAYAET,

910 (DPOHT BCerja HAXOMUTCS B POyKTuBHOM cjioe. Torma lim, ., F, = F,(z4,1).

Ucxopist u3 9TOT0 BBOJAUTCST B PACCMOTPEHNE ACHMITOTHICCKUiT 30HTHK [59):

Wey = Cyu(t)r” (129)
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rjie r = r, — r — paccrogaue ;10 ¢pporta Tperuinl, C, — K03OPUIMEHT NHTEHCHB-
HOCTH PACKPBITUSI, (v — [MOKA3ATe b, KOTOPbIH HEOOXOINMO OIPEIe/IUTh.
Bocnosb3yemest reriepb (byHAaMEHTATILHBIM [IPEJIINIOI0KEHNEM, KOTOPOe BCerja,
XOTsl YaCTO M HESBHO, HCIOJL3YETCs IPU M3YUYEHUH PACHPOCTPAHEHUs TPENTHbI
IUPOPA3PhIBA ILJIACTA: CKOPOCTH PACIIPOCTPAHEHNsI TPEIUHLI KOHEYHA U HE PaBHA
myso. [ojcranoska (129) B (116) n B (128) 1m03BOJIAET ONPEETUTD, UTO Vs, VIIO-
BJIETBOPSIET 9THM YCJIOBUSAM TOJIBKO ipn @ = 1/(n + 2). Torma ypaBHeHne cKopocTH

(128) mpunnmaer Bu;

_Fv(gj*,t) 1 I/n 1+2/n
valt) = <m*(n+2)> c (130)

Bnech Cy, onpejiensiercs depes (129) kak
Cw = wav(ri)/rr? (131)

rje 7; - paccrosduue or (PPOHTA JIO TOYKU CETKU I0J] ACUMITOTHYCCKUM 30HTHKOM
(129).

Octasocs gonoaanTh cucremy (124), (125), (130) ypaBHEHHSME CKOPOCTH POCTa
TPEIIUHBI B BBICOTY, OIPEJIESIIONINME OJOKEHUSA 24 (X, 1) U 2y (x,t) HUKHEH U
BepXHEil BEPIIMH B KAyKJI0M HOIEPEIHOM CeYCHUM, ¥ HAYAJIBLHLIMU YCJIOBUSIMI.

ypaBHeHI/IF{ CKOPOCTH POCTa TpE€MHbI B BBICOTY NMEIOT BUJL

dz,

Uzl(xyt) — dtl - le(z*la Z*uawav) (132)
d2sy

Uzu(x;t) — (jt :fzu(z*laz*uawav) (133)

HavaibHble ycioBrsg B MOMEHT BpeMeHH ty 3a1al0TCA COOTHOIICHUEM

T (o) = 40, Wan (2, t0) = wo(x), 24 (t0) = 2ui0, Zeu(to) = Zeuo (134)

Basata cocrout B pemtennn ypasuenuit (124), (125), ((130-133) npu HadaibHbIX

yesoBusix (134). Ilpoduis packpbiTust Tperintbl w B ypasaerun (126) onpejesisiercst
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ypasuenneMm (113). Yucroe masierne pye; B npasoit gactu (113) u (125) maxomnt-
cst u3 ypastaerus (117). Oyuriyn fo( 24, Zuws Wap)s fou(Zals Zsus Way) B YPABHEHUSAX
ckopoct (132), (133) u 3HAUEHUS Thg, W0 (T ), 2410, 24w B HAUATBHBIX yeoBusix (134)

YTOIHSIOTCS B CJIEYIONINX JBYX Maparpadax.

3.3 IlpuHnun cooTBeTCTBUSMA

Kak 0b110 0TMedeHO paHee, IPSIMOIl T10JIX0JI K HAXO0XKJIEHIIO CKOPOCTE U,], V., BEP-
THKAJILHOI'O POCTa 4Uepe3 (PUKTHUBHYIO TPEIIMHOCTOMKOCTL Ko HE MMeeT 4eTKOI'o
00001Iennst Ha OONIUil cIydail, a UMEHHO Ha IPOU3BOJIbHBIE PEXKUMbBI PACIPOCTPAa-
HEHUsI 1 IIPOU3BOJIbHBIE KOHTPACThI HaIlPSIZKEHUI.

[IpegcraBum obImumit MOIXO/] pacdeTa CKOPOCTH POCTa TPEIUHBl B BbIcOTy [68].
[Ipumem Bo BHuManue, uro mojean KGD u P3D ucrnosb3yioT oJIHO U TO »Ke ypaB-
wenue yrpyrocru (112) st onucanust mwiocko-1eopMUPOBAHHOIO COCTOsIHUs. B
mogiesin P3D 4ncroe jaBiieHne siBJisieTcs paBHOMEPHBIM B IIOIIEPEUYHOM CEUEHUM, YTO
HMPUBOJIUT K aCUMIITOTUKE BOJIM3U KOHUMKA TPEIIUHBI, KOTOpast BKJII0YaeT (DUKTUB-
HYIO TPEINHOCTONKOCTD, HO HE BKJII0YAET CKOPOCTh PACIPOCTPAHEHNSI TPEIINHBI, KO-
TOpas He IPUCYTCTBYET B acUMIITOTHUYecKOM ypapHeHuu. Hamnporus, B monemn KGD
YUCTOE JIaBJIeHNE He SIBJISEeTCs TOCTOAHHBIM BJIOJIb IIOIIEPEUYHOI0 CeUeHUsI U CTPEMUT-
csd K —0O OKOJIO KOHYHMKA TPeIuHbl. [Ij1st 9Toit Mojie/ i acuMIITOTHIECKOe TI0BEJIeHIE
OIIPEJIeJIeTCSI ACUMIITOTUYECKIM 30HTHKOM, KOTOPBII BKJII0OYaeT CKOPOCTH PacIpo-
cTpaHeHust (3a UCKJIIOUEHNEeM PEJIeJIbHOTO CIydast, KOrJa MOTeph KakK Ha BS3KOCTD,
TaK W HA yTeUKU PABHBI HYJIIO).

DakTu4IecKu, pa3jandne AByX MoJjeseil KacaeTcst TOJIbKO 30H OKOJIO KOHUMKa, TPe-
IIUHBI, HA KOTOPBIC BJIMSET aCUMIITOTHKA, TOTJA KaK PACKPBITUS B IEHTPAJIbHBIX
YaCTAX TPEINH MOIYT OBbITh IOYTH OJMHAKOBBIMU. DTO IO3BOJISIET BBECTU B pac-
CMOTPEHUE ITPUHITUII COOTBETCTBUSI, KOTOPLI yCTAHABINBACT CBA3b MEYKJIY MOJICIsI-
mu P3D u KGD B TepMuHax pusmdecKunx BeJINUNH, IPUCYTCTBYIOIINX B 00EHX MO/Ie-
gax. I[lonaraem, uTo aBe miockue Tpemubbl ['PII sSKBuUBaJIeHTHBI, €C/Ii OMHAKOBBI

IIOJIOZKEHN I UX BEPIINH U 00 bEMbI KNJIKOCTH BbIIIE (I/I HI/DKG) TOYKHN MHHUIIWAIINN.
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Eciu 9mu BeJIMImHBI PaBHBI JIJIs JIBYX TPENIUH MPU OJUHAKOBBIX YCJIOBHUSIX, MOYKHO
O’KHIJIATh, UYTO IMPOMUIN PACKPBITUS B OOJILITMHCTBE TOYEK TPEIIUH OyI1yT OJIU3KU.
Torma ckopocTh pocTa TPEmIMHBI B BBICOTY, OTCYTCTBYIOIIAsl B MCXOTHON MOJIEIN
P3D, moxkeT ObITH HpuHATA paBHOI ckopocTu B Mojen KGD, koTopasi comep:kut
CKOPOCTh KOHYNKA B aCUMIITOTHYECKNX ypaBHeHusx. CienoBaTeibHO, B JIOOOM T10-
nepednoM cedenun mozaean P3D Tekyrue 1mosoxkeHnsa KOHINKA, 1 TEKYIIUe 00beMbl
BbIIIe (1 HUYKE) TOUYKH BIIPBICKA OJJHO3HATHO ONPEJIE/ISIOT CKOPOCTH PACIPOCTPaHe-
HUsT KOHIMKOB TPEIUHBI 9€Pe3 CKOPOCTH B 9KBUBAJIEHTHON (B yIIOMSHYTOM CMBICJIE)
mojtesin KGD.

MojiesinpoBanue TpennHb ¢ ucoib3oBanneM KGD moesn 1o3BoJisieT o1y YuTh
BaBUCUMOCTD Z4], Zsu, Way, Uyl U Uy OT CKOPOCTU 3aKaUKU (gGp W BPEeMeHH ltxap.
OrmeruM, 910 3HAYEHUS (xGp U tigp HE UMEIOT HUKAKOI'O OTHOIIEHUs] K CKOPOCTH
3aKadKku Qo u Bpemenu t mojesin P3D. CiietoBare/ibHO, OHE JIOJI?KHBI OBITH UCKJTIOYE-
HBI U3 PACCMOTPEHMA. DTO MOXKHO CJieJIaTh, €CJIN MCII0JIB30BaTh CpejiHee PACKPBITHE
Wyy W BBICOTY TPEIIUHBI 22, = 24, — %y B KadecTBe apryMEHTOB, OIPEIe/sIONINX
CKOPOCTH POCTA U, U U,y B cllydae CHMMETPUIHOrO KOHTPACTa HAIIPSXKCHUI, KOraa
2yl = —Zyy U Uy = —U,,, IPUpaBHUBaHUIE 3HadeHnil jist mojaenan P3D wg, n 2z, K
3HAUEHUAM Wy U 22, st KGD, HaiijileHHbIX 3apaHee I TOTO »Ke KOHTpacTa Ha-
IpsZKeHnil, aet HeodxoauMblie GYHKIAN fo1( 24, Zew, Wan) = — fou(Zals Zsus Wap) IS
ypasrenuii ckopocru (132), (133). TouHo Tak ke B cJIydasix BBICOKIX KOHTPACTOB
HallpszKeHni, Korja v, = 0 wim v,, = 0, JAByX 3HAYeHUN Wy, U 224 JTOCTATOYHO,
YTOOBI HANTH CKOPOCTH ¥, WU U,y COOTBETCTBEHHO.

B obmiem cirydae, Korja Tpelinia He CAMMETPUYIHA, BEJIMIIHBI Wg, U 22, HE Ollpe-
JEJISAIOT Zy], Zey U Us], Uy, OgHO3HATHO. Clle10BaTE/ILHO, HY2KEH JIOIMOJTHUTE/ILHBIN 1a-
pamerp. IIpuHINI COOTBETCTBUS MPEJIIoaracT MCIOJIL30BaHIE CPEIHEro PaCKpPhI-
TUSA W,y,, YCPEIHEHHOTO 110 HAOOIbIIel 13 JIBYX YacTeil oIepedHoro cedeHus, oiHa
13 KOTOPBIX HAXOJNUTCA HUXKE, a Jpyras BbIlle TOUYKN wHUIUAIn. OO603HAUNM KO-
Op/INHATY KOHYMKA TAKOTO CEUEHUs KaK Zy,. 1orja pacKpbITHE W,,, YCPEJIHEHHOE 110

unrepsasy [0, 2], paBHO
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1 [
Wy, = £—— w(z)dz (135)
2l Jo

rje BepxHUil (HIKHEI) 3HAK Oepercs, KOTMA Zuwy, > |2|(2en < |24]). B aTOM city-
Jae TabJInIa, CTeHepUpOBaHHASI IIPH IIpeBapuTe/bHOM pertennn 3agadn KGD, mo-
IOJIHSIETCST JIOTIOJIHUTEITbHBIM CTOJIOIOM, COJIEPIKAIIIM 3HAUEHUST Wy, , OLIPeJIeIsIeMble
dbopmyioit (135). CoorBercrBerno, st Mojgesn P3D ¢ Tem ke KOHTPACTOM HAIpsi-
JKEHUI MBI JIOTMOJTHUTETBHO UCIOJIb3yeM 3HAUCHHUE W,y,, YTOObI OJIHO3HATHO OIpe/ie-
JINTH VU, U Uy, U3 TaOJINIbBI JAHHBIX, COIEpKAIIX pe3yabTaThl pacdera KGD mome-
. Takum 06pasoM OHOZHATHO ONPEICTAIOTCS [y (2ul, Zaw, Wan) U fou(Zals Zau, Wan ),
HCIoJIb3yeMble B ypaBHenusx (132), (133).

OrmeTnM, 9TO HET HEOOXOAMMOCTH JHUCIEHHO pemaTh 3axady KGD jgo Tex mop,
[IOKa& BBICOTA TPEIUHBI h = 2z, MeHbIIIe BLICOTHI H mpomyKTuBHOTO Cj1os. 13 aBTo-
MojiesibHOTO perernst 3aaadn KGD st aToro ciydast ciieryer, 9To CKOPOCTb POCTA

BBICOTBI MOYKET OBITh HaﬁﬂeHa N3 ypaBHEHNA

Oze. n+1, 5 4 wclbjg/n
oy = e = €2 )ity 2 136

r71e &y SIBJISIETCSI ABTOMOJIEIBLHOI 1TOJIOBUHOM JIJIMHBI TPELINHbI JIjIsI JAHHOIO MHJIeK-
ca TOBeJIeHUsT N. SHAYCHUS . = 7Ypmo LpUBeneHbl B Tabsuie 1 paborer [10] s
Hororonosekoit xuakoctu (n = 1) &, = 0.615.

Ypasuenne (136) mompasymMeBaeT, 9TO BBICOTA ITONEPETHOIO CEUEHMUsI, COOTBET-
CTBYyIOIIEro (bpOHTY TPEIIMHBI, He U3MEHAETCSI BO BPEMEHHU, IIOTOMY UTO Uy, PaBHA
HYJIIO TIPU Wg, = 0. Ypasaenue (136) MOKeT HCIOJIB30BATHCS JJIsT OMPEIETCHUST
I'PaHMIL, KOIjla Kakoe-Jn0bo pacimupenue mojesn P3D cranoBuTes pusnieckn HEKOp-

PEKTHBIM.

3.4 HauaabHble ycJjiOoBUsd

Ucnonbsyst (136), MOXKHO J10Ka3aTh, YTO HAYAJbHbBIE YCJIOBUS, COOTBETCTBYIOIINE
HYJIeBOI HadabHON BbicoTe (22, = (), IPUBOAAT K MOJIOKUTEJBHOMY TIDAHEHTY

JIABJIEHNS, YTO B CBOIO OY€pe/lb NPUBOJUT K (PU3NUECKH HECOBMECTHMOMY pelle-
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rno. CrieloBaTe/ibHo, HadaIbHas BBICOTA JOJIZKHA ObIThH OOJbINE HYJIA: Zy,(ty) =
—2zu(to) = 2z > 0. st z,9 > 0 ¢ yuerom acumnroruku (129) ypasuenue (136)

OKOJIO (DPOHTA, BBHITJISAJIUT CJIEJTYIOIIIM 00pa30oM:

0z, n+1, , 1 1
— 262 O A —pl/n 137
e e e (137)

*

B gactroit 1pon3BOiHO# 02 /Ot p—const = 024/ Ot|r—const + Vs OZx /O, KOHBEKTHB-
HBIIl YJIeH JIOMUHUPYET BOIM3HU PPOHTA, TAK KaK 3HAUEHUE 2, IIOCTOSIHHO Ha (DPOHTE.

Torma ypasuenue (137) MoxKeT ObITH EPEIHCAHO B BUJIE:

0z, mn+1, ., ] 1
r — 2 Cw —|—2/n— 1/n 138
et = o 0 (139

/n

Pemenne (137) ornocurensio Chy' " 1 nojcranoska pesyasrara B (138) naer

0oObIKHOBeHHOE auddepeHImaabHoe ypaBHEHNE Il 2y U T

_ 9 +2/n 2y 1/n . 1/n 139
= a2 e I 2)) (139)
Tak Kak BBICOTa TPEHIMHBI HE U3MEHSIeTCsl Ha €€ (PPOHTE, TO, Zy|r—) = Zx0, U

unTerpuposanue (139) ¢ 3TuM yc/I0BHEM MO3BOJISET MOJIYYUTH COOTHOIIEHUE

n 1+1/n n+1 1+2/n1 1/n n
Zi_H/ — 240 / - n—_'_2 (ngn) Fv [71'(77, + 2)] / T’1+1/ (140)

g Heioronosekoit sxugkoctu (n = 1, F, = 12/7%,&,, = 0.615), ¢ TO4HOCTDHIO

710 nopsaaKa (2, — 240)?, 3aBucumMoctsb (140) cranoBuTCs paBHOI

2 1-1.12 (L)Q (141)

20 Zx0

U3 ypasuenust (141) BujHO, BbICOTA OBICTPO BO3PACTAET C YBEMUCHUEM PACCTOsI-
Hus J10 (ppoHTA. DTO UJIET Bpaspes ¢ nosioxkenusimu P3D mojen o Tom, 910 BhICOTA,
TPEIUHBI 3aMEeTHO MeHbIIe paccTosgausd Jo dpporTa. CieloBaTeIbHO, U3 yPABHEHHS
(141) cremyer, qaro soboe pacuiumpenne mozgeun P3D HempuMmeHUMO Jiist OJHOPO/I-

HOTO (C HyJIEBBIM KOHTPACTOM) TOJIsT HAIpsizkeHnil. B cirydae oTpuiiaTeibHbIX KOH-
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TPACTOB HAIIPSXKEHUIT POCT BBICOTHI elle 0oJiee ObICTPBIN, UTO TOBOPUT O TOM, UTO
MOJIEJIb HEIIPUMEHUMA U B 9TOM CJIy4Yae.

Monens P3D mokeT mCIob30BaThbest TOJIBKO JIJIsT MACCHBa TOPHBIX IOPOJL C JI0-
CTATOYHO CUJIbLHBIME Oapbepamu HanpsizkeHusi. [lapaMeTpsl, onpeiesstionine, Kakoi
O6apbep MOYXKHO CUUTATH CJA0BIM, YMEPEHHbBIM WJIM CUJIbHBIM, IIPUBEJIEHBI B paboTax
127], [35].

PazymHO npuHATH BO BHUMaHNE, YTO JO TEX IIOP, IOKa TPEIUHa He JTOCTHUIJIA
IPaHUIL TPOYKTUBHOTO CJIOA, OHA PACITPOCTPaHsIETCd KaK paguaabHas TPEIuHa M0/1
JleiicTBIEM paBHOMEPHOI'O JiaBjeHusi. [Ijist MojgenpoBaHmsl TaKOil TPEImHbl MOXKHO
BOCIIOJIb30BATHCsI U3BECTHBIM aBTOMOJIEIbHBIM perierueM [60] jyist 3aianus dbusu-
YeCKH IpUeMJIeMbIX HauaIbHbBIX YCJIOBHI. ABTOMO/IE/IbHOE PellleHe [T0APa3yMeBaeT,
9TO TpeIuHa, NHAIMHPOBAHHAS HbIOTOHOBCKOW KIJKOCTBIO, nMeeT pajuyc H/2 B

MOMEHT BpeMEHU

H/2\Y* 1/
w=(E) o e
n 0

rie &, — U3BeCTHAs U3 OCECHMMETPUYHOf 3aaun KoHcTanTa (st HeloToHOBCKOI

xwugroern, &, = 0.6978 ~ 0.7). B magasbHoe Bpems ty, MeHbIee, 9eM tg, pauyc

1/3,4/9,-1/9

paBeH T, = 19 = &,Qy "ty tn . Obmuit 00beM Vj KUJIKOCTH B TpEMINHE B 3TOT

MOMEHT paB€H
Tx0

Vo = Qolo = S(z)dx (143)

—Tx0

riae S(x) — miomnaib BePTUKAIBLHOTO CeUeHUsT TPEIINHbI, OIpejie/isieMas BbIpazKeH -

€M

S(z) = /a we(z, 2, t9)dz (144)

—a
Baech a = /12y — 12; W, — PACKPBITUE PAIUATBHON TPEIUHBI.
Packpeitie w, B (144) MOXKHO HafiTH U3 aBTOMOJIETBHOTO PEIeHHsT OCECHMMeT-

PUYUHON 3aJiau1, KOTOPOEe OJHO3HATHO oupejesisger oobem V. OnHako HeT HeoOXO-
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JINMOCTH KCII0JIb30BaTh TOYHOE pelIeHne 10 JIByM IpUUnHaM. Bo-TepBbIX, COOTBET-
CTBUE MexK1y ocecumMerpuunoii u P3D-3amavamu joBosibHO rpydoe. Bo-BTOpBIX,
BJIMSTHIE HAYAJBHBIX YCJIOBHUH ObICTPO yObIBaeT co BpemeneM. B [27] BblaBuraioch
IPEJIIOJIOKEHUE, ITO 9TO YIPOCTHT 33141y, 9TO ObLIO JOKA3aHO aHATUTHIeCKH [61]
u qrcieHno |62]. CreoBaTe/bHO, MOXKHO UCIIOJIB30BATH JII000€ MpocTeiiiiee mpub,/in-
JKeHne, obecrieanBaloliee HyJIeBoe PACKPBITHE TPEITUHBI Ha, (DPOHTE U yIOBJIETBOPSI-
foriee ypasaeruio (143) riobasbhoro 6atanca obobema. Hampumep, s/umunTiIecKoe
pacrpesenenne |27] w, BIOJIb pajuyca 1o = T BIOJHE YIOBIETBOPSET YCIOBUSIM:

wy(w, 2, ty) = Cov/a? — 22 = Cy/18 — (22 + 22), rae xoncranta C, noadupaercs,

aT00BI YI0BIETBOPUTH Oastancy (143). [lis Takoro pacKpbITust w,, UHTEIPUPOBAHITE

B (144) maer S(z) = ZC, (22, — 22), u u3 (143) caenyer, uro Oy = =<0 Takun

2 21 mio

obpa3zoM,

S(z) = Sl |y <i>2 (145)

B 4 x4 Tx0
Tereph BO3bMEM HAUAIBHYIO TpEIUHy B (hOpMe MPSIMOYTOIbHIKA, CUMMETPIY-
HYI0 OTHOCHTEJIHHO OCH Z, HMEIOILYI0 BBICOTY IPOJLYKTHBHOTO €105 22,0 = H = const
M JUIHHY 22,0. Toria, 9To0bl HMETh TOT Ke 00beM V) KUIKOCTH B HAYAJIBHDIH MO-
MEHT BpeMenn tg, ee packpoitie wy(z) A0/KHO ObTh pasuo wy(x) = S(x)/H. Ta-

KM 00pa3oM, ucrosib3yst (145), Mbl mojiydaeMm Had9aIbHOE PACKPBITHE, 3a/IAaHHOE KAk

2
wo(z) = %f% 1— (;O) . flcHo, UTO 9TO packpbiTHe, OYAYyYN TPOUHTEI PUPOBAH-
HBIM T10 [IPSIMOYTOJIBHON 06/1aCTH, OTBeYaeT robaIbHOMY OasaHcy Kujgkoct (143)
B MOMEHT BPEMEHTH t(, ITO OIPEJIeISIeT T . [101BoIs1 nTor, HavdasbHble yeaoBust (134)

J1JISI HbIOTOHOBCKOI »KMJIKOCTH 3a/1al0TCsl KakK

1 1/9 3 ¢ 2
r0 = 0.7Qy° (;) to°, 20 = H/2, wylz) = Zfo o |1- (}) (146)
n *0 *0

rnety <tgutyg =0, 47H9/4t711/4Q63/4. [Ipranmast Bo BHUMaHUe, 910 tg <K tg, BIU-

AHNC HadaJIbHBbIX yCJIOBI/Iﬁ 6bICTpO 3aTyXacT C pOCTOM BPEMECHHU,; peIICHNE IIpaKTHU4de-

CKM HE 3aBUCUT OT HUX NPU T > t(, MOXKEM 3aMETUTh, YTO JazKe JJOBOJbHO CUJIbHbIE
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BO3MYIIEHUS B yCa0BusX (146) He BJIUAIOT Ha KOHEUHBIE PE3YJIBTATHI. JTO MPE/IIIO-
JlaraeT BO3MOYKHOCTD MCIIOJIb30BAHUS HAYAIbHBIX Ye10Buii (146) 1 /171s1 HeHBIOTOHOB-
CKUX »KUJKOCTEI.

BaJiaua MoJIe/IMPOBAHK [ICEBIOTPEXMEPHOI TPEINHbI B MOANMUINPOBAHHOI 110-
CTAHOBKE COCTOWT U3 perierust ypasaenuit (124), (125), (130) - (133), rje BepTukaib-
HBIE CKOPOCTH U U Vs, OLUpPEIeIAoTcsa Tab/uieil, moAroToBACHHON 3apanee, Kak
ObLIO omucaHo panee B pasjere 3.3. IIpaBbie 9acTit T4, 240 1 Wo(x) B HAYAIBHBIX

yesoBusix (134) onpegensiores mo dopmysie (146).

3.5 YucjeHHble pPe3yJabTaThl

OrnucaHHbIN METOJT YUCJICHHO peasin3oBaH B cpejax Matlab u Python. st 3aannoii
reOMeTPUN U KOHTPACTA HAIPSKEHUI IIyTeM pelleHus Psija PacIInPEeHHBIX 3a/at
KGD 0bL1a mogarorosieHa 6a3a JTaHHBIX JIJIsl OIIpeJe/IeHns] CKOPOCTell pacipocTpa-
HEHUs TPeIMHbI B 3aBUCUMOCTH OT II0JIOYKeHHsI BEPIINHBI 1 00beMa YacTU TPEIUHbI
BBIIIIE U HUKE TOYKHU BIPBICKA YKUJKOCTU. [Ij1s1 9TOro ObLI NCIOJIb30BaH aJIlOPUTM,
npejictaBieHabiit B pabore |35]. Tlogrorosiennasi 6a3a JaHHBIX MHOTOKDATHO MUC-
I0JIB3YETCsI Ha BTOPOM 3Talle BBIYUCICHMH, Korjia Mojiesnpyercst poct P3D TperuHb
B BBICOTY.

[IpoBesiem cpaBHEHNE C pe3yIbTaTaMi, H3JI0KeHHbIME B paboTe [27]. ABTOpBI 1aH-
HOIT paboThI TOJIPOOHO MCCJIeIOBAIN CIydail, KOraa MPOJyKTUBHBIN CJI0i TOJIIMHO
H pacrnoioxken MexK1y HOJIYIPOCTPAHCTBAMEI C OJMHAKOBBIM KOHTPACTOM HAaIIpsi-
»Keauit Ao. ABTOpBI HCIOIBL30BaIN PUKTUBHYIO TpertnHocToiiKocTh AK e, KOTO-
pas CBsI3aHa CO CKOPOCTBIO PACIIPOCTPAHEHHS Uy HPUOJINKEHHBIM ypaBHeHneM. Ko-
3P DUIMEHTHI alllPOKCUMAIUN OBLIN BHIOPAHbI TaK, YTOOBI 00ECIIEUYNTh HANUJIYUIIIee
COOTBETCTBUE MEXKIY HPOMUISIMU TPEIH, paccauTaHHbiMu s Mojenn KGD, u
POUISIMU, COOTBETCTBYIOIUMEI MOJIE/IN C PABHOMEPHO MPUJIOKEHHBIM K TPEITHE
napjierneM. UToObl UCKIIIOUNTH 9TO JaBjienne u3 3apucumoctu AK o (vy,), aBTopbl
HPEJIITOIOXKILIN, YTO 00beMbl TPEIIUH B 000MX CJaydasix OAuHAKOBbI. IlosTomy 1pn

PACCMOTPEHUN YACTHOTO CJIydas aBTOPhI (DAKTUYECKU UCIIOJIb30BaJIN TPUHITUI COOT-
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BeTcTBUdA. HamboJiee 1mojxo/isiimii BIOOP HapaMeTpPOB alllIPOKCUMAINN 00eCIIe IO
anajnTudeckoe ypasuenne AK (v, ), KoTopoe ¢Bs3a10 (GUKTHBHYIO TPENIHOCTOMN-
KOCTb CO CKOPOCTBIO POCTA TPEIIUHBI B BBICOTY.

J1Jist CHMMETPHTIHOTO CJIydast, MPeJICTABJICHHOrO B pabore |27, pacieTs! MoKa3bl-
BAIOT, 9TO IIPOhUIIN PACKPLITHS TPEINHH, [OJIYIeHHbIE ¢ NCIOIb30BAHIEM IPHHIALA
COOTBETCTBUS, Ha, CAMOM JleJIe HEOTJIUINMbI OT aHAJOTHYHBIX MTpodusieil, npuseieH-
HBIX Ha puc. 3 paborsl [27] (puc. 26). VI3 sroro cieyer, 1ato BBejenne GUKTHBHOI
TPENUHOCTONKOCTH SIBJIACTCA HEHYKHBIM YCJIOKHEHNEM 3a1adn. Bostee BazKHbIM B
JIIETCsT COBIIAJIEHNE PE3YJIBTATOB € pe3y/IbraTaMi Jyis TpexmepHoil mojesnn ILSA.
Pacuerbl BBITOJHEHBI JIJTsT MCXOJHBIX JIAHHBIX, MPUBEJICHHBIX B crarthe (270 H =
0.05 m, ¢/ = 30.2 Ila-c (xumkocTs sBisiercst Hpiotonosekoit), v = 0.4, £ = 3.3

I'Tla, Qo = 1.7mm3/c; Ao = 4.3 MI]a.

Puc. 26: CpaBuenne c1eJJoB TPENNHbI, MOJYYEHHBIX C MCIOJTb30BAHUEM TPUHITUIIA
COOTBETCTBUST (KpacHbIe KpecTh), ¢ pernerneM [LSA (cIioniabie JUHIN) 1 Pe3y/IbTa-
TaMU IPUMEHEHUsT TPUb/IMKEHHOr0 MeTo/ia (IIyHKTHD ), MpeJICTaBIeHHBIMI B paboTre

27|

13 Puc. 26, BugHo, 9T0 pe3yabTaThl Moanduimuposannoit P3D Momemm 6m3kn K
pesysbTaTaM, MOoJyYeHHbIM JIjIst TpexMepHoii mojiesn [LSA Bciojty, 3a MCKJIIOUeHIEeM
30HBI PsAJIOM ¢ PPOHTOM, Tyie Mojie/ib P3D nenpumenuma. [Ipu HeobxomumocTu, cooT-
BETCTBHUE B 9TOl 30HE MOYKET ObITH YIYUIIIEHO 3a CUeT yUueTa HeJOKAILHOTO YIIPYToro
B3AMMO/ICHICTBIS 1 NCKPUBJICHUS (PPOHTA.

Bazknoe mpenMyIiecTBO TPUHIIAIIA COOTBETCTBUA TEPe] METOJIOM, U3/I0XKEHHBIM

B [27], cocTonT B TOM, YTO MPUHIUI COOTBETCTBUSI MO3BOJISIET YIUTHIBATEH MTPOU3-
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BOJIbHBIE KOHTPACTHI HampszKeHunil. PaccMoTpuM Terepb npumep, Korja TpelnHa
pacrpocTpansgeTcsd B TPEXCJONHON cpejie ¢ HeCUMMETPUIHBIMU OapbepaMu HaITps-
»enuii. st pacuera BosbMeM ciegyiomue napaMerpel: H = 20 M, 4/ = 0.2 Ila-c

(sukocThb apigercs Hptoronosckoit), v = 0.23, E = 2.5 T'lla, Qo = 3.6Mm3 /mum;

AO’l =5 MH&, AOQ = 4 MIla.

Puc. 27: [Ipoduib pacKpbITUsT TPEIIMHBI, OJYYeHHbI ¢ HCII0Ib30BaHuEM MO IpU-
[IIPOBAHHONI IICEB/IOTPEXMEPHON MOJIC/IN <CHJIOHlHaH JII/IHI/IH) U IJIAHAPHOI Tpexmep-
Hoit Moztestu [86] (IyHKTHpHAST JUHUS).

Ha Puc. 27 npesacrasiieno cpaBuenne mpoduis pacKpbITUs TPEIIUHbI, MOJIyYeH-
HOIO Ha OCHOBE MOAMUMUIINPOBAHHON MOJE/IN(CHHSIsI CIUIONIHAS JIMHUsI) C TIPOdU-
JIEM PACKPBITHsI /ISl TIJIAHAPHON TpexMepHoii Tpermnubl [86] j11st MoMeHTa BpemeHn
t = 439c. Yepuble ropusoHTAIbHBIE JIMTHUU O00O3HAYAIOT T'PAHUIILI CJIOEB. Bujnm,
qTO 3HAYEHMS BBICOTHI TPEHIUHDBI COBIHAIAIOT ¢ TOYHOCTLIO Oostee uem 0.5%.

Ha ocnoBanum mpejicTaB/IeHHBIX PE3YJIBTATOB BUJIHO, YTO MOJAUMDUITPOBAHHASL
MCeBJI0OTPEXMepHas MOJIETh TO3BOJISIET ¢ BBICOKOH TOYHOCTHIO PACCUUTHIBATH POCT
IICEBJIOTPEXMEPHOI TPEIMHBI B BBICOTY B PEXKUME JIOMUHUPYIOIEH BSI3KOCTHU IS

IIPOU3BOJILHBIX 3HAYCHU T KOHTPaCTOB HaHpﬂ}KeHI/Iﬁ B CJIOAX.
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3.6 BrpiBoabl

PesynbTars!, moyuyeHHble B IAHHON TJIaBe, MOT'YT ObITH OOOOIEHB! CJIeTYIONINM 00-

pazoM.

e PaspaboTaH NPUHIINI COOTBETCTBUSI, ITO3BOJISIIONINI YBEJIMINTb TOYHOCTb Pac-
YyeTa TeOMETPHUH TPEIIMHBI B paMKax IICEBIOTPEXMEPHOI MOJeIN B IIpeaesax
rpaHull mpuMeHuMocT opurunaabHoit P3D monenun. B ornmaue or anbrepna-
TUBHBIX I10/XO0JIOB, JAHHBII CIIOCOO IO3BOJISET IOJYYUTh TOYHOE pEIleHHe B

CJIOMCTOI cpene C IIPpOU3BOJIbHBIMM CZKUMAIOIMUMU HAIIPAXKCHUAMU.

e CpaBHeHIe Pe3y/IbTaToB, IOJIYUeHHBIX C UCIIOIb30BAHIEM MOINQMUIUPOBAHHOM
Mojiesin P3D, ¢ JIOCTYNHBIME PEIIeHUsSIMI JIJI TPEXMEPHON MOJIEIN 1T0Ka3a.1o,
9T0 MOAMMDUIIMPOBAHHAST MOJE/b MOYKET HaJeXKHO HCIIOJIB30BATHCS JIJIsT MOJe-
JINPOBaHUsI IJIOCKUX TPELINH B IIPeJIe/iaX I'PaHNI IPUMEHIMOCTH OPUTMHAJILHOM

[ICEBIOTPEXMEPHOIT MOIEJIN.
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SaKJII0uYeHue

i

11

111

Meroj nocrpoenust pyukuun I'puHa, Jiuisd CJIOUCTBIX CTPYKTYP PacipocTpaHeH
Ha CJIydail rapMOHMYECKIX 3a/1a4 1 TPEXMEPHBIX 3a/1a4d Teopun yrpyroctu. Pasz-
paboTaH MeTOJ| OIEHKN TOYHOCTU BLIYUC/ICHWUA (PyHKINU ['prHa B 3aBUCHMO-
CTH OT Tepuojia npeodpazoBannsd Pypbe W UnNCIa TOUEK €ro JTUCKPETU3AINN.
st nBymMepHOTO ypaBHeHHs Jlaliaca MOJIyd4eHO, 9TO MOTPEITHOCTh ITOCTPOe-
nus Gynxmun puna we npesocxoaur 0.8% upu suavenun nepuoja, B 16 pas
IIPEBBIMIAIONIETO pa3Mep 00JIacTH B KOTOPOW WINETCs pellenne, W IPU Yucjie

TOYEeK JUcKpeTu3anun rnpeobpaszopatusg Pypbe paBHOM 128.

g paszpaborannoit pyukiun ['puna gano obo0IIeHe KOMILJIEKCHOTO METO/Ia
I'PAHUYHBIX 9JIEMEHTOB Ha 3aJ[aUi O CJIOUCTBIX CTPYKTYpPaxX ¢ HEOHOPOTHOCTSI-
MU JI7I AByMepHoro ypasuenud Jlamraca. Perrena 3aj1atua 0 KpyroBoM oTBEp-
CTUN 10J1 JIeficTBIEM PABHOMEPHOT'O IIOTOKA HA KOHTYPE B CJIOUCTOH CTPYKTYPeE,
COCTOSIIIEN 13 ABYX TOJIYIIOCKOCTel. JIj1st 9acTHOrO cirydas KPyroBoro oTBep-
CTHUs B MOJIYILIOCKOCTU C CHJIBHO MPOBOJIAIIEH I'PaHuIleil TPOBe/IeHO CpaBHEHIE
C aHAJIUTUYIECKUM PeIIeHNeM ¥ [T0Ka3aHO, 9TO MOIPEIHOCTh PacdeToB He Ipe-
BbHHaeT496 HDﬂyqua3aBHCHMOCTbOTHOHKHHHIMﬁKCHM&ﬂbHOﬂ)MJMHHHMaﬂb—
HOI'O 3HAYEHWs IOTEHIMaJsa Ha KOHTYPE OTBEPCTHUs OT 3HAYEHUIT OTHOCHTE/Ib-
HOI MPOBOJIMMOCTHU TOJIYILIOCKOCTEHl U PACCTOAHUsS OT IEHTPa OTBEPCTHUS JIO
rpannnpl. [lokazano, 94To B ciaydae CUILHO MPOBOJIAINEH IPAHUITLI OTHOIICHE
paJinyca OTBEPCTUsI K PACCTOSTHIIO OT 1EHTPA OTBEPCTHUSI JIO IPAHUIIBI OKA3bIBA~
eT GoJIbIllee BJIMSHIE HA MOTEHI[MAJ OTBEPCTUsI, YeM B cjIydae HelPOHUIAeMOi

I'paHUIIbI.

Permena 3a/1a4a 0 pajinajbHON TpeluHe, IepHeHINKYISPHON IPAHIIIAM CJI0EB,
110J1 JleficTBUEM MMOCTOSIHHOI'O JIaBJIEHUS B c/Iydae, KOTjia TpelluHa IeJUKOM Ha-
XOJIUTCS B OJJHOM CJIOE, PACIOJOXKEHHOM MEXKJIy JBYMS IOJIYIIPOCTPAHCTBAMU.
B caydae, Korja Takas TpeniuHa MEeJUKOM HAXOJUTCSI B OJHOM CJIOE€, PacIo-

JIOZKEHHOM MEZKJ1y JIBYMd IOJIYIIPOCTPAHCTBAMU, OIpPeJleJIeHbl TPAHUIILI BJINI-



v

89

HUSI 3HAUEHUI YIPYyruX MOojLyJieil MoJIyIpOCTPAHCTB Ha PacKPbITHE TPENUHbBI.
[Tokazano, 4To pazHuIa ynpyrux MojyJieil ¢JIoeB NPUBOJUT K 3HAUYUTETHLHOMY
OTKJIOHEHUIO KO3 puIimenTa MHTEHCUBHOCTU HAIPSAXKEHUN BJOJIb EepUMETPa
TPEHIUHBI OT COOTBETCTBYIONINX 3HAUCHUIT JJId OJJHOPOJIHOI CPEJIbl B CJIydasX,
KOI'JIa TPEIUHa He IepecekaeT TIpaHullbl cjioeB. CpaBHEHHE C pe3y/IbTaTaMii,
MIOJIYYEHHBIMU C UCIOJIb30BaHUEM aJIbTEPHATUBHBIX I10JIX0JIOB, JEMOHCTPUPYET

JOCTOBEPHOCTDL IIOJIYHYEHHBIX PE3YJ/ILTATOB.

Pazpaboran MeTos1 pacdera CKOPOCTU POCTa, IICEBIOTPEXMEPHON TPEIIMHbI i I-
popas3pbiBa ILJIACTa B BLICOTY B PEXKIMe JOMUHUPYIOMIEH BI3KOCTU B CJOUCTOM
cpeje. [IpoBeseHo cpaBHeHHe pe3yJIbTATOB pacdeTa reOMeTPHU TPeIHbI, 110-
JIy9eHHBIX C UCIOJIB30BaHIEM Pa3pabOTAHHOIO METO/Ia, ¢ M3BECTHBIMU UNC/IeH-
HBIMU PEIIeHUSIME, MOJYUYEHHBIMU C HCIIOJIb30BAHUEM TPEXMEPHBIX MOJeJIelt.
[Tokazano, 4To paspabOTaHHBII METOJ II03BO/IsIeT YBEJIMINTHL TOYHOCTb pacde-
Ta FeOMETPUUIECKUX XapaKTePUCTUK TPEIIUHbI B CJIOUCTOI cpejie B IICeBI0TPEX-

MEPHOIT ITOCTaHOBKE.
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Introduction

Relevance of the topic

The study of the behaviour and properties of layered structures with inhomogeneities
is one of the most important tasks of modern science in view of the wide distribution
of such structures in the surrounding world. Layered structures are often considered
in the problems of materials mechanics, civil engineering, soil mechanics, mining,
electrical engineering, optics, hydrodynamics, as well as in many other areas of
science and technology. Both analytical and numerical methods are used to describe
the behavior of such structures. In numerical modeling, the finite element method,
the boundary element method, and the particle dynamics method, which has been
actively developed in recent years, are most often used. Finite element methods
and particle dynamics require significant computational power to simulate processes
occurring in layered media. In practice, to solve applied problems arising in the
study of layered structures with inhomogeneities, the boundary element method is
most often used. The boundary element method can be used only if the Green’s
function for a structure without inhomogeneities is known. In the general case,
the Green’s function of a layered medium can be found only numerically. The
methods for calculating the Green’s function for layered structures presented in the
scientific literature do not contain the necessary information about the features of
their numerical implementation. Moreover, some practically important cases, for
example, the construction of the Green’s function of a layered structure for the
two-dimensional Laplace operator, are not presented in the literature.

One of the most important applied problems for layered structures involves mod-
eling crack growth in an elastic layered medium under the influence of internal
pressure. This problem most often arises when modeling the hydraulic fracturing
process, which is actively used in the oil and gas industry. Accounting for layer-
ing is most often carried out in two ways in the framework of this task. The first
method consists in calculating the fracture opening using the boundary element

method. In the case of a layered medium, this method allows one to take into ac-
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count both the difference in the elastic properties of the layers and the difference in
the stresses in the layers. The second method takes into account layering only by
considering various stresses in the layers. In this case, the fracture opening calcula-
tion is carried out both by the boundary element method with the Green function
for a homogeneous medium (planar three-dimensional model of the fracture), and
uses an approximate analytical formula obtained in the plane strain approximation
(pseudo-three-dimensional model). This simplification reduces the time of numerical
calculation, but the accuracy of the results decreases.

In this work, the method of finding the Green’s function for layered structures
based on the use of the Fourier transform for the Laplace operator and the three-
dimensional Lame operator is tested and generalized, as well as the pseudo-three-
dimensional model of a hydraulic fracturing is modified to increase the accuracy
of calculating the geometric parameters of the fracture. The application of the
boundary element method and the introduction of the developed approach into
existing models used to solve applied problems made it possible to compare the new

results obtained in this work with existing solutions.

Methods of research

The layered structure, depending on the problem, is taken into account either by
calculating the Green’s function for the layered medium, or by considering various
compressive stresses in the layers. The construction of the Green’s function is car-
ried out using the sweep method and the fast Fourier transform. To account for
inhomogeneities, the boundary element method is used. A comparison is made of

the results of numerical calculation with known solutions.

The aim of the work

The aim of this work is to expand the method for calculating the Green’s function
for layered structures using the Fourier transform for the case of the two-dimensional

Laplace equation and the three-dimensional Lame equation, as well as to develop
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a method for calculating the height growth of a quasi-three-dimensional hydraulic

fracturing fracture in the dominated viscosity regime in a layered medium.

Scientific novelty

The novelty of the work consists in the following provisions to be defended:

1. The method of constructing the Green’s function for layered structures is ex-
tended to the case of harmonic problems and three-dimensional problems of
the elasticity theory. A method for evaluating the accuracy of calculating the
Green’s function depending on the period of the Fourier transform and the

number of points of its discretization has been developed.

2. A generalization of the complex variables boundary element method to prob-
lems on layered structures with inhomogeneities for the two-dimensional Laplace
equation is given. The problem of a circular hole under the influence of a uni-
form flux at the boundary in a layered structure consisting of two half-planes is
solved. The dependence of the ratio of the maximum and minimum potential
values on the hole contour on the relative conductivity of the half-planes and

the distance from the center of the hole to the boundary is obtained.

3. The problem of a radial fracture perpendicular to the boundaries of the layers
under the influence of uniform pressure in a in an infinite three-dimensional
three-layer elastic medium is solved. The limits of the influence of the elastic
moduli values of such half-spaces on the opening of a fracture, located entirely

in the central layer, are established.

4. A method for calculating the speeds of the height growth of a pseudo-three-
dimensional hydraulic fracture in the viscosity dominated regime in a layered
medium has been developed. The results of calculating the geometry of the
fractures obtained using the method developed are compared with known nu-

merical solutions. It is shown that the developed method allows to increase the
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accuracy of calculating the geometric characteristics of a fracture in a layered

medium.

Reliability of the results

The reliability of the obtained results is achieved using tested modeling techniques
and comparison with existing numerical and analytical solutions. The solution for
a circular hole in the particular case of a half-space with a strongly conducting
boundary coincides with high accuracy with the well-known analytical solution.
Opening profiles and intensity coefficients along the perimeter of a radial crack
under constant pressure in a three-dimensional elastic layered medium agree with
similar results obtained using alternative approaches. Comparison of the geometry
of the crack obtained using the modified pseudo-three-dimensional model with the

results of three-dimensional modeling showed that the results are consistent.

Practical significance of the work

The results of this work can be used to study the properties of layered materi-
als. Of particular importance are the results for problems involving modeling of
hydraulic fracturing in a layered medium, since the approaches presented in this
work increase the calculating accuracy of the geometric parameters of a fracture
in a layered medium. A more accurate calculation of the geometry of the fracture
will reduce the financial risks that arise during hydraulic fracturing. The presented
method for calculating the Green’s function for layered media is also applicable for
modeling cracks with an arbitrary orientation in space, which can be used to model
processes in a medium with natural fracturing. The results of the work are applied
at LLC "Gazpromneft Science & Technology Centre" for planning the hydraulic
fracturing operation.

The results given in chapters 2, 3 of this dissertation were obtained with the
financial support of the Ministry of Science and Higher Education of the Rus-
sian Federation in the framework of the agreement on the provision of subsidies

No. 075-15-2019-1406 of 06/19/2019 on the topic: Development of applied software
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tools for planning and controlling the operation hydraulic fracturing in order to in-

crease the efficiency of oil and gas production. Unique identifier for the agreement:

RFMEFI57517X0146.

Approbation of work

The results of the work were discussed at the seminars of the Institute for Problems
in Mechanical Engineering of the Russian Academy of Sciences (St. Petersburg), the
Department of Theoretical Mechanics of SPbPU, Gazprom Neft Science and Tech-
nology Center, the Technological University of Rzeszow, as well as at all-Russian and
international conferences: Advanced Problems in Mechanics (St. Petersburg, 2017 ,
2018, 2019), Scientific and Technical Conference of Young Scientists (St. Petersburg,
2018, 2019), Oil and Gas Industry (St. Petersburg, 2019), Coupled thermo-hydro-
mechanical problems of fracture mechanics (Novosibirsk , 2019), 4th Polish Congress
of Mechanics and 23rd International Conference on Computer Methods in Mechanics

(Krakow, 2019).
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The work consists of introduction, three chapters and conclusion. The work has 97

pages, 27 figures, 4 tables, the bibliography contains 91 items.

Publications on the research topic
a) Publications included in the list of HAC:

1. Markov N. S., Linkov A. M. An Effective Method to Find Green’s Functions
for Layered Media / N. S. Markov, A. M. Linkov // Materials Physics and
Mechanics. — 2017. — T. 32. — Ne. 2. — C. 133-143.

2. Markov N. S., Linkov A. M. Correspondence principle for simulation hydraulic
fractures by using pseudo 3D model / N. S. Markov, A. M. Linkov // Materials
Physics and Mechanics. — 2018. — T. 40. — C. 181-186.



109

3. Markov N. S., Linkov A. M. Improved pseudo 3D model for hydraulic fractures
under stress contrast / N. S. Markov, A. M. Linkov // International Journal

of Rock Mechanics and Mining Sciences. — 2019 (submitted).
b) Certificate of registration of a computer program:

1. «The program for calculating the growth rate of a quasi-three-dimensional hy-
draulic fracture in height in the viscosity dominated regime ». Authors: Markov
N.S., Linkov A.M. Copyright holder: LLC "Gazpromneft STC". Certificate No.
2019613238. Registration Date: 03/12/2019.



110

1 A review of methods for solving mechanics problems for
layered structures

1.1 The history of problem solving methods for layered structures de-
velopment

Solving problems for a system of layers containing cracks, pores, inclusions, cavities,
and other inhomogeneities plays an important role in the problems of materials me-
chanics, civil engineering, soil mechanics, mining, electrical engineering, optics and
hydrodynamics. For example, layering must be taken into account when simulating
fracturing operations (hydraulic fracturing) [33], mining [36], solving geomechanics
problems [91], as well as in nano-technologies [29, 35| and other areas. Fig. 1 shows

an example of a rock with distinct layers.

Figure 1: Layered rock structure

The beginning for the study of layered structures was laid in 1903, when for the
first time a general solution was obtained for a plane elastic layer [23]. Three years
later, a solution was presented for the three-dimensional elastic isotropic case [20)].
The next stage was the work in which either two layers were considered, or a layer
bordering the half-space [4, 90]. The author of [4] also gave a generalization of the

solution to the case of several layers.
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Further development of methods for solving problems for layered structures in-
volves the use of two most important features of the layered structure: the conditions
of flat parallel boundaries and the possibility of considering the layered structure as
a chain-type system.

The condition of flat parallel boundaries between the layers makes it possible
to use the Fourier transform to simplify the statement of the problem. Since the
1960s, [10, 11, 74|, this approach has been applied in many works on layered media
13,6, 12, 22,45, 46, 48, 64, 66, 68, 69, 79, 80, 89]. Application of the Fourier transform
reduces the solution of the system of differential equations to the solution of ordinary
differential equations of the second order. The vector of unknowns in each layer has
the dimension M = 1 in the case of a harmonic problem, the dimensions M = 2
and M = 3 for the two-dimensional and three-dimensional cases, respectively. If
a homogeneous layer is considered, then the general solution of the ODE system
consists of a linear combination of two linearly independent solutions that can be
found using the classical theory of ODE solutions. This general solution contains
a 2 constant vector for each fixed value of the frequency of the Fourier transform.
Thus, the number of constants (spectral coefficients) for each frequency in the layer
under consideration is 2M, where M is the dimension of the problem. It turns out
that for a system of n layers (including half-spaces for semi-infinite regions), it is
necessary to find 2n constant vectors for each frequency value using 2n — 2 contact
conditions on n — 1 internal boundaries and 2 conditions on external boundaries of
the considered layered structure. This leads to a linear system of 2Mn equations
with 2Mn unknowns.

There are two main approaches to reduce the complexity of the numerical solution
to O(2N?n). Both approaches are based on the use of the geometric features of the
considered problem: the layers are a chain-type system. Thus, each layer has a max-
imum of two adjacent layers. The first method is called the matrix transfer method.
The essence of the method is to transfer all unknowns (displacements and forces

simultaneously) to the neighboring boundaries |26, 64, 79, 83, 84]. The work [59]
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shows that this method is physically incorrect and numerically unstable when solv-
ing problems for layered materials. The solution obtained using the matrix transfer
method becomes unstable for eight layers. Moreover, the second method, known as
the flexible matrix method, does not have this disadvantage [10, 11, 59, 60, 74]. This
method was generalized using the difference equations [45]. It was shown in [45] that
the method is extremely stable and effective if the sweep [76, 28] method is used
to solve the system of equations with a three-diagonal coefficient matrix. Running
coefficients for very thin layers (low frequencies) are presented independently in [49]
and [68]. Running coefficients for very thick layers are presented in [49]. The fact
that the amplitudes corresponding to high frequencies quickly decrease with distance
from the boundary is taken into account in the work. Thus, for high frequencies,
contact can be considered as the boundary between two linked half-spaces. This fact
can significantly reduce the calculation time of the Green’s function for a layered
structure. The method based on difference equations was systematically applied to
solve rock mechanics problems for layered structures |2, 3, 45, 49, 68, 69, 80].

In 1994, [46] presented a general method for finding the Green’s function for
layered structures. One of the features of the method is the presentation of the so-
lution as the sum of two independent parts. The first part corresponds to the Green
function for a homogeneous infinite isotropic medium. This solution is representable
in an analytical form and contains a singularity from a point source. The second
part is an additional smooth function. The approach to finding the additional part
is described in detail in [46]. Decomposition into singular and smooth components
makes it possible to significantly simplify the numerical calculation of the Green’s
function for a layered medium. Despite the complete description of the method for
finding the Green’s function, this work does not contain information on the features
of its numerical implementation. Also, only formulas for constructing the Green’s
function for plane problems of the theory of elasticity are presented in the paper.

The most important feature of the [46] method for constructing the Green’s

function for layered structures is the use of the direct and inverse Fourier transforms.
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This approach allows one to find all the functions necessary for solving problems of
inhomogeneities in layered media. There is an alternative approach based on the
application of the Hankel transform [24, 67, 81|. This approach was applied in
the classical works [43] and [44]. In special cases, this approach can increase the
computational speed [80], however, in general, the use of the Hankel transform
complicates the original problem and, in some cases, increases the computation
time. Despite this, a number of solutions for special cases obtained using the Hankel
transform can act as benchmark solutions [41], [68].

The method of finding the Green’s function of a layered medium, based on the use
of the direct and inverse Fourier transforms, can be improved in the numerical im-
plementation by using the fast Fourier transform [17] instead of the discrete Fourier
transform |9, 16]. This allows one to noticeably accelerate the numerical calculation
of the Green’s function and the corresponding kernels of the boundary integral equa-
tions [57], which are necessary for applying the boundary element method (BEM)
[8, 15]. At the moment, however, the features of applying the fast Fourier transform
to find the Green function of a layered structure are not adequately presented in the
literature.

Note that most of the solutions presented in the works on calculating the Green
function of a layered medium were obtained for a plane crack in a layered medium.
This is mainly due to the interest of oil companies in modeling cracks in stratified
rock. Modeling a fracture in a stratified rock is one of the most important applied
problems arising in the study of layered structures. Moreover, in most existing mod-
els of hydraulic fractures, layering is taken into account using approximate methods.
This is due both to the complexity of constructing the Green’s function for layered

structures, and to the need for computationally efficient calculations.
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1.2 The solution of applied problems of mechanics for layered struc-
tures. Hydraulic fracturing

Hydraulic fracturing (HF) is a method widely used in the gas and oil industry to
intensify the production of hydrocarbons from wells by creating a fracture in the
reservoir that ensures the flow of produced fluid |13, 21].

Fracturing operation consists of several stages. At the first stage, a ‘“nucleus”
of a crack is created in the well by perforation. The interval of the well in the
area of the reservoir is isolated with sealants (packers) and between them a viscous
fluid is injected into the well. An increase in fluid pressure leads to further crack
development. Then, when the crack moves a sufficient distance and at the same
time opens, a special material is pumped into it - proppant, which prevents the
crack from closing after pressure release |2].

As can be seen from the description of the technique, hydraulic fracturing is a
complex complex process, the description of which requires knowledge and methods
from different fields of science (for example, hydrodynamics, geomechanics, fracture
mechanics, etc.). The complexity of the model describing a particular effect asso-
ciated with the growth of a hydraulic fracture can be different depending on the
degree of detalisation.

It should be noted that a significant feature of hydraulic fracturing is the difficulty
in monitoring processes occurring at great depths, as well as the complex geometry
of the rock, which may contain several dozens of layers with different properties.
Conducting experiments for the study of hydraulic fracturing is also difficult due
to the complexity of the interpretation of the obtained data. The limited initial
information, the uncertainty in the structure and properties of rocks at the depth
of fluid production, and the wide variation in the values available for measurements
— these factors are a feature of the problem. This affects the methodology of its
scientific study and practical application. Of particular importance are mathemat-

ical research and numerical simulation of hydraulic fracturing [58|. Therefore, for
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a better understanding and control, mathematical models are necessary and widely
applied.

The development of fracturing models began in the 1950s. One of the first works
in this area was the work [30]. The authors of this work considered the problem of
hydraulic fracturing as a task of applied mechanics. They successfully built the first
model, which made it possible to give a number of answers to such pressing questions
as: the orientation of the created fracture, the reasons for the breakthrough into the
aquifer, and also to obtain an approximate estimate of the reservoir stresses and the
volume of the fracture. Comparison of the results predicted by the model with real
data showed that the constructed model, although it does not provide quantitatively
accurate results, gives some idea of the size of the resulting crack. The work done by
the authors laid the foundation for the design of the hydraulic fracturing procedure.
It is important to note that this work considered a homogeneous, rather than layered,
medium.

The authors of [32] approached the problem of estimating the crack parameters
and selecting the optimal parameters of the fracturing fluid from the side of the
fluid flow. The idea is to apply the fundamental correlation of continuum mechanics
(global mass balance) to the fracturing fluid pumped into the well: part of the
fluid flows into the rock, and the rest fills the volume of the fracture. The model
constructed by the authors is still used today (for example, in the commercial MFrac
simulator).

The first mathematical model, which took into account the mutual influence of
the fluid pumped into the crack and the deformation of the rock, was the model of
Khristianovich and Zheltov, proposed in 1955 [40]. This model considers the condi-
tions of plane deformation in sections orthogonal to the crack front. In it, a crack
is modeled by a flat section of infinite height located in a linearly elastic medium.
Usually this model refers to the initial stage of crack propagation. This model was

further developed in the article [25] taking into account leakage of hydraulic frac-
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turing fluid into the formation. This one-dimensional model is called KGD. This
model can be considered as the first model of crack growth in a layered medium.

Another similar model was developed by Perkins, Kern and Nordgren (PKN)
|65, 73]. It assumes that the crack has a finite and constant height much smaller than
its length. At the same time, it is assumed that the condition of plane deformation
is satisfied in planes parallel to the crack front, and the pressure in each section is
constant. These two conditions allow one to assume that the cross sections open
independently of each other. The relationship between the disclosures in each section
is through the continuity equation and the equation for describing the fluid flow. In
fact, in the PKN model, a three-layer layered structure was considered, in which the
boundaries of the extreme layers were impermeable. We emphasize that the PKN
and KGD models use the same equation of elasticity [63], which connects the crack
opening with pressure on its banks and stresses at infinity.

Note that the first models of hydraulic fracturing were developed almost simul-
taneously with the beginning of the industrial use of this technology, in 1950-1960,
when the layering model was just beginning to be created. At the same time, the
need for practical solution of problems led to the fact that scientists and engineers
sought to remove from consideration those parameters that have little effect on the
result.

In the 1970s, the cost of oil and gas increased, making production from low-
permeability formations economically viable. Hydraulic fracturing in wells in low-
permeability formations requires significantly greater costs, due to the nature of the
rock structure: more fluid and proppant are injected into the well to create a larger
fracture (for example, the volume of injected fluid increased from units of cubic
meters to hundreds [2]). These changes in the procedure for hydraulic fracturing
revealed shortcomings in existing models and became an incentive for new research
in the field of modeling.

A significant drawback of the models used at that time was the inability to

take into account the fact that the rock formation consists of horizontal layers with
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different physical properties (and parameters of the stress-strain state). The need
to take this factor into account is due to the fact that the geometry of the crack
substantially depends on changes in both physical properties and the stress-strain
state of the layers.

Several works [82, 87| contributed to the creation of the new approach, in which
the growth of a hydraulic fracture in a three-layer medium and the effect of dif-
ferences in the mechanical properties and stress-strain state of the layers on the
hydraulic fracture height in a two-dimensional formulation were studied.

The numerically implemented pseudo-three-dimensional models (P3D), which
take a number of simplifications in understanding the fracture geometry, fluid trans-
port, and rock deformation, have become a new approach. The first description of
such a model can be considered the article [78], published in 1986, but their devel-
opment is still ongoing [19].

The most advanced and popular simplified model is the pseudo-three-dimensional
(P3D) model proposed by Settary & Cleary [78|. This model is developed in more
detail and presented in the works [19, 50, 58, 75]. At the moment, P3D is one of
the most used models for modeling hydraulic fracturing.

In the process of development, two categories of pseudo-three-dimensional models
appeared: tube and cell models. Tube models are based on the representation of
the fracture geometry of the hydraulic fracture by two semi-ellipses, which allows
modeling the growth of the length, height and opening of the fracture. The geometry
of cellular pseudo-three-dimensional models is inherently close to the geometry of
the PKN model with the difference that the crack appears to be divided along its
length into separate cells, each of which can have its own height and opening.

Despite the existing differences, pseudo-three-dimensional models have much in
common: the crack propagates in one plane, the fluid flow is usually considered
one-dimensional (this, in addition, imposes additional restrictions on the proppant
transfer modeling due to the impossibility of taking into account the mutual influence

fluid and proppant movements in the vertical direction), simplified relations are
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used that describe the elastic reaction of the rock. Omne of the most important
assumptions is the assumption that a crack propagates in a medium with uniform
elastic characteristics obtained by averaging the elastic properties of all layers in
which a crack grows. This means that P3D models are fundamentally incapable of
taking into account all the features of hydraulic fracture growth in layered media.
In addition to the above, P3D models are numerically unstable in some important
field cases.

However, these models are widespread for a number of reasons. Namely, the
expansion of the field of application of hydraulic fracturing technology, which led to
an increase in the complexity of the operations, led to the creation and development
of computer models. At the same time, the limitation of development was the limited
computing resources. The influence of this factor is important because the task of
hydraulic fracturing modeling is twofold: on the one hand, it is a difficult scientific
task, on the other hand it is a difficult engineering task. And, if in the first case the
earliest possible results can be inferior in importance to the accuracy of the result,
then in the second case this contradiction does not find an unambiguous solution.
Thus, the P3D model, which turned out to be not the most accurate, not the most
reliable, but relatively fast working, was able to occupy an important place in the
history of solving fracturing problems in layered media.

Further improvement of hydraulic fracturing models was associated with a com-
plication of ideas about the geometry of the fracture. Almost simultaneously, flat
three-dimensional (PL3D) [5] and full three-dimensional models (Full3D) [88] began
to develop.

Flat three-dimensional models suggest that the crack propagates in one plane,
the fluid flow is considered two-dimensional, and equations of the three-dimensional
theory of elasticity are used to describe the deformation of the rock. Flat three-
dimensional models make it possible to remove a number of restrictions character-
istic of P3D models, however, they turn out to be significantly more expensive from

the point of view of computing resources. A characteristic feature of full three-
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dimensional models is that they remove the restriction on the propagation of cracks
in one plane. When solving the hydraulic fracturing problem in a three-dimensional
formulation, in contrast to the pseudo-three-dimensional one, the complexity of solv-
ing the system of equations describing the hydraulic fracturing process significantly
increases. This is mainly due to the nonlinearity of the operators included in it, the
need to use the hypersingular integral to model the elastic behavior of the rock, and
the need to track the moving boundary [70]. These factors cannot but affect the
quality and speed of the models and simulators based on them.

An important direction in the development of fracturing models is an increase
in speed. The interpretation of fracturing data in real time requires a simulator
capable of working at a speed sufficient for real-time calculations to control hydraulic
fracturing in the field. At the moment, only pseudo-three-dimensional models can
provide a sufficient calculation speed, because both flat three-dimensional and fully
three-dimensional models require large computational resources. This is one of the
reasons for using precisely simplified models for taking into account stratification in

modeling the hydraulic fracturing process.
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2 The Green’s function construction for the layered struc-
ture

2.1 Boundary integral equations for a piecewise homogeneous medium

Consider the arbitrary homogeneous, finite or infinite area D* with the boundary

L, and normal vector n (Fig. 2).

Figure 2: The solution area.

Equilibrium equation of area D* can be written as

Lu=0 (1)

where u is vector of displacements, L - linear partial differential operator [31]. L
can represent, for example, Lame or Laplace operator.

The force vector applied to an arbitrary site with a normal n is defined by

aqn = Thu (2)

where T}, is a traction operator, which is defined by

ou
(Thu), = Cijklﬁ_x];nj (3)

where Cjji; are the physical constants of the considered area.
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When solving a boundary value problem using the boundary element method,
the equation (1) is being solved for the given boundary conditions at the boundary

L. The displacements

u="f(x), x¢€l (4)
or traction
qn = f2(x), x€ L, (5)
or their linear combination
Au+ Bq, =f35(x), x€ L (6)

where A u B are given matrixes, and f3(x) given vector at the selected point at the
boundary, can be taken as the boundary conditions.

Lets us consider that at the point y of the area D* a point source of unit intensity
is located, for which the fundamental solution U(x,y) (Green’s function) is known.

This solution fulfills the equation:

LU(x,y) = —d(x —y)I (7)
where I is a unit matrix; ¢ is the Dirac delta-function. The fundamental solution is

used to find the singular and hypersingular solution

T(x,y) = [Tam U, y)]"

Q(X’ y) = Tn(x)T(Xa Y)
If only the cavities are present in the considered layered structure, then the

(8)

boundary integral equation can be written in the form

%Au(x) N /L U(x, y)an(y)dLs + /L T(x,y)Au(y)dL, zcLs, (9)

The hypersingular boundary integral equation suitable for describing both cavi-

ties and cracks has the form
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1= 500 AauG) [ wly) D) au(y)iLs +
+/L Q(x,y)Au(y)dLs =€ L, (10)

where x(x) = 1 if x belongs to the surface of the cavity and x(x) = 0, if x belongs
to the surface of the crack.

The equations (9) and (10) are applicable when there are no discontinuities at
the boundaries between layers. However, in the general case, the conditions at the
boundaries can be arbitrary. In the case of a piecewise homogeneous material with
inhomogeneities and arbitrary conditions at the contacts (Fig. 3) boundary integral

equations can be written in a special form (11) and (12)

Figure 3: Piecewise homogeneous material.
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where p is the shear modulus.
Thus, if the Green’s function that satisfies the given conditions at the boundaries
is known, the problem of finding displacements and stresses in the considered region
can be reduced to solving boundary integral equations. The question arises: how to

construct the Green’s function for a piecewise homogeneous material?

2.2 Layered structure

The layered structure is a special case of a piecewise homogeneous medium. The
problem of finding the Green’s function for such a piecewise homogeneous medium
can be significantly simplified if we use two assumptions based on the geometric

features of the layered structure.

e The layered structure is a chain type system: each layer has no more than two

adjacent layers

e Layer boundaries are flat and parallel

Let there be a layered structure consisting of n layers with flat parallel boundaries.
It is assumed that heterogeneities in the form of cracks, cavities, pores and inclusions
can be contained in the layers of the structure. We number the layers from bottom
to top from 1 to n (Pic. 4).

The boundaries of the layers are numbered from 0 to n. The axes x5 and x3 are
directed along the boundaries of the layers in the horizontal plane. Let us direct the
unit, normal to the boundaries of the layers, along the axis xy. The superscript ¢
denotes the values corresponding to the ¢-th layer or i¢-th contact. The subscript ¢
and b denotes the values corresponding to the upper and lower bounds, respectively.

In such notation, the displacement discontinuity vector is determined by the relation:
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Figure 4: The layered structure.

: i i1
Au' =u; —uy, (13)
For a system of n layers, linear differential equilibrium equations can be written

as:

Lu=0 (i=1,..,n) (14)
where L is a partial differential linear operator with physical constants of the i-th
layer.

The equilibrium condition at the interface between the layers includes the traction

vector q

aq=a =q (i=1..,n-1) (15)
and linear dependence of the displacements discontinuity vector Au on traction

vector

—Au! = Aicqi (16)
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where Ai is a the square matrix of contact interaction on the boundary between the
¢ and ¢ + 1 layer. If perfect contact is considered then Ai =0 and Au' = 0.
If in the considered layered structure has cavities and / or cracks, then the bound-

ary conditions at the boundaries of these inhomogeneities have the form:

—Au = B.q+ Aug (17)

where B, is a symmetric matrix and Aug is a given jump of potentials. Inversion
of the equation (17) q = —B. 'Aug + q¢ where qo = —B. 'Aug includes the case

when fluxes are given qg. A special case of given fluxes arises when B¢™! = 0, so

q=qo (18)

The main task is to find a solution to the equation (14) when the contact condi-
tions (15) and (16) and the boundary conditions (17) or (18) are fulfilled. To solve
this problem, it is necessary to find the Green function for a layered medium without

inhomogeneities.

2.3 The algorithm for construction the Green’s function for a layered
structure

Consider the algorithm for construction the Green’s function for a layered medium.
For the first time, this algorithm was presented in [46].

Let a point source of unit intensity be located at some point of the k-th layer
(Fig. 5).

We call all the layers above (below) the considered layer the upper (lower) package
of layers. Then the initial layered structure can be considered as a system consisting
of three parts.

We consider an infinite homogeneous isotropic medium with physical parameters
of the k£ -th layer. At the point y of this layer, we place a point source of unit
intensity. The displacement field induced by this source is denoted by Up(x,y). In
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Figure 5: Point source in a layered medium.

the general case, Ug(x,y) satisfies the equilibrium equation only in the k-th layer.

We introduce an addition U,(x,y) such that

U(X7 Y) = Uy (Xa Y) + Ua(Xa Y) (19)

satisfies the equilibrium equation for all layers, as well as the boundary and contact
conditions. Thus, the problem of finding the Green function is reduced to the
problem of finding the additional function U,(x,y), since the solution Ug(x,y) is
known.

Note that the i-th column of the matrix U(x,y) is the displacement vector
induced by a point source acting in the direction z;. Knowing Ug(x,y) in an infinite
region, one can find the displacement vector on the upper and lower boundary of
the k -th layer. We denote these displacements as u}: and ul];, respectively, and the
corresponding traction vectors as ¥ and g*—! (Fig. 6).

We apply the traction g¥ to the lower boundary of the upper package of layers.

k—1 :

Suppose a solution is found for such a system. We apply the efforts g~ in a similar

way and find a solution for the lower package of layers (Fig. 7).
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Figure 6: Tractions at the boundaries of k-th layer.

Figure 7: Upper and lower package of layers under the tractions induced by a point
source in the k£ -th layer.

Denote the found solution u,. Note that u, contains the values of the displace-

ments at the lower boundary of k£ + 1-th layer and upper boundary of k& — 1-th

layer. We denote this displacements as ﬁlg+

ut‘ — ﬁlg"'l and ulg — ﬁi‘_l do not satisfy the contact conditions on the upper and

L and ﬁt{_l respectively. In general case

lower boundary of the k-th layer. We eliminate this discrepancy by writing the
relation
~ Kk
—Auk = Akgk + et — u¥ 20)
—Auy = Altgt bk - d !
Let us now consider the problem of finding the displacement field in a layered

package under inhomogeneous conditions (21) at k-th and (k — 1)-th boundary
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—Auk = Algqk — Aulc‘l )
—AukT! = AkTlgkt 4 Aul(;_l
and homogeneous conditions (16)at the other boundaries. We denote the solution
we get as U.
We perform a similar procedure for all columns of the matrix Ug(x,y). We ob-

tain the matrices U,(x,y) and U(x,y). Then the additional matrix is determined
by the relation

Ua(x,y) = U'(x,y) + ﬁ(xa y) (22)

Finally, the Green function for a layered structure has the form:

U(x,y) = Up(x,y) + Us(x,y) + ﬁ(xa y) (23)

where Ug(x,y) = 0 out of k-th layer, where the point source acts, and the equality
fI(X, y) = 0 is satisfied within this layer. Thus, to find the Green’s function in a

layered medium, one has to solve three problems of the same type:

e For the package of n — k upper layers under the action of specified traction at

the lower boundary

e For the package of k — 1 lower layers under the action of specified traction at

the upper boundary

e For a package of n layers at inhomogeneous conditions (21) at k-th and (k—1)-

th boundaries and homogeneous conditions (16) at all other boundaries.

These problems are solved by one general algorithm based on the application of
the Fourier transform and the sweep method. We give a detailed description of this
algorithm.

Consider a layered structure consisting of m homogeneous layers and located
between two half-spaces. We number the layers from k£ + 1 to & 4+ m, and their

boundaries from k to k + m (Fig. 8). We consider the problem of finding the
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displacement field in a layered package under the action of traction at the lower

boundary. The remaining two problems are solved in a similar way.

Figure 8: Upper and lower package of layers under the tractions at the lower bound-
ary.

We apply the Fourier transform to the original equations [7], [14], which is defined
by

f(x1, $2,53) = / f(xq, 9, xg)e‘zm(sﬂ?ﬂf*’m)dxgdxg (24)

oo

where ¢ = y/—1, sy and s3 are the Fourier transform frequencies.
The Fourier transform allows us to establish a relationship between the tractions
and displacements in the considered region [66]. In particular, the relations
u; = Rt qe + RepQp

3 ) 3 (25)
up = Rpeqe + Rpbap

are valid, where Ry, Rtp, Rpt, Rpp are known square matrices. Having written
(25) for each layer, we obtain the relation for the displacement gap at the boundary

between the layers

i —a =RyI'dT R RO -RLGTT (i=Fk,.. k+m) (26)

We use the boundary conditions and write (26) in the form
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AlGg - C'§+BgH+F =0 (i=kFk,. ... k+m) (27)
where Al = —RI : Cl = —~A. +Ri, - Ri}% Bi = Rii'; Fl = —Aul.
Tractions at (k+m+1) and (k — 1) boundaries can be considered equal to zero,

since half-spaces are considered. Then one can write

Ak—i—m(‘ik—{—m—l . Ck—l—m(“:'lk—l—m 4 Fk+m =0

(28)
_Cké'lk 4 Bké'lk—i-l 4 Fk =0

We note that in the considered of tractions, given on the k-th boundary, we have

C=I, F<=g" (29)

In the case when the tractions are given on the (k + m)-th boundary, we have

Fk—l—m _ qk—|—m (30)

To solve the system of equations (27), one can use the efficient and stable sweep
method, which allows to get a solution for any number of layers. The sweep method
consists of two stages. The first step is to find the sweep matrices al and sweep

vectors b

Akl = (CF) TBY bR = (0N R
aitl = (C' — Ala)) ' B (i=k+1,..k+m—1) (31)

b1 = (C'— Afa)) " (B 4 ATDY) (= k+ 1.kt m)
At the second step a' and b! which are already found are used to find displace-
ments and traction at the boundaries
gitm — pltmtl
q—! = alg + b (i=k+m,. . k+1)
i = (R +RLa)g + Rwb'  (i=k+m,..k+1) %)

iy, = (Ry, + R,p,a)@ + Rupb' (i =k +m, .., k+1)
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To obtain the values of the displacements in the Cartesian coordinate system, it

is necessary to apply the inverse Fourier transform defined by the relation

+00

1 +00 )
[y, 20, 23) = ﬂ/ Fl1, 50, 53)€™ (272 15573) g, 5 (33)
™ —0o0

We emphasize that the mentioned algorithm with minor modifications is used

—00

to solve the three problems that arise when obtaining the Green’s function for the
layered medium. Owing to two simplifications, the problem reduces to solving a

system of equations by the sweep method.

2.4 Construction of the Green’s function for the two-dimensional Laplace
operator

Consider the algorithm for constructing the Green’s function for the two-dimensional
Laplace equation [61]. Of particular interest is the logarithmic feature of the funda-
mental solution of the two-dimensional Laplace equation, since such a solution does
not tend to zero at infinity.
In the Cartesian coordinate system, the two-dimensional Laplace equation has
the form:
O*u O
Viu = 8_56% + 8_563 =

Then the operator for the ¢-th layer can be written as

0 (34)

o* 0
~ 02 o2
We will talk about the Laplace equation in terms of potentials (u), fluxes (¢) and

L (35)

permeability G.

The fluxes are defined by following expressions:

ou
q1 = Ga_xl

9 (36)
g2 = G@_xg

The fluxes ¢, in the direction of the normal n are calculated by the formula
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ou

where the normal derivative of the displacements is determined by the relation

Ou = %cos(n X1) —l—% cos(n, X) (38)

8_Il 8:51 8:1:2

The fundamental solution of the Laplace equation has a logarithmic singularity

and is determined by the relation

Ui, y) = —5- In(r) 39

where r = \/(x1 — y1)? + (z9 — y2)? is the distance to the point source. Note that

the solution (39) satisfies the equation (34) everywhere, except for the point (y1, o).
The fluxes corresponding to the fundamental solution are calculated using the

formula (40):

g = ——G( — ¥i) (40)

2 r

For a fundamental solution, the most important equality is fulfilled:

Uo(x,y) = Up(y, x) (41)

Note that for the solution (39) the relation (41) is obvious, since Uy depends only
on the distance r, at which the coordinates of the source and the field point appear
symmetrically. In the more general case (41) is a consequence of the reciprocity the-
orem. As applied to boundary integral equations, solutions of the form (39) serve
as the kernels of the potential of a simple layer. Singular solutions obtained by a
single differentiation in the direction n, given at the field point z and multiplied by
the shear modulus G serve as kernels for the “normal derivative” potential. Singular
solutions obtained by a single differentiation in the direction n, given at the source
point y and multiplied by G serve as kernels for the double-layer potential. The pe-

culiarity of the double layer potential is that it does not contain differentiation with
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respect to the field point; therefore, this solution does not violate the homogenity of
conditions at the boundary if the initial singular solution satisfies such conditions.
In this regard, the potential of the double layer is used to represent the solution
itself, not the fluxes. The singular solutions obtained by differentiating the double
layer potential in the direction n, at the field point x and multiplied by G serve as
kernels of the hypersingular potential. In fact, these are fluxes corresponding to the
singular solution for the double-layer potential [52].

The first step in constructing the Green’s function of the two-dimensional Laplace
operator is to apply the Fourier transform to the original equations. Consider a plane
perpendicular to the axis 3. Then the solution searching area is formed by the basis
vectors x1 and xo. Since the axis x1 is perpendicular to the boundaries of the layers,
the Fourier transform is possible only in the direction x5, since the properties in this
direction are homogeneous.

We apply the Fourier transform to the Laplace equation. We get the equation

— —su=0 (42)
To find the Green’s function, it is enough to know the image of the fluxes in the
direction of the axis x1. By the formula (37) we obtain
’ ou
] = Gi— 43
Further, for brevity, the Fourier images of potentials and fluxes are called simply
potentials and fluxes. It is convenient to imagine the solution through the sum of
the symmetric and antisymmetric parts. Then for potentials and fluxes the following
relations are valid:
U = Us + Ug
o (44)
q=4qst+dqa
The general solution of the Laplace equation has the form

u=c Sh(SXl) “+Cy Ch(SXl) (45)
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The symmetric and antisymmetric part of the potentials are determined by the

relations:

Uy = 5 (U(21) — a(—21))
(46)
Uy = 3 (@(z1) + a(—11))
From (45) and (46) we get
s = c1 sh(sxy) )

Ug = coch(sxy)
Similarly, the relations for the symmetric and antisymmetric parts of the fluxes are
obtained:
~ Gs
ds = c2% sh(sxy)
(48)
Go = cl% ch(sxq)
From the relations (47) and (48), one can obtain relations connecting the values

of the symmetric parts of potentials and fluxes

as — Rs(js
(49)
aa — Raga
where
R, = & ch(sx)
¢ (50)

Ra = % th(SXl)
We use the relations (25) and obtain expressions for the coefficients connecting

the potentials and fluxes at the boundaries

1
Ry = 5 (% ch(sxy) +4; th(sxl))
1
Ry, = —3 (& ch(sxq) —&; th(sxy))
1
By = 5 (& chlsx1) =& thisx) (51)

25 Ch(SXl) —|—% th(SXl))

oy
&

I

|
N | —
~—
9
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Knowing these expressions from the formulas (32), one can obtain the values of
potentials and fluxes at the boundaries between the layers. Values at an arbitrary
point inside the layers can be calculated from the values of potentials and fluxes
at the boundaries of this layer. Moreover, to solve boundary value problems, it is
enough to calculate the Green’s function at points having a zero coordinate along
the x5 and =3 axes. Indeed, since the medium under consideration is isotropic in the
directions x9 and x3, the solution for the infinite region will be the same at points
with the same coordinate z;.

We find the relations connecting the potentials and fluxes inside the layer with
the values at the boundaries. For convenience, we normalize them. Values with
the dimension of length are normalized to half the thickness of the k-th layer h; in
which the point source is located. Then hi = h; /hi.. We normalize the permeability
to the permeability of the k-th layer GZ = G;/Gy. Further we assume that all
the quantities used are dimensionless. Thus, for convenience, we do not introduce
special notation for dimensionless quantities.

Let a boundary solution be obtained for a point source of unit intensity located
on the x; axis at the point (29,0). It is known that to obtain the values of the
Green function inside the layers, it is enough to find the value of the additional
function inside these layers. Thus, to obtain the values of the Green’s function
inside all layers, it is enough to know the value of the additional function at all of
the boundaries.

Considering that Gy = 1 and half the layer thickness hy = 1/2, the values of
additional fluxes at the upper and lower boundaries of the k th layer are determined

by the relations

Jat = s(c1¢h(s/2) +cash(s/2))

(52)
Jap = s(c1¢ch(s/2) —cosh(s/2))

where
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cl = (ja,t + C]a,b

2s Ch(s~/2) (53)
Co = Qa,t - QG,b
>~ 25 sh(s/2)

Then the values of the additional potentials and fluxes inside the k-th layer have

the form

2s sh(s/2)

~ q~a,t _'—ga,b

U= 55 ehs/2) Shlx) +

Ch(SXl)
o L (54)
~ Qat T qab Qa,t — qa,b
o = ——— = ch(sx;) —————<sh(sx
¢ 2ch(s/2) (sx1) 25 ch(s/2) (sx1)
Finally, the potentials and fluxes inside the k-th layer corresponding to the Green
function for a layered medium can be represented by the relations
U = Uy + Ug
o (55)
qd =40+ qa
It is important to note that in order to obtain real values of potentials and flows,
it is necessary to apply the inverse Fourier transform to the obtained values. In
the case of ¢, the result of the inverse transformation is ¢;. The value ¢y can be

obtained by the inverse Fourier transform of ¢o, the value of which is determined by

the relation

Go = —isi (56)

where i = /—1.

The above relations allow to obtain the Green’s function for the two-dimensional
Laplace operator. Note that the formulas were obtained under the assumption
that the considered layers have infinite dimensions in the direction of the zs axis,
since the Fourier transform on an infinite interval is used to obtain the connection
of potentials and fluxes at the boundaries. The numerical implementation of the
algorithm uses the discrete Fourier transform [9], [16], which is possible only on a

finite interval. In the numerical implementation of the approach to obtain the Green
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function described in this paragraph, one can use the fast Fourier transform [17],
which allows to reduce the computational complexity from N? to Nlogy, N in the
two-dimensional case and from N3 to N?log, N in three-dimensional, where N is the
number of points of which the considered region is divided in the chosen direction.
In the three-dimensional case, we assume a uniform partition in the directions x»
and x3. In the general case, when it is necessary to find all the kernels of the integral
equations, for each position of the point source it is necessary to draw up to 36 direct
and up to 9 inverse Fourier transforms. Given that the number of points at which
the source is located can be arbitrarily large, the use of the fast Fourier transform
can significantly increase the rate of the Green’s function calculation.

The choice of the Fourier transform period is one of the most important problems
in the numerical calculation of the Green’s function, since not only the accuracy of
the results, but also the calculation time depends on the value of the period. We
propose a universal approach for determining the parameters of the fast Fourier
transform at which the specified accuracy of the calculation of the Green’s function

is achieved with a minimum calculation time.

2.5 The accuracy of the Green’s function construction

Consider a layered structure of finite size 24 along the axis xo (Fig. 9).

The coordinates of the points of the layered structure along the boundaries be-
long to the segment [—A, A]. We will call the quantity 2A the period of the con-
sidered problem, and the value A - the half-period. Knowing the solution for an
infinite homogeneous isotropic medium, we can find fluxes at the (k—1)-th and k-th
boundaries. In order to use the algorithm presented earlier, it is necessary to apply
the Fourier transform to the found fluxes. Note that applying the Fourier transform
to the original problem changes the boundary conditions along axes parallel to the
boundaries of the layers to periodic ones. In this case, the question arises: why as

Uy the solution for an infinite homogeneous isotropic medium is used, and not the
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Figure 9: Source in k-th layer.

corresponding solution for a periodic structure. It is important to note that we are
interested in the exact solution not in the entire periodic structure, but only in a
certain region of D. The main characteristic of such a region is its size along the
axes of periodicity.

Consider the problem of choosing a period. We introduce the quantity n

= a (57)
where d is a half of the considered area width D. Quantity n characterizes the
remoteness of the area D from the boundaries of period. In general, we can reduce
the problem of choosing the period A to the question of choosing the optimal value
n.

Let the area D be the square with side 2d. Fundamental solution for a periodic

homogeneous isotropic medium [18] is representable in the form

1
Uy(x,y) = ~5- In (sin (%r)) (58)
Comparison of solutions for infinite and periodic structures is presented in the

Fig. 10.
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Figure 10: Fundamental solution for a periodic (red dotted line) and infinite (blue

solid line) structure at eta = 20,z = h;

Important difference between (58) and (39) is in the following:

Uplayea = Uplyyea =0 (59)

while for the fundamental solution of the two-dimensional Laplace equation on an

infinite interval

Uolyy=—a = Uolyymn 7 00 (60)

Let us prove that there exists a domain D in which the fundamental solution of
the two-dimensional Laplace equation Uy can be used instead of the solution U,. To
prove this, we prove that there exists a domain D where both solutions differ by a

constant. We introduce the function C(z1, z5) through the relation (61)

C(.Tl,iﬁg) = U() — Up (61)

where (z1,22) € D, and consider the relative difference
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maxD|C(a:1, :Ug)\ - mmD|C(5Ula 552)‘

(= -100% (62)

mazxp|C(xy1, z2)]
Note that if C(z1, x3) = const, then ¢ — 0.

We build a dependency ¢ (7). From the Fig. 11 it is clearly seen that ¢ 77_>—OO> 0.
This result confirms that with an increase in the period, the boundary conditions
have a lesser effect on the region under consideration. Accuracy in 0.053% can be

reached already at eta = 10. For most calculations, it is enough that the condition

eta > 3 is satisfied.

Figure 11: Dependence of  on 7.

One of the most important problems arising in constructing the Green’s function
for layered structures is to evaluate the accuracy of the obtained solution. Let us
consider in more detail how the parameters of the Fourier transform influence the
accuracy of the results. To do this, we compare the accuracy of numerical results

with analytical solutions.
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Problem 1. We consider two homogeneous half-planes between which there is a
structure consisting of n homogeneous layers. We place the point source in the k-th
layer at a distance d from the boundary with the (k + 1)-th layer. Let all layers of
the structure have the same properties and ideal contacts at the boundaries. Such
a structure can be considered as a homogeneous isotropic medium. The Green’s
function of such a problem is (39).

We look for a solution in a square area D. The accuracy of finding the Green’s

function is defined as the maximum relative error in this area

R k
¢ = mazp [q—k] - 100% (63)
dp

where ¢* is additional flux at k-th boundary, corresponding incremental function
Ud(x,y), q& is the flux at k-th boundary, determined by the Green function.

From the results presented in the table (1) it can be seen that the accuracy does
not depend on the number of layers. It is important to understand that this does

not exclude the dependence of accuracy on the size of the region.

Table 1: Relative error (in %) in the region D depending on the number of layers n
and 7 for a homogeneous medium.

n=3|n=20|n=40
n=~8 |0.58 |0.58 0.58
n=161]0.382 | 0.382 | 0.382
n=32]0.131 | 0.131 |0.131
n=:6410.038 | 0.038 | 0.038

The error found for various values of N and 7 is presented in the table (2). The
values of n ranged from 8 to 64, and the values of N from 128 to 1, 024.

From the 1 table it can be seen that the influence of the period on the accuracy
is much higher than the influence of the number of sampling points. The higher
accuracy of the results with an increase in the value of 1 can be explained by the
fact that, with an increase in the period 2A, the boundaries have a significantly

smaller effect on the region under consideration.
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Table 2: Relative error (in %) in the region D depending on N and eta for a
homogeneous medium.

N =128 | N =256 | N =512 | N =1024
n =238 |0.605 0.588 0.58 0.576
n =16 | 0.402 0.388 0.382 0.379
n=32)0.143 0.134 0.131 0.129
n=6410.104 0.04 0.038 0.037

Problem 2. We consider two half-planes with a common boundary. Let the
lower half-plane have a conductivity equal to unity, while the conductivity of the
upper half-plane tends to zero. We place the point source in the lower half-plane at
a distance of d from the upper boundary. We represent each half-plane as a layered
structure consisting of an arbitrary number of layers with the same thickness and
elastic properties. It is necessary to find the additive U, for such a structure.

For a layered structure with an impenetrable upper boundary (Fig. 12), the
Green function can be found by the method of images. We place symmetrically
with respect to the half-plane boundary a point source of the same intensity and
at the same distance from the boundary as the original source. Then the Green’s
function for a half-plane with an impenetrable boundary can be found in the form

U=Uy+U" = —Qiln(r) — ihl(?“*) (64)

T 2w

where 7* is the distance to reflected source.

The Green function found as a result of numerical calculations should have an
additive whose value is close to the value that the reflected source generates. Thus,
the relative error in the calculation of the Green’s function in the region for D in

this case can be calculated by the formula

; [qf —q;

¢ = mazx " ] -100%, x9 € D (65)
k
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Figure 12: Point source in half-space.

*

where ¢* is additional flux at k-th boundary, gy is the flux corresponding to the
reflected source at kth boundary.

Dependence of relative error values 5 on N and 7 are presented in the table 3.

Table 3: Relative error (in %) (x107%) in the region D depending on N and 7 for
a half-space with an impenetrable boundary.

N =128 | N =256 | N =512 | N =1024
n=38 |2.5755 2.575 2.5748 2.5747
n =16 |2.5703 2.57 2.5698 2.5697
n=32]25637 | 2.5635 2.5633 2.5632
n = 64 | 2.562 2.561 2.561 2.5609

From the presented data (3) one can see that in this case relative error is equal
almost for every pair of values N and .

Problem 3. We consider two half-planes with a common boundary. Let the
lower half-plane have a conductivity equal to unity, while the conductivity of the
upper half-plane will tend to infinity. We place the point source in the lower half-
plane. As in the previous case, we represent each half-plane in the form of a layered
structure consisting of layers with the same thickness and the same conductivity.

The Green’s function for this problem can also be calculated using the image method.
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Since such a system can be considered as a half-plane with a strongly conducting
boundary, the potential at the upper boundary of the lower half-plane is assumed

to be zero. Then the Green’s function of such a system can be found by the formula

1 1
U=Uy+U"=——1In(r)+ —
21 2

To find the relative error in the region D, we use the relation (65). The values of

In(r*) (66)

é depending on N and n for a half-space with a strongly conducting boundary are
presented in the table 4.

Table 4: Relative error (in %) in the region D depending on N and 7 for a half-space
with a strongly conducting boundary.

N =128 | N =256 | N =512 | N =1024
n=-8 | 1212 1.177 1.16 1.152
n =16 | 0.804 0.777 0.764 0.758
n=3210.286 0.269 0.261 0.257
n=0640.21 0.08 0.076 0.074

The results presented in the table 4 show that in the case of a strongly conducting
boundary, the error is approximately two times larger than in the case of a homoge-
neous medium. In both cases, to increase the accuracy of calculations, it is optimal
to increase the period, and not the number of sampling points.

Analysis of the data from the tables 2, 3 and 4 shows that the accuracy values of
the results obtained for the homogeneous medium problem are between the values
obtained for the two limiting cases considered in the problems 2 and 3. Note that
the accuracy of the solution is not a linear function of the parameters N and 7.
When choosing the parameters, it is necessary to take into account the fact that an
increase in NV leads to a significant increase in the calculation time. Note that an

increase in n at a constant N can lead to a loss of accuracy.

2.6 Circular hole in a layered structure

Let the circular hole bounded by the closed contour L be located in the region D
belonging to one of the layers. We denote the area inside the hole as D,, and the
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area outside the hole D*. We choose the direction of traversal L, so that the region
D* remains on the left. The normal n is directed to the right of the direction of
movement. The superscript plus (minus) corresponds to the value of the region for
which the normal is external (internal). Let the flow ¢ be given on the circuit L.
We need to find the potential in the region of D*.

We use the theory of complex boundary integral equations [18]. For a hole in an

infinite homogeneous, we have:

s kUz, ze€ D*
1 U
Re{__/ [(JIln(T—Z)ds”K ds]}: U, ze L, (67)
27‘(‘ L. T —Z 2
0, 2¢ D"+ Ly

where 7, z are coordinates of points in the complex plane, i = y/—1. Equation (67)

can be generalized to the case of a layered medium |[61] as follows

kUz, z¢€ D*
1
Re {__/ (g} Unds + U*Q*ds}} =Skt el (68)
21 L, 2
0, z2¢& D*+ Ly

where

Ue=In(1 — 2) + Uy(7, 2)

+ (69)

K
Q*:i

T —Z

+ Qu(T, 2)

here U, (T, 2), Qa(T, 2) are additional values, which are calculated using the presented
algorithm of Green’s function obtaining.

Note that the equation (67) was obtained under the assumption that [ I qrds =
0. In the case when a flux is specified at the hole boundary, this condition is generally
not satisfied. This discrepancy can be eliminated as follows. Find the total flux on

the circuit L,

/ gy ds = qo (70)
L,
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We place the point source of intensity gy at the point yg € D,. We find potentials
and fluxes in the region D*+ L4 corresponding to such a source for a layered medium
without inhomogeneities. We also find the additional fluxes ¢%* on the contour L.
Note that [; ¢"ds = 0. The solution of the equation (68) with the flux g5* defined
on the circuit Ly is the values of the additional potentials in the region D*. The
total value of the potentials from a point source and a circuit with a self-balanced
flux gives the desired value of the potential in D* from the circular cavity.

To find a solution of the equation (68), we represent the contour Ls as a set of
straight-line segments, each of which can be transformed into the segment [—1, 1]
using a linear transformation. Consider, for example, the segment [a,b] in such
a coordinate system in which the complex coordinate is defined as z = x9 + 121.
Then the transformation leading the original segment to the segment [—1,1] with

the complex coordinate 2z’ = x4, + iz} has the form

b bl , ;
Z:a; N \a—; |/ ia

where « is the angle of the segment with the axis x».

(71)

We carry out an approximation on each segment using Lagrange polynomials

n / / n—1
T — T
Pu(7) = H — = chST/S, k=1,...,n (72)

i2k
then the function defined at the points of the segment under consideration can be

represented as

n n—1
f(T/) = kaZCkST/S, ]C = 1, N (73)
k=1 s=0

where ¢ are known constants. To solve the problem of a circular hole in a layered
medium, we use approximation by second-order polynomials (n — 1 = 2). In this
case, one of the nodes will be placed in the center of the element, and the other two
at a distance of 1/3 from its ends. This approach allows one to obtain a contour

partition close to uniform (Fig. 13).
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0.5

Figure 13: Splitting a circular hole into segments. The star ( textbf star) denotes
the boundaries of the segments, the dots indicate the position of the nodes.

With this formulation, the initial integral can be calculated on basis functions
using recurrence formulas. Moreover, using (73) allows us to reduce the calculation

of integrals of regular functions to the calculation of three simple integrals

f—11 =2, f—11 7' =0, f—11 T =2/3 (74)

Next we solve an algebraic system of equations, the order of which is equal to the
number of nodes on the boundary of Ls. At the last step, we calculate the desired
potential values in the region D*.

Consider two binded half-planes. We denote the values corresponding to the
lower (upper) half-plane by the lower index [ (u). Let a circular hole of radius R,
and stream ¢° at the boundary Ly, for which the relation i) L. q°ds = —1, be located
in the lower half-plane at a distance ds from the boundary (Fig.14).
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e = a

Figure 14: Circular hole in the lower half-plane.

We introduce 2 points belonging to the boundary of the cavity, where the point
1 is the closest point to the boundary with the upper half-plane, and the point 2 is
the point of the cavity farthest from the boundary with the upper half-plane. We
denote the potential values at the points 1 and 2 as u; and us respectively. We

introduce the quantity wu, defined by the relation

Uy = Uy /Us (75)

Let G,/G; >> 1. In this case, the potential at an arbitrary point in the lower
half-plane can be found [42] by the formula

(e, ) = G RN oy cosgis)| (o

G Sh Ozo Ch .]040)

j=1
Here ch(ag) = ds/R., o, B are bipolar coordinates, related to Cartesian coordinates

as follows:

Ty — ds sh(a)
L = h(a) —cos(Ba) ( )
7
_ dssin(Bs)
T2 = _ch(a)—COS(Bg)
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where B2 = m— . Using the relation (76) one can evaluate the accuracy of the solu-
tion obtained using the boundary element method. We use the following parameters
for calculations: half-length of each layer A = 10ds, number of nodes on the hole
contour Ny = 60, number of nodes on the boundary between the layers N = 128,
hole radius R, € [0.01, 0.8]d;.

The data presented in the Fig. 15 allow us to estimate the boundaries of the
influence that the ratio G,,/G; has on the ratio of the maximum and minimum
values of the potential of a circular hole. Comparison with the results obtained
using the formula (76) allows us to conclude that, for given parameters, the relative
calculation error does not exceed 4%. Since when assessing the accuracy of finding
the Green’s function, it was shown that the least calculation accuracy is obtained
when the source is in a half-plane with a strongly conducting boundary, an error

below 4% is guaranteed for all the cases presented below.

Figure 15: The u,(R./ds) dependency obtained using the boundary element method
(G, >> G (blue dots) and G, << G (red crosses)), and using the formula (76 )
(black squares).
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In the case of a strongly conducting boundary G, >> Gy, the ratio R./ds has a
stronger effect on the result than in the case of an impermeable boundary G, << Gj.
In the case of a homogeneous medium G, /G; = 1, we obviously get u,, = 1. From the
presented results it is seen that u, in the case of an infinitely conducting boundary
for a hole whose center is at a distance dy = 1.25R,. from the boundary differs by 5.5
from the values for a homogeneous medium. As the boundary of the hole approaches
the boundary between the half-planes, this difference will increase even more.

Now consider how the relation G, /G affects the dependence w,(R./ds). From
the results presented in the Fig. 16 it can be seen that the results obtained for the
cases G, /G; = 10 and G, >> G, for the point R./ds = 0.8 differ by more than
3 times whereas for the cases G,/G; = 0.1 and G, << G at the same point the

values are almost identical.

Figure 16: Dependence u,(R./ds), for G,,/G; = 10 (blue dots), G,/G; = 2 (red
crosses), G, /G = 0.5 (black squares), G,,/G; = 0.1 (green diamonds).

Let us now consider an example of calculation for a circular hole of radius R. =

0.2ds, which is located in an infinite layered medium consisting of 7 layers. The
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thicknesses and conductivities of the layers are indicated in the Fig. 17. The color

indicates the value of the potential in the area under consideration.

4 0.25

0.2

0.15

0.1

0.05

0
Ty

Figure 17: A circular hole in a layered medium consisting of 7 layers.

The presented results demonstrate the effect of layering on the potential of a
circular hole entirely located in one layer. In the general case, a layered structure
can contain arbitrarily many inhomogeneities, which can be both within a single
layer and within several layers, that is, cross the boundaries between the layers.
Such situations require special investigation, although in some special cases the
emerging effects are neglected. One of the practically important cases is a vertical
crack under the influence of internal pressure, orthogonal to the boundaries of the

layers.
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2.7 Construction of the Green’s function for the three-dimensional Lame
operator

Consider a three-dimensional layered structure. The equilibrium equation in each

layer has the form:

802-]- ..
=0, 4,5=1,2,3 78
o, i, J (78)
where o;; are components of stress tensor, which is defined by the equation
v

where v is Poisson coefficient. Components of strain tensor € are defined by

1 8uZ 8uj
D) <8xj i 89:2-) (80)

The force operator for the three-dimensional Lame equation is determined by the

relation

B v Ouy 1 (Ou;  Ou,
(Tau)i = 2u L “ oo T 2 (axj * a_> “J} (8)

We apply the two-dimensional Fourier transform (24) in the directions x and x3

to the equation (78). We imagine the traction and displacements as the sum of the

symmetric and antisymmetric parts [47]. Thus,

Qe

(82)

]

e

s + Uy

where
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o11(x1) + o11(—21)
Gs(x1) = 1 | G12(21) — G12(—1)
o13(x1) — G13(—21)
o1i(z1) — on(—1)
Fa(z1) = 3 ?12(371) + (?12(—5131)
~013(561) +~013(—561) (83)
(1) — U (—21)
ﬁs(a:l) = % ~2($1) + ﬂQ(—xl)
tz(r1) + tz(—x1)
Uy (x1) + U1 (—21)
Ua(21) = 5 | Ga(21) — Ga(—21)

Expressions for the symmetric and antisymmetric parts are presented in [66]. For

the traction vector, we have

5‘5 = DsAs
(84)
&a = DaAa
where Ag, A, are vectors of constants for the considered layer, and the matrices Dg

u D, are defined by

chz; —z1 shz, 1S9 shzq
Dy = | —isoxichz; —shz; —(s3/s)z; chzy
—18321 chzg —(s983/5)x1 chzy
(85)
1831 shzq
—(s283/5)x1 chzy
—shz; —(s3/s)x1 chzy
shz; — z1 chzy —189x1 chzq
D, = | —isewishz; chzy +(s3/s)x1 chzy
—183x1 shz; (s983/8)x1 shzy
(86)
—i83$1 ChZ1

(s983/8)x1 chzy
chzq +(S§/S)x1 shzy

where s = \/5% + s%, z1 = Sx1.

Note that constants Ag and A, are determined for each layer and depend on the

boundary conditions.
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Similarly to the equation (84), we can write the relations for the symmetric and

antisymmetric parts of the displacement vector
ﬁs = lg'r_:QsAs

= _ 14v
Uy = EQaAa

where

2(1 — v) shzy —z; chzy
Qs = |—i(1 — 2v)(sa/s) chzy —isoxy shzy
—i(1 — 2v)(s3/s) chzy —isgxy shzy

—i(1 — 2v)(s2/s) shzy —isqoxy chzy
2v(s3 /%) chzy —(s2/5)saw1 shzy —2 chzy
2v(s983/5%) chzy —(s3/s)sx1 shzy

—i(1 — 2v)(s3/s) shzy —is3xy chzy
2v(s983/8%) chzy —(s9/8)s311 shzy
2v(s983/5%) chzy —(s3/s)s311 shzy

2(1 — v) chzy —z; shzy
Q. = | —i(1 — 2v)(sy/s) shzy —isqxy chzy
—i(1 — 2v)(s3/s) shzy —is3zy chzy

i(1 — 2v)(sy/s) chzy —issxy shzy
—2v/(s3/5?) shz; —(s3/5)x1 chzy +2shz,
—2u/(s983/8%) shzy —(s3/s)saw1 chzy

—i(1 — 2v)(s3/s) chzy —isgwy chzy

2v(s983/5%) shzy —(s2/8)s3w1 chzy
—2u/(s983/8%) shzy —(s3/s)z; chz; +2shz

We introduce the matrices Ry and R,

Rs — QS(DS)_l

Ra — Qa(Da)_l

and use the relations
Rtt = (RS + Ra) /2, Rtb = — (RS - Ra)* /2

Rbt — (Rs - Ra)** /27 Rbb - - (Rs + Ra)** /2

(87)

(88)

(89)

(90)

(91)
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where symbol (x) means that the first column of the corresponding matrix must

be multiplied by (-1), symbol (**) means that the first row of the matrix must be

multiplied by (-1), and symbol (x * %) denotes multiplication by -1 of the first row

and the first column of the matrix.

Finally, matrices Ry¢, Rip, Rpt, Rpp for the three-dimensional Lame operator,

which link displacements and tractions in the equation (25) for the k-th layer have

the form

tt11

ttlg ttlg

RE = L2 4ty ttyy thog
—lty3 tlog Tis3

EFks

thi

k
RY, = 1 i
thi3

RY, - —(RY)™

RY, - (Rl

thia thi3

thao 1bos (92)
thog b33

where z = sh¥, A = th?z —22/ chz, tt;; = (thz +th®z +z/ chiz)(1 — v¥)/A,
tty = isy(1 — 2(v* th?z —22/ chlz) /) /s,
tt3 = is3(1 — 2(v* th?z — 2%/ chiz;) /) /s,
ki = [(v* th?z —2%/ ch'z1)(1 + th?z) + (1 — v¥)z thz chz]/(As?thz),
ttoy = (1 + th?z)/ thz —s3ky,

ttgg = —8283]{31, tt33 = (1 + thzz)/thz —S%]{Zl,

thyy = —[thz / ch?z +2(1 + th?z)/ ch?z](1 — nu¥) /A,
this = iso(1 — vF)(2h% /) (thz / ch?z),
this = is3(1 — v*)(2h*/A\)(thz / ch?z),
ko = V¥ th?z —22/ ch®z +(1 — v¥) 2 thz(1 + th?z)]/(As?),
thyy = (=1 + s3ks)/(thz ch?z),
thog = s9s3ka/(thz ch?z), ths = (—1 + s3k2)/(thz ch?z).

The algorithm for finding the Green’s function for layered structures allows us to

calculate the values of forces at the boundaries between the layers. We find formulas

for calculating all components of the stress tensor at any point in the considered
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layer k. As noted earlier, it is convenient to divide the solution into a symmetric
and antisymmetric component. Then, for a three-dimensional medium, the following

relations are true:

& (hi) = 1/2(§ + T§7)

(93)
6*(hk) = 1/2(g° — Tg?)
where matrix T is defined by
1 0 0
T=|0 -1 0 (94)
0 0 -1

We use relations (84) and (93) and find values of the constants Ag and A, in the

considered layer. We get:

A= [DS(hk)]il&S(hk)
(95)
A, = [Da(hk)]_l&a(hk)

Knowing the values of Ag and A, one can obtain the values 64(x1) and &,(x1)
in every point of z1, belonging to the considered layer by the formula (84). Note
that the formulas for calculating the remaining components of the stress tensor can
be obtained similarly to the formulas (84). Indeed, consider the vector

022
Oin = | O33 (96)

023
and present it as the sum of the symmetric i, s and antisymmetric i, 2 parts. Note
that the remaining components of the stress tensor can also be found. Similarly to

(84) we can write

Gins = 1/ ch(xih) My (1) [Ds (hi)] 16 (hy)
(97)
&in,a = 1/Ch(X1hk) Ma(Xl)[Da(hk)]_l&a(hk)

where matrices Mg u M, have the form
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s3/s* +2us3/s? + 2s3/s% thz
M, = |s3/s? + 2vs3/s* + zs3/s* thz
s953/82[(1 — 2v) + z thz]

is9/s(2[vs3/s? — 1 — v] — s3/s%2 thz)
—iso/s[2vs3/s* + 53 /5?2 thy) (98)
—isg/s([1 — 2vs3/s*] + s3/s°z thz)

—is3/s[2vs3/s? + s3/s%2 thy]
is3/s(2[vs3/s® — 1 —v] — s3/s*2 thz)
—iso/s([1 — 2vs3/s?] + s3/s%z thz)

[s3/s* + 2vs3/s?| thz +253 ) s°
M, = |[s3/s* + 2vs3/s%] thz +253 /s>
s953/8%[(1 — 2v) thz +2]

isa/s(2[vs3/s® — 1 — v|thz —s3/5%2)
—isy/s[2vs3/s? thz +53/522] (99)
—isg/s([1 — 2vs3/s?] thz +s3/5%2)

—is3/s[2vs3/s? thz +s3/5%2]
is3/s(2[vs3/s* — 1 — v]thz —s3/s%2
—ise/s([1 — 2vs3/s?] thz +s3/5%2)

Thus, for the three-dimensional equation of elasticity formulae are presented.
They allow one to calculate all the components of the stress tensor at any point of the
layered structure. Using these formulae, all kernels of boundary integral equations
can be calculated. Thus, the presented approach allows us to solve problems for
arbitrary inhomogeneities. As in the case of the two-dimensional Laplace equation,
the numerical implementation of the method described above uses the fast Fourier
transform. The accuracy of finding the Green’s function is determined by considering

Problem 1 from the previously proposed approach to assessing accuracy.

2.8 A radial crack under the uniform pressure in a three-dimensional
layered structure

Let us consider a radial vertical crack in a plane perpendicular to the boundaries of
the layers of the considered structure. Let this plane be perpendicular to the axis

x3. Such a fracture is considered in a planar three-dimensional model of a hydraulic
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fracture and has the most important applied value. Note that a crack can appear in
several layers simultaneously, crossing the boundaries of the layers. It is necessary
to find the opening w of such a crack under the action of pressure p, orthogonal to
the surface of the crack.

For such a crack, the boundary integral equation [50] can be written as

p(xl,xz)zf C(w1, 22, y1, yo)w(y1, y2)dy1dys (100)
Ls

where C(x1,x9,y1,y2) is the core calculated by the Green’s function for the lay-
ered structure, w(yi,yo) is the crack opening. In fact, C'(z1,x2,y1,y2) represents
the horizontal stresses o33 at the point (x1,xs), induced by a point source of unit
intensity acting at the point (y1,y2) in the direction of x3. Note that since a crack is
considered in order to find a solution, according to the theory of boundary integral
equations it is necessary to know the singular and hypersingular kernel.

We give the necessary formulas for calculating the function C'(x1, z2, y1,¥y2). The
fundamental solution of the three-dimensional Lame equation has the form

(@i — i) @k — Yr)

1 5;
L _ — 4p) 101
Uk = Yomp =0y B W R T R? (10)

where R = /(z1 — y1)? + (w2 — y2)2 + (x3 — y3)?. The singular and hypersingular

solution for an infinite homogeneous isotropic medium are determined by the rela-
tions (8). According to the presented algorithm for finding the Green’s function of
a layered structure, it is necessary to find the tractions corresponding to a point
source. In the considered case, the required tractions constitute the first column of
the matrix of the hypersingular solution. Then the components of the force vector

in the direction normal to the surface of the layers have the following form:

2 2,.2
7 x5  1dxiws

= 2(1 —v) — 3(1 — 2v) =2 — 102

N T - )R ( (1=v) =30l =2) 5 =~ ) (102)

1 153
C= TR (3 TR )T (103
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L 1522
e pe (Y (3(1 —2v) — R22) T123 (104)

The desired kernel can be found using the algorithm described above.

Consider a radial crack of radius R; under uniform pressure p in a three-dimensional
layered medium consisting of two linked half-spaces (penny shaped crack). Let the

crack be in the lower half-space, with the center of the crack removed from the
interface at the distance 1.2Ry (Fig. 18).

E ’ 1.2R,

e

Figure 18: Crack in the lower half-space.

We denote the values corresponding to the upper and lower half-spaces by the

subscript w and [, respectively. Put v, = 1, = 0.3. We introduce into consideration

a plain-strain Young’s modulus, which is determined by the relation

E
B = e (105)
and value
E/
D — —u

= 106
p (106)
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We seek the stress intensity factor (SIF) K along the perimeter of the penny
shaped crack by the action of uniform pressure. This case was first considered in
[41]. The authors of [69] conducted a similar experiment and noted that their results
coincide with the results of [43] accurate to a constant.

To obtain the SIF numerically [34] we use the relation

Ky = tim 20

rqg—0 \/’]“_d

where 74 is a distance from the considered point to the contour of the crack. The

(107)

results of calculating the SIF are presented (Fig. 19) in comparison with the results

of [41] and [69]. As a basis a result from [69] was taken.

Figure 19: Dependence of the dimensionless SIF along the perimeter of a penny
shaped crack on the angle theta. The results of [69] are marked as MLAYER3D,
the results of [41] as Kuo & Keer. Results of this work: red dots ( Gamma = 0.25),
blue dots ( Gamma = 1), yellow dots ( Gamma = 4).
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From the Fig. 19 it can be seen that the results obtained using the approach
presented above coincide with the results of [69] with high accuracy, but differ from
the results presented in [41]. The quantitative discrepancy with the results of [41]
is due to a typo, as mentioned in [69]. At the same time, we note that the results
coincide qualitatively.

Note that the calculation of the SIF is very sensitive to the accuracy of the
calculation operation. In this work, the crack was modelled in the form of a set
of square elements of the same size, in each of which the same pressure p was set.

The number of such elements along the radius of the crack in the considered case

Ny = 20 (Fig. 20).

Figure 20: Discretization of a crack. Color indicates dimensionless crack opening.
The black line is located around the perimeter at a distance of r; from the crack
contour. The red dotted line is located at the boundary of half-spaces.
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Note that the results presented in [69] were obtained for a finer mesh. High
accuracy of the results in this work with a coarser grid is achieved by calculating the
core C'(x1, T2, Y1, y2) with high accuracy, which in turn is possible due to the choice
of calculation parameters according to the previously presented approach.

Let us now consider the case when a crack crosses the interface between two
media. We take two half-spaces such that I' = E,/E; = 4. Let the center of the
crack belong to the boundary between half-spaces. The solution to this problem is
presented in [41] and [69]. As a basis a result from [69] was taken. A comparison of

the results is shown in the Fig. 21.

Figure 21: The dimensionless opening of a penny shaped crack crossing the boundary
between two half-spaces. The results of this work: red dots (I' = 4), blue dots
('=1).

From the Fig. 21 it can be seen that the results of all three works coincide with

a high degree of accuracy. At the same time, it is important to note that in [41]
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the breaking of the crack into elements was framed in such a way that one of the
elements fell on the boundary between the two layers, while in this work and in [69]
the boundary between the layers coincides with borders of elements. Moreover, as
can be seen from the presented results, the difference in the partition does not affect
the accuracy in any way.

Note that the results presented in the Fig. 21 are obtained under the condition
that the compressive stresses in the layers are the equal within every layer. However,
in the general case it is not so. For example, when studying rock properties, it is
assumed that the stress values in the layers depend on the elastic properties of the
layers. Thus, layers with different values of E’ should also have different compressive
stresses. Despite this, the results obtained for different £’ at the equal stresses are
of interest for studying the nature of the heterogeneity effect of elastic moduli on
crack opening.

Now we consider the case when a penny shaped crack is within the one layer
between two half-spaces with the same elastic properties (Fig. 22). Let the thickness
of such a layer be 2Ry, which means that the contour of the crack touches the

boundaries.

EI

o
=
e o

Figure 22: The crack between two half-spaces.

We calculate the crack opening in the central section parallel to the boundaries
(blue segment in the Fig. 22) and in the central section perpendicular to the bound-

aries (red segment in the Fig. 22).
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Let B/, = E] >> E'. The results for this case are presented at the Fig. 23.

Figure 23: A crack between two half-spaces. The black squares indicate the crack
opening at £ = E] = E’, the blue dots indicate the crack opening at the central
section parallel to the layer boundaries at E), = E] == 1e6F’, the red crosses indi-
cate the opening of the crack in the central section perpendicular to the boundaries
of the layers at E), = E] = 1e6E".

The maximum deviation from the solution for the homogeneous case is observed
in the middle of the crack and is 15.5%. Note that in the vertical section the
difference with the solution for a homogeneous medium is almost the same at all
points, while in the horizontal section this difference decreases when approaching
the crack boundary:.

Let B, = E] << E'. The results for this case are presented at the Fig. 24.

The maximum deviation from the solution for the homogeneous case is observed
near the boundaries. The deviation at the center point of the crack is 17.8%, which
is close to the value obtained for the case £, = E] >> E’. Note that, as in the
previous case, the difference between the opening in the vertical section and the
opening in a homogeneous medium is almost the same at all points, while in the

horizontal section this difference decreases when approaching the crack boundary.
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Figure 24: A crack between two half-spaces. The black squares indicate the crack
opening at E), = E; = E’, the blue dots indicate the crack opening at the central
section parallel to the layer boundaries at E], = E] = le — 6F’, the red crosses indi-
cate the opening of the crack in the central section perpendicular to the boundaries
of the layers at £, = E] = le — 6F".

The considered cases make it possible to determine the influence boundaries of
the relative difference in the elastic properties of the layers on the opening of a radial
crack perpendicular to the boundaries of the layers. It is shown that the opening of
a crack in a layered medium can differ for more than two times from the opening of

the same crack in a homogeneous medium. Moreover, this estimate is also valid for

a crack under the influence of uneven pressure.

2.9 Concluding remarks

The results obtained in this chapter can be generalized as follows.

e A method for constructing the Green’s function for the two-dimensional Laplace
equation is presented. A method for evaluating the accuracy of constructing the
Green’s function for a layered medium is presented. It is shown that an increase
in the period of the 2A Fourier transform for a fixed number of sampling points

N allows one to increase the accuracy without increasing the calculation time.
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e For the two-dimensional Laplace equation, a generalization of the method of
complex boundary integral equations to problems for layered structures with
inhomogeneities is given. Using this method, the problem of a circular hole
with a given flux at the boundary in a layered medium is solved. For a special
case of a circular hole in a half-plane with a strongly conducting boundary, a
comparison is made with the analytical solution and it is shown that the relative
error does not exceed 4%. The dependence of the ratio of the maximum and
minimum potential values on the hole contour on the relative conductivity of
the half-planes and the distance from the center of the hole to the boundary is
obtained. It is shown that a strongly conducting boundary has a greater effect

on the hole potential than an impermeable boundary.

e A method for constructing the Green’s function for the three-dimensional Lame
equation is presented, which allows one to calculate all the kernels of boundary
integral equations. The problem of a radial crack perpendicular to the bound-
aries of the layers under the influence of constant pressure is solved. In the
case when such a crack is entirely located in one layer located between two
half-spaces, the boundaries of the influence of the half-spaces elastic properties
on the opening of the crack are determined. It is shown that the difference
in the elastic moduli of the layers leads to a significant deviation of the stress
intensity factor along the crack perimeter from the corresponding values for a
homogeneous medium in cases where the crack does not cross the boundaries of
the layers. Comparison with the results obtained using alternative approaches

demonstrate high accuracy of calculations.
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3 Modified pseudo-three-dimensional model of the fracture
propagation in a layered medium

3.1 Pseudo-three-dimensional fracture model

The use of the model presented in the previous chapter for modeling fractures in-
volves the use of the boundary element method. However, due to computational dif-
ficulties, three-dimensional fracturing modeling, although it has made some progress
[72], still remains a very difficult task. This leads to the need to develop a simplified
model. The trend towards the introduction of simple models in fast simulators is
also caused by the uncertainty of the structure, properties and stresses of the rock.

The pseudo-three-dimensional model of a fracture is one of the most commonly
used models in commercial simulations. The P3D model complements the original
PKN model, which assumes the fracture height constant, with a rule to define the
height growth. To the date, this has been made by introducing an apparent critical
stress intensity factor (SIF) [19]. Consequently, efforts have been focused on looking
for ways to properly assign an apparent critical SIF, called also the apparent tough-
ness [19]. The simplest approach consists of setting the apparent toughness equal
to the actual critical SIF of a rock. However, this choice disagrees with the fact
that often a fracture propagates in the viscosity rather than toughness dominated
regime [77]|. The solution to this problem was presented only for the particular
case of a symmetric layered structure with one layer located between half-spaces
with the same positive stress contrast and the same elastic properties [19]. The
authors obtained a semi-empirical equation that determines the apparent toughness
and presented a method that provides height growth in accordance with the three-
dimensional solution found using the ILSA [71] model. The question arises: how to
consistently assign the height growth in an arbitrary case?” A second question arises:
under what conditions does any extension of the P3D model become inapplicable?

par This chapter is intended to provide answers to these questions. The goal is
achieved by revising the P3D circuit and combining the P3D model with the KGD

model, modified to take into account arbitrary voltage contrast [27]. A correspon-
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dence principle is proposed that establishes a correspondence between two models

in terms of the physical quantities present in both models.

3.2 Problem formulation for a pseudo-three-dimensional fracture in a
layered medium

The key assumptions of the P3D model (Puc. 25) are:

i the size (length) of a fracture in the direction of the major fracture propagation
notably exceeds its size (height) in the orthogonal direction, so that plane-strain

conditions are applicable in cross-sections parallel to the front;

ii a medium is homogeneous elastic and isotropic with the elasticity modulus E

and the Poisson ratio v;

iii the actual (physical) fluid pressure p, being various in various cross-sections

parallel to the front, is uniform in a given cross section

Figure 25: Scheme for the P3D model.

The origin O of the global Cartesian system xOz is placed in the middle of the
productive layer, in which the fluid is injected into the reservoir. The z axis is located

along the middle of the layer in the direction of major fracture propagation. For
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certainty, this direction is assumed horizontal. The axis z is directed perpendicular
to the boundaries of the layers. We introduce the coordinates of the lower z,(z,t)
and the upper z,,(z,t) of the fracture tip depending on the time ¢ and the position
of the fracture point on the x axis. The stress o closing the fracture usually changes
in the direction of z and is assumed to be positive for compressive in-situ stresses.
In the P3D model, stresses are specified as a step function with a constant value of

o/ in each of the layers:

o(z)=0ltne <2< j=1,...,n (108)

where n is the total number of layers in which a fracture can grow; 2/ is the coor-
dinate of the upper boundary of the jth layer (277! is the coordinate of the lower
boundary). The first and last layer are half-spaces: 2 = —oo and 2" = oco. The
number of the productive layer will be denoted by j,.

The assumptions (i) and (ii) yield that for a cross section, its opening is expressed
explicitly via the pressure and in-situ stresses by an equation of the elasticity theory.
To write the latter in the simplest form for a cross-section x, it is convenient to use
the local coordinate system xO’z’. It is obtained from the global system by such
translation in the vertical direction that at each time instant ¢ the origin O’ is at the

center z(x,t) = % (24 + 2) of the interval between the lower z,(z,t) and upper

Zew (T, 1) tips:

2=z — z(x,t) (109)

In the local system, the dependence between the fracture opening w(z(2')) and

the difference p — o(z) [63] has a form:

w0 = i [ o (stm) — o (sa)] axcosh

-1

1—(n
¢—n
In view of (109), the global coordinates z u s are expressed via the normalized

|dn (110)

local coordinates ( = 2'/z, un=5'/z, as
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2= 2.+ 20(x, 1), s=zn+ 20(x,t) (111)

where z,(2,t) = § (2.4 — 24) is the current half-height of a cross section .

The equations for fluid flow contain gradient of the fluid pressure rather than the
pressure itself. This suggests using the net-pressurep,.;, defined as the difference
between the actual fluid pressure p and a fixed value o of the confining rock pressure.
The value o, of compressive stresses in the pay layer can be used as sigmag .
Then oy = 0, and in (110) and following equations, we may use the net-pressure
Pnet(x,t) = p(x,t) — 0, instead of p(z,t) and the stress contrast Ao (z) = o(2) — 0,
instead of o(z). Then with using (111), the elasticity equation (110) becomes:

w(o(6) = =2 [ [ 50 = B0 st st [ =2 g 122

The assumption (i¢7) and piece-wise constant distribution (108) yield that in-

tegral in (112) is evaluated analytically via the anti-derivative G, ((,n) = (n —
() arcosh ‘%’ — /1= [% — arcsin 7| of the function arcosh ‘%‘

4
() = =2 [ APuet(2) /1= C = Fu(A0,0)] (113)
where Fi,(Ao, () = izjl“ Ac? [Gy(¢, 7)) — Gow(¢, "~ 1)]. Note that the summation
is carried out only over the layers crossing the crack: 7; = min (j 2 > z*l), Ju =

max(j : 277 < zy), 00 = [0 — 20(2,1)]/ 24 (2, 1).

For the expansion of w,, averaged over the cross section, we have the relation

wn =5 [ = [ w0 (114)

Integration (112) allows to get the dependence between net-pressure and average

opening:

™ t 1
wa = 2 [ bt 2 Ao (3(0) VI <2d<] (115)

Therefore



171

Pnet _ lwav + g /1 Ag g/(c)) \/1_762(1( (116)

E’ T Zy T J_q

For piece-wise constant confining pressure (108), integration in (116) myields the
final dependence of the net-pressure on the average opening w,, and the stress

contrast Ao (z):

Pret ]-wav + 2 AUZ |:7T
E’ T 2y T E'

T+ E (] + %jzjfl Abf,j () = (¢ +

4 =
J=n+1

+ 22900 Ren). )

where j; and j, is, respectively, the number of the layer containing the lower and

upper tip, ¢/(¢*) is the normalized coordinate ¢ of the upper (lower) boundary of
the layer j; (j.); ¢/ = {zj — zo(m,t)}/z*(x,t). The function

F,(() = % (CM—F&resin() (118)
is anti-derivative of \/1—7(’2 . When a fracture is within the pay layer (j; = 7, = Jp),
all the addends on the right hand side of (117), containing stress contrast, are set
zero. It is clear that since the volume V' of the fluid in the cross section is 2z,wy,
the volume can be used as unknown instead of w,, and vice versa.

Note that the stress intensity factors (SIFs), generated by the net-pressure and

stress contrasts, at the upper K% and lower K tips are given by equations:

K7 =2 [ e o) - 20 (5 |y 1S

K= 2 [ [ o) - 80 (s ]y 1520 (119

Since the antiderivatives «/% and ,/% are, respectively, functions Fj(¢) =
arcsin ¢ — /1 — (2 and FL(¢) = FL(¢) + 24/1 — (2, the SIFs (119) afor constant

net-pressure p,.; and piece-wise constant stress contrast Ao are:

p—t
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J=ju—1
K} = 7z puet - %Aol 5+ FRED] - % Ao? [Fi(¢7) = Fp(¢)] -

J=n+1

— Aot [Z-Fpen] ) a20)

K= k2o 1= @S a0l [ im0 -
Aoty /1 — (gu)Q} (121)

Similar to (117), when a fracture is within the pay layer (ji = ju, = Jjp), all
the addends on the right hand side of (120), (121), containing stress contrast, are
zero. Clearly, substitution py,e in (120), (121) gives expressions of the SIFs via
current average opening wg,, fracture height 2z, and the coordinates z,, u z.
Therefore, these equations define an apparent fracture toughness for each tip. For
a symmetric case, we have 2,, = 2., 2y = —2w, Ki = K% In this case, the SIF
is defined by merely the current fracture height and the average opening. In its
turn, in the corresponding KGD problem, the speed is defined by merely the same
quantities: the current fracture height and the average opening. Hence, equating the
average openings for the same heights yields a dependence of the SIF (the apparent
toughness) on the current speed and the height. Therefore, when using the average
opening and the current height to find the current vertical speed, the introduction of
the apparent SIF is unneeded complication. Still, when the dependence of the SIF
on the speed may be expressed by an approximate analytical equation, then solving
the equation in the speed becomes available to trace the height growth. The authors
[19] have employed this path for the particular case of the symmetric scheme of a
pay layer between two half-spaces

The continuity and Poiseuille-type equations are, respectively,

ow o(wv,)

T v q + Qo(t)d(2)0(x) (122)




173

n+1 O 1/n

vp(x, 2, t) = (— T
where ¢; is the term accounting for leak-off, Qy(t) is a given pumping rate at the
source point = z = 0, §(z) is the Dirac’s delta function, v, -is the particle velocity
in the x direction, p/ = 2[2(2n + 1)/n]"M, n is the fluid behavior index, M is its
consistency index. For a Newtonian fluid n = 1, M = [ is the dynamic viscosity;
then ' = 12f. Note that the pointed fluid source, including the delta-function
d(x), presumes that the scheme is symmetric about the z-axis. Hence, the influx,
corresponding to the right (left) part of the fracture, is 1/2Q(¢). This is of essence
for calculations employing the symmetry of the problem

Integration (122) and (123) over a cross section from z(z,t) to 2 (z,t) and

using (114) yield, respectively,

8(22*10%) a(QZ*wavvav)

im) Sz dtn) _ Q1+ Qui(a) (124
n+1 1/"
V(@) = Fy(,1) (_w;; %) (125)

where Q); = % f;l“ qidz is the total leak-off through the surface of a cross-section,,

Vg 18 the average particle velocity defined as the ratio v,, = %, where ) =

[Z*v,wdz. Then

Zxl

2+1/n
Rep) = W (120
wav
where (w?*1/"),, = % . w?t1/"dz is the average value of w?*!/™ over a cross-
section.
The fracture propagation speed v, (t) = % in the x direction is found from the

speed equation

Vi (1) = lim vy (2, 1) (127)

T—Ts
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where x,(t) is the current position of the fracture front. In view of (125), the speed
equations are:

dr, 1
Vi (1) = ;7; = — lim

n LT«

Way 8pnet L/n

where t,, = (4//E')Y/™ is the only parameter with the time dimension.

At the front, the opening is zero, then the net-pressure and the second term on the
right hand side of (116) are zero, as well. This implies that the front is always within
the pay-layer. Then lim, ., F, = F,(x,,t). These conclusions suggest employing
the asymptotic umbrella [53]:

Wy = Cw (t)ra (129)

where r = z, — x is the distance to the front, C',, — is the opening intensity factor,
« is the exponent to be found.

Apply now the fundamental suggestion, which is always, while often implicitly,
used when studying HF propagation: the propagation speed of a HF is finite and
non-zero. Substitution (129) into (116) and the latter into (128) yields that v,
meets these conditions only when aw = 1/(n + 2). Then the speed equation (128)

becomes :
Fy(x,t) 1 Hn 142/
wx(t) = " 1
Ura(?) tn (WZ*(H—l— 2)) Cu (130)
Here C,, defined via (129) as
Cw = wav(ri)/ria (131)

where r; is the distance from the front to a point of the mesh under the asymptotic
umbrella (129).

[t remains to complement the system (124), (125), (130) with speed equations for
the height growth, defining positions z,(z,t) and z.,(z,t) of the lower and upper
tips in each cross-section, and initial conditions.

The speed equations for vertical fracture growth of the lower and upper tips are
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dz,

Uzl(ﬂf, t) - d_tl - le(z*la Zxu s wav) (132)
dzsy

Uzu(xa t) — gt - fzu(z*la Z*uawav) (133)

The initial conditions are assigned at an initial moment ¢,. They are

l'*(t()) = Tx0, wav(xa tO) - w()(l'), Z*l(t()) = Zxl0 Z*u(tO) = Zxu0 (134)

The problem is to solve the equations (124), (125), ((130 - 133) under the initial
conditions (134). Crack opening profile w in the equation (126) is determined by
the equation (113). The net pressure p; on the right side (113) and (125) is found
from the equation (117). Functions f.;(2s, Zeu, Wav), fou(Z4l, Zeus Wap) In the velocity
equations (132), (133) and the values .o, wo(x), 240, 2«0 in the initial conditions

(134) are specified in the next two sections.

3.3 The correspondence principle

As mentioned in Introduction, the straight-forward approach to find the speeds v,
v,, of the vertical growth via an apparent toughness Ko has no clear extension to
arbitrary propagation regimes and arbitrary stress contrasts.

Let us present a general approach to assign the speeds of the height growth [62].
Note that the KGD and P3D models use the same equation of elasticity (112) to
describe a plane-deformed state. In the P3D model, the net-pressure is uniform in
cross section, which leads to asymptotics near the tip of the fracture, which includes
apparent toughness, but does not include the propagation speed of the fracture,
which is not present in the asymptotic equation. In contrast, in the KGD model,
the net pressure is not constant along the cross section and tends to —oo near the
tip of the fracture. For this model, the asymptotic behavior is determined by the
asymptotic umbrella, which includes the propagation speed (except for the limiting

case when both the viscosity and leak-off losses are zero).
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In fact, the difference concerns with merely near-tip zones influenced by the
asymptotics, while the openings of the central parts of fractures may be almost the
same. This suggests employing the next correspondence principle, which establishes
a correspondence between the P3D and KGD models in terms of physical quantities
present in the both models. We assume two plane-strain hydraulic fractures under
the same conditions to be equivalent, when they have the same: (i) tip positions, and
fluid volumes above (and below) the injection point. When having these quantities
equal for two straight fractures under the same conditions, one may expect that
the profiles of the opening on major parts of fractures will be close, as well. Then
the tip speed, not present in the original P3D model, may be taken equal to that
of the KGD model, which as mentioned, includes the tip speed in its asymptotic
equations. Hence, in any cross-section of the P3D model, the current tip positions
and the current volumes above (and below) the injection point uniquely define the
tip propagation speeds via the speeds in the equivalent (in the mentioned sense)
KGD model.

Modeling a fracture using the KGD model allows us to obtain the dependence
of 24, Zsw, Waw, U, and v,, on pumping rate qxgp and time txap. Note that the
values of qxap and txap have nothing to do with the pumping rate )y and the
time t of the P3D model. Therefore, they should be excluded. This can be done by
using the average opening w,, and the fracture height 2z, = z,, — 2z, as arguments
that determine the growth rates of v,; and v,,. In the case of a symmetrical stress
contrast, when z,, = —2z,, and v,; = —v,,, the values are equalized for the model
P3D w,, and 2z, to the values w,, and 2z, for KGD, found in advance for the same
stress contrast, gives the necessary functions f.;(2., Zsw, Way) = — fou(24l, Zew, Wan)
for the speed equations (132), (133) . Similarly, in cases of high stress contrasts
when v,; = 0 or v,, = 0, two values of w,, and 2z, are enough to find the speeds
U, OT U, Tespectively.

In the general case, when the fracture is not symmetric, the values w,, and 2z,

do not determine z,, z4, and v,;, v,, definitely. Therefore, an additional parameter
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is needed. The correspondence principle suggest the use of the average opening w,,
averaged over the largest of the two parts of the cross section, one of which is lower
and the other above the initiation point. We denote the coordinate of the tip of
such a section as z,,. Then the expansion w,, averaged over the interval [0, z,,] is
equal to

1 Zm

Wy, = £—— w(z)dz (135)
2l Jo

where the upper (lower) sign is taken when z., > |24|(24 < |2«|). In this case,
the table generated during the preliminary solution of the KGD problem is supple-
mented by an additional column containing the values of w,, defined by the formula
(135). Accordingly, for the P3D model with the same voltage contrast, we addi-
tionally use the value w,, to uniquely determine v,; and v, from the data table
containing the results of the calculation of the KGD model. Thus, f.;(24, Zu, Way)
and f., (241, Zeu, Wan), Which are used in the equations (132), (133), are uniquely
determined.

Note that it is not necessary to solve the KGD problem numerically until the
fracture height h = 2z, is less than the height H of the pay layer. From the self-
similar solution of the KGD problem for this case, it follows that the speed of height

growth can be found from the equation

Oz, n+1,_ 5 4 wiﬁ/n
o = — = 262 Yi+2/n 2 __ 136

where &, is the self-similar half fracture length for a given behavior index n. The
values &, = Ym0 are given in table 1 of |1] for Newtonian fluid (n = 1) &, = 0.615.

The equation (136) implies that the height of the cross section corresponding to
the fracture front does not change in time, because v, is equal to zero at w,, = 0.
The equation (136) can be used to determine the boundaries when any extension of

the P3D model becomes physically incorrect.
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3.4 Initial conditions

Using (136), it can be proved that the initial conditions corresponding to the zero
initial height (22, = 0) lead to a positive pressure gradient, which in turn leads to a
physically incompatible solution. Therefore, the initial height must be greater than
7e10: Zsy(to) = —24(tg) = 240 > 0. For z, > 0, taking into account the asymptotic

behavior (129), the equation (136) near the front is:

0z, n+1, , 1 1
— SO LA ——— 137
BT n+2( £enCw) thQ/nT (137)

In the partial derivative 0z /0t|,—const = 02/ Ot|r=const + Vsx024/Or, the convec-
tive term dominates near the front, since the value of z, is constant at the front.

Then the equation (137) can be rewritten as:

0z, mn+1, , 1 1
— PTG LA ——— 138
5 n+2( £nCuw) . ZQ/HT (138)

n~x

Vyg

The solution (137) regarding CLP™ and substituting the result in (138) gives

the ordinary differential equation for z, and r:

dzy, n+1 o 1 n 1/n
=) I+ 2 (139)

Since the height of the fracture does not change at its front, so z.|,—¢ = 2.9, and

integration (139) with this condition allows us to obtain the relation

n 1+1/n n+1 1+2/n 1 1/n n
A gt = S (2€2,) E[w(nw)]/ rity (140)

For Newtonian fluid (n = 1,F, = 12/ pi?, xi,, = 0.615), up to the order
(24 — 2x0)?, the dependency (140) becomes equal

> —1:1.12<T )2 (141)

Zx0 Zx0

From the equation (141) it can be seen that the height increases rapidly with
increasing distance to the front. This contradicts the provisions of the P3D model

that the fracture height is noticeably less than the distance to the front. Therefore,



179

from the equation (141) it follows that any extension of the P3D model is not
applicable for a uniform (with zero contrast) stress field. In the case of negative
stress contrasts, the height increase is even faster, which suggests that the model is
not applicable in this case either.

P3D model can only be used for a rock mass with sufficiently strong stress barri-
ers. The parameters that determine which barrier can be considered weak, moderate,
or strong are given in |19, 27].

It is reasonable to take into account that as long as the fracture has not reached
the boundaries of the pay layer, it propagates as a radial crack under the action
of uniform pressure. To simulate such a crack, one can use the well-known self-
similar solution [54] to specify physically acceptable initial conditions. A self-similar

solution implies that a crack initiated by a Newtonian fluid has a radius of H/2 at

time
H/2\Y* 1/
e (1) 142
" 0

where &, is the constant known from the axisymmetric problem (for Newtonian fluid,

&, = 0.6978 ~ 0.7). At the initial time ¢(, less than ty, the radius is x,0 = rg =
n (1)/ 3t3/ 9,1 . The total volume Vj of fluid in the fracture at this moment is

Vo=Qolo= | S(z)de (143)

—Tx0

where S(z) is the area of the vertical section of the fracture defined by the expression

S(x) = /a we(x, 2,ty)dz (144)

—a

Here a = /22, — x%; w, is an opening of a radial crack.

The opening w, in (144) can be found from a self-similar solution to the ax-
isymmetric problem, which uniquely determines the volume of V. However, there
is no need to use the exact solution for two reasons. Firstly, the correspondence

between axisymmetric and P3D problems is rather crude. Secondly, the influence
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of the initial conditions rapidly decreases with time. In [19] it was suggested that
this would simplify the task, which was proved analytically by [55] and numerically
[56]. Therefore, you can use any simple approximation that provides zero crack
opening at the front and satisfies the equation (143) of the global volume balance.
For example, the elliptic distribution [19] w, along the radius ry = .o completely
satisfies the conditions: w, (7, 2, tg) = Cov/a® — 22 = Cyr /1% — (22 + 22), where the

constant C, is chosen to satisfy the balance (143). For such an expansion of wy,

integration into (144) gives S(z) = 5Cq(x3) — 2?), and from (143) it follows that
c,=2 @ In this way

S(a) = S Qb [1 _ ( ’ )2] (145)

4 oz T
Now we take an initial fracture in the shape of a rectangle symmetrical about
the z axis, with a pay layer height of 22,0 = H = const and a length of 2z,y. Then,
in order to have the same volume Vj of liquid at the initial instant of time tg, its

opening wy(x) must be equal to wo(x) = S(x)/H. Thus, using (145), we get the

X
Tx0

2
= Tzl ) ] . It is clear that this opening,

initial opening defined as wq(x) = 3ok {1 — (
being integrated over a rectangular region, corresponds to the global fluid balance
(143) at time ty, which determines x,9. To summarize, the initial conditions (134)

for a Newtonian fluid are given as

1\ 19 " 2
20 = 0.7Q)° (t—) 9 20 = H/2, wy(x) = 3 Qufo |y _ ( * ) (146)

where ) <ty and tyg = O.47H9/4t}/4Q53/4. Taking into account that ¢y < ty, the

influence of the initial conditions decays rapidly with increasing time; the solution
is practically independent of them for ¢ > ¢y, we can notice that even quite strong
perturbations under the conditions (146) do not affect the final results. This suggests
the possibility of using the initial conditions (146) for non-Newtonian fluids.

The problem of modeling a pseudo-three-dimensional fracture in a modified for-

mulation consists of solutions of the equations (124), (125), (130) - (133), where the
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vertical velocities are v,; and v,, are prepared in advance, as described earlier. The
right-hand sides of ., 240 and wy(x) in the initial conditions (134) by the formula

(146).
3.5 Numerical results

The described method is numerically implemented in Matlab and Python. For a
given geometry and stress contrast, by solving a number of advanced KGD problems,
a database was prepared to determine the fracture propagation speeds depending on
the position of the tip and the volume of the crack part above and below the fluid
injection point. For this, the algorithm presented in [27] was used. The prepared
database is repeatedly used in the second stage of calculations, when the growth of
P3D fractures in height is simulated.

Let us compare with the results presented in [19]. The authors of this work
investigated in detail the case when a pay layer with a thickness of H is located be-
tween half-spaces with the same stress contrast Ao. The authors used an apparent
toughness A Ky, which is related to the propagation speed v, by an approximate
equation. The approximation coefficients were chosen so as to ensure the best fit
between the crack profiles calculated for the KGD model and the profiles corre-
sponding to the model with pressure uniformly applied to the crack. To exclude
this pressure from the dependence AKje(v,), the authors suggested that the crack
volumes are the same in both cases. Therefore, when considering a particular case,
the authors actually used the principle of correspondence. The most suitable choice
of approximation parameters was provided by the analytical equation AKo(vs),
which connected the apparent toughness with the fracture vertical speed.

For the symmetric case presented in [19], the results show that the fracture open-
ing profiles obtained using the correspondence principle are actually indistinguish-
able from the similar profiles shown in Fig. 3 of [19] ( Fig. 26). From this it follows
that the introduction of apparent toughness is an unnecessary complication. More

important is the agreement of the results with the results for the three-dimensional
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ILSA model. The calculations were performed for the initial data given in the article
[19]: H = 0.05 m, /' = 30.2 Pa - s (the fluid is Newtonian), v = 0.4, E = 3.3 GPa,
Qo = 1.7mm?/c; Ao = 4.3 MPa.

Figure 26: Comparison of the footprints obtained by using the correspondence prin-
ciple (dots) with the ILSA solution (solid lines), presented in [19].

From the Fig. 26, it can be seen that the results of the modified P3D model are
close to the results obtained for the three-dimensional ILSA model everywhere, ex-
cept for the area near the front where the P3D model is not applicable. If necessary,
the correspondence in this zone can be improved by taking into account the nonlocal
elastic interaction and the curvature of the front.

An important advantage of the correspondence principle over the method de-
scribed in  [19] is that the correspondence principle allows one to take into account
arbitrary voltage contrasts. Let us now consider an example when a crack propa-
gates in a three-layer medium with asymmetric stress barriers. For calculation, we
take the following parameters: H = 20 m, ¢/ = 0.2 Pa - s (the fluid is Newtonian),
v =0.23, E = 2.5 GPa, Qy = 3.6m?®/min; Aoy = 5 MPa, Aoy = 4 MPa.

The Fig. 27 compares the fracture opening profile obtained on the basis of a mod-
ified model (flat blue line) with the opening profile for a planar three-dimensional
crack [85] for time ¢ = 439 s. Black horizontal lines indicate layer boundaries. We

see that the values of the crack height coincide with an accuracy of more than 0.5%.
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Figure 27: Fracture opening profile obtained using the modified pseudo-three-
dimensional model (solid line) and the planar three-dimensional model [85] (dashed
line).

Based on the presented numerical results, it can be seen that the modified pseudo-
three-dimensional model allows one to calculate with high accuracy the growth of
a pseudo-three-dimensional fracture in height in the dominant viscosity regime for

arbitrary values of stress contrasts in the layers.

3.6 Concluding remarks
The results obtained in this chapter can be generalized as follows.

e A correspondence principle has been developed that allows increasing the accu-
racy of crack geometry calculation within the framework of the pseudo-three-
dimensional model within the limits of applicability of the original P3D model.
Unlike alternative approaches, this method allows you to get the exact solution

in a layered medium with arbitrary compressive stresses.

e A comparison of the results obtained using the modified P3D model with the

available solutions for the three-dimensional model showed that the modified
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model can be reliably used to model plane cracks within the limits of applica-

bility of the original pseudo-three-dimensional model.
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Conclusion

i

1

111

The method of constructing the Green’s function for layered structures is ex-
tended to the case of harmonic problems and three-dimensional problems of the
theory of elasticity. A method has been developed for evaluating the accuracy
of calculating the Green’s function depending on the period of the Fourier trans-
form and the number of points of its discretization. For the two-dimensional
Laplace equation, it was found that the error in constructing the Green’s func-
tion does not exceed 0.8% for a period 16 times the size of the region in which
the solution is sought, and for the number of sampling points of the Fourier

transform equal to 128.

For the developed Green’s function, a generalization of the complex method
of boundary elements to problems on layered structures with inhomogeneities
for the two-dimensional Laplace equation is given. The problem of a circular
hole under the action of a uniform flow on a contour in a layered structure
consisting of two half-planes is solved. For a special case of a circular hole in a
half-plane with a strongly conducting boundary, a comparison is made with the
analytical solution and it is shown that the calculation error does not exceed
4%. The dependence of the ratio of the maximum and minimum values of the
potential on the hole contour from the values of the relative conductivity of
the half-planes and the distance from the center of the hole to the boundary is
obtained. It is shown that in the case of a strongly conducting boundary, the
ratio of the radius of the hole to the distance from the center of the hole to the
boundary has a greater effect on the potential of the hole than in the case of

an impermeable boundary:.

The problem of a radial fracture perpendicular to the boundaries of the layers
under the influence of constant pressure is solved in the case when the fracture
is entirely in one layer located between two half-spaces. In the case when such

a fracture is entirely located in one layer located between two half-spaces, the
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boundaries of the influence of the elastic moduli of half-spaces on the fracture
opening are determined. It is shown that the difference in the elastic moduli of
the layers leads to a significant deviation of the stress intensity factor along the
fracture perimeter from the corresponding values for a homogeneous medium
in cases where the crack does not intersect the boundaries of the layers. Com-
parison with the results obtained using alternative approaches demonstrates

the reliability of the results.

method for calculating the speeds of the height growth of a pseudo-three-
dimensional hydraulic fracture in the viscosity dominated regime in a layered
medium has been developed. The results of calculating the geometry of the
fractures obtained using the developed method are compared with the known
numerical solutions obtained using three-dimensional models. It is shown that
the developed method allows one to increase the accuracy of calculating the
geometric characteristics of a fracture in a layered medium in a pseudo-three-

dimensional formulation.
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